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Resumo

Neste trabalho, apresentamos resultados originais sobre a teoria de Equagoes Difer-
enciais Ordinarias Generalizadas (escrevemos EDOs generalizadas), através do uso de

ferramentas da teoria do Grau Topoldgico. Em particular, provamos resultados sobre

e Existéncia de pontos de bifurcagao e aplicamos os resultados as equagoes diferenciais

em medida;

e Diferenciabilidade do operador solucao de EDOs generalizadas, incluindo, também,
um teorema do tipo Alternativa de Fredholm; as aplicacoes foram direcionadas as

equagoes diferenciais em medida;

e Existéncia de solugoes periddicas de EDOs generalizadas lineares em que utilizamos
nao somente resultados da teoria do Grau Topolégico, mas também da teoria de

Operadores de Fredholm;

e Existéncia de solugoes “afim periodicas’ de EDOs generalizadas.

Vale mencionar que 3 artigos originais sao provenientes desta tese, a saber, [11}, 12} [13].
Tais artigos encontram-se em fase final de preparacao e serao submetidos a publicagao em

breve.

Além do que mencionamos, também generalizamos os resultados da minha dissertagao
de mestrado contidos em um artigo ja submetido, em coautoria com J. Mawhin e M.
Federson (veja [I4]). Enquanto que em tal artigo tratamos da existéncia de solugdes
periddicas de EDOs generalizadas envolvendo fungoes de variagao limitada, na presente
tese consideramos o caso em que tais fungoes estao no espago das fungoes regradas. Estes
novos resultados fazem parte de um capitulo do livro intitulado “Generalized ODEs in
Abstract Spaces and Applications”, organizado pelos editores M. Federson, E. Bonotto e

J. Mesquita. O livro sera publicado pela Wiley em 2020 (veja [10]).






Abstract

In this work, we present original results concerning the theory of Generalized Ordi-
nary Differential Equations (we write generalized ODEs for short) using tools from the

Topological Degree theory. In particular, we proved results on

e Existence of bifurcation points and we applied the results to measure differential

equations;

e Differentiability of the solution operator of generalized ODEs, including a Fred-
holm Alternative-type theorem, and we applied the results to measure differential

equations;

e Existence of periodic solutions of linear generalized ODEs to which we applied not
only results from the topological degree theory, but also from the Fredholm operator

theory;

e Existence of affine-periodic solutions of generalized ODEs.

It is worth mentioning that the present work generated 3 original articles (see [11], [12]
13]) which are in their final stages of preparation and will be submitted for publication

SOO011.

In addition to the above, we also generalized the results from my Master Thesis which
are contained in a submitted article, coauthored by J. Mawhin and M. Federson (see [14]).
While in such article we deal with the existence of periodic solutions of generalized ODEs
involving bounded variation functions, in the present work we consider the regulated
functions. Such new results are part of a chapter in the book entitled “ Generalized ODFEs
in Abstract Spaces and Applications" and organized by the editors M. Federson, E. Bonotto
and J. Mesquita. The book will be published by Wiley in 2020 (see [10]).
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Introduction

The aim of this work is employ tools of the theory of Topological Degree to obtain re-
sults in the framework of generalized ordinary differential equations (we write generalized

ODE:s for short).

It well-known that generalized ODEs, introduced by the Jaroslav Kurzweil in 1957
(see [22] 23]), are within a useful theory which handles well jumps and highly oscillatory
behavior. This nice property if due to the fact that generalized ODE are in fact integral

equations whose integral is in the sense of J. Kurzweil.

In order to describe, at a glance, the potential of the theory of generalized ODEs, it
is worth mentioning that they were born within the theory of non-absolute integration
created and developed by Jaroslav Kurzweil and, independently, by Ralph Henstock.
The Kurzweil-Henstock integral is able to deal not only with many discontinuities, but
also with functions of unbounded variation. As a matter of fact, the Kurzweil-Henstock
integral of functions taking values in finite dimensional spaces encompass the integrals of

Riemann, Lebesgue and Newton.

As we mentioned in the abstract, we proved results concerning the following properties
of generalized ODEs:

e Existence of periodic solutions of generalized ODEs;

Existence of bifurcation points;

Differentiability of the solution operator;

A Fredholm Alternative-type theorem;

Existence of periodic solutions of linear generalized ODEs;

e Existence of affine-periodic solutions of generalized ODEs.

All such properties were obtained through the application of the Topological Degree the-

ory. Throughout this work, we show, in detail, the nuances of the tools we employed.

Concerning the applications, we have to say that, in this work, we choose to apply

the new results to measure differential equations (we write MDEs, for short) and, in some
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cases to impulsive differential equations. Our choice is justified by two facts. The first
fact concerns the power of MDEs. It is well-known that MDEs allow one to treat more
general situations than those handled by difference differential equations, ordinary differ-
ential equations and impulsive differential equations. The beginning of the investigations
in MDEs is considered to date from the late 60’s and early 70’s, with the works by W.
Schmaedeke [34], and P. Das and R. Sharma [3, 4]. Since then, several authors have been
studying this class of equations. We can mention, for instance, [5l [7, [, 20], 28] 29, B35],
where qualitative properties of solutions were investigated. Moreover, MDEs encompass
not only impulsive differential equation (see [16, Theorem 3.1]), but also dynamic equa-
tions on time scales (see [I7, Theorem 4.3]). Thus, MDEs is a very important class of
differential equations. The second motive for applying our results to MDEs is that they
can be regarded as generalized ODEs (see [17, Theorems 3.8 and 3.9]). This means that
MDEs are special cases of generalized ODEs.

Now, we specify some details concerning organization of the present work as well as

the articles generated from it.

The two initial chapters are devoted to basic theories. In Chapter 1, we collect those
results from the Topological Degree theory which we will use throughout this dissertation.
In Chapter 2, we did the same concerning the theory of generalized ODEs. The following
chapter, namely, chapters 3 to 7, are related to the articles we produced during my
doctor course in Mathematics at the Federal University of Sao Carlos and my stage at the
Institute of Mathematics of the Academy of Sciences of the Czech Republic. We describe

them as follows.

Chapter 3 contains the results of our paper entitled “ Ezistence and bifurcation of peri-
odic solutions for generalized ordinary differential equations”, coauthored by M. Federson
and J. Mawhin (see [I4]) and it is a generalization of the results from my Master Thesis.
We showed an existence result of a periodic solution of generalized ODEs in the frame-
work of regulated functions instead of functions of bounded variation. In order to do
this, we had to replace the Helly’s Choice Theorem by an Ascoli-Arzela-type theorem for
regulated functions. We also employed the Topological Degree theory to get the results.
We applied the main result to impulsive ODEs. A more general result of Chapter 3 is part
of a chapter in the book entitled “ Generalized ODFEs in Abstract Spaces and Applications"
and organized by the editors M. Federson, E. Bonotto and J. Mesquita.

Chapters 4 and 5 concern the results contained in the paper entitled “Bifurcation
theory and differentiability for generalized ODFEs ”, coauthored by M. Federson and K.
Schiabel (see [11]), where we established a result on the existence of a bifurcation point
with respect to an arbitrary solution of a generalized ODE. In order to do this, we defined
an operator ®, which is characterized by the solution of a generalized ODE, and we used

such operator to obtain the main result. The theory of the topological degree was crucial



0. Introduction xvii

to our result. We also established a formula for the derivative of the operator ®, which
is linear and, in turn, is a solution of a linear generalized differential equation. This fact
allowed us to state and prove a Fredholm Alternative for linear equations which involve

the derivatives of such operator ®. Finally, we applied our results to MDEs.

Chapter 6 concerns the results contained in the paper entitled “Periodic solutions of
linear generalized ODEs and applications 7, coauthored by M. Federson and K. Schiabel
(see [13]), we established a result on the existence of periodic solutions of linear general-
ized ODE. In order to do that, we defined operators L and N from the space of regulated
functions to itself and L is a Fredholm operator. We proved that there exists a corre-
spondence between the solutions of L(z) = N(x) and the periodic solutions of linear
generalized ODEs. Then, it was possible to prove our main result on the existence of
a solution of L(x) = N(z). The theories of Topological Degree and of Fredholm Linear

Operators were also employed to obtain the main result.

Finally, in the paper entitled “ Affine- Periodic solutions for generalized ODEs”; coau-
thored by M. Federson and R. Grau (see [12]), we considered an n x n matrix ¢ with
entries in R and 7' > 0 and we proved a result on the existence of what we call a (Q,T)-
affine-periodic solution of a generalized ordinary differential equation using tools from
Functional Analysis. In Chapter 7, we proved the same result by means of the Topo-
logical Degree theory inspired on the papers [39] and [40]. As a matter of fact, the
definition of (@, T) is more general than the usual definition of periodic solutions stated
in the literature. Indeed, when we consider () = I, where [ is the identity matrix, we
obtain the classic notion of periodicity and, when () = —I, we are in the classic case of

anti-periodicity. Thus, our definition encompasses the classic definitions.






Chapter 1
Preliminaries: Degree Theory

The aim of this initial chapter is to compile some of the basic results of the topological
degree theory which will be used throughout our work. In particular, we recall results
from both the finite dimension and the infinite dimension cases, which are, respectively,
those results concerning the Brouwer degree and those concerning the Leray-Schauder

degree. We also include useful results from the Fredholm theory for linear operators.

The main references for this section are [30], [2] and [§].

1.1 The Brower degree

Let Q© C R™ be an open and bounded set and C*(2, R") be the space of all functions,
from the closure Q of Q to the n dimensional Euclidean space R™, which are k-times
differentiable on © whose the derivatives can be extended continuously to Q and it is

endowed with the following norm
— pw )
[l i Tnax sup 1D o()]|

where DW(x) denotes the j derivative of ¢ at the point x.

Suppose ¢ € CHQ,R") and S = {z € Q, J(¢)(x) = 0}, where J(p)(z) denotes the
Jacobian matrix of ¢ in z. Let b € R™ be such that b ¢ p(9Q)Up(.S), where 02 denotes the
boundary of Q. If x € o~ ({b}), then J(p)(z) # 0. Therefore, by the Inverse Application
Theorem, there exist neighborhoods U of x and V' of b such that ¢|y : U — ¢(U) =V is
a diffeomorphism.

We assert that ¢~({b}) is finite. Indeed. Since p~'({b}) is closed in Q, ¢~ }({b}) is

closed and bounded in R". Thus, ¢! ({b}) is a compact set. Also, for every z; € o1 ({b}),
J € N, there exists an open ball in U, centered at z; and with radius r; > 0, denoted by
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B, (z;), such that
(10_1({8)}) - ij6g0*1({b})Brj(xj)v ] € N.

Since {B,,(x;)}jen is an open cover of ¢~'({b}), we can find a finite subcover satisfying

P~ ({b}) C U1 By, (),

which shows that ¢! ({b}) is finite, that is,

e ({b}) = {&. 6,8, .. &)

where J(¢)(&) # 0, for all i € {1,2,3,...,k}.

In the next lines, we recall the definition of the Brouwer degree and we give an example

borrowed from [I], on how to calculate it.

Definition 1.1.1. Suppose ¢ € C1(Q,R") and b & ¢(9Q)Up(S). We define the Brouwer
degree with respect to the triple (p, 2, b), by the integer number

d(e,,0) = > sen(J(9)(&))

Sicp~t({b})

where sgn is the function given by

1, if t>0,
sgn(t) =
-1, if t < 0.
Example 1.1.2. Consider the function ¢ : Q@ — R, defined by ¢(z) = sinz with 2 =

(0, 57”) and b = 7. We want to calculate d(p,€2,b). In order to do this, we need to verify
that b ¢ ©(9Q) Up(S). This means means that d (sinz, (0, %) , T) is well defined. Notice
that

5% 5% T 37T
0 {0, 2},5 {xe(o, 2),@083: O} {2, 2},@(6 ) ={0,1},

©(S) ={—1,1}, then ¢(92) U p(S) ={-1,0,1}.

Therefore, = ¢ {—1,0,1}. Thus, ¢! (%) = {&,&,&}. By the definition of the Brower

degree (Definition |1.1.1)),

i(sine (0.5) 5) = X s,

gice (%)
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Then,

y (Sm, <0, 5;) , g) — sen(¢/(€)) + sen((€) + sen( (),
= 1+(-1)+1=1

It is important to mention that the definition of the Brouwer degree holds for contin-
uous functions. The following result is presented in [2], Theorem 21.5 and Corollary 2.16.
It says that there exists the function, which defines the Brouwer degree, with respect to

continuous functions.

Theorem 1.1.3. Let E be a finite dimensional Banach space. Then, for every open and
bounded subset ) of E and every z € E, there exists a function

deg[-,$2, 2] : D,(SL, E) — Z

called Brouwer degree, where D,(Q, E) = {f € C(Q, E); z ¢ f(0Q)}, which satisfies the

following properties:
(i) (Normalization): If z € Q, then deg(I,€, z) = 1.
(11) (Homotopy invariance): Let J C R be a nonempty compact interval. Assume that
heCQx JE) andy € C(J, E) satisfy
y(A) & h(0Q x {\}) for each X\ € J.
Then,
is well-defined and is independent of \ € J.
Corollary 1.1.4. Let Q2 be open and bounded in a Banach space E of finite dimension n,

and for f € C(Q, E) assume that z does not belong to f(0Q). Then

deg[—f,9, z] = (—1)"deg|[f, 2, z].

