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Resumo

Nesta tese, estudamos a funcao periodo para familias de campos vetoriais diferenciais
suaves por partes com uma reta de descontinuidade. Tais sistemas, chamados indistinta-
mente de descontinuos ou nao suaves, aparecem em diversas aplicagoes, incluindo, entre
outras, controle 6timo, mecanica descontinua e manipulagao robética. Para uma familia,
utilizando um método baseado em equagoes de Picard—Fuchs para curvas algébricas, ca-
racterizamos o comportamento global da funcao periodo. Ou seja, determinamos regides
no espaco de parametros para as quais a funcao periodo correspondente é mondétona ou
possui periodos criticos. Além disso, em outra familia estudamos a bifurcacao de periodos
criticos no interior do anel de periodo do centro fraco e do centro isécrono usando o calculo
do desenvolvimento de Taylor das constantes de periodos préximas ao centro. Adicional-
mente, apresentamos o inicio do estudo do comportamento global da funcao periodo para
os sistemas suaves por partes do tipo linear-linear que contém um anel de periodo no

infinito.

Palavras-chave: sistemas suaves por partes, funcao periodo, monotonicidade, periodos

criticos, bifurcacao de periodos criticos.
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Abstract

In this work, we study the period function for fixed families of piecewise differential
vector fields with a line of discontinuities. These systems, indistinctly called piecewise
or nonsmooth, appear in several applications, including among others optimal control,
nonsmooth mechanics, and robotic manipulation. For one family, by using a method based
upon Picard—Fuchs equations for algebraic curves, we characterize the global behavior of
the period function. That is, we determine regions in the parameter space for which the
corresponding period function is monotonous or it has critical periods. Furthermore, in
one of these families we study the bifurcation of critical periods in the interior of the period
annulus from the weak center and from the isochronous center by using the calculation
of the Taylor developments of the periods constants near the center. We further present
the beginning of the study of the global behavior of the period function for the planar

piecewise linear system that contains a period annulus at infinity.

Keywords: piecewise systems, period function, monotonicity, critical periods, bifurcation

of critical periods.
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Introduction

The measurement of time has been an enormous incentive for the development of
physics and mathematics. Galileo discovered in 1583 that pendulums of the same length
have the same oscillation time, i.e. all periods are the same independently of the initial
angle, this phenomenon became known as the Law of Isochrony. Inspired by this fact,
and realizing the need for an accurate measurement of time, C. Huygens in 1656 created
a pendulum clock which for a long time was the most accurate (see for instance [41]). The
work with period functions goes back at least to 1673 when Huygens observed that the
pendulum clock has a monotone period function, and therefore, oscillates with a shorter
period when the energy is decreasing, that is the clock spring unwinds.

In recent decades, there has been an increasing interest in studying the isochronicity
of vector fields in the plane. We find an overview of the results obtained in the survey of
Chavarriga and Sabatini [I5]. However, there are few families of polynomial vector fields
in which a complete classification has been found. Some of the classes of isochronous
systems that have already been studied are the potential Hamiltonian systems ([90, 91]),
quadratic systems ([60]), cubic systems with homogeneous nonlinearities ([83]), Kukles
systems ([25]), and isochronous centers of a linear center perturbed by third, fourth, and
fifth degree homogeneous polynomials ([12} 13|, [14]).

Consider a family of planar vector field (z,y) — F(z,y, \), parametrized by A € R™,
where for all A we have a nondegenerate center at the origin, that is, a center where the
linear part has two pure imaginary eigenvalues (see [I1]). Let v(p), p € I where I is a real
open interval, be a smooth parametrized continua of periodic orbits. The period function
T'(p, A) associated to the parameter A, is the function that assigns to each p the minimal
period of the periodic trajectory through p € I. By the Implicit Function Theorem, 7" it
is analytic. The zeros of its derivative with respect to p, denoted by T"(p, A), are called
critical periods or oscillations and determining them is a key point to know the behavior
of T.

In the last years, the function T has been extensively studied by many authors with
different methods, as in [23, 30, 66, 05]. Mostly, with the interest of determining its qual-
itative behavior ([10) 50, 53, 69, 88]). In [6] the authors state that “the period function
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4 Introduction

is important to study theoretical properties of planar ordinary differential equation and
their perturbations, see [22]; to understand some mathematical models in physics or ecol-
ogy, see [42, 85, 05] and the references therein; in the description of the dynamics of some
discrete dynamical systems, see [5], 27, 28]; or for counting the solutions of some boundary

2

value problems, see [19, 20].” There are also many researchers in the area dedicated to
find conditions for the period function to be monotonous, since monotonicity implies exis-
tence and uniqueness for certain boundary value problems, and provides a nondegeneracy
condition for the bifurcation of subharmonic solutions of periodically forced Hamiltonian

systems ([21]).

Another approach considered is finding the maximum number of critical periods that
a period function can have for a n-th degree planar polynomial system by using similar
techniques developed for dealing with the problem of determining the number and location
of their limit cycles (isolated closed orbits of a vector field), known as a particular case of
the second part of Hilbert’s 16th problem ([61]). In other words, there are many works
that intend to establish these values in terms of the degree n, but it remains unsolved if
these numbers are finite, for all n, which would guarantee their existence. However, since
it is believed to be finite, the number of limit cycles is denoted by #(n) (Hilbert number)
and the number of critical periods by C(n). Due to the difficulty of determining exactly
H(n) and C(n), several researchers try to obtain the highest possible lower bound for them.
The best result concerning any configuration of limit cycles provides H(n) > kn?log(n),
for some k > 0, that is, it grows at least as rapidly as n?log(n) ([26]). In [30] the author
provides the following lower bound: C(n) > 2[(n — 2)/2], where [] denotes the integer
part, and from the result of [50] it is known that C(n) > n?/4, that is, it grows as n?/4.
In [10] the lower bound of C(n) becomes n?/2+mn —5/2 when n is odd, and n?/2 — 2 when
n is even. Recently, in [37] this bound has been proved to be n? — 2 when n is odd, and
n? —2n — 1 when n is even. A natural question established by Gasull in [47] is whether
there is a similar result to what has been proved for limit cycles, that is: “Is it true that

C(n) > en?log(n), for some ¢ > 07"

There are only a few families where the global qualitative behavior of 7" is found, that is
C(n) is found, among them some families of smooth polynomial potential systems. These
families are given by Hamiltonian systems with total energy H(z,y) = y?/2+V (x), where
V(x) is the potential energy. It is well known that for smooth potential systems the set
of all periodic orbits can be parametrized by the energy h and, therefore in this case, we
can introduce the period function T'(h), which gives the period of the periodic orbit with
energy h. It can be found in Chow and Sanders ([23]) and Gavrilov ([53]) the study of T'(h)
for the case in which the potential energy is given by V(x) = (1/2)x® + (a/3)x?* + (b/4)z*,
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and in Matiosas and Villadelprat ([69]) the case where V (x) = (1/2)z*+ (a/4)x*+(b/6)x5,
with a,b € R and b # 0.

In general, the qualitative behavior of T'(h) for smooth potential systems is found
by using that it satisfies a second order Picard—Fuchs equation for algebraic curves and
the ellipticity of the level curves of H allows to see that x(h) = T"(h)/T(h) satisfies a
Riccati equation. Then, instead of this equation, we consider the equivalent polynomial
system on the plane and study its global phase portrait. It is worth mentioning that
Picard-Fuchs equations was already used by many authors to study the number of zeros
of Abelian integrals, because these zeros correspond to limit cycles appearing in non-
conservative perturbations of Hamiltonian, or, more general, integrable systems (see [80,
101] for instance).

Even the global study of the period function for the reversible quadratic center is not
complete. It is well known that this system can be brought to the Loud normal form

T = —y + Bxy,

V= x + Da® + Fy?, 1)
where B, D, F € R. It is also called homogeneous Loud system (see [21]). It is proved
in [49] that if B = 0 then the period function of the center at the origin is monotonous
increasing. Thus the case in which B # 0 is the most interesting one and, by a rescaling,
we can only consider family with B =1, i.e.

T =—y+zy,

y = x + Da? + Fy?, 2)
called dehomogenized Loud family. One of the most famous open problems about critical
periods conjectured by Chicone in 1994 and also listed by Gasull in [47] is the following
question: Is 2 the maximum number of critical periods for family ?

Another problem, less intricate, is describing the local behavior of the function T,
in a neighborhood of an equilibrium point. To this end, there are several papers whose
interest is to provide the maximum number of zeros of 7" which can bifurcate near a
center for planar autonomous polynomial vector fields of degree n, denoted by Cy(n).
The problem of determining Cy(n) is called problem of bifurcations of critical periods or
criticality problem. Chicone and Jacobs in [21] solved this problem for analytical quadratic
systems, and they obtained that Cy(2) = 2. In particular, they proved that at most one
local critical period can bifurcate from a nonlinear isochronous center and at most two
critical periods bifurcate from the linear isochronous center for the homogeneous Loud
system , which is a family with three parameters. The approach for determining Cy(n)
in terms of the techniques is similar to that taken to provide the maximum number

of small amplitude limit cycles bifurcating from an elementary center or an elementary
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focus of a planar polynomial system of degree n, denoted by Ho(n) ([81]). In other words,
determining Cy(n) (resp. Ho(n)) is equivalent to solve the local criticality problem (resp.

local cyclicity problem). Clearly, Co(n) < C(n) and Ho(n) < H(n).

There are two useful results to get good lower bounds for Hy(n), whose statements
and proofs can be found in Christopher ([24]). The first result shows how we can use the
first-order Taylor approximation of the Lyapunov constants. The second result shows how
sometimes we can obtain more limit cycles using high-order Taylor developments of the
Lyapunov constants. In these results, if we replace the concept of Lyapunov constants by
period constants and initially consider an isochronous center, we can use the same method
to get the local criticality of isochronous centers, and this is what was made in [88] for
reversible holomorphic (isochronous) centers. In general, if the number of parameters
is large, the computations can be very hard, with a high computational demand. One
method that can be useful to compute the linear parts of the period constants is the so
called parallelization, which was developed in [63] and allows decreasing both the total

computation time and the memory requirements.

It is worth mentioning that there are also works that study other types of bifurcation
phenomena. For example, there exist several papers which aim to develop tools for the
study of bifurcations of critical points of the period function at the outer boundary (i.e.,
the polycycle) for family (2)), see more details in [72} [73} 74} [75] [77, [78]. Other studies
aims to determine the regions of monotonicity by using that can be brought by means
of a coordinate transformation to a potential system. Then the authors can apply the
monotonicity criteria for potential smooth systems, for example the Schaaf’s criterium
([89]), to study the period function of its center ([70, 02, ©O3]) or even Picard—Fuchs
approach ([99, [100]).

Although there is still much to be done regarding the period function for smooth
systems, our goal is to contribute to the study of the period function for families of
Filippov vector fields. Since many significant dynamical systems, that arise in practice, for
modeling problems raised from mechanics, electrical, engineering, or automation control
contain terms that are non-smooth functions of their arguments, then an unavoidable
issue is the use of non-smooth systems for describing them, see [38]. Many works have
been made to get a characterization of the dynamical behavior that such systems can
exhibit by proceeding in a case-by-case approach, but this study is from being completely
finished. Up to now, most of the results concerning about piecewise differential systems
aimed to either identify conditions for the origin to be a center and an isochronous center
(see [31, B3] 52] 62], 68]), or investigate the cyclicity problem (see [16], 32, K9, 64 [65, OF]).

There exist only few studies in the sense of determining the number of critical periods as
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in [17, 18, 79, 07, 102].

In Chapter [I| we bring some of the definitions and results needed for the reader who
is unfamiliar with the tools we use in this text. There, we make an introduction of
the Filippov system, also called piecewise system. Furthermore, we present definitions
for the study of the period function of a center and a first approach of its bifurcation
theory, including the results presented in [88] for increasing the criticality for families of

isochronous centers.

Chapter [2] is devoted to determine the complete bifurcation diagram of the period
function of the center at the origin for a piecewise continuous planar Hamiltonian system
of ordinary equations with two parameters. This family is the aggregation of two different
polynomial potential systems with a straight line of separation. In order to describe the
period function of the family studied, we use the fact that the period function can be
written as a linear combination of the period functions for the smooth potential systems
that define it. Then, it is enough to determine the behavior of the period in the smooth
case by using Picard—Fuchs approach. The results are presented in the paper: A. C.
Rezende, M. A. S. Santos, J. Torregrosa. Period function for a family of planar piecewise
Hamiltonian systems. Preprint, 2023. In particular, we highlight Theorem [2.13| which we

may say that is the most relevant result of this thesis.

In Chapter|3|we estimate lower bounds of the local criticality for the family of piecewise
quadratic reversible centers. The two systems that define this family are smooth reversible
quadratic systems of the form after a simple coordinate trasformation. We notice
that the results we have obtained are very similar to those ones found in [21], since the
quadratic family studied has six parameters and we have found that at least four local
critical periods can bifurcate from a nonlinear isochronous center, and at most five critical
periods bifurcate from the linear one. This problem can be solved by calculating the Taylor
series of the period function in the neighborhood of the center, and by determining the
order of its first non-constant term. This computation is purely algorithmic and its
advantage is that it provides information about the behavior of the period function in a
neighborhood of the origin. The results we obtained are presented in the manuscript: A.
C. Rezende, M. A. S. Santos, J. Torregrosa. Period function of planar piecewise reversible

quadratic systems. Preprint, 2023.

Chapter [4] is a work in progress that aims to study the period function of a center
at infinity for the lowest degree family for discontinuous system, the one which has the
aggregation of two different linear systems with a straight line of separation, the planar
piecewise linear system, which is also called a linear-linear system. It comes in line with

the large amount of work that has been made in recent years with the aim to understand
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its dynamic behavior, we refer the reader to [7, [§, [0, 43, 45, 82]. Under the hypothesis
of focus-focus dynamic, a reduced canonical form with only five parameters is obtained
and the authors of [44] characterize the centers at infinity, called center-center case and
focus-focus case together with the limit cycles bifurcating from them. Here we try to
determine the global behavior of the period function for these cases, and we believe that
the center-center case has at most one critical period. In the focus-focus case, we found
that there are no oscillations and we classify when the period function is monotonous
decreasing, constant, or monotonous increasing. This study is also presented in: A. C.
Rezende, M. A. S. Santos, J. Torregrosa. Period function for piecewise linear centers at
infinity. Preprint, 2023.

The last chapter contains a brief description of what can still be done in the future,
and also some concluding remarks.

For all the needed calculations we have used the computer algebra system Maple [71].



CHAPTER 1

Preliminaries

1.1 Piecewise differential systems

In this section we introduce the basic concepts of a planar Filippov system, which we
shall often refer as a planar piecewise differential system, necessary for the development
of the next chapters. Basically, we follow the approach introduced in [57].

Let X and Y be smooth vector fields defined in an open set U C R? containing
the origin and h : R?> — R be a differentiable function having 0 as a regular value and
¥ = h71(0) N U a smooth codimension-one submanifold. Denote by ¥~ = {(z,y) € U C
R? : h(z,y) < 0} and =% = {(z,y) € U C R* : h(z,y) > 0} the regions having X as a
separating boundary. A planar piecewise differential system on R? is a pair of C" (with

r > 1) differential systems in R? separated by the separation manifold ¥, that is

Z(w.y) = {X(x,y), if (x,y) € ¥~ UX, (1.1)

Y(z,y), if (z,y) € X"

Clearly, an orbit is well defined while it evolves without touching the separation set.
However, we shall assume the Filippov’s convention [40] for the definition of trajectories
arriving at .

The contact between the vector field X (or Y') and the line of separation ¥ is char-
acterized by the Lie derivative of h in the direction of the vector field X and Y, that is
Xh(p) = (Vh(p), X(p)) and Yh(p) = (Vh(p),Y(p)), where (-,-) is the usual inner prod-
uct in R%. According to the terminology established by Filippov, we can split the line of

separation X into the following sets:
(a) Crossing set: 3¢ :={p € £: Xh(p) - Yh(p) > 0};
(b) Sliding set: ¥° :={p € ¥: Xh(p) <0 and Yh(p) > 0};

9



10 Chapter 1. Preliminaries

(c) Escaping set: ¥ :={p € ¥: Xh(p) > 0 and Yh(p) < 0}.

The escaping ¢ or sliding >° regions are respectively defined on points in X, where
both vector fields X and Y simultaneously point outwards or inwards from ¥, while the
interior of its complement in ¥ defines the crossing region ¢ (see Figure . The
complementary of 3¢U XU X7 is the set formed by tangency points, that is, points where
one of the two vector fields is tangent to X, which are the points p € 3 where Xh(p) =0
or Yh(p) = 0. These points are on the boundary of ¥¢, ¥¢ and ¥° which we denote by

0X¢, 0%¢, and 0X°, respectively. This union also contains the equilibrium points of X

and Y at X.

Figure 1.1: Crossing, sliding and escaping regions, respectively

In this work, we will assume that the tangency points are isolated in . This happens
when we study low-codimension bifurcations in planar Filippov systems. For simplicity,
the definition of orbit that is established here applies only to Filippov systems with isolated
equilibrium points.

Next, we define a trajectory passing through a point p at X¢, 3¢, and X° following the
Filippov convention. For a point p € 3¢, both vector fields X and Y simultaneously point
towards ¥ and X7, since the transversal components of X and Y have the same sign
in p, then it is enough to connect the solutions of X and Y at p. In points p € ¥° U 3¢
the transversal components of X and Y have opposite signs, i.e. the two vector fields are
pushing in opposite directions, then the state of the system is forced to remain on the
boundary and slide on it. The local orbit of system (|1.1) on ¥ is given by the vector field
77, which is a convex linear combination of X (p) and Y (p), so that Z*(p) is tangent to
the separation manifold ¥, as we can see in Figure Such vector field is defined as the
sliding vector field, and it is given by

1
~ Yh(p) — Xh(p)

Z*(p) (YR X () = Xh)Y (). (1:2)

This way to define the motion on 3 is the most natural and it is called Filippov convex
method or Filippov convention.
In general, we can formulate the following definition of orbits to Filippov systems with

isolated equilibrium points, where @y (¢,p) denotes the flow of the vector field V' defined
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Figure 1.2: Sliding vector field

in time ¢ € I, C R, that is

%wv(tp) = V(ev(t,p)).

@V(07p) =D,

and I, is a real interval which depends on the point p and on the vector field V.
Definition 1.1. The local trajectories of the planar Filippov system (1.1]) are defined as:

(i) For p € ¥~ (resp. p € ¥T) such that X(p) # 0 (resp. Y (p) # 0), the trajectories
are given by ¢z (t,p) = ox(t,p) (vesp. pz(t,p) = ¢y (t,p)), fort € [, CR.

(ii) For p € X¢ such that Xh(p), Yh(p) > 0 and considering the orbit starting at p
we have that ¢z(t,p) = @y (t,p), for t € I, N {t < 0}, and ¢z(t,p) = px(t,p), for
t € I, U{t > 0}. For Xh(p), Yh(p) < 0, the definition is the same, but reversing

time.

(iii) For p € ¥° U X° such that Z°(p) # 0, pz(t,p) = @z:(t,p), for t € I, C R, where Z*
is the sliding vector field defined in ((1.2)).

(iv) For p € 03¢ U 0%* U 0%¢ such that the definitions of trajectories for points in ¥ in
both sides of p can be extended to p and coincide, then the orbit through p is this

trajectory. We call these points regular tangency points.

(v) For any other point, ¢z(t,p) = p, for all t € R. This is the case of the tangency
points in ¥ which are not regular, called singular tangency points, and the equilib-
rium points of X in ¥, Y in X7, and Z° in X U Y€,

Definition 1.2. The local orbit of a point p € U is the set v(p) = {@z(t,p) : t € I'}.

Since we are dealing with autonomous systems, from now on we will use the terms
trajectory and orbit indistinctly.

Thus, the phase portrait of a Filippov system is the union of all orbits in R? composed
by the sliding phase portrait on the boundary ¥ and of the standard phase portraits in

each region. We note that if the orbit has sliding motion, then it can overlap.
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Definition 1.3. The points p € £¥UX° that satisfy Z*(p) = 0, i.e. the equilibrium points
of the sliding vector field are called pseudoequilibria of Z.

The equilibrium points of the Filippov system are characterized in the following defi-

nition.
Definition 1.4. Equilibrium points of the planar Filippov system (|1.1]) are:

(i) p € ¥~ (resp. p € X1) such that X (p) = 0 or Y(p) = 0, that is, p is an equilibrium
point of X or Y;

(ii) p € ¥° U X such that p is a pseudoequilibrium, that is, Z*(p) = 0;

(iii) p € 03¢ U 0X* U J%e, that are regular or singular tangencies, i.e. the points p such
that Xh(p) =0 or Yh(p) = 0.

The remaining points are called regular points.

In Filippov systems there exist equilibrium points (regular tangency points) which
have an orbit such that v(p) # {p}. For this reason they can be classified as distinguished
equilibrium points, which are points p such that v(p) = {p}, and non-distinguished equi-
librium points, which are points p € 3 which are regular tangency points and then, even

if they are not regular points, their local orbit is homeomorphic to R.

Definition 1.5. A distinguished equilibrium point of the planar Filippov system ([1.1)) is
a point p such that v(p) = {p} and it can be classified as:

(i) p € ¥~ (resp. p € X1) such that X (p) =0 or Y(p) = 0, that is, p is an equilibrium
point of X or Y;

(ii) p € X* U X¢ such that p is a pseudoequilibrium, that is, Z*(p) = 0;
(iii) p € 03°U 0%° U J%€, such that p is a singular tangency point.

The vector field X (resp. Y) can have equilibrium points that do not belong to
- (resp. F) We call these points as wirtual equilibrium points or mon-admaissible
equilibrium points. The equilibrium points of X (resp. Y) that are in X~ (resp. ¥1) are
called admissible or real equilibrium points. A special case of pseudoequilibrium points
which are the solutions of X(p) = 0 or Y(p) = 0 and h(p) = 0 are named boundary
equilibrium points.

Analogously, invariant objects (stable and unstable manifolds, periodic orbits) of the
smooth vector fields X and Y not belonging to ¥~ and 3+, respectively, are also referred

to as non-admissible.
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Even if the chosen definition of orbit leads to the uniqueness property, a point p € 3
may belong to the closure of several other orbits. Taking into account this fact, we can

use the following definition.

Definition 1.6. Given a trajectory ¢z(t,p) € T U X~ and a point p € X, we say that
p is a starting point of ¢z(t, p), if there exists o < 0 such that hmt—wﬁ; wz(t,q) = p, and
that it is an arrival point of ¢z (t, q), if there exists ¢ty > 0 such that limHta wz(t,q) = p.

According to Definition [L.1} if p € ¢, p is a starting point of ¢p(t,p) for any ¢
belonging to the forward orbit

Y () = {pz(t,p) : t € [N {t > 0}},

and is an arrival point of pz(t,p) for any ¢ belonging to the backward orbit

7 (p) ={pz(t,p) : t € [,N{t <0}}.

Namely, the orbit through a point p € 3¢ is the union of the point and its starting and
arrival orbits, that is, v(p) = {p} U~"(p) Uy~ (p).

Once we have defined the local orbit through a point, we can state rigorously the
definition of maximal orbit. Depending on the point, it can be either a regular orbit, or

a sliding orbit, or a distinguished equilibrium point.
Definition 1.7. A mazimal reqular orbit of Z is a piecewise smooth curve v such that:

(i) yNX~ and v N XT are a union of orbits of the smooth vector fields X and Y,

respectively;

(ii) The intersection v N Y consists only of crossing points and regular tangency points
in 0%¢;
(iii) v is maximal with respect to these conditions.

Definition 1.8. A mazimal sliding orbit of Z is a smooth curve v C 3% U X¢ such that

it is a maximal orbit of the smooth vector field Z%.

The previous definitions lead to two relevant results: first, the uniqueness of solutions,
that is, any point p belongs to only one orbit, and second, any neighborhood U of p is
decomposed into a disjoint union of orbits.

We can genaralize the concept of separatrix for planar Filippov systems.

Definition 1.9. An unstable separatriz is either:
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(i) A regular orbit I" which is the unstable invariant manifold of a regular saddle point
pEXof X or p€ Xt of Y, that is,

I'= {q € U such that ¢z(t, q) is defined for ¢ € (—o0,0) and tlim wz(t,q) = p} )
——00

We denote it by W*(p);

(ii)) A regular orbit which has a distinguished equilibrium point p € 3 as a starting
point. We denote it by W¥(p), where the subscript £ means that it leaves p from
YE.

In the first case, as it is well known in smooth systems, the trajectory lying on the
separatrix reaches p in infinite time whereas in the second case, it may reach the singularity
in finite time.

Stable separatrices W*(p) and W3 (p) are defined analogously. If a separatrix is simul-
taneously stable and unstable it is a separatriz connection.

In Filippov system, beyond periodic orbits of X in X~ and of Y in X%, there exist other
regular trajectories of X~ and X that have p as an arrival or starting point. Remember
that these orbits reach p in a finite time. The next definition generalizes the concept of
periodic orbit in this context.

Since our goal is to study nonlinear phenomena around X, we look for possible periodic
orbits not totally contained in X" and ™. These orbits must be of one of the following
two types, depending on the nature of their points on the separation manifold >: If the
periodic orbit has sliding points, then it is called a sliding periodic orbit, otherwise we

have a crossing periodic orbit.

Definition 1.10. A regular periodic orbit is a regular orbit v = {pz(t,p) : t € R},
which therefore belongs to ¥+ U X~ U X¢ (¢ denotes the closure of ¥¢) and satisfies
wz(t+T,p) = pz(t,p), for some T > 0, called the period.

The regular periodic orbits are called standard periodic orbits, if they stay in ¥~ UXT,
and crossing periodic orbits, if they intersect X.¢.
The sliding periodic orbits are the so-called cycles and they are presented in the next

definition.

Definition 1.11. A period cycle is the closure of a finite set of pieces of orbits vy,..., 7,
such that 7o is a piece of sliding orbit, yox41 is a maximal regular orbit and the starting
and arrival points of o511 belong to 75 and 75i 2, respectively. The period of the cycle is

the sum of the periods of time that are spent in each of the pieces of orbit v;, i =1,...,n.
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Definition 1.12. The planar piecewise vector field (1.1)) is called continuous if
X(p) =Y (p), forall pe X

Otherwise, it is called discontinuous.

In particular, if ¥¢ =X, i.e ¥¢ and X* are empty sets, the piecewise vector field ([1.1))
is continuous if X (p) =Y (p) for all p € X.

Example 1.13. Consider the planar piecewise vector field given by

OH (x,y) OH (x,y)\ . _

(x y)_ ( 3y y 820 >7 lf (J;7y)62 )
A OH(x,y) O0H'(x,y)\ . "
( 9 ,— B ),1f(x,y)€2 )

This vector field is called planar piecewise Hamiltonian vector field with Hamiltonian
function given by
H™(z,y), if (z,y) € X7,
H(z,y) = _
H*(z,y), if (v,y) € 7.
In the case of H (x,y) = Ht(z,y), if (x,y) € X, the system is a continuous piecewise

Hamiltonian system.

1.2 Centers and their period functions

The same notion of center and period function for planar vector field are valid for the
planar piecewise differential equation (1.1).

Definition 1.14. An isolated equilibrium point p of ([1.1)) is a center if and only if there
exists a punctured neighborhood V of p, V C R2, such that every point in V belongs to a

periodic orbit surrounding p.

