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Resumo

Neste trabalho, estamos interessados na existéncia e multiplicidade de
solucoes nao-triviais para uma classe de problemas elipticos. O primeiro problema trata
da existéncia de solucoes fracas nao-triviais para uma classe de equacoes elipticas que
envolvem um operador integrodiferencial nao-local geral Z,x com expoentes varidveis,
dois parametros reais e duas funcoes peso que podem mudar de sinal em um dominio
suave limitado. Considerando diferentes situagoes relacionadas ao crescimento das nao-
linearidades envolvidas no problema, provamos a existéncia de duas solucoes distintas
nao-triviais para o caso de expoentes constantes e a existéncia de uma familia continua
de autovalores no caso de expoentes variavel. As provas dos principais resultados sao
baseadas em solugoes ground state usando o método de Nehari, o principio variacional de
Ekeland e o método direto do calculo variacional.

O segundo problema trata da existéncia e da multiplicidade de solugoes
fracas envolvendo o mesmo operador Z4r, um parametro real positivo e expoentes
variaveis sem condigoes de crescimento do tipo Ambrosetti e Rabinowitz em um dominio
suave e limitado. Utilizando diferentes versoes do Teorema do Passo da Montanha,
bem como o Teorema de Fountain e o Teorema de Dual Fountain com a condicao de
Cerami, obtemos a existéncia de solucoes fracas para o problema. Além disso, para o caso
sublinear, ao impor algumas hipoteses adicionais a nao-linearidade, obtemos a existéncia
de infinitas solucoes fracas que tendem a ser zero, na norma de Sobolev fracionério, para

qualquer parametro positivo.



Abstract

In this work, we are interested in the existence and multiplicity of nontrivial
solutions for a class of elliptic problems. The first problem deals with the existence
of nontrivial weak solutions to a class of elliptic equations involving a general nonlocal
integrodifferential operator -Z,x with variable exponent, two real parameters, and two
weight functions, which can be sign-changing in a smooth bounded domain. Considering
different situations related to the growth of nonlinearities involved in problem, we prove
the existence of two distinct nontrivial solutions for the case of constant exponents and
the existence of a continuous family of eigenvalues in the case of variable exponents. The
proofs of the main results are based on ground state solutions using the Nehari method,
Ekeland’s variational principle, and the direct method of the calculus of variations.

The second problem deals with the existence and multiplicity of weak
solutions involving the same operator £k, variable exponents without Ambrosetti and
Rabinowitz type growth conditions and a positive real parameter in a smooth bounded
domain. Using different versions of the Mountain Pass Theorem, as well as, the Fountain
Theorem and Dual Fountain Theorem with Cerami condition, we obtain the existence of
weak solutions for problem. Moreover, for the case sublinear, by imposing some additional
hypotheses on the nonlinearity, we obtain the existence of infinitely many weak solutions

which tend to be zero, in the fractional Sobolev norm, for any positive parameter.
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Introducao

Nos tltimos anos, o estudo de problemas elipticos envolvendo operadores
integrodiferenciais nao-locais tornou-se objeto de estudo de muitos pesquisadores.
Problemas desse tipo tém uma base tedrica muito interessante, cuja integrabilidade e
estrutura analitica requerem provas com técnicas bastante delicadas conforme podemos
ver em [7, [8, 41, B0]. Além disso, eles tém aplicagdes concretas nos mais diversos
campos como otimizagao, financas, teoria da probabilidade, transicoes de fase, mecanica
continuum, processo de imagem, teoria dos jogos, deslocamento de cristais, fluxos quase-
geostroficos, teoria peridinamica, entre outras, veja |5, 6, 111, (18], 19, [35] [40} 142} 45| 63, 68,
73] e suas referéncias.

Nesse sentido afim de expandir os resultados em torno dessa teoria,
no presente trabalho, estudamos a existéncia, a multiplicidade e comportamento
assintotico de solucoes fracas para uma classe de equacoes elipticas envolvendo operadores
integrodiferenciais nao-locais gerais com expoentes varidveis. Os resultados que
demonstramos foram baseados em métodos variacionais e topologicos os quais sao técnicas
eficazes para obter os resultados desejados.

Na sequéncia vamos descrever brevemente os problemas estudados e os
progressos obtidos nos Capitulos 1 e 2.

No Capitulo 1, estudamos resultados relativos a existéncia de solucoes
fracas para uma classe de equacoes elipticas envolvendo um operador integrodiferencial
nao-local geral com expoente variavel, dois parametros reais, duas fungoes peso que podem

mudar de sinal e diferentes nao-linearidades criticas, a saber

Lagu = Aa(z)|u™ @2y + pb(z)|u/™2@ 2y em Q,

=0 em RV \ Q, W

onde Q@ C RY, N > 2 ¢ um dominio suave limitado, \ e 3 sdo parametros reais, as funcoes



peso a, b : @ — R podem mudar de sinal em , m; em, € C(Q), e para definir o operador
integrodiferencial nao-local geral £ consideramos o expoente variavel p(z) := p(x,x)

para todo z € RY com p € C(RY x R¥) satisfazendo:

p € simétrico, isto é, p(z,y) = p(y, ),

N (1)
1l<p = inf x,Y) < su z,y) =p" < —, s€(0,1),
Pis i P Y) S (W)ERJQXMP( y) =t < (0,1)

e consideramos o expoente variavel critico fracionério relacionado a p € C(RY x RY)
Np(z)

N — sp(x)’
O operador integrodiferencial nao-local geral £ ¢ definido em espacos de

definido por pi(x) =

Sobolev fracionario adequados (consulte Capitulo 1, Subsegao [1.1]) por
RN

onde P.V. é o valor principal.
O aplicagao A : R — R é uma fungdo mensuravel que satisfaz as seguintes
condicoes:
(a1) A é continua, impar e a aplicacdo &/ : R — R definida por
1t
A (t) == A(T)dr

0
é estritamente convexa;
(ag) Existem constantes positivas cyq e Cy, tal que para todo t € R e para todo

(z,y) € RN x RY

At = cltPEY e |A®R)] < Calt]P@9 -1,

(a3) A(t)t < ptef(t) para todo t € R.

O kernel K : RY x RY — R* é uma funcido mensuravel que satisfaz a

seguinte propriedade:

(K) Existem constantes by e by, tal que 0 < by < by,

by < K(x,y)|z — y|VTPEY) L b para todo (z,y) € RN x RN ez # y.
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Vale ressaltar que as hipoteses (aq)-(a3z) e (K) foram similarmente introduzidas em
[3, 12, 15, 24, B0, B7, 43, 44, 52, B3, B9, 69, 5] e uma generalizacdo matematica
muito especial para A e K satisfazendo (a1)-(as) e (K) é quando A(t) = [tP@¥) =2t ¢
K(z,y) = |o —y| W+P@v) Assim o operador £, torna-se o operador p(-)-Laplaciano

fracionario (—A);(,), o qual é definido por

s Ju(@) — u(y) "V (u(z) — u(y)) N
(=A)pyulz) = P.V. /RN - — s dy para todo x € R".

Para mais detalhes do operador p(-)-Laplaciano fracionério veja [7, |8 [41], [50].

Na literatura varios trabalhos tém sido desenvolvidos sobre existéncia e
também multiplicidade de solugoes nao-triviais para problemas envolvendo o operadores
locais e nao-locais com nao-linearidades de crescimento subcritico, dentre eles destacamos
alguns de nosso interesse. Em [2I] os autores estudaram um problema do tipo (1)) reduzido
ao operador p-Laplaciano, funcoes peso que podem mudar de sinal e nao-linearidades do
tipo concavo-convexo. Usando o método da aplicagao fibragao, introduzido e desenvolvido
por Pohozaev em [28] 65, 66, [67] e a minimizacao restrita nas variedades Nehari, eles
obtiveram resultados significativos para determinar a existéncia de duas solugoes distintas
para o problema. Em [4] [7, 8 13| 41} 50] o problema do tipo foi estudado quando
o operador L i é um caso particular, o operador p(-)-Laplaciano fracionario ((—A);(,)
definido acima), o parametro f§ = 1 ou f = 0, a funcao peso a positiva, e as nao-
linearidades associada a expoentes varidaveis do tipo superlinear e sublinear. Nestes
trabalhos sob apropriadas suposicoes os autores provaram resultados de existéncia de
solucoes e também de existéncia de autovalores para problemas do tipo via o métodos
variacionais adequados.

Portanto, motivados pelos trabalhos citados anteriormente, ao abordar o
problema (1)), nossa proposta foi estudar novos resultados de existéncia e multiplicidade
de solugoes para uma ampla classe de equagoes elipticas envolvendo um novo operador
integrodiferenciail nao-local, funcoes peso que podem mudar de sinal e nao-linearidades
adequadas. Ou seja, o estudo do problema foi concentrado em trés situacoes distintas,
a saber. Na primeira situacao, reduzimos o problema para um problema com nao-
linearidade do tipo concavo-convexo na estrutura de espacos de Sobolev fracionério
com expoentes constantes e as funcoes peso mudando de sinal. Usando o método de
minimizagao em conjuntos de Nehari provamos a existéncia de duas solugoes ground state

nao-triviais distintas para o problema . J& na segunda e terceira situagao reduzimos o
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problema (|1}, separadamente, para um problema com nao-linearidade do tipo sublinear e
superlinear envolvendo também uma funcao peso que pode mudar de sinal, na estrutura
de espacos de Sobolev fracionario com expoentes varidveis. Para tais situacoes provamos
a multiplicidade de solucao através da existéncia de uma familia continua de autovalores
utilizando o principio variacional de Ekeland e o método direto do calculo variacional,
respectivamente.

Durante o estudo enfrentamos uma, série de dificuldades as quais precisaram
ser contornadas para obtermos os resuldados desejados. Primeiramente observamos que
o operador Z, ik é nao-homogéneo e nao é apenas uma mera extensao do operador
p(-)—Laplaciano fracionario, pois pelas condic¢oes (aq)-(aq) e (K), a aplicagdo A e o
kernel K sao bastante gerais e K incluem kernels singulares. Logo surgem de forma
natural inimeras dificuldades de ordem bastante técnicas e cuidadosas ao trabalharmos
com este tipo de operador. Em seguida é importante notar que o espaco para trabalharmos
com o operador Z i deve ser um espaco de Sobolev fracionério com expoentes varidveis
conforme podemos ver em [7, 8, [41], [50]. Mas, devido a caracterizagdo do problema foi
necessario definirmos um novo espaco de Sobolev fracionario associado ao estudo. Assim,
inspirados no espaco Wy*(Q) (definido em [46]) e nos espagos de Sobolev fracionario com

expoentes variaveis citados acima, definimos o seguinte espaco:
W =Wt = fu e WP (RN) :u =0 qtp. em RV \ Q},

o qual é um espaco de Banach separavel e reflexivo. Para este espaco provamos um
resultado de equivaléncia de normas e que um importante resultado de mergulho compacto
e continuo permanece valido neste contexto. Para mais detalhes consulte o Apéndice,
Lema[3.1]e Lema[3.2] Além disso, como problemas envolvendo operadores com expoentes
varidveis possuem uma grande dificuldade em aplicar métodos variacionais, no nosso
caso para suprir parte desta dificuldade, no Lemma [3.3, exploramos um novo resultado
relacionado a uma propriedade intrinseca do operador que governa o nosso problema. Ou
seja, foi necessario mostrarmos que tal operador satisfaz a propriedade (S, ), que é uma
propriedade de compacidade do operador a qual é geralmente essencial para obter outras
propriedades, como a condicao de compacidade de Palais—Smale ou a condicao de Cerami
em uma estrutura variacional.

Para finalizar, destacamos que a mudanca de sinal dos pesos a e b geram

algumas dificuldades, dentre elas, ao analisarmos o funcional de Euler Lagrange associado
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ao problema (1)), ndo podemos aplicar diretamente métodos variacionais e a anélise para a
existéncia de solucao do problema para cada tipo de nao-linearidade passa a ser bastante
delicada. Por exemplo, no caso da nao-linearidade do tipo concavo-convexo, conforme
detalhado na subsecdo [I.2.1] foi essencial dividirmos a variedade de Nehari em duas
partes: Ny = N/\Jfl U N/\fl, usar a aplicacao fibracao para obtermos uma projecao tnica
em cada parte N, fl e usando o procedimento de minimizacao padrao obtermos ao menos
uma solucao para cada conjunto Nfl. O mesmo ocorreu para as nao-linearidades do
tipo sublinear e superlinear, em cada caso foi essencial considerarmos conjuntos solu¢ao
apropriados, conforme veremos nas Subsecoes e [1.3.2] para obtermos os resultados

esperados.
Os principais resultados do Capitulo 1 serao enunciados abaixo.

Em nossos primeiros resultados, consideraremos o problema quando os expoentes sao

constantes. Para isso, suponhamos que

(
1<m1<l<p<m<m2<p§:N]iip,sE(O,l);

1<l<p<m<%; (H)

(my—1)(m —1) < (my—1)(m —my).

\
Além disso, suponhamos (a;)-(as) e a condigao:

(a5) A:R — R & uma fungao de classe C*(R,R) e para todo ¢t € R sao vélidos:

(1) L/ (t) < A(D) < p/ (1);
(i) (I — 1AMt <A (t) < (m — 1A
(ii) (I —2)A'(t) < A"(t)t <

Portanto, obtemos os seguintes resultados envolvendo nao-linearidade do tipo concavo-

convexo.

Teorema 0.1 (Theorem [L.1)). Suponha as condigdes (a1), (az), (a}), (K), vdlidas, e
que as fungoes peso a,b € L>®(Q) sdo tais que at,bT Z 0, isto é, podem mudar de sinal
em Q. Entio eziste A > 0 tal que o problema , com [ =1, admite ao menos uma

-

solugio ground state u em Ny, satisfazendo Ty, (u) < 0 para todo 0 < X < \. (N3}, é

definido em (1.11)) e Jy1 € definido em (1.2))
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Teorema 0.2 (Theorem . Sob as mesmas condigoes do Teorema, existe A > 0 tal
que o problema 7 com [ =1, admite ao menos uma solucao ground state u em N):l

satisfazendo J1(u) > 0 para todo 0 < X < \. (N, € definido em (L.11]))

Nossos proximos resultados sao para expoentes variaveis e envolvem nao-

linearidades do tipo sublinear e superlinear.

Teorema 0.3 (Theorem [L.3). Suponha as condi¢ies (ar)-(az) e (K) vdlidas. Seja
g€ CT(Q) emy <mj <p <p" < <q <qg" Além disso, suponha a € L10(Q)
e que existe Qo C Q um conjunto mensurdvel de interior nao vazio e de medida positiva
tal que a(x) > 0 para todo x € Q. Entdo existe \* > 0 tal que qualquer X € (0, \*) € um
autovalor do problema em W para = 0.

Teorema 0.4 (Theorem [1.4). Suponha as condigoes (a1)-(a3), (K) vdlidas. Seja q €

CH@), p- < p* < mp < mf e my(z) < pilx) para todo v €

a € L1(Q) e q(z) > max {1, Np(x)ﬂp(g};ff()x)_]vml(z)} para todo x €

Q. Além disso, seja
Q.

Entao obtemos que:

1) Erziste \** e p*™*, autovalor positivo e negativo do problema (1)), respectivamente,
satisfazendo p** < py < 0 < A\ K XN em # para B = 0. (N7, ', A\ € s sdo

definidos em (1.56)))

2) A € (—o0, ™) U (XN, 4+00) € um autovalor do problema (1)), enquanto que todo
A € (ls, Ax) nao é um autovalor em # para = 0.

O estudo destes resultados de existéncia de solucao e existéncia autovalores
visa estender e complementar os principais resultados obtidos em [4, [7, 8, 21 32] B3] [34]
39, 50, 61] no sentido que os operadores considerados estao incluidos em nossa classe de
operadores e nossas fungoes peso mudam de sinal. Ou seja, nossos resultados, Teoremas
e , estendem e complementam os resultados recentes de [21] sobre a existéncia
de solugoes para problemas locais com nao-linearidade do tipo concavo-convexo. Ja,
o Teorema no caso sublinear, estende e complementa os principais resultados de
[4. 7, 8, B9 B3], 6I] que tratam de problemas locais, ndo-locais com expoente varidveis
e funcao peso que nao muda de sinal. Finalmente o Teorema no caso superlinear,
estende e complementa os principais resultados de [32, B34 39, 50] que tratam também de
problemas locais, nao-locais com expoente variaveis e funcao peso que nao muda de sinal.

No Capitulo 2, estudamos a existéncia, a multiplicidade e o

comportamento assintético de solucoes fracas para equagoes elipticas envolvendo o mesmo
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operador integrodiferencial nao-local geral com expoentes varidveis £, do Capitulo 1.
Mais precisamente consideremos o seguinte problema
Lagu = Af(z,u) em , )
u = 0 em RV \ Q,

onde A > 0 é um parametro real, @ C RY, N > 2 é um dominio suave e limitado e
o operador integrodiferencial nao-local geral £,k é o definido em onde a aplicacao
A : R — R satisfaz as condi¢oes (a1)-(as) e o kernel K satizfaz a condigdo (K).