1.2 The Leray-Schauder degree

In order to understand the concept of degree for functions whose domain is a subset
of a general Banach space, we recall some elements of the Leray-Schauder degree theory.
For more details see [8] 18], 30].

Let E be a Banach space, Q@ C E be open and bounded and T' € C(Q, E) be an

operator such that 7'({2) is contained in a finite subset of E. The operator & = [ — T
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is called a perturbation of finite dimension of the identity /. Let A, B be subsets of FE.
Then the distance between A and B is given by

p(A,B) =inf { |[a—b|, a€ Abe B}.

Definition 1.2.1. Let E be a Banach space and z € E be such that z ¢ ®(0€2). Suppose

F is a finite dimensional subspace of £ which contains 7'(€2) and z. Then we define the

Leray- Schauder degree of ® with respect to ) at a point z by the integer number
degrs(®,€, z) = d(Plgnp, QN F, 2)

where the right-hand side of the equality is the Brouwer degree defined according to
Theorem [LL.1.3

Definition 1.2.2. Let E be a Banach space and Q) C E, An operator T : QQ — FE is

said to be compact, whenever T is continuous and T'(B) is a compact set in E, for every
bounded set B C (2.

In the next lines, we present the definition of the Leray- Schauder degree for compact
operators in Banach spaces. The construction of the Leray- Schauder degree for compact

operators can be found in [I8], Chapter 7.

Definition 1.2.3. Let E be a Banach space and 2 C E be an open bounded set. Let
T : Q — E be a compact operator and let z & (I — T)(92). The Leray-Schauder degree
is defined by

degrsll — T,9Q, 2] = degrs[I — T,QNV, 2]

where T : Q — E is continuous such that 7€) is of finite dimension and
IT (@) = T(@)|| < plz, (I = T)(09))

and V is any linear space of finite dimension containing z and 7'(%2).

Moreover, the Leray-Schauder degree satisfies the following properties:
(i) degrsll,Q, z] =1, for z € Q.
(ii) If degrs[l — T,€2, 2] # 0, then z € (I —T)(92).

(iii) degrs[I — H(t,-),,y(t)] is independent of ¢ € [0, 1], whenever H : [0,1] x Q — E is
compact, y : [0,1] — E is continuous and y(¢) does not belong to (I — H(t,-))(09),
for every t € [0,1].

In what follows, let us introduce the definition of homotopy of compact transforma-

tions.
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Definition 1.2.4. Let E be a Banach space and M C E. Let H : [0,1] x M — E. We

say that H is a homotopy of compact transformations on M if
(a) For each A € [0, 1] fixed, H(A, z) is compact on M.
(b) For every € > 0 and for every bounded L C M, there is § > 0, such that

1H (A, ) = H(g, 2)|| < € (1.2.1)
whenever z € L and |[A\; — Ao < 0.

The next result is presented in [18] and it assures an important property of the Leray-

Schauder degree, which it will be useful in the following chapters.

Theorem 1.2.5. [Invariance under Homotopy| Let E be a Banach space and Q C E
be an open bounded set. Assume that H : [0,1] x Q — E is a homotopy of compact

transformations on Q. Set

¢>\:[_H()‘")

for X € [0,1] and assume that z ¢ ¢\(0), for every X € [0,1]. Then, degrs[I —
H(X,-),Q, z] is independent of \.

Now, we recall the concept of a local Leray-Schauder degree which we refer to as

Leray-Schauder index. This definition is presented in [25].

Definition 1.2.6. Let 7' : Q — E satisfy the conditions of Definition m Denote
by Br(zo) the open ball in 2 with center in xy and radius R. Suppose that z; is an
isolated fixed point of T, that is, there exists R > 0 such that T'(x) # x, for every
x € Br(zo) \ {zo}. Then degrs[I — T, Br(zy), 0] is defined and does not depend on R, for
sufficiently small R > 0. Its value is called the Leray-Schauder index of I — T at xy and
it is denoted simply by indps[l — T, o).

1.3 Fredholm Theory

Let X,Y be Banach spaces and L£(X,Y) be the space of linear bounded operators
from X to Y. The kernel and range of the operator A are denoted by N(A) and R(A)

respectively.

Definition 1.3.1. Let XY be Banach spaces. An operator A € £(X,Y) is a Fredholm

operator, if it satisfies the following conditions:
(i) The dimension of N'(A) is finite (we write dim N (A) < c0).

(ii) R(A) is closed in Y
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(iii) The codimension of R(A) is finite (we write codim R(A) < 00).

Definition 1.3.2. The index of a Fredholm operator is given by
i(A) = dim N(A) — codim R(A). (1.3.1)

The next result is known as the Fredholm Alternative for operators in Banach spaces.
For more details, see [33], Theorem 4.12.

Theorem 1.3.3. Let X be a Banach space and let K : X — X be a compact operator.
Set A = 1 - K. Then,

(i) dim N(A) = codim R(A) is finite;
(ii) R(A) is closed in'Y .
In particular, either R(A) = X and N(A) =0, or R(A) # X and N(A) # 0.

The next result can be found in [33] and it assures, under some conditions, the existence

of a projetion function.

Proposition 1.3.4. Let X, be a closed subspace of a normed vector space X and let M
be a finite dimensional subspace of X such that M N X, = {0}. Then

Xo=X106M

1s a closed subspace of X. Moreover, the operator P defined by

M
P(a:): T, T&C
O, .CIZ'EXl

is in L(X3).

If L is a Fredholm operator of index 0, there exist continuous projectors P : X — X
and ) : Z — Z such that

and

It follows that L|pynwp) : (I — P)X — R(L) is invertible. We denote the inverse of
Llpyrw(py by Kp, If € is an open bounded subset of X, the mapping N will be called
L-compact on €2, whenever QN (Q) is bounded and Kp(I — Q)N : Q — X is compact.
Since R(Q) is isomorphic to N (L), there exists an isomorphism J : R(Q) — N (L).
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The next result, known as Mawhin’s Continuation Theorem, can be found in [19], page

40. Tt will be essential to prove the main result of Chapter 6.

Theorem 1.3.5. [Mawhin’s Continuation Theorem| Let A C G be open and bounded and
X, Y, Z be Banach spaces. Suppose L : D(L) C X — Z is a Fredholm operator of index
0 and N :Y — Z is L-compact on A. Assume that the following conditions are satisfied:

(i) If x € D(L) N OSNY, then Lx # ANz, for every X € (0,1);
(it) If v € N(L)NOA, then QNx # 0;

(iii) deg(JQN,ANN(L),0) # 0, where J : R(Q) — N(L).

Then, the equation
Lxr = Nz

has at least one solution x € AND(L).



1. Preliminaries: Degree Theory




Chapter 2

Generalized ODEs

In this chapter, we recall a few basic properties of the Kurzweil integration theory. For
more details, see [31], 22]. Throughout this chapter, T' € (0, 00) is fixed and || . || stands

for the usual norm in R™.

2.1 Generalized ODEs

By a tagged partition of a compact interval [0,7] C R, we mean a finite collection of
where 0 =t <t; <--- <t, =T and 7; € [t;_1,1],
for 5 = 1,...,n. Given a function § : [0,7] — (0,00), we say that the tagged partition
(7, [tj—1,t;])0y is 0-fine, if

(2

point-interval-pairs (7, [t;-1,;])i-;,

[ti—1,t;] C (15— 0(7;), 75 +d(75)), forevery j=1,...,n.

Definition 2.1.1. A function U : [0,7] x [0,T] — R" is called Kurzweil integrable in
[0, 77, if there is an I € R™ such that for a given € > 0, there is a § : [0,7] — (0, 00) such
that for every d-fine tagged partition (7, [t;1,;])j=; of [0,77], we have

n

> Ul ty) = Ulrj tya)] — 1

=1

<e.

T
In such a case, we write [ = / DU(t,t).
0

Remark 2.1.2. If the integral fab DU(t,t) exists, then we define

a b
/ DU(T,t):—/ DU(r,t), ifa<b
b a
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and ,
/ DU, #) =0, if a=b,
where a,b € [0, 7.

Definition 2.1.3. Consider an open set B C R™ and a function F' : B x [0,7] — R™
The function z : [0,7] — R" is called a solution of the generalized ordinary differential

equation (we write generalized ODE for short)

dx
— =DF(x,t 2.1.1
= DF(r,1) (2.1.)

whenever z(s) € B, for every s € [0,7] and

z(s) — z(0) = /OS DF(x(7),t), forall s € [0,T]. (2.1.2)

Definition 2.1.4. Let B C R" be open and Q = B x [0,T]. Assume that h:[0,7] = R
is a nondecreasing left continuous function and w : [0,400) — R is an increasing and
continuous function such that w(0) = 0. We say that a function F': 2 — R™ belongs to
the class F(€, h,w), if it satisfies

1F(2,t2) = F(z, )] < [h(t2) = h(t1)]; (2.1.3)

1F (2, t2) = F(z,11) = Fy, t2) + F(y, t2) || < w(llz = yl)|A(t2) — h(t1)], (2.1.4)

for all z, y € B and ty, t5 € [0,T].

A function x : [0,7] — R" is called regulated, if the lateral limits x(¢t~) = lim,_,;— 2(7)
and z(st) = lim, o+ z(7) exist, for all ¢ € (0,7] and all s € [0,7). We denote by G
the space of regulated functions x : [0, 7] — R", endowed with the usual supremum norm

|7]|co = supsepo.ry [|2(t)[]. The fact that G is a Banach space is well-known (see [37]).

The following lemma combines two statements from [31] (see Lemma 3.9 and Corollary

3.15).

Lemma 2.1.5. Assume that F' : Q — R™ belongs to the class F(Q, h,w). Ifx : [0,T] — B
is a regulated function, then the integral fOT DF(x(7),t) exists and

/OT DF(a:(T),t)H < h(T) — h(0).

Moreover, the function s — / DF(x(7),t) is of bounded variation in [0,T] and hence,
0

it 1s also regulated.

We also need the following lemma, which can be found in [31], (see Lemma 3.12).
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Lemma 2.1.6. Assume that F' : Q — R"™ belongs to the class F(2, h,w). Then, every

solution x of

dx

— = DF(x,t
dT (.I', )

is requlated on [0,T].

The next estimate follows directly from the definition of the Kurzweil integral and it
can be found in [36].

Lemma 2.1.7. Let U : [0,T]> — R™ be Kurzweil integrable. Assume there exist functions
f:10,T] = R and g : [0,T] — R such that f is requlated, g is nondecreasing, and

|U(r,t) = U(r,9)|| < f(7)lg(s) —g(®)]  forallt, s, 7 €[0,T].

Then

[ ot < [ s

Remark 2.1.8. Note that, for FF : R" x [0,7] — R" and a constant a € R",
S [F(a,t;)—F(a, tj1)] = F(a, T)—F(a,0), for any tagged division d = (7, [t;_1,;])7_,
of [0,T], we have

/ ' DF(a,t) = F(a,T) — F(a,0). (2.1.5)

As the last result of this quick overview of the basis of the GODEs theory, we recall an
important property of the class F' € F(£2, hg,wg) which will be useful in the next section.
A proof of it can be found in |26, Lemma 5].

Lemma 2.1.9. Let B C R" be open and assume that F': B x [0,T] — R™ belongs to the
class F € F(Q, h,w). If x,y : [0,T] — B are regulated functions, then

The next proposition presents a characterization of relatively compact subsets of the

/ " DIFG() ) - F(y(r),t)]H <[ T ole®) = 9O (D)

space G of regulated functions from [0, 7] to R™. For the proof of such fact, we refer to
[37, Corollary 4.3.8|.

Proposition 2.1.10. Let A C G. Assume that the set {x(0), x € A} is bounded and

there exists a nondecreasing function h : [0,T] — R™ such that

|lx(t) — xz(s)|| < |h(t) — h(s)|, for every t,s € [0,T] and z € A.
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Then A is relatively compact in G.

The next result is taken from [31] and it is an analogous result to Gronwall’s inequality

for the Kurzweil Stieltjes integral.

Theorem 2.1.11. Let k : [0,T] — [0,00) be a nondecreasing left-continuous function,
K >0, ~v>0. Suppose that 1) : [0,T] — [0,00) is bounded and satisfies

13
P(€) <K —1—7/0 W(T)dk(T), for every £ € [0,T].

Then (&) < K exp[y(k(€) = k(0))], for every & € [0,T].

The following result is a Substitution Theorem for the Kurzweil integral. It can be
found in |31, Theorem 1.18].

Lemma 2.1.12. Assume that ¢ : [c,d] — R is a continuous strictly monotone function

on [c,d]. Let U : [¢(c), p(d)] x [o(c), p(d)] — R™ be given. If one of the integrals

é(d) d
/’ DU(r.1), /‘DUwvxww>
¢(c) ¢

exists, then the other also exists and we have

#(d) d
DU@J%:/’DUwv»wwy
é(c) ¢

The next result can be found in [I5], Corollary 3.14], for the case Q = X X [to, +00),

where X is a Banach space. Here, we state the case when X = R".