The largest connected set V, covered with periodic orbits surrounding the center p is

called central region.

Definition 1.15. For any center p of a planar differential system, the largest neighbor-
hood of p which is entirely covered by periodic orbits is called the period annulus. It is

denoted by P, and its boundary is denoted by OP.

Definition 1.16. A center is a global center when its period annulus is the whole plane,
that is, if every solution of (|1.1)) is periodic. Otherwise, this equilibrium is called a local

center.



16 Chapter 1. Preliminaries

We consider that the center is at the origin, which we denote it by O.
In what follows the period function is defined over the set of periodic orbits inside its

corresponding period annulus by the following definition.

Definition 1.17. Let O be a center and P its period annulus. The period function is the

map which associates to any periodic orbit v € P its period.

Remark 1.18. Given a smooth system (&,79) = (P(z,y),Q(z,y)) with a nondegener-
ate center at the origin, that is, a center where the linear part has two pure imaginary
eigenvalues. Let v(p), p € I where [ is a real open interval, be a smooth parametrized
continua of periodic orbits. The period function T is the function that assigns to each

p € I the minimal period of the periodic trajectory through p. And can be computed by

T dx dx
)= [a= [ T
0 v(p) T o) P@,y)

o) = /oT "= /wp) % - /wp) %'

Note that a vector field can have several annular regions foliated by periodic orbits.

the expression

or even by

In this case, for each one of these period annuli, we can consider the corresponding period
function. That is, each period function is defined over the set of periodic orbits inside its

corresponding period annulus.

Definition 1.19. The period function of a center is monotonous increasing (resp. de-
creasing) if for any pair of periodic orbits inside P, say v; and 7, with v C Int(7s), we
have that the period of -, is greater (resp. smaller) than the one of ;.

A very special case is the one in which we have a constant period function, according

to the next definition.

Definition 1.20. A center is called isochronous center when all periodic solutions in a

neighborhood of it have a constant period.

The problem of isochronicity is investigated in the same way that the well-known
center problem. Both problems are completely solved only for quadratic vector fields.
For the most interested readers, an excellent text for a first reading about the theory of
centers of planar polynomial systems can be found in [35], and to better understand many
problems about isochronicity for analytic systems we recommend the survey of Chavarriga
and Sabatini [I5], already mentioned in the introduction. It is important to note that
the isochronicity problem appears only for nondegenerate centers, that is centers whose
linear part has nonzero imaginary eigenvalues (see [I1]), since the period function goes to

infinity near a degenerate center, as in the next example, which can be found in [94].
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Example 1.21. Consider the cubic system given by

T =y,
y = —21'3,

with a degenerate center at (0,0). The first integral of this system is given by H(z,y) =
x* 44?2, hence, the integrating curve passing throungh (p, 0) can be expressed as y? +z* —
p* = 0. Thus, y = £+/p* — 2* and, by the Remark , the period function 7', which
assigns to the periodic solution v(p), that intersects the z-axis in p and —p, its minimum

period can be expressed by

dx P dx 7 dx 2 11
T(p):/ _-:2/ _:2/ —:_/ LN
vp) T p Yy p \/P4—I4 pJal—st
where a change of variables © = ps is applied on the last equality. Therefore,

lim T'(p) = oo.
p—0
A special case of isochronicity that has been studied in the literature is given in the

next definition, see [34], 51].

Definition 1.22. A center is a uniform isochronous center if the system, in polar coor-
dinates © = rcosf, y = rsiné, takes the form » = G(0,r), 6 =k or, equivalently, the

equality zy — yi = k(z* + y?) holds, for some k € R\ {0}.

In other words, the angular velocity is the same for all orbits. A system which possesses
this property is also called a rigid system.
As indicated in [31], 87], inside the class of smooth isochronous system there are some

special cases, that are presented in the next definition.

Definition 1.23. Consider the analytic system

&= —y+p(r,y),
{y=x+ﬂ%w,

where p and ¢ are analytic functions in a neighborhood of the origin starting with terms

at least of degree two and with an isochronous center at the origin. We say that the

isochronous center is a k-strong isochronous center (k € N*) if there exist exactly & half-

straight lines (radials) given by L(6;) := {a(cos6;,sin6;): a > 0} (called, for convenience,

isochronicity radials), 0; € (0,2m), i = 1,...,k such that all periodic solutions spend the

time 6; to go from the positive x-axis to L(#;), for every i = 1,... k.

The 0-strong isochronous center is referred to the case of no isochronicity radials and
oo-strong isochronous systems to the case of infinite ones. Obviously, a uniformly (or

rigid) isochronous center is the oo-strong isochronous center.
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1.3 Piecewise systems with a line of discontinuities

Consider the following class of piecewise planar systems of ordinary differential equa-

tions with ¥ = {(z,y) : © = 0} given by

(6.4) = {(—y+ P,y \7), v+ Q (a,y, A7), if 2 <0, L3

(=y+PH(z,y, A7), 2+ Q" (z,y,A7)), if x>0,

where A = (A7, \") € R™ are parameters, P¥(z,y, \*) and Q*(z,y, \*) are convergent
real series which start at least with quadratic monomials in the variables x and y. We
call the system defined in the left half-plane (z < 0) by the left system, and the system
defined in the right half-plane (z > 0) by the right system. This system has the origin as
a monodromic equilibrium point, that is, there are no orbits tending or leaving the point
with a given direction.

We highlight that we only consider crossing periodic orbits for the piecewise linear
systems (L.3), i.e. the two sides of the periodic orbit crosses transversally the separation
line ¥ and, at these crossing points, both vector fields points towards the same half-plane.
Then, these periodic orbits have only isolated points of intersection with the curve of
separation. In particular, when we consider limit cycles for piecewise system we refer to
them as crossing limit cycles.

With the results presented here one may notice that piecewise planar differential equa-
tions have richer dynamics than smooth dynamical systems.

There exist many problems in science where their mathematical models are given by
planar piecewise systems whose phase plane is composed by two “uncoupled” smooth

systems matched by a straight line, as in the following example where h(x,y) = x.

Example 1.24 (Formulation of a Mechanical Problem). Consider the movement without
friction of a ball of mass m on a curve under the action of the gravitational potential.

Assume that this curve is given by the function

) F(x), if v <0,
yle) = {G(x), if x>0,

where G'(z) = o+ O(2), F'(z) = z + O(2), and F' and G are analytic at zero, see
Figure[1.3]

Let s > 0 (resp. s < 0) be the arc length starting at (0,0) of the curve y(x) = G(x)
(resp. y(z) = F(x)) (see [31,55]), where the potential energy is the gravitational potential
V(y) = mgy (where m represents the mass and g stands for the gravitational constant).

Then, for the left half-plane (resp. right half-plane) the differential equation governing the
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y=Fx) ’é (x)

Figure 1.3: Movement of a ball on a curve

movement of the ball is given by a conservative second order scalar differential equation

with total energy given by the Hamiltonian function

H(s,w) = %52 + V(w), with w = s.

Then, the piecewise differential equation governing the movement of the ball is

(w,_lw), if s <0,

(5,w) = (w Z@) if s> 0.
T ds ’

It is well-known that the two smooth vector fields (#,9) = (—y + P~ (x,y, A7),z +
Q (z,y,\7)) and (2,9) = (—y + PT(z,y,\"), 2 + QT (x,y, \")) that determine
have the origin as a nondegerenate linear center. In this case, there exists a simple way to
determine if the origin of the planar piecewise system is a center by using reversibility

with respect to the separation line.

Definition 1.25. A system (|1.3)) is reversible with respect to a straight line [ through O

if it is invariant with respect to reflection about [ and a reversion of the time ¢.

From Definition [1.25] it follows that if the system is invariant under the change
(x,y,t) — (x,—y,—t) or (z,y,t) — (—z,y,—t) we say that it is time-reversible with

respect to the z-axis or y-axis, respectively. Then, the next proposition is valid.

Proposition 1.26. The planar piecewise system (1.3|) has a center at the origin if it is

a reversible system, that is invariant with respect to the change of variables (z,y,t) —
(x,—y,—t).

Suppose that a planar smooth system has a conserved quantity E and the origin is
an isolated equilibrium. It is well known that, if the origin is an isolated fixed point and
a minimum local of E, then it is a center. However, for a piecewise system we must also
require that the energy function of the left and right systems coincide on the separation

line as we can see in Proposition 2.1 of [I§]. For convenience, we state it below:
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Proposition 1.27 ([I8]). If the left system and the right one in (1.3) have first integrals
H™(z,y) and H*(x,y) near O, respectively, and either they are even functions in y or

they verify H=(0,y) = HT(0,y), then the origin O of (1.3)) is a center.
Example 1.28. Consider the class of piecewise Hamiltonian systems

. (y, —x + ax?), if z <0,
(T,9) = o
(y, —x + bx?), if x > 0,

where (a,b) € R?. For all (a,b) € R? the Hamiltonian function is given by

_y2+$2 {['3

H (z,y) = 5 — 03, if <0,
Ht(z,y) = 5 —bg, if x > 0.

Note that O is a nondegenerate center for the left and right systems. Furthermore,
H*(0,y) = H*(0,y) = y?/2, for every (0,y) € X, then by Proposition the origin
is a center. In addition, from Definition [1.12] it is a continuous piecewise Hamiltonian

system.

Note that it is not so easy, for any type of planar piecewise system, to find a solution for
the center problem, that is, determining conditions for O to be a center is quite different
from the case of analytic systems. For example, in the next system, the origin is a center

even if the systems that define it do not have a center at the origin.

Example 1.29. Consider the following piecewise system

(. 9) (2y + 4y, 32%), if x <0, (1.4)
T,7) = .
(2y + 4y3, —32?), if z > 0.

The origin of is a center, by Proposition because there is invariant by the
change of variables (z,y,t) — (x,—y,—t). However, the phase portrait near the origin
of the left and the right systems are not of center type, as indicated in Figure (1)
and (1), respectively. In fact, the origin is the only singular point of cusp type for both
systems (it can be proved by using the blow-up thecnique). But the origin is a center of
(1.4), as we see in Figure (1ii).

On the other hand, if the origin is a center for both systems, we cannot ensure that the
piecewise system has a center at the origin. The next two examples (given as propositions

in [68]) reinforce this statement.

Example 1.30 ([68]). Consider the piecewise potential Hamiltonian system given by

oo - Ju Vi), ity >0,
&0 {(—y,Vé(:r)), if y <0, (1.5)
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Figure 1.4: (i) phase portrait of the left system of ([1.4)), (¢7) phase portrait of the right
system of (1.4)), and (iii) phase portrait of ([1.4)

where the analytic potentials are V; = az? + O(z?) and V, = bx? + O(2?), with a > 0
and b > 0. This system has a center at the origin if and only if there exists an analytic

diffeomorphism ¢ at the origin such that Vo = g(17).

Example 1.31 ([68]). Let F' be an analytic function at 0 with F'(0) = F'(0) = 0 and
|F"(0)| < 1. The piecewise potential Hamiltonian system given by

o) = (—y,x + F'(x)), if y > 0,
(#9) {(—y,x—F’(m)), if y <0, (1.6)

is a center if and only if F' is even.

In fact, for the piecewise systems ((1.5) and ((1.6) we need additional properties to
ensure that the origin is a center when considering the union of two systems with a

center.

1.4 Return map and period function

Some efforts were made to the center problem for planar piecewise system with a
separation line (see [16, 31l 33, 52, 62]). This study is usually done, as follows, by finding
the two half-return maps associated with the two smooth differential equations that define

them and the whole return map is the composition of these two maps.
Remark 1.32. In what follows we consider A~ € R/ and A™ € R¥, so that j +k = m is
the dimension of the parameter space.

Definition 1.33 ([31]). Consider the planar piecewise differential system (1.3)).

(i) The function I~ : (0,a) x R/ — R~, where (0,a) C RT is an interval on the
semi-axis OY ", which gives, for each point (0,y) € R? with 0 < y < « and fixed

parameter A\~ € R/, the first intersection, in positive time, of the orbit that passes
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through (0,y) at ¢ = 0 with the semi-axis OY ~, is called left half-return map asso-
ciated to (|1.3)).

(i) The function II* : (3,0) x R* — R*, where (3,0) C R~ is an interval on the semi-
axis OY ~, which gives, for each point (0,y) € R? with 8 < y < 0 fixed parameter
and A\t € R¥, the first intersection, in positive time, of the orbit that passes through

(0,y) at t = 0 with the semi-axis OY ", is called right half-return map associated to

3.

Hence, the return map is defined as (p, \) — II(p, \), where

[(p, \) =TT (T~ (p, A7), AT), see Figure[L.5 (1.7)

YA (o, X0), A7)

Ky

T

~—

/

Figure 1.5: Return map II(p, ) for system (|1.3])

- (p N\

The displacement function is given by

where d(0,\) = 0, for all A € R™, since both vector fields that define have a
equilibrium at the origin and we are avoiding sliding motion. Therefore, the origin is a
fixed point of d.

It is easy to conclude that the origin is a center of system if and only if d(p, \) = 0,
for 0 < p < 1. The isolated zeros of d(p,A) = 0 near p = 0 correspond to limit cycles
around the origin. The analyticity of PT and QT implies that the half-return maps II*
are analytic, for sufficiently small |p|, and then the displacement function is analytic and
so it can be expanded as

dp,\) = Vap + Vap? 4+ (1.9)

where V; is called the i-th Lyapunov constant of the piecewise system (1.3)). For k >
1, the Lyapunov constant Vj belongs to the ideal (V;,V5, V5, ... V1) over the ring

R{A1, A2y ooy A b, for each Ao € RY. Therefore, when an expression for V; is given, it
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makes sense only when V} =V, =--- =V,_; =0, and the origin is a center if and only if
all the Lyapunov constants in ({1.9)) vanish.

Note that as we consider just half-returns for determining the displacement function
for nondegenerate equilibrium points of planar piecewise systems, the expressions
found for the Lyapunov constants are even larger than the ones obtained in smooth vector
fields. In fact, in the smooth case there appear some cancellations related to considering
the flow that gives a complete turn around the origin.

It is worth remembering that in planar smooth differential systems the stability of a
nondegenerate weak focus (equilibrium point with complex eigenvalues) is given by the
sign of the trace, if it is different from zero. In planar piecewise systems this stability is
reduced to the computation of the Lyapunov constants (see [3]). Furthermore the first
nonzero constant allows us to find bounds for the maximum number of small periodic
orbits which appear from this equilibrium point via a degenerate Hopf bifurcation.

For smooth systems the first nonzero V; occurs for odd j, and the order of a weak focus
O is defined as k if the first nonzero Lyapunov constant is Va1 (see [2] for instance).
But this is not true for piecewise systems, because this first nonzero constant can be any
natural number. In order to investigate the center-focus and cyclicity problems for
we have also to consider the even constants, and the order of a weak focus is defined as

in the following definition.

Definition 1.34. The origin is a weak focus of order k of (1.3) if Vi =Vo=--- =V, =0
and ‘/k_;'_l % 0.

Thus, if we have a weak focus of order k, the displacement function can be expanded

as

d(p, ) = Vi1 o+ Vigop? 2 - -

Remark 1.35. The center problem can be investigated by computing the Lyapunov
constants and finding algebraic equalities satisfied by these coefficients, see more details
in [2]. As indicated in [31), [52], at most & limit cycles bifurcate from a focus of order k of
and this number can be attained. A difference between and a smooth system is
that it is possible to generate k limit cycles only from V;, V5, ... Vi1; while for a smooth

system, Vp, V3, ... Voriy must be used.

According to Remark [1.18] the period function can be defined as T : (0,a) — R*,
where (0,«) is an interval of the semi-axis OY " and for each point (0,p) € R? with
0 < p < a, T(p) gives the time required for the flow of (1.3) to intercept again the

semi-axis OY*. Then, in order to explicitly determine the period function for planar
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piecewise systems with a separation line given by (1.3]), we need to find the two half-
period functions, as follows, associated with the two smooth differential equations that

define them and then consider their sum.

Definition 1.36 ([31]). Consider the planar differential system (1.3)) with a fixed param-
eter A = (A7, A1) e R™.

(i) The function T~ : (0,a) x R — R~, where (0,a) C R is an interval on the
semi-axis OY ", which gives, for each point (0,y) € R? with 0 < y < « and fixed
parameter A\~ € R7, the smallest positive time required to the orbit that passes
through (0,y) at ¢t = 0 to reach the semi-axis OY ~, is called left half-period function
associated to (1.3]).

(ii) The function T+ : (8,0) x R¥ — R*, where (3,0) C R~ is an interval on the
semi-axis OY ~, which gives, for each point (0,y) € R? with 8 < y < 0 and fixed
parameter AT € R*  the smallest positive time required to the orbit that passes
through (0, y) at ¢ = 0 to reach the semi-axis OY ", is called right half-period function
associated to (1.3)).

Hence the period function is defined as (p, \) — T'(p, ), where

T(p,\) =T (p,\7)+ T (I (p, A7), A"). (1.10)

T (I (P X):X)

Yy
-
x
T (pX) \/

Figure 1.6: Period function T'(p, \)

Remark 1.37. Using the fact that the solution of a differential equation is smoothly
dependent on its initial value and by using the Implicit Function Theorem, it can be

proved that II=, ITT, T, and T'" are smooth functions, then IT and T are also smooth.

As in the center problem, the discussion on isochronicity for piecewise systems is more
complicated than those for smooth systems. For example, both systems defined in the two
half-planes can have an isochronous center at the origin, but O may not be an isochronous

center of the piecewise system. The next example can be found in [18].
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Example 1.38. The planar piecewise system given below is non-isochronous

<@m:{fy_ﬁw—%wxﬁyza (111)

—y,x), if y <0,
but the two systems that define it have an isochronous center. In fact, one is the linear
isochronous center and the other is equivalent to the quadratic isochronous center classified
in [I5]. And the period function is either equal to 7 for the system in the lower half-
plane and 4 arctan(p + M) (to be proved in the last equality of equation (3.27)) of
Section for the system in the upper half-plane. Then, the period function is given by
7+ 4arctan(p + /1 + p?), for all p in the domain, then the origin is not an isochronous

center of ((1.11)).

In what follows, we use the symbol f/(p, A) in order to denote the derivative of a given

function f with respect to the first variable p.

Definition 1.39. A p, for which 77(py, \) = 0 is called a critical period. In addition,
if py is a simple zero of T”, that is T" (po, \) # 0, it is called a simple critical period or

hyperbolic critical period.

For each fixed parameter \g = (\y, A¢), the period function (1.10)) can be indicated

as a power series
T(p. ) =27+ 3 T\ (1.12)
j=1

for |p| and |A — Ao| sufficiently small, where Tj(A) € R{\;, Ao,..., A\ }a,, the ring of
convergent power series at Ao, and 7};(\) are known as the period constants of the center.
These period constants are homogeneous polynomials in the parameters of the systems
([29]), and they can be found by the procedure we shall describe and use in Section [3.1]
together with a computer algebra system.

From [21] one can conclude that the period constants for planar quadratic differential
systems are polynomials in the components of the bifurcation parameter A. This is also
true for any planar polynomial system for both period and Lyapunov constants, see for
example [29] or [84]. Furthermore, it is well known that for analytic systems the first
nonzero 1) occurs always for even j and the order of a weak center O is defined as & > 0
if the first nonzero period constant is To;,o. For the piecewise case we will consider the

order of a weak center given by the next definition:

Definition 1.40. The origin is a weak center of finite order k of the system (|1.3)) for the

parameter A = \g if

T'(0, M) = T"(0, X)) = --- = T® (0, \g) = 0, but T*+D(0, \g) # 0,
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where the derivatives are taken with respect to the first variable of T'. If T*+1(0, \g) = 0,

for all k, the origin is a weak center of infinite order.

Note that, if the origin is a weak center of infinite order, we have that T'(p, \g) is
constant for all p, so the origin is an isochronous center. Actually, a consequence of
is the following characterization for isochronicity: the origin is an isochronous center if
and only if 7; = 0, for all j € N. Then, the period constants play the same role when

studying isochronicity as Lyapunov constants when characterizing centers.

1.5 Bifurcation of critical points of the period function

In this section we intend to formalize some definitions and results for the general
piecewise system and show how we study the bifurcation of critical points of the
period function p — T'(p, A) for that piecewise system. That is, roughly speaking, we
deal with the solutions of the equation T'(p,A) = 0, near p = 0, as the parameter A
varies. We basically present here what was done for smooth vector fields in [21] with
some adaptations.

Before the study of the bifurcation of critical points of T', it is worth remembering

here the next two theorems, which are proved in many textbooks, see for instance [96].

Theorem 1.41 (Implicit Function Theorem). Let fi(z1, ..., Zm, Y1,...,yn) (1 <5 <n)

be smooth functions of the variables indicated, such that at O = (0,...,0) we have each
f;(O) = 0 and the matriz J,f = <%(O)> is nonsingular. Then, in some neighbor-

hood of O, there exist unique functions h;(z1,...,xy), with h;(0,...,0) = 0, such that
i@, o Ty Y1y -, yn) = 0, for each j if and only if y; = hj(x), for each j.

In particular, if f(z,y) is such that f(0,0) =0 and 2—5(0, 0) # 0, there exists a unique
function h(x) with h(0) = 0 such that, in some neighborhood of (0,0), f(x,y) = 0 if and
only if y = h(x).

Theorem 1.42 (Weierstrass Preparation Theorem). Let F'(z, \) be an analytic function

with x € R and A € R™ in a neighborhood of the origin. Let k be the smallest natural

number such that

AF(0,0) 9"1F(0,0) 9+ F(0,0)
F = _— = L, 22 4.
(07 O) O? ax O? Y ak_lx 07 akx # O
Then in some neighborhood |x| < €, |A| < § of the point (0,0) the function F(x,\) can be

represented as
Fz, ) = (2" + A (N2 4+ ANz + Ag(V)) (),

where ¢(x, \) is an analytic function not equal to zero in the chosen neighborhood and

Ai(N), ..., Ak(X) are analytic functions for |\| < 4.
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From Theorem [1.42] it follows that the equation F(x,\) = 0, in a sufficiently small
neighborhood of the point (0,0), is equivalent to the equation

o A (V) - AW+ Ag(N) =0,

whose left-hand side is a polynomial with respect to x. Thus, the Weirstrass Preparation
Theorem reduces the study of zeros of an analytic function F(z, A) to the study of the

number of zeros of a polynomial of degree k.

Remark 1.43. By Remark , the period function of (|1.3) is an analytic function, and
sois T"(p, A).

For the analytic function (p, A) — T"(p, A), we write its expansion in series using the
Taylor series of T'in (L.12). Then, near p = 0, T"(p, A) = T1(A\)+212(A\) p+3T3(p, N) p*+- - -,
where each function A — T;(\) is analytic and, for each A, the series is convergent in some
neighborhood of p = 0. Given a point A\g where 77(0, Ag) = 0 (T1(A¢) = 0), we wish to
know how many zeros the function p — T"(p, A) has near p = 0 for perturbations A of A¢.

The bifurcation parameter \g has finite order k if the origin is a weak center of order
k for A = Ay and, consequently, from Definition [1.40] we have T1(\g) = -+ = Ti(Xo) =0
and Tj41(No) # 0, and the parameter A\ has infinite order if the origin is a weak center
of infinite order for A = )\, and then 7;(\g) = 0 for all 4 > 1.

Definition 1.44. Let (pg, \g) be a critical period which arises from a bifurcation of a

weak center. The period T'(pg, Ao) is called a local critical period.

It remains, therefore, to single out what it means that there exist k local critical

periods bifurcating from a weak center of finite order at the origin.

Definition 1.45. Consider the vector field for which the center at the origin cor-
responding to the parameter value )\ is a weak center of order k. We say that k£ local
critical periods bifurcate from the weak center if, for every ¢ > 0, sufficiently small, there
exists a neighborhood W of A\g such that, for any A € W, T'(p, A) has at most k critical
points in U := (0,e). Moreover, any neighborhood W of Ay contains a point A; € W such
that T"(p, A1) = 0 has k solutions in U.

Remark 1.46. It is clear that we are counting only the positive solutions of 7"(p, A) = 0,
because the nontrivial zeros of T" are the positive and negative intersection of the critical

periodic orbit with the y-axis.

Note that the next lemma is an immediate consequence of the Weierstrass Preparation
Theorem (Theorem [1.42)).
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Lemma 1.47. Consider the planar piecewise differential system (1.3) with a weak center
at the origin O, corresponding to a parameter value \g. If the weak center has order k,
then no more than k local critical periods bifurcate from this weak center at the parameter

value Ag.

Proof. If \g is a finite parameter of order k, i.e. the origin is a weak center of order k,
then at most k zeros bifurcate from (0, \g). This is equivalent to the proof for the cyclicity
of limit cycles of finite codimension (see [86]). In this case the period function becomes
T'(p, No) = (k 4+ D)Tri1(Xo)p* + O(p*1), and it follows from Weierstrass Preparation
Theorem that there exist functions U(p, \), with U(0, \g) # 0 and ag(N),...,ax_1(A) in
neighborhoods of (0, Ag) and Ay, respectively, such that

T'(p,\) = Ulp, ) (p’“ + Z%(A)pj)

It follows that the study of zeros of T"(p, A\) = 0 has been changed into the study of the

number of zeros of a polynomial equation of degree k
k-1
PP+ (W) =0,
j=1

and, consequently, it has at most k zeros. Then, the number of critical periods bifurcating

from a weak center of order k is k. O

Remark 1.48. It is worth mentioned that in a piecewise system, we can use the Weier-
strass Preparation Theorem to determine the highest lower bound for criticality, but in
the analytical case the proof has to be performed by using another method, since the ideal
generated by all period constants is equals to the ideal generated only by those period

constants of even orders ([29]).

The case of a weak center of infinite order, i.e. an isochronous center, is much more
delicate and the following remark can be useful for solving the bifurcation problem in a

neighborhood of the isochronous center corresponding to a parameter value A.

Remark 1.49. As the coefficients T () of the period function (1.12)) are in the Noetherian
ring R{A1, A2, ..., A}, of convergent power series at \g, the ideal generated by all the
Taylor coefficients, which we will denote by I, is finitely generated. That is,

k
I=(Ty,....T}) = {Zthj:hl,...,hkE]R[Al,)q,...,)\m]},
j=1

for some k. Then, [ is called the ideal generated by the polynomials Ty, ..., Ty, which

are called generators or basis. For finding such k£ generators, these coefficients are tested
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successively in order to detect if all element of the sequence is already in the ideal generated
by its predecessors. This can be made, for example, by using mathematical algorithms
for checking ideal membership which rely on the computation of a Grobner basis for
the ideal, see more details in [84]. In this case the origin has an isochronous center if
TW=---=1T,=0.

Lemma 1.50. Consider the planar piecewise differential system (1.3) with an isochronous
center at the origin O, corresponding to a parameter value \y. If all the Taylor coefficients
of the function T'(p, \o) are in the ideal (T1,...,Ty) over R{\i, Ao, ..., A\n}x,, then there

are at most k — 1 local critical periods which bifurcate from the isochronous center at \g.