A nao-linearidade f : €2 x R — R é uma funcao Carathéodory e satisfaz:

(fo) Existe uma constante positiva ¢; tal que f satisfaz a condigdo de crescimento
subcritico
[z )] < en(1+ [¢77)

para todo (z,t) € @ x R, onde ¥ € C(Q), 1 < p* < ¥~ < V(x) <IT < p(z) para
v €Q, ed = infd(x), I :=supd(z);
z€eS) zeQ
F(x,t
P00
lt|]>+o0  |E[P
é pT—superlinear no infinito, a funcao F' é a primitiva de f com respeito a segunda

= 400 uniformemente para quase todo ponto (q.t.p.) = € Q, isto &, f

(f1)

variavel, isto é, F(z,t) :== [ f(z,7)dr;
0
(f2) f(z,t) =o(|t]" 1), quando t — 0, uniformemente em quase todo ponto z € Q;

(f3) Existe constante positiva c, > 0 tal que
G(x,t) < G(z,7) +cu

paratodoz € Q, 0 <t <Tou7t <t<0,onde G(x,t):=tf(x,t)—pTF(x,t).

Com a intencao de encontrar infinitas solucoes, é natural impor certas condicoes de

simetria a nao-linearidade. Na sequéncia, assumiremos a seguinte suposicao em f :
(f1) f € impar em ¢, isto &, f(x,—t) = —f(x,t) para todo x € Q et € R.

Além disso, para provar que o funcional Euler Lagrange associado ao problema (3] verifica

a condigao Cerami (C)., assumimos que as fungoes o7 e A satisfazem a seguinte condigao:

(ay) H(at) < H(t) para todot € Re a € [0,1] onde H(t) = pta/(t) — A(t)t.
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Na literatura, o problema ¢ investigado principalmente no contexto de
equagoes conduzidas pelo Laplaciano (problemas semilineares), ou seja, a seguinte classe
de problemas

(4)

—Au = Af(z,u) em Q,
u = 0 em Of).

Ambrosetti e Rabinowitz, em [2], foram os primeiros a usar o Teorema do Passo da
Montanha para provar que os problemas do tipo admitem uma solugao quando a
seguinte condi¢do de ndo-linearidade para f(x,-), bem conhecida na literatura como
condicdo de Ambrosetti-Rabinowitz (condicao (AR), para abreviar), ¢ empregada:

existem p > 2 e M > 0 tais que

0 < pF(x,t) < f(z,t)t para todo x € Q e para todo |t| > M (5)

t
onde f:Q x R — R é uma fungdo continua e F(z,t) = / f(t, z)dz.
0

A condigao (AR) é uma ferramenta para obter solucoes fracas de problemas
superlineares e seu principal papel é garantir a compacidade, mais especificamente, a
limitacao da sequéncia Palais-Smale exigida pelos argumentos de minimax. Porém, é uma
condigao um pouco restrita e elimina algumas nao-linearidades de F'(z, -). Uma integragao
direta de nos permite obtermos a seguinte condicao mais fraca para a funcao potencial
F(z,t),

F(z,t) > ay[t|" — ay para todo x € Q e para todo t € R com constantes oy, ap > 0. (6)

No entanto, ainda existem muitas funcoes que sao superlineares no infinito
e que nao satisfazem a condi¢ao (AR). De fato, a condigao (6] implica que a fun¢ao F(x, )
exiba pelo menos um crescimento polinomial p proximo a +oo e, desde que p > p
F(z,t)

lim = +00. 7
|t 400 [t]P (™)

A fungao f(x,t) = tln(1l +¢) é um exemplo de fungao que satisfaz a condicao (7)), mas
nao satisfaz a condicao @ e, portanto, também nao satisfaz a condicao ().

Nesse sentido, o estudo de problemas envolvendo nao apenas o operador
Laplaciano, mas também o operador p(-)—Laplaciano sem a condicdo (AR) tornou-se

o objeto de estudo de muitos pesquisadores e as referéncias na literatura aumentaram
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constantemente. No artigos [10, 43, [48], 56| 57, 58, 60] os autores estabeleceram a existéncia
de pelo menos solucoes nao-triviais para os problemas do tipo sem a condi¢ao (AR) e
em geral, a principal ferramenta usada para obter os resultados ¢ o Teorema do Passo da
Montanha com a condicao de Cerami.

Além desse avango significativo para operadores locais sem a condigao (AR),
recentemente, alguns pesquisadores comecaram a estudar problemas do tipo (4) nao-
locais sem a condi¢ao (AR). Mais especificamente, no artigo [77] considerando A(t) = t,
K(x,y) = |z —y|N*2* e X\ = 1, os autores provaram que o problema possui infinitas
solugoes usando o Teorema de Fountain. No artigo [64], o autor, para o caso p—Laplaciano
fracionario e A = 1 estuda a existéncia de uma solugao fraca para o problema ({3)) utilizando
o Teorema do Passo da Montanha combinado com a desigualdade de Moser-Trudinger
fracionaria. Ja em [79], para A(t) = t e algumas suposi¢oes semelhantes para o kernel K,
usando um novo resultado de pontos criticos apresentado por [54, Teorema 2.6, o autor
prova que existe \g > 0 tal que problema do tipo tem duas solucoes fracas distintas
para cada A € (0, \g)

Portanto, motivados pelas referéncias acima, principalmente pelos artigos
[43, [60], [77, [79], buscando novos avangos nesta teoria, o Capitulo 2, mostra a existéncia,
a multiplicidade e o comportamento assintotico de solugoes para o problema sem
a condi¢gao (AR). Para obtermos os resultados desejados, usamos diferentes versdes do
Teorema do Passo da Montana, bem como o Teorema de Fountain, Dual Fountain com
condi¢ao de Cerami e uma nova versao do Teorema do Passo da Montanha simétrico
introduzido por Kajikya [49].

Enunciaremos agora os principais resultados do Capitulo 2.

Teorema 0.5 (Theorem [2.1). Suponha (a1)-(as), (K) e que f satisfaz (fo)-(f3). Entdo

o problema possui ao menos uma solucao fraca em W para todo A > 0.

Teorema 0.6 (Theorem [2.2). Suponha (a1)-(as), (K), e que f satisfaz (fo)-(fa). Entdo
o problema tem infinitas solugoes para todo \ > 0.

Teorema 0.7 (Theorem [2.3). Suponha (a1)-(as), (K), e que f satisfaz (fo), (f1), (f3) e
(f1). Entao para cada \ € (O, 5};%“) , 0 problema tem infinitas solucoes fracas u, € W,
k €N tal que Uy (uy) — +oo, quando k — +oo. (V,(-) € definido em ({2.1)))

Teorema 0.8 (Theorem [2.4). Suponha (a1)-(as), (K), e que f satisfaz (fo), (f1), (f3) e
(f1). Entao para cada \ € <0, 9};%”) , 0 problema tem uma sequéncia de solucoes fracas

v €W, k€N tal que Vy(vg) <0, Uy(vg) = 0 quando k — +o0.
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Teorema 0.9 (Theorem 2.5)). Suponha (a1)-(as) e (K). Se f satisfaz (fo), (f1) e (f3).
Além disso, f(x,0) = 0, f(x,t) > 0 qtp. x € Q e para todo t > 0. Entdo existe
uma constante positiva X\ tal que o problema () possui ao menos uma solugao para todo
A€ (0,)), tal que

lim |juy|l» = +oo.
A—=0+

(|- |l» € definido na Subse¢ao(3.0.2)))
Teorema 0.10 (Theorem[2.6). Suponha (a1)-(as), (K), e que f satisfaz (fs). Além disso,

suponhamos a sequinte condi¢ao:

(fs) f: QxR —= R éuma funcdo continua e existem constantes positivas Cy, C tal que

Colt™ =1 < f(x,t) < Oyt~

para todo v € Q and t > 0, onde m € C(Q) tal que 1 < m(x) < p*(x) para todo x € Q,
com m" < p~. Entao o problema tem infinitas solugcoes up € #', k € N tal que

para todo \ > 0.

Os resultados mencionados acima, visam estender e completar os principais
resultados de |20, B4, B8, 43, (5] 48] 56, 60, 64, 72, 74, [79, 80] de tal forma que os
mesmos permanecam validos para uma classe mais ampla de operadores nao-locais que
envolvem expoentes variaveis sem satsifazer a condi¢do (AR). Ou seja, os Teoremas e
estendem e completam os principais resultados obtidos em [20, 34 43, 60, (64, [74] [80].
Os Teoremas e estendem e completam os principais resultados de |38 43|, 55, [48],
56, [72], [79, B0]. Finalmente, os Teoremas e estendem e completam alguns dos
principais resultados de [43]. Além disso, gostariamos de destacar que até onde sabemos,
nao hé resultados nessa abordagem, mesmo envolvendo os problemas do p-Laplaciano
fracionario, bem como os problemas envolvendo o p(-)-Laplaciano fracionario, embora
consideremos algumas das técnicas conhecidas.

Para finalizar, no Apéndice, apresentamos alguns resultados e defini¢oes
importantes que utilizamos no decorrer deste trabalho. Provamos resultados importantes
como o Lema|3.1e o Lema com respeito ao novo espaco definido # e o Lema que

fornece caracteristicas importantes para o funcional associado ao operador 2 k.
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Gostarfamos de esclarecer que a formatacao dos capitulos desta tese é
baseada nos artigos que escrevemos e que foram submetidos para publicacao. Os Capitulos

1 e 2 estao distribuidos da seguinte forma:

Capitulo 1 A class of elliptic equations involving a general nonlocal integrodifferential operators

with sign-changing weight functions, submetido para publicacgao.

Capitulo 2 Multiplicity results for elliptic problems involving nonlocal integrodifferential

operators without Ambrosetti-Rabinowitz condition, submetido para publicacao.

Por esse motivo, a identificacao das hipoteses em cada um dos capitulos é
descrita no inicio do respectivo capitulo e os resultados referentes ao espaco e ao operador

envolvido nos problemas e sao enunciados e demonstrados no Apéndice.



Chapter

1

A class of elliptic equations involving a
general nonlocal integrodifferential operators

with sign-changing weight functions

The deal of this chapter is to show results concerning the existence of weak solutions
for a class of elliptic equations involving a general nonlocal integrodifferential operator
with two real parameters, two weight functions which can be sign-changing and different
subcritical nonlinearities. More precisely, in a smooth bounded domain Q of RY (N > 2),

we consider the following problem

ZLaruw = Aa(@)[u[™ O 2u 4+ Go(x)[u]™ 2y in Q, (2)
u=0 in RV \ Q,

where A and 3 are real parameters, the weight functions a,b : Q — R can be sign-
changing in 2, m; and my € C*(Q), and to define the general nonlocal integrodifferential
operator £,k we will consider the variable exponent p(z) := p(x, ) for all z € RY with

p € C(RYN x RY) satisfying:

p is symmetric, that is, p(z,vy) = p(y, z),

N (1)
1l<p = inf T,Y) < su z,y) =p" < —, s€(0,1),
Pi= i P S (W)ERJIV)XMP( y)=pt < (0,1)

and we consider the fractional critical variable exponent related to p € C(RY x RY)

19
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Np(x)
defined by pi(z) = ————.
efined by p;(2) = +— 5p()
The general nonlocal integrodifferential operator £, is defined on suitable
fractional Sobolev spaces (see Subsection by

- Au(z) — u(y)K(z,y)dy, = €RY,

Zagu(x) = P.V.

where P.V. is the principal value.
The map A : R — R is a measurable function satisfying the next

assumptions:
(a1) A is continuous, odd, and the map o/ : R — R given by

¢l

A (t) := A(T)dr

0

is strictly convex;

(ag) There exist positive constants c4 and Cy, such that for all £ € R and for all
(r,y) € RYN x RV

At = calt|?™  and  |A()] < CaltPm)

(a3) A(t)t < pte/(t) for all t € R.
The kernel K : RN x RY — R* is a measurable function satisfying the following property:
(K) There exist constants by and by, such that 0 < by < by,

by < K(z,9)|x — y|NTP@) L by for all (z,y) € RY x RY and = # v.

In our first results we will consider the (&) when the exponents are

constant. For this, we assume that

)
1<m1<l<p<m<m2<p§:Nj\i’;p,se(o,l);

1<l<p<m<%;

(mg — 1)(m — l) < (m2 — l)(m — ml).

\
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We assume that map A : R — R satisfies the conditions (a1)-(az) and additionally, the

conditions:

(a5) A:R — Ris a map of class C*(R,R) and all ¢ € R is hold:

(1) L (t) < A(t)t < p (1);
(i) (I — 1AMt <2A(t) < (m — 1A
(iit) (1—2)A'(t) < A"(t)t < (m —2)A'(¢).

Therefore, we obtain the following result involving concave-convex nonlinearities.

Theorem 1.1. Suppose that assumptions (a1), (az), (as), (K), hold, and that weight
functions a,b € L>®(Q) are such that a*, bt £ 0, i.e., can be sign-changing in Q. Then
there exists A > 0 such that problem , with B =1, admits at least one ground state
solution w in N, satisfying Jx1(u) < 0 for all 0 <\ < A Ny is defined in and
T is defined in )

Theorem 1.2. Under the same conditions of Theorem there exists \ > 0 such that
problem , with B = 1, admits at least one ground state solution u in N/\fl satisfying

Tra(uw) >0 for all 0 < X < A (N3, is defined in (L11))

Our last results are for variable exponent.

Theorem 1.3. Suppose that assumptions (a1)-(as), (K) hold. Let ¢ € CT(Q) and
m; < mf <p < pt <& < g < g Moreover, assume a € L1O(Q) and that
there exists (g C €2 a measurable set with nonempty interior and measure positive such
that a(z) > 0 for all x € Qy. Then there exists \* > 0 such that any X € (0, \*) is an

eigenvalue of problem in W whenever 5 =0. (W is defined in subsection

Theorem 1.4. Suppose that assumptions (a1)-(a3), (K) hold. Let ¢ € CT(Q2), p~ <
pt < m; < mf, and mi(z) < pi(x) for all x € Q. Moreover, let a € L(Q) and

Np(z) re)
q(z) > max {1, Np(x)JrSp(x)’;l(w)_le(x)} for all x € .

Then we have:

1) There are \** and p**, positive and negative eigenvalue of problem (7)), respectively,
satisfying p** < pe < 0 < Ay <K N in W whenever B = 0. (N, ™, A\, and p, are

defined in (1.56)))

2) A € (—o0, w)U(AN™, +00) is an eigenvalue of problem (&), while every X € (pix, \x)

is not an eigenvalue in # whenever 5 = 0.
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1.1 Variational framework

We start with the definition of the Lebesgue and Sobolev spaces with variable exponent
and some properties of them, for more details see [T, 27, 29] 32], 34], [71] and references

therein. Throughout the work, Q C R¥, denotes a smooth bounded domain. Put
CH(Q) ={heC(Q): h(z)>1forall z € Q}
and for all h € C*(Q), we define b~ := inf h(z) and h* := sup h(z).

z€Q z€Q
For h € C*(Q), the variable exponent Lebesgue space L") () is defined by

h(zx)

L"(Q) = {u : 2 — R measurable : 3¢ > 0: / )@ dr < +oo}. (1.1)
Q

We consider this space endowed with the so-called Luxemburg norm

h(z)
fulznc) = inf{<>o: 1% dxgl}.
Q

When p is constant, the Luxemburg norm || - || ;r¢)(q) coincide with the standard norm
| - |[zn( of the Lebesgue space L"(2). From Proposition , the spaces L")(Q) is

separable and reflexive Banach spaces

Let s € (0,1). We consider two variable exponents ¢ : © — R and
p:Q x Q— R, where both ¢(-) and p(-,-) are continuous function. We assume that:

p is symmetric, this is, p(z,y) = p(y, ),

l<p = inf p(z,y) <plz,y) < sup pz,y)=p" < +oo,
- (z,y)eQxQ (z,y)EQXQ B
and
1 <q :=inf q(z) < q(x) <sup ¢(z) :==q" < +o0. (g2)
T ae €0 -

The fractional Sobolev space with variable exponents W90)2(+)(Q) is defined by

— (z,9)
a() : [u(z) —u(y)l”
{u e L1(Q): /QXQ e — [N dx dy < 400, for some ¢ > 0
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and we set

_ p(z,y)
[u];’p("') = inf {§ > 0;/ [u(z) — u(v)] dx dy < 1}
Q

wq CPEV)|z — y‘N+Sp(I7y)

the variable exponent Gagliardo seminorm. It is already known that W*40)2(:)(Q) is a

separable and reflexive Banach space with the norm

lllwaacr o0y = lull ooy + [uls™,

see [4], 8 50].

Remark 1.1. Throughout this chapter, when q(x) = p(x,x) we denote p(x) instead of
p(z, ) and we will write WPC)(Q) instead of WPOPE)(Q).

Now, we consider the space W*P()(RV) as following

RN gy CPEV) |z — y|Nt+sp(zy

_ p(z,y)
{u € Lp(')(]RN) : / [u(@) — u(y)| ) dr dy < +oo, for some ( > 0}

where the space LPO)(RY) is defined analogous the space LP()(Q). The corresponding
norm for this space is

ull = [l o ey + [l 207.

The space (W*PG)(RN), || - ||) has the same properties that (W*P()(Q), || - st @)
this is, it is a reflexive and separable Banach space.

We define the space were will study problem . Let we will consider the
variable exponents p(z) := p(x,z) for all z € RY with p € C(RY x RY) satisfying

and we denote by
W =Were) = {u e WHCIRN) -y =0 ae. in RV \ Q).

