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Resumo

Neste trabalho, estamos interessados na existência e multiplicidade de

soluções não-triviais para uma classe de problemas elípticos. O primeiro problema trata

da existência de soluções fracas não-triviais para uma classe de equações elípticas que

envolvem um operador integrodiferencial não-local geral LAK com expoentes variáveis,

dois parâmetros reais e duas funções peso que podem mudar de sinal em um domínio

suave limitado. Considerando diferentes situações relacionadas ao crescimento das não-

linearidades envolvidas no problema, provamos a existência de duas soluções distintas

não-triviais para o caso de expoentes constantes e a existência de uma família contínua

de autovalores no caso de expoentes variável. As provas dos principais resultados são

baseadas em soluções ground state usando o método de Nehari, o princípio variacional de

Ekeland e o método direto do cálculo variacional.

O segundo problema trata da existência e da multiplicidade de soluções

fracas envolvendo o mesmo operador LAK , um parâmetro real positivo e expoentes

variáveis sem condições de crescimento do tipo Ambrosetti e Rabinowitz em um domínio

suave e limitado. Utilizando diferentes versões do Teorema do Passo da Montanha,

bem como o Teorema de Fountain e o Teorema de Dual Fountain com a condição de

Cerami, obtemos a existência de soluções fracas para o problema. Além disso, para o caso

sublinear, ao impor algumas hipóteses adicionais à não-linearidade, obtemos a existência

de in�nitas soluções fracas que tendem a ser zero, na norma de Sobolev fracionário, para

qualquer parâmetro positivo.



Abstract

In this work, we are interested in the existence and multiplicity of nontrivial

solutions for a class of elliptic problems. The �rst problem deals with the existence

of nontrivial weak solutions to a class of elliptic equations involving a general nonlocal

integrodi�erential operator LAK with variable exponent, two real parameters, and two

weight functions, which can be sign-changing in a smooth bounded domain. Considering

di�erent situations related to the growth of nonlinearities involved in problem, we prove

the existence of two distinct nontrivial solutions for the case of constant exponents and

the existence of a continuous family of eigenvalues in the case of variable exponents. The

proofs of the main results are based on ground state solutions using the Nehari method,

Ekeland's variational principle, and the direct method of the calculus of variations.

The second problem deals with the existence and multiplicity of weak

solutions involving the same operator LAK , variable exponents without Ambrosetti and

Rabinowitz type growth conditions and a positive real parameter in a smooth bounded

domain. Using di�erent versions of the Mountain Pass Theorem, as well as, the Fountain

Theorem and Dual Fountain Theorem with Cerami condition, we obtain the existence of

weak solutions for problem. Moreover, for the case sublinear, by imposing some additional

hypotheses on the nonlinearity, we obtain the existence of in�nitely many weak solutions

which tend to be zero, in the fractional Sobolev norm, for any positive parameter.
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Introdução

Nos últimos anos, o estudo de problemas elípticos envolvendo operadores

integrodiferenciais não-locais tornou-se objeto de estudo de muitos pesquisadores.

Problemas desse tipo têm uma base teórica muito interessante, cuja integrabilidade e

estrutura analítica requerem provas com técnicas bastante delicadas conforme podemos

ver em [7, 8, 41, 50]. Além disso, eles têm aplicações concretas nos mais diversos

campos como otimização, �nanças, teoria da probabilidade, transições de fase, mecânica

continuum, processo de imagem, teoria dos jogos, deslocamento de cristais, �uxos quase-

geostró�cos, teoria peridinâmica, entre outras, veja [5, 6, 11, 18, 19, 35, 40, 42, 45, 63, 68,

73] e suas referências.

Nesse sentido a�m de expandir os resultados em torno dessa teoria,

no presente trabalho, estudamos a existência, a multiplicidade e comportamento

assintótico de soluções fracas para uma classe de equações elípticas envolvendo operadores

integrodiferenciais não-locais gerais com expoentes variáveis. Os resultados que

demonstramos foram baseados em métodos variacionais e topológicos os quais são técnicas

e�cazes para obter os resultados desejados.

Na sequência vamos descrever brevemente os problemas estudados e os

progressos obtidos nos Capítulos 1 e 2.

No Capítulo 1, estudamos resultados relativos à existência de soluções

fracas para uma classe de equações elípticas envolvendo um operador integrodiferencial

não-local geral com expoente variável, dois parâmetros reais, duas funções peso que podem

mudar de sinal e diferentes não-linearidades críticas, a saber

 LAKu = λa(x)|u|m1(x)−2u+ βb(x)|u|m2(x)−2u em Ω,

u = 0 em RN \ Ω,
(1)

onde Ω ⊂ RN , N > 2 é um domínio suave limitado, λ e β são parâmetros reais, as funções

8
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peso a, b : Ω→ R podem mudar de sinal em Ω, m1 em2 ∈ C+(Ω), e para de�nir o operador

integrodiferencial não-local geral LAK consideramos o expoente variável p(x) := p(x, x)

para todo x ∈ RN com p ∈ C(RN × RN) satisfazendo:

p é simétrico, isto é, p(x, y) = p(y, x),

1 < p− := inf
(x,y)∈RN×RN

p(x, y) 6 sup
(x,y)∈RN×RN

p(x, y) := p+ <
N

s
, s ∈ (0, 1),

(p1 )

e consideramos o expoente variável crítico fracionário relacionado a p ∈ C(RN × RN)

de�nido por p?s(x) =
Np(x)

N − sp(x)
.

O operador integrodiferencial não-local geral LAK é de�nido em espaços de

Sobolev fracionário adequados (consulte Capítulo 1, Subseção 1.1) por

LAKu(x) = P.V.

∫
RN
A(u(x)− u(y))K(x, y) dy, x ∈ RN , (2)

onde P.V. é o valor principal.

O aplicação A : R → R é uma função mensurável que satisfaz as seguintes

condições:

(a1) A é contínua, ímpar e a aplicação A : R→ R de�nida por

A (t) :=

∫ |t|
0

A(τ)dτ

é estritamente convexa;

(a2) Existem constantes positivas cA e CA, tal que para todo t ∈ R e para todo

(x, y) ∈ RN × RN

A(t)t > cA|t|p(x,y) e |A(t)| 6 CA|t|p(x,y)−1;

(a3) A(t)t 6 p+A (t) para todo t ∈ R.

O kernel K : RN × RN → R+ é uma função mensurável que satisfaz a

seguinte propriedade:

(K) Existem constantes b0 e b1, tal que 0 < b0 6 b1,

b0 6 K(x, y)|x− y|N+sp(x,y) 6 b1 para todo (x, y) ∈ RN × RN e x 6= y.
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Vale ressaltar que as hipóteses (a1)-(a3) e (K) foram similarmente introduzidas em

[3, 12, 15, 24, 30, 37, 43, 44, 52, 53, 59, 69, 75] e uma generalização matemática

muito especial para A e K satisfazendo (a1)-(a3) e (K) é quando A(t) = |t|p(x,y)−2t e

K(x, y) = |x− y|−(N+sp(x,y)). Assim o operador LAK torna-se o operador p(·)-Laplaciano
fracionário (−∆)sp(·), o qual é de�nido por

(−∆)sp(·)u(x) = P.V.

∫
RN

|u(x)− u(y)|p(x,y)−2(u(x)− u(y))

|x− y|N+sp(x,y)
dy para todo x ∈ RN .

Para mais detalhes do operador p(·)-Laplaciano fracionário veja [7, 8, 41, 50].

Na literatura vários trabalhos têm sido desenvolvidos sobre existência e

também multiplicidade de soluções não-triviais para problemas envolvendo o operadores

locais e não-locais com não-linearidades de crescimento subcrítico, dentre eles destacamos

alguns de nosso interesse. Em [21] os autores estudaram um problema do tipo (1) reduzido

ao operador p-Laplaciano, funções peso que podem mudar de sinal e não-linearidades do

tipo côncavo-convexo. Usando o método da aplicação �bração, introduzido e desenvolvido

por Pohozaev em [28, 65, 66, 67] e a minimização restrita nas variedades Nehari, eles

obtiveram resultados signi�cativos para determinar a existência de duas soluções distintas

para o problema. Em [4, 7, 8, 13, 41, 50] o problema do tipo (1) foi estudado quando

o operador LAK é um caso particular, o operador p(·)-Laplaciano fracionário ((−∆)sp(·)

de�nido acima), o parâmetro β = 1 ou β = 0, a função peso a positiva, e as não-

linearidades associada a expoentes variáveis do tipo superlinear e sublinear. Nestes

trabalhos sob apropriadas suposições os autores provaram resultados de existência de

soluções e também de existência de autovalores para problemas do tipo (1) via o métodos

variacionais adequados.

Portanto, motivados pelos trabalhos citados anteriormente, ao abordar o

problema (1), nossa proposta foi estudar novos resultados de existência e multiplicidade

de soluções para uma ampla classe de equações elípticas envolvendo um novo operador

integrodiferenciail não-local, funções peso que podem mudar de sinal e não-linearidades

adequadas. Ou seja, o estudo do problema (1) foi concentrado em três situações distintas,

a saber. Na primeira situação, reduzimos o problema (1) para um problema com não-

linearidade do tipo côncavo-convexo na estrutura de espaços de Sobolev fracionário

com expoentes constantes e as funções peso mudando de sinal. Usando o método de

minimização em conjuntos de Nehari provamos a existência de duas soluções ground state

não-triviais distintas para o problema (1). Já na segunda e terceira situação reduzimos o
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problema (1), separadamente, para um problema com não-linearidade do tipo sublinear e

superlinear envolvendo também uma função peso que pode mudar de sinal, na estrutura

de espaços de Sobolev fracionário com expoentes variáveis. Para tais situações provamos

a multiplicidade de solução através da existência de uma família contínua de autovalores

utilizando o princípio variacional de Ekeland e o método direto do cálculo variacional,

respectivamente.

Durante o estudo enfrentamos uma série de di�culdades as quais precisaram

ser contornadas para obtermos os resuldados desejados. Primeiramente observamos que

o operador LAK é não-homogêneo e não é apenas uma mera extensão do operador

p(·)−Laplaciano fracionário, pois pelas condições (a1)-(a4) e (K), a aplicação A e o

kernel K são bastante gerais e K incluem kernels singulares. Logo surgem de forma

natural inúmeras di�culdades de ordem bastante técnicas e cuidadosas ao trabalharmos

com este tipo de operador. Em seguida é importante notar que o espaço para trabalharmos

com o operador LAK deve ser um espaço de Sobolev fracionário com expoentes variáveis

conforme podemos ver em [7, 8, 41, 50]. Mas, devido a caracterização do problema (1) foi

necessário de�nirmos um novo espaço de Sobolev fracionário associado ao estudo. Assim,

inspirados no espaço W s,p
0 (Ω) (de�nido em [46]) e nos espaços de Sobolev fracionário com

expoentes variáveis citados acima, de�nimos o seguinte espaço:

W = W
s,p(·,·)
0 := {u ∈ W s,p(·,·)(RN) : u = 0 q.t.p. em RN \ Ω},

o qual é um espaço de Banach separável e re�exivo. Para este espaço provamos um

resultado de equivalência de normas e que um importante resultado de mergulho compacto

e contínuo permanece válido neste contexto. Para mais detalhes consulte o Apêndice,

Lema 3.1 e Lema 3.2. Além disso, como problemas envolvendo operadores com expoentes

variáveis possuem uma grande di�culdade em aplicar métodos variacionais, no nosso

caso para suprir parte desta di�culdade, no Lemma 3.3, exploramos um novo resultado

relacionado a uma propriedade intrínseca do operador que governa o nosso problema. Ou

seja, foi necessário mostrarmos que tal operador satisfaz a propriedade (S+), que é uma

propriedade de compacidade do operador a qual é geralmente essencial para obter outras

propriedades, como a condição de compacidade de Palais�Smale ou a condição de Cerami

em uma estrutura variacional.

Para �nalizar, destacamos que a mudança de sinal dos pesos a e b geram

algumas di�culdades, dentre elas, ao analisarmos o funcional de Euler Lagrange associado
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ao problema (1), não podemos aplicar diretamente métodos variacionais e a análise para a

existência de solução do problema para cada tipo de não-linearidade passa a ser bastante

delicada. Por exemplo, no caso da não-linearidade do tipo côncavo-convexo, conforme

detalhado na subseção 1.2.1, foi essencial dividirmos a variedade de Nehari em duas

partes: Nλ,1 = N+
λ,1 ∪ N

−
λ,1, usar a aplicação �bração para obtermos uma projeção única

em cada parte N±λ,1 e usando o procedimento de minimização padrão obtermos ao menos

uma solução para cada conjunto N±λ,1. O mesmo ocorreu para as não-linearidades do

tipo sublinear e superlinear, em cada caso foi essencial considerarmos conjuntos solução

apropriados, conforme veremos nas Subseções 1.3.1 e 1.3.2, para obtermos os resultados

esperados.

Os principais resultados do Capítulo 1 serão enunciados abaixo.

Em nossos primeiros resultados, consideraremos o problema (1) quando os expoentes são

constantes. Para isso, suponhamos que

1 < m1 < l 6 p 6 m < m2 < p?s = Np
N−sp , s ∈ (0, 1);

1 < l 6 p 6 m < N
s

;

(m2 − 1)(m− l) < (m2 − l)(m−m1).

(H)

Além disso, suponhamos (a1)-(a2) e a condição:

(a′3) A : R→ R é uma função de classe C2(R,R) e para todo t ∈ R são válidos:

(i) lA (t) 6 A(t)t 6 pA (t);

(ii) (l − 1)A(t)t 6 t2A′(t) 6 (m− 1)A(t)t;

(iii) (l − 2)A′(t) 6 A′′(t)t 6 (m− 2)A′(t).

Portanto, obtemos os seguintes resultados envolvendo não-linearidade do tipo côncavo-

convexo.

Teorema 0.1 (Theorem 1.1). Suponha as condições (a1), (a2), (a′3), (K), (H) válidas, e
que as funções peso a, b ∈ L∞(Ω) são tais que a+, b+ 6≡ 0, isto é, podem mudar de sinal

em Ω. Então existe λ̃ > 0 tal que o problema (1), com β = 1, admite ao menos uma

solução ground state u em N+
λ,1 satisfazendo Jλ,1(u) < 0 para todo 0 < λ < λ̃. (N+

λ,1 é

de�nido em (1.11) e Jλ,1 é de�nido em (1.2))
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Teorema 0.2 (Theorem 1.2). Sob as mesmas condições do Teorema 0.1 existe λ̃ > 0 tal

que o problema (1), com β = 1, admite ao menos uma solução ground state u em N−λ,1
satisfazendo Jλ,1(u) > 0 para todo 0 < λ < λ̃. (N−λ,1 é de�nido em (1.11))

Nossos próximos resultados são para expoentes variáveis e envolvem não-

linearidades do tipo sublinear e superlinear.

Teorema 0.3 (Theorem 1.3). Suponha as condições (a1)-(a3) e (K) válidas. Seja

q ∈ C+(Ω) e m−1 6 m+
1 < p− 6 p+ < N

s
< q− 6 q+. Além disso, suponha a ∈ Lq(·)(Ω)

e que existe Ω0 ⊂ Ω um conjunto mensurável de interior não vazio e de medida positiva

tal que a(x) > 0 para todo x ∈ Ω0. Então existe λ? > 0 tal que qualquer λ ∈ (0, λ?) é um

autovalor do problema (1) em W para β = 0.

Teorema 0.4 (Theorem 1.4). Suponha as condições (a1)-(a3), (K) válidas. Seja q ∈
C+(Ω), p− 6 p+ < m−1 6 m+

1 e m1(x) < p?s(x) para todo x ∈ Ω. Além disso, seja

a ∈ Lq(·)(Ω) e q(x) > max
{

1, Np(x)
Np(x)+sp(x)m1(x)−Nm1(x)

}
para todo x ∈ Ω.

Então obtemos que:

1) Existe λ?? e µ??, autovalor positivo e negativo do problema (1), respectivamente,

satisfazendo µ?? 6 µ? < 0 < λ? 6 λ?? em W para β = 0. (λ??, µ??, λ? e µ? são

de�nidos em (1.56))

2) λ ∈ (−∞, µ??) ∪ (λ??,+∞) é um autovalor do problema (1), enquanto que todo

λ ∈ (µ?, λ?) não é um autovalor em W para β = 0.

O estudo destes resultados de existência de solução e existência autovalores

visa estender e complementar os principais resultados obtidos em [4, 7, 8, 21, 32, 33, 34,

39, 50, 61] no sentido que os operadores considerados estão incluídos em nossa classe de

operadores e nossas funções peso mudam de sinal. Ou seja, nossos resultados, Teoremas

0.1 e 0.2, estendem e complementam os resultados recentes de [21] sobre a existência

de soluções para problemas locais com não-linearidade do tipo côncavo-convexo. Já,

o Teorema 0.3, no caso sublinear, estende e complementa os principais resultados de

[4, 7, 8, 39, 33, 61] que tratam de problemas locais, não-locais com expoente variáveis

e função peso que não muda de sinal. Finalmente o Teorema 0.4, no caso superlinear,

estende e complementa os principais resultados de [32, 34, 39, 50] que tratam também de

problemas locais, não-locais com expoente variáveis e função peso que não muda de sinal.

No Capítulo 2, estudamos a existência, a multiplicidade e o

comportamento assintótico de soluções fracas para equações elípticas envolvendo o mesmo
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operador integrodiferencial não-local geral com expoentes variáveis LAK do Capítulo 1.

Mais precisamente consideremos o seguinte problema

{
LAKu = λf(x, u) em Ω,

u = 0 em RN \ Ω,
(3)

onde λ > 0 é um parâmetro real, Ω ⊂ RN , N > 2 é um domínio suave e limitado e

o operador integrodiferencial não-local geral LAK é o de�nido em (2) onde a aplicação

A : R→ R satisfaz as condições (a1)-(a3) e o kernel K satizfaz a condição (K).

A não-linearidade f : Ω× R→ R é uma função Carathéodory e satisfaz:

(f0) Existe uma constante positiva c1 tal que f satisfaz a condição de crescimento

subcrítico

|f(x, t)| 6 c1(1 + |t|ϑ(x)−1)

para todo (x, t) ∈ Ω × R, onde ϑ ∈ C(Ω), 1 < p+ < ϑ− 6 ϑ(x) 6 ϑ+ < p?s(x) para

x ∈ Ω, e ϑ− := inf
x∈Ω

ϑ(x), ϑ+ := sup
x∈Ω

ϑ(x);

(f1) lim
|t|→+∞

F (x, t)

|t|p+
= +∞ uniformemente para quase todo ponto (q.t.p.) x ∈ Ω, isto é, f

é p+−superlinear no in�nito, a função F é a primitiva de f com respeito a segunda

variável, isto é, F (x, t) :=

∫
Ω

f(x, τ) dτ ;

(f2) f(x, t) = o(|t|p+−1), quando t→ 0, uniformemente em quase todo ponto x ∈ Ω;

(f3) Existe constante positiva c? > 0 tal que

G(x, t) 6 G(x, τ) + c?

para todo x ∈ Ω, 0 < t < τ ou τ < t < 0, onde G(x, t) := tf(x, t)− p+F (x, t).

Com a intenção de encontrar in�nitas soluções, é natural impor certas condições de

simetria à não-linearidade. Na sequência, assumiremos a seguinte suposição em f :

(f4) f é ímpar em t, isto é, f(x,−t) = −f(x, t) para todo x ∈ Ω e t ∈ R.

Além disso, para provar que o funcional Euler Lagrange associado ao problema (3) veri�ca

a condição Cerami (C)c, assumimos que as funções A e A satisfazem a seguinte condição:

(a4) H(at) 6 H(t) para todo t ∈ R e a ∈ [0, 1] onde H(t) = p+A (t)−A(t)t.
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Na literatura, o problema (3) é investigado principalmente no contexto de

equações conduzidas pelo Laplaciano (problemas semilineares), ou seja, a seguinte classe

de problemas {
−∆u = λf(x, u) em Ω,

u = 0 em ∂Ω.
(4)

Ambrosetti e Rabinowitz, em [2], foram os primeiros a usar o Teorema do Passo da

Montanha para provar que os problemas do tipo (4) admitem uma solução quando a

seguinte condição de não-linearidade para f(x, ·), bem conhecida na literatura como

condição de Ambrosetti-Rabinowitz (condição (AR), para abreviar), é empregada:

existem µ > 2 e M > 0 tais que

0 < µF (x, t) 6 f(x, t)t para todo x ∈ Ω e para todo |t| >M (5)

onde f : Ω× R→ R é uma função contínua e F (x, t) =

∫ t

0

f(t, z) dz.

A condição (AR) é uma ferramenta para obter soluções fracas de problemas

superlineares e seu principal papel é garantir a compacidade, mais especi�camente, a

limitação da sequência Palais-Smale exigida pelos argumentos de minimax. Porém, é uma

condição um pouco restrita e elimina algumas não-linearidades de F (x, ·). Uma integração

direta de (5) nos permite obtermos a seguinte condição mais fraca para a função potencial

F (x, t),

F (x, t) > α1|t|µ − α2 para todo x ∈ Ω e para todo t ∈ R com constantes α1, α2 > 0. (6)

No entanto, ainda existem muitas funções que são superlineares no in�nito

e que não satisfazem a condição (AR). De fato, a condição (6) implica que a função F (x, ·)
exiba pelo menos um crescimento polinomial µ próximo a ±∞ e, desde que µ > p

lim
|t|→+∞

F (x, t)

|t|p
= +∞. (7)

A função f(x, t) = t ln(1 + t) é um exemplo de função que satisfaz a condição (7), mas

não satisfaz a condição (6) e, portanto, também não satisfaz a condição (5).

