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“It is by logic that we prove,
but by intuition that we discover.”

(Henri Poincaré)






ABSTRACT

AMORIM, V. G. Poincaré recurrence times in stochastic mixing processes. 2022. 115
p. Tese (Doutorado em Estatistica — Programa Interinstitucional de Pés-Graduacao em
Estatistica) — Instituto de Ciéncias Matemaéticas e de Computagao, Universidade de Sao
Paulo, Sao Carlos — SP, 2022.

In the context of the discrete-time stochastic processes, this thesis presents new results
on Poincaré recurrence theory. After a complete review of recent results, we present a
new theorem on the exponential approximations for hitting and return times distributions.
We show that the scaling parameter of the approximate distribution, called “potential
well”, brings fundamental informations about the structure of the target set. Moreover,
we show that the asymptotic properties of the potential well influences several aspects of
the recurrence times, such as limiting distributions and moments. Finally, we apply our
results to obtain the waiting time spectrum as a function of the Rényi entropy for classes

of processes not covered by previous works.

Keywords: Hitting and return times, Exponential approximation, Potential well, Waiting

time spectrum, Mixing processes.






RESUMO

AMORIM, V. G. Tempos de recorréncia de Poincaré em processos estocasticos com
mistura. 2022. 115 p. Tese (Doutorado em Estatistica — Programa Interinstitucional de
Pés-Graduagao em Estatistica) — Instituto de Ciéncias Mateméticas e de Computagao,
Universidade de Sao Paulo, Sao Carlos — SP, 2022.

Esta tese apresenta novos resultados na teoria de recorréncia de Poincaré, no contexto
de processos estocdsticos em tempo discreto. Apds uma revisao completa de resultados
recentes, apresentamos um novo teorema sobre aproximagao exponencial para distribuicoes
de tempos de entrada e retorno. Mostramos que o parametro de escala da distribuicao
aproximada, chamado “poco de potencial”, traz ao teorema de aproximacao informacoes
fundamentais sobre a estrutura do conjunto alvo. Além disso, mostramos que as pro-
priedades assintéticas do poco de potencial influenciam vérios aspectos dos tempos de
recorréncia, como as distribuicoes limite e seus momentos. Por fim, aplicamos nossos
resultados para obter o espectro do tempo de espera como funcao da entropia de Rényi

para classes de processos nao cobertas por trabalhos anteriores.

Palavras-chave: Tempos de entrada e retorno, Aproximacao exponencial, Poco de potencial,

Espectro do tempo de espera, Processos misturadores.
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CHAPTER

1

INTRODUCTION

The Poincaré recurrence theory has been studied in several contexts throughout
history, such as dynamical systems, extreme value theory, stochastic processes among
others. The first classical result, known as Poincaré recurrence theorem (see (SHIELDS,
1996)), states that typical orbits of measure-preserving systems return infinitely many

times to any set with positive measure.

In the context of stochastic processes, measure-preserving means stationarity and
the Poincaré theorem states that if a process X = (X;;)men is stationary and starts from a
set A with positive probability, then it returns to A almost surely in a finite time. In the
context of stationary ergodic processes, there is a version of the Poincaré theorem stating
that the first time X enters the set A (the hitting time) is also almost surely finite (see
(SHIELDS, 1996)).

In the 1940’s, Kac (1947) presented the first quantitative result on this issue. For
stationary ergodic processes, he provided an explicit and intuitive formula to the mean
return time to A: it equals the reciprocal of the measure of the target set A. After Kac’s
Lemma, it is natural to seek for a similar result for hitting times. However, this task proved
to be more difficult and, since there are no explicit formulas for the hitting and return

times distributions, approximate distributions became the main goal.

It is worth mentioning that most part of the results in this thesis are stated
for stochastic mixing processes. However, hitting and return times have been recently
studied in the contexts of dynamical systems and the extreme value theory. We refer to
(HAYDN, 2013), (FREITAS; FREITAS; TODD, 2010), and (LUCARINT et al., 2016) for
nice revisions (and for the lists of references therein) about this approach, since we will

not consider this context throughout the text.
Exponential approximations

Back to stochastic processes, when A is a cylinder set, several works have shown that,
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under strong mixing conditions, the hitting time distribution can be well approximated
by an exponential law with parameter depending on A. Similarly, the return time has
as approximate distribution a convex combination between a Dirac measure and an
exponential law. We refer to (ABADI; GALVES, 2000) for a review of the results before
the 2000s. In Section 3.2, we bring a new review of recent results on this issue, focusing in

the different parameters used in the literature for these approximations.

The Kac’s Lemma suggests that the right parameter for the exponential approxima-
tion of the hitting time would be the measure of the set A. However, Galves and Schmitt
(1997) showed that a correcting factor 6(A) is necessary. Recent works therefore focused
on obtaining approximations of the form

sup | (T > 1) — e O] < g(a),
t>0

where U is the stationary measure of the process, T4 denotes the hitting time to A and
€(A) is an error term which converges to zero as the length of the cylinder A diverges. In
the case of the return times, the typical result is

sup | (Ty > t|A) — B(A)e PRI < g(A),
t>1(A)

where T(A) is the shortest possible return to A.

Recent results is this area tried to reach at least three types of progress:

1. To obtain a sharp uniform error term €(A) and an error term €(A,7) that decreases

in t;
2. To expand the classes of processes for which these approximations hold;

3. To obtain the better scaling parameter 6(A).

In Chapter 3, we present a new hitting and return time theorem (Theorem 3.3.4) which

brings contributions for all of them.

9

Concerning (1), we detail in Section 3.1 the question of “total variation distance’
versus the “pointwise” approximations. Our result provides approximations for hitting
and return times whose error term €(A,t) decays exponentially fast in ¢ (a pointwise
approximation). We also show that the uniform error term €(A) = sup, €(A,t) is sharp
for both approximations. Together with point (3), our approximations allow us to derive
explicit formulas that approximate all the moments of the hitting and return times. As
a consequence, one can also obtain the spectrum of the waiting time, which we do in
Chapter 5.

Our result also brings contributions to (2): it is the first pointwise approximation

result including processes with infinite alphabet and incomplete grammar (where not every
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cylinder has positive measure). In order to illustrate these and other results throughout
the text, we present in Chapter 2 several useful examples of processes and new results on

mixing properties of renewal processes.
Potential well

The contribution on item (3) has a crucial role in this thesis. In Section 3.2, we
show that previous works presented different scaling parameters whose expressions were
hardly explicit and even more hardly computable. Abadi and Vergne (2008) provided in
their result for return times a new scaling parameter (the potential well), which is easy to
compute and has a physical and intuitive meaning. Inspired by them, our result brings
the first pointwise approximation for hitting time distribution using the potential well
as scaling parameter. In the case of return times, we extend the main result of (ABADI;
VERGNE, 2008) concerning (2).

It is worth mentioning that two cylinders with the same probability have the same
mean return time (by Kac’s Lemma). Nonetheless, their overlapping properties may lead
to different approximations for hitting and return times distributions, since the short
return must be taken into account. Consider the following simple example of an i.i.d.
process on {0,1}. Note that the sequences A =0000011111 and B = 0101010101 have the
same probability, but B can return in two steps, while A cannot. The potential well is
the probability, conditioned on starting the process from the target set, that the return
does not occur in the first possible time. In other words, this parameter captures the

overlapping properties of the target set.

The use of the potential well as scaling parameter also leads to other questions.
If we know the asymptotic behaviour of the potential well, we can apply our theorem
to obtain the limiting distributions. Moreover, its positivity has influence on the scale of
the hitting time and return times distributions. In view of this, the explicitness of the

potential well as scaling parameter is an essential feature.

In Chapter 4, we highlight this role of the potential well in recurrence times. The
main result there gives conditions for its positivity and almost sure convergence to one. As
a consequence, we provide approximate formulas and the asymptotic behaviour for all the
moments of the hitting and return times, which can be seen as an asymptotic Kac’s Lemma.
We also dedicate a section to show how the potential well behaves for three specific classes
of processes. In particular, we present some examples that show explicitly the effects on
recurrence times and the usefulness of the potential well, an “easy to compute” scaling
parameter. Finally, we show the opposite effect: for points where the potential well is
arbitrarily close to zero, the return time distribution converges to a degenerated law and
the order of the mean hitting time is bigger than p(A)~' = E(T4|A). Actually, all of the
hitting time B-moments have a bigger order than ,LL(A)_ﬁ in this case, as opposed to the

case in which the potential is bounded away from zero.
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Shortest return time

A fundamental quantity in the study of recurrence times is the shortest possible
return time of a n-cylinder A,, denoted by 7(A,). It gives the first time that the probability
of the return of A, is positive. This quantity is directly related with overlapping properties
of A, and, therefore, with the potential well. Under assumptions of specification, finite
alphabet and positive entropy, it is known that 7(A,)/n converges almost surely to one
((AFRAIMOVICH; CHAZOTTES; SAUSSOL, 2003) and (SAUSSOL; TROUBETZKOY;
VAIENTTI, 2002)). However, most of our results do not assume complete grammar nor
finite alphabet, and we can have in some cases T(A,) > n. In this sense, we present at the

end of Chapter 4 a result on upper bound for the shortest return time.
Waiting time spectrum

Another sequence of random variables of interest when studying recurrence times
is the waiting time W,,, which is the first time that a process hits a randomly chosen
n-cylinder [xS’W. An important result due to (WYNER; ZIV, 1989) and extended by
(SHIELDS, 1996) shows a relationship between the waiting time and the measure of [xg_l} .
It states that

1
lim —InW, =hy, as.,
n—soo f

where hy, is the Shannon entropy of y. On the other hand, the Shannon-McMillan-Breiman
Theorem states that

lim llnu ([xg_l])fl =hy, as.

n—oo n

. : 171
Thus, for typical cylinders and large n we have W,, =~ 1 ([xg 1]) .

This relationship, together with the hitting time theorem in (ABADI, 2004),
motivated Chazottes and Ugalde (2005) to find a “strong approximation” of E (W,f ) by
E (.u ([xg_l})_q> for all g € R. In fact, they showed that this holds for all ¢ > —1, while
forall g < —1, E (qu) is of the order of E (u ([xg_]})) Then, the authors applied this
result to obtain the waiting time spectrum

o1
#(g) = lim - InE (W)
as a function of the Rényi entropy function, when it exists. As a consequence, they derived

large deviations results for waiting time.

In Chapter 5, we present an extension of the strong approximation obtained by
them, concerning the classes of processes for which we can apply the result. Namely, for
q < —1 we prove that the approximation holds for any stationary process, including the
ones with infinite alphabet. For ¢ > —1, we require mixing conditions weaker than those
required in (CHAZOTTES; UGALDE, 2005).

In order to obtain the existence of the waiting time spectrum for new classes of

processes, we provide a result on the existence of the Rényi entropy. In particular, we
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analyse this existence in the classes of renewal processes and infinite Markov chains, where

we illustrate and justify the extension of the results.

To conclude, it is worth mentioning that there is a work in progress in collaboration
with Abadi, Chazottes and Gallo, where our approximation theorem, as well as arguments
presented in Chapter 5, are also being used to make a corrected and simplified version of
the paper (ABADI; CHAZOTTES; GALLO, 2019) on the return time spectrum.
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CHAPTER

2

MIXING PROPERTIES IN STOCHASTIC
PROCESSES

The main objects of interest of this thesis are the mixing stochastic processes on
countable alphabets. In the present chapter we introduce this context. We will therefore
give the basic notation, define the main mixing properties of interest, and give some
examples that will be used along the thesis. We also give some new results concerning the

mixing properties of renewal processes. The proofs are given in the last section.

2.1 The framework in mixing processes

2.1.1 Notation and basic definitions

Throughout the text, we will consider a finite or countable set <7, which we will
call “alphabet”. Denote by 2" = 7" the set of right-infinite sequences of symbols taken
from &7. An element of 2~ will be denoted by x = xox;---x,--- = xi. The string (or word)
an, = amam+1...an, where a; € &7 and m < n, is the sequence of symbols ay,a+1, -+ ,a,. By
a" we denote the string of n consecutive symbols a € 7. We define the cylinder [@],] as the
set {x € Z7;xll, =dall}. The shift operator 6 : 2" — £ shifts the point x = (x,x1,x2, )
to the left by one coordinate: (o(x)); = xi11, i > 0.

We denote by .% the o-algebra over 2~ generated by all cylinders and by .%; we
denote the o-algebra generated by cylinders with coordinates in I C N. For the special
case in which I = {i,..., j}, 0 <i< j <o, we use the notation .%/.

Consider the probability space (Z7,.%,P). On this space, we consider a right-infinite
stationary stochastic process taking values in o7, which we denote by X = (X)) men- By

stationarity, we mean

P(x]f-i—n—l :ag—l> :]P)(X(i)’t—l :ag—l)
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forall k>0, n>1 and 01871 € @/". This process univocally defines a measure p on (2°,.%)
through
w([ag™ ID P(Xo=ap~ 1) , Vn> 1;0871 e "

1

The stationarity of X implies that u is o-invariant, that is uoo™" = u.

According to necessities of the presentation, and when no ambiguity is possible on
the process to which we refer, we will sometimes switch between the dynamical system
approach, using directly u, and the stochastic processes approach referring to X. In the
first case, we directly write u(F) for F € %, while in the second case we will abuse the

notation and directly identify pu and P, writing pu(F) instead of u(X € F).

For the sake of notation, it will be sometimes useful to identify the string a), with
the cylinder [@}], that is, u (@) will mean p ([a?,]). The set of all n-cylinders with positive
measure is denoted by %, = {ao ed"u ( ag ) > O}. We say that a process or measure

has complete grammar if 6, = &/".

Given B,C € .Z such that u(C) > 0, the conditional measure will be denoted by
U(B|C) = uc(B). In particular, for a word A € %, ua(B) will denote (B]X(')l_1 =A).

2.1.2 Classical types of mixing
Several results of the thesis are stated under mixing conditions that we define now.

Definition 2.1.1. Let X be a stationary process with stationary measure u. For all n > 1,

we define the functions:

B
y(n):= sup Ha(B) — 1|, where u(A)u(B) >0,
ieNAc 7 ez, | H(B)
o= sup  lua(B)—p(B)l, where u(a) >0,
ieN,Aeﬁé,Beﬂ;n
a(n) = sup |L(ANB) —u(A)u(B)|,
iIEN;A€Fy,BEF
as well as
1 K J
=sup 5 Z Z |L(ANB;) — u(A)K(B))]
where the supremum is taken over all i € N and all the possible partitions {Ay,...,Ax}
and {B,...,Bs} of 2 satisfying Ay € .#} and Bj € F3,.

We say that X is o, B, ¢ or y-mixing if a(n), B(n), ¢(n) or y(n) converges to 0
as n diverges, respectively. We can say alternatively that p is an o-mixing measure, as

well as B, ¢ or y-mixing.

Note that ot(n), y(n), ¢(n) and B(n) are decreasing sequences, since .Z} C %} 1 for
every i > 0. We refer to (BRADLEY, 2005) for an exhaustive review of mixing properties
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of stochastic processes. Therein it is for instance explained that
Y-mixing = ¢-mixing = B-mixing = a-mixing.

since 20(n) < B(n) < ¢(n) < (1/2)y(n).

2.1.3 Basic examples

Let us discuss the mixing properties of some specific classes of processes. The most
trivial example is the so called i.i.d. process, which is defined over a finite or countable
alphabet 7 and trivially has complete grammar and function y(n) identically equal to
zero. The independence of events over disjoint sets of coordinates of this process leads to

the stronger mixing properties among all the stationary processes.

When we consider some dependence on the past, the class of the Markov chains is
the first natural choice. With regard to mixing properties, we need to analyse two separate
cases: finite and infinite (countable) alphabet. For the first case, Theorems 3.1 and 3.3 in
(BRADLEY, 2005) state that any stationary, finite-state, irreducible and aperiodic Markov
chain is exponentially w-mixing, that is, y(n) < Ce™“" for some positive constants C and ¢

and any n.

On the other hand, Theorem 3.2 in (BRADLEY, 2005) states that any stationary,
infinite-state, irreducible and aperiodic Markov chain is B-mixing (and therefore @-mixing)

in general, but the decay rate is not necessarily exponential in both cases.

As we will see in the following examples, under the same conditions as above,
infinite-state Markov chains can also be ¥ or ¢-mixing depending on characteristics of the
transition matrix Q. If this is the case, Theorem 3.3 in (BRADLEY, 2005) also ensures that

the chain is exponentially ¥ or ¢-mixing, respectively. For instance, if sup Q(a,b) <1,
a,besf
then the chain is exponentially ¢-mixing (we provide a proof in Section 2.4 since we could

not find a reference).

Example 2.1.2 (A y-mixing countable Markov chain). For some p € (0,1), consider the
Markov chain X defined over the alphabet @ = N by the transition matrix:

p(1—p)/, if i=0
0(i,j) =1 p, if i>0and j=0
1—p, if i>0 and j=1.
It is immediate to verify that X is irreducible and aperiodic. Furthermore, direct calculations

provide a probability distribution 7 over N satisfying 7#Q = &, which induces a stationary

measure W on the chain.

Let us show that this chain satisfies y(n) = 0 for any n > 2, that is, X is y-mixing.

In order to calculate y(2), it is sufficient to consider the cylinders that generate the
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sigma-algebras .Z} and .Z, o for every i > 0. Then,

1

. i+2+k
g (4113) Q*(a,b)
v(2) = sup —— 1| = sup |———~—~ —1].
i>0.dye 7 bRz, | U <b;j§+") aben| M(D)

By analysing separately the cases b > 1, b= 1 and b = 0, we conclude that Q*(a,b) = u(b)
for all a,b € N, which implies y(n) < y(2) =0 for all n > 2.

We present now a well-known class of Markov chains also called the house of cards.
Besides its own interest for providing useful examples in the context of the recurrence
times, this chain will also be used to define and derive mixing properties of binary renewal

processes.

Example 2.1.3 (The house of cards Markov chain). Let (g;);>0 be a real sequence satisfying
gi € (0,1) for all i > 0. We define the house of cards Markov chain X over the alphabet

@/ =N as the chain given by the transition matrix:

0(i, j) = .
l—gi, j=0.

For all n > 0, we denote

1 o
o, = ri—[qi and X(n)= Z Oy,
i=0 k=n

where we use the convention oy = 1.

It is immediate to verify that the chain is irreducible and aperiodic. Further, direct
calculations show that X has a stationary measure u if, and only if, o, is summable, which
will be assumed from now on. In this case, u satisfies:

1(0) and  p(k) = p(0)ox, Vk=>1.

T 1+2(1)

Note that, in order to define the house of cards Markov chain, it is sufficient to
know one of the functions o, or X(n), since ¢; = 6;11/0; and 6, =X(n) —X(n+1) for all
n>0.

As already mentioned, under the above conditions, Markov chains are always

B-mixing. However, we can show that for any choice of the parameters, the house of cards
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cannot be y-mixing. Indeed, for any n > 1, we have:

WXy =€ Xo=L—n)

y(n) > sup — 1‘
( ) >n [.L(Xn = 6)
/—1
o 1 sup szffn qj 1
‘LL(O) {>n Oy
! sup ! 1‘
= u J—
K (0) ¢>y | Or—n

On the other hand, in Theorem 2.2.3 below, we provide criteria on the parameters

of the process to determine whether it is exponentially ¢-mixing or only B-mixing.

Another example that will be useful in the study of recurrence times is a class of
processes similar to the house of cards, which we call the “lazy” house of cards. It is also
defined over N with a real sequence (g;);>0, g; € (0,1), but its transition matrix allows that

the chain stays in the same state in each step.

Example 2.1.4 (The lazy house of cards Markov chain). Given a real sequence (g;)i>0
satisfying ¢; € (0,1), we define the lazy house of cards X as the Markov chain over the
alphabet N given by the transition matrix:

qi, .] =i

0(0,0)=go=1-0(0,1) and Q(i,j):{%, i itlor j—o0.

Direct computations show that if

- 1
Z 2j—1(

e —— < oo,
j=2 1-g))

then the chain has a stationary measure p. This condition holds, for instance, when
sup;{gi} <1 or when 1—g; decreases at a polynomially rate. The chain is obviously
irreducible and aperiodic, which means that it is also f-mixing. As for the house of cards
Markov chains, we can show that the lazy house of cards cannot be y-mixing. On the
other hand, if 0 < inf;{g;} < sup;{¢i} < 1, then Proposition 2.4.1 will give at least one case

in which the chain is exponentially ¢-mixing.

2.2 Mixing properties in renewal processes

In this section we present a class of processes that provides a large range of scenarios
in recurrence times. The binary renewal processes will be used in the next three chapters

as a class that justifies and illustrates the results. Next, we study their mixing properties.
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2.2.1 Definition of renewal processes

One can define a renewal process as function of the house of cards Markov chain.
From now on, we denote by X = (X,)nen the Markov chain defined in Example 2.1.3 and by
fi we denote its law. A binary renewal process Y = (¥,,)men is defined by Y,, = 1{X,, =0}
for all m > 0. This process has a unique stationary measure y obtained from the stationary

measure [l of the chain X.

By direct computations, u satisfies

1

L= p(0)=u(1) =p(0) = i

p(10") = p(0"1) = u(1)o, and

1 (0") = u(1)X(n),

for all n > 1, where the functions o, and X(n) are the same as defined in Example 2.1.3.
Recall that we are assuming Y, 0, < oo and that one can completely define the process
knowing only one of the functions o, or X(n), or simply the sequence (g;);>0. Note that o,
defines the inter-arrival distribution of the renewal process, since o, = u; (0") = i (T > n),

where T denotes the distance between two consecutive occurrences of 1.

We can obtain from the Markov property the so called renewal property (see Lemma
2.4.2), which states that the dependence on the past in renewal processes is up to the last
occurrence of a 1. The renewal property ensures that the distance between consecutive

occurrences of 1’s are i.i.d. copies of T.

Remark 2.2.1. As shown in Proposition 3.1 in (ABADI; CARDENO; GALLO, 2015), a
stationary measure U of a renewal process is reversible, which means that p(apa ---a,—1) =

W(an—1a,—2---ap) for any agfl €{0,1}".

2.2.2 f, ¢ and y-mixing mixing renewal processes

We now present some results to provide a complete characterization of the mixing
properties of renewal processes as a function of the parameters. Let us start with an

elementary result which is a direct consequence of the definition of Y as function of X.

Proposition 2.2.2. Let Ax(n) be one of the functions given in Definition 2.1.1 (e, B, ¢, y)
associated with the house of cards Markov chain X and Ay(n) the same function associated

with the renewal process Y. Then

Ay (n) < Ax(n).

In particular, if X is A-mixing, so does Y.
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In particular, this result ensures that a renewal process is always B-mixing. We
therefore focus, in the remaining of this section, on identifying necessary and/or sufficient

conditions ensuring ¢ and y-mixing.
Conditions for ¢-mixing

We now present a theorem that states necessary and sufficient conditions on the

parameters so that processes X and Y are (exponentially) ¢-mixing.

Theorem 2.2.3. Let X and Y be the house of cards Markov chain and its respective renewal

process. Then the following statements are equivalent:

(a) X is exponentially ¢-mixing.

(b) Y is exponentially ¢-mixing.

(c¢) Y is ¢-mixing.

(d) There exist positive constants C and ¢ such that for all r,s > 0 we have

Oy +s
Or

(=qr - qris—1) <Ce .

(e) There exist ng > 1 and R < 1 such that min{q,,---,gr4n,—1} <R for all r > 0.

