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Abstract

In this work we study the formalism of Conformal Field Theory (CFT) and apply it to
the theory of strings and superstrings. We also use the BRST quantization technique
to obtain the string spectrum together with the celebrated critical dimension for the
bosonic string, i.e. the d = 26. By performing a supersymmetric extension of the
Polyakov action of the bosonic string we construct a superstring, which now includes
fermionic degrees of freedom as well. The gauged fixed action of the latter theory
leads to the critical dimension d = 10 after imposing the condition of the vanishing of
the conformal anomaly at the quantum level.
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Resumo

Neste trabalho estudamos o formalismo da Teoria do Campo Conformal (CFT) e apli-
camos à teoria das cordas e supercordas. Também usamos a técnica de quantização
BRST para obter o espectro de cordas junto com a célebre dimensão crítica para a
corda bosônica, ou seja, a d = 26. Ao realizar uma extensão supersimétrica da ação de
Polyakov da corda bosônica, construímos uma supercorda, que agora inclui também
graus de liberdade fermiônicos. A ação do calibre fixo da última teoria leva à dimen-
são crítica d = 10 após impor a condição do desaparecimento da anomalia conformal
no nível quântico.
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Chapter 1

Introduction

Historical remarks

In 1966 Patashinskii, Pakrovskii and Kadanoff suggested that the fluctuations of some
statistical systems are scale-invariant at a phase transition point, further, in 1970, Polyakov
pointed out that the scale invariance may be seen as a particular case of conformal
invariance[1]. In turn, conformally invariant quantum field theories describe the crit-
ical behavior of systems at second order phase transitions, the typical example is the
Ising model in two dimensions. Therefore, the study of the conformal symmetries
caught the interest of the physics community in the attempt to give a better expla-
nation about these critical phenomenas raised in the quantum statistical mechanics.
Two dimensional conformal field theories also provide the dynamical setup in string
theory. In that context conformal invariance imposes constraints on the allowed space-
time (which is called critical) dimension and the possible internal degrees of freedom.
By these reasons, a classification of two dimensional conformal field theories could
provide useful information on the set of different consistent first-quantized string the-
ories that can be constructed.

Conformal invariance is therefore an extension of scale invariance, a symmetry
under local dilations of space. Belavin, Polyakov and Zamolodchikov combined the
representation theory of the Virasoro algebra with the idea of an algebra of local op-
erators and showed how to construct completely solvable conformal theories, known
as minimal models, in 1984[2]. Almost at the same time, in the attempt to unify all the
forces of the nature into a single one, born string theory, in which two-dimensional
scale invariance appears naturally. String theory, therefore, originated in the late 1960s
at a time when no consistent field theories could describe strong and weak interac-
tions. It arose as an attempt to explain the observed spectrum of hadrons and their
interactions. In fact, Veneziano found in 1969 a formula for the scattering amplitude of
four particles[3]. Afterwards, Nambu and Susskind showed that the dynamical object
from which the Veneziano formula can be derived is a relativistic string. Nonetheless,

1



CHAPTER 1. INTRODUCTION 2

String theory was discarded as a candidate theory of strong interactions, because the
existence of a critical dimension, which we will show in this work to be 26 for the
bosonic string and 10 for the superstring. Another obstacle for the interpretation of
string theory as a theory of strong interactions was the existence of a massless spin
two particle which is not present in the hadronic world. In 1974 Scherk and Schwarz
suggested to interpret this massless spin two particle as the graviton, that is, the field
quantum of gravity. This means that the tension of a string is related to the character-
istic mass scale of gravity. They also pointed out that at low energies this “graviton”
interacts according to the covariance laws of general relativity. This results imply that
string theory could be, in principle, a candidate for a quantum theory of gravity.

Motivations

Here, we state a list of reasons which were considered at the time of choosing String
theory as our subject of discussion in this work. Most of these reasons has to do with
the introductory historical remarks mentioned above. The first reason has to do with
the importance that string theory currently plays in the theoretical physic, it is the best
proposal to couple gravity with quantum field theory, as mentioned, a manifestation of
this will appear when we study the spectrum of the bosonic string. The second reason
is more pragmatic, most of the methods used in string theory can be used to resolve
another physical problems, this is for instance the case of the conformal field theory
or also the study of supersymmetric theories, these are treatments that also serve for
models in statistical mechanics, among others. The Faddeev-Popov procedure and
BRST quantization are another examples of methods that we use in this work but their
application extends to another theories endowed with a gauge symmetry. No less im-
portant is the fact that we will use recurrently the tools of quantum field theory in this
work. A final reason which motivated this dissertation has to do with the mathemat-
ical structure of the string theory, in particular, because it is the best arena to use the
machinery of some of the modern mathematics.

The residual symmetry

It is pertinent to explain how the conformal invariance, which will be defined in the
chapter 2, will manifest itself in the bosonic string theory. We begin with the Polyakov
action

S = − 1
4πα′

ˆ
d2σ
√
−ggαβ∂αXµ∂βXνηµν, det gαβ = g. (1.1)
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An explanation is in order: Gravity couples with field theory, in string theory, through
the degrees of freedom of a two-parameter depending field, gαβ

(
σ0, σ1)1, where the

two parameters σ0 and σ1 parameterize the world-sheet. By the way, the world-sheet
is the two-dimensional analogue of the world-line for the point particle when prop-
agates in a d−dimensional Minkowski spacetime. This field is manipulated as being
a metric, however it does not correspond exactly to a metric. Then, in analogy with
a point-particle, where there are d coordinates xµ (τ) on the target space (Minkowski
spacetime), we have in string theory d scalar fields Xµ

(
σ0, σ1). The parameter α′ is re-

lated to the tension of the string, namely, if T is the tension of the string, then α′ = 1
2πT .

Polyakov action presents one global symmetry, Poincaré invariance, and two local
symmetries. The first of these local symmetries is the invariance under reparametriza-
tions, σα −→ σ̃α

(
σ0, σ1), in infinitesimal form corresponding to σ̃α = σα + ξα

(
σ0, σ1).

The second one is the Weyl invariance, that is, invariance under point-wise rescaling of
the metric gαβ −→ Ω2 (σ0, σ1) gαβ, for Ω = e2ω(σ0,σ1), this corresponds to the infinites-
imal transformations of the form δgαβ −→ 2ω

(
σ0, σ1) gαβ. These local invariances al-

low for the gauge choice gαβ = Ω2 (σ0, σ1) ηαβ, where ηαβ = diag(−1, 1). Weyl invari-
ance allows to perform a transformation such that we set gαβ = ηαβ. This gauge choice
is called the conformal gauge. If we use light-cone coordinates, σ± = σ0 ± σ1 =⇒
2∂± = ∂σ0 ± ∂σ1 , we can note that the action (1.1) still has a local symmetry, this action
is invariant under reparametrizations of the form σ± −→ σ̃± (σ±), which correspond,
in infinitesimal form, to σ̃± = σ± + ξ± (σ±), this symmetry is called a residual sym-
metry. If we perform a Wick rotation (σ0 −→ −iσ2), the metric gαβ acquires a (+,+)

signature with parameters σ1 and σ2. The light-cone coordinates σ± can be promoted
to complex coordinates z and z̄, and the residual symmetry transformations acquire
the form z′ = z + ξ (z) and z̄′ = z̄ + ξ̄ (z̄). These functions ξ (z) and ξ̄ (z̄) are holomor-
phic and antiholomorphic mappings from the complex plane onto itself. This is how
conformal symmetry appears in string theory.

About this work

The topics in this dissertation are presented in the following form: Chapter 2 spans
the main topics of this work, therefore, we are going to explain how it is organized. In
section 2.1 the conformal group is presented and the generators are derived. In section
2.2 we see what conformal invariance implies on classical fields, we also introduce the
energy-momentum tensor. Section 2.3 is devoted to explain how conformal invariance
affects the correlation functions and we derive the Ward identity. In the first three sec-

1This metric has (−,+) signature , if we make a Wick rotation (σ0 −→ −iσ2) we obtain a metric gαβ,
with parameters σ1 and σ2.
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tions mentioned before, we work in dimension d ≥ 3. In sections 2.4 and 2.5 we repeat
the process of the previous sections but in the d = 2 case, we will see that there are infi-
nite generators of the conformal transformations in this dimension. However, between
this infinite group we distinguish the global conformal group, which is formed only
by the one to one invertible mappings of the complex plane onto itself, primary fields
are introduced as well. Also, the residual symmetry of the Polyakov action is identi-
fied with the two dimensional conformal transformations. In section 2.6 we study two
systems which have to do with the bosonic string. The first one is the matter or XX
system, this system is nothing but the gauge-fixed Polyakov action after performing
a Wick rotation. The second system is the b, c ghost system, which is presented in a
general way, later we will see how particular cases of this system arise in string the-
ory. In section 2.7 we introduce the concept of central charge or conformal anomaly,
the Schwarzian derivative is presented and it is showed how the energy-momentum
tensor transforms as a primary field only under the global conformal transformations.
Section 2.8 and 2.9 are devoted to present CFT in an operator formalism, we calculate
the Virasoro algebra and review the Hilbert space for the CFT. In section 2.10 and 2.11
we apply the operator formalism to the matter and the ghost systems respectively.
Section 2.12 is devoted to carry out the Faddeev-Popov procedure on the Polyakov
action, we will see then that a particular b, c ghost system arises as the Faddeev-Popov
determinant. The BRST quantization, which is a method of quantizing gauge theories,
is presented in section 2.132. We find the celebrated critical dimension for the bosonic
string theory, this critical dimension results to be d = 26. Section 2.14 is devoted to ob-
tain the spectrum of the bosonic string by imposing the physical state conditions over
the excited states. At level zero this leads us to the Tachyon in both, open a closed
string, at level one this leads us to the Photon state in the open string and to the Gravi-
ton, Dilaton and Kalb-Ramond states in the closed string case. The appearance of the
Tachyon and its meaning won’t be considered in this work.

Despite the above mentioned, the bosonic string does not present fermion states in
its spectrum, namely it is called a toy model. This is one of the main motivations to
introduce fermionic degrees of freedom to the theory by coupling to Polyakov action
(1.1) two kind of spinors fields. The first spinor field Ψµ is a two-dimensional Majo-
rana spinor corresponding to the supersymmetric partner of the Xµ field. The second
is the gravitino χα which is the supersymmetric partner of gαβ. There is an analogue
to the conformal gauge for these supersymmetric theory, which is called the super-
conformal gauge and where we set χα = 0 in addition to the usual conformal gauge.
As in the bosonic case, this gauge choice will give rise to a residual symmetry, the su-

2“BRST quantization is a refinement of the Faddeev-Popov procedure that makes explicit the fact
that the quantization is independent of a choice of a particular gauge”, P. Deligne, P. Etingof, D. S.
Freed, L. S. Jeffrey, D. Kazhdan, J. W. Morgan, D. R. Morrison, E. Witten, Quantum Fields and Strings:
A course for mathematicians, Vol 1.
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perconformal invariance. The new non-gauge-fixed action won’t be presented in this
work and we will begin to work directly with the gauge-fixed (superstring) action in
the section 3.1.
The superstring action is invariant under supersymmetry transformations, they are
transformations interchanging bosonic and fermionic degrees of freedom, the genera-
tor of such transformations is a field TF with conformal dimension 3

2 . Since the matter
part or Polyakov action has been augmented by adding fermionic degrees of freedom,
new ghost terms will appear, thus giving rise to a β, γ system. We don’t implement
the BRST procedure in full for the superstring action. However, by demanding the
vanishing of the central charge of a system formed by the matter, b, c and β, γ systems,
we obtain the critical dimension for the superstring action, this result to be d = 10.
In the section 3.2 we make a slightly discussion about the periodicity conditions over
the fermionic fields and how different sectors arise, they are called the Ramond and
Neveu-Schwarz sectors. The algebra satisfied by the Virasoro modes (the modes of
the energy momentum tensor) and the modes of TF, will be called the Ramond or
Neveu-Schwarz algebra depending on the sector where we are on.

This work is just a concise review about the formalism and some topics of interest
to me, but it does not pretend to make some new contribution. It is for this reason that
it will not be presented some specific application of String theory per se.



Chapter 2

Conformal invariance and string action

In this chapter the basic concepts and tools in conformal field theory (CFT) are intro-
duced, it is made a short review of the conformal group in dimension d ≥ 3, to go
after to the case of interest in string theory, the d = 2 case. By doing so, it is presented
recurrence expressions to calculate the Noether’s currents, energy momentum-tensor,
Ward identities and the operator product expansion OPE. We use these tools to find
the TT OPE in the matter XX−system (gauge-fixed action of the bosonic string ) and
the b, c−ghost system, (this arises as the Faddeev-Popov ghost system) and leads to
the concept of central charge, which we will show to be related to the Weyl anomaly.
We present the BRST quantization procedure, which leads to the critical dimension
d = 26, in which the BRST charge satisfy the nilpotency condition, also, it allows to
decouple non physical states from the string-spectrum.

The main reference used to develop conformal field theory are the books by Di
Francesco [4], Ginsparg lectures [5], Lüst and Theisen [6] and the last version of this
with Blumenhagen [7] and also the book by Polchinski [8]. Another useful references
used were [9], [10], [11], [12] and [13], it was of great help the readings [14] and [15].

2.1 The conformal group

A conformal transformation of the coordinates in the d− dimensional spacetime is an
invertible map x −→ x′, which leaves the metric tensor invariant up a scale factor

g′µν

(
x′
)
=

∂xα

∂x′µ
∂xβ

∂x′ν
gαβ (x) = Λ (x) gµν (x) , (2.1)

where we have denoted by gµν the metric tensor in the space-time of dimension d. The
transformation only preserves angles not lengths. Considering the definition eq.(2.1)
and an infinitesimal transformation xµ −→ x′µ = xµ + εµ (x) on it, we see that the
metric at first order in ε, changes as,

6
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gµν −→ gµν −
(
∂µεν + ∂νεµ

)
(2.2)

the requirement for the transformation to be conformal is then

∂µεν + ∂νεµ = f (x) gµν. (2.3)

By taking the trace on both sides we have that

f (x) gµνgµν = gµν∂µεν + gµν∂νεµ,

f (x) =
2
d

∂σεσ. (2.4)

We assume, for simplicity, that the conformal transformation is an infinitesimal defor-
mation of the Euclidean metric gµν = ηµν, where ηµν = diag (1, 1, ..., 1). By applying an
extra derivative ∂ρ on eq.(2.3), permuting the indices and taking a linear combination,
we arrive at

2∂µ∂νερ = ηµρ∂ν f + ηρν∂µ f − ηµν∂ρ f , (2.5)

by contracting with ηµν on both sides of the equation above, we get

2∂2ερ = (2− d) ∂ρ f . (2.6)

Applying ∂ν on this expression and ∂2 on eq.(2.3), we find on the one side

∂2∂νεµ =
(2− d)

2
∂ν∂µ f ,

∂2∂µεν =
(2− d)

2
∂µ∂ν f ,

∂2 (∂µεν + ∂νεµ

)
= (2− d) ∂µ∂ν f ,

and from eq.(2.3)

∂2 (∂µεν + ∂νεµ

)
= ηµν∂2 f ,

so that
(2− d) ∂µ∂ν f = ηµν∂2 f . (2.7)

Finally, contracting with ηµν, we have

(2− d) ∂2 f = d∂2 f ,

(d− 1) ∂2 f = 0. (2.8)
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From eqs. (2.3)-(2.8), we can derive the explicit form of a conformal transformation
in d dimensions. First, if d = 1, the equations above do not impose any constraint
on the function f , because the notion of angle does not exist, and then any smooth
transformation is a conformal transformation in one dimension. The case d = 2 will
be studied in detail later. At the moment we concern in the cases d ≥ 3. Equations
(2.8) and (2.7) imply that ∂µ∂ν f = 0, that is, the function f is at least lineal in the
coordinates:

f (x) = A + Bµxµ,
(

A, Bµ constants
)

. (2.9)

By substituting this in eq.(2.5), we see that ∂µ∂νερ is constant, which means that εµ is,
at least, quadratic in the coordinates. Therefore we can write

εµ = aµ + bµνxν + cµνρxνxρ, cµνρ = cµρν. (2.10)

We treat each power separately. The constant term aµ amounts to an infinitesimal
translation. Substitution of the linear term into (2.3), after used (2.4), yields

∂µ

(
aν + bνρxρ

)
+ ∂ν

(
aµ + bµγxγ

)
= 2

d ∂σ

(
aσ + bσ

βxβ
)

ηµν,

bνµ + bµν = 2
d bσ

σηµν.
(2.11)

It is the sum of an antisymmetric part and a pure trace:

bµν = αηµν + mµν, mµν = −mνµ. (2.12)

1The pure trace represents an infinitesimal scale transformation, while the antisym-
metric part is an infinitesimal rigid rotation. Finally, using (2.4) and by substituting
the quadratic term in (2.10) into (2.5) yields

∂µ∂νερ =
1
d
(
ηµρ∂ν∂σεσ + ηρν∂µ∂σεσ − ηµν∂ρ∂σεσ

)
,

∂µ∂ν

(
cραβxαxβ

)
=

1
d
(
ηµρ∂ν + ηρν∂µ − ηµν∂ρ

)
∂σ

(
cσ

λγxλxγ
)

,

cρνµ = ηµρ
1
d

cσ
σν + ηρν

1
d

cσ
σµ − ηµν

1
d

cσ
σρ,

that is
cρνµ = ηµρbν + ηρνbµ − ηµνbρ , bµ =

1
d

cσ
σµ. (2.13)

1Since we can decompose all tensor as the sum of a symmetric part and an antisymmetric part, we
have

bµν =
1
2
(
bµν + bνµ

)
+

1
2
(
bµν − bνµ

)
=

1
d

bσ
σηµν +

1
2
(
bµν − bνµ

)
.
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The corresponding infinitesimal transformation is then

x′µ = xµ + cµ
νρxνxρ

= xµ + ηµσ
(
ηρσbν + ησνbρ − ηρνbσ

)
xνxρ

= xµ + ηµσ
(

2 (b · x) xσ − bσx2
)

= xµ + 2 (b · x) xµ − bµx2, (2.14)

which is called special conformal transformation (SCT). The finite transformations cor-
responding to those above are the following:

translation x′µ = xµ + aµ,
dilatation x′µ = αxµ,

rigid rotation x′µ = Mµ
νxν,

SCT x′µ = xµ−bµx2

1−2b·x+b2x2 .

(2.15)

We can check that the infinitesimal version of the last expression is indeed (2.14). The
SCT can also be expressed as (if from (2.15) we take the term x′µx′µ)

x′µ

x′2
=

xµ

x2 − bµ, (2.16)

in other words, the SCTs can be understood as an inversion of xµ plus a translation of
bµ, and following again by an inversion. Now, we are going to recall some definitions.

2.1.1 Noether’s theorem and Ward identity

In this section we give a precise meaning of the symmetries in the context of a gen-
eral field theory and derive Noether’s theorem, which states that to every continuous
symmetry in a field theory there is a conserved current.

Consider a collection of fields, which we collectively denote by Φ. The action func-
tional will depend in general on Φ and its derivative:

S =

ˆ
ddxL

(
Φ, ∂µΦ

)
. (2.17)

We study the effect, over this action, of a transformation affecting the position and the
fields

x −→ x′, Φ (x) −→ Φ′
(
x′
)
= F (Φ (x)) . (2.18)

Such that, the new field Φ′ at x′ is expressed as a function of the old field Φ at x. The
change of the action under the transformation (2.18) is obtained by substituting Φ′ (x)
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by Φ (x), the argument x is the same in both cases. The new action is

S′ =

ˆ
ddxL

(
Φ′ (x) , ∂µΦ′ (x)

)
=

ˆ
ddx′L

(
Φ′
(
x′
)

, ∂′µΦ′
(
x′
))

=

ˆ
ddx′L

(
F (Φ (x)) , ∂′µF (Φ (x))

)
=

ˆ
ddx

∣∣∣∣∂x′

∂x

∣∣∣∣L(F (Φ (x)) ,
(

∂xν

∂x′µ

)
∂νF (Φ (x))

)
. (2.19)

In the second line we have performed a change of integration variables x −→ x′ ac-
cording to the transformation (2.18), which allows us to express Φ′ (x′) in terms of
Φ (x) in the third line. In the last line we express x′ in terms of x. We now study the
effect, on the action, of an infinitesimal transformations of the general form

x′µ = xµ + εa
δxµ

δεa
, Φ′

(
x′
)
= Φ (x) + εa

δF (x)
δεa

. (2.20)

Here {εa} is a set of infinitesimal parameters. The generators Ga of a symmetry trans-
formation is usually defined by the following expression for the infinitesimal transfor-
mation at the same point:

δεΦ ≡ Φ′ (x)−Φ (x) = −iεaGaΦ (x) . (2.21)

It can be related to (2.20) by noting that at first order in εa we have

Φ′
(
x′
)

= Φ

(
x′µ − εa

δxµ

δεa

)
+ εa

δF
δεa

(
x′µ − εa

δxµ

δεa

)
= Φ

(
x′
)
− εa

δxµ

δεa

∂

∂xµ Φ
(
x′
)
+ εa

δF (x′)
δεa

−O
(

ε2
a

)
+ ... . (2.22)

From (2.21) follows that

iGaΦ (x) =
δxµ

δεa
∂µΦ (x)− δF (x)

δεa
. (2.23)

Noether’s theorem states that for each continuous symmetry of the action one may
associate a current which is classically conserved. Given a symmetry, the action is
invariant under the transformation (2.20) only if the parameters εa are independent
of the position. However, we will suppose that the infinitesimal transformation (2.20)
is not rigid (εa depending on the position), in order to derive the Noether’s theorem.
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From (2.20) we can write

∂x′ν

∂xµ =
∂

∂xµ

(
xν + εa

δxν

δεa

)
= δν

µ + ∂µ

(
εa

δxν

δεa

)
. (2.24)

The determinant of this matrix may be calculated to first order from the formula

det (I + E) ≈ 1 + Tr (E) , (E small) . (2.25)

We obtain ∣∣∣∣∂x′ν

∂xµ

∣∣∣∣ ≈ 1 + Tr
(

∂µ

(
εa

δxν

δεa

))
= 1 + ∂µ

(
εa

δxµ

δεa

)
. (2.26)

2With the help of these results above, the transformed action S′, eq.(2.19), may be
written as

S′ =

ˆ
ddx

(
1 + ∂µ

(
εa

δxµ

δεa

))
×L

(
Φ (x) + εa

δF (x)
δεa

,
(

δν
µ − ∂µ

(
εa

δxν

δεa

))(
∂νΦ (x) + ∂ν

(
εa

δF (x)
δεa

)))
.

(2.27)

The variation δS = S′ − S of the action contains terms with no derivatives of εa. These
terms are zero if the action is symmetric under rigid transformations, which is as-
sumed. Then δS involves just the first derivative of εa, obtained by expanding the
Lagrangian to first order in εa. We write,

S′ =

ˆ
ddx

(
1 + ∂µ

(
εa

δxµ

δεa

))
×L

(
Φ (x) + εa

δF (x)
δεa

, ∂µΦ (x) + ∂µ

(
εa

δF (x)
δεa

)
− ∂µ

(
εa

δxν

δεa

)
∂νΦ (x)

)
=

ˆ
ddx

(
1 + ∂µεa

δxµ

δεa
+ εa∂µ

δxµ

δεa

){
L
(
Φ (x) , ∂µΦ (x)

)
+ εa

δF (x)
δεa

∂L
∂Φ

+
∂L

∂
(
∂µΦ

) (∂µ

(
δF (x)

δεa

)
− ∂µ

(
δxν

δεa

)
∂νΦ (x)

)
εa

+
∂L

∂
(
∂µΦ

) (δF (x)
δεa

− δxν

δεa
∂νΦ (x)

)
∂µεa

}
.

Then, as mentioned above, all the terms proportional to εa vanishes if S is invariant,

2The inverse Jacobian matrix may be obtained to first order simply by inverting the sign of the
transformation parameter

∂xν

∂x′µ
= δν

µ − ∂µ

(
εa

δxν

δεa

)
.



CHAPTER 2. CONFORMAL INVARIANCE AND STRING ACTION 12

thus the remaining is

S′ =

ˆ
ddx

{
L
(
Φ (x) , ∂µΦ (x)

)}
+

ˆ
ddx

(
∂L

∂
(
∂µΦ

) δF (x)
δεa

− ∂L
∂
(
∂µΦ

) δxν

δεa
∂νΦ (x) +

δxµ

δεa
L
)

∂µεa

= S + δS,

which means that

δS = −
ˆ

ddx jµ
a ∂µεa, (2.28)

where

jµ
a =

(
∂L

∂
(
∂µΦ

)∂νΦ (x)− δν
µL
)

δxν

δεa
− ∂L

∂
(
∂µΦ

) δF (x)
δεa

. (2.29)

The jµ
a is the associated current of the infinitesimal transformation (2.20). It is called

a current in the sense that this satisfies a continuity equations, as we will see below.
Integration by parts yields

δS =

ˆ
ddx

(
∂µ jµ

a
)

εa. (2.30)

Noether’s theorem follows; if the field configuration obeys the classical equations
of motion, the action is stationary against some variation of the field. Therefore, δS
should vanish for any position dependence parameters εa (x). This implies the con-
servation law

∂µ jµ
a = 0, (2.31)

which is a continuity equation, as anticipated. The expression (2.29) for the conserved
current is called “canonical”, because there are other admissible expressions. In fact,
we may freely add to it the divergence of an antisymmetric tensor without affecting
its conservation:

jµ
a −→ jµ

a + ∂νBνµ
a , Bνµ

a = −Bµν
a , (2.32)

where, ∂µ∂νBνµ
a = 0 by antisymmetry.

We will now work with correlation functions, they are the diagonal matrix ele-
ments of a product of local operators corresponding to the vacuum vector. However,
one can also compute correlation functions with respect to any pair of states, they are
arbitrary matrix elements of the product of local operators. These correlation functions
are related with the scattering amplitudes between various asymptotic states.

Again, we consider a classical field theory involving a collection of fields Φ with
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an action S [Φ] that is invariant under a transformation of the type (2.18). Then, the
general correlation function of its associated quantum field theory is

〈Φ (x1) ...Φ (xn)〉 =
1
Z

ˆ
DΦ Φ (x1) ...Φ (xn) e−S[Φ], (2.33)

where Z is the vacuum functional. We assume that symmetry is not anomalous in the
sense that DΦ′ = DΦ. The consequence under the transformation (2.18) is obtained
as follows,

〈
Φ
(
x′1
)

...Φ
(
x′n
)〉

=
1
Z

ˆ
DΦ Φ

(
x′1
)

...Φ
(
x′n
)

e−S[Φ]

=
1
Z

ˆ
DΦ′Φ′

(
x′1
)

...Φ′
(
x′n
)

e−S[Φ′]

=
1
Z

ˆ
DΦF (Φ (x1)) ...F (Φ (xn)) e−S[Φ]

= 〈F (Φ (x1)) ...F (Φ (xn))〉 , (2.34)

where the mapping F is as in Eq.(2.18). In going from the first to second line in (2.34),
we have just renamed the dummy integration variable Φ −→ Φ′, without performing
a real change of integration variables. In going from the second to the third line, we
have performed a change of functional integration variables, in which Φ′ (x′) is ex-
pressed in terms of Φ (x). The action is invariant under such a change, by hypothesis.
Also, we need to assume that the Jacobian of this change of variable does not depend
on the field Φ.