Note that # is a closed subspace of W*P(~)(RY) thus # is a reflexive and separable

Banach space with the norm

lull = [[ull potory + [WlgR,

once the norms || - || o) gay and || - || oc) () coincide in %
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In order to work with a simpler norm in the defined space we prove in the

Lemma [3.1] that the space (#/, || - ||) is equivalently defined with respect to the Gagliardo
E%(w)
and continuous embedding of space # as consequence of Corollary [3.1] and Lemma [3.1]
s,p(-,')
RN

seminorm [ . Moreover, we proof in Lemma an important result of compact

Therefore, along this work we will consider the space # with norm ||ully = [u] and

we denote (¥, - ||,,)-

For each A and [ real parameters, we introduce the Euler Lagrange
functional J) 5 : # — R associated with problem defined by

Inp(u) = ®(u) — My(u) — BZy(u) for all u € # (1.2)

where ® is defined in the Lemma (3.3}

ml(x) mg(:):)
Ia(u):/—“(x”“' dz and Ty (u) :/—b(x)|“| dx
Q

my (I‘) Q mQ(ZE)

Definition 1.1. We say that u € W is a weak solution of the problem if and only if

[ Alule) = u) (o) ~ o) K e dedy = [ Aala)lu™ o ds
RN xRN Q

(1.3)
m2($)72
—I—/Qﬂb(:c)]u\ uvdx

for allv € W. When B = 0, we say that X is an eigenvalue of problem (&), if there
exists u € W \ {0} satisfying (L.3)), that is, u is the corresponding eigenfunction to A.

1.2 Proof of Theorems (1.1} and [1.2

Now will show the existence of solution to problem for constants exponents with
concave-convex nonlinearities and weight functions a,b : @ — R that are sign-changing
in Q. In this case, the space # coincide with the space W;*(Q) := {u € W*P(RV) :
u = 0 ae. in RN\ Q} defined in [46], then % = W;P(Q). We consider Jy; the Euler
Lagrange functional associated to problem (7). To proof Theorem and Theorem
we will consider the Nehari manifold N, ; introduced in [62], the fibering map and the
different “sign-subsets” of the Nehari set that will be used to find critical points of the
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Euler Lagrange functional J) ;.

1.2.1 The Nehari Manifold

The Nehari manifold associated to the functional J) ; is given by

N ={u & W () \ {0} + (T 1) ) = o}
:{u e Wy () \ {0} : )\/Qa(:z:)|7,¢|m1 dx + /Q b(z)|u|™ dx
~ [ Al) = ul) (u(e) = uly) Kz, ) do dy}.

Note that when u € N, 1, by (L.4) we obtain

Falw) =0(u) = [ Afule) = u(w) (o) = ) (o) dady

my

1 1
+ (— - —> / b(z)|u|™ dx,
m; My 0

or it can be rewritten as

Falw) =0() = [ Afule) = uly) (o) ~ ) K (o.g) dady

mo

1 1
+ A (— - —) / a(z)|u|™ dx.
my My / Jo

(1.5)

(1.6)

The characterization above for the functional [J) ; is relevant to results we will study the

following.

As first step, we shall prove that [J); is coercive and bounded below on

Ny1 € WEP(€2) which allows us to find a ground state solution that is a critical point for

VIRE

Proposition 1.1. The functional Jy1 is coercive and bounded below on N ;.
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Proof. For u € Ny using (1.6), (a2), (a5)-(i), (K), and (H]), we obtain

11 u(z) — u(w)” L)
= - — — |cab v —drdy + \| — — — ™ dx.
i) (p m2>c“ L i ey o= o) [ @l e
(1.7)

Now, from continuous embedding Wy () — L™ (), a € L>*(2), a™ # 0, and ({H)), it
follows that

/a(ﬂf)IUI“‘1 dz < [la* [loollullFay < [la* [l Cot P lull s (1.8)
Q

@)

Then by (1.7) and (1.8)), we infer that

1 1 1 1
+
Tna(u) > (5 - m—2>cAboHuH€Vg,p(m A (— - m—l) o e

my

Therefore, since p > my Jy 1 is coercive and consequently 7 ; is bounded below on N ;.

O

Let us introduce the fibering maps associated to the functional [J,;. For
every fixed u € W3*(Q) \ {0}, we will define the fibering map g, : (0,4+00) — R by

my

ou(t) == Tna(tu) = O(tu) —

g
a(x umldx——/b:c u|™ dx for all t € (0, +00).
s de— = [ bl (0,+20)

Our objective is we will analyze the behavior the fibering maps and show
its relation with the Nehari manifold. More specifically as fibering maps are considered
together with the Nehari manifold in order to ensure the existence of critical points for
Jxri1. In particular, for concave-convex nonlinearities, knowledge the geometry for o, is
important, see for instance [17].

Furthermore, using again arguing as in the Lemma and standard
arguments, we conclude that g, is of class C'(RT,R). Then differentiating @, (¢) with

respect to t, we obtain

o = [ | Altula) () (ue) = u(o)) K () e dy

— At / a(z)|u[™ dz — ™21 / b(z)|u|™ dx.
Q Q
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Therefore, tu € N, ; if and only if ¢! (t) = 0. In particular, u € N, ; if and
only if @/ (1) = 0. In other words, it is sufficient to find stationary points of fibering maps

in order to get critical points for Jy; on NV, ;.

Furthermore, again arguing as in the Lemma |3.3| and standard arguments,

we have that g, is of class C?(R™,R) with second derivative given by

ot = [ Altula) = tu(y)) (ule) — (o) PR () e dy

™2 (my — 1) /

Q

(1.10)
o) [ul™ dz — ™2 (my — 1)/Qb(x)|u]m2 dz.

//

Thus, as ¢! € C*(RT,R) it is natural to divide N, into three sets as was pointed by
[16, [17]:

v ={u e M oy(l) > 0k
N ={u €N pu(1) <0} (1.11)
= {ue Moasen(l) =0}

Here we mention that N}, Ny, and N?, correspond to critical points of minimum,

maximum and inflexions points, respectively of p,.

Remark 1.2. Note that if u € Ny 1, then by (1.9) and (1.10), we obtain

(1) =y —ma) |

Q

b()[uf™ dx + / A () — () (u(z) — u(y)*K (z, y) de dy

H1=m) [ (o) = ul) (o) — ) e.) dady
Ay =) [ a@fu do+ [ Aule) = ) (ule) — ulp) K o,y) dedy

H1mm) [ Ao~ ul) (u(e) — ) K o) do dy.

Lemma 1.1. For each A > 0 sufficiently small, we have that
(1) )?,1 = 0;
(2) Max =Ny, UNy, is a C'-manifold.

Proof. (1) We suppose that NV, # 0. Let u € N}, be a fixed function. Thus,
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pn(l) = g, (1) = 0. Using Remark [1.2] (az2), (a})-(i7), (K), and (H]), we obtain

(o —ow) [ b@fuf de = [ A(ua) = u() (o) — ul) K o) dady

Ha=m) [ Alule) () (o) = u)K () do dy

2(l - m1)CAboHUH€V§,p(Q)-

(1.12)

Now, from continuous embedding Wy () — L™ (), b € L>*(2), b™ # 0, and ({H)), it
follows that

/Qb(:v)\UI‘“"’ dz < [[0* [loollull 2 < 16 O™ l[ulli2es . (1.13)

Thus by (1.12)), (1.13), and (H)), we achieve

— l—m1 C.Ab(]
mp > =0 1.14
it > (3 o = (114

Now, using again Remark (a2), (a4)-(it), and (H]), we infer that

Mma =) /Q a(z)ful™ de = /RN RN A'(u(z) — u(y))(u(z) — uy))*K(z,y) dx dy
+ /]RN N A(u(z) —u(y))(u(z) — u(y))K(z,y) de dy

—ma [ Alule) = u(p) (o) = u)K o) dady

>(my — m)eabollully o g

(1.15)

Therefore, by (1.8)), (1.14), (L.15)), and (H]), we obtain that

my —m cabg L
A > 7 > 0.
- (mz—m1>0n“~?f|!a+\loo '

Which is a contradiction for each A > 0 small enough. Hence, the proof of item (1) it is

complete.
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(2) Without loss of generality suppose that u € N/\Jfl. Define the function G, : ./\/')f1 —R

G(u) =(Tx1(u), u)
:/RN . A(u(z) —u(y))(u(z) — u(y)) K (z,y) dody — )\/ a(x)|u™ da

Q

— / b(x)[u™ dx for all u € Ny,
Q
Note that
(Gh(u),u) = (TN1 (u)(u, ), u) + (T34 (), u) = (1) for all u € N, (1.16)

Hence Ny, = G;'({0}) is a C'-manifold. Tndeed, for u € N, using (L.16), we get
(Gh(u),u) > 0. Therefore, (G (u),u) # 0. As Gy(u) is class C*(W;P(Q),R) it follows
that N3, = G'({0}) is a C'-manifold. Similarly, we may show that N, is a C'-manifold.
Consequently, as Y, = ) for all A > 0 small enough, it follows that Ny, = N} UNy,
is a C'-manifold. ]

Lemma 1.2. Let ug be a local minimum (or local mazimum) of Jx1 in such a way that

uo & NY,. Then ug is a critical point for Jy ;.

Proof. Without loss of generality, we suppose that v is a local minimum of 7, ;. Define
the function H : W,7(Q2) — R by

H(u) = (J5 1 (uw),u) for all u € W5P(Q).

We observe that ug is a solution for the minimization problem

min Jy 1 (u)
H(u) = 0. (117
Now note that
(H'(uw),v) = (T3 1 (u)(u, u),v) + (T} 1 (u),v) for all u,v € W5P(Q). (1.18)

Then taking u = v = ug in (1.18)), we infer that

(H'(uo), uo) = (Jx 1 (uo)(uo, uo), uo) + (Jy 1 (o), uo) = @i, (1) > 0. (1.19)
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Thus ug ¢ N, and by Lemma|l.1| we conclude that problem (I1.17) has a solution in the
following form

«7,\,,1(u0) = uH'(uo),

where i € R which is given by Lagrange Multipliers Theorem. Since ug € N, 1 we obtain
that

p(H (o), uo) = (I3 1 (o), uo) = 0. (1.20)
However by ((1.19) we infer that (H'(ug),uo) # 0. Thus, by (1.20) we conclude that u = 0.
Therefore, JJ ;(uo) = 0 and wq is a critical point for Jy; on W5?(Q). O

1.2.2  The fibering map

In this subsection, we will do a complete analysis of the fibering map associated with
problem (7). The essential nature for the fibering maps is determined by the signs of
a(z)|u|™ dx and / b(z)|u|™ dx.

0 Q
Throughout this subsection, fixed u € WJ"(Q2) \ {0} it is useful to consider

the auxiliary function M, : R — R by

M, (t) =t™™ /RNXRN A(tu(z) — tu(y)) (tu(z) — tu(y)) K (z,y) dedy —t™™ /Q b(x)|tu|™ dz

for all t € R.
Note that M, has possible forms when /b(:lc)]u\“12 dr <0 and
Q

/ b(z)|u|™ dxz > 0, respectively
Q

Figure 1.1: Sketches of M,

Lemma 1.3. Let t > 0 be fized. Then tu € Nyi if and only if is a solution of

M, (t) = )\/Q a(z)|u|™ dx.
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Proof. Fix t > 0 such that tu € N, ;. Then,

/ A(tu(z) — tu(y)) (tu(z) — tu(y)) K (z,y) doedy = \t™ / a(z)|u|™ dx
RN © (1.21)

+tm2/ b(z)|u|™ du.
Q
Thus, multiplying (1.21)) by t~™, we have that
3 [a@lap e = [ Altuta) - ) () — ) K (e,) de dy
Q RN xRN

— M / b(z)|u|™ dx.
Q

Lemma 1.4.

(a) Assume that / b(z)|u|™ dr < 0. Then we obtain
0

M,(0) := lim M,(t) = 0,M,(o0) := lim M,(t) = +o0, and M,,(t) > 0 for all t > 0;

t—0t+ t—+o00

(b) Assume that / b(z)|u|™dx >0 and (my — 1)(m — 1) < (mg —)(m —my). Then
Q ~

there exists a unique critical point for My, i.e., there is a unique point t > 0 in such

a way that My (t) = 0. Furthermore, we know that t > 0 is a global mazimum point

for M, and M, (c0) = —o0.

Proof. (a) Note that using (as), (a4)-(ii),(K), and (H]), we obtain that

ML(1) > (1 — my )™ / Altu(z) — tu(y))(tu(z) — tu(y)) K (z,y) dz dy
RN (1.22)

— (my — ml)tmrml_l/ b(x)|ul™ dx.
Q

Once / b(x)|u|™ dx < 0, from (1.22), we obtain M/ (t) > 0 for all ¢t > 0.

Q

Now, we shall prove that M, (0) = 0. Indeed, using (a3) and (K), we deduce
that
— p
Mo (£) Scqbot?—™ / Ju(@) = w@)” ) gy — o / b(x)ul™ de.  (1.23)
Q

RNxpN |7 — y| VTP



32

On the other hand, using (ay), (az), (a})-(7), and (K), we infer that

_ P
M, (t) <tPT™C by / Ju(z) = uly) de dy —t™™™ / b(z)|ul™ dz. (1.24)
Q

RNxpN |7 — y| VTP

Using (1.23)), (1.24), and (H)), we conclude that lim M, (t) = 0. Moreover, by (1.23) and

t—0t

(H) also we observe that M, (c0) = th+m M, (t) = +oc.
—+00
(b) As a first step we note that lim+ M., (t) = 0, M, is increasing for t > 0 small enough
t—0
and tliin M,(t) = —oco. More specifically, for 0 < ¢ < 1 we observe that using (1.22)
—+00

and the fact that / b(x)|u|™ dx > 0 we obtain that M/ (t) > 0, i.e., M,(t) is increasing

Q
for t € (0,1). Moreover, from ([1.22)) and (1.23)), we obtain lim M, (t) = 0. Finally using
t—0
([1.24) and (H)), it follows that tliin M, (t) = —oc.
—+00

Now the main goal in this proof is to show that M, has a unique critical
point £ > 0. Note that M’ (¢) = 0 if and only if, we have

(my —my) /Q b(z)|u|™ do =t~ [/RN . A(tu(z) — tu(y)) (tu(z) — tu(y)) K (z, y) dz dy
o [ Altut) = ) (tu(e) — tul)K (o) dady

[ Aule) () tule) — tu(y)K (e.g) dedy .
RN xRN
Define the auxiliary function &, : R — R given by

Sult) =(1 —my)t™ / Altu(z) — tu(y))(tu(z) — tu(y)) K (z, y) de dy

RN xRN
+¢m / A (tu(z) — tu(y)) (tu(x) — tu(y))* K (x,y) dz dy.
RN xRN
Note that using (as), (a})-(iz), (K), and (H]), we infer that
&u(t) Z(L = my)t" ™ cabollul[fyer - (1.25)
Then using (1.25) and for 0 < ¢ < 1, we obtain lim ,(t) = +o0. Moreover,
t—0

tliin &u(t) = 0 and &, is a decreasing function. Indeed, using (a1), (a2), (a})-(7), (a})-(i),
—+00

(K), and (H]), we have that
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Eult) <(m — )t C aby[[ulffy e, (1.26)

Therefore, for all t > 1 using (1.25)) and ([1.26)), we obtain that tEI_ElOO &u(t) = 0.
Now using (as), (a}), (K), and (H]), we infer that

€ () <(mpmy — myl — mol + mi)t ™! / A(tu(z) — tu(y)) (tu(z) — tu(y)) K (x,y) dz dy

+ (I —m)t ™t /RN N A(tu(z) — tu(y)) (tu(x) — tu(y)) K (x,y) dr dy

<0.

Therefore, &, is decreasing function proving that M, has a unique critical point which is

a maximum critical point for M,. O

Lemma 1.5. Let u € WiP(Q) \ {0} be a fized function. Then we shall consider the

following assertions:

(a) Assume that /b(az)]u\m de < 0. Then @, (t) # 0 for all t > 0 and X > 0
0
whenever [ a(z)|u|™ dx < 0. Moreover, there exists a unique t; = t1(u, \) such
0

that ¢, (t1) = 0 and tyu € Ny, whenever / a(z)|u|™ dx > 0;
0

(b) Assume that / b(z)|u|™ dx > 0. Then exists a unique t; = ti(u, \) > t such that
Q

@, (t1) = 0 and tyu € Ny, whenever / a(x)|u|™ dx < 0;
Q

(c) For each X > 0 small enough there exists unique 0 < t; = t1(u,\) < t < ty =
ta(u, \) such that ¢, (t)) = @,(t2) = 0, tiu € Ny, and tou € N, whenever
/ a(z)|ul™ dr > 0, / b(z)|u|™ dr >0, and (my — 1)(m — 1) < (my —1)(m — my).
Q Q

Remark 1.3. We observe that for /
Q

a graph as the Figure 1.2(a). For / a(z)|u|/™ dx >0 and / b(x)|ul™ dx <0, @, has
Q Q

a(z)|ul™ dx <0 and / b(x)|ul"dx <0, o, has
O

a graph as the Figure 1.2(b). For / a(z)|ul™ dx <0 and / b(z)|u|™ dx > 0, @, has
Q Q

a graph as the Figure 1.2(c). For / a(z)|ul™ dx > 0 and / b(z)|u|™ dx > 0, p, has a
Q Q
graph as the Figure 1.2(d).
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(b) (c) (d)
Figure 1.2: Sketches of g,

Proof. (a) We shall consider the proof for the case / b(z)|u|™dxr <0 and

Q
/ a(z)|u|™ dx < 0. Using the Lemma —(a) it follows that
Q

M, (0) = 0,M,(c0) := tliin M, (t) = +o0, and M. () > 0 for all ¢ > 0. (1.27)
—+00
Thus, we achieve that M,,(t) # )\/ a(z)|u|™ dx for all £ > 0 and A > 0. Then by Lemma
Q
we conclude that tu ¢ N, for all ¢ > 0. In particular, g/, (¢) # 0 for each ¢ > 0, that
is, from (1.9), ¢! (t) > 0 for each ¢ > 0. Now we shall consider the case [ b(z)|u|™ dx <0

and / a(z)|u|™ dz > 0. From Lemma — (a) is valid (1.27)). In particular, the equation
0

M, (t) = )\/ a(z)|u|™ dx admits exactly one solution ¢; = ¢;(u, A) > 0. Consequently by
Lemma ,Qwe conclude that tyu € Ny ;. Therefore, ¢ (1) = 0.