Nesse sentido, o estudo de problemas envolvendo não apenas o operador

Laplaciano, mas também o operador p(·)−Laplaciano sem a condição (AR) tornou-se

o objeto de estudo de muitos pesquisadores e as referências na literatura aumentaram
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constantemente. No artigos [10, 43, 48, 56, 57, 58, 60] os autores estabeleceram a existência

de pelo menos soluções não-triviais para os problemas do tipo (4) sem a condição (AR) e

em geral, a principal ferramenta usada para obter os resultados é o Teorema do Passo da

Montanha com a condição de Cerami.

Além desse avanço signi�cativo para operadores locais sem a condição (AR),

recentemente, alguns pesquisadores começaram a estudar problemas do tipo (4) não-

locais sem a condição (AR). Mais especi�camente, no artigo [77] considerando A(t) = t,

K(x, y) = |x − y|N+2s e λ = 1, os autores provaram que o problema (3) possui in�nitas

soluções usando o Teorema de Fountain. No artigo [64], o autor, para o caso p−Laplaciano
fracionário e λ = 1 estuda a existência de uma solução fraca para o problema (3) utilizando

o Teorema do Passo da Montanha combinado com a desigualdade de Moser-Trudinger

fracionária. Já em [79], para A(t) = t e algumas suposições semelhantes para o kernel K,

usando um novo resultado de pontos críticos apresentado por [54, Teorema 2.6], o autor

prova que existe λ0 > 0 tal que problema do tipo (3) tem duas soluções fracas distintas

para cada λ ∈ (0, λ0)

Portanto, motivados pelas referências acima, principalmente pelos artigos

[43, 60, 77, 79], buscando novos avanços nesta teoria, o Capítulo 2, mostra a existência,

a multiplicidade e o comportamento assintótico de soluções para o problema (3) sem

a condição (AR). Para obtermos os resultados desejados, usamos diferentes versões do

Teorema do Passo da Montana, bem como o Teorema de Fountain, Dual Fountain com

condição de Cerami e uma nova versão do Teorema do Passo da Montanha simétrico

introduzido por Kajikya [49].

Enunciaremos agora os principais resultados do Capítulo 2.

Teorema 0.5 (Theorem 2.1). Suponha (a1)-(a4), (K) e que f satisfaz (f0)-(f3). Então

o problema (3) possui ao menos uma solução fraca em W para todo λ > 0.

Teorema 0.6 (Theorem 2.2). Suponha (a1)-(a4), (K), e que f satisfaz (f0)-(f4). Então

o problema (3) tem in�nitas soluções para todo λ > 0.

Teorema 0.7 (Theorem 2.3). Suponha (a1)-(a4), (K), e que f satisfaz (f0), (f1), (f3) e

(f4). Então para cada λ ∈
(

0, cAb0
p+

)
, o problema (3) tem in�nitas soluções fracas uk ∈ W ,

k ∈ N tal que Ψλ(uk)→ +∞, quando k → +∞. (Ψλ(·) é de�nido em (2.1))

Teorema 0.8 (Theorem 2.4). Suponha (a1)-(a4), (K), e que f satisfaz (f0), (f1), (f3) e

(f4). Então para cada λ ∈
(

0, cAb0
p+

)
, o problema (3) tem uma sequência de soluções fracas

vk ∈ W , k ∈ N tal que Ψλ(vk) < 0, Ψλ(vk)→ 0 quando k → +∞.
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Teorema 0.9 (Theorem 2.5). Suponha (a1)-(a4) e (K). Se f satisfaz (f0), (f1) e (f3).

Além disso, f(x, 0) = 0, f(x, t) > 0 q.t.p. x ∈ Ω e para todo t > 0. Então existe

uma constante positiva λ tal que o problema (3) possui ao menos uma solução para todo

λ ∈ (0, λ), tal que

lim
λ→0+

‖uλ‖W = +∞.

(‖ · ‖W é de�nido na Subseção(3.0.2))

Teorema 0.10 (Theorem 2.6). Suponha (a1)-(a3), (K), e que f satisfaz (f4). Além disso,

suponhamos a seguinte condição:

(f5) f : Ω×R→ R é uma função contínua e existem constantes positivas C0, C1 tal que

C0|t|m(x)−1 6 f(x, t) 6 C1|t|m(x)−1,

para todo x ∈ Ω and t > 0, onde m ∈ C(Ω) tal que 1 < m(x) < p?(x) para todo x ∈ Ω,

com m+ < p−. Então o problema (3) tem in�nitas soluções uk ∈ W , k ∈ N tal que

lim
k→+∞

‖uk‖W = 0

para todo λ > 0.

Os resultados mencionados acima, visam estender e completar os principais

resultados de [20, 34, 38, 43, 55, 48, 56, 60, 64, 72, 74, 79, 80] de tal forma que os

mesmos permaneçam válidos para uma classe mais ampla de operadores não-locais que

envolvem expoentes variáveis sem satsifazer a condição (AR). Ou seja, os Teoremas 0.5 e

0.6 estendem e completam os principais resultados obtidos em [20, 34, 43, 60, 64, 74, 80].

Os Teoremas 0.7 e 0.8 estendem e completam os principais resultados de [38, 43, 55, 48,

56, 72, 79, 80]. Finalmente, os Teoremas 0.9 e 0.10 estendem e completam alguns dos

principais resultados de [43]. Além disso, gostaríamos de destacar que até onde sabemos,

não há resultados nessa abordagem, mesmo envolvendo os problemas do p-Laplaciano

fracionário, bem como os problemas envolvendo o p(·)-Laplaciano fracionário, embora

consideremos algumas das técnicas conhecidas.

Para �nalizar, no Apêndice, apresentamos alguns resultados e de�nições

importantes que utilizamos no decorrer deste trabalho. Provamos resultados importantes

como o Lema 3.1 e o Lema 3.2 com respeito ao novo espaço de�nido W e o Lema 3.3 que

fornece características importantes para o funcional associado ao operador LAK .
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Gostaríamos de esclarecer que a formatação dos capítulos desta tese é

baseada nos artigos que escrevemos e que foram submetidos para publicação. Os Capítulos

1 e 2 estão distribuídos da seguinte forma:

Capítulo 1 A class of elliptic equations involving a general nonlocal integrodi�erential operators

with sign-changing weight functions, submetido para publicação.

Capítulo 2 Multiplicity results for elliptic problems involving nonlocal integrodi�erential

operators without Ambrosetti-Rabinowitz condition, submetido para publicação.

Por esse motivo, a identi�cação das hipóteses em cada um dos capítulos é

descrita no início do respectivo capítulo e os resultados referentes ao espaço e ao operador

envolvido nos problemas (1) e (3) são enunciados e demonstrados no Apêndice.



Chapter

1

A class of elliptic equations involving a

general nonlocal integrodi�erential operators

with sign-changing weight functions

The deal of this chapter is to show results concerning the existence of weak solutions

for a class of elliptic equations involving a general nonlocal integrodi�erential operator

with two real parameters, two weight functions which can be sign-changing and di�erent

subcritical nonlinearities. More precisely, in a smooth bounded domain Ω of RN (N > 2),

we consider the following problem LAKu = λa(x)|u|m1(x)−2u+ βb(x)|u|m2(x)−2u in Ω,

u = 0 in RN \ Ω,
(P)

where λ and β are real parameters, the weight functions a, b : Ω → R can be sign-

changing in Ω, m1 and m2 ∈ C+(Ω), and to de�ne the general nonlocal integrodi�erential

operator LAK we will consider the variable exponent p(x) := p(x, x) for all x ∈ RN with

p ∈ C(RN × RN) satisfying:

p is symmetric, that is, p(x, y) = p(y, x),

1 < p− := inf
(x,y)∈RN×RN

p(x, y) 6 sup
(x,y)∈RN×RN

p(x, y) := p+ <
N

s
, s ∈ (0, 1),

(p1 )

and we consider the fractional critical variable exponent related to p ∈ C(RN × RN)

19
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de�ned by p?s(x) =
Np(x)

N − sp(x)
.

The general nonlocal integrodi�erential operator LAK is de�ned on suitable

fractional Sobolev spaces (see Subsection 1.1) by

LAKu(x) = P.V.

∫
RN
A(u(x)− u(y))K(x, y) dy, x ∈ RN ,

where P.V. is the principal value.

The map A : R → R is a measurable function satisfying the next

assumptions:

(a1) A is continuous, odd, and the map A : R→ R given by

A (t) :=

∫ |t|
0

A(τ)dτ

is strictly convex;

(a2) There exist positive constants cA and CA, such that for all t ∈ R and for all

(x, y) ∈ RN × RN

A(t)t > cA|t|p(x,y) and |A(t)| 6 CA|t|p(x,y)−1;

(a3) A(t)t 6 p+A (t) for all t ∈ R.

The kernel K : RN×RN → R+ is a measurable function satisfying the following property:

(K) There exist constants b0 and b1, such that 0 < b0 6 b1,

b0 6 K(x, y)|x− y|N+sp(x,y) 6 b1 for all (x, y) ∈ RN × RN and x 6= y.

In our �rst results we will consider the (P) when the exponents are

constant. For this, we assume that

1 < m1 < l 6 p 6 m < m2 < p?s = Np
N−sp , s ∈ (0, 1);

1 < l 6 p 6 m < N
s

;

(m2 − 1)(m− l) < (m2 − l)(m−m1).

(H)
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We assume that map A : R → R satis�es the conditions (a1)-(a2) and additionally, the

conditions:

(a′3) A : R→ R is a map of class C2(R,R) and all t ∈ R is hold:

(i) lA (t) 6 A(t)t 6 pA (t);

(ii) (l − 1)A(t)t 6 t2A′(t) 6 (m− 1)A(t)t;

(iii) (l − 2)A′(t) 6 A′′(t)t 6 (m− 2)A′(t).

Therefore, we obtain the following result involving concave-convex nonlinearities.

Theorem 1.1. Suppose that assumptions (a1), (a2), (a′3), (K), (H) hold, and that weight

functions a, b ∈ L∞(Ω) are such that a+, b+ 6≡ 0, i.e., can be sign-changing in Ω. Then

there exists λ̃ > 0 such that problem (P), with β = 1, admits at least one ground state

solution u in N+
λ,1 satisfying Jλ,1(u) < 0 for all 0 < λ < λ̃. (N+

λ,1 is de�ned in (1.11) and

Jλ,1 is de�ned in (1.2))

Theorem 1.2. Under the same conditions of Theorem 1.1 there exists λ̃ > 0 such that

problem (P), with β = 1, admits at least one ground state solution u in N−λ,1 satisfying

Jλ,1(u) > 0 for all 0 < λ < λ̃. (N−λ,1 is de�ned in (1.11))

Our last results are for variable exponent.

Theorem 1.3. Suppose that assumptions (a1)-(a3), (K) hold. Let q ∈ C+(Ω) and

m−1 6 m+
1 < p− 6 p+ < N

s
< q− 6 q+. Moreover, assume a ∈ Lq(·)(Ω) and that

there exists Ω0 ⊂ Ω a measurable set with nonempty interior and measure positive such

that a(x) > 0 for all x ∈ Ω0. Then there exists λ? > 0 such that any λ ∈ (0, λ?) is an

eigenvalue of problem (P) in W whenever β = 0. (W is de�ned in subsection 1.1)

Theorem 1.4. Suppose that assumptions (a1)-(a3), (K) hold. Let q ∈ C+(Ω), p− 6

p+ < m−1 6 m+
1 , and m1(x) < p?s(x) for all x ∈ Ω. Moreover, let a ∈ Lq(·)(Ω) and

q(x) > max
{

1, Np(x)
Np(x)+sp(x)m1(x)−Nm1(x)

}
for all x ∈ Ω.

Then we have:

1) There are λ?? and µ??, positive and negative eigenvalue of problem (P), respectively,

satisfying µ?? 6 µ? < 0 < λ? 6 λ?? in W whenever β = 0. (λ??, µ??, λ? and µ? are

de�ned in (1.56))

2) λ ∈ (−∞, µ??)∪(λ??,+∞) is an eigenvalue of problem (P), while every λ ∈ (µ?, λ?)

is not an eigenvalue in W whenever β = 0.
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1.1 Variational framework

We start with the de�nition of the Lebesgue and Sobolev spaces with variable exponent

and some properties of them, for more details see [1, 27, 29, 32, 34, 71] and references

therein. Throughout the work, Ω ⊂ RN , denotes a smooth bounded domain. Put

C+(Ω) =
{
h ∈ C(Ω) : h(x) > 1 for all x ∈ Ω

}
and for all h ∈ C+(Ω), we de�ne h− := inf

x∈Ω
h(x) and h+ := sup

x∈Ω

h(x).

For h ∈ C+(Ω), the variable exponent Lebesgue space Lh(·)(Ω) is de�ned by

Lh(·)(Ω) :=

{
u : Ω→ R measurable : ∃ ζ > 0 :

∫
Ω

∣∣∣u(x)

ζ

∣∣∣h(x)

dx < +∞

}
. (1.1)

We consider this space endowed with the so-called Luxemburg norm

‖u‖Lh(·)(Ω) := inf

{
ζ > 0 :

∫
Ω

∣∣∣u(x)

ζ

∣∣∣h(x)

dx 6 1

}
.

When p is constant, the Luxemburg norm ‖ · ‖Lh(·)(Ω) coincide with the standard norm

‖ · ‖Lh(Ω) of the Lebesgue space Lh(Ω). From Proposition 3.1, the spaces Lh(·)(Ω) is

separable and re�exive Banach spaces

Let s ∈ (0, 1). We consider two variable exponents q : Ω → R and

p : Ω× Ω→ R, where both q(·) and p(·, ·) are continuous function. We assume that:

p is symmetric, this is, p(x, y) = p(y, x),

1 < p− := inf
(x,y)∈Ω×Ω

p(x, y) 6 p(x, y) 6 sup
(x,y)∈Ω×Ω

p(x, y) := p+ < +∞, (q1)

and

1 < q− := inf
x∈Ω

q(x) 6 q(x) 6 sup
x∈Ω

q(x) := q+ < +∞. (q2)

The fractional Sobolev space with variable exponents W s,q(·),p(·,·)(Ω) is de�ned by{
u ∈ Lq(·)(Ω) :

∫
Ω×Ω

|u(x)− u(y)|p(x,y)

ζp(x,y)|x− y|N+sp(x,y)
dx dy < +∞, for some ζ > 0

}
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and we set

[u]
s,p(·,·)
Ω = inf

{
ζ > 0;

∫
Ω×Ω

|u(x)− u(y)|p(x,y)

ζp(x,y)|x− y|N+sp(x,y)
dx dy 6 1

}

the variable exponent Gagliardo seminorm. It is already known that W s,q(·),p(·,·)(Ω) is a

separable and re�exive Banach space with the norm

‖u‖W s,q(·),p(·,·)(Ω) := ‖u‖Lq(·)(Ω) + [u]
s,p(·,·)
Ω ,

see [4, 8, 50].

Remark 1.1. Throughout this chapter, when q(x) = p(x, x) we denote p(x) instead of

p(x, x) and we will write W s,p(·,·)(Ω) instead of W s,p(·),p(·,·)(Ω).

Now, we consider the space W s,p(·,·)(RN) as following{
u ∈ Lp(·)(RN) :

∫
RN×RN

|u(x)− u(y)|p(x,y)

ζp(x,y)|x− y|N+sp(x,y)
dx dy < +∞, for some ζ > 0

}

where the space Lp(·)(RN) is de�ned analogous the space Lp(·)(Ω). The corresponding

norm for this space is

‖u‖ := ‖u‖Lp(·)(RN ) + [u]
s,p(·,·)
RN .

The space (W s,p(·,·)(RN), ‖ · ‖) has the same properties that (W s,p(·,·)(Ω), ‖ · ‖W s,p(·,·)(Ω)),

this is, it is a re�exive and separable Banach space.

We de�ne the space were will study problem (Pλ). Let we will consider the

variable exponents p(x) := p(x, x) for all x ∈ RN with p ∈ C(RN × RN) satisfying (p1 )

and we denote by

W = W
s,p(·,·)
0 := {u ∈ W s,p(·,·)(RN) : u = 0 a.e. in RN \ Ω}.

Note that W is a closed subspace of W s,p(·,·)(RN), thus W is a re�exive and separable

Banach space with the norm

‖u‖ := ‖u‖Lp(·)(Ω) + [u]
s,p(·,·)
RN ,

once the norms ‖ · ‖Lp(·)(RN ) and ‖ · ‖Lp(·)(Ω) coincide in W .



24

In order to work with a simpler norm in the de�ned space we prove in the

Lemma 3.1 that the space (W , ‖ · ‖) is equivalently de�ned with respect to the Gagliardo

seminorm [·]s,p(·,·)RN . Moreover, we proof in Lemma 3.2 an important result of compact

and continuous embedding of space W as consequence of Corollary 3.1 and Lemma 3.1.

Therefore, along this work we will consider the space W with norm ‖u‖W = [u]
s,p(·,·)
RN and

we denote (W , ‖ · ‖
W

).

For each λ and β real parameters, we introduce the Euler Lagrange

functional Jλ,β : W → R associated with problem (P) de�ned by

Jλ,β(u) = Φ(u)− λIa(u)− βIb(u) for all u ∈ W (1.2)

where Φ is de�ned in the Lemma 3.3,

Ia(u) =

∫
Ω

a(x)|u|m1(x)

m1(x)
dx and Ib(u) =

∫
Ω

b(x)|u|m2(x)

m2(x)
dx.

De�nition 1.1. We say that u ∈ W is a weak solution of the problem (P) if and only if∫
RN×RN

A(u(x)− u(y))(v(x)− v(y))K(x, y) dx dy =

∫
Ω

λa(x)|u|m1(x)−2u v dx

+

∫
Ω

βb(x)|u|m2(x)−2u v dx

(1.3)

for all v ∈ W . When β = 0, we say that λ is an eigenvalue of problem (P), if there

exists u ∈ W \ {0} satisfying (1.3), that is, u is the corresponding eigenfunction to λ.

1.2 Proof of Theorems 1.1 and 1.2

Now will show the existence of solution to problem (P) for constants exponents with

concave-convex nonlinearities and weight functions a, b : Ω → R that are sign-changing

in Ω. In this case, the space W coincide with the space W s,p
0 (Ω) := {u ∈ W s,p(RN) :

u = 0 a.e. in RN \ Ω} de�ned in [46], then W = W s,p
0 (Ω). We consider Jλ,1 the Euler

Lagrange functional associated to problem (P). To proof Theorem 1.1 and Theorem 1.2

we will consider the Nehari manifold Nλ,1 introduced in [62], the �bering map and the

di�erent �sign-subsets� of the Nehari set that will be used to �nd critical points of the
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Euler Lagrange functional Jλ,1.

1.2.1 The Nehari Manifold

The Nehari manifold associated to the functional Jλ,1 is given by

Nλ,1 =

{
u ∈ W s,p

0 (Ω) \ {0} : 〈J ′λ,1(u), u〉 = 0

}

=

{
u ∈ W s,p

0 (Ω) \ {0} : λ

∫
Ω

a(x)|u|m1 dx+

∫
Ω

b(x)|u|m2 dx

=

∫
RN×RN

A(u(x)− u(y))(u(x)− u(y))K(x, y) dx dy

}
.

(1.4)

Note that when u ∈ Nλ,1, by (1.4) we obtain

Jλ,1(u) =Φ(u)− 1

m1

∫
RN×RN

A(u(x)− u(y))(u(x)− u(y))K(x, y) dx dy

+

(
1

m1

− 1

m2

)∫
Ω

b(x)|u|m2 dx,

(1.5)

or it can be rewritten as

Jλ,1(u) =Φ(u)− 1

m2

∫
RN×RN

A(u(x)− u(y))(u(x)− u(y))K(x, y) dx dy

+ λ

(
1

m2

− 1

m1

)∫
Ω

a(x)|u|m1 dx.

(1.6)

The characterization above for the functional Jλ,1 is relevant to results we will study the

following.

As �rst step, we shall prove that Jλ,1 is coercive and bounded below on

Nλ,1 ⊂ W s,p
0 (Ω) which allows us to �nd a ground state solution that is a critical point for

Jλ,1.

Proposition 1.1. The functional Jλ,1 is coercive and bounded below on Nλ,1.
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Proof. For u ∈ Nλ,1 using (1.6), (a2), (a′3)-(i), (K), and (H), we obtain

Jλ,1(u) >

(
1

p
− 1

m2

)
cAb0

∫
RN×RN

|u(x)− u(y)|p

|x− y|N+sp
dx dy + λ

(
1

m2

− 1

m1

)∫
Ω

a(x)|u|m1 dx.

(1.7)

Now, from continuous embedding W s,p
0 (Ω) ↪→ Lm1(Ω), a ∈ L∞(Ω), a+ 6≡ 0, and (H), it

follows that ∫
Ω

a(x)|u|m1 dx 6 ‖a+‖∞‖u‖m1
Lm1 6 ‖a+‖∞Cm1(Ω)

m1
‖u‖m1

W s,p
0 (Ω)

. (1.8)

Then by (1.7) and (1.8), we infer that

Jλ,1(u) >

(
1

p
− 1

m2

)
cAb0‖u‖pW s,p

0 (Ω)
+ λ

(
1

m2

− 1

m1

)
‖a+‖∞Cm1

m1
‖u‖m1

W s,p
0 (Ω)

.