Remark 2.2.4 (Condition o, < Ce™" is necessary but not sufficient). As a direct conse-
quence of the theorem, notice that if a renewal process Y or a house of cards Markov chain
X is ¢-mixing, then o, < Ce " for some positive constants C and ¢, and in particular
L(n) <Ce /(1 —e ). It is natural to wonder whether this assumption is also equivalent
to ¢-mixing, that is, to (d) and (e) above. It turns out that this is not the case, as will be

shown by Example 2.2.10 at the end of this subsection.

The next direct corollary provides easy to check conditions, directly on the param-

eters (¢;)i>0-

Corollary 2.2.5. If ¢; SLIN I, then X and Y are not @¢-mixing. On the other hand, if

limsup,;g; < 1, both are exponentially ¢-mixing.

It is natural to wonder what happens when (g;) does not converge but limsup; g; = 1.
The end of this subsection provides several examples showing that anything could happen

in terms of mixing properties.
Conditions for y-mixing

The next theorem presents the only difference between the mixing properties of
the house of cards Markov chain and the renewal process. It establishes a sufficient and

necessary condition on the parameters for a renewal process Y to be y-mixing, which
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cannot occur with the Markov chain X, as we saw in Example 2.1.3. Note that in the case
of y-mixing renewal processes, unlike Markov chains, the decay rate of the function v is

not known.

Theorem 2.2.6. Let Y be a renewal process defined by the function o,. Then, Y is y-mixing
if, and only if, there exists ng € N such that

(0
sup —FM0 < oo, (2.1)
rseN  OrOs
Let us also state a direct corollary providing an easy to check condition on the

parameters (g;);>0 ensuring y-mixing.

Corollary 2.2.7. If (g;)i>0 is decreasing, then the associated renewal process Y is y-mixing.

Some explicit examples illustrating the above results

As we saw in Corollary 2.2.5, when g; — 1, the respective renewal process is not
¢-mixing (neither y), while on the other hand, limsup,g; < 1 implies exponential ¢-mixing,.
It remains to investigate what could happen when liminf; g; < limsup;g; = 1. It turns out
that we may have: (1) y-mixing; (2) ¢-mixing without y-mixing; (3) B-mixing without

¢-mixing. The next three examples illustrates these three possibilities.

Example 2.2.8 (y-mixing with liminf;¢; < limsup,;g; = 1). Define g; = 1/2 for even i and

gi = e~/ for 0dd i. If n € N is even, we have

n/2 n2  ap g n/2
(%) er2 <o,= (%) e_zjzl < (%) el

Hence, for r,s > 2 even numbers, we obtain:

Oty o2/ (r+s+2)—1 oy

Ger_ 62/r+2/s—4 -

When r is an odd number, we have o,,1 < 0, < 06,1, which allows us to get back to the

previous case. Then either case satisfies condition (2.1).
Example 2.2.9 (¢-mixing without y-mixing and with liminf;g; < limsup;¢; = 1). Let
gi =1/2 for even i and g; = i/(i+2) for odd i. We have ¢-mixing by Theorem 2.2.3-(e),

but we do not have y-mixing, since for n even we have o, = , which gives us

27/2(n4-1)
sup Orts+ng > sup Oy +5+2n
r,sgN O-er r,s even Ger
| (r+1)(s+1)

— Su
2”0 r7seVP;n (I’+S+2l’l()+ 1)

p—ie o}

for all ng € N.
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Example 2.2.10 (B-mixing without ¢-mixing and with liminf;g; <limsup;q; = 1). If (¢;)i>0

is given by
e i, if i=2%k>1
qi = IN2 o . )
(ii—é) , if i£2k
then, given R < 1 and ng € N, there exist infinitely many r € N such that for all j =

J+1
r,---,r+nyg—1 we have q; = | ——=
‘ 4 <]+2

This implies that X and Y are not ¢-mixing.

2
) > R, which contradicts Item (e) of Theorem 2.2.3.

On the other hand, for all n > 2 there exist k > 1 such that n/2 < 2% < n, which
implies

k
On < gk = e < e 2,

giving therefore an example illustrating Remark 2.2.4.

Our last two examples consider cases in which supg; < 1 and are applications of
Theorem 2.2.6 and Corollary 2.2.7.

Example 2.2.11 (¢-mixing without y-mixing and with supg; < 1). If we take ¢; =
p(i+1/i+2), where p € (0,1), then 0, = p"/(n+1) and for any nyp € N we have:

1 1
p s _ o (D)
rseN  OrOs r,seN (r+s+n0 + 1)

that is, the condition (2.1) does not hold. Nevertheless, we have sup;{g;} = p < 1, which
implies ¢-mixing by Corollary 2.2.5.

Example 2.2.12 (y-mixing with supg; < 1). If g; = p(i+2/i+1) for p € (0,1/2), then

Corollary 2.2.7 ensures that this process is y-mixing.

2.3 Further mixing properties

We conclude this chapter by presenting three further mixing properties that will
be used later in Chapter 5. The first two, y* and y’ are related to y-mixing and are
well-known in the literature. The third, yg-regularity, was introduced recently by (ABADI;
CARDENO, 2015) and is less known.

2.3.1 y* and y/'-mixing

Let us start defining the functions ¥’ and y*; we refer to (BRADLEY, 2005) for

more details about them.

Definition 2.3.1. Let u be a stationary measure. We define the functions:

: K(ANB) . K(ANB)
v/ (n) = inf ~———~ and y'(n):= sup —
= e e 5 WA (B) O AP e WAu(E)

i+n
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We say that p is y/-mixing (resp. y*-mixing) if y'(n) == 1 (resp. y*(n) == 1).

Note that y/(n) is increasing while y*(n) is decreasing. It is known that a stationary
process is W-mixing if, and only if, it is ¥’ and y*-mixing. Furthermore, each one of these
mixing conditions imply @-mixing (see inequalities (1.11)-(1.18) and Theorem 4.1 in

(BRADLEY, 2005)).

The next proposition gives conditions to obtain y* or Y’ for renewal process, which
will be used in Chapter 5.

Proposition 2.3.2. Consider a renewal process defined by (gi)i>o-

(a) If sup O_HC_: < oo, then the process is y-mixing and satisfies y*(1) < eo.
rseN s

r 1_ r
(b) If inf Orts(1 = grss)

> 0, then the process is ¢-mixing and satisfies y'(1) > 0.
r,seN [y ox)

2.3.2  y,-regularity

Here, we present this new mixing property and compare it with the classical mixing

conditions presented in Definition 2.1.1, especially in the context of the renewal processes.

Abadi and Cardeno (2015) introduced the so called yg-regular condition, where
g € N. Loosely speaking, unlike the classical mixing conditions, to get the y, regularity
one fixes a gap of length g+ 1 and evaluates the supremum and the infimum of the ratio
ua(B)/u(B) over all cylinders with positive measure and fixed length. Then, it is required
that the supremum (resp. infimum) does not grow (resp. decrease) exponentially fast as
the length of the cylinders diverges. Namely, for a stationary process X with law u, we

define the functions:

1 m—1, ymt+g+n—1 n—1
H ()((’)11 =Xy Xy =Y )
v, (m,n) = sup i and
et e, u(xg ) (o~ )
u (X(;n 1 _ xm 1. Xm+g+n 1 y8_1>
- m—+
W, (m,n) = inf :
el e, g ) m (o)

Note that there exists a relationship between the above functions and the mixing
functions presented in Definition 2.3.1, since y'(g+ 1) = infy, ,{ Y, (m,n)} and y*(g+1) =
sup,, , { g (m,n)}.

Definition 2.3.3. We say that a process X with law u is y,-regular if there exists g € N
such that for every @ >0 and b € R we have 0 < y (n,an+b) < y (n,an+b) < e and

— +
i In (l//g (n,an+Db)) ~m In (l,tlg (n,an+0b))

n—yco n n—oo n

=0.
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There is a simple relationship between ye-regular and y-mixing, which we state in

the next proposition.
Proposition 2.3.4. If a process X is y-mixing, then it is y,-regular.

Remark 2.3.5. Abadi and Cardeno (2015) provided in their Example 5.2 useful testing
functions depending on 6, and X(n) that allow one to determine whether a renewal process
is yo-regular. Applying these criteria, they presented two examples of (exponentially)
¢-mixing renewal processes that are ye-regular. Furthermore, they showed that every
renewal process defined by 0, =n™* with s > 1 is yp-regular. Notice that in this case we
have g; — 1, which means that the process is not ¢-mixing by Corollary 2.2.5. This might
suggest that the class of y,-regular processes is at least as general as B-mixing processes.
However, as we show in the next example, there exists at least one exponentially ¢-mixing

renewal process which is not yg-regular.

Example 2.3.6. Consider a renewal process Y defined by the sequence (g;)i>0 given by
qo = q and:

) p it 2k < i< 21 for even k
D= ¢ it 2k <i< 26 for odd k

where 0 < p < g < 1. Then Y is exponentially ¢-mixing by Corollary 2.2.5. On the other
hand, observe that for any g € N, we have

st (x5 e = 02
(D
X(2n+g

_ )

~ u(DE(m)E(n)
O2n+g

— u(1)D?c,0,’

v, (n,n

where D is a positive constant and the last inequality follows from Item (d) of Theorem
2.2.3 and (2.2). Consider now the subsequence n; = 2* for odd k. Direct calculations show
that o,, = pu=1)/34(m+1/3  Therefore,

O2ny+g _ qn, " qQ2n—1
u(1)D?*0, 0y p(1)D?0y,

- pe .<g)(2nk1)/3
—u()D? \p ’

In (y (n,n 2
limsupM > gln (Q) > 0.

n—soo n

‘an U ‘Z2nk+g—1

which gives us:

Thus, Y is not y,-regular.
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2.4 Proofs

Proposition 2.4.1. If the transition matrix Q of a stationary, irreducible and aperiodic
Markov chain X satisfies sup Q(a,b) < 1, then X is exponentially ¢-mixing.

a,bedf
Proof. According to Theorem 3.4 in (BRADLEY, 2005), we just need to show that ¢ (1) < 1.
In this sense, it is sufficient to consider the cylinders that generate the sigma-algebras ﬁ(’)‘

and Z 7, for every k > 0. Thus, consider A = [a’(ﬂ € ﬁé‘ and B = [bﬁf] € I

If we denote A = sup Q(a,b), we have

a,b,cqof
k+0—1

HA(B) = Q(akvbk-i-l) H Q(b]bj_H) < A.
j=k+1

Therefore, since ps(B) € [0,A] and u(B) € [0, 1], we have
|ba(B) — u(B)| <max{A,1-2} <1,

which implies ¢ (1) < 1. O

Consider a house of cards Markov chain X and the associated renewal process
Y defined by Y, = 1{X,,, = 0} for all m > 0. In the following proofs, for 0 <i < j < oo
we use the notation %j for the sigma-algebra generated by (X;,---,X;) and %ij for the
sigma-algebra generated by (¥;,---,Y;).

Lemma 2.4.2 (Renewal property). Consider a renewal process Y defined by Y, = 1{X,, =0},
where X is a house of cards Markov chain. Let u be the stationary measure of Y. Given
k>1,ifAc ¥} ! and BE %, then

w(BIY; = 1,4) = u(BlY, = 1)
Proof. Let i1 be the stationary measure of X. We apply the Markov property to obtain:

u(BlYi=1,A) = (17 (B)|Xy = 0,17 (4))
= (17'(B)[X, =0)
W (B[Y; = 1).
[l

Lemma 2.4.3. If u is the stationary measure of a renewal process Y, then for all j > 0,

nZZ,AE%Oj and B € ]‘?f’m we have

(A 20 B) < u() 7 r(A)u(B).
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Proof. We apply the renewal property to obtain:
+n—1 1 = +n—1 '
n— — n—
“( ’YJ'J+1 7 0" vB) - Z K ( ’ij+n717i - 10’,B>
i=0

n—2
1 .
= Z H <A7Yj+n717i = 1) H (ij—i—:—i = OZ7B|Yj+nflfi = 1)
i=0

n2p (Y =101 B
Su(A)% <J+ (1) )

=u() u@A)u (Yﬁf‘l # 0”‘1,8)
<p(1)~ u(A)p(B).

O

Proof of Proposition 2.2.2. Since Y,, = 1{X,, = 0} for all m > 0 and the indicator

function is mensurable, for every i < j we have %j C ﬁ;j . Then, any supremum taken over

(N, i, +n) must be less than or equal to the same supremum taken over (N,ﬁé,%in).
This ends the proof. m

Proof of Theorem 2.2.3. The statement (a) = (b) is a direct consequence of the
Proposition 2.2.2; the statement (b) = (c) is immediate. So we start by proving (c¢) = (d).

For 7> 0 and s > 1 we take A = {¥§ = 10} and B={¥/[7 , ., =0/} Then

we get:

(7757 = 0%) < pa(B) < 1 (017 ) -0 ([5/2) + 1)

Since Y is ¢-mixing, there exist so € N large enough such that

Ro=pu (ofso/ﬂ) o ([so0/2] +1) < 1.

For s > 59, we write s = gso +r where g € N and 0 < r < s9. Thus,

Op+s
Or

s/s0—1

< qrQrisg—19r+so " " Gr+2s0—1 """ Yri-gso—1 < Rg < (RO)

By adjusting the constant C to cover the case s < 5o, we get (d).

Now we assume that (d) holds and take ng > 1 such that R = C'/"¢=¢ < 1. Then

for all r > 0, we have
qr . qr+n0_1 S Cefcno — Rno,
which implies min{q,, - ,qr4n,—1} <R.

Finally, let us prove that (e) = (a). According to Theorem 3.4 in (BRADLEY,
2005), for X to be exponentially ¢-mixing, we just need to show that ¢(ng) < 1. In this
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loalsd

sense, it is sufficient to consider cylinders that generate ﬁé and .7 for every i > 0.

i+ng
Thus, let A; = {X) =a)} such that fi(A;) >0 and B; = {Xi’innoﬁk = bé}. Then, we have
k—1 k—1
a(Bi) = @(bo) [TQb),bj11) and  fia,(Bi) = i (Xiyng = bolXi = a;) [T Qb bj11),
J=0 j=0

which implies

¢(no) = sup |fia;(Bi) — f(B;)| < sup it (X = r[Xo = 5) — fi(r)]-

i>0,A;,B; rseN
Consider the case in which r < ng. Then

fi(0)oy, < 1(0)o, = fi(r) < f1(0)
| (X = 11X = 5) — ()] < max{£(0), 1 — £(0)G }.
On the other hand, if r > ng, then

0, if s#r—nog

[ (X, =rXo=1s5)=
A (X Xo ) {H;i_noqj if s =r—no.

Thus, using (e), we get fi (X, =r|Xo =s) <R. This gives us
| (Xny = r|Xo =) — fi(r)| < max{R,[1(0)},
since i(r) = f(0), < f1(0).
Therefore we conclude that
¢ (no) < max{R, f1(0),1 - (0)o,,} <1,

which ends the proof. O]

Proof of Corollary 2.2.5. 1f g — 1, we apply Item (e) of Theorem 2.2.3 to conclude
that X and Y are not ¢-mixing. On the other hand, note that limsup;q; < 1 implies
S =sup;{g;} < 1, which satisfies the same condition (e) with ng = 1. O

The next lemma constitutes a part of the proof of Theorem 2.2.6.

Lemma 2.4.4. Let (g;)i>0 be a real valued sequence satisfying 0 < ¢; < 1 for all i >0 and
Cn=2q0" " " qn-1 50. Suppose that there exists ng € N such that

O,
Sup M < fo'e)
rseN OrOs

Then, there exist ny > 1 and R < 1 satisfying min{q,, - ,gr4n,—1} <R for all r > 0.
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Proof. By hypothesis, there exists a constant M > 1 such that

(0
It <M, Vrs,eN.

On the other hand, we can get so € N such that oy, < M~2. Thus, for all r € N we have

M2 Gr+so+n0 < Gr+so+n0 < M
1
= qr Grtsg+ng—1 < M

Now, suppose that the lemma’s conclusion does not hold. Then, there exist ry € N
such that min{qy,, -, @ry+sg-+ng—1} > M1/ (sotn0), Thus, we must have

1 1
M < dry " Qro+so+ng—1 < Mv

which is a contradiction. O

Proof of Theorem 2.2.6. Let us first show that condition (2.1) is sufficient for Y to
be y-mixing. According to Lemma 2.4.4, this condition implies that there exist ny > 1 and
R < 1 such that min{q,, - ,qr4n,—1} <R for all r > 0. Define ny := max{np+1,2n; +1)}.

In order to apply Theorem 4.1 in (BRADLEY, 2005), we will show that y'(ny+1) >
0 and y*(np + 1) < e (see Definition 2.3.1), which implies that Y is y-mixing. In this

sense, it is sufficient to consider cylinders that generate %g and ¥4

iyl for every i > 0.

Let us prove that y/(ny+1) > 0. We start by noting that, by Lemma 2.4.4, condition
(2.1) implies condition (e) (and therefore (d)) of Theorem 2.2.3, which gives us

[o'e] G . [e e} .
o, <I(m)=o0,(Y =2 ) <o, Ce /| = Do, (2.2)
=0 On =0

J

where D=C/(1—e™°).
We divide the proof in three cases.

1) Consider the case A = {Yé = Oi+1} and B = {Yiij:;:f = ()g}. Then, applying (2.2)

we get

HANB) u(AY/ > =17 B) _ 0is1(1—gq0)" oy S a —q0)™"!
n(A)u(B) — n(A)u(B) w(DZ@E+DZEC) —  Dpu(l)

2) Now we consider the case A = {Yé = 0”1} and B = {Ylf:;j_f = Oklyé_k_z}. By



38 Chapter 2. Mizing properties in stochastic processes

the definition of ny, there exists jo = jo(k) := 0<r21n {J:qj+x < R}. In this case we have

U(ANB) - U(A, Ylljl"z 1"2-JogJo_ B)

H(AR(B) ~ H(A)R(B)
o \mp—jo—1
(1 lq)(;l)(l)J Gk Qi jo—1 (1 — qrt o)
> %R’b(l—m
%an—l(l—R)

This argument can also be applied to the case A = {Yé :xé)_h_]th} and B =

{Y;j:z zif = OE}, since U is reversible (see Remark 2.2.1).

3) At last, we consider the case A = {Yg = xf)_h_l IOh} and B= {YH”ZM Oklyé k=24

——

i+ny+1
In the same way as above, there exist go = go(h) := o <r{111}2 {&:9n+¢ <R} and g =
S8 (M2
g1(k) = O<g<rB1H}2 {8:qk+¢ < R}, which gives us
2
H(A ﬂB) N “(A7Yzl:lnz 08012—80—81()81 73)
u(A)u(B) ~ 1(A)u(B)
(1 —go)m—80—81~1
= (1) an " nvgo—1 (1 = Qhigo) k- Gt gy —1 (1 — Grig)
1 _ nzfl
> %Rgotﬁ (1 —R)2
. np—1
> (1 61(01)) g Rn272(1 _R)2‘
u

Thus we conclude that y'(np+1) > 0.

Let us prove now that y*(ny+1) < e. Since y* is decreasing, it is sufficient to
prove that y*(ng+ 1) < eo. Applying Lemma 2.4.3, we have that for all i >0, A € g& and
glino-i-l

WANB)  uAY#00.B)  u(AY]° =0 B)

HAEB) - p@uB) o p@u®)
L HAYP =0 B)
STV

which means that the supremum over the last term determines whether y*(ng+1) < oo or

not.

In order to obtain an upper bound for this supremum, consider the same three

O;
cases as above and denote L = sup I oo
rseN  OrOs
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1) A= {¥{=0""} and B={¥i70 =0}

u(AY 0 =0m B) 2(i+no+L+1) _ DOjnyrer1 _ DL

pu®B) p(Z+DEWO) ~ p(Doior — u(l)’
2) A={Y/=0""} and B= {Yl’ﬂloojf = Oklyg_k_z} (which includes the case A =
{Yé = xf)*hfl IOh} and B = {KT,Z?:lE = Oe}, since W is reversible):
u(A, Y0 = 0m, B) __ Oitngtktl Oitny+k+1 L
1(A)u(B) DI+ 1)or = u(1)oir10c ~ pu(l)
3) A — {Y(;' :xg—h—lloh} and B = {Y,’j,ﬁj’jf =0k 1y ™+~ 2}
U(A, Ylilno 0™,B) _ Gh+n0+k(1 —Qh+n0+k) < L
1(A)u(B) 1 (1)0;,0% —ou(l)

Therefore, y*(np+1) < co and Y is y-mixing.

On the other hand, we assume that Y is y-mixing. Since Y is also ¢-mixing,
Theorem 2.2.3 implies that condition (d) holds, which also gives us the inequalities in
(2.2).

Furthermore, if Y is y-mixing, then we have y*(n) - 1 (see (BRADLEY, 2005)),
which means that there exists ng € N such that y*(ng+1) < ee.

Hence, if we take A = {¥] = 10"} and B= { rflz)ojls 0 }, we get:

. K(ANB)
Vit 1) 2 sup s uB)

u(AY " =0m,B)

r+1
ol n(A)u()
— sup Or+s-+ny
r,seN u ( 1 ) Gf’z‘(S)
1 Gr+s+n0

> sup .
Du(l) rsen 0,05

This ends the proof. m

Proof of Corollary 2.2.7. By hypothesis, we have

s—1
Orts dr+j <1

Gr Gs ]:0 q,]

and the y-mixing follows from Theorem 2.2.6. O
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Proof of Proposition 2.3.2. If the condition in (a) holds, Theorem 2.2.6 ensures that
Y is y-mixing. Furthermore, the condition in (b) implies that there exists L; € (0,1) such
that

. . Opps(1— . o1 —
L = inf rs(1—qres) < inf ( ‘]r)’
r,SEN Ger reN GrGO

which implies g < 1—L; for all r € N. Hence, by Corollary 2.2.5, Y is exponentially
@-mixing.

Now, let us show that conditions in (a) and (b) imply y*(1) < e and y/(1) > 0,

o]
respectively. First, we denote Ly, = sup s

r,seN OrOs

Observe that by Theorem 2.2.3 and (2.2), there exists a positive constant D such

that 0, <X(n) < Do,. Now, let us consider three cases. If ag‘+"_1 = (0" we have
Gm+n(1 - CIern) Z(m + I’l) Doy
u(1)D>6,0,  ~ p(1)Z(m)X(n) =~ pu(1)omuon
L m+n—1 DL
= 1 2 < nlf—(lao m—)l—n—l < £
wMD* = p(ag=") e (apt=") ~ w(1)
For the case af ' = 0" and a1 = 01417 |, we have
Otk (1 — Gmrk) Om-+k Om-+k
u(l)Doyor — u(1H)EZ(m)o, — u(l)o,ox
-1
b p(ag™) Ly

w(D = (ag ") p (ait )~ u())’

Note that the inequalities above include the case a(’)”*l = a:)”*k*zlok and aﬁ”‘_l =0",

since pu is reversible (see Remark 2.2.1).

m—1 _ m—k—=21nk m+n—1 _ nj1,m+n—1
At last, when ay ™" = ay 10* and aj, =0 1am+j+1, we have

Li _ Ok+j(1 —Grs) p(ag ™) Ly

u) = uMoro;  p(a N p (gt T op()

Therefore, the condition in (a) implies y*(1) < oo and the condition in (b) implies
v'(1) > 0. O

Proof of Proposition 2.3.4. Since the process is y-mixing, given € > 0, there exists

go € N large enough such that

=& <y (g0+1) <y (mn) < wg(mn) < y*(g0+1) < 1+¢,

for all m,n € N, which implies that the process is W, -regular. O
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CHAPTER

3

EXPONENTIAL APPROXIMATION FOR
RECURRENCE TIMES IN MIXING PROCESS

The first section is devoted to definitions and some initial considerations on expo-
nential approximations for recurrence times. In Section 3.2, we present a review of classical
and recent results on hitting and return times of cylinder sets, focusing on stochastic
mixing processes and results that hold for all points of the space Z . Then, in Section
3.3, we present in Theorem 3.3.4 the main result of the chapter, giving new exponential
approximations for hitting and return time distribution. This result was published (ABADI;
AMORIM; GALLO, 2021). In the last section, we present some technical results and the

proofs of the main theorems.

