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Resumo

Neste trabalho, estudamos a caracterizacao espectral e existéncia de cones de Dirac,
sempre utilizando modelos de grafos quanticos peridédicos, em trés situacoes. Na primeira,
modelamos materiais bidimensionais e hexagonais, como o Grafeno e Nitreto de Boro.
Neste caso, consideramos o operador de Dirac com condigoes de vértices de Robin. Na
segunda situagao, propomos uma modelagem de duas e trés camadas de grafeno no em-
pilhamento do tipo Bernal (também chamado de empilhamento do tipo AB). Utilizando
o operador de Schrédinger com condigoes de vértice de Neumann, conseguimos expressoes
exatas para as relacoes de dispersao desses materiais. Na ultima situagao, também con-
siderando o operador de Schrodinger com condi¢oes de Neumann, propomos a modelagem
do grafeno multicamada para n folhas, no empilhamento do tipo AA. Para n = 2,3, ex-
pressoes exatas para a relacao de dispersao foram obtidas, enquanto que para n > 4,
utilizamos aproximacoes para o estudo dos cones de Dirac. Ainda no empilhamento AA,
um grafo quantico tridimensional foi proposto para a modelagem e estudo dos cones de

Dirac do grafite.

Palavras-Chave: Grafeno, Nitreto de Boro, operador de Schrédinger, operador de Dirac,

Grafeno Multicamadas, cones de Dirac, relacao de dispersao.






Abstract

We study the spectral characterization and Dirac cones, always through periodic quan-
tum graphs, in three situations. Firstly, we model bidimensional honeycomb materials,
for instance, Graphene and Boron Nitride. We consider the Dirac operator with more
general Robin vertex condition. Secondly, we propose a model for Bernal-stacked (also
called AB-stacked) bilayer and trilayer graphene. Considering the Schrodinger operator
with the standard Neumann vertex condition, we have obtained the exact expressions of
the dispersion relation for these materials. Finally, also considering the Schrodinger op-
erator with Neumann conditions, we propose the modelling of the AA-stacked multilayer
graphene (for n any positive integer) and A A-stacked graphite (a 3D model). For n = 2, 3,
exact expressions for the dispersion relations were obtained. For n > 4, approximations

was employed for the study of the Dirac cones.

Keywords: Graphene, Boron Nitride, Schrodinger operator, Dirac operator, Multilayer

Graphene, Dirac cones, dispersion relation.
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Chapter 1

Introduction

In practical terms, graphene is a two-dimensional material, a single layer of graphite,
with carbon atoms arranged in the well-known honeycomb periodic structure [19, 9, 7]; it
is the union of two triangular sublattices (see (2.1)), ga (with atoms of type-A) and gp
(with atoms of type-B), each atom of type-A has exactly three nearest neighbors, all of
type-B, and vice versa. From the spectral viewpoint, the presence of the so-called Dirac
cones, at the Dirac points of the Brillouin zone of graphene, has outstanding physical
consequences; for instance, the motion of an electron in this region is effectively described
by a two-dimensional Dirac operator with effective zero mass and effective speed of light
¢/300; this Dirac operator was first identified in [11] (and experimentally in [45]).

The experimental isolation of graphene, in 2004, has triggered a large amount of re-
search papers on the subject, mainly in the physics and chemistry literature. Usually such
theoretical works are based on tight-binding approximations and numerical simulations,
and it is interesting that the first tight-binding consideration was done in 1947 by Wal-
lace [43] as a starting point for understanding the properties of bulk graphite (see also [8]),
with the rather surprising result of a zero-gap semiconductor with a linear dispersion rela-
tion (Dirac cone), at a finite number of Dirac points. To be more precise, let § = (61, 62)
denotes the quasimomentum in the first Brillouin zone B := [—m, 71]?, and \(#) the associ-
ated dispersion relation; 8p € B is a Dirac point candidate (D-point) if there is a constant

v # 0 so that
A(0) = MOp) + O((A(0) = Mbp))*) = £710 — Ok | + O(10 — Ox[*),

and we have a Dirac cone, since valence (the “-” sign above) and conducting (the “+”
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sign) bands touch linearly in lowest order approximation.

For mathematical studies of the spectrum and Dirac cones of models based on Schro-
dinger operators, we mention the works by Fefferman and Weinstein [14] and Kuchment
and Post [23]. In [14] the Schrédinger operator with honeycomb periodic smooth potentials
is considered and, under some conditions, the presence of Dirac cones was proved. In [23]
the authors have considered an approach of a quantum graph model for the graphene
and derive its spectral properties, including the presence of Dirac cones (see also [1, 8,
40]). An approach through quantum graphs seems to have been first proposed by Linus
Pauling [37] to describe some chemical systems and implemented in [40]. Recall that,
in quantum graph models, the electron is confined to the edges of the graph, and the
model starts with Schrodinger operators on edges; the usual boundary conditions at the
vertices are the Neumann conditions, characterized by continuity and zero total flux at the
vertices [23] (it is also explicitly stated in (2.6)). Although the quantum honeycomb graph
is an approximation as a model of graphene, it is possible to (rigorously) explicitly obtain
the exact dispersion relation via the Floquet-Bloch theory [13, 38] of periodic Schrodinger
operators.

Other works with a mathematical approach discuss self-adjoint extensions of the Dirac
operator with specific boundary conditions [3, 16], the approximation of the Schrédinger
dynamics by a massless Dirac operator [15], confinement of Dirac fermions in graphene [18],
ete.

However, about 700 bidimensional materials have been predicted to be stable!! One
outstanding material is the boron nitride BN?, with the same honeycomb structure of
graphene but with nitrogen atoms at type-A vertices and boron at type-B ones. We
restrict ourselves to one or two kinds of atoms and use the BN as a practical paradigm in
our discussion.

There is also theoretical and experimental interest in systems composed of finite layers
of graphene (see, for instance [2, 6, 24, 26, 30, 32, 33, 35, 36, 39]), also as an approximation
for the bulk graphite. There are two important remarks here; first, the strength of the bond
between consecutive layers are much weaker than the bonds between neighbor carbon atoms
in the same layer (see Remark 3.1.1); second, there are different possibilities for stacking

layers of graphene, and it was experimentally found that physical properties depend on

"https://en.wikipedia.org/wiki/Two-dimensional_materials
’https://en.wikipedia.org/wiki/Boron_nitride
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Figure 1.1: A representation of AB-stacked bilayer graphene. Half of atoms lies over atoms

and the other half of atoms lies over the center of a hexagon.

how layers are stacked.

The main configurations of multilayer graphene are the AB-stacked form (also called
Bernal-stacked), for which half of the atoms lie over an atom of the previous layer and
half of the atoms lie directly over the center of a hexagon in the previous layer (see Figure
1.1), and the AA-stacked form, in which all layers are aligned. It has been physically
observed that the AB-stacked configuration is more stable than the A A-stacked structure,
and so the theoretical and experimental works are more abundant for AB-stacked systems
(usually for bilayer and trilayer graphene); however, in some situations the presence of
bilayer graphene with AA-stacking is also common [28, 2, 10, 33, 39]. It is expected that the
increasing interest in theoretical AA-stacking, including this work, will trigger additional
experimental research for this configuration. Here we also consider the AA-stacked bulk
graphite as infinitely many layers indexed by the set of integer numbers.

This work is divided in three situations. The first one has a threefold motivation;
always through the quantum graph model of a honeycomb structure with at most two
different kinds of atoms. First, are there Dirac cones if the graphene is modelled directly
by the (massive) Dirac operator, instead of the Schrodinger one? Would we have a possible
“relativistic Dirac cone,” or is it an artifact of the spectral theory of Schrédinger operators?
Second, what is the result if graphene is modelled through the more general Robin boundary
condition (see (2.6); which is reduced to the Neumann case when some parameters vanish)?

Will Dirac cones be present? Third, we propose to model BN by using two different
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parameter values in the Robin boundary conditions; is such model capable to rigorously
reproduce basic BN results from the physics and chemistry literature? Note that the second
and third motivations apply to the Schrodinger case as well.

In the second situation we investigate spectral properties and the possible presence of
Dirac cones for bilayer and trilayer graphene systems, Bernal-stacked (AB-stacked) and
modelled by quantum graphs, that is, we extend the mathematical analysis of [23] to two
and three AB-stacked graphene sheets. In this setting, we need that all edges are of equal
lengths, so the weak interaction between layers should be modelled in an alternative way.
Note that we no longer will consider the Dirac operator. Instead, from this point we will
consider the Schrodinger operator with the standard Neumann vertex condition; we require
the continuity of wavefunctions at the vertices and propose to model the weak interaction
between layers through a parameter t; > 0 in the total flux (i.e., sum of derivatives of
wavefunctions) at each vertex (ty is the same for all vertices, see (1.4)). Details of the
proposed model appear in Section 3.1.

In the last situation we perform a similar study to the case of AB-stacked multilayer
graphene, but now for the AA-stacked multilayer graphene and AA-stacked graphite. As
before, we suppose that all edges are of equal lengths and models the weak interaction
between layers with the parameter ¢y in the Neumann vertex condition (see (1.4) and also
(4.4) and (4.5)).

Now we summarize the main results in each situation described above. Details appear
in other chapters. Recall that, in the usual quantum graph model, the Schrodinger operator

in an edge e of the graph is

Hou(z) =~ 2(@) + a(a)u(z), (1)

for an even potential ¢(x), and the full operator is the sum of such operators over all edges
with self-adjoint boundary conditions at each vertex v. The Robin vertex condition (also

called o-type condition) is given by

u 1S continuous at v
> Fug(v) = du(v),

with real parameters §,. The first condition is just the continuity of domain elements at

(1.2)

each vertex. In the second one, the sum of derivatives is over all edges connected to v,

2

with the “+” sign if v is a initial point of the edge and “—” if it is a final point, the “total
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flux at each edge,” that here is proportional to the value of the own function at v; if the
parameter 0, = 0 for all vertices v, we have the habitual Neumann condition (considered,
e.g., in [23]). We suppose that §, may take two values, 4 and g, for atoms of type-A
(e.g., nitrogen) and B (e.g., boron), respectively. Since for the hexagonal graph one may
suppose that all type-A vertices are initial points of edges and all type-B vertices are final

points, the second condition in (1.2) takes the form
D u(v) = dau(v), Y ul(v) = —dpu(v), (1.3)

if v is of type-A and type-B, respectively.
In Chapter 2, instead of the usual operator H, above, we consider the Dirac operator D,

on each edge e, whose action is
du(x)
dx

where o and § are Pauli matrices (see Section 2.1), I the 2 x 2 identity matrix, A, m and ¢

D.u(x) = —ihc o+ me*u(x)B + q(z)u(r)I,

are Planck’s constant, the mass of the electron and the speed of light, respectively. The
above Robin vertex condition has a version for Dirac operators presented in (2.6), and here
we again consider the two values 4 and o for the parameter J,.