Therefore, since p > m1 Jλ,1 is coercive and consequently Jλ,1 is bounded below on Nλ,1.

Let us introduce the �bering maps associated to the functional Jλ,1. For

every �xed u ∈ W s,p
0 (Ω) \ {0}, we will de�ne the �bering map ℘u : (0,+∞)→ R by

℘u(t) := Jλ,1(tu) = Φ(tu)− λt
m1

m1

∫
Ω

a(x)|u|m1 dx− t
m2

m2

∫
Ω

b(x)|u|m2 dx for all t ∈ (0,+∞).

Our objective is we will analyze the behavior the �bering maps and show

its relation with the Nehari manifold. More speci�cally as �bering maps are considered

together with the Nehari manifold in order to ensure the existence of critical points for

Jλ,1. In particular, for concave-convex nonlinearities, knowledge the geometry for ℘u is

important, see for instance [17].

Furthermore, using again arguing as in the Lemma 3.3 and standard

arguments, we conclude that ℘u is of class C1(R+,R). Then di�erentiating ℘u(t) with

respect to t, we obtain

℘′u(t) =

∫
RN×RN

A(tu(x)− tu(y))(u(x)− u(y))K(x, y) dx dy

− λm1−1

∫
Ω

a(x)|u|m1 dx− λm2−1

∫
Ω

b(x)|u|m2 dx.

(1.9)
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Therefore, tu ∈ Nλ,1 if and only if ℘′u(t) = 0. In particular, u ∈ Nλ,1 if and

only if ℘′u(1) = 0. In other words, it is su�cient to �nd stationary points of �bering maps

in order to get critical points for Jλ,1 on Nλ,1.
Furthermore, again arguing as in the Lemma 3.3 and standard arguments,

we have that ℘u is of class C2(R+,R) with second derivative given by

℘′′u(t) =

∫
RN×RN

A′(tu(x)− tu(y))(u(x)− u(y))2K(x, y) dx dy

− λtm1−2(m1 − 1)

∫
Ω

a(x)|u|m1 dx− tm2−2(m2 − 1)

∫
Ω

b(x)|u|m2 dx.

(1.10)

Thus, as ℘′′u ∈ C2(R+,R) it is natural to divide Nλ,1 into three sets as was pointed by

[16, 17]:

N+
λ,1 = {u ∈ Nλ,1;℘′′u(1) > 0};

N−λ,1 = {u ∈ Nλ,1;℘′′u(1) < 0};

N 0
λ,1 = {u ∈ Nλ,1;℘′′u(1) = 0}.

(1.11)

Here we mention that N+
λ,1,N

−
λ,1, and N 0

λ,1 correspond to critical points of minimum,

maximum and in�exions points, respectively of ℘u.

Remark 1.2. Note that if u ∈ Nλ,1, then by (1.9) and (1.10), we obtain

℘′′u(1) =(m1 −m2)

∫
Ω

b(x)|u|m2 dx+

∫
RN×RN

A′(u(x)− u(y))(u(x)− u(y))2K(x, y) dx dy

+ (1−m1)

∫
RN×RN

A(u(x)− u(y))(u(x)− u(y))K(x, y) dx dy

=λ(m2 −m1)

∫
Ω

a(x)|u|m1 dx+

∫
RN×RN

A′(u(x)− u(y))(u(x)− u(y))2K(x, y) dx dy

+ (1−m2)

∫
RN×RN

A(u(x)− u(y))(u(x)− u(y))K(x, y) dx dy.

Lemma 1.1. For each λ > 0 su�ciently small, we have that

(1) N 0
λ,1 = ∅;

(2) Nλ,1 = N+
λ,1 ∪N

−
λ,1 is a C1-manifold.

Proof. (1) We suppose that N 0
λ,1 6= ∅. Let u ∈ N 0

λ,1 be a �xed function. Thus,
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℘′′u(1) = ℘′u(1) = 0. Using Remark 1.2, (a2), (a′3)-(ii), (K), and (H), we obtain

(m2 −m1)

∫
Ω

b(x)|u|m2 dx =

∫
RN×RN

A′(u(x)− u(y))(u(x)− u(y))2K(x, y) dx dy

+ (1−m1)

∫
RN×RN

A(u(x)− u(y))(u(x)− u(y))K(x, y) dx dy

>(l −m1)cAb0‖u‖pW s,p
0 (Ω)

.

(1.12)

Now, from continuous embedding W s,p
0 (Ω) ↪→ Lm2(Ω), b ∈ L∞(Ω), b+ 6≡ 0, and (H), it

follows that ∫
Ω

b(x)|u|m2 dx 6 ‖b+‖∞‖u‖m2
Lm2 6 ‖b+‖∞Cm2(Ω)

m2
‖u‖m2

W s,p
0 (Ω)

. (1.13)

Thus by (1.12), (1.13), and (H), we achieve

‖u‖m2−p
W s,p

0 (Ω)
>

(
l −m1

m2 −m1

)
cAb0

‖b+‖∞Cm2
m2

:= C1. (1.14)

Now, using again Remark 1.2, (a2), (a′3)-(ii), and (H), we infer that

λ(m2 −m1)

∫
Ω

a(x)|u|m1 dx =

∫
RN×RN

A′(u(x)− u(y))(u(x)− u(y))2K(x, y) dx dy

+

∫
RN×RN

A(u(x)− u(y))(u(x)− u(y))K(x, y) dx dy

−m2

∫
RN×RN

A(u(x)− u(y))(u(x)− u(y))K(x, y) dx dy

>(m2 −m)cAb0‖u‖pW s,p
0 (Ω)

.

(1.15)

Therefore, by (1.8), (1.14), (1.15), and (H), we obtain that

λ >

(
m2 −m
m2 −m1

)
cAb0

Cm1
m1 ‖a+‖∞

C
p−m1
m2−p
1 > 0.

Which is a contradiction for each λ > 0 small enough. Hence, the proof of item (1) it is

complete.
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(2) Without loss of generality suppose that u ∈ N+
λ,1. De�ne the function Gλ : N+

λ,1 → R

Gλ(u) =〈J ′λ,1(u), u〉

=

∫
RN×RN

A(u(x)− u(y))(u(x)− u(y))K(x, y) dx dy − λ
∫

Ω

a(x)|u|m1 dx

−
∫

Ω

b(x)|u|m2 dx for all u ∈ N+
λ,1.

Note that

〈G′λ(u), u〉 = 〈J ′′λ,1(u)(u, u), u〉+ 〈J ′λ,1(u), u〉 = ℘′′(1) for all u ∈ N+
λ,1. (1.16)

Hence N+
λ,1 = G−1

λ ({0}) is a C1-manifold. Indeed, for u ∈ N+
λ,1, using (1.16), we get

〈G′λ(u), u〉 > 0. Therefore, 〈G′λ(u), u〉 6= 0. As Gλ(u) is class C1(W s,p
0 (Ω),R) it follows

thatN+
λ,1 = G−1

λ ({0}) is a C1-manifold. Similarly, we may show thatN−λ,1 is a C1-manifold.

Consequently, as N 0
λ,1 = ∅ for all λ > 0 small enough, it follows that Nλ,1 = N+

λ,1 ∪ N
−
λ,1

is a C1-manifold.

Lemma 1.2. Let u0 be a local minimum (or local maximum) of Jλ,1 in such a way that

u0 /∈ N 0
λ,1. Then u0 is a critical point for Jλ,1.

Proof. Without loss of generality, we suppose that u0 is a local minimum of Jλ,1. De�ne
the function H : W s,p

0 (Ω)→ R by

H(u) = 〈J ′λ,1(u), u〉 for all u ∈ W s,p
0 (Ω).

We observe that u0 is a solution for the minimization problem minJλ,1(u)

H(u) = 0.
(1.17)

Now note that

〈H′(u), v〉 = 〈J ′′λ,1(u)(u, u), v〉+ 〈J ′λ,1(u), v〉 for all u, v ∈ W s,p
0 (Ω). (1.18)

Then taking u = v = u0 in (1.18), we infer that

〈H′(u0), u0〉 = 〈J ′′λ,1(u0)(u0, u0), u0〉+ 〈J ′λ,1(u0), u0〉 = ℘′′u0(1) > 0. (1.19)
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Thus u0 /∈ N 0
λ,1 and by Lemma 1.1 we conclude that problem (1.17) has a solution in the

following form

J ′λ,1(u0) = µH′(u0),

where µ ∈ R which is given by Lagrange Multipliers Theorem. Since u0 ∈ Nλ,1 we obtain

that

µ〈H′(u0), u0〉 = 〈J ′λ,1(u0), u0〉 = 0. (1.20)

However by (1.19) we infer that 〈H′(u0), u0〉 6= 0. Thus, by (1.20) we conclude that µ = 0.

Therefore, J ′λ,1(u0) = 0 and u0 is a critical point for Jλ,1 on W s,p
0 (Ω).

1.2.2 The �bering map

In this subsection, we will do a complete analysis of the �bering map associated with

problem (P). The essential nature for the �bering maps is determined by the signs of∫
Ω

a(x)|u|m1 dx and

∫
Ω

b(x)|u|m2 dx.

Throughout this subsection, �xed u ∈ W s,p
0 (Ω) \ {0} it is useful to consider

the auxiliary function Mu : R→ R by

Mu(t) = t−m1

∫
RN×RN

A(tu(x)− tu(y))(tu(x)− tu(y))K(x, y) dx dy− t−m1

∫
Ω

b(x)|tu|m2 dx

for all t ∈ R.

Note that Mu has possible forms when

∫
Ω

b(x)|u|m2 dx 6 0 and∫
Ω

b(x)|u|m2 dx > 0, respectively

t

Mu(t)

Mu(t)

t

Figure 1.1: Sketches of Mu

Lemma 1.3. Let t > 0 be �xed. Then tu ∈ Nλ,1 if and only if is a solution of

Mu(t) = λ

∫
Ω

a(x)|u|m1 dx.
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Proof. Fix t > 0 such that tu ∈ Nλ,1. Then,∫
RN×RN

A(tu(x)− tu(y))(tu(x)− tu(y))K(x, y) dx dy =λtm1

∫
Ω

a(x)|u|m1 dx

+ tm2

∫
Ω

b(x)|u|m2 dx.

(1.21)

Thus, multiplying (1.21) by t−m1 , we have that

λ

∫
Ω

a(x)|u|m1 dx =t−m1

∫
RN×RN

A(tu(x)− tu(y))(tu(x)− tu(y))K(x, y) dx dy

− tm2−m1

∫
Ω

b(x)|u|m2 dx.

Lemma 1.4.

(a) Assume that

∫
Ω

b(x)|u|m2 dx 6 0. Then we obtain

Mu(0) := lim
t→0+

Mu(t) = 0,Mu(∞) := lim
t→+∞

Mu(t) = +∞, and M′u(t) > 0 for all t > 0;

(b) Assume that

∫
Ω

b(x)|u|m2 dx > 0 and (m2 − 1)(m − l) < (m2 − l)(m − m1). Then

there exists a unique critical point for Mu, i.e., there is a unique point t̃ > 0 in such

a way that Mu(t̃) = 0. Furthermore, we know that t̃ > 0 is a global maximum point

for Mu and Mu(∞) = −∞.

Proof. (a) Note that using (a2), (a′3)-(ii),(K), and (H), we obtain that

M′u(t) >(l −m1)t−m1−1

∫
RN×RN

A(tu(x)− tu(y))(tu(x)− tu(y))K(x, y) dx dy

− (m2 −m1)tm2−m1−1

∫
Ω

b(x)|u|m2 dx.

(1.22)

Once

∫
Ω

b(x)|u|m2 dx 6 0, from (1.22), we obtain M′u(t) > 0 for all t > 0.

Now, we shall prove that Mu(0) = 0. Indeed, using (a2) and (K), we deduce

that

Mu(t) >cAb0t
p−m1

∫
RN×RN

|u(x)− u(y)|p

|x− y|N+sp
dx dy − tm2−m1

∫
Ω

b(x)|u|m2 dx. (1.23)
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On the other hand, using (a1), (a2), (a′3)-(i), and (K), we infer that

Mu(t) 6t
p−m1CAb1

∫
RN×RN

|u(x)− u(y)|p

|x− y|N+sp
dx dy − tm2−m1

∫
Ω

b(x)|u|m2 dx. (1.24)

Using (1.23), (1.24), and (H), we conclude that lim
t→0+

Mu(t) = 0. Moreover, by (1.23) and

(H) also we observe that Mu(∞) = lim
t→+∞

Mu(t) = +∞.
(b) As a �rst step we note that lim

t→0+
Mu(t) = 0, Mu is increasing for t > 0 small enough

and lim
t→+∞

Mu(t) = −∞. More speci�cally, for 0 < t < 1 we observe that using (1.22)

and the fact that

∫
Ω

b(x)|u|m2 dx > 0 we obtain that M′u(t) > 0, i.e., Mu(t) is increasing

for t ∈ (0, 1). Moreover, from (1.22) and (1.23), we obtain lim
t→0+

Mu(t) = 0. Finally using

(1.24) and (H), it follows that lim
t→+∞

Mu(t) = −∞.
Now the main goal in this proof is to show that Mu has a unique critical

point t̃ > 0. Note that M′u(t) = 0 if and only if, we have

(m2 −m1)

∫
Ω

b(x)|u|m2 dx =t−m2

[∫
RN×RN

A(tu(x)− tu(y))(tu(x)− tu(y))K(x, y) dx dy

−m1

∫
RN×RN

A(tu(x)− tu(y))(tu(x)− tu(y))K(x, y) dx dy

+

∫
RN×RN

A′(tu(x)− tu(y))(tu(x)− tu(y))2K(x, y) dx dy

]
.

De�ne the auxiliary function ξu : R→ R given by

ξu(t) =(1−m1)t−m2

∫
RN×RN

A(tu(x)− tu(y))(tu(x)− tu(y))K(x, y) dx dy

+ t−m2

∫
RN×RN

A′(tu(x)− tu(y))(tu(x)− tu(y))2K(x, y) dx dy.

Note that using (a2), (a′3)-(ii), (K), and (H), we infer that

ξu(t) >(l −m1)tp−m2cAb0‖u‖pW s,p
0 (Ω)

. (1.25)

Then using (1.25) and (H) for 0 < t < 1, we obtain lim
t→0+

ξu(t) = +∞. Moreover,

lim
t→+∞

ξu(t) = 0 and ξu is a decreasing function. Indeed, using (a1), (a2), (a′3)-(i), (a′3)-(ii),

(K), and (H), we have that
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ξu(t) 6(m−m1)tp−m2CAb1‖u‖pW s,p
0 (Ω)

. (1.26)

Therefore, for all t > 1 using (1.25) and (1.26), we obtain that lim
t→+∞

ξu(t) = 0.

Now using (a2), (a′3), (K), and (H), we infer that

ξ′u(t) 6(m1m2 −m1l −m2l +ml)t−m2−1

∫
RN×RN

A(tu(x)− tu(y))(tu(x)− tu(y))K(x, y) dx dy

+ (l −m)t−m2−1

∫
RN×RN

A(tu(x)− tu(y))(tu(x)− tu(y))K(x, y) dx dy

<0.

Therefore, ξu is decreasing function proving that Mu has a unique critical point which is

a maximum critical point for Mu.

Lemma 1.5. Let u ∈ W s,p
0 (Ω) \ {0} be a �xed function. Then we shall consider the

following assertions:

(a) Assume that

∫
Ω

b(x)|u|m2 dx 6 0. Then ℘′u(t) 6= 0 for all t > 0 and λ > 0

whenever

∫
Ω

a(x)|u|m1 dx 6 0. Moreover, there exists a unique t1 = t1(u, λ) such

that ℘′u(t1) = 0 and t1u ∈ N+
λ,1 whenever

∫
Ω

a(x)|u|m1 dx > 0;

(b) Assume that

∫
Ω

b(x)|u|m2 dx > 0. Then exists a unique t1 = t1(u, λ) > t̃ such that

℘′u(t1) = 0 and t1u ∈ N−λ,1 whenever

∫
Ω

a(x)|u|m1 dx 6 0;

(c) For each λ > 0 small enough there exists unique 0 < t1 = t1(u, λ) < t̃ < t2 =

t2(u, λ) such that ℘′u(t1) = ℘′u(t2) = 0, t1u ∈ N+
λ,1, and t2u ∈ N+

λ,1 whenever∫
Ω

a(x)|u|m1 dx > 0,

∫
Ω

b(x)|u|m2 dx > 0, and (m2 − 1)(m− l) < (m2 − l)(m−m1).

Remark 1.3. We observe that for

∫
Ω

a(x)|u|m1 dx 6 0 and

∫
Ω

b(x)|u|m2 dx 6 0, ℘u has

a graph as the Figure 1.2(a). For

∫
Ω

a(x)|u|m1 dx > 0 and

∫
Ω

b(x)|u|m2 dx 6 0, ℘u has

a graph as the Figure 1.2(b). For

∫
Ω

a(x)|u|m1 dx 6 0 and

∫
Ω

b(x)|u|m2 dx > 0, ℘u has

a graph as the Figure 1.2(c). For

∫
Ω

a(x)|u|m1 dx > 0 and

∫
Ω

b(x)|u|m2 dx > 0, ℘u has a

graph as the Figure 1.2(d).
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℘u(t)

t

(a)

℘u(t)

t

(b)

℘u(t)

t

(c)

℘u(t)

t

(d)

Figure 1.2: Sketches of ℘u

Proof. (a) We shall consider the proof for the case

∫
Ω

b(x)|u|m2 dx 6 0 and∫
Ω

a(x)|u|m1 dx 6 0. Using the Lemma 1.4−(a) it follows that

Mu(0) = 0,Mu(∞) := lim
t→+∞

Mu(t) = +∞, and M′u(t) > 0 for all t > 0. (1.27)

Thus, we achieve that Mu(t) 6= λ

∫
Ω

a(x)|u|m1 dx for all t > 0 and λ > 0. Then by Lemma

1.3 we conclude that tu /∈ Nλ,1 for all t > 0. In particular, ℘′u(t) 6= 0 for each t > 0, that

is, from (1.9), ℘′u(t) > 0 for each t > 0. Now we shall consider the case

∫
Ω

b(x)|u|m2 dx 6 0

and

∫
Ω

a(x)|u|m1 dx > 0. From Lemma 1.4−(a) is valid (1.27). In particular, the equation

Mu(t) = λ

∫
Ω

a(x)|u|m1 dx admits exactly one solution t1 = t1(u, λ) > 0. Consequently by

Lemma 1.3, we conclude that t1u ∈ Nλ,1. Therefore, ℘′u(t1) = 0.

Moreover, since that Mu(t) = t1−m1℘′u(t) + λ

∫
Ω

a(x)|u|m1 dx, we have that

M′u(t) = t1−m1℘′′u(t) + (1−m1)t−m1℘′u(t). Thus we conclude that t
1−m1
1 ℘′′u(t1) = M′u(t1) > 0

and consequently t1u ∈ N+
λ,1.

(b) Now consider the case

∫
Ω

b(x)|u|m2 dx > 0 and

∫
Ω

a(x)|u|m1 dx 6 0. Using Lemma

1.4−(b) the function Mu admits a unique critical point t̃ > 0, i.e., M′u(t) = 0, t > 0 if

and only if t = t̃. Moreover, t̃ a global maximum point for Mu such that Mu(t̃) > 0

and Mu(∞) = −∞. Hence, once Mu is a decreasing function in t ∈ (t̃,+∞), there

exists a unique t1 > t̃ such that Mu(t1) = λ

∫
Ω

a(x)|u|m1 dx and M′u(t1) < 0. Therefore,

t1−m1℘′′u(t1) = M′u(t1) < 0 and we conclude that t1u ∈ N−λ,1.

(c) From

∫
Ω

a(x)|u|m1 dx > 0 we can consider λ > 0 small enough in such a way

that Mu(t̃) > λ

∫
Ω

a(x)|u|m1 dx. Moreover, due to the proof of Lemma 1.4−(b), Mu is
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increasing in (0, t̃) and decreasing in (t̃,+∞). In this sense, there is exactly two points

0 < t1 = t1(u, λ) < t̃ < t2 = t2(u, λ) such that Mu(ti) = λ

∫
Ω

a(x)|u|m1 dx for i = 1, 2.

Additionally, we have that M′u(t1) > 0 and M′u(t2) < 0. So with the same argument as

before we get t1−m1℘′′u(t2) = M′u(t2) < 0 and t1−m1℘′′u(t1) = M′u(t1) > 0. Then t2u ∈ N−λ,1
and t1u ∈ N+

λ,1.

Lemma 1.6. There exists λ̃ > 0 such that ℘u takes positive values for all u ∈ W s,p
0 (Ω)\{0}

whenever 0 < λ < λ̃.

Proof. We shall split the proof into two cases.

Case 1:

∫
Ω

b(x)|u|m2 dx 6 0.

From (a2), (a′3)-(i), and (K), we get

℘u(t) >
cAb0t

p

p

∫
RN×RN

|u(x)− u(y)|p

|x− y|N+sp
dx dy − λt

m1

m1

∫
Ω

a(x)|u|m1 dx− tm2

m2

∫
Ω

b(x)|u|m2 dx.