Theorem 2.1.13. Let Q@ = R" X [tyg,+00) and F € F(§2, h), where the function h is
nondecreasing and left-continuous. Then for every (xq,so) € €, there exists a unique

mazximal solution of (2.1.1), defined in sy, +00), with x(sg) = xo.

2.2 Linear generalized ODEs

In this section, our goal is to present the basic concepts and properties of linear

generalized ODEs. For more details, see [31].

Definition 2.2.1. Assume that functions A : [0,7] — L(R") and z : [0,7] — R"
T

are given. We say that the Perron-Stieltjes integral / d[A(s)]z(s) exists if there is an
0
element J € R™ such that, for every € > 0, there is a gauge J on [0, T satisfying

n

> TA() — Aty (r) — T

=1

<é€




2.2. Linear generalized ODEs 13

T
for every o-fine tagged partition (7, [t;_1,;])}=, of [0,T]. We write J = / d[A(s)]z(s).
0

Remark 2.2.2. For the case a € [0,T], it is convenient to set [ d[A(s)]z(s) = 0 and,

[ d[A(s)]z(s) = — [ d[A(s)]a(s).

Definition 2.2.3. The function z : [0,7] — R" is called a solution of the generalized

linear ordinary differential equation
dx
— = D|A(t 2.2.1
= DlA()a] (22.1)
if it satisfies

ﬂh)zx@ﬂﬁi/2VK$h%$

t1

for every ti,ty € [0,T].

An operator A : [0,7] — L(R") is of bounded variation if it satisfies

var(A) = sup {Z |A;) — A(tj—1)||£(w>} < 00

[0,7]

where the supremum is taken over all partitions 0 =ty < t; < .... < t, =T of [0,7]. The
set of all the bounded variation operators is denoted by BV ([0, T], L(R™)). The following

results are taken from [32].

Proposition 2.2.4. Assume that A € BV([0,T], L(R™)). Let x : [0,7] — R" be a
requlated function. Then the integral fOT d[A(s)]|z(s) exists and satisfies

< war(A) sup ||xz(s)].
par(4) sup ()]

'yATﬂA@ﬂxw)

Proposition 2.2.5. Assume that A € BV([0,T],L(R™)). Let z; : [0,T7] — R"
be regulated functions, for every i = {1,2}. Then, for every ci;,co € R the integral

/o d[A(s)](c1z1(s) + cawa(s)) ewxists and

T T T
/ AA(S)|(ex1(5) + aals)) = &1 / ALA(3)]a(5) + / ALA(3))za(5).
0 0 0
The next result is taken from [32] and it ensures that the uniform convergence theorem

holds for Perron-Stieltjes integrals.

Theorem 2.2.6. Assume that A € BV([0,T],L(R™)). Let z,z, : [0,T] — R" be

requlated functions. Suppose that the sequence x,, converges on [0,T] uniformly to x, that
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18,
lim ||z, (s) — z(s)]| = 0

n—oo
T
uniformly on [0,T], then the integral / d[A(s)]z(s) exists and
0

T

/0 d[A(s)]z(s) = lim d[A(s)]|zn(s).

n—oo 0
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Chapter 3

Periodic solutions of nonautonomous
(zeneralized ODEs

In this chapter, our goal is to introduce the concept of periodic solutions for generalized
ODEs and to establish an existence result. The results presented in this chapter are
contained in [I4] and a more general existence theorem on (0, T)-periodic solutions for
generalized ODEs, inspired by [I4], is presented in [I0], where 7" > 0 and 6 € R.

3.1 Introduction

We now are interested in proving a result which ensures the existence of at least one

T-periodic solution of a generalized ODE of the type

dx
— = DF(x,t 3.1.1
= DF(r,1), (311)

where F': Br x [0,7] — R™ and B C R™ denotes the open ball with center in 0 and
radius R > 0. To do it, we will use the Leray-Schauder degree theory.

In this chapter, we assume:

(A1) F: Bg x [0,T] — R" satisifies Definition that is, F' € F(Bg x [0, T}, hg, wr),
for all R > 0.

Definition 3.1.1. Let 7" > 0 be fixed. We say that a function z : [0,7] — R" is a
T-periodic solution of the generalized ODE

dx
— = DF(x,t 3.1.2
L = DF(r,1) (312

if it is a solution of (3.1.2)) and, moreover, z(0) = x(T).
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Recall that G denotes the space of all regulated funtions z : [0, 7] — R"™ endowed with

the supremum norm || - || .

In what follows, let the operator
M:G— G

(A, z) — M(\ x),

be defined, for each s € [0, T], by

M(A,x>(s)=x(0)+/o DF(x(T),t)—i—/OSDF(x(T),t). (3.1.3)

By Lemma [2.1.5] it is clear that the operator M is well-defined.

The next theorem describes a one-to-one correspondence between T-periodic solutions

of (3.1.2)) and the fixed points of the operator M, given by (3.1.3)).

Theorem 3.1.2. Assume that (Al) are valid. A function x : [0,T] — R" is a T-periodic

solution of (3.1.2), if and only if, x is a fized point of operator M : G — G, given by
B1.3).

Proof. Suppose z is a T-periodic solution of (3.1.2)). Therefore x is regulated (by Lemma
2.1.6) and for every s € [0,T],

x(s) = z(0) + /08 DF(x(7),t).

In particular,

z(T) = z(0) +/0 DF(x(7),t).

Since x is a T-periodic solution of equation (3.1.2]), we have z(T") = x(0), and hence,
fOT DF(x(7),t) = 0. Thus, for every s € [0,T],

z(s) = z(0) + /0 DF(x(7),t) + /05 DF(x(1),t) (3.1.4)

which implies

M(x)(s) = x(s), s€][0,T].

Conversely, let € G such that

z(s) = z(0) + /0 DF(x(7),t) + /05 DF(x(7),t) (3.1.5)
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for every s € [0,7T]. Taking s = 0 in (3.1.5)), we obtain
T
/ DF(2(r),t) = 0. (3.1.6)
0

Taking s = T in ({3.1.5) and using ({3.1.6)), we have z(T") = z(0).
Inserting (3.1.6) in (3.1.5)), we obtain,

2(s) — 2(0) = / DF(a(r),1)
0
for every s € [0, T, which implies that x is a T-periodic solution of (3.1.2)). O

In order to use the Leray-Schauder degree, we need to prove that the operator M,
given by (3.1.3]), is compact on G, that is, M is continuous on G and M takes bounded set

of GG into relatively compact sets of G. The following propositions prove these statements.

Proposition 3.1.3. Assume that (Al) are satisfied. Then, the operator M : G — G
defined in (3.1.3)) is continuous.

Proof. Let x, y € G such that z(s), y(s) € Bg, for some R > 0 and for all s € [0,7].
Hence,

M y) = M z)]lo = sup [[M(Ay)(s) = M(A z)(s)]|

s€[0,T7]

[ 10Fe.0 — D).

< I(0) - 2(0)] + ]

" ooz { /OS[DF(?J(T)J) —DF(w(T)»t)]H } (3.1.7)
By Lemma 2.1.9
/OS DIF(y(r),t) — F(:r(r),t)}H < /Osz(Hy(t) — z(t)|)dhg(t). (3.1.8)

for every s € [0,T]. Then,
T
M y) = MK 2)llo < [y = 2lloo + 2wr(lly — 2lo0) /0 dhr(t)
and the proof is complete. O]

The next result ensures that the operator M : BV — BV defined in (3.1.3)) maps

bounded set of G into relatively compact sets of G.
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Proposition 3.1.4. Assume that (A1) are satisfied. Then, the set
A={M(\z), € M}
1s relatively compact in G for every M C G bounded set.

Proof. We have
M, 2)(0)]| =

)

x(O)—i—/O DF(x(1),t)

for every x € M.

By Lemma [2.1.5] we have

M 2)(s") — M 2)(3)] :‘ / " DF( (), )| < [hals) — has)],

for every s,s' € [0,T] and every x € M. The proof follows by Proposition [2.1.10} O

3.2 An existence result

Keeping the notations and terminology of the previous section, the next result ensures
that the generalized ODE (3.1.1)) has at least one T-periodic solution x € A C G open
and bounded.

Theorem 3.2.1. Assume that (Al) are valid. Suppose there exists an open and bounded

subset A C G such that the following statements are valid:

(i) For every X\ € (0,1], the equation

d
d—x = ADF(z,t) (3.2.1)

T

does not admit a T-periodic solution x on G such that x € OA.
(ii) The equation
Y(a) := F(a,T) — F(a,0) =0

does not admit a solution a € OA NR™ (where R™ is viewed as the set of constant

functions in G).
(iii) deg(v, ANR"™0) # 0.

Then the generalized ODE (3.1.1) has at least one T-periodic solution x € A.
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Proof. Let us define the operator H : A x [0,1] — G by

H(z, A)(s) = x(0) + /0 DF(x(7),t) + A /0S DF(x(7),t) (3.2.2)

for every A € [0,1] and s € [0,7]. Take first A = 1. By Theorem [3.1.2 the fixed
points of the operator H are the T-periodic solutions of (3.1.1). Thus, by hypothesis (i),
H(x,1) # x for every x € JA.

For A € (0,1), if z is a fixed point of the operator H, then
T s
z(s) = x(0) —i—/ DF(z(7),t) + )\/ DF(x(1),t) (3.2.3)
0 0
Taking s = 0 in (3.2.3)), we obtain

/ ' DF(x(r),t) = 0 (3.2.4)

and taking s = 7 in (3.2.3) and using (3.2.4)), we obtain x(7") = x(0).
On the other hand, by (3.2.4]), we have

x(T) = z(0) + )\/0 DF(z(7),t).

Therefore x is a T-periodic solution of (3.2.1). Hence, for every A € (0, 1), the fixed points
of H(-,\) are T-periodic solutions of (3.2.1). Thus, by hypothesis (i), H(z,\) # z for
A€ (0,1), and x € DA.

Now, consider the case A = 0. If z is a fixed point of H, then
T
o(s) = 2(0)+ [ DF(a(r).t) s € 0.1, (325)
0

which implies that x is constant, that is, z(s) = a in [0, T]. Thus, from (3.2.5]), we obtain

T
/ DF(a,t) =0,
0

which, by (2.1.5)) is equivalent to F'(a,T) — F(a,0) = 0.
By hypothesis (ii), it is clear that H(z,0) # z for every x € OA.

Then, combining all the cases above, we conclude that

H(u, \) # u, for every pair (u,\) € 9A x [0, 1]



20 3. Periodic solutions of nonautonomous Generalized ODEs

and hence, we have

0 & I—H(-\)(OA), A€ [0,1].

By Propositions (3.1.3| and [3.1.4], it is easy to conclude that the operator H is a homo-
topy of compact transformations on A. Therefore, by Theorem we conclude

degrs[I —H(-,1),A,0] = degrs[I — H(-,0),A,0].

Then, clearly, H(z,{0}) C R", for every x € 90A and using Definition and
Corollary [I.1.4] we have

degrs[I — H(-,0),A,0] = deg((I —H(-,0)|gn, ANR",0)
= deg[—v¥, ANR", 0]
= (—1)"deg[yy, ANR",0] # 0. (3.2.6)

The fact that the last degree in equation ((3.2.6) is different of zero follows from hypothesis
(iii). Thus, drs[I — H(-,1),A] # 0. By (ii) of Definition [1.2.3] there exists € A such
that H(z,1) = = and, hence, x € A is a fixed point of H(-,1) and, consequently, by

Theorem [3.1.2 x is a T-periodic solution of (3.1.1]). O

3.3 Applications to Impulsive Differential Equations

In this section, our goal is to apply the results from the previous sections to impulsive
differential equations (we write IDEs for short). In order to do this, use the correspondence
between the solutions of IDEs and the solutions of generalized ODEs. Such correspon-

dences can be found in [31], Chapter 5.

Consider the following impulsive differential equation

2(t) = f(z(t),t), t#t, Ax(t) :=L(x(t)), i=1,...,m (3.3.1)
where 0 < t; < ... < t,, < T are pre-assigned moments of impulse and the functions
I; : B — R™ are continuous, for i = 1,...,m and

Ax(t;) == x(ti+) — z(t;—) = z(t;i+) — x(t;)

that is, we assume that x is left continuous at ¢t = ¢; and the lateral limit x(¢;4) exists,

fori=1,...,m.
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The impulsive system (3.3.1)) is equivalent to the integral equation
t
z(t) = z(0) +/ fla(s),s)ds+ Y Li(x(t), tel0,T] (3.3.2)
0 0<t; <t

where the integral exists in the Lebesgue sense.

For d € [0,T"), we define the left continuous Heaviside funtion as follows:

0, t<d
Hd(t):{ 1, t>d

Then,
> Lx(t) =Y Lx(t) Hy (1), t€[0,T]. (3.3.3)

0<t; <t i=1

Therefore, equation (3.3.2)) is equivalent to
t m
2(t) = 2(0) +/ F(o(s),9)ds + 3 L(a(t) Ha (1), te [0,7].
0 i=1

Now, we denote by L!([0,T],R") the space of all Lebesgue integral functions x :
[0,7] — R™ with finite integral. Let f : Bg x [0,7] — R"™ be a function such that the

following conditions are satisfied:
(A2) for any z € Bg, f(z,-) € L'([0,T],R™)

(A3) there exists M; € L*([0,T],R) such that

/:2 f(z,s)ds

for all t;,t, € [0,7] and all z € Bg.

to
< / M (s)ds
t

1

(A4) there exists Ny € L'([0,T],R) such that

for all ¢1,¢, € [0, 7] and all z,y € Bp.