In Section 2.1 we present details of the construction of the hexagonal graph model with
Dirac operators and the Robin boundary conditions; a main difference is that each vector u
has two components and the operator is of first order.

In Subsection 2.2 we adapt the spectral description of [23] (Schrodinger with Neumann
condition) to the Dirac case with Robin vertex conditions; although we have got similar
statements, the proofs require suitable adaptations for the Dirac case; however, we have
not obtained eigenvalues of infinite multiplicity, since the construction in [23] does not
adjust to the two-components Dirac case.

Then we investigate the possible presence of the Dirac cones in this setting of Dirac
operator and more general boundary conditions at vertices; this is the contents of Sec-
tion 2.3. Here we have (in our opinion) the most interesting results of that chapter; we
have proved that Dirac cones may be present in this relativistic model, and they occur if,
and only if, 4 = dp, that is, the parameter §, is the same for all vertices (so the same
kind of atoms in the honeycomb lattice; of course, including the Neumann case 6, = 0 for
all v discussed in [23]); see Theorem 2.3.1. More precisely, if 04 # dp, there is a (positive)
gap between the valence and conduction bands and no point in the dispersion relation is

(approximately) linear.



14

It is worth mentioning that these results also hold true for the Schrédinger case (i.e.,
Dirac cones do exist if and only if 4 = dp), although we do not present technicalities since
they may be adapted from the proof of Theorem 2.3.1 ahead. So, in Section 2.3 we are able
to conclude that, from the point of view of the proposed model with honeycomb symmetry,
Dirac cones and their physical consequences, as ballistic electron motion [19, 9, 7], occur
only for the graphene and not for BN where a gap in the dispersion relation is found
[1,17, 44, 27]; this is exactly the results from the physics and chemistry literature, where the
gap in the BN dispersion relation is usually considered a consequence of electronegativity
difference between B and N atoms, here modelled by different Robin parameters.

In Chapter 3, we propose a quantum graph model that is supposed to represent the
AB-stacked bilayer and trilayer graphene. We consider the Schrodinger operator described

in (1.1) with the usual Neumann vertex condition,

u 1S continuous at v

e Ue(v) + 22 touy(v) =0,

(1.4)

(198}

where “e” represent the edges on layers and “f” the edges between two consecutive layers,
and the parameter t, models the weak interaction between consecutive layers of graphene;
see details in Section 3.1. In Section 3.2 we perform the spectral analysis of the Schrodinger
operator for the AB-stacked bilayer and trilayer graphene. For both bilayer and trilayer
cases, the spectra have eigenvalues of infinite multiplicity (the eigenvalues of the Dirichlet
Hamiltonian in a single edge). Moreover, an absolutely continuous component built of
closed intervals (bands). The singular continuous spectrum is always absent.

In Section 3.3, we prove our main result about Dirac cones for such situation. We show
that the bilayer graphene model has no Dirac cones, whereas such cones are present in
trilayer graphene dispersion relation. However, the bilayer dispersion relation is gapless
and with quadratic touching. Finally, in Section 3.4, we see that the obtained results are
consistent with the physics literature.

In Chapter 4, we perform a similar study from Chapter 3. Here we summarize the main
differences from both cases. For bilayer and trilayer systems, we have got the presence and
exact descriptions of Dirac cones (there are no higher order corrections). For the n-layer
graphene, n > 4, we employ an approximation for general model determinants so that we
need to consider small values of ¢ > 0, and we have also shown the presence of Dirac cones.

It was observed that, for our argument, the higher the number of layers n the closer to
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zero ty needs to be. Here is a important remark about considering AB-stacked multilayer
graphene with n layers of graphene: by employing approximations (and further physical
literature) we had evidence that, for n even, the dispersion relation has no Dirac cones.
However, we did not managed to prove, in this model, that the approximated parabolic
touch does not turns into a Dirac cone for the original problem.

The AA-model for graphite is also shown to present Dirac cones; no approximate model
is employed in this situation. Note that Dirac fermions (a consequence of Dirac cones) have
also been experimentally reported in graphite [45]. We compare our findings with results
obtained in the physics literature for small values of n and graphite. Our work seems to be
the first one that considers any finite number of graphene layers, and in a mathematically
rigorous approach.

In Section 4.1 we present the construction of the quantum periodic graph that models
the AA-stacked multilayer graphene and AA-stacked graphite. In Section 4.2 we study the
spectra of the Schrodinger operator in each case. The presence of Dirac cones is proved in

Section 4.3 and the obtained results are compared with the physics literature in Section 4.4.






Chapter 2

Dirac Operator on hexagonal 2D

lattice

In this chapter, we perform the spectral analysis for the Dirac operator D defined on the
hexagonal 2D structure, represented by a quantum periodic graph (see Figure 2.1). The
main goal here is to check that we are able to extend some results of [23] about spectral
characterization of D and Dirac cones.

In Section 2.1 we present the construction of the quantum periodic graph that is pro-
posed to represent one single layer of a hexagonal 2D material. Examples of hexagonal 2D
materials are Graphene and Boron Nitride, but about 700 two-dimensional materials have
been predicted to be stable!!

The study of the spectrum of D is presented in Subsection 2.2. Finally, in Section 2.3

we prove our main result about Dirac cones (see Theorem 2.3.1).

2.1 Dirac graph for single layer graphene

Let G be the hexagonal 2D lattice defined as the union of two triangular sublattices g

and g,

ga:=2ZE, ®7ZE, and gp:=(1,0)+ZE; ® ZFE,

where

Ey = (3/2,V3/2) and E,=(0,/3) (2.1)

Thttps : //en.wikipedia.org/wiki/Two — dimensional _materials
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2.1. Dirac graph for single layer graphene 17

Figure 2.1: The hexagonal 2D lattice G and its lattice vectors F; and FEs; some type-A
and type-B points are labeled.

are the lattice vectors. It is supposed that atoms are situated at the vertices of G and the
covalent bonds are represented by edges of length 1 (see Figure 2.1). We denote by E(G)
and V(@) the set of edges and set of vertices of G, respectively.

Consider the action of group Z? on G defined by the shift of x € G by a vector
p = (p1,p2) € Z?, that is,

7Z? x G > (p, $) — 4+ p1 B+ poEs. (22)

As fundamental domain of this action, we choose the set W, as shown in Figure 2.2. It
contains two vertices vy, v and three edges ay, as and ag, which are conveniently directed
as in Figure 2.2.

Since G is supposed to be embedded into the Euclidean space R?, we can naturally
identify each edge e € E(G) with the segment [0, 1], which identifies the end points of e
with 0 and 1. The arc length metric induces a measure, denoted by dx, which permits
to integrate functions on G. We denote a function on G by u = {u.} E(G), Where u, =

N
[ué uz] . Then we can define the Hilbert space of all square integrable functions on G,

L*(G,C°) = @ L(e,C%),

e€E(G)
with norm ||u||p2(¢ c2) given by
||U||%2(G,<c2) = Z ||Ue||%2(e,<c2)~
e€E(G)

Now we define the Dirac operator acting on functions of L*(G, C?). Let g be a real even

continuous function on [0, 1], that is, go(x) = go(1 — z), for all € [0, 1]. Since each edge



2.1. Dirac graph for single layer graphene 18

Figure 2.2: The fundamental domain W. It contains three edges a;, as and a3 and two

vertices v; and vs.

Figure 2.3: The reflection lines r; and r, and hexagons H; and H,.

e € E(G) is identified with the segment [0, 1], we can define a potential ¢ on G acting in
each edge of G as qg. Note that due the evenness assumption on gy, the potential ¢ does

not depend on the orientations chosen along the edges. We have the following result:

Lemma 2.1.1. The potential q defined as above is invariant with respect to the symmetry

group of the G.

Proof. The proof of this lemma is analogous to the one presented in [12]. For completeness,
we present here the arguments.

Let T}, denote the shift by the integer vector py Ey + paFa, where p = (p1, p2) € Z* and
let R; and Ry denote the reflections with respect to the lines 1 and r, in the Figure 2.3,
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(a) (b)

(c) (d)

Figure 2.4: The four possibilities for T'(H).

respectively. First we prove that the symmetry group of the graph G is generated by 7,
Ry and R,, and then show that ¢ is invariant under each of these transformations.
Let F' : G — G be an isometry from the symmetry group of the graph G. Let H; and H,
be the shaded hexagons in the Figure 2.3 and denote H := H; U Hy. Let py = (p?, p3) € Z?
such that
T(Hy) :=Tp, (F(Hy))

coincides with Hy, as hexagons. Since T' preserves distances, then T'(H) is one of the four
possibilities of the Figure 2.4.

In the case (a), 7' = Id, then F' = T,,. In the case (b), we have that 7" = R;, thus
F =T, R;. Inthe case (c), F' = T, Ry Ry, since T' = Ry R,. Finally, in the case (d), T = R»
which implies F' = T, Ry. Therefore, we can represent any isometry of the symmetry group
of G as a combination of 7, R; and Ry.

Now we prove that the potential ¢ is invariant with respect of each of the transforms
T,, Ry and R,. Let M € e, e € E(G), be some point of the graph G. Let z.(M) be the
point in the interval [0, 1] that is identified with M. Since the directions of the edges of G
are defined periodically from the directions of the edges a;, as and ag of the fundamental

domain W (see Figure 2.2), it follows that x.(M) = zr, ) (T,(M)), p € Z*. Then,

4(M) = qo(xe(M)) = qo(a7,()(Tp(M))) = q(T,(M)). (2.3)

Thus the potential ¢ is invariant with respect to the shifts 7}, p € Z*. For the reflections
Ry, and R,, due the directions of the edges we have

T(M)=1— le(e)(Rl(M))
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and

Te(M) = T Rye)(R2(M)).

Analogous to (2.3), we see that ¢(M) = q(R2(M)), and since gp is even on [0, 1], it follows
that

q(M) = qo(xe(M)) = qo(1 — 2, (e)(R1(M)))
= qo(TRr,(e)(R1(M))) = q((R:(M))).