Since m1 < p < m2 and

∫
Ω

b(x)|u|m2 dx 6 0, it follows that lim
t→+∞

℘u(t) = +∞. In

particular, there is t > 0 such that ℘u(t) > 0 for each t > t.

Case 2:

∫
Ω

b(x)|u|m2 dx > 0.

First, let hu : R→ R de�ned by

hu(t) :=

∫
RN×RN

A (tu(x)− tu(y))K(x, y) dx dy − tm2

m2

∫
Ω

b(x)|u|m2 dx for all t ∈ R

an function of class C1(R,R). Note that

h′u(t) =

∫
RN×RN

A(tu(x)− tu(y))(u(x)− u(y))K(x, y) dx dy − tm2−1

∫
Ω

b(x)|u|m2 dx.

Then hu admits a critical point t > 0, this is, h′u(t) = 0 for some point t > 0 which is a

local maximum point for hu (see Lemma 1.5 items (b) and (c)). Moreover, for all t > 0,

we observe that h′u(t) = 0 if and only if

t

m2

∫
RN×RN

A(tu(x)− tu(y))(u(x)− u(y))K(x, y) dx dy =
tm2

m2

∫
Ω

b(x)|u|m2 dx. (1.28)
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Thus using (a2), (a′3)-(i), (K), (H), and (1.28), we obtain

hu(t) >

(
1

p
− 1

m2

)
cAb0‖tu‖pW s,p

0 (Ω)
> 0. (1.29)

Now, using (a2), (K), the continuous embedding W s,p
0 (Ω) ↪→ Lm2(Ω), (1.8) (1.13), and

(1.28), it follows that

‖tu‖W s,p
0 (Ω) >

(
cAb0

Cm2
m2 ‖b+‖∞

) 1
m2−p

. (1.30)

Therefore, by (1.29) and (1.30), we obtain that

hu(t) >

(
1

p
− 1

m2

)
cAb0

(
cAb0

Cm2
m2 ‖b+‖∞

) p
m2−p

:= δ > 0 for all u ∈ W s,p
0 (Ω) \ {0} and t ∈ R.

Now, by the continuous embedding W s,p
0 (Ω) ↪→ Lm1(Ω) using (1.8) and

(1.29), we infer that

∫
Ω

a(x)|tu|m1

m1

dx 6
‖a+‖∞Cm1

m1
‖tu‖m1

W s,p
0 (Ω)

m1

6
‖a+‖∞Cm1

m1

m1

((
1
p
− 1

m2

)
cAb0

)m1
p

(
hu(t)

)m1
p := D̃

(
hu(t)

)m1
p ,

where D̃ =
‖a+‖∞C

m1
m1

m1

((
1
p
− 1

m2

)
cAb0

)m1
p
> 0.

Therefore,

℘u(t) = hu(t)−
λtm1

m1

∫
Ω

a(x)|u|m1 dx >
(
hu(t)

)m1
p
[(
hu(t)

)1−m1
p − λD̃

]
.

Since hu(t) > δ, taking λ̃ = δ
1−m1

p

2D̃
> λ we obtain that ℘u(t) >

1
2
δ > 0. This conclude the

proof of Lemma.

Lemma 1.7. There exist δ̃ > 0 and λ̃ > 0 in such a way that Jλ,1(u) > δ̃ for all u ∈ N−λ,1
where 0 < λ < λ̃.

Proof. Fix u ∈ N−λ,1, consequently Jλ,1 admits a global maximum in t = 1 and∫
Ω

b(x)|u|m2 dx > 0. Indeed, for u ∈ N−λ,1 the �bering map has a behavior described in
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Lemma 1.5. On the other hand, using Lemma 1.6 there is t0 > 0 such that hu(t0) > hu(t)

for each t > 0. Hence

Jλ,1(u) = ℘u(1) > ℘u(t) > hu(t0)
m1
p (hu(t0)1−m1

p − λD̃) > δ
m1
p (δ1−m1

p − λD̃)

for δ > 0 obtained in the Lemma 1.6. Thus, taking δ̃ = δ
m1
p (δ1−m1

p − λD̃), the proof for

this lemma is completed by choosing 0 < λ < λ̃ small enough.

1.2.3 Proof of Theorem 1.1

Proof of Theorem 1.1. From Proposition 1.1 the functional Jλ,1 is bounded below on Nλ,1
and so on N+

λ,1, then there exists a minimizing sequence (uk)k∈N ⊂ N+
λ,1 such that

lim
k→+∞

Jλ,1(uk) = inf
u∈N+

λ,1

Jλ,1(u) := J+. (1.31)

Again by Proposition 1.1 the functional Jλ,1 is coercive on N+
λ,1, consequently (uk)k∈N is

a bounded sequence in W s,p
0 (Ω). Since W s,p

0 (Ω) is a re�exive Banach space, there exists

u0 ∈ W s,p
0 (Ω) such that, up to a subsequence uk ⇀ u0 in W s,p

0 (Ω),

uk(x)→ u0(x) a.e. x ∈ Ω, uk → u0 in Lm1(Ω) and uk → u0 in Lm2(Ω) as k → +∞.

Consequently as a, b ∈ L∞(Ω), we conclude that∫
Ω

a(x)|uk|m1 dx→
∫

Ω

a(x)|u0|m1 dx,

∫
Ω

b(x)|uk|m2 dx→
∫

Ω

b(x)|u0|m2 dx as k → +∞.

(1.32)

Now suppose by contradiction that uk 9 u0 in W
s,p
0 (Ω) as k → +∞. Hence from Lemma

3.3 ∫
RN×RN

A(u0(x)− u0(y))(u0(x)− u0(y))K(x, y) dx dy <

lim inf
k→+∞

∫
RN×RN

A(uk(x)− uk(y))(uk(x)− uk(y))K(x, y) dx dy.

(1.33)

Now, �x t0 > 0 such that t0u0 ∈ N+
λ,1 and using (1.32) and (1.33), we get

0 = ℘′u0(t0) < lim inf
k→+∞

℘′uk(t0).
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Consequently ℘′uk(t0) > 0 for all k > k0 where k0 is big enough.

Now, note that for all uk ∈ N+
λ,1, using Lemma 1.5, we obtain that ℘′uk(t) < 0 for all

t ∈ (0, 1) and ℘′uk(1) = 0. Indeed, as uk ∈ N+
λ,1 then ℘′′uk(1) > 0 and ℘′uk(1) = 0 for all

k ∈ N. Moreover using (a′3)-(i) and (H), we infer that

℘′′uk(1)+(m2 −m)

∫
RN×RN

A(uk(x)− uk(y))(uk(x)− uk(y))K(x, y) dx dy

6λ(m2 −m1)

∫
Ω

a(x)|tuk|m1 dx for all k ∈ N.
(1.34)

By (1.34), (H), and the fact that ℘′′uk(1) > 0, we conclude that

∫
Ω

a(x)|tuk|m1 dx > 0.

Therefore, by Lemma 1.5 items (b) and (c) we obtain that ℘′′uk(t) < 0 for t ∈ (0, 1) and

℘′uk(1) = 0 for all k ∈ N. Consequently, t0 > 1.

On the other hand, as t0u0 ∈ N+
λ,1, ℘u0(t) is decreasing for t ∈ (0, t0). Indeed, note that if

exists u ∈ W s,p
0 (Ω) and

∫
Ω

a(x)|tu|m1 dx > 0, by Lemma 1.5, should exist t1(u, λ) ∈ N+
λ,1

such that ℘u(t1(u, λ)) = Jλ,1(t1(u, λ)u) < 0. Therefore,

inf
u∈N+

λ,1

Jλ,1(u) < 0. (1.35)

Now observe that

λ

(
1

m2

− 1

m1

)∫
Ω

a(x)|uk|m1 dx =

∫
RN×RN

A(uk(x)− uk(y))(uk(x)− uk(y))K(x, y)

m2

dx dy

−
∫
RN×RN

A (uk(x)− uk(y))K(x, y) dx dy + Jλ,1(uk)

(1.36)

for all k ∈ N.
Then taking lim inf in (1.36) and using (a3)-(i), (1.31), (1.32), (1.33), and (1.35), we

obtain that

λ

(
1

m1

− 1

m2

)∫
Ω

a(x)|u0|m1 dx >
∫
RN×RN

A(u0(x)− u0(y))(u0(x)− u0(y))K(x, y)

p
dx dy

−
∫
RN×RN

A(u0(x)− u0(y))(u0(x)− u0(y))K(x, y)

m2

dx dy

− inf
u∈N+

λ,1

Jλ,1(u).
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Thus

∫
Ω

a(x)|u0|m1 dx > 0. Consequently, as t0u0 ∈ N+
λ,1, from Lemma 1.5 we obtain that

℘u0 is decreasing for t ∈ (0, t0). Therefore,

Jλ,1(t0u0) < Jλ,1(u0) < lim inf
k→+∞

Jλ,1(uk) := J+

which contradicts (1.31). Then uk → u0 in W s,p
0 (Ω) as k → +∞. Hence, from Lemma

3.3 and (1.32), we get

Jλ,1(u0) = lim
k→+∞

Jλ,1(uk),

that is, u0 is a minimizer for Jλ,1 in N+
λ,1. Moreover using (1.35), we get

Jλ,1(u0) = inf
u∈N+

λ,1

Jλ,1(u) < 0. This �nishes the proof.

1.2.4 Proof Theorem 1.2

Proof Theorem 1.2. From Lemma 1.7 there exists δ̃ > 0 such that Jλ,1(u) > δ̃ for all

u ∈ N−λ,1. Thus
J− := inf

u∈N−λ,1
Jλ,1(u) > δ̃ > 0. (1.37)

Let a minimizer sequence (uk)k∈N ⊂ N−λ,1, this is, lim
k→+∞

Jλ,1(uk) = J−. From Proposition

1.1, Jλ,1 is coercive on Nλ,1 and also on N−λ,1, then (uk)k∈N is a bounded sequence in

W s,p
0 (Ω). Since W s,p

0 (Ω) is a re�exive Banach space, there exists ũ0 ∈ W s,p
0 (Ω) such that,

up to a subsequence uk ⇀ ũ0 in W s,p
0 (Ω),

uk(x)→ ũ0(x) a.e. x ∈ Ω, uk → ũ0 in Lm1(Ω) and uk → ũ0 in Lm2(Ω) as k → +∞.

Consequently as a, b ∈ L∞(Ω) we conclude that is valid (1.32). We want to prove that

uk → ũ0 in W s,p
0 (Ω) as k → +∞ and conclude that

Jλ,1(ũ0) = lim
k→+∞

Jλ,1(uk) = inf
u∈N−λ,1

Jλ,1(u).

Now, using (1.5), (a′3)-(i), (K), and (H) note that
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Jλ,1(uk) 6

(
1− l

m1

)∫
RN×RN

A (uk(x)− uk(y))K(x, y) dx dy

+

(
1

m1

− 1

m2

)∫
Ω

b(x)|uk|m2 dx for all k ∈ N.
(1.38)

Hence, from (1.38), (a′3)-(i), (K), and (H), we obtain that(
1

m1

− 1

m2

)∫
Ω

b(x)|uk|m2 dx >
∫
RN×RN

A(uk(x)− uk(y))(uk(x)− uk(y))K(x, y)

m1p
dx dy

−
∫
RN×RN

A(uk(x)− uk(y))(uk(x)− uk(y))K(x, y)

p
dx dy

+ Jλ,1(uk) for all k ∈ N.
(1.39)

Consequently using (1.32), (1.37), (a2), (K), and (H) in (1.39), we conclude that∫
Ω

b(x)|ũ0|m2 dx > 0. Thus from Lemma 1.5, the �bering map ℘ũ0 admits a unique critical

point t1 > 0 in such a way that ℘′ũ0(t1) = 0 and t1ũ0 ∈ N−λ .
Now we suppose by contradiction that uk 9 ũ0 in W s,p

0 (Ω). Using (a1), (a2), (a′3), (K),

and the Brezis�Lieb Lemma (see [14]), we infer that∫
RN×RN

A (ũ0(x)− ũ0(y))K(x, y) dx dy < lim inf
k→+∞

∫
RN×RN

A (uk(x)− uk(y))K(x, y) dx dy.

(1.40)

Since (uk)k∈N ⊂ N−λ,1, we obtain ℘uk(1) > ℘uk(t) for all t > 0, consequently

Jλ,1(uk) > Jλ,1(tuk) for all t > 0 and k ∈ N. (1.41)

Thence, from (1.32), (1.40), and (1.41), we conclude that

Jλ,1(t1ũ0) < lim inf
k→+∞

(∫
RN×RN

A (uk(x)− uk(y))K(x, y) dx dy

− λ

m1

∫
Ω

a(x)|uk|m1 dx− 1

m2

∫
Ω

b(x)|uk|m2 dx

)
< lim inf

k→+∞
Jλ,1(uk) = J−.
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Therefore, t1ũ0 ∈ N−λ and Jλ,1(t1ũ0) < J− which is a contradiction due the fact that

(uk)k∈N is minimizer sequence. Hence uk → ũ0 in W s,p
0 (Ω) as k → +∞. Thus from

Lemma 3.3 and by equation (1.32) we can conclude that Jλ,1(uk)→ Jλ,1(ũ0) as k → +∞
and ũ0 is point minimum of Jλ,1 in N−λ , then a critical point of the functional Jλ,1.

1.3 Proof of Theorems 1.3 and 1.4

1.3.1 Proof of Theorem 1.3

To prove Theorem 1.3 we will apply Ekeland's Variational Principle, Theorem 3.2

combined with the Lemmas that we will prove in the sequence.

First we denote by q′(x) the conjugate exponent of the function q(x) and put α(x) :=
q(x)m1(x)

q(x)−m1(x)
for all x ∈ Ω. Since m−1 6 m+

1 < p− 6 p+ <
N

s
< q− 6 q+, we have

q′(x)m1(x) < α(x) and α(x) < p?s(x), for all x in Ω. Thus, by Lemma 3.2, the embeddings

W ↪→ Lm1(·)q′(·)(Ω) and W ↪→ Lα(·)(Ω) are compact and continuous.

The proof of Lemma 1.8 follows by standards arguments.

Lemma 1.8. Assume the hypotheses of Theorem 1.3 are ful�lled. Then the functional

Jλ,0 ∈ C1(W ,R).

Lemma 1.9. Assume the hypotheses of Theorem 1.3 are ful�lled. Then there exists λ? > 0

such that, for all λ ∈ (0, λ?), there exist R, R > 0 where Jλ,0(u) > R > 0 for all u ∈ W

with ‖u‖W = R.

Proof. Indeed, since embedding W ↪→ Lm1(·)q′(·)(Ω) is continuous there exists a constant

c4 > 0 such that

‖u‖Lm1(·)q′(·)(Ω) 6 c4‖u‖W for all u ∈ W . (1.42)

Fix R ∈ (0, 1) such that R < 1
c4
. From (1.42), we obtain

‖u‖Lm1(·)q′(·)(Ω) 6 1 for all u ∈ W with R = ‖u‖W .

Thus, by Proposition 3.1 and Proposition 3.3, we have∫
Ω

a(x)|u|m1(x)dx 6 ‖a‖Lq(·)(Ω)‖u‖
m−1
Lm1(·)q′(·)(Ω)

for all u ∈ W . (1.43)
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Since ‖u‖W = R < 1, using (a2), (a3), (K), Proposition 3.4, and (1.43), we have that

Jλ,0(u) > Rm−1

(
cAb0

p+
Rp+−m−1 −

λc
m−1
4 ‖a‖Lq(·)(Ω)

m−1

)
. (1.44)

Thus, by (1.44), we can choose λ? in order to
cAb0

p+
Rp+−m−1 −

λc
m−1
4 ‖a‖Lq(·)(Ω)

m−1
> 0.

Therefore, for all λ ∈ (0, λ?) with

λ? =
cAb0R

p+−m−1

2p+
· m−1

c
m−1
4 ‖a‖Lq(·)(Ω)

(1.45)

and for all u ∈ W with ‖u‖W = R, there exists R =
cAb0R

p+−m−1

2p+
> 0 such that

Jλ,0(u) > R > 0.

Lemma 1.10. Assume the hypotheses of Theorem 1.3 are ful�lled. Then there exists

υ ∈ W such that, υ 6= 0 and Jλ,0(γ1υ) < 0 for all γ1 small enough.

Proof. Indeed, since m1(x) < p(x, y) for all x, y ∈ Ω0. In the sequence we will use the

following notation, m−0 := inf
x∈Ω0

m1(x) and m+
0 := sup

x∈Ω0

m1(x). Thus, there exists ε0 > 0

such that m−0 + ε0 6 p−. Since m1 ∈ C+(Ω) there exists an open set Ω1 ⊂ Ω0 such that

|m1(x)−m−0 | 6 ε for all x ∈ Ω1. (1.46)

Consequently, we can conclude that m1(x) 6 m−0 + ε0 6 p− for all x ∈ Ω1.

Let υ ∈ C∞0 (Ω0) such that Ω1 ⊂ supp υ, υ(x) = 1 for all x ∈ Ω1 and for 0 < υ < 1 in Ω0.

Without loss of generality, we way assume ‖υ‖W = 1, by Proposition 3.4, it follows∫
RN×RN

|υ(x)− υ(y)|p(x,y)

|x− y|N+sp(x,y)
dx dy = 1. (1.47)

Then, by (a2), (a3), (K), (1.46), (1.47), Proposition 3.4, and γ1 ∈ (0, 1), we have

Jλ,0(γ1υ) 6
γp
−

1

p−
CAb1 −

λγ
m−0 +ε
1

m+
0

∫
Ω1

a(x)|υ|m1(x) dx.

Thus Jλ,0(γ1υ) < 0 for all γ1 < β
1

p−−m−0 −ε with



43

0 < β < min

{
1,

λp−

m+
0 CAb1

∫
Ω1

a(x)|υ|m1(x) dx

}
.

Therefore, the proof this Lemma is completed.

Proof of Theorem 1.3. Consider λ? > 0 be de�ned as in (1.45) and let λ ∈ (0, λ?). By

Lemma 1.8, Jλ,0 ∈ C1(W ,R), and by Lemma 1.9 it follows that

inf
v∈∂BR(0)

Jλ,0(v) > 0, (1.48)

where ∂BR(0) = {u ∈ BR(0) : ‖u‖W = R} and BR(0) is the ball centred at the origin in

W .

Besides, by Lemma 1.10, there exists υ ∈ W such that Jλ,0(γ1υ) < 0 for all small enough

γ1 > 0. Moreover, by (1.44), for all u ∈ BR(0), we have

Jλ,0(u) >
cAb0

p+
‖u‖p

+

W −
λc

m−1
1

m−1
‖u‖m

−
1

W . (1.49)

Hence,

−∞ < d = inf
v∈BR(0)

Jλ,0(v) < 0. (1.50)

Consequently, by (1.48) and (1.50) let ε > 0 such that

0 < ε < inf
v∈∂BR(0)

Jλ,0(v)− inf
v∈BR(0)

Jλ,0(v).

Applying the Ekeland's Variational Principle, Theorem 3.2, to the functional Jλ,0 :

BR(0)→ R, there exists uε ∈ BR(0) such that
Jλ,0(uε) < inf

v∈BR(0)
Jλ,0(v) + ε,

Jλ,0(uε) < Jλ,0(u) + ε‖u− uε‖W for all u 6= uε.

(1.51)

Since,

Jλ,0(uε) 6 inf
v∈BR(0)

Jλ,0(v) + ε < inf
v∈∂BR(0)

Jλ,0(v)

we deduce that uε ∈ BR(0).

Now, we de�ne Tελ,a : BR(0)→ R by Tελ,a(u) = Jλ,0(u) + ε‖u−uε‖W . Note that by (1.51),
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we get Tελ,a(uε) = Jλ,0(uε) < Tελ,a(u) for all u 6= uε. Thus uε is a minimum point of Tελ,a
on BR(0). Therefore,

Tελ,a(uε + tv)− Tελ,a(uε)
t

> 0 for all small enough t > 0 and v ∈ BR(0).

By this fact, we obtain

Jλ,0(uε + tv)− Jλ,0(uε)

t
+ ε‖v‖W > 0.

Taking t→ 0+, it follows that 〈J ′λ,0(uε), v〉+ ε‖v‖W > 0 and we infer that

‖J ′λ,0(uε)‖W ′ 6 ε. (1.52)

Then, by (1.50) and (1.52) we deduce that there exists a sequence (wk)k∈N ⊂ BR(0) such

that

Jλ,0(wk)→ d and J ′λ,0(wk)→ 0 as k → +∞. (1.53)

From (1.49) and (1.53), we have that sequence (wk)k∈N is bounded in W . Indeed, if

‖wk‖W → +∞, by (1.49) and since m−1 < p+ we get Jλ,0(wk) → +∞, which is a

contradiction with (1.53). Therefore the sequence (wk)k∈N is bounded in W . From Lemma

3.2, there exists w ∈ W such that wk ⇀ w in W , wk → w in Lm1(·)(Ω), and wk(x)→ w(x)

a.e. x ∈ Ω as k → +∞.

To �nalize the proof we will show that wk → w in W as k → +∞.

Claim c1.

lim
k→+∞

∫
Ω

a(x)|wk|m1(x)−2wk(wk − w) dx = 0.