/ Uzs) — Fws)ds| < 12—y / " Ny(s) ds

t1

In what follows, we also assume the following hypotheses:
(A5) There exists Ky > 0 such that ||;(z)|| < K; forall z € Bgandi=1,...,m.

(A6) There exists Ky > 0 such that ||[;(z) — Li(y)|| < Ks||z — yl| for all z,y € Bg and

1=1,...,m.
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For each pair (z,t) in Bg x [0,T], we define
t m
F(zt) = / Flers)ds+ S L) Hy (1), (3.3.4)
0 i=1
Then, defining h : [0,7] — R by
t m
ht) = / (M (s) + Ny(s)] ds + maxc{ Ky, Ko} SO H (), t€[0,7).  (3.3.5)
0 i=1
Note that h is a nondecreasing and left continuous function. As the calculations in

[31,, Chapter 5], one can conclude that:

(a) h is nondecreasing and left continuous

(b) F € F(Br x [0,T),h
() /0 / (), s)ds+ S La(t)), te[0,T].

Under all conditions above, z : [0,7] — R™ is a solution of the impulsive differential
equation (3.3.1) if and only if it is a solution of the generalized ODE (3.1.1)), where F' is
given by (3.3.4) (for more details, see Theorem 5.20 in [31]).

The next result states that Theorem of the previous section is satisfied for IDEs.

Theorem 3.3.1. Suppose that (A2) — (A6) are satisfied. Assume there exists an open
bounded set A C G such that the following conditions hold:

1. For any X € (0,1], the impulsive equation
o'(t) = Mf(z(t),t), t #t;, Ax(t;) = Ni(z(t;) (i=1,...,m) (3.3.6)

has no T-periodic solution x € G N OA.

2. The equation

/ fla,s)ds + Z =0 (3.3.7)

has no solution on OA NR™.

3. deglp, ANR™, 0] is different from zero.

Then the IDE (3.3.1)) has at least one T-periodic solution in A.
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Chapter 4

Bifurcation theory for Generalized
ODEs

In this chapter we will introduce the concept of a bifurcation point with respect to an

arbitrary solution of the generalized ODE

dx
o= DF(\ z,t) (4.0.1)

where F': Ag x B x [0,T] — R", and Ay C R, B C R" are open sets. We will prove an

existence result. We borrow some ideas from [I4]. All the results present in this chapter

are new and are contained in [11].

4.1 Existence of a bifurcation point

Throughout this chapter B C R™ and Ay C R are open sets. Recall that G denotes the

space of all regulated funtions x : [0,7] — R" endowed with the supremum norm || - || .

Consider the following assumptions:

(B1) For each A € Ay, the function F(J,-, ) satisfies Definition that is, F'(A,-,-) €
F(B x [0,T],h,w), for each A € A,.

(B2) zo € G is a solution to (4.0.1]), for each A € A,.

In order to define the concept of a bifurcation point with respect to the solution z
of generalized ODE (4.0.1)), we need to reformulate equation (4.0.1). To do that, let us

assume the following condition:

(B3) There is n > 0 such that if € G and ||z — zo||c < 7, then z(¢) € B for all t € [0, T].
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In what follows, we denote by B(zg,n) C G the open ball centered in xy with radius
n > 0. Now, under the assumptions (B1) — (B3), we can define the operator

®: Ay x B(xg,n) — G
such that, for each s € [0, 77,

O\, x)(s) = x(0) +/08 DF(\ x(7),t) forall X\ € Ay, x € B(xg,7). (4.1.1)

By virtue of Lemmas [2.1.5|and [2.1.6} it is easy to see that for any A € Ay, ®(A,-) maps

B(zo,n) into G and equation (4.0.1)) is equivalent to finding a fixed point of ®(A,-), for a
given \ € Ay.

Now, we are able to introduce the definition of a bifurcation point with respect to the
solution xq of equation ®(\, z) = x, where ® is given by (4.1.1)).

Definition 4.1.1. The couple (Ao, zg) € Ag X B(zg,7n) is said to be a bifurcation point
of the equation ®(\, z) = z, if every neighborhood of (g, zo) in Ag X B(zg,n) contains a
solution (A, z) of the equation ®(\, x) = x such that x # x.

Our intent is to find conditions ensuring the existence of a bifurcation point with
respect to zg € G of the equation ®(\, ) = x, where ® is given by (4.1.1). In order to
do this, we will use the Leray-Schauder degree theory presented in Chapter 1.

At first, we will prove that ® : Ay x B(xg,n) — G given by (4.1.1) is compact in
Ao X B(zo,n), meaning that ® : Ag X B(zp,n7) — G is continuous with respect to the
pair (A, z) and ® : Ay x B(zg,n) — G takes bounded sets of Ay x B(zg,n) into relatively

compact sets of G.

In what follows, we need the continuity with respect to the pair (A, z) of the operator
® : Ao x B(xg,n) — G, given by (4.1.1). Conditions ensuring this are provided by the

next proposition.

Proposition 4.1.2. Assume that (B1) — (B3) are satisfied. Let ® be given by (4.1.1)).

Moreover, assume that

(B4) There is a function g : [0,T] — R nondecreasing and left continuous and such that
for any € > 0 there is a 0 > 0 such that

|F (A1, w,t)—F(Ag,v,t)—F (A, w, s)+F(Aa,v,8)|| <elg(t)—g(s)|

for allw,v € B, t,s € [0,T] and A1, Ay € Ao fulfilling |\; — Xa| + ||w —v]|| < 9.

Then the operator ® is continuous on Ao x B(xg,7n).
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Proof. Let € > 0 be given and let § € (0,e) be such that assertion (B4) is true. Then,
using assumption (B4) and Lemma we get

[9000) 20l < 10) v + [ <y
<e[l+g(T) —g(0)]
for x,y € B(zg,n) and Ay, Ay € Ag such that
A1 = Aa| + (|7 — ylleo <6,
wherefrom our statement follows. O

In the next lines, we will prove that the operator ® : Ay X B(xg,n) — G is compact
in Ag X B(zg,7n).

Proposition 4.1.3. Assume that (B1l) — (B4) are satisfied and let the operator ® be
given by - Then ®(A,-) : B(xo,n) — G is compact for each X € Ny. Moreover
O : Ay x B(xo,n) = G is compact, as well.

Proof. Using Lemma and taking into account that the function h in assumption
(B1) does not depend on A € Ay, we get that the estimate

/ DF(A (). 1)

is true for every s,s' €[0,T], z € B(xg,n) and every A € Ag. By Proposition [2.1.10] this
means that the set {®(\, z); A € Ag,x € M} is relatively compact for every subset M of
B(zg,n) in G. Using this fact and Proposition the proof is complete. O

(N, 2)(s") — ®(\, 2)(s < |h(s") — h(s)| (4.1.2)

The next result follows the ideas of Theorem 26.5 from [2]. Here it is presented in the
framework of generalized ODEs. However, while in [2] the author employs the Brower
degree theory, here we employ the corresponding theory for infinite dimensional spaces
which is the Leray-Schauder degree theory. In this manner, we obtain the desired results

for generalized ODE whose solutions lie in the space of regulated functions G.

Theorem 4.1.4. Assume that (B1)—(B4) are satisfied. Furthermore, let there be \g € Ag
and v > 0 such that [Ao — v, Ao + 7] C Ag and the following statements are true

(B5) For every A € (Ao — 7, Ao +7] \ {0} there are neighborhoods Jy C Ay of X in R and
Uy C B(xg,n) of xo in G such that, if X € Jy, then xq is the only solution of (4.0.1))
m U>\.
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Finally, let the operator ® is given by (4.1.1) and let
Zo(] - CI)(/\O -7, '), IL’O) 7é Zo(I - (I)()\O + Y, ')7 l’o). (413)
Then (Ao, xo) is a bifurcation point of equation (4.0.1)).

Proof. Suppose that (Ao, zo) is not a bifurcation point of (4.0.1)). Then, obviously, (Ao, o)
is not a bifurcation point of the equation ®(\,z) = x, as well. Thus, combining this fact
together with hypothesis (B5), we deduce that for each A € J = [A\g — 7, g + 1] there are
a neighborhood J, C Ag of A and a neighborhood Uy C B(zg,n) of xy in G such that

O\, x) #x forevery (N z) € Jy x (Ux\ {x0}). (4.1.4)

Since J is compact, we can find a finite number of points \; in J such that U I, = J.

7

Set .
U=()Uy.
j=1

Then ®(\, x) #  for all (\,x) € J x (U \ {x0}), which implies that z, is an isolated fixed
point of ®(),-) for each A € J and, in particular,

®(\, ) #x for every pair (A, z) € J x 9U,

By Proposition [£.1.3] ® is compact with respect to (A\,z) in Ag x B(zo,n). Conse-
quently, by the homotopy property of the Leray-Schauder degree (see (iii) in Definition
1.2.3) and Definition [1.2.6] we have

ZO(I - (I)()‘O -7, ')7x0) = degLS<I - (I)()‘O -7, ')7 U) = degLS<I - (I)(/\U + 7, ')7 U)
= Zo(] — (I)()\(] + v, '), l’g),

which contradicts assumption (4.1.3]) and this completes the proof. [J ]

4.2 Applications to Measure Differential Equations

In this section, our goal is to apply the results from the previous sections to measure
differential equations (we write MDEs for short). In order to do this, we will use the
correspondence between the solutions of a measure differential equations and the solutions

of a generalized ODE. Such result can be found in [31].

Keeping the notations from previous section, consider functions f : B x [0,7] — R”
and u : [0,7] — R. It is known from the literature ([31I], Chapter 5) that under some
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assumptions, the MDE
Dz = f(x,t)Du

where Dz and Du are distributional derivatives of the functions z and w in the sense of

distributions of L. Schwartz, is equivalent to the integral form

+/Otf(x,s)du(s), t€0,7]

and it can be regarded as a generalized ODE whose right-hand side is given by

F(x,t):/o f(z, 8)du(s)

We are interested in applying our main results from the previous sections to MDEs

whose integral form is

+ /t FOva,s)du(s), ¢ € [0,T] (42.1)

where u : [0,7] — R is a nondecreasing and left continuous function and instead of
considering the function f defined on B x [0,T], we consider f defined on Ay x B x [0, T].

Let f: Ag x B x [0,T7] — R™ be a function such that the following conditions are
satisfied:

T
(B6) for every z € B and A € Ay, the integral / f(A, 2, s)du(s) exists.

(B7) There exists a function M; : [0, 7] — R such that / M, (s)ds < oo and, moreover,
/ f(A, 2, 8)du(s / M (s) du(s

for all A € Ay, t1,t2 € [0, 7] and all z € B.
T
(B8) There exists a function Ly : [0,7] — R such that / Ly(s)ds < oo and, moreover,
0

/%UQJﬁY—ﬂNwﬁﬂw@)

t1

to
<le=ull [ L) duts)
t1
for all A € Ay, t1,t, € [0,T] and all z,w € B.

For each (A, z,t) € Ag x B x [0,T], we define

F()\,z,t):/o f(A, z, s)du(s). (4.2.2)
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It is easy to check that F' : Ag x B x [0,T] — R" satisfies Definition Indeed,

consider the function

/Ml du(s /Ll( Jdu(s), € [0,T].

Then, for each A € Ay, we obtain F(\,-,-) € F(B x [0,T],h). Moreover, according to
Proposition 5.12 in [31], we have

/DF)\x /f)\x s)du(s), forallte[0,T] and z € G.

Under the assumptions above, we also assume that
(B9) xo € G is a solution of equation (4.2.1)), for each A € Ay.

Let us assume hypothesis (B3). Now, we are able to define the operator

o\, ) / FA x( du(s) (4.2.3)

for every A\ € Ao, x € B(xg,n) and t € [0,T].

The next result ensures, under some conditions, the existence of a bifurcation point
of equation (4.2.1). This is equivalent to finding the existence of a bifurcation point of

®(A, x) = x, where the operator ¢ is given by (|4.2.3).

Theorem 4.2.1. Assume that (B3), (B6) — (B9) are satisfied and ¢ is given by (4.2.3).
Furthermore, let there be \g € Ao and v > 0 such that [A\g — 7, Ao + 7] C Ao and the

following statements hold

(i) For every A € [Ao —, Ao+ 7]\ {No} there are neighborhoods Jy C Ay of A in R and
Uy C B(zo,1n) of zg in G such that, if X € Jy, then xq is the only solution of (4.2.1))
m U)\.

(ii) For every e > 0 there is a 6 > 0 such that

for allw,v € B, t,s € [0,T] and A1, Ay € Ao fulfilling |\; — Xa| + ||w —v|| < 9.

< elu(t) = u(s)]

/ FOww, ) — FOvay v, 7)) du(r)

Finally, let
io(L — d(Ao —7,+),0) #io(I — d(Xo +1,-),0).

Then (Mo, 0) is a bifurcation point of equation (4.2.1)).