Moreover, — since that M,(t) = t' "™/ (1) +)\/ a(z)lu|/™ dx, we have that
M. (t) = 1™ (t) + (1 — my)t™™ g/ (¢). Thus we concsl)ude that t]~™ " (t;) = M, (t;) > 0
and consequently t,u € Ny,
(b) Now consider the case / b(z)|u|™ dx > 0 and /a(:;c)|u|ml dr < 0. Using Lemma
(b) the function M, adrr?its a unique critical poir?t t>0,ie, M,(t) =0,t >0 if

and only if t = . Moreover, t a global maximum point for M, such that M,(f) > 0

and M,(0c0) = —oo. Hence, once M, is a decreasing function in ¢ € (¢, +oc), there
exists a unique t; > ¢ such that M, (t;) = )\/ a(x)|u|™ dx and M, (¢1) < 0. Therefore,
t'=™n(t) = M, (t1) < 0 and we conclude that t;u € Ny .

(¢) From / x)u|/™ dz >0 we can consider A > 0 small enough in such a way

that M, (%) > )\/ a(z)|u|™ dx. Moreover, due to the proof of Lemma (b), M, is
Q
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increasing in (0,%) and decreasing in (£, +oc). In this sense, there is exactly two points
0 <ty =ti(u,\) <t <ty=ty(u,\) such that M, (t;) = /\/ a(x)|ul™ dx for i = 1,2.
Additionally, we have that M (¢;) > 0 and M/ () < 0. So W?th the same argument as
before we get t'~™ ol (ty) = M (t2) < 0 and '™ /(t)) = M}, (t;) > 0. Then tyu € Ny,
and tyu € /\/:\Jfl. O

Lemma 1.6. There ezists A\ > 0 such that p, takes positive values for allu € WP (Q)\{0}
whenever 0 < X < \.

Proof. We shall split the proof into two cases.
Case 1: / b(z)|ul™ dx < 0.

Q
From (asy), (a})-(7), and (K), we get

bot? — u(y)|P g g2
ou(t) > cA%0 / Jutz) = uly)” dx dy — )\—/ a(z)|ul™ dx — — [ b(z)|u|™ dz.
RN xRN m Jo m2 Jo

p |z — y|[NEP

Since m; < p < m, and /b(:zc)|u|m2 dr <0, it follows that t1i+m ou(t) = +00. In
Q ~ —+00
particular, there is ¢ > 0 such that g, (t) > 0 for each t > .
Case 2: / b(z)|u|™ dx > 0.
Q

First, let h, : R — R defined by
gm>
h,(t) == / o (tu(x) — tu(y)) K (x,y) de dy — —/ b(z)|u|™ dx for all t € R
RN xRN m2 Jo
an function of class C'(R,R). Note that

0 = [ Altule) = ) o) — u(o) K ) dedy = 7 [ bl .

Then h, admits a critical point ¢ > 0, this is, h,(t) = 0 for some point ¢ > 0 which is a
local maximum point for h, (see Lemma [1.5] items (b) and (c)). Moreover, for all ¢ > 0,
we observe that h! (t) = 0 if and only if

= Al = ) ule) = ) Ko dedy = [ oo (125)

my
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Thus using (az), (a4)-(i), (K), (H), and (1.28), we obtain

1 1

- p
hy(t) > (p m2>cAbg||tu||W5-,p(Q) > 0. (1.29)

Now, using (as), (K), the continuous embedding W37 (Q2) — L™(Q), (1.8) (1.13)), and
(1.28)), it follows that

_1

CAbo m2mr
tullwsriy 2 | =77 . 1.30

Therefore, by (1.29) and (1.30)), we obtain that

1 1 ma—p
h.(t) > (— - —> cabo (CA—bO> =0 > 0 for all w € W3 () \ {0} and ¢ € R.

pomy Cmz 6%l

Now, by the continuous embedding W;?(Q) — L™(Q) using (1.8) and
(1.29), we infer that

[, [0 Lot
Q my m;
JalCp W
S——— = (h,(1))? = D(h,(1)) 7,
my (5 — my)cabo) 7
where D = [ oo Oy = > 0.

m (-5 )eato) 7

Therefore,

_m

» —\D].

/Qa(x)\u]ml dz > (hy(£)) * [(hu(1))

mq

. . N s a . 1 .
Since h,(t) > 4, taking A = >z~ > A we obtain that p,(t) > 56 > 0. This conclude the

proof of Lemma. O]

Lemma 1.7. There exist 5 > 0 and X > 0 in such a way that Jy1(u) =8 for allu € N,
where 0 < A < \.

Proof. Fix u € N,\_,p consequently Jy; admits a global maximum in ¢ = 1 and

/ b(x)[u|™ dz > 0. Indeed, for u € Ny, the fibering map has a behavior described in
0
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Lemma [1.5] On the other hand, using Lemma [1.6] there is ¢, > 0 such that h,(tg) > h,(t)
for each t > 0. Hence

my

for & > 0 obtained in the Lemma . Thus, taking 6 = 5%(61_7 — AD), the proof for
this lemma is completed by choosing 0 < A < A small enough. O

1.2.3 Proof of Theorem |1.1

Proof of Theorem[1.1, From Proposition [I.I|the functional 7 is bounded below on N,

and so on N}, then there exists a minimizing sequence (uy)ren C Ny such that

lim Jhi(ug) = ianr Tai(w) =TT (1.31)

k——+o0 UGN)\ N

Again by Proposition the functional 7, ; is coercive on /\/;1, consequently (ug)ren is
a bounded sequence in Wi*(€2). Since W;* () is a reflexive Banach space, there exists

up € Wy (Q) such that, up to a subsequence uy — ug in Wy*(Q),
uk(z) = up(z) ace. € Q, up — upin L™(Q) and uyp — up in L™(Q) as k — +o0.

Consequently as a, b € L*(£2), we conclude that

/ a(z)|ug|™ de — / a(z)|ue|™ dx, / b(z)|uk|™ dx — / b(z)|uo|™ dx as k — +o0.
Q Q Q Q
(1.32)

Now suppose by contradiction that ux - ug in W3 (Q) as k — +oo. Hence from Lemma
9.0l

/ Aluao(z) — () (o) — o (y)) K (2, ) der dy <
R XRY (1.33)

lim inf /RN . Alug(x) — ug(y)) (ug(z) — ur(y)) K(z,y) de dy.

k——+o0

Now, fix tg > 0 such that toug € /\/}t1 and using (|1.32)) and (1.33)), we get

0= gy, (to) < liminf o7, (o).
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Consequently @;, (to) > 0 for all & > ko where ky is big enough.

Now, note that for all ux € N}, using Lemma we obtain that ¢ () < 0 for all
t € (0,1) and @), (1) = 0. Indeed, as u, € Ny} then @ (1) > 0 and @, (1) = 0 for all
k € N. Moreover using (aj3)-(i) and (H)), we infer that

Py (1)+(mz — m) / Alug(x) = ur(y)) (un(x) — ur(y)) K (2, y) de dy
RN R (1.34)
<A(mg — ml)/ a(z)|tug|™ dx for all k € N.

By (L.34), (H). and the fact that o} (1) > 0, we conclude that /a(m)|tuk|m1 dr > 0.
Therefore, by Lemma items (b) and (c) we obtain that @ () <QO for t € (0,1) and
o, (1) = 0 for all k € N. Consequently, to > 1.
On the other hand, as toug € Ny, pu,(t) is decreasing for ¢ € (0,t;). Indeed, note that if
exists u € WP (Q) and / a(x)[tu|™ dz > 0, by Lemma should exist #;(u, \) € Ny,
such that o, (t1(u, A)) = }Aﬁl(tl(u, A)u) < 0. Therefore,

inf 7y, (u) < 0. (1.35)

uGN;rl

Now observe that

A(L_L> [l = [ Al =) K 4

my my RN xRN my

_ /RN (o) — ) K ) dedy + o ()

(1.36)

for all £ € N.
Then taking liminf in (1.36) and using (a3)-(7), (L.31), (1.32), (1.33), and (1.35)), we

obtain that

A(L_L> [ahapracs [ Alle) ~ul@)ols) D) gy

m My RN «RN p
B / A(uo(x) — uo(y))(uo(x) — uo(y)) K (z,y) dx dy
RN xRN M2
— inf Jh1(w).

uG/\/;l
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Thus / a(x)|uo|™ dx > 0. Consequently, as toug € Ny, from Lemma We obtain that
Q
©u, 1s decreasing for ¢ € (0,t,). Therefore,

Tna(touo) < Tai(ug) < lzigll&f Tralug) = J*

which contradicts (1.31)). Then uy — wup in W5*(2) as & — +o00. Hence, from Lemma

and , we get

jm(uo) = kgl:lkloo j)\,l(uk)v

that is, wo is a minimizer for Jy, in NJ,.  Moreover using (.35), we get
Ina(ug) = inf+ Jr1(u) < 0. This finishes the proof. O
N,

uUEN, 1

1.2.4 Proof Theorem (1.2

Proof Theorem[1.2. From Lemma there exists 6 > 0 such that Jy1(u) > 0 for all
u € Ny,. Thus

J7 = inf Jhi(u)=0>0. (1.37)

uEN)\_l

Let a minimizer sequence (uy)rey C Ny, this is, klim Ira(ug) = J7. From Proposition
’ —400

, Jra is coercive on Ny ; and also on N/\fl, then (ug)gen is a bounded sequence in

WP (Q). Since W3P(Q) is a reflexive Banach space, there exists @y € W37 (Q) such that,

up to a subsequence uy — g in Wy*(2),
uk(z) = ao(z) ae. € Q, up — Gp in L™(Q) and uy — Gy in L™(Q) as k — +o0.

Consequently as a,b € L>(Q2) we conclude that is valid (1.32)). We want to prove that

ur — g in Wy (Q) as k — 400 and conclude that

Ini(tg) = kgrfw Ialug) = inf T (u).

uENA 1

Now, using ([1.5)), (a})-(), (K), and note that
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my

1 1
+ (_ — —> / b(z)|uk|™ dx for all k € N.
Q

Ini(ug) < <1 - L) /RN N A (up(r) — up(y)) K (2, y) dz dy
“ (1.38)

my msy

Hence, from (1.38)), (a})-(4), (K), and (H), we obtain that

(L_L> [seumas [ A - uon) - ueKed .,

my mo RN xRN mp

B / Alug(z) — u(y)) (un(z) — we(y)) K (2, y) dx dy
RN xRN p

+ Ja1(uy) for all k € N.
(1.39)

Consequently using (1.32), (1.37), (a2), (K), and in (1.39), we conclude that

b(z)|to|™ dx > 0. Thus from Lemmall.5| the fibering map pz, admits a unique critical
Q
point #; > 0 in such a way that o} (t,) = 0 and t1a9 € N .

Now we suppose by contradiction that u, - o in W3 (Q). Using (a1), (az), (a}), (K),
and the Brezis-Lieb Lemma (see [I4]), we infer that

/RN o o (tio(x) — to(y)) K (2, y) dz dy < lim inf /RN N A (up(x) — we(y)) K (z,y) dz dy.

k—4o00
(1.40)
Since (up)ren C Ny, We obtain p,, (1) > oy, (t) for all ¢ > 0, consequently
j)\,l(uk) > j)\,1<tuk> for all ¢ > 0 and k£ € N. (141)

Thence, from (1.32), (1.40)), and (1.41), we conclude that

I (titg) < llim inf (/ A (ur(x) — up(y)) K (v, y) dz dy
RN xRN

—+o00

A 1
_ mi d _ mo d
—1/Qa(x)\uk| x _2/9[’(55)’7%’ :L‘)

< llir_{ligof Tnalug) =T
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Therefore, t1uy € N, and Jy;(ti1%) < J~ which is a contradiction due the fact that
(ur)ren is minimizer sequence. Hence uy — g in Wy*(Q) as k& — 4o0o0. Thus from
Lemma [3.3]and by equation (L.32) we can conclude that Jy;(ux) = Jr1(to) as k — 400

and 4 is point minimum of 7y, in N, , then a critical point of the functional J,;. O

1.3 Proof of Theorems [1.3| and |1.4

1.3.1 Proof of Theorem |1.3

To prove Theorem we will apply Ekeland’s Variational Principle, Theorem

combined with the Lemmas that we will prove in the sequence.

First we denote by ¢'(x) the conjugate exponent of the function ¢(z) and put a(z) :=
g(r)m(z)

q(z) —my(z)
¢ (v)my(z) < a(z) and a(r) < p(z), for all x in Q. Thus, by Lemma the embeddings

W — L™0OTO(Q) and # — L*0)(Q) are compact and continuous.
The proof of Lemma [I.§] follows by standards arguments.

for all + € Q. Since m; <m1+<p*<p+<g<g*<g+, we have

Lemma 1.8. Assume the hypotheses of Theorem are fulfilled. Then the functional
Iro € Cl(W,R).

Lemma 1.9. Assume the hypotheses of Theorem[I1.5 are fulfilled. Then there exists \* > 0
such that, for all X € (0, \*), there exist R, R > 0 where Jyo(u) =R >0 for allu € ¥
with ||ully = R.

Proof. Indeed, since embedding # — L™0)90)(Q) is continuous there exists a constant
¢4 > 0 such that
HuHLml(.)q/(.)(Q) < C4HU,HW for all u € v/ (142)

Fix R € (0,1) such that R < é From (1.42), we obtain
”uHLml(‘)ql(')(Q) < 1 fOl" all u € W Wlth R = ||u||y/
Thus, by Proposition [3.1] and Proposition [3.3, we have

/QG(ZE)|u|m1(1’)d1' < ||a||Lq(.)(Q)||u||%i11(‘)q,(,)(m for allu e #. (1.43)
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Since ||ully = R < 1, using (a2), (a3), (K), Proposition [3.4] and (1.43)), we have that

_ b A | at-
Frow) > o A0 prroms 200y ) (1.44)
p m,
. cabo e AC%;HC‘HLQ(')(Q)
Thus, by (1.44), we can choose \* in order to —— R - — 0.
D m,
Therefore, for all A € (0, \*) with
bRV M1 r
)\* _ C,A 02 — 1 ) — ml (145)
P ' HaHL’J(')(Q)
—  cabgRPTTM
and for all uw € # with ||u|ly = R, there exists R = “2—+ > (0 such that
. D
._7,\30(16) >R > 0. ]

Lemma 1.10. Assume the hypotheses of Theorem are fulfilled. Then there exists
v e W such that, v # 0 and Jro(711v) < 0 for all v, small enough.

Proof. Indeed, since m,(z) < p(x,y) for all 2,y € Q. In the sequence we will use the

following notation, my := inf m;(z) and mj := sup my(x). Thus, there exists gg > 0
CL‘EQO $€§0

such that my + ¢ < p~. Since m; € C+(§) there exists an open set €2y C {2y such that
|my(z) —my | < e for all x € Q. (1.46)

Consequently, we can conclude that my(z) < mg + 9 < p~ for all x € Q.
Let v € C3°(Qp) such that Q; C suppv, v(z) =1 for all x € Q; and for 0 < v < 1in Q.
Without loss of generality, we way assume ||v|ly = 1, by Proposition it follows

_ p(z,y)
RN xRN

‘w — y|N+3p(x7y)

Then, by (a3), (a3), (K), (1.46)), (1.47), Proposition and v, € (0,1), we have

my +e€

T A
Tro(nv) < V%CAbl — 71+ / a(z)|o|™® dz.
p m o

=0

1

Thus Jyo(71v) < 0 for all 4 < 77720 ~= with
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: Ap~
0 l,—/—— ™1 (@) o
<5<m1n{ ,marCAbl/Qla(a:ﬂm x}

Therefore, the proof this Lemma is completed. O

Proof of Theorem[I.5 Consider \* > 0 be defined as in (1.45) and let A € (0, \*). By
Lemma [1.8] Jy0 € C'(#,R), and by Lemma [1.9]it follows that

inf )jx,o(v) >0, (1.48)

’UE@BR(O

where 0Br(0) = {u € Bg(0) : ||u|l» = R} and Bg(0) is the ball centred at the origin in
.

Besides, by Lemma there exists v € # such that J) o(71v) < 0 for all small enough
71 > 0. Moreover, by (L.44), for all u € Bg(0), we have

cabo ot )\clml_ m
= v — o - (1.49)
Trolw) 2 == ully .~ (P
Hence,
—oco<d= inf Jyo(v) <0. (1.50)
’UEBR(O)

Consequently, by (1.48]) and (1.50)) let £ > 0 such that

0<e< inf Jho(v)— inf Jro(v).

vEIBR(0) veBR(0)

Applying the Ekeland’s Variational Principle, Theorem [3.2] to the functional Jyo :

Bgr(0) — R, there exists u. € Br(0) such that

Tno(ue) < inf Tho(v) +¢,
veBR(0) (1.51)

Tno(ue) < Tno(u) +€llu — ue||y for all u # u..