At quantum level the consequences of a symmetry of the action and the measure
are reflected through constraints on the correlation functions. These constraints are
called Ward identities, we will now demonstrate them. An infinitesimal transforma-
tion may be written in terms of the generators as (Eq.2.21)

Φ′ (x) = Φ (x) + δΦ (x) = Φ (x)− iεaGaΦ (x) . (2.35)

We make a change of functional integration variables in the correlation function (2.33)
in the form of the above infinitesimal transformation, with εa now a function of x.
The action is not invariant under such local transformation, its variation is given by
(2.30). By simplicity, we denote by X the collection Φ (x1) ...Φ (xn) of fields within the
correlation function and by δεX its variation under the transformation, we can write

〈X〉 =
1
Z

ˆ
DΦ′ (X + δεX) e−{S[Φ]+δS}

=
1
Z

ˆ
DΦ′ (X + δεX) e−{S[Φ]+

´
ddx (∂µ jµa )εa(x)} (2.36)
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We again assume that DΦ′ = DΦ. When expanding to first order in εa (x), the above
expression becomes

〈X〉 =

{
1
Z

ˆ
DΦ′ Xe−S[Φ] +

1
Z

ˆ
DΦ′ δεXe−S[Φ]

}
e−
´

ddx (∂µ jµa )εa

=

{
1
Z

ˆ
DΦ′ Xe−S[Φ] +

1
Z

ˆ
DΦ′ δεXe−S[Φ]

}(
1−
ˆ

ddx
(
∂µ jµ

a
)

εa

)
=

1
Z

ˆ
DΦ′ Xe−S[Φ] +

1
Z

ˆ
DΦ′ δεXe−S[Φ]

−
{

1
Z

ˆ
DΦ′ Xe−S[Φ] +

1
Z

ˆ
DΦ′ δεXe−S[Φ]

} ˆ
ddx

(
∂µ jµ

a
)

εa,

�
��〈X〉 ≈

�
��〈X〉+ 〈δX〉 − 1

Z

ˆ
ddx
ˆ
DΦ′ X

(
∂µ jµ

a
)

εae−S[Φ]

〈δX〉 =
1
Z

ˆ
ddx
ˆ
DΦ′ X

(
∂µ jµ

a
)

εa (x) e−S[Φ].

Now, we can express X
(
∂µ jµ

a
)

as ∂µ

(
jµ
a X
)
, since the insertion points in X, that is

(x1, x2, ..., xn), are in general, different to the point x. Then we have

〈δX〉 =
1
Z

ˆ
ddx
ˆ
DΦ′ ∂µ

(
jµ
a X
)

e−S[Φ]εa (x)

=

ˆ
ddx∂µ

〈
jµ
a X
〉

εa (x) . (2.37)

The variation δX is explicitly given by (as the variation of a product), since δΦ
(
xj
)
=

−iεa
(
xj
)

GaΦ
(
xj
)
;

δX = −i
n

∑
j=1

εa
(
xj
) (

Φ (x1) ...GaΦ
(
xj
)

...Φ (xn)
)

= −i
ˆ

ddxεa (x)
n

∑
j=1

(
Φ (x1) ...GaΦ

(
xj
)

...Φ (xn)
)

δ
(
x− xj

)
. (2.38)

Since (2.37) holds for any infinitesimal function, we obtain the following local relation

∂µ

〈
jµ
a X
〉
= −i

n

∑
j=1

〈
Φ (x1) ...GaΦ

(
xj
)

...Φ (xn)
〉

δ
(
x− xj

)
. (2.39)

This is the Ward identity for the current jµ
a . We integrate the Ward identity (2.39) over

a region of space-time that includes all the points xj. On the left-hand side (l.h.s), we
obtain a surface integral, via divergence theorem

ˆ
V

ddx∂µ

〈
jµ
a X
〉
=

ˆ
∂V

dξµ

〈
jµ
a X
〉
=

ˆ
∂V

dξµ

〈
jµ
a Φ (x1) ...Φ (xn)

〉
(2.40)
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where dξµ is an outward-directed differential orthogonal to the boundary ∂V of the
domain of integration. Therefore, as a operator equation3 we can express the Ward
identity for a single operator field Φ (x0) as

ˆ
∂V

dξµ jµ
a Φ (x0) = δΦ (x0) . (2.41)

We will use later the above result to see how a conformal transformation affect an
operator conformal field.

2.1.2 Generators of the Conformal group

Now, we use the results above to calculate the generators of the conformal group. We
suppose by the moment that the fields are not affected by the transformation (that is,
F (Φ) = Φ =⇒ δF (x)

δεa
= 0), therefore, in particular, from (2.14) we can see that

x′µ = xµ + 2bαxαxµ − bµx2 = xµ + bα
(

2xαxµ − δ
µ
α x2
)

, (2.42)

which, according to (2.20), allows us to identify δxµ

δεa
= 2xαxµ − δ

µ
α x2 by promoting

εa −→ bα, thus, by using (2.23) we have that the generator of the special conformal
transformations Kµ is such that

iKµΦ (x) =
(

2xµxν − δν
µx2
)

∂νΦ (x) =
(

2xµxν∂ν − x2∂µ

)
Φ (x) . (2.43)

By repeating this process for all the infinitesimal versions of the transformations (2.15),
we obtain the generators

translation Pµ = −i∂µ,
dilatation D = −ixµ∂µ,

rigid rotation Lµν = i
(
xµ∂ν − xν∂µ

)
,

SCT Kµ = −i
(
2xµxν∂ν − x2∂µ

)
.

(2.44)

3When we say “as an operator equation” we means that the expression referred just has sense within
a correlation function.
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They obey the following commutation rules, thus defining the conformal algebra

[
D, Pµ

]
= iPµ,[

D, Kµ

]
= −iKµ,[

Kµ, Pν

]
= 2i

(
ηµνD− Lµν

)
, (2.45)[

Kρ, Lµν

]
= i

(
ηρµKν − ηρνKµ

)
,[

Pρ, Lµν

]
= i

(
ηρµPν − ηρνPµ

)
,[

Lµν, Lρσ

]
= i

(
ηνρLµσ + ηµσLνρ − ηµρLνσ − ηνσLµρ

)
.

In order the put the above commutation rules into a simpler way, we define the fol-
lowing combinations of generators:

Jµν = Lµν, J−1,µ = 1
2

(
Pµ − Kµ

)
,

J−1,0 = D, J0,µ = 1
2

(
Pµ + Kµ

)
,

(2.46)

where Jab = −Jba and a, b ∈ {−1, 0, 1, ..., d}. These new generators obey the commu-
tation relations of SO (d + 1, 1):

[Jab, Jcd] = i (ηad Jbc + ηbc Jad − ηac Jbd − ηbd Jac) , (2.47)

where the metric ηab is diag (−1, 1, 1, ..., 1) if the space-time is Euclidean (otherwise an
additional component, say ηdd, is negative). This shows the isomorphism between the
conformal group in d dimensions and the SO (d + 1, 1) group, which has 1

2 (d + 2) (d + 1)
elements.

We now build functions Γ (xi) of the N points xi that are left invariant under ev-
ery type of conformal transformations. Translational and rotational invariances imply
that Γ can depend on the distances

∣∣xi − xj
∣∣ between pairs of different points. Scale

invariance implies that only ratios of such a distances, such as∣∣xi − xj
∣∣

|xk − xl|

are allowed. Finally, under a special conformal transformation, the distance separating
two points xi and xj becomes in

∣∣∣x′i − x′j
∣∣∣ = ∣∣xi − xj

∣∣(
1− 2b · xi + b2x2

i
)1/2

(
1− 2b · xj + b2x2

j

)1/2 (2.48)

therefore, it is impossible to construct and invariant Γ with only just 2 or 3 points (by
the scale invariance). The simplest possibilities are then the following functions of four
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points:
|x1 − x2| |x3 − x4|
|x1 − x3| |x2 − x4|

|x1 − x2| |x3 − x4|
|x2 − x3| |x1 − x4|

. (2.49)

Such expressions are called anharmonic ratios or cross-ratios. With N distinct points,
N (N − 3) /2 independent anharmonic ratios can be constructed.

2.2 Conformal invariance in classical field theory

We define the effect of conformal transformation on classical fields. Also, we show
how, in certain theories, complete conformal invariance is a consequence of the scale
and the Poincaré invariance.

2.2.1 Representation of the Conformal Group in d Dimensions

Given an infinitesimal conformal transformation parametrized by εg, we look for a
representation matrix Tg such that a multicomponent field (classical) Φ (x) transforms
as

Φ′
(
x′
)
=
(
1− iεgTg

)
Φ (x) ≈ e−iεgTg Φ (x) . (2.50)

The generator Tg must be added to the space-time part in (2.44) to obtain the full gen-
erator of the symmetry, as in eq.(2.23). In order to find the allowed form of these
generators, we start by studying the subgroup of the Poincaré group that leaves the
point x = 0 invariant, that is, the Lorentz group. We then introduce a matrix repre-
sentation Sµν to define the action of infinitesimal Lorentz transformations on the fields
Φ (0):

LµνΦ (0) = SµνΦ (0) . (2.51)

Sµν is a spin operator associated with the field Φ. Next, by use of the commutation
relations of the Poincaré group, we translate the operator to a non-zero value of x

eixρPρ Lµνe−ixρPρ = Sµν − xµPν + xνPµ (2.52)
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The translation above is explicitly calculate by using the Hausdorff formula ( A and B
are two operators4):

e−ABeA = B + [B, A] +
1
2!

[[B, A] , A] +
1
3!

[[[B, A] , A] , A] + ... (2.53)

This allows us to write the action of the generators:

PµΦ (x) = −i∂µΦ (x) ,
LµνΦ (x) = i

(
xµ∂ν − xν∂µ

)
Φ (x) + SµνΦ (x) .

(2.54)

We proceed in the same way for the full conformal group. The subgroup that leaves
the origin x = 0 invariant is generated by rotations, dilatations and special conformal
transformations. We denote Sµν, ∆̃, and κµ the respective values of the generators Lµν,
D, and Kµ at x = 0. These must form a matrix representation of the reduced algebra

[
∆̃, Sµν

]
= 0,[

∆̃, κµ

]
= −iκµ,[

κµ, κν

]
= 0, (2.55)[

κσ, Sµν

]
= i

(
ησνκµ − ησµκν

)
,[

Sµν, Sρσ

]
= i

(
ηνρSµσ + ηµσSνρ − ηµρSνσ − ηνσSµρ

)
.

The commutations (2.45) allows us to translate the generators, by using again the
Hausdorff formula (2.53) :

eixρPρ De−ixρPρ = D + xµPµ,
eixρPρ Kµe−ixρPρ = Kµ + 2xµD− 2xνLµν + 2xµ (xνPν)− x2Pµ.

(2.56)

4We have then

eixρPρ Lµνe−ixρPρ = Lµν

∣∣+ [Lµν,−ixρPρ

]
+

1
2
[[

Lµν,−ixρPρ

]
,−ixρPρ

]
+ ...

= Sµν − i���
��:0[

Lµν, xρ
]
Pρ − ixρ

[
Lµν, Pρ

]
+

1
2
[[

Lµν,−ixρPρ

]
,−ixρPρ

]
+ ...

= Sµν − ixρi
(
ηρνPµ − ηρµPν

)
+

1
2
[[

Lµν,−ixρPρ

]
,−ixρPρ

]
+ ...

= Sµν − xµPν + xνPµ −
1
2���

��
���

���:
0[

xµPν − xνPµ,−ixρPρ

]
+ ...

= Sµν − xµPν + xνPµ

since xρ is not an operator in this case, it is rather a extended value of xρ, a function, we have then[
Lµν, xρ

]
= 0.
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Therefore,

DΦ (x) =
(
−ixν∂ν + ∆̃

)
Φ (x) ,

KµΦ (x) =
{

κµ + 2xµ∆̃− xνSµν − 2ixµxν∂ν + ix2∂µ

}
Φ (x) .

(2.57)

If we demand that the field Φ (x) belong to an irreducible representation of the Lorentz
group, then, by the Schur’s lemma, any matrix that commutes with all the generators
Sµν must be a multiple of the identity. In consequence, the matrix ∆̃ is a multiple of
the identity and the algebra (2.55) forces all the matrices κµ to vanish. ∆̃ is then simply
a number, manifestly equal to −i∆, where ∆ is the scale dimension of the field Φ, it is
defined by

x′ = λx −→ Φ′ (λx) = λ−∆Φ (x) . (2.58)

In principle, we can derive from the above the change in Φ under a finite conformal
transformation. However, we just will give the result for spinless fields

(
Sµν = 0

)
.

Under a conformal transformation x −→ x′, a spinless field φ (x) transform as

φ (x) −→ φ′
(
x′
)
=

∣∣∣∣∂x′

∂x

∣∣∣∣−∆/d

φ (x) , (2.59)

where
∣∣∣ ∂x′

∂x

∣∣∣ is the Jacobian of the conformal transformation of the coordinates. A field
transforming as that above is called “quasi-primary”.

2.2.2 The energy momentum tensor

For an arbitrary local transformation of the coordinates x′µ −→ xµ + εµ (x), the action
changes according to (2.28) as follows:

δS = −
ˆ

ddxTµν∂µεν = −1
2

ˆ
ddxTµν

(
∂µεν + ∂νεµ

)
, (2.60)

where Tµν is the energy-momentum tensor, assumed to be symmetric. For an in-
finitesimal translation (in flat space), this is the associated conserved current and, ac-
cording to eq.(2.29), takes the canonical form

Tµν
c =

∂L
∂
(
∂µΦ

)∂νΦ− ηµνL, (2.61)

after identifying in (2.20) δF (x)
δεα = 0 and δxµ

δεα = δ
µ
α , the index c stands for “canoni-

cal”. The definition (2.3) of an infinitesimal conformal transformation implies that the
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variation corresponding to the action is (using 2.4)

δS = −1
2

ˆ
ddxTµν f (x) ηµν = −1

d

ˆ
ddxTµ

µ∂ρερ (2.62)

Thus, the tracelessness of the energy-momentum tensor implies the conformal invari-
ance of the action. Note also that, from eq.(2.2), we have δgµν = ∂µεν + ∂νεµ, and
since

δS =

ˆ
ddx

δS
δgµν

δgµν =⇒ δS = −1
2

ˆ
ddxTµνδgµν =⇒ Tµν = −2

δS
δgµν

.

However, for a general curved space gµν (x), some factors must be included, and the
energy momentum tensor bears the more general form

Tαβ = − 4π
√

g
δS

δgαβ
, δS = − 1

4π

ˆ
d2σ
√

gδgαβTαβ. (2.63)

Under certain conditions, the energy momentum tensor of a theory with scale invari-
ance can be made traceless. If this is possible, then it follows from above that the
full conformal invariance is a consequence of the scale invariance and the Poincaré
invariance. In order to show that, we first consider a generic field theory with scale
invariance in dimension d > 2. We now compute the conserved current associated
with the infinitesimal dilation

x′µ = (1 + α) xµ, F (φ) = (1− α∆)Φ, (2.64)

so that
δxν

δεD
=

δxν

δα
= xν,

δF
δεD

=
δF
δα

= −∆φ.

Then, from (2.29) we have

jµ
D = Tµ

cνxν +
∂L

∂
(
∂µφ

)∆φ. (2.65)

Since by hypothesis this current is conserved, it satisfies

∂µ jµ
D = Tµ

cµ + ∆∂µ

(
∂L

∂(∂µφ)
φ

)
= 0. (2.66)

We now define the virial of the field Φ;

Vµ =
∂L

ηµρ∂
(
∂µΦ

) (ηµρ∆ + iSµρ)Φ =
∂L

∂ (∂ρΦ)
(ηµρ∆ + iSµρ)Φ, (2.67)
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where Sµρ is the spin operator of the field Φ. We also assume that the virial is the
divergence of other tensor σαµ:

Vµ = ∂ασαµ. (2.68)

Then, we define

σ
µν
+ =

1
2
(σµν + σνµ) ,

xλρµν =
2

d− 2

{
ηλρσ

µν
+ − ηλµσ

ρν
+ − ηλνσ

µρ
+ + ηµνσ

λρ
+ (2.69)

− 1
d− 1

(
ηλρηµν − ηλµηρν

)
σα
+α

}
and we consider the following modified energy-momentum tensor:

Tµν = Tµν
c + ∂ρBρµν +

1
2

∂λ∂ρxλρµν. (2.70)

The first two terms of the above expression constitute the Belinfante tensor or the
symmetrized energy-momentum tensor. The last term is an addition that will make
Tµν traceless. By the symmetry properties of xλρµν, this additional term doesn’t spoil
the conservation law:

∂µ∂λ∂ρxλρµν = 0. (2.71)

It would not be so if the xλρµν term had a part completely symmetric in the first three
indices, but this is not the case. This new term doesn’t spoil the symmetry of the
Belinfante tensor either, since the part of xλρµν antisymmetric in µ, ν is

xλρµν − xλρνµ =
2

(d− 2) (d− 1)

{
ηλµηρν − ηλνηρµ

}
σα
+α. (2.72)

Finally, the trace of the new term is

1
2

∂λ∂ρxλρµ
µ = ∂λ∂ρσ

λρ
+ = ∂µVµ, (2.73)

since ∂ρBρµ
µ = −i∂ρ

(
δL

δ(∂µΦ)
SµρΦ

)
, it follows from (2.66) and (2.67) that

Tµ
µ = ∂µ jµ

D. (2.74)
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5Therefore, scale invariance implies that the modified energy-momentum tensor (2.70)
is traceless, provided the virial satisfies the condition (2.68). This relation also means
that the dilation current can generally be written as

jµ
D = Tµ

νxν. (2.75)

6This argument holds only for dimensions more than two, since xλρµν is defined just
for d > 2. However, this result also holds in two dimensions, but for other reasons.
For instance, by using the Schwinger function, the expectation value of the square of
the trace of the energy-momentum tensor. This vanishes in two dimensions.

2.3 Conformal Invariance in Quantum Field Theory

We now see how conformal transformations affect the correlation functions, this is
done through the Ward identities, introduced before.

2.3.1 Correlation functions

Correlation functions of quasi primary fields (2.59), transform according to (2.34) as

〈φ1 (x1) φ2 (x2)〉 =
∣∣∣∣∂x′

∂x

∣∣∣∣∆1/d

x=x1

∣∣∣∣∂x′

∂x

∣∣∣∣∆2/d

x=x2

〈
φ1
(
x′1
)

φ2
(
x′2
)〉

. (2.76)

If we specialize to a scale transformation x −→ λx, we obtain

〈φ1 (x1) φ2 (x2)〉 =
(

λd
)∆1/d (

λd
)∆2/d

〈φ1 (λx1) φ2 (λx2)〉 = λ∆1+∆2 〈φ1 (λx1) φ2 (λx2)〉 .
(2.77)

Rotational and translational invariance require that

〈φ1 (x1) φ2 (x2)〉 = f (|x1 − x2|) , (2.78)

5That is

Tµ
µ = Tµ

cµ + ∂ρBρµ
µ +

1
2

∂λ∂ρxλρµ
µ

= ∂µ jµ
D − ∆∂µ

(
∂L

∂ (∂µΦ)
Φ

)
− i∂ρ

(
δL

δ (∂µΦ)
SµρΦ

)
+ ∂µVµ

= ∂µ jµ
D − ∆∂µ

(
∂L

∂ (∂µΦ)
Φ

)
− i∂ρ

(
δL

δ (∂µΦ)
SµρΦ

)
+ ∂µ

(
∂L

∂ (∂ρΦ)
(ηµρ∆ + iSµρ)Φ

)
.

Then, we rename the dummy indices, such that just the first term doesn’t cancel out, we obtain (2.74)
6The above relation is obvious since Tµ

ν is also conserved we have

∂µ jµ
D = ∂µ

(
Tµ

νxν
)
= Tµ

ν∂µxν = Tµ
νδν

µ = Tµ
µ.



CHAPTER 2. CONFORMAL INVARIANCE AND STRING ACTION 23

where f (x) = λ∆1+∆2 f (λx) because of (2.77). In other words

〈φ1 (x1) φ2 (x2)〉 =
C12

|x1 − x2|∆1+∆2
, (2.79)

where C12 are constant coefficients.
It remains to use invariance under special conformal transformations. Recall that, for
such transformations ∣∣∣∣∂x′

∂x

∣∣∣∣ = 1

(1− 2b · x + b2x2)
d = γ−d. (2.80)

Given the transformations (2.48) for the distances |x1 − x2|, the covariance of the cor-
relation function (2.79) implies that

C12

|x1 − x2|∆1+∆2
=

C12

γ∆1
1 γ∆2

2

(γ1γ2)
(∆1+∆2)/2

|x1 − x2|∆1+∆2
, (2.81)

with
γi = 1− 2b · xi + b2x2

i . (2.82)

This constraint is satisfied only if ∆ = ∆1 = ∆2, that is

〈φ1 (x1) φ2 (x2)〉 =
{ C12

|x1−x2|2∆ i f ∆ = ∆1 = ∆2,

0 i f ∆1 6= ∆2.
(2.83)

Similarly, covariance under the rotations, translations and dilations forces a general
three-point function to have the following form:

〈φ1 (x1) φ2 (x2) φ3 (x3)〉 =
C(abc)

123

xa
12xb

23xc
13

, (2.84)

where xij =
∣∣xi − xj

∣∣ and with a, b, c such that

a + b + c = ∆1 + ∆2 + ∆3. (2.85)

7Under conformal transformations, eq.(2.84) becomes

C(abc)
123

γ∆1
1 γ∆2

2 γ∆3
3

(γ1γ2)
a/2 (γ2γ3)

b/2 (γ1γ3)
c/2

xa
12xb

23xc
13

.

7A sum (over a, b, c) of such terms is also acceptable, as long as the equality (2.85) is satisfied.
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In order to this expression to be of the same form as eq.(2.84), all the factors involving
the transformation parameter bµ must disappear, which leads to the following set of
constraints

a
2
+

c
2
= ∆1,

a
2
+

b
2
= ∆2,

b
2
+

c
2
= ∆1. (2.86)

The solution to these constraints is unique

a = ∆1 + ∆2 − ∆3, b = ∆2 + ∆3 − ∆1, c = ∆3 + ∆1 − ∆2. (2.87)

Therefore, the correlation functions of three quasi-primary fields is made of a single
term of the form (2.84), that is

〈φ1 (x1) φ2 (x2) φ3 (x3)〉 =
C(abc)

123

x∆1+∆2−∆3
12 x∆2+∆3−∆1

23 x∆3+∆1−∆2
13

. (2.88)

With four points or more, it is also possible to construct conformal invariants, the
anharmonic ratios (2.49). The n− point function made have an arbitrary dependence
(that is, not fixed by conformal invariance) on these ratios. For example, the four-point
function may take the following form:

〈φ1 (x1) ...φ4 (x4)〉 = f
(

x12x34

x13x24
,

x12x34

x33x14

) 4

∏
i<j

x
∆/3−∆i−∆j
ij , (2.89)

where we have defined ∆ = ∑4
i=1 ∆i.

2.3.2 Ward Identities

Let us now find the Ward identities (2.39) associated with the generators (2.54) and
(2.57). First, we see that the Ward identity associated with the translation invariance
is:

∂µ

〈
Tµ

νX
〉
= −

n

∑
j=1

δ
(
x− xj

) 〈
φ (x1) ...∂νφ

(
xj
)

...φ (xn)
〉
= −

n

∑
j=1

δ
(
x− xj

)
∂ν,i 〈X〉 .

(2.90)
This identity holds even after a modification of the energy-momentum tensor, as in
eq.(2.70). Consider now a Ward identity associated with the Lorentz invariance (or
rotational). Once the energy-momentum tensor has been symmetrized, the associated
current jµνρ has the form

jµνρ = Tµνxρ − Tµρxν. (2.91)
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The generator of Lorentz transformations is given by

Lρν = i (xρ∂ν − xν∂ρ) + Sρν, (2.92)

in turn, the Ward identity is

∂µ 〈(Tµνxρ − Tµρxν) X〉 =
n

∑
j=1

δ
(
x− xj

) [(
xν

j ∂
ρ
j − xρ

j ∂ν
j

)
〈X〉 − iSνρ

j 〈X〉
]

, (2.93)

where Sρν
i is the spin generator for the i−th field of the set X. The derivative on the

left hand side (l.h.s) of the above equation may act either on the energy-momentum
tensor or on the coordinates. Using the Ward identity (2.90) we reduce the above to

〈(Tρν − Tνρ) X〉 = −i ∑
i

δ (x− xi) Sνρ
i 〈X〉 , (2.94)

8which is the Ward identity associated with Lorentz invariance. Finally, we consider
the Ward identity associated with scale invariance. We will assume that the dilation
current jµ

D may be written as in (2.75), which supposes that the energy-momentum
tensor has been modified to be traceless. Since the generator of dilations is D =

−ixν∂ν − i∆ for a field of scale dimension ∆, the Ward identity is

∂µ

〈
Tµ

νxνX
〉
= −∑

i
δ (x− xi)

[
xν

i
∂

∂xν
i
〈X〉+ ∆i 〈X〉

]
. (2.95)

Here again the derivative ∂µ can act on Tµ
ν and on xν. Using eq.(2.90), this equation

reduces to 〈
Tµ

µX
〉
= −∑

i
δ (x− xi)∆i 〈X〉 . (2.96)

8The eq.(2.94) is showed as follows: We take the l.h.s of (2.93), that is

∂µ 〈(Tµνxρ − Tµρxν) X〉 = ∂µ 〈(Tµνxρ) X〉 − ∂µ 〈(Tµρxν) X〉

= xρ∂µ 〈TµνX〉+
〈(

Tµνδ
ρ
µ

)
X
〉

−xν∂µ 〈TµρX〉 −
〈(

Tµρδν
µ

)
X
〉

= xρ∂µ 〈TµνX〉 − xν∂µ 〈TµρX〉
+ 〈TρνX〉 − 〈TνρX〉

(2.90)
= −

n

∑
j=1

xρδ
(
x− xj

)
∂ν

i 〈X〉+
n

∑
j=1

xνδ
(
x− xj

)
∂

ρ
i 〈X〉

+ 〈(Tρν − Tνρ) X〉

=
n

∑
j=1

δ
(

x− xj
) (

xν
i ∂

ρ
i − xρ

i ∂ν
i

)
〈X〉+ 〈(Tρν − Tνρ) X〉 .

A delta function property was used to obtain the last line, that is f (x) δ (x− xi) = f (xi) δ (x− xi).
By comparing the result above with the r.h.s of (2.93) we obtain (2.94).
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Eqs. (2.90), (2.94) and (2.96) are the three Ward identities associated with the conformal
invariance. As a final calculation we will compute the Ward identity for a SCT, but first
we calculate its canonical conserved current according to (2.29), that is

Kµ
α = Tµβ

(
2xαxβ − ηαβx2

)
. (2.97)

The generator of the SCT is given in (2.57), then

Kα = −i
{

2xα∆− ixνSαν + 2xαxν∂ν − x2∂α
}

. (2.98)

From (2.39), we have

∂µ

〈
Tµβ

(
2xαxβ − δα

βx2
)

X
〉

= −
n

∑
i=1

δ (x− xi) 〈φ (x1) ...{
2xα

i ∆i − ixν,iSαν
i + 2xα

i xν
i ∂ν,i − x2

i ∂α
i

}
φ (xi) ...φ (xn)

〉
.