3.1 Preliminary definitions and considerations

In this and the next section, we present a review of the literature. It is based on
(ABADI; AMORIM; GALLO, 2021) and (ABADI; GALVES, 2000). At first, let us define
the two main random variables of interest of this chapter: the hitting time and return time

to a string A € 6.

Definition 3.1.1. The hitting time of a point x € 2 to a cylinder A = [ag_l] is defined by

Ti(x) :inf{k > 1;6%(x) eA}.

Alternatively, one can define the hitting time to A as a random variable that is a

function of a process X:

Ty =int{k > X =}

When x € [ag_l], we call T4 (x) the return time to A.
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Thus, our main interest is to obtain informations about w(7y > 1) and us(7x > 1),
that is, the hitting and return times distributions, respectively. The first classical result
about it, known as Poincaré recurrence theorem, ensures that for any stationary process

the return time is almost surely finite (see for instance (SHIELDS, 1996)), in other words,
[,LA(TA < 00) =1.

There is a similar result for the hitting time, but we need to add the condition of
ergodicity to the process. We say that a stationary measure i (or process X) is ergodic if,
for A€ .%, 671(A) = A implies u(A) =0 or u(A) = 1. For instance, it is a well known fact
that every o-mixing process is ergodic. An extension of Poincaré recurrence theorem for

ergodic processes says that, as well as return time, the hitting time satisfies u(Ty < o) = 1.

The first quantitative result on return time is the well known Kac’s Lemma, which
provides for ergodic processes an exact and intuitive formula to the mean return time:
E(Tyl4) =

AlA) = ——.

1(A)
However, we do not have a similar result for hitting time. Since there are no explicit
expressions for w(Ty >t) and pa(Ty > t), even for the case of an i.i.d. process and words A
with n > 1, a natural interest arises to obtain approximated distributions or even limit

distributions when n diverges.

We are interested in the case where we fix any point x € 2" and consider A =
Au(x) = xg_l as target set. For ergodic and aperiodic processes, we will prove in Lemma
3.4.1 that the measure of A,(x) vanishes as n diverges. The nested sequence of sets A, (x),

n > 1 is therefore called a sequence of rare events.

When dealing with rare events, and sufficiently strong mixing conditions, it is a
well known fact that u(Ty > t) has approximate exponential distributions with parameter
depending on A, as well as us(Ty > t) is well approximated by a convex combination
between a Dirac function and an exponential law, as we can see in (ABADI; GALVES,
2000), (ABADI, 2004), (ABADI; VERGNE, 2008), (ABADI; SAUSSOL, 2011), (ABADI;
CARDENO; GALLO, 2015). On the other hand, it is important to mention that this is
not the case for ergodic processes in general (see (LACROIX, 2002)).

Furthermore, for a typical cylinder, p (Ty > p(A)~'t) and pa (Ty > u(A)~'t) both
converge to an exponential law with parameter one, that is, this convergence holds almost
surely, as showed in (COLLET; GALVES; SCHMITT, 1999), (ABADI; SAUSSOL, 2016)
and (ABADI; CARDENO; GALLO, 2015), for instance.

Indeed, Kac’s Lemma suggests that the best exponential approximation for u (Ty > t)
and ps (T4 > t) would be e #A) However, since the paper (GALVES; SCHMITT, 1997),
it is known that a correction factor 8(A) must be used to get the convergence to the

exponential law at any point. Naturally, one expects that for a typical cylinder we have
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0(A) ~ 1.

In other words, the approximate distributions obtained in previous works involve
the exponential law with parameter u(A)0(A), where A € %,. These works present in
general two main types of approximations: a total variation distance type, which we will
call Type 1, and a pointwise type, called Type 2. More specifically, these approximations

have the form:

e Type 1: Total variation distance.

— Hitting times

sup ‘ W(Ty > 1) — e AN < g(a),
>0
— Return times
sup A (Ty > 1) — B(A)e F MO < g(A),
>0
where £(4) - 0.
e Type 2: Pointwise. For any t > 0,
— Hitting times
‘u(TA > 1) —e FAOMI < (A 1),
— Return times
’.LLA(TA >1)— 0(A)e HWOAN < g(Ar),

where €(A,1) — 0 when n or ¢ diverges.

Note that return time approximation indicates that

E(Tx|A) ~ 0(A) ————.
T~ 0 e
The parameters 0 and 6 need not to be equal, but in view of Kac’s Lemma, the last

expression suggests that 8 ~ 8. The approximations also indicate that

E(T))  ———+—.
1(A)6(A)

Thus, if we can compute 6(A), these approximations allow us to show whether the scaling
of occurrence of return time is close to hitting time or not, depending on whether the
parameter 8(A) approaches 0 or not. In some cases, the computation of 8(A) can even

give us the limit distributions.
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3.2 A review of related results

We present below a review of results concerning hitting and return time approx-
imations in the context of mixing processes and whose results hold for all points. In
each case, we highlight the characteristics of the scaling parameter used and the type of

approximation, since our results present advances in this sense.

As far as we know Aldous and Brown (1993) published the first paper concerning
exponential approximations for hitting time to rare events that holds for all points. They
provided a Type 1 approximation in the context of the reversible and finite-state Markov
chain and the scaling parameter they used is the inverse of the mean hitting time, which
is expected when we deal with exponential law. However, this is an inaccessible parameter

and does not bring information about the value of E(Ty).

In (GALVES; SCHMITT, 1997), the authors provide a Type 1 approximation for
hitting time in summable y-mixing processes. This was the first paper to give an explicit
formula for the scaling parameter, denoted there by A(A). Nonetheless, it has no intuitive
significance and it is not easy to compute, since its calculation depends itself on knowing
the hitting time distribution up to a large scale (but smaller than the reciprocal of the

measure of the observable).

In the context of y-mixing and summable ¢-mixing processes with finite alphabet,
Abadi (2001) presented Type 1 approximations for the hitting time. The paper gives
two different scaling parameters, one of which is similar to A(A), which depends on the
scale of the order of u(A)~!. In order to overcome this issue, the same paper provides
another scaling parameter {(A), for which the calculation depends on the short return of
the string A, making it easier to compute. However, its use leads to a larger error term for

the approximation.

In the same context as above, Abadi (2004) obtained a Type 2 approximation
theorem for the hitting time. The scaling parameter was still similar to A(A), but the
error term €(A,t) in this case decreases exponentially fast in ¢. The paper also provides an
approximate version of the Kac’s Lemma for the rescaled mean hitting time E(u(A)Ty),
which depends on the scaling parameter. Furthermore, a uniform sharp error term was

provided, whose calculation also depends on the large scale of p(A)~!.

Abadi (2006) presented Type 1 approximations for @-mixing processes with count-
able alphabets. The author used A(A) as scaling parameter and a new parameter §'(A)
as the weight of the convex combination for the return time (the 8(A) mentioned above).
Both parameters depend on recurrence properties at the scale t(A)~!. Nonetheless, the
paper also introduces an intuitive and easily computable parameter, which will be called
potential well and denoted by p(A). He manages to prove that, for exponentially a-mixing

processes (when o(n) vanishes exponentially fast), A and { can be well approximated by
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In (ABADI; VERGNE, 2008), the authors provided the first Type 2 approximation
for the return time. In the context of @¢-mixing processes and finite alphabet, they used
for the first time the potential well p(A) as scaling parameter and weight of the convex
combination at the same time, that is, 8 = 8 = p. The error term £(A,¢) presented there
decreases exponentially fast in t and the uniform error term €(A) is sharp. The authors
also gave an approximation for the rescaled moments Ey4 (( ,u(A)TA)B> of the return time
and extended a result in (HIRATA; SAUSSOL; VAIENTTI, 2000), stating that hitting and
return times are arbitrarily close if, and only if, the rescaled return time converges to an
exponential law with parameter one. In all of their results, the process is assumed to have

complete grammar.

Abadi and Saussol (2011) obtained Type 1 approximations for hitting and return
times for a-mixing processes with finite or countable alphabet. The parameter used also
was similar to A(A), but, as well as Abadi and Vergne (2008), they proved the convergence
of the return time to convex combination involving exponential law using 6 = 6. Later,
the authors proved in (ABADI; SAUSSOL, 2016) that, if o(n) decreases algebraically,
then the parameter A(A) converges almost surely to one. As a consequence, we have the
almost sure convergence of the rescaled hitting and return times to the parameter one

exponential law.

Finally, Abadi, Cardeno and Gallo (2015) worked on the specific class of binary
renewal processes, which is f-mixing in general (weaker than ¢), and provided Type 1
approximations for hitting and return times using the potential well p as scaling parameter.
The simplicity and intuitiveness of the potential well helped the authors to apply the
renewal property and obtain an exact formula to calculate p(A,(x)) and its limit for any
point x € Z". In other words, their results allow us to obtain the limit distributions of

hitting and return times as a function of the parameters of the process.

3.3 Main result: hitting and return time approximation

theorem

In this section, we present the main result of this chapter: a new hitting and return
time approximation theorem, which was published in (ABADI; AMORIM; GALLO, 2021).
In the context of Type 2 approximation, we use the potential well as a scaling parameter
to obtain exponential approximations for hitting and return times whose error €(A,7) term
decreases exponentially fast in . We also show, with an example, the sharpness of the
uniform error term €(A). In order to have sup, 4 €(A) 50, we assume that the process is
y-mixing alone or ¢-mixing with some further technical assumption. Furthermore, unlike

similar previous results, our theorem holds for process with infinite alphabet and without
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complete grammar.

In the case of return times, the result is an extension and a correction of the main
theorem in (ABADI; VERGNE, 2008). The extension follows from the fact that we include
processes with incomplete grammar and infinite alphabet and we also get a specific and
better error term for y-mixing processes. On the other hand, we show that the error term

presented by Abadi and Vergne is incorrect for small values of ¢, namely, for ¢ < (2u(A))~!.

Before we can state our main theorem, we need to present some related concepts.

This is done in Subsection 3.3.1. The main results will be stated in Subsection 3.3.2.

3.3.1 Overlapping properties, periodicity and potential well

The overlapping properties of the string ag_l can strongly influence the distributions

of hitting and return time to a’g’l. For instance, consider a binary renewal process presented
in the previous chapter defined by the function X(n) = % If we take A = ag_l =0", we get
u a n
pa(Ta=1) = ) _
() n+l

In other words, when n diverges, the density of the distribution of the return time is

— 1. (3.1)

highly concentrate on t = 1, due to the fact that A might overlap itself at t = 1. The
hitting time distribution is also affected by overlap. For stationary processes we have
u(Ty = j) =u(A,Ty > j—1) (see Lemma 3.4.2). Thus, still using the same example as
above with A = 0",

= u(A) Y ua(Ty > j—1) (3:2)

< W(A) + (1 — Da(A)a(Ty > 1).
If we take t = u(A)~' +1, we get u (T < ,u(A)_]) — 0 when n diverges. In other words,
the high probability of return in # = 1 implies a low probability of an “early” hitting time

in the Kac’s scale.

Therefore, in order to obtain approximate distributions of hitting and return time,
the string’s overlapping properties need to be taken into account. This leads us to define

two fundamental concepts: the shortest possible return and the potential well.
Definition 3.3.1. The shortest possible return to a set A € .% is defined as
T(A) = inf{k > 1 (o—k(A)) > 0}.

Alternatively, given a string ag_l € 6, generated by a stationary process X, the shortest

return can be defined as

t(ap ) =inf{k>1:p (X =X =ag ) >0}
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In the case where A = A,(x), we use the notations 7(A,) and 7 (ngl). Note that
when the grammar is complete, we obviously have 1 < 7(4,) <n. If it is not the case, we

can also obtain upper bounds to T(A,), as we do in Chapter 4.

We observe that the traditional definition of the shortest return, namely 7(A) =
inf {k > 1;ANc kK (A) # @}, has a topological meaning. However, we adopt the definition
involving 4 in order to deal with processes without complete grammar, since in this case
we might have some A € 6, and k € N satisfying AN 6 %(4) #£0 and u (ANo*(A)) =0.
For instance, consider the string A = 12---n generated by the house of cards Markov chain
(see Example 2.1.3).

The shortest possible return 7 (A, (x)) has itself independent interest of study in the
literature and we refer to (SAUSSOL; TROUBETZKOY; VAIENTI, 2002), (AFRAIMOVICH;
CHAZOTTES; SAUSSOL, 2003), (ABADI; CARDENO, 2015), (ABADI; VAIENTI, 2008),
(HAYDN; VAIENTI, 2010), (ABADI; LAMBERT, 2013) and (ABADI; GALLO; RADA-
MORA, 2018) for several results on asymptotic concentration, large deviations and fluctu-

ations of 7.

Obviously, by definition, ps(Ty > t(A)) = 1. If T4 (x) > 7(A) for some point x € A,
we say that x escapes from A. The potential well p(A) is defined as the proportional

measure of points of A that escape from A.

Definition 3.3.2. The potential well of a set A is defined by
P(A) = ua(Ty > T(A)).

For the case where A = A,(x), we use the notations p(xj~') and p(A,(x)). The
potential well p(A) is an intuitive and “easy to compute” parameter, which also has a
physical meaning. It represents the “energy” the system needs to leave the set A. In other
words, 1 —p(A) represents the height of the barrier the system needs to cross to leave A.
It also represents stability characteristics of the set; for instance, p(A) ~ 1 means that A is

an unstable state.

Another aspect we need to know when studying recurrence times is the second
order periodicity of a string A € %, which has influence on the size of the uniform error
term €(A). It is also related to the overlapping properties of the string, but in a different

sense: we look at the possible returns up to the end of the string, that is, up ton—1.

Consider the cylinder A and denote T(A) = k. We write n = gk+r, where ¢ € N
and 0 < r < k. When k < n, we can verify that [A]N o~ [A] # 0 for all 1 <m < ¢ and
[A|No~/[A] = 0 for all mk # j < gk. That is, up to the index gk, the cylinder overlaps itself
only in multiples of k. However, the first return time cannot occur in 2k,--- , gk, since the

overlap in these times implies Ty = k.
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On the other hand, it is immediate to verify that the first return may occur in the

set

R(A)={je{gk+1,....qgk+r—1}: us(c7/(A)) >0},
which we call the set of the second order periods of A.

Thus, when 7(A) < n, the first return of a string A has positive probability of

occurring only at the times belonging to
{t(A U{Z(A)} U {k > 13 i (G_k(A)> > o} :

Obviously, when 7(A) > n, we do not have second order periods and the first return
can occur with positive probability at the times in {z(A)} U {k > 7(A);us (67%(4)) > 0}.

We set ny as the first possible return to A after 7(A):
n4g = min {j : Ha (G_T(A) (A9)N G_j(A)> > 0} .

Notice that we may have ngq > n, when the grammar is not complete.

In order to illustrate these ideas under complete grammar, we refer to a concrete
example and more details in (ABADI; VERGNE, 2008). For the general case, we present

the following example.

Example 3.3.3. Consider the house of cards Markov chain defined in Example 2.1.3 in
Chapter 2. Recall that it is defined over the infinite alphabet N and does not have complete
grammar, since several transitions are forbidden due to the sparse nature of Q. Consider
the strings A = 00010001000 and B =k(k+1)---(k+n—1) (for some k € N and n > 1)
generated by this Markov chain in the stationary measure. Then, we see that 7(A) = 4,
H(A) ={9,10}, and ny =9, while, on the other hand, ©(B) =k+n >n, Z(B) =0, and
ng=k+n+1.

3.3.2 New Type 2 approximations for hitting and return times

Theorem 3.3.4 below was published in (ABADI; AMORIM; GALLO, 2021) and
presents Type 2 approximations for hitting and return time under ¢ and y-mixing

conditions with the potential well as the scaling parameter and an explicit error term.

As a Type 2 approximation, the error terms satisfy €(A,r) — 0 when n or ¢
diverges, and we additionally have that the convergence in ¢ takes place exponentially
fast. Furthermore, we have an error term uniform in ¢, that is, €(A) = sup, €(A,7). We start

defining it for the cases y and ¢.

Denote by A®) the string of the last k symbols of A,(x) = x’é_l, that is, A®) = xz:}(.
When j > n, we use the convention u (A(j)> =u (A(”)> =u(A).
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Note that by definition y(g) is not necessarily finite, for g > 1. Thus, for y-mixing
measures, we define:

go=go(y) :=inf{g > 1:y(g) <eo}—1. (3.3)

Now, for the uniform error terms, define:

(a) y(4) :=np (A" ) 4y (n), (3.4)
(b) eo(a) = inf {(n—|— T(A))p (A<W>> + o (min{ng —w+ 1,n})}, (3.5)

where n* ;= min{n,n4}.
Observe that we always have ny > n/2, then &y is well defined for all n > 2g

We use € to denote either &y or & when the argument or statement is general.

Theorem 3.3.4. Consider a stationary measure g on (Z,.%) enjoying either ¢-mixing with
SUp4cq, U(A)T(A) 5 0 or y-mixing. There exist five positive constants C;, i = 1,...,5,
and ng € N such that for all n > ng and all A € 6, the following inequalities hold.

e For all t > 0:

‘,LL(TA > l) — e—p(A)/J(A)l

- { Cr (T(A)u(A) +1u(A

e For all 1 > 7(A):

1a(Ta > 1) — pla)e P WA

< C4 S(A) t
| Csu(A)re(A)e HAN(PA)-Cse(A)

Theorem 3.3.4 and its proof were inspired by the ideas of Theorem 4.1 in (ABADI;
VERGNE, 2008). Nonetheless, our result is the first Type 2 approximation for the hitting
time using the potential as scaling parameter. Moreover, we state both hitting and return
times approximations in the broader context of countable alphabets and with not necessarily

complete grammar, besides providing a specific and smaller error term for the y-mixing

case.

The proof of Theorem 3.3.4 is given in Section 3.4 after some preliminary results.

We now present some important and complementary remarks about it.

Remark 3.3.5. Although Theorem 3.3.4 provides Type 2 approximations for hitting and
return times distributions, it might be useful to have an uniform error term in ¢, which is, in

this case, Ce(A), for some constant C. Indeed, in the case of hitting time and t < (2u(A))~!,
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for n large enough, Lemma 3.4.4 implies T(A)u(A) < 2ey(A). Thus, in both cases ¢ and
y-mixing, we have T(A)u(A)+ru(A)e(A) <C'e(A),

for some constant C'. Obviously, the

same holds when we analyse the case t > (2u(A))~! and the return time.

Remark 3.3.6. Under the conditions of Theorem 3.3.4, we can show that sup,c¢, €(A) 50.
Indeed, in the context of ¢-mixing processes, Lemma 3.4.3 gives us p(A) < Ce™" for all
n>1 and A € 6, and some positive constants C and c¢. On the other hand, since ng > n/2,
we get for all n > 2go:

gy(A) < Cne("/2780) 1 y(n)

and hence &y — 0, uniformly.

For the ¢-mixing error term, we consider two cases. If 7(A) < 2n, we take w = [n/4]
and obtain
£5(A) <3Cne™"* + 9(|n/4]),

which ensures that &y — 0. This first case occurs, for instance, if one has a complete
grammar. On the other hand, if T(A) > 2n, we take w = n. Note that 2n < 7(A) < n4. Thus,

£ 4) < (n-+ T(ADA(A) + 0(n) < Cne™+9(0) + sup T(A)(A) — 0,

since the last term in the sum converges to zero by hypothesis.

Remark 3.3.7. Under certain conditions, we can drop the hypothesis sup,cq, 1(A)T(A) RN
0. For instance, under ¢-mixing and complete grammar, Lemma 3.4.3 ensures T(A)u(A) <
Cne™“" for all A € 6,,. Another way is to assume that p is summable ¢-mixing, as shown
in Theorem 4.4.3 and Remark 4.4.6.

Remark 3.3.8. Although the approximations under y-mixing are less general, the simplicity
of the uniform error term &y(A), when compared to €y(A), justifies its statement. On the
other hand, for each one of the cases, ¥ and ¢, the error term is the same (except for a
constant) for ¢t > [2u(A)]~! for hitting and return times approximations. The difference
occurs for t < [2u(A)] ™!, which is due the the conditional measure gty and to the overlapping
properties of the string A.

Remark 3.3.9. For application purposes, explicit values were given to each constant
involved in Theorem 3.3.4, and can be found in (ABADI; AMORIM; GALLO, 2021).

Example 3.3.10. Let us show with a simple example the sharpness of the error term in the
hitting and return time approximations given by Theorem 3.3.4. Consider an i.i.d. process
(Xm)men on o7 and take b € &7 such that u(b) = p. Consider the point x = b* € & and
the string A =A,(x) =b---b.

On the one hand, direct calculations give us: u(A) = p", t1(A) =1, p(A) =1—p,
ng=nand us(Ty >n—1)=p(A) = 1 — p. Furthermore, an i.i.d. process is y-mixing with
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y(n) =0 for all n > 1, which implies €(A) = np". By direct substitution we have for each
n>2:

pa(Ty >n—1) _p(A)e—p(A)u(A)((n—1)—T(A))‘ — ’(1 —p)—(1 _p)e—(l—p)l?"((n—l)—l)‘
= (1-p) <1 _e*(lfp)p"(H)) :

which implies that the exact error in the approximation for the return time at n—1 is of

order np", just as stated by Theorem 3.3.4.

On the other hand, applying (3.2) for r =n — 1, we obtain

n—1

W(Ty <n—1)=p(A)+p(A) Y pa(Ta > j—1)
j=2

= uA)(1+(n—-2)p(A))
=p"(1+(n=2)(1-p)).

Thus,

u(Ty >n—1) _e—P(A)N(A)("—l)} — ‘1 —p"(1+(n—2)(1—p)) _ e (=P (-1}

Since 1 —e~(1=P)P"("=1) (1 — p)p"(n—1)', the exact error term above is of the order p"*'.
Furthermore, Theorem 3.3.4 states that, for t =n — 1, the error term for the hitting time

approximation is of the order
£(A,n—1) = T(A)R(A) + (n— DR(A)EA) = P+ (n— Dnp™ ~ pb.

Therefore,
W(Ty >n—1)—e PARAE=D] g4 n—1).

Remark 3.3.11. In Theorem 3.3.4, the error term for the return time and for ¢ < [2u(A)]~!
corrects Theorem 4.1 in (ABADI; VERGNE, 2008). The previous example shows that our

error term cannot be sharpened in general, and that their statement is indeed incorrect.

Remark 3.3.12. The house of cards Markov chain, under the conditions of Theorem 2.2.3,
provides an example of a summable ¢-mixing process over an infinite alphabet and without
complete grammar. In other words, this is a process where Theorem 3.3.4 can be applied,

unlike previous results.

We emphasize that, as well as in (ABADI; VERGNE, 2008), the potential well
has a crucial role in the hitting and return time distributions, since it is the scaling
parameter and the weight of the convex combination. Thus, the asymptotic behaviour and
the positivity of p(A) become fundamental in recurrence times. In this sense, we devoted

Chapter 4 to present several results on this issue.
1

For two real and positive-valued sequences (a,),>0 and (b,),>0, the notation a, ~ b, will mean
that there exist positive constants Ci, C; and ny € N such that n > ng implies C; < Z—” <.
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3.4 Proofs

We say that a stationary measure U over (2,.%) is periodic when there exists a
periodic point x = xg_lxg - € Z such that pu <{x, (x),-- G(pfl)(x)}> = 1. Otherwise,

we call the measure aperiodic.