Since,

To(us) < inf Jho(v)+e<  inf  Tyo(v)
veBR(0) vEOBR(0)

we deduce that u. € Bg(0).

Now, we define TS, : Br(0) — R by TS ,(u) = Jxo(u) +¢l[u —uclly. Note that by (1.51),
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we get TS (ue) = Tro(ue) < T5 4(u) for all u # u.. Thus u. is a minimum point of T ,

on Bgr(0). Therefore,

Ti,a(ue +tv) — Ti,a(U’E)
t

> 0 for all small enough ¢ > 0 and v € Bg(0).

By this fact, we obtain

j)\,[)(us + tU) - j/\,(] (us)
t

+¢||v]l» = 0.

Taking ¢ — 07, it follows that (7} 5(uc),v) + €|v|ly > 0 and we infer that
[ T30 (ue) I < e. (1.52)

Then, by (1.50) and (1.52]) we deduce that there exists a sequence (wg)ren C Bgr(0) such
that
Tno(we) = d and Ty o(wg) = 0 as k — +oo. (1.53)

From (1.49) and (1.53), we have that sequence (wy)ren is bounded in #. Indeed, if
|lwgll» — +o0, by and since m; < p* we get Jyo(wy) — oo, which is a
contradiction with . Therefore the sequence (wy,)en is bounded in #. From Lemma
, there exists w € # such that wy, — w in %, wy, — w in L™O(Q), and wy(z) — w(x)
a.e. v € Q as k — +oo.

To finalize the proof we will show that w, — w in # as k — +o0.

Claim cl.

lim a(z)|wg ™ @ 2w, (wy, — w) dz = 0.

Indeed, from Proposition [3.1] and Proposition [3.3] we have
z)— mf—1
/Qa(:c)!wk!ml( 172w (wy, — w) da < la]| gy (1 + HwkH;im»(Q))Hwk — Wl pat) ) (1.54)

Since # is continuously embedded in L™)(Q) and (wg)ren is bounded in #, so (wi)ren
is bounded in L™ (Q). From Lemma the embedding # < L®0)(Q) is compact, we
deduce [Jwy, —w||pac) @) — 0 as k — +o00. Therefore, using (1.54)) the proof of Claim c1

is complete.

On the other hand, by (1.53), we infer that
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lim (Jy o(wg), wp —w) = 0. (1.55)

k—+o00

Consequently by Claim c1 and (1.55), we get

Jm (@ (we), wp —w) = lim (T o(w), w —w) = 0.

Thus, by Lemma, it follows that wy — w in # as k — +o0. Since Jro € CH(#,R),
using (1.53)), we obtain

Tro(w) < lim Jyo(wy) =d <0 and Jo(w) = 0.

li
k—+o0

Therefore, w is a nontrivial weak solution to problem and thus any A € (0, \*) is an
eigenvalue of problem (). O

1.3.2 Proof of Theorem |1.4

Before we prove Theorem [1.4] we define

W= {u e . / a(z)u|™@dz > 0},7/‘ = {u e / a(z)|u/™@dr < O},
0 Q

/R L A) ) (u(e) — ) K ) ddy

wers (w1 uen [ a@)lu ) aa
Q

)

/N N A(u(z) —u(y))(u(z) —u(y))K(x,y) dx dy
M = sup M’ (e = inf RN xR

e /Q a(z)]u|™® dz

(1.56)

Proof of Theorem 1.4 Note that if A is an eigenvalue of problem with weight function
a, then —\ is an eigenvalue of problem (&) with weight —a . Hence, it is enough to show
Theorem [1.4] only for A > 0. So problem has only to be considered in # *. For this
case, the proof is divided into the following four steps.

Step 1. A\, > 0.
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First we observe that since o7 is strictly convex (see (a;)) and by |51, Lemma 15.4], we

get
() < A(t)t for all t € R. (1.57)
Then, by (1.57)) it follows that
By o A) () () = () K ) oy
7 < mj R forallu e #™*. (1.58)
o(1) / a(@)u™ @ da
Q
On the other hand, from (a3)
By e o A = u) ) — () Kz p) drdy
T — for all w € #*. (1.59)
(1) "~ / a(z)ul™ @ de
Q
Then by (L.56), (1.58), and (1.59), we get
m; *% —+
Since p™ < my, it follows that \** > A, > 0.
Claim:
, D (u) , O (u)
a lim = +00; b lim = +400.
( )||u||71/—>07u6W+ Zy(u) ( )Hu\|w—>+oo,uew+ Zy(u)
Indeed, using Proposition [3.1] and Proposition it follows that
2 nl
(0] < =800 5, s (161)
where [ = -, if ||u| L™ Od' () (Q) <landl!l= +, if ||u| L™ Od' () (Q) > 1.
Since ¢(x) > max ¢ 1, Np(x)+sp(g§1(f()m)—ivm1(m)} for all z € Q, we have 1 < ¢/(z)m(z) <
pi(z) for all z € Q, then by Lemma [3.2 there exist a constant ¢ > 0 such that
[ll s 200y < sl (1.62)
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Thus by (1.61)) and (1.62), we get

1
20: 1
| Za(u)] < m5_ llall Lacr g 1wl (1.63)
m,

On the other hand, by (as), (a3), and (K), we infer that

b — p(z,y)
D (u) 2@ () = ufy)l dx dy. (1.64)
Pt Jrvyry |z —y|Vrepley)

Then for u € #* with ||ul|» < 1 by (1.62)), (1.63)), (1.64), and Proposition we have

_ +—m;
(D(U) C.Aboml HUH];V ! (165)

T 5 e Nalloom
Since m{” > p*, using (1.65) we conclude that

®(u)

— 400 as |ully =0, ue#™ .
o HH

Therefore, the relation (a) holds.
Now, since m{ — 3 < my it follows that there exists > 0 such that m{ — 1 <n < my,

which implies that
1
mf—1<mf—§ <n=1+np-mf >0and 2(m; —n) <2(m{ —7n)<1. (1.66)

Taking r(x) be any measurable function satisfying

. { g() p(z) } < r(z) <min { P (=) 1 }

L+nq(z)’ pi(x) +n—my(x) pi(x) +nq(x)’ 1+n—m(2)

for all z € Q, and
r+
n—+1| <my.
r

Thus by (1.66) and (1.67) » € L>(Q) and 1 < r(x) < ¢(x) for all x € Q. Then, for
u € W7 using Proposition [3.1] we obtain

(1.67)
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1 (1 1 .

Tl <7 (r— ! —> el syl ™) s - (1.68)
2 L. L

Now, note that by Proposition

1 i faful o ) < 1

1
- 1

lalul"]Lro) @) < [/Iﬂ(x)!’"(x)\u!m(x) dw] < 2|Ja]"@| ;<7> ™=
Q L) (Q) L(m) (Q)

if flaful"ll o) > 1.

From Proposition [3.3] we have
o ot
ol ooy <1+ 2( 14 allE ) (1400 ) (69)
L’”“(%) Q)

Similarly using the same arguments as above, we obtain

L if ||u||L(m1(‘)*7})T'(')(Q) <1

™= oy <

I\u\lfﬁml?) () (@) if HUHL<m1(~)—n)r'<~>(Q) > 1.

Thus,
™ s @y < L+ Tl -y (1.70)

Therefore, using (1.68]), (1.69), and (1.70]), we have that

1 1 1
To(u) <— [ —+—
7, () (TQ,)

o+
ot -
1+ HUH ml() ' ()/(Q )+ 2(1 + Ha”Lq() )HUHL(lml() () (Q)

m,

»t rt
= = =
+QG*”WMWm)+QG*”ﬂmwm)W”(NW
L”?’"(') r(- (Q)
rt Qn—TJr
= 2(m e
+ (1 + ||a||f,q(~) > (H I (:1()?7n)r Q) + [l - ( (_>)’ >]
Lm(') O/ ()

(1.71)

Now, since r(x) is chosen such that ([1.67) is fulfilled, then
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pi(r) ae. x €.

—_
/)
3
&
~~
=
S
S~—
~__—
sV
=
o
E
|
=
ﬁ\
&
/AN

OhY ,
Thus, we obtain continuous embedding # — Lm(')(%) (Q) and # — LmO-="0)(Q),
Consequently, there exist positive constants cg, c7, M, and M, such that by (1.71]), follows
that

+
+_ 27]%
[ Za(w)] < My + My (Huui;““ "+ Jully " ) (1.72)
Since p~ > 1> 2(mf — ) > 2(my —n) > 2n= > 2 by (L.66) and (L.67), using (1.64),
(1.72), and Proposition [3.4] for all u € #* with |Ju|ly > 1, we have that

Ou) 1 lully

+
2mt— 2’!’]?
]\/flﬂLMz(HuHW(ml V4 ully® )

— +o0 as ||ul]ly — +oo,

Therefore, the relation (b) is holds.
Now, we proving that A, > 0. Let us suppose by contradiction that A, = 0, then by (1.60))
it follows that A** = 0. Let (ug)geny C # " \ {0} be such that

N I(77)
| _o 1.73
Note that by (L.65), we have
r _ +_my
cabomy ||u||pw 71 if Jully < 1;
D (uy,) S 205m1+1fr ozt ) (1.74)
= *—m+ '
Ta(w) cabomy [Jullfy, ™™

if [Jully > 1.

| 2c2 pr llallzeoe)

By hypothesis, we know that p™ —m; < 0 and p~ — m] < 0. Thus ((1.74) implies that

|uk|lw — 400 as k — 400 and using (b), we conclude

1
htoo Ty (1)

= +00.
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However, this contradicts (|1.73]). Consequently, we have A, > 0.
Step 2. \** is an eigenvalue of problem (7).

Indeed, let (ug)ren € # \ {0} be a minizing sequence for A\**, that is

D)
|
kalgloo Ia(uk)

— A > 0. (1.75)

Note that by (a) and (L.75), we have (uj)gen is bounded in #/. Since # is reflexive, it
follows that there exists ug € # such that up — wug in #, thus by Lemma we have
that

lm D(uy) = P(uy). (1.76)

k——+o0

On the other hand, by Lemma we get up — ug in L™O70(Q). Then, we infer that

[kl Ly 2y = Nl pmsrarr gy Hew]™ Ol oy = Muol™ Ol zarcrays Hewl™ Ol oo oy
is bounded and |ug ™) — |ue|™) in LT (Q). Thus |ug|™) — |ue|™") and from (T.63)), we

conclude that

2C milx X
| Za(ur) — Za(uo)| < m_EHaHLQ<')(Q)H|Uk’ 1@ ’U0|m1( )HLQ/(')(Q) — 0as k — +o0.
m,
Therefore,
lim Zy(ug) = Za(uo). (1.77)
k—+o00
In view of (1.76]) and (1.77)), we get
@(UQ) .
——= = X\ if ug # 0.

It remains to be shown that ug is nontrivial. We suppose by contradiction that uy = 0.
Then u, — 0in # and uj, — 0 in L™O70(Q). Therefore,

kgrfoola(uk) =0. (1.78)
Now using (1.75)), give € € (0, \**) fixed there exists ko such that

| Tno(ur) — N (ug,)| < eZq(uy) for all k > ko,

that is,
(N — &) Za(ug) < Tnolur) < (N 4 &)y (uy) for all k > k.
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Passing to the limit in the above inequalities as k — +oo and using ([1.78]), we get

lim  Jo(ux) = 0. (1.79)

k—+o0

Consequently by (1.2), (1.78), and ((1.79)), we obtain

lim ®(ux) = 0. (1.80)

k—4o00

In contrast, by (as), (as), and (K), it follows that

b — p(a,y)
B (uy) >4 / [ur(z) = ()P > 0. (1.81)
RN xRN |5(] — y|N+SP(l’7y)

Thus, by (1.80) and (1.81)) we deduce
/ Jug () — wp(y) [P
RN xRN

|Z~ _ y|N+Sp(x7y)

drdy — 0 as k — +oo for all k£ € N.
Then by Proposition we conclude
up, — 0in # as k — +o0. (1.82)

Hence by (1.82) and Claim (a), we have

P (up)

lim
gl =0, + Ty(uy,)

:+OO

which is a contradiction with . Thus ug # 0. Therefore, ug is an eigenfunction and
Step 2 is proved.

Step 3. Given any A € (A\*, +00), A is an eigenvalue of problem (&7)).

Let A € (\**,+00) fixed. Then A is an eigenvalue of problem (&) if and only if there
exists uy € # T\ {0} a critical point of J,o. Note that Jyo is coercive. Indeed, using
and (1.67), we infer that p~ > 1 > 2(mf —n) > 2(m; —7) > 27}% > 2, thus using
and (L.72)), for all uw € # with |lu|» > 1, we have .

cabo
pt

Tno(u) = ||u|]7,’/_ - — +00 as ||ul|y — +oo.

+
+_ 2771—_
M, +M2<||u||i}‘“l Dt ully, )

In addition, by proof of Step 2 enable us to affirm that Z, is weakly-strongly continuous,
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namely uj, — u implies Zy(ug) — Zo(u). Thus by Lemma [3.3] the functional ® is weakly
lower semicontinuous, then J) o is weakly lower semicontinuous. Therefore, by Theorem
there is a global minimum point uy € #* of J, 0, hence w, is a critical point of J) .

To complete Lemma proof we will show that u, is nontrivial. Indeed, since

O(u)
M= inf
werr+ Ty(u)
d
and A > A**, we deduce that there is vy in #* such that 7 ((U)‘)) < A, this is, Jyo(vy) < 0.
alUx

Thus irl}/f+ Jro(v) < 0. Consequently, we conclude that w, is a nontrivial critical point of
VE]

JIro- Therefore, A is an eigenvalue of problem (&7)).

Step 4. Given any A € (0,\,), A is not an eigenvalue of problem (7).

Indeed, suppose by contradiction that there exists an eigenvalue A € (0, \,) of problem
(). Then there exists uy € #*, such that

(@ (uy),v) = MZ.(uy),v) for all ve #+.
Then taking v = uy, since A € (0, \,) and by definition of \,, we have that
(D (un), un) =MTg(un), un) < AfZg(un), un) < (P'(un), un)

which is a contradiction. Hence, there does not exist A € (0, \,) eigenvalue of problem
(). Thus the claim is verified.

Therefore, the proof of Theorem is complete. ]



Chapter

2

Multiplicity results for elliptic problems
involving nonlocal integrodifferential
operators without Ambrosetti-Rabinowitz

condition

The aim of this chapter is to prove the existence and multiplicity of weak
solutions for elliptic equations involving the nonlocal integrodifferential operators with

variable exponents. We consider the nonlinear elliptic problem:

{fAKu = A(xz,u) in Q, ()

u = 0 n RN\Q7

where A > 0 is a real parameter, Q@ C RY, N > 2 is a smooth bounded domain, and to
define the nonlocal integrodifferential operator £ 4, we will need the variable exponents

p(z) := p(z,x) for all x € RY with p € C(RY x RY) satisfying:

p is symmetric, that is, p(z,y) = p(y, z),

N (p1)
l<p = inf r,y) < su z,y):=p" <—, s€(0,1),
pro= ol PEY) (I’y)ERngRNp( )=t < (0,1)

and we consider the fractional critical variable exponent related to p € C(RY x RY)
Np(z)
defined by pi(z) = ————.
elined by ps<£L’) N — Sp(.l’)
The nonlocal integrodifferential operator Z4i is defined on suitable

93
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fractional Sobolev spaces (see Subsection by
Largu(x) = PV. Alu(z) —u(y)) K (z,y)dy, =€ RY,
RN

where P.V. is the principal value.
The map A : R — R be a measurable function satisfying the next
assumptions:
(a1) A is continuous, odd, and the map o/ : R — R given by
It]
A (t) := A(T)dr

0

is strictly convex;

(az) There exist positive constants ¢4 and Cy, such that for all ¢ € R and for all
(z,y) € RN x RY

A(t)t > CA|t‘P(fE,Z/) and  |A(t)] < CA‘t’p(z,y)fl;

(a3) A(t)t < pte/(t) for all t € R.

The kernel K : RY x RY — R* be a measurable function satisfying the

following property:

(K) There exist constants by and by, such that 0 < by < by,

by < K(x,y)|x — y|NTP@Y) by for all (z,y) € RY x RY and z # y.

We assume that f: 2 x R — R is a Carathéodory function and F(x,t) :=
t

f(x,7)dr, that is, the function F is the primitive of f with respect to the second

variable, such that satisfied:

(fo) There exists a positive constant c¢; such that f satisfies the subcritical growth

condition
|f (. 1)) < er(1+ [¢77h)

for all (z,t) € Q x R, where ¥ € C(Q), 1 < p* < 9~ < J(z) < 9" < pi(x) for
r€Q,and ¥ = inf ¥(z), 97T := sup V(v);

e Q1
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(f) tim Eo:0)

ltl=+oo  [E[PT
pt-superlinear at infinity;

= +oo uniformly for almost everywhere a.e. x € (Q, that is, f is

(f2) f(x,t) =o(Jt]P" 1), as t — 0, uniformly a.e. z € Q;

(f3) There exists a positive constant c, > 0 such that
G(x,t) < G(x,7) + &

forallz € Q, 0<t<7orT<t<O0, where G(x,t) :=tf(z,t) —p" F(z,t).