Therefore, the potential ¢ is invariant with respect to the symmetry group of the graph
G. ]

Let D be the Dirac operator [42] which acts along each edge e € E(G) as

Dug(z) = —iﬁcdue—fcx)a + mcue(7)B + q(x)u.(z)1, (2.4)
where
1
to() = ug () e 01 . 1 0 - 10 (2.5)
u?(x) 10 0 —1 01

and h, m and c are Planck’s constant, the mass of the electron and the speed of light,

respectively. The matrices o and 3 are Pauli matrices and satisfy the algebraic relations
a?=p*=1 and af + fa =0,

The domain of the Dirac operator is the subspace dom D that consists the functions u

on GG such that:

(i) u. € H'(e,C?), for all e € E(G), where H'(e,C?) is the usual Sobolev Space in the

edge e and wu, is the restriction of u to e;
(ii) ZeeE(G) ”ue”%{l(e,@) < 00

(iii) The Robin condition at vertex v (adapted from (1.2)-(1.3)), is defined as

u! is continuous at v

ZeeEv(G’) FuZ(v) = dyul (v),

(2.6)

were E,(G) is the set of edges of G that contains the vertex v, 0, is a fixed real

number, and the “+” sign in +u?(v) if v is the initial point of the edge e and “—”
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sign if it is an end point. In the graphene we may take (and we do) type-A vertex
as initial points and type-B as final points of vertices, so that the second equation

in (2.6) takes the form

Z u?(v) = £5,u'(v),

e€E,(Q)
with “+7 for type-A vertices and “—” for type-B vertices. The particular case when
0, = 0, for all v € V(G), is called Neumann vertex condition and it is usually

considered the “standard” one.

Remark 2.1.1. Graphene is composed by a hexagonal 2D lattice such that the carbon
atoms are situated at the vertices. In [23], the graphene was modeled by the Schridinger
periodic graph G with Neumann vertex condition, that is, o, = 0 for all vertices. A more
general suitable boundary condition is to consider a constant 6, = d¢, for allv € V(G), as
we do.

Boron nitride is a 2D material with hexagonal structure composed by nitrogen and boron
atoms; here, nitrogen atoms are situated at type-A wvertices whereas the boron atoms are
located at type-B vertices. We propose to use different values of the parameter 6, in Robin
condition (2.6) as a way to differentiate such atoms in the model: if v is a type-A (type-B)
vertex, we choose 0, = Oy (0, = dp), with oy # Op.

Remark 2.1.2. If we consider the Robin vertex condition (2.6) for the Schrédinger op-
erator (instead the Neumann vertex condition presented in [23]), we see that the first u!
and second u* components of u € dom D play the role of the function u € dom H and its

derivative u', respectively.

This definition makes D an unbounded self-adjoint operator ([22, Theorem 1.4.19] is
easily adapted for the Dirac operator) and, by the evenness condition on the potential and

Lemma 2.1.1, its action is invariant with respect to all symmetries of G.

2.2 Spectral Analysis of the Dirac operator

In this section we use the Floquet-Bloch theory [5, 13, 21, 25, 5, 38| to study the spec-
trum o(D) of D. This theory also holds in the quantum graph case ([23] and references

therein). For each quasimomentum 0 = (61,05) in the Brillouin zone B := [—m, 7%, let
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D(0) be the Bloch Dirac operator acting as in (2.4) on functions of H(W,C?) that sat-
isfy the conditions (i), (ii) and (iii) of dom D and also the cyclic condition (or Floquet

condition)

u(:c +mE, +p2E2) _ ei(p191+}7292)u(l.)’ (27)

for any p = (p1,p2) € Z? and x € G. Tt is known that D(6) has purely discrete spectrum
o(D(0)) = { ()}, The function 6 — {\,(0)}, is called the dispersion relation of D and

it determines its spectrum [5]

a(D) = | J o(D(0)). (2.8)

0B
Thus, we need to determine the spectra of D(0), for § € B, by solving the eigenvalue

problem
D(@)u = Au, wu € dom D(0), (2.9)
for A € R and u # 0.
Let us write out the vertex conditions (iii) and the cyclic condition (2.7) on the funda-
mental domain W. As we identify each edge e € E(G) with the interval [0, 1], it follows
that v; ~ 0 and v; ~ 1, for i = 2,3, 4 (see Figure 2.2). Thus,

Ug, (1) = u(vy) = u(vs + B1) = ePu(vs) = eu,, (1)

(2.10)
Ug, (1) = u(vy) = u(vy + Ey) = eu(vy) = e2u,,(1)
Hence, by (2.10), the conditions (iii) and (2.7) on W are equivalent to
(
g, (0) = g, (0) = 1, (0) := 5y
ul (1) = el (1) = e2ul (1) := B
o ,(1) ,(1) == [ 2.11)

Q

(0) =
(1) =
2 (0) +u, (0) + uZ, (0) = dn s
(1)

u2 (1) + e (1) + e®u2 (1) = —0p5s

( Yo,

We will use now an auxiliary operator. Let D denote the Dirichlet Dirac operator

acting as in (2.4) on functions of L2([0, 1], C?) that satisfy the Dirichlet boundary conditions,
that is,

u'(0) =u*(0) and wu'(1) =u?(1). (2.12)

It is well known (see [41]) that DP has pure point spectrum, denoted here by o(DP) =

{APY, . Let A ¢ o(DP). Then there exists two linearly independent solutions ¢, =

T T
|:Q0}\ o ¥ 0] and @)1 = |:g0}\ L 1] of the eigenvalue problem

Dy = Ap



2.2. Spectral Analysis of the Dirac operator 23

such that
Pro(0) =1 ©x1(0) =0 (2.13)
Pro(1) =0 (1) =1
and
PRa(2) = —pRo(l — ), Vae[0,1]. (2.14)
In fact, it is easy to show that @), = [gp}\p ¢?\7OT exists, then we just take ¢y, =

;
[gp%\’l (pil] as (,0%\’1(%) = @}\70(1 — ) and gp?\’l(a:) = —gpi’o(l —z), for all z € [0,1]. We can
define ¢, o and @, ; in each edge e € E(G) as (¢ai)e = a4, for i = 0, 1, since each edge of
the graph G is identified with the interval [0, 1]. We will keep the same notation ¢, ; for

such functions.

Remark 2.2.1. In [25], the Schridinger-Dirichlet operator considered was HY , which acts

on functions u € L2[0, 1] as

_ dPu()

HP =
u(z) s

+ qo(x)u(z)

and satisfies the Dirichlet boundary condition u(0) = u(1) = 0. Note that there is no con-
dition on the derivative u'(x), differently from the Dirac case that ties the first and second
components of u, as we see in (2.12). This leads to some technical differences between
the Schraodinger and Dirac cases. For instance, in the latter, we can not construct eigen-

functions with infinite multiplicity by following the process presented in [23] (see Remark
2.2.4).

For each \ ¢ o(DP), let

Ugy, = 1920 + Bapan
Uy = Brpao + € M Baprr - (2.15)
Ugy = L1100 + 671’925290,\,1

With the representation (2.15), the continuity (first two) conditions in (2.11) and the
eigenvalue problem (2.9) are satisfied. It remains to impose the third and fourth conditions

in (2.11). By substituting (2.15) into (2.11),

390?\,0(0)51 + F(Q)@§’1(0)52 =0npr
F(Q)Sf’i,o(l)ﬁl + 3@3,1(”52 = —0pf

: (2.16)
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where F(0) := 14¢" +¢" and F(6) is its complex conjugate. Since @3 () = —¢3 o(1—x)

for all z € [0, 1], by (2.14) we have that (2.16) is equivalent to

—3803,1@)51 + F<‘9)<P§\,1(O>ﬁ2 = onfh
—F(@)gp%(O)ﬁl + 390%\,1(1)52 = —0p

Since 3 ,(0) # 0, the quotients

(2.17)

n(N) =@ (1)/@31(0),  an = 0x/93,1(0), ap:=dp/¢3:(0)

are well defined. Hence, after dividing the system (2.17) by 30371(0) and multiplying the

second equation by —1, we obtain

(=3n(X) —an)pr + F(9)52 =0

(2.18)
F(0)pr + (=3n(X) — ap)Bz = 0
Write (2.18) in matrix form, that is
Mooy | =10
Do 0
where )
M) = | 31N e k) (2.19)
F(0) —3n(A) — s

Hence, if there exists # € B such that det M(\,0) = 0, then the representation (2.15)
solves the eigenvalue problem (2.9) and, by (2.8), it follows that A € ¢(D). Such arguments

prove the following result:

Proposition 2.2.1. Let A ¢ o(DP). Then \ € o(D) if and only if there exists 0 € B such
that

97°(\) + 3(ay + ag)n(\) + ayap — F(9)F(#) = 0. (2.20)

Proposition 2.2.1 says that, in order to obtain the spectrum of the Dirac operator D,

except for the countable set o(DP), we need to know the range of the roots of (2.20), which

are given by

—(ay +ap) + \/(OzN —ap)?+ 4F(0)F(9)‘

7f]:l:()‘7 Q) = 6

(2.21)
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Remark 2.2.2. Note that the range of the function

F(O)F(0) = |[F(0)]> =1 + 8 cos (01 ; 92) cos (ﬁ) cos <@>

2 2

is [0, 9] with mazimum and minimum attained at (0,0) and +(27/3, —2m/3), respectively.
Hence, the functions =+/F(0)F(0) touch each other at 0 if and only if F(0)F(0) = 0, that
is, if and only if 0 = £(27/3, —27/3). Since these points belongs to the diagonal

Bd = {9 € B: 61 = —02}, (222)

in order to analyze the range and maximum/minimum points of (2.21), it suffices to con-

sider 0 € By.
Now, the proof of the following result is straightforward:

Lemma 2.2.1. Let A ¢ o(DP). Then ni(\,0) given by (2.21) are not constant functions

in 0 € B and their ranges are given by

lmg 77+()‘7 9) = [aJr: b+] and Hng 777()\, 0) = [b,, @*] )

where
_ —(an +ap) £ |ay — ap]
a4 = 6
b . —(O./N—f-OéB):l:\/(OéN—OZB)Q"—SfS
+ = 6 .
Moreover,

(i) max ne(A, 0) = by and Ianiél N+ (A, 0) = ay which are attained at (0,0) and £(27/3, —27/3),
€ =

respectively.