Proof. 1f all the coefficients are generated by (T4, 75, ..., ), the functions T;, for i > k,
are written in terms of the functions in these initial segments, i.e. T; = a;1 11 + apTs +

-+ 4 a; T}, for ¢ > k, and then

k
T'(p, ) =Y T:(Np ™ (1+ ¢(p, V),
i=1
where ¢(0,\) = 0, for i = 0,1,2,..., k. Thus, the bifurcation function behaves as a
polynomial of degree k — 1 near Ay and at most k — 1 zeros near p = 0 bifurcate for values
of A near . O

Then, the problem of bifurcation from a zero is reduced to obtaining the smallest value
k such that the corresponding initial segment (T}, 75, ..., T}) is a basis for the ideal of all
Taylor coefficients for the expansion of the period function (see Remark [1.49)).

Remark 1.51. Note that it is possible to generate k critical periods bifurcating from a
weak center of order k for only by using 711,75, ..., Tk+1. Now, for smooth systems,
Ty, Ty, ..., Topso must be used. This is analogous to the statement made for limit cycles
in Remark [1.35] For example, consider a smooth planar quadratic system. Given a point
Ao for which 77(0, Ag) = 0, the maximum number of critical periods that can bifurcate
from (0, Ag) is 2 using T5(Ao), T4(Ao), and Ti(Ng), see [21]. While for the piecewise system
(L.3), it is enough to use T3 (Ao), To(Ao), and T3(Ag) in order to obtain the same number of
critical periods bifurcating from the origin. Then, it is expected that the piecewise system

can have the double of the number of local critical periods than in the smooth case.

1.6 A result on the criticality of isochronous centers

Since it is not always possible to determine k such that (71,73, ..., T}) is the basis

of all period constants, other techniques for determining the criticality of isochronous
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centers have been developed. In general, these results are based on the results used for
solving the cyclicity problem. That is, fix a class of systems of type (1.3 and determine
the maximum number of limit cycles which bifurcate from the origin under the variation
of the parameters inside this class of systems.

In this section we present the technique that can be used to increase the number of
critical periods with respect to the bounds obtained by linear developments. These results
are introduced in [58] and they are better developed in [54], 5G] for studying cyclicity
in families of centers. Such results were applied in [88] to find the highest number of
critical periods in a class of planar smooth systems of polynomial differential equations
for fixed degree having a center.The authors stated and proved the next results. We judge
convenient to write their proofs here for a better understanding of the proofs of the results
presented in Sections [3.3] and [3.4]

We consider a family of isochronous centers with some parameters, and add a pertur-
bation that keeps the center property. The following proposition shows the structure of

the first order terms of the period constants for a perturbed family of isochronous centers.

Proposition 1.52 ([88]). Consider a polynomial family of isochronous centers parame-
trized by A € RY, for some P € N, and add a polynomial perturbation with coefficients
A € RV, for some N € N, which does not break the center property.

(i) The k-th period constant Ty of the perturbed system is a polynomial on the pertur-

bative parameters of the form
N .
T = g (AN + Oa(Mi, Ao, Aw), (1.13)
j=1
where g,gj)(A) are polynomials in A which are the coefficients of the linear part of

Ty with respect to X and Oy(Ai, Ao, ..., Ay) denotes a sum of monomials of degree

at least 2 on the parameters.

(ii) The matriz of coefficients of linear parts of the first m period constant is the m x m
matriz G,,(A), whose element in position (i, j) is g(j)(A) in (1.13). If det Gn(A)=0

i

and det Gy_1(A) # 0, there exists a linear change of variables such that the first
N — 1 first period constants take the form

Ty = g + Oa(ur, ua, ..., un), (1.14)

for k=1,..., N — 1, where the linear part of Ty, is ug, uy ‘= Ay, and we denote

the higher order terms by Oa(uy, ug, ..., uy).
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(i11) Under the assumptions of (ii), the first N + M period constants for some M € N
can be written as
" ifk=1,... N—1,
T = N=120)( 4 :
doim1 G5 (A + fe-n(Aun + Oz(v,un), ifk=N,...,N+ M,
(1.15)
where v = (vy, ..., vN_1) are new variables, fr_n(A) and g,(j)(A) are the correspond-
ing coefficients of vi, v, ..., Un_1,Un, Which are rational functions in A € R, and

Oy(v,uy) are analytical functions of order two in vy, ..., vn_1,Uy.

Proof. (i) Recall that the period constants are polynomials in the parameters of the
system. Because the parameter A does not break the isochronicity of the system, they
cannot appear isolated, then when considering the power series expansion of the period
constants Ty, its linear part must be a linear combination of the perturbative parameters
A with the coefficients being polynomials in A.

(ii) Consider the system of N equations Z;VZI g,gj ))\j = ug. Then, we can write it as a

system with unknowns A, ... . Ay_1 of the form
dVDN + AW+ o+ VWA = — ¢V (A,
T L (L.16)
AN ) 'A)\ W‘”AA o AN
9N1()1+9 ()2+ +9N—1()N—1 un 9N1()N

By applying the Cramer’s rule to this system, since det G_1(A) # 0, we have that the
system of equations has a unique solution which determines a linear change of
variables that proves . By using this method, it is clear that the coefficients which
define the change of variables are rational functions in A.

(iii) By using ([1.14)) define the new variables vy, vs, ..., vn_1, vy, Where

v = hp(u) = ur + Os(uyq, ..., uy), fork=1...,N—1,

hy(u) := uy (then vy = uy) and u = (uq,...,uy) (note that hx(u) = Tx). We observe
that these new variables are related to the coordinates uy,...,unx_1,uxy by the equation
F =0, where
F(v1,v2, .., UN_1, UN, UL, U, - UN -1, UN) = (Ra(u)—vr, .o Ay g (u) —oy -1, by () —on).
The Jacobian matrix of F' in every (v,0) = (01, 09,...,0n_1,0nN, U1, Uz, ..., Un_1,Upy) 1S
given by
Ohy (4 Oh1_(+ Ohy [+
-1 0 0 gFa( el A B el )
DF(v,u) = dh _: N oh o\ Ohn_1 = [—In|J],
0 -1 0 g};l L(a) ng 1(u) ggNl (1)
0 0 -1 8u]¥ (U) BuN]zl (LI) 8ux ('Ll)
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where Iy denotes the identity matrix N x N and J is the matrix N x N of the partial
derivatives of the h}s. Since uy,...,uy—_1 are independent, then the matrix J has rank N

and the Implicit Function Theorem can be applied to write uq, ..., uy_1 as functions

of v1,...,uny_1, Uy =v1,...,0n_1,uyn. That is,
up = Fp(v1,...,oy_1,un), fork=1,...,N —1, (1.17)
for some real function Fj, and Fy(vy,...,vy_1,uyn) = uy from the uniqueness. Then, by

applying (1.13) from part (i) and (1.14) from part (ii), together with the change given
by ([1.17)), the period constants take the form ((1.15), where g%id(A) and f4(A), for d =
0,...,M and j =1,..., N — 1, are the corresponding coefficients of vy, v9,...,vn_1, un,
respectively, and they are functions of A € R, and each Oy(v,uy) is an analytical
function of order at least two in vy, vo,...,vNn_1,un due to the application of the Implicit

Function Theorem. Then, the statement follows. n

Now we can present the aforementioned results which are useful to obtain a better

lower bound for the local criticality on a parametrized family of isochronous centers.

Theorem 1.53 ([88]). We consider a polynomial family of isochronous centers parame-
trized by A € R?, for some P € N, and a polynomial perturbation with coefficients A € N,
for some N € N, which does not break the center property. We denote by G,,(A) the
m X m matriz as defined in Proposition [1.53.

(i) If there exists A* € RY such that det Gn(A*) # 0, then the linear parts of the first

period constants have rank N and at least N —1 simple critical periods can bifurcate.

(ii) If there exists A* € RY such that det Gy (A*) = 0, det Gy_1(A) # 0, f;(A*) =0, for
i=0,...,M—1, fu(A*) #0 (where fo, ..., fu are those defined in (1.15)) and the
Jacobian determinant satisfies J(A*) := det Jacs,,..f\_ ) (A*) # 0, then M extra
critical pertods can bifurcate, which leads to a total of at least N + M — 1 critical

periods.

Proof. (i) By the hypothesis the matrix of the coefficients of the linear parts of the first N
period constants Gy (A*) has determinant nonzero, and we can apply the results obtained
in Proposition m (ii) to obtain a change of variables of N new independent variables

U1, ..., uy such that the first period constants are written as
,_Ti:’U/i—FOQ(’U/l,...,UN), Z:L,N

Using the Implicit Function Theorem [1.41} it is clear that we can write T; = v;, for

t =1,...,N. Then, the first N coefficients of the period function are independent and
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this implies the existence of a curve, in the parameter space, of weak centers of order N —1,
or the ideal of all Taylor coefficients for the expansion of the period function has at least
N generators (see Remark . By applying Weierstrass Preparation Theorem [1.42] as
described in Section [1.5] at least N — 1 critical periods can bifurcate near such a curve.
(i) About the condition det G_1(A*) # 0, for some A* € R, we can apply Propo-
sition (iii) and write the first N + M period constants as (L.15]). If we consider the

problem in the manifold {v; = vy = -+ = vy_; = 0}, the structure becomes
0, k=1, N—1,

Tk - _ 0o .
S e (fion(A) + 02 [ (Al ), ik = N, N M,

for some functions fél)(A) with d = 0,..., M. As by assumption there exists A* € R”
such that the Jacobian determinant J(A*) # 0, the Implicit Function Theorem guarantees
that in a neighborhood of A = A* and uy = 0, the following change of variables can be

performed in Ty, ..., Tnip—1:
vvr = filA) + ) Ay, if k=0, M~ 1.
=1

As we suppose that f;(A*) =0, fori =0,...,M — 1, but fi(A*) # 0, we rewrite
UNUN+E, ifl{?ZO,...,M—l,

Tnyk = o .
- UN (fM(A*) +> fﬁ?(A*)u%) =:unvnyin, if k= M.

Finally, again by the Implicit Function Theorem, since we have obtained M new indepen-

dent variables, we get the existence of M extra critical periods. O]

The next corollaries tell us that the same conclusion is also valid when the number of

parameters is bigger than or equal to N.

Corollary 1.54 ([88]). We consider a polynomial family of isochronous centers para-
metrized by A € RY, for some P € N, and a polynomial perturbation with coefficients
A € R™, for some m € N where m > N, which does not break the center property. For
each k < m, we denote by Gi(A) the k x k matriz as defined in Proposition . If there
ezists A* € RY such that det GL(A*) # 0, then generically at least k — 1 simple critical

periods bifurcate from the origin.

Proof. The proof is straightforward by following the ideas of the proof of Theorem|[1.53] If
det G (A) is not identically zero, then as it is a polynomial and we have that det Gy (A) #
0, except for a set of zero Lebesgue measure, which implies that the rank of Gy (A) is N

and, therefore, N — 1 critical periods unfold. O
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Corollary 1.55 ([88]). Under the same conditions of Corollary[1.54} if there exists A* €
R” such that det Gy (A*) =0, det Gj_1(A*) #£ 0, f;(A*) =0, fori =0,...,1—-1, fi,(A*) #£0
(where fo,..., fi are those defined in an analogous way as in Proposition [1.59(iti)) and
the Jacobian determinant satisfies J(A*) := det Jacs,,... 5, ,)(A*) # 0, then I extra critical

periods can bifurcate, which leads to a total of k + 1 — 1 critical periods.

Remark 1.56. We can restrict the analysis to a representative system of family ((1.3)).



CHAPTER 2

Period function for a family of planar
piecewise Hamiltonian systems

In this chapter we obtain the period function of the center at the origin for the family of

planar piecewise continuous Hamiltonian systems of ordinary differential equations given

by

. (y,—x —az®), if x <0,
(fv,y)z{( b i (2.1)
y,—x — bx?), if £ >0,
associated to the Hamiltonian function
1 1
§y2+§x2+%$4, ifyeR, <0,
§y2+§x2+1$4, ifyeR, x>0,
with potential energy
I, a, .
§x —i—Zx ,ifyeR, <0,
V(z) = ) (2.3)

b
§x2+1x4, ifyeR, x>0,

where a and b are real numbers. The main tool used is the Picard—Fuchs equations for
algebraic curves that has been used in the study of the period function for smooth vector

field by many authors, see, for example, Chow and Sanders [23].

Remark 2.1. There exists functions that can be written as the integrals of a form over
a basis of cycles, called period integrals. Such functions satisfy a differential equation
known as Picard—Fuchs equation. In the simplest cases such equations has degree two
and the quotient of the derivative of these functions and themselves satisfies a first-order

ordinary differential equation that is quadratic in the unknown function, i.e. an equation

35
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of the form y/(z) = qo(z) + q1(x)y(z) + q2(x)y?(z), where ¢ is nonzero, called Riccati

equation.

It is clear that system is integrable with the piecewise Hamiltonian function ([2.2)
that is known as its piecewise first integral. In other words, the solutions of system (2.1
are contained in the level curves of . Furthermore, according to Example m,
HT(z,y) = y?/2 +22/2 + ax*/4, H (z,y) = y*/2 + 2%/2 + bx' /4, and then HT(0,y) =
H=(0,y), i.e. the level curves of H* and H~ intersect on the y-axis at the same points.
Therefore, from Proposition the system has a center at the origin.

Because the vector fields are continuous, it is not necessary to consider the classical
definition of Filippov vector fields (see Section . We remark that there is no sliding
or escaping segments, only crossing points.

Our strategy is to use the symmetries of the piecewise Hamiltonian system to
define its period function as a linear combination of the period functions for the right-
system and the left-system. Then, to carry out a study of the period function of , first
of all we need to know the behavior of the period function for the smooth Hamiltonian

systems that define such a family.

2.1 Analysis of the smooth planar Hamiltonian system

In this section we make an analysis of the potential system associated to the Hamil-

tonian function

2 2 4
Y x kx
H =4+ —4 — 2.4
which has potential energy
22 kat
=— 4+ — 2.
Vi) =T+ (2.5
given by
T =Y,
2.6
{y’ = —x — ka?. (2:6)

It is clear that due to a rescaling and a linear change of variables we can consider that
k=1if k>0o0r k= —1,if £ <0. In the case k = 1, the origin is a global center, and
if k = —1, the origin is a local center and there exist two saddle points located at (—1,0)
and (1,0) with a heteroclinic connection between them, as it can be seeing in Figure .

In both cases the origin is a center and there exists only one annular region foliated
by periodic orbits called period annulus, denoted by P, and its boundary by 9P (see
Definition .

It is clear that system (2.6]) is integrable with the Hamiltonian function known
as its first integral. Note that H(0,0) = 0 and that the system has a nondegenerate
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\
T

k=1 k=-1

Figure 2.1: Phase portraits for family (2.6) and graphic of V' in (2.5) for £k =1, —1

center at the origin. We can show that H(z) # 0 for every point z € P different from
the origin ([48]). Thus we shall assume, without loss of generality, that H(z) > 0 for all
z € P\ {(0,0)}. In this case H(P) = [0, ho), where hy € Rt U {oc} is the level curve of
the Hamiltonian that contains 0P. Moreover, if Ay < oo then P is bounded, otherwise P
is the whole plane and the center is global.

In addition one can prove that the set of all the periodic orbits in the period annulus
can be parametrized by the energy (see [30], for instance). More generally, if the system
is Hamiltonian, the parameter h that parametrize the continuum of periodic orbits of the
system is taken to be its energy. Thus, for each h € (0, hg), we denote the periodic orbit
in P of energy level h by

= {(z,y) €R®: H(w,y) = h}, (2.7)

where H is the Hamiltonian ([2.4)) and the corresponding period function which assigns to
each value of the parameter h € (0, hg) the period of the corresponding periodic orbit 7,

by T(h).
7N
\Jmh) x

Figure 2.2: Periodic orbit v
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The period function T : [0,ho) — RT associated to the Hamiltonian system can be

computed by means of

x T (h) xt(h)
)= [ 2/ d - 4/ do . (2.8)
w Y z=(h) \/Qh—xz—/{?$4/2 0 \/Qh—x2—kx4/2

for each h € (0, hg), where x~(h) and x*(h) are the intersection points of ~y, with the

z-axis. Obviously, by the symmetry, we get 27 (h) = —z~(h) and the last equality holds.
Clearly, T'(h) is an analytic function on (0, hg) and, since the center is nondegenerate, it
is well known that it can be extended analytically to h = 0 (see [94]). Therefore, T'(h) is
defined in [0, hy).

Remark 2.2. Due to the form of the period function (2.8) we can say that it depends

on k and it would be natural to denote it by Tj(h). However, for simplicity we only write

T(h).

Our goal is to study the monotonicity of the period function T'(h) defined in ([2.8)).
For this, we use that it satisfies a second order Picard—Fuchs equation that will be given
in Lemma [2.3] and z(h) = T"(h)/T(h) satisfies a Riccati equation, as it will be shown in

Corollary [2.4] (see Remark [2.1).

Lemma 2.3. If T'(h) is the period function defined in (2.8) then it satisfies the following

homogeneous second order differential equation
Ah(4kh + D)T"(h) + 4(8kh + 1)T'(h) + 3kT(h) = 0, (2.9)
for all h € [0, hy).

Proof. In this case the Hamiltonian function is (2.4) and ~;, is as in (2.7). First we
define the expression I;(h) = f,yh 2ydx, for j = 0,1,2,..., and we proceed closely as the
procedure developed in [39].

Since I;(h) = f7 2 dx, we get

h Y

302 I (2h — 22 — Et
Ij(h):/ vy da;:/ Gl Gl L P (2.10)
Yh Th

k
= ZhIg/'(h) - IJ/'+2(h) - §]y/'+4(h)'

Differentiating the expression y?/2 + 2%/2 + ka* /4 = h with respect to the variable

we have ydy + (z + kx3)dx = 0. Using such an expression and integrating by parts, we
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have

; Yy i+1 1 i+1
I-(h):/ :)ﬂyd:v:/ ——da? " :—,—/ 2! dy
’ Th w1 J+1Js,

1 Lt (x—i—kx?’) i
J+1 y

1 232 4 ki tt
_j+1/ y

- - i (1o (h) + KTy (b)), (2.11)

dx

By using equation (2.11)) we remove I7,,(h) of (2.10) and we obtain
G+ 3)1,(h) = 4RI}(R) — ILy(h) (2.12)

Taking j = 0,1,2 in expression ([2.12)), we have:

31o(h) = 4hIy(h) — I5(h),
AL () = 4RI,(R) — L(R), (2.13)
515(h) = 4hI3(h) — I3 (h).
)

Note that along v;, we have y?dy + (z + kz?)ydx = 0, hence
0= / (z + kx®)ydr = I, (h) + kI3(h). (2.14)
Th

Using the derivative of (2.14)) and (2.11)) with j = 0 we remove I} and I}, from (2.13)),
and we finally obtain

3Iy(h) = 4RI} (h) — I4(h), (2.15)
ALy (h) = 4RI,(h) + (1/K)I,(h), (2.16)
(1/k)Io(h) + 5I,(h) = 4hI4(h) + (1/k)I4(R). (2.17)

We note that I; and I] do not appear in (2.15)) or (2.17). By eliminating (2.16) we

consider the equation

(z g)<2>:(40h 41:%)(52)- (2.18)

Differentiating (2.18)), we get

—4h 1 I\ (10 I
0 4h+1 )\ :1 L)

Then, we obtain the Picard—Fuchs equation for the algebraic curve y? = 2h—2%—kz*/2

given by
I(h) = %(4h[’(h) —I(h)), (2.19)
(h) = % < 4:1/(h) - 4hf;<h)). (2.20)
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where ¢ = —4h(4kh +1)/k.
By using and (2.20) we have I3(h) and I)(h) as functions of Io(h) and its
derivatives. leferentlatmg again and replacing I5(h) and I5(h) by the expressions

previously found, after some simpliﬁcations, we obtain
Ah(4kh + 1) I (h) + 4(8kh + 1) I/ () + 3kI,(h) = 0.

Note that this proves ([2.9)) since I};(h) = T'(h) (see equation (2.8))). Thus I(/(h) = T"(h)
and 153)(h) =T"(h), and the lemma is proved. O

Following the ideas presented in [53] we have the next corollary.

Corollary 2.4. Let T'(h) be the function that satisfies (2.9). Then the function x(h)
defined by T'(h)/T (h) verifies the Riccati equation

4h(4kh + 1)z’ (h) + 4h(4kh + 1)2*(h) + 4(8kh + 1)x(h) + 3k = 0, (2.21)
for all h € [0, hy).

Proof. As T'(h) > 0, for all h € [0, hy), the function z(h) takes only finite values and
through direct calculations replacing z(h) = T'(h)/T(h) and using equation (2.9) we can

prove equation ([2.21). O

Lemma 2.5. Consider the period function T(h) given in (2.8)), for h € [0,hg). Then,
T(0) =2m, T'(0) = —3kw/2, and

3k7rh n 105k> B2 1155k

T(h) = 27 —
(h) = 27 32 128

h? + O(h*) (2.22)
1s the Taylor series of T around h = 0.
Proof. We write system (2.6 in polar coordinates x = r cosf, y = rsinf and we get

7 = krdsinfcos®0 =: R(r,0), (2.23)
0 =1+ kr?cos* =: O(r,0). (2.24)

Moreover, the ratio rp(#) of -y, given by (2.7) is the unique solution of

dr  R(r,0)

o~ O(r,0)’

(r0,0), where 7o is the smaller positive root of

with initial condition (r,8) = (x*(h),0) :=
To +Z°O: ;(0)r]. Substituting this last expression into

2?2+ kx*/4 = h. Then, r,(0) =
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equation ([2.24) we obtain an equation of the form df /dt = 1+ 322 V;(6)r) = ©(r1,(0),6)
and then dt = df/O(ry(0),0) and we can compute the period of -y, by
27

T(0h) = Tr(0) = | W(w —2n+ Y 5,(0)r (2.25)

therefore T'(0) = 27. Every series converges for 0 < 6 < 27 and sufficiently small ry > 0.
If kK =0, then

27
T(h) :/ o = 2r,
0

for all A from the above expression and, hence, the center is isochronous.

Now, for k # 0 we can determine the values of 7 (h) by using the Picard-Fuchs
equation (2.9). In fact, considering h = 0 in we obtain 7(0) = —3kn/2. Taking
now the derivative of :

(16kh? 4 4R)T® (h) + (64kh 4+ 8)T"(R) + 35kT"(h) = 0, (2.26)

and by replacing h = 0 and T7(0) we can show that 7”(0) = 105k?r/16. Differentiating

equation ([2.26)) we have
(16kR> + 4h)TW(h) 4 (96kh + 12)T® () 4+ 99KT" (h) = 0, (2.27)

and then by replacing h = 0 and 7"(0) in equation (2.27), we obtain T®)(0) =
—3465k37/64. We could continue this inductive procedure to determine all the higher
order derivatives.

Therefore, we can write the Taylor series by T'(h) = 27 + Z;; c;h/ where ¢; =

T@(0)/5! and we obtain (2.22)). O

Lemma 2.6. Assume that k > 0 in system (2.6|) and its period function T'(h) is given by
(2.8). Then, T'(h) goes to 0 as h tends to +oc.

Proof. We can assume, without loss of generality, that £ = 1 and that (2.6)) can be written

in polar coordinates, as the system given by (2.23)) and (2.24]). From the expression ([2.24])

we have that

1
O(r,0) > 1, for any (r,0), consequently 800) <1. (2.28)

Note also that the distance of ~; to the origin tends to infinity as h — oo. The proof
of Lemma [2.5| gives us a parametrization of the radius with respect to the angle for any
h, denoted by r(0), and that we can compute the period of 7,, for each h, by means of
. On the other hand, note that, since r(6,h) — 0o as h — oo, for each 6,

T
1 1, if 0 = £—,
lim = { ' 2

h—o0 @(T(e, h),@) (229)

0, otherwise.
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Therefore, by using ([2.28]), we can apply the Dominate Convergence Theorem and assert
that limy,_., T'(h) = 0. n

Aiming to make the complete study on the monotonicity of the period function T'(h),
instead of the Riccati equation ([2.21)), we study the global phase portrait of the equiv-
alent autonomous differential system on the plane. For this system, the phase curve
(h,z(h)) = (h,T'(h)/T(h)) has the following fundamental geometric property: suppose
that for h = h the periodic solution 7;, vanishes. Then, lim, ,; T7"(h)/T(h) = & # o0,
the equilibrium point (h, ) is a saddle and the curve (h, z(h)) is a separatrix solution of
(iL, z). Consequently, after determining this phase curve and the isoclines we can obtain
the behavior of 7"(h) and 7" (h). This is done in a similar way to the one carried out in
53, 69.

Lemma 2.7. Consider the period function T (h) given in (2.8)). Thus, if k =0, then T'(h)
1s constant, if k < 0, then it is monotonous increasing, and if k > 0, then it is monotonous

decreasing. Moreover, for k # 0, we have that T'(h) is monotonous increasing, i.e.
T"(h) > 0, for all h € [0, hy).

Proof. If k = 0, by the proof of Lemma [2.5] T'(h) = 27 for all h.
For the other cases we can define x(h) = T"(h)/T (h) which verifies the Riccati equation
[2:21)), for all h € [0, hg), by Corollary 2.4 Instead of this equation we study an equivalent

autonomous differential system on the plane, namely

{ h = —4h(4kh + 1), (2.30)

i = 4h(4kh + 1)a® 4+ 4(8kh + 1)z + 3k,

where the dot means the derivative with respect to time (i.e. d/dt).

The roots of —4h(4kh + 1) = 0 are h = 0 and h = —1/(4k), and they correspond
to invariant vertical straight lines on the (h,z)-plane. Moreover, py = (0,—3k/4) and
p1 = (—1/(4k), 3k /4) are equilibrium points of system for each k. The linear parts

of the vector fields at pg and at p; are

(-4 o>and<4 0)
L gk -4 )

respectively. Therefore, they are hyperbolic saddles whose eigenvectors are (1,87k?/32)
and (0, 1), respectively.

Remember that, for the analytical case, it is sufficient to consider k = —1, for £ < 0,
and k = 1, for k > 0. We reproduce here all the computations for both cases, although
the proof follows closely.

Now we describe the idea of the proof. First we show that the graphic of z(h) coincides

with a separatrix of the saddle pg. We denote such a separatrix by I' and we represent it
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in Figures[2.3]and [2.4] by the dotted line. Then, we identify the horizontal isoclines P; and
Q); of and we analyze the behavior of the vector field in the regions bordered by
them. First, for kK = —1, due to the fact that I' reaches the saddle point with a slope less
than the one of ()1 and due to the behavior of the vector field in the regions determined
by P, and @4, it follows that I' is as on the right in Figure 2.3] Performing a similar
analysis for k = 1, now for P, and (), we can only guarantee that I' is below P,. So, to
prove that I" is in the region between P, and Q, as represented on the right of Figure [2.4]
we must find a special curve. Then, it is possible to determine the sign of the derivative
of the period function in both cases.

Finally, for the proof of the second statement, it is enough to prove that x’'(h) > 0, for
all h € [0, hy), since from Lemma 2.5, 77(0) = 105k7/16 > 0, and we have the following

equivalences

T"(h)T(h) — (T'(h))? (T"(h))
'(h) >0 0< T"(h 0
2'(h) >0<& ()2 >0<T"(h) > () > 0,
that is 2’'(h) > 0 if and only if 7”(h) > 0.
Case k = —1: In this case the Hamiltonian differential system associated to the

Hamiltonian function has only the period annulus of the center at the origin, which
is bounded (see Figure 2.1). Moreover, T'(h) is defined for h € [0,ho), where hy =
—1/(4k) = 1/4. Then, T'(h) — oo, as h — 1/4, and this implies that 7"(h) assumes
positive values as h — 1/4.