(2.99)

The derivative of the l.h.s above is

∂µ

〈
Tµβ

(
2xαxβ − δα

βx2
)

X
〉

= 2∂µ

〈
Tµ

β

(
xαxβ

)
X
〉
− ∂µ

〈
Tµα

(
x2
)

X
〉

= 2
〈

Tµ
β

(
δα

µxβ + xαδ
β
µ

)
X
〉
+ 2

〈(
xαxβ

)
∂µ

(
Tµ

βX
)〉

−2
〈

TµαxµX
〉
−
〈

x2∂µ (TµαX)
〉

= 2xβ

〈(
Tαβ − Tβα

)
X
〉
+ 2xα

〈
Tµ

µX
〉

+2
(

xαxβ
)

∂µ

〈
Tµ

βX
〉
− x2 〈∂µTµαX

〉
.

Now, we use the identities (2.90, 2.94,2.96), and obtain

∂µ

〈
Tµβ

(
2xαxβ − δα

βx2
)

X
〉

= −i2 ∑
i

xβδ (x− xi) Sβα
i 〈X〉 − 2 ∑

i
xαδ (x− xi)∆i 〈X〉

−2
n

∑
j=1

xαxβδ
(
x− xj

)
∂β,i 〈X〉+

n

∑
j=1

x2δ
(
x− xj

)
∂α

i 〈X〉

= −∑
i

δ (x− xi)
(
−i2xβ,iS

αβ
i + 2xα

i ∆i + 2xα
i xβ

i ∂β,i − x2
i ∂α

i

)
〈X〉 .

(2.100)

By renaming the dummy index β as ν it yields exactly to the right hand side of (2.99).
This means that the Ward identity (2.99) is a consequence of translations, rotations and
dilations, or Ward identities, i.e. (2.90, 2.94,2.96) respectively.
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2.4 The Conformal Group in Two Dimensions

We now show that in dimension d = 2, there exists an infinite number of coordi-
nate transformations which are locally conformal, they are analytic or holomorphic
mappings from the complex plane onto itself. Among this infinite set of mappings
one must distinguish the global conformal group, made of invertible mappings of the
complex plane into itself.

We begin with the identification gµν = δµν and d = 2, in eqs.(2.3,2.4), we see that
the conformal transformation satisfy

∂µεν + ∂νεµ = ∂ρερδµν = (∂1ε1 + ∂2ε2) δµν, (2.101)

which yields to the following equations

δµν = δ21 = δ12, ∂1ε2 + ∂2ε1 = 0 =⇒ ∂1ε2 = −∂2ε1 (2.102)

and

δµν = δ11 = δ22, ∂1ε1 +��
�∂1ε1 =��

�∂1ε1 + ∂2ε2 =⇒ ∂1ε1 = ∂2ε2, (2.103)

which are recognized as the Cauchy-Riemann equations. A complex function whose
real an imaginary part satisfy eqs.(2.102,2.103) is called a holomorphic function. This
motivates the use of complex coordinates z and z̄, with the following translation rules

z = σ1 + iσ2, σ1 = 1
2 (z + z̄) ,

z̄ = σ1 − iσ2, σ2 = 1
2i (z− z̄) ,

∂z = 1
2 (∂1 − i∂2) , ∂1 = ∂z + ∂z̄,

∂z̄ = 1
2 (∂1 + i∂2) , ∂2 = i (∂z − ∂z̄) .

(2.104)

We will sometimes write ∂z = ∂ and ∂z̄ = ∂̄ when there is no ambiguity about the
differentiation variable. In term of the coordinates z and z̄, the metric tensor is

gµν =

(
0 1

2
1
2 0

)
, gµν =

(
0 2
2 0

)
, (2.105)

where the index µ takes the values z and z̄, in that order. The metric tensor allows to
transform a covariant holomorphic index into a contravariant antiholomorphic index
and vice versa. The antisymmetric tensor εµν in holomorphic form is

εµν =

(
0 − 1

2i
1
2i 0

)
, εµν =

(
0 −2i
2i 0

)
. (2.106)
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In terms of the complex functions

w (z, z̄) = w1 (z, z̄) + iw2 (z, z̄) , w̄ (z, z̄) = w1 (z, z̄)− iw2 (z, z̄) . (2.107)

The Cauchy-Riemann condition becomes

∂z̄w (z, z̄) = 0 and ∂zw̄ (z, z̄) = 0, (2.108)

whose solution is any holomorphic mapping

z −→ w (z) , z̄ −→ w̄ (z̄) . (2.109)

The conformal group in two dimension is therefore the set of holomorphic maps. This
set is infinite dimensional, since a infinite number of parameters (the coefficients of a
Laurent series) is needed to specify all holomorphic functions in some neighborhood.
The physical space is the two-dimensional submanifold (called the “real surface”) de-
fined by the condition z∗ = z̄, but in general z and z̄ are two different coordinates.

2.4.1 Global Conformal Transformations

In order to form a group, the mappings that satisfy (2.102) and (2.103) must be invert-
ible, and must map the whole plane into itself. Global conformal transformations satisfy
these requirements, while local conformal transformations are those no everywhere well-
defined. The set of global conformal transformations form what is called the “special
conformal group” or complex Möbius group. The complete set of such mappings is

w (z) =
az + b
cz + d

with ad− bc = 1, (2.110)

where a, b, c and d are complex numbers, when these parameters are real the mapping
(2.110) represents the modular group. These mappings are called projective transfor-
mations, and to each of them we can associate the matrix

A =

(
a b
c d

)
. (2.111)

The composition of two maps w1 ◦ w2 correspond to the matrix multiplication A2A1.
Therefore, what we call the global conformal group in two dimensions is isomorphic to
the group of complex invertible 2× 2 matrices with unit determinant, or SL (2, C) /Z2.
The quotient Z2 is caused by the fact that the transformation (2.110) is not sensitive to
simultaneous change of sign of all parameters a, b, c, d. It is known that SL (2, C) /Z2

is isomorphic to the Lorentz group in four dimensions, that is, SO (3, 1). Therefore,
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about the conformal group, we have learned nothing new since the previous section:
the global conformal group is the 6-parameter9 (3 complex) pseudo-orthogonal group
SO (3, 1). The transformations eq.(2.110) are the only globally defined invertible holo-
morphic mappings. The condition ad− bc = 1 is just the chosen normalization, strictly
it is just required that ad− bc 6= 0.

2.4.2 The Witt algebra

Any holomorphic infinitesimal transformation may be expressed as

z′ = z + ε (z) = z +
∞

∑
−∞

cnzn+1, (2.112)

z̄′ = z̄ + ε̄ (z̄) = z̄ +
∞

∑
−∞

c̄nz̄n+1, (2.113)

where, by hypothesis, the infinitesimal mapping admits a Laurent expansion around
z = 0. The effect of such mapping on a spinless and a dimensionless field φ (z, z̄) living
on the plane, is

φ′
(
z′, z̄′

)
= φ (z, z̄) = φ

(
z′ − ε, z̄′ − ε̄

)
= φ

(
z′, z̄′

)
− ε

(
z′
)

∂′φ
(
z′, z̄′

)
− ε̄

(
z̄′
)

∂̄′φ
(
z′, z̄′

)
(2.114)

or

δφ = −
∞

∑
−∞

cnzn+1∂φ (z, z̄)−
∞

∑
−∞

c̄nz̄n+1∂̄φ (z, z̄)

=
∞

∑
−∞

{
cnlnφ (z, z̄) + c̄n l̄nφ (z, z̄)

}
, (2.115)

where they were introduced the operators

ln = −zn+1∂, l̄n = −z̄n+1∂̄. (2.116)

These are the generators of the conformal transformations and obey the following
commutator relations:

[ln, lm] = (n−m) ln+m,
[
l̄n, l̄m

]
= (n−m) l̄n+m,

[
ln, l̄m

]
= 0. (2.117)

9It is just 6 real parameters because the condition det A = 1 let fix one complex parameter, say, d.



CHAPTER 2. CONFORMAL INVARIANCE AND STRING ACTION 30

10Thus, the conformal algebra is the sum of two isomorphic algebras. The algebra
(2.117) is called the Witt algebra. Each of these infinite dimensional algebras contains a
finite subalgebra generated by l−1, l0 and l1. This is the subalgebra associated with the
global conformal group. We see from the definition (2.116) that l−1 = −∂z generates
translations on the complex plane, that l0 = −z∂z generates dilations and rotations,
and that l1 = −z2∂z generates special conformal transformations. In particular, l0 + l̄0
generates dilations on the real surface, and i

(
l0 − l̄0

)
generates rotations.

2.4.3 Primary Fields

For a given field with scaling dimension ∆ and planar spin s, we define the “(anti)holomorphic
conformal dimension

(
h̄
)

h” as

∆ = h + h̄, s = h− h̄. (2.118)

Under a conformal map z −→ w (z), z̄ −→ w̄ (z̄), a quasi-primary field transforms as

φ′ (w, w̄) =

(
dw
dz

)−h (dw̄
dz̄

)−h̄
φ (z, z̄) . (2.119)

For infinitesimal mappings w = z + ε (z) and w̄ = z̄ + ε̄ (z̄), the variation of quasi-
primary fields is obtained from (2.119) by expanding at first order in ε and ε̄ , we
obtain

δε,ε̄φ ≡ φ′ (z, z̄)− φ (z, z̄) = −hφ∂zε− ε∂zφ− h̄φ∂z̄ε̄− ε̄∂z̄φ . (2.120)

A field whose variation under any local conformal transformation in two dimensions
is given by (2.119) (or, equivalently, (2.120)) is called primary. All primary fields are
also quasi-primary, but the reverse is not true. Quasi-primary fields may transform
according to (2.119) only under an element of the global conformal group SL (2, C).

10This is shown as follow

[ln, lm] φ = lnlmφ− lmlnφ

=
(

zn+1∂
) (

zm+1∂
)

φ−
(

zm+1∂
) (

zn+1∂
)

φ

=
(

zn+1
) (

(m + 1) zm∂ + zm+1∂2
)

φ−
(

zm+1∂
) (

(n + 1) zn∂ + zn+1∂2
)

φ

=
(
(m + 1) zn+m+1∂ + zn+m+2∂2

)
φ−

(
(n + 1) zn+m+1∂ + zn+m+2∂2

)
φ

= (m + 1) zn+m+1∂φ− (n + 1) zn+m+1∂φ

= − (n−m) zn+m+1∂φ

= (n−m) ln+mφ.

In the same way it can be shown the other relations.
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2.4.4 Correlation Functions

Expressed in terms of holomorphic and antiholomorphic coordinates the identity (2.34)
of n primary fields φi, with conformal dimensions hi and h̄i, becomes under conformal
transformations

〈φ1 (w1, w̄1) ...φn (wn, w̄n)〉 =
n

∏
i=1

(
dw
dz

)−hi

w=wi

(
dw̄
dz̄

)−h̄i

w̄=w̄i

〈φ1 (z1, z̄1) ...φn (zn, z̄n)〉 .

(2.121)
This relation fixes the form of two- and three-point functions. The difference here is
the possibility of nonzero spin, incorporated in the difference hi − h̄i. Let us express
the relations (2.83) and (2.88) in terms of complex coordinates, taking spin into account
when imposing rotation invariance. The distance xij is equal to

(
zijz̄ij

)1/2 and eq.(2.83)
becomes

〈φ1 (z1, z̄1) φ2 (z2, z̄2)〉 =
C12

(z1 − z2)
2h (z̄1 − z̄2)

2h̄
if

{
h1 = h2 = h
h̄1 = h̄2 = h̄.

(2.122)

The two-point function vanishes if the conformal dimensions of the two fields are
different. The additional condition on the conformal dimensions come from rotation
invariance; the sum of spin within a correlator should be zero. For the three-point
function, eq.(2.88) becomes

〈φ1 (z1, z̄1) φ2 (z2, z̄2) φ3 (z3, z̄3)〉 =
C123

zh1+h2−h3
12 zh2+h3−h1

23 zh3+h1−h2
13 z̄h̄1+h̄2−h̄3

12 z̄h̄2+h̄3−h̄1
23 z̄h̄3+h̄1−h̄2

13

.

(2.123)
Again, the sum of the spins of the holomorphic part cancels that of the antiholomor-
phic part, thus ensuring rotational invariance.

As before, global conformal invariance does not fix the precise form of the four-
point correlation function and beyond, because of the existence of the anharmonic ra-
tios. However, in two dimensions the number of anharmonic ratios is reduced, since
the four points of the ratio are forced to lie in the same plane, which leads to an addi-
tional linear relation between them. Indeed, we have

η =
z12z34

z13z24
, 1− η =

z14z23

z13z24
,

η

1− η
=

z12z34

z14z23
. (2.124)

The four-point function may depend on η and η̄ in an arbitrary way, provided the
result is real. The general expression (2.89) translates into

〈φ1 (x1) ...φ4 (x4)〉 = f (η, η̄)
4

∏
i<j

z
h
3−hi−hj
ij z̄

h̄
3−h̄i−h̄j
ij , (2.125)
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where h = ∑4
i=1 hi and h̄ = ∑4

i=1 h̄i.

2.5 Ward Identities

2.5.1 Holomorphic form of the Ward Identities

In section 2.3 we have derived a set of Ward identities associated with translational
(2.90), rotational (2.94) and scale invariance (2.96). In doing so, we used the canoni-
cal definition of the energy-momentum tensor, with suitable modifications needed to
make it symmetric and traceless. Recall that the traceless of the energy-momentum
tensor implies the conformal invariance of the action. Let us assemble these three
Ward identities:

∂

∂xµ

〈
Tµ

ν (x) X
〉

= −
n

∑
i=1

δ (x− xi)
∂

∂xν
i
〈X〉 ,

εµν 〈Tµν (x) X〉 = −i
n

∑
i=1

siδ (x− xi) 〈X〉 , (2.126)

〈
Tµ

µ (x) X
〉

= −
n

∑
i=1

δ (x− xi)∆i 〈X〉 .

In the second equation we have used the specific form of the spin generators, Sµν
i =

siε
µν, in two dimensions, where εµν is the two-dimensional antisymmetric tensor and

si is the spin of the field φi. We have written the identity (2.94) according to

〈(Tρν − Tνρ) X〉 =
〈(

δ
ρ
αδν

β − δν
αδ

ρ
β

)
TαβX

〉
= ερνεαβ

〈
TαβX

〉
.

We wish to rewrite these identities in terms of complex coordinates (eq.(2.104)) as com-
plex components. We use expression (2.105) and (2.106) for the metric tensor and an-
tisymmetric tensor respectively. For the delta function we use the identity

δ (x) =
1
π

∂z̄
1
z
=

1
π

∂z
1
z̄

. (2.127)

This identity is justified as follows. We first express the divergence theorem in terms
of complex coordinates, ( (2.106))

ˆ
V

d2x∂µFµ =
1
2i

˛
∂V

(
dzFz̄ − dz̄Fz) . (2.128)

Here the contour ∂V circles counterclockwise. If Fz̄ (Fz) is holomorphic (antiholomor-
phic), then Cauchy’s theorem may be applied; otherwise the contour ∂V must stay
fixed. We consider then a holomorphic function f (z) and check the correctness of the
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first representation in eq.(2.127) as follows

ˆ
V

d2xδ (x) f (z) =
1
π

ˆ
V

d2x f (z) ∂z̄
1
z

=
1
π

ˆ
V

d2x∂z̄

(
f (z)

z

)
=

1
2πi

˛
∂V

dz
(

f (z)
z

)
= f (0) . (2.129)

In the second equation we have used the assumption that f (z) is analytic within V, in
the third equation we used the form (2.128) of Gauss theorem with Fz̄ = f (z)

zπ and Fz =

0, an in the last step we used the Cauchy’s theorem. A similar proof may be applied
to the second representation in eq.(2.127), but with an antiholomorphic function f̄ (z̄).
The Ward identities are then explicitly written as

2π∂z 〈Tz̄zX〉+ 2π∂z̄ 〈TzzX〉 = −
n

∑
i=1

∂z̄
1

z− wi
∂wi 〈X〉 , (2.130)

2π∂z 〈Tz̄z̄X〉+ 2π∂z̄ 〈Tzz̄X〉 = −
n

∑
i=1

∂z
1

z̄− w̄i
∂w̄i 〈X〉 , (2.131)

2 〈Tzz̄X〉+ 2 〈Tz̄zX〉 = −
n

∑
i=1

δ (x− xi)∆i 〈X〉 , (2.132)

−2 〈Tzz̄X〉+ 2 〈Tz̄zX〉 = −
n

∑
i=1

δ (x− xi) si 〈X〉 . (2.133)

11The xi points are now described by the 2n complex coordinates (wi, w̄i), on which the
set of primary fields generally depends. If we add and subtract the last two equations
of the above, we find

2π 〈Tz̄zX〉 = −∑n
i=1 ∂z̄

1
z−wi

hi 〈X〉 ,

2π 〈Tzz̄X〉 = −∑n
i=1 ∂z

1
z̄−w̄i

h̄i 〈X〉 ,
(2.134)

11We will illustrate this process by computing explicitly the relations (2.130,2.131). We begin with the
equation (2.90),

and by considering the form (2.105) for the metric, we have

∂µ

〈
Tµ

νX
〉
= ∂µ 〈gµγTγνX〉 = ∂z

〈
gzz̄Tz̄νX

〉
+ ∂z̄

〈
gz̄zTzνX

〉
= −∑

i
δ (x− xi) ∂ν 〈X〉 .

Since ∂ν = ∂
∂xν

i
−→

(
∂

∂wi
, ∂

∂w̄i

)
= (∂wi , ∂w̄i ), we have then the following two equations, after employ

(2.127)
∂z 〈gzz̄Tz̄zX〉+ ∂z̄ 〈gz̄zTzzX〉 = −∑i

1
π ∂z̄

1
z−wi

∂wi 〈X〉 ,
∂z 〈gzz̄Tz̄z̄X〉+ ∂z̄ 〈gz̄zTzz̄X〉 = −∑i

1
π ∂z

1
z̄−w̄i

∂w̄i 〈X〉 .

Since gzz̄ = gz̄z = 2, we get the desired relations. The last equation is deduced by using the form
(2.191) for εµν.
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where we have chosen the representation (2.127) appropriated to each case and used
the definition (2.118) of the holomorphic and antiholomorphic conformal dimensions.
Inserting these relations into eq.(2.130), we get

∂z̄

{
〈T (z̄, z) X〉 −∑n

i=1

[
1

z−wi
∂wi 〈X〉+ 1

(z−wi)
2 hi 〈X〉

]}
= 0,

∂z

{
〈T̄ (z̄, z) X〉 −∑n

i=1

[
1

z̄−w̄i
∂w̄i 〈X〉+ 1

(z̄−w̄i)
2 h̄i 〈X〉

]}
= 0,

(2.135)

12where we have introduced a rescaled energy-momentum tensor

T = −2πTzz T̄ = −2πTz̄z̄. (2.136)

Thus the expression between braces in (2.135) are respectively holomorphic and anti-
holomorphic; we may write

〈T (z) X〉 =
n

∑
i=1

{
1

z− wi
∂wi 〈X〉+

1

(z− wi)
2 hi 〈X〉

}
+ reg., (2.137)

where reg. means holomorphic function of z, regular at z = wi. There is a similar
expression for the antiholomorphic counterpart with reg. depending on z̄ and regular
at z̄ = w̄i.

2.5.2 The Conformal Ward Identity

Let us now express the three Ward identities (2.126) into a single relation. In order to
do so we consider an arbitrary conformal coordinate variation εν (x). We write

∂µ (ενTµν) = εν∂µTµν +
(
∂µεν

)
Tµν

= εν∂µTµν +
1
2
(
∂µεν + ∂νεµ

)
Tµν +

1
2
(
∂µεν − ∂νεµ

)
Tµν

(2.3)
= εν∂µTµν +

1
2
(
∂ρερηµν

)
Tµν +

1
2

(
δα

µδ
β
ν − δ

β
ν δα

µ

)
∂αεβTµν

= εν∂µTµν +
1
2

∂ρερTµ
µ +

1
2

εαβ∂αεβεµνTµν, (2.138)

where the relation εαβεµν = δα
µδ

β
ν − δ

β
ν δα

µ has been used. We note that 1
2

(
∂ρερ

)
is the

local scale factor f (x) of eq.(2.3) and 1
2 εαβ∂αεβ is a local rotation angle. Integrating

both sides of (2.138), the three Ward identities (2.126) derived in Sect. 2.3.2 may be

12Note that we have effectuated the derivatives ∂
(

1
z−wi

)
and ∂z̄

(
1

z̄−w̄i

)
.
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encapsulated into

ˆ
V

d2x∂µ (ενTµνX) =

ˆ
V

d2xεν (x)

(
−

n

∑
i=1

δ (x− xi)
∂

∂xν
i

X

)

+

ˆ
V

d2x f (x)

(
−

n

∑
i=1

δ (x− xi)∆iX

)

+

ˆ
V

d2x
(

1
2

εαβ∂αεβ

)(
−i

n

∑
i=1

siδ (x− xi) X

)
.

(2.139)

By comparing with equation (2.38) we see that eq.(2.139) is the sum of the three varia-
tions of δX, that is, translations, dilations and rotations, where in each case εa (x) and
Ga take the respective form. This allows us to identify

δε 〈X〉 =
ˆ

V
d2x∂µ 〈Tµν (x) εν (x) X〉 , (2.140)

where δε 〈X〉 is the variation of X under a local conformal transformation. Here the
integral is taken over a domain V containing the position of all the fields in the string
X. Applying Gauss’s theorem (2.128) to Fµ = 〈Tµν (x) εν (x) X〉, one finds

δε,ε̄ 〈X〉 =
i
2

˛
∂V

{
−dz

〈
Tz̄z̄εz̄X

〉
+ dz̄ 〈TzzεzX〉

}
. (2.141)

We defined ε = εz and ε̄ = εz̄. The terms 〈Tz̄zX〉 and 〈Tzz̄X〉 do not contribute to the
contour integrals, since the contour do not exactly go through the positions contained
in X, and since these expressions vanish outside these points, according to eq.(2.96).
Finally, substituting the definition (2.136), we obtain the so called conformal Ward iden-
tity:

δε,ε̄ 〈X〉 = −
˛

C

dz
2πi

ε (z) 〈T (z) X〉+
˛

C

dz̄
2πi

ε̄ (z̄) 〈T̄ (z̄) X〉 . (2.142)

13 If the fields in X are primary, one can use the equation (2.137) and its antiholomor-
phic counterpart in (2.142), to obtain:

δε 〈X〉 = −∑
i
{ε (wi) ∂wi + ∂ε (wi) hi} 〈X〉 . (2.143)

13Note the following relations, from the definitions (2.136) Tzz = gγzgσzTγσ = 4Tz̄z̄ = − 2
π T̄ (z̄), in

the same way Tz̄z̄ = − 2
π T (z). Similarly, we have that εν = gνµεµ = gνzεz + gνz̄εz̄ = gνzε (z) + gνz̄ ε̄ (z̄),

thus εz =
1
2 ε̄ and εz̄ =

1
2 ε.
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We recover formula (2.120) for a variation of a primary field under an infinitesimal
holomorphic conformal mapping:

δεφ = −{ε∂ + ∂εh} φ. (2.144)

We now apply the conformal ward identity to the global conformal transformations
(the SL (2, C) mapping of eq.(2.110)). The variation δε 〈X〉 must vanish for infinites-
imal SL (2, C) mappings, since they constitute a true symmetry of the theory. Such
infinitesimal mappings have the form

f (wi) =
(1 + α)wi + β

γwi + 1− α
= wi + ε (wi) , (2.145)

where α, β and γ are infinitesimal. At first order, the coordinate variation ε (wi) is

ε (wi) = β + 2αwi − γw2
i . (2.146)

For α, β and γ arbitrary, this implies the following three relations on correlators of
primary fields according to(2.143):

β ∑
i

∂wi 〈φ1 (w1, w̄1) ...φn (wn, w̄n)〉 = 0,

2α ∑
i
(wi∂wi + hi) 〈φ1 (w1, w̄1) ...φn (wn, w̄n)〉 = 0, (2.147)

−γ ∑
i

(
w2

i ∂wi + 2wihi

)
〈φ1 (w1, w̄1) ...φn (wn, w̄n)〉 = 0.

The Ward identity (2.142) summarizes the consequences of local conformal symmetry
on correlation functions. The application of (2.142) rests on the assumption that the
energy-momentum tensor is everywhere well-defined or regular.

2.6 Free Fields Examples and the OPE

2.6.1 The Free Boson, the XX CFT

Here we are going to study the free massless boson Xµ (µ = 0, 1, ..., d− 1) system, with
the following action:

S =
1

4πα′

ˆ
d2σηab∂aXµ∂bXµ −→

1
2πα′

ˆ
d2z∂Xµ∂̄Xµ. (2.148)
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14It is known that α′ is the only one free parameter in string theory15. The equations
of motion are ∂z̄∂zXµ = 0. The two point function, or propagator, can be calculated
through the path integral formalism, that is as follows

0 =

ˆ
DX

δ

δXµ (z, z̄)

[
e−SXν (w, w̄)

]
=

ˆ
DX

[
− δS

δXµ (z, z̄)
Xν (w, w̄) +

δXν (w, w̄)

δXµ (z, z̄)

]
e−S

=

ˆ
DX

[
1

πα′
∂z̄∂zXµ (z, z̄) Xν (w, w̄) + ηµνδ2 (z− w, z̄− w̄)

]
e−S

=
1

πα′
∂z̄∂z 〈Xµ (z, z̄) Xν (w, w̄)〉+ ηµν

〈
δ2 (z− w, z̄− w̄)

〉
,

where it was used the fact that the path integral of a total derivative is zero. Thus

∂z̄∂zXµ (z, z̄) Xν (w, w̄) = −πα′ηµνδ2 (z− w, z̄− w̄) (2.149)

holds inside a general expectation value or as an operator equation. We now define
normal ordering of a general operator A, denoted : A :, as follows,

: Xµ (z, z̄) : = Xµ (z, z̄) ,

: Xµ (z, z̄) Xν (w, w̄) : = Xµ (z, z̄) Xν (w, w̄) +
α′

2
ηµν ln |z− w|2 . (2.150)

The point of this definition is the property

∂z∂z̄ : Xµ (z, z̄) Xν (w, w̄) : = ∂z∂z̄Xµ (z, z̄) Xν (w, w̄) +
α′

2
ηµν∂z∂z̄ ln |z− w|2

(2.149)
= −πα′ηµνδ2 (z− w, z̄− w̄) + πα′ηµνδ2 (z− w, z̄− w̄) ,

= 0, (2.151)

where we used a result derived from the eq.(2.127), that is

∂z∂z̄ ln |z|2 = ∂z∂z̄ (ln z + ln z̄) = ∂z̄

(
1
z

)
+ ∂z

(
1
z̄

)
= 2πδ2 (z, z̄) . (2.152)

14Henceforth we use latin indices for the two-dimensional metric ηab = diag(1, 1) to differentiate it
from that ηµν of the d−dimensional Minkowski target spacetime.

15As mentioned in the introduction, the parameter α′and the tension of the string T are related
through the relationship α′ = 1/2πT. A classical string has two free parameter, namely, its tension
and its linear mass density. However, in string theory, the string is assumed to be massless and the
remaining only free parameter is the tension. More about this discussion in the Barton Swiebach book
[10].
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Then we have

〈Xµ (z, z̄) Xν (w, w̄)〉 = −α′

2
ηµν

{
ln |z− w|2

}
+ const.

= −α′

2
ηµν {ln (z− w) + ln (z̄− w̄)}+ const.. (2.153)

The holomorphic and antiholomorphic components can be separated by taking the
derivatives ∂zX and ∂z̄X:

〈∂zXµ (z, z̄) ∂wXν (w, w̄)〉 = − α′
2

ηµν

(z−w)2 ,

〈∂z̄Xµ (z, z̄) ∂w̄Xν (w, w̄)〉 = − α′
2

ηµν

(z̄−w̄)2 .
(2.154)

In the following we will concentrate in the holomorphic fields ∂Xµ ≡ ∂zXµ.