), Iglaj;(n_(/\, 0) =a_ and %Iliél n—(A,0) = b_, which are attained at £(27/3, —27/3) and
€ €
(0,0), respectively.

It will be convenient to consider the Dirac Periodic operator DP®" acting on functions
u € HY(R,C?) as

du(x

Dr"u(z) = —ihc I )a +mc?u(x)B + q(z)u(x)I, (2.23)

where a and [ are the Pauli matrices given by (2.5) and ¢(z) is the potential obtained by

extending periodically the even potential ¢y (see Section 2.1) to the whole axis R.
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For the spectral problem
DP* p = Ap, (2.24)

let M()\) be the monodromy matriz of DP*", given by the equation
= M(N) , (2.25)

where ¢ is any solution of (2.24). The monodromy matrix shifts a solution ¢ of (2.24) by
the period of the potential. In our case, the period is 1. Let

d(\) == tr(M(N))

be the discriminant of the periodic Dirac operator DP*". It is known that d(\) plays
the major role in the spectral theory of the periodic Dirac operator (see [5]). In the
following, we gather well-known results about the relation between the spectra of DP*" and

its discriminant d(\).

Proposition 2.2.2.

(i) The spectrum o(DP") of periodic Dirac operator is purely absolutely continuous.
(ii) o(DP") ={AeR:|d(N)| < 2}.

(#ii) Let {a}n and {Bn}n be the spectra of the Dirac operator with periodic and semi-periodic

conditions on [0, 1], respectively, and let

By, = [CYQn, 5271] and Bypi1 = [52n+1, Oé2n+1]-

Here,

...S@n<ﬁn§ﬁk+1<C¥k+1§ak+2<...,

with lin‘{l a, = too. Therefore, o(DP") = U, B,. The closed non-overlapping intervals
n—mIroo
B, are called spectral bands (or just bands) of o(DP") and the segments (ay,, 1) and

(B, Bny1) are called spectral gaps (or just gaps).

(iv) Let \P € o(DP) the k™" Dirichlet eigenvalue. Then NP belongs to the closure of (k+1)%"

gap. If the gap closes, AP is the intersection point of two bands.

(v) Let By, be the k™ band of o(DP®) and let X\ € By,. Then d'(\) # 0 and d()\) : By —
[—2,2] is a homeomorphism. Moreover, d(\) is decreasing on Bay, increasing on Bog1 and

has a single extremum in each spectral gap.
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(vi) If qo = 0, the dispersion relation for DP®" is given by

d(\) = 2cos ( %) : (2.26)

Proof. (i)-(v) is a collection of well-known results concerning the spectra of periodic Dirac
operators (see [13, 21, 25, 5, 38]). Here we present the proof of the item (vi). First, note
that, if ¢gg = 0, then

_

p 1 _ p 3
Po(x) = e'n® ., and ¥y (x) = e % | ATme ]
5 1

Amc?

are two linearly independent solutions of the eigenvalue problem (2.24). It is easy to see

that

60(z) = 300(2) = 31z (2)
and

61() = 55 Lolw) + ¥ (0)

are also solutions of (2.24) such that

0

1
¢0(0) = and (Z51<O> =
0 1

Hence the monodromy matrix is given by (see [5])
M) = : (2.27)

Calculating ¢¢(1) we have:

1 .» 1 cp —cp _.»p D
1 7 7
]_ = — h — — h = (—) 5
%o(1) 26 2)\—|—m02)\—m02€ o8 h
since
(r)*  _
A2 — (me?)?
by the energy-momentum relation
N = (ep)® + (mc?)?. (2.28)

Similarly we have that ¢%(1) = cos (2). Hence, by (2.28) it follows that
A2 — (mc?)?
7

and (2.26) is proved. O

==

>3
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Now we check that one is able to extend some results of [23] in order to characterize
the spectrum of D. First, we relate the roots () of (2.20) to the discriminant d(\) of
the periodic Dirac operator DP*" (see Lemma 2.2.2). Next, we present two lemmas that
give conditions on the parameters ay and agp in order to obtain |n4(A,0)| < 1, for § € B.
The proofs of these two results are straightforward from Lemma 2.2.1. This is important
to relate the spectra of the Dirac operator D to the Dirac-periodic operator DP* given by

(2.4) and (2.23), respectively (see Remark 2.2.6).

Lemma 2.2.2. Let A ¢ o(DP) and d()\) be the discriminant of the periodic Dirac operator
DPe*. Then, we have

nA) = ==, (2.29)
where n(\) is a root of (2.20).

Proof. First, we have that d(\) = ¢4(1) + ¢7(1), by (2.27). Since (2.25) holds for any
solution of eigenvalue problem (2.24), it is still valid for ¢y and ;. Then, by (2.25)
and (2.27),

poa(1l) = dp(1) + 5 (0)g1 (1) (2.30)
poa(l) = 95(1) + i (0)g1(1) (2.31)
p1al) = ¢1A(0)¢1(1) (2.32)
p2a(1) = ¢1A(0)¢1(1) (2.33)

By (2.13), (2.14) and (2.31), we have that ¢;(1) = @7 ,(1)¢7(1). Since ¢j(1) = 1/¢7 ,(0),
by (2.33), it follows that ¢}(1) = n(A). Finally, (2.33) implies immediately that ¢?(1) =

n(A). Therefore, (2.29) is proved. O
Lemma 2.2.3. Let ag = ay. Then (2.21) turns to
—an £+/F(0)F(0
(A 6) = Y O)FO) (2.34)

3

Moreover,
(1) If an € [0,3], then |ny(X,0)] <1, for all § € B.

(i1) If an € [=3,0], then |n-(\,0)| <1, for all 6 € B.
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(111) If an € (—3,3), then the touch
me (N £0p) = - (A, £0p) =~ (2:35)
with p = (2r/3,—2m/3), lies in (—1,1). The unique case that
e (A0 <1 and [n-(A,0)] <1

simultaneously is when ay = ag = 0, representing the standard Neumann vertex

condition and the Graphene material (see (2.6)).

Remark 2.2.3. In Theorem 2.3.1 we shall prove that the touch (2.35) is, in fact, a Dirac
cone (see Definition 2.3.1).

The proof of this lemma is analogous to the presented in [12]
Lemma 2.2.4. Let ay # ag. Then (2.21) satisfies:

(1) Ins+(N,0)| <1, for all 0 € B, if ap € (—3,+00) and ;:’Zg <ay < 3.

(ZZ) |77—(/\79)| S ]-, fO?" all 0 € B, ZfO[B € (—OO’+3) and —3 S aN S ;3013.

—ap

Remark 2.2.4. We shall have a look at a spectral difference between D and the Schrodinger
operator H, presented in [23]. It was shown that every Schrédinger-Dirichlet eigenvalue is
an eigenvalue of infinite multiplicity of the Schrodinger operator H. Moreover, each of the
corresponding eigenfunctions vanishes at the vertices of G and are supported on a single
hexagon of G (see Lemma 3.5 of [23]).

However, for the Dirac operator D and A € o(DP), we cannot construct an eigen-
function ¥y of D, supported on a single hexagon, with the Robin vertexr boundary condi-
tions (2.6). Indeed, the continuity condition of (2.6) implies that the first component ¥}
of 1y must vanish at the vertices of G; then, since 1y is an eigenfunction of DP, it follows
that the second component V3 of 1y must vanish at all vertices of G, by (2.12). Hence,

necessarily, ¥y = 0.

Finally, we can describe the spectral structure of the Dirac operator D on the hexagonal

2D structure G.
Theorem 2.2.1. Let D be the Dirac operator given by (2.4). Then:

(1) The singular continuous spectrum of D is empty.
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(11) Except possibly for \ in a countable set, the dispersion relation of D is given by

—(OéN -+ OéB) + \/(OéN — 053)2 —+ 4F<9)F(¢9)

) = . ,

(2.36)

where ay and ag are taken such that |ne(X\,0)| < 1, for all @ € B (see Lemmas 2.2.3
and 2.2.4), and ny.(\, 0) are given by (2.21).

(111) The absolutely continuous spectrum c..(D) coincides, as a set, with o(DP®"), that is,

it has band-gap structure and
0ac(D) = {A € R : |d(N)] < 2}. (2.37)

Remark 2.2.5. The countable set considered in Theorem 2.2.1(ii) is, in fact, the eigen-

values of the Dirac operator DP with Dirichlet boundary conditions.

Proof. The proof of this theorem is based on Theorem 3.6 of [23] and Theorem 7 of [12].
In the following we present the arguments for (7i) and (7).

(ii) Let X ¢ o(DP). Then, by Proposition 2.2.1, (\,6) lies in the dispersion surface
of D if and only if, n(\) is a root of (2.20), that is,

—(OéN -+ OCB) + \/(OCN — 063)2 -+ 4F<6)F(9)

n(A) = 5

By Lemma 2.2.2, d(\) = 2n(\). Now, take the parameters ay and ap such that |1, (A, 0)| <
Land/or |n—(\,0)] <1, forall @ € B, that is, ay and ap according to Lemma 2.2.3 or 2.2.4.
Hence, (A, 0) is in the dispersion surface of D if and only if (2.36) holds. This proves (ii).

(iii) Let A ¢ o(DP) and ay and ap according to Lemmas 2.2.3 or 2.2.4. Then A € o(D)
if and only if (2.36) holds. By Lemma 2.2.1, we see that A € o(D) if and only if [np(\)| <1
(for appropriate ay and ap). Since d(A) = 2n(A), it follows that A € o(D) if and only if
|[d(N\)| < 2, that is, A € o(DP*"), by Proposition 2.2.2. Hence

o(D) = o(DP") = {\ € R: [d(N)| < 2}.

Again by Lemma 2.2.1, n.(),6) are not constant functions in @ € B, for all A ¢ o(DP).
Therefore, (2.37) holds. O

Remark 2.2.6. We underline the importance of Lemmas 2.2.3 and 2.2.4. The Proposition
2.2.1 and Lemma 2.2.2 shown that if X ¢ o(DP), then X\ € o(D) if and only if d(\) = $n(N)

is a root of (2.20). However, with only this information we can not describe the spectrum
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o(D). Since Proposition 2.2.2 has a complete spectral characterization of DP®" in terms of

d(\) (see item (ii)), then it is convenient to ensure that
In(N)] <1, (2.38)

in order to be able to compare the spectra o(D) and o(DP®"). The conditions imposed on
dp and dy in Lemmas 2.2.3 and 2.2.4 implies (2.38) and the spectral characterization of

D is guaranteed.