4.2. Applications to Measure Differential Equations 29

Proof. 1t is sufficient to prove that assumption (B4) of Proposition is satisfied, for
F given by (4.2.2)). By (ii), given £ > 0, there is § € (0, &) such that

||F()\1,U},t)—F<)\2,U,t)—F(>\17w,S)‘i‘F(}\Q,U,S)H =

= | [ 0w = 0t

wherever |A\; —Aa|+||lw—wv]|| < . Then, applying Theorem 4.1.4} the proof is complete. [

< elu(t) = u(s)]
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Chapter 5

Differentiability for Generalized ODEs

The results present in this chapter are new and are contained in [IT].

5.1 Necessary conditions

As in the previous chapters, G denotes the set of all regulated functions from [0, 7] to
R™. Recall also that as in Chapter 4, B(xg,n) C G denotes the open ball with center in

xo and radius n > 0 and Ay C R is an open set. Now, the set B C R" is open and convex.

Throughout this chapter, we assume that assumptions (B1) — (B3) from Chapter 4
are satisfied. We are interested in the derivative with respect to the second variable of

the operator

O(A, x)(s) = x(0) + /OS DF(\ z(1),t) (5.1.1)

for all A € Ay, © € B(zg,7n), s €[0,T] and F': Ay x B x [0,T] — R™.

For convenience, we will assume that the following conditions are satisifed:

(C1) For every fixed pair (A, t) € Ag x [0,T1], the function y — F(\,y,t) is differentiable
on B.

(C2) There is a nondecreasing left continuous function & : [0,7] — R such that
IEL A\ y,t) — FL(A g, 8)|| < [A(t) — h(s)| forall t,s€[0,T] and X € Ay

where F, (), y,t) denotes the derivative of I with respect to its second variable.

(C3) There is a continuous increasing function @ : [0, +00) — R such that w(0) = 0 and
IES Ay 8) = By 1) = By (0w, ) + By (0w, D] < S(ly = wl) [a() = h(s)|

for all y,w € B, t,s € [0,T] and X € Aq.
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Proposition 5.1.1. Assume that the conditions (B1) — (B3), (C1) — (C3) are satisfied.
Then, for each Ao € Ao and each x € B(xg,n) the derivative @/ (N, x) of P(Ng,-) at x is
given by

(¥, 00,2)2) (1) =2(0) + [ DIF! (Ao 2(7), £) 2(7)]
0 (5.1.2)

forze G and r€[0,T].

Proof. Let x € B(xg,n) and \g € Ay be given and let
(T (Xo, ) 2) (r) =2(0) +/ D[F.(Xo,x(7),t) 2(7)] for 2 € G and r € [0,T].
0

Obviously, the operator W(Ag, ) : G — G is linear and bounded. In fact, for every z € G,

1

we have

WA, 2) 2l = sup [[W(A, z)z(r)[ = sup

re[0,T] rel0,T]

< [lz(O)[I + sup / |2l dh(r) < [+ (W(T) = BO0)] |2]|oc,

rel0,T7]

o /DF’/\x ).) 2(7)]

where the last inequality follows from Lemma and (C2).
It remains to show that the relation

lim H@()\(), x 4+ Z) — (I)(A(),‘T) — \II()\(), x) Z”oo

=0
Iz —0 |12l 0o

is true, as well. Thus, let z € B(zo,n) be given. Notice that for every r € [0, 7] we have

(o, + 2)(r) = D(ho,2) (1) — (P (Ao, 2) 2)(r)

12l oo
_ m /0 DIF (Ao, 2(7) + 2(r), £) — Fho, (), £) — F. (Ao, (), 1) (7)),
(Ao, 242)(r) =@ (Ao, 2) (r)— (¥ (Xo, ) 2)(r)
12l o0
= /T DU (r,t
where
U(r,1) :F(/\Ov x(1)+2(7),t) —F(Xo, (7)), t) —F.( Ao, x(7), t) 2(T)

12l

for 7,¢t € [0,T]. Furthermore, using the fact that B is convex, we can apply the Mean
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Value Theorem for vector-valued functions (see e.g. [2I], Lemma 8.11) to rearrange the

difference

_ /0F;(Ao,e(x(7)+z<r>>+(1—e)m),t)de

- /1 Fl (X, 0 (z(7) + 2(7)) + (L = 0) x(7), s) db (5.1.3)

- [ EGasm - [ oot >d9) T
for t,s,7€[0,T].

\

Using assumption (C3) we obtain

[ [[F2 (N0, 0 (2(7)+2(7))+(1-0) 2(7), 1)
—F3 (X0, 0 (x(7)+2(7))+(1-0) z(7), 5)
+ Fl (Ao, z(7), 5) || (5.1.4)
)|
[0, 7).

/\0 )

—F; (Ao, 2(7), 1)

< w(llzlloo) () = R(s
S

| for 6€[0,1] and t,s,7

and, inserting ((5.1.4)) into ( , we conclude that the inequality
[U(7,8) = U(7, )| < w(l[z]loo )IA(E) = R(s)]

is true for all ¢, s,7 € [0,¢]. Now, we can use Lemma to deduce the inequality

s [ [ pueo] < [ wllsl
= w(||2]|o0) [R(T) = R(0)],

wherefrom, letting ||z]| — 0, our statement follows immediately. O

5.2 Applications to Bifurcation Theory

In order to prove the main result of this section, we will need the continuity of the

operator ¢’ : Ag x B(zg,n) — L(G) with respect to the couple (A, x), where @/, is given
by (5.1.2).

Proposition 5.2.1. Assume that the conditions (B1) — (B3), (C1) — (C3) are satisfied.

Moreover, assume:
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(C4) there exists a nondecreasing, left-continuous function g : [0,T] — R such that for

any € > 0 we can find o > 0 such that
[ (A, w, ) = F (A, v, 1) = Fr (A1, w, 8)+F7 (A2, v, ) || < e |g(t) — g(s)]
forall w,v € B, t,s €[0,T] and A, s € Ag (5.2.1)
fulfilling |A\1 — Xa| + [|Jw — || < 4.
Then the mapping P, : Aoy x B(xo,n) — L(G) is continuous.

Proof. Let € > 0 be given, there is 6 € (0,¢) such that (5.2.1]) is true. Then, using (5.2.1])
and Lemma [2.1.7] we get

T
19400, ) — &0 ) i < / =di(s) < £ [§(T) - (0)
0
for z,y € B(zo,n) and Ay, Ay € Ag such that
A= Aol 4l — gl <6

wherefrom our statement follows. ]

The next theorem is the main result of this section. Its proof follows the ideas similar

to those from the proof of Proposition 26.3 em [2].

Theorem 5.2.2. Suppose that (B1) — (B4) and (C1) — (C4) are satisfied and let Ay € Ag
and xo € B(xg,n) be given. Let the operator ® be defined by (5.1.1)) and let I — D’ (\g, zo)
be an isomorphism of G onto G. Then (Ao, zg) is not a bifurcation point of the equation
(N, z)=u.

Proof. Suppose that I —®/ (Ao, zo) is an isomorphism of G onto G, First, notice that, due
to (B2), we have
O(\,xg) =29 forall e A, (%)

Furthermore, by propositions [4.1.2] and [5.2.1} we have ® € C'(Ay x B(xg,7)). Hence by
the Implicit Function Theorem (see [9], Theorem 4.2.1) there exist neighborhoods V C A,

of Mg, W C B(xg,n) of zy and a unique regulated function z € W such that
z—®(A\,z) =0 forevery A € V.

On the other hand, due to (*), we have ®(\, zg) = x¢ for every A € V. Therefore, z = x,

is the unique solution of equation

z=®(\z) for ANe V.



5.3. A Fredholm Alternative 35

This means that (Ao, zg) can not be a bifurcation point of the equation ®(\,z)=xz. O

5.3 A Fredholm Alternative

The next result is inspired in [31, Proposition 6.3]. However, in the present section,
our approach is through linear generalized ODEs involving the derivative with respect to
the second variable of the operator ®, given by (/5.1.2)).

Theorem 5.3.1. Suppose that (B1), (B3), (C1)—(C3) are satisfied and x € B(xo,n) C G.
Then,

(i) either the equation
z(r) — z(0) — /07" D[F. (Ao, z(7),t)2(T)] = p(r), r€]0,T] (5.3.1)

has a unique solution in G, for every p € G.

(11) or the equation
z(r) — z(0) — / D[E! (Mo, x(7),t)2(T)] =0, r€][0,T] (5.3.2)
0
has at least one nontrivial solution in G.

Proof. Given \g € Ay and x € B(x¢,n). Let us recall equation ([5.1.2))

(@7 (ho, 7) 2) (r) = 2(0) +/0TD[F4(/\0, (1), 1) 2(7)]

for every z € G and r € [0,7] .

We assert that &’ (A, x) is compact on G. In the proof of Theorem we obtain
O’ (N, ) € L(G). It remains to show that @/, (Ao, z) takes bounded sets of G into relatively
compact sets of G.

Let M C G be bounded. If z € M, then there is ¢ > 0 such that ||z« < ¢. By (C2)
and Lemma [2.1.7] we obtain

S/ I=(r)ll dh(r) < ¢[h(r') = h(r)

195, (Ao, 2) (2) (') = @ (Ao, ) (2) (r) ]| =

/r D[F, (Ao, x(7),t) 2(T)]
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for every r,7’ € [0,T] and z € M. By Proposition 2.1.10] we have {®’ (Ao, z)(2), 2z € M}

is relatively compact, for every bounded M C G. This completes our statement.

Using the Fredholm Alternative for Banach spaces (see [33], Theorem 4.12), we have
either R(I — @’ (Ao, z)) = G and K(I — P/, (Mg, z)) = {0} or R(I — &/ (N, x)) # G and
K(I — @ (Ao, z)) # {0}. These facts imply our assertion and the proof is complete. [

Remark 5.3.2. If (i) occurs in Theorem [5.3.1], it means that the generalized linear dif-

ferential equation
z(r) = z(0) + /07" D[F](Xo,x(7),t) 2(7)] for r€[0,T] (5.3.3)

has only the trivial solution on G. Therefore, (Ag, 0) is not a bifurcation point of equation
(15.3.3)).

5.4 Applications to Measure Differential Equations

Keeping the notations from previous section, consider functions f : B x [0,T] — R"
and u : [0,7] — R. It is known from the literature ([31], Chapter 5) that under some
assumptions, the MDE

Dz = f(x,t)Du

where Dz and Du are distributional derivatives of the functions z and w in the sense of

distributions of L. Schwartz, is equivalent to the integral form

z(t) = x(0) —l—/o f(z,s)du(s), tel0,T]

and it can be regarded as a generalized ODE whose right-hand side is given by
t
Flot) = / F(@, s)duls).
0

In what follows, we want to prove that Theorem and Theorem of the

previous section holds for MDEs with integral form

z(t) = z(0) +/O f\ z,s)du(s), tel0,T]. (5.4.1)

where f: Ay x B x [0,7] - R™ and u : [0,7] — R is a nondecreasing and left continuous

function.

We need to assume that:

(C5) For each fixed pair (A, t) € Ag x [0,7T], the function y — f(A,y,t) is differentiable
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on B.

(C6) The derivative of f: Ag x B x [0,7] — R™ with respect to y € B, denoted by f,, is

continuous on B.

In the sequel, we calculate the derivative of F with respect to its second variable,

where F'is given by

F(\y,t) /fky, )du(s).

for every (A, y,t) € Ay x B x [0, 7.

Therefore, we obtain
s\, t) /fy (A, y, 8)du(s), (5.4.2)

where f,(\,y,s) =
second variable.

In what follows, we need to ensure that Fy, given by (5.4.2), satisfies Definition m

In order to obtain that, we will assume that the following conditions are satisfied:

(A, y,s) denotes the derivative of function f with respect to its

ay

—_— T —_—
(C7) There is a function M; : [0,7] — R such that / M (s)du(s) < oo and
0

/ fy )‘ y Y, S du / M1 du

holds, for all t1,t, € [0,T], y € B and X € A,.

T
(C8) There is a function L, : [0,7] — R such that / Ly(s)du(s) < oo and
0

holds, for all t1,t; € [0,T], y,w € B and X\ € Ay.

| 1009 = fiw.s)) duts)

t1

< lly - w] / “Ta(s) du(s)

Analogously, we consider

/M1 Vdu(s /Ll( )du(s), te0,T].

Therefore, Fy (], -,-) € F(B x [0,T], hy), for each A € Ag. Moreover, by Lemma 5.1 (item
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2) in [36], we have

/DF’)\x /mx )2(r)du(r),

for all A € Ag, t € [0, 7] and z, 2z € G.
The next result characterizes the derivative of the operator ¢, given by (4.2.3)), with

respect to its second variable.

Proposition 5.4.1. Suppose that conditions (B3), (B6)—(B8), (C5)—(C8) are satisfied.
Then, for each X\g € Ny and for each x € B(xy,n), the derivative ¢, (Xo, z) of ¢(A,-) at

s given by

oL (Mo, ) / fe(Xo, (1), 7)2(T)du(T), for all z € G.

Theorem 5.4.2. Suppose that conditions (B3), (B6) — (B8), (C5) — (C8) are satisfied.
Let © € B(xo,n). Then, either

(i) the equation

—/0 fe(Qo, z(7), 7)z(T)du(T) = p(t), te€[0,T]

has a unique solution in G, for every p € G.

or

(ii) the equation

- [ 10 am)Dx(dutr) = 0.t e 0.7)

has at least one nontrivial solution in G.