2.6.2 The Operator Product Expansion OPE

The operator product expansion, or OPE, is the representation of a product of opera-
tors (at positions z and w respectively) by a sum of terms. Each of them being a single
operator, well defined as z −→ w, multiplied by a c−number (c for classical) function
of z− w, possibly diverging as z −→ w, and which embodies the infinite fluctuations
as the two positions tend toward each other. We can represent that in the form

Ai (z)Aj (w) = ∑
k

ck
ij (z− w)Ak (w) . (2.155)

This holds inside a general expectation value, indeed

〈
Ai (z)Aj (w) . . .

〉
= ∑

k
ck

ij (z− w) 〈Ak (w) . . .〉 . (2.156)

The ... represent operator insertions at points far away from z and w. The terms are
conventionally arranged in order of decreasing size in the limit as z −→ w. The defi-
nition of normal ordering for arbitrary number of field is given recursively as

: Xµ1 (z1, z̄1) . . . Xµn (zn, z̄n) := Xµ1 (z1, z̄1) . . . Xµn (zn, z̄n) + ∑ subtractions. (2.157)
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For example,

: Xµ1 (z1, z̄1) Xµ2 (z2, z̄2) Xµ3 (z3, z̄3) : = Xµ1 (z1, z̄1) Xµ2 (z2, z̄2) Xµ3 (z3, z̄3)

+
α′

2
ηµ1µ2 ln |z12|2 Xµ3 (z3, z̄3)

+
α′

2
ηµ1µ3 ln |z13|2 Xµ2 (z2, z̄2)

+
α′

2
ηµ3µ2 ln |z23|2 Xµ1 (z1, z̄1) , (2.158)

where zij = zi − zj. The definition (2.150) can be put in compact form

: F := exp
(

α′

4

ˆ
d2z1d2z2 ln |z12|2

δ

δXµ (z1, z̄1)

δ

δXµ (z2, z̄2)

)
F, (2.159)

for any functional F of X. We can see that, in effect, equation (2.159) reproduces (2.53),
that is

: Xµ (z, z̄) Xν (w, w̄) : = exp

(
α′

4

ˆ
d2z′1d2z′2 ln

∣∣z′12
∣∣2 1

ηαβ

δ

δXα
(
z′1, z̄′1

) δ

δXβ
(
z′2, z̄′2

))
×Xµ (z, z̄) Xν (w, w̄)

=

(
1 +

α′

4

ˆ
d2z1d2z2 ln |z12|2 ηαβ δ

δXα
(
z1, z̄′1

) δ

δXβ (z2, z̄2)
+ ...

)
×Xµ (z, z̄) Xν (w, w̄)

= Xµ (z, z̄) Xν (w, w̄)

+
α′

2

ˆ
d2z1d2z2 ln |z12|2 ηαβδ (z1 − z, z̄1 − z̄) δ (z2 − w, z̄2 − w̄) δ

µ
α δν

β

= Xµ (z, z̄) Xν (w, w̄) +
α′

2
ηµν ln |z− w|2 . (2.160)

By acting on both sides of (2.159) with the inverse exponential we obtain

F = exp
(
−α′

4

ˆ
d2z1d2z2 ln |z12|2

δ

δXµ (z1, z̄1)

δ

δXµ (z2, z̄2)

)
: F :

= : F : +∑ contractions. (2.161)

That is what we will call OPE, where a contraction is − α′
2 ηµiµj ln

∣∣zij
∣∣2 for the XX sys-

tem and in general it corresponds to the propagator of the theory. The generalization
of this expression for the OPE of any pair of operators is

: F :: G :=: FG : +∑ cross− contractions, (2.162)
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for arbitrary functionals F and G of X. Cross-contractions stands for the propagators
formed only between fields of F with those of G. We make recurrent use of this last ex-
pression. We will use “∼” instead of “=” when writing the OPEs, which means equal
up to nonsingular terms. In that sense, we have according to (2.162,2.137), the OPE of
the energy-momentum tensor with a primary field φ (w, w̄) of conformal dimensions
h and h̄ ,

T (z) φ (w, w̄) ∼ 1

(z− w)2 hφ (w, w̄) +
1

z− w
∂wφ (w, w̄) , (2.163)

T̄ (z̄) φ (w, w̄) ∼ 1

(z̄− w̄)2 h̄φ (w, w̄) +
1

z̄− w̄
∂w̄φ (w, w̄) . (2.164)

2.6.3 The XX energy-momentum tensor

From the definition of the OPE and (2.154) we then have

∂Xµ (z) ∂Xν (w) ∼ −α′

2
ηµν

(z− w)2 . (2.165)

The OPE reflects the bosonic character of the fields: exchanging the two factors doesn’t
affect the correlator. The energy-momentum tensor associated with the free massless
boson (according to eq.(2.61) ) is:

Tab = −gabL+
∂L

∂ (∂aXµ)
∂bXµ

=
1

2πα′

(
∂aXµ∂bXµ −

1
2

gab∂cXµ∂cXµ

)
. (2.166)

Its quantum version (2.136) in complex coordinates is16

T (z) = − 1
α′

: ∂Xµ∂Xµ : . (2.167)

Like all composite fields, the energy momentum tensor has to be normal ordered, in
order to ensure the vanishing of its vacuum expectation value. The OPE of T (z) with

16That is as follows

2πTzz =
1
α′

(
∂zXµ∂zXµ −

1
2�
�gzzgcd∂cXµ∂dXµ

)
=

1
α′

∂zXµ∂zXµ = −T (z) ,

2πTz̄z̄ =
1
α′

(
∂z̄Xµ∂z̄Xµ −

1
2�
�gz̄z̄gcd∂cXµ∂dXµ

)
=

1
α′

∂z̄Xµ∂z̄Xµ = −T̄ (z̄) ,

Tz̄z =
1

2πα′

(
∂z̄Xµ∂zXµ −

1
2

gz̄zgz̄z∂z̄Xµ∂zXµ −
1
2

gz̄zgzz̄∂zXµ∂z̄Xµ

)
=

1
2πα′

(
∂z̄Xµ∂zXµ − ∂z̄Xµ∂zXµ

)
= Tzz̄ = 0,
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∂Xµ may be calculated by considering cross contractions according to (2.162):

T (z) ∂Xµ (w) = − 1
α′

: ∂Xν (z) ∂Xν (z) : ∂Xµ (w)

∼ − 2
α′

∂Xν (z) 〈∂Xν (z) ∂Xµ (w)〉

∼ ∂Xµ (z)

(z− w)2 . (2.168)

By expanding ∂Xµ (z) around w, we arrive at the OPE

T (z) ∂Xµ (w) ∼ ∂Xµ (w)

(z− w)2 +
∂2Xµ (w) (z− w)

(z− w)2 +
1
2

∂3Xµ (w) (z− w)2

(z− w)2 + reg.

∼ ∂Xµ (w)

(z− w)2 +
∂2Xµ (w)

(z− w)
+ reg.. (2.169)

We will always expand the OPE around the insertion point of the second field, it is
possible because by definition the OPE show the behavior of one field at a point near
to the other field. According to eqs.(2.163), eq.(2.169) shows that ∂Xµ is a primary
field with conformal dimension h = 1. Now, we calculate the OPE of the energy-
momentum tensor with itself. To calculate that, we consider the cross-contractions of
the fields in T (z) and those in T (w). We have therefore

T (z) T (w) =
1

α′2
: ∂Xµ (z) ∂Xµ (z) :: ∂Xµ (z) ∂Xµ (z) :

∼ 1
α′2

{
4

(
−α′

2
ηµν

(z− w)2

)
: ∂Xµ (z) ∂Xν (w) :

+2

(
−α′

2
ηµν

(z− w)2

)(
−α′

2
ηµν

(z− w)2

)}

∼ 1
α′2

{
−2α′

: ∂Xµ (z) ∂Xµ (w) :

(z− w)2 +
α′2

2
η

µ
µ

(z− w)4

}

∼ − 2
α′

: ∂Xµ (w) ∂Xµ (w) :

(z− w)2 − 2
α′

: ∂2Xµ (w) ∂Xµ (w) :
(z− w)

+
1
2

d

(z− w)4

∼ d/2

(z− w)4 +
2T (w)

(z− w)2 +
∂T (w)

(z− w)
, (2.170)

where we have done four single cross-contractions and two double cross-contractions
and also, we expanded ∂Xµ (z) around w. We immediately see that the energy-momentum
tensor is not strictly a primary field, because of the anomalous term d/2

(z−w)4 , which does
not appear in eq.(2.163).
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2.6.4 The Ghost System

Another theory of interest is the ghost system, which consists in considering a family
of CFTs with anticommuting fields b and c with action

S =
1

2π

ˆ
d2z b∂̄c. (2.171)

This is conformally invariant for b and c transforming as tensors of weights (hb, 0) and
(hc, 0) such that

hb = λ , hc = 1− λ, (2.172)

for any given constant λ. The operator equations of motion are

δbS =
1

2π

ˆ
d2z (δb) ∂̄c −→ ∂̄c = 0,

δcS =
1

2π

ˆ
d2z b∂̄ (δc)

= − 1
2π

ˆ
d2z

(
∂̄b
)

δc −→ ∂̄b = 0

and the propagator may be calculated in the same way as the matter system, that is

0 =

ˆ
DbDc

δ

δc (z, z̄)

[
e−Sc

(
z′, z̄′

)]
=

ˆ
DbDc

[
− δS

δc (z, z̄)
e−Sc

(
z′, z̄′

)
− e−S δc (z′, z̄′)

δc (z, z̄)

]
=

ˆ
DbDc

[
∂̄b (z, z̄)

2π
c
(
z′, z̄′

)
− δ2 (z− z′, z̄− z̄′

)]
e−S

= ∂z̄
〈
b (z, z̄) c

(
z′, z̄′

)〉
− 2π

〈
δ2 (z− z′, z̄− z̄′

)〉
.

Summarizing,

∂̄c = ∂̄b = 0, ∂z̄b (z, z̄) c (0, 0) = 2πδ2 (z, z̄) = ∂z̄
1
z

. (2.173)

The OPEs are

b (z) c (w) ∼ 1
z− w

, c (z) b (w) ∼ 1
z− w

, (2.174)

where in the second OPE there have been two sign flips, one from anti-commutations
and one from z←→ w. Other OPEs are nonsingular:

b (z) b (w) = O (z− w) , c (z) c (w) = O (z− w) . (2.175)
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Before to continue, an interesting result can be derived from eq.(2.60) for the variation
of the metric in complex coordinates, that is as follows

δS = −
ˆ

d2zgµρTρν∂µεν

= −
ˆ

d2z
(

gz̄zTzz∂z̄εz + gzz̄Tz̄z̄∂zεz̄)
(2.136)
=

1
2π

ˆ
d2z
(
T (z) ∂̄εz + T̄ (z̄) ∂εz̄)

=
1

2π

ˆ
d2z
(
T (z) ∂̄ε + T̄ (z̄) ∂ε̄

)
(2.176)

17Therefore, this tells us that T (z) is the generator of the conformal transformations,
and the eq.(2.144) tells us how a infinitesimal conformal transformation ε (z), affect an
arbitrary primary field, we use that on the fields b and c to obtain

δb = −λ (∂ε) b (z)− ε∂b (z) , and δc = − (1− λ) (∂ε) c (z)− ε∂c (z) . (2.177)

Noether’s methods gives the energy momentum by considering these variations (2.177)
over the action (2.171), that is

δS =
1

2π

ˆ
d2z

{
δb∂̄c + b∂̄δc

}
=
−1
2π

ˆ
d2z

{
(λ∂εb + ε∂b) ∂̄c + b∂̄ ((1− λ) (∂ε) c + ε∂c)

}
=
−1
2π

ˆ
d2z

{
���

�
λ∂εb∂̄c + ε∂b∂̄c + (1− λ) b∂̄∂εc

+b∂ε∂̄c−����λb∂ε∂̄c + b∂̄ε∂c + εb∂̄∂c
}

.

We replace

(1− λ) b∂̄∂εc = (1− λ) ∂
(
b∂̄εc

)
− (1− λ) ∂b∂̄εc− (1− λ) b∂̄ε∂c

b∂ε∂̄c = ∂
(
bε∂̄c

)
− ∂bε∂̄c− bε∂∂̄c.

Thus we have

δS =
−1
2π

ˆ
d2z {− (1− λ) ∂bc + λb∂c} ∂̄ε

=
1

2π

ˆ
d2z {(1− λ) ∂bc− λb∂c} ∂̄ε,

so that
T (z) = (1− λ) : (∂b) c : −λ : b∂c :=: (∂b) c : −λ∂ (: bc :) . (2.178)

17we have defined for convenience ε (z) = 2εz and ε̄ (z̄) = 2εz̄.
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The OPE of T with b and c has the standard tensor form (2.163). In another hand,
the TT OPE is of form (2.170). However, in this case the coefficient of the order fourth
pole is a constant c/2, where

c = −3 (2λ− 1)2 + 1 (2.179)

There is a corresponding antiholomorphic theory

S =
1

2π

ˆ
d2z b̄∂c̄, (2.180)

which is the same as above with z←→ z̄. The bc theory has a ghost number symmetry
under the transformations b −→ e−iεb and c −→ eiεc, which imply the infinitesimal
translations δb = −iεb and δc = iεc. The corresponding Noether current is

δS =
1

2π

ˆ
d2z

(
δb∂̄c + b∂̄δc

)
=

1
2π

ˆ
d2z

(
−iεb∂̄c + b∂̄ (iεc)

)
=

1
2π

ˆ
d2z

(
−���iεb∂̄c + b

(
∂̄iε
)

c +���biε∂̄c
)

=
−1
2π

ˆ
d2z (−bc) ∂̄iε.

That is
j (z) = − : b (z) c (z) : . (2.181)

The above is the holomorphic component, antiholomorphic part vanishes. When there
are both holomorphic and antiholomorphic bc fields, the ghost number are separately
conserved. We now calculate the OPE of T (z) with b (z) and c (z), by doing so we
won’t use (2.162) as we have done so far, rather, we use the conformal Ward identity
(2.142) and compare that with their variations (2.177). Thus we have

−
˛

dz
2πi

ε (z) T (z) b (w)
(2.142)
= δb (w)

(2.177)
= −λ (∂ε) b (w)− ε∂b (w) .

By the Residue Cauchy’s theorem, we know that, in order to the equality above be
satisfied, the T (z) b (w) OPE must be

T (z) b (w) ∼ ∂b (w)

z− w
+ λ

b (w)

(z− w)2 . (2.182)
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In the same way for

T (z) c (w) ∼ (1− λ)
c (w)

(z− w)2 +
∂c (w)

z− w
. (2.183)

The current (2.181) is not a tensor, to show this we calculate the T (z) j (w) OPE, in this
case we use (2.162) because a priori we don’t know the conformal weight of j (z), thus
we have

: T (z) :: j (w) : = (λ− 1) : (∂b (z)) c (z) :: bc (w) : +λ : b∂c (z) :: bc (w) :,

T (z) j (w) = (λ− 1)
∂b (z) c (w)

z− w
+ (1− λ)

c (z) b (w)

(z− w)2 +
(1− λ)

(z− w)3

−λ
b (z) c (w)

(z− w)2 + λ
∂c (z) b (w)

z− w
− (λ)

(z− w)3 + reg.

∼ (1− 2λ)

(z− w)3 −
∂b (w) c (w)

z− w
+ (λ− 1)

b (w) c (w)

(z− w)2 −
b (w) ∂c (w)

(z− w)

−λ
b (w) c (w)

(z− w)2

∼ (1− 2λ)

(z− w)3 −
∂ (b (w) c (w))

z− w
− b (w) c (w)

(z− w)2

∼ 1− 2λ

(z− w)3 +
j (w)

(z− w)2 +
∂j (w)

z− w
. (2.184)

According to the conformal Ward identity (2.142) this implies the transformation law

δj = −
˛

dz
2πi

ε (z) T (z) j (w)

= −
˛

dz
2πi

ε (z)

(
1− 2λ

(z− w)3 +
j (w)

(z− w)2 +
∂j (w)

z− w

)

= −1− 2λ

2
∂2ε (z)− ∂ε (z) j (w)− ε (z) ∂j (w) , (2.185)

where we see that the ghost number current transforms as a primary field just for
λ = 1

2 , here ε (z) is an infinitesimal conformal transformation. We now use the above
results to calculate explicitly the TT OPE and, in this way, we verify the equation
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(2.179). We have then

: T (z) :: T (w) : = {(1− λ) : (∂b (z)) c (z) : −λ : b (z) ∂c (z) :}
× {(1− λ) : (∂b (w)) c (w) : −λ : b (w) ∂c (w) :}

= (1− λ)2

{
: (∂b (z)) c (w) :

(z− w)2 − : c (z) ∂b (w) :

(z− w)2 − 1

(z− w)2 ·
1

(z− w)2

}

− (1− λ) λ

{
: ∂b (z) ∂c (w) :

z− w
− 2 : c (z) b (w) :

(z− w)3 − 1
z− w

· 2

(z− w)3

}

− (1− λ) λ

{
−2 : b (z) c (w) :

(z− w)3 +
: ∂c (z) ∂b (w) :

z− w
− 2

(z− w)3 ·
1

z− w

}

+λ2

{
− : b (z) ∂c (w) :

(z− w)2 +
: ∂c (z) b (w) :

(z− w)2 − 1

(z− w)2 ·
1

(z− w)2

}
+ reg..

We expand around w, so we get, after canceling some terms,

T (z) T (w) ∼ −6λ2 + 6λ− 1

(z− w)4 +
2 (1− λ) : ∂b (w) c (w) :

(z− w)2 − 2λ : b (w) ∂c (w) :

(z− w)2

+
(1− λ) : ∂2b (w) c (w) :

z− w
+

(1− λ) : ∂b (w) ∂c (w) :
z− w

−λ
: ∂b (w) ∂c (w) :

z− w
− λ

: b (w) ∂2c (w) :
z− w

∼ −12λ2 + 12λ− 2

2 (z− w)4 +
2T (w)

(z− w)2 +
∂T (w)

z− w
, (2.186)

which allows us to identify the coefficient of the order four pole c = −12λ2 + 12λ− 2,
thus coinciding with (2.179). The bc theory for λ = 2 will arise as the Faddeev-Popov
ghosts from gauge fixing the Polyakov string.

2.7 The Central charge

The specific models treated in the last section lead us to the following general OPE of
the energy- momentum tensor with itself:

T (z) T (w) ∼ c/2

(z− w)4 +
2T (w)

(z− w)2 +
∂T

(z− w)
, (2.187)

where the constant c depends on the specific model under study, it is equal to d for the
free boson and −26 for the ghost system ( if λ = 2). This model dependent constant
is called the “central charge” or “the conformal anomaly”. Except for this anomalous
term, the OPE (2.187) simply means that T is a quasi-primary field with conformal
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dimension h = 2. The value of the central charge is determined by the short-distance
behavior of the theory but not by symmetry. For free fields, as seen in the previous sec-
tion, it is determined by applying the OPE on the normal ordered energy-momentum
tensor with itself. The central charge is somehow an extensive measure of the number
of degrees of freedom of the system. Therefore, if we consider a more general theory
containing the matter plus the ghost systems, the central charge will be

c = d− 26. (2.188)

If we demand the vanishing of the central charge, as we will do, we find the celebrated
critical dimension d = 26, of the bosonic string.

2.7.1 Transformation of the Energy-Momentum Tensor

By comparing the OPE (2.187) with the general form (2.163), we see that the energy
momentum tensor does not exactly transform like a primary field of dimension 2,
contrary to that we expect classically. According to the conformal Ward identity (2.142)
the variation of T under a local conformal transformation is

δεT (w) = − 1
2πi

˛
C

dzε (z) T (z) T (w)

=
1

2πi

˛
C

dzε (z)

{
c/2

(z− w)4 +
2T (w)

(z− w)2 +
∂T (w)

(z− w)

}
= − c

12
∂3ε (w)− 2T (w) ∂ε (w)− ε (w) ∂T (w) . (2.189)

The “exponentiation” of this infinitesimal variation to a finite transformation z −→
w (z) is

T′ (w) =

(
dw
dz

)−2 [
T (z)− c

12
{w; z}

]
, (2.190)

where we have introduced the Schwarzian derivative:

{w; z} =

(
d3w
dz3

)
(

dw
dz

) − 3
2

(
d2w
dz2

dw
dz

)2

. (2.191)
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We will just verify it for infinitesimal transformations. For a infinitesimal map w (z) =
z + ε (z), the Schwarzian derivative becomes, at first order in ε,

{w; z} = {z + ε; z} = ∂3ε

(1 + ∂ε)
− 3

2

(
∂2ε

1 + ∂ε

)2

= ∂3ε (1− ∂ε)− 3
2
O2 (ε) + ...

≈ ∂3ε. (2.192)

The infinitesimal version of (2.190) is therefore, at first order in ε,

T′ (z + ε) = (1 + ∂ε)−2
[

T (z)− c
12

∂3ε
]

T′ (z) + ε∂T′ (z) ≈ (1− 2∂ε)
[

T (z)− c
12

∂3ε
]

(2.193)

≈ T (z)− c
12

∂3ε− 2∂εT (z)

or
δεT (w) = T′ (z)− T (z) = − c

12
∂3ε− 2∂εT (z)− ε∂T (z) , (2.194)

which, indeed, coincides with eq.(2.189). To confirm the validity of the transformation
law (2.190), we must verify the following group property: The result of two successive
transformations z −→ w −→ u should coincide with what is obtained from the single
transformation from z −→ u, that is

T′′ (u) =

(
du
dw

)−2 [
T′ (w)− c

12
{u; w}

]
=

(
du
dw

)−2
[(

dw
dz

)−2 [
T (z)− c

12
{w; z}

]
− c

12
{u; w}

]

=

(
du
dw

)−2(dw
dz

)−2
[

T (z)− c
12

{
{w; z}+

(
dw
dz

)2

{u; w}
}]

=

(
du
dz

)−2 [
T (z)− c

12
{u; z}

]
. (2.195)

The last equality requires the following relation between Schwarzian derivatives:

{u; z} = {w; z}+
(

dw
dz

)2

{u; w} . (2.196)
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18If we set u = z, we find that (with {z; z} = 0)

{w; z} = −
(

dw
dz

)2

{z; w} (2.197)

and this relation allows us to write the transformation law (2.190) as

T′ (w) =

(
dw
dz

)−2

T (z) +
c

12
{z; w} . (2.198)

We can also verify that the Schwarzian derivative of the Global conformal map

w (z) =
az + b
cz + d

, ad− bc = 1, (2.199)

18A demonstration of (2.196) is in order. We denote dnu
dzn = u(n)

z

{u; z} = u(3)
z

u(1)
z

− 3
2

(
u(2)

z

u(1)
z

)2

.

Then, we must use the following results

u(1)
z = w(1)

z u(1)
w ,

u(2)
z = w(2)

z u(1)
w +

(
w(1)

z

)2
u(2)

w ,

u(3)
z = w(3)

z u(1)
w + 3w(1)

z w(2)
z u(2)

w +
(

w(1)
z

)3
u(3)

w .

Therefore

{u; z} =
w(3)

z u(1)
w + 3w(1)

z w(2)
z u(2)

w +
(

w(1)
z

)3
u(3)

w

w(1)
z u(1)

w

− 3
2

w(2)
z u(1)

w +
(

w(1)
z

)2
u(2)

w

w(1)
z u(1)

w


2

=
w(3)

z

w(1)
z

− 3
2

(
w(2)

z

w(1)
z

)2

+
(

w(1)
z

)2
u(3)

w

u(1)
w

− 3
2

(
u(2)

w

u(1)
w

)2


= {w; z}+
(

dw
dz

)2

{u; w} .
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vanishes19. This need to be so, because T (z) is a quasi-primary field. The Schwarzian
derivative in (2.190) is the only possible addition to the tensor transformations.

2.7.2 The Weyl anomaly

The trace of the energy-momentum tensor vanishes at the classical level for a con-
formal invariant theory. We will see that for this symmetry to hold at the quantum
level, the total central charge of the theory must vanishes. We can always put any
two dimensional metric in the form gαβ = e2ω(σ1,σ2)δαβ. So the only non-vanishing
Christoffel symbols are

Γ1
11 = Γ2

12 = Γ2
21 = −Γ1

22 = ∂1ω, and Γ1
12 = Γ1

21 = Γ2
22 = −Γ2

11 = ∂2ω. (2.200)

In another hand, we have that for an orthogonal metric,

Rαβ = ∂γΓγ
αβ − ∂βΓγ

γα, R = gαβRαβ, (2.201)

which are the Ricci curvature tensor and the scalar curvature respectively. So that

R11 = R22 = −∇2ω and R = g11R11 + g22R22 = −2e−2ω∇2ω. (2.202)

Let us go to see how this curvature is related to the central charge and in general to the
energy-momentum tensor trace 〈Tα

α〉. We know that in complex coordinates the trace
of Tαβ is given by gαβTαβ = 2gzz̄Tzz̄, so that, in order to study its behavior at quantum
level, we need to find a expression for the Tzz̄Tww̄ OPE. This leads us to express the
conservation equation ∂αTαβ = 0 in complex coordinates, that is

∂αTαβ = gαγ∂γTαβ = 0 =⇒ gz̄z∂zTz̄β + gzz̄∂z̄Tzβ = 2∂zTz̄β + 2∂z̄Tzβ = 0,

and
∂zTz̄z̄ = −∂z̄Tzz̄ and ∂z̄Tzz = −∂zTz̄z. (2.203)

19That is as follows, we have that

dw
dz

=
1

(cz + d)2 ,
d2w
dz2 =

−2c

(cz + d)3 ,
d3w
dz3 =

6c2

(cz + d)4 .

From (2.191)

{w; z} = 6c2 (cz + d)2

(cz + d)4 − 3
2

(
−2c (cz + d)2

(cz + d)3

)2

=
6c2

(cz + d)2 −
3
2

4c2

(cz + d)2 = 0.
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Then we use the TzzTww OPE, that is

∂zTz̄z (z̄, z) ∂wTw̄w (w̄, w) = ∂z̄Tzz (z̄, z) ∂w̄Tww (w̄, w) ,

⇓

∂z̄∂w̄ (Tzz (z̄, z) Tww (w̄, w)) = ∂z̄∂w̄

[
c/2

(z− w)4 +
2T (w)

(z− w)2 +
∂T (w)

z− w
+ ...