Indeed, from Proposition 3.1 and Proposition 3.3, we have∫
Ω

a(x)|wk|m1(x)−2wk(wk − w) dx 6 ‖a‖Lq(·)(Ω)(1 + ‖wk‖
m+

1 −1

Lm1(·)(Ω)
)‖wk − w‖Lα(·)(Ω). (1.54)

Since W is continuously embedded in Lm1(·)(Ω) and (wk)k∈N is bounded in W , so (wk)k∈N

is bounded in Lm1(·)(Ω). From Lemma 3.2, the embedding W ↪→ Lα(·)(Ω) is compact, we

deduce ‖wk −w‖Lα(·)(Ω) → 0 as k → +∞. Therefore, using (1.54) the proof of Claim c1

is complete.

On the other hand, by (1.53), we infer that
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lim
k→+∞

〈J ′λ,0(wk), wk − w〉 = 0. (1.55)

Consequently by Claim c1 and (1.55), we get

lim
k→+∞

〈Φ′(wk), wk − w〉 = lim
k→+∞

〈J ′λ,0(wk), wk − w〉 = 0.

Thus, by Lemma 3.3 it follows that wk → w in W as k → +∞. Since Jλ,0 ∈ C1(W ,R),

using (1.53), we obtain

Jλ,0(w) 6 lim
k→+∞

Jλ,0(wk) = d < 0 and J ′λ,0(w) = 0.

Therefore, w is a nontrivial weak solution to problem (P) and thus any λ ∈ (0, λ?) is an

eigenvalue of problem (P).

1.3.2 Proof of Theorem 1.4

Before we prove Theorem 1.4 we de�ne

W + =

{
u ∈ W :

∫
Ω

a(x)|u|m1(x)dx > 0

}
,W − =

{
u ∈ W :

∫
Ω

a(x)|u|m1(x)dx < 0

}
,

λ?? = inf
u∈W +

Φ(u)

Ia(u)
, λ? = inf

u∈W +

∫
RN×RN

A(u(x)− u(y))(u(x)− u(y))K(x, y) dx dy∫
Ω

a(x)|u|m1(x) dx

,

µ?? = sup
u∈W −

Φ(u)

Ia(u)
, µ? = inf

u∈W −

∫
RN×RN

A(u(x)− u(y))(u(x)− u(y))K(x, y) dx dy∫
Ω

a(x)|u|m1(x) dx

.

(1.56)

Proof of Theorem 1.4. Note that if λ is an eigenvalue of problem (P) with weight function

a, then −λ is an eigenvalue of problem (P) with weight −a . Hence, it is enough to show

Theorem 1.4 only for λ > 0. So problem (P) has only to be considered in W +. For this

case, the proof is divided into the following four steps.

Step 1. λ? > 0.
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First we observe that since A is strictly convex (see (a1)) and by [51, Lemma 15.4], we

get

A (t) 6 A(t)t for all t ∈ R. (1.57)

Then, by (1.57) it follows that

Φ(u)

Ia(u)
6 m+

1

∫
RN×RN

A(u(x)− u(y))(u(x)− u(y))K(x, y) dx dy∫
Ω

a(x)|u|m1(x) dx

for all u ∈ W +. (1.58)

On the other hand, from (a3)

Φ(u)

Ia(u)
>

m−1
p+

∫
RN×RN

A(u(x)− u(y))(u(x)− u(y))K(x, y) dx dy∫
Ω

a(x)|u|m1(x) dx

for all u ∈ W +. (1.59)

Then by (1.56), (1.58), and (1.59), we get

m−1
p+

λ? 6 λ?? 6 m+
1 λ?. (1.60)

Since p+ < m−1 , it follows that λ
?? > λ? > 0.

Claim:

(a) lim
‖u‖W→0,u∈W +

Φ(u)

Ia(u)
= +∞; (b) lim

‖u‖W→+∞,u∈W +

Φ(u)

Ia(u)
= +∞.

Indeed, using Proposition 3.1 and Proposition 3.3, it follows that

|Ia(u)| 6 2

m−1
‖a‖Lq(·)(Ω)‖u‖

ml1
Lm1(·)q′(·)(Ω)

, (1.61)

where l = −, if ‖u‖Lm1(·)q′(·)(Ω) < 1 and l = +, if ‖u‖Lm1(·)q′(·)(Ω) > 1.

Since q(x) > max

{
1, Np(x)

Np(x)+sp(x)m1(x)−Nm1(x)

}
for all x ∈ Ω, we have 1 < q′(x)m1(x) <

p?s(x) for all x ∈ Ω, then by Lemma 3.2 there exist a constant c5 > 0 such that

‖u‖Lm1(·)q′(·)(Ω) 6 c5‖u‖W . (1.62)
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Thus by (1.61) and (1.62), we get

|Ia(u)| 6 2c
ml1
5

m−1
‖a‖Lq(·)(Ω)‖u‖

ml1
W . (1.63)

On the other hand, by (a2), (a3), and (K), we infer that

Φ(u) >
cAb0

p+

∫
RN×RN

|u(x)− u(y)|p(x,y)

|x− y|N+sp(x,y)
dx dy. (1.64)

Then for u ∈ W + with ‖u‖W 6 1 by (1.62), (1.63), (1.64), and Proposition 3.4, we have

Φ(u)

Ia(u)
>
cAb0m

−
1

2c
m−1
5 p+

‖u‖p
+−m−1

W

‖a‖Lq(·)(Ω)

. (1.65)

Since m+
1 > p+, using (1.65) we conclude that

Φ(u)

Ia(u)
→ +∞ as ‖u‖W → 0, u ∈ W +.

Therefore, the relation (a) holds.

Now, since m+
1 − 1

2
< m−1 it follows that there exists η > 0 such that m+

1 − 1
2
< η < m−1 ,

which implies that

m+
1 − 1 < m+

1 −
1

2
< η ⇒ 1 + η −m+

1 > 0 and 2(m−1 − η) 6 2(m+
1 − η) < 1. (1.66)

Taking r(x) be any measurable function satisfying

max

{
q(x)

1 + ηq(x)
,

p?s(x)

p?s(x) + η −m1(x)

}
6 r(x) 6min

{
p?s(x)

p?s(x) + ηq(x)
,

1

1 + η −m1(x)

}
for all x ∈ Ω, and

η

(
r+

r−
+ 1

)
< m−1 .

(1.67)

Thus by (1.66) and (1.67) r ∈ L∞(Ω) and 1 < r(x) < q(x) for all x ∈ Ω. Then, for

u ∈ W + using Proposition 3.1, we obtain
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|Ia(u)| 6 1

m−1

(
1

r−
+

1

r′−

)
‖a|u|η‖Lr(·)(Ω)‖|u|m1(x)−η‖Lr′(·)(Ω). (1.68)

Now, note that by Proposition 3.2

‖a|u|η‖Lr(·)(Ω) 6



1, if ‖a|u|η‖Lr(·)(Ω) 6 1;[∫
Ω

|a(x)|r(x)|u|ηr(x) dx

] 1
r−

6 2‖|a|r(x)‖
1
r−

L
q(·)
r(·) (Ω)

‖|u|ηr(x)‖
1
r−

L

(
q(·)
r(·)

)′
(Ω)

,

if ‖a|u|η‖Lr(·)(Ω) > 1.

From Proposition 3.3, we have

‖a|u|η‖Lr(·)(Ω) 61 + 2

(
1 + ‖a‖

r+

r−

Lq(·)(Ω)

)(
1 + ‖u‖

η r
+

r−

L
ηr(·)
(
q(·)
r(·)

)′
(Ω)

)
. (1.69)

Similarly using the same arguments as above, we obtain

‖|u|m1(x)−η‖Lr′(·)(Ω) 6

 1, if ‖u‖L(m1(·)−η)r′(·)(Ω) 6 1;

‖u‖m
+
1 −η

L(m1(·)−η)r′(·)(Ω)
, if ‖u‖L(m1(·)−η)r′(·)(Ω) > 1.

Thus,

‖|u|m1(x)−η‖Lr′(·)(Ω) 6 1 + ‖u‖m
+
1 −η

L(m1(·)−η)r′(·)(Ω)
. (1.70)

Therefore, using (1.68), (1.69), and (1.70), we have that

|Ia(u)| 6 1

m−1

(
1

r−
+

1

r′−

)[
1 + ‖u‖m

+
1 −η

L(m1(·)−η)r′(·)(Ω)
+ 2(1 + ‖a‖

r+

r−

Lq(·)(Ω)
)‖u‖m

+
1 −η

L(m1(·)−η)r′(·)(Ω)

+ 2

(
1 + ‖a‖

r+

r−

Lq(·)(Ω)

)
+ 2

(
1 + ‖a‖

r+

r−

Lq(·)(Ω)

)
‖u‖

η r
+

r−

L
ηr(·)
(
q(·)
r(·)

)′
(Ω)

+

(
1 + ‖a‖

r+

r−

Lq(·)(Ω)

)(
‖u‖2(m+

1 −η)

L(m1(·)−η)r′(·)(Ω)
+ ‖u‖

2η r
+

r−

L
ηr(·)
(
q(·)
r(·)

)′
(Ω)

)]
.

(1.71)

Now, since r(x) is chosen such that (1.67) is ful�lled, then
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1 6 ηr(x)

(
q(x)

r(x)

)′
, and (m1(x)− η)r′(x) 6 p?s(x) a.e. x ∈ Ω.

Thus, we obtain continuous embedding W ↪→ Lηr(·)
(
q(·)
r(·)

)′
(Ω) and W ↪→ L(m1(·)−η)r′(·)(Ω).

Consequently, there exist positive constants c6, c7,M1, andM2 such that by (1.71), follows

that

|Ia(u)| 6M1 +M2

(
‖u‖2(m+

1 −η)

W + ‖u‖
2η r

+

r−

W

)
. (1.72)

Since p− > 1 > 2(m+
1 − η) > 2(m−1 − η) > 2η r

+

r−
> 2η by (1.66) and (1.67), using (1.64),

(1.72), and Proposition 3.4 for all u ∈ W + with ‖u‖W > 1, we have that

Φ(u)

Ia(u)
>

1

p+

‖u‖p
−

W

M1 +M2

(
‖u‖2(m+

1 −η)

W + ‖u‖
2η r

+

r−

W

) → +∞ as ‖u‖W → +∞,

Therefore, the relation (b) is holds.

Now, we proving that λ? > 0. Let us suppose by contradiction that λ? = 0, then by (1.60)

it follows that λ?? = 0. Let (uk)k∈N ⊂ W + \ {0} be such that

lim
k→+∞

Φ(uk)

Ia(uk)
= 0. (1.73)

Note that by (1.65), we have

Φ(uk)

Ia(uk)
>


cAb0m

−
1

2c
m+

1
5 p+

‖u‖p
+−m−1

W

‖a‖Lq(·)(Ω)

, if ‖u‖W 6 1;

cAb0m
−
1

2c
m−1
5 p+

‖u‖p
−−m+

1

W

‖a‖Lq(·)(Ω)

, if ‖u‖W > 1.

(1.74)

By hypothesis, we know that p+ − m−1 < 0 and p− − m+
1 < 0. Thus (1.74) implies that

‖uk‖W → +∞ as k → +∞ and using (b), we conclude

lim
k→+∞

Φ(uk)

Ia(uk)
= +∞.
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However, this contradicts (1.73). Consequently, we have λ? > 0.

Step 2. λ?? is an eigenvalue of problem (P).

Indeed, let (uk)k∈N ⊂ W + \ {0} be a minizing sequence for λ??, that is

lim
k→+∞

Φ(uk)

Ia(uk)
= λ?? > 0. (1.75)

Note that by (a) and (1.75), we have (uk)k∈N is bounded in W . Since W is re�exive, it

follows that there exists u0 ∈ W such that uk ⇀ u0 in W , thus by Lemma 3.3, we have

that

lim
k→+∞

Φ(uk) > Φ(u0). (1.76)

On the other hand, by Lemma 3.2 we get uk → u0 in Lm1(·)q′(·)(Ω). Then, we infer that

‖uk‖Lm1(·)q′(·)(Ω) → ‖u0‖Lm1(·)q′(·)(Ω), ‖|uk|m1(·)‖Lq′(·)(Ω) → ‖|u0|m1(·)‖Lq′(·)(Ω), ‖|uk|m1(·)‖Lq′(·)(Ω)

is bounded and |uk|m(·) ⇀ |u0|m(·) in Lq
′(·)(Ω). Thus |uk|m(·) → |u0|m(·) and from (1.63), we

conclude that

|Ia(uk)− Ia(u0)| 6 2c5

m−1
‖a‖Lq(·)(Ω)‖|uk|m1(x) − |u0|m1(x)‖Lq′(·)(Ω) → 0 as k → +∞.

Therefore,

lim
k→+∞

Ia(uk) = Ia(u0). (1.77)

In view of (1.76) and (1.77), we get

Φ(u0)

Ia(u0)
= λ?? if u0 6= 0.

It remains to be shown that u0 is nontrivial. We suppose by contradiction that u0 = 0.

Then uk ⇀ 0 in W and uk → 0 in Lm1(·)q′(·)(Ω). Therefore,

lim
k→+∞

Ia(uk) = 0. (1.78)

Now using (1.75), give ε ∈ (0, λ??) �xed there exists k0 such that

|Jλ,0(uk)− λ??Ia(uk)| < εIa(uk) for all k > k0,

that is,

(λ?? − ε)Ia(uk) < Jλ,0(uk) < (λ?? + ε)Ia(uk) for all k > k0.
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Passing to the limit in the above inequalities as k → +∞ and using (1.78), we get

lim
k→+∞

Jλ,0(uk) = 0. (1.79)

Consequently by (1.2), (1.78), and (1.79), we obtain

lim
k→+∞

Φ(uk) = 0. (1.80)

In contrast, by (a2), (a3), and (K), it follows that

Φ(uk) >
cAb0

p+

∫
RN×RN

|uk(x)− uk(y)|p(x,y)

|x− y|N+sp(x,y)
dx dy > 0. (1.81)

Thus, by (1.80) and (1.81) we deduce∫
RN×RN

|uk(x)− uk(y)|p(x,y)

|x− y|N+sp(x,y)
dx dy → 0 as k → +∞ for all k ∈ N.

Then by Proposition 3.4, we conclude

uk → 0 in W as k → +∞. (1.82)

Hence by (1.82) and Claim (a), we have

lim
‖uk‖W→0,u∈W +

Φ(uk)

Ia(uk)
= +∞

which is a contradiction with (1.75). Thus u0 6= 0. Therefore, u0 is an eigenfunction and

Step 2 is proved.

Step 3. Given any λ ∈ (λ??,+∞), λ is an eigenvalue of problem (P).

Let λ ∈ (λ??,+∞) �xed. Then λ is an eigenvalue of problem (P) if and only if there

exists uλ ∈ W + \ {0} a critical point of Jλ,0. Note that Jλ,0 is coercive. Indeed, using

(1.66) and (1.67), we infer that p− > 1 > 2(m+
1 −η) > 2(m−1 −η) > 2η r

+

r−
> 2η, thus using

(1.64) and (1.72), for all u ∈ W + with ‖u‖W > 1, we have

Jλ,0(u) >
cAb0

p+
‖u‖p

−

W − λ

[
M1 +M2

(
‖u‖2(m+

1 −η)

W + ‖u‖
2η r

+

r−

W

)]
→ +∞ as ‖u‖W → +∞.

In addition, by proof of Step 2 enable us to a�rm that Ia is weakly-strongly continuous,
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namely uk ⇀ u implies Ia(uk)→ Ia(u). Thus by Lemma 3.3, the functional Φ is weakly

lower semicontinuous, then Jλ,0 is weakly lower semicontinuous. Therefore, by Theorem

3.1 there is a global minimum point uλ ∈ W + of Jλ,0, hence uλ is a critical point of Jλ,0.
To complete Lemma proof we will show that uλ is nontrivial. Indeed, since

λ?? = inf
u∈W +

Φ(u)

Ia(u)

and λ > λ??, we deduce that there is vλ in W + such that
Φ(vλ)

Ia(vλ)
< λ, this is, Jλ,0(vλ) < 0.

Thus inf
v∈W +

Jλ,0(v) < 0. Consequently, we conclude that uλ is a nontrivial critical point of

Jλ,0. Therefore, λ is an eigenvalue of problem (P).

Step 4. Given any λ ∈ (0, λ?), λ is not an eigenvalue of problem (P).

Indeed, suppose by contradiction that there exists an eigenvalue λ ∈ (0, λ?) of problem

(P). Then there exists uλ ∈ W +, such that

〈Φ′(uλ), v〉 = λ〈I ′a(uλ), v〉 for all v ∈ W +.

Then taking v = uλ, since λ ∈ (0, λ?) and by de�nition of λ?, we have that

〈Φ′(uλ), uλ〉 =λ〈I ′a(uλ), uλ〉 < λ?〈I ′a(uλ), uλ〉 6 〈Φ′(uλ), uλ〉

which is a contradiction. Hence, there does not exist λ ∈ (0, λ?) eigenvalue of problem

(P). Thus the claim is veri�ed.

Therefore, the proof of Theorem 1.4 is complete.



Chapter

2

Multiplicity results for elliptic problems

involving nonlocal integrodi�erential

operators without Ambrosetti-Rabinowitz

condition

The aim of this chapter is to prove the existence and multiplicity of weak

solutions for elliptic equations involving the nonlocal integrodi�erential operators with

variable exponents. We consider the nonlinear elliptic problem:{
LAKu = λf(x, u) in Ω,

u = 0 in RN \ Ω,
(Pλ)

where λ > 0 is a real parameter, Ω ⊂ RN , N > 2 is a smooth bounded domain, and to

de�ne the nonlocal integrodi�erential operator LAK we will need the variable exponents

p(x) := p(x, x) for all x ∈ RN with p ∈ C(RN × RN) satisfying:

p is symmetric, that is, p(x, y) = p(y, x),

1 < p− := inf
(x,y)∈RN×RN

p(x, y) 6 sup
(x,y)∈RN×RN

p(x, y) := p+ <
N

s
, s ∈ (0, 1),

(p1 )

and we consider the fractional critical variable exponent related to p ∈ C(RN × RN)

de�ned by p?s(x) =
Np(x)

N − sp(x)
.

The nonlocal integrodi�erential operator LAK is de�ned on suitable

53
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fractional Sobolev spaces (see Subsection 2.1) by

LAKu(x) = P.V.

∫
RN
A(u(x)− u(y))K(x, y) dy, x ∈ RN ,

where P.V. is the principal value.

The map A : R → R be a measurable function satisfying the next

assumptions:

(a1) A is continuous, odd, and the map A : R→ R given by

A (t) :=

∫ |t|
0

A(τ)dτ

is strictly convex;

(a2) There exist positive constants cA and CA, such that for all t ∈ R and for all

(x, y) ∈ RN × RN

A(t)t > cA|t|p(x,y) and |A(t)| 6 CA|t|p(x,y)−1;

(a3) A(t)t 6 p+A (t) for all t ∈ R.

The kernel K : RN × RN → R+ be a measurable function satisfying the

following property:

(K) There exist constants b0 and b1, such that 0 < b0 6 b1,

b0 6 K(x, y)|x− y|N+sp(x,y) 6 b1 for all (x, y) ∈ RN × RN and x 6= y.

We assume that f : Ω× R→ R is a Carathéodory function and F (x, t) :=∫ t

0

f(x, τ) dτ , that is, the function F is the primitive of f with respect to the second

variable, such that satis�ed:

(f0) There exists a positive constant c1 such that f satis�es the subcritical growth

condition

|f(x, t)| 6 c1(1 + |t|ϑ(x)−1)

for all (x, t) ∈ Ω × R, where ϑ ∈ C(Ω), 1 < p+ < ϑ− 6 ϑ(x) 6 ϑ+ < p?s(x) for

x ∈ Ω, and ϑ− := inf
x∈Ω

ϑ(x), ϑ+ := sup
x∈Ω

ϑ(x);
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(f1) lim
|t|→+∞

F (x, t)

|t|p+
= +∞ uniformly for almost everywhere a.e. x ∈ Ω, that is, f is

p+-superlinear at in�nity;

(f2) f(x, t) = o(|t|p+−1), as t→ 0, uniformly a.e. x ∈ Ω;

(f3) There exists a positive constant c? > 0 such that

G(x, t) 6 G(x, τ) + c?

for all x ∈ Ω, 0 < t < τ or τ < t < 0, where G(x, t) := tf(x, t)− p+F (x, t).

With intending to �nd in�nite solutions is natural to impose certain symmetry condition

on the nonlinearity. In the sequel, we will assume the following assumption on f :

(f4) f is odd in t, that is, f(x,−t) = −f(x, t) for all x ∈ Ω and t ∈ R.

In addition, to prove that the Euler Lagrange functional associated to

problem (Pλ) veri�es the Cerami condition (C)c, we assume that the functions A and

A satisfy the following condition

(a4) H(at) 6 H(t) for all t ∈ R and a ∈ [0, 1] where H(t) = p+A (t)−A(t)t.

Our main results are the following Theorems.

Theorem 2.1. Assume (a1)-(a4), (K), and f satis�es (f0)-(f3). Then problem (Pλ) has

at least one nontrivial weak solution in W for all λ > 0. (W is de�ned in Subsection 2.1)

Theorem 2.2. Assume (a1)-(a4), (K), and f satis�es (f0)-(f4). Then problem (Pλ) has

in�nitely many solutions in W for all λ > 0.