With intending to find infinite solutions is natural to impose certain symmetry condition

on the nonlinearity. In the sequel, we will assume the following assumption on f :
(f1) fisoddin ¢, that is, f(x, —t) = —f(x,t) for all z € Q and ¢ € R.

In addition, to prove that the Euler Lagrange functional associated to
problem (&,)) verifies the Cerami condition (C)., we assume that the functions & and
A satisfy the following condition

(ag) H(at) < H(t) for all t € R and a € [0, 1] where H(t) = pT/(t) — A(t)t.
Our main results are the following Theorems.

Theorem 2.1. Assume (a1)-(as), (K), and f satisfies (fo)-(f3). Then problem () has
at least one nontrivial weak solution in W for all X > 0. (W is defined in Subsectz’on

Theorem 2.2. Assume (a1)-(as), (K), and f satisfies (fo)-(f1). Then problem () has
infinitely many solutions in W for all X > 0.

Theorem 2.3. Assume (a1)-(a4), (K), and f satisfies (fo), (f1), (fs) and (f1). Then, for
each \ € <0, 9};%*’“) , the problem (7)) has infinitely many weak solutions up € #', k € N
such that Wy (ug) — 400, as k — 4o00. (U is defined (2.1))

Theorem 2.4. Assume (a1)-(as), (K), and f satisfies f satisfies (fo), (f1), (f3) and (f4).
Then, for each \ € (O, 9;%“) , the problem (7)) has a sequence of weak solutions vy € W/,
k € N such that ¥y(vg) <0, ¥x(vg) = 0 as k — +o0.
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Theorem 2.5. Assume (a1)-(aq) and (K). If f satisfies (fo), (f1), and (f3), moreover
f(z,0) =0, f(z,t) >0 a.e. x € Q and for allt > 0. Then there exists a positive constant
X such that problem (2Py) possesses at least one solution for all A € (0,)). Moreover

I 4 = +00.
i ffux ]l = +o0

(- |l» is defined in Subsectz’on

Theorem 2.6. Assume (a1)-(as), (K), and f satisfies (fs). In addition we will assume

the following condition:

(fs) f: QxR — R is a continuous function and there exist positive constants Cy, C
such that

Colt|™ ™1 < f(x,t) < CLt|" @ for allz € Q and t > 0,

where m € C(Q) such that 1 < m(z) < p*(z) for all x € Q, with m* < p~. Then problem
(22 it has a sequence of on trivial solutions u, € #', k € N such that

e =0

for all A > 0.

2.1 Variational framework

The problem (7)) has a variational structure and the natural space to look for solutions
are variable exponent fractional Sobolev spaces. Let us consider the separable and reflexive
Banach space #/, defined in Subsection of following form

W =Were) = fu e WHCIRN) -y =0 ae. in RV \ Q).

endowed with the norm

lully = i,
Throughout the present section ¢; and C; for ¢+ = 1,2,... will denote generic positive

constants which may vary from line to line, but are independent of the terms which take
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part in any limit process.

Definition 2.1. We say that u € # is a weak solution to problem () if, and only if,
/ A(u(z) — u(y))(v(z) — v(y))K(z,y) de dy = )\/ f(z,u)vdx for all veW.
RN xRN Q

The weak solutions to problem (£2,)) coincide with the critical points of the Euler Lagrange
functional ¥y : # — R given by

U, (u) = P(u) — )\/QF(Jc,u) dx for all u € #/, (2.1)

where @ is defined in the Lemma 3.3l

Moreover, by Lemma [3.3] and standard arguments, the functional ¥, is differentiable in
u € W and

(Whta)oh = [ Aule) = ul) o) = o(0) K a,0) do dy

- >\/ f(z,w)vdx for all v € #'.
Q

Definition 2.2. We say that V) satisfies the (C). condition if for every sequence
(up)ken C # such that Uy(ug) — ¢ and ||V, (ug)|lw (1 + ||ukll») — 0, as k — +o0,

has a convergent subsequence.

2.2 Proof of Theorems [2.1], 2.2}, [2.3], [2.4], 2.5, and [2.6

2.2.1 Proof of Theorem 2.1

To prove Theorem [2.1] we need of Lemmas below and Theorem [3.3]

Lemma 2.1. Assume (a1)-(as), (K), and (fo)-(f2) are holds. Then we have the following

assertions:

(1) There exists v € #', v > 0, such that V,(tv) - —o0 as t — +0o0;

(ii) There exist v > 0 and R > 0 such that Vy(u) = R for any u € # with ||u||y» = r.
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Proof. (i) From (fy), it follows that for any % > 0 there exists a constant ¢y > 0 such
that
F(z,t) > Ct]P" —ce forall (z,t) € Q xR, (2.2)

Take v € # with v > 0, for t > 1, by (2.2), (a1), (az2), and (K), we obtain

C4b lv(x) — v(y)|p($7y) n
pt | ZATL p
U, (tv) <t [ — /NXR | mEE=TER dz dy )\‘5/ VP dr | + Aeg|Q  (2.3)

where || denotes the Lebesgue measure of . Hence, from (2.3) and taking & large
enough such that

C'4b — p(z,y)
A% / () = o)™ /\%/ W de <0,
P~ Jrvsgy |z —y|NterEw) Q

we have

lim VU, (tv) = —o0,
t——+00

which completes the proof of (7).
(i) First, since the embeddings # < LP" (Q) and # < L’@)(Q) are continuous (Lemma
, there exist positive constants cs, c3, such that

[ull ot () < callullns llullpoo ) < esllully forall we#. (2:4)

b
A 2. From (fy) and (f2), it follows that for all given € > 0, there exists

Now, let 0 < e <

c. > 0, such that
9 + z
F(z,t) < F|t\p + ¢ [t|"@ for all (x,t) € Q x R. (2.5)

Now, Thus, for u € # with |lul|y < 1 sufficiently small, from (a3), (a3), (K), (2.4), and
(2.5), we obtain

7 (cAbo — )\507?) — Aech ||u||§; (2.6)

Therefore, since ¥~ > p* from (2.6) we can choose R > 0 and r > 0 such that
Uy(u) =R > 0 for every u € # and |lul|y = r. This completes the proof of (ii). O

Lemma 2.2. Assume that the condition (ay)-(as), (K), and f satisfies (fo), (f1) and
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(f3). Then the functional ¥ satisfies the (C). condition at any level ¢ > 0.

Proof. Let ¢ € R and (ug)reny C # be a (C). sequence for Wy, that is,
Uy (ug) — ¢ > 0 and || (ug)||» (1 + ||ug]|») — 0 as k — +o0. (2.7)

Initially, we prove that the sequence (ug)ren is bounded in %#. Indeed, arguing by
contradiction, up to a subsequence, still denoted by (uy)ren, We suppose that (ug)gey is

unbounded in #. Define wy, := Yk for all k € N, then (wg)rey C # and ||wi|» = 1.

il
Thus, we can extract a subsequence, still denoted by (wy,)reny and w € # such that wy, — w

in # as k — 4o0. From Lemma [3.2] it follows that
wi(r) = w(z) ae. £ €Q, w, = win L (Q), and wy — w in LYO(Q) as k — +00.(2.8)
We consider Q, := {z € Q: w(z) # 0}. If z € Q,, by (2.8), we have

lug ()| = |wi(z)|]|uk ||l — +oo a.e. z € Q, as k — +oo.

Therefore, by (f1), we obtain for each = € €,

F Pt F
($7lik) |ul€| _ = : (xazik)| k|p+ = +4o0. (2 9)
N L [N A (1
Also, by (f1) there exists D > 0 such that
F(x,t
‘iﬁ;) >1 forall (z,t) € Q x R with |t| > D. (2.10)

Since F(z,t) is continuous on Q x [—D, D], there exists a positive constant cs such that
|F(2,t)] < cs5 forall (z,t) € Qx [-D,D]. (2.11)
Hence, by (2.10) and (2.11)), we conclude that there is a constant cg such that

F(z,t) > c¢ forall (z,t) € Q xR,
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which shows that P
Flat) =6 o o g allzc Qand ke,

el
that is,
F(:B7 uk) + Ce
Wkl = ———= >0 forallz € Qand k €N. (2.12)
] funlly
Now, by (2.7), (a2), , and (K), we have
cabo |un () — g, (y) [P
2 pt /]RNXRN |$—y|N+sP(z,y) dzdy — A QF(x’uk’) d‘r—'—ok(l)'
Then,
b 1
[ Py o > Loy - 4 20 (213)
Q /\ A
On the other hand, from (a,), (0,2), and (K), we also that
b
CA Lkl — A/ F(x,uy) dz + ox(1) for all k € R.
Consequently, by (2.13)), we achieve
leally > 2o+ 2 [ Pl de = Fon(1) > 0 (2.14)
(4 C b C_Abl (e} ’ OAbl ’

for k large enough.

We claim that [, = 0. Indeed, if |Q,|] # 0, then by (2.9)), (2.12)), (2.14), and Fatou’s

Lemma, we have

F(
+o0 = /hmmf xuk)‘ k(x)\fﬁdx—/ lim sup %
Q

kostoo  |ug|PT L korroo [|uglE)

/F(x,uk) dx (2.15)
< lim inf Q

k 00 — .
—+ C)‘\ﬁbl/QF(x’ Uk) dr — 0k<1)

. Cab . . ..
Therefore, from (2.14) and (2.15), we obtain that +-00 < 542, which is a contradiction.
This proves that |2,| = 0 and thus w(z) =0 a.e. z € Q.

Now as in [47], we define the continuous function By : [0, 1] — R by By (t) := Wy (tuy).

Since By (t) := U, (tug) is continuous in [0, 1], we can say that for each k£ € N there exists



61

tr, € [0,1] such that

\I/,\(tkuk) = trél[(&ﬁ;] Bk(t) (216)

(If for k € N is not unique we choose the smaller possible value). Note that t; > 0 for all

k € N. Indeed, passing to a subsequence if necessary, we have U, (uy) > g for all £ € N.
So, if t;, = 0 for all £ € N it follows that

however,
0< E < \If)\(uk) < max \I’/\(tuk) = \I/)\(tkuk) (218)
2 te[0,1]

Thus, from (2.17) and (2.18]), we obtain a contradiction.
If ¢, € (0,1), by (2.16]), we infer that

d

— \I’,\(tuk) =0 forall £keN.
dt |,

Moreover, if ¢, = 1, by (2.7) we have (W) (ug), ux) = ox(1). So we always have

d
(\Il’)\(tkuk),tkuk> = tk%\ \If,\(tuk) = Ok(l).
t=ty,

Let (rj);en be a positive sequence of real numbers such that r; > 1 and 'lir+n rj = +00.
J—1T0o0

Then ||rjwy|ly = r; > 1 for all j and k € N. Fix j € N, since wy — 0 in L'0(Q) and

we(z) — 0 ae. © € Q, as k — +oo, using the condition (fy), there exists a positive

constant ¢; such that
’F(x, rjwk)‘ <c <Tj|wk(x)] + rf(x)|wk(x)|l9(”")> (2.19)
and by continuity of the function F, we achieve
F(z,rjwy) = F(z,rjw) =0a.e. z € Qas k — +oo, (2.20)

for each 7 € N. Consequently, from (2.19)), (2.20), and the Dominated Convergence
Theorem, we obtain

kginoo i F(z,rjwp)de =0 (2.21)
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for all 7 € N.
Since ||ug|ly — 400 as k — 400, we also have either ||ug|/» > r; or m € (0,1) for k

large enough. Thus, using (2.16), (2.21), (a2), (a3), (K), and Proposition [3.4 we deduce
that

cabor?

) = W, (rjwg) > —— = )\/ F(x,rjw) dx (2.22)
p Q

i

]l

U (trug) = Wy (

for all k£ large enough .
Therefore, by (2.22)) letting k, j — +o0, we conclude

lim sup W (tguy) = +00. (2.23)

k——+o0

Now, we affirm that lim sup U, (¢txux) < 9, for a suitable positive constant ¢. Indeed, from
k—+o00

(a4), (f3), (2.7)), and for all k large enough, we have

\IJ,\(tkuk) :\I/)\(tkuk) — Z%(\P&((tkuk)),tkuk) + Ok(l)

1 A
:F%(tkuk) + e /Q Gz, tpug) dx + ox(1)

<+ MK () dedy + - [ (@) +e) do + (1)

~X
Pt RN xRN

1 e, |
() — (W (), ) + 2 o),
p P
Then, \
Cy
U, (thug) — ¢+ s 12| as k — +o0. (2.24)

Consequently, from (2.23) and we obtain a contradiction. Therefore, the sequence
(ug)ken is bounded in 7.

Now, with standard arguments, we prove that any (C). sequence has a convergent
subsequence. Since # is a reflexive Banach space there exists u € # such that, up

to a subsequence still denoted by (ux)ren We obtain that upy — w in % and by Lemma
B.2] we achieve

up(r) = u(z) a.e. € Q, up — uwin LYO(Q), and up — v in L™O(Q) as k — +oo.

Hence, using the Holder’s inequality, we have
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’ /Qf(x,uk)(uk —u) da:’ <1+ \uk|ﬁ(x)71||Lw<.>(Q)Huk —ul[ o)) — 0 as k — +oo.

(2.25)
and from (2.7)), it follows that
(U (ug), up, — u) — 0 as k — +oo. (2.26)

Thus, using (2.25) and (2.26)), we get
(@' (ug,), up, — u) = )\/ [ (@, ug) (u, — u) de + (W (ug), up, —u) = 0 as k — 400,
0

Thus, since the operator ®' is of type (Sy) (see Lemma [3.3), we conclude that w, — u
in 7. Therefore, this proves that W, satisfies the (C). condition on # and we finish the

proof of Lemma. O

Proof of Theorem[2.1. From Lemma and Lemma the Euler Lagrange functional
U, satisfies the geometric conditions the Mountain Pass Theorem. Moreover W, (0) = 0.
Therefore, by Theorem [3.3] the functional W, has a critical value ¢ > R > 0, that is,
exists u € # such that problem has at least one nontrivial weak solution in %#. [J

2.2.2  Proof of Theorem [2.2

To prove Theorem we use some Lemmas presented below and Theorem what is

"Zo — symmetric’ version (for even functionals) of the Mountain Pass.

Lemma 2.3. Assume (a1)-(a3), (K), and (fo)-(f2) are fulfilled. Then for each \ > 0,
there exist Ry > 0 and 1 > 0 such that Vy(u) = Ry for all w € W with ||u|ly = r1.

Proof. The proof is as in the Lemma [2.1] m

Lemma 2.4. Assume (a1)-(a3), (K), and (f1) are fulfilled. For every finite dimensional
subspace 7//\C W there exists Ry = Rg(% such that

Uy(u) <0 for allu € 7%\\ Br,(W),

where Bry (W) = {u € ¥ : |lully < Ra}.



64

Proof. Consider # be a finite dimensional subspace of # and let u € # with lull» =1
fixed. Thus, for all ¢ > 1 using (a1), (a2), (K), (f1), (2.2), and Proposition we get

Caby

\I/,\tu<
(tu) < =

7 = NG, P+ Aeg|9.
Taking II(t) = [%_ﬂ - /\%cp+} 7"+ Aeg|Q), if € is large enough, then TI(t) — —oco as
t — +o0.

Therefore, we have
sup {¥r(u) : u € #, ||ully = Rs} =sup{Vr(Rsu) :u ¥, |ully =1} - —c0

as Rz — +o0.
Hence, there exists Ry > 0 sufficiently large such that ¥y(u) < 0 for all u € W with

Proof of Theorem[2.2 From Lemma [2.1} the Euler Lagrange functional W, satisfies the
(C), condition. Moreover, ¥,(0) = 0 and W, is even functional by conditions (a;) and (f4).
Therefore, using the Lemma [2.3] Lemma [2.4] and Theorem [3.4) we conclude the existence
of an unbounded sequence of weak solutions to problem and this completes the
proof. O

2.2.3 Proof of Theorem 2.3

To prove the Theorem we verify the hypotheses of Theorem through the Lemmas
presented below.

Since that # is a separable and reflexive Banach space, using (|31, Chapter
4], or 78], Section 17|) or [36], there exist sequence (e;);ey C # and (e} )y C #” such that

M.)*

W =spanfe : 1 =1,2,...}, #' =span{ef:1=1,2,...} ,

and

. 1 se 1=1,
<6i,61> = .
0 se 7F#I.
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We denote

J S
W = span{e}, Y; = @ W = span{es,...,e;}, and Z; = @ W = span{e;, €ji1 ...}
=1

1=j

Lemma 2.5. If 9 € C*(Q), p* < I(z) < p=~ for all v € Q, denote

B = sup{|lullocr @) = [lully =1, w € Z;},
then lim B; =0.
J—+oo

Proof. Tt is clear that, 0 < 841 < Bj, thus 5, = 8 > 0 as j — 400. Let u; € Z; satisfy
1 .
lujllr =1, 0 < B; — [lujl| Loy < ; for j € N.

Since # is reflexive there exist a subsequence of (u;);en such that u; — u as j — +o0.
We claim u = 0. Indeed, for all e}, € {ej : I = 1,2,...}, we obtain (e},,u;) =0, j > m.
So (er,,uj) — 0 as j — oo, this concludes (e},,u) = 0 for all e}, € {ej : 1 =1,2,....}.