Remark 5.4.3. Owing to the fact that measure differential equations encompass differ-
ential equation with impulses (see [16, Theorem 3.1]) and also dynamic equations on time

scales (see [17, Theorem 4.3]), our results apply to these types of equations as well.
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Chapter 6

Periodic solutions of linear generalized
ODEs

In this chapter, we present a result that ensures the existence of a periodic solution
of linear generalized ODEs. It is well-known from the literature that there exists a cor-
respondence between MDE and generalized ODEs (for more details, see [31]). Then we

can apply our results to MDEs. These results are contained in [I3].

6.1 An existence theorem

Throughout this section, let us consider R” equiped with the usual norm || - || . Recall

that G is the space of regulated functions from [0, 7] to R™, with the supremum norm.

Denote by L£(R™) the space of linear bounded operators S : R — R", endowed with
the norm
HSHE(R") = sup [|Sz.
llzll<1
In this chapter, we want to prove a result that ensures the existence of a T-periodic

solution of a linear generalized ODE given by

dz
— = DI[A(t 6.1.1
% DlA()a] (6.1.)
where A € BV([0,7], L(R")) and z : [0,7] — R" is regulated. Notice that Equation
(6.1.1)) is equivalent to the integral form

£(ts) = 2(t) + / " DIA(s))x(s)

1

for every ti,ts € [0, 7).
Definition 6.1.1. Let 7" > 0 be fixed. A function z : [0,00) — R" is said to be a
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T-periodic solution of (6.1.1)), if x is a solution of (6.1.1) and, moreover,

x(t)=xz(t+T), foralltel0,+00).

In the next lines, assume that there is a constant d > 0 fulfilling the following condi-

tions:
(D1) For every ¢ € G satistying ||¢(0)|| > d, we have
[A(T) = A(0)](0) # 0.
(D2) If z € R™ such that A(t + T)z = A(t)z, for all t € [0,400), then ||z|| < d.

Lemma 6.1.2. Assume that (D2) is valid. The existence of a T-periodic solution x :
[0,+00) — R™ of (6.1.1)) is equivalent to the existence of a solution of the boundary value

problem

dz
o~ PlA® (6.1.2)
2(0) = =(T)
Proof. Assume that z : [0, +00) — R™ is a T-periodic solutions of (6.1.1)). Then
to
z(ty) — x(t) = / d[A(s)](z(s), ta, 11 € [0, 400) (6.1.3)
t1
and
z(t+T) = z(t), t €10, +00). (6.1.4)
Define the function z : [0, 7] — R" given by
z(t) =zt +1T), t€[0,7]. (6.1.5)

We assert that z is a solution of the boundary value problem (6.1.2)). Indeed, given
to,t; € [0, T], we have

to+T

2(te) —z(t1) =x(te+T) —2(ti +7T) = / d[A(s)]x(s).

t1+T

#(t2) ta t2 ta
= A(s)|x(s) = A(s x(s = A(s)]z(s = A(s))z(s
[ Ak = [+ Dl 1) = [ i@ 1) = [ dAe))

(t1) t1 t1 th

where the last inequality follows from Lemma [2.1.12} taking ¢(£) := £ + T and by (D2).
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Also, by (6.1.4)) and (6.1.5]), we have

2(T)=a(T+T)=2x(T) = 2(0).

Thus, z is a solution of the boundary value problem (|6.1.2)).

On the other hand, assume that there exists a solution w : [0, 7] — R™ of the boundary

value problem (/6.1.2]). Then, u is a solution of (6.1.1)) and u(T") = u(0).
By Theorem [2.1.13] there exists a unique (maximal) solution y : [0, +00) — R" of
(6.1.1) with x(0) = w(T). Then, by the uniqueness y|jo7] = u, that is, y is a extension of

u.
We assert that y(t + T') = y(t), for all ¢ € [0, +00).

Indeed, using the same arguments as above, we can prove that the function ¢(t) :=

y(t +T) is a solution of (6.1.1)) with z(0) = u(T") = u(0).
Now, since ¢(t) and y(t) are solutions of (6.1.1)) with 2(0) = u(7") = u(0), the unique-

ness of a solution yields

o(t) = y(t), that is, y(t + T) = y(t)

for all t € [0, +00) and this completes the proof. n

In what follows, due to Lemma [6.1.2] it is possible to change our problem to find a
solution of the boundary value problem (6.1.2). Now, let us introduce the operators:

L:G—G
x+— L(x)
given by
L(z)(t) = z(t) — x(0), for every t € [0,T]. (6.1.6)
Consider also the operator
N:G—G
x+— N(x)

given by

N(x)(t) :/0 DI[A(s)]x(s) +/0 DI[A(s)]z(s), for every t € [0,T]. (6.1.7)
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We want to prove that there exists at least one solution x € G of the linear equation
L(x) = N(x) (6.1.8)

that is,
z(t) = x(0) +/0 D[A(s)]z(s) +/0 D[A(s)]z(s) (6.1.9)

for every ¢t € [0,7]. In order to do this, let us recall some results. The next result can be
found in [13].

Proposition 6.1.3. Suppose x is a solution of equation (6.1.8). Then x is a solution of
the boundary value problem (6.1.2)).

Proof. Let x : [0,7] — R™ be a solution of (6.1.8). Then

z(t) = z(0) +/0 d[A(s)]z(s) +/0 d[A(s)]x(s) (6.1.10)

for every t € [0,7]. Taking t = 0 in (6.1.10]), we have

/0 d[A(s)]z(s) = 0. (6.1.11)

Inserting (6.1.11)) in (6.1.10]), we obtain

z(t) = x(0) + /Otd[A(s)]x(s), for all t € [0, 7. (6.1.12)

Taking ¢ = T in (6.1.10) and using (6.1.11)), we conclude that z(7T") = z(0).

Therefore x is a solution of the boundary value problem (|6.1.2)). O

In what follows, we need to define the range and the kernel of the operator L, given

by (6.1.6)). The kernel of the operator L is given by
N(L) = {x € G; x(s) = x(0), for every t € [O,T]} (6.1.13)
and the range of the operator L is given by

R(L) = {y € G; y(s) = xz(s) — z(0), for every t € [O,T]}. (6.1.14)

We define the set A ={ y € G; y(0) = 0} and we assert that

R(L) = A. (6.1.15)
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Proof. Clearly, R(L) C A. On the other hand, let y € A. Then y € G and y(0) = 0.
Thus, there exists x = y € G satisfying

L(z)(t) = L(y)(t) = y(t) — y(0) = y(t), forall ¢t € [0, 7]
Therefore y € R(L), which implies A C R(L) and our statement follows. O

The next result is new and can be found in [13]. It assures that L is a Fredholm

operator of index 0. Recall that we introduced the concept of the Fredholm operators in

Definition [[.3.11

Proposition 6.1.4. The operator L, given by , 15 a Fredholm operator of index 0.
Proof. We can rewrite the operator L, given by , in the form
L(z)(s) = z(s) — K(x)(s) (6.1.16)
where K : G — G is given by
K(z)(s) = x(0), for every s € [0,T].

Clearly, K is a compact operator in G. By Theorem , we obtain dim N (L) =
codim R(L) is finite and R(L) is closed in G. Therefore L is a Fredholm operator and
its index is given by

i(L) = dim N (L) — codim R(L) = 0,

from where our statement follows. ]

In order to prove the main theorem of this chapter, we need to find the projections P

and () as we mentioned in Chapter 1. This is the role of the next proposition.

Proposition 6.1.5. Let L be a Fredholm operator of index zero, where L is given by

(6.1.6)). Then there exist continuous projections P : G — G and QQ : G — G such that

and

Proof. Let us consider the operator

Q:G—CG x — Q(x)
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given by
Q(z)(t) = z(0), for everyt € [0,T]. (6.1.17)

Notice that Q is idempotent, that is, Q* = @Q and @ is a bounded linear operator.

Moreover, the kernel of the operator () is given by

N(Q) = {x €G; Q(x)(t) =0, for every t € [O,T]}

—{xeG; x(O)—O}.

Thus, by (6.1.15]), we conclude that N (Q) = R(L).

Since L is a Fredholm operator, R(L) is closed in G and N(L) is finite. Notice also
that
R(L)NN(L) = {0}. (6.1.18)

Indeed. Let z € R(L) N N(L). Then z € R(L), hence z(0) = 0 and L(z)(t) = 0, for all
t €10,7]. Then

0= L(z)(t) = z(t) — 2(0) = 2(t), for all t € [0,7],
Therefore z(t) = 0, for all ¢t € [0, 7] and (6.1.18)) is satisfied. Then,
R(L) BN (L) = G.

By Proposition [I.3.4], there exists an operator

P:G—(
z — P(x)
defined by

L
Play = {5 T ENL) (6.1.19)

0, ze€R(L)
and P € L(G). Clearly P is idempotent and N (P) = R(L). Therefore our proof is
complete. O

In what follows, let us assume the following conditions:

(D3) There exists a nondecreasing left-continuous function h : [0,7] — R satisfying

|A(t) — A(s)|| < |h(t) — h(s)|, for every t,s € [0,T]
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(D4) If x is a solution of equation L(z) = AN(z), for all A € (0,1) then there exists
D > 0, satisfying ||z(t)|| < D, for every t € [0, T].

Now, let us fix M > 0 fulfilling M > max{d, D} and define the set
A={z2€G; |z|e<M}. (6.1.20)

We want to prove that the operator N, given by (6.1.7), is L-compact on A. This

means that we need to ensure the following conditions
e QN(A) is bounded.
e Let (), P be the operators defined in and respectively. Then
(L) "I -Q)N: A — G

is compact, where L, is the operator L restrict to N (P), that is, L, : N(P) —
LN(P)).

Thus, we need the following two propositions.

Proposition 6.1.6. Let QQ and N be operators given by (6.1.17)) and (6.1.7)) respectively
and A € BV([0,T], L(R™)). Then the set

B={QN(z), z€A}
1s bounded i G.

Proof. Suppose © € A. Then ||z||o, < M. Furthermore

QN (z)]loc = sup [|QN(z)()]

t€[0,T

o[ " aLA(s) + A ()|

[ e

< sup
t€[0,T]

where the last inequality follows from Proposition [2.2.4] Therefore the proof is complete.
]

< var(A) sup ||z(s)|| < [W<A)} M,

[0, 7] " sefo,1] (0,T]

Proposition 6.1.7. Let ), P be the operators defined in ) and m respec-
tively. Assume also that (D3) holds. Then

(L) "I -Q)N: A — G
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is compact, where Ly, is the operator L restrict to N'(P), that is, L, : N(P) — R(L).

Proof. Let x € N(P) be an arbitrary element. By the definition of P in (6.1.19)) and from
(6.1.15)), we have x € G and x(0) = 0. Thus,

L(x)(s) = z(s) — x(0) = z(s), for every s € [0,T].

Therefore, L, = I, where I is the identity operator in N (P). We also conclude that
(Lp)il =1

Now, it is sufficient to show that the operator
(I-Q)N:A—G

is compact. Given # € A and t € [0, T], we have

(I =Q)N()(t) = (I - Q) (/OT d[A(s)]z(s) + /Otd[A(S)]w(S))

Thus,
(I —Q)N(x)(t) = /0 d[A(s)]z(s), forallt€[0,T] and z € A.

It is sufficient to prove that {(I — Q)N(z); = € A} is relatively compact. Moreover, by
Assumption (D3), we conclude that

[t

t1

(I = Q)N (2)(t2) — (I = Q)N (x)(t2)|| =

< |h(t2) = h(t)|l|zllee < [A(t2) — h(t1)|M
for every t1,t, € [0,7] and z € A. The result follows from Proposition [2.1.10] O]

Lemma 6.1.8. Let A = { z € G; |zl < M}. Consider the operators L, N, Q

presented in (6.1.6]), (6.1.7) and (6.1.17)) respectively. Then, the following conditions are
satisfied:

(i) If x € OA, then Lz # ANz, for every A € (0,1).

(it) If v € N(L)NOA, then QNx # 0.
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(iii) deg(JQN,ANN(L),0) # 0, where JQN : N(L) — N(L).
Proof. The condition (i) is satisfied, since (D4) holds.
Now, we will prove item (ii). If z € N (L) N 9A,
x(t) = x(0), for all t € [0,T]

and ||z]|.c = M > 0. In particular, ||z(0)|| = M.

By the definition of the operators ) and N, we have

for every € G and t € [0,T]. In particular, if x € N(L) N A, we obtain
T
ON(@)(1) = / d[A()](0) = [A(T) — A(0)]z(0) £0, forallt € [0,T].  (6.1.21)
0

since (D1) holds and ||z(0)|| = M.
Finally, it remains to show that condition (iii) is satisfied.

By the definition of the operator (), its range is given by
R(Q) = {y € G; y(t) = 2(0), for all ¢ € [0,T]}

and R(Q) = N (L), by (6.1.13). Furthermore J : R(Q) — N (L) is an isomorfism, the
spaces R(Q) and N(L) are finite dimensional and their dimensions are n. Then it is

possible to identify them with R"™. Therefore, we can take J as the identity operator from
R(Q) to N(L).
Consider the operator JQN restrict to N(L), which denote by JQN:

JQN : N(L) — N(L)
r+— JQN(x)
given by
JQN(@)(t) = JQN(2)(t) = Q ( / AA(s)(s) + / d[A<s>1x<s>) - / A[A(s))a(s)

for every t € [0, 7.
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We need to calculate deg(JQN, ANN(L),0). Notice that N'(L) is finite dimensional,
hence it is sufficient to use the Brower degree theory. Note that deg(JQN,ANN(L),0)
is well defined, that is,

0¢ JON(OANN(L)).

holds, by the same arguments used in the proof of item (ii).