Theorem 2.3. Assume (a1)-(a4), (K), and f satis�es (f0), (f1), (f3) and (f4). Then, for

each λ ∈
(

0, cAb0
p+

)
, the problem (Pλ) has in�nitely many weak solutions uk ∈ W , k ∈ N

such that Ψλ(uk)→ +∞, as k → +∞. (Ψλ is de�ned (2.1))

Theorem 2.4. Assume (a1)-(a4), (K), and f satis�es f satis�es (f0), (f1), (f3) and (f4).

Then, for each λ ∈
(

0, cAb0
p+

)
, the problem (Pλ) has a sequence of weak solutions vk ∈ W ,

k ∈ N such that Ψλ(vk) < 0, Ψλ(vk)→ 0 as k → +∞.
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Theorem 2.5. Assume (a1)-(a4) and (K). If f satis�es (f0), (f1), and (f3), moreover

f(x, 0) = 0, f(x, t) > 0 a.e. x ∈ Ω and for all t > 0. Then there exists a positive constant

λ such that problem (Pλ) possesses at least one solution for all λ ∈ (0, λ). Moreover

lim
λ→0+

‖uλ‖W = +∞.

(‖ · ‖W is de�ned in Subsection 2.1)

Theorem 2.6. Assume (a1)-(a3), (K), and f satis�es (f4). In addition we will assume

the following condition:

(f5) f : Ω × R → R is a continuous function and there exist positive constants C0, C1

such that

C0|t|m(x)−1 6 f(x, t) 6 C1|t|m(x)−1 for all x ∈ Ω and t > 0,

where m ∈ C(Ω) such that 1 < m(x) < p?(x) for all x ∈ Ω, with m+ < p−. Then problem

(Pλ) it has a sequence of on trivial solutions uk ∈ W , k ∈ N such that

lim
k→+∞

‖uk‖W = 0

for all λ > 0.

2.1 Variational framework

The problem (Pλ) has a variational structure and the natural space to look for solutions

are variable exponent fractional Sobolev spaces. Let us consider the separable and re�exive

Banach space W , de�ned in Subsection 1.1 of following form

W = W
s,p(·,·)
0 := {u ∈ W s,p(·,·)(RN) : u = 0 a.e. in RN \ Ω}.

endowed with the norm

‖u‖W := [u]
s,p(·,·)
RN .

Throughout the present section ci and Ci for i = 1, 2, . . . will denote generic positive

constants which may vary from line to line, but are independent of the terms which take
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part in any limit process.

De�nition 2.1. We say that u ∈ W is a weak solution to problem (Pλ) if, and only if,∫
RN×RN

A(u(x)− u(y))(v(x)− v(y))K(x, y) dx dy = λ

∫
Ω

f(x, u)v dx for all v ∈ W .

The weak solutions to problem (Pλ) coincide with the critical points of the Euler Lagrange

functional Ψλ : W → R given by

Ψλ(u) = Φ(u)− λ
∫

Ω

F (x, u) dx for all u ∈ W , (2.1)

where Φ is de�ned in the Lemma 3.3.

Moreover, by Lemma 3.3 and standard arguments, the functional Ψλ is di�erentiable in

u ∈ W and

〈Ψ′λ(u), v〉 =

∫
RN×RN

A(u(x)− u(y))(v(x)− v(y))K(x, y) dx dy

− λ
∫

Ω

f(x, u)v dx for all v ∈ W .

De�nition 2.2. We say that Ψλ satis�es the (C)c condition if for every sequence

(uk)k∈N ⊂ W such that Ψλ(uk) → c and ‖Ψ′λ(uk)‖W ′(1 + ‖uk‖W ) → 0, as k → +∞,
has a convergent subsequence.

2.2 Proof of Theorems 2.1, 2.2, 2.3, 2.4, 2.5, and 2.6

2.2.1 Proof of Theorem 2.1

To prove Theorem 2.1 we need of Lemmas below and Theorem 3.3.

Lemma 2.1. Assume (a1)-(a3), (K), and (f0)-(f2) are holds. Then we have the following

assertions:

(i) There exists v ∈ W , v > 0, such that Ψλ(tv)→ −∞ as t→ +∞;

(ii) There exist r > 0 and R > 0 such that Ψλ(u) > R for any u ∈ W with ‖u‖W = r.
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Proof. (i) From (f1), it follows that for any C > 0 there exists a constant cC > 0 such

that

F (x, t) > C |t|p+ − cC for all (x, t) ∈ Ω× R. (2.2)

Take v ∈ W with v > 0, for t > 1, by (2.2), (a1), (a2), and (K), we obtain

Ψλ(tv) 6 tp
+

[
CAb1

p−

∫
RN×RN

|v(x)− v(y)|p(x,y)

|x− y|N+sp(x,y)
dx dy − λC

∫
Ω

vp
+

dx

]
+ λcC |Ω| (2.3)

where |Ω| denotes the Lebesgue measure of Ω. Hence, from (2.3) and taking C large

enough such that

CAb1

p−

∫
RN×RN

|v(x)− v(y)|p(x,y)

|x− y|N+sp(x,y)
dx dy − λC

∫
Ω

vp
+

dx < 0,

we have

lim
t→+∞

Ψλ(tv) = −∞,

which completes the proof of (i).

(ii)First, since the embeddings W ↪→ Lp
+

(Ω) and W ↪→ Lϑ(x)(Ω) are continuous (Lemma

3.2), there exist positive constants c2, c3, such that

‖u‖Lp+ (Ω) 6 c2‖u‖W , ‖u‖Lϑ(·)(Ω) 6 c3‖u‖W for all u ∈ W . (2.4)

Now, let 0 < ε <
cAb0

λcp
+

2

. From (f0) and (f2), it follows that for all given ε > 0, there exists

cε > 0, such that

F (x, t) 6
ε

p+
|t|p+ + cε|t|ϑ(x) for all (x, t) ∈ Ω× R. (2.5)

Now, Thus, for u ∈ W with ‖u‖W < 1 su�ciently small, from (a2), (a3), (K), (2.4), and

(2.5), we obtain

Ψλ(u) >
‖u‖p

+

W

p+

(
cAb0 − λεcp

+

2

)
− λcεcϑ

−

3 ‖u‖
ϑ−

W . (2.6)

Therefore, since ϑ− > p+ from (2.6) we can choose R > 0 and r > 0 such that

Ψλ(u) > R > 0 for every u ∈ W and ‖u‖W = r. This completes the proof of (ii).

Lemma 2.2. Assume that the condition (a1)-(a4), (K), and f satis�es (f0), (f1) and
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(f3). Then the functional Ψλ satis�es the (C)c condition at any level c > 0.

Proof. Let c ∈ R and (uk)k∈N ⊂ W be a (C)c sequence for Ψλ, that is,

Ψλ(uk)→ c > 0 and ‖Ψ′λ(uk)‖W ′(1 + ‖uk‖W )→ 0 as k → +∞. (2.7)

Initially, we prove that the sequence (uk)k∈N is bounded in W . Indeed, arguing by

contradiction, up to a subsequence, still denoted by (uk)k∈N, we suppose that (uk)k∈N is

unbounded in W . De�ne ωk :=
uk
‖uk‖W

for all k ∈ N, then (ωk)k∈N ⊂ W and ‖ωk‖W = 1.

Thus, we can extract a subsequence, still denoted by (ωk)k∈N and ω ∈ W such that ωk ⇀ ω

in W as k → +∞. From Lemma 3.2, it follows that

ωk(x)→ ω(x) a.e. x ∈ Ω, ωk → ω in Lp
+

(Ω), and ωk → ω in Lϑ(·)(Ω) as k → +∞.(2.8)

We consider Ω? := {x ∈ Ω : ω(x) 6= 0}. If x ∈ Ω?, by (2.8), we have

|uk(x)| = |ωk(x)|‖uk‖W → +∞ a.e. x ∈ Ω? as k → +∞.

Therefore, by (f1), we obtain for each x ∈ Ω?

lim
k→+∞

F (x, uk)

|uk|p+
|uk|p

+

‖uk‖p
+

W

= lim
k→+∞

F (x, uk)

|uk|p+
|ωk|p

+

= +∞. (2.9)

Also, by (f1) there exists D > 0 such that

F (x, t)

|t|p+
> 1 for all (x, t) ∈ Ω× R with |t| ≥ D. (2.10)

Since F (x, t) is continuous on Ω× [−D,D], there exists a positive constant c5 such that

|F (x, t)| 6 c5 for all (x, t) ∈ Ω× [−D,D]. (2.11)

Hence, by (2.10) and (2.11), we conclude that there is a constant c6 such that

F (x, t) > c6 for all (x, t) ∈ Ω× R,
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which shows that
F (x, uk)− c6

‖uk‖p
+

W

> 0 for all x ∈ Ω and k ∈ N,

that is,
F (x, uk)

|uk|p+
|ωk|p

+ − c6

‖uk‖p
+

W

> 0 for all x ∈ Ω and k ∈ N. (2.12)

Now, by (2.7), (a2), (a3), and (K), we have

c >
cAb0

p+

∫
RN×RN

|uk(x)− uk(y)|p(x,y)

|x− y|N+sp(x,y)
dx dy − λ

∫
Ω

F (x, uk) dx+ ok(1).

Then, ∫
Ω

F (x, uk) dx >
cAb0

λp+
‖uk‖p

−

W −
c

λ
+
ok(1)

λ
→ +∞ as k → +∞. (2.13)

On the other hand, from (a1), (a2), and (K), we also that

c 6
CAb1

p−
‖uk‖p

+

W − λ
∫

Ω

F (x, uk) dx+ ok(1) for all k ∈ R.

Consequently, by (2.13), we achieve

‖uk‖p
+

W >
cp−

CAb1

+
λp−

CAb1

∫
Ω

F (x, uk) dx−
p−

CAb1

ok(1) > 0, (2.14)

for k large enough.

We claim that |Ω?| = 0. Indeed, if |Ω?| 6= 0, then by (2.9), (2.12), (2.14), and Fatou's

Lemma, we have

+∞ =

∫
Ω?

lim inf
k→+∞

F (x, uk)

|uk|p+
|ωk(x)|p+ dx−

∫
Ω?

lim sup
k→+∞

c6

‖uk‖p
+

W

dx

6 lim inf
k→+∞

∫
Ω

F (x, uk) dx

λp−

CAb1

∫
Ω

F (x, uk) dx− ok(1)
·

(2.15)

Therefore, from (2.14) and (2.15), we obtain that +∞ 6 CAb1
λp−

, which is a contradiction.

This proves that |Ω?| = 0 and thus ω(x) = 0 a.e. x ∈ Ω.

Now as in [47], we de�ne the continuous function Bk : [0, 1] −→ R by Bk(t) := Ψλ(tuk).

Since Bk(t) := Ψλ(tuk) is continuous in [0, 1], we can say that for each k ∈ N there exists
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tk ∈ [0, 1] such that

Ψλ(tkuk) := max
t∈[0,1]

Bk(t). (2.16)

(If for k ∈ N is not unique we choose the smaller possible value). Note that tk > 0 for all

k ∈ N. Indeed, passing to a subsequence if necessary, we have Ψλ(uk) ≥
c

2
for all k ∈ N.

So, if tk = 0 for all k ∈ N it follows that

Ψλ(tkuk) = Ψλ(0) = 0, (2.17)

however,

0 <
c

2
6 Ψλ(uk) 6 max

t∈[0,1]
Ψλ(tuk) = Ψλ(tkuk). (2.18)

Thus, from (2.17) and (2.18), we obtain a contradiction.

If tk ∈ (0, 1), by (2.16), we infer that

d

dt |t=tk
Ψλ(tuk) = 0 for all k ∈ N.

Moreover, if tk = 1, by (2.7) we have 〈Ψ′λ(uk), uk〉 = ok(1). So we always have

〈Ψ′λ(tkuk), tkuk〉 = tk
d

dt |t=tk
Ψλ(tuk) = ok(1).

Let (rj)j∈N be a positive sequence of real numbers such that rj > 1 and lim
j→+∞

rj = +∞.

Then ‖rjωk‖W = rj > 1 for all j and k ∈ N. Fix j ∈ N, since ωk → 0 in Lϑ(·)(Ω) and

ωk(x) → 0 a.e. x ∈ Ω, as k → +∞, using the condition (f0), there exists a positive

constant c7 such that∣∣∣F (x, rjωk)
∣∣∣ 6 c7

(
rj|ωk(x)|+ r

ϑ(x)
j |ωk(x)|ϑ(x)

)
(2.19)

and by continuity of the function F, we achieve

F (x, rjωk)→ F (x, rjω) = 0 a.e. x ∈ Ω as k → +∞, (2.20)

for each j ∈ N. Consequently, from (2.19), (2.20), and the Dominated Convergence

Theorem, we obtain

lim
k→+∞

∫
Ω

F (x, rjωk) dx = 0 (2.21)
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for all j ∈ N.

Since ‖uk‖W → +∞ as k → +∞, we also have either ‖uk‖W > rj or
rj

‖uk‖W
∈ (0, 1) for k

large enough. Thus, using (2.16), (2.21), (a2), (a3), (K), and Proposition 3.4, we deduce

that

Ψλ(tkuk) > Ψλ

(
rj
‖uk‖W

uk

)
= Ψλ(rjωk) >

cAb0r
p−

j

p+
− λ

∫
Ω

F (x, rjωk) dx (2.22)

for all k large enough .

Therefore, by (2.22) letting k, j → +∞, we conclude

lim sup
k→+∞

Ψλ(tkuk) = +∞. (2.23)

Now, we a�rm that lim sup
k→+∞

Ψλ(tkuk) 6 δ, for a suitable positive constant δ. Indeed, from

(a4), (f3), (2.7), and for all k large enough, we have

Ψλ(tkuk) =Ψλ(tkuk)−
1

p+
〈Ψ′λ((tkuk)), tkuk〉+ ok(1)

=
1

p+
H(tkuk) +

λ

p+

∫
Ω

G(x, tkuk) dx+ ok(1)

6
1

p+

∫
RN×RN

H(uk)K(x, y) dx dy +
λ

p+

∫
Ω

(G(x, uk) + c?) dx+ ok(1)

=Ψ(uk)−
1

p+
〈Ψ′λ(uk), uk〉+

λc?|Ω|
p+

+ ok(1).

Then,

Ψλ(tkuk) −→ c+
λc?
p+
|Ω| as k −→ +∞. (2.24)

Consequently, from (2.23) and (2.24) we obtain a contradiction. Therefore, the sequence

(uk)k∈N is bounded in W .

Now, with standard arguments, we prove that any (C)c sequence has a convergent

subsequence. Since W is a re�exive Banach space there exists u ∈ W such that, up

to a subsequence still denoted by (uk)k∈N we obtain that uk ⇀ u in W and by Lemma

3.2, we achieve

uk(x)→ u(x) a.e. x ∈ Ω, uk → u in Lϑ(·)(Ω), and uk → u in Lm(·)(Ω) as k → +∞.

Hence, using the Hölder's inequality, we have
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∣∣∣ ∫
Ω

f(x, uk)(uk − u) dx
∣∣∣ 6 C‖1 + |uk|ϑ(x)−1‖Lϑ′(·)(Ω)‖uk − u‖Lϑ(·)(Ω) → 0 as k → +∞.

(2.25)

and from (2.7), it follows that

〈Ψ′λ(uk), uk − u〉 → 0 as k → +∞. (2.26)

Thus, using (2.25) and (2.26), we get

〈Φ′(uk), uk − u〉 = λ

∫
Ω

f(x, uk)(uk − u) dx+ 〈Ψ′λ(uk), uk − u〉 → 0 as k → +∞.

Thus, since the operator Φ′ is of type (S+) (see Lemma 3.3), we conclude that uk → u

in W . Therefore, this proves that Ψλ satis�es the (C)c condition on W and we �nish the

proof of Lemma.

Proof of Theorem 2.1. From Lemma 2.1 and Lemma 2.2, the Euler Lagrange functional

Ψλ satis�es the geometric conditions the Mountain Pass Theorem. Moreover Ψλ(0) = 0.

Therefore, by Theorem 3.3, the functional Ψλ has a critical value c > R > 0, that is,

exists u ∈ W such that problem (Pλ) has at least one nontrivial weak solution in W .

2.2.2 Proof of Theorem 2.2

To prove Theorem 2.2 we use some Lemmas presented below and Theorem 3.4 what is
′′Z2 − symmetric′′ version (for even functionals) of the Mountain Pass.

Lemma 2.3. Assume (a1)-(a3), (K), and (f0)-(f2) are ful�lled. Then for each λ > 0,

there exist R1 > 0 and r1 > 0 such that Ψλ(u) > R1 for all u ∈ W with ‖u‖W = r1.

Proof. The proof is as in the Lemma 2.1.

Lemma 2.4. Assume (a1)-(a3), (K), and (f1) are ful�lled. For every �nite dimensional

subspace Ŵ ⊂ W there exists R2 = R2(Ŵ ) such that

Ψλ(u) 6 0 for all u ∈ Ŵ \BR2(W ),

where BR2(W ) = {u ∈ Ŵ : ‖u‖W < R2}.
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Proof. Consider Ŵ be a �nite dimensional subspace of W and let u ∈ Ŵ with ‖u‖W = 1

�xed. Thus, for all t > 1 using (a1), (a2), (K), (f1), (2.2), and Proposition 3.4, we get

Ψλ(tu) 6
CAb1

p−
tp

+ − λC cp+tp
+

+ λcC |Ω|.

Taking Π(t) =

[
CAb1
p−
− λC cp+

]
tp

+
+ λcC |Ω|, if C is large enough, then Π(t) → −∞ as

t→ +∞.

Therefore, we have

sup {Ψλ(u) : u ∈ Ŵ , ‖u‖W = R3} = sup {Ψλ(R3u) : u ∈ Ŵ , ‖u‖W = 1} → −∞

as R3 → +∞.
Hence, there exists R2 > 0 su�ciently large such that Ψλ(u) 6 0 for all u ∈ Ŵ with

‖u‖W = R3 and R3 > R2.

Proof of Theorem 2.2. From Lemma 2.1, the Euler Lagrange functional Ψλ satis�es the

(C)c condition. Moreover, Ψλ(0) = 0 and Ψλ is even functional by conditions (a1) and (f4).

Therefore, using the Lemma 2.3, Lemma 2.4, and Theorem 3.4 we conclude the existence

of an unbounded sequence of weak solutions to problem (Pλ) and this completes the

proof.

2.2.3 Proof of Theorem 2.3

To prove the Theorem 2.3 we verify the hypotheses of Theorem 3.5 through the Lemmas

presented below.

Since that W is a separable and re�exive Banach space, using ([31, Chapter

4], or [78, Section 17]) or [36], there exist sequence (el)l∈N ⊂ W and (e?l )N ⊂ W ′ such that

W = span{el : l = 1, 2, . . .}, W ′ = span{e?l : l = 1, 2, . . .}
ω?

,

and

〈e?i , el〉 =

{
1 se i = l,

0 se i 6= l.



65

We denote

Wl = span{el}, Yj =

j⊕
l=1

Wl = span{e1, . . . , ej}, and Zj =
∞⊕
l=j

Wl = span{ej, ej+1 . . .}.

Lemma 2.5. If ϑ ∈ C+(Ω), p+ < ϑ(x) < p?−s for all x ∈ Ω, denote

βj := sup{‖u‖Lϑ(·)(Ω) : ‖u‖W = 1, u ∈ Zj},

then lim
j→+∞

βj = 0.

Proof. It is clear that, 0 6 βj+1 6 βj, thus βj → β > 0 as j → +∞. Let uj ∈ Zj satisfy

‖uj‖W = 1, 0 6 βj − ‖uj‖Lϑ(·)(Ω) <
1

j
for j ∈ N.

Since W is re�exive there exist a subsequence of (uj)j∈N such that uj ⇀ u as j → +∞.

We claim u = 0. Indeed, for all e?m ∈ {e?l : l = 1, 2, . . .}, we obtain 〈e?m, uj〉 = 0, j > m.

So 〈e?m, uj〉 → 0 as j → ∞, this concludes 〈e?m, u〉 = 0 for all e?m ∈ {e?l : l = 1, 2, . . . .}.
Therefore, u = 0 and so uj → 0 as j → +∞. Since the embedding from W ↪→ Lϑ(x)(Ω) is

compact, then uj → 0 in Lϑ(x)(Ω) as j → +∞. Hence we get βj → 0 as j → +∞.

Lemma 2.6. Assume that Ξ : W → R is weakly-strongly continuous, namely, uk ⇀ u

implies Ξ(uk)→ Ξ(u), and Ξ(0) = 0. Then for each τ > 0 and j ∈ N there exists

αj := sup{|Ξ(u)| : u ∈ Zj, ‖u‖W < τ} <∞.

Moreover, lim
j→+∞

αj = 0.

Proof. It is clear that, 0 6 αj+1 6 αj, thus αj → α > 0 j → +∞. Let uj ∈ Zj, ‖u‖W 6 τ

such that

0 6 αj − |Ξ(uj)| <
1

j
.

Since W is re�exive there exist a subsequence of (uj)j∈N such that uj ⇀ u. Proceeding

as in the previous lemma, we obtain u = 0. The weak- strong continuity of Ξ, guarantees

Ξ(uj)→ Ξ(0) = 0. Therefore, αj → 0 as j → +∞.