]
.(2.204)

Classically the right hand side above must be zero, but now we must consider the
effect of the poles. We can see that the only non-vanishing term is the first one, the
others vanish because the OPE has meaning, only inside a correlator and the expecta-
tion value of T (z) is zero. Therefore we have

∂z̄∂w̄
1

(z− w)4 =
1
6

∂z̄∂w̄

(
∂2

z∂w
1

z− w

)
=

1
6

∂2
z∂w∂w̄∂z̄

(
1

z− w

)
=

2π

6
∂2

z∂w∂w̄δ (z− w, z̄− w̄) . (2.205)

Inserting that result in (2.204), we have

∂z∂w (Tz̄z (z̄, z) Tw̄w (w̄, w)) =
π

6
c∂2

z∂w∂w̄δ (z− w, z̄− w̄)

= ∂z∂w

( cπ

6
∂z∂w̄δ (z− w, z̄− w̄)

)
,

⇓
Tz̄z (z̄, z) Tw̄w (w̄, w) =

cπ

6
∂z∂w̄δ (z− w, z̄− w̄) . (2.206)

Then, there is a singular behavior when z −→ w. We assume that in flat space
〈Tα

α〉 = 0. From the definition of the energy-momentum tensor (2.63) we consider
the following correlation function under an infinitesimal metric change

δ 〈Tα
α (σ)〉 = δ

ˆ
Dφe−STα

α (σ)

=

ˆ
Dφe−STα

α (σ)
(
−δgS

)
=

1
4π

ˆ
Dφe−S

(
Tα

α (σ)

ˆ
d2σ′
√

gδgβγTβγ

(
σ′
))

. (2.207)

We consider now an infinitesimal Weyl rescaling gαβ = e2ωδαβ, so that δgαβ = 2ωδαβ

and δgαβ = −2ωδαβ (we consider also that g = e2ω ∼ 1). Thus, we may write (2.207)
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as follows

δ 〈Tα
α (σ)〉 =

1
4π

ˆ
Dφe−S

(
Tα

α (σ)

ˆ
d2σ′

(
−2ωδβγ

)
Tβγ

(
σ′
))

= − 1
2π

ˆ
Dφe−S

(
Tα

α (σ)

ˆ
d2σ′ω

(
σ′
)

Tβ
β

(
σ′
))

. (2.208)

We now transform the OPE (2.206) to Euclidean coordinates through the usual trans-
formation rules eq.(2.104). Thus we have

Tαβ (z, z̄) =
∂σµ

∂zα

∂σν

∂zβ
Tµν

(
σ1, σ2

)
,

Tz̄z (z, z̄) =
1
4

T11 +
1
4

T22 =
1
4

Tα
α (σ) ,

which means that

Tz̄z (z̄, z) Tw̄w (w̄, w) =
1

16
Tα

α (σ) Tβ
β

(
σ′
)

. (2.209)

In another hand we get

∂z∂w̄δ (z− w, z̄− w̄) =
1
2
(∂1 − i∂2)

1
2
(
∂′1 + i∂′2

) 1
2

δ
(

σ1 − σ′1
)

δ
(

σ2 − σ′2
)

=
(
∂1∂′1 + i∂1∂′2 − i∂2∂′1 + ∂2∂′2

) 1
8

δ(2)
(
σ− σ′

)
.

Using the delta property ∂σ′δ (σ− σ′) = −∂σδ (σ− σ′), we have that

∂z∂w̄δ (z− w, z̄− w̄) = −1
8
(∂1∂1 + ∂2∂2) δ(2)

(
σ− σ′

)
= −1

8
∇2δ(2)

(
σ− σ′

)
. (2.210)

Therefore, we can write the OPE (2.206) in Euclidean coordinates as follows

Tα
α (σ) Tβ

β

(
σ′
)

= − cπ

3
∇2δ(2)

(
σ− σ′

)
. (2.211)

Substituting in (2.208) we have

δ 〈Tα
α (σ)〉 = − 1

2π

ˆ
Dφe−S

(
− cπ

3

ˆ
d2σ′ω

(
σ′
)
∇2δ(2)

(
σ− σ′

))
=

c
6

ˆ
Dφe−S∇2ω (σ) =

c
6
∇2ω (σ) . (2.212)

Now in eq.(2.202) we take e−2ω ∼ 1, because we are considering an infinitesimal ω, so
that R = −2∇2ω, which allows to identify

δ 〈Tα
α (σ)〉 = −

c
12

R. (2.213)
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Therefore, the central charge is associated to the Weyl anomaly, for this reason we
demand its vanishing in flat space in order to this symmetry to survive quantization.

2.8 The Operator Formalism of Conformal Field Theory

2.8.1 Radial Quantization

So far, we have used complex coordinates according to (2.104) with the form −iw =

σ2 − iσ1, or equivalent iw̄ = σ2 + iσ1.
In the closed string case we impose a periodicity condition on the spatial coordinate

σ1, i.e.
σ1 ∼ σ1 + 2π while −∞ < σ2 < ∞, (2.214)

where σ2 is the time parameter, such that, the complex coordinates define a infinite
cylinder.

The coordinate transformation

z = e−iw = e−iσ1+σ2
, z̄ = eiw̄ = eiσ1+σ2

(2.215)

maps the cylinder to the complex plane. This choice of space and time leads to the
so-called radial quantization of two dimensional CFTs. In terms of the w coordinates,
times corresponds to translations of σ2 = Im (w). In terms of z times runs radially,
the infinite past

(
σ2 −→ −∞

)
is situated at the origin z = 0, whereas the remote fu-

ture
(
σ2 −→ ∞

)
lies on the point at infinity on the Riemann sphere. Within radial

quantization, states of the form

|φin〉 = lim
z,z̄−→0

φ (z, z̄) |0〉 (2.216)

stand for asymptotic “in” states at the limit when an interaction is attenuated, where
|0〉 is the vacuum state of the Hilbert space. The corresponding bra, called the asymp-
totic “out” state, is defined is concordance with the definition of Hermitian conjuga-
tion

[φ (z, z̄)]† ≡ z̄−2hz−2h̄φ (1/z̄, 1/z) , (2.217)

where by assumption φ is a quasi-primary field of dimensions h and h̄. Thus we have

〈φout| = lim
z,z̄−→0

〈0| φ (z, z̄)†

= lim
z,z̄−→0

z̄−2hz−2h̄ 〈0| φ (1/z̄, 1/z) . (2.218)

This definition is in concordance with eq.(2.122) and therefore
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〈φout| = |φin〉† . (2.219)

2.8.2 Mode Expansions

A conformal field φ (z, z̄) of dimensions
(
h, h̄
)

may be mode expanded as follows:

φ (z, z̄) = ∑
m,n∈Z

z−m−hz̄−n−h̄φm,n, φm,n =

˛
dz

2πi
zm+h−1

˛
dz̄

2πi
z̄n+h̄−1φ (z, z̄) .

(2.220)
20A hermitian conjugation on the real surface ( z̄ = z∗) leads to

φ (z, z̄)† = ∑
m∈Z

∑
n∈Z

z̄−m−hz−n−h̄φ†
m,n. (2.221)

Thus, in order to (2.221) be compatible with (2.217), it must be satisfied that

φ†
m,n = φ−m,−n. (2.222)

If the “in” and “out” states are well-defined, the vacuum must satisfy the conditions

φm,n |0〉 = 0, m ≥ 1− h, n ≥ 1− h̄. (2.223)

21There are a similar regularity condition for the “out” state. We will simplify the
notation by dropping the dependence of fields upon the antiholomorphic coordinate.
Thus, (2.220) will be written in the following simplified form:

φ (z, z̄) = ∑
m∈Z

z−m−hφm , φm =

˛
dz

2πi
zm+h−1φ (z, z̄) . (2.224)

However, it must be kept in mind that the antiholomorphic dependence is always
there. Alternatively, the “in” state can be defined as

lim
z,z̄−→0

φ (z, z̄) |0〉 = φ−h,−h̄ |0〉 =
˛

dz
2πi

z−1
˛

dz̄
2πi

z̄−1φ (z, z̄) |0〉 = φ (0, 0) |0〉 .

(2.225)
and similarly for the out state.

20This is simply the Fourier expansions of the field.
21In the equation (2.223) the conditions

(
m > −h, n > −h̄

)
is due to the fact that the “in” and “out

states” are defined at the limit z̄, z −→ 0, so that, according to the definition (2.216) and the expression
for the modes φm,n in 2.220 we must have

|φin〉 = lim
z,z̄−→0

∑
m∈Z

∑
n∈Z

z−m−h z̄−n−h̄φm,n |0〉 .

The above limit diverges for
(
m > −h, n > −h̄

)
unless the condition (2.223) be satisfied.
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2.8.3 Radial Ordering and Operator Product Expansion

In radial quantization, the time ordering appearing in the definition of correlation
functions becomes a “radial ordering”, explicitly defined by

R (φ1 (z) φ2 (w)) =

{
φ1 (z) φ2 (w) if |z| > |w| ,
φ2 (w) φ1 (z) if |w| > |z| .

(2.226)

If the two fields are fermions, a minus sign is added in front of the second expression.
Thus, the OPE’s written previously have an operator meaning only if |z| > |w|. One
of the advantages of radial quantization is that the commutator of two fields can be
expressed in terms of their OPE . In order to show that, let a (z) and b (z) be two
holomorphic fields, and consider the following integral

ffi
w

dz a (z) b (w) . (2.227)

Figure 2.1: Integration contour deformation (image taken from [7]).

In order to this integral to have an operator meaning within correlation functions,
it must satisfy (2.226). Therefore, we split the integration contour into two fixed-time
circles (see Fig. 2.1) . Then

ffi
Cw

dz a (z) b (w) =

ffi
C1

dz a (z) b (w)−
ffi

C2

dz b (w) a (z) = [A, b (w)] , (2.228)

where
A =

ffi
dz a (z) (2.229)

and C1 and C2 are circles centered around the origin of radii respectively equal to
|w|+ ε and |w| − ε, ε being infinitesimal. Our integral is now seen to be a commutator.
If a and b are fermions, the commutator is replaced by an anticommutator. The integral
(2.227) is evaluated by substituting the OPE of a (z) with b (w). Thus, the commutator
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[A,B] of two operators,

A =

ffi
dz a (z) , B =

ffi
dz b (z) , (2.230)

is obtained by integrating eq.(2.228) over w, that is

[A,B] =
ffi
C0

dw
ffi
Cw

dz a (z) b (w) . (2.231)

Henceforth, contour integrals without a specified contour will be understood as inte-
grate along circles centered at the origin. Otherwise, the contour will be indicated.

2.9 The Virasoro Algebra and Hilbert space

2.9.1 Conformal Generators

By applying (2.228) and (2.231) to the conformal identity (2.142), we find

− δεφ (w) =
1

2πi

˛
dz ε (z) T (z) φ (w) , (2.232)

where ε (z) is the holomorphic component of an infinitesimal conformal transforma-
tion. We then define the conformal charge by

Qε =
1

2πi

˛
dz ε (z) T (z) . (2.233)

Then, by (2.228), the conformal Ward identity translates into

δεφ (w) = − [Qε, φ (w)] , (2.234)

which means that the operator Qε is the generator of conformal transformations. We
now expand the energy momentum tensor according to (2.220) and obtain

T (z) = ∑n∈Z z−n−2Ln, Ln =
¸ dz

2πi z
n+1T (z) ,

T̄ (z̄) = ∑n∈Z z̄−n−2 L̄n, L̄n =
¸ dz̄

2πi z̄
n+1T̄ (z̄) .

(2.235)

We also expand the infinitesimal conformal change ε (z) as follows

ε (z) = ∑
n∈Z

zn+1εn. (2.236)
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The expression (2.233) for the conformal charge becomes

Qε =
1

2πi

˛
dz ∑

n∈Z

zn+1εnT (z)

= ∑
n∈Z

εn
1

2πi

˛
dz zn+1T (z)︸ ︷︷ ︸

Ln

= ∑
n∈Z

εnLn. (2.237)

The mode operators Ln and L̄n of the energy-momentum tensor are the generators
of the local conformal transformations on the Hilbert space, exactly like ln and l̄n of
(2.116) are the generators of conformal mappings on the space of functions. The gen-
erators of SL (2, C) in the Hilbert space are L±1, L0 (and their antiholomorphic coun-
terparts). The operator L0 + L̄0 generates the dilations (z, z̄) −→ λ (z, z̄), that is, time
translations in radial quantization. Therefore, L0 + L̄0 must be proportional to the
Hamiltonian of the system. The operators Ln obey the algebra (2.117), except for a
new term depending on the central charge,

[Ln, Lm] = (n−m) Ln+m +
c

12
n
(

n2 − 1
)

δm+n,

[Ln, L̄m] = 0, (2.238)

[L̄n, L̄m] = (n−m) L̄n+m +
c

12
n
(

n2 − 1
)

δm+n.

These relations may be derived from the mode expansion (2.235), the OPE (2.187) and
(2.231)22 as follows,

[Ln, Lm] =
1

(2πi)2

˛
dw wm+1

˛
w

dz zn+1T (z) T (w)

=
1

(2πi)2

˛
dw wm+1

˛
w

dz zn+1

{
c/2

(z− w)4 +
2T (w)

(z− w)2 +
∂T (w)

(z− w)
+ reg.

}

=

˛
dw
2πi

wm+1
{ c

12
n (n + 1) (n− 1)wn−2 + 2 (n + 1) T (w)wn + wn+1∂T (w)

}
=

˛
dw
2πi

{ c
12

n
(

n2 − 1
)

wm+n−1 + 2 (n + 1) T (w)wm+n+1 + wm+n+2∂T (w)
}

.

22Here is useful to recall the residue theorem for a regular function f (z), we have
˛

z0

dz
2πi

f (z)

(z− z0)
m+1 =

1
m!

dm

dzm ( f (z)) (z = z0) .
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By using the result 1
2πi
¸

dz zk = δk,−1, we have

[Ln, Lm] =
c

12
n
(

n2 − 1
)

δm+n + 2 (n + 1)
1

(2πi)

˛
dw T (w)wm+n+1

+
1

(2πi)

˛
dw wm+n+2∂T (w)

=
c

12
n
(

n2 − 1
)

δm+n + 2 (n + 1) Ln+m − (m + n + 2)
1

(2πi)

˛
dw wm+n+1T (w)

=
c

12
n
(

n2 − 1
)

δm+n + 2 (n + 1) Ln+m − (m + n + 2) Ln+m

=
c

12
n
(

n2 − 1
)

δm+n + (n−m) Ln+m, (2.239)

where, in the third term of the second line, we have integrated by parts. This is the
Virasoro algebra. For the [L̄n, L̄m] the process is identical and, [Ln, L̄m] = 0 follows
from the OPE T (z) T̄ (w̄) ∼ 0.

2.9.2 The Hilbert Space

The vacuum state |0〉 must be invariant under SL (2, C) transformations. This means
that L±1 |0〉 = L0 |0〉 = 0, with the same condition applying for the antiholomorphic
counterparts, fixing the ground state energy to zero. This, in turn, can be recovered
from the condition that T (z) |0〉 and T̄ (z̄) |0〉 are well-defined as z, z̄ −→ 0, which
implies, for the holomorphic component that

lim
z−→0

T (z) |0〉 = lim
z−→0

∑
n∈Z

z−n−2Ln |0〉 = 0. (2.240)

In the sum above, the terms diverging in the limit z −→ 0 are all of those for which
n ≥ −1. Then, this is precisely the requirement

Ln |0〉 = 0, L̄n |0〉 = 0, n ≥ −1, (2.241)

which includes as a sub-condition the invariance of the vacuum |0〉with respect to the
global conformal group. It also implies the vanishing of the vacuum expectation value
of the energy momentum tensor:

〈0 |T̄ (z̄)| 0〉 = 〈0 |T (z)| 0〉 = 0. (2.242)
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Primary fields, when acting on the vacuum, create asymptotic states, which are eigen-
states of the Hamiltonian, as can be shown from (2.163,2.228)

[Ln, φ (w, w̄)] =
1

2πi

˛
w

dz zn+1T (z) φ (w, w̄)

=
1

2πi

˛
w

dz zn+1

{
h

(z− w)2 +
∂w

(z− w)
+ reg.

}
φ (w, w̄)

= h (n + 1)wnφ (w, w̄) + wn+1∂wφ (w, w̄) , n ≥ −1. (2.243)

By analogy

[L̄n, φ (w, w̄)] = h̄ (n + 1) w̄nφ (w, w̄) + w̄n+1∂w̄φ (w, w̄) , n ≥ −1. (2.244)

Applying these relations to the asymptotic state
∣∣h, h̄

〉
= φ (0, 0) |0〉, we have

L0φ (w, w̄) |0〉 (2.241)
= [L0, φ (w, w̄)] |0〉 = (hφ (w, w̄) + w∂wφ (w, w̄)) |0〉 ,(2.245)

which implies

L0φ (0, 0) |0〉 = L0
∣∣h, h̄

〉
= h

∣∣h, h̄
〉

, L̄0φ (0, 0) |0〉 = L̄0
∣∣h, h̄

〉
= h̄

∣∣h, h̄
〉

.
(2.246)

Thus
∣∣h, h̄

〉
is an eigenstate of the Hamiltonian (L0 + L̄0 −→ H). Likewise, we have

from eqs. (2.241,2.243)

Ln
∣∣h, h̄

〉
= 0, L̄n

∣∣h, h̄
〉
= 0 if n > 0. (2.247)

Excited states above the asymptotic state
∣∣h, h̄

〉
may be obtained by applying creation

operators. Explicitly, if we expand the holomorphic field φ (w) in modes, according to
(2.224), then we find according to the prescription (2.231) that

[Ln, φm] =
1

(2πi)2

˛
dw
˛

w
dz zn+1T (z)wm+h−1φ (w)

=
1

(2πi)2

˛
dw
˛

w
dz zn+1

{
hφ (w, w̄)

(z− w)2 +
∂wφ (w, w̄)

(z− w)
+ reg.

}
wm+h−1

=
1

2πi

˛
dw
{
(hn + h)wn+m+h−1φ (w, w̄) + wn+m+h∂wφ (w, w̄)

}
.



CHAPTER 2. CONFORMAL INVARIANCE AND STRING ACTION 60

Integrating by parts yields to

[Ln, φm] =
1

2πi

˛
dw
{
(hn + h)wn+m+h−1φ (w, w̄)− (n + m + h)wn+m+h−1φ (w, w̄)

}
=

1
2πi

˛
dw [n (h− 1)−m]wn+m+h−1φ (w, w̄)

= [n (h− 1)−m] φn+m. (2.248)

Of which a special case is
[L0, φm] = −mφm. (2.249)

This means that the operators φm act as raising and lowering operator for the eigen-
states of L0 : Each application of φ†

m = φ−m, (m > 0) increase the conformal dimen-
sion of the state by m. The generators L−m, (m > 0) also increase the conformal
dimension, since the Virasoro algebra (2.238) gives

[L0, L−m] = mL−m. (2.250)

This means that excited states may be obtained by successive applications of these
operators on the asymptotic state |h〉:

L−k1 L−k2 ...L−kn |h〉 , 1 ≤ k1 ≤ k2 ≤ ... ≤ kn. (2.251)

By convention, the Lki appear in increasing order of the ki, a different ordering can
always be brought by applying the commutation rules (2.238). The state (2.251) is an
eigenstate of L0 with eigenvalue.

h′ = h + k1 + k2 + ... + kn ≡ h + N. (2.252)

The states (2.251) are called descendants of level N of the asymptotic state |h〉. The
number of distinct, linearly independent states at level N is simply the number p (N)

of partitions of the integer N. The generating function of the partition numbers is

1
ϕ (q)

≡
∞

∏
n=1

1
1− qn =

∞

∑
n=0

p (n) qn, (2.253)

where ϕ (q) is the Euler function. The effect of a conformal transformation on a state
is obtained by acting on it with a suitable function of generators Lm. The subset of the
full Hilbert space generated by the asymptotic state |h〉 and its descendants is closed
under the action of the Virasoro generators and form the so-called “Verma module”.
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2.10 The XX matter system revisited

Here we apply the results above to study the mode expansion of the XX−matter sys-
tem. If we calculate the TX OPE, we obtain by using (2.153)

T (z) Xµ (w) = − 1
α′

: ∂Xν (z) ∂Xν (z) : Xµ (w)

= − 2
α′

∂Xν (z)
(
−α′

2
ηµν

z− w

)
+ reg.

∼ ∂Xµ (w)

z− w
. (2.254)

According to (2.163) this means that Xµ is not exactly a primary field, however, from
the OPE (2.169) we see that ∂Xµ and ∂̄Xµ are, in fact, primary fields of conformal di-
mensions

(
h, h̄
)
= (1, 1). From (2.153) we see that the holomorphic and antiholomor-

phic part of Xµ decouple, therefore, according to (2.220) we may expand in Laurent
series as follows

∂Xµ (z) = −i

√
α′

2

∞

∑
m=−∞

z−m−1α
µ
m , ∂̄Xµ (z̄) = −i

√
α′

2

∞

∑
m=−∞

z̄−m−1ᾱ
µ
m. (2.255)

Equivalently,

α
µ
m =

√
2
α′

˛
dz
2π

z−m∂Xµ (z) , ᾱ
µ
m = −

√
2
α′

˛
dz̄
2π

z̄−m∂̄Xµ (z̄) . (2.256)

Single-valuedness of Xµ and its periodicity condition for the closed string, imply that
ᾱ

µ
0 = α

µ
0 . The Noether current for space-time translations, δXµ = aµ, is i

α′ ∂aXµ so the
space-time momentum is

pµ =
1

2πi

˛
C

(
dzjµ − dz̄j̄µ

)
=

1
α′

(˛
C

dz
2π

∂Xµ (z)−
˛

C

dz̄
2π

∂̄Xµ (z̄)
)

=
1
α′

(√
α′

2
α

µ
0 +

√
α′

2
ᾱ

µ
0

)

=

√
2
α′

α
µ
0 . (2.257)

Integrating the expansion (2.255) gives

ˆ
dz ∂Xµ (z, z̄) =

ˆ
dz ∂Xµ

R (z) = Xµ
R (z) = xµ

z − i
α′

2
pµ ln z + i

√
α′

2 ∑
m 6=0

z−m

m
α

µ
m.
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In the same way

ˆ
dz̄ ∂̄Xµ (z, z̄) = Xµ

L (z̄) = xµ
z̄ − i

α′

2
pµ ln z̄ + i

√
α′

2 ∑
m 6=0

z̄−m

m
ᾱ

µ
m,

such that

Xµ (z, z̄) = Xµ
R (z) + Xµ

L (z̄) = xµ − i
α′

2
pµ ln |z|2 + i

√
α′

2 ∑
m 6=0

1
m

(
α

µ
m

zm +
ᾱ

µ
m

z̄m

)
. (2.258)

From the contour argument and the XX OPE (2.165), one derives

[
α

µ
m, αν

n
]
=
[
ᾱ

µ
m, ᾱν

n
]
= mδm+nηµν, [xµ, pν] = iηµν, (2.259)

for instance, by using eq.(2.231), this follows that

[
α

µ
m, αν

n
]

=
2
α′

˛
dz
2π

˛
Cw

dw
2π

z−mw−n∂Xµ (z) ∂Xν (w)

(2.154)
=

2
α′

˛
dz
2π

˛
Cw

dw
2π

z−mw−n
(
−α′

2
ηµν

z− w

)
= mδm+nηµν. (2.260)

In a similar way we can obtain the other relations.

2.10.1 Vertex Operators

According to eq.(2.254) the canonical scaling dimension of the boson X (z, z̄) vanishes,
then, it is possible to construct an infinite variety of local fields related to X (z, z̄) with-
out introducing a scale, namely the so-called vertex operators:

Vk (z, z̄) = :eik·X(z,z̄) : . (2.261)

The normal ordering has the following meaning, in terms of the operators appearing
in (2.258)

Vk (z, z̄) = :e
ik
{

x0− i
2 p ln(zz̄)+i

√
α′
2 ∑n 6=0

1
n(αnz−n+ᾱn z̄−n)

}
:

= e

{
ikx0+

√
α′
2 ∑n>0

1
n k(α−nzn+ᾱ−n z̄n)

}
e

{
α′
2 kp ln(zz̄)−

√
α′
2 ∑n>0

1
n k(αnz−n+ᾱn z̄−n)

}
.

(2.262)
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Within each exponential, the different operators commutes. We will now demonstrate
that these fields are primary, with holomorphic and antiholomorphic dimensions

h (k) = h̄ (k) =
α′

4
k2. (2.263)

We first calculate the OPE of ∂X with Vk. Then, by expressing Vk in power series,
yields

∂X (z, z̄)Vk (w, w̄) = ∑
n=0

(ik)n

n!
∂X (z, z̄) : X (w, w̄)n : . (2.264)

This is needed to use a previous result, the OPE (2.165). We will omit the antiholomor-
phic coordinate in the notation, thus we have

∂X (z)Vk (w) = ∑
n=1

(ik)n

n!

(
n 〈∂X (z) X (w)〉 : X (w)n−1 :

)
∼ ∑

n=1

(ik)n

n (n− 1)!

(
n
(
−α′

2
1

z− w

)
: X (w)n−1 :

)
∼ − ikα′

2
1

z− w ∑
n=1

(ik)n−1

(n− 1)!
: X (w)n−1 :

∼ − ikα′

2
1

z− w ∑
m=0

(ik)m

m!
: X (w)m :

∼ − ikα′

2
Vk (w)

z− w
. (2.265)

Next, we calculate the OPE of Vp with the energy momentum tensor. We can compute
this OPE just by considering the cross contractions between the fields in T (z) and
those in Vp (w), that is

T (z)Vp (w) = − 1
α′ ∑

n=0

(ip)n

n!
: ∂X (z) ∂X (z) :: X (w)n :

∼ − 1
α′ ∑

n=0

(ip)n

n!

{
n : ∂X (z) X (w)n−1 : 〈∂X (z) X (w)〉

+n : ∂X (z) X (w)n−1 : 〈∂X (z) X (w)〉

+
n!

(n− 2)!
〈∂X (z) X (w)〉 〈∂X (z) X (w)〉 : X (w)n−2 :

}
∼ − 1

α′ ∑
n=0

(ip)n

n!

{
2n : ∂X (z) X (w)n−1 :

(
−α′

2
1

z− w

)
+ n (n− 1)

(
−α′

2
1

z− w

)2

: X (w)n−2 :

}
,
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where we have used that the number of variation of n fields taking in pairs without
repeated elements is n!

(n−2)! = n (n− 1). Therefore

T (z)Vp (w) ∼ −α′

4

(
1

z− w

)2

∑
n=2

(ip)n

(n− 2)!
: X (w)n−2 :

+
1

z− w ∑
n=1

(ip)n

n!

(
n : ∂X (z) X (w)n−1 :

)
∼ α′p2

4
1

(z− w)2 ∑
m=0

(ip)m

m!
: X (w)m :

+
1

z− w ∑
n=1

(ip)n

n!

(
n : ∂X (w) X (w)n−1 :

)
∼ α′

4
p2 Vp (w)

(z− w)2 +
∂wVp (w)

z− w
. (2.266)

We have replaced ∂X (z) by ∂X (w) in the last equation since the difference between
the two leads to a regular term. Thus we see that by the form of this OPE, Vp is
primary, with conformal weight indicated by (2.263). The OPE with T̄ has exactly the
same form. In order to calculate the OPE of products of vertex operators, we may use
the following relation for a single harmonic oscillator:

: eB1 :: eB2 :=: eB1+B2 : e〈B1B2〉, (2.267)

where Bi = αia + βia† is some linear combination of annihilation and creation opera-
tors. In particular, we may write

: eaX(z,z̄) :: ebX(w,w̄) :=: eaX(z,z̄)+bX(w,w̄) : eab〈X(z,z̄)X(w,w̄)〉. (2.268)

If we apply that to the Vertex operators, and use the equation (2.153), for the correlator
〈X (z, z̄) X (w, w̄)〉 = − α′

2 ln |z− w|2, we have

Vp (z, z̄)Vk (w, w̄) = : eipX(z,z̄) :: eikX(w,w̄) :

= : ei(pX(z,z̄)+kX(w,w̄)) : e−pk〈X(z,z̄)X(w,w̄)〉

∼ : ei(pX(z,z̄)+kX(w,w̄)) : e
2α′ pk

2 ln|z−w|.
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Now, we expand the first exponential of the r.h.s above, around (w, w̄). That is

Vp (z, z̄)Vk (w, w̄) ∼ |z− w|α
′pk
(

: ei(p+k)X(w,w̄) + ip (z− w) ∂Xei(p+k)X(w,w̄)

+ ip (z̄− w̄) ∂̄Xei(p+k)X(w,w̄) + ... :
)

∼ |z− w|α
′pk Vp+k (w, w̄) + ip |z− w|α

′pk
(
(z− w) : ∂Xei(p+k)X(w,w̄) :

+ (z̄− w̄) : ∂̄Xei(p+k)X(w,w̄) :
)
+ ... .(2.269)

However, we have seen, (2.122), that invariance under global conformal group force
the fields within a non-zero two-point correlation function to have the same conformal
dimension. Furthermore, the requirement that the correlation function

〈
Vp (z, z̄)Vk (w, w̄)

〉
does not grow with the distance imposes the constraint pk < 0, which, after fixing
α′ = 2, leaves p = −k as the only possibility

Vp (z, z̄)V−p (w, w̄) ∼ |z− w|−2p2
+ ... . (2.270)

From now on, the normal ordering of the vertex operator will not be explicitly written
but always be implicit.