Lemma 3.4.1. If u is an ergodic and aperiodic measure, then p(x) =0 for any point

x=xy € 2. In particular, the statement holds for a-mixing measures.

Proof. Given a point x € 2", consider the set B = B(x U {GJ x)}. It follows directly
j=>0
that
=Jo ' (6/(x) > U {o/ (v} DB.
j>0 j>0

Applying Lemma 1.2.1 in (SHIELDS, 1996) we must have u(B) =0 or u(B) = 1. Now,
if x is periodic, we have B = {x,c(x),--- ,G(p’l)(x)}, which implies u(x) < u(B) =0,
since the process is aperiodic. On the other hand, note that for any j > 0 we have
p(o/(x))=u(c™! (Gj(x))) >pu (Gj_l(x)). Therefore, we get for aperiodic x:

1>pB)=Y p(o ' (c/(x) > Y px) = px) =0.

J=0 jz0

For the second statement, we have to prove that strong mixing implies ergodicity
and aperiodicity of u. The first fact is well-known (see (SHIELDS, 1996) for instance). For

the second fact, we proceed by contradiction. Suppose that u is periodic. Then, there exists

x € 2 such that u(B(x)) =1 and any point y € B(x) can be written as y = yj 1)’8 L

Thus, for all j # kp with kK > 1, we have u <G*1’*J (yg 1) [yg ID = 0. Hence, the

a-mixing condition implies
p—1 2 p—1
u(yo ) =0=pu(y) < u( )—0,
for any y € B(x), which is a contradiction. O
Lemma 3.4.2. For any stationary process X with law u, A = agfl € 6, and j > 1 we have

U(Ty = j) =u(A,Ty > j—1).

Proof. Define the binary process (Y;)men by ¥ = 1 { X! = ag_l}. Note that Y is also

a stationary and denote its measure by v. Then we have
W(Ty=j)=v (Y{ — (/! 1)

—v(¥ ' =0 ) v (v =0)
—v (¥ =0 )~y (v = 07)

—v (v =107)

= 1A, Ty >j—1).
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]

The statement of Theorem 3.3.4 is for ¢ and y and for hitting and return times.
The case of return times under ¢-mixing was already done by Abadi and Vergne (2008)
considering complete grammar and finite alphabet. Our proof follows their method, but
we made adaptations and extensions to hitting time and to return time under y-mixing.
Adaptations made to cover the incomplete grammar and the infinite alphabet for return

times under ¥ can be done in a similar way for the case case ¢, which we will not present.

The following lemma plays a fundamental role in Theorems 3.3.4 and 4.2.1. It
was originally proven in (ABADI, 2001) assuming the summability of the function ¢, an

assumption that can be dropped.

Lemma 3.4.3. Let 1 be a ¢-mixing measure. Then, there exists positive constants C and ¢
such that for all n > 1 and all A € %, one has:

w(A) < Ce .

Proof. We denote by A =sup{p(a):a € o/} < 1. Consider a positive integer kg, and for
all n > ko, write n=kog+r, with 1 <ge€ N and 0 < r < kg. Suppose A = ag_l, and apply
the ¢-mixing property to obtain:

q—1 _ q-2 .
u) <p (m {c—fk%ajko)}) <u (ﬂ {o-fk°<ajko>}) (9 (ko) + H(ag-1yp)

j=0 j=0
q—2 '
Sk (ﬂ {G_’ko(ajko)}> (9 (ko) +2).
j=0
[terating this argument, one concludes:
1(A) < (¢(ko) +2)7.

Since ¢ (k) N 0, there exists ko € N such that ¢ (ko) +2A < 1. Thus, for n > ko and observing

_n—r . n_ k-1
that g = o kT k-

,LL(A) < (¢(k()) +)L)_(k0—1)/k0 <(¢(ko) _f_l)l/kO)n.

This covers the case n > kg. By eventually enlarging the constant C, one covers the case
n < ko. This ends the proof. O

For a complete grammar, one has 7(A,(x)) < n. Since we do not assume this, we
need the following lemma, which provides upper bounds for 7(A) when p is y-mixing or

summable ¢-mixing.

Lemma 3.4.4. Consider 4 a y-mixing or summable ¢-mixing measure. Then, there exists
ny € N such that for all n > ny and A € 6,
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e 7(A) <2n, for y;

2
[ ] T(A) S —m —|—I’l, for summable ¢

Proof. We start with the case y. For n large enough, we have y(n) < 1, which implies:

1 (ANG"(4)) > p(A)(1 - y(n)) > 0

Since T(A) is the smallest positive integer such that p (AﬂG_T(A) (A)) > 0, one has
7(A) < 2n.

Now consider the ¢-mixing case. The summability of ¢ ensures that for g large
enough, we have ¢(g) <1/(glng). Thus:

HANGE () 2 1) (1 4) ~ 9(6)) = ) ()~ ).

Take g = — . The rightmost parenthesis above becomes:

W (A) Inp (A)
1 —Inp (A)
I e tw]
which is positive for n large enough. ]

We present below an useful inequality concerning hitting time distribution for any

stationary process. It will be used in several following proofs. For all t > 1, we have:
t ) t )
MHSO=u<UdWM>SZuwﬂMD=wM)
j=1 J=1

The remaining results of this subsection hold for n > n/, where n’ =1 for the case

of ¢-mixing and:
n':=inf{n > 2go: y(n) < 1} (3.6)
for the y-mixing case (see (3.3) for the definition of gp).
Let us define M :=y(go+1)+1.

Proposition 3.4.5. Let u be a y-mixing measure. Then, for all n >n', A € 6, and k > ny,
the following inequality holds:

uAWM<n§m§Mm—m+nu@wﬂw,

Proof. By definition of n4, we first note that us(t(A) < Ty <k) = pa(ns < Ty <k). Consider

the case in which ngy <n+4 go. In this case, for j > n4, one trivially has:

{Th=j}co/(A)C o/~ (n—(na—go)) <A(”A—go)> _
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Thus:
ta(na < Ty <k) < p ( | o/ (r(meo) (A("Ago))> .
I’ZA<_]<k
Note that A and the union on the right hand-side in the above inequality are separated by
a gap of length go+ 1. By y-mixing, one concludes that the left-hand side is bounded by:

(w(go+1) ( U o/~ (n—(na—go)) (A(nAgo)>> <M(k—ns+ 1)1 <A("A*80)>_
na<j<k

For ng > n+ go, recall first the convention in Section 3.3, which states that
u (A(”A_gO)) = u(A). In a similar way to the first case,

Ha(na < Ty <k) <.UA< U o /(A )

na<j<k
M(k—na+ 1) (A).
O

For the next proposition, recall that & stands either for &y (3.4) or for & (3.5),
according to the mixing property of the measure under consideration. Further, let us use

the notation TAH =Tyo0

Proposition 3.4.6. Let u be a ¢ or y-mixing measure. Then, for all n > n', A € ¢, and
t>1(A):

a(Ta > 1) = p(A)u(Ty > 1) < Ce(A),
where C =4 for &y and C =4(M+ 1) for gy.

Proof. The proof for & can be found in Proposition 4.1 Item (b) of (ABADI; VERGNE,
2008), and it remains valid even for a non-complete grammar and infinite alphabet. We

observe that the error term defined therein is:

"A) = i (w) _
ea)=inf {(n+e(a)u(A) 40wt 1)} <2e(4)
which justifies C =4 for this case.

Here, we prove the case &y in the same way. We start by assuming that r > 7(A) +2n.
By the triangle inequality:

(1A (Ta > 1) — p(A)u(Ty > 1)]
< ‘HA (TA > 7(A); T FA) > 1 — r(A)) .

s (TA > 2(A); T FW+21] 5 ¢ g(a) - 2n> ‘ (3.7)
n ) 1y <TA > g(A); T T@+2 5 ¢ z(a) — Zn) P (Ty>1—1(A)—20)|  (39)

+p(A)R(Ty > 1 —T(A) —2n) — p(A)(T4 > 1)]. (3.9)
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For the first modulus, by inclusion of sets:
(3.7) < tia (TA > 7(A); Ty"W! < 2n> = 1A (t(A) < Ty < 7(A) +2n).

If ng > 7(A) 4 2n, the last term is equal to zero. Otherwise, we apply Proposition 3.4.5 to

obtain:
pa(t(A) < Ty <t(A)+2n) <M(t(A)+2n—na+ 1)1 (A<"rgo>>
< 4Mnp (A(”A‘g°)> (3.10)

where the last inequality follows from Lemma 3.4.4.

By y-mixing, the modulus (3.8) is bounded by:
PIAN(T > 1 — T(A) — 20)y(n) < Y(n).
Note that the modulus is not needed for (3.9), and by inclusion:

(A (TAV—WA)—M < 7(A) +2n)
(A)u (Ty < T(A) +2n)
< (2n+1t(A))u(A)
< 4nu (A(nA—go))
where the equality and second inequality follow from the stationarity of u.

Therefore, for t > T(A) + 2n, the sum of (3.7), (3.8) and (3.9) is bounded by:

AMnp <A<"A—go>> +y(n)+4np (A<"A—go>) <4(M+1)g,(A).
We now consider the case where 7(A) <t < 7(A) + 2n. We have:

|ba(Ta > 1) = p(A)(Ta > 1)| < |1a(Ta > 1) = p(A) |+ [p(A) = p(A)u (T4 > 1))
<ua(t(A) < Ty < 1(A)+2n)+1u(A)
< 4Mnp (A(nA_gO)> + (T(A) +2n)u (A(nA—go)>
<4(M+1)ey(A).

The last inequality follows from (3.10). The other inequalities are straightforward. This
ends the proof. ]

The next lemma establishes upper bounds for the tail distribution at the scale

given by Kac’s lemma, namely 1/u(A). For technical reasons, we actually choose the scale:

fa=1/(21(A)).



3.4. Proofs 57

Lemma 3.4.7. Let u be a stationary measure. Then, for all n > 1, A € 6, positive integer

k, and B € ﬁ,:}A, the following inequalities hold:

(a) u(Tx > kfaiB) < (y(n) + D)u(Ty > fa—2n) u(B),
(b) H(Ta > kfa:B) < ((Ta > fu—2n) + ¢ (n))" (W(B) + ¢ (n)),

(c) pa(Ta > kfasB) < (w(n)+ 1) u(Ty > fa —2n)*"'u(B).

Proof. We start by observing that {Ty > kfa} C {Tx > kfs —2n} € ﬁgf*‘_". Thus, applying
the y-mixing property, we get:

[.L(TA > kaQB) < ,LL(TA > kfa— 2n;B) < (l//(l’l) + I)H(TA > kfa— ZH)H(B) (3.11)
Furthermore:

[Ty > kfa =20} = {T > (k= 1) T30 > gy —2n ).

Now, one can take in particular B = {TA[(k_l)fA] > fa —2n} € ,gf(",:_lm and then
apply (3.11) with k— 1 instead of k to get:

,U(TA > kfa —211) < (I//(n) + 1)/.L (TA > (k— l)fA —272)[.L <TA[(k—1)fA] > fu —21’1)
= (y(n)+ Du(Ty > (k—=1)fa—2n) u(Ts > fa —2n).

The equality follows by stationarity. Iterating this argument, one concludes that:
W(Ty > kfs —2n) < (w(n)+ D) u(Ty > f4—2n)k. (3.12)

Applying the resulting inequality in (3.11), we get Statement (a). In a similar way,

¢-mixing gives:
W(Ty > kfa;B) < u(Ta > kfa—2n)(u(B)+¢(n)).
Thus:
W(Ta > kfa —2n) < (T > (k= 1) fa—2n) (e (TaED0 > £ —20) + 9 ()
< (U(Ty > fa—2n) + 0 (n)). (3.13)

which ends the proof of (b).

The proof for (c) follows the same lines as Item (a), by observing that for A,B € %]
and C € 77, the y-mixing property implies pis (B;C) < ua(B)u(C)(y(n)+1). O
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The next proposition is the key to the proof of Theorem 3.3.4, and the idea is the
following. We work under the time scale f4. When t = kfa, kK € N, then we simply cut ¢
into k pieces of equal size f4. Then, the case of general t = kfs +r,r < fa is approximated
by its integer part kfs. Technically, this is done in (b) and (a), respectively.

Proposition 3.4.8. Let u be a ¢ or y-mixing measure. Then, for all n >n', A € 6, and
positive integer k, the following inequalities hold:
(a) For 0 <r < fa:

L (Ta > kfa+r) = w(Ta > kfa) i (Ta > r)| < C(y(n) + 1) w(Th > fa—2n) ey (A)
2. [W(Tq > kfa+r) = u(Ty > kfa)(Ty > r)] <C'(u(Ty > fa—2n)+9(n)) ey (A)

3. [ua(Ta > kfa+r)—ua(Ta > kfa)u(Ta > r)] <C'((w(n)+ 1) (Ty > fa—2n))" ey (A).

(b) For k> 1:

L |u(Ty > kfa) = (T > fa)!| < Cey(A) (k= 1) (y(n) + 1) 2u(Ty > fa —2n)*"!
2. |W(Ta > kfa) = (Ta > fa)¥| < C'eg(A) (k= 1) (u(Tx > fa—2n) + ¢ (n))*!

3. |ba(Ta > kfa) —a(Ta > fa)(Ta > f2)1| < Cey(A) (k= 1) ((w(n) + Du(Ty > fa—
2n))k=2

where C' = 2(M + 1) for the cases involving ¥ and C' =4 for ¢.

Proof. We will prove Items (a)-1 and (a)-2 together. Initially, consider the case in which

r < 2n. In this case, for all n > n’, we have:

\W(Tx > kfa+r) — W(Ta > kfa)(Tx > r)|
< ‘u <TA > kfy, Tyl > r> Ty > kf) |+ (Ta > kf)|1— w(Ty > 1)

<pu (TA > kfy, Ty < r) (T > k(T < 7). (3.14)
By Lemma 3.4.7-(a) and (3.12), the last sum is bounded by:

((wln)+ DR(Ta > o= 2m) s (T390 < ) 4+ (Ty > kfy = 2m)rpe(A)

< (W) + DTy > fa—20) w(Ta < 1)+ (y(n) + D) 0(Ta > fa—2n)ru(A)
(w(n)+ D) ' u(Ty > fa—2n) ru(A) (M +1)

<M+ 1)(wln) + DF 0(Ta > £y —20)'ey(4) (3.15)
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which gives us (a)-1. To get (a)-2 for r < 2n, we apply Lemma 3.4.7-(b) and (3.13) in a
similar way. Thus, (3.14) is bounded by:

(W(Ta > fa—2n)+ ¢ (n) (W(Ta <)+ 9 (n) + (U(Ta > fa—2n) + ¢ (n) u(Ty < r)
<A(u(Ty > fa—2n)+¢(n)) ey (A).

We now consider the case r > 2n. The triangle inequality gives us:

| (Ta > kfa+r)— u(Ta > kfa)u(Ts > r)|

< ‘u (TA > kfy, Ty > r> —u (TA > kfy Ty W21 5 r—2n) ) (3.16)
+ ‘u (TA > kfy Tyt 5 r—2n> —u(Ty > kfa) (TAV‘fA”"] > r—2n)‘ (3.17)
+ \u (Th > kfa) 1 (TAV‘fA””] > r—2n) — Ty > kfa) pu (Ty > r)\ : (3.18)

We proceed as in (3.7) and use Lemma 3.4.7-(a) to get:

(3.16) < u (TA > ks Tyl < 2n>

< ((w(n) + 1) (u(Ts > fa—2n) u(Ty < 2n)
< 2t (A) (w(n) + D)(u(Ty > f—20). (3.19)

For the case ¢, we apply Lemma 3.4.7-(b) and get:
(3.16) < (1(Ta > fu —20) + 6(m)F(2np(4) + 9(n). (3.20)
By y-mixing and (3.12):

(3.17) < u(Ty > kfa —2n)y(n)
< (w(n) + 1wy > fa—2n)w(n) (3:21)

Applying ¢-mixing and (3.13):
(3.17) < (u(Ta > fa—2n) + ¢(n)) 9 (n) (3.22)

Finally, using the stationarity and the same arguments as above:

(3.18) = [.L(TA > ka)u (r—2n <Ty < r)
< ZnM(A)‘l,l(TA > kfa— 21’1). (3.23)

Therefore, (3.12), (3.19), (3.21), and (3.23) give us:

(3.16) + (3.17) + (3.18) < 2(M + 1) (y(n) + D) ' u(Ty > fa — 2n) ey (A)
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and from (3.13), (3.20), (3.22), and (3.23), we get:
(3.16) + (3.17) + (3.18) < 4(u(Tx > fa —2n) + ¢ (n))*e4(A)
which ends the proof of (a)-1 and (a)-2.

For the proof of (a)-3, we write a similar triangle inequality as above:

\ua(Ta > kfa+r) — pua(Ty > kfa)u(Ty > r)|
< ’/JA (TA > kfa Tal*al > r) —Ha (TA > kf; TyMat2 > r—2n>’
+ ‘,UA <TA > ka;TA [k fa+2n] >r— 271) — Ha (TA > ka)u (TA [k fa+2n] >r— 271) ‘

+ s (Ty > kfy) \u (TA["fA“”} > r—2n) —u(Ty>r)|.

Then, we follow the same as we did for (a)-1, but applying Item (c) of Lemma 3.4.7
and using the y-mixing property:
A (B;C) — pa(B)u(C)| < pa(B)u(C)w(n)

where A,B € #} and C € .Z73,,.

\wa(Ta > kfa+r) — pa(Ta > kfa)u(Ta > r)|
< ’HA (TA > kfy, Tyl > r) — Ma(Ta > kfa)| + pa(Ta > kfa)|1 = u(Ty > r)|

For the case r < 2n, we use:

and proceed as we did in (3.15), applying again Lemma 3.4.7-(c). This ends Item (a).

We now come to the proof of Items (b)-1 and (b)-2. For k = 1, we have an equality.
For k > 2, we get:

’H(TA > kfa) — 1(Tx > fa)*
k

Y (u(Ta > jfa) = w(Ta > (G— V) (Ta > fa)) w(Ta > fa)*

j=2
k
Z (Ta > jifa) = t(Ta > (j— D) fa)(Ta > fa)| u(Ta > fa)*7. (3.24)

We put r = fy in Item (a)-1 to obtain (b)-1:

k
(3.24) <2(M + Dey(A) Y (w(n) +1)72u(Ty > fu —2n)7 ' w(Ty > fu)F
j=2

< 2(M +1)ey(A) (k= 1) (w(n) + 1) (s > fa—2n)"

Furthermore, we get the inequality (b)-2, under ¢-mixing, proceeding similarly as

above:

k

(3.24) < 4es(A) Y ((Ty > fa—2n)+ @(n))7 (W (Tx > fa—2n)+¢(n))*~
=2

~.

= 4y (A) (k= 1)((Ta > fa —2n) + ¢ (n))*!
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Finally, we prove (b)-3 applying (a)-3 as follows:
‘.UA(TA > kfa) —ua(Ty > fa)u(Ta > fa)!

k
<Y |1a(Ta > jifa) = pa(Ta > (= D fa) (T > fa)| @ (Ta > fa)*~
=2
k

<M+ Dey(4) Y (v H(Tx > fa—2nm) 2 u(Ta > f)*
=2

~.

< 2(M +1)ey(A) (k= 1)((w(n) + Dp(Ty > fa—2n))*

]

The next lemma is a classical result and we stated it without proof. Note that
it is a discrete version of the mean value theorem, which follows with a straightforward

computation.

Lemma 3.4.9. Given ay,...,ay,by,...,b, real numbers such that 0 < a;,b; < 1, the following
inequality holds:

Now we turn to the proof of the main result. Theorem 3.3.4 contains eight statements,

each statement corresponding to the choice of:

e recurrence time: hitting or return,
e mixing property: ¥ or ¢,

e amplitude of #: smaller or larger than fy.

Recall the definition of n’ in (3.6). The proof of Theorem 3.3.4 holds for all n > ny,

where ng is explicitly given by:

np = inf{m >n'; sup u(A)t(A) < 1/2, VYn > m} (3.25)
AEG,

which is finite since sup,c o (A)T(A) —= 0. Then, in particular, we have T(A) < fu for
all n >ng and A € 6,.

Let us start the poof by the statements for small #’s. Here, we assume that 1 < <

fa=2u(A)]) "
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Proof for hitting time, ¢ and y together. Recall that £(A) denotes £y(A) or £y (A),

depending on whether the measure is ¢ or y-mixing.

Applying the inequality |1 —e ™| < x for x > 0, we obtain the statement for 1 <t <
7(A) as follows:

u(Ty >t)_efp(A)u(A)r <|u(Ty>1)— 1]+ | — g PAu(A)
<27(A)u(A). (3.26)

We consider now the case 7(A) <t < f4. For positive i € N, define:

T >iml)
Cu(Ty>i—1)
Then:

(I-u(Ta=ilTy >i—1))

z

Wl >oA) i mT i1
= I1 (-w@m .27

where we used Lemma 3.4.2 in the last equality.
Thus, for 7(A) <t < fa, we apply (3.27) to obtain:

“LL(TA > l) — e—p(A)u(A)t

i=T(A)+1 i=T(A)+1
t t
< |u(Ta> 7)) e PO T (1-pa)p) - T e PR
i=7(A)+1 i=7(A)+1
t
<u@uA)+ Y |1 pa)pi— e PR (3.28)

where the two inequalities follow from Lemma 3.4.9 and (3.26).

On the other hand, by the triangle inequality:

1= pip(4) — e POHD| < | p(4)] p(4) + |1 - plA)(4) — e PWHW] (3.20)

Since |1 —x—e™| < %2 for all 0 <x <1, by doing x =p(A)u(A), we get:

2 2
[ pla)u(a) e PARE] < p(A) 2/J(A) . S(A)zﬂ(A).
Furthermore, still for T(A) +1 <i < fy + 1, Proposition 3.4.6 gives us:
_cel)
w(Ty >i—1)

‘LLA(TA >i— 1)

—p(A)\ < < 2ce(A),
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where, for the last inequality, we used:

. . . 1
Wi >i-1)=1-p(Ty<i-1)=21-({-Du(d) 2 1= faua) = 5.
Thus, applying (3.29), we obtain for T(A)+1<i< fa+1:
’1—p,~u(A)—e p(A ‘< (2C+1/2)(A)p(A). (3.30)

Therefore, (3.28) and (3.30) give us:

(A)p(A) + (2C+1/2) (1 —t(A))e(A)u(A)
< (2C+1/2) [t(A)p(A) +1u(A)e(A)] (3.31)

‘ W(Ty > 1) — e PR

which concludes the statement of Theorem 3.3.4 for hitting time at small ¢’s (with either
o or y). O

Proof for return time, ¢ and y together. We first note that the statement is trivial
for t = 7(A), then we consider t > T(A). By definition, we have us(Ty > 1) = pir1u(Ty > 1).