Since k = —1, the invariant vertical straight lines of are h = 0 and h = 1/4,
and the equilibrium points are saddles at py = (0,3/4) and p, = (1/4, —3/4).

Consider the vertical strip U = {(h,x) : 0 < h < 1/4, > 0} and notice that there
exists a unique orbit, here denoted by T, lying in Int(i/) and having the saddle p, as
an w-limit point, that is I' is the stable separatrix of py and it is drawn on the right in
Figure with dashed line.

We claim that the graphic of z(h) coincides with the stable separatrix I'. In fact,
first by using the Taylor series obtained in Lemma we have that the curve z(h) =
T'(h)/T(h), for h € (0,hy) = (0,1/4), is an integral curve of system that tends to
3/4 as h — 0 and this value is the z-component of py. Then, the statement follows from

the uniqueness of solutions.

Now we can show that 7"(h) > 0 and 2’(h) > 0, for all h € [0,1/4).

For h = 0, we have that 2/(0) = 87/32 (this is simply obtained by computing the slope
of the eigenspace at the saddle py). Now, consider the second equation in equals

to 0, then we obtain the points where the vector field is horizontal. This equation defines
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Figure 2.3: Curves P; (blue) and () (purple) and relative position of T’

two curves given by

_ —8h+1++/52h% —13h +1
B h(4h — 1)

_ 8h+1—+522 —13h 1 1

and Ql (h) = s

Bi(h) h(4h —1)

whose connected components are graphics of functions in A. The curve P, is drawn in
blue and @)y is drawn in purple in Figure 2.3l The vector field is transversal to P; and
Q1

We now study the position of P; and (); with respect to I'. The curves P; and ),
divide the vertical strip U into two regions where the vector field points upwards on the
top and points downwards on the bottom region (see Figure .

At pg, the slope of the tangent line to () is equal to 87/16, which is bigger than
the slope 2/(0) = 87/32 of T" at the same point. Then, in a neighborhood of py, the
separatrix I" is below @);. Since the vector field is transversal to ()1 and directed to the
left, the orbit I' is not allowed to intersect ;1 for t — —oo and the orbit I' is always
below ;. Moreover, I' is above the h-axis since the vector field points downwards on
(0,1/4) x {0}, because the second component of the vector field is constant and it is equal
to —3. Therefore, the graphic of z(h), which is the orbit I', is entirely located in ¢. This
implies that x(h) = T"(h)/T(h) > 0, then T"(h) > 0, for all h € [0,1/4). We also have
that 2/(h) = (dz/dt)/(dh/dt) > 0, since dx/dt < 0 in the region below @) in the vertical
strip U and dh/dt < 0 for all h € (0,1/4).

Case k = 1: We already know that in this case the planar Hamiltonian differential
system associated to the Hamiltonian function has only the period annulus of
the center at the origin, which is global (see Figure . Moreover, the corresponding
period function is defined for h € [0, c0).

Since k = 1, the invariant vertical straight lines of are h = 0 and h = —1/4,
and the equilibrium points are saddles at py = (0, —3/4) and p; = (—1/4,3/4).
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Consider the half-plane & = {(h,z) : h > 0} and notice that there exists a unique
orbit, here denoted by T', lying in Int(l/) and having the saddle py as an w-limit point,
that is I' is the stable separatrix of pg and is drawn on the right in Figure with dashed

line.

-3 -2 -1 0 1 2 3

h

Figure 2.4: Curves P, (blue) and @), (purple) and relative position of T’

We claim that the graphic of x(h) coincides with stable separatrix I'. In fact, first by
using the Taylor series obtained in Lemma 2.5, we have that the curve z(h) = T"(h) /T (h),
for h € (0,00), is a integral curve of system that tends to —3/4 as h — 0 and this
value is the z-component of py. Then, the statement follows from the uniqueness of
solutions.

Now we can show that 7"(h) < 0 and z'(h) > 0, for all h € [0, 00).

For h = 0, we have that 2/(0) = 87/32 (this is simply obtained by computing the slope
of the eigenspace at the saddle py). Now, consider the second equation in equals
to 0, then we obtain the points where the vector field is horizontal. This equation defines

two curves given by

—8h —1+4++/52h2 4+ 13h + 1 —8h —1—+/52h2 4+ 13h + 1
Ba(h) = 2h(1 + 4h) and - Qa(h) = 2h(1 + 4h) ’

whose connected components are graphics of functions in h. The curve P is drawn in
blue and @) is drawn in purple in Figure [2.4] The vector field is transversal to P, and Q-
and directed to the left.

We now study the position of P, and (); with respect to I'. The curves P, and ()
divide the half-plane U into three regions where the vector field points upwards on the top
and on the bottom regions and it points downwards on the middle region (see Figure .
At po, the slope of the tangent line to P, is equal to 87/16, which is bigger than the slope
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2'(0) = 87/32 of " at the same point. Then, in a neighborhood of py, the separatrix I is
below P,. Since the vector field is transversal to P, and directed to the left, the orbit I'
is not allowed to intersect P, again for ¢ — —oo. The orbit I is then entirely located in
U, below Ps.

Proving that I is above the curve ()2 requires a more accurate analysis. Some calcu-
lations show that

lim Py(h) = —3/4, lim Py(h) =0, lim @Qs(h) = —oo, and lim Qs(h) = 0.
h—o0 h—07t

h—0+ h—o0

Now notice that any convex combination
Rs(h> = SPQ(h) + (1 - S)QQ(h‘)a

with s € [0, 1], is a curve that has the following properties: R4(h) is monotonous increas-
ing, Q2(h) < Rs(h) < Py(h) for all h € [0, 00),

lim Rs(h) =0, and lim R4(h) = —o0.

h—so0 h—0t

There exists a value s* € [0, 1] such that the curve I' is in the region between the curves
Ry and Py, so that we can conclude that I" is above the curve Q5. In fact, taking s* = 7/8,
then Ry (h) = TPy(h)/8 4+ Q2(h)/8. Therefore, the graphic of Ry is the zero level curve

of the function

F(h,z) = 2zh(4h + 1) +8h + 1 — 3v/52h2 + 13h + 1/4,

ie. (h,Rg(h)) :=={(h,x): F(h,z) = 0}.

In the region near the saddle point py, the curve R is below I' since z(0) = —3/4,
limy, o1 Rs«(h) = —o0, and R, is monotonous increasing. Moreover, by solving the
equation Ry« (h) = —3/4, it follows that the curve Ry intersects the line x = —3/4 at the
point (1/3,—3/4).

Note that the gradient of F' is given by

VF = (20(4h+ 1) + 8oh + 8 — 3(104h + 13) /(8v/52h7 + 130 + 1), 2h(4h + 1) ),

and it is always orthogonal to R, and it is directed upwards. Since

5

' 1)(52h% + 13h + 2
(VF, (h,:t)>\po=§(132h2+33h+5)—3(8h+ )(52h° + 13h +2)

2v/52h2 +13h + 1

is always negative in h € (1/3,00), because evaluating this scalar product at h = 1
we get v/66(4251/66/8 — 1809/4)/33 < 0, and since the polynomial that is obtained by

eliminating the root by squaring has no roots in the interval (1/3,00), then the angle
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Figure 2.5: Region negatively invariant in gray and curve R in red

formed by VF and (h, &) is greater than 7 /2, for all h € (1/3,00). So the behavior of the
vector field along the curve Ry« is as presented in Figure .

Then, the region in gray on the left in Figure is a trapping region (negatively
invariant set) for the system , i.e. solutions that start inside this region (including
on its boundary) stay inside of it, for all negative times. Thus, the curve I' remains above
the curve Ry« for all h € [0, 00), implying that T is above Q5.

Therefore, the graphic of x is located below the h-axis, between P, and Q5. Since
it is below P, the second component 7"(h)/T(h) < 0, for all h, so T'(h) < 0, for all
h € [0,00). Moreover, this implies that a'(h) = (dz/dt)/(dh/dt) > 0, since dz/dt < 0 in
the region between Py and @3 and dh/dt < 0 for all h € [0, 00). O

2.2 Phase portraits

This section is devoted to determine all topologically different phase portraits for
system . The key point of this section is the well-known behavior of the continuous
case studied in Section 2.1]

Remember that P and 9P denote the period annulus and its boundary, respectively,
as in Definition[1.15] In this case, we can also assume that H(z) > 0 for all z € P\ {(0,0)}
and H(P) = [0, ho), where hq is the level curve of the Hamiltonian that contains
JP.

The next result states that there exist four topologically different phase portraits for
system , but only three different period annuli, and they are called, respectively,
global center, saddle loop, and two saddle cycle, see Figure [2.6]
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Figure 2.6: Phase portraits for family (2.1) and graphic of V' in ([2.3)

Proposition 2.8. System (2.1) has a center at the origin and the following statements
hold:

(i) Fora >0 andb >0, it has only one equilibrium point at the origin which is a global

center (i.e. hy = 00).

(ii) For a > 0 and b < 0 ora < 0 and b > 0, it has two equilibrium points, which

are a center and a saddle, and OP is a finite homoclinic connection in hy =

max{—1/(4a), —1/(4b)}.

(iii) For a < 0, b < 0 and a # b, it has three equilibrium points, which are a center

and two saddles, and OP is a finite homoclinic connection in hg = min{—1/(4a),

—~1/(4b)}.

(iv) Fora <0,b<0 and a =0, it has three equilibrium points, which are a center and
two saddle, and OP is a finite heteroclinic connection in hg = —1/(4a) = —1/(4b).

The phase portraits for each item (i) to (iv) are topologically equivalent, respectively, to
those ones presented in Figure[2.0.

Proof. We have that family has a center at the origin from Proposition or
even by Proposition [1.27], since their solutions are invariant with respect to the change of
variables (x,y,t) = (—z,y,—t) and H=(0,y) = H*(0,y).

Before we consider the case-by-case study, we describe the critical levels of the Hamil-

tonian function ([2.2]).
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In order to determine hy we study the graphic of V= (z) = 2%?/2 + az*/4 for z < 0 and
VT (z) = 2%/2 + baz* /4 for z > 0, as it was done in [69] and from equation ([2.3) we write

vo- {1 sy 2

We have that the critical levels of for x < 0 (resp. « > 0) are the positive zeros
of the discriminant of V= (z) — h (resp. VT (x) — h) with respect to z, that is, the common
solutions of (V™) (x) = 0 and V~(2) = h (resp. (V) (x) =0 and VT (z) = h). As we
have that such discriminants are equal to —ah(1+4ah)?/4 for V= and —bh(1+4bh)? /4 for
V| the union of the zeros of the two discriminants is {0} if @ and b are zeros, {0,h~, ht},
where h~ = —1/(4a) and h* = —1/(4b), if a and b are nonzero, {0,h"} if a = 0 or {0,h™}
if b= 0.

To completely analyze family , we study five different cases in terms of the signs of
the parameters a and b. The first three cases are those ones when the two parameters have
the same signs and the last two cases correspond to the cases when the two parameters

have different signs.

Case 1. For a > 0 and b > 0: Note first that in this case both systems of the form
associated to the Hamiltonian function given by with k& = a for the left half-
plane and with & = b for the right half-plane have a global center at the origin.
Then the piecewise system also has a global center at the origin and the graphic of
V' and the phase portrait are represented by (7) in Figure

Case 2. For a < 0,b <0 and |a| # |b|: In this case the Hamiltonian function given by
with & = a (resp. k = b) is a first integral of system in the left (resp. right)
half-plane, then there exists one saddle for z < 0 (resp. > 0) in the level A~ (resp.
h*) and a center at the origin. Since |a| # |b|, h~ # h' are two positive values
and then hy = min{h~, h*}. Therefore 9P which is contained in hg has one saddle
with a finite homoclinic connection. The graphic of V' and the phase portrait are
represented by (7i7) in Figure

Case 3. For a < 0,b < 0 and |a| = |b|: In this case the Hamiltonian function given by
with k& = a (resp. k = b) is a first integral of system in the left (resp. right)
half-plane, then there exists one saddle for x < 0 (resp. = > 0) at the level h~
(resp. h*) and a center at the origin. Since |a| = |b| then hg = h~ = h™. Therefore
system has two saddles with a finite heteroclinic connection between them
at level hg. The graphic of V' and the phase portrait are represented by (iv) in
Figure [2.0]
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Case 4. For a < 0 and b > 0: In this case the Hamiltonian function given by with
k = a (resp. k =) is a first integral of system in the left (resp. right) half-
plane. Then there exist a center at the origin and a saddle at the level h~ for z < 0
and only a center at the origin for x > 0. Therefore, there exists a positive value

ho = max{h~,h"}. The graphic of V' and the phase portrait are represented by (i)
in Figure [2.6]

Case 5. For a > 0 and b < 0: This case can be obtained by the previous one by using the
change of variables (z,y,t) — (—x,y, —t).

]

It is clear that Case 1 corresponds to item (i) in Proposition , Case 2 corresponds
to item (i7i), Case 3 to item (iv), and Cases 4 and 5 to item (ii). Moreover, for each case
we can define only one period function, since in all of them there exists just one region

which is entirely covered by periodic orbits.

2.3 Period function and its oscillations

Similarly as what is done in the continuous case, in piecewise Hamiltonian systems
the periodic orbits in the period annulus can be parametrized by the energy. For each
h € [0, hg), we denote by ~, the set of points in R? that verifies H(x,y) = h, where H
is defined by (see Figure . The period function that associates each v, to its

minimum period is also denoted by T'(h).

(]
T\

Figure 2.7: Orbit ~;

O

Note that system is reversible with respect to both z-axis and y-axis (double
symmetry). In fact, using the transformation (z,y,t) — (—x, —y,t) we obtain this double
symmetry and, therefore, from the expression of the period function of the continuous case
in (2.8) we can conclude that the period function of system (2.1)) is described as in the

next lemma.
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Lemma 2.9. The period function of system (2.1)) defined in [0, ho) is given by

T(h) = L (Tu(h) + To(h). (2.3

where Ty (h) is given by (2.8) (see Remark[2.9).

As we have that T"(h) = (T.(h) + Ty(h))/2 and T"(h) = (T (k) + T}/ (h))/2, from
Lemmas [2.5) and [2.7 we obtain the following result.
Lemma 2.10. Consider the period function T(h) given in (2.32). Then T(0) = 2,
T'(0) = =3m(a+b)/4, and T"(h) > 0 for all h € [0, ho).

Although we do not use this fact, in what follows we want to highlight that if we have
two functions such that each of them verifies a Picard-Fuchs equation, then the sum of

these two functions also verifies a Picard—Fuchs equation, but of a higher order.

Lemma 2.11. Consider two functions 6 and o that satisfy the following Picard—Fuchs

equations, respectively,
Py(h)d"(h) + Pi(h)d'(h) + Py(h)d(h) =0, (2.33)
Qa(h)o" (h) + Q1(h)a’(h) + Qo(h)o(h) = 0. (2.34)
Then we have that the sum T = 6 + o verifies a fourth order Picard—Fuchs equation.
Proof. By the identity 7 = § + o we have
o=T1—0, o=7-7, o' =71"-4". (2.35)
We replace the values of o, ¢/, and ¢” obtained in in (2.34). Then we replace
" by the expression —(Pi(h)d'(h) + Py(h)d(h))/Ps(h) found by means of and we

have
(Q(h)Pu(h) = Qi (W) P(R) )3 () + (Qa(R)Polh) = Qo(R) Pa(R) ) (1)

+Qa(h)Pe(h)T"(h) + Q1(h) Pe(h)T'(h) + Qo(h) Pe(h)T(h) = 0.
We differentiate expression (2.36)) and replace ¢” by the expression previously found

(2.36)

and we obtain the next combination of 7 (and its derivatives up to order three), 8, and &’
(— @RI Pa(R) = QiR PYR) + Qi (B)P(R) = Qolh)Pa()
+P(M)Qa() = Pi(h)*Qa(k)/Pa(h) + Pi(R)Q4(R) + Po(h)Qa(h) ) &'(h)
+(Qu(R) Po(h) = Q4R Pa() = QolR)PY(R) = Pi(h) Po(1)Qa () Pa(h)
+P)(h)Qs(h) + Po(h)Q4(R) )d(h) + Po(h)Qa(h)T®) (R) (2.37)
+(Qu) Pah) + Pa(n)Q4(h) + Qa(R) Py(h >)r"<h>
+(Qok)Pa() + Q4 () Pa(h) + Qs () Pi(h >)T'<h>
+(Qo(h) o) + Qo(R) Py(h) ) () =
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With equations and by solving as if they were a system of linear equations
on the variables § and ¢’, we can determine 6, ¢, and ¢” only in function of 7 and its
derivatives. Differentiating again equation and replacing ¢”, ¢’, and 0 by these
expressions we obtain a new equation as a combination of 7 (and its derivatives up to
order four). Then we have that the sum 7 verifies a fourth order Picard—Fuchs equation.

We do not show the mentioned equation due to its size. O

By Lemmas [2.3| and the period function T'(h) defined in ([2.32]) verifies the follow-

ing result.

Corollary 2.12. IfT'(h) is the period function of then Py(R)T™ (h)+Ps(h)T® (h)+
Py(h)T"(h) + Py (h)T'(h) + PyT'(h) = 0 for all h € [0, hy), where

Py(h) = 16h*(256a3bh* + 64a*(a + 3b)h® + 48a(a + b)h? + 4(3a + b)h + 1),

P3(h) = 8h(3584a®bh* + 32(19a + 75b)a*h® + 48(8a + 11b)ah® + 2(39a + 19b)h + 5),
Py(h) = 41472a30h* + 64(61a + 385b)a*h® 4+ 16(127a + 284b)ah? + 4(7T1la + 61b)h + 5,
Py(h) = 8448a3bh3 + 4(T1a + 61b)a*h? + 88(a + 7b)ah + 11(a + b),

Py(h) = 528a3bh? + 264a2bh + 33ab.

As Proposition made clear how the domain of the period function is, the following
result gives us information about the monotonicity and the existence of oscillations of

such a function.

Theorem 2.13. The period function of system (2.1)) defined in [0, ho) satisfies the fol-

lowing conditions:
(i) For a=b=0 it is constant.
(i) For a >0 and b > 0, not simultaneously zero, it is monotonous decreasing.

(i11) For a < 0 and b < 0, or ab < 0 with |min{a,b}| > max{a, b}, it is monotonous

INCTeasing.

(v) For ab < 0 with |min{a, b}| < max{a, b}, has one simple critical period, which is a

minimum point.

Proof. First, if a = 0 and b = 0 then the center is isochronous, 7' is constant and it is
equal to 2m.

As a matter of fact, we can further reduce the number of parameters by one. In other
words, we can assume that there is only one free parameter. To achieve this, as we have

that b # 0, we use the following rescaling in system ([2.1):

T = AT, y — Ay,
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for X\ # 0, to obtain a new family given by

(y, —T — %x?’), if x <0,

(y, —r — %x?’), if v > 0.

Hence, when b > 0, we consider A = v/b and we get the following equivalent system

(&, 9) =

. (y, —x—%x?’), if x <0,
(@,9) =
(y,—x —23), if x>0,

and when b < 0 we consider A = v/—b and the family is topologically equivalent to

b
(y,—x + %), if z > 0.

6.4) (y,—a:—i—gx?’),if:z;g(),
T,y) =

Therefore, we can assume that in the right hand side we have b=1 or b = —1.

For the case a > 0 and b > 0, with a rescaling we obtain a > 0 and b = 1. By (i)
in Proposition the origin is a global center and hy = oo, then the period function is
defined in [0, 00) and by Lemma[2.107"(0) = —3m(a+1)/4 < 0. Moreover, by Lemmal[2.7],
T!(h) < 0 and T{(h) < 0 for all h € (0,00). Thus, T"(h) = T.(h) + T)(h) < 0, T"(h) >
0 from Lemma and limy_,o T'(h) = 0 from Lemma , hence T is monotonous
decreasing, convex and its graphic is as represented in the blue region in Figure [2.8|

In the case that a < 0 and b < 0 we can assume b = —1. The period function is
defined in [0, hg) with hg = min{—1/(4a),1/4} by (iii) and (iv) in Proposition 2.8] By
Lemma [2.10, 77(0) = —3m(a — 1)/4 > 0 and Lemma implies that 7"(h) > 0 and
T;(h) > 0 for all h € [0,hg). Thus, T7(h) = T.(h) + T;(h) > 0 and T is monotonous
increasing, convex as T”(h) > 0 from Lemma [2.10] with a horizontal asymptote in h = h.
Therefore, the graphic of T is as represented in the green region in Figure [2.8]

Now, if ab < 0 we can assume that we are in the case where a < 0 and b > 0, since
the other case is symmetric. We can rescale and consider b = 1 and a < 0 as our free
parameter. Moreover, by (i7) in Proposition the period function is defined in [0, hy),
where hg = max{—1/(4a),—1/4} = —1/(4a) and by Lemma
~ —3m(a+1)

7'(0) =

(2.38)

and 7" (h) > 0 for all h € [0, ho).

First suppose that |a| > 1, then we have 7"(0) > 0 by equation (2.38)), since 7" (h) > 0,
then 7"(h) > 0 for all h € [0, —1/(4a)) and the period function is monotonous increasing
and the graphic of 7' is as represented in the green region in Figure 2.8, When a = —1
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bt

Figure 2.8: Bifurcation diagram of the period function of the center at the origin of
system (|2.1))

we have 77(0) = 0 by equation (2.38), 7"(h) > 0 and T"(h) > 0 for all h € (0,1/4).
Consequently the graphic of T is as represented in the red square in Figure [2.8]

Now take |a] < 1, thus we have 77(0) < 0 by equation (2.38)), and since T”(h) > 0
for all h € [0,—1/(4a)), the period function has one simple critical period, which is a
minimum point. Furthermore, the derivative 7" cannot have a horizontal asymptote at 0.
In fact, as a < 0, it is well known that lim,_p, T,(h) = oo, where hg = —1/(4a). Then
limp, p T'(h) = limp_p, (To(h) + Tp(h))/2 = oo and therefore 7(h) > 0 when h — hy.
The later properties proves that the graphic of T is as represented in the purple region in
Figure [2.8 O]

From Theorem [2.13| we see that the period functions can have at most one simple
critical period for family ({2.1)).



2.8. Period function and its oscillations 55

Remark 2.14. The piecewise system is a special case of asymmetric oscillator,
which is well-known and frequently encountered in physical problems ([60]). As a first
work about the period function of piecewise system, we decide to do an analysis of this
family that has a double symmetry, that is with respect to both axis, which allows us to
find an expression for 7" in terms of the energy h. Therefore, we established its bifurcation
diagram determining the behavior of T'(h). Moreover, it is important to mention that
the period function of the analytic potential vector field that determines the left and
right system of have already been studied in Chicone [19] and Gasull, Guillamon,
Maitiosa and Manosas [48]. We find convenient to present in Section the study of the
monotonous behavior of the period function for them to establish one of the methods that

can be used.
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CHAPTER 3

Period function of planar piecewise
reversible quadratic systems

In this chapter we study the bifurcation of local critical periods near the origin in
the class of planar piecewise quadratic systems of the form (|1.3)), which are invariant by
the transformation (z,y,t) — (—x,y, —t), and so they are reversible with respect to the
y-axis. In this way, we intend to present an estimative for the maximum number of zeros
of the derivative T” which can bifurcate from the origin in the class of planar piecewise

reversible quadratic system given by

_ 2 2 if > ()
(1',3/): {( y+a1x +a29 ,l’—l-agl'y), ) (31)

(_y + ble + b?y27 T+ b3'ry)7 if y < 07

where a;,b; (i = 1,2,3) are real numbers. It is clear that the origin is a center of sys-
tem (3.1]) because of the reversibility.
Note that system ({3.1)) belongs to the class of planar piecewise systems of ordinary

differential equations with the x-axis as its separation line given by

(2,9) = {(—y + P+(a:,y, )\+),x + Q+(x,y, )\+))’ if y >0,

(—y+ P (z,y, A7), 2+ Q (z,y,A7)), if y <O, (3:2)

where A = (Af, A7) € R™ are parameters, P*(x,y, \¥) and Q* (x, y, \*) are homogeneous
polynomials of degree 2 in the variables z and y. The system defined in the upper half-
plane (y > 0) is called the upper system and the system defined in the lower half-plane
(y < 0) is called the lower system.

In the planar piecewise system (j3.2)), where the separation line is the x-axis, the half-
return maps are defined as in Definition [1.33] only changing the y-axis into the z-axis, and
they are called, respectively, positive and negative half-return maps. Also in an analogous
way as in Definition we define the positive half-period function TT(p, A7) (resp. the

o7
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negative half-period function T~ (p, A\7)) as the least period of the trajectory of ([3.2)
passing through (z,y) = (p,0) on the positive z-axis (resp. on the negative z-axis) to
reach the negative z-axis (resp. the positive x-axis). Hence, for (p, \) where A = (AT, A7)

the Poincaré return map and the period function are defined as (p,A) — II(p, \) and
(P, A) = T'(p, A), where

H(p, )‘) = H_(H+(p, )‘+)7 )‘_) and T(p, )‘) = T+(p, )‘+) + T_<H+(p, )‘+)v )‘_)7

as represented in Figure |3.1]

Y Y
THps X)

el TN T
o

I (I (2 AY). X))

z
T (IT(pX)X)

Figure 3.1: Return map II(p, ) and period function T'(p, \) for system (J3.2))

For proving the results of this chapter we use the results of Sections [1.5] and [1.6]

3.1 Lyapunov and period constants

As discussed in the introduction, two interesting problems are determining Ho(n) and
Co(n), i.e to solve the local cyclicity problem and local criticality problem. In general, we
can find lower bounds for these numbers using the Taylor coefficients of the expansion of
the Poincaré return map and period function, i.e. determining the Lyapunov constants
and the period constants. Such definitions have already been introduced in Section [I.4]

First, we will present a method developed in [52] that can easily be implemented in a
computer algebraic system for the calculation of the Lyapunov constants for the piecewise
system . After we will describe a method to find the period constants described in
[18] for (3.2).

Consider the following form of a planar piecewise system

o + + + + )Y if >
(j;,y.):{w @ =yt P,y N @+ 60y + QF(a,y, A), if y 2 0, 5.3

(6z—y+P (x,y, A\ ), 2+ 6 y+Q (z,y, A7), ify <0,

where A = (A", A7) € R™ are the parameters, P*(z,y, A\") and Q*(z,y, A7) are analytic

functions in x and y starting from at least the second-order terms. Under the polar
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coordinates transformation, x = rcosf, and y = rsinf, system (3.3]) can be transformed

mnto
<?“(5+ + RY(r,0,\%)), 1+ 0% (r,0, A+)>, for 0 € (0, 7],

(7-,0) = (3.4)

(7’(5_ + R (r,0,7)), 1+ 67 (r,0, x)), for 0 € (m,2n),

where RE (resp. ©F) are analytic functions in 7 > 0, sin 6 and cos 6 starting at least with

first (resp. second) order terms in r > 0, and third order terms in sin # and cos @ given by
RE(r,0, %) = cos OP%(r cos 0, rsin 0, \*) + sin 0Q* (r cos 0, 7 sin 0, A\F),

1
OF(r,0,\F) = = (cos 0Q*(r cos @, rsin O, \T) — sin 0P (r cos 0, r sin 6, )\i)).
r
Eliminating ¢ we obtain the equation of orbits on the phase plane

dr r(6F + RT(r,0,A7)) /(1 + ©%(r,6,AT)), for § € (0, 7],

o 7’(5_ + R~ (r,0, )\_))/(1 + 0O (r,0, )F)), for 0 € (m,2m). (3:5)

Let 77 (p,0,07,A\") and 7~ (p,0,07,\7) denote the solutions of for 6 € (0,7) as-
sociated with the initial condition r*(p,0,0%,AT) = p, and for 6 € (m,27) associated
with the initial condition 7~ (p,m,d~, A7) = p, respectively. The positive half-return map
IIT : RT x R? — R~ and the negative half-return map II~ : R~ x R?> — R* can be defined
respectively by

IT*(p, 6%, A%) = ¥ (p,m, 6%, A%) and T (p,07, A7) = 1~ (p, 2,67, 7).