Let us consider the operator H : [0, 1] x (A ON(L)) — R" given by

T
H(X 2(0)) =(1—=X)z(0) + )\/ DA(s)z(0), forall z€ ANN(L). (6.1.22)
0
In what folllows, we need to show that the following assertion
0¢ H\)(OANN(L))), forevery A€ 0,1]

is true. In fact, consider the following cases:

Case 1: If A =01in (6.1.22)), then
H(0,2(0)) = 2(0), forall 2 € d(ANN(L))

and [[H(A, 2(0))]| = |[2(0)]| = M # 0.
Case 2: If A =11n (6.1.22)), then

H(1,2(0)) = /OT DA(s)z(0), forall z€ d(ANN(L))

and H(1,z(0)) = JQN(z(0)), thus the proof follows analogously to item (ii).
Case 3: If A € (0,1) in (6.1.22)), then

IHO ) < 1= Al + 3 [ ) DA(S):0)|

< [2(0)] + [JA(T) = AQO)[[l|2(0)]] # O

since (H1) holds. Therefore, by item (ii) and (i) of Theorem [I.1.3| we obtain
deg(JQN,ANN(L),0) =deg(H(0,- ),ANN(L),0) = deg(Id, ANN(L),0) =1#0

from where the proof is complete. O

Finally, we present the main result of this chapter. It ensures, under some hypothe-
ses,the existence of a T-periodic solution of equation (6.1.1)). This is a new result in

the literature and it is contained in [I3]. We will prove it using Mawhin’s Continuation
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Theorem (see Theorem [1.3.5)).

Theorem 6.1.9. Let A ={ 2 € G; ||z|c < M} and A € BV([0,T],L(R")). Suppose
valid the conditions (D1) — (D4). Then, the linear generalized ODE (6.1.1)) has at least

one T-periodic solution x € A.

Proof. By Lemma [6.1.8] the conditions of Theorem [I.3.5 are satisfied, then there exists a
solution = € A of equation (6.1.8). By Proposition [6.1.3 we conclude that x is a solution
of the boundary value problem (6.1.2]).

By Lemma [6.1.2} there is a T-periodic solution Z : [0,00) — R™ of (6.1.1)), which is an
extension of x : [0,7] — R™. O

6.2 Applications to Measure Differential Equations

In this section, we present a correspondence between the solutions of a linear general-
ized ODE and the solutions of a linear measure differential equation. Our goal is to apply
the main result of the previous section in the framework of linear measure differential

equations.

In the previous section, we consider the linear generalized ODE of the form

x(ty) = x(t1) + / 2 d[A(s)]x(s) (6.2.1)

t1
for every t1,ty € [0, T], where A € BV([0,T], L(R™)) and x : [0,T] — R" is a regulated

function.

Let us consider the linear measure differential equation
to
x(t) = x(ty) +/ b(s)x(s)dg(s), for all ty,ty € [0,T], (6.2.2)
t1

where, for each ¢t € [0, 7], the operator b(t) : R* — R™ is linear and g : [0,7] — R is a

nondecreasing function.

We will show, under some hypotheses, that the linear measure equation (6.2.2)) is
equivalent to linear generalized ODE (/6.2.1), where A is defined as follows: for each
t € [0,T1], the operator A(t) : R" — R™ is given by

A(t)z :/0 b(s)z dg(s). (6.2.3)

Obviously, A(t) € L(R™). In what follows, let us assume the following conditions:

T
(D5) The integral / b(s)z dg(s) exists, for every z € R".
0
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(D6) There exists a Kurzweil-Stieljes integrable function S : [0,7] — RT with respect

to g such that
to to
/ b(s)zds| < || / S(s) dg(s)
t1 t1

for all ¢1,t, € [0,T], t; <ty and all z € R™.

Note that the operator A has bounded variation. Indeed, for every z € R, 0 < t; <
to < T, and by definition of A in (6.2.3) and (D6), we have

[ o061z aot)

t1

1A(t) — A(t))2] = \

< / " 5(s) dg(s)
Then, .
() = At ey < [ S(5)dats)

t1

for every t1,ty € [0,T], and t; < t5. This implies that A is of bounded variation on [0, T7].

The following result ensures a relation between linear measure functional differential
equations and linear generalized ordinary differential equations. A similar theorem for
more general equations is presentend in [27], see Theorems 4.4 and 4.5. Therefore, it is
sufficient to check that the hypotheses of Theorems 4.4 and 4.5 in [27] are satisfied for

our particular case.

Theorem 6.2.1. Assume that g : [0,T] — R is a nondecreasing function, for each
t € [0,T], the operator b(t) : R" — R™ is linear and the conditions (D5)-(D6) are
satisfied. A function x : [0,T] — R™ is a solution of

t
x(t) = z(0) +/ b(s)x(s)dg(s), for allt € [0,T],
0

if and only if, x : [0,T] — R™ is a solution of

t

z(t) = z(0) +/ d[A(s)|z(s) for allt € [0,T],

0
where A is given by (6.2.3)).
Proof. Let us consider F(z,t) = A(t)z, where A is given by (6.2.3). Let B1(0) = {z €

R", [|z|] <1} and Q = B1(0) x [0,7]. We want to prove that I satisfies Definition [2.1.4]
Indeed,

1F(2,t2) = F(z, )| = [|A(t2)z = A(ta)z]| = ‘ / b(s)z dy(s)

t1
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<l / " 5(s) dgls) < / " 5(s) dg(s) < |h(ts) — h(ts)|

t1
t
for every (z,t2), (2,t1) € Q, t1 <ty and h(t) = / S(s)dg(s) is a nondecreasing function,

0
since M is positive on [0,7] and g is nondecreasing. We have,

1F(2,t2) = F(2,t1) = Fy,t2) + Fy, )| = [[A(t2) 2 = A(t)z = At2)y + A(t)yll =

/ “b(s)(z — y) dg(s)

t1

to
<z -yl / S(s)dg(s) < ||z = yll[h(t2) — h(t1)],
t1
for every (z,t2), (2,t1), (y,t2), (y,t1) € , and t; < ty. Therefore, F' € F (2, h). O

Now, we are able to introduce the main result of Section 6.1 in the framework of
linear measure differential equations. In the sequel, assume that there is a constant d>0

fulfilling the following conditions:

(D7) For every ¢ € G satisfying [¢(0)|| > d, we have

[b(T') = b(0)](0) # 0.

t+T R
(D8) If z € R™ satisfies / b(s)z dg(s) =0, for all t € [0,4+00), then ||z|| < d.
t

Is is easy to check that hypotheses (D7) and (D8) imply hypotheses (D1) and (D2)

respectively.
Notice that assumption (D3) holds. Indeed, taking A as in the proof of Theorem m,
we have
[A(t) — A(s)|| < [A(t) — h(s)] (6.2.4)
for every t,s € [0,T7.

Now, consider the operators

l:G— G, z— l(z)
given by
[(z)(t) = x(t) — x(0), for every t € [0,T] (6.2.5)
and
n:G—G x +— n(x)
given by

n(x)(t) = /0 b(s)z(s)dg(s) —I—/O b(s)z(s)dg(s), for everyt e [0,T]. (6.2.6)
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By Theorem [6.2.1 we have,
t t
/ d[A(s)]|z(s)dg(s) :/ b(s)x(s)dg(s), forallt e [0,T].
0 0
Now, we also assume the condition:

(D9) if z is a solution of equation [(x) = An(x), for all A € (0, 1) then there exists D > 0,
satisfying ||z(¢)|| < D, for every t € [0,T].

Thus, we just need to consider m > max{D, c;l\} and define A = {z € G, ||z|l < m}.

Therefore, we conclude that n is I-compact on A and we obtain the following result:

Theorem 6.2.2. Suppose that the conditions (D5) — (D9) are satisfied. Then, the linear
measure diferential equation (6.2.2) has at least one solution v € A ={ z € G; |||l <

m}.
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Chapter 7

Affine-periodic solutions of Generalized
ODEs

The goal of this chapter is to introduce the concept of affine-periodic solutions in
the framework of generalized ODEs and to prove an existence result. The concept of an

affine-periodic solution was first introduced by Yong Li et al. in [3§].

This chapter is inspired on articles [39], [40]. The results presented in Section [7.1] are

new and are contained in [12].

7.1 General considerations

Let GL,(R) denote the general linear group over R is the group of n x n invertible
matrices of real numbers. Let 2 = R"™ x [0, +00) and consider the generalized ODE given
by

dx
— = DF(z,t), (7.1.1)
dr

where

(F1) F € F(,h) as in Definition [2.1.4]

(F2) There are Q € GL,(R) and T > 0 such that F(z,t +T) = QF(Q 'x,t), for all
t>0.

In the sequel, we introduce the concept of affine-periodic solution in the framework of

generalized ODEs. This concept was first introduced in [12].

Definition 7.1.1. Consider the generalized ODE given by (7.1.1)) and assume (F1) and
(F2) hold. A function z : [0, +00) — R" is said to be a (@, T)-affine-periodic solution of
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the generalized ODE (|7.1.1)), if = is a solution of ([7.1.1]) and, moreover,
Bt +T) = Qult), € [0,+00)

The next lemma is new and is contained in [12].

Lemma 7.1.2. The existence of a (Q,T)-affine—periodic solution z : [0,+00) — R" of
the generalized ODE ([7.1.1)) is equivalent to the existence of a solution of the boundary

value problem (7.1.1) with x(T) = Qxz(0).

Proof. Assume that z : [0,+00) — R" is a (@, T)-affine-periodic solutions of the gener-
alized ODE ([7.1.1). Then

zmw—x@)Z/mDmaﬂJL 7,71 € [0, 400)
and

2(t+T) = Qu(t), tel0,+oo). (7.1.2)

Define the function z : [0, 7] — R™ given by
2(t) = Q 'a(t+T), t € [0,T). (7.1.3)

We assert that z is a solution of the boundary value problem (7.1.1) with z(T") =
Qz(0). Indeed, given sy, s, € [0,T], we have

2(s9) — 2(s1) = Q 'w(so+T) — Q 'a(sy +17)
= Q ' (w(sy+T) —x(s1+T))
Q

Lemmal2.1.12]

k1 Q!

(F2)

Il
<
N N e N N
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that is, z is a solution of (7.1.1]). Also, by (7.1.2)) and ((7.1.3)), we have
AT)=Q™'2(T + T)=Q'Qx(T) = QQ™'=(T)=Q=(0).

Reciprocally, assume that there exists a solution u : [0, 7] — R" of the boundary value
problem ([7.1.1)) with z(7") = Qx(0). Then w is solution of the generalized ODE on
[0,7] and w(T") = Qu(0).

By (F1) and Theorem [2.1.13] there exists a unique (maximal) solution y : [0, +00) —
R™ of the generalized ODE with z(0) = Q'w(T'). Then, by the uniqueness y|jo 7 =

u, that is, y is a extension of u.
We will show that y(t + T') = Qy(t) for all ¢ € [0, 400).

Indeed, using the same arguments as above, one can prove that the function ¢(t) :=
Q 'y(t+T) is a solution of the initial value problem (7.1.1)) with 2(0) = Q" u(T) = u(0).

Now, since ¢(t) and y(t) are solutions of initial value problem ([7.1.1) with x(0) =
Q'u(T) = u(0), the uniqueness of a solution yields

¢(t) = y(t), that is, y(t +T) = Qy(?)

for all t € [0, +00) and this completes the proof. n

7.2 An existence theorem

The next result ensures that the generalized ODE has at least one (Q,T)-
affine periodic solution. It is important to mention that the calculations used to prove
this result coming from the following papers [39] and [40], but here we are dealing with
the Kurzweil integral, which encompasses many types of integrals such as Riemann and

Lesbegue.

A new version of the following theorem using different tools can be found in [12].

Theorem 7.2.1. Let D C R”™ be an open bounded set. Suppose the following conditions
are satisfied for generalized ODE (7.1.1)):

(i) For each A € [0,1], every affine-periodic solution x(t) of generalized ODE (7.1.1)
satisfies the following property: if x(t) € D, then

x(t) ¢ 0D, for every t € [0,T].

(i1) If Ker(I — Q) # {0}, then

deg(g, D N B,0) # 0,
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where B has finite dimension and the funtion g is given by

g(a) = % /O D[PF(a,1)]

(7.2.1)

and P : R" — Ker(I — Q) is the orthogonal projection. Then the generalized ODE
(7.1.1) has at least one (Q,T)-affine periodic solution x, in G, satisfying x.(t) € D, for

every t € [0,T7].