Then, we use again the triangle inequality to write:
wa(Ty > 1) — p(A)efpmm(A)(zfr(A))‘
< Ty > 1) st = p(A)|+ p(4) (T > 1) — e PAOMEEWI - (3.39)

As we saw before, the first modulus above is bounded by 2Cg(A). On the other
hand, we apply (3.27) to obtain for T(A) <t < fa:

w(T>ca) [] (-u@p)— [ eP@wo|.

u(Ty > 1) — g_P(A),U(A)(t—r(A))‘ _
i=7(A)+1 (A} 41

This is bounded, applying Lemma 3.4.9, by:

ﬁ A)pi) — ﬁ

i= T(A)—H i=T(A)+1
< T(A)(A) + (20 +1/2)1p(A)e(A)

(T > t(A)) — 1]+

where the last inequality follows from (3.28) and (3.30). Finally, notice that tu(A) <
fapn(A)=1/2 and T(A)u(A) <2€(A) (use Lemma 3.4.4 for y). Therefore, we obtain from
(3.32):

A (Ty > 1) — p(A)e PARAI=TAD] < (3C19/4) g (A) (3.33)

This concludes the statement of Theorem 3.3.4 for the return time at small ¢’s (with either
o or y). O
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Now we turn to the proofs of the statements for large ¢’s. The proof for the return
time for ¢ > f4 was given in (ABADI; VERGNE, 2008) under ¢-mixing, a finite alphabet,
and a complete grammar. The proof still holds if one just assumes a countable alphabet
and an incomplete grammar (recall Remark 3.3.6 for the uniform convergence to zero of
the error term &). Thus, we focus on the hitting time under each mixing assumption and

the return time only under y-mixing.

Proof of Theorem 3.3.4 for hitting times, for t > f4. Write t = kf4 +r with inte-
ger k> 1 and 0 <r < fy. Thus, we have:

W(Ty > 1) — e PWRAN < | 1(Ty > kfy+r) — w(Ty > kfa)u(Ty > 1) (3.34)
(> k) = (@ > S | w @) (3.35)
Ty > f)k— e P@5 | (T, > r) (3.36)
F e P@E (T, > ) — e PWRAN] (3.37)

In order to get an upper bound for the sum of (3.34) and (3.35), we analyse the y
and ¢ cases separately and start with the y-mixing. Applying Items (a)-1 and (b)-1 of
Proposition 3.4.8, that sum is bounded by:

< Cey(A)(w(n) + 1) (Th > fa—20)" (14 (k= D)((w(n) + D(Ty > fa—2n)) ")
((w(n) + Du(Ta > fa—2n))* 2k
A ((w(n) + (T > fa—2n))". (3.38)
where the last two inequalities are justified by u(Ty > fa —2n)~' < u(Ty > f4)~! <2 and
k<2u(Ax.

On the other hand, applying (3.31) with t = f4 — 2n, we get:

= "U,(TA > fA — 2n) — e—w”’lp(f‘)#(f‘)

< (2C+1/2) (2(A)(A) + (fa —2n) 1 (A) gy (A))
< (5C+5/4)&,(A)

W(Ty > fr—2n) — e PAMASa—2n)

where we use T(A)U(A) < 2ey(A).
Furthermore, by the Mean Value Theorem (MVT):

o~ P+ mp(a)n(a) _ 2| o znp(A)u(A)e—@ﬂnp(A)u(A)
< 2nu(A)e? A < 12—1nu(A)

since for n > ng, we have 2nu(A) <2supu(A)t(A) < 1.
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Thus, it follows that:

(W) + DT> fa—2m) =%
<y(n "“N Ty > fa— 2n)—e_g+2”f’ ‘_}_‘ — fomp(A)u(a) _ 24

< (5C+27/4) ey (A).

Therefore:

p(A

(W) + DTy > £ 2m) < (7 4 (5C+27/4)y(4))

Since ¢* — 1 > xVx € R, by doing K = (5C + 27/4)e1/2, we get:
( Key(4) 1> > Key(A) > 27/4 ey
e —1) > Key(A) > (5C+27/4)ey(A)e

= o (KW 1) > (5C+27/4) ey (A)

= o Ke ) > (50 4.27/4) ey(A) te (3.39)
Now, using that k =2u(A)(t —r), we have:
k
(W) + V(T3 > fa—2m)) < ("8 HKevla)
— o PAR(A)+p(A)(A)r+2Key (A)u(A)—2Key (A)u(A)r
< o 1A (p(A)—2Key () Ju(A)r
< o112~ 1(A)(p(A)~C3ey(A)) (3.40)
where the last inequality follows from eHA)r < eH A a,

Therefore, it follows from (3.38) that the sum of (3.34) and (3.35) is bounded by:

14(M + ey (A) p(A)re A (PA)-Crey(4))

Consider now the case of ¢-mixing. We apply Items (a)-2 and (b)-2 of Proposition
3.4.8 to get an upper bound for the sum of (3.34) and (3.35):

(T > kfa+71) = w(Ta > kfa)u(Ta > r)| + ‘.U Ta > kfa) — 1(Ty > fA)k‘H(TA >r)
< 4eg(A) (W(Ta > fa—2n) + 9 (m) ( (k= 1) (1(T3 > fa—2n) + 0(n) ")
<dey(A) (W(Th > fa—2n) +¢(n)) 2

< 1685 (A)p(A)t (1(Tx > o —2n) + 9 (n))".

Similarly to the y-mixing case, one obtains:

(W(Ty > fa—2n)+ ¢ (n))k < /2 HDI(P(A)-Cses(4))
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which implies in the ¢-mixing case that the sum of (3.34) and (3.35) is bounded by:

2765 (A)(A)te M AN (P(A)~Crtp(4).

Now, we will treat the cases ¥ and ¢ together to obtain upper bounds for (3.36)
and (3.37). In order to get an upper bound for (3.36), we apply (3.31) with t = fy:

p(4)
2

w(Ty > fa) — e PA(A) [

= ).U(TA > fa) —
(

< (2C+1/2) (2(A)p(A) + fap(A)e(4))
< (5C+5/4)€(A). (3.41)

Thus, applying Lemma 3.4.9, we have:

STk

‘H(TA > fa)k —e P

<

I

‘,U(TA > fA) —e_pT

1

The max is bounded using (3.41) by:

p(A)

e T (5C+5/4)e(A).

Naturally, the absolute value is also bounded by using (3.41), and we get that the above

sum is bounded above by:

p(A)

k (5C+5/4)e(A) (e—T +(5C+5/4) e(A))k_l . (3.42)

Recalling that k =2u(A)(r —r) and proceeding as we did for (3.39) and (3.40), we get the
following upper bound for (3.36):

2(5C+5/4)e(A)u(A)r e HANPAI=CEA) < 7(4C+ 1) g(A) u(A)re H A PA=Cse(A),

To conclude the proof for the hitting time, we apply (3.31) with r = r to bound
(3.37) as follows:

o PA)3 W(Ty > r) — e PARA)| — pmp(A)u(A)rtp(A)p(A)r ,U(TA > r) — e PARMA)r

< (2C+1/2) e PAIHE fA(f(A)u(A)+ru( A)e(4))
< (2C+1/2) (T(A)(A) + fap(A)g(A)) e PAHAI1/2
< (17C+5)e(A) p(A)re AN P(A)~Cse(d))

where the term p(A)r follows from 1 =2u(A)fs <2u(A)r. O
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Proof of Theorem 3.3.4 for the return time, for t > fi and under y-mixing.

We use again the triangle inequality to write:

‘ wa(Ty > 1) — p(A>e—p<A>u<A><z—r<A>>’

< |pa(Ta > kfa+7r) — Ha(Ta > kfa)u(Ts > r)| (3.43)

1A (Ta > kfa) = pa(Ta > fn(Ta > £ | w(Ta > 1) (3.44)
(3.45)
(3.46)

+ ‘,UA Ty > fA) (Ty > fA)k_l —p(A)e? p(A)3 (Ta>r)

4 p(A)e PWE | (T, > ) — e PR )(r—r(A))),

Applying Items (a)-3 and (b)-3 of Proposition 3.4.8, the sum of (3.43) and (3.44)
is bounded by:

2(M + 1)y (A)(w(n) + Du(Ta > fa—2m) " (14 (k= 1)((w(n) + (T > fa—2n)) ")
<2(M + 1)ey(A)((y(n) + Du(Ta > fa—2n)) "2k
< 8(M + ey (A)p(A)r((w(n) + DR(Ty > fa—2n) .

Replacing k by k—1 in (3.40), the last term is bounded above by:

8(M + 1)y (A)(A)tee AN (PA-Cev(A) < 20 (M + 1)g, (A)(A)t e MW (PA-Crey(A))
On the other hand, Lemma 3.4.9 gives us:

(345) < (max {pa (s > ). 071 > )0 PO D) ([ia(Ta > 1)~ pla)e P72
+121 ).U(TA > fa) —ep(A)/ZD

The last sum is bounded by (5C+5/4)(k — 1)&y(A) using (3.41). On the other
hand, applying (3.33) with ¢t = f4 and the MVT, we obtain:

Ha(Ta > fa) = p(A)e P72
< ‘ WA (Ta > f1) — p(A)e PW/2+p(A) ’+ p(A) ‘ P(4)/2+p(A)H(A)T(A) _ ,—p(A)/2
< (3C+9/4)ey(A) + p(A)u(A)T(A)e PNI/2-HASD)
< (3C+17/4)ey(A)
since e PAU/2=1(A)7A4)) < 1 and u(A)t(A) < 2ey(A) for n > no.

Furthermore, the last inequality implies:

Ua(Ty > fa) < p(A)e PW/2 4 (3C+17/4)ey (A) < e PW2 4 (5C+5/4)e,(A)
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and by (3.41), we get:

maX{HA(TA > fa), u(Ta > fA):e_p(A)/z} < e PW24(5C+5/4)ey(A).

Therefore, as we saw in (3.42), we have:

(3.45) < (5C+5/4)ey(A)k (e_p(A)/2+ (5C+5/4)SW(A)>
<2(5C+5/4)ey(A)p(A)e’ o 1A (p(A)~Csey(4))
< (109M + 116) &y, (A)(A)re HAH(P(A)-Crey(4)).

Finally, by doing t = r in (3.31) and applying the MVT once again, we get:
‘ W(Ty > r) — e PARAG—T(4)) ‘

S “U(TA > I") _e_p(A)”(A)r

4 ‘e—pm)u(A)r _ o PAR(A)(r—1(4))

< (20+1/2) (S(A)(A) + rit(A)ey (4)) + p(A)(A)(A)e P WRA—FA)
< (20+1/2) 28y (A) + 1t (A)ey(4)) + (T/2)ey (4)
< (5C+19/4)e,(A).

The third inequality follows from e PARMA)—T(A) < P(A)U(A)T(A) < (1/2 gince
n>ng. Now, just note that p(A)u(A)T(A) < 2ey(A).

Therefore, we finish the proof by obtaining the following upper bound:

(3.46) < (5C+19/4)ey (A P ARA)r ,—p(A)u(A)
< (5C+19/4)ey(

< (66M + 82)81,,(A)u(A)te*ﬂ(A)f(P(A)*C3SW(A)).

)
A2 (A)r ef4HA) g~ (AN (p(A)=C38y ()
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CHAPTER

A

POTENTIAL WELL

In this chapter, we discuss the role of the potential well in recurrence times. We
present some results, also published in (ABADI; AMORIM; GALLO, 2021), as well as
other new and complementary results. Namely, we analyse the possible values of the
parameter p(A) in its range [0,1] and show its influence on distributions and moments of
recurrence times. In particular, we state some results on the positivity and the asymptotic
behaviour of the potential well. Then, we derive useful corollaries concerning the moments
of the recurrence times and the almost sure convergence of their distributions. We also
dedicate a section for examples and related results on specific classes of processes. Finally,
we finish the chapter with a theorem on the shortest return, which is directly related to

the potential well. The proofs are given in the last section.

4.1 Role of the potential well

Let us first highlight the crucial role of the potential well in the recurrence times.
Limiting distributions

Theorem 3.3.4 shows that the potential can be used as scaling parameter for the
approximate distributions of the recurrence times. Abadi, Cardeno and Gallo (2015) showed
that this relationship extends to any renewal process. In these cases, when p(4,(x)) —

p(x), we have

1 (T, ) > p(An(x)'t) — e PO e >0. (4.1)

For return times, under conditions of Theorem 3.3.4, we have the convergence to

the following convex combination:

a0 (T, ) > 1(A() ') =5 (1= p(x))8 + p(x)e PW' V>0, (4.2)
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where 6 = 1{r =0} is the Dirac measure. Furthermore, by Theorem 3.2 and Corollary 3.1 in
(ABADI; CARDENO; GALLO, 2015), for allx € 2" — {0} we have p =inf,,> p(A,(x)) >0,

and for any t > p_lz

ta, (o) (Tay (o > H(AR(x) 1) =5 p(x)e PO,
When x = 0, we can have different regimes, as we will show in Example 4.3.9.
Scale of the recurrence times

Even when p(A) does not converge, it plays a role in the scale of occurrence of

events. As we will show in the next section, the relationship
E(Ty) ~ (A)~" = Es(Tn)

depends on the positivity of p(A)'. In fact, we will show that, for a-mixing processes,
whenever the potential well approximates to zero we have

E(T4) > @ = E4(Ta).
Actually the statement is more general and shows that the order of the f-moments of the
hitting time, for B > 0, is bigger than u(A)_ﬁ . In other words, this case shows the role of
the potential well in a drastic change of scale of the hitting time. Furthermore, for any
stationary process, the convergence of p(A) to zero leads to the convergence of the return

time distribution to a degenerated law.

This raises a natural question: what it takes in terms of mixing conditions to have
uniform boundedness of p(A) away from 0?7 We present in Theorem 4.2.1 two conditions

to ensure the positivity of the potential well.
Positivity and almost sure convergence

Recall that Abadi and Saussol (2016) proved that, for @-mixing processes with
algebraic decay of the function a(n)?, the rescaled hitting and return times distributions
converge, almost surely, to an exponential law with parameter one. Thus, it also holds for
¢ and y-mixing process with algebraic decay rate. In this case, the result of Abadi em
Saussol and Theorem 3.3.4 prove, indirectly, that the potential well converges almost surely
to one, since the limit distributions must be equal in this cases. In fact, in Theorem 4.2.1
and Proposition 4.4.1 we prove that the same holds for ¢-mixing without any assumption

on the rate and for other general classes of processes. The first result was partially proved
in (ABADI; AMORIM; GALLO, 2021).

Given a stationary measure g on (2°,.%), the Shannon entropy of u is defined by:

hy = — lim ~ Y u(A)In(u(A)).

—»00
" n AcE,

Recall that a, ~ b, means that max{a,/b,,b,/a,} is bounded.
Algebraic decay means that a(n)n” — 0 for some p > 0.

2
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4.2 Main result and consequences

By the nature of the potential well, some aspects of Theorem 4.2.1 require an
understanding of the asymptotic behaviour of the shortest return 7 (4,(x)). Notice that it is
also related to the hypothesis of Theorem 3.3.4, since we require that sup, t(A)7(A) —= 0.
In Section 4.4, we present some results on this issue, which has its own interest. These
results will be used in the proofs of some properties of the potential well that we will state

in this section.

Theorem 4.2.1. Let X be a stationary process with law u.

(a) Suppose that X satisfies one of the following two conditions:

(al) X is a ¢-mixing process over a finite or countable alphabet;

—r

(a2) X is an o-mixing process over a finite alphabet satisfying i, >0 and a(j) < j

for some r > 2.
Then, p(A,(x)) —= 1, almost surely.
(b) If u is y-mixing or summable ¢-mixing, there exists ng € N such that

inf  p(Ax(x)) >0,

n>ng,A,(x) €6,
with ng = 1 when the process has a finite alphabet. In particular, there exists p > 0
such that for any point x € Z°, we have

lirginfp (An(x)) > p.

Remark 4.2.2. In Proposition 4.4.1 we will prove that, if an ergodic process over a finite

alphabet satisfies iy > 0 and limsup(1/n)Int(A,(x)) < hy almost surely, then p(A) — 1
n—oo
almost surely. Thus, another way to obtain the Item (a) of Theorem 4.2.1 is to assume

the so called specification property, defined in (SAUSSOL; TROUBETZKOY; VAIENTI,
2002). Under these conditions, the authors proved that t(A,(x))/n — 1 almost surely,

which implies limsup(1/n)InT(A,(x)) = 0. Notice that complete grammar is a stronger
n—yoo
assumption than specification property. On the other hand, in the next section we prove

that for any Markov chain (including non ¢-mixing), the potential well converges almost
surely to one. We conjecture that this property extends beyond the conditions of Theorem
4.2.1.

Remark 4.2.3. We saw earlier that the positivity of the potential well does not hold in
general for B-mixing process. However, in the next section we provide an example of a non
¢-mixing Markov chain such that p(A) > p >0 for all A € %, and n > 1. Even in process

where dilpf 1 p(An(x)) =0, our examples illustrate that in some cases one can find a set
xeZ ,n>

Z' C Z such that u(Z”’)=1and inf p(A,(x))>0.
xeZ n>1
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Moments of the hitting and return times

Inspired by Corollary 4.1 in (ABADI; VERGNE, 2008), Corollary 4.2.4 below
provides an approximation for the B-moment (B > 0) of the rescaled hitting time t(A)Ty.
In the case of return times, we extend their result for the cases involving incomplete
grammar or infinite alphabet. Furthermore, we establish the approximation using the
correct error term, as mentioned in Remark 3.3.11. As a direct consequence, we have the
moments of the recurrence times for typical cylinders given by the gamma function and
the order of the mean hitting time as the inverse of the measure of A. This result is also

useful in the context of the waiting time spectrum, as we will see in Chapter 5.

Corollary 4.2.4. Let p be a y-mixing or summable ¢-mixing measure. Then, for any 8 > 0,
there exist positive constants C; = C(f), Co = C2(B) and ng € N such that for all n > ng
and all A € €, the following inequalities hold.

(a) ’u(A)ﬁE (Tf) - %’ < Cig(A).
(b) ‘u(A)ﬁEA (Tf) _% < Cye(A)mint1BY.

Furthermore, we have

(©) B ((1(An(0)Ta,0)" ) B (04000 Ts, )P ) = T(B+1), almost surely.
BY o -B B :
(d) E(Ty L1(A) E4 (7, ) and each one of them grows at least exponentially fast.

Remark 4.2.5. Notice that the Corollary 4.2.4 implies that E <(u(A)TA)/3> and E4 ((,LL(A)TA)ﬁ>
are finite for all B > 0. In fact, to prove Items (a) and (b) we first need to prove this

finiteness, which we did in Lemma 4.5.1. Furthermore, note that Item (b) provides a weak
version of Kac’s Lemma, as already mentioned in (ABADI; VERGNE, 2008).

Almost sure convergence

In the broad context of measuring preserving dynamical systems (which includes
stationary processes), Hirata, Saussol and Vaienti (2000) proved that rescaled return time
distribution iy, (y (TA,,(x) > 1(An(x))~'t) converges to a parameter one exponential law if,
and only if, the rescaled hitting and return time distributions are arbitrarily close. Later,
Abadi and Saussol (2016) proved that the first condition (and therefore both) holds almost

surely for a-mixing process with algebraic decay rate of a(n).

The next Corollary states that, under assumptions of Theorem 3.3.4, both conditions
also hold almost surely, without any assumption on the rate of y or ¢. It is worth mentioning
that Theorem 4.4 in (BRADLEY, 2005) shows that, given a rate of convergence to zero,

there exists a stationary process such that a(n) and y(n) converges to zero at the same
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rate. That is, one can obtain y-mixing processes for which o (n) has a decay which is

slower than algebraic.

Corollary 4.2.6. Consider a stationary measure g on (£, %) enjoying either ¢-mixing
with supycq 1(A)T(A) 250 or y-mixing. For each x € 2", denote A = A,,(x). Then for all
t >0, we have

(a)ggn|#(ﬂx>l)—ﬁa(ﬂa>fﬂ::0, a.s.

Ty > p(A)~'r) } n,oi

(b) " (TA - ,LL(A)_lt) —e ', as.

Scale test

The next proposition shows another useful application of the potential well. Recall
that Abadi and Saussol (2011) obtained an exponential approximation theorem for the
hitting and return times with a scaling parameter A(A). Later, in (ABADI; SAUSSOL,
2016), the authors proved that A(A) < (1+40(1))p(A). Therefore, when p(A) converges to
zero, the return time distribution converges to a degenerated law, and the parameter of
the exponential approximation for the hitting time distribution cannot be of the order of
p(A)~1. Since p(A) is much easier to compute, it can be used for @-mixing process as a
testing function to determine whether hitting and return times distributions have these

properties or not. Actually, we prove that the same holds for any stationary process.

We also show that, when p(A,(x)) is arbitrarily close to zero for some point x € 2,
the scale of the moments of the hitting and return times is bigger than u(A)*ﬁ, B>1.In
particular the order of the mean hitting time is bigger than p(A)~! =E4(74). In other

words, only the first moment of the return time has the order of the inverse of the measure.

Proposition 4.2.7. Consider a stationary measure p on (2°,.%) and denote A = A,(x).

(a) If p(A) = 0 for some x € 2", then
a (Ta > u(A) ') 250, Ve>1.

If moreover T(A)u(A) —= 0, then

1, if r=0
Ty>nA)~ ) 51, Vi>0 and Ty > u(A) ) {7
(T > u(A) ") >0 and pa (Ty > p(A) ') {07 i 1e(0.1).

(b) If u is a-mixing and liminfp(A) =0 for some x € 2, then
n—roo

limsup i (A)PE <TAﬁ> —oo, VB >0 and limsupu(A)PE, (Tf) =oo, VB > 1.

n—oo n—oo

Remark 4.2.8. As we will see in Proposition 4.3.8, any non @¢-mixing renewal process
satisfies liminf,(p(A)) =0 and T(A)u(A) — 0 when we consider the point x = 0.
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4.3 Examples

In this section we present some examples and results in order to analyse the
asymptotic behaviour and the positivity of the potential well in some specific classes of
processes, such as the ones that we presented in Chapter 2: i.i.d., Markov chains and

binary renewal processes.

Abadi, Cardeno and Gallo (2015) provide a complete description of the potential
well behaviour for renewal processes. Inspired by them, we give explicit formulas for the
computation of the potential well and its limit in Propositions 4.3.1 and 4.3.3, for i.i.d.

and Markov chains, respectively.
I.I.D. processes

We start with the simplest case of i.i.d. processes, for which we completely described
the behaviour of the potential well in the next proposition. First, let us define the period of
a point x € 2" by t(x) :=sup{t(A,(x));n > 1}. When 7(x) < oo we say that x is a periodic

point, otherwise, we call it aperiodic.

Proposition 4.3.1. Consider an i.i.d. process over a finite or countable alphabet o7 with

law . Then, for all n > 1 and x € 2", we have

(a) plAn(@) =1—" ] u(x).

(b) If x :nglxpfl .-+ is a periodic point of period p, then, for all n > p:
p—1
p(An(x) = 1= r(x))
=0

(¢) p(An(x)) — 1 if, and only if, x is aperiodic.

(d) inf p(A,(x))=1—A, where A =max{u(a),a € }.

n>1xeZ

Example 4.3.2. Consider an i.i.d. process with law u over an alphabet .o7. Proposition
4.3.1 shows that p(x) exists and is positive for all x € &7". Thus, (4.1) and (4.2) always
hold on this case. Note that, if x is aperiodic, the limiting distributions of hitting and

return times are equal to the parameter one exponential law.