Therefore, u = 0 and so u; — 0 as j — +00. Since the embedding from % — L?®)(Q) is
compact, then u; — 0 in LY@(Q) as j — +oo. Hence we get 8; — 0 as j — +oco0. [

Lemma 2.6. Assume that = : # — R is weakly-strongly continuous, namely, u, — u

implies Z(ug) — Z(u), and Z(0) = 0. Then for each 7 > 0 and j € N there exists
aj :=sup{|=(uw)| :u € Z;, |Ju|ly <7} < 0.

Moreover, lim «a; = 0.
j——4oo

Proof. 1t is clear that, 0 < ;41 < @, thus a; = o > 05 — 4o00. Let u; € Z;, ||ully <7
such that

_ 1
0 <y~ [E(w)| < 5.

Since # is reflexive there exist a subsequence of (u;);en such that u; — u. Proceeding
as in the previous lemma, we obtain u = 0. The weak- strong continuity of =, guarantees

E(uj) = Z(0) = 0. Therefore, o; — 0 as j — +o0. O

Lemma 2.7. Assume (a1)-(as), (K), (fo), and (f2) are satisfied. Moreover, let

b
A€ <0, CA—+O>. Then there exist p; > r; > 0 such that:
p
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(he) bj == inf{V,(u) :u € Zj, ully =r;} = +00 as j — +o0;
(hs) aj :=max{W,(u) :u €Y, |ully =p;} <O0.

Proof. (hy) First, notice that for all u € Z; with ||u|ly > 1, using (az), (as3), (K), and

(fo), we infer

b _ ul) [P (@)
W (u) >CA—O/ [u() x(y)] de dy — )\cl/ (\u! + 4 ) dx
Pt Jrvgy |z — y|Nrep@y) Q0 ()
b o (2.27)
€Ay - apPj ot
>p—+HUHZ;/ —A 193 ully — Acslullw,

for a constant cg > 0 and §; := sup{||ul| o) (q) : lully =1, u € Z;}.

1
Now, since p~ < pt < U7, by the Lemma , it is easy see that r; := (clﬁ;’j)f -0t — 400
as j — +oo. Then, for j sufficiently large, u € Z; with ||ul|» =r; > 1, and by (2.27)), we

conclude

CAb()
p-‘r

Uy (u) > ( — )\) rf — Aesr;.

CAbo

Therefore, since p~ > 1 and
pt

> A, we obtain that b; := inf{W,(u) : u € Z;, ||ul]ly =

r;} — 400 as j — +o00.

(hs) Note that for all v € Y; with [|v]|y = 1, using (as), (a3), (K), (fo) and (2.2)) for

t > 1, we have

Caby

U, (to) <t ( [ —Acg/ Bl dx) + Ay | (2.28)
Q

It is clear that we can choose € > 0 large enough such that

Caby

loflz — W/Q WP d < 0.

From ([2.28)), it follows that

lim W,(tv) = —o0.
t—+o00

Therefore, there exists ¢y > r; > 1 large enough such that W,(¢yv) < 0 and thus, if set
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p; = to, we conclude that
a;j == max{WV,(u) 1 u €Y |ully =p;} <O.

]

Proof of Theorem 2.3 From conditions (a;) and (f4) the Euler Lagrange functional ¥ is
even functional and by Lemma [2.2] U, satisfies the (C'). condition for every ¢ > 0. Then,
with that and by Lemma [2.7)all conditions of the Theorem [3.5]are satisfied. Therefore, we

obtain a sequence of critical points (ug)gen in # such that Uy (ug) — +ooas k — +oo0. [

2.2.4 Proof of Theorem 2.4

To prove Theorem we use the Lemma presented below and we verify hypotheses
Theorem [3.6

Lemma 2.8. Suppose that the hypotheses in Theorem hold, then U, satisfied the (C)%

condition.

Proof. Let ¢ € R and the sequence (uy)gen C # be such that u; € Y} for all k& € N,
U (ug) — ¢ and H\I/’/\‘Yk_ (uk)HW,(l + |Jug|l») = 0, as k — +oo. Therefore, we have

¢ =y (ug) + ox(1) and (V) (ug), ug) = ox(1),

where 0;x(1) — 0 as k — +00. Analogously to the proof of Lemma [2.2] we can prove that
the sequence (ug)ken is bounded in #. Since # is reflexive, we can extract a subsequence

of (ug)ren, denoted for (ug,)jen, and u € # such that uy, — u in # as j — +oo.

On the other hand, as # = U,Y); = span{ey : k > 1}, we can choose vy, € Y} such that

vy — uin # as k — +oo. Hence, we conclude that
<\Ij/)\(ukj)7 Uk; — u> = <\11/A(ukj)7ukj - Ukj) + <‘I]/)\(ukj)7 Uk; — u>
Since \If’MYk_ (ug;) — 0 and uy; — v, — 01in Yz, as j — 400, we achieve
J

lim (W) (ug, ), ue, — u) = 0.

Jj—+o00 g
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Furthermore, using Holder’s inequality, we obtain that
/Qf(x,ukj)(ukj —u)dr — 0 as j — +o0.
Therefore,
(' (), up, —u) = )\/Qf(x,ukj)(ukj —u) dx + (V) (ug, ), up, —u) = 0 as j — +oo.

Consequently, since @ is of type (S, ), it follows that uy, — u in # as j — +oo. Then,
we conclude that W, satisfies the (C); condition. Thus, we obtain that W/ (uy,) — W) (u)
as j — +00.

Let us prove V) (u) = 0. Indeed, taking w;, € Y}, notice that when k; > [, we achieve

(Wh(w),w) = (Ph(u) — W) (uk,), wr) + (P (ux,), wr)
= <\Dl)\<u) - \P/)\<ukj)7wl> + < />\|ij (ukj)7wl>7

s0, passing the limit on the right side of the equation above as 7 — 400, we conclude
(U (u),w;) =0 for all w; € V).

Therefore, V) (u) = 0 in #” and this show that U, satisfies the (C)% condition for every
ceR. ]

Proof of Theorem[2.4]. First we observe that from (ai), (f3), and Lemma the Euler
Lagrange functional U, is even functional and satisfies the (C')} condition for all ¢ € R.
Now we will show that the conditions (g1), (g2), and (g3) of the Dual Fountain Theorem
are satisfied:

(g91) First we note that using (fp) and Young’s inequality, we have

|F(z, )] < co(1 4+ [t]"@) (2.29)

cabo

—, we have
p

for a positive constant cg. Moreover, as \ <

. cabo N
,m ( pt )\) (coly )7 =27 = +oo.
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Then, there exists jo € N such that

cab P

( ;JFO - )\) (cgﬁf )P - A2 =0 for all j >
1

Taking p; = (csgﬂ;-fr)f'*—ﬁ+ for j > jo. It is clear that p; > 1 for all j € N, 7 > jo,

since lim p; = +o0o. Using same the arguments of Theorem , for all v € Z;, with

Jj—+oo

|ull» = pj, and using (a2), (as), (K), and (2.29), we conclude that
cab
) > (S0 - 2) (s )7 -l >

So, we obtain
aj = nf{W,(u) : u € Z;, [lully = p;} = 0.

(g2) Since Y; is finite dimensional all the norms are equivalent, there exists a constant

cio > 0 such that [|ul|;,+ gy = ciollully for all uw € Y;. Then, from (a1), (a2), (K), (f1),

(2:2), and Proposition [3.4] we infer

Cab
Uy (u) < =22 ulf) — Ao @” |Julll), + Aeg|Q] for all u € Y; with [Jul|, > 1
P
CAbl
Let A(t) = — Ae1o@” " + Aeg|Q]. However, we can choose € > 0 large enough,
such that
lim A(t) = —oc.
t—+o0

Therefore, there exists ¢ € (1, 400) such that
B(t) <0 for all t € [t,+00).

Consequently, ¥, (u) < 0 for all u € Y; with |Jul]| = ¢. Then, choosing r; = t for all
7 € N, we have
bj := max{W,(u) :u €Y}, |ully =r;} <O0.

We observe that we can change jo on other more large, if necessary, so that p; > r; > 0

for all 7 > 7
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(g3) Since Y; N Z; # 0 and 0 < r; < pj, so, we have
d;j = inf{W(u) : u € Z;, |lully < p;} < b; :=max{¥,(u) : u €], [ully =r;} <O0.

From (fy), we obtain |F(z,u)| < ci1(|t] + [t|”®), for a constant positive c;1, and for all
(x,t) € Q x R. Consider, ¥1 : # — R and ¥, : # — R defined by

Yi(u) = / Aeqp |[uP@ dz and Xy(u) = / Aciy|ul dx. (2.30)
Q Q
We have ¥;(0) =0, i = 1,2, and they are weakly-strongly continuous. Let us denote
ny = sup{|Z1(w)| s w € Z, Jlully <13, & = sup{|Sa(u)] s w € Z,, [lully < 1.

Thus, since the embedding # < LY")(Q) is compact it follows that by Lemma that
li ;=i = 0.
jﬁlinoo i ]JTOO fj

Now, consider v € Z; with ||[v|ly =1 and 0 < t < p;. Then, from (a1), (a2), (a3), (K),

and (22.30]), we obtain

U, (tv) > —)\/ F(z,tv)dr > =% (tv) — Xa(tv),

and since

S (tv) < 275 (v) and So(tv) = t55(v),

we achieve

+ +
Uy(t) = —pF 1(v) — p;Ea(v) = —p% 15 — pi&s

for all t € (0, p;) and v € Z; with ||v|, = 1. Thus, d; > —pJQJrnj — p;&; and as d; < 0 for
all j > jo, we conclude that lim d; = 0.
J—+00

Therefore, the conditions of Theorem are satisfied. Consequently, there exists a
sequence (ug)reny C # of weak solutions of problem such that Wy (ug) < 0 and W (uy) — 0

ask:—>+oofor)\€<0,c“4+b0). 0
p

2.2.5 Proof of Theorem [2.5

To prove Theorem [2.1] we need of Lemmas below and Theorem [3.3]
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Lemma 2.9. Suppose (a1)-(az) and (fi) holds. There is v € W \ {0}, such that

lim W,(tv) = —o0.
t—+o00

Proof. The proof is as in the Lemma [2.1}(i). O

Lemma 2.10. Suppose (a1)-(as), (K), (fo), f(x,0) =0, and f(z,t) >0 a.e. x € Q and
for all t > 0 holds. Then, there exist X > 0, positive constants Cy and py for A € (0, )

such that Aher Cy = +00 and Vy(u) > Cy > 0 whenever ||ully = pa.
—0

Proof. We consider u € # with ||ull, > 1. Then, using (2.29)), Young’s inequality, and

Lemma [3.4] we conclude that

cabo
pt

- +
Wy (u) >=2[ull”” = Aesslully — Aco|Q (2.31)

for constant positive c¢q3.

Let v € (O,ﬁ) and u € # such that ||ully = A\77. We define p, := A™7 and we
observe that py > 1 for A small enough. Hence, from ([2.31]), we conclude
cabo | -

Uy (u) > p—+>\ LS e Ay VATOl]

Since v < 19+£p* it follows that —yp~ < 1 —~49". Thus Cy := C;‘%)\_Wf S S
Aol — +o0 as A — 0F. Hence, there exists A > 0 small enough such that Cy > 0 for

all A € (0, ). Then we obtain that
\IJ)\(u) >C\y>0= \If,\(O)

for all u € # with |luly = py» = A™7 and X € (0, \). Therefore, Cy verifies the assertion
of the Lemma. ]

Proof of Theorem[2.5 From Lemma the functional W, satisfy the (C). condition.
Moreover, ¥,(0) = 0. Then, by Lemma [2.9] Lemma and Theorem we obtain
that there are constant A and a nontrivial critical point uy for ¥, with A € (0, ) such
that

c=Wy(uy) = Cy.



72

Then, from (ay), (az), (K), (fo), (2.29), Proposition and Lemma we achieve

Caby
O s Wam) s == maxc{ u |l lully } + Aews maxg|fually , [ually } + Acol€.
(2.32)
Hence, taking A\ — 0% in (2.32)) as C, — +o0, we get
lim |juy|» = +oo.
A—0+
Therefore, we conclude the proof of Theorem O

2.2.6 Proof of Theorem [2.6

To proof Theorem it is enough to verify that W, satisfies the hypotheses of Theorem
B.7

Lemma 2.11. Suppose (a1)- (as), (K), and (f5) holds. Then the functional U is bounded
from below and satisfies the (PS) condition.

Proof. Let uw € # and suppose ||ully > 1. Then, from (a2), (a3), (K), (f5), Lemma [3.2]
and Lemma3.3| for each A > 0, we infer that

)\014

— [lully ~ Iy

CA bo

Wa(u) >

Since m* < p~, follows that Wy is coercive. Therefore, ¥y is bounded from below.

Now, let (uy)ren be a sequence in # such that
Uy (ug) — ¢ and W (ug) — 0in #" as k — +o0.

By coercivity of Wy, we have (uy)ren is bounded in . Hence up to a subsequence, still
denoted by (ux)ren, we have ug € # such that up — o in # and from Lemma we
infer that u, — ug in LY (Q) and ug(z) — ug(z) a.e. x € Q, as k — +oo.
Since V) (ux) — 0in # as k — +oo and the sequence (uy)gen is bounded
in 7, we have that
(W' (ug), u, — ug) — 0 as k — +oo. (2.33)
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Now, using (f5) and Holder’s inequality, we obtain that

| / o k) = ) da] <CoJend ™| sk = ol

Thus, taking into account that uy — ug in L™ (Q) as , k — +oo, we achieve
/Qf(x,uk)(uk —up)dr — 0 as k — +oo. (2.34)
Therefore, from ([2.33) and (2.34)), we conclude that
(D' (ug), ur, — up) =(Wh (ug), up — ug) — /\/Qf(x,uk)(uk —up)dr — 0 as k — +o0.

Since @’ is of type (S) (see Lemma[3.3), we obtain wj, — ug in # as k — 400, concluding
the proof of the Palais-Smale condition. n

Proof of Theorem 2.6l From (a;) and (f;) the Euler Lagrange functional ¥, is even
functional. Furthermore, by Lemma U, is bounded from below and satisfies the
Palais-Smale condition. Hence the item (I1) of Theorem [3.7|is verified. Let us show that
U, satisfies (12). Since # is a reflexive and separable Banach space, for each j € N,

consider a j-dimensional linear subspace #; C C5°(Q2) of #'. We define
Sh, = {u €+ July = Ra}

where Ry > 0 will be determined later on. Since #; and R’ are isomorphic and 8%4 is
homeomorphic to the (j — 1)-dimensional sphere S’~! by an odd mapping, it has genus j,
ie., 7(8%4) =J.

Now, from (ay), (az), (K), and (f5), we obtain

C b — p(z,y)
U, (u) <=2 1/ u(z) = uly)| dxdy—/\C’O/ |u™®) dg. (2.35)
P~ Jrvxry |z —y[NTeeE) Q
By Proposition if ||ully < 1, we have py (u) < |Jul/®, , and (u) > HuHm+ for
. V2 ) Pw X W Pm(") = Lm()(Q)
every u € # . Moreover, since #/ is a finite dimensional space, any norm in % is equivalent

to each other. Thus, there exist a constant C'(j) > 0 such that C(])HuH%/+ < / |u|™@) da
0
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for every u € #;. Consequently, by (2.35)), we get

+ (OAbl

m ——m*t .
) <l (2l —Ac<;>co),

for every u € #; with ||u|ly < 1. Let R5 € (0,1) such that

Caby

— _m+

R < AC(7)Co.

Thus, for all 0 < R4 < R5 and u € 8%4, we have that

Caby

Caby

U, (u) < Rz‘*( Ry ™ - Ac<j>co) <RY ( R ™ c<j>co) <0 =, (0).

Therefore, we conclude that

sup Uy(u) < 0= U,(0).

J
uESR4

Thus the hypotheses of Theorem are satisfied and we conclude that there exists a

sequence nontrivial weak solutions u; in % such that

Uy (u;) <0, U)(u;) =0 and |lujl|» — 0as j — +oo.
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3

Appendix

3.0.1 Lebesgue spaces with variable exponent

Proposition 3.1.  (a) The space (L"O(Q),| - ||zr0q)) is a separable and reflezive

Banach space;

_ AN |
(b) Let hy € CH(Q) fori=1,...m with :h( = L. If u; € LMO(Q), then
i\ T
i=1

/WM%ﬂwwﬁé%WMMmyW%MWQ
Q

wh,ereC’H:hL_+hL__|_...+
1y Ry

£il-

Let h be a function in C*(€). An important role in manipulating the
generalized Lebesgue — Sobolev spaces is played by the h(-)-modular of the space L"")(Q),
which is the convex function pp() : L") (2) — R defined by

;mmozéwmme,

along any function u in L") ().

The function py)(-) verifies the following properties:
(a) puy(u) = 0 for every u € LhO(€);
(b) pry(u) =0 if and only if u = 0;
(©) Py () = puy (—u) for every u € LM (Q);

75
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(d) pn(y(u) is convex.

Every functional that satisfies the properties (a)-(d) is called convexr modular.
The following result show relations between the norm ||| ,n¢) (o) and modular

P (+)-

Proposition 3.2. For u € L"(Q) and (ug)ren C L"(Q), we have:

(a) Foru e L")(Q)\ {0}, ¢ = [wl| Lrer ) if and only if pu(. (%) =1;
(0) ullprery = 1= HUH%;H(Q) < iy (u) < HUHLho @)

(©) llull oy < 1=l g < ono @) < lullf g

(d) Mim fug]pro@) = 0 Hm pac(ug) = 0;

(e) khlf urll prey (@) = +oo < kEIfoophC)(uk) = too.