2.10.2 The Fock Space

Since pµ commutes with all the α
µ
n and ᾱ

µ
n, these operators cannot change the values

of pµ and the Fock space is built upon a one parameter family of vacuum |0; kµ〉 =
|0〉⊗ |kµ〉, where kµ is the continuous eigenvalue of α

µ
0 =

√
α′
2 pµ. As mentioned above,

the conformal modes α
µ
n and ᾱ

µ
n are annihilation operators for n > 0 and creation

operators for n < 0:

α
µ
n |kµ〉 = ᾱ

µ
n |kµ〉 = 0 (n > 0) and α

µ
0 |k

µ〉 = ᾱ
µ
0 |k

µ〉 = kµ |kµ〉 . (2.271)

Explicitly, we are using a notation such that α
µ
n |kµ〉 stands for I⊗ α

µ
n (|0〉 ⊗ |kµ〉). The

holomorphic energy-momentum tensor is given by (2.167) and by using (2.255) we get

T (z) = − 1
α′

:

(
−i

√
α′

2 ∑
n∈Z

αnz−n−1

)
·
(
−i

√
α′

2 ∑
m∈Z

αmz−m−1

)
:

=
1
2 ∑

n,m∈Z

z−n−m−2 : αn · αm :, (2.272)

which implies, by using (2.235)

Ln =
1
2 ∑

m∈Z

: αn−m · αm : +δn,0aX, (2.273)
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where aX is a normal ordering constant to be determined, it shifts the vacuum energy.
However, it is zero in this case because

2L0 |0; 0〉 = [L1, L−1] |0; 0〉 = (L1L−1 − L−1L1) |0; 0〉 = 0. (2.274)

As mentioned above, the operator L0 + L̄0 generate the dilations on the plane, which
correspond to time translations on the cylinder, therefore the Hamiltonian may be
written as follows

H = L0 + L̄0. (2.275)

The mode operators αm play a role vis-a-vis L0 similar to Lm, because of the commu-
tation

[
L0, α

µ
−m
]
= mα

µ
−m. This means that its effect on the conformal dimension (the

eigenvalue of L0) is the same that of Lm. From the equations (2.246) and (2.273) we see

that |kµ〉 has conformal dimension k2

2 , since L0 |kµ〉 = α2
0

2 |kµ〉 = k2

2 |kµ〉. The elements
of the Fock space are obtained by acting on |kµ〉 with the creation operators α

µ
−n and

ᾱ
µ
−n (n > 0):

αn1
−1αn2

−2...ᾱm1
−1ᾱm2

−2... |kµ〉 , ni, mj ≥ 0. (2.276)

These states are eigenstates of L0 and L̄0 with conformal dimensions

h =
k2

2
+ ∑

j
jnj, h̄ =

k2

2
+ ∑

j
jmj . (2.277)

Each vacuum |kµ〉 may be obtained from the SL (2, C) invariant vacuum |0〉 by appli-
cation of the vertex operator Vk (z, z̄) =: eik·X(z,z̄) :. We now show it explicitly, that
is

|kµ〉 = Vk (0) |0〉 . (2.278)

We will proceed by showing that Vk (0) |0〉 is an eigenstate of pµ with eigenvalue kµ.
For this we rewrite pµ according to eq.(2.257) as

pµVk (0) |0〉 = 2
˛

dz
2πi

i
α′

∂Xµ (z) : eik·X(0,0) : |0〉

(2.265)
= 2

˛
dz

2πi
i

α′

(
− ikµα′

2
Vk (0)

z

)
|0〉

=

˛
dz

2πi

(
1
z

)
kµVk (0) |0〉

= kµVk (0) |0〉 . (2.279)

Thus, equations (2.279) allows us to identify the state Vk (0) |0〉 as |kµ〉 provided we set
α′ = 2, such that α

µ
0 = pµ.
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2.11 bc CFT System revisited

Let us now study the mode expansion and the Fock space for the b, c system.

2.11.1 bc Mode Expansion

The fields b and c have the Laurent expansions

b (z) =
∞

∑
m=−∞

z−m−λbm , c (z) =
∞

∑
m=−∞

z−m−1+λcm. (2.280)

These are only Laurent expansions if λ is an integer, which we will assume for now.
The OPE gives the anticommutators

{bm, cn} = δm+n =⇒ {b0, c0} = 1, b2
0 = c2

0 = 0. (2.281)

Consider first the states that are annihilate by all of the n > 0 operators. The b0, c0

oscillator algebra generates two such ground states |↓〉 and |↑〉, with the properties

b0 |↓〉 = 0, b0 |↑〉 = |↓〉 ,
c0 |↓〉 = |↑〉 , c0 |↑〉 = 0,
bn |↓〉 = bn |↑〉 = cn |↓〉 = cn |↑〉 = 0, n > 0.

(2.282)

The most general state is obtained by acting on these states with the n < 0 modes
at most once each because these anticommute. It is conventional to group b0 with
lowering operators and c0 with raising operators, so we will single out |↓〉 as the ghost
vacuum |0〉. In string theory we will have a bc and a b̄c̄ theory, each with λ = 2.
The closed string spectrum thus includes a product of two copies of the above. The
states |↓〉 and |↑〉 are not, however, the SL (2, C) invariant vacuum |0〉b,c, because this
vacuum state must satisfy (λ = 2)

bn |0〉b,c = 0 ∀n ≥ −1, cm |0〉b,c = 0 ∀m ≥ 2. (2.283)

According to the regularity condition (2.223). Since it is not annihilated by all the neg-
ative frequency modes, in fact, we can note that b−1 |↓〉 satisfy the conditions above,
and can be identified as |0〉b,c, then

c1 |0〉b,c = c1b−1 |↓〉 = |↓〉 − b−1c1 |↓〉 = |↓〉 . (2.284)

From (2.282) it yields
c0 |↓〉 = |↑〉 = c0c1 |0〉b,c . (2.285)
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We note also that 〈↓ | ↓〉 =
〈
↑
∣∣b2

0

∣∣ ↑〉 = 0 and 〈↑ | ↑〉 =
〈
↓
∣∣c2

0

∣∣ ↓〉 = 0, however
〈↑|↓〉 = 〈↓|↑〉 = b,c 〈0 |c−1c0c1| 0〉b,c 6= 0, therefore, we choose a normalization such
that

b,c 〈0 |c−1c0c1| 0〉b,c = 1. (2.286)

The Virasoro generators are found from (2.178,2.280,2.235) as follows

T (z) = (1− λ) : (∂b) c : −λ : b∂c :

(2.280)
= (1− λ) :

(
−

∞

∑
n=−∞

(n + λ) z−n−λ−1bn

)
∞

∑
k=−∞

z−k−1+λck :

−λ :
∞

∑
n=−∞

z−n−λbn

(
∞

∑
k=−∞

(λ− k− 1) z−k−2+λck

)
:

=
∞

∑
n,k=−∞

z−n−k−2 (: (λ− 1) (n + λ) bnck − λ (λ− k− 1) bnck :)

=
∞

∑
n,k=−∞

z−n−k−2 (λ (n + k)− n) : bnck : .

Now we rename the index k by n + k = m =⇒ k = m− n, and we have

T (z) =
∞

∑
n,m=−∞

z−m−2 (λm− n) : bncm−n :

=
∞

∑
m=−∞

z−m−2
∞

∑
n=−∞

(λm− n) : bncm−n :,

which, from (2.235) allows us to identify

Lm =
∞

∑
n=−∞

(λm− n) : bncm−n : +δm,0ag. (2.287)

Note that if we rename a index by −k = m− n, we have, for λ = 2

Lm =
∞

∑
n=−∞

(m + m− n) : bncm−n : +δm,0ag

=
∞

∑
k=−∞

(m− k) : bk+mc−k : +δm,0ag. (2.288)

As for the X−system, the L0 includes a normal ordering constant. This constant can
be determined by the physical condition (L0 − ag) |↓〉 = 0, then

2L0 |↓〉 = (L1L−1 − L−1L1) |↓〉 = L1L−1 |↓〉 − L−1��
��*

0
L1 |↓〉.
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It is not hard to see that L1 |↓〉 = 0 because (2.281,2.282). In another hand, we have

L−1 |↓〉 =
∞

∑
n=−∞

(−λ− n) bnc−1−n |↓〉 .

The sum above has just one possibility that does not annihilate |↓〉, that is n = −1,
because this casts a term b−1c0. From eq.(2.287) we have then

2L0 |↓〉 = L1L−1 |↓〉

= (1− λ)
∞

∑
n=−∞

(λ− n) bnc1−nb−1c0 |↓〉

(2.281)
= (1− λ) λb0c0 |↓〉 − (1− λ)

∞

∑
n=−∞

(λ− n) b−1bnc0c1−n |↓〉 .

In the second term of the last line we have used the fact that {cm, cn} = 0 and {bm, bn} =
0. Then, using a last time (2.281) for the last term, we can see that it vanishes, therefore,
using also (2.282)

2L0 |↓〉 = (1− λ) λb0c0 |↓〉 = (1− λ) λ |↓〉 . (2.289)

Thus ag = 1
2 (1− λ) λ and

Lm =
∞

∑
n=−∞

(mλ− n) : bncm−n : +
1
2
(1− λ) λδm,0. (2.290)

From the mode expansions eq.(2.280) (λ = 2) we obtain the mode expansion of the
ghost number current eq.(2.181), that is

j (z) = − : b (z) c (z) := ∑
n

z−n−1 jn, where jn = ∑
m

: cn−mbm : . (2.291)

The ghost charge is given by the contour integral of j (z)

Ng =
1

2πi

˛
C0

dz j (z) =
1

2πi ∑
n

˛
C0

dz
(

z−n−1 jn
)
= j0 = ∑

m
: c−mbm : . (2.292)
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We must add a normal ordering constant which is compute by opening the sum above,
as follows

Ng =
∞

∑
n=−∞

c−nbn

= ∑
n>0

c−nbn + ∑
n>0

cnb−n + c0b0

(2.281)
= ∑

n>0
c−nbn + ∑

n>0
(1− b−ncn) + c0b0

= ∑
n>0

(c−nbn − b−ncn) + ∑
n>0

1 + c0b0.

We regularize ∑n>0 1 through the Riemann zeta functions, that is, ζ (0) = ∑n=1
1

n0 =

−1
2 , which leads to

Ng = ∑
n>0

(c−nbn − b−ncn) + c0b0 −
1
2

. (2.293)

It satisfies
[Ng, bm] = −bm , [Ng, cm] = cm (2.294)

and so counts the number of c minus the number of b excitations. The ground states
have ground number ±1

2 :

Ng |↓〉 = −1
2
|↓〉 , Ng |↑〉 = 1

2
|↑〉 . (2.295)

This depends on the value of the ordering constant and can be shown as follows

I⊗ Ng |0〉 = I⊗
(

c0b0 −
1
2

)
|0, kµ〉 ⊗ |↑〉 =

(
1− 1

2

)
|0, kµ〉 ⊗ |↑〉 = 1

2
|0〉 , (2.296)

I⊗ Ng |0〉 = I⊗
(

c0b0 −
1
2

)
|0, kµ〉 ⊗ |↓〉 = −1

2
|0, kµ〉 ⊗ |↓〉 = −1

2
|0〉 . (2.297)

2.12 Path integral quantization

In order to carry out the path integral quantization of the Polyakov action S [X, g], we
must consider the path integral,

Z ≡
ˆ
DXDg e−S[X,g]. (2.298)

However this expression is ill-defined, because when we are integrating over all possi-
ble configurations of gµν contained in the integration measure Dg. We are integrating
over conformal related surfaces, which contribute with the same information, so we
must redefine the expression above by dividing by the volume of the local gauge sym-
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metry group. That is

Z ≡
ˆ DXDg

Vdiff×Weyl
e−S[X,g]. (2.299)

In order to obtain the correct measure, we follow the Faddeev-Popov procedure. The
idea is to separate the path integral into an integral over the gauge group times an
integral along the gauge slice, and to divide by the volume of the gauge group. The
Faddeev-Popov determinant is the Jacobian of this change of variables. So that the
integral runs along a slice parameterized by the Xµ alone, after fixing the metric. We
will represent by ζ a combined coordinate and Weyl transformation,

ζ : g −→ gζ , gζ
ab

(
σ′
)
= e2ω(σ) ∂σc

∂σ′a
∂σd

∂σ′b
gcd (σ) . (2.300)

We define the Faddeev-Popov measure ∆FP by

1 =

ˆ
Dg δ (g− ĝ) −→ 1 = ∆FP (g)

ˆ
Dζ δ

(
g− ĝζ

)
, (2.301)

where ĝab is a “fiducial” metric, a simple choice is ĝab (σ) = δab or the conformal gauge
ĝab (σ) = e2ω(σ)δab. In (2.301)Dζ is a gauge invariant measure of the diff×Weyl group.
The delta function is actually a delta functional, requiring gab = ĝζ

ab at every point.
Inserting (2.301) into the functional (2.299), it yields

Z [ĝ] =
ˆ DζDXDg

Vdiff×Weyl
∆FP (g) δ

(
g− ĝζ

)
exp (−S [X, g]) . (2.302)

We will denote explicitly the dependence of Z on the choice of fiducial metric. Carry
out the integration over gab, and also rename the dummy variable X −→ Xζ , to obtain

Z [ĝ] =
ˆ DζDXζ

Vdiff×Weyl
∆FP

(
ĝζ
)

exp
(
−S
[

Xζ , ĝζ
])

. (2.303)

Now we show the gauge invariance of ∆FP
(

ĝζ
)

as follows

∆FP

(
gζ
)−1

=

ˆ
Dζ ′ δ

(
gζ − ĝζ ′

)
=

ˆ
Dζ ′ δ

(
g− ĝζ−1·ζ ′

)
=

ˆ
Dζ ′′ δ

(
g− ĝζ ′′

)
= ∆FP (g)−1 ,

(2.304)
where ζ ′′ = ζ−1 · ζ ′. In the second equality we have used the gauge invariance of the
delta function and, in the third, the invariance of the measure.
Now we use the gauge invariance of ∆FP, of DXζ , and of the action to obtain

Z [ĝ] =
ˆ DζDX

Vdiff×Weyl
∆FP (ĝ) exp (−S [X, ĝ]) . (2.305)
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Finally, nothing in the integrand depend on ζ, so the integral over ζ just produces the
volume of the gauge group and cancels the denominator, leaving

Z [ĝ] =
ˆ
DX∆FP (ĝ) exp (−S [X, ĝ]) . (2.306)

Thus, ∆FP (ĝ) is the correct measure on the slice. To evaluate (2.301) for the Faddeev-
Popov measure, let us pretend that (2.300) are two infinitesimal transformations. There-
fore, for ζ near the identity we can expand

δgab = g− ĝζ = 2δωgab −∇aδσb −∇bδσa

= (2δω−∇cδσc) gab − 2 (P1δσ)ab , (2.307)

The term 2δωgab corresponds the Weyl rescaling and the remaining to the reparametriza-
tion. In the equation above we have defined a differential operator P1 that takes vectors
into traceless symmetric 2-tensors

2 (P1δσ)ab = ∇aδσb +∇bδσa − gab∇cδσc. (2.308)

We will use the functional delta function
ˆ
DF ei

´
d2σ
√

gF(σ)G(σ) = δ [G] = ∏
σ

δ (G (σ)) . (2.309)

Near the identity the inverse determinant becomes

∆FP (ĝ)−1 =

ˆ
Dζ δ

(
ĝ− ĝζ

)
=

ˆ
DδωDδσ δ [−δgab]

=

ˆ
DδωDδσ δ

[
−
(
2δω− ∇̂ · δσ

)
ĝab + 2

(
P̂1δσ

)
ab

]
=

ˆ
DδωDβDδσ exp

{
2πi
ˆ

d2σĝ1/2βab [− (2δω− ∇̂ · δσ
)

ĝab + 2
(

P̂1δσ
)

ab

]}
.

Integrating in δω we have

∆FP (ĝ)−1 =

ˆ
DβDδσ δ

[
−2βab ĝab

]
exp

{
2πi
ˆ

d2σĝ1/2βab [∇̂ · δσĝab + 2
(

P̂1δσ
)

ab

]}
.

The delta functional δ
[
−2βab ĝab

]
forces βab to be traceless. Thus, we now integrate

over the functional Dβ′, which are the traceless symmetric tensors. This is made by
effecting a change of variables which divides βab in a traceless part and a pure trace
part. The pure trace part integral is a constant after effecting the integration over the
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functional delta δ
[
−2βab ĝab

]
. We have

∆FP (ĝ)−1 =

ˆ
Dβ′Dδσ exp

{
4πi
ˆ

d2σĝ1/2β′ab (P̂1δσ
)

ab

}
. (2.310)

We now have a representation of ∆FP (ĝ)−1 as a functional integral over a vector field
δσa and over a traceless symmetric tensor β′ab. We can invert this path integral by
replacing each bosonic field with a corresponding Grassmann ghost field. Namely,

δσa −→ ca, β′ab −→ bab, (2.311)

with bab as β′ab being traceless. Thus,

∆FP (ĝ) =
ˆ
DbDc exp

(
−Sg

)
, (2.312)

where the ghost action Sg, with a convenient normalization for the fields, is

Sg =
1

2π

ˆ
d2σ
√

ĝbab∇̂acb =
1

2π

ˆ
d2σ
√

ĝbab
(

P̂1c
)ab . (2.313)

Locally on the world-sheet, the path integral is now

Z [ĝ] =
ˆ
DXDbDc exp

(
−SX − Sg

)
. (2.314)

In the conformal gauge, ĝab (σ) = e2ω(σ)δab. By using complex coordinates as defined
in eq.(2.104) we have a new metric gab (z, z̄), such that

gab (z, z̄) =
1
2

e2ω

(
0 1
1 0

)
, gab (z, z̄) = 2e−2ω

(
0 1
1 0

)
,

√
g =

1
2

e2ω.

(2.315)
The only non-vanishing Christoffel symbols are

Γz
zz = ∂zω (z, z̄) and Γz̄

z̄z̄ = ∂z̄ω (z, z̄) . (2.316)
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In this way we have the ghost action (2.313)

Sg =
1

2π

ˆ
d2σĝ1/2babgac

(
∂ccb + Γb

cdcd
)

=
1

2π

ˆ
d2z
(

1
2

e2ω

) (
bzbgzc + bz̄bgz̄c) (∂ccb + Γb

czcz + Γb
cz̄cz̄
)

=
1

2π

ˆ
d2z
(

1
2

e2ω

)(
bzbgzz̄∂z̄cb + bzbgzz̄Γb

z̄zcz + bzbgzz̄Γb
z̄z̄cz̄

+bz̄bgz̄z∂zcb + bz̄bgz̄zΓb
zzcz + bz̄bgz̄zΓb

zz̄cz̄
)

.

Since 0 = gabbab =⇒ bz̄z = bzz̄ = 0. We have

Sg =
1

2π

ˆ
d2z
(

1
2

e2ω

)(
bzz

(
2e−2ω

)
∂z̄cz + bzzgzz̄

�
�Γz
z̄zcz + bzzgzz̄

�
�Γz
z̄z̄cz̄

+bz̄z̄

(
2e−2ω

)
∂zcz̄ + bz̄z̄gz̄z

�
�Γz̄
zzcz + bz̄z̄gz̄z

�
�Γz̄
zz̄cz̄
)

=
1

2π

ˆ
d2z
(
bzz∂z̄cz + bz̄z̄∂zcz̄) . (2.317)

Notice that ω (σ) does not appears in the final form. As anticipated, this is a bc CFT
with (hb, hc) = (2,−1) and a b̄c̄ CFT with

(
h̄b, h̄c

)
= (2,−1).

2.13 BRST Quantization

To consider the most general possible variation of the gauge condition, we must allow
δgab to depend on the fields in the path integral. We consider the path integral pro-
vided with a local symmetry. The path integral fields Xµ (σ) and gab (σ) are denoted
by φi. Here i labels the fields and also the coordinate σ. The gauge invariance is εαδα

(that is an “operator variation”), where α includes the coordinates. We assume the
gauge parameter εα to be real. The gauge transformation satisfy the algebra

[
δα, δβ

]
= f γ

αβδγ. (2.318)

Now fix the gauge by imposing the conditions

FA (φ) = 0. (2.319)

Once again A includes the coordinate. Following the Faddeev-Popov procedure

ˆ Dφi

Vgauge
e−S1 −→

ˆ
DφiDBADbADcαe−S1−S2−S3 , (2.320)
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where S1 is the original gauge invariant action, S2 is the gauge fixing action, given by

S2 = −i
ˆ

d2σ
√

gBAFA (φi; σ) . (2.321)

Last, S3 is the Faddeev-Popov action

S3 = bAcαδαFA (φ) . (2.322)

We have introduced the field BA to procedure an integral representation of the gauge-
fixing δ

(
FA), that is a functional, so by using the eq.(2.309)

ˆ
DB ei

´
d2σ
√

gBAFA(φi;σ) = δ
(

FA
)

. (2.323)

This total action is invariant under Becchi-Rouet-Stora-Tyutin (BRST) transformation

δBφi = −iεcαδαφi, (2.324)

δBBA = 0, (2.325)

δBbA = εBA, (2.326)

δBcα =
i
2

ε f α
βγcβcγ, (2.327)

where ε must be taken to be anticommuting. The original action S1 is invariant by
itself, since the action of δB on φi is just a gauge transformation with parameter iεcα.
The variation of S2 cancels the variation of bA in S3, while the variations of δαFA and
cα in S3 cancel. In order to see the invariance of the full action in (2.320) under a BRST
transformation we see that the following results holds

δB

(
bAFA (φ)

)
= (δBbA) FA (φ) + bA

(
δBFA (φ)

)
= εBAFA (φ) + bA

(
−iεcαδαFA (φ)

)
= iε

(
−iBAFA (φ) + bAcαδαFA (φ)

)
= iε (S2 + S3) , (2.328)

where in third line was used the anticommuting character of ε and bA. Then we note
that

δB (S1 + S2 + S3) = δB

(
S1 −

i
ε

δB

(
bAFA (φ)

))
= 0. (2.329)

The first term in th r.h.s vanishes because S1 is invariant under BRST transformations
by itself, as mentioned above, the second term vanishes by the nilpotency of the BRST
transformation, that is, δ2

B = 0, which can be checked explicitly from the eqs. (2.324),
(2.325), (2.326) and (2.327). Thus, the total action is BRST invariant by construction.
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The BRST symmetry is used to derive the physical spectrum in the gauge theory. A
quantum amplitude is of the form

〈 f | i〉 =
ˆ
DφiDBADbADcαe−S1−S2−S3 , (2.330)

for any initial i and final f states. If this amplitude is physical, it must be independent
of the gauge-fixing made to calculate the path integral. We consider a small change in
the gauge condition δF. Then, the change in S2 and S3 actions gives

εδ 〈 f | i〉 = −ε

ˆ
DφiDBADbADcαe−(S1+S2+S3)δ (S1 + S2 + S3)

= −ε

ˆ
DφiDBADbADcαe−(S1+S2+S3)

(
�
�δS1 +

iε
iε

δ (S2 + S3)

)
= −ε

ˆ
DφiDBADbADcαe−(S1+S2+S3)

1
iε

δ
(

δB

(
bAFA (φ)

))
= i

ˆ
DφiDBADbADcαe−(S1+S2+S3)δB

(
bAδFA (φ)

)
= i

〈
f
∣∣∣δB

(
bAδFA (φ)

)∣∣∣ i
〉

= −ε
〈

f
∣∣∣{QB, bAδFA (φ)

}∣∣∣ i
〉

. (2.331)

In the last line we have written the BRST variation as an anticommutator with the
corresponding conserved charge QB. Since δFA (φ) is arbitrary, it must be required
that all physical states |ψ〉must satisfy〈

ψ
∣∣∣{QB, bAδFA (φ)

}∣∣∣ψ′
〉
= 0. (2.332)

Therefore, the physical states must be BRST invariant

QB |ψ〉 = QB
∣∣ψ′〉 = 0, (2.333)

where we assumed Q†
B = QB. As we mentioned the BRST variation is a nilpotent

operation, so that
Q2

B = 0. (2.334)

Which implies that a state of the form

QB |χ〉 (2.335)

will be annihilated byQB for any χ and so is physical. However, it is orthogonal to all
physical states (say |ψ〉) including itself

〈ψ| (QB |χ〉) = (〈ψ| QB) |χ〉 = 0. (2.336)
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Such states are called null states or spurious. All amplitudes involving states of the
form (2.335) vanish. Two states are said to be physically equivalent if

∣∣ψ′〉 = |ψ〉+QB |χ〉 . (2.337)

The true physical space is identified with a set of equivalence classes, where states
which differ by a null state belong to the same equivalence class. Physical states belong
to the cohomology of QB. In cohomology, states annihilated by QB are “BRST closed”
and states of the form (2.335) are “BRST exact”. Therefore, the BRST Hilbert space
HBRST is given by taking the quotient between the Hilbert space formed by the BRST
closed statesHclosed and the Hilbert space for the BRST exact statesHexact, that is

HBRST =
Hclosed
Hexact

. (2.338)

2.13.1 BRST Quantization of the Bosonic string

In string theory, the total BRST invariant action is

S = SP + Sghost + SGF, (2.339)

where
SP =

1
2πα′

ˆ
d2z ∂Xµ∂̄Xµ, (2.340)

Sghost =
1

2π

ˆ
d2z
(
b∂̄c + b̄∂c̄

)
, (2.341)

and
SGF =

i
4π

ˆ
d2σ
√

gBab (δab − gab) . (2.342)

Equations (2.340) and (2.341) results after integration over Bab. If we consider the
variation of the metric δgab we obtain an equation of motion relating Bab to the energy-
momentum tensor TX

ab + Tghost
ab because of the definition of the energy-momentum ten-

sor itself, as a variation of the action with respect to the metric, that is as follows

δgS = δg (S1 + S2 + S3)

= δgSP − iδg

ˆ
d2σ
√

gBAFA (φi; σ) + δgSghost.
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Then, we have that FA −→ Fab = (gab − δab), we must use further δg = −ggabδgab,
then

δgS = δgSP + δg
i

4π

ˆ
d2σ
√

gBcd (δcd − gcd) + δgSghost

= − 1
4π

ˆ
d2σ
√

gδgabTX
ab −

1
4π

ˆ
d2σ
√

gδgabTg
ab

+
i

4π

ˆ
d2σ

(
−1

2
√

ggabδgab
)

Bcd (δcd − gcd)

+
i

4π

ˆ
d2σ
√

gBcd (−δgcd)