For instance, let a,b € &7 such that u(a) = p and pu(b) = g and consider the periodic

point x = abbaabba- - -. 1t is immediate to verify that for n > 4, we have:

In this case, since the process is y-mixing, the error term of the approximation is given by
g(A) = Cnp"2q"2,



4.8. Examples 75

Furthermore, for any x € &/, we can apply Corollary 4.2.4 to obtain:

u(A)ﬁE(Tf) L% and  p(A)PE, (Tf) L%. (4.3)

Markov chains

Recall from Chapter 2 the mixing properties of the stationary, irreducible and
aperiodic Markov chains. In the case of the finite-state, the chain is exponentially w-
mixing, which allows us to apply all the previous results. For the infinite-state case, we
have B-mixing (and therefore a-mixing) in general, but the decay rate is not necessarily
exponential in both cases. This means that Theorem 4.2.1 does not ensure the almost sure

convergence to one nor the positivity of the potential well.

We therefore state the next proposition which is specific to the Markov case. It is a

complete description of the potential well. Set k4 := min{t(A),n}, for alln > 1 and A € E,.

Proposition 4.3.3. Consider a stationary, irreducible and aperiodic Markov chain X over a
finite or countable alphabet o7. Suppose that X has law u and is defined by the transition
matrix Q. Then, for any x € 2" and n > 1, we have:

KqA—2

() P(An(x)) = 1= Q" (x, 1 x0) [T Q(xjoxj1)-

j=0
(b) If x :xg_lxg_l .-+ is a periodic point of period p, then, for all n > p:

)
p(An(x)) = 1 - Q(xp_l,xothQ(xj,xjH).
j=

(¢) p(A,(x)) — 1 if, and only if, x is aperiodic.

(d) If A = sup Q(a,b), then
a,besf

inf  p(An(x)) >1- A,

n>1xe -

where the equality holds if A = sup Q(a,a).
acad

(e) Forallxe 2,
lim p(An(x)) > 0.

n—oo
Remark 4.3.4. Note that when &/ is finite, we must have A < 1. If the alphabet is count-
able and A < 1, we know from Proposition 2.4.1 that the Markov chain is exponentially
¢-mixing. In this case, both Theorem 4.2.1 and Proposition 4.3.3-(d) ensure the positivity
of the potential well. When A = 1, the positivity in the infinite-state case depends on char-
acteristics of the transition matrix. Although Item (e) states that p(x) =lim,p(A,(x)) >0
for all x € 27, we may not have the positivity of p(A) when we take the infimum over all

points. The following examples show some possible situations.
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Example 4.3.5 (The house of cards Markov chain). Consider the house of cards Markov
chain X defined in Example 2.1.3. Recall X cannot be y-mixing, but it can be exponentially
¢-mixing or only B-mixing.
Positivity

In the case of the house cards, even when it is not ¢-mixing, we can show the
positivity of the potential well, which is due to the structure of Q. In order to prove this,
suppose first that A,(x) = xg_l has at least one symbol equal to zero, let us say x, = 0.
If £#n—1, then Q(xz,x7+1) <max{qo,l —qo}, since xy; can be 0 or 1. Note that either
0</¢<71(A)—1<n—1or t(A) > n. In both cases, we obtain from Proposition 4.3.3:

Kqg—2

P(An(x)) = 1= Q"W " (x _1.x0) [T Qxjoxj41) > 1 —max{go, 1 —qo}- (4.4)

=0
Otherwise, when ¢ =n—1 and x; # 0, for i <n—1, then 7(A) > n and we must have
X =12... (xo — 1)xp, since this is the shortest path (with positive measure) to return
to ngl. Thus, we conclude that QT(A)*”“(xn,l,xo) < go < max{qo,1 —qo} and (4.4) also

holds in this case.

On the other hand, if A,(x) has no zeros, it must have the form:
Anx) = k(k+ 1)+ (k+n—1),

for some k > 1. In this case, the shortest possible return occurs when, immediately after

A, (x), we have the sequence O1---k---(k4+n—1), which implies

pa(Ta = 7(A)) = (1 — Gktn—1)Oktn < g0 < max{qo, 1 —qo}.
Thus, for any choice of (g;)i>0, we have

: . B ‘
Q]l’r;g%p(An(x)) > 1—max{qo,1 —qo} >0

Further, when 1 —gqo > qo, the above inequality turns into an equality, since the point

x = 0% satisfies p(A,(x)) =¢qo for all n > 1.

Note that, by Corollary 2.2.5, when ¢; — 1, the chain X does not satisfy the

hypothesis of Theorem 4.2.1, but satisfies its two conclusions.
Convergence

By Proposition 4.3.3, for any Markov chain and x € 2~ we have that p(x) exists
and is positive. This means that, when the chain is ¢-mixing, (4.1) and (4.2) also hold in

this case as well as the limiting moments given in (4.3).

For instance, consider ¢; = p(i+1)/(i+2) for i > 0 and p € (0,1), which gives us
an exponentially ¢-mixing chain. For the periodic point x =01---k01---k--- and n > k, we

have .
pi(k(1—p)+2—p)

kikta) PW-

P(An(x)) =1-(1-qi)or =1 -




4.8. Examples 7

Example 4.3.6 (The lazy house of cards Markov chain). Recall from Example 2.1.4 the
“lazy” version of the house of cards Markov chain. Under certain conditions on the sequence
(gi)i>0, this chain is at least B-mixing, but it can be exponentially ¢-mixing when, for
instance, sup,{gi} < 1. In this case, we have another example of process over infinite
alphabet and without complete grammar for which we can apply Theorem 3.3.4 and

further results of this chapter.
The case when p(A) =0

When sup;{gi} = 1, Proposition 4.3.3-(d) implies

inf A =0,
it P(An(x))
which means that the chain cannot be ¢-mixing in view of Theorem 4.2.1. Indeed, for any
n € N, we have p(A,(x)) arbitrarily close to zero when we take the infimum over the points
x € X satisfying 7(x) = 1, since

inf p (A (m™)) = inf (1 —gy) =0, Vn>1.
meN meN

By the way, this case provides another example where the potential well strongly influences
the hitting and return time distributions. Applying a similar argument as we did in

Proposition 4.2.7, we can conclude:

e If A=m", then, for any B >0, u (A)ﬁ E <TA[3 ) is arbitrarily large as m grows, which
also holds for B > 1 and u(A)PE4 (TAB ) In particular, the more m grows, the larger

is the difference between the mean hitting time and the mean return time.

e For each fixed t >0, u (TA > /.L(A)_lt) is arbitrarily close to one as m grows, while
Ua (TA > [,L(A)*lt) is arbitrarily close to zero.

Almost sure positivity

Let us show that the potential well is bounded away from zero at points with period
greater than one. Notice that if the word A,(x) has at least one symbol zero, the same
reasoning as we did in Example 4.3.5 leads to p(A,(x)) > 1 —max{qo, 1 —go}. Otherwise,
if A, (x) does not have a symbol zero and satisfies T(A,(x)) > 1, then A,(x) has at least one
transition of the type k — k+ 1, which implies:

Kqa—2

P(An(x) = 1= 0" (e 1 x0) [T Qjoxjin) = 1-Q(k,k+1) >
=0

| =

Therefore, the lazy house of cards always satisfies

inf  p(An(x)) > 0.

n>1x7(x)>1



78 Chapter 4. Potential well

Renewal processes

Finally, let us deal with the class of renewal processes. First we recall some results
obtained by Abadi, Cardeno and Gallo (2015).

Theorem 4.3.7. (ABADI; CARDENO; GALLO, 2015). Let Y be a binary renewal process
with law u.

(a) Ifx= Oklx}f+1 € 4, then for any n > k+1 we have:
P(An(x)) =1 — tyor (Xe(ap())—1 - Xkr2Xks11) OF.
(b) p(A,(x)) = 1 if, and only if, x is aperiodic.
(¢) There exists C € (0,1) such that any periodic point x # 0 satisfies
P(An(x)) == p(x) €[C, 1).

n 1
(@) PO = 5o =
j:O Oy

In the next proposition, we add two properties to Theorem 4.3.7.

Proposition 4.3.8. Consider a binary renewal process Y defined from a sequence (g;)i>0-
Then:

(a) >1igf§‘éO p(A) > 1—max{qo,1 —go} and the equality holds when 1 —gg > go.
n>1; n

(b) i1>1flp(0") > 0 if, and only if, Y is ¢-mixing.
n>
Example 4.3.9. Let us show the different regimes provided for the class of the renewal
processes.
p converges to zero

Consider a renewal process defined by the function X(n) = % and take A =0". In
this case, we have
u (OnJrl) B 1
w( a1’

plA)=1-
which means that the process is not ¢-mixing, by Proposition 4.3.8.

Notice that this case where we have inf, , p(A,(x)) = 0 is different from Example
4.3.6, since here p(0") -2+ 0 and there p (m") = 1 — g, > 0 (with ¢; — 1), although in

both cases we cannot obtain a positive and uniform lower bound for the potential well.
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This example satisfies the conditions of Proposition 4.2.7. In this case, one can
obtain an explicit inequality involving E (TAB ) and ,u(A)*ﬁ. Applying Theorem 3.1 in
(ABADI; CARDENO; GALLO, 2015) together with the Markov inequality we get

E(T]) = (u)p(a)) Pu (Ta > (u(a)p(a)) ™)
> u(A) P+ 1)P (71 —Ce(a))
> u(A) P,
since €(A) — 0. Notice that, for B = 1, the convergence of p(A) to zero makes the mean
hitting time to A much larger than its mean return time.

p is positive and does not converge

The point x = 0% can also provide a case in which p (T > /.L(A)_lt) does not
converge. Consider the renewal processes defined by the sequence (g;);>0 given by ¢; = p

for even i and g; = g for odd i, where 0 < p < g < 1. Then, direct computations give

(0" = 1 B %, if n is even.
P L+ gntgugni o %’;q, if nis odd.

Applying Theorem 3.1 in (ABADI; CARDENO; GALLO, 2015), we get

POV~ Ce(0") <t (Tor > p(07)'1) < POV~ Ce(0"),

which means that, for all 7 >0, u (T()n > U (O”)flt) oscillates between arbitrarily small

(—pq)t (1=pq)t

neighbourhoods of ¢ ™ and e T+ | since €(0") — 0. Note that Corollary 4.2.4
implies E(Ty:) ~ w(0") ™! = Egu(Tyn), since this process is y-mixing by Theorem 2.2.6.

p converges to a positive number

The last regime involving the point x = 0 occurs when there exists p(x) € (0,1).
For instance, when g; Le (0,1), we will prove in Lemma 5.4.5 that p(0") =+ 1—L.
In this case, (4.1) and (4.2) hold. On the other hand, for any other point x € 2~ — {0},
Theorem 4.3.7 says that p(x) exists and is positive. For instance, for the periodic point
x=1100111001---, we have p(x) =1 — (1 —q)*(1 — q2)0.

4.4 Shortest return time

We present in this section some considerations and two results on the shortest
possible return time. We start by noting that for any x € 2, 7(4,(x)) is an increasing
sequence. Then we obviously have T(A,(x)) — 7(x) = sup{T(A,(x);n > 1}. Recall that a
periodic point is one that satisfies 7(x) = p < eo. It is immediate to verify that x is periodic
if, and only if, there exists xg_l € /P such that

_ p—1 p=1 p-1
X=Xy Xy Xg -
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Naturally, in the context of complete grammar, we have 7(A4,(x)) <n. On the other
hand, the string A = (k,--- ,k+n—1) generated by a house of cards Markov chain satisfies
T(A,(x)) = k+n, showing that the shortest return can be larger than n.

However, we can get upper bounds for 7(A,(x)). For instance, applying (3.2) with
t=1(A), we get

12> u(Th <7(A) = t(A)u(A), (4.5)

that is, T(A) < u(A)~!, which holds for any stationary process. In ergodic and aperiodic
processes, the above inequality must be strict, since the equality would lead to existence
of a periodic point x such that pu(x) >0 (see Lemma 3.4.1). Notice that, in view of the

Shannon-McMillan—Breiman theorem, the above inequality implies

1
limsup—Int(A,(x)) < hy, as.,
n—oo N

which gives us an exponential upper bound for 7(A).

This bound is related to the potential well. The next proposition shows that, if the

above inequality is strict, then p(A) converges to one almost surely.

Proposition 4.4.1. Let X be an ergodic process over a finite alphabet with law u satisfying
hy >0 and

1
limsup—Int(A,(x)) < hy, as. (4.6)

n—oo N

Then, p(A,(x)) == 1 almost surely.

Remark 4.4.2. Notice that Proposition 4.4.1 implies that, for ergodic processes with
positive entropy and finite alphabet, we have p(A) — 1 almost surely whenever the set
{x € Z;limsup,(1/n)In(7(A,(x)) = hy } has measure zero.

The next theorem provides some useful conditions and respective upper bounds for

the shortest return time. In particular, we give three classes of processes that satisfy (4.6).

Theorem 4.4.3. Consider a stationary process with law .

(a) For any C > 1 there exists ng such that for all n > ng and A € 6, we have

— 17(A) < Cn, if p is y-mixing.

cu(A)~! . .
- 7(A) £ ————— +n, if is summable ¢-mixing.
A= @
n(A)~! o . .
- 17(A) < +n, if 4 is @-mixing satisfying a(j) < j=" for some r > 2.

= In(u{a) )
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(b) Suppose that hy > 0. Then, if any of the conditions (b1), (b2) or (b3) given below
holds, there exists 6 € (0,hy] such that

1
limsup—Int(A,(x)) <h, -6, as.
n—eo N

(bl) u is y-mixing;
(b2) p is ¢-mixing over a finite alphabet such that ¢(j) < j=* for some s > 1;

(b3) u is o-mixing over a finite alphabet such that o(j) < j=" for some r > 2.

Remark 4.4.4. There are results in the literature indicating that T(A) is of a much lower
order than ¢""=%) Recall from Remark 4.2.2 that Saussol, Troubetzkoy and Vaienti (2002)
and Afraimovich, Chazottes and Saussol (2003) showed that, under certain conditions,
T(A,(x))/n — 1 almost surely (note that for periodic points, 7(A,(x))/n — 0). However,
if we drop the specification property or the finite alphabet or analyse the “all points” case,
the order of T(A,(x)) is an open question. As far as we know, there is no known example

of a process with T(A,(x)) that has exponential order for some x.

Remark 4.4.5. Ttem (a) of Theorem 4.4.3 were stated for ¥ and ¢ with C =2 in Lemma
3.4.4, as a preliminary result for the proof of Theorem 3.3.4. The choice of constant 2 in
both cases is due to technical purposes, for the sake of simplicity. As stated in Theorem
4.4.3, it can be replaced by any constant larger than one. Note that we cannot take C =1
in the y-mixing case. If we consider an irreducible aperiodic finite Markov chain, where
the transition matrix has at least one entry equal to zero, then we can get A, (x) such that
T(An(x)) > n for infinitely many values of n. The optimality of this bound for the ¢-mixing

or O--mixing cases is an open question.

n

Remark 4.4.6. Note that Lemma 3.4.3 and Theorem 4.4.3 imply that sup,c¢ T(A)u(A) —
0 for the cases y and summable ¢. For the case @, this convergence holds if sup,c npL(A)
converges to zero, which is not always the case. When the alphabet is finite, Item (a)
of Theorem 4.4.3 and the Shannon—McMillan—-Breiman theorem imply the almost sure

convergence of T(A,(x))u(An(x)) to zero.

4.5 Proofs

Recall that if A = ag_l, A® denotes the string aZ:}C of the last k letters of A.

Proof of Theorem 4.2.1. (a) Consider first the condition (al). Let Z={x € 2";1(x) =
o} be the set of aperiodic points of 2. For x € 4, denote A, = A,(x), and consider the
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case T(A,) < n. Then, we have:

1 _p(An)

)

pa, (7L /2] (4f[FA021))

w (AT g (L2 2] +1).

IA

IA

Since x € #A, we have 1(4,) " o0, which implies that the last expression converges

to zero.

For the case T(A,) > n, we use a similar argument:

1= p(4n) = s, (07 (4,))
<, (G—f(An)—Ln/ZJ (Aﬁf”/ﬂ))
n/2
<p(4"*V) +0([n/2)+1)
which also converges to zero. Therefore, p(4,) — 1. We conclude the proof in this case
by noting that 2" — % is a countable set, and thus, u(%) = 1.

The case involving o-mixing immediately follows from Proposition 4.4.1 and
Theorem 4.4.3.

(b) By Remark 4.4.6, for y-mixing or summable ¢-mixing measures, there exists
no > 1 such that:
Vn > ng, VA € ", n(A)~! > 1(A).

Now, since (T4 > j),j > 1 is a nonincreasing sequence, the potential well is larger

than or equal to the arithmetic mean of the subsequent p(A)~! —7(A) elements:

1 p(A) -1
P(A) = ua(Ty > T(A)) > AT ,;A) 1a(Ty > Jj)
1 n(Aa) -1
>
> A ]_;A) ua(Ty > j)
u(Aa)'-1
= Y BA&Ti>))
j=7(A)
u(Aa)'-1
= ) wTa=j+1). (4.7)
j=t(A)

In the last equality, we used Lemma 3.4.2. By (4.7), one obtains:

(
(

<p(A) ) — u(Ts < 7(4))
< (@A) —t(A)u(a) (4.8)

p(A)

v

u(Ta
p(Ts
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where the equality follows by stationarity and the definition of 7(A).

Applying again Remark 4.4.6, we know that T(A)u(A) — 0 uniformly. Thus, it is
enough to find a strictly positive lower bound for p(Ty < u(A)™!). Let:

1

w(A)~ .
N= ) 1400’
j=1

which counts the number of occurrences of A up to w(A)~!. By the so-called second moment
method,

[\S}

EW)
(N?)
Stationarity gives IE(N) = 1. It remains to prove that IE(N?) is bounded above by a constant.

w(Ty <pA)H)=pnw=>1)> (4.9)

&=

Expanding N2, using stationarity and IE(N) = 1, we obtain:
nA)~!

EV2) =142 Y (u(A)"' = u(anc /(). (4.10)
j=1

Let us first consider the ¢-mixing case. For j > n, mixing gives u(ANo~/(A)) <
U(A)?+u(A)¢(j—n+1). Thus,

1) '—n
+ Y o(+1) (4.11)
=0

| =

uA)! .
Y (w@) ' —jHu@Anc/(4) <

=
where we used p(A)~' —j < u(A)~! to get the last term.
For 1 < j<mn—1, as before AW c AUTI/2D: thus:
u(Anoc 7/ (4)=pu (Amcy*” (A(j)>)
< <Aﬂ67nfu/zJ (Awm)))
< p(a) (u (A1) o(1j/24+1)))
< u(a) (ce i p(|j/2+1)))

Therefore,
n—1 n—1
Y () = hu@aneTi@) < ¥ (WP g(j/2+1))). (412)
j=1 j=1

Therefore, by (4.11) and (4.12), the summability of ¢ concludes the proof for the ¢-mixing

case.

If p is y-mixing, we separate the sum in (4.10) into three parts. First, recall the

definition of gp in Section 3.3. For 1 < j < g, we bound the sum as follows:

i(um)—l HuAnci(A) < iu(Arlu(A) e
J= J=
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For go+1<j<go+n—1, we have by y-mixing:

(4(A) ™ = j (AN GTI(A)) < p(a) " u (Ao (U0} ) <M u(a)~ u(A)p (a0)

where we denoted ¢ = j — go. Thus:

go+n—1 ] n—1
(m(A) " = rAnc T (A) <M Y ce .
J=8o0+1 /=1

Finally, applying w-mixing again,

na)! | ‘ pu(A)~! 1 i
(mA) ' =HuAnc(A) <M Y wnA) nA) <M,
Jj=8o+n J=n+go

concluding the proof of the y-mixing case.

We conclude by noting that for every n < ng and A € 6, we have p(A) > 0. Thus if
the alphabet o7 is finite, the set {p (A) : A € €n,n < np} is finite and has a strictly positive
infimum, which implies that the infimum of {p(A,)} over all n > 1 and A, € %, is also
strictly positive. [

Lemma 4.5.1. Let u be a ¢-mixing measure. There exists ng € N such that for n > ny and

A € 6,, the following statements hold.

(a) There exist fo > 0 and constants C,c¢ > 0 such that for all # > 1y, u(Ty >t) < Ce .
(b) For the same #g as Item (a) and 7 > gy, we have s (Ty > 1) < C'e™“, for some C' > 0.
(c) For any B >0, we have E ((u(A)TA)ﬁ>, Ea ((,LL(A)TA)B) < oo,

Proof. (a) First, we take a fixed & € (0,1) and nyg € N such that ¢(n) < &/2 for all
n > ng. Since U is ergodic, for each n > ng and A € %, we can obtain fy > n such that
W(Ty > t9—2n) <& /2. On the other hand, for r >ty we write t = ktg + r, where k > 1 and
0 <r<ty. Then we have

k—=1)zo]

U(Ty >1) < u(Ty > kto—2n) = <TA > (k— l)to;TAK >ty —2n>

k—1)t]

<pu (TA > (k= )tg—2n; TLF710) t0—2n>

By ¢-mixing definition and stationarity we get

W(Ty > kto—2n) < u(Ty > (k—1)tg —2n) (U (Tx > tg —2n) + ¢ (n)).

Iterating over k, the last term is bounded by

(IJ (TA > 1o —2n) —|—¢(n))k < é%r < J;t/to—l
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and just take C= &7 and ¢ = —In (51/’()).
(b) Similarly to item (a), one obtains

k—1)to]

wa(Ty > 1) < pa(Ta > kto —2n) < pia (TA > (k= 1)tg—2m; )50 5 —2n> . (4.13)

Note that, when A,B € #} and C € Z;,, the definition of ¢(n) implies s (B;C) <

ta(B)(U(C)+ ¢(n)). Thus, the rightmost term in (4.13) is bounded by
HA(Ta > (k= Do = 2n) ((Ty > fo — 2n) + (n)) < E1 < §1/072
and we take C' = E72.
(c) For any B > 0, it follows from Item (a) that
E((WAT)P) =B [ 9 (Ty > wa)'r)dr

(A)r oo B
SB/IJ Otﬁldt—i—Cﬁ/ tﬁfle—cu(A) ltdt
0 (Ao
CT(B+1)
(cp(a))P

< (1(A))P +

Applying Item (b) and the same reasoning as above, we also obtain

C'T(B+1)
E, ((H(A)TA)ﬁ) < (u(A)o)P + m

Proof of Corollary 4.2.4. (a) Consider a random variable ¥ > 0 with distribution

w(Y >1)=ePAN,

Then,

B(rP) =p [ # e Pa - %

On the other hand, we apply Item (c) of Lemma 4.5.1 to get
’IE <(u(A)TA)ﬁ> _E (Yﬁ)‘ —B /0 B (w (Ty > u(A) ') — (Y > 1)) dr

gﬁ/o P \u(TA > p(A)~'t) — e PN

dt.

Applying Theorem 3.3.4 and Remark 3.3.5, we have a constant C such that the
last term is bounded by

1z 5 o —t(0(A)—C Ce(A) CBT(B+1)e(A)
B B o—1(p(A)=Cse(A))
CB (/o t 18(A)dt+/]/28(A)t p A dt) < 25 + (p/2)F+1 ;
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where we apply Theorem 4.2.1-(b) to obtain for n large enough p(A) —C3€(A) > p /2. This
ends the proof of Item (a).

(b) Consider a random variable Z > 0 with distribution
1 t < T(A)u(A),
MZN):{ (u(a),

P(A)ePA 1 > 1(A)u(A)

Then,
E (Zﬁ> == [3/ Pz > t)dr
0

H(A)u () -
=B (/ tﬁldt+p(A)/ tﬁlep(A)’dt>
0 () (4)

< (t(A)(A)P + %

Note that in this case we also have

® B—1 —pay,, _ L(B+1)
E(zﬁ)zﬁp(A)/o B-1-P() di= g

which implies

‘E(zﬁ) TP s,

p(A)P~1

On the other have, we have

I'(p+1)
pa)P-!