Then, the return map IT : RT xR? — R for the piecewise system (3.3]) can be constructed
by the composition II(p, 8, A) := II~ (IT™(p, 67, AT),67, A7), where 6 = (67,67) and A =

(AT, A7), As IIF are analytic for |p| small enough, IT¥ can be expanded, respectively, as

It (p, 67, AT = p—f—z (6T, AM)p? and I~ (p, 07, A7) p+z
Jj=2 j>2
where v;”s and v;’s are the Taylor’s coefficients. Thus,
(p,d,A) = I~ (IT"(p, 6, AT), 67, A7) = ™ 0N p 13 0,5, A) (3.6)
Jj>2

for sufficiently small |p|, where v1(0,\) = 6T + 6~. This last expression implies that 0
is a center of system ({3.3)) if and only if II(p,d, \) = p, for all small p, i.e. 607 +0~ =0
and v;(6,A) = 0, for all j > 2, by (3.6). The j-th Lyapunov constants are defined by

V; :=v;(5, ). Hence, the displacement function can be expanded as

d(p,6,)) =T(p,0,X) — p = (> —1)p 4+ "Vjp. (3.7)

Jj=2
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Since it is not easy to compute the Lyapunov constants by using , then Gasull and
Torregrosa in [52] used the following method for the calculation of Lyapunov constants for
the piecewise system (3.2)), given by the piecewise system (3.3) with 6 = (§%,07) = (0,0).
Consider the expansion of and of equation given by

(Z;il Soj_(e)rj+l7 1 + Z;)il Qsj(Q)TjJrl)v for ¢ S (07 ﬂ-]a

(7,0) = (3.8)
(52095 O+, 1+ 52, 67 (0711, for 0 € (m,27),
and ‘
dr [ R0, for 0 € (0,7), o)
g > o2y Ry (0,27)r7, for 0 € (7, 2m), '

respectively, where goji and qui are homogeneous polynomials in sin f and cos 6 of degree
J+2, R;E(G, AE) are 27-periodic functions of 6 and the series are convergent for all § and
for all sufficiently small » > 0. The curve of solutions with r*(p, 0, A\™) =r~(p, 7, \7) = p,
of the upper and lower equations of can also be expanded by

rH(p 0, 0F) = p+ 352, uf (0, A1), for 6 € (0,7, 3.10)
r(p,0,A7) = p+ 35,4y (0,A7)p7, for 0 € (r, 2m). '

These series are convergent for all § and all p < r*, for some sufficiently small r* > 0.

Then, the positive half-return map is I (p, A7) = r*(p, 7, A7), the negative half-
return map is I[I=(p, A\™) = 7~ (p, 2w, A7), and the complete return map 11 can be expanded
as (B.6), where Vi = 0 and Vj := v;((0,0), A) := v;(A), that is

M(p,\) = p+ Y v;(Np' =p+>_Vip.

j=2 j=2

In this case the displacement function d(p, \) = Il(p, A) — p, given in (3.7)), becomes

d(p, \) = Vap® + Vap® + - - - . (3.11)

Hﬂp’/ﬁ)mp T+ ( p, ;ﬁ)/‘\p T p, 1) G or)
0 B 1 B 0 0 p
\/H(Hﬂp, AN)LA0) (1) (p, A )\_‘/

(a) (b) (c)

Figure 3.2: Return maps

From (3.6), in order to obtain the constants V;’s, we need a method to compute
I (p, A\T) and I~ (p, A7) and afterward to compose them. But, in [52] the authors present

a simpler way to compute the Lyapunov constants by using the difference function,

I (p, AF) — (1) (0, A7) = Wap® + Wap 4+ -, (3.12)
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where (IT7)7!(p, A7) is the inverse of the negative half-return map I1=(p, \), see Fig-
ure [3.2(b). We have that (II")~!(p, A7) =: II*(p, AT), where II*(p, A7) is the positive

half-return map of the following piecewise system

(3.13)

(%’ y): (—y—P_(:L’,—y,)\_),$+Q_(9c,—y,)\_)), 1fy20,
’ (_y - P+<x7 —-Y, >\+>,IE + Q+($> —-Y, )‘+))7 if y < 07

obtained by the substitution (z,y,t) — (2, —y, —t) on the system (3.2)) (see Figure[3.2)(c)).
Thus, to get (3.12]) we only need to compute the two positive half-return maps I (p, AT)

and IIF(p, \7). In this case, for |p| small enough, we have the following expansion for
I (p, A7)
T (p,A) = p+ 3w (),
Jj=2
+>
j
becomes

where u] ’s are the Taylor coefficients. Hence, the expansion of the displacement function

d(p,\) =D (vf (\) —uf (V) = > Wi,
Jj>2 Jj>2
Thus, to compute higher order W, := vf()\) — u;r()\) for piecewise system , we only
need to compute v} (A) and u (A) for two positive half-return maps.

The conditions V; # 0, V; = 0,2 <i < j—1 of are equivalent to W; # 0,
W;=0,2<i<j—1of (3.12), from [52]. Therefore, we can use these new constants to
find the center conditions. However, if the sign of the first nonzero coefficient of the return
map (3.6) is positive (resp. negative) the equilibrium point is repulsive (resp. attractor).
On the other hand, the way we have determined the difference , the sign of the first

W, nonzero is the inverse, then we cannot use it to find the stability.

Remark 3.1. Although the calculations of the Lyapunov constants are straightforward,
it is very difficult to solve the center-focus and the cyclicity problems for planar piecewise
systems because it is not easy to find the common zeros of the Lyapunov constants.
Then, some techniques that reduce the computational complexity have been developed
([63]). Furthermore, it is expected that in the piecewise system it can appear the double
of the number of small amplitude limit cycles bifurcating from an elementary center or
an elementary focus rather than in the smooth case. For instance, while for quadratic
systems the maximum number of limit cycles that bifurcate from the origin is three, by
using V;, V3, V5, and V7, since the Lyapunov constants of even order vanish when the
previous Lyapunov constants of odd orders are zeros (see [4]), for piecewise quadratic
systems it is enough to use Vi, V5, V3, and Vj in order to generate also three limit cycles.

And six limit cycles can be generated from the origin by using Vi,..., V7.
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In the following, we describe the method used in [I8] to find the period constants
T;(\) that determine the expansion of the period function associated with the center at

the origin of the piecewise system (3.2)) given by
N =21+ ) T\, (3.14)
j=1

for |p| and |A — X\g| sufficiently small, by using the fact that T(p,\) = TT(p, \") +
T~ (I (p, A7), A7).

Substituting into the right hand side of the upper system and the lower system
of , we have two equations (one with the superscript + and the other with the

superscript —):
0 =1+ &0,7%)p.
j=1

Rewriting those equations as

B do _ S () A
dt — S N s ST <1+j21¢j (6, >pf) o,

and integrating, we get
o0

t—ezzwf(e)pf, (3.15)

_ /0 9¢j+(s>ds, w7 (0) = / 9¢j(s)d8

and the series in (3.15)) converges for all # and sufficiently small p > 0.
From (3.15)) it follows that the positive half-period of (3.2) passing through (z,y) =

(p,0) on the positive z-axis for p # 0 that reaches the negative z-axis is given by

where

T (p ) =7+ ) TF(A)p*
k>1
where T;F (AT) = ¢u(m) = [) & (s)ds
The negative half-period from the point (x,y) = (II*(p, A7), 0) on the negative z-axis
for p # 0 is given by

T~ (p, AT), A7) =7+ 305, Ty (A7) (ITF (p, AT))
=74 Yo Ty A (rH (o, m X))
=71+ T (A7 (ﬂ+Zz>2 ul (7w, X )p')!
=7+ Y5 T (AT, A7)

where T (A ) %(2#) = ffﬂ ¢; (s)ds, for the second equality we use the expression
obtained in and T; (A, AT)’s are the Taylor coefficients of the before expression.
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Thus, the least period of the trajectory of (3.2]) passing through (z,y) = (p,0), for
p # 0, is given by (3.14), where T;(\) = T;7 (A7) + T;(\*,\7) is the j-th period constant.
Obviously, the center O of (3.2)) is isochronous if and only if all period constants vanish.

Remark 3.2. Note that if the piecewise system (3.2) is reversible with respect to the y-
axis then we have ITT(p, AT) = —p and the negative half-period of (3.2)) passing through
(—p,0) is simply given by

T (p, A7) =7+ > T (A

j>1

where T} (A7) = ¢;(2m) = [7" ¢ T s)ds and, therefore, the period constants of (3.14) are

™

of the form Tj(\) = T;"(A\F) + ]( 7).

But, in general, it is not easy to find the coefficients Tj()\J“,)F) since we need to
know the expression of II7(p, A*). In order to avoid this, we can use the transformation
(z,y,t) — (z, —y, —t) in the lower system of (3.2), then the negative half-period function
becomes the positive half-period function of which is denoted by T~ (p, A\~) found

in analogous way of T (p, \T) with expansion in form of series

T Py A —7T—{—ZT

j>1

Hence, the expansion of the period function becomes

T(p, AT )‘7) = T+(p, )‘Jr) + Tﬁ(pa >‘7)
=2m + 2j21<Tj+()‘+) + TJ'*O‘_))P]}

and the period constants are T;(\) = T;F(A*) + T (A7).

Remark 3.3. Asfor j > 1 the period constant 7} belongs to the ideal (13,15, T3, ..., T;_1)
over the ring R{A1, Aa, ..., Ay} for each A € R™, the expression of a period constant T;(\)
has only meaning when 73(\) = --- =T;_1(\) = 0.

The next lemma provides the first six period constants found by the method before
presented for family (3.1]) and the other statements follows by using the computer algebra
system Maple. We will not give more details because of the size of their expressions.
Note that in the case of system ({3.1)) the corresponding period constants can be thought
as Tj(a,b) = T;"(a) + T} (b), where a = (a1, as,a3) and b = (by, by, bs).

Lemma 3.4. The period constants T; for family (3.1) are homogeneous polynomials of

degree j in the parameters. Moreover, they write as Tj = Tj(a1, a, az) — T;j(by, by, bs) for
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i =1,3,5 and Tj = Tj(ay, ag, az) + T;(by, ba, b3) for j = 2,4,6 where:

— 1

Tl(Zl, 29, 23) = g (221 + 422 — 223),

To(z1, 20, 23) = ;—4(4% + 102120 — 52123 + 1022 — 2023 + zg),
— 1

T3(z1, 22, 23) = 20623 + 6242329 — 3122223 + 9602125 — 204212923 + 1142, 22

405 105
+640z2 + 1202323 4+ 122927 — 8z3)

Ty(21, 22, 23) = =5 (4002] + 14242325 — 7122323 4 27722723 — 828272923 + 3692723

2304
+308021 25 + 1682123523 + 126212023 — 582125 + 154025 + 700235 23

+212222 — 22925 + z§),
Ts(21,29,23) = 10555 ——— (2634227 + 1077082125 — 538542123 4 2475202523 — 9095625 2023
+357862522 + 3606402725 — 20832222225 + 2377223 2922 — 88822723
+31360021 25 + 9856021 2523 + 3192212522 — 1604212925 + 5922, 23
+12544025 + 8960025 23 + 95202322 — 562525 — 402925 + 1623)

T

Siagn (P7862420 + 2670432272, — 1335216272, + 60047042123
2064576242025 + 10769882422 + 122368402323 — 1891308232325
1112183823 2022 — 3661932323 + 142042802224 + 27211802223 24
+262458222222 — 149091222925 + 462272223 + 102102002, 25
+582582021 25 23 + 40425021 2522 — 11379212525 + 1380212925
—2912,23 + 340340028 + 33033002325 + 6906902422 + 119352323
6992325 + 4172925 — 1392%).
Additionally, the ideal (T, ..., Ts) is not radical, T?,Tg, T¢ € (Ty, ..., Tg) but Ty, Ty, Ty ¢
(Ty,...,Tg).

T6(2’1>Z2, 23) =

Remark 3.5. We decided to present the expressions of the period constants obtained

directly without the simplification commented in Remark because they are short.

3.2 Strong isochronicity and discontinuous isochronous
centers

Chen and Zhang in [18] studied the isochronicity of a center in a piecewise Bautin
system and they proved Theorems and (we present in the following) that give
us conditions for the origin to be a regular isochronous center of . In order to do
this, they used a modification of two techniques applied for analytic systems, namely
linearizations and finding the associated commuting systems (see [1, [76, [87]), and also

the fact that the separation line plays the role of the isochronicity radial (remember
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Definition [1.23)). These results determines how to prove that the conditions found in
Theorem B.I5] of Section B.4] are sufficient.

Definition 3.6 ([I8]). Consider the piecewise system (3.2). We say that the center is
a regular isochronous center if all orbits of the upper system (resp. the lower system)
spend the same time to go from the positive (resp. negative) x-axis to the negative (resp.

positive) x-axis. The other cases are refereed as irreqular isochronous centers.

The irregular isochronous centers are more complicated than the regular ones because
we have to compute the period functions for the upper system and the lower system
separately and prove that their sum is constant near O. In the next theorem we introduce

a technique to find regular isochronous centers.

Theorem 3.7 ([18]). Let O be a center of system (3.2)). Suppose that one of the following

two conditions holds for the upper system:

(Ay) 0 =1 for 6 e (0,7) in (3-4);

(By) O is an isochronous center of the upper system and L(w) is an isochronicity radial

(see Definition[1.25);
and that one of the following two conditions holds for the lower system:
(A_) =1 for 0 e (r,2r) in [B.4);
(B—) O is an isochronous center of the lower system and L(7) is an isochronicity radial.
Then, the center O of system 15 isochronous and reqular.

Proof. Tt follows directly from Definition [1.23] and that the positive half-period function
is TH(p,\T) = [ 1/0d0 and the negative half-period function is T (IT*(p, AT),A\™) =
[271/6d6. O

Note that, if the condition (A ) (resp. (A_)) holds, we have that the upper (resp.
lower) system of has a uniform isochronous center at the origin.

Before we present the next result, we briefly present what it means to say that two
vector fields commute and the existence of a linearization for smooth planar vector fields.

Given two smooth planar vector fields F'(x,y) and G(z,y) given by

(#,9) = (Fi(z,y), Fa(z,y)), (3.16)

and
(@, 9) = (Gi(z,y), G2(z,y)), (3.17)
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respectively, we denote by ¢(t,p) (resp. (s, p)) the solution of (3.16)) (resp. (3.17))), such
that ¢(0,p) = p (resp. ¥(0,p) = p).
Let A and B be positive real numbers, and let R = [0, A] x [0, B] be the parametric

rectangle.

Definition 3.8. The local flows ¢(t,p) and ¥ (t,p) commute if, for every parametric
rectangle R such that both ¢(t,v(s,p)) and ¥ (s, ¢(t,p)) exist whenever (¢,p) € R, then

d(t,9(s,p)) = (s, 9(t,p)).

By a classical result (see [15]), two local flows commute if and only if their Lie bracket
is equal to 0, i.e. [F,G] =0. Then, F and G commute, or that G is a commutator of F,
if they satisfy the next equations:

(12520 4 (n25220)

ox ox dy oy
8G2 8F2 8G2 aFQ _

If Gy = F, and Gy = —F) we say that such systems are orthogonal to each other.
We recall that F' and G, of degrees n and m, are said to be transversal to each other
at a point (z,y) if
(2, y)Ga(,y) — Fa(x,y)Gi(z,y) # 0.

Theorem 3.9 ([1]). The smooth system

{iz—y+M%w,

j=z+q(z,y), (3.18)

where p and q are analytic functions in a neighborhood of the origin starting with terms
at least of degree two, has an isochronous center at the origin O if and only if there exists
a smooth vector field (i,9) = (x + Oqo(|z,y[*),y + O2(|x,y|?)), defined in a neighborhood
of O such that it commutes with the vector field defined by and 1t is transversal at

nonsingular points.

Also in [76], the authors introduced the linearization criterion for isochronicity of a

center given by the next result.
Theorem 3.10 ([76]). A center of the analytic system (3.18)) is isochronous if and only
if there exists an analytic change of coordinates of the form

u=z+0(|(z,y)]),
v=y+0((=y)),

reducing the system to the linear isochronous system (4, 0) = (—v, u).
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The next definition is important in this context.

Definition 3.11 ([I8]). A consistent linearizing transformation of the piecewise sys-
tem (3.2)) is a transformation

(u,0) = {(x +VH(z,y),y+yWt(x,y)), if y >0, (3.19)

(x+V~ (z,y),y +yW (z,y)), if y <0,

where V*(x,y) and yW=(z,y) are analytic functions starting at least with degree 2 and
V*H(z,0) =V~ (z,0), if the upper transformation and the lower one in (3.19)) reduce the

upper system and the lower one in (3.2)), respectively, to (4, 0) = (—v, u).

By using the two techniques for analytic systems, linearizations by Theorem [3.10] and
finding commuting systems by Theorem , the authors of [18] obtained isochronicity

conditions for piecewise systems as follows in Theorem [3.12]

Theorem 3.12 ([18]). The equilibrium point at the origin O for the piecewise system (3.2)

1s a reqular isochronous center if one of the following conditions is satisfied:

(i) O is a center of system (3.2). Moreover, the upper system (resp. the lower sys-
tem) in (3.2) has either a linearizing transformation of the form (u,v) = (x +
Vi, y),y + yW(z,y)) (resp. (u,v) = (z + V- (z,9),y + yW (z,9))), or a
transversal commuting system of the form (z,y) = (zr + F(x,y),y + yG*(z,y))
(resp. (#,9) = (v +F~(2,9),y +yG~(2,9))), where V*(x,y), yW*(z,y), F(z,y)

and yG*=(x,y) are analytic functions starting at least with degree 2.

(ii) System (3.2)) has a consistent linearizing transformation of the form (3.19).

3.3 Bifurcation of local critical periods

In this section, we shall prove a result that provides lower bounds for the criticallity
problem that is a limitation of the number of local critical periods that bifurcates from a
weak center of finite order (see Definition [I.44).

Henceforth, we will denote by Tj[k} the k-th order terms of the period constant 7Tj.

In order to prove the next theorem, it is convenient to do a change in the parameter

space given by

a; = (w1 +21)/2, as = (we + 29)/2, az = (w3 + 23)/2,

(3.20)
by = (w1 — 21)/2, by = (wg — 23)/2, b= (w3 — 23)/2.

This change is natural, because as the upper system is equal to the lower one, after

the change (ay,as,as) — (b, ba, b3), it is reasonable to think about the case where both
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systems are coincident, then the difference is equal to zero, and the other cases are sums.
Also, note that in Lemma the period constants are differences or sums of the same
expression in the three variables depending on whether it is odd or even.

Again we use the period constants found in Lemmam and consider p; as T; after the
change . Next, for even j > 2, p; is T} /7 after the change of variables reduced with
respect to the ideal (py,...,p;_1), and for odd j > 2, p; is T; after the change of variables
reduced with respect to the ideal (py,...,p;—1) .

Now we state and prove our first result of this section.

Theorem 3.13. For system (3.1)) the following families have a weak center of order 5
and the number of local critical periods bifurcating from the origin when perturbing inside

the class of reversible quadratic system is at most 5:
(’l) a; = b1 = —5(12/3, as — b3 = —2a2/3, b2 = A9,

(i) a1 = aas, az = —5(3559 + 4361)as /(401 + 827), by = ay, where « is one of the
two roots of the polynomial p(a) = 2a? + 15 + 15.

Proof. Using the computer algebra system Maple, we solve p;y = ps = --- = p5 = 0 and
we consider the solutions such that pg # 0. Then, those ones represent weak centers of

order 5 and are given by:
(1) wy +bwy/3 =w3+2we/3=2=0, i=1,2,3;

(2) wy — awy = ws + 5 (3559 + 4361) wy/2 (401a 4+ 827) = z; = 0 ¢ = 1,2, 3, where «
is one of the two roots of the polynomial p(a) = 2a? + 15a + 15;

(3) w1 —owy = wy—p1(a)wy/pa(a) = 21 — (CJ(Q) +k162)p3(a)w2/p4(a) =2k (Q(Oé) +
k1B%)ws = 23 — (q() + k1 5?) ps(a)ws/ps(cr), where a is a real root of a polynomial
r(a) of degree 31, ¢(«) and p;(«), for i = 1,...,6, are polynomials of degree 30, and

k; is a constant value, for i = 1, 2.

The polynomials in item (3) are not shown here because of their large size: r(«) has
degree 31 in which the coefficients possess at least 34 digits; ¢(«) has coefficients with at
least 708 digits; p; («) has coefficients with at least 330 digits; p2(«) has coefficients with at
least 328 digits; ps(«) has coefficients with at least 2189 digits; ps(«) has coeflicients with
at least 2177 digits; ps(«) has coefficients with at least 1455 digits; pg(a) has coefficients
with at least 1466 digits; ki has 682 digits; and ky = 1/580608000.

The conditions (1) and (2) are, respectively, equivalent to conditions (i) and (ii) of
Theorem . Now we analyze the bifurcation problem in these cases.
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Under the condition (i), system (3.1]) can be written as

—y — Bagx?/3 + axy?, x — 2asxy/3), if y > 0,
(9‘07y)={( Y= Bow/3+ ay/3), iy > (3.21)

(—y — Basx?®/3 + agy?, x — 2aszy/3), if y < 0.

It is clear that we only have to consider the case ay # 0. Additionally, with the map
(z,y) = (3a5 'z, 3a;'y) we transform ([3.21]) into

—y — b2+ 3y%, x — 2 if y >0

(—y — 52% + 3y?, x — 2wy), if y <0,

and for this case, by using the period constants found in Lemma [3.4] we have T} = --- =
Ts = 0 and Tg = 637/5. We consider the time-reversible perturbation in terms of the

parameters {ey, es, €3, €4, €5, €6} in system (3.22)):

(ZE y) _ (_y + (_5 + 61)12 + (3 + 62)y27x + (_2 + 63)$y)7 if Yy Z 07
’ (—y+ (=b5+e)x?+ (B +es5)y, o+ (=2 +eg)zy), if y <O0.

Then, the linear development in power series with respect to the perturbative parameters

of the first five period constants is given by

1

T[l] B 7r€ +37r6 +7r€ +37r6
2 = 5 1B 5% 1 6o

8
Tgm = 2e; + 562 —4deg — 2e4 — %65 + 4eg,

Tf] = —2mey + bmeg — 2mey, + H7eg,
0 2966 . 524 27898 2066 524 27898
= el + ——ey — es — €4 — ——¢€ e
5 105 75 % 525 0 105 ¢ 75 0 525 O

and the rank of these linear developments with respect to the parameters {e;, es, €3, €4, €5}
is 5. Then, by using the Implicit Function Theorem, there exists a linear change of
variables in the parameter space, well defined, in a neighborhood of the origin, such that
Ty = v, for k=1,...,5 and at least 4 simple critical periods can bifurcate. Furthermore,
as the sixth period constant is not equal to zero, we can apply the Weierstrass Preparation
Theorem to obtain that at most 5 local critical periods bifurcating from this center.

The proof is analogous for the condition (ii) of Theorem [3.15] ]

Remark 3.14. It can be proved that Theorem |3.13|is not classificatory because there is
another family given by polynomials in which the coefficients are integer numbers between
34 and 2226 digits long. So there would be a lot of numerical work to reach the same

conclusion that have already been obtained through (i) and (ii).
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3.4 Perturbing piecewise isochronous quadratic systems

In this section we prove a theorem that provides all the conditions in the parameters for
family to have an isochronous center at the origin and we study lower bounds for the
criticality of such isochronous centers. From Remark we can apply the technique
developed in Section for the study of the criticallity of the families of isochronous
centers classified. We shall see that at least 4 local critical periods can unfold in the class
of piecewise reversible quadratic systems using only first order developments. In all the
studied cases, no more critical periods can be found using higher order developments up
to order 4.

It is important to highlight that the problem of isochronicity for analytical quadratic
systems was studied by Loud [66], where he proved that the origin is an isochronous center
if and only if through a linear change of coordinates and a time rescaling the quadratic

system can be written as one of the following systems, denoted by Si, Sy, S3, and Sy in
[15]:

T =—y+a%—y> T =—y+ 22
Sli{ Y Y SQZ{ Y

Yy =z + 2y, y=z+zy,
(3.23)
S, . T =—y— 42*/3, Q. T =—y+162%/3 — 4y*/3,
Yy =1 — 162y/3, "y =2+ 8zy/3.

Note that after applying the change of variables (x,y,t) — (z, —y, —t) in family (3.1)),
which we shall denote by 7, the upper and the lower systems exchange their equations.

Note that what actually happens is an interchange of parameters
(aly a2, as, b17 b27 63) <~ (_bb _b27 _b37 —a1, —Q2, _a’3)'

As in the previous section, we denote by p; the first period constant T} after the change
presented in , and denote by p; the constant 7 /7 after the change of variables
reduced with respect to the ideal (p1,...,p;—1) for even j > 2, and for odd j > 2, the
period constant Tj after the change of variables (3.20) reduced with respect to the ideal

(P, i) -

Theorem 3.15. Up to a linear change of coordinates and a time rescaling including the
change n, the origin is an isochronous center of the piecewise quadratic system (3.1)) if and

only if either the system is the isochronous linear center or one of the following conditions

holds:
(Z) Cllzbl:l, CLQIbQ:—l, a3:b3:2;

(ZZ) CLQZbQZG;J,—CLl:bg—bl:O;
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(iii) ay = by = —1, ag = by = 0,a3 = by = —4;

(iv) ai; + 4as = ag + 2a9 = by + 4by = by + 2by = 0;

(v) a1 =—=1,as=1,a3=—-2,b =—1, by =0,b3 = —4;
(vi) as = az —a; = by + 4by = b3 + 2by = 0.

Proof. By solving p; = ps = --- = pg = 0, we get 8 necessary conditions to obtain

isochronous centers which are expressed and separated into their respective types in Ta-

ble B.11

Table 3.1: Isochronous conditions

Type Isochronous conditions found by solving py =py =--- =pg =0

I w1+w2:2w2—|—w3:zi:0,z':1,2,3

IT 'wl—wgz’wQ:Zl—Zg:ZQ:O

111 w2:w3—4w1:zi:0,i:1,2,3

1A% w1+4w2:2w2+w3:z1+422:222+2320

v (l)w1+2w2:6w2+w3:w2—z2:2w2—23:,21:0
(2)w1+2w2:6w2+w3:w2+22:2w2+23:zl:0

VI (1)w1+2w2—w3:w1+8w2+zl=w2—22:w1+6w2+23:()
(2)w1+2w2—w3:w1—|—8w2—z1:w2+z2:w1+6w2—z3:0

The conditions in type I, type II, type IV, type V, and type VI in Table are
respectively equivalent to conditions (i), (ii), (iii), (iv), (v), and (vi), and now we shall
prove that they are sufficient.