Proposition 3.3. Let hy € L>®(Q) such that 1 < hi(x)hy(z) < 400 for a.e. © € Q. Let
u € L"0(Q) and u # 0. Then

vy hi () hy
el rsomaoey < 1= Tl oy < ™ ooy < Il om0

ht
lull praomacr ) 2 1= HuHth()hz()( S H|u|h1($)HLh2<‘>(Q) S HUHﬁu»hg(»(Q)'

3.0.2 The functional space #  and their properties

The following result is an consequence of [41, Theorem 3.2].

Corolllary 3.1. Let Q C RY a smooth bounded domain, s € (0,1), p(x,y) and p(x) be
continuous variable exponents such that — be satisfied and that sg_)+ < N. Then,
for all v : Q — (1,+00) a continuous function such that pt(z) > r(z) for all x € Q, the
space WPt (Q) is continuously and compactly embedding in L") ().

Lemma 3.1. Assume Q be a smooth bounded domain in RY. Let p(z) := p(x,x) for all
x € RN with p € C(RN x RY) satisfying and p(x) > p(x) for x € RYN. Then there
exists (1 > 0 such that

1

C—[u]]‘;’i("') forall weW.
1

1wl Loy ) <
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Proof. We consider the set Ml = {u € #/; [|u|1»() o) = 1}. Then to prove this Lemma it

suffices to prove that

: S, (7) _
ig&[u]Rg =( > 0.

Initially, we observe that ¢; > 0 and we prove (; is attained in M. Let (ug)gen C M be
a minimizing sequence, that is, [uk]];’ﬁ("') — (1 as k — +oo. This implies that (ug)gen i8
bounded in # and LP() (), therefore in W*P(:)(Q). Consequently up to a subsequence
up — ug in WP (Q) as k — +oo. Thus, from Corollary m it follows that u, — ug
in LPO)(Q) as k — +o0o. We extend ug to RY by setting ug(z) = 0 on x € RV \ Q. This

implies uy(x) — uo(z) a.e. x € RY as k — +o0. Hence by using Fatou’s Lemma, we have

_ p(z,y) _ p(z,y)
[ ) () — wslp) 70
RN xRN

’l‘ _ y’N—l—sp(a:,y) k=400 JRN RN |[L’ — y|N+SP($,y)

which implies that

ol < im it 5% = G,

and thus ug € #. Moreover, [lug||»()(q) = 1 and then ug € M. In particular, uy # 0 and
w22 = ¢ > 0. O
Lemma 3.2. Assume Q be a smooth bounded domain in RY. Let p(z) := p(x,x) for all
x € RY with p € C(RY x RYN) satisfying and p%(z) > p(z) for v € RN. Assume that
r:Q — (1,400) is a continuous function. Thus, the space (W .| - ||ly) is continuously
and compactly embedding in L") (Q) for all r(x) € (1,p%(x)) for all x € Q.

Proof. First we observe that by Lemma for all u € #', we get

[ellwsnco@) < el o) + [lullr < (é + 1) [l (3.1)
that is, # is continuously embedded in W*?(~)(Q), and by Corollary we conclude
that % is continuously embedded in L")(2). To prove that the embedding above is
compact we consider (uy)reny @ bounded sequence in #. Using , follows that (ug)ren
is bounded in W*?(~)(Q2). Hence by Corollary , we infer that there exists ug € L") ()
such that up to a subsequence uy, — ug in L™ (Q) as k — +oo. Since that u, = 0 a.e. in
RN\ Q for all k € N, so we define ug = 0 a.e. in RY \ Q and obtain that the convergence
occurs in L") (Q). This completes the proof this Lemma. O

An important role in manipulating the fractional Sobolev spaces with
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variable exponent is played by the (s,p(:,-))-convex modular function py : # — R
defined by

Ju(z) = u(y)|e
. = dx du.
o () / [ — e 0

The following proposition show the relationship between the norm || - || and the py

convex modular function.

Proposition 3.4. For u € # and (ug)ken C ¥, we have:
(a) Forue # \ {0}, ¢ = ||u|ly if and only if py (%) =1;
() ully =1 = [lully, < pr(w) < |lulfy;

(©) Jullr < 1= Jlully < pr(w) < llully
(@) Jim_ i —ully =0 Tm_py () = 0

li = li = }
() Hm furlly = +oo & lm py(uy) = +oo

3.0.3 Variational theorems

The results below can be see in [26, Theorem 1.2] and |76, Theorem 2.4] respectively.

Theorem 3.1. Let X a reflexive Banach space and suppose that a functional ¥ : X — R
is weakly lower-semicontinuous (weakly l.s.c.) and coercive. Then ¥ is bounded from

below and there exists ug € X such that
U(ug) = l}g}f(\lf(u)

Theorem 3.2. Let X be a Banach space, ¥ € C*(X,R) bounded below, v € X and ¢,
0>0.1If
U(v) < i%f U +e

then there is uw € X such that

8
V() Sinf ¥+ 2, [V@)x < 5 fu—v] <26.

The condition (C'),, introduced by Cerami in [22] 23], is a little more weak

version of the Palais-Smale (PS). condition, a condition more common that we find
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in the literature. Thus, since the Deformation Theorem is still valid under the Cerami
a condition it follows that the Mountain Pass Theorem, Fountain Theorem, and Dual
Fountain Theorem under Palais-Smale (PS). and (PS) condition holds true also under

this compactness.

The results below Mountain Pass Theorem, "Zy, — symmetric’ version
(for even functionals) Mountain Pass Theorem, Fountain Theorem and Dual Fountain
Theorem can be seen respectively in [25] Theorem I|, [70, Theorem 9.12], [58, Theorem
2.9|, and [9, Theorem 2].

Theorem 3.3. Let X be a real Banach space, let U : X — R be a functional of class
CHX,R) that satisfies the (C). condition for any ¢ > 0, W(0) = 0, and the following

conditions hold:

(i) There ezist positive constants p and R such that V(u) > R for any v € X with

lullx = p;
(ii) There exists a function e € X such that ||e|]|x > p and ¥(e) < 0.

Then, the functional U has a critical value ¢ > R, that is, there exists u € X such that
U(u) =c and V'(u) =0 in X'

Theorem 3.4. Assume that X has infinite dimension and let W € CY(X,R) be a

functional satisfying the (C). condition as well as the following properties
i) W(0) =0, and there exist two constants r,p > 0 such that V|, > p ;
i1) ¥ is even;

iii) For all finite dimensional subspace X C X there exists R = R()A() > 0 such that
U(u) <0 for allu € X\ Br(X)

where Br(X) ={u € X : |ullx < R}.
Then U possesses an unbounded sequence of critical values.

Let X be a real, reflexive, and separable Banach space, it is known (|31,
Chapter 4], or [78, Section 17]|) or [36] that for a separable and reflexive Banach space
there exist sequence (¢;);ey C X and (e)y C X' such that

*

X = spanfe; : 1 =1,2,...}, X’zspan{el*:lzlﬂ,...}w,
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and
1 se =1,
<€:, €l> = .
0 se i#I.

We denote

J )
X; = span{e}, Y; = @Xl = span{ey,...,e;}, and Z; = @Xl = span{e;,eji1 ...}
I=1

I=j
Theorem 3.5. Assume

(h1) X is a Banach space, ¥ € C(X,R) is an even functional.
If for every j € N there exist p; > r; > 0 such that:

(hg) b :=inf{V(u) :u € Z;, ||lul]|x =r;} = +00 as j — +o0;
(hs) a; :=max{¥(u) : u € Y] |Jullx = p;j} <O;
(hy) ¥ satisfies the (C). condition for every ¢ > 0.

Then ¥ has a sequence of critical points (u;)jen such that V(u;) — +o0.

Definition 3.1. Let X be a separable and reflexive Banach space, ¥ € C1(X,R), c € R.

We say that U satisfies the (C)% condition (with respect to Yy ), if any sequence (uy)gen C

X for which uy € Yi, for any k € N, U(uy,) — ¢ and ||V (ug)||x/(1 + [url|x) — 0, as
k

k — 400, contain a subsequence converging to a critical point of W.
Theorem 3.6. Suppose (hy). If for each j > jo there exist p; > r; > 0 such that
(91) a5 = f{U(w) e 7, Jullx = p;} > 0;
(92) by = max{W(u) : u € Yy, Jullx = r;} < 0;
(g3) dj =inf{¥(u) :u e Z;, |ul|lx < p;j} — 0, as j — +o0;
(g4) VU satisfies the (C)x condition for every c € [d;,,0).

Then U has a sequence of negative critical values converging to 0.
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3.0.4 Krasnoselskii’s genus

We will present some basic notions on Krasnoselskii’s genus and introducing a critical point
theorem related to the new version of the symmetric Mountain Pass Theorem studied by
Kajikiya, see [49, Theorem 1].

Definition 3.2. Let X be a real Banach space and B a subset of X. B 1is said to be
symmetric if uw € B implies —u € B. For a closed symmetric set B which does not
contain the origin, we define a Krasnoselskii genus v(B) of B by the smallest integer j
such that there exists an odd continuous mapping from B to RI\{0}. If there does not
exist such a j, we define v(B) = +o00. Moreover, we set () = 0.

Let us consider the following set,
I'; ={B; C X : B, is closed, symmetric and 0 ¢ B; such that the genus v(B;) > j}

Theorem 3.7. Let X be an infinite-dimensional space, B € T, and ¥ € C'(X,R)

satisfying the following conditions:

(I1) W(u) is even, bounded from below, W(0) = 0 and V(u) satisfies the Palais-Smale

condition;

(I2) For each j € N, there exists an B; € I'; such that sué) U(u) < 0.
uec

Then either (R1) or (R2) below holds

(R1) There exists a sequence (uj)jen such that V'(u;) = 0, ¥(u;) < 0 and (uj)jen

converges to zero;

(R2) There ezist two sequences (u;)jen and (vj)jen such that ¥'(u;) = 0, ¥(u;) < 0,
uj #0, lim u; =0, V(v;) =0, ¥(v;) <0, lim v; =0, and (vj)jen converges to
J—+00 J—+00

a non-zero limit.

Remark 3.1. From Theorem we have a sequence (uj);en of critical points such that
U(u;) <0, u; #0, and lim u; = 0.

J—+o0
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3.0.5 The (S5;) condition

Lemma 3.3. Assume that (a1)-(as), and (K) is hold. We consider the functional
O W — R defined by

O(u) = /RN . o (u(x) —u(y))K(x,y)dedy for all ue W,

has the following properties:

(i) The functional ® is well defined on W, is of class CY(#,R), and its Gateaux

deriwative is given by

(D' (u),v) = /]RN N A(u(z) —u(y))(v(z) —v(y))K(z,y) de dy for all u,v € ¥,

(17) The functional ® is weakly lower semicontinuous, that is, uy — u in # as k — 400

implies that ®(u) < légllg}fcb(uk);

(1ii) The functional ® - W — W' is an operator of type (Si) on W', that is, if

ur, — w in ¥ and limsup (' (uy), ur — u) <0, (3.2)

k—+o0

then up, — uw in ¥ as k — +oo.

Proof. (1) Using standard arguments proof this item.

(i1) From (i) the functional @ is of class C'(#/,R), and by hypothesis (a;), the functional
®’ is monotone. Thus, by |51 Lemma 15.4] we conclude that (®'(u), up—u)+P(u) < P(uy)
for all k£ € N.

Thus, since uy — uw in #/, as k — 400 we obtain ®(u) < lliminfq)(uk). That is, the
—+00

functional ® is weakly lower semicontinuous.

(7i) Let (ux)ren be a sequence in # as in the statement. We have that by (i), ¢’ is

a continuous functional. Therefore,

lim (®'(u),ur —u) = 0. (3.3)

k——+o0
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Now, we observe that
(@' (uy,) — @' (u), up, — u) = (D' (ug), up — u) — (&' (u), up — u) for all k € R. (3.4)

Thus by (3.2)), (3.3), and (3.4), we infer

lim sup(®’ (ug,) — @' (u), up — u) < 0. (3.5)

k——+o0

Furthermore, since ® is strictly convex by hypothesis (a1), ®’ is monotone (see [51, Lemma,
15.4]), we have
(@' (ug) — D' (u),ur, —u) >0 forallk €N, (3.6)

Therefore, by (3.5) and (3.6)), we infer that

lim (®'(ug) — ' (u), ur, — u) = 0. (3.7)

k——+o0

Consequently, by (3.3)), (3.4), and (3.7)), we conclude

lim (®'(ug), up — u) = 0. (3.8)

k——+o0

Since P is strictly convex, we get
O (u) + (P (ug), ur, — u) > P(uy) for all k € N. (3.9)

Thus, by (3.8) and (3.9), we have

O(u) > lim P(uy). (3.10)

k——+o0

Since ® is weakly lower semicontinuous (see (ii)) and by (3.10]), we conclude that

O(u) = lim D(uyg). (3.11)

k——+o0

On the other hand, by (3.7) the sequence (Uy(z,y))ren converge to 0 in L'(RY x RY) as

k — 400, where

Up(,y) = [Alur () — ur(y)) = Alu(z) — u(y) [(ue (@) —ur(y)) — (w@) —u(y) K (z,y) = 0.
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Hence there exists a subsequence (u,);en of (ur)ren such that
Uy, (z,y) = 0 ae. (z,y) € RY x RV as j — +oc. (3.12)

We denoted p;(x,y) = ug, (x) —ug, (y) and p(z,y) = u(z) —u(y) for all (z,y) € RNV x RV,
Claim a. If Uy, (z,y) = 0 a.e. (2,y) € RY xR, then p;(x,y) = pu(z,y) as j — +oo for
almost all (x,y) € RY x RV,

Indeed, fixed (z,y) € RY x RY with z # y we suppose by contradiction that the sequence
(15(2,y))jen is unbounded for (z,y) € RY x RY fixed. Using we get Uy, (z,y) — 0
as j — +oo in R, consequently there is M > 0 such that for all j € N

(A (2, 9)) = A, ) (s (2, y) — plz, y) K (x, y)‘ <M. (3.13)
Thus, denoting
Vo= [Alps (2, 9)pi (@, y) + Alp(z, y) ple, y) 1K (2, y)for all j € R,
we get from that
Va SM + A(p(e, y)) i (2, y) K (2, y) + Al (2, y)) (i, y) K (2, y)for all j € R.

So using (az) and (K) in inequality above, we have for all j € R that,

2, y) P |y (2, )|
‘x _ y‘N“’sP(mvy)

z, )P, )|
’:C _ y|N+5p($»y) ’

() [P
’g; — y’N‘i‘SP(%y)

15, ) [P

I
|z — y|N+sp(ay) SM + Caby i

CAbO

CAbo
(3.14)

o |15 (

Dividing (3.14) by |u;(z,y)[P@Y), we achieve

cabg cabolp(z, y) [P

= y M), y) [P | — y NP g () )
Cabi|p(, y) [P

|1 (, y) [P = | — g | Norsples)
Cabs|p(z, y)|

i (@, y)[|z — y| Vo)

+

(3.15)
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for all j € R. Since we are supposing that the sequence (1;(z,y));en is unbounded, we
can assume that |p;(z,y)| = 400 as j — +oo, then by (3.15) we obtain c4by < 0 which

is an contradiction.

Therefore, the sequence (pj(x,y))jeny is bounded in R and up to a subsequence
(j(x,y))jen converges to some v € R. Thus we obtain p;(z,y) — v asj — +oo.

Thence denoting
Uz,y) = [Alv) — Az, y)](v = (u(z, y)) K (z,y)
and using (a;) we conclude that

U, (z,y) = U(z,y) as j — +o0. (3.16)

Consequently, by (3.12)) and (3.16)), we get,

U(x,y) = [Alv) — Alu(z, y)](v — (u(z,y)) K (2, y) = 0. (3.17)

In this way, by strictly convexity of o7, (3.17)) this occurs only if v = u(z,y) = u(z)—u(y).

Therefore, by uniqueness of limit
ug, () — ug, (y) = pj(z,y) = p(r,y) = u(z) —u(y) in R as j — +oo (3.18)

for almost all (z,y) € RY x RY.

Now we consider the sequence (gi,)jen in L*(RY x RY) defined pointwise for all j € N by

1

o e.0) = |5 (o) + e ) = o (DD ey,

By convexity the map & (see (a1)), gi,(x,y) = 0 for almost all (z,y) € RV x RV,
Furthermore, by continuity of map </ (see (a;)) and (3.18]), we have

g, (z,y) = o (p(z,y)) K (z,y) as j = +oo for all (z,y) € RV x RV,

Therefore, using this above information, (3.11)), and Fatou’s Lemma, we get

j~>+oo j—+o0 2

®(u) < liminf g, (z,y) = ®(u) — lim sup/ M(Mj(x’y) —nl y)>K(x, y) dx dy.
RN xRN
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Then

limsup/ M(,uj(x,y) — u(%y))K(x,y) dx dy < 0. (3.19)
RN xRN

Jj—+oo 2

On the other hand, by (az), (a3), (K), and Proposition we infer that

pile,y) — ple,y caby . - +
[ o (M I )y 20 i s, — ol o, —
RN xRN 2 2P p

>0 for all j € N.
(3.20)

Consequently, by (3.19)) and (3.20), we achieve

dim fJug; —ully = 0.
J—+o0

Therefore, we can conclude that uy;, — uin # as j — +o00. Since (ug,);en is an arbitrary

subsequence of (ug)ken, this shows that uy — u as k — +oo in #/, as required. O
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