Ea ((1(a)Tn)P) - < [Ba (()70)P) ~E (28)] + (e(a)u(a))P.

Since T(A)p(A) <2€(A) (see Remark 3.3.5), we just have to bound the first modulus

in the last sum.

Now, we apply Lemma 4.5.1 in a similar way to Item (a):
‘EA ((,u(A)TA)B> “E (zﬁ)) < /3/0 B g (Ty > w(A) ) —u(Z > 1) de. (4.14)

When ¢ < 1(A)u(A), the modulus in the above integral is equal to zero. For
t > 1(A)u(A), it is bounded by

‘,UA (Ty > /J(A)_lt) — p(A)e PAN—TARA| 4 5(A)ePA) |P(ARA)TA) _

< e(A,1) +e PWPLWRAT N p(A) u(A)7(A), (4.15)

where €(A,1) is the error term given by Theorem 3.3.4 and the second term follows from
the Mean Value Theorem.
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Let us compute the integral in (4.14) separately for the two last terms. For the first

one, we get

(o)

= 1/2
/ tﬁ_IS(A,t)dISC{:‘(A)/ tﬁ‘ldt+c’s(A)/ tP et (P(A)=C3e(4)) 4
T(A)u(A) T(A)u(A) 1/2

Ce(d)  C'e(A)T(B+1)
<
= B2B T (p(a) — Cae(A))BH

C  CTB+1)
<€) (ﬁzﬁ T o/ ) ’

where we used again p(A) —C3e(A) > p/2.

Finally, consider the second term in (4.15). Since p(A)u(A)T(A) — 0 and T(A)u(A) <
2€(A), we have for large n:

e PAIEPMRA)TA) 5 (A) L (A)T(A) < 4g(A)e P

Therefore, the integral for the second term (4.15) is bounded by

4g(A) /O T B, p(A) gy 481()2&(3/3) < 48(1);(/3)’

which ends the proof of Item (b).

We finish the proof by noting that Items (c¢) and (d) follows directly from (a), (b),
Theorem 4.2.1 and Lemma 3.4.3. [l

Proof of Corollary 4.2.6. (a) Fort < t(A), we have s (T4 >t) =1 and, applying (3.2),
we have u(Ty >1t) =1—1tu(A), which implies

(W(Ta > 1) = ua(Ty > 1)] =t (A) < T(A)p(A).
On the other hand, for t > 7(A), Proposition 3.4.6 gives us

W (Ta > 1) = pa(Ta > )| < |p(A)(Ta > 1) = pa(Ta > 1)+ 1 (Tx > 1) |1 = p(A)]
< Ce(A)+[1—p(A)].

Thus, by Theorem 4.2.1 we get
[W(Ty > 1) = pa(Ty > 1)| < max {z(A)u(A),Ce(A) +[1 - p(A)[} =50, as.
(b) Applying Theorems 3.3.4 and 4.2.1, one has for all t > 0:
t

(T > /,L(A)*lt) e as.

We finish the proof by noting that Item (a) ensures the same convergence for the rescaled
return time s (Tp > p(A)~'t). O
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Proof of Proposition 4.2.7. (a) First we consider the case of the return time for 7 > 1.
In this case, we have 1 > 1> t(A)u(A) (see (4.5)). Then, pa (Ta > u(A)~'t) < p(A) — 0.
Now, for each ¢ € (0,1), we use T(A)u(A) — 0 to get ng € N such ¢t > t(A)u(A) for all

n > ng, which also gives us the above convergence to zero.

Consider now the hitting time. For each t > 0 we take ng satisfying the same as

above. Then (3.2) gives us

(T3 < 1(A) ') < T(A)(A) + ((A) ™ — T(4)) p(A)p(A),
which, by the hypotheses, converges to zero for each ¢ > 0.

(b) Consider the scaling parameter A(A) defined by Abadi and Saussol (2011).
Applying their Theorem 1 and the Markov inequality we get large ng € N such that for all
n>ngand B> 0:

1

E (Tf> > (U(A)AA) Pu(Th > (nA)AA) ™) > (u(A)/I(A))—ﬁ%,

According to Corollary 6 in (ABADI; SAUSSOL, 2016), if liminf, p(A) =0, then
liminf, A (A) = 0, which means that limsup, A(A)# = co. The conclusion for hitting times
follows from the above inequalities. Concerning return time, applying the same theorem
and the Markov inequality for conditional measure, we get

~1
wAPE (T7) > A(a) P
which ends the proof. O]

Proof of Proposition 4.3.1. Items (a) and (b) directly follow by

n—1 T(A)—1
1=p(4) = ma(Ta = 7(4)) = pa (0" (AT )) =[] i) = [T )
(A) =

j=n—1

where the last equality follows from definition of T(A).

(c) If p(A) is periodic with period p, then the above formula implies p(A) —
1— H?;é p(x;) < 1, which means that p(A) converges to one only in aperiodic points. On
the other hand, if x € 2 is aperiodic, we have

T(A)—1
p(A)=1— [] nlx)=1-p(a@) —1.

j=0
(d) Applying again Item (a),
P(An(x)) = 1—p(x0) > 1 - 4.

Notice that A = max{u(a),a € o/} <1 is well defined even when the alphabet is infinite,
since Y ,c.7 M(a) = 1. Thus, there exists b € o such that p(b) = A. Then, for x = b™ we
have p(A,(x)) =1—A for all n > 1. O
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Proof of Proposition 4.3.3. (a) Recall that x4 = min{n,7(A)}. Consider first the case
kK4 = T(A) and denote A = A,(x). Then

1—p(A) = (G—n (A(T(A»))

n—2
=015 1) [ QCxjsxjs1)

j=n-7(4)
T(A)-2

= Q(xray—1:%0) [ QGjsxjvn),
=0

where the last equality follows from the fact that the last T(A) letters of the word A has

the same symbols as the first T(A) letters (not necessarily in the same order).

Suppose now that k4 = n. Then

n—2

1= p(A) =t (07 W(4)) = "= (3,1, x0) [T Qo).
=0
Item (b) directly follows from (a). To prove Item (c), note that if x = xg_] e is

periodic, then u (xg_l)q)) > 0, since we are considering only the strings A, (x) with positive
measure. Thus, in this case we have Q(xp,l,xo)Hf;gQ(xj,xjH) >0 and p(A,;(x)) —
p(x) <L

On the other hand, if x is aperiodic, then k4 — oo and Item (a) gives us:

K'A—l
M)k t1 a2 H (xo ) n
1—p(An(x)) =0 A (XKAfbe) H Q(Xj7xj+1) <———=—0.
=0 1 (xo)

(d) When 7(A) = 4 = 1, by Item (a) we have that p(A,(x)) > 1 —Q(xp,x0) > 1 —A.
If 7(A) > 1, then p(A,(x)) > 1—Q(x0,x1) > 1—A.
On the other hand, suppose that A = sup Q(a,a) a consider the set & = {x €

acd
Z";7(x) = 1} of the points with period one. Then,

=A< inf p(Ay(0) < inf p(As(x) = inf (1-Q(a,a) =12,

n>1xeX T >l xeP

(e) It is a direct consequence of Items (b) and (c). O

Proof of Proposition 4.3.8. (a) Consider the string A = 0f 1aZ;% € %,. Then, by The-

orem 4.3.7, we have
p(A) =1 — pype(ara)-1) Ok
If k> 1, then pyp(agu)—1)or < 0k < go. Otherwise, for k=0, we get Ui(ara)—1) <

max{qo, 1 —qo}, since dr(a)—1 must be equal to 0 or 1. In both cases, one obtain

p(A) > 1—max{qo,1 —qo}-
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Furthermore, when 1 —gg > go, we have the equality, since the point x = 1% satisfies
P(An(x)) =qo for all n > 1. (b) According to Theorem 2.2.3, if Y is ¢-mixing, then there

exist positive constants C and ¢ such that for all n, j > O:

On+j < Ce ¢/

On
Thus, for all n > 1:
o] 1 l1—e ¢
0") = pp (1) = =~ = - > :
PO") = ko (1) = 505 Y7, %o C

On the other hand, suppose that Y is not ¢-mixing. Given &€ > 0, we can apply Theorem
2.2.3-(e) to conclude that there exist infinitely many ng, jo € N such that

qn07qn0+17"' 7qn0—|—j0—1 >1—¢ and
(1—¢g)lo <1/2.

Therefore,
1
0") =
p( ) 1+qn0‘|‘QnQQn0+l+'
1
T Lt dng FAngGngr 1+ dng gt jo-1
< ! -
S 1+(1 —8)—|—~"—|—<1 _g)JO
o E
11— (1—¢g)dot!
< 2e.

Since there exist infinitely many ny € N satisfying the above inequalities, we conclude that
0 =liminfp(0") = inf p(0"
iminfp(07) = inf p(0%),

which ends the proof. O]

Proof of Proposition 4.4.1. For each x € 2, denote

s(x) =limsup ! InT(A,(x)).

n—oo N

The hypothesis ensures that for almost every x, we can take € > 0 satisfying s(x) + € < hy
and ng € N such that for all n > ny,

%lnr(An(x)) < s(x)+&.

Thus,
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Applying Lemma 4 in (ABADI; SAUSSOL, 2016), we get

lim(1—-p(A4,)) =0, as.

n—soo

]

Proof of Theorem 4.4.3. (a) As we said in Remark 4.4.5, the cases y and ¢ were
already proved in Lemma 3.4.4. Let us prove the case . Note that, for A € 6,,, we have

1 (A0 (A)) > p(A) — ().

uA)!
In(u(A)~1)

a(j) < (1) (r@A)™))",

Consider j = . The hypothesis about a decay gives us

which implies
1 (4,077 (A)) = () (1-p(a) =2 (in(u(a)™"))")

Notice that the function f(x) =x"~?(In(1/x))" converges to zero when x goes to
zero, which means that for n large enough we have it (A,67/7"(A)) > 0. By definition,
T(A) is the smallest positive integer k such that u (A,G_k(A)) > 0, then we must have
T(A) < j+n.

(b) For the y-mixing case, we have:

1 1
0 <limsup —In(7(A,(x)) <limsup—In(Cn) =0,
n—eo N n—e N
where the second inequality follows from Item (a). Thus, the statement holds with 6 = i
and for all points x € 2 .
Suppose now that (b2) holds and take &,€ € (0,h,) satisfying

hy +¢€
hy —6

(hu—8)

If we take j=¢" , then the Shannon-McMillan-Breiman Theorem ensures

that, for almost every x € 2" and for all n large enough:
Hanw) (0777 (An(x))) = 1(An(x) = 9(j) = 7"t — 79 > g,
since s(hy —0) > hy + €. Thus, we conclude that 7(A,(x)) < ¢"u=9) for almost every x
and large n, which implies the statement.
Finally, when we have the condition (b3), we take 0,€ € (0,hy) satisfying

2hy + €
hy—3o"

r>
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Then, we follow the same as the previous case by noting that

u (An(x); G_j_n(An(x)) = H(An(x))z —a(j),

which is positive for almost every x, large n and j = "u=98),
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CHAPTER

5

WAITING TIME SPECTRUM

The waiting time, of order n, between X and Y is the first time Y displays the first n
coordinates of X. In this chapter we use the hitting time approximation theorem to obtain
a strong approximations for the moments of the waiting time, when both processes are
independent and follows the same stationary law . In order to apply Theorem 3.3.4, we
still work in the context of ¢-mixing processes, but we also obtain some related results for
non ¢-mixing renewal processes. Applying the strong approximation theorem, we discuss
the relationship between the waiting time spectrum and the Rényi entropy, for which we
give some new conditions of existence. Then, we obtain the waiting time spectrum as a
function of the Rényi entropy for some classes of processes not covered in previous works.

The proofs are given in the last section.

5.1 Strong approximation for waiting times

The waiting time is a sequence of random variables defined over the space 2" x 2.
Loosely speaking, we independently choose two points x,y € 2 and we look at the first

time that the point y reproduces the first n coordinates of x.

Definition 5.1.1. For each n > 1, we define the waiting time of order n as a function
W, ' x & — NU{e} given by:

Wa(x,y) == inf{k > l;yi-i-n—l :xg_l} '
From now on, whenever we consider a stationary measure  on 2°, we will denote

by m = u x u the respective product measure on the space 2" x 2", and E; will denote

the expectation with respect to 7.

Wyner and Ziv (1989) proved that, if g is B-mixing, then

1
lim —InW,(x,y) = hy, in probability,

n—oo
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where hy is the entropy of p. Shields (1996) proved that this convergence holds almost
surely. In View of the Shannon-McMillan-Breiman Theorem, we conclude that W, (x,y) ~
u (xg 1) almost surely!, that is, the time required for a point y to output the string
Xy Iis typically of the order of the reciprocal of its measure. Moreover, our Corollary 4.2.4
states that for any cylinder A € €, we have E (Tf > ~ 1(A)"P B > 0. These facts indicate

that we may have, at least for ¢’s in some subset of R,

Ex (W) ~Ey (1 (X5 7) = 2:;L

This is what Chazottes and Ugalde (2005) called strong approzimation. They proved that
this holds for ¢ > —1 when u is a Bowen-Gibbs measure on finite alphabet and with
potential of summable variation (which is a particular case of y-mixing measure). However,
they showed that, for ¢ < —1, the behaviour changes and E (qu) ~Ey (,u (X(;’_l)). As a
consequence, the authors showed that 1InW,(x,y) and —1In(t(A,(x)) have different large

deviations in general.

In the next theorem, we provide an extension of their result. For ¢ < —1, our
result holds for any stationary process, while for ¢ > —1 we prove the approximation for
any Y-mixing or summable ¢-mixing processes. Furthermore, our result also holds for
countable alphabet. Moreover, we correct their statement, and we show that for g = —1, the
strong approximation has an extra factor; as a consequence, E (W ) = Ky (/.1 (X e 1))
Nevertheless, in the next section we will show that this “discontinuity” does not affect the

waiting time spectrum.

Theorem 5.1.2. Let u a stationary measure. Then:

(a) Ex (Wi) ~ Z w(A)? for all g < —1.
AEG,

(b) If u is y-mixing or summable ¢-mixing, then

— Er (W) ~ Z,u A4 for all g > —1;
AEG),

~Ex (W, ) ~ ) w(a)’ I (u(a)™).
AcC,
Remark 5.1.3. In Chapter 2 we presented some classes of ¢-mixing processes which are not
covered by Theorem 3.1 in (CHAZOTTES; UGALDE, 2005) when g > —1. For instance,
Example 2.1.2 gives a y-mixing and infinite Markov chain, while Examples 2.2.11 and
2.1.3 (when satisfies Theorem 2.2.3) present ¢-mixing processes that are not y-mixing.

For the case ¢ < —1, our result obviously holds for a much more general class of processes.

1 Recall that a, ~ b, means that max{a,/b,,b,/a,} is bounded.
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Remark 5.1.4. When we are able to prove that the Rényi entropy (see Definition 5.2.1)
exists, Theorem 5.1.2 allows to get the so-called cumulant generating function of (W,,),, also
called “waiting time spectrum” in dynamical systems. This in turn can be used, together
with classical results in (PLACHKY; STEINEBACH, 1975), to get the large deviation
rate function of ln# as the Legendre-Fenchel transform. This was done by Chazottes and
Ugalde (2005) for waiting time, but also more recently by Abadi, Chazottes and Gallo
(2019) for the return time, in both works for Bowen-Gibbs measures. The next section is

dedicated to finding conditions under which the waiting time spectrum exists.

Remark 5.1.5. The asymptotic behaviour of the potential well also has an influence on the
strong approximation of the waiting time. As we can see in the proof of Theorem 5.1.2, the

upper bound of the strong approximation for ¢ > 0 comes from the following inequality:

I(A) = /Omﬂ—lu (TA > ﬁ) dt <y,

for all large n € N, A € 6, and some positive constant C, that depends on g. In Section
5.4, we prove that we can have limsup, I(A,(x)) = oo when liminf,(p(A,(x)) = 0 for some
periodic point x € 2. For instance, in renewal processes we have this situation whenever
the process is non ¢-mixing (see Proposition 4.3.8), while the ¢-mixing case, which is

always summable, is covered by Theorem 5.1.2.

In the same way, for ¢ € (—1,0), the lower bound comes from:

o t
J(A :/ -y (T <—> dt >C >0.
W= A7 () ‘

In this case, we also provide a proof that liminf, p(A,(x)) = 0 implies liminf,J(A,(x)) =0

for some periodic point x € 2.

When dealing with renewal processes, we cannot apply Theorem 5.1.2 in general by
the assumption of mixing properties. In the next proposition, we provide a weak version
of this theorem for ¢ € (—1,0], which will allow us to obtain, in the next section, the

spectrum of the waiting time for g < 0 for a class of non ¢-mixing processes.

Proposition 5.1.6. Let Y be a renewal process defined by the sequence (g;);i>o such that
gi — 1. Then, for all g € (—1,0] we have

Co? ¥ u(A) I <E. (W) <C, ¥ n(a),
A€, AES,

where C > 0 and C; is a positive constant depending on g. Furthermore,

1
~In (07) = 0.
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Remark 5.1.7. Notice that the class of renewal processes provides examples where
Ex (qu ) = oo for all ¢ > s for some s > 0. For instance, consider a renewal process defined by
Y(n) =n~* with s > 0. In this case we have g; — 1 and hence the process is not ¢-mixing.
If we take the string A = 1", then

H(1)
tS

W(Ta 2 1) = p(0f) =

Applying (5.3), we get for all g > s:

Ex (W) = qu(a)'* |

117y (TA > L) dt
0

1(A)

> qu(l)u(A)l_"“/O (17 e

— o0,

Thus, we cannot obtain, for g > 0, a result similar to the Proposition 5.1.6. This suggests

that we depend on ¢-mixing condition to obtain the waiting time spectrum for g > 0.

5.2 Rényi entropy and waiting time spectrum

The strong approximation theorem 5.1.2 provides a relationship between the waiting
time spectrum and a function known as Rényi entropy. Under the conditions of the theorem,
the existence of the waiting time spectrum is equivalent to the existence of the Rényi
entropy. In this section we discuss some conditions and present new results on this issue.

Let us define these functions.

Definition 5.2.1. Consider a stationary process X with law p. For each non-zero g € R, we
define for n > 1:

_ 1 1— _i n—1\—4
Hn(q)—@m%%u(fx) 1= Ik, (u (x2 1) )

The generalized Rényi entropy of the measure p is defined by

Hg(q) = lim H,(q)

n—oo

as long as the limit exists. We also define

Hy (q) =limsupH,(q) and Hy (q) =liminfH,(q).
n—oo n—roo
At last, we define Hg(0) = hy, which always exists. This definition is motivated by the
following fact:

lim H,(q) =~ ¥ 1(A)In(u(4)).
q— yr=73



5.2. Rényi entropy and waiting time spectrum 97

Notice that for the sequence H,(q) to be well-defined, we must have

Y m(A) <o, (5.1)
AEC,

for all n > 1, which is always the case when we have a finite alphabet .<7. On the other
hand, if 7 is infinite, we have for any ¢ < O:

Y ou@)' 1< Y ua)=1.

A€%, A€,

However, when g > 1 we get

INTZIEE MRS

AEC, AEC,

since %, is infinite (for each state ap € &7 we can get a word ag_l with positive measure).
For the case g € (0,1), we will present examples in the next section showing that the sum

in (5.1) may be finite or not, depending on the characteristics of the measure u.

Let us define now the waiting time spectrum.

Definition 5.2.2. For n > 1 and g € R, we define
1 q
Wh(q) = ZlnEﬂ (Wi).
The waiting time spectrum is the function #'(¢q) : R — R given by

W (q) := lim #,(q)

n—soo

provided the limit exists.

We state in the next corollary a description of the relationship between the functions

Hg(q) and # (q), which is a consequence of Theorem 5.1.2 and Proposition 5.1.6.

Corollary 5.2.3. Consider a stationary measure t. Under the conditions of Theorem 5.1.2

and Proposition 5.1.6, the following statements hold:

(a) For each ¢ > —1, Hg(q) exists if, and only if, #'(g) exists. In this case we have
V() = qHr(q).

(b) If Hr(—1) exists, then # (q) exists for all g < —1. Furthermore, if, for some & > 0,
Hg(q) exists for all g € (=1 —06,—140), then #(—1) also exists. In both cases we
have # (q) = —Hg(—1) for all ¢ < —1.

(c) If Hr(q) exists on (—1—3,7) for some y > —1, then #'(g) is a continuous function

on (—ee,y) and a convex function on (—1,7).
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The above corollary raises the natural question of whether Rényi entropy exists. In
fact, several recent papers have proven its existence under different conditions: (GRASS-
BERGER; PROCACCIA, 1984), (PITTEL, 1985), (SZPANKOWSKI, 1996), (LUCZAK;
SZPANKOWSKI, 1997) and (HAYDN; VAIENTI, 2010).

Let us highlight some of them that are related to our case. In (CHAZOTTES;
UGALDE, 2005), we can see that Hg(g) exists for all g € R when u is a Bowen-Gibbs
measure with potential of summable variation (which is a particular case of y-mixing).
The authors used this existence and the strong approximation to obtain large deviation

results for the waiting time.

Ko (2012) proved that Hg(q) exists for all g < 0 for a class of processes called
simple mixing, which is equivalent to y*-mixing (see Definition 2.3.1) in the context of
ergodic mixing process. As we saw in Chapter 2, this class is more general than y-mixing

and less general than ¢-mixing.

In order to obtain large deviations for the shortest possible return function, Abadi
and Cardeno (2015) showed that, if a process is yg-regular (see Definition 2.3.3), then
Hg(q) exists for all ¢ <0. Recall from Chapter 2 that ye-regular includes every y-mixing

processes, as well as some B-mixing processes that are not ¥ nor ¢-mixing.

The next theorem provides a new condition for the existence of the Rényi entropy
and brings at least three new contributions: 1) Unlike previous results, the theorem applies
to processes with infinite alphabet (when (5.1) holds); 2) Our conditions include processes
that are not covered by Bowen-Gibbs measure nor y*-mixing; 3) We prove the existence
for all g € R.

Recall from 2.3.1 the definition of the functions y'(n) and y*(n).

Theorem 5.2.4. Consider a stationary measure y over (42/ N 7 ), where o7 is a finite or
countable alphabet. If u satisfies either y/(1) > 0 or y*(1) < oo, then Hg(q) exists for all
q € R satisfying (5.1).

Remark 5.2.5. As a consequence of Theorems 5.1.2, 5.2.4 and Corollary 5.2.3, we have
new conditions that ensure the existence and identifies the waiting time spectrum for all
g € R. For instance, we will present at the end of this section some cases of ¢-mixing
infinite Markov chains and renewal processes that satisfy these conditions. Notice that the
conditions /(1) >0 and y*(1) < oo imply @¢-mixing, but not every @-mixing process is

covered by them.

We present now three classes of ¢-mixing renewal processes for which the Rényi
entropy exists for all g € R. We also show the finiteness of Rényi entropy for ¢ < 1 and

provide a condition for the finiteness when g > 1.
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Theorem 5.2.6. Consider a stationary renewal process Y defined by the sequence (g;)i>o-

The following statements hold.

(a) If any of the following three conditions holds, then Y is ¢-mixing and Hg(q) exists

for all ¢ € R.
Or+ts
al) su < o0
(al) r,seII)\I GOy
Orts(1 —
(a2) inf Orts(1 = Grss) =0

rseN (oY oy}

(a3) ¢; —> L€ (0,1)

(b) For all ¢ <1, Hyg (q) and Hg (q) are finite. For ¢ > 1, the finiteness holds if, and only
if, there exist ¢,C > 0 and ng € N such that o, (1 —g,) > Ce™" for all n > ny.