2.3 Dirac cones

In this section, we prove our results about existence of Dirac cones for the dispersion
relation d(\), given by (2.36). As mentioned in the Introduction, roughly, a Dirac cone
is a point where two spectral bands linearly touch each other, at least in lowest order

approximation. Precisely, we have:

Definition 2.3.1. A point (A, 0p) in the dispersion relation, for X € R and 0p € B, is

called a Dirac cone if there is a constant v # 0 so that

A(0) = Mbp) + O((A(0) — A(¥p))*) = £710 — 0p] + O(10 — Op|*). (2.39)

«_»

In this case, the quasimomentum 6p is called a D-point. In (2.39), the and “+7 are

signs for the valence and conducting bands, respectively.

Theorem 2.3.1 presents necessary and sufficient conditions on the parameters oy and

ap to obtain a Dirac cone in the dispersion relation of the Dirac operator D.

Theorem 2.3.1. Let D be the Dirac operator on the hexagonal 2D lattice G with Robin
vertex condition (2.6). Suppose that ay and ap are according to Lemmas 2.2.3/2.2.4.

Then,
(1) If ay = ap, the dispersion relation of D has Dirac cones at the Dirac points
+(27/3, —27/3) (see Figure 2.5).
(i1) If an # ap, the dispersion relation of D does not have Dirac points (see Figure 2.6).

Proof. Recall that it suffices to consider 6 in the diagonal By = {# € B : 6; = —05} of

the Brillouin zone, since the possible D-points of the function F(6)F(0), (27 /3, —27/3),
belongs to By (see Remark 2.2.2). In By, we have that

F(0) = F(0) =1+ 2cos(,).
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Let ay = ap € (—3,3) (Lemma 2.2.3(%i)). Then by Theorem 2.2.1(7), it follows that
the dispersion relation of D is given by d()\) = 2n.(), 0), for X ¢ o(DP), where

—ay £|F()]

n:l:(Aa 9) = 3

(2.40)

In order to prove (2.39), we expand in Taylor’s series d(\) around A(£6p) and 7. (A, 6)
around £6p, where 0p = 27/3. Expanding F'(f) around 6p, we obtain

1+2cos(f1) = —V3(6; — 0p) + O((6; — 0p)?).

Hence,
|F(0)] = V3|6 — 0p| + O(|6, — 0p). (2.41)

Since 14 (N, 0p) = —an/3, after substituting (2.41) on (2.40), it follows that

ne (X, 0) = TN + ?wl —0p| + O(6; — 0p?),

which implies
V3
nzl:(/\a 9) — ni(/\7 QD) = i?|91 — 0D| + O(|01 - 0D|2)- (242)

Now we expand d()\) around A(fp). Since we are considering A ¢ (D), then d'(\) # 0
by Proposition 2.2.2(v). Hence,

d(\(#)) — d(MBp)) = d'(A(0p))(A(0) — M0p)) + O((\(#) — A(0p))?). (2.43)

In particular, if gy = 0, then by Proposition 2.2.2(vi),

A2 — (mc?)?

d(\) = 2cos 2 (2.44)
Hence,
200 (2 ey
d'(A\0)) = hev/\Om)E — (me)? <\/ e ) : (2.45)
Combining (2.42) and (2.43), we obtain
) = M)+ O((AD) = AOD)P) = = mtsslO = o] + O(18 = O )
that is, (2.39) holds for
v = 2 (2.46)

V3d'(A0p))
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Figure 2.5: The Dirac cones on the dispersion relation of the Dirac operator on the diago-
nal By; here, ay = ag = 0. The solid line for the conduction band and the dashed one for

the valence band.

If we consider —fp, the proof is analogous. Therefore, (i) is proved.
Now, suppose that an # ap and recall Lemmas 2.2.1 and 2.2.4. Let 6 € By, as before.

By Lemma 2.2.1,
—(an + ap) £ |ay — ap|
6 Y

and so 14 (A, 0) and n_ (A, 0) never touch each other in this case. Furthermore, we will show

ni()" eD) =

that 74 (A, @) does not have a linear behavior around +6p. In fact, expanding in Taylor’s

series, we obtain

dns (N, 0
Ne(A, 0) = ne(A, £0p) = %(91 — (£0p)) + O((0 — (ieD))Q);
1
however,
dns(\, £0p) _ AF(6p) ) _
db Viay +ap)? +4F(£0p)?

since F'(+0p) = 0. Therefore, 14 (A, 0) is not linear around £6p. Therefore, the dispersion

relation of the Dirac operator does not have any Dirac points if ay # ap. m
Therefore, we conclude that

Corollary 2.3.1. The dispersion relation of the Dirac operator D modelling the boron
nitride, that is, 6y # 0p in the Robin vertex condition (2.6) (see Remark 2.1.1), does not
have Dirac cones. On the other hand, if one has just one kind of atom on all vertices, then

Dirac cones are present.

Remark 2.3.1. We had a quick look at the formal nonrelativistic limit of the discrimi-

nant (2.44), used to derive the dispersion relation for the (graphene) quantum graph model



2.3. Dirac cones 34

0.5+
0.0r
_05L..--"" ‘~

-1.01

3 2 4 o 1 2 3
Figure 2.6: The dispersion relation of the Dirac operator with parameters ay = 1 and

ap = 0. The solid line for the conduction band and the dashed one for the valence band.

There is no Dirac cone.

through Dirac operator with zero potential, that is,

A2 — (mc?)?
dD()\D) = 2cos ( DﬁQ—CQ .
We have appended the subindex D to indicate the relativistic version, for both, dp and
energy Ap. We have then computed such quantity for the Schrodinger case, also with zero

potential, but taking into account the physical constants, so that

h? d%u
Heu(x) = —%@(@a
and have got
2m
ds(/\g) = 2cos ( F/\g) s (247)

with the subindex S to indicate the nonrelativistic version. Let’s assume that the electron
is in a regime so that the nonrelativistic energy 0 < Mg < mc? and that the relativistic one
is A\p = mc?+ \g, that is, the nonrelativistic energy plus the electron rest mass energy. So,
after inserting

22— (me?)? = A4 + 20 gmc® = 2\g mc?

into (2.44), the nonrelativistic version (2.47) is recovered. Furthermore, for the important

slope v of the Dirac cones we have (see (2.46))

2 1 2 1
W= Z=m ey = Ea o
V3dp(Ap) V3ds(As)
and, under the above conditions, the nonrelativistic vs is recovered from the relativistic

one yp as well.






Chapter 3

AB-Stacked Bilayer and Trilayer
Graphene

In this chapter, we propose a quantum graph model that is supposed to represent the
Bernal-stacked (also called AB-stacked) bilayer and trilayer graphene. This approach is
based on the quantum graph model for a single layer of graphene, proposed by Kuchment
and Post in [23]. We investigate the spectral properties of the Schrodinger operator HAB,
n = 2,3, defined on this structure (see (3.2)). Also, we study the possible presence of Dirac
cones in the dispersion relation of HAB (see Definition 2.3.1). We decided to consider here
(as well in Chapter 4), the Schrodinger operator instead the Dirac operator, since the
obtained results in Chapter 2 are similar to those obtained in [23].

In Section 3.1 we present the proposed quantum graph geometry and the Schrodinger
operators that represent the variations of Bernal-stacked graphene. A spectral analysis of
the bilayer and trilayer Schrodinger operator is performed in Section 3.2. The possible pres-
ence of Dirac cones is presented in Section 3.3. Finally, in Section 3.4, some comparisons

with the physics literature are done.

3.1 Quantum graphs for multilayer graphene struc-

tures

Now we introduce the periodic quantum graphs that is proposed to represent the AB-

stacked bilayer/trilayer graphene; we need a metric graph structure and a suitable Hamil-

35
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(a) Bilayer graphene.

(b) Trilayer graphene.

Figure 3.1: The lattice structures of the AB-stacked multilayer graphene. Some type-A
and type-B points are labelled. For simplicity, in (b) we present only a few links between

sheets.

tonian.

In following, G; always denote a single layer of graphene, defined in Chapter 2 (see
Figure 2.1) . The structure of the bilayer graphene, denoted by G5'Z, consists of two sheets
of graphene, G; and G5 stacked such that a type-A vertex of (; is located exactly above
the corresponding type-A vertex of Gy and alike for type-B vertices; that is, the sheets
are alined. The only connections between (G; and G5 are that each type-A vertex of GGy is
connected with the nearest three type-B vertices of G (see Figure 3.1(a)); such connections
are performed through additional edges.

The trilayer graphene, denoted by G4B, consists of three graphene sheets, G, Gy and
(i3, in an analogous alined stacking of the bilayer case, but now each type-B vertex of GG, is
linked up (only) with the nearest three type-A vertices of G; and the nearest three type-A
vertices of G3, a total of six additional connections (see Figure 3.1(b)). In both cases, the
distance between two consecutive graphene sheets is taken in such way that every edges in
GAB have length 1, for n = 2, 3; ahead we describe how we control the interaction intensity
between consecutive graphene sheets.

Consider the action of group Z? on GAB,
S:Z2x G 5 GAB S(p,x) =+ p By + pobB, (3.1)

where E; and E, are given by (2.1) and x = x1FE; + x9E», that is, S shifts x € G*B by
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(a) W4'B of the bilayer graphene.

(b) WAB of the trilayer graphene.

Figure 3.2: The fundamental domains WaB and WiEB.

p1EL + paEy, p = (p1,p2) € Z2. As fundamental domain of S, we choose the set WAB as
shown in Figure 3.2, which contains two points and three edges of each graphene sheet Gy,
and the edges that connect consecutive layers (as discussed above). It will be convenient
to direct the edges as in Figure 3.2. We label the sheet’s edges by the letter “a” whereas
the edges between two consecutive sheets are labeled by “f”. Let E(GAB) denote the set
of edges of GAB. Moreover, let E(GAB) and E(GAB) denote the set of edges of graphene
sheets and between the graphene sheets, respectively. Hence, E(GAB) = E(GAB)U E(GAB).