Proof. Consider the boundary value problem

dx
i D [AF(z,1)]
z(T) = Qz(0),

where A € [0,1]. Let x(t) be any solution of (7.2.2))-(7.2.3]). Then
T
+(T) = 2(0) + A/ DF(x(r),1).
0

By (7.2.3)), we have
T
Qx(0) = z(0) + )\/ DF(x(7),t).
0

Denote z(0) by zo, then
T
(1= Qo= -A [ DFGa(r).t)
0

We need to consider two cases with respect to Ker(I — Q):

Case 1. Ker(I — Q) # {0}
Case 2. Ker(I — Q) = {0}

The proof of Case 1 is extensive, therefore we will first list the main steps.

Consider the set
X ={xe€G:z(t) € D}.

and define the operator
S:[0,]]x X =G

(A, z) — S\, )

(7.2.2)

(7.2.3)
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given by

SMJM$::@M+%1:DUWWﬂﬂjﬂaW'%LJUA DF@@%&+AKfDF@&)t

for every s € [0,T], where T := (I — Q)] Im(i—g)y- We will prove that every fixed point z
of S(A,) is a solution of (7.2.2)-(7.2.3). Then after some calculations it will follow that
x is a solution of —. The next step of Case 1 will be to prove the existence
of fixed points of the operator S(1,-). In order to do this, we use results from Chapter 1,
concerning the topological degree theory. We wil prove that a certain operator H (A, x),
defined in terms of the orthogonal projection P : R" — Ker(l — (@), is compact and this
requires some work. Following this, we will prove that the degree of I — H is well-defined.
This also requires a few lines. At this point, we will consider, still in Case 1, A = 0 and
A € (0,1]. We will prove that the degree of I — H does not vanish, so that condition
(ii) of Definition is fulfilled and this will imply the existence of a fixed point of the
operator S(1,-).

Finally we go to Case 2 which follows easier by some facts which can be derived

similarly as in the proof of Case 1. So let us begin the proof of Case 1.

Case 1. Ker(I — Q) # {0}

In this case, (I — @Q)~! does not exist. Thus, using a coordinate transformation, we
I 0
Q= ;
0

Consider the orthogonal projection P : R" — Ker(l — Q). Then

can define
where (I — Q;)~! exists.

(I —Q)zo = (I — Q) (ke +25)

:—A/ DF(x

:—A/DPF /‘D (I — PYF(x(r), 1) (7.2.4)

where 2%, € Ker(I —Q),24 € Im(I — Q) and z = 2%, + 29.

Define the operator T := (I It is clear that 7! exists. Therefore,

(7.2.4) is equivalent to

) ‘Im(IfQ) :

(1= Qe = = [ PDFG(7).0) =0
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since 2%, € Ker(I — Q) and

T
(I - Q)Y = —)\/ (I — P)DF(z(T),t). (7.2.5)
0
Also, since T ! exists, we can rewrite (7.2.5) as
T
W = AT - P) / DF(x(r).1). (7.2.6)
0

Now, let us consider the set
X ={reG:z(t) € D}.

and define the operator
S:0,1]x X =G

(A z) — S\, x)
given by

S\, z)(s) = $237«+%/0 D [PF(x(T),t)]—/\T_l(]—P)/O DF(z(7),t)+A /OS DF(x(r),t

for every s € [0,T7.
We want to prove that every fixed point x of S(A, ) is a solution of ((7.2.2))-([7.2.3]).
Assume that x is a fixed point of S(A,-). Then

x(s) = 2%, + / D[PF(x )]—AT—l(I—P)/OTDF(x +/\/ DF(x
(7.2.7)

Taking s = 0 in , we have
T
zo = 2(0) = 2%, + / D [PF(x(),t)] = AT (I — P)/ DF(x(7),t).
0
Then, by (7.2.6)), we have

370:$9<er+%l+%/0 D[PF(x(T),t)]:xojL%/o D [PF(xz(1),t)].

Therefore

7| piPRa@. -0 (728)
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Since o = 2%, + 29, by (7.2.6), we have
T
quﬂﬁ—AT*u—fﬁ/ DF(x(7),1). (7.2.9)
0
Applying @ in (7.2.9) and remembering that 2%, € Ker(I — @), we have
T
szwm%W—AQT*U—fU/ DF(x(1),t)
0
T
:ﬁh—AQT%I—m/PDHMﬂJ) (7.2.10)
0
On the other hand, notice that
(IQ)T_[P/DF IP/DF
— (I - P)/ DF(z(r).t) + )\/D [PF(2(r).1)]
., 0
= )\/ DF(x(7),t). (7.2.11)
0
Using , we obtain

AQT*U—anTDFu@%) MNI—(I—-Q)T YI—- }’/ DF(x
=T (I - P/RDF /QDF

Then, by (7.2.8)), (7.2.10)) and (7.2.12)), we conclude that

(7.2.12)

Qo = 1%, — NT (I — P)/O DF(x(7),t) + /\/O DF(x(7),t)

_ x(}(eer% /0 PDF(2(7),t) — NT-\(I — P) /0 DF(a(r),£) + A /O DF(x(r),1)
= z(T).

Thus, Qzg = z(T).

By (723), we have

x(s) = 2%, + %/0 PDF(z(7),t) — AT (I — P)/O DF(x(7),t) + )\/Os DF(x(T),t)
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:x(,)(er—i-x(i—k)\/ DF(x(r),t)
0

— 20+ A /0 DF(x(7), 1)

since ((7.2.9) holds. Therefore, z is a solution of ([7.2.2)-(7.2.3).

Now, we need to prove the existence of fixed points of the operator S(1,-). In order
to do that, let M > 0 be a constant such that

sup

s€[0,T7]
zeX

/Os DF(x(T),t)H <M.

and
x(t) — x(s)

G)\:{.%EG:

< A\M; Vit # s}

Let ay : G — G, that is, for all z € G, a)(x) € G, and a)(x) = z, whenever
x € G\. We will use the topological degree theory from the previous section to prove the

existence of a fixed point of S(A,-).

Let us consider the set
D= {ze X;xz(t)e D,vt € 0,1]}.
and define the operator
H:[0,1]xD—G
(A, z) — H(A, z)

given by T
H(\ x)(s) =20, + T/o D[PF(ayoz(T),t)]

_)\T—l(]—P)/O DF(ay 0 x(7),t) —1—/\/08 DF(ay o x(7),t),

for every s € [0,T]. It is clear that H(\,z) € G.
We need to prove that H is a homotopy of compact transformations on D. By Defi-
nition [1.2.4] it is sufficient to prove:
(a) for each z € D, H(\, ) is continuous in A € [0, 1].
(b) H(), z) is continuous in = € D and for each \ € [0,1] fixed.
(¢) H(\, ) is relatively compact in D.
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We will prove (a). Given Ay, Ay € [0,1] and s € [0,7], we have
1H (A1, 2)(s) = H (A2, 2)(s)]]
< H%/ D[PF(an o 2(r).t)] - %/ D[PF(ay, o x(T),t)]H

e = M| TN = P||H/ DF(ay, o 2(r /DF%ox ), )H
/DF Oé)\lol‘ /DF OQ\QOLU ) )H
1 T

T s
< T Ho%ox(t)—a,\Qox(t)|\dh(t)+])\2—)\1\HT1(I—P)H2/ dh(t)—i—])\l—)\g\Z/ dh(t)
0 0 0

+A — g

1 T

T
<1 / (s, — ) lloedh(t) + Ao — M| T — P)|I2 /
0 0

< dh(t)+|>\1—)\2|2/ dh(t)
T 0

< A = Ml 2l [A(T) = h(0)] + [Ae = Mi[[T(1 = P)|2(h(T) — h(0)]

+[A1 = A2[2[A(T) — h(0)]

~

where we used the fact that F' satisfies the conditions of Definition [2.1.4] and the fact that

ay, is continuous on A € [0, 1]. Therefore, H(A, z) is continuous in A € [0, 1].

Now, we will prove (b). Let € > 0,0 < § < ¢, 2,y € D such that ||z —y|| < J and
s € [0,T]. Then
IH (A, z)(s) = HQA y)(s)]| =

g / DPF(%O@“(H)]—% [ pipr@ ey
AT - /DFaon ), )H
/DFaon )H

1 T
<l = vholl 7 |l 02(®) = an 0 y(e) )
0

+!A|||7'1([—P)||/O loex 0 z(t) — ax o y(t)[|dh(t)
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A / o o 2(t) — ax o y(t)[dh(t)
et [ o= lludn(t

<AITT - P)| / lon(z — )llsdh(t) + A / o — y)lldh(?)

where the inequality follows from Lemma and by the fact that «) is continuous on
G, for each \ € [0,1].

We claim, for each A € [0,1] fixed, H (A, x) is relatively compact in D, that is, (c)
holds.

In fact, let M C D be bounded and consider the set

A={H(\ z), x € M}.
We need to prove that A is relatively compact in G. Notice that
T
IHO2O) = |37 = ) [ DF(@yostr).0)
0

< |71 = P)| IB(T) ~ h(0)]

for every x € M, where the last inequality follows from Lemma[2.1.5] In fact, the operator
T — P): R™ — R" is linear, thus it is bounded. Therefore, ||H (), z)(0)] is bounded.

By Lemma 215, we have
IH ) - HO))] = |3 [ Dy a(r).0)] < h(5) = 15

for every s, s’ € [0,T] and every x € M. Then, by Theorem [2.1.10} A is relatively compact

and this completes the proof.

In what follows, we will prove that
0¢ (I —H(\))OD), forevery A € [0,1]

where [ is the identity operator on D.

Let us assume, by contradiction, that

0€e (I —H(\-))OD), forevery A € [0,1].



7.2. An existence theorem 63

Then, there exists 7 € D such that

I(z) = H(\, Z), for every \ € [0, 1] (7.2.13)

We need to consider two cases: A =0 and A € (0, 1].
Let A = 0. Then

Gy = freq: [HZ20)

< 0;Vt # s}.
Thus ag o Z(t) = p, for every t € [0,T]. By (7.2.13]), we obtain

1 T
#(s) = B + 7 / D [PF(a 0 7(7), 1)) = H(0,7)(s)
0
which implies
#6) =3+ 3 [ DIPFO.0] = HO.3)6

This means that Z(s) = p, for every s € [0,T]. Thus
1 /T
5 [ pirreo=o
T Jo

By the definition of g(a) in (7.2.1]), we have g(p) = 0.

On the other hand, Z(t) € dD. Then there exists to € [0,T] such that Z(t,) € @ D.
Since Z(t) = p, for every t € [0,T], we have p € 9D. Thus, p € 9D and g(p) = 0, which
contradicts (ii), because we assumed deg(g, D,0) # 0.

Now, consider A € (0,1]. By (7.2.13)), we obtain
1 T
#(s) = B+ 7 / PDF(ay o 7(r).1)
0

AT HI - P)/O DF(ayoZ(7),t) + )\/08 DF(ayoZ(7),t) = H(\, T)(s).
Note that

#(t) — 3(s)| _

t—s

t
A
DF(a~ < ———|t—s|M = \M.
|t—$’ /s (CY/\O.Q?(T),t)H — s |t S’ )\

Therefore, we conclude € G5. It means that o5 02 = 7. Then,

B(s) =70+ / D[PFE(r),t)] — 3 \(I — P) /0 "R+ [ DFE).Y
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As before, one can prove that  is a solution of (7.2.2)-(7.2.3). However, T € 9D,
which contradicts the hypothesis (i), since T ¢ aD.

Notice that the set H(0,{z}) is contained in the space of the constant functions on
G, for every x € 85, denoted by B. Then, using Theorem 7 we obtain

degrs(I — H(1,-),D,0) = degrs(Id — H(0,-), D,0)

deg(I — H(0,-)| 545, D N B,0)
= deg(—g, D N B,0) = (—1)"deg(g, DN B,0) # 0

where this equality follows from Definition [1.2.1} Corollary and (ii). Therefore, there
exists T, € 13, such that
H(1,z,) =1,

Consequently,
z.=H(1,z,) = 5(1,7,)

Thus, Z, is a fixed point of S(1,-) in X. Then, T, is a solution of (7.2.2)-(7.2.3)).

Case 2. Ker(I — Q) = {0}
If Ker(I —@Q) = {0}, then (I — Q)™' exists. Thus,

z9=—\T (I - P) /OT DF(ay o x(7),t) (7.2.14)

Define the operator
H:[0,1]x D — G([0,T],R")
(A, ) — H(X, z)

given by
H(\, x)(s) = —AT 11 — P)/O DF(x(7),t) + A/OS DF(ay 0 x(7),t)

for every s € [0, 7.

In order to use the topological degree theory, we need to prove that H(\ z) is a
homotopy of compact transformations in D. But this fact follows analogously to what we

did in Case 1. Moreover, as in Case 1, we can conclude that

0¢ (I—H)(OD x[0,1]).
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By Theorem and (i) from Definition [1.2.3, we obtain

degLS(] - H (1’ )75) =

= degrs(I — H (0,-), D)
= degrs(I,D,0) =1 #0.

By (ii) from Definition m, there exists Z, € D such that
I(z,)=H (1,%,),
that is,
T.(s) = Z.(0) + / DF(z.(7),t)
0

since ((7.2.14)) holds. Therefore, Z, is a solution of ([7.2.2)-(7.2.3).
We conclude, by Lemma [7.1.2 that the generalized ODE ([7.1.1) has a (Q,T)-affine

periodic solution z, : [0,00) — R™, which is an extension of Z, : [0, 7] — R™. O
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