5.3 Examples

The following examples show that, compared to previous results, our contributions

expand the classes of processes for which one can obtain the waiting time spectrum.
Renewal processes

The class of renewal processes can provide a wide variety of cases to illustrate
our results. For instance, if we take 6, =n~* for some s > 1, we get an example of a non
¢-mizing process for which one can obtain # (g) for all ¢ <0. Indeed, Abadi and Cardeno
(2015) showed in their Example 5.2 that this process is yy-regular, which means that Hg(q)
exists for all ¢ < 0. Thus, we can apply Theorem 5.1.2 and Proposition 5.1.6 to show the

existence of the spectrum as a function of Rényi entropy.

On the other hand, the renewal process defined by ¢; = p(i+1)/(i+2), where
p € (0,1), obviously satisfies the condition (a3) of Theorem 5.2.6. Moreover, as we saw
in Example 2.2.11, this process is exponentially ¢-mixing. Then, we can apply Theorems
5.1.2 and 5.2.6 to conclude that #'(q) exists in function of Hg(g) and is finite for all g € R.
The finiteness comes from the fact that o,(1 —g,) > (p/2)"(1 — p), then we can apply
Item (b) of Theorem 5.2.6. Notice that this case is not y-mixing nor y*-mixing (or simple
mixing) since for all n > 1:

p(rorrtn) _pt(l—p) o (r+1)(s+1)

*(n) > su > Su — oo
Vi 2z S R D = w0 SR i ats+1)

One can also obtain a y-mixing renewal process such that % (q) exists and is finite
for all g € R, but is not Bowen-Gibbs measure. For this, it is enough to take (g;) defined by
qi = p for even i and ¢; = g for odd i, where 0 < p < g < 1. In this case, direct calculations
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show that:

(o
sup res 4

r,seN gaer p

Thus, this is a y-mixing process (by Theorem 2.2.6) and we can apply condition (al).
However, we can show that the potential function is not continuous in this case and hence
does not have summable variations (see (CHAZOTTES; UGALDE, 2005) for details).

Markov chains

The class of the finite Markov chains is included in the case of the Bowen-Gibbs
measure, which was solved by Chazottes and Ugalde (2005), but their results hold for
finite alphabet only. On the other hand, our results also provide the waiting time spectrum
for some infinite Markov chains. Recall from the beginning of this section that H,(q) is
well-defined for ¢ <0 and is not defined for ¢ > 1. The case g € (0,1) depends on the

characteristics of the transition matrix of the chain.

For instance, if we consider the house of cards Markov chain, we know from Example
2.1.3 that it is not y-mixing (neither y*-mixing), but it can be exponentially ¢-mixing
under the conditions of Theorem 2.2.3. In this case, the strong approximation holds for all
g € R. Furthermore, if we assume S = sup;{¢g;} < 1, then we can show that # (q) exists
and is finite for all ¢ < 1. At the end of Section 5.4, we present a proof for this.

On the other hand, consider the infinite Markov chain defined in the Example 2.1.2.
As we showed, this chain is y-mixing, and hence the strong approximation theorem holds

for all g € R. Furthermore, we can show that for all g < 1, we have

P =p ()< Y p(A) T = an(g) <o,
AEG,
Direct computations also show that this chain satisfies /(1) > 0 and y*(1) < . That is,
this is a y-mixing process over an infinite alphabet such that # (g) exists and is finite for
all g < 1.



5.4. Proofs 101

5.4 Proofs
Proof of Theorem 5.1.2. (a) First, we observe that for all ¢ <0 we have

Ex )= T uA)E (7,
A€,

=Y ;,L(A)/Olu (TA_W >s> ds

AEG,

= |q Z ‘I,L(A)H‘q‘ /‘:A)tlléﬂu (TA < ﬁ) dt, (5.2)

AES,
where the last equality follows from the substitution ¢ = ,u(A)s_l/ lal.

Since W is stationary, we have u(Ty <t) <tu(A) and

- - 41—
¢ 1—|q| <T < L) dlg/ t |q|dt:‘u(—
/mA) HAA S wa) 1a) q] — 1

On the other hand, note that for all # > 2u(A) we have u(Ty <t/u(A)) > u(Ty =
1) =pu(A). Then

(oo} (o] 1_
/ t*I*‘Q“u (TA < L) dt > ‘LL(A)/ tflf‘q‘dt = M
1(A) u

(4) 2u(4) /21
Therefore, applying (5.2), one obtain, for g < —1
1 2 4| 2
< 7 < .
g L AP <Ex (WD < 75 B ula)
€%, AEE,

(b) We divide the proof into three cases, starting with ¢ € (—1,0]. The statement
is trivial for ¢ = 0. For g € (—1,0), we have to proof that the integral of (5.2) is between
two positive constants. We apply again the inequality u(Ty <t) <tu(A) to get the upper

bound for any stationary measure u:

Lron(negig)an (L ) on (e i)

1 [o]
< / ¢ llgs 4 / i1l
1(A) 1

_l-p@)tld

1—q| q|
1

=T TaDldl’

For the lower bound, we suppose that p is y-mixing or summable @-mixing.
Applying Lemma 3 in (ABADI, 2001), for all £ < (2u(A))~!, we get a positive constant K
such that pu(Ty <t) > Ktp(A). Thus,

/oo —1-1q] (T ! )d >K/1/2 —lal gs > K
1 < — t > t t> —————r0.
vy U T ey L) 2214(1—|q)
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This finishes this case.

Consider now g > 0 and note that

Bx(W) = T 1A B () (53)
AEC,

= Z /.L(A)/OO,LL(TX>S)ds

AEC, 0

=q Y, ,LL(A)I‘]/Owt‘Ilu (TA > ﬁA)) dt,

AEG,

where the last equality follows from substitution t = s'/9p(A).

We apply again the inequality wu(7Ty >¢) > 1—1ru(A) to obtain for any stationary

measure U:

On the other hand, applying Corollary 4.2.4, we get

B (1) < (g + Crel) ()

Notice that €(A) -+ 0 and p(A) > p >0 by Theorem 4.2.1. Thus, the upper bound
follows from (5.3).

At last, let us consider ¢ = —1. In this case, (5.2) becomes
« t
E. (W, 1) = u(A)z/ 2u (TA < —) dt.
=(W) A;gn u(A) u(A)

For any stationary measure u, the upper bound is obtained as follows

st ([ (e

1 [ee]
g/ t_ldH—/ t2dt
1(A) 1
1).

<2In(u(A)~

To finish the proof, when t is y-mixing or summable ¢-mixing, we apply again
Lemma 3 (ABADI, 2001):

/w 121 (T < L) dt > K/l/zt_ldt > K (n(a)™
ua) @) T T T2 |
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Remark 5.4.1. In the proof of Theorem 5.1.2, we can see that, for g € [—1,0], the upper
bound of the strong approximation is obtained by simply assuming the stationarity of u;
the mixing conditions were used only for the lower bound. On the other hand, for ¢ >0
only the upper demands mixing properties, since stationarity is sufficient for the lower
bound.

In the next Lemma, we prove the statements of Remark 5.1.5.
Lemma 5.4.2. Consider a stationary measure y on (2,7 ). If there exists a periodic point

x € Z satisfying liminf, p(A,(x)) =0, then:

e t
a) For all g > 0, limsu 141 (T > —> dt = .
( ) q p 0 u A, (x) ,u(An (x))

n—o0

R—eo u(A)

Proof. (a) Denote by A =A,(x) and 7(x) = p. For each M > 0, we will prove that there
exist infinitely many n € N such that:

o t
I(A :/tq_l (T x>—)dt>M.
A= Jo R0 L@, )
Applying (3.2) for each fixed r > pu(A) we get

o t
(b) For all g € (—1,0), liminf ( )t1|‘1|[,t <TA < —) dt =0.
Hn(A

t
.. <Y < b _o. '
h,igli,‘f“ <TA < u(A)) < llrgli’lf(pu(A) +1p(A)) =0 (5.4)

Now, we fix € > 0 and #y large enough such that (1—¢€)¢{/q > M. By (5.4), we can
get infinitely many n € N such that:

u(TA>%)>l—s.

Therefore,

fo
1(A) > (1 —e)/ e > M.
0
(b) Given € > 0, take 7y > 0 satisfying t0_|q|/|q| < €/3. Note that there exist infinitely
many n € N such that p(A)té_‘q‘/(l —|q|) < &/3 and pu(A)'~14/|q| < €/3. Then, applying
(3.2) again, we get:

oo tO o
1y (T < L) dt§/ 1Y puA) +tp(A))dt + | 714 gy
/M(A) A7 @A) u(4) (pr(&) +ep(&))de+ |

_ 1— -
<p,u(A)1 lql f 4 fg lal

4l +p(A)

1—1q| gl
< E.
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The next lemma is part of the proof of Proposition 5.1.6.

Lemma 5.4.3. Let Y be a renewal process with law p. Then for all A € 6,,, we have for

some positive constant C:
u(Ty <pa)') >coy

Proof. When A = 0", the inequality follows directly from
u (T <)) 2 1 (T = 1) = (0" > p(1)o,.

Now, consider A € 6, —{0"}. In the proof of Theorem 4.2.1, we showed in (4.9)

that
;MnsumrUzE&%, (5.5)
where
p@A)! .
EN*)=1+2 Y (u@A)'-j)u(Anc(A)).
j=1

This holds for any stationary measure so we can use it here.

We obtain an upper bound for the above sum by separating it into two parts. First,
consider the case n < j < u(A)~! and denote A = 0°1a10%, where a is the binary sequence
between the first and the last 1 of the string A. Then, applying Lemma 2.4.3, we get

p(ANG () < (1) (AP + (ALY =07, 6 T(4)
= u(1) " (A +u (06120 Okt jn+0(1 = Gt j—n+0) 1 (C_llOkH)

_ Ok+j—n+t
S R

<p() @) (1+0,2).

Thus,
pA)! p(A)!
L (e - )r@ne) su)” L (w2 (1+07)

On the other hand, we obviously have
Y (@)= u@anci(A) <Y () ) u@Au (6/(4) <n<a,?
j=1 J=1

where the last inequality follows from the fact that o, is summable.

Therefore, (5.5) implies

u(Ty<pAa)™) > > Co,.
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Proof of Proposition 5.1.6. The upper bound of the inequality was proved in Theorem
5.1.2 for any stationary measure. In order to obtain the lower bound, we just apply (5.2)

and Lemma 5.4.3 as follows:

e t
Exz (W) = |q A 1—q/ 1l (T §—> dt

> gl ¥ ) [ (T < pla) s
AEE, 1

>Col Y n(a) .
AEG,
We finish the proof by noting that the hypothesis g — 1 and the Cesaro’s Mean
Theorem imply (1/n)1n(c?) - 0. O

Proof of Corollary 5.2.3. The proof if Item (a) follows directly from Theorem 5.1.2
and Proposition 5.1.6. To prove Item (b), observe that if Hg(—1) exists, then Theorem
5.1.2 ensures that # (q) = —Hg(—1) for all g < —1. Let us prove the statement for #'(—1).

Note that, since #;(q) is increasing in g, then for all g € (—1—56,—1) and ¢’ €
(—1,—1406) we have
Wn(q) < W(=1) <H(d).

Thus, applying Item (a) and the statement for g < —1, we get

—Hg(—1) <liminf #;,(—1) < limsup #,(—1) < ¢'Hg(q).
n—roo n—soo
Now, consider the function h: (—1—68,—1+0) — R given by h(q) = gHr(q),
which is well-defined by our hypothesis on Hg(q). By Holder’s inequality, we obtain for
a€(0,1) and ¢, € (—1—06,—1+9):
1 _ —d(1—
haq-+(1-a)g) = lim — ik, (p (X)) ™" u (g1 ")

n—oo

< tim i (2 (0 ) 7)) (B (w05 ) )

n—oon

= ah(q) + (1 - a)h(q').

Therefore, h is a convex function and hence a continuous function on (=1 —9,—1+
0), which implies
limsup #;,(—1) < lim h(q') = —Hg(-1).

n—o0 q,H*I

Thus we conclude that #/(—1) = 1i_r>n Wn(—1) = —Hg(—1).
n—roo

(c) If Hr(q) exists on (—1—90,7), then by Items (a) and (b):

W( )_ _HR(_I)a 1fqg_1
U= hig), it —l<g<y.
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Thus, Item (b) shows that # (q) is convex (and therefore continuous) on (—1, 7). Obviously,
the continuity extends to g < —1. [

The following Lemma is a direct consequence of the Fekete’s Subadditive Lemma.
It states that, if a real sequence satisfies 8,1, < Oy + Oy OF 81y > O+ Oy for all myn > 1,
then 0,/n converges to inf,>; % OT SUp,>1 %, respectively. We will use a slight variation of
this result which we state below. To obtain this result, its enough to take the sequence
A, =1In(K§,) and apply the Fekete’s Lemma.

Lemma 5.4.4 (Fekete’s Lemma). Let (6,),>1 be a real valued sequence. Suppose that
0, >0 for all n > 1 and that there exists a constant K > 0 such that 8,1, < K(J,0,) or

In(§ In(K§,
Om+n > K(6,,6,) for all m,n> 1. Then the sequence (M> converges to 1r>1t; M or
n n> n
In(K§,
sup M, respectively.
n>1 n

Proof of Theorem 5.2.4. Let us start by assuming that y’'(1) > 0. Then, there exists

a positive constant K such that for all m,n > 1 and a8’+"_1 € Gmin we have:

p(ag™ ) > K (ag ™) p (a ™)
. u (agz—i-n—l)l*q > K-y (agkl)lfq,u (a%jun—l)l*q’ g<1
I (agn—i-n—l)l*q <K'-y (081_1)17‘1# (a%+n—1)1—q, g>1

Y o ou(agt sk Y () (@)Y, g<

N (181+n7 1 ecngrn a6n+nfl E(ngrn
m4n—1\1—4 1— m—1\1—4 m4n—1\1—4
) e D D A I C i B ¢
a6n+n71€<gm+n a6”+"71 E%ﬂm-o—n

(5.6)

Now, observe that

Yo oulag ) u@r =Y w@ ) )Y u@ ),

a6n+n71€(gm+n 381716%11 a371 €n

where the case in which 7 is infinite follows from Mertens’ Theorem (see (RUDIN, 1976)).

Thus, if we denote 6, = Z u (ag_l) l_q, we obtain from (5.6) that for all m,n > 1:
n—1
a 6%0,1

5m—i—n Z Kliqamsm q S 1
6m+n S Kl_q5m5na q> L.

In(§
M) converges and Hg(q) exists.

Applying Lemma 5.4.4, we conclude that (
n
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Now we assume that y*(1) < e. Then, we can get a positive constant K’ such that

for all m,n > 1 and a’61+"_1 € Gnrn we have

w(agt ") <K'w(ag=")p(an™"),

and the proof follows the same way as above. O

The next two lemmas are a part of the proof of Theorem 5.2.6. For the first Lemma,
consider a renewal process defined by the sequence (g;);>0 and suppose that g; — L € (0, 1).
We define the function ¢ : {0,1}* — R given by

In(qy), if x3 =0kt 17,5

L), if X =0~
In(1—L), if x3=10"

(
In(1—qp), if x5 =10°1x7,,
In(

(

We also define for each af ! € {0, 1}":

n—1

S (agfl) :=exp| sup Z o (x7)

x€ [agfl] k=0

Lemma 5.4.5. Let (Y,,)men be a renewal process defined by the sequence (g;)i>o and
suppose that g; — L € (0,1). Then, there exists a sequence (Cy),>1 such that C, 250

and -
el < —l; ((Z'?_l)) < O
0

for all ai~' € {0, 1}".

This lemma could be proved using arguments of ergodic theory for equilibrium

states. Here, we preferred to make the calculations by hand.

Proof. First, we define the two following sequences for n > 0:

Ry=1+) [lax=1+an+dngni1+-

j=0k=n
R! R! 1—-R! 1—R!
s (2 )| () (0 ) o ()
1—qj' 1—L q]' L

jzn
Let us prove that (R,)”! — 1 —L and hence V,, — 0. Take an arbitrary &€ > 0
such that 0 <L—¢& <L+¢€ < 1. Then we can get ng such that L—¢ < ¢, < L+ € for all

n > ng and
1 1
14+(L+€)+(L+€)>+- 1-+(L—&)+(L—€)*+---

= 1-L-e<R'<1-L+e¢

<R <
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for all n > ng, which gives us the two convergences.

On the other hand, we have for any af ' € {0,1}" and x € [a} ']:
: k+1 10k
L 171 7 if ag” 0+1ak+2 or ai~' =10 1ak+2,k>0
M: R’llorR if a7 '=10""", x=10"0orx=10/1x7,,j >n—1
,LL(CI )e(p(x) 1- L] 1—gq; 1 0 Jj+2
| _ _
- Iz or * 5}"‘ if ay ' =0", x—O“orx—OJ“lx]H,]-l-lzn.

Furthermore, notice that for any of the above cases, we have

o Vit < ,u(ag 1) < V.

S (e yen

Let us justify one of the cases and the others follow the same way. Just note that:
—1
ln<lf’iq1)
er,,,l S e J S evnfl'

Similarly, we can show that

e_n72<M< /A

—Vn— M Vn—
R u(d)eo(e*w) Sen

V()< ”(an 1) < Vo
eplon () =€

Now we define
1n 1

Z Va,

which converges to zero since V,, — 0. Multlplylng all the inequalities above, we get

e—nCn < H ((18 1) — < enCn'
eXp (Zk:o‘/’ (7))

Since the above inequalities hold for all x € [ o l} we conclude that

e—I’lC” < ‘u' (agil) < enCn‘
S S(ag ) T
O

Lemma 5.4.6. Let (Y,)men be a renewal process defined by the sequence (gi)i>o and
suppose that g; — L € (0,1). Then, for all ¢ € R, the following limit exists.

im i Y S(a)

n—oon nTeg
a, €0
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Proof. For n > 1, define the sequence

n—1
Si= Y SN = Y exp|(1-g) sup Y o(F)
ay €6, ales, xe[ag ] k=0

On the other hand, we have

m—1 n—1
sup {Z(p(x;;”)}+ sup {Z@(y?)}
xe [agfl] k=0 ye[a%”’l] k=0
m—1 n—1
= sup {Z¢(x2°)+2¢(y2°)}
k=0 k=0

x€ [aS’f 1] RYS [a%“’*l]

m—1 m-+n—1
= sup { Yo+ Y <P(y;2’°)}
m+n71} k=0

xe[ao ]ye{y””" 1= k=m

m+n—1
> sup {k;) <P(ZZ°)}~

7€ [an1+n l]

Thus, for ¢ < 1 one has:

5m+n
m+n—1
= ) exp|(l-q) sup Z ¢ (z)
ag1+’171€<5n+m ZE[ 6n+n l
n—1
< Z exp | (1— sup Z ® (x¢) exp | (1—¢q) sup Z o (vy)
G g refa) U=
n—1
= ) exp(1—q) sup Z(ka Y, exp[(1—q) sup <) o0F)
apy~ leg, xe[a ] agfleggn ye[ag 1] k=0
= 6,,0,.
In(6 .
Therefore, we apply Fekete’s Lemma 5.4.4 to conclude that lgli exists for
n—oo
all g < 1. By the same reasons as above, the case ¢ > 1 gives us &,y > 8,0,, which ends
the proof. O

Proof of Theorem 5.2.6. (a) The statements for conditions (al) and (a2) follow di-
rectly from Proposition 2.3.2 and Theorem 5.2.4. Suppose that (a3) holds. Then the process
is ¢-mixing, since limsup;q; = L < 1 (see Corollary 2.2.5). On the other hand, Lemma 5.4.5

gives us

1 1
H(q)—hm—anu )= q—hm—anS

nreeng AEC, nreeng AEC,

which exists by Lemma 5.4.6.
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(b) When ¢ < 1, it is immediate to verify that

((D)(1—go)") T =p(1m' < Zg ()1 < 2
AEE,

Thus,
qHy (q),qHg (q) € [(1—q)In(1 —go),In(2)].

For the case ¢ > 1, assume that ¢,(1 —g,) > Ce™". In this case,
1(0%) = u(1)0n(1 —gn) = pu(1)Ce™".
Furthermore, if A # 0", then we can write for some k > 2:
A=0110%1-..10%110%,
where ¢; >0,i=1,--- ,k, so that

u(A) = pu(1)oy 00,(1—qe,) -0y, (1 —qq,_,)00, > ‘u(])cke*CZiﬂi.

In other words, letting ng(A) the number of symbols 0 in the string A and nj(A) =
n—np(A), we have

1(A) = p(1)Ce ™ > u(1)min{1,C"}e "

Thus, for all A € {0,1}", we have u(A) > u(1)min{1,C"}e=". Therefore, for g > 1,
we obtain

2" < Z nA)' < Zn(u(l)min{l,C”})l—qe—C(l—q)n’
AEC,

which implies that gHy (q) and qHg (¢) are finite.

Finally, let us show that, for g > 1, the condition 6,(1 —g,) > Ce™" is necessary to
obtain the finiteness of Hg (q). Suppose that for every D,d > 0 there exist infinitely many
n € N such that 6,(1 —g,) < De~9". In this case we would have, for infinitely many n,

Y w(4)' 0> p (1021) 0 > p(1) ! -aptaele ),
AE€G),

that is, Hg (¢) > (¢—1)d for every d > 0.
]

Proof of the example involving Markov chains. Let U be a stationary measure of
a house of cards Markov chain satisfying § = sup;{g;} < 1. First, let us show that y’(1) > 0.
We compute for all m,n > 1 and ag”“"*l € Gmrn:

H (agH-n—l) _ Q(am—laam).
‘u(agkl)'u@mnwfl) u(am>
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Further, notice that for all j,k € N we have

1—gq; .
0(j,k) {MS)% ifk=0 1—
1

>
075 ifk=j+1 — u(0)

Y

which implies y/(1) > 0.

It remains to show that Hg(q) is finite and that (5.1) holds for all g € (0,1). In the

following, we show both ones at the same time. For the lower bound we have

Yol @) = (1m0 g ")

agflecf,,
which implies
qHr(q) = (1 —¢q)In(1—qo)
for all g < 1.

On the other hand, consider a word A = agfl € %,. Observe that for each ag € N
there exist exactly 2"~ words ag_l € ¢". To justify this statement, note that there exists
2"~! ways to choose the zeros in the word aq’_l. Given ag and the zeros, there is only one

way to complete the word with positive measure.

Furthermore, if A has at most n/2 zeros, then the product H?;(%Q(a j»ajy1) has at
least n/2 — 1 factors of type ¢;, which means that it is bounded above by §7/2-1 n the
same way, if A has more than n/2 zeros, then H’};g Q(aj,aj+1) < max{qo, (1 —qo)}/* 1.
Hence, if we denote M = max{S$, (1 —qo)}"/>~!, we get

n—2 I=q
) “(ag_l)l_q: Y (H(Clo) _OQ(ajaaj—H))

agfle%n agfle‘fn '

< (uowr )T 2 )

apeN
_ q(u<0)Mn/21)1‘0"2"1,

where

K= Y (04) < Y (879 < oo

apeN keN

Therefore,

(1—q)InM

qHgr(q) < +1n2.

Thus, Theorem 5.2.4 ensures that Hg(q) exists for all ¢ < 1 and, by Theorem 5.1.2,
W (q) also exists and is finite. O
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