Lemma 2.7. Assume (a1)-(a3), (K), (f0), and (f2) are satis�ed. Moreover, let

λ ∈
(

0,
cAb0

p+

)
. Then there exist ρj > rj > 0 such that:
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(h2) bj := inf{Ψλ(u) : u ∈ Zj, ‖u‖W = rj} → +∞ as j → +∞;

(h3) aj := max{Ψλ(u) : u ∈ Yj, ‖u‖W = ρj} 6 0.

Proof. (h2) First, notice that for all u ∈ Zj with ‖u‖W > 1, using (a2), (a3), (K), and

(f0), we infer

Ψλ(u) >
cAb0

p+

∫
RN×RN

|u(x)− u(y)|p(x,y)

|x− y|N+sp(x,y)
dx dy − λc1

∫
Ω

(
|u|+ |u|

ϑ(x)

ϑ(x)

)
dx

>
cAb0

p+
‖u‖p

−

W − λ
c1β

ϑ+

j

ϑ−
‖u‖ϑ

+

W − λc8‖u‖W ,
(2.27)

for a constant c8 > 0 and βj := sup{‖u‖Lϑ(x)(Ω) : ‖u‖W = 1, u ∈ Zj}.
Now, since p− 6 p+ < ϑ+, by the Lemma 2.5, it is easy see that rj := (c1β

ϑ+

j )
1

p−−ϑ+ → +∞
as j → +∞. Then, for j su�ciently large, u ∈ Zj with ‖u‖W = rj > 1, and by (2.27), we

conclude

Ψλ(u) >

(
cAb0

p+
− λ
)
rp
−

j − λc8rj.

Therefore, since p− > 1 and
cAb0

p+
> λ, we obtain that bj := inf{Ψλ(u) : u ∈ Zj, ‖u‖W =

rj} → +∞ as j → +∞.

(h3) Note that for all v ∈ Yj with ‖v‖W = 1, using (a2), (a3), (K), (f0) and (2.2) for

t > 1, we have

Ψλ(tv) 6 tp
+

(
CAb1

p−
‖v‖p

+

W − λC
∫

Ω

|v|p+ dx
)

+ λcC |Ω|. (2.28)

It is clear that we can choose C > 0 large enough such that

CAb1

p−
‖v‖p

+

W − λC
∫

Ω

|v|p+ dx < 0.

From (2.28), it follows that

lim
t→+∞

Ψλ(tv) = −∞.

Therefore, there exists t0 > rj > 1 large enough such that Ψλ(t0v) 6 0 and thus, if set
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ρj = t0, we conclude that

aj := max{Ψλ(u) : u ∈ Yj; ‖u‖W = ρj} 6 0.

Proof of Theorem 2.3. From conditions (a1) and (f4) the Euler Lagrange functional Ψλ is

even functional and by Lemma 2.2, Ψλ satis�es the (C)c condition for every c > 0. Then,

with that and by Lemma 2.7 all conditions of the Theorem 3.5 are satis�ed. Therefore, we

obtain a sequence of critical points (uk)k∈N in W such that Ψλ(uk)→ +∞ as k → +∞.

2.2.4 Proof of Theorem 2.4

To prove Theorem 2.4 we use the Lemma presented below and we verify hypotheses

Theorem 3.6.

Lemma 2.8. Suppose that the hypotheses in Theorem 2.4 hold, then Ψλ satis�ed the (C)?c

condition.

Proof. Let c ∈ R and the sequence (uk)k∈N ⊂ W be such that uk ∈ Yk for all k ∈ N,
Ψλ(uk)→ c and

∥∥Ψ′λ|Ykj
(uk)

∥∥
W ′

(1 + ‖uk‖W )→ 0, as k → +∞. Therefore, we have

c = Ψλ(uk) + ok(1) and 〈Ψ′λ(uk), uk〉 = ok(1),

where ok(1)→ 0 as k → +∞. Analogously to the proof of Lemma 2.2, we can prove that

the sequence (uk)k∈N is bounded in W . Since W is re�exive, we can extract a subsequence

of (uk)k∈N, denoted for (ukj)j∈N, and u ∈ W such that ukj ⇀ u in W as j → +∞.

On the other hand, as W = ∪kYk = span{ek : k > 1}, we can choose vk ∈ Yk such that

vk → u in W as k → +∞. Hence, we conclude that

〈Ψ′λ(ukj), ukj − u〉 = 〈Ψ′λ(ukj), ukj − vkj〉+ 〈Ψ′λ(ukj), vkj − u〉.

Since Ψ′λ|Ykj
(ukj)→ 0 and ukj − vkj ⇀ 0 in Ykj , as j → +∞, we achieve

lim
j→+∞

〈Ψ′λ(ukj), ukj − u〉 = 0.
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Furthermore, using Hölder's inequality, we obtain that∫
Ω

f(x, ukj)(ukj − u) dx→ 0 as j → +∞.

Therefore,

〈Φ′(ukj), ukj − u〉 = λ

∫
Ω

f(x, ukj)(ukj − u) dx+ 〈Ψ′λ(ukj), ukj − u〉 → 0 as j → +∞.

Consequently, since Φ′ is of type (S+), it follows that ukj → u in W as j → +∞. Then,

we conclude that Ψλ satis�es the (C)?c condition. Thus, we obtain that Ψ′λ(ukj)→ Ψ′λ(u)

as j → +∞.
Let us prove Ψ′λ(u) = 0. Indeed, taking ωl ∈ Yl, notice that when kj > l, we achieve

〈Ψ′λ(u), ωl〉 = 〈Ψ′λ(u)−Ψ′λ(ukj), ωl〉+ 〈Ψ′λ(ukj), ωl〉

= 〈Ψ′λ(u)−Ψ′λ(ukj), ωl〉+ 〈Ψ′λ|Ykj (ukj), ωl〉,

so, passing the limit on the right side of the equation above as j → +∞, we conclude

〈Ψ′λ(u), wl〉 = 0 for all ωl ∈ Yl.

Therefore, Ψ′λ(u) = 0 in W ′ and this show that Ψλ satis�es the (C)?c condition for every

c ∈ R.

Proof of Theorem 2.4. First we observe that from (a1), (f3), and Lemma 2.8 the Euler

Lagrange functional Ψλ is even functional and satis�es the (C)?c condition for all c ∈ R.

Now we will show that the conditions (g1), (g2), and (g3) of the Dual Fountain Theorem

are satis�ed:

(g1) First we note that using (f0) and Young's inequality, we have

|F (x, t)| 6 c9(1 + |t|ϑ(x)) (2.29)

for a positive constant c9. Moreover, as λ <
cAb0

p+
, we have

lim
j→+∞

(
cAb0

p+
− λ
)

(c9β
ϑ+

j )
p−

p−−ϑ+ = +∞.
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Then, there exists j0 ∈ N such that(
cAb0

p+
− λ
)

(c9β
ϑ+

j )
p−

p−−ϑ+ − λc9|Ω| > 0 for all j > j0.

Taking ρj = (c9β
ϑ+

j )
1

p−−ϑ+ for j > j0. It is clear that ρj > 1 for all j ∈ N, j > j0,

since lim
j→+∞

ρj = +∞. Using same the arguments of Theorem 2.3, for all u ∈ Zj, with

‖u‖W = ρj, and using (a2), (a3), (K), and (2.29), we conclude that

Ψλ(u) >

(
cAb0

p+
− λ
)

(c9β
ϑ+

j )
p−

p−−ϑ+ − λc9|Ω| > 0.

So, we obtain

aj := inf{Ψλ(u) : u ∈ Zj, ‖u‖W = ρj} > 0.

(g2) Since Yj is �nite dimensional all the norms are equivalent, there exists a constant

c10 > 0 such that ‖u‖Lp+ (Ω) > c10‖u‖W for all u ∈ Yj. Then, from (a1), (a2), (K), (f1),

(2.2), and Proposition 3.4, we infer

Ψλ(u) 6
CAb1

p−
‖u‖p

+

W − λc10C
p+‖u‖p

+

W + λcC |Ω| for all u ∈ Yj with ‖u‖W > 1.

Let B(t) =
CAb1

p−
tp

+ − λc10C
p+tp

+

+ λcC |Ω|. However, we can choose C > 0 large enough,

such that

lim
t→+∞

B(t) = −∞.

Therefore, there exists t ∈ (1,+∞) such that

B(t) < 0 for all t ∈ [ t,+∞).

Consequently, Ψλ(u) < 0 for all u ∈ Yj with ‖u‖W = t. Then, choosing rj = t for all

j ∈ N, we have
bj := max{Ψλ(u) : u ∈ Yj, ‖u‖W = rj} < 0.

We observe that we can change j0 on other more large, if necessary, so that ρj > rj > 0

for all j > j0.
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(g3) Since Yj ∩ Zj 6= ∅ and 0 < rj < ρj, so, we have

dj := inf{Ψλ(u) : u ∈ Zj, ‖u‖W 6 ρj} 6 bj := max{Ψλ(u) : u ∈ Yj, ‖u‖W = rj} < 0.

From (f0), we obtain |F (x, u)| 6 c11(|t| + |t|ϑ(x)), for a constant positive c11, and for all

(x, t) ∈ Ω× R. Consider, Σ1 : W → R and Σ2 : W → R de�ned by

Σ1(u) =

∫
Ω

λc11|u|ϑ(x) dx and Σ2(u) =

∫
Ω

λc11|u| dx. (2.30)

We have Σi(0) = 0, i = 1, 2, and they are weakly-strongly continuous. Let us denote

ηj = sup{|Σ1(u)| : u ∈ Zj, ‖u‖W 6 1}, ξj = sup{|Σ2(u)| : u ∈ Zj, ‖u‖W 6 1}.

Thus, since the embedding W ↪→ Lϑ(·)(Ω) is compact it follows that by Lemma 2.6 that

lim
j→+∞

ηj = lim
j→+∞

ξj = 0.

Now, consider v ∈ Zj with ‖v‖W = 1 and 0 < t < ρj. Then, from (a1), (a2), (a3), (K),

and (2.30), we obtain

Ψλ(tv) > −λ
∫

Ω

F (x, tv) dx > −Σ1(tv)− Σ2(tv),

and since

Σ1(tv) 6 tϑ
+

Σ1(v) and Σ2(tv) = tΣ2(v),

we achieve

Ψλ(tv) > −ρϑ
+

j Σ1(v)− ρjΣ2(v) > −ρϑ
+

j ηj − ρjξj

for all t ∈ (0, ρj) and v ∈ Zj with ‖v‖W = 1. Thus, dj > −ρϑ
+

j ηj − ρjξj and as dj < 0 for

all j > j0, we conclude that lim
j→+∞

dj = 0.

Therefore, the conditions of Theorem 3.6 are satis�ed. Consequently, there exists a

sequence (uk)k∈N ⊂ W of weak solutions of problem such that Ψλ(uk) < 0 and Ψλ(uk)→ 0

as k → +∞ for λ ∈
(

0,
cAb0
p+

)
.

2.2.5 Proof of Theorem 2.5

To prove Theorem 2.1 we need of Lemmas below and Theorem 3.3.
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Lemma 2.9. Suppose (a1)-(a3) and (f1) holds. There is v ∈ W \ {0}, such that

lim
t→+∞

Ψλ(tv) = −∞.

Proof. The proof is as in the Lemma 2.1-(i).

Lemma 2.10. Suppose (a1)-(a3), (K), (f0), f(x, 0) = 0, and f(x, t) > 0 a.e. x ∈ Ω and

for all t > 0 holds. Then, there exist λ > 0, positive constants Cλ and ρλ for λ ∈ (0, λ)

such that lim
λ→0+

Cλ = +∞ and Ψλ(u) > Cλ > 0 whenever ‖u‖W = ρλ.

Proof. We consider u ∈ W with ‖u‖W > 1. Then, using (2.29), Young's inequality, and

Lemma 3.4, we conclude that

Ψλ(u) >
cAb0

p+
‖u‖p− − λc13‖u‖ϑ

+

W − λc9|Ω| (2.31)

for constant positive c13.

Let γ ∈
(

0, 1
ϑ+−p−

)
and u ∈ W such that ‖u‖W = λ−γ. We de�ne ρλ := λ−γ and we

observe that ρλ > 1 for λ small enough. Hence, from (2.31), we conclude

Ψλ(u) >
cAb0

p+
λ−γp

− − c13λ
1−γϑ+ − λc9|Ω|.

Since γ < 1
ϑ+−p− it follows that −γp− < 1 − γϑ+. Thus Cλ := cAb0

p+
λ−γp

− − c13λ
1−γϑ+ −

λc9|Ω| → +∞ as λ → 0+. Hence, there exists λ > 0 small enough such that Cλ > 0 for

all λ ∈ (0, λ). Then we obtain that

Ψλ(u) > Cλ > 0 = Ψλ(0)

for all u ∈ W with ‖u‖W = ρλ = λ−γ and λ ∈ (0, λ). Therefore, Cλ veri�es the assertion

of the Lemma.

Proof of Theorem 2.5. From Lemma 2.2 the functional Ψλ satisfy the (C)c condition.

Moreover, Ψλ(0) = 0. Then, by Lemma 2.9, Lemma 2.10, and Theorem 3.3 we obtain

that there are constant λ and a nontrivial critical point uλ for Ψλ with λ ∈ (0, λ) such

that

c = Ψλ(uλ) > Cλ.
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Then, from (a1), (a2), (K), (f0), (2.29), Proposition 3.4, and Lemma 3.2, we achieve

Cλ 6 Ψλ(uλ) 6
CAb1

p−
max{‖uλ‖p

+

W , ‖uλ‖p
−

W }+ λc13 max{‖uλ‖ϑ
+

W , ‖uλ‖ϑ
−

W }+ λc9|Ω|.

(2.32)

Hence, taking λ→ 0+ in (2.32) as Cλ → +∞, we get

lim
λ→0+

‖uλ‖W = +∞.

Therefore, we conclude the proof of Theorem 2.5.

2.2.6 Proof of Theorem 2.6

To proof Theorem 2.6 it is enough to verify that Ψλ satis�es the hypotheses of Theorem

3.7.

Lemma 2.11. Suppose (a1)- (a3), (K), and (f5) holds. Then the functional Ψλ is bounded

from below and satis�es the (PS) condition.

Proof. Let u ∈ W and suppose ‖u‖W > 1. Then, from (a2), (a3), (K), (f5), Lemma 3.2,

and Lemma3.3 for each λ > 0, we infer that

Ψλ(u) >
cAb0

p−
‖u‖p

−

W −
λc14

m−
‖u‖m

+

W .

Since m+ < p−, follows that Ψλ is coercive. Therefore, Ψλ is bounded from below.

Now, let (uk)k∈N be a sequence in W such that

Ψλ(uk)→ c and Ψ′λ(uk)→ 0 in W ′ as k → +∞.

By coercivity of Ψλ, we have (uk)k∈N is bounded in W . Hence up to a subsequence, still

denoted by (uk)k∈N, we have u0 ∈ W such that uk ⇀ u0 in W and from Lemma 3.4 we

infer that uk → u0 in Lq(·)(Ω) and uk(x)→ u0(x) a.e. x ∈ Ω, as k → +∞.

Since Ψ′λ(uk) → 0 in W as k → +∞ and the sequence (uk)k∈N is bounded

in W , we have that

〈Ψ′λ(uk), uk − u0〉 → 0 as k → +∞. (2.33)
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Now, using (f5) and Hölder's inequality, we obtain that∣∣∣ ∫
Ω

f(x, uk)(uk − u0) dx
∣∣∣ 6C2

∥∥∥|uk|m(x)−1
∥∥∥
L

m(·)
m(·)−1 (Ω)

‖uk − u0‖Lm(·)(Ω).

Thus, taking into account that uk → u0 in Lm(·)(Ω) as , k → +∞, we achieve∫
Ω

f(x, uk)(uk − u0) dx→ 0 as k → +∞. (2.34)

Therefore, from (2.33) and (2.34), we conclude that

〈Φ′(uk), uk − u0〉 =〈Ψ′λ(uk), uk − u0〉 − λ
∫

Ω

f(x, uk)(uk − u0) dx −→ 0 as k → +∞.

Since Φ′ is of type (S+) (see Lemma 3.3), we obtain uk → u0 in W as k → +∞, concluding
the proof of the Palais-Smale condition.

Proof of Theorem 2.6. From (a1) and (f4) the Euler Lagrange functional Ψλ is even

functional. Furthermore, by Lemma 2.11 Ψλ is bounded from below and satis�es the

Palais-Smale condition. Hence the item (I1) of Theorem 3.7 is veri�ed. Let us show that

Ψλ satis�es (I2). Since W is a re�exive and separable Banach space, for each j ∈ N,
consider a j-dimensional linear subspace Wj ⊂ C∞0 (Ω) of W . We de�ne

SjR4
= {u ∈ Wj : ‖u‖W = R4}

where R4 > 0 will be determined later on. Since Wj and Rj are isomorphic and SjR4
is

homeomorphic to the (j− 1)-dimensional sphere Sj−1 by an odd mapping, it has genus j,

i.e., γ(SjR4
) = j.

Now, from (a1), (a2), (K), and (f5), we obtain

Ψλ(u) 6
CAb1

p−

∫
RN×RN

|u(x)− u(y)|p(x,y)

|x− y|N+sp(x,y)
dx dy − λC0

∫
Ω

|u|m(x) dx. (2.35)

By Proposition 3.4, if ‖u‖W < 1, we have ρW (u) 6 ‖u‖p
−

W , and ρm(·)(u) > ‖u‖m
+

Lm(·)(Ω)
for

every u ∈ W .Moreover, since Wj is a �nite dimensional space, any norm in Wj is equivalent

to each other. Thus, there exist a constant C(j) > 0 such that C(j)‖u‖m
+

W 6
∫

Ω

|u|m(x) dx
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for every u ∈ Wj. Consequently, by (2.35), we get

Ψλ(u) 6 ‖u‖m
+

W

(
CAb1

p−
‖u‖p

−−m+

W − λC(j)C0

)
,

for every u ∈ Wj with ‖u‖W < 1. Let R5 ∈ (0, 1) such that

CAb1

p−
Rp−−m+

5 < λC(j)C0.

Thus, for all 0 < R4 < R5 and u ∈ SjR4
, we have that

Ψλ(u) 6 Rm+

4

(
CAb1

p−
Rp−−m+

4 − λC(j)C0

)
6 Rm+

5

(
CAb1

p−
Rp−−m+

5 − C(j)C0

)
< 0 = Ψλ(0).

Therefore, we conclude that

sup
u∈SjR4

Ψλ(u) < 0 = Ψλ(0).

Thus the hypotheses of Theorem 3.7 are satis�ed and we conclude that there exists a

sequence nontrivial weak solutions uj in W such that

Ψλ(uj) 6 0, Ψ′λ(uj) = 0 and ‖uj‖W → 0 as j → +∞.
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3

Appendix

3.0.1 Lebesgue spaces with variable exponent

Proposition 3.1. (a) The space (Lh(·)(Ω), ‖ · ‖Lh(·)(Ω)) is a separable and re�exive

Banach space;

(b) Let hi ∈ C+(Ω) for i = 1, . . .m with
m∑
i=1

1

hi(x)
= 1. If ui ∈ Lhi(·)(Ω), then

∫
Ω

|u1(x) · · ·um(x)| dx 6 CH‖u1‖Lh1(·)(Ω) · · · ‖um‖Lhm(·)(Ω)

where CH = 1
h−1

+ 1
h−2

+ · · ·+ 1
h−m

.

Let h be a function in C+(Ω). An important role in manipulating the

generalized Lebesgue � Sobolev spaces is played by the h(·)-modular of the space Lh(·)(Ω),

which is the convex function ρh(·) : Lh(·)(Ω)→ R de�ned by

ρh(·)(u) =

∫
Ω

|u(x)|h(x)dx,

along any function u in Lh(·)(Ω).

The function ρh(·)(·) veri�es the following properties:

(a) ρh(·)(u) > 0 for every u ∈ Lh(·)(Ω);

(b) ρh(·)(u) = 0 if and only if u = 0;

(c) ρh(·)(u) = ρh(·)(−u) for every u ∈ Lh(·)(Ω);

75
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(d) ρh(·)(u) is convex.

Every functional that satis�es the properties (a)-(d) is called convex modular.

The following result show relations between the norm ‖·‖Lh(·)(Ω) and modular

ρh(·)(·).

Proposition 3.2. For u ∈ Lh(·)(Ω) and (uk)k∈N ⊂ Lh(·)(Ω), we have:

(a) For u ∈ Lh(·)(Ω) \ {0}, ζ = ‖u‖Lh(·)(Ω) if and only if ρh(·)
(
u
ζ

)
= 1;

(b) ‖u‖Lh(·)(Ω) > 1⇒ ‖u‖h
−

Lh(·)(Ω)
6 ρh(·)(u) 6 ‖u‖h

+

Lh(·)(Ω)
;

(c) ‖u‖Lh(·)(Ω) 6 1⇒ ‖u‖h
+

Lh(·)(Ω)
6 ρh(·)(u) 6 ‖u‖h

−

Lh(·)(Ω)
;

(d) lim
k→+∞

‖uk‖Lh(·)(Ω) = 0⇔ lim
k→+∞

ρh(·)(uk) = 0;

(e) lim
k→+∞

‖uk‖Lh(·)(Ω) = +∞⇔ lim
k→+∞

ρh(·)(uk) = +∞.