Related to list (3.23)), systems (i) and (iii) are equivalent to the isochronous quadratic
systems S7 and Ss3, (ii) is equivalent to Sy if a3 = by, and (iv) is equivalent to Sy, if
as = by. In [I8] we find the proof of the conditions for systems to have isochronous
centers at the origin in each case: (ii) with a; # by, (iv) with ay # b, (v) and (vi). By
completeness, we reproduce it here by using the definitions and results of Section [3.2

When condition (ii) holds with a; # by, system takes the form

— 2 if y >
(x7y>: {( y+a1x 7x+a’1xy>7 1 y—07 (324)

(—y + bia?, x4+ biay), if y < 0.

After the change of variables (z,y) + (rcosf,rsinf), we can transform the upper
and lower systems one in (3.24)) into the polar coordinates form and obtain that 6 =1 for
any # and, by Theorem it follows that O is an isochronous center.
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When condition (iv) holds with ay # be, system (3.1)) takes the form

—y—4 2 2 r—2 ify>0
(i) = {( Y asX* + asy”, x aszy), if y >0, (3.25)

(—y — 4box® + boy?, xw — 2bymy), if y <O,

which has a transversal commuting system

(JZ y) — (ZL’ - 402@! + 4@%1’y2, Y- 3(1292 + 2(1%y3), if Yy 2 07
7 (x — 4bowy + 4b3zy?, y — 3boy® + 203y°), if y < 0.

Thus, by Theorem [3.12] the origin O is an isochronous center of (3.25)).

About the condition (v), we have

—y— a2z —4 if y > 0
(:‘c,y)z{( y-a o doy), L= (3.26)

(—y —2? + 9% 2 —2xy), ify <O.

For the upper system of , it is possible to prove that it has an integrating fac-
tor u(y) = (1 — 4y)~*/2, from which we obtain a first integral H*(z,y) = (1 + 2% —
2y)/+/1 — 4y, hence, the integrating curve passing though (p,0) can be expressed as
14222 — 2y — (14 2p*) /T — 4y = 0. Thus, y = (1+2p%)\/p? + p* — 22 — 2p* — 2p* + 22,

Therefore, the positive half-period function can be computed as

—II"(p) (g —p dx
() :J; ?:jpj —y —x?
B f—ﬂ dz
P 202 +2p4 — 222 — (14 2p?) /p2+p4—x2
[ d (3.27)
2 2p2_‘_2p4_2$2_(1+2p2) /p2+p4_l-2
0 do

=2

arcsin (ﬁ) Qp‘ /1 4+ p2 COS v — (1 -+ 2p2)

= 4arctan(p + /1 + p?),

where a change of variables © = py/1 + p?sin « is applied in the fourth line. For the lower

system, we apply the change of variables = rcosf and y = rsin6 to transform it into

the polar coordinate form 7 = —r2 cos 6, 6 =1—rsin. Solving the first order differential
equation

dr  —r?cosf

dd 1—rsinf’

associated to the initial condition r(7) = II*(p) = p, we get that

r(0) = —p*sinf + py/ p?sin® 0 + 1.
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Thus, the negative half-period function can be computed as

v = [ D= [T -
™ 0 ™ 1+ p2sin?6 — psinfy/p?sin® 6 + 1
ZIQW\/M%—pSinQdQ
2 dcost
m p?+1—p?cos?d
1

(3.28)

:ﬂ'—p

ds

. P
:W—f — =7 — 2arcsin | —— .
1 le{l—SQ ( /1+P2>

p

Note that g := 2 arctan (p + 1+ ,02) — arcsin <\/%> € [—n/2, 7], and
+p

—p 1—(p+\/1+p2)2+ 2(p++/1+p?) 1

VIEP L+ (p+V1I+p)2 1+ (p+ /1472 1+ p?

which implies that 8 = 7/2. It follows from (3.27)), (3.28), and 8 = 7/2 that T(p) =
Tt(p)+ T (p) =7+ 20 = 2r. Therefore, O is an isochronous center of (3.26)).
When the condition (vi) holds, system (3.1]) takes the form

sin 8 =

L,

. (—y + a12®, x + arvy), if y >0,
(@,9) = ; ) , (3.29)
(—y — 4byz® + boy®, & — 2bszy), if y <0,
which has a transversal commuting system
(.CC y> _ (.’E+alxy,y—l—a1y2), lfy Z 07
’ (x — dbywy + 4boxy?, y — 3bay? + 2b3y3), if y < 0.
Thus, by Theorem [3.12] the origin O is an isochronous center of (3.29)).
Then, p; = - -+ = pg = 0 implies that the origin is an isochronous center, since for each

case we do not need the period constant p; to get the isochronous center condition.
O

The last results of this chapter aim to investigate lower bounds for the criticality by
adding a reversible perturbation on some isochronous centers obtained in Theorem |3.15

by applying the results presented in Section [1.6|

Proposition 3.16. Consider the isochronous quadratic systems given by condition (i) in
Theorem[3.18. The number of critical periods bifurcating from the origin when perturbing

into the class of piecewise reversible quadratic system is at most 3.
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Proof. We consider the time-reversible quadratic perturbation

(&,9) = (—y+ (1+ 61)1;2 +(—1+ 62)y2,$ + (=2 + e3)zy), if y >0,
| (—y+ (L +e)z® + (=1 +es)y, 2 + (=2 +eg)vy), if y <0.

The matrix of Tl[l]7 TQ[H, T?EI], and T5[1] with respect to the parameters {e, ey, e3,e4} is

given by
2 4 2 _2
3 3 3 3
T _m (g _=«
2 2 2
2 _8 4 2 (3.30)
15 5 5 15
2 2 6 _2
35 35 7 35

and it has rank four since, its determinant is equal to —647/1575. Then, there exists a

linear change of variables given by

1
e = 5 (997ru1 — 32uy + 5707us + 455mus — 327ru5)
™
27 105 175 N
€= —=—U] — —U3 — ——Us + U
2 T g Us T g ta T Us (331)
e——§u—§u—§u +u |
3= g T Us T gt U,
1
1= —g35- (457uy + 32us + 150mus + 1057wy + 327us),
where u; = e5 and ug = eg, such that T[ - Uy, T[ = Ug, T[ = us, T[ = uy. Using these
expressions we can rewrite 77,...,T5 in terms of these new variables. By the properties

presented in Proposition [1.52| we can simplify the period constant T and then we get
T4[1] = 0. Using the simplification u; = uy = uz = 0, we obtain the second order terms of

T;, for j = 4,5, which depend on the remaining parameters (w4, us, ug):

TH = 24576 ———— (38587503 — 53760usus — 26880usus + 4096u2 + 4096uzus + 1024u2),
T = 150 —1 (480 + 82215uy — 12848u; — 5464ug).

As the solutions of Tf] = 0 are complex, the only way the fourth period constant to be
zero is uy = us = ug = 0, so that all the next period constants vanish and, therefore, we

do not obtain more than 3 oscillations. OJ

Proposition 3.17. Consider the isochronous quadratic systems given by conditions (iii),
and (v) presented in Theorem . The number of critical periods bifurcating from the
origin when perturbing in the class of piecewise reversible quadratic system is at least 4,

using developments up to order 4.

Proof. We present the proof for the condition (iii) and for the other condition the analysis

is carried out in a similar way.
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We consider the time-reversible quadratic perturbation

(&,9) = (—y+ (=1+e)a® + e, o+ (—4+e3)zy), if y >0,
7 (—y+ (=1 + ey +esy?, o+ (=4 +eg)zy), if y <O0.

Initially, we compute the first eight period constants and we obtain that the rank of
the linear developments of the first five period constants with respect to the parameters

{e1,€e9,€3,e4,e5} is 5. Then, up to a linear change of variables in the parameter space
]

as in (3.31)), we can write T}l = uj, for 5 = 1,...,5. Using Proposition |1.52] we can

simplify the next period constants to get ij =0, for j = 6,7,8. Applying item (i) of
Theorem [1.53| up to order 1, we get that only four critical periods bifurcate from the
origin. Computing the higher developments up to order 4, and using the simplification
mechanism described in item (ii) of Theorem , we get that Tgk] = T7[k] = TS[k] =0, for
k = 2,3,4. Then, the result follows up to order 4. O

For the case of conditions (ii), (iv), and (vi) presented in Theorem [3.15 we have a
polynomial family of isochronous centers parametrized by two parameters. In the pa-
rameter plane there are some curves for which the rank of the linear parts of the period
constants is not maximal along them. In these more degenerate cases, it would be possible
to obtain a greater number of oscillations by using Theorem m (ii). Thus, it is possible
to split into cases and some of them are presented in Table [3.2]

Table 3.2: Regions in parameters space

Type Condition
IT* a1b1 (Cll + b1> 7£ 0

= ay (0,1 + bl)(a1 + 2b1) 7é 0
IV* agbg(ag + b2> 7£ 0

| A VA as(ag + by)(ag + 2by) # 0

| AVAR as(4ag + 5by)(ag + 2by) # 0
VI* arby(a; — 4bs) #0

VI a; #0

Proposition 3.18. Consider the isochronous quadratic systems given by conditions 1%,
IV*, and VI*. The number of critical periods bifurcating from the origin when perturbing
in the class of piecewise reversible quadratic system is at least 3, using developments up

to order 4.
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Proof. We shall see why we consider the restriction presented in Table for the iso-
chronous center under condition (ii) in Theorem [3.15| for the other cases the study is
analogous.

Consider the time-reversible quadratic perturbation for the isochronous center pre-
sented in condition (ii) of Theorem [3.15]

() = (—y + (a1 + €1)2® + eay?, x + (a1 + e3)zy), if y >0,
’ (—y + (b1 + e4)2? + esy?, x + (by + eg)zy), if y < 0.

Doing a first order analysis, we see that the matrix, as the one presented in (3.30)),
corresponding to the linear terms of the first four period constants, with respect to the
parameters {ey, €2, €4, €5}, has determinant equals to —m2a;b;(ay + by)?/720. Then, there
exists a linear change, as the one at , if a1b1(a; + by) # 0. Therefore, we obtain the
type IT".

The remaining of the proof is carried out in a similar way as it was done in the proofs

of Propositions and O

Remark 3.19. Under the remaining conditions in Table we were unable to obtain a
greater number of oscillations than those ones obtained in the last results and, therefore,

we shall not detail them here.



CHAPTER 4

Period function for piecewise linear
centers at infinity

The analysis of the piecewise linear systems with only two half-planes separated by a
straight line started some years ago. The first and most relevant question about periodicity
in continuous piecewise linear differential systems was given in 1990 ([67]), when Lum and
Chua conjectured that such systems had at most one limit cycle. But, the first proof of
this maximality, together with a more complete study of the dynamics of these piecewise
systems, was given only in 1998 by Freire, Ponce, Rodrigo, and Torres ([43]). In [45]
the authors introduced a Liénard-like canonical form for general piecewise planar systems
with two linear systems separated by a straight line. Recently, in [44] the authors classified
the centers at infinity, that is, when there exists a period annulus at infinity and then
the infinity behaves like a center. Moreover, they studied the limit cycles bifurcating
from these centers when the infinity has dynamics of focus type in both regions called
of monodromic type. Additionally, in [7] it was constructed an integral characterization
of its Poincaré half-maps. For fundamental properties of these Poincaré half-maps and

related studies, we recommend [8], [9].

In this chapter, we present the beginning of the study that we are performing for the
period function for the class of piecewise linear systems with a center at infinity that are
characterized in [44]. Such systems have two equilibrium points, symmetric with respect
to the separation line (y-axis), that can be invisible, visible, or coincident and belong to
this line. For the case where both the left and the right systems have a center, we refer
as the center-center case and we believe that the period function will have at most one
oscillation. The other cases where both systems have a focus, we refer as the focus-focus
case. We will prove that there are no oscillations of the period function and we will

determine the cases in which the period function is monotonous decreasing, constant, and

77
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monotonous increasing. We point out that in this class we have no systems of center-focus
type. We chose to carry out the study only for the centers classified in [44], because the
solution for the center problem for planar piecewise linear system with two zones is not
finished yet.

In this chapter, the period function will be given by the difference T = T— — T,
where T~ is the left flight time with respect to y-axis, obtained going through the orbit
of the left system in the direction of its flow, and T'" is the right flight time with respect
to y-axis obtained considering the opposite direction of the flow of the right system (see
Figure 4.1). In the focus-focus cases classified in [44], we will not get critical periods
because both T~ and —7'" have the same monotonic behavior, then 7" is monotonous
increasing or monotonous decreasing, if 7~ and —7't are monotonous increasing or mo-
notonous decreasing. Then, we can expect a more interesting and rich behavior for 7" only
in the center-center case, since in this case T~ and —7' may have different monotonic

behaviors and it is possible that oscillations arise.

4.1 Preliminaries

Without loss of generality, we assume that the separation line is ¥ = {(z,y) € R? :

x = 0} and the system that we consider is given by

T _
F (x)=(f] Ey = A" b, if YTUX
5( — F(l’) — (X) ( 1 (X)7 2 (X))T X + ) 1 X € 9 (41)
F'(x) = (F'(x), F5f(x)) = Atx+b", ifx e XF,
where x = (z,y)", A~ = (a;;), and AT = (a;;) are 2 x 2 constant matrices with real coef-
ficients, and b~ = (b, b;)7, b™ = (b],b5)T are constant vectors in R2. This system with

F~(0,y) = F™(0,y) has been studied in [43] and the one with no continuity assumption
was investigated in [45].

In this case, the differential function h: R? — R, having 0 as regular value that
defines ¥, is given by h(z) = x. The Lie derivative of h in the direction of the vector
fields that compose (1), F~ and F*, on points (0,y) € X, are given by F~h(0,y) =
((F7(0,9), F5 (0,9)), (1,0)) = Fy (0,y) and F*A(0,y) = ((F"(0,), F5(0,)), (1,0))
F7(0,y).

Then, from the definitions presented in Section we say that (0,y) € ¥ is a crossing
point if F; (0,y)F;F(0,y) > 0, so the crossing set 3¢ is defined as follows:

2= {(0,y) : (apy +by) (afyy +bf) > 0}. (4.2)

We are interested in the family of such differential systems in which orbits are suf-

ficiently far from the origin and cross the separation line Y transversally, allowing the
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existence of periodic orbits lying in both half-planes. These orbits are called crossing
periodic orbits and they exist if points (0, y), where y is big enough, are of crossing type.

The condition in (4.2|) is equivalent to
a’l_Qai—Q > 07 (43)

and we will refer to it as the generic condition. In fact, when ajyaf, < 0, it is easy to see
that the crossing set, if it exists, is an open interval of the y-axis, bounded for aj,af, < 0
and unbounded for aj,af, = 0. Due to condition (4.3)), the points in ¥ that cannot be
part of a crossing orbit, i.e. sliding or escaping points, form a bounded set.

The linear-linear system has twelve parameters. However, there exists a canon-
ical form with only seven parameters, called Liénard-canonical form obtained in Propo-
sition 3.1 of [45] by making a continuous piecewise linear change of variables such that
the resulting transformation is a homeomorphism, keeping invariant the separation line
Y and the half-planes ¥~ and Y. This canonical form is topologically equivalent to the

original system, if one is interested in the dynamics not involving sliding orbits.

Proposition 4.1 ([45]). Under the condition (4.3|) the piecewise linear system (4.1)) is

reduced to the following Liénard canonical form:

X:G_(X):(-Dri _Ol)x_(aOL)’ if xeX U,

Tp —1 —b
s + - R _ . +
X-G(X)-(DR O)X (GR>’ if xeXT,
where T, (resp. Tg) and Dy (resp. Dr) are the trace and the determinant of the matriz
A~ (resp. AT), and

(4.4)

— b= _ == Qia,4 - b pa 4
ar, = apby —axpby, b= T by —by, a" =23 (a12b2 — agby )
Q19 a9

For the canonical form (4.4]), it is enough to consider b > 0, since it is invariant under

the change of variables (x,y,t) — (z, —y, —t) and the change of parameters
(Dgr,Dr, Tr, Tr,ag,ar,b) — (Dg,Dr,—Tgr,—Tr,ar,ar, —b),
simultaneously. Therefore, the sliding set of is determined by
20 ={(0,y) s y(y =) <0} ={(z,9) : 2 = 0,0 <y < b},

that is the segment joining two invisible tangencies at its endpoints: the origin (0,0) and

the point (0,b). This set becomes repulsive, if & > 0 (the normal component of both
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vector fields points outward from the sliding set), and it shrinks to the origin, if b = 0
(the origin is the single sliding point and it is always a topological focus).

The parameters a;, and ar are related to the position of equilibria and the visibility
of the tangencies, and when some of them vanish, we have a boundary equilibrium point.

In fact, by computing the sign of # at the tangency points, we obtain

T|(2,9)=(0,0) = OL;  T|(zy)=(0,) = UR,

so that the left (resp. right) tangency is called visible or real, if a;, < 0 (resp. ar > 0),
and it is invisible or virtual, if a;, > 0 (resp. ar < 0), see [43] for details.

From now on, we suppose that a + D% # 0 and a% + D% # 0, otherwise, there is no
possible return to section X. Also assume that b = 0, i.e. ¥* = {(0,0)}, then the first
equation of system evaluated on section ¥ is reduced to &|y = —y. Therefore, the
flow of the system crosses 2 from the right half-plane X" to the left half-plane ¥~ when
y > 0, from X~ to X1 when y < 0, and it is tangent to ¥ at the origin. Then, the origin is
the unique tangency point of the flow of the piecewise vector field in the separation line.
Under these conditions, system becomes

(Trx —y,Dpxr —ag), if xeX—,
X = (4.5)
(Trx —y,Drx —ag), if x € 3T,

Now we shall define, in the usual way, the Poincaré half-maps and the respective half-
flight times of system (4.5]) corresponding to the section 3. Namely, the forward Poincaré
half-map (resp. backward Poincaré half-map), denoted by I~ (resp. II"), and the left
flight time (resp. right flight time), denoted by T~ (resp. TT).

Consider a point (0,yo) € ¥ with yo > 0 and let (¢, yo) = (¥1(t,y0), ¥2(t, yo)) be the
orbit of the left system of that satisfies (0, y0) = (0,y0). If there exists a value
T~ (yo) > 0 such that ¢¥1 (T~ (yo),y0) = 0 and 1 (¢,y0) < 0, for every ¢ € (0,7 (yo)), we
say that y; = ¥o(T ™ (yo), po) < 0 is the image of yo by the forward Poincaré half-map,
then y; = I (y). The value T~ (1) is the corresponding left flight time for the solution
of starting at (0,y9) and ending at (0,y;). Considering the solution starting at
(0,y0) we can similarly define the backward Poincaré half-map (It (yo)) and right flight
time (T (yp)), now backward on time, for the right system of (4.4). See Figure [4.1]

As we consider the right flight time in the opposite direction to the flow of the vector
field, then T (yo) < 0, for all yo > 0. Then, the complete flight time, denoted by T, is

the left flight time minus the right flight time, i.e. we have the expression

T(yo) =T (y0) — T (yo)- (4.6)
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™
\H‘(%)

I+ (%)

Figure 4.1: Forward and backward Poincaré half-maps associated to (0, yo), with yo > 0

Remark 4.2. In the case in which II7(0) (resp. IIT(0)) cannot be defined but for every
e > 0 there exist yp € (0,¢) and y; € (—¢,0) (resp. y2 € (—¢,0)) such that II”(yo) = 1
(resp. II™(yo) = y2), the left (resp. right) Poincaré half-map can be extended with
II7(0) = 0 (resp. IIT(0) = 0). That is, having an equilibrium point at the origin or an
invisible tangency in the half-plane {x < 0} (resp. {x > 0}).

In Theorem 19 of [7], the authors determine the following integral characterization of
the forward and backward Poincaré half-maps and they use it to obtain the half-flight
times. The left Poincaré half-map or forward Poincaré half-map is the unique function

II- : I, C [0,00) = (—00,0] that, for every y, € I, satisfies

[ it} =

where Wi (y) = Dry? —arTry+a? and cf, is given, in terms of the parameters, as follows:

(i) e =0, if ay, > 0,
(11) CL:T((DL\/ZLDL—T%)_I ER, if CLL:O,
(111) Ccr, = 27I'(DL\/4DL — T%)_l € R, if ar < 0.

When a;, = 0 the integral given in (4.7]) diverges and the Cauchy principal value at the

origin, which is defined as

PV{ i }—lim(/s Y gy + R dy),
Y1 WL<y> e—=0 Y1 WL(y) € WL(y)

for y; < 0 < yo must be used. On the other hand, if a;, # 0, the integrating function is

continuous and we can just take the value of the integral. Moreover, the corresponding

left flight time is
Yo ar
T (yo) = 2Drc +/ ——dy. 4.8
( O) LCL - (40) WL(y) ( )
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In an analogous way, the right Poincaré half-map or backward Poincaré half-map is

the unique function I : Ix C [0,00) — (—o0, 0] that, for every yo € Iy, satisfies

Yo _y
PV {/ } = —cgr R,
1+ (yo) Wr(Y) o

where Wg(y) = Dry® —agTry+a% and cp is given, in terms of the parameters, as follows:

(1) cr=0,if ag <0,
(11) CR:T('(DR\/ZLDR—T%)_l eR,if ar =0,
(111) Cr = 27T(DR\/4DR — T%)il eR,if ag > 0.

Moreover, the corresponding right flight time is

Yo

T+ (yo) = —2D e +/ IR gy, 4.9
(50) R 11+ (o) WrR(Y) (49)

Remark 4.3. The smallest positive root of Wy, if it exists, is the right endpoint of
I, and the greatest negative root of Wy, if exists, is the left endpoint of I1~([). If
T2 — 4Dy, < 0, then the equilibrium point of the left system of is either a focus
or a center, and the domain I and the range II7(I;) of the Poincaré half-map I~ are
unbounded, and II7(yy) — —o0 as yo — oo. In this case, the intervals are I, = [0, 00)
and 1~ () = (—o00,0], except when the equilibrium point is a focus (i.e. Ty # 0) and
it is located in the left half-plane ¥~ (i.e. a; < 0). In fact, when T, > 0, i.e. in the
unstable focus case, there exists a value g; such that II7(0) = g, and the interval 11~ (1)
is reduced to (—oo,71] (see Figure (a)). Analogously, for T, < 0, i.e. in the stable

focus case, there exists a value go such that (IT7)~(0) = gy and the interval I;, = [gy, 00)

(see Figure [4.2] (b)).

Remark 4.4. An analogous observation as Remark [4.3]is valid for the backward Poincaré
half-map, only with the following change: if the equilibrium point is a focus of the right
system of (4.4), that is T% — 4Dp < 0, the range II*(Iz) is (—oc, §1], where §; = II7(0),
if it is a stable focus, that is Tg < 0. The domain Ig is the interval [y, 00), with
o = (II*)1(0), if it is an unstable focus, that is T > 0 (see Figure [4.3).

In [44] the authors introduce a symmetric canonical form obtained under the hypothe-
ses T2 — 4Dy < 0, for A € {L, R}, in which both dynamics are of focus type named

Liénard reduced form. In the following we assume, for shortness, that A € {L, R}.

Proposition 4.5 ([44]). Assume that Ty = 2ap, Dy = (aa)? + (wp)? with wpa > 0

in the canonical form (4.4), and introduce the parameters yg = ar/wgr, v, = op/wr,
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I

(a)

Figure 4.2: The left Poincaré half-map I~ and its interval of definition I; for the cases:
(a) unstable focus and (b) stable focus

In
9}/_\ l’
% =11%(0) \J (%)

(b)

Figure 4.3: The right Poincaré half-map IT* and its interval of definition I for the cases:
(a) stable focus and (b) unstable focus

ar = ar/wg, and oy, = ap/wy. Then, there exists a change of variable that transforms

the canonical form of system (4.4)) into the form

L. (27[/3: - Y, (1 + 7%)3: - aL)? fo < 07
(3,9) = 2 . (4.10)
(2vrr —y+0b, (1 +v5)x —agr), if v > 0.

Proof. Since we have wy > 0 such that (wy)? = Dy —T% /4 and o5 = T, /2, the eigenvalues
of the matrix ruling the dynamics on the half-plane 7T in is o5 £iwp. The canonical
form is obtained by making the change of variables (x,y,t) — (X,Y,7) := (waz, y, wat)
in each half-plane of and after introducing the new parameters given by vz, vr, oz,

and ap. O
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There are two equilibrium points of (4.10)) of focus type

an  2ypog )

T, = (zp,2vpxL) = ,
(LyL) (L YL L) <1+7% 1_‘_7%

and

2
R YROR X b) '

TR, = (xR, 2vrTR +0) = ;
(xR, yr) = (TR, 27RTR + D) (1+%2%1+W213

The equilibrium points (2, yr) and (zg, yr) are stable for v, < 0 and vz < 0, unstable
for v, > 0 and v > 0, and a center if v, = 7vg = 0. Such equilibria will be real when
ap < 0 or ag > 0, boundary equilibria for a;, = ag = 0, and virtual ones when ay > 0
or ag < 0.

Now, in terms of the coordinates of the equilibrium points (z,yr) and (zg,yr) of
system , we can rewrite it as follows:

g — | @) = =), (L) =), e <0,
| @vnle — 2) — (y — yr), (14 ) (@ — 2a), i 2 > 0,

or equivalently

o (272 —y, L+ 93)(z — x1)), if x <0,
(#,9) = , ' (4.11)
(2vpz — y + b, (1 + %) (z — zr)), if 2 > 0.

Such systems are invariant under the transformations
(%Zlaﬁ ’}/L,JJL,b, ’YR?'TR) — <_'r7y7 —T, 7R, —ZR, _b7 _VL,_$L)7
(xayaTa fVLaxLab7 ﬁYPw‘TR) = (iIZ’, —-Y,—7, =YL, TL, _b7 _7R7xR)7

and their composition
(xvyaTJ ,YLJxL7b7 ’YR?‘IR) = (_x7_y77—7 /yRaxR7b7 /YL,%L).

Note that the time 7 is the one introduced in the proof of Proposition [£.5] that is,

T = wit, for the left system, and 7 = wgt, for the right system.

Remark 4.6. By Remarks[1.3|and[1.4] if z;, < 0 (resp. xr > 0) when v, > 0 (resp. 7z <
0), the interval IT-(Iy) is reduced to (—oo, 9], where §; = I17(0) (resp. 4, = (IT*)~1(0)),
and for v, < 0 (resp. g > 0), I, = [y, 00) with gy = (IT7)7*(0) (resp. go = I17(0)),
see Figures and [4.3] In fact, the change (z,y,t) — (wr,y,wrt) keeps the origin

unchanged.

The next result, obtained in [44], says that we can restrict ourselves to studying the

family (4.11]) with b = 0.
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Theorem 4.7 ([44]). System has a center at infinity if and only if it is time-
reversible with respect to x-axis or y-axis. The centers time-reversible with respect to
y =0 if and only if b =0 and v, = vg = 0. The centers time-reversible with respect to
x=01if and only if b= 0, v, = —vgr # 0 and either o, = ar =0 or ap, = —agr # 0.