= − 1
4π

ˆ
d2σ
√

g
{

TX
ab + Tg

ab +
i
2

gabBcd (δcd − gcd) + iBab

}
δgab

=
i

4π

ˆ
d2σ
√

g
{

iTX
ab + iTg

ab +
1
2

gabBcdFcd − Bab

}
δgab,

where we have used eq.(2.63). Thus we have

1
2

gabBcdFcd + Bab = i
(

TX
ab + Tghost

ab

)
,

after gauge fixing we have Fcd = 0, therefore

Bzz = i
(

TX
zz + Tghost

zz

)
, Bz̄z̄ = i

(
TX

z̄z̄ + Tghost
z̄z̄

)
. (2.343)

The corresponding BRST infinitesimal transformations eqs.(2.324-2.327) for the bosonic
string theory become

δBXµ = iε
(
c∂ + c̄∂̄

)
Xµ, (2.344)

δBb = iε
(

TX + Tghost
)

, (2.345)

δBb̄ = iε
(

T̄X + T̄ghost
)

, (2.346)

δBc = iεc∂c, (2.347)

δB c̄ = iεc̄∂̄c̄. (2.348)

After integration over the auxiliary field BA = Bab, the path integral (2.320) becomes

ˆ
DXµDbDb̄DcDc̄e−SP−Sghost (2.349)

where SP and Sghost are given by (2.340) and (2.341) respectively. Therefore, we now
use the Noether procedure to find the BRST current associated to the transformations
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(2.344-2.348). Thus, we write

δBS = δBSP + δBSghost. (2.350)

We promote the symmetry parameter ε to depend on the world-sheet variables z and
z̄. For the Polyakov action we have

δBSP =
1

2πα′

ˆ
d2z

(
∂δBXµ∂̄Xµ + ∂Xµ∂̄δBXµ

)
i

2πα′

ˆ
d2z

{
∂
(
ε
(
c∂ + c̄∂̄

)
Xµ
)

∂̄Xµ

+ ∂Xµ∂̄
(
ε
(
c∂ + c̄∂̄

)
Xµ
)}

=
i

2πα′

ˆ
d2z

{(
∂εc∂Xµ + ∂εc̄∂̄Xµ + ε

(
∂ (c∂Xµ) +���

��∂
(
c̄∂̄Xµ

)))
∂̄Xµ

+ ∂Xµ

(
∂̄εc∂Xµ + ∂̄εc̄∂̄Xµ + ε

(
��

���∂̄ (c∂Xµ) + ∂̄
(
c̄∂̄Xµ

)))}
=

i
2πα′

ˆ
d2z

{
∂ε
(
c̄∂̄Xµ∂̄Xµ

)
+ ∂̄ε

(
c∂Xµ∂Xµ

)
+
(
∂εc∂Xµ∂̄Xµ + ε∂ (c∂Xµ) ∂̄Xµ

)
+
(
∂̄εc̄∂̄Xµ∂Xµ + ∂Xµε∂̄

(
c̄∂̄Xµ

))}
. (2.351)

In another hand, for the ghost action we write

δBSghost =
1

2π

ˆ
d2z
{

δBb∂̄c + b∂̄δBc + δBb̄∂c̄ + b̄∂δB c̄
}

=
i

2π

ˆ
d2z
{

ε
(

TX + Tghost
)

∂̄c + b∂̄ (εc∂c) + ε
(

T̄X + T̄ghost
)

∂c̄ + b̄∂
(
εc̄∂̄c̄

)}
=

i
2π

ˆ
d2z
{
(bc∂c) ∂̄ε +

(
b̄c̄∂̄c̄

)
∂ε
}

. (2.352)

We have used the equations of motion ∂̄c = 0 = ∂c̄. The last two terms in (2.351) are a
total derivative since ∂̄∂Xµ = ∂∂̄Xµ = 0 because of the equation of motion. Therefore,
after consider the anti-commutativity of the terms (∂αε) cβ , we write the variation of
the total actions as

δBS =
i

2π

ˆ
d2z

{
− 1

α′
c̄ : ∂̄Xµ∂̄Xµ : ∂ε− 1

α′
c : ∂Xµ∂Xµ : ∂̄ε

+ : bc∂c : ∂̄ε+ : b̄c̄∂̄c̄ : ∂ε
}

=
i

2π

ˆ
d2z

{(
−c̄

1
α′

: ∂̄Xµ∂̄Xµ : + : b̄c̄∂̄c̄ :
)

∂ε(
−c

1
α′

: ∂Xµ∂Xµ : + : bc∂c :
)

∂̄ε

}
=

i
2π

ˆ
d2z

{(
c̄T̄X+ : b̄c̄∂̄c̄ :

)
∂ε +

(
cTX+ : bc∂c :

)
∂̄ε
}

. (2.353)
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We thus identify the holomorphic and anti-holomorphic parts of the BRST current

jB = cTX+ : bc∂c : +
3
2

∂2c, (2.354)

j̄B = c̄T̄X+ : b̄c̄∂̄c̄ : +
3
2

∂̄2c̄. (2.355)

The final term in the current is a total derivative and does not contribute to the BRST
charge, it has made been added by hand to make the BRST current a tensor which
transform as a primary field. From the ghost energy-momentum tensor (2.178), which
we now denote Tg, in contrast to the matter energy momentum tensor TX (XX−system),
we have for λ = 2,

Tg (z) = − : ∂b (z) c (z) : −2 : b (z) ∂c (z) :,
1
2
(Tg (z) + : ∂b (z) c (z) :) = − : b (z) ∂c (z) : .

We see that

jB (z) = c (z) TX (z)− c (z) b (z) ∂c (z) +
3
2

∂2c (z)

= c (z) TX (z) + c (z)
1
2
(Tg (z) + ∂b (z) c (z)) +

3
2

∂2c (z)

= c (z) TX (z) +
1
2

c (z) Tg (z) +
3
2

∂2c (z) , (2.356)

where we have used the fact that c (z) c (z) = 0, because c (z) is a Grassmann field.
There is a similar form for j̄B. The form (2.356) for the BRST current is very useful if
we want to extend it to the superstring theory.

Now we are gonna calculate the OPEs of the BRST current with the ghost fields
and the bosonic fields. We will use the previous result for the OPEs of bc system with
λ = 2. Therefore we have

jB (z) b (w) = : c (z) TX (z) : b (w) + : b (z) c (z) ∂c (z) : b (w) +
3
2

∂2c (z) b (w)

∼ TX (z) 〈c (z) b (w)〉+ b (z) c (z) 〈∂c (z) b (w)〉

−b (z) ∂c (z) 〈c (z) b (w)〉+ 3
2

〈
∂2c (z) b (w)

〉
∼ TX (z)

z− w
− b (z) c (z)

(z− w)2 −
b (z) ∂c (z)

z− w
+

3

(z− w)3 + ... .
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We expand the depending on z operator up to regular terms, that is

jB (z) b (w) ∼ TX (w)

z− w
− b (w) c (w)

(z− w)2 −
∂ (b (w) c (w))

z− w
− b (w) ∂c (w)

z− w
+

3

(z− w)3 + ...

∼ TX (w)

z− w
+

jg (w)

(z− w)2 +
Tghost (w)

z− w
+

3

(z− w)3 + ...

∼ TX+g (w)

z− w
+

jg (w)

(z− w)2 +
3

(z− w)3 + ... . (2.357)

In the same way we can compute

jB (z) c (w) = : c (z) TX (z) : c (w) + : b (z) c (z) ∂c (z) : c (w) +
3
2

∂2c (z) c (w)

∼ c (z) ∂c (z) 〈b (z) c (w)〉+ ...

∼ c (z) ∂c (z)
z− w

+ ...

∼ c (w) ∂c (w)

z− w
+ ... . (2.358)

Clearly j̄B (z) b (w) ∼ regular terms. We now calculate the OPE with a general bosonic
primary field φ (w), so we have

jB (z) φ (w) = : c (z) TX (z) : φ (w) + : b (z) c (z) ∂c (z) : φ (w) +
3
2

∂2c (z) φ (w)

∼ c (z)
〈

TX (z) φ (w)
〉

∼ hc (z) φ (w)

(z− w)2 +
c (z) ∂φ (w)

z− w
+ ...

∼ hc (w) φ (w)

(z− w)2 +
h∂c (w) φ (w)

z− w
+

c (w) ∂φ (w)

z− w
+ ...

∼ hc (w) φ (w)

(z− w)2 +
1

z− w
(h∂c (w) φ (w) + c (w) ∂φ (w)) . (2.359)

We define now the BRST charge QB as usually

QB =
1

2πi

˛ (
dz jB − dz̄ j̄B

)
. (2.360)
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From the OPE (2.357) we calculate the following anticommutator

{QB, bn} =

˛
w

dz
2πi

˛
0

dw
2πi

jB (z) b (w)wn+1

=

˛
0

dw
2πi

wn+1
˛

w

dz
2πi

(
TX+g (w)

z− w
+

jg (w)

(z− w)2 +
3

(z− w)3 + ...

)

=

˛
0

dw
2πi

wn+1TX+g (w)

= LX
n + Lg

n. (2.361)

From (2.360) we find the mode expansion of the BRST charge,

QB =
1

2πi

˛ (
dz jB (z)− dz̄ j̄B (z̄)

)
=

˛
dz

2πi

(
∑
m,n

cmLX
n

zm+n+1 − ∑
p,k,l

(l − 1)
bpckcl

zp+k+l+1

)
− antiholomorphic part

= ∑
m,n

cmLX
n δm+n − ∑

p,k,l
(l − 1) bpckclδp+k+l + antiholomorphic part

= ∑
m

cmLX
−m −∑

k,l
(l − 1) b−k−lckcl + antiholomorphic part

= ∑
m

cmLX
−m −

1
2 ∑

k,l
(l − 1) b−k−lckcl −

1
2 ∑

k,l
(l − 1) b−k−lckcl + anti. part

= ∑
m

cmLX
−m −

1
2 ∑

k,l
(l − 1) b−k−lckcl −

1
2 ∑

l,k
(k− 1) b−l−kclck + anti. part

= ∑
m

cmLX
−m −

1
2 ∑

k,l
(l − 1) b−k−lckcl +

1
2 ∑

l,k
(k− 1) b−l−kckcl + anti. part

= ∑
m

cmLX
−m +

1
2 ∑

k,l
(k− l) b−k−lckcl + anti. part

= ∑
m

cmLX
−m +

1
2 ∑

m,n
(m− n) : cmcnb−m−n : +anti. part . (2.362)

Then, including the antiholomorphic part explicitly and the normal ordering, we have

QB = ∑
m

(
cmLX

−m + c̄m L̄X
−m

)
+ ∑

m,n

(m− n)
2

:
(
cmcnb−m−n + c̄m c̄nb̄−m−n

)
: +aB (c0 + c̄0) , (2.363)

where the normal ordering constant aB is such that aB = ag = −1. Comparing the
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above expression with (2.288), we also can write the mode expansion of QB as

QB = ∑
m

(
cmLX

−m + c̄m L̄X
−m

)
+

1
2 ∑

m

(
cmLg

−m + c̄m L̄g
−m
)
+ aB (c0 + c̄0) . (2.364)

Now we will show that the chargeQB is not nilpotent when cX 6= 26. That is, we need
to show

{QB,QB} = 0 only if cX = 26. (2.365)

Therefore we have to use the definition (2.360) and compute the jB (z) jB (w) OPE since
the j̄B (z̄) j̄B (w̄) will be the same but replacing the corresponding antiholomorphic
components. Thus we have

jB (z) jB (w) =

(
c (z) TX (z) + : b (z) c (z) ∂c (z) : +

3
2

∂2c (z)
)

×
(

c (w) TX (w) + : b (w) c (w) ∂c (w) : +
3
2

∂2c (w)

)
= : c (z) c (w) : TX (z) TX (w) + c (z) TX (z) : b (w) c (w) ∂c (w) : +

: b (z) c (z) ∂c (z) : c (w) TX (w) + (: b (z) c (z) ∂c (z) :) (: b (w) c (w) ∂c (w) :)

+
3
2

: b (z) c (z) ∂c (z) : ∂2c (w) +
3
2

∂2c (z) : b (w) c (w) ∂c (w) : +... . (2.366)

We will calculate term by term in order to be clear with these count. Therefore

: c (z) c (w) : TX (z) TX (w) = : c (z) c (w) :

(
cX/2

(z− w)4 +
2TX (w)

(z− w)2 +
∂TX (w)

(z− w)

)

∼ ∂c (w) c (w)

(
cX/2

(z− w)3 +
2TX (w)

z− w

)

+
1
4

∂2c (w) c (w)
cX

(z− w)2

+
1

12
∂3c (w) c (w)

(
cX

z− w

)
. (2.367)

In the second line we performed a Taylor expansion. The next two terms are

c (z) TX (z) : b (w) c (w) ∂c (w) : = TX (z) 〈c (z) b (w)〉 : c (w) ∂c (w) :

∼ TX (w) c (w) ∂c (w)

z− w
(2.368)
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and

: b (z) c (z) ∂c (z) : c (w) TX (w) = : c (z) ∂c (z) : 〈b (z) c (w)〉 TX (w)

∼ TX (w) c (w) ∂c (w)

z− w
. (2.369)

Now we go with the fourth term in (2.366), that is

: b (z) c (z) ∂c (z) :: b (w) c (w) ∂c (w) : = − : c (z) ∂c (z) b (w) ∂c (w) :
z− w

+
: c (z) ∂c (z) b (w) c (w) :

(z− w)2

− : b (z) c (z) c (w) ∂c (w) :

(z− w)2 − : b (z) ∂c (z) c (w) ∂c (w) :
z− w

+
: ∂c (z) ∂c (w) :

(z− w)2 − : ∂c (z) c (w) :

(z− w)3

+
: c (z) ∂c (w) :

(z− w)3 − : c (z) c (w) :

(z− w)4

∼ +
∂c (w) ∂c (w)

(z− w)2 +
∂2c (w) ∂c (w)

z− w

−∂c (w) c (w)

(z− w)3 − ∂2c (w) c (w)

(z− w)2 − 1
2

∂3c (w) c (w)

z− w

+
c (w) ∂c (w)

(z− w)3 +
1
2

∂2c (w) ∂c (w)

z− w

−∂c (w) c (w)

(z− w)3 − 1
2

∂2c (w) c (w)

(z− w)2 − 1
6

∂3c (w) c (w)

z− w
,

where we have used the fact that b (w) and c (w) are Grassmann fields, and then its
square and those of their derivatives vanish. This gives

: b (z) c (z) ∂c (z) :: b (w) c (w) ∂c (w) : ∼ 3
2

∂2c (w) ∂c (w)

z− w
− 3

∂c (w) c (w)

(z− w)3

−3
2

∂2c (w) c (w)

(z− w)2 − 2
3

∂3c (w) c (w)

z− w
. (2.370)
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Now the fifth term,

3
2

: b (z) c (z) ∂c (z) : ∂2c (w) =
3
2

: c (z) ∂c (z) :
〈

b (z) ∂2c (w)
〉

=
3
2

: c (z) ∂c (z) :
2

(z− w)3

∼ 3
c (w) ∂c (w)

(z− w)3 + 3
∂ (c (w) ∂c (w))

(z− w)2 +
3
2

∂2 (c (w) ∂c (w))

z− w

∼ 3
c (w) ∂c (w)

(z− w)3 + 3
c (w) ∂2c (w)

(z− w)2 +
3
2

∂c (w) ∂2c (w)

z− w

+
3
2

c (w) ∂3c (w)

z− w
. (2.371)

Finally, the last term,

3
2

∂2c (z) : b (w) c (w) ∂c (w) : = : c (w) ∂c (w) :
3
2

〈
∂2c (z) b (w)

〉
∼ 3

c (w) ∂c (w)

(z− w)3 . (2.372)

Replacing all these results in (2.366) we get

jB (z) jB (w) ∼
∂c (w) c (w)

(
cX/2

)
(z− w)3 +

1
4

∂2c (w) c (w)
cX

(z− w)2

+∂3c (w) c (w)

(
cX/12
z− w

)
− 3

∂c (w) c (w)

(z− w)3

−3
2

∂2c (w) c (w)

(z− w)2 − 2
3

∂3c (w) c (w)

z− w
+ 3

c (w) ∂c (w)

(z− w)3

+3
c (w) ∂2c (w)

(z− w)2 +
3
2

c (w) ∂3c (w)

z− w
+ 3

c (w) ∂c (w)

(z− w)3

∼ ∂c (w) c (w)

(z− w)3

(
cX

2
− 9
)
+

∂2c (w) c (w)

(z− w)2

(
cX

4
− 3

2
− 3
)

+
∂3c (w) c (w)

z− w

(
cX

12
− 2

3
− 3

2

)

∼ ∂c (w) c (w)

(z− w)3

(
cX − 18

2

)
+

∂2c (w) c (w)

(z− w)2

(
cX − 18

4

)
+

∂3c (w) c (w)

z− w

(
cX − 26

12

)
.

(2.373)

Since

{QB,QB} =
˛

dz
2πi

˛
dw
2πi

jB (z) jB (w) +

˛
dz̄

2πi

˛
dw̄
2πi

j̄B (z̄) j̄B (w̄) , (2.374)
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we note that QB is nilpotent only if the simple pole in (2.373) does not exist, that is, if
and only if cX = d = 26. This is the celebrated critical dimension.

2.14 BRST Cohomology of the string

2.14.1 Little group

Consider a group G acting on a space X, then some elements g ∈ G may fix a point
x ∈ X, these elements form a subgroup Gx, called isotropy group or little group,
defined by

Gx = {g ∈ G : gx = x} . (2.375)

For instance, consider the group SO (3) of all rotations of a sphere S2, and x = (0, 0, 1).
The rotations which does not change x correspond to action of the circle group S1

on the equator, that is SO (2). Now, consider a massive particle moving into a d −
dimensional Minkowski space. Since any massive particle necessary move slower
that the light, we can make a Lorentz boost a go to its rest frame. In this frame
the particle momentum is kµ = (m, 0, ..., 0) with k2 = −m2 whose little group is
SO (d− 1). This means that massive string excitations can be classified by representa-
tions of SO (d− 1). In massless particles case, since they satisfy k2 = 0, we can choose
a frame in which its momentum is kµ = (E, 0, ..., E). The little group of this vector
is the group of motion in (d− 2)−dimensional Euclidean space, E (d− 2). Massless
string states form, however, representations of its connected component SO (d− 2) ⊂
E (d− 2).

2.14.2 open string spectrum

Let us now look at the BRST cohomology at the lowest levels of the string. The inner
product is defined by specifying

(
α

µ
m
)†

= α
µ
−m,

(
ᾱ

µ
m
)†

= ᾱ
µ
−m,(

bµ
m
)†

= bµ
−m,

(
b̄µ

m
)†

= b̄µ
−m,(

cµ
m
)†

= cµ
−m,

(
c̄µ

m
)†

= c̄µ
−m. (2.376)

The Hermiticity of the BRST charge requires that the ghosts fields be Hermitian as
well. The Hermiticity of the ghosts zero modes forces the inner products of the ground
states to take the form

open string:
〈
0; k |c0| 0; k′

〉
= (2π)26 δ26 (k− k′

)
, (2.377)

closed string:
〈
0; k |c̄0c0| 0; k′

〉
= i (2π)26 δ26 (k− k′

)
. (2.378)
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Here |0; k〉 denotes |0; k〉 ⊗ |↓〉 with momentum k. The c0 and c̄0 insertions are nec-
essary for a nonzero result. The factor of i is needed in the ghost zero modes inner
product for Hermiticity. Inner product of general states are then obtained by using the
commutations relations and the adjoint (2.376).
We begin with the open string spectrum. We will claim that physical states must sat-
isfy the additional condition

b0 |ψ〉 = 0. (2.379)

From eqs.(2.333) and (2.361) this also implies

L0 |ψ〉 = {QB, b0} |ψ〉 = 0. (2.380)

The operator L0 is
L0 = LX

0 + Lg
0 = α′

(
p2 + m2

)
. (2.381)

From equation (2.290) we have

Lg
0 = −

∞

∑
n=−∞

n : bnc−n : +ag

= −
∞

∑
n=1

n : bnc−n : −
1

∑
n=−∞

n : bnc−n : +ag

=
∞

∑
n=1

nc−nbn︸ ︷︷ ︸
Nc

+
∞

∑
n=1

nb−ncn︸ ︷︷ ︸
Nb

+ ag, (2.382)

then

L0 =
α2

0
2
+

∞

∑
n=1

α
µ
−nαn µ + aX +

∞

∑
n=1

nc−nbn +
∞

∑
n=1

nb−ncn + ag

= α′p2 + NX + Nb + Nc − 1, (2.383)

23where NX = ∑∞
n=1 α−n · αn. It is not hard to show that

[
Nb, b†

m
]
= mb†

m,
[
Nc, c†

m
]
=

mc†
m and

[
NX, α

µ
−m
]
= mα

µ
−n. Therefore,

α′m2 = Nb + Nc + NX − 1 = N − 1, (2.384)

where N = Nb + Nc + NX. Thus, the L0 condition (2.380) determines the mass spec-
trum of the string. BRST invariance with (2.379) implies that every string state is on
the mass shell. We will denote Ĥ the space of sates satisfying (2.379) and (2.380).

23For the open string α0 =
√

2α′p, while for closed string α0 =
√

α′
2 p.
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The inner products (2.378) are not well defined because the ghost zero modes give
zero, while δ26 (k− k′) contains a factor δ (0) since the momentum is restricted to the
mass shell. Therefore, we use in Ĥ a reduced inner product 〈||〉 in which we simply
ignore the X0 and ghost zero modes. Let us now see the first levels of the d = 26 flat
spacetime string. At the lowest level, N = 0, we have

m2 |0; k〉 = − 1
α′
|0; k〉 , −k2 = − 1

α′
. (2.385)

24This state is BRST invariant,

QB |0; k〉 =
(

c0LX
0 − c0

)
|0; k〉

= c0

(
α′k2 − 1

)
|0; k〉

= 0, (2.386)

because of the mass shell condition. Therefore, there are no exact states at this level,
so each of these states correspond to a cohomology class. The associated particle with
these states is called the Tachyon. At the level, N = 1, there are 26 + 2 states,

|ψ1〉 =
(
ξµα

µ
−1 + βb−1 + γc−1

)
|0; k〉 , −k2 = 0, (2.387)

depending on a 26-vector ξµ and two constants, β and γ. The norm of this state is

〈ψ1|ψ1〉 =
〈
0; k

∣∣(ηµνξ∗να
µ
1 + β∗b1 + γ∗c1

) (
ηρσξρασ

−1 + βb−1 + γc−1
)∣∣ 0; k′

〉
=

〈
0; k

∣∣(ηµνηρσξ∗νξρα
µ
1 ασ
−1 + β∗γb1c−1 + γ∗βc1b−1

)∣∣ 0; k′
〉

=
〈
0; k

∣∣(ηµνηρσξ∗νξρ
(
ηµσ + ασ

−1α
µ
1

)
+ β∗γ (1− c−1b1) + γ∗β (1− b−1c1)

)∣∣ 0; k′
〉

=
〈
0; k

∣∣(ηµνδ
µ
ρ ξ∗νξρ + β∗γ + γ∗β

)∣∣ 0; k′
〉

= (ξ∗ · ξ + β∗γ + γ∗β)
〈
0; k|0; k′

〉
. (2.388)

In the second line we have written only the non commuting or non anticommuting
products, in third line we have used the equations (2.150) and (2.281) to put the an-
nihilation operators to the right. Going to an orthogonal basis, there are 26 positive
norm states

ξiα
i
−1 |0; k〉 with i ∈ {1, ..., 25} , and

1√
2
(b−1 + c−1) |0; k〉 , (2.389)

24Note also that the state c0 |0; k〉 obeys the mass-shell conditions, however, since b0c0 |0; k〉 = |0; k〉
we excluded this state from the physical spectrum.
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and 2 negative norm states

α0
−1 |0; k〉 and

1√
2
(b−1 − c−1) |0; k〉 . (2.390)

The BRST condition is, from (2.363) (holomorphic part)25

0 = QB |ψ1〉 =
(

c−1LX
1 + c0LX

0 + c1LX
−1

+c0c−1b1 + c1c0b−1 − c0) |ψ1〉
= (c−1α0 · α1 + c1α0 · α−1) |ψ1〉
=
√

2α′ (c−1k · α1 + c1k · α−1)

× (ξ · α−1 + βb−1 + γc−1) |0; k〉
=
√

2α′ (c−1k · ξ + βk · α−1) |0; k〉 , (2.391)

where we selected only the non commuting terms with the operators forming the state
|ψ1〉. Physical states therefore must satisfy k · ξ = β = 0. Thus, from (2.387), the
physical states are those of the form

|ψ1〉 =
(
ξµα

µ
−1 + γc−1

)
|0; k〉 , k2 = 0, k · ξ = 0. (2.392)

In particular, we can consider massless open string states with momentum spacetime
kµ = (E, E, ..., 0), therefore, an orthogonal basis satisfying the physical conditions k ·
ξ = β = 0 is

c−1 |0; k〉 , k · α−1 |0; k〉 = E
(
−α0
−1 + α1

−1

)
|0; k〉 , αi

−1 |0; k〉 i ∈ {2, ..., 25} .
(2.393)

The two first states above are exact, since they are of the form (2.391) and therefore
have zero norm, then we exclude these two states from the proper physical spectrum.
In turn, for the momentum spacetime kµ = (E, E, ..., 0) a basis for the physical states is

αi
−1 |0; k〉 , i ∈ {2, ..., 25} . (2.394)

We have then that the proper physical states at N = 1 are the cohomology classes of
states of the form

ξ · α−1 |0; k〉 , k2 = 0, k · ξ = 0. (2.395)

25

QB = ∑
m

cmLX
−m + ∑

m,n

(m− n)
2

: cmcnb−m−n : +aBc0

= ... + c−2LX
2 + c−1LX

1 + c0LX
0 + c1LX

−1 + c2LX
−2... + c1c0b−1 + c0c−1b1 − c−2c0b2 + ... + aBc0
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We say that two states ξ · α−1 |0; k〉 and ξ ′ · α−1
∣∣0; k′

〉
are in the same cohomology if

there exists a constant β′ such that ξ ′µ = ξµ + β′kµ.
Since these states are massless with polarization vector ξµ such that k · ξ = 0, it is

natural identify these states with the states of the photon.

2.14.3 Closed string spectrum

The generalization to the closed string is simple. We restrict attention to the space Ĥ
of states satisfying

b0 |ψ〉 = b̄0 |ψ〉 = 0, (2.396)

implying also

L0 |ψ〉 = L̄0 |ψ〉 = 0, (2.397)

where we have

L0 =
α′

4

(
p2 + m2

)
, L̄0 =

α′

4

(
p2 + m̄2

)
, (2.398)

and

α′

4
m2 = Nb + Nc + NX − 1 = N − 1, (2.399)

α′

4
m̄2 = N̄b + N̄c + N̄X − 1 = N̄ − 1. (2.400)

Physical conditions imply the level matching condition, N = N̄. At the lowest state,
N = N̄ = 0, we have again the Tachyonic state with mass m2 = −4/α.