Since GAB is supposed to be embedded into the Euclidean space R?, we identify each
edge e € E(GAB) with the segment [0, 1], which identifies the end points of e with 0 and 1.
Hence, we can define, derivate and integrate functions on GAB. We denote a function on
GAB by u = {u,}ec E(gAB), Where u, is a function defined on the edge e. One can naturally

define the Hilbert space of all square integrable functions on GAB,
LZ(gSB> = @ L2(€)7
e€E(GRP)

with norm

||U||%2(gAB) = Z ||u€||%2(e)‘
e€E(9,P)
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To see GAB as a periodic quantum graph, it remains to introduce the Schrodinger
operator acting in L2(GAB). Let ¢ : [0,1] — R be an even continuous function, that is,
qo(x) = qo(1—x) for all z € [0,1]. As we have identified the edges of GAB with the segment
[0, 1], we can define a potential ¢ = {qe}eepgamy on GAE, where ¢, = qo, for all e € E(GAB).
Note that due the evenness assumption on ¢y, the potential ¢ does not depend on the
orientations chosen along the edges; an even potential is a consequence of the fact that we
have the same kind of atoms at the vertices. The following result is easily extended from

Lemma 2.1.1 for this case.

Lemma 3.1.1. The above potential q is invariant with respect to the symmetry group of

G,

Finally, we introduce the Bernal-stacked multilayer graphene Schridinger operator H2E,

n = 2,3, which acts on a function v € dom (H2B) as

HPu(r) = (<A + g(e)ue(e) =~ ) g ), 62)

for all e € F(GAB). When the context is clear, the subscript “e” will be omitted. The

domain dom (H2B) consists of the functions u on GA® such that

(i) u. € H?(e), for all e € E(G2B), where H?(e) is the usual Sobolev Space in the edge e;

(i) Y el < oo

e€E(GAB)

(iii) The Neumann vertex conditions (or Kirchhoff vertex conditions), which requires the
continuity of the functions (3.3) at each vertex v € V(G2B) and the vanishing of the
total flux (3.4) at v, that is,

Uey (V) = ue, (v), for all ey, ey € EU(QSB), (3.3)

Z ul (v) + Z tous(v) =0, (3.4)

a€Ey (GAB) FEEL(GAP)
where E,(GAB) is the set of edges of the graphene sheets that contains the vertex
v, E’v(gﬁB) is the set of edges between consecutive sheets of graphene sheets that
contains v, u.(v) is the derivate of u, directed from v to the other vertex of e and

0 < to is an interaction (real) parameter between consecutive layers.
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This definition makes H2B an unbounded self-adjoint operator [22, 20, 4] and, by the
evenness condition on the potential and Lemma 3.1.1, it is invariant with respect to all

symmetries of the graph GAB.

Remark 3.1.1. A word on the role of the interaction parameterty. The interaction between
consecutive layers of graphene is weaker than the interaction between neighboring carbon
atoms in the same layer. If to = 1 we would have no distinction between the interactions;
so we have proposed to take 0 < ty < 1 as a way to control the influence of an atom in a
different sheet to the flux through a vertex; the smaller ty smaller the influence. However,
the general results here (Theorems 3.2.1 and 4.3.1) hold true for all positive values of the
interaction parameter to > 0, and so it is natural to ask whether such property is shared

with other models, as the tight-binding one; we don’t know the answer.

3.2 Spectral Analysis of the AB-stacked multilayer
graphene operator

In this section we use Floquet-Bloch theory [13, 21, 38, 5] to study the spectrum of HAB;
we extend results of [23]. We begin with general remarks, then we specialize to bilayer ad
trilayer graphene.

For each quasimomentum 6 = (01,6,) in the Brillouin zone B = [~ 7]?, let HAB(9)
be the Bloch Hamiltonian acting in L2(WAB) as in (3.2), but with a different domain:
dom (H2B(#)) is the subspace of functions u that satisfy (i), (ii) and (iii) in dom (H2B),

and also the following Floquet condition
u(@ + prBy + p2Bp) = ePu(z) = PRy (g), (3.5)

for all p = (p1,p2) € Z% and all z € GAB. Tt is well known that H2B(6) has purely discrete
spectrum [22], denoted by o(HAB(6)) = {\e(0)}r>1. The function § — {\(0)} is called
the dispersion relation of HA® and it determines its spectrum [13, 21, 38, 5]

o(HLP) = | o(HAP(0)). (3.6)
oeB

The goal now is to determine the spectra of o( HAB(0)), 6 € B, by solving the eigenvalue

problem

H2B (0w =M u, MNER, wucdom(HB(H)). (3.7)
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Consider two auxiliary operators. The first one is the Dirichlet Schrodinger operator

HP that acts in L2([0, 1]) as

HPu(z) = —% + qo(z)u(z), (3.8)

where u satisfies the Dirichlet boundary condition, that is,
u(0) = u(1) = 0. (3.9)

It is well known that H” has purely discrete spectrum, denoted by o(H”) = {A\P}151 (see,
for instance, [5]).
In order to describe the second operator, let g, be the potential function obtained by

extending periodically gy to the whole real axis R. The Hill operator HP®" acts in L2(R) as

2
H?ﬂu@»::—§ég§2+-%4xy4xy (3.10)

For the spectral problem
HPp = \p, (3.11)

consider the monodromy matriz M(X) of HP®" given by (see [5])

= M(\) , (3.12)

where ¢ is any solution of the problem (3.11). The matrix M (\) shifts [gp(()) @’(0)] ! by
the period of g, (in our case, 1). Let

D()) = tr(M(\))

be the discriminant of the Hill operator HP'. There are many results and properties about
the spectrum of the Hill operator HP*" and its discriminant D(\) (similar to the Proposition
2.2.2 for periodic Dirac operator). The next proposition is a collection of well-known results

concerning the Hill operator and its discriminant (see [13, 21, 25, 5, 38]).
Proposition 3.2.1. Let H?*" be the Hill operator given by (3.10). Then:
(1) The spectrum o(HP®") of the Hill operator is purely absolutely continuous.

(i) o(HP) = {A € R : [D(\)| < 2}.
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(111) Let {a,}n and { By} be the spectra of the Hill operator with periodic and anti-periodic

conditions on [0, 1], respectively, and let

Bor = [aak, Bak] and Bogi1 = [Bogq1, Qopsn]-
Here,
<<l <a<a<...,
with klim ay = oo. Therefore, o(HP®") = U By. The closed non-overlapping intervals
—00
By, are called bands of o(HP®") and the segments (ag, ci1) and (Bg, Bry1) are called
spectral gaps.
() Let o(HP) = {\{}x and let \] € o(HP) the j* Dirichlet eigenvalue. Then A} belongs
to the closure of the ™ gap. If qo is symmetric, then )\;l 1s one of the two edges of the
gap. If the gap closes (to a single point), )\f 18 the intersection point of two bands.

(v) Let B; be the j' band of o(HP®") and let X € B;. Then D'(\) # 0 and D()\) : B; —
[—2,2] is a homeomorphism. Moreover, D(\) is decreasing on (—oo, ) and B,

increasing on Bop1 and has a single extremum in each spectral gap.
(vi) If qo = 0, the dispersion relation for HP®" is given by
D(\) = 2cos(0), (3.13)

where 6 is the one-dimensional quasimomentum.

Bilayer graphene

The structure that represents the AB-stacked bilayer graphene G438 consists of two graphene
sheets, as described in Section 3.1; see Figures 3.1(a) and 3.2(a). Let us write out the
conditions (3.3), (3.4) and (3.5) on the fundamental domain W2E (Figure 3.2(a)). As we
identify each edge e with the interval [0, 1], it follows that v;; ~ 0 and v;y ~ 1, for i = 1, 2.
By the continuity condition (3.3),

Uayy (0) = Uayy (0) = tay5(0) = uy, (0) =1 Ay
Uagy (0) = Uagy (O) = Uaqys (O) =: Ay

(3.14)

The Floquet condition (3.5) implies that

Ug, (1) = eieluaiz(l) and U, (1) = eiezuaiz),(l)a 1=1,2, (3.15)
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so by (3.3),
Uqy, (1) = Py, (1) = e®u,, (1) =: B
)= 1) = (1) = By -
Uagy (1) = €Uy (1) = Py (1) = up (1) =: By
Similarly, by the zero-flux condition (3.4),
g, (0) + g, (0) +u, (0) +togul, (0) =0
U (1) 4 € 1) 4 €0, (1) = O 17
Uay, (0) + 115, (0) + 1g,,(0) = 0
Uy, (1) + e, (1) + e, (1) + to ), (1) = 0

Let A ¢ o(HP). Then there exists two linearly independent solutions ) o, @1 of the

problem ,
TOO) | pwrota) = Xola), (3.18)
such that
Pr0(0) = ©x1(0) =0 (3.19)
@ro(l) =0 eai(l) =1
and
Pha() = —pho(l—2), x€l0,1]. (3.20)

Since each edge of W2 is identified with the interval [0, 1], we can define ¢, ; in each
edge and we will keep the same notation ¢ ; for such functions. Hence, for each A ¢ o(HP),

we can represent
,

Uq,, = Aipro + Bioan

Uq;e = AiQD)VO + 671’91 Bi@x\,l
’ i=1,2. (3.21)

_ —130.
Ugyy = Aioro + €2 Bipox

up, = Ao + Bapan

\
It is easy to see that the function defined by (3.21) satisfies the continuity conditions (3.14)
and (3.16) and solves the eigenvalue problem (3.7). It remains to verify condition (3.17).
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By substituting (3.21) into (3.17), we get

/

(34 t0) A1 4 (0) 4+ F(0) Bigh 1 (0) + to Boghy 1(0) = 0
F(0)A1¢) (1) + 3By (1) =0

(9) 1%\,0( ) 190)\,1( ) 7 (3.22)
3426 (0) + F(0) B2y 1(0) =0

oAl o(1) + F(0) Aa) (1) + (3 + t0) Ba 1 (1) = 0

where F(0) := 1+ e + 7% and F(0) is its complex conjugate. By (3.20), we have that

Pho(1) = =4 1(0) and ¢ 4(0) = —¢) ,(1). Thus the system (3.22) is equivalent to
(34 10) A (1) + F(O)Bagh (0) + 1o Bagh1(0) = 0
—F(0)A1931(0) + 3By 4 (1) =0

i (3.23)
342001 (1) + F(0) B2y ,(0) = 0
| —toA19)1(0) — F(0) A2\ 1(0) + (3 + to) Bapy 1 (1) = 0
Since ¢\ ;(0) # 0, the quotient
Pha(1)
nA) = == 3.24
» 90,\,1(0) ( )

is well defined. Hence, dividing the system (3.23) by ¢} ;(0) and multiplying the second
and fourth lines by —1, we obtain
( _

—TonA; + FBy +tyBy =0

FAl - 37731 =0

i : (3.25)

\tOAl + FA2 - T()?’]BQ =0

where Ty = 3 + tg, n = n(A\) and F' = F(#). The matrix form of the system (3.25) is
MEB(N,0)X =0, (3.26)

[ Ton F 0t
F =3 0 0
0 0 -33 F
to 0 F —Ton_

MEB(N, 0) = (3.27)
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From now on, we will omit the dependence on € in the matrix M4B()\, ). Note that
det(MAHB(N)) = 0 is a quartic polynomial in n(\). Hence, if there exists a § € B such that
det(MEB(N)) = 0, that is, n()\) is one of the four roots of det(M25B(\)) = 0, it follows that
the representation (3.21) solves the eigenvalue problem (3.7) and so A € o(H4B), by (3.6).