The authors of [44] classify the centers at infinity for the family

o (272 —y, (L+73) (@ —x)), ifz <0,
(6.5) = 2 | (412)
(2vre =y, (L +77)(x — zp)), if 2> 0.
Consequently, we can use the left Poincaré half-map (4.7)) and the left flight time (4.8))

and do the following changes

Tp =2viwr, Dp = (1+9%)(wr)? and ap = (1+v?)rrwr, (4.13)
Tr =2vpwr, Dr= (1+7%)(wr)? and ar = (1 + v%)zRwr, '

on them.

4.2 Study of the flight time

A special case of smooth system is the so called rigid system or uniformly isochronous
system, that is, by using a homeomorphism X = h(x), such that the new system may
be brought into the form § = 1, for any @ after the polar coordinates transformation
X =rcosf and Y = rsinf. By using that the study of the period function is equivalent
to the one in which the system is in its normal form, roughly speaking, we can say that
the half-flight time is the angle with respect to the equilibrium point for rigid systems. In
particular, we have that each linear system which defines equation has this property
by the following proposition.

Proposition 4.8. Consider the differential linear system

{s‘czzm—y, (414

g = (1+75)(x —2a),

where yp and xx are real. The half-period function for the solution of system (4.14)
passing through (0,vo) and (0,y,) is the angle of the sector centered at the equilibrium and

defined by those points (see Figure .

Proof. By using the translation (x,y) — (z — xz,y — 2ya74) the system becomes

T = 2Y\T — v,
y=(1+3).
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Figure 4.4: Sector centered at the equilibrium p, and defined by the points (0,yo) and
(Oa yl)

We can apply a linear transformation to the normal form given by

(2,y) = (v, —(1+73)z +my) = (X, Y)
that transforms this system in the Jordan canonical form

X =nX-Y,
Y =X +nY,

where after the polar coordinates transformation, X = rcosf, and Y = rsin# we obtain
that = 1 for any 6. O

This result tells us that the behavior of the half-period function of is equal to the
corresponding flying time which in this case is the angle we go along the solution. Then,
in order to study the complete period function, it is enough to determine the behavior of
the angles defined by the equilibrium points of the left and right systems of .

Now we show a simple and important technical result which will be useful later for

studying the behavior of the period function for the considered cases.

Definition 4.9. Consider a planar differential system with a monodromic equilibrium
point py and a straight line /. Then, ¢ splits the phase plane into two connected compo-
nents, called ¥~ and ¥*. Fixed the connected component ¥~ (resp. X1), when py € ¥~
(resp. po € XT) it is called a wisible equilibrium, if py € £ is a boundary equilibria, and

when py ¢ 37 (resp. po ¢ X7), it is an invisible equilibrium.
In the next result, d(,-) denotes the Euclidean distance in R2.

Proposition 4.10. Consider a planar differential system with a monodromic equilibrium
point po and a straight line €, then pg € £, or there exists a tangency point p; of the flow
of the differential system with the straight line €. Fized the connected component ¥, if pg
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is visible, we take ko = d(p1,p2), where py is the first intersection of the orbit that passes
through py at t = 0 with the straight line £, and kg = 0, if pg € £, or py is an invisible
point. Since po is a monodromic point, for each k € (ko,00) C R, there exist two points
qi,q¥ € € with a piece of orbit connecting them such that d(qf,q¥) = k. The function
which associates each k € [ko,00) C RT to the angle Ty of the sector centered at its focus

and defined by those points qf and ¢¥ in { contained in X~ (see Figure satisfies the

following conditions:

Figure 4.5: Sector centered at its focus py and defined by the points ¢§ and ¢f in ¢

(1) is monotonous decreasing, if po is visible;
(13) is constant, if po € {;
(1ii) is monotonous increasing, if po is invisible.

Proof. When py € {, the angle is constant and equals to m. For the other cases, we
consider k; < ky and we fix the connected component X~. For Xt the proof is analogous.
Denote by Tt (resp. I'*2) the piece of an orbit that starts at gi' (resp. ¢i?) and ends at
q’fl (resp. qlf2), where the points qgl, q’fl, qé”, and q/]f2 are considered as in the statement,
according to Figure . Note that, if the focus pg € 3~ (resp. py ¢ X7), then the angle
determined by it and I'* is smaller (resp. greater) than the angle determined by the

equilibrium and I'*2 and the statement follows. O
Remark 4.11. If we fix the other connected component X7, we have the same conclusions.
The following lemma is a direct consequence of Proposition |4.10}
Lemma 4.12. Suppose we are under the conditions of Proposition[4.10. Then,
(i) if po is visible, Ty, € (m, 27,

(ZZ) ifpo €L, ko =0 and’ﬁ):ﬂ,
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Figure 4.6: The flow, illustration when the equilibrium of focus type py € ¥~ and py ¢ ¥,
respectively

(#3) if po is invisible, ko = 0 and Ty, = 0.
Furthermore, if py is of center type and visible, kg = 0 and To = 27 (see Figure .

The last statement of this lemma follows by using that, if a line intersects a circle in

exactly one point, the line is said to be tangent to the circle, as represented in Figure [£.7]

Figure 4.7: The flow, illustration when the equilibrium of center type pg € ¥~ and
po ¢ X7, respectively

Note that we can do the study of the angle defined by the equilibrium points for the
left and right planar differential systems that define system taking ¢ being the y-
axis. Then, from Proposition [£.8 this is sufficient to determine the behavior of the left
(resp. right) flight time that defines 7" in (4.6)).

Remark 4.13. From Proposition for the left (resp. right) system, the angle function
defined by k — 7T, obtained in Proposition verifies that, for each k € RT, T} is
T~ (yo) (resp. —T"(yo)), where yo > 0 and (0,yp) is the point in the y-axis such that

d((0, %), (0,117 (y0))) = k (resp. d((0, 40), (0,117 (y))) = k).
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Proposition 4.14. Consider the system (4.12)), where the left system (resp. right system)
has a monodromic equilibrium point at (xp,yr) (resp. (xr,yr)). The left (resp. minus the
right) flight time T~ (yo) (resp. —T*(yo)) with respect to y-axis associated to the period

annulus at infinity, satisfies the following conditions:

(1) if xp, <0 (resp. xr > 0), it is monotonous decreasing,
(#i) if xp =0 (resp. xr = 0), it is constant,
(13i) if xr, > 0 (resp. xr < 0), it is monotonous increasing.

Proof. Under the condition of statement (i), we have a real monodromic visible equilib-
rium in (zr,2yr21) (vesp. (zg,2vprr)). From Proposition [4.10[i), the left (resp. right)
flight time is monotonous decreasing.

Due to the condition (i7) the origin is a boundary equilibrium and the left (resp. right)
flight time is constant from Proposition [4.10{(ii).

Regarding statement (i7i), the system has a monodromic invisible equilibrium point
(z1,2vrxL) (vesp. (zg,27rzR)). From Proposition [4.10[(iii), the flight time is monotonous

increasing. O

Remark 4.15. In the following, we are considering the angle of the sector centered at
the equilibrium and defined by two points in the separation line when we refer to the left

and right flight times.
From Lemma [4.12] we have the following conditions for the initial values of the left

flight time 7~ and minus the right flight time —7'7.

Lemma 4.16. Suppose we are under the conditions of Proposition[4.1]] and the domain

of the left (resp. right) flight time T~ (yo) (resp. =T (yo)) is I, = [yo, 00) (resp. Ir =
[90, 00) ). Then,

(i) if x, <0 (resp. wr > 0), go = (II7)71(0) (resp. go = (I1*)71(0)) and T~ (o) €
(m,27] (resp. =T"(9o) € (m,2m]),

(ii) if v, =0, 9o =0 and T-(0) = 7w (resp. —=T7(0) = =),
(i11) if xp, >0, o =0 and T—(0) =0 (resp. —=T7(0) =0).

Furthermore, if (xp,yr) (resp. (xr,yr)) is of center type and visible, Jo = 0 and T~ (0) =
21 (resp. —T7(0) = 2m).

We can also directly study the algebraic expressions in equations (4.8)) and (4.9) ob-
tained in [7] for the half-flight times, after the substitutions given in (4.13)), to determine
the behavior of T.
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Lemma 4.17. For the systems that define (4.12)), with vy # 0, the half flight times TT

are given by:

(i) T5(w) = = (mman <&> . (Hﬂyo) —WA)); e -

TA TA
0;

(ii) T*(yo) = i—” if 2y = 0:

(1ii) T (yo) = wi (arctan <w> — arctan (HJF(yO) — ,YAxA)), if Exp > 0,
A

TA TA

and its first and second derivatives, for all xx, are:

Exa (T (yo) — o)
wa((yaza = y0)? + 23)IF (yo)
F\» _ §IA(H:F(y0> — yO)Q(yO)
T 00 = = (oawn = o) + )T (o)

(T7)(yo) =

(4.15)

where Q(yo) = ((aza — I (%0))* + 23 ) (TI¥ (o) + o) — I (%0)* (II¥ (o) — %0), A = L
and & = 1 for the left flight time T—, A = R and £ = —1 for right flight time TF.

Proof. 1t follows by using the expression given in (4.8) for the left and right flight times

and the substitutions given in equation (4.13). O]

Lemma 4.18. For the right system of (4.12)) with xtg = —xp and yg = —yr # 0, the
right flight time is given by T (yo) = — (wr/wgr) T (yo). Then, the complete time is
T(yo) = (1 +wr/wr) T~ (vo).

To study the sign of the second derivative of T, it is important to determine the sign

of the difference yy — (=117 (yo)) that is given in [9] by the next proposition.
Proposition 4.19 ([9]). The following statements hold.

(i) The left Poincaré half-map 11~ satisfies sign(yo + 11" (yo)) = —sign(Ty), for yo €
I\ {0}. In addition, when O € I, and I17(0) # 0, or when Ty = 0, the identity
also holds for 1o = 0.

(it) The right Poincaré half-map 11T satisfies sign(yo + I (yo)) = sign(Tg), for yo €
I\ {0}. In addition, when 0 € I and IIT(0) # 0, or when Tr = 0, the identity
also holds for yy = 0.

From the last proposition and equation (4.13)), we have that

sign(yo + T~ () = —sign(yz)  and  sign(yo + I (o)) = sign (). (4.16)
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4.3 Series expansions of the Poincaré half-map and the
flight time

In the next propositions the Taylor or Newton—Puiseux series expansion of the forward
Poincaré half-map II~ at the tangency point is presented, as obtained in []], for the
piecewise system in the Liénard canonical form (4.4), in the different scenarios after the

substitutions given in (4.13)).

Proposition 4.20 ([8]). Let z;, # 0 and 0 € I1,. IfT17(0) = 0, then the Taylor expansion

of II™ around the origin is written as

M - 1677
3e(1+92)7 922 (1+73)

I (y0) = —o Y6 + O(y)- (4.17)

Lemma 4.21. Under the same conditions of Proposition the Taylor expansion of
the left flight time T~ around the origin for system (4.12)) writes as

] 1 2 4yt 2(572 — 3)
T = — 2 3+0(y1) ). 4.18
w= 5 (Gorro"* et i e e o). 019

Proof. Note that 0 € [, if and only if z; > 0. In order to get (4.18]), it is enough to
replace the expansion of I (yo) given in (4.17)) on the left flight time T~ (yo) determined
in Lemma [1.17] (iii), and then consider the Taylor expansion around the origin for the

obtained expression. O

Remark 4.22. Note that 0 € I, (resp. 0 € Ig) and II7(0) = 0 if and only if z;, > 0
(resp. g < 0), from Remark and equation (4.13)).

Proposition 4.23 ([§]). Assume that 0 € Ir,. If117(0) = g3 < 0, then x, < 0, v, > 0,
1 is the right endpoint of the interval 11~ (I1,) (see Figure [{.9(a)). The left Poincaré
half-map 117 s a real analytic function in I, and its Taylor expansion around the origin
writes as

(yvexp — 1)* + 22 o 2v((yer — 01)° +a7) 3 4
A y i B0, (4.19)
202911 +73) 7° 32311 ++3)2 70 ‘

I (yo) = i+

Lemma 4.24. Under the same conditions of Proposition the Taylor expansion of
the left flight time T~ around the origin for system (4.12)) writes as

1 1 (vxr —h)* + a7

T (yo)= — [T~ - >

= 5 (T O+ S~ B (1.20)

_(viad + Airein + el + gt — 2»’L‘L@1)y3 n O(y4)) |
3x31(1+77) ’ )

where T~(0) = 27 — arctan(y.) — arctan((yy — ypor)/xL) € (m, 27).
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Proof. In order to get (4.20)), it is enough to replace the expansion of I~ (y) given in (4.19)
on the left flight time 7 (yo) given in Lemma [£.17] (i), and then consider the Taylor

expansion around the origin for the obtained expression. O

Remark 4.25. If the equilibrium point is a visible unstable focus, see the left side of
Figure , it is not easy to determine the extremes of the interval I1-(I;), i.e. 4; such
that I17 (/) = (—o0, 91], as we would have to find, by equation (4.7)), the solution of the

equation
YLrL — Y1

) — 7, arctan(vyg)
xr

L arctan (
+ln(7%x% +a) ~ In((yzr + G1)* + 27)
2 2
When there exists a point ¢y such that I17 () = 0, as illustrated in Figure [4.2(b), the

left Poincaré I1~ is a non-analytic function at ¢y and so the authors of [§] use that the

= 2y, 7.

inverse function (IT7)~! is analytic at the origin to get a Newton—Puiseux series expansion

for the left Poincaré half-map I~ around g, by means of an inversion.

Proposition 4.26 ([8]). Assume that there ezists a value Jo > 0 with I17(go) = 0. Then,
xp <0, vy <0, 4o is the left endpoint of the interval I, the inverse function (IT7)~1 is
a real analytic function, and the left Poincaré half-map 11~ admits the Newton—Puiseux

expansion around the point o given by

Ty = V2D (Curr o +ag) o,
%0 (vewr — 90)* + 27 ot
4y LYo

_3((7&,& — §0)% + 22) (Yo — 90) + O((yo — 90)%/?),

(4.21)

which is valid for yo > 1o.

Lemma 4.27. Under the same conditions of Proposition[4.26, the Newton—Puiseuz series
expansion around the point o for system (4.12)) writes as

_ o 1 — /A 290 rr A \1/92
(%) T wg (T (Go) + (\/(1 + ) (v —90)? + %) i (yrL—10)* + x%) (80— 5o)"

n < (VoL — Yo)TL 2 YLYo ) (o0 — 7o)
~ - 5 ~ 00— Y0
(yer —90)? +27)% 31+ ((ver — 90)2 + 27)

+O0((yo — Q0)3/2>>

which is valid for yo > 4o, where T~ (§o) = 27 + arctan(vy) — arctan((ypzp — 90)/xL) €
(7, 2m).
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Proof. In order to get (4.27)), it is enough to replace the expansion of I~ (y) given in (4.21])
on the left flight time 7~ (yo) given in Lemma [£.17 (i), and then consider the Newton-

Puiseux series expansion around the point ¢y for the obtained expression. O

Remark 4.28. If the equilibrium point is a visible stable focus, see the right side of
Figure [4.6] it is not easy to determine the extremes of interval of I, i.e. o such that
I, = [10,0), as we would have to find, by equation (4.7)), the solution of the equation

YLTL — Yo
XL

v arctan(~yr) — 7 arctan (

In((yrzp — §0)® + 1) In(yia + %)
+ 2 B 2

= 2’}/L7T.

4.4 Centers at infinity and its period functions

The hypotheses of monodromy at infinity implies that the dynamics is of center-focus
type in both regions which is characterized by T3 — 4D, < 0. This allows the existence
of a periodic orbit at infinity. Next proposition provides the classification of the centers
at infinity for the canonical form .

Proposition 4.29 ([44]). There exists a period annulus at infinity for system (4.12)) if

and only if we are in one of the following four cases:

(i) The conditions v, = yr = 0 hold, which imply y;, = yr = 0 and the phase plane is
the result of the matching of two linear centers (x1,0) and (zg,0), both symmetric
with respect to the x-axis, which can be real or virtual equilibrium. Moreover, the
system s reversible and, if at least one of such equilibrium points is virtual, then

the center is global.

(ii) The conditions v, = —yr # 0, and x;, = —xr # 0, with x;, < 0 < xg hold, which
imply yr, = yr # 0. So, we have two real equilibrium points on (rr,2yprr) and
(—xp,2vypzr). The phase plane exhibits a reversible nonlinear center at infinity.
Such a center is not global ending in a heart-shaped homoclinic orbit to a pseudo-

saddle at the origin, which contains the two foci in its interior.

(#ii) The conditions vy, = —ygr # 0, and x;, = xr = 0 hold, which imply y;, = yr = 0,
and the origin is a boundary focus from both sides, constituting a reversible global

nonlinear center.

(iv) The conditions vy, = —vr # 0, and x;, = —xg # 0, with xr < 0 < x hold (hence
yr = yr # 0), then we have two virtual equilibria at (xp,2ypxr) and (—xp,2ypxL).

The phase plane exhibits a reversible global nonlinear center at infinity.
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The possible phase portraits and locations of the equilibrium points can be visualized
in [44] and in Figure
Remark 4.30. Let A = L for the left flight time 77—, and A = R for the right flight
time T7. When the origin is either a boundary equilibrium point of the center or a
focus type for both systems that define , ie. 4Dy — T3 > 0, it is known that
T¥(yo) = 2m/1/4Dy — T3 (see [43]), for any yo > 0, then the half-period functions can be
extended to the origin with TF(0) = 27/,/4Ds — T3.

By using that for the piecewise system , the period function T'(yg) behaves as
the difference of the left flight time and the right flight time, we have the next theorems
that determine the bifurcation diagram of the period function for the planar piecewise
system for the centers at infinity presented in the last proposition. Theorem m
presents the behavior of the period function for the center-center case and Theorem
deals with the focus-focus case.

In the proof of the next result, the two argument function arctan(y, x), for real argu-
ments x,y, computes the principal value of the argument of the complex number x + iy,

so —m < arctan(y,z) < 7.

Theorem 4.31. The period function (4.6) of the planar piecewise system (4.12)) with
Y1 = vr = 0 (condition (i) of Proposition[{.29), where wy, and wg are given in the proof

of Proposition [{.5 coincide, satisfies the following conditions
(i) if L = xR, it is constant,

(i) if x;, < 0 and xr > 0, not simultaneously zero, it is monotonous decreasing with
T(0) = 4m,

(i) if xr, > 0 and xr < 0, not simultaneously zero, it is monotonous increasing with
T(0) =0,

() if xpxr > 0 and xp > xg, it has one simple critical period which is a minimum
point with T'(0) = 2,

(v) if xpxr > 0 and x, < xR, it has one simple critical period which is a mazimum
point with T'(0) = 2.

Furthermore, for all the cases, lim,, - T'(yo) = 2.

Proof. Under these conditions, the planar piecewise system reduces to

.o (_yax_mL)a lfxé()?
(#,9) =

4.22
(—y,x —xg), if x >0, (4.22)
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which are defined by systems that are time-reversible with respect to z-axis, and the
half-return maps satisfy II-(yo) = It (yo) = —vyo. First, note that, if x; = xg, the
system in becomes the analytical system with a linear center and, then, it has an
isochronous center, and (i) follows.

For the other cases, by Proposition 4.8] we need to find the corresponding left and
right flight times in order to obtain the behavior of the period function T'(yp).

Consider the parametrized solution of the left planar piecewise system of

(x(t),y(t)) = (v + rcost,rsint).

Let 19 and 79+ 71 be the values of the time such that the solution starts at (0, o) and
ends at (0,y;). Substituting the values of cos 7y and sin 7y, from the equations z(7p) = 0
and y(79) = yo into the equation x(7y 4+ 7) = 0, we obtain that 7 satisfies f,,(m1) = 0,

with fy, (1) =z — x cosT — ypsin 7. Solving the equation f, (1) = 0, we obtain

2x x? — 2
71 = arctan ( LYo L yo).

vL Y5 e+ Y
Note that 7; is the left flight time T (yp).

By using the parametrized solution of the equation in ¥ given by
(x(t),y(t)) = (xgr + rcost,rsint),

with analogous calculations, now for the orbit starting at point (0,—yp), entering the
zone YT until it reaches ¥ at the point (0,yp), the time 7 satisfies g,,(m2) = 0, for

Gyo(T) = g — xR cos T + yosin 7. Solving the equation g,,(72) = 0, we obtain

2z % — 2
To = arctan (— rYo Tk yo).

TREY TR+ U
Note that T (yo) coincides with —7s.

Then, the complete period function is:

Tyo)=T (yo) =T (yo) =11 — (—T2) =71 + 72

2x x2 — P 2 x2 — 1y
= arctan ( 5 Ly02, 5 y(2)> -+ arctan <— 3 RyOQ, 5 yg)
T+ Yy TL Y TR+ Y Tkt Yo

By using the first and second derivative of T" given by

T o) — 2(xr — zr)(rLrR — Y5)
(?JO) - 2 2 9 9 )
(7 +v5)(zh +45)
T () — dyo(xp — zR) (@} xR + 2% + wro%h + 227 THY — Yo)
(yo) = (x2 n 2)2@2 + 2)2
LT Y L TY

we determine the bifurcation diagram for these considered cases.

(4.23)

Y
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Note that, regarding conditions (ii) and (iii), that is if zyzr < 0, in the case where
xrr, <0 and zr > 0, not simultaneously zero, we have T"(yy) < 0 and 7" (yy) > 0, for all
Yo, and if z7 > 0 and zgr < 0, not simultaneously zero, T"(yy) > 0 and 7" (yo) < 0, for all
yo. In fact, in these cases, sign(7") = sign(x; — xg) and sign(7") = —sign(zy — zg), as
Yi(yo) = zrer — yg < 0 and Ya(yo) = a3 xp + 23a% + xpad + 203 a%y2 — y5 < 0, for all
Yo, coming from the fact that Y;(0) < 0, Y2(0) < 0 and both has no real roots. Then, T
has no critical periods, since the derivative 7" has no real root, and 7' is concave under
condition (ii) and convex for (iii).

Therefore, for (ii) the half-flight times T~ and —T" are monotonous decreasing, from
Proposition [1.14{i), and T7(0) = —77(0) = 27, from Lemma [4.16| 7"(yo) > 0, and
T"(yo) > 0, for all ygy, from the previous discussion. Hence, the sum T is monotonous
decreasing with 7°(0) = 47 and its graphic is as in region I of Figure [4.§

On the other hand, with a similar approach, regarding statement (iii), 7" is monoto-
nous increasing, as sum of 7~ and T which has this monotonic behavior from Propo-
sition [4.14[(iii). Furthermore, the period function 7" satisfies that 7°(0) = 0 given that
T-(0) = =T*(0) = 0, from Lemma [4.16{iii), 7"(yo) > 0, T"(yo) < 0, for all yo, and its
graphic is as in region II of Figure [4.8

For the cases (iv) and (v), i.e zzx > 0, we have from Proposition [4.14] that the behav-
ior of one of the half-flight times is monotonous increasing and the other is monotonous
decreasing, then we need to perform a more detailed analysis of these cases and see if
there are period oscillations in this case. From Lemma[£.16], we can already conclude that
T(0) = 2m. In this case we have the aggregation of a system with a visible center and
another with an invisible center.

From the expression of the derivative T"(yo) in (4.23), if x; # zr with xpzgr > 0,
we have one critical period given by the positive zero py := \/zrxg of Yi(yo), i.e. one
oscillation. Furthermore, by using the second derivative in , we have that the number
of inflection points of 1" is at most 1. In fact, this number coincides with the number of
positive zeros of Ya(yo) = 23 xp + 23 2% + o’ + 222 2%y2 — yg. Hence, as for xpzg > 0

the discriminant of Y5 with respect to yq is given by
—25623 0% (22 + wpap + a%) (Phad + 2% + wpag + 2%)?,

which is negative in every domain of 7', then we have two real roots, one positive and the

other negative, and two complex conjugate roots. So, we have only a positive real root,

Qo = \/xLxR + \/x%xR + 222 2% + wpad,

obtained by solving Y5(yo) = 0. Note that py < qo.
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Figure 4.8: Bifurcation diagram of the period function of system (|4.22))

Doing a simple analysis of the expressions of the first and second derivative of T' given
in (4.23), we have:

, for yo € (0
, for yo € (po,

o (4.24)

( ( ) (0, po);

( ( ) (
sign(T") = sign(xy — xr), for yo € (0, qo);
sign(T") = —sign(zr, — zr), for yo € (qo,

00).

So, we can conclude that, under the condition (iv), i.e. 2 > xg, we have T'(0) = 27,

T (yo) < 0, for 0 < yo < po, T"(po) = 0, T"(yo) > 0, for yo > po, T7"(q0) > 0, for
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0 <y < qo, T"(qo) = 0, and T"(yo) < 0, for yo > qo, as sign(z, — xg) = +1, and we
have (4.24]). Hence, py and ¢y are a minimum point and inflection point of 7', respectively.
Then, the behavior of T'(yg) is as in region III of Figure . Analogously, under the
condition (v), i.e. x < xg, we have T(0) = 2m, T"(yo) > 0, for 0 < yo < po, T"(po) = 0,
T'(yo) < 0, for yo > po, T"(q0) < 0, for 0 < yo < qo, T"(q0) = 0, and T"(ye) > 0, for
Yo > qo, as sign(x;, — xg) = —1, and we have (4.24). Thus, py is a maximum point of T’
and ¢ is its inflection point. Then the behavior of T'(yy) is as in region IV of Figure .

The last statement follows by using that we can parametrize the radios of the solution
of the left and right system of , with respect to the angle, for any 1. In fact, fixing

the left system, it writes in polar coordinates as

7= —xpsind =: R(r,0),

. 4.25
9=1+“€”9:@@ﬁ) (4.25)

Note first that O(r, +7/2) = 1, for all r, and ©(r,0) — 1, as r — oo, then

1
O(r,8) > 1, for r big enough and any 6 = 800 <1 (4.26)

Note also that the distance of the solution that starts in (0,70) to the origin tends to
infinity, as yo — co. Hence, we can parametrize the radius of this solution with respect

to the angle, for any yo. Indeed, it is given by the solution, here denoted by (6, 1), of

dr _ R(r,0)
o~ O(r,0)’

that verifies r(0, y9) = yo. Using this parametrization, we can compute the left flight time,

for each yg, by means of

B B 3m/2 1
7*(y0)_./ﬁm ORI (4.27)

Note, on the other hand, that, since (6, yy) — oo as yy — oo, for each 6,

1
ygi_r)noo W =1. (4.28)
Therefore, by using , we can apply the Dominate Convergence Theorem and assert
that limy, oo T (yo) = 7.
For the right system, lim,, .. —7"(y0) = m. The proof is analogous as 6 =1—
zreos(0)/r =: O(r(0,y),0) and =TT (yo) = f:/i? 1/0(r(0,yo),0)dd. 1t follows that
T(yo) =T (yo) — T"(yo) — 2, as yo — oc.

O



4.4. Centers at infinity and its period functions 99

Theorem 4.32. The period function of the planar piecewise system (4.12), with yp =
—vL # 0 and xp = —xy, (conditions (ii), (iit), and (iv) of Proposition[{.29), satisfies the

following conditions:

(i) if v, <0, it is monotonous decreasing,

(i) if x, = 0, it is constant,
(#1) if x, > 0, it is monotonous increasing.
Furthermore, for all the cases, lim,,_, T'(yo) = 2.