At the next level, N = N̄ = 1, the most general state takes the form

|ψ1〉 =
(
Gµνα

µ
−1ᾱν

−1 + e · α−1b̄−1 + ē · ᾱ−1b−1

+ f · α−1c̄−1 + f̄ · ᾱ−1c−1 + βb−1b̄−1

+γc−1c̄−1 + ζb−1c̄−1 + ηb̄−1c−1
)
|0; k〉 , −k2 = 0, (2.401)

so we have (26)2 + 4 (26) + 4 = 784 states, of these 104 are negative norm states.
The BRST invariant conditions are obtained in analogy to (2.391) but including the
antiholomorphic modes, thus, it is obtained (see [16] ) the general form for the exact
states

0 = QB |ψ1〉 =

√
α′

2
{(

eµkν + ēνkµ

)
α

µ
−1αν

−1 + β
(
k · α1b̄−1 − k · ᾱ1b−1

)
+
(
ζkµ + Gµνkν

)
α

µ
−1c̄−1 +

(
ηkµ + Gµνkν

)
ᾱ

µ
−1c−1

+e · kb−1c̄−1 + ē · kb̄−1c−1 +
(

fµ + f̄µ

)
kµ c̄−1c−1

)
|0; k〉 .(2.402)
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BRST invariance amounts 104 conditions, just the same as the number of negative
norm states. If we set kµ = (E, E, ..., 0), the BRST conditions lead to a basis of 680
physical non-negative norm states, however, between them there are spurious states
of zero norm with a general form given by (2.402), provided we remove the αi

−1ᾱ
j
−1

terms. Therefore, the most general physical state, at this level, has the form

ξijα
i
−1ᾱ

j
−1 |0; k〉 , i ∈ {2, ..., 25} , (2.403)

and transforms under the transverse rotation group SO (d− 2) = SO (24) as a 2-
tensor, however, this representation is reducible and can be decomposed in irreducible
representations as follows

ξij = ξ(ij)︸︷︷︸
symmetric traceless

+ ξ[ij]︸︷︷︸
antisymmetric

+ ξ(0)︸︷︷︸
trace part

. (2.404)

That is

αi
−1ᾱ

j
−1 |0; k〉 = α

[i
−1ᾱ

j]
−1 |0; k〉+

[
α
(i
−1ᾱ

j)
−1 −

1
24 δijαk

−1ᾱk
−1

]
|0; k〉

+ 1
24 δijαk

−1ᾱk
−1 |0; k〉 ,

(2.405)

where indices in parentheses and brackets are symmetrized and anti-symmetrized, re-
spectively. The symmetric traceless tensor ξ(ij) is identified with the graviton, a mass-
less spin two particle. The antisymmetric tensor ξ[ij] ≡ Bij with the degrees of freedom
of a tensor field called the Kalb-Ramond field. Last, the remaining massless scalar field
ξ(0) is called the Dilaton.



Chapter 3

Superstrings

We now present a brief revision of the superstring action, the goal of this short chapter
is to show that the critical dimension reduces to d = 10. In doing so we see that the
superstring action is invariant under supersymmetric transformation, that is, trans-
formations that mix bosonic and fermionic degrees of freedom. The generator of such
transformations is treated in a similar way to the energy-momentum tensor and its
OPE relations with T and itself generate the Ramond algebra and the Neveu-Schwarz
algebra, depending on the periodicity of the fermionic fields. This idea arises naturally
if we try to include spacetime fermions in the spectrum, and by guesswork we are led
to superconformal symmetry. In this chapter we discuss the (1,1) superconformal al-
gebra.

The main references to study the super conformal field theory is [19], standard
literature for superstring are [17] and [18], some physical concepts and mathematical
definitions were studied from [20] and the final chapters of Lüst and Theisen books.

3.1 The superconformal algebra

In the bosonic string theory the physical state condition

L0 |ψ〉 = 0 (3.1)

and also from L̄0 |ψ〉 = 0 in the closed string, implies the mass-shell condition

pµ pµ + m2 = 0, (3.2)

which, is the Klein-Gordon equation in momentum space. This is one way to moti-
vate the following generalization, we require that physical condition implies the Dirac
equation

ipµΓµ + m = 0. (3.3)

92
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For the bosonic string, L0 and L̄0 are the center of mass modes of the world-sheet
energy-momentum tensor (TB, T̄B). A subscript ”B” for bosonic has been added to
distinguish these for the fermionic currents, which we introduce now. Then, we need
new conserved quantities TF, T̄F, whose center-of-mass modes give the Dirac equation,
and which play the same role as TB, and T̄B in the bosonic string. Noting further that
the space-time momenta pµ are the center of mass modes of the world-sheet current(
∂Xµ, ∂̄Xµ

)
, and it is natural to guess that the gamma matrices with algebra

{Γµ, Γν} = 2ηµν (3.4)

are the center-of-mass modes of an anticommuting world-sheet field ψµ, that is, the
gamma matrices will be proportional to the zero modes of ψµ. This previous analysis
leads us to consider the world-sheet action

S =
1

4π

ˆ
d2z
(

2
α′

∂Xµ∂̄Xµ + ψµ∂̄ψµ + ψ̄µ∂ψ̄µ

)
. (3.5)

The fields ψµ and ψ̄µ are respectively holomorphic and antiholomorphic and the OPEs
are

ψµ (z)ψν (w) ∼ ηµν

z− w
, ψ̄µ (z̄) ψ̄ν (w̄) ∼ ηµν

z̄− w̄
. (3.6)

This OPEs are justified because the fermionic part of this action correspond to a bc
system with λ = 1

2 , therefore hb = hc = 1
2 , for which the central charge c = 1. Then,

we use the notation b −→ ψ, c −→ ψ̄. For this case the bc CFT can be split in two in a
conformally invariant way,

ψ =
1√
2
(ψ1 + iψ2) , ψ̄ =

1√
2
(ψ1 − iψ2) (3.7)

and the ghost action takes the form

S =
1

2π

ˆ
d2z b∂̄c −→ 1

2π

ˆ
d2z

(
ψ1∂̄ψ1 + ψ2∂̄ψ2

)
. (3.8)

Each ψ theory has central charge 1
2 . Thus we have

TB (z) =

(
1− 1

2

)
: (∂b) c : −1

2
: b∂c :

=
1
4
(∂ψ1 + i∂ψ2) (ψ1 − iψ2)−

1
4
(ψ1 + iψ2) (∂ψ1 − i∂ψ2)

= −1
2

ψ1∂ψ1 −
1
2

ψ2∂ψ2. (3.9)

Therefore, we have d holomorphic ψµ theories, with c = d
2 , and the same number
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of antiholomorphic theories. The holomorphic energy-momentum tensor is then

TB = −1
2

∂Xµ∂Xµ −
1
2

ψµ∂ψµ. (3.10)

The world-sheet supercurrents

TF (z) = i

√
2
α′

ψµ (z) ∂Xµ (z) , T̄F (z̄) = i

√
2
α′

ψ̄µ (z̄) ∂̄Xµ (z̄) , (3.11)

are also holomorphic and antiholomorphic, respectively. In the following, the factors√
2
α′ will be eliminated by working in units where α′ = 2. The normal ordering is

implicit. This gives the desired result: The modes ψ
µ
0 and ψ̄

µ
0 will satisfy the gamma

matrix algebra, as mentioned above, and the center of mass of TF and T̄F will have the
form of Dirac operators. We can see how these supercurrents act on the matter fields
by computing the OPEs, this gives

TF (z) Xµ (w) ∼ −i
ψµ (w)

z− w
, and TF (z)ψµ (w) ∼ i

∂Xµ (w)

z− w
. (3.12)

We can write the Ward identity (2.41) in complex coordinates as

δφ (z, z̄) =

ˆ
∂V

dξµ jµ
ε φ (z, z̄)

=

ˆ
∂V

(
εµνdsν jµ

ε

)
φ (z, z̄)

=
1
2i

ˆ
∂V

(
dz̄jz

ε − dzjz̄
ε

)
φ (z, z̄) , (3.13)

where we have used a differential dsν parallel to the contour ∂V, defined by dξµ =

εµνdsν. From these OPEs and the Ward identity it follows that the currents

jε (z) ≡ π jz ε = ε (z) TF (z) , j̄ε (z̄) ≡ π jz̄ ε = ε̄ (z̄) T̄F (z̄) (3.14)

generate the superconformal transformations

δXµ (z, z̄) = ε (z)ψµ (z) + ε̄ (z̄) ψ̄µ (z̄) , (3.15)

δψµ (z) = −ε (z) ∂Xµ (z) , (3.16)

δψ̄µ (z̄) = −ε̄ (z̄) ∂̄Xµ (z̄) . (3.17)

This transformation mixes the commuting fields Xµ with the anticommuting fields ψµ

and ψ̄µ, so the parameter ε (z) must be anticommuting. As with conformal symmetry
the parameters are holomorphic or antiholomorphic functions. The fact that this is a
symmetry of the action (3.5) follows at once because the current is (anti)holomorphic,
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and so conserved.
The commutator of two superconformal transformations is a conformal transfor-

mation,
δε1δε2 − δε2δε1 = δξ , ξ (z) = −2ε1 (z) ε2 (z) (3.18)

as can be checked by acting on the various fields. We now do that:

[δε1 , δε2 ] Xµ (z, z̄) = δε1ε2 (z)ψµ (z)− δε2ε1 (z)ψµ (z)

= −ε2 (z) δε1ψµ (z) + ε1 (z) δε2ψµ (z)

= −ε2 (z) (−ε1 (z) ∂Xµ (z)) + ε1 (z) (−ε2 (z) ∂Xµ (z))

= ε2 (z) ε1 (z) ∂Xµ (z)− ε1 (z) ε2 (z) ∂Xµ (z)

= −2ε1 (z) ε2 (z) ∂Xµ (z) . (3.19)

Since Xµ (z, z̄) has conformal dimension h = 0, we know that this transform under an
infinitesimal conformal transformation, with parameter ξ (z), according to δXµ (z) =
ξ (z) ∂Xµ (z). Similarly, the commutator of a conformal and superconformal transfor-
mation is a superconformal transformation. The conformal and superconformal trans-
formations thus close to form the superconformal algebra. The OPEs of TF with itself
and with TB closes. That is, only TF and TB appears in the singular terms:

TB (z) TB (w) ∼
3d
4

(z− w)4 +
2TB (w)

(z− w)2 +
∂TB (w)

z− w
, (3.20)

TB (z) TF (w) ∼
3
2 TF (w)

(z− w)2 +
∂TF (w)

z− w
, (3.21)

TF (z) TF (w) ∼ d

(z− w)3 +
2TB (w)

z− w
(3.22)

and similarly for the antiholomorphic currents.
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We proceed now to show explicitly (3.21), that is

: TB (z) :: TF (w) : = − i
2

:
(
ηµν∂Xµ∂Xν + ηµνψµ∂ψν

)
(z) :: ηρσψρ∂Xσ (w) :

= − i
2

: ηµν∂Xµ∂Xν (z) :: ηρσψρ∂Xσ (w) : − i
2

: ηµνψµ∂ψν (z) :: ηρσψρ∂Xσ (w) :

= − i
2

ηµνηρσ : ∂Xµ (z)ψρ (w) : 〈∂Xν (z) ∂Xσ (w)〉

− i
2

ηµνηρσ : ∂Xν (z)ψρ (w) : 〈∂Xµ (z) ∂Xσ (w)〉

− i
2

ηµνηρσ : ψµ (z) 〈∂ψν (z)ψρ (w)〉 ∂Xσ (w) :

+
i
2

ηµνηρσ : ∂ψν (z) 〈ψµ (z)ψρ (w)〉 ∂Xσ (w) :

= − i
2

ηµνηρσ

(
−ηνσ : ∂Xµ (z)ψρ (w) :

(z− w)2 − ηµσ : ∂Xν (z)ψρ (w) :

(z− w)2

)

− i
2

ηµνηρσ

(
−ηνρ : ψµ (z) ∂Xσ (w) :

(z− w)2 − ηµρ : ∂ψν (z) ∂Xσ (w) :
z− w

)

=
i
2

(
ηµνδν

ρ : ∂Xµ (z)ψρ (w) :

(z− w)2 +
ηµνδ

µ
ρ : ∂Xν (z)ψρ (w) :

(z− w)2

)

+
i
2

(
ηµνδν

σ : ψµ (z) ∂Xσ (w) :

(z− w)2 +
ηµνδ

µ
σ : ∂ψν (z) ∂Xσ (w) :

z− w

)

∼ i
: ∂Xµ (w)ψµ (w) :

(z− w)2 + i
: ∂2Xµ (w)ψµ (w) :

(z− w)
+

i
2

: ψµ (w) ∂Xµ (w) :

(z− w)2

+
i
2

: ∂ψµ (w) ∂Xµ (w) :
(z− w)

+
i
2

: ∂ψµ (w) ∂Xµ (w) :
z− w

∼ 3
2

i
: ψµ (w) ∂Xµ (w) :

(z− w)2 + i
: ψµ (w) ∂2Xµ (w) :

(z− w)
+ i

: ∂ψµ (w) ∂Xµ (w) :
(z− w)

∼ 3
2

i : ψµ (w) ∂Xµ (w) :

(z− w)2 +
∂
(
: iψµ (w) ∂Xµ (w) :

)
(z− w)

∼ 3
2

TF (w)

(z− w)2 +
∂TF (w)

(z− w)
.

The TBTF OPE implies that TF is a tensor of weight
(3

2 , 0
)
. Each bosonic field ∂Xµ

contributes 1 to the central charge and each fermion, ψµ, contributes 1
2 , for a total

c =
(

1 +
1
2

)
d =

3
2

d (3.23)

We will impose this enlarged algebra with TF and T̄F as well as TB and T̄B, on the states
as a constraint algebra, it must annihilate physical states in the sense of BRST quanti-
zation.
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More generally, the N = 1 superconformal algebra in operator product form is

TB (z) TB (w) ∼
c
2

(z− w)4 +
2TB (w)

(z− w)2 +
∂TB (w)

z− w
(3.24)

TB (z) TF (w) ∼
3
2 TF (w)

(z− w)2 +
∂TF (w)

z− w
(3.25)

TF (z) TF (w) ∼
2
3 c

(z− w)3 +
2TB (w)

z− w
(3.26)

Here, N = 1 refers to the number of
(3

2 , 0
)

currents. In the present case there is also an
antiholomorphic copy of the same algebra, so we have an (N, N̄) =

(3
2 , 3

2

)
supercon-

formal field theory (SCFT).

3.1.1 Superconformal ghosts and critical dimension

The matter system studied in the previous chapter was the result of a gauge fixation.
In the same way, the superstring action presented above do, a detailed construction
of the non gauge-fixed action is presented in [21, 22]. Therefore, in the path integral
quantization, the gauge fixation will give rise an extra term for the ghost action, due
to the new fermionic terms incorporated above. This new contribution is

Sβ,γ =
1

2π

ˆ
d2zβ∂z̄γ, (3.27)

where the equations of motion are

∂z̄γ = ∂z̄β = 0. (3.28)

In general, we can consider β and γ as commuting holomorphic fields of conformal
weights hβ = λ − 1

2 and hγ = 3
2 − λ, very similar to the b, c system. The OPE is

compute as in the b, c system but, since the statistical are changed, some signs are
different

β (z1) γ (z2) = −γ (z1) β (z2) ∼ −
1

z1 − z2
. (3.29)

The energy-momentum tensor is (eq.(2.178))

Tβγ (z) =
(

3
2
− λ

)
: (∂β) γ : −

(
λ− 1

2

)
: β∂γ : . (3.30)

The central charge is simply
c = 3 (2λ− 2)2 − 1. (3.31)
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For λ = 2, weights
(
hβ, hγ

)
=
(

3
2 ,−1

2

)
, we recover the β, γ theory as the Faddeev-

Popov ghost from gauge-fixing the superstring.
Then, we consider a general free SCFT which combines an anticommuting bc the-

ory with a commuting βγ system, with weights

hb = λ, hc = 1− λ, hβ = λ− 1
2

, hγ =
3
2
− λ. (3.32)

The action is
Sghost =

1
2π

ˆ
d2z
(
b∂̄c + β∂̄γ

)
. (3.33)

Since the generator of the supersymmetry transformations is TF, we have

δεS =
1

2π

ˆ
d2zTFghost∂̄ε, (3.34)

where ε is an infinitesimal supersymmetry transformation. We then consider the fol-
lowing superconformal infinitesimal variations

δεβ =
1
2

εb, δεb =
1
2

ε∂β +
3
2
(∂ε) β, δεc =

1
2

εγ, δεγ =
1
2

ε∂c− (∂ε) c.
(3.35)

We have by considering these variations on Sghost that

δεS =
1

2π

ˆ
d2z
(
δb∂̄c + b∂̄δc + δβ∂̄γ + β∂̄δγ

)
=

1
2π

ˆ
d2z
{(

1
2

ε∂β +
3
2

∂εβ

)
∂̄c + b∂̄

(
1
2

εγ

)
+

(
1
2

εb
)

∂̄γ + β∂̄

(
1
2

ε∂c− ∂εc
)}

=
1

2π

ˆ
d2z
{

1
2

ε∂β∂̄c +
1
2

∂εβ∂̄c +
1
2

b∂̄εγ +
1
2

∂̄εβ∂c +
1
2

εβ∂̄∂c− ∂̄∂εβc
}

.

Now, we replace the following terms

−∂̄∂εβc = −∂
(
∂̄εβc

)
+ ∂̄ε∂βc + ∂̄εβ∂c,

1
2

εβ∂̄∂c =
1
2

∂
(
εβ∂̄c

)
− 1

2
∂εβ∂̄c− 1

2
ε∂β∂̄c.

Then,

δεS =
1

2π

ˆ
d2z
(

1
2

bγ− 3
2

β∂c− ∂βc
)

∂̄ε. (3.36)

Thus, we have

TF =
1
2

bγ− 3
2

β∂c− (∂β) c. (3.37)

In another hand, TB for the total ghost system is simply the sum of the b, c part plus
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the β, γ part, that is (for λ = 2)

TB = − (∂b) c− 2b∂c +
1
2
(∂β) γ− 3

2
β∂γ. (3.38)

In general, for an arbitrary entire λ , we have

TB = (∂b) c− λ∂ (bc) + (∂β) γ−
(

λ− 1
2

)
∂ (βγ) , (3.39)

TF = −1
2
(∂β) c +

2λ− 1
2

∂ (βc)− 2bγ. (3.40)

The central charge is

cghost =
[
−3 (2λ− 1)2 + 1

]
+
[
3 (2λ− 2)2 − 1

]
= 9− 12λ. (3.41)

There is a corresponding antiholomorphic theory. With λ = 2, the ghost central charge
is then cghost = −26 + 11 = −15.

Taking a total energy-momentum tensor, formed by (3.38) TBghost and the (3.10)
energy-momentum tensors, we have

Ttotal
B = −2b∂c− (∂b) c− 3

2
β∂γ− 1

2
(∂β) γ− 1

2
∂Xµ∂Xµ −

1
2

ψµ∂ψµ. (3.42)

The total central charge of this system is the sum of the central charge of each system,
since the matter system contribute with a central charge cmatter = d + d

2 = 3
2 d, we have

that the condition to the total central charge c = cghost + cmatter vanishes, implies

3
2

d− 15 = 0 =⇒ d = 10. (3.43)

Hence, we obtain d = 10, as the celebrated critical dimension of the superstring.

3.2 Ramond and Neveu-Schwarz sectors and the super-

algebra

We won’t deepen in the study of the spectrum of the Xµψµ super conformal field the-
ory. However, we going to show how the different periodicity conditions give rise
to different sector which will have different Fock spaces. We start with the cylinder
coordinate w = σ1 + iσ2. The matter fermion action

1
4π

ˆ
d2w

(
ψµ∂w̄ψµ + ψ̄µ∂wψ̄µ

)
(3.44)
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must be invariant under the periodic identification of the cylinder, w ∼= w + 2π. There
are two possible periodicity conditions for ψµ,

Ramond(R): ψµ (w + 2π) = +ψµ (w) , (3.45)

Neveu Schwarz(NS): ψµ (w + 2π) = −ψµ (w) , (3.46)

where the sign must be the same for all µ. Similarly there are two possible periodicities
for ψ̄µ. Summarizing, we will write

ψµ (w + 2π) = e2πiaψµ (w) , (3.47)

ψ̄µ (w̄ + 2π) = e−2πiāψ̄µ (w̄) , (3.48)

where a and ā take the values 0 and 1
2 . We are interested just in theories with Xµ

periodic. The supercurrents has then the same periodicity as the corresponding ψ,

TF (w + 2π) = e2πiaTF (w) , (3.49)

T̄F (w̄ + 2π) = e−2πiāT̄F (w̄) . (3.50)

Thus, there are four different ways to put on a cylinder, we will denote this by (a, ā) or
by NS-NS, NS-R, R-NS, and R-R. Each of which will lead to a different Hilbert space.
To study the spectrum in a given sector we must expand in Fourier modes,

ψµ (w) = i−
1
2 ∑

r∈Z+a
ψ

µ
r eirw, ψ̄µ (w̄) = i

1
2 ∑

r∈Z+ā
ψ̄

µ
r e−irw̄. (3.51)

On each side the sum runs over integers in the R sector and over
(

Z + 1
2

)
in the NS

sector. Let us also write these as Laurent expansion. After replacing e−iw −→ z we
must transform the fields according to eq.(2.119)

ψµ (z) =
(

∂w
∂z

)1/2

ψµ (w) = i
1
2 z−1/2ψµ (w) . (3.52)

The frame is indicated implicitly by the argument of the field. The Laurent expansion
are then

ψµ (w) = ∑
r∈Z+a

ψ
µ
r z−r− 1

2 , ψ̄µ (w̄) = ∑
r∈Z+ā

ψ̄
µ
r z̄−r− 1

2 . (3.53)

Notice that in the NS sector the branch cut in z−
1
2 offsets the original anti-periodicity,

while in the R sector it introduces a branch cut. Let us also recall the corresponding
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bosonic expansions

∂Xµ (z) = −i
∞

∑
m=−∞

z−m−1α
µ
m , ∂̄Xµ (z̄) = −i

∞

∑
m=−∞

z̄−m−1ᾱ
µ
m, (3.54)

where we have set α′ = 2, such that α0 = ᾱ0 = pµ.
The OPE and the Laurent expansions give the anticommutators

{
ψ

µ
r , ψν

s
}
=
{

ψ̄
µ
r , ψ̄ν

s
}
= δr+sη

µν,
[
α

µ
m, αν

n
]
=
[
ᾱ

µ
m, ᾱν

n
]
= mδm+nηµν. (3.55)

For TF and TB the Laurent expansions are

TF (z) = ∑
r∈Z+a

z−m− 3
2 Gr, T̄F (z̄) = ∑

r∈Z+ā
z̄−m− 3

2 Ḡr, (3.56)

TB (z) =
∞

∑
m=−∞

z−m−2Lm, T̄B (z̄) =
∞

∑
m=−∞

z̄−m−2 L̄m. (3.57)

From the OPEs eqs. (3.24-3.26) and the usual CFT contour calculation gives the mode
algebra

[Lm, Ln] = (m− n) Lm+n +
c

12
m
(

m2 − 1
)

δm+n, (3.58)

{Gr, Gs} = 2Lr+s +
c
3

(
r2 − 1

4

)
δr+s, (3.59)

[Lm, Gr] =
(m

2
− r
)

Gm+r. (3.60)

This is called the Ramond algebra for r, s integers and as the Neveu-Schwarz algebra
for r, s half integer. The antiholomorphic fields give a second copy of these algebras.

The superconformal generators in either sectors are

Lm =
1
2

∞

∑
n∈Z

: αm−n · αn : +
1
2

∞

∑
r∈Z+a

(
r− m

2

)
: ψm−r · ψr : +amδm,0, (3.61)

Gr =
∞

∑
n∈Z

: αn · ψr−n : . (3.62)

The normal ordered constant can be obtained by any method from the bosonic case.
Before, we see that unitarity for representations of the Virasoro algebra amounts the
following conditions, for n > 0

〈h |LnL−n| h〉 = 〈h |[Ln, L−n]| h〉
=

〈
h
∣∣∣(2nL0 +

c
12

n
(

n2 − 1
))∣∣∣ h

〉
=

{
2nh +

c
12

n
(

n2 − 1
)}
〈h|h〉 ≥ 0. (3.63)
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For n = 1, we have that h ≥ 0, and by taking n large we have c ≥ 0. Now, for the
superconformal case by considering (r > 0), we have

〈h |GrG−r| h〉 = 〈h |{Gr, G−r}| h〉

= 〈h |2L0| h〉+
〈

h
∣∣∣∣ c3
(

r2 − 1
4

)∣∣∣∣ h
〉

=

(
2h +

c
3

(
r2 − 1

4

))
〈h|h〉 ≥ 0, (3.64)

from which we find that (NS
(

r ≥ 1
2

)
and R (r ≥ 0))

h ≥ 0 NS, (3.65)

h ≥ c
24

R. (3.66)

Since c = 3
2 d, we have c

24 = d
16 , therefore

R: am =
d
16

, NS: am = 0. (3.67)

We already know that the |h〉 are eigenstates of L0 with eigenvalue h. According to
equations (2.198) and (2.215) when we map from the cylinder to the complex plane we
have e−iw = z = (−i)−n dnz

dwn and w = i ln z, so that dw
dz = i

z , thus we have {z; w} = 1
2 ,

and then
Tcyl (w) = −z2T (z) +

c
24

. (3.68)

This implies that
(L0)cyl. = (L0)pl. −

c
24

, (3.69)

where (L0)cyl. is the translation operator on the cylinder. Therefore, each periodic
boson contributes − 1

24 because c = 1. Each periodic fermion contribute 1
24 and each

antiperiodic fermion − 1
48 . We are going to explain the last sentences. For a periodic

fermion or R sector, using (3.69) and the results (3.65,3.66), we have

(
L0ψ

)
cyl. =

(
L0ψ

)
pl. +

1
16
− (1/2)

24
=
(

L0ψ

)
pl. +

1
24

, (3.70)

while for the NS sector we have simply

(
L0ψ

)
cyl. =

(
L0ψ

)
pl. −

(1/2)
24

=
(

L0ψ

)
pl. −

1
48

. (3.71)

Thus, since the modes L0 are proportional to the Hamiltonian, what the expressions
above say us is that there is a shift of the energy when we map from the cylinder to
the complex plane.



Chapter 4

Conclusions

The main goal of this work was to study string theory using the formalism of two
dimensional conformal field theory. We made a detailed study of the bosonic string
theory, which was made by applying the tools of CFT to the gauge-fixed Polyakov
action, also called matter system, and the ghost system, which was the result of the
Faddeev-Popov procedure. We have presented the operator formalism of conformal
field theory in a quite general way, such that this could be applied for those systems
different than the string ones. We focused in explaining and to make the counts of the
BRST quantization, trying to give a greater detail than the one found in the standard
literature about it. This allowed us to find the critical dimension as 26 by demanding
the nilpotency of the BRST charge, also, by demanding the vanishing of the central
charge. In a slight different way, it was presented the procedure to obtain the physical
spectrum of the bosonic string.

It was also presented a basic introduction to the the superstring theory, this study
began with a quite general introduction of the superconformal field theory as a super-
symmetric extension of the conformal ones. Afterwards, this superconformal formal-
ism was applied to the superstring action, by doing so, we presented the superstring
action, which couple fermionic degrees of freedom and it is invariant under local su-
persymmetry transformations. This superstring action is also the result of a gauge-
fixing, in turn, gives rise to new ghosts extra terms. By demanding the vanishing of
the conformal anomaly of the gauge-fixed superstring theory led us to the critical di-
mension d = 10. We have not explored the superstring spectrum but have motivated
it by presenting the two sectors of a general superconformal theory. As an aside, it
is good to mention that in this dissertation were used different ways to calculate the
operator product and the energy-momentum tensor, such that we have analyzed al-
ternative procedure and techniques to work out all the systems.
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