Proposition 3.3. Let h1 ∈ L∞(Ω) such that 1 6 h1(x)h2(x) 6 +∞ for a.e. x ∈ Ω. Let

u ∈ Lh2(·)(Ω) and u 6= 0. Then

‖u‖Lh1(·)h2(·)(Ω) 6 1⇒ ‖u‖h
+
1

Lh1(·)h2(·)(Ω)
6 ‖|u|h1(x)‖Lh2(·)(Ω) 6 ‖u‖

h−1
Lh1(·)h2(·)(Ω)

;

‖u‖Lh1(·)h2(·)(Ω) > 1⇒ ‖u‖h
−
1

Lh1(·)h2(·)(Ω)
6 ‖|u|h1(x)‖Lh2(·)(Ω) 6 ‖u‖

h+1
Lh1(·)h2(·)(Ω)

.

3.0.2 The functional space W and their properties

The following result is an consequence of [41, Theorem 3.2].

Corolllary 3.1. Let Ω ⊂ RN a smooth bounded domain, s ∈ (0, 1), p(x, y) and p(x) be

continuous variable exponents such that (q1)-(q2) be satis�ed and that sp+ < N . Then,

for all r : Ω → (1,+∞) a continuous function such that p?s(x) > r(x) for all x ∈ Ω, the

space W s,p(·,·)(Ω) is continuously and compactly embedding in Lr(·)(Ω).

Lemma 3.1. Assume Ω be a smooth bounded domain in RN . Let p(x) := p(x, x) for all

x ∈ RN with p ∈ C(RN × RN) satisfying (p1 ) and p
?
s(x) > p(x) for x ∈ RN . Then there

exists ζ1 > 0 such that

‖u‖Lp(·)(Ω) 6
1

ζ1

[u]
s,p(·,·)
RN for all u ∈ W .
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Proof. We consider the set M = {u ∈ W ; ‖u‖Lp(·)(Ω) = 1}. Then to prove this Lemma it

su�ces to prove that

inf
u∈M

[u]
s,p(·,·)
RN = ζ1 > 0.

Initially, we observe that ζ1 > 0 and we prove ζ1 is attained in M. Let (uk)k∈N ⊂ M be

a minimizing sequence, that is, [uk]
s,p(·,·)
RN → ζ1 as k → +∞. This implies that (uk)k∈N is

bounded in W and Lp(·)(Ω), therefore in W s,p(·,·)(Ω). Consequently up to a subsequence

uk ⇀ u0 in W s,p(·,·)(Ω) as k → +∞. Thus, from Corollary 3.1, it follows that uk → u0

in Lp(·)(Ω) as k → +∞. We extend u0 to RN by setting u0(x) = 0 on x ∈ RN \ Ω. This

implies uk(x)→ u0(x) a.e. x ∈ RN as k → +∞. Hence by using Fatou's Lemma, we have∫
RN×RN

|u0(x)− u0(y)|p(x,y)

|x− y|N+sp(x,y)
dx dy 6 lim inf

k→+∞

∫
RN×RN

|uk(x)− uk(y)|p(x,y)

|x− y|N+sp(x,y)
dx dy

which implies that

[u0]
s,p(·,·)
RN 6 lim inf

k→+∞
[uk]

s,p(·,·)
RN = ζ1,

and thus u0 ∈ W . Moreover, ‖u0‖Lp(·)(Ω) = 1 and then u0 ∈M. In particular, u0 6= 0 and

[u0]
s,p(·,·)
RN = ζ1 > 0.

Lemma 3.2. Assume Ω be a smooth bounded domain in RN . Let p(x) := p(x, x) for all

x ∈ RN with p ∈ C(RN ×RN) satisfying (p1 ) and p
?
s(x) > p(x) for x ∈ RN . Assume that

r : Ω → (1,+∞) is a continuous function. Thus, the space (W , ‖ · ‖W ) is continuously

and compactly embedding in Lr(·)(Ω) for all r(x) ∈ (1, p?s(x)) for all x ∈ Ω.

Proof. First we observe that by Lemma 3.1, for all u ∈ W , we get

‖u‖W s,p(·,·)(Ω) 6 ‖u‖Lp(·)(Ω) + ‖u‖W 6

(
1

ζ1

+ 1

)
‖u‖W , (3.1)

that is, W is continuously embedded in W s,p(·,·)(Ω), and by Corollary 3.1 we conclude

that W is continuously embedded in Lr(·)(Ω). To prove that the embedding above is

compact we consider (uk)k∈N a bounded sequence in W . Using (3.1), follows that (uk)k∈N

is bounded in W s,p(·,·)(Ω). Hence by Corollary 3.1, we infer that there exists u0 ∈ Lr(·)(Ω)

such that up to a subsequence uk → u0 in Lr(·)(Ω) as k → +∞. Since that uk = 0 a.e. in

RN \Ω for all k ∈ N, so we de�ne u0 = 0 a.e. in RN \Ω and obtain that the convergence

occurs in Lr(·)(Ω). This completes the proof this Lemma.

An important role in manipulating the fractional Sobolev spaces with
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variable exponent is played by the (s, p(·, ·))-convex modular function ρW : W → R
de�ned by

ρW (u) =

∫
RN×RN

|u(x)− u(y)|p(x,y)

|x− y|N+sp(x,y)
dx dy.

The following proposition show the relationship between the norm ‖ · ‖W and the ρW

convex modular function.

Proposition 3.4. For u ∈ W and (uk)k∈N ⊂ W , we have:

(a) For u ∈ W \ {0}, ζ = ‖u‖W if and only if ρW

(
u
ζ

)
= 1;

(b) ‖u‖W > 1⇒ ‖u‖p
−

W 6 ρW (u) 6 ‖u‖p
+

W ;

(c) ‖u‖W 6 1⇒ ‖u‖p
+

W 6 ρW (u) 6 ‖u‖p
−

W ;

(d) lim
k→+∞

‖uk − u‖W = 0⇔ lim
k→+∞

ρW (uk − u) = 0;

(e) lim
k→+∞

‖uk‖W = +∞⇔ lim
k→+∞

ρW (uk) = +∞.

3.0.3 Variational theorems

The results below can be see in [26, Theorem 1.2] and [76, Theorem 2.4] respectively.

Theorem 3.1. Let X a re�exive Banach space and suppose that a functional Ψ : X → R
is weakly lower-semicontinuous (weakly l.s.c.) and coercive. Then Ψ is bounded from

below and there exists u0 ∈ X such that

Ψ(u0) = inf
u∈X

Ψ(u).

Theorem 3.2. Let X be a Banach space, Ψ ∈ C1(X,R) bounded below, v ∈ X and ε,

δ > 0. If

Ψ(v) 6 inf
X

Ψ + ε

then there is u ∈ X such that

Ψ(u) 6 inf
X

Ψ + 2ε, ‖Ψ′(u)‖X′ <
8ε

δ
, ‖u− v‖ 6 2δ.

The condition (C)c, introduced by Cerami in [22, 23], is a little more weak

version of the Palais�Smale (PS)c condition, a condition more common that we �nd
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in the literature. Thus, since the Deformation Theorem is still valid under the Cerami

a condition it follows that the Mountain Pass Theorem, Fountain Theorem, and Dual

Fountain Theorem under Palais�Smale (PS)c and (PS)?c condition holds true also under

this compactness.

The results below Mountain Pass Theorem, ”Z2 − symmetric” version

(for even functionals) Mountain Pass Theorem, Fountain Theorem and Dual Fountain

Theorem can be seen respectively in [25, Theorem I], [70, Theorem 9.12], [58, Theorem

2.9], and [9, Theorem 2].

Theorem 3.3. Let X be a real Banach space, let Ψ : X → R be a functional of class

C1(X,R) that satis�es the (C)c condition for any c > 0, Ψ(0) = 0, and the following

conditions hold:

(i) There exist positive constants ρ and R such that Ψ(u) > R for any u ∈ X with

‖u‖X = ρ;

(ii) There exists a function e ∈ X such that ‖e‖X > ρ and Ψ(e) < 0.

Then, the functional Ψ has a critical value c > R, that is, there exists u ∈ X such that

Ψ(u) = c and Ψ′(u) = 0 in X ′.

Theorem 3.4. Assume that X has in�nite dimension and let Ψ ∈ C1(X,R) be a

functional satisfying the (C)c condition as well as the following properties

i) Ψ(0) = 0, and there exist two constants r, ρ > 0 such that Ψ|∂Br > ρ ;

ii) Ψ is even;

iii) For all �nite dimensional subspace X̂ ⊂ X there exists R = R(X̂) > 0 such that

Ψ(u) 6 0 for all u ∈ X̂ \BR(X̂)

where BR(X̂) = {u ∈ X̂ : ‖u‖X < R}.

Then Ψ possesses an unbounded sequence of critical values.

Let X be a real, re�exive, and separable Banach space, it is known ([31,

Chapter 4], or [78, Section 17]) or [36] that for a separable and re�exive Banach space

there exist sequence (el)l∈N ⊂ X and (e?l )N ⊂ X ′ such that

X = span{el : l = 1, 2, . . .}, X ′ = span{e?l : l = 1, 2, . . .}
ω?

,
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and

〈e?i , el〉 =

{
1 se i = l,

0 se i 6= l.

We denote

Xl = span{el}, Yj =

j⊕
l=1

Xl = span{e1, . . . , ej}, and Zj =
∞⊕
l=j

Xl = span{ej, ej+1 . . .}.

Theorem 3.5. Assume

(h1) X is a Banach space, Ψ ∈ C1(X,R) is an even functional.

If for every j ∈ N there exist ρj > rj > 0 such that:

(h2) bj := inf{Ψ(u) : u ∈ Zj, ‖u‖X = rj} → +∞ as j → +∞;

(h3) aj := max{Ψ(u) : u ∈ Yj, ‖u‖X = ρj} 6 0;

(h4) Ψ satis�es the (C)c condition for every c > 0.

Then Ψ has a sequence of critical points (uj)j∈N such that Ψ(uj)→ +∞.

De�nition 3.1. Let X be a separable and re�exive Banach space, Ψ ∈ C1(X,R), c ∈ R.
We say that Ψ satis�es the (C)?c condition (with respect to Yk), if any sequence (uk)k∈N ⊂
X for which uk ∈ Yk, for any k ∈ N, Ψ(uk) → c and ‖Ψ′|Yk (uk)‖X′(1 + ‖uk‖X) → 0, as

k → +∞, contain a subsequence converging to a critical point of Ψ.

Theorem 3.6. Suppose (h1). If for each j > j0 there exist ρj > rj > 0 such that

(g1) aj = inf{Ψ(u) : u ∈ Zj, ‖u‖X = ρj} > 0;

(g2) bj = max{Ψ(u) : u ∈ Yj, ‖u‖X = rj} < 0;

(g3) dj = inf{Ψ(u) : u ∈ Zj, ‖u‖X 6 ρj} → 0, as j → +∞;

(g4) Ψ satis�es the (C)?c condition for every c ∈ [dj0 , 0).

Then Ψ has a sequence of negative critical values converging to 0.
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3.0.4 Krasnoselskii's genus

We will present some basic notions on Krasnoselskii's genus and introducing a critical point

theorem related to the new version of the symmetric Mountain Pass Theorem studied by

Kajikiya, see [49, Theorem 1].

De�nition 3.2. Let X be a real Banach space and B a subset of X. B is said to be

symmetric if u ∈ B implies −u ∈ B. For a closed symmetric set B which does not

contain the origin, we de�ne a Krasnoselskii genus γ(B) of B by the smallest integer j

such that there exists an odd continuous mapping from B to Rj\{0}. If there does not

exist such a j, we de�ne γ(B) = +∞. Moreover, we set γ(∅) = 0.

Let us consider the following set,

Γj = {Bj ⊂ X : Bj is closed, symmetric and 0 /∈ Bj such that the genus γ(Bj) > j}

Theorem 3.7. Let X be an in�nite-dimensional space, B ∈ Γj, and Ψ ∈ C1(X,R)

satisfying the following conditions:

(I1) Ψ(u) is even, bounded from below, Ψ(0) = 0 and Ψ(u) satis�es the Palais-Smale

condition;

(I2) For each j ∈ N, there exists an Bj ∈ Γj such that sup
u∈Bj

Ψ(u) < 0.

Then either (R1) or (R2) below holds

(R1) There exists a sequence (uj)j∈N such that Ψ′(uj) = 0, Ψ(uj) < 0 and (uj)j∈N

converges to zero;

(R2) There exist two sequences (uj)j∈N and (vj)j∈N such that Ψ′(uj) = 0, Ψ(uj) < 0,

uj 6= 0, lim
j→+∞

uj = 0, Ψ′(vj) = 0, Ψ(vj) < 0, lim
j→+∞

vj = 0, and (vj)j∈N converges to

a non-zero limit.

Remark 3.1. From Theorem 3.7 we have a sequence (uj)j∈N of critical points such that

Ψ(uj) 6 0, uj 6= 0, and lim
j→+∞

uj = 0.
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3.0.5 The (S+) condition

Lemma 3.3. Assume that (a1)-(a3), and (K) is hold. We consider the functional

Φ : W → R de�ned by

Φ(u) =

∫
RN×RN

A (u(x)− u(y))K(x, y) dx dy for all u ∈ W ,

has the following properties:

(i) The functional Φ is well de�ned on W , is of class C1(W ,R), and its Gâteaux

derivative is given by

〈Φ′(u), v〉 =

∫
RN×RN

A(u(x)− u(y))(v(x)− v(y))K(x, y) dx dy for all u, v ∈ W ;

(ii) The functional Φ is weakly lower semicontinuous, that is, uk ⇀ u in W as k → +∞
implies that Φ(u) 6 lim inf

k→+∞
Φ(uk);

(iii) The functional Φ′ : W → W ′ is an operator of type (S+) on W , that is, if

uk ⇀ u in W and lim sup
k→+∞

〈Φ′(uk), uk − u〉 6 0, (3.2)

then uk → u in W as k → +∞.

Proof. (i) Using standard arguments proof this item.

(ii) From (i) the functional Φ is of class C1(W ,R), and by hypothesis (a1), the functional

Φ′ is monotone. Thus, by [51, Lemma 15.4] we conclude that 〈Φ′(u), uk−u〉+Φ(u) 6 Φ(uk)

for all k ∈ N.

Thus, since uk ⇀ u in W , as k → +∞ we obtain Φ(u) 6 lim inf
k→+∞

Φ(uk). That is, the

functional Φ is weakly lower semicontinuous.

(iii) Let (uk)k∈N be a sequence in W as in the statement. We have that by (i), Φ′ is

a continuous functional. Therefore,

lim
k→+∞

〈Φ′(u), uk − u〉 = 0. (3.3)
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Now, we observe that

〈Φ′(uk)− Φ′(u), uk − u〉 = 〈Φ′(uk), uk − u〉 − 〈Φ′(u), uk − u〉 for all k ∈ R. (3.4)

Thus by (3.2), (3.3), and (3.4), we infer

lim sup
k→+∞

〈Φ′(uk)− Φ′(u), uk − u〉 6 0. (3.5)

Furthermore, since Φ is strictly convex by hypothesis (a1), Φ′ is monotone (see [51, Lemma

15.4]), we have

〈Φ′(uk)− Φ′(u), uk − u〉 > 0 for all k ∈ N. (3.6)

Therefore, by (3.5) and (3.6), we infer that

lim
k→+∞

〈Φ′(uk)− Φ′(u), uk − u〉 = 0. (3.7)

Consequently, by (3.3), (3.4), and (3.7), we conclude

lim
k→+∞

〈Φ′(uk), uk − u〉 = 0. (3.8)

Since Φ is strictly convex, we get

Φ(u) + 〈Φ′(uk), uk − u〉 > Φ(uk) for all k ∈ N. (3.9)

Thus, by (3.8) and (3.9), we have

Φ(u) > lim
k→+∞

Φ(uk). (3.10)

Since Φ is weakly lower semicontinuous (see (ii)) and by (3.10), we conclude that

Φ(u) = lim
k→+∞

Φ(uk). (3.11)

On the other hand, by (3.7) the sequence (Uk(x, y))k∈N converge to 0 in L1(RN ×RN) as

k → +∞, where

Uk(x, y) := [A(uk(x)−uk(y))−A(u(x)−u(y))[(uk(x)−uk(y))− (u(x)−u(y)]K(x, y) > 0.
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Hence there exists a subsequence (ukj)j∈N of (uk)k∈N such that

Ukj(x, y)→ 0 a.e. (x, y) ∈ RN × RN as j → +∞. (3.12)

We denoted µj(x, y) = ukj(x)−ukj(y) and µ(x, y) = u(x)−u(y) for all (x, y) ∈ RN ×RN .

Claim a. If Ukj(x, y)→ 0 a.e. (x, y) ∈ RN ×RN , then µj(x, y)→ µ(x, y) as j → +∞ for

almost all (x, y) ∈ RN × RN .

Indeed, �xed (x, y) ∈ RN ×RN with x 6= y we suppose by contradiction that the sequence

(µj(x, y))j∈N is unbounded for (x, y) ∈ RN ×RN �xed. Using (3.12) we get Ukj(x, y)→ 0

as j → +∞ in R, consequently there is M > 0 such that for all j ∈ N∣∣∣[A(µj(x, y))−A(µ(x, y))](µj(x, y)− µ(x, y))K(x, y)
∣∣∣ 6M. (3.13)

Thus, denoting

VA := [A(µj(x, y))µj(x, y) +A(µ(x, y))µ(x, y)]K(x, y)for all j ∈ R,

we get from (3.13) that

VA 6M +A(µ(x, y))µj(x, y)K(x, y) +A(µj(x, y))µ(x, y)K(x, y)for all j ∈ R.

So using (a2) and (K) in inequality above, we have for all j ∈ R that,

cAb0
|µj(x, y)|p(x,y)

|x− y|N+sp(x,y)
+ cAb0

|µ(x, y)|p(x,y)

|x− y|N+sp(x,y)
6M + CAb1

|µ(x, y)|p(x,y)−1|µj(x, y)|
|x− y|N+sp(x,y)

+ CAb1
|µj(x, y)|p(x,y)−1|µ(x, y)|
|x− y|N+sp(x,y)

.

(3.14)

Dividing (3.14) by |µj(x, y)|p(x,y), we achieve

cAb0

|x− y|N+sp(x,y)
+

cAb0|µ(x, y)|p(x,y)

|µj(x, y)|p(x,y)|x− y|N+sp(x,y)
6

M

|µj(x, y)|p(x,y)

+
CAb1|µ(x, y)|p(x,y)−1

|µj(x, y)|p(x,y)−1|x− y|N+sp(x,y)

+
CAb1|µ(x, y)|

|µj(x, y)||x− y|N+sp(x,y)

(3.15)
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for all j ∈ R. Since we are supposing that the sequence (µj(x, y))j∈N is unbounded, we

can assume that |µj(x, y)| → +∞ as j → +∞, then by (3.15) we obtain cAb0 6 0 which

is an contradiction.

Therefore, the sequence (µj(x, y))j∈N is bounded in R and up to a subsequence

(µj(x, y))j∈N converges to some ν ∈ R. Thus we obtain µj(x, y) → ν as j → +∞.

Thence denoting

U(x, y) := [A(ν)−A(µ(x, y))](ν − (µ(x, y))K(x, y)

and using (a1) we conclude that

Ukj(x, y)→ U(x, y) as j → +∞. (3.16)

Consequently, by (3.12) and (3.16), we get

U(x, y) = [A(ν)−A(µ(x, y))](ν − (µ(x, y))K(x, y) = 0. (3.17)

In this way, by strictly convexity of A , (3.17) this occurs only if ν = µ(x, y) = u(x)−u(y).

Therefore, by uniqueness of limit

ukj(x)− ukj(y) = µj(x, y)→ µ(x, y) = u(x)− u(y) in R as j → +∞ (3.18)

for almost all (x, y) ∈ RN × RN .

Now we consider the sequence (gkj)j∈N in L1(RN ×RN) de�ned pointwise for all j ∈ N by

gkj(x, y) :=

[
1

2

(
A (µj(x, y)) + A (µ(x, y))

)
−A

(
µj(x, y)− µ(x, y)

2

)]
K(x, y).

By convexity the map A (see (a1)), gkj(x, y) > 0 for almost all (x, y) ∈ RN × RN .

Furthermore, by continuity of map A (see (a1)) and (3.18), we have

gkj(x, y)→ A (µ(x, y))K(x, y) as j → +∞ for all (x, y) ∈ RN × RN .

Therefore, using this above information, (3.11), and Fatou's Lemma, we get

Φ(u) 6 lim inf
j→+∞

gkj(x, y) = Φ(u)− lim sup
j→+∞

∫
RN×RN

A

(
µj(x, y)− µ(x, y)

2

)
K(x, y) dx dy.
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Then

lim sup
j→+∞

∫
RN×RN

A

(
µj(x, y)− µ(x, y)

2

)
K(x, y) dx dy 6 0. (3.19)

On the other hand, by (a2), (a3), (K), and Proposition 3.4, we infer that∫
RN×RN

A

(
µj(x, y)− µ(x, y)

2

)
K(x, y) dx dy >

cAb0

2p−p+
min

{
‖ukj − u‖

p−

W , ‖ukj − u‖
p+

W

}
>0 for all j ∈ N.

(3.20)

Consequently, by (3.19) and (3.20), we achieve

lim
j→+∞

‖ukj − u‖W = 0.

Therefore, we can conclude that ukj → u in W as j → +∞. Since (ukj)j∈N is an arbitrary

subsequence of (uk)k∈N, this shows that uk → u as k → +∞ in W , as required.
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