Trilayer graphene

We now analyze the case n = 3; G4B consists of three graphene sheets G, Gy and Gj.
Similarly to the case n = 2, lets write out the conditions (3.3), (3.4) and (3.5) on the

fundamental domain WAB (see Figure 3.2(b)). Since
U, (1) = €Pug, (1) and  wg, (1) = €®u,, (1), i=1,2,3,

it follows that the continuity condition (3.3) is equivalent to

p

: (3.28)

Uy, (1) = Py, (1) = €®u,,, (1) = up, (1) = uyp, (1) =: By
Ugay (0) = Ugy, (0) = Ugqy (0) = up, (0) =: Aj

[ Uas (1) = €Uy, (1) = €1y (1) =: By

and the zero-flux condition (3.4) is equivalent to

(1, (0) + 14, ,(0) + t10y, (0) + to ), (0) = O

up, (1) + el (1) +e®ul (1) =0

tg,,, (0) + ug,, (0) + uy,. (0) = 0 | (3.20)
ul, (1) + el (1) 4 eul, (1) + to u'y (1) +toul, (1) =0

g, (0) + uy,, (0) + g, (0) + o uly, (0) = 0

(1)

101,/ 62,/
+ ey (1) + e,

(1) =0



3.2. Spectral Analysis of the AB-stacked multilayer graphene operator 45

Let A ¢ o(HP) and let pyo and ¢y be the two linearly independent solutions of the
problem (3.18) that satisfies (3.19) and (3.20). If we write

(

Ua;y = Ai@A,O + Bi@/\,l
Ug,y = Ai(p)\70 + e~ Bi@)\J
uaig = Ai(P)\,O + e_szi(P)\J Z = 17 27 37 (330)

uf, = A1pao + Bapan

U = Aspxo + Bapaa

the continuity condition (3.28), as well problem (3.7), are satisfied. It remains to verify
the zero-flux condition (3.29). Similar to the bilayer graphene case, the matrix form of the

obtained system in this case is

MEP(AN)X =0,

T

AT
MTOT0 My,

MEB(N) = , (3.31)

my, Nt
where Ty = 3+ to, Ty = 3+ 2to, F = F(0) =1+ €% + ¢z,

T F0
F =33 0 0
My, = ! |, (3.32)
0 0 -3 F

to 0 F —Ton

000 t Ty F
g, = I and Ny = | " . (3.33)
000 0 F o -3

Note that M5B()\) = Mp,7,. Thus, if there exists € B such that det(M4B()\)) = 0,
the representation (3.30) solves the eigenvalue problem (3.7) and so A € o(HAB).
Joint spectral analysis

Therefore, we have the following result (as before, we keep the dependence of MAE(X) on @

implicit):
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Proposition 3.2.2. Let A ¢ o(HP). Then, for n = 2,3 and ty > 0, the real number
A\ € o(HAB) if and only if there exists 6 € B such that

det (M;P(X)) = 0. (3.34)

Note that det(MAB(N)) = 0 is a polynomial of degree 2n in n(\), for n = 2,3. By
Proposition 3.2.2, the spectra o(HAB) are basically determined if we know the range of
all 2n roots n(A, 6) of det(MAB(N)). For the case n = 2 we can easily calculate the roots
of (3.34). We use the Laplace’s expansion formula for matrix determinants in M5B()\),

given by (3.27), to obtain
det(MyP(N) = 9Tgn*(A) — (9t + 6ToF(0) F(60))n* (V) (3.35)
+ (FO)F(9))” =o0.

Note that we can easily turn the quartic equation (3.35) into a quadratic one (just introduce

§ = n(A\)? and calculate the two roots for §). Thus, the four roots are

to,0) £ to,0)2 — 3612 (FF)?
(A 0) :i\/G2< 0,9) \/G21(8°T’2) SOT (FE) (3.36)
0

where Gy(tg,0) = 9t2 + 6T, F'F. Here, the subscript & refers to the outside “ 47 of the
first square root symbol while the superscript £ refers to the inside one.
For n = 3, applying Laplace’s formula to (3.31), we obtain
det(M5B(N) = 27T2Tyn5 — (54Tpt2 + 9(TE + 2T0Ty) F F)n' (3.37)
+ (I83FF + 3(2Ty + To)(FF)*)n* — (FF)?.

The six roots of det(M35B())) are the following:

Gs(to,0) = /Galto, 0)? — 36TV Ty (FF)?

E(N, 0) =+ . , 3.38
7 (.9) 18Ty Ty (3:38)
FF
7 =44/ = .
N+(A, 0) 3T (3.39)

where Gs(to,0) = 182 + 3(T + Ty)FF.

Remark 3.2.1. To calculate the exact roots (3.38) and (3.39) of det(MEB(N)) = 0, we
have first replaced, in MEB(X), the matrices 1y, and m], by zero, to obtain a block matriz
MAEB(N), so that

det(MEP(N)) = det(My, 7, ) det Ny
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Hence, the siz roots of det(M4B (X)) = 0 are composed by the four roots of det(Myp,7) =0

and the two roots of det Ny, = 0. Since the two determinants
det(M5B(N) =0 and det(MLB(N) =0 (3.40)

have similar expressions, it was observed that the six roots of the original determinant
should be similar to the roots of det(M4B(X)) = 0. Then, (3.38) was obtained from inspec-
tion and suitable modifications on the roots of det My, 7 ; (3.39) are the roots of det Ny, = 0

(the latter resembles the single layer case [23]).

So far, we have considered A ¢ o(HP). In this case, we managed to establish a re-
lationship between such \’s with the spectrum of H2B (see Proposition 3.2.2). Now, let
A\ € o(HP), i.e., an eigenvalue of the Dirichlet operator H?. For n = 2,3, the proof of

next lemma is analogous to the proof Lemma 3.5 of [23] and Lemma 6 of [12].
Lemma 3.2.1. Each A € o(HP) is an eigenvalue of infinite multiplicity of H2B.

Before we state the spectral characterization theorem of the Bernal-stacked multilayer
graphene Schrodinger operator, let us discuss details of the relation between the roots n(\)
of det(MAB())) = 0 and the discriminant D()) of the Hill operator HP*, for n = 2,3
([23], page 813). As in Chapter 2, this is important to relate the spectrum of HP*' to
the spectrum of HAB. The proof of the following lemma is analogous to Lemma 2.2.2; we
just consider the monodromy matrix M (\) of Hill operator HP®" instead the monodromy

matrix of the periodic Dirac operator DP°".

Lemma 3.2.2. Let A\ ¢ o(HP) and D(\) be the discriminant of the Hill operator HP.

Then for HXE and HAL®B, we have
n(\) = =D(\). (3.41)

We are ready to characterize the spectra. The following result is proved with the same
arguments presented in the proof of Theorem 2.2.1. Also, see [12], Theorem 7, and [23],
Theorem 3.6.

Theorem 3.2.1. For the Bernal-stacked graphene Schridinger operators HAB, n = 2.3,

n )

we have:

(i) The singular continuous spectrum of the HXB is empty.
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(ii) The dispersion relation of H2B consists of two parts:
o the pairs (A, 0) (X & o(HP)) such that
D(A\) =2n(N), (3.42)
where n(\) are the 2n solutions of the equation det(MAB()\)) = 0;
e the collection of flat branches X € o(HP), that is, the pairs (X, 0) for any 6 € B.

(iii) Its absolutely continuous spectrum o..(HAB) coincides, as a set, with o(HP®), that

18, 1t has a band-gap structure and
Oac(H2B) = {A € R : |D(N\)| < 2}. (3.43)
(iv) The pure point spectrum of H2E coincides with o(HP), and each N € o(HP) is an
eigenvalue of infinite multiplicity of HXB.
(v) The absolutely continuous spectrum of HAB has gaps if and only if o(HP®") has gaps.

For the bilayer graphene operator H2E, the four curves of the dispersion relation (3.42)

reduces to

2 _ 2 \2
D(\) = i2\/G2<t0’ b) £ \/G21(;<;5) 36T5(FF)°
0

where Gy(to,0) = 9t2 + 6T, F'F', and to obtain the six curves of the dispersion relation of
the trilayer graphene operator H B, (3.42) takes the form (recall (3.38) and (3.39))

Gs(to, 0) % \/Gi(to,0)? — 36Ty To(F F)?

D(\) = +2 .
18Ty T

and

where Gg(tg, 9) = 1825(2) + 3(T0 + To)FF
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3.3 Study of Dirac cones

Now we present our main result about Dirac cones (recall Definition 2.3.1) in the disper-
sion relation of the Bernal-stacked multilayer graphene Schrédinger operator (see Theorem

3.2.1(ii)).

Theorem 3.3.1. For the Bernal-stacked bilayer and trilayer graphene Schrodinger opera-

tors HYB and HLB, respectively, and each ty > 0, we have:

(i) The dispersion relation of H>B presents parabolic touchings at the points 4=(27/3, —27/3)

in the Brillouin zone, but no Dirac cone (see Figure 3.3).
(ii) The dispersion relation of HYB presents (see Figure 3.4):

e two Dirac cones at the D-points £(2mw/3,—2m/3), and

e two parabolic touchings at the same points £(27/3, —2m/3).

Proof. (i) By Theorem 3.2.1(ii), the non-constant part of the dispersion relation for the
AB-stacked bilayer graphene is given by D()\) = 2n3 (), ), where

+ /G2 — 3612 (FF)?
O 0) = 4] 22 VG 26 o (FF)" (3.44)
187}

with Gy = Gy(tg,0) = 92+ 6Ty FF and F = F(f) = 14 ¢ + €92, It is easy to show that

Lemma 3.3.1. As functions of 0 € B, nif(\,0) satisfies:

(i) maxnt (X, 0) = 1 and minnf (X 0) = /(3 + ty), which are attained at (0,0) and
+(27/3, —2m, 3), respectively.