Proof. First, note that assuming the conditions v, = —vg and ; = —xg given in (i), (i),
and (7i7), from equations in (4.13)), we have w;, = wg. Then, after a reparameterization, we
can consider wy, = wr = 1 and T'(yy) = (1 + wr/wr)T~ (yo) = 27 (o) (see Lemma |4.18]).

In cases (i) and (i7i) the planar piecewise system becomes

(=2vpz —y, (1 +~2)(x +x1)), if 2 >0,

and we have to consider only two cases, 7, < 0 and ~y; > 0 (see, Proposition and
Remark [4.6). For condition (i7), we have

(6.4) = {(m —u, (1 93)), if e <0, (.30)

(—2vpz —y, (1 +~3)x), if 2 >0,

whose phase portrait is presented in I of Figure [4.9]

For condition (i) with v, < 0, the domain of T is given by [go, 00), where g > 0
satisfies II7(go) = 0. Furthermore, we know that 7~ and 7" are monotonous decreasing,
from Proposition [4.14{i), and T~ (go), =T (go) € (m,2), from Lemma [4.16{i), then T
is monotonous decreasing with 7'(go) € (2m,4m). Moreover, we have T"(yo) < 0, and
T"(yo) > 0, for all yy € (9o, 00). In fact, since T'(yo) = 27 (yo), we can analyse the sign
of T" and T" by using equations (4.15)) and (4.16)), for the left flight time 7. Hence, the
period annulus corresponding to v, < 0 and the period function 7" are depicted on region
I of Figure 4.9}

Now, if we consider 7, > 0, the domain of T" becomes [0, c0), and it behaviors as the

above case. In fact, we can obtain the previous case with a composition of a symmetry
and a reversibility of the time given by (x,y,7) — (z, —y, —7). Hence, the period function
T (see Remark and its phase portrait are depicted in region II of Figure .
Under the condition (iii) for both cases 7, < 0 and 7, > 0, the period annulus is
unbounded and the domain of T is given by (0,00). The situation is analogous to the

condition (#7) and it is enough to consider v, < 0. In this case, T" is monotonous increasing
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YA

T 9o Yo

D)

Figure 4.9: Bifurcation diagram of the period functions for the focus-focus case

Yo

by Proposition [4.14|iii), 7'(0) = 0 from Lemma [1.16{c), and T"(yo) < 0 for all y, € (0, o)
from equations and . Hence, the period annulus and the period function T
are depicted in region IIT of Figure [4.9]

Finally, under the condition (ii), that is system has a global center at the
origin, by Proposition {4.14{(ii), the period is constant. Furthermore, by Lemma |4.16((ii),
T(0) = 27 and, therefore, T'(yo) = 27, for all yo > 0, and the origin is an isochronous
center and the period function is as depicted in region I'V.

The last statement follows by using that the complete time is T'(yo) = 27"~ (yo), where
T~ (yo) has the expressions given in Lemma with wy, = 1. Then, T is given by

(i) T(yo) =2 (2# + arctan <w> — arctan (H(yo) — 7LIL)), if x, <0;

xr XL

(ii) T(yo) = 2m, if x;, = 0;

_ T (v0) —
(iii) T(yo) =2 (arctan <w> — arctan ( (o) WJ%L)), if z;, > 0.

XL XL

Therefore, as lim,, . II"(yy) = —oo, we simply calculate the limit of the above expres-
sions (i), (ii), and (iii), and we obtain lim,,_, T'(yo) = 2, for all values of z .
O
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Remark 4.33. About the conditions (i), (i), and (éi7) of Theorem we have the
focus-focus case invisible, the origin is a boundary equilibrium point of focus type for

both systems, and focus-focus case visible, respectively.

Remark 4.34. About the focus-focus case with z; < 0, |zy| small, we have that the
initial value approaches the value 47 and tends to 27 slower. On the other hand, for |z|
big, it starts with a smaller and closer value to 27 and tends to 27 faster. If |z | = 0, then
the period function is constant. For x; > 0 with |z| small, the period function takes its
first value at 0 with a bigger slope and tends to 27 faster. On the other hand, for |zp|
big, the left flight time 7'~ starts in 0 with a smaller slope and tends to 27 slower.

Remark 4.35. For the center-center case we have only considered the case where wy =

wg. We are studying the remaining case where wy # wg.
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CHAPTER 5

Final considerations

It is important to mention that we are studying how we can determine the total
number of period oscillations for some families of piecewise systems and not just the local
problem, that is, to establish a lower bound for the number of period oscillations around
the center. The advantage of choosing this approach to the problem is that it allowed us
to study different problems and techniques. Furthermore, as this study takes a different
direction from those that before we decided to study the period function, there are still
many possibilities for future works. Although it is an interesting approach it is difficult.

For the first work in Chapter [2| we studied a special case of piecewise potential sys-
tem, also called asymmetric oscillator, already well-known and frequently encountered in
physical problems ([60]). Such a family has a certain symmetry that facilitates to find
an expression for the period function and so we can use the study carried out for the
analytical system that determines our family to obtain its bifurcation diagram. The in-
teresting thing is that we could try to carry out a similar study for piecewise potentials
of any degree as in Chicone [19] and Gasull, Guillamon, Manosa, and Manosas [4§] for
the analytical case, at first those that have the same symmetry of system (£2.1]), and later
without this symmetry.

As we have studied the local problem for the planar piecewise reversible quadratic
system in Chapter [3, we could have used the same technique and applied it to study
different types of piecewise systems. For example, try to find a good limitation of the
number of local critical periods that bifurcates from a planar piecewise vector field with
degree n.

Furthermore, as it was seen in the thesis, we could have chosen to work with the
Poincaré map for piecewise systems and establishing the number of limit cycles, since the
tools coincide with those we used for the period function. The preference for studying the

period function in piecewise systems is precisely because there are still not many works

103
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in this direction.

In this context, we can specify some open problems:

1. We point out that, as we studied in Chapter [2 the period function and its oscilla-
tions for the cubic planar Hamiltonian system based on Picard—Fuchs equations for
algebraic curves, we expect that we could do the same approach for other families

of piecewise systems without symmetries, and with higher degree.

2. Given a planar analytic system (&, ) = (f(z,v), g(x,y)), we can write it in complex
coordinates as 2 = F'(z,Z), where z = x + iy. Moreover, when the origin is a weak
focus, after a constant rescaling of time, it writes as 2 = iz + Z(z,%Z), where Z is
a convergent series which starts with at least quadratic terms. Since holomorphic
systems are isochronous (see [46]), it is interesting to work with the maximum
number of local critical periods that can bifurcate from holomorphic centers. In this
way the authors of [88] studied perturbations of reversible holomorphic isochronous
centers by adding nonholomorphic perturbations which keeps the center property,

more precisely the family of n-th degree reversible system

n—1

z= izH(l —a;z),

j=1
where n > 1 and a; € R\ {0} are real parameters such that a; # a; for every
i,j €{1,...,n—1}, i # j. This system is reversible with respect to the horizontal

axis, then we could consider the piecewise systems which are the aggregation of two

of these systems with the y-axis as straight line of separation, namely

n—1 n—1
t=iz]J(1—aj2), if Re(z) <0, 2=iz][(1-b;2), if Re(z)>0,
j=1 j=1

where n > 1 and a;,b; € R\ {0} are real parameters such that a; # a; and b; # b,
for every i,j € {1,...,n— 1}, i # j, which has a center because of the reversibility
and try to find the maximum number of local critical periods which can bifurcate
from the origin. Or even, we could study the global problem for these lower degree

systems.

3. One can also consider the cases of centers for the planar piecewise linear system ({4.1])
and try to describe the behavior of the flight time for the remaining cases: saddle-

saddle, node-node, etc.

4. There are still many families of planar piecewise polynomial systems for studying

the criticality problem. By using the same methods that we have presented in
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Chapter [3| we could perform a case-by-case study by starting with lower degree

and, then, increasing the degree.



106 Chapter 5. Final considerations




Bibliography

1]

2]

(6]

[7]

8]

[9]

A. Algaba, E. Freire, and E. Gamero. Isochronicity via normal form. Qual. Theory
Dyn. Syst., 1(2):133-156, 2000.

A. A. Andronov, E. A. Leontovich, I. I. Gordon, and A. G. Maier. Theory of
bifurcations of dynamic systems on a plane. Halsted Press [John Wiley & Sons],
New York-Toronto; Israel Program for Scientific Translations, Jerusalem-London,

1973. Translated from the Russian.

A. A. Andronov, A. A. Vitt, and S. E. Khaikin. Theory of oscillators. Pergamon
Press, Oxford-New York-Toronto, Ont., 1966. Translated from the Russian by F.
Immirzi; translation edited and abridged by W. Fishwick.

N. N. Bautin. On the number of limit cycles which appear with the variation of
coefficients from an equilibrium position of focus or center type. American Math.
Soc. Translation, 1954(100):19, 1954.

F. Beukers and R. Cushman. Zeeman’s monotonicity conjecture. J. Differential
FEquations, 143(1):191-200, 1998.

C. A. Buzzi, Y. R. Carvalho, and A. Gasull. The local period function for Hamil-
tonian systems with applications. J. Differential Equations, 280:590-617, 2021.

V. Carmona and F. Ferndndez-Sanchez. Integral characterization for Poincaré half-

maps in planar linear systems. J. Differential Equations, 305:319-346, 2021.

V. Carmona, F. Fernandez-Sanchez, E. Garcia-Medina, and D. D. Novaes. Proper-
ties of Poincaré half-maps for planar linear systems and some direct applications to
periodic orbits of piecewise systems. To appear in Electron. J. Qual. Theory Differ.
Equ., 2023.

V. Carmona, F. Ferndandez-Sanchez, and D. D. Novaes. Uniqueness and stability

of limit cycles in planar piecewise linear differential systems without sliding region.

107



108

Bibliography

[10]

[11]

[12]

[14]

[18]

[19]

[20]

[21]

Communications in Nonlinear Science and Numerical Simulation, 123:107257, aug
2023.

X. Cen. New lower bound for the number of critical periods for planar polynomial
systems. J. Differential Equations, 271:480-498, 2021.

J. Chavarriga, H. Giacomini, J. Giné, and J. Llibre. On the integrability of two-
dimensional flows. J. Differential Equations, 157(1):163-182, 1999.

J. Chavarriga, J. Giné, and 1. Garcia. Isochronous centers of a linear center per-
turbed by homogeneous polynomials. In Proceedings of the 3rd Catalan Days on
Applied Mathematics (Lleida, 1996), pages 65-80. Univ. Lleida, Lleida, [1996].

J. Chavarriga, J. Giné, and I. A. Garcia. Isochronous centers of a linear center
perturbed by fourth degree homogeneous polynomial. Bull. Sci. Math., 123(2):77—
96, 1999.

J. Chavarriga, J. Giné, and I. A. Garcia. Isochronous centers of a linear center
perturbed by fifth degree homogeneous polynomials. J. Comput. Appl. Math., 126(1-
2):351-368, 2000.

J. Chavarriga and M. Sabatini. A survey of isochronous centers. Qual. Theory Dyn.
Syst., 1(1):1-70, 1999.

X. Chen and Z. Du. Limit cycles bifurcate from centers of discontinuous quadratic
systems. Comput. Math. Appl., 59(12):3836-3848, 2010.

X. Chen, V. G. Romanovski, and W. Zhang. Critical periods of perturbations of
reversible rigidly isochronous centers. J. Differential Equations, 251(6):1505-1525,
2011.

X. Chen and W. Zhang. Isochronicity of centers in a switching Bautin system. J.
Differential Equations, 252(3):2877-2899, 2012.

C. Chicone. The monotonicity of the period function for planar Hamiltonian vector
fields. J. Differential Equations, 69(3):310-321, 1987.

C. Chicone. Geometric methods for two-point nonlinear boundary value problems.
J. Differential Equations, 72(2):360-407, 1988.

C. Chicone and M. Jacobs. Bifurcation of critical periods for plane vector fields.
Trans. Amer. Math. Soc., 312(2):433-486, 1989.



Bibliography 109

22]

23]

[24]

[25]

[26]

[27]

28]

[29]

[30]

[31]

32]

[33]

[34]

S. N. Chow and J. K. Hale. Methods of bifurcation theory, volume 251 of Grundlehren
der Mathematischen Wissenschaften [Fundamental Principles of Mathematical Sci-
ences/. Springer-Verlag, New York-Berlin, 1982.

S.-N. Chow and J. A. Sanders. On the number of critical points of the period. J.
Differential Equations, 64(1):51-66, 1986.

C. J. Christopher. Estimating limit cycle bifurcations from centers. In Differential
equations with symbolic computation, Trends Math., pages 23-35. Birkhauser, Basel,
2005.

C. J. Christopher and J. Devlin. Isochronous centers in planar polynomial systems.

SIAM J. Math. Anal., 28(1):162-177, 1997.

C. J. Christopher and N. G. Lloyd. Polynomial systems: a lower bound for the
Hilbert numbers. Proc. Roy. Soc. London Ser. A, 450(1938):219-224, 1995.

A. Cima, A. Gasull, and V. Manosa. Studying discrete dynamical systems through
differential equations. J. Differential Equations, 244(3):630-648, 2008.

A. Cima, A. Gasull, and V. Maniosa. Non-integrability of measure preserving maps
via Lie symmetries. J. Differential Equations, 259(10):5115-5136, 2015.

A. Cima, A. Gasull, V. Manosa, and F. Manosas. Algebraic properties of the
Liapunov and period constants. Rocky Mountain J. Math., 27(2):471-501, 1997.

A. Cima, F. Manosas, and J. Villadelprat. Isochronicity for several classes of Hamil-
tonian systems. J. Differential Equations, 157(2):373-413, 1999.

B. Coll, A. Gasull, and R. Prohens. Center-focus and isochronous center prob-
lems for discontinuous differential equations. Discrete Contin. Dynam. Systems,
6(3):609-624, 2000.

B. Coll, A. Gasull, and R. Prohens. Degenerate Hopf bifurcations in discontinuous
planar systems. J. Math. Anal. Appl., 253(2):671-690, 2001.

B. Coll, R. Prohens, and A. Gasull. The center problem for discontinuous Liénard
differential equation. Internat. J. Bifur. Chaos Appl. Sci. Engrg., 9(9):1751-1761,

1999. Discrete dynamical systems.

R. Conti. Uniformly isochronous centers of polynomial systems in R?. In Differential

equations, dynamical systems, and control science, volume 152 of Lecture Notes in
Pure and Appl. Math., pages 21-31. Dekker, New York, 1994.



110

Bibliography

[35]

[36]

[37]

[38]

[41]

[42]

[43]

[44]

[45]

[46]

[47]

R. Conti. Centers of planar polynomial systems. A review. Matematiche (Catania),
53(2):207-240 (1999), 1998.

W. A. Coppel and L. Gavrilov. The period function of a Hamiltonian quadratic
system. Differential Integral Equations, 6(6):1357-1365, 1993.

P. De Maesschalck and J. Torregrosa. Critical periods in planar polynomial centers

near a maximum number of cusps. Preprint, 2023.

M. di Bernardo, C. J. Budd, A. R. Champneys, and P. Kowalczyk. Piecewise-smooth
dynamical systems, volume 163 of Applied Mathematical Sciences. Springer-Verlag

London, Ltd., London, 2008. Theory and applications.

F. Dumortier and C. Li. Perturbations from an elliptic Hamiltonian of degree four.
I. Saddle loop and two saddle cycle. J. Differential Equations, 176(1):114-157, 2001.

A. F. Filippov. Differential equations with discontinuous righthand sides, volume 18
of Mathematics and its Applications (Soviet Series). Kluwer Academic Publishers
Group, Dordrecht, 1988. Translated from the Russian.

G. R. Fowles. Analytical Mechanics. Harcourt College Publishers, 1986.

E. Freire, A. Gasull, and A. Guillamon. First derivative of the period function with

applications. J. Differential Equations, 204(1):139-162, 2004.

E. Freire, E. Ponce, F. Rodrigo, and F. Torres. Bifurcation sets of continuous
piecewise linear systems with two zones. Internat. J. Bifur. Chaos Appl. Sci. Engry.,
8(11):2073-2097, 1998.

E. Freire, E. Ponce, J. Torregrosa, and F. Torres. Limit cycles from a monodromic
infinity in planar piecewise linear systems. J. Math. Anal. Appl., 496(2):Paper No.
124818, 22, 2021.

E. Freire, E. Ponce, and F. Torres. Canonical discontinuous planar piecewise linear
systems. SIAM J. Appl. Dyn. Syst., 11(1):181-211, 2012.

A. Garijo, A. Gasull, and X. Jarque. Normal forms for singularities of one dimen-
sional holomorphic vector fields. FElectron. J. Differential Equations, pages No. 122,
7, 2004.

A. Gasull. Some open problems in low dimensional dynamical systems. SeMA J.,
78(3):233-269, 2021.



Bibliography 111

[48]

[49]

[50]

[51]

[52]

[53]

[54]

[55]

[56]

[57]

[58]

[59]

[60]

A. Gasull, A. Guillamon, V. Manosa, and F. Manosas. The period function for
Hamiltonian systems with homogeneous nonlinearities. J. Differential Equations,
139(2):237-260, 1997.

A. Gasull, A. Guillamon, and J. Villadelprat. The period function for second-order
quadratic ODEs is monotone. Qual. Theory Dyn. Syst., 4(2):329-352 (2004), 2003.

A. Gasull, C. Liu, and J. Yang. On the number of critical periods for planar
polynomial systems of arbitrary degree. J. Differential Equations, 249(3):684-692,
2010.

A. Gasull, R. Prohens, and J. Torregrosa. Limit cycles for rigid cubic systems. J.
Math. Anal. Appl., 303(2):391-404, 2005.

A. Gasull and J. Torregrosa. Center-focus problem for discontinuous planar dif-
ferential equations. Internat. J. Bifur. Chaos Appl. Sci. Engrg., 13(7):1755-1765,

2003. Dynamical systems and functional equations (Murcia, 2000).

L. Gavrilov. Remark on the number of critical points of the period. J. Differential
Fquations, 101(1):58-65, 1993.

J. Giné, L. F. S. Gouveia, and J. Torregrosa. Lower bounds for the local cyclicity
for families of centers. J. Differential Equations, 275:309-331, 2021.

R. Gorenflo and S. Vessella. Abel integral equations, volume 1461 of Lecture Notes
in Mathematics. Springer-Verlag, Berlin, 1991. Analysis and applications.

L. F. S. Gouveia and J. Torregrosa. Lower bounds for the local cyclicity of cen-

ters using high order developments and parallelization. J. Differential Equations,
271:447-479, 2021.

M. Guardia, T. M. Seara, and M. A. Teixeira. Generic bifurcations of low codi-
mension of planar Filippov systems. J. Differential Equations, 250(4):1967-2023,
2011.

M. Han and P. Yu. Normal forms, Melnikov functions and bifurcations of limit

cycles, volume 181 of Applied Mathematical Sciences. Springer, London, 2012.

M. Han and W. Zhang. On Hopf bifurcation in non-smooth planar systems. J.
Differential Equations, 248(9):2399-2416, 2010.

J. E. Howard. Asymmetric oscillations. SIAM Journal on Applied Mathematics,
16(4):747-755, 1968.



112

Bibliography

[61]

[62]

[64]

[65]

[66]

[67]

[72]

73]

Y. Ilyashenko. Centennial history of Hilbert’s 16th problem. Bull. Amer. Math.
Soc. (N.S.), 39(3):301-354, 2002.

F. Li, P. Yu, Y. Tian, and Y. Liu. Center and isochronous center conditions for

switching systems associated with elementary singular points. Commun. Nonlinear
Sci. Numer. Simul., 28(1-3):81-97, 2015.

H. Liang and J. Torregrosa. Parallelization of the Lyapunov constants and cyclic-
ity for centers of planar polynomial vector fields. J. Differential Equations,
259(11):6494-6509, 2015.

X. Liu and M. Han. Hopf bifurcation for nonsmooth Liénard systems. Internat. J.
Bifur. Chaos Appl. Sci. Engrg., 19(7):2401-2415, 20009.

J. Llibre and A. C. Mereu. Limit cycles for discontinuous quadratic differential

systems with two zones. J. Math. Anal. Appl., 413(2):763-775, 2014.

W. S. Loud. Behavior of the period of solutions of certain plane autonomous systems

near centers. Contributions to Differential Equations, 3:21-36, 1964.

R. Lum and L. O. Chua. Global Properties of Continuous Piecewise-Linear Vector
Fields Part I: Simplest Case in R?. Technical Report UCB/ERL M90/22, University
of California, Berkeley, Mar 1990.

F. Manosas and P. J. Torres. Isochronicity of a class of piecewise continuous oscil-
lators. Proc. Amer. Math. Soc., 133(10):3027-3035, 2005.

F. Manosas and J. Villadelprat. A note on the critical periods of potential systems.
Internat. J. Bifur. Chaos Appl. Sci. Engrg., 16(3):765-774, 2006.

F. Manosas and J. Villadelprat. The bifurcation set of the period function of the
dehomogenized Loud’s centers is bounded. Proc. Amer. Math. Soc., 136(5):1631-
1642, 2008.

Maple 2018. Maplesoft. A division of Waterloo Maple. http://www.maplesoft.com/,

Waterloo, Ontario.

P. Mardesi¢, D. Marin, M. Saavedra, and J. Villadelprat. Unfoldings of saddle-nodes
and their Dulac time. J. Differential Equations, 261(11):6411-6436, 2016.

P. Mardesi¢, D. Marin, and J. Villadelprat. On the time function of the Dulac map
for families of meromorphic vector fields. Nonlinearity, 16(3):855-881, 2003.



Bibliography 113

[74]

[75]

[79]

[80]

[81]

[85]

[36]

P. Mardesi¢, D. Marin, and J. Villadelprat. The period function of reversible
quadratic centers. J. Differential Equations, 224(1):120-171, 2006.

P. Mardesi¢, D. Marin, and J. Villadelprat. Unfolding of resonant saddles and the
Dulac time. Discrete Contin. Dyn. Syst., 21(4):1221-1244, 2008.

P. Mardesi¢, C. Rousseau, and B. Toni. Linearization of isochronous centers. J.
Differential Equations, 121(1):67-108, 1995.

D. Marin and J. Villadelprat. Asymptotic expansion of the Dulac map and time
for unfoldings of hyperbolic saddles: local setting. J. Differential Equations,
269(10):8425-8467, 2020.

D. Marin and J. Villadelprat. Asymptotic expansion of the Dulac map and time
for unfoldings of hyperbolic saddles: general setting. J. Differential Equations,
275:684-732, 2021.

D. Novaes and L. Silva. On the non-existence of isochronous tangential centers in

filippov vector fields. Proceedings of the American Mathematical Society, jul 2022.

D. Novikov and S. Malev. Linear estimate for the number of zeros of Abelian
integrals. Qual. Theory Dyn. Syst., 16(3):689-696, 2017.

R. D. S. Oliveira, I. Sdnchez-Sanchez, and J. Torregrosa. Simultaneous bifurcation
of limit cycles and critical periods. Qual. Theory Dyn. Syst., 21(1):Paper No. 20,
35, 2022.

D. J. Pagano, E. Ponce, and F. Torres. On double boundary equilibrium bifurcations

in piecewise smooth planar systems. Qual. Theory Dyn. Syst., 10(2):277-301, 2011.

I. I. Pleskan. A new method of research on the isochronism of a system of two
differential equations. Differencial’nye Uravnenija, 5:1083-1090, 1969.

V. G. Romanovski and D. S. Shafer. The center and cyclicity problems: a compu-
tational algebra approach. Birkhauser Boston, Ltd., Boston, MA, 2009.

F. Rothe. The periods of the Volterra—Lotka system. J. Reine Angew. Math.,
355:129-138, 1985.

R. Roussarie. Bifurcations of planar vector fields and Hilbert’s sixteenth problem.
Modern Birkhauser Classics. Birkhduser/Springer, Basel, 1998. [2013] reprint of the
1998 edition.



114

Bibliography

[87]

[33]

[89]

[90]

[91]

[92]

[93]

[94]

[95]

[96]

[97]

[98]

[99]

[100]

M. Sabatini. Characterizing isochronous centres by Lie brackets. Differential Equa-
tions Dynam. Systems, 5(1):91-99, 1997.

I. Sdnchez-Sanchez and J. Torregrosa. New lower bounds of the number of critical
periods in reversible centers. J. Differential Equations, 292:427-460, 2021.

R. Schaaf. A class of Hamiltonian systems with increasing periods. J. Reine Angew.
Math., 363:96-109, 1985.

M. Urabe. Potential forces which yield periodic motions of a fixed period. J. Math.
Mech., 10:569-578, 1961.

M. Urabe. The potential force yielding a periodic motion whose period is an ar-

bitrary continuous function of the amplitude of the velocity. Arch. Rational Mech.
Anal., 11:27-33, 1962.

J. Villadelprat. On the reversible quadratic centers with monotonic period function.
Proc. Amer. Math. Soc., 135(8):2555-2565, 2007.

J. Villadelprat. On the period function in a class of generalized Lotka—Volterra
systems. Appl. Math. Comput., 216(7):1956-1964, 2010.

M. Villarini. Regularity properties of the period function near a center of a planar
vector field. Nonlinear Anal., 19(8):787-803, 1992.

J. Waldvogel. The period in the Lotka-Volterra system is monotonic. J. Math.
Anal. Appl., 114(1):178-184, 1986.

C. T. C. Wall. Singular points of plane curves, volume 63 of London Mathematical
Society Student Texts. Cambridge University Press, Cambridge, 2004.

S. Wang and J. Yang. Period functions and critical periods of piecewise linear

system. FElectron. J. Differential Equations, pages Paper No. 79, 12, 2020.

J. Yang, M. Han, and W. Huang. On Hopf bifurcations of piecewise planar Hamil-
tonian systems. J. Differential FEquations, 250(2):1026-1051, 2011.

Y. Zhao. On the monotonicity of the period function of a quadratic system. Discrete
Contin. Dyn. Syst., 13(3):795-810, 2005.

Y. Zhao. The period function for quadratic integrable systems with cubic orbits. J.
Math. Anal. Appl., 301(2):295-312, 2005.



Bibliography 115

[101] Y. Zhao, W. Li, C. Li, and Z. Zhang. Linear estimate of the number of zeros
of Abelian integrals for quadratic centers having almost all their orbits formed by
cubics. Sci. China Ser. A, 45(8):964-974, 2002.

[102] J. Zhou, N. Li, and M. Han. Critical periods of perturbations of reversible rigidly
isochronous centers. Abstr. Appl. Anal., pages Art. ID 481501, 12, 2013.



	Introduction
	Preliminaries
	Piecewise differential systems
	Centers and their period functions
	Piecewise systems with a line of discontinuities
	Return map and period function
	Bifurcation of critical points of the period function
	A result on the criticality of isochronous centers

	Period function for a family of planar piecewise Hamiltonian systems
	Analysis of the smooth planar Hamiltonian system
	Phase portraits
	Period function and its oscillations

	Period function of planar piecewise reversible quadratic systems
	Lyapunov and period constants
	Strong isochronicity and discontinuous isochronous centers
	Bifurcation of local critical periods
	Perturbing piecewise isochronous quadratic systems

	Period function for piecewise linear centers at infinity
	Preliminaries
	Study of the flight time
	Series expansions of the Poincaré half-map and the flight time
	Centers at infinity and its period functions

	Final considerations
	Bibliography