(11) maxn, (A, 0) = 3/(3 +ty) and minn, (A, 0) = 0, which are attained at (0,0) and
+(27/3, —2m, 3), respectively.

(iii) maxnt (X, 0) = —to/(3+ty) and minnt (X, 0) = —1, which are attained at +(27/3, —27, 3)
and (0,0), respectively.

(iv) maxn_(A,0) =0 and minn_ (A, 0) = —3/(3+ty), which are attained at (27 /3, —27, 3)
and (0,0), respectively.
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0.4f

0.2}

Figure 3.3: The dispersion relation of the AB-stacked bilayer graphene operator restricted
to By and 6, € [2?” -5 2% + ﬂ, with the parameter ¢ty = 0.3. There are no Dirac cones,
only quadratic touchings.

0.6¢

04/
02/
00!
02!

-0.4}

Figure 3.4: The dispersion relation of the AB-stacked trilayer graphene operator restricted

to By and 6, € [%’r - %’r + ﬂ, with the parameter ty = 0.3. There is a Dirac cone at

27/3. Note that there is also a quadratic touching at 27 /3.

Note that the possible Dirac cones in this case depend on the function

F(O)F(0) = |F(0)]* = 1 + 8cos (61 ; 92) cos (%) cos (%) .

We have that |F'(0)| = 0 if and only if § = £0p, where 0p := (27/3,—27/3), and since

these points belong to the diagonal
Bd::{968:91:—92}

of the Brillouin zone B, it suffices to study ni restricted to By. Note the touching at +6p
given by Lemma 3.3.1, items (ii) and (iv), where minn, (A, £0p) = maxn_(\,£6p) = 0
(that is, D(\) vanishes).
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For 0 € By, F(#) =14 2cos(6;) and then (3.44) takes the form

Go £ /G3 — 3613 F*
nE(\,0) = i\/ 1§T2 0 (3.45)
0

Calculating dni/df, we get

2G2GL—144T2 F3F’
o T 2(18TH)Y2(Gy £ (G% — 36T3F4)/2)1/2’ '

where G, = 12T, FF'. Thus, dnf/df do exist for every 6 € By and vanish at +27/3, since
F(+27/3) = 0; so the branches 1T have a quadratic behaviour close to +27/3 and do not
present Dirac cones. However, we have an indetermination (i.e., 0/0) for dny /df in +27/3
(otherwise they are well behaved); the behaviour of these functions around £27/3 can be

obtained by recalling that, for small z, we have

x?

1 UCPSE NI,
(1+2) +2 3

Then, for 6 close to +27/3,

_00) jE\/975%; + 6Ty F2 — /(92 + 6Ty F2)2 — 3612F7
Ny A, =

1872
1/2
012 + 6Ty F2 — Ot (1 + %F?)
= + 0
\ 1377
013 + 6Ty F? — 9t 1+ 2 P2 — S )
~ j: 0 0
\ 1877
F2
=+
30

Thus, 15 (A, 0) also have quadratic behaviour near +27/3. Therefore, the dispersion re-
lation of the AB-stacked bilayer graphene does not present Dirac cones and have two
parabolic touchings at +0p = +(27/3, —27/3).

(ii) By Theorem 3.2.1(ii), the non-constant part of the dispersion relation for the AB-
stacked trilayer graphene is given by D(A) = 2n(A,0), where n(\, 6) are the six roots of
det M4B()\), which are given by (3.38) and (3.39). Analogously to the bilayer graphene

case, it is sufficient to consider # € B,;. Thus, (3.38) turns to

Gs =+ \/ G2 — 36Ty Ty F*

ot
AO)==£ —
1t (A, 0) 18Ty T,

: (3.47)
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where G5 = G3(to,0) = 9t2 + 3(Ty + Ty) F? and F = F(#) = 1+ 2cos(6;), and (3.39) takes

the form
[F'(0)
V3T,

The proofs that (3.47) does not have Dirac points and have two parabolic touching at +60p

(N, 0) = £ (3.48)

are analogous to the proof presented for item (i). It remains to show that D(A\) = 2774 (A, 0)
satisfies (2.39) (recall Definition 2.3.1).
Expanding (3.48) in Taylor’s series around +6, where § = +27/3, we get

=X, 0) = 71:(X,0) = 716, — 0] + O(|6, — 0]), (3.49)
where 7 = Tio, since 7+ (), 0) = 0 and

cos by — —% - \/75(91 _0)+ O((6: — 6)).

We have 7 # 0, since ¢, > 0. It remains to analyze D(A) = D(A(#)). Since D'(A(F)) # 0 in
the spectral bands of o(H4B) (see [23], Proposition 3.4), then we can expand D(A(f)) in

Taylor’s series around A(f), to obtain

D(A(B)) — D(A(©B)) = D'(A(0))(A(®) — A(9)) + O((A(H) — A(0))?). (3.50)

In particular, when gy = 0, that is, in the free case, since D(A(6)) = 2 cos \/A(0), it follows

that _
_sin(y/A(6)) '

A(0)
Combining (3.49) and (3.50), we obtain (2.39), with v = 7/D'(A()). Therefore, the

D'(A(0)) =

dispersion relation of the AB-stacked trilayer graphene have two Dirac cones, precisely at

+(27/3, —27/3) in the Brillouin zone B, and the proof of the theorem is complete. O

3.4 Comparison with physics literature

Our study about the spectrum and the dispersion relation of the AB-stacked bi- and
trilayer graphene is based on a limit model, using periodic quantum graph structures.
The advantage of this method is that the dispersion relation has an explicit analytical
expression.

The obtained results are consistent with the physics literature. For instance, bi- and tri-

layer models have a gapless band component and thus may be characterized as a semimetal.
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The rigorous non-existence of Dirac cones on the dispersion relation for our model of
AB-stacked bilayer graphene and with gapless parabolic bands touching at two points,

illustrated in Figure 3.3, are similar to results obtained
(i) through tight-binding calculations [39, 30, 32],

(ii) by an effective two-dimensional Hamiltonian [31] that acts in a space of two-component

wave functions (& la Dirac equation),
(iii) by using a m-orbital continuum model with nearest-neighbor tunneling [33].

This opens the possibility of chiral particles with a parabolic nonrelativistic energy spec-
trum [34, 32]; a subject to be investigated.

For the trilayer graphene with AB-stacking, the presence of Dirac cones was observed
in [26, 2, 33] through tight-binding calculations; this is compatible with Theorem 4.3.1(ii)
for our graph model and illustrated in Figure 3.4. Another point of agreement with the
physics literature is that, for the trilayer case, the Dirac cones come from just one pair of
curves in the dispersion relation, and they are absent in the other two pairs [33]; it can
be seen as a combination [7] of features of a single graphene sheet with the bilayer one,
exactly what our results reveal (see, e.g., Remark 3.2.1).

For the trilayer graphene, we have found that the existence and location of D-points is
independent of the value of the interlayer interaction parameter tq. It would be interesting
to investigate whether this occurs for, say, tight-binding models, at least for a range of
interaction parameters; we have not found any result in this direction in the literature.

Finally, a natural question is whether other models and/or experiments also provide

Dirac cones for the trilayer case for any interaction intensity between layers.






Chapter 4

A A-stacked multilayer graphene and
graphite

In this chapter we perform a similar study to Chapter 3; we propose a quantum graph
model to represent the AA-stacked multilayer graphene and graphite. We shall notice the
differences with respect to Chapter 3:

e While the quantum graph geometry, that models the AB-stacked bilayer and tri-
layer graphene, was obtained by connecting the type-A points with type-B points of
two different sheets of graphene (see Section 3.1), in the AA-stacking of graphene
layers every type-A point of a graphene sheet is connected to the type-A points of

consecutive sheets of graphene, and similarly for type-B points (see Figure 4.1).

e In the Chapter 3, we explicitly studied the cases with two and three graphene sheets.
It was concluded that for the AB-stacked bilayer graphene, the dispersion relation
of the Schrodinger operator do not have Dirac cones (see Section 3.3), while for the
trilayer case, there are two pairs of Dirac cones in the Brillouin zone. However, by
modeling the AA-stacked multilayer graphene, it was possible to, besides explicitly
study the bilayer and trilayer cases, study the case with n layers of graphene sheets
under some controlled approximation, for any number of layers. Also, the A A-stacked
graphite was modeled by a 3D quantum graph. In all these cases, it was observed

Dirac cones in the dispersion relation of the Schrédinger operator (see Section 4.3).

This chapter is structured as follows. In Section 4.1, we present the construction of

o4
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the periodic quantum graphs and the Schrodinger operator that models the AA-stacked
multilayer graphene and graphite. In Section 4.2, we perform the spectral analysis of the
Schrodinger operator. The study of Dirac cones is in Section 4.3 and we finish the chapter

with a comparison of obtained results with the physics literature, in Section 4.4.

4.1 Quantum graphs for finite and infinite numbers
of graphene sheets

We begin introducing the periodic quantum graphs that are herein proposed to represent
the AA-stacked multilayer graphene, for any (finite) number of layers, and the AA-stacked
graphite. The metric graph structure that models the AA-stacked multilayer graphene is
defined as follows. Let {G\}}_; be n sheets of graphene, each one as defined in Section 2.1,
stacked so that a type-A vertex of G}, is located exactly above the corresponding type-A
vertex of Gj_1, 2 < k < n. In this structure of multilayer graphene, denoted by GA4,
is that type-A (type-B) vertices of Gy are linked up (only) with their respective type-A
(type-B) vertices of Gyyq, for k = 1,...,n — 1, as shown in Figure 4.1. We assume that
all edges in GA* have length 1 for all n. The way how we control the interaction intensity

between (consecutive) graphene sheets is described in Remark 3.1.1, in Section 3.1.

\/\\
BiNEi

PEENEEw
|

Figure 4.1: The lattice structure of AA-stacked multilayer graphene.

The action of the group Z? on G2 is the same for the AB-stacked multilayer graphene
(see (3.1) in Section 3.1), that is, is the shift

Z° x G5 (px) = x4+ LBy + b, (4.1)
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where Fj, Ey are given the lattice vectors, given by (2.1), and = = x1E) + x9F5 € Q,‘?A.
As fundamental domain of this action, we choose the set W24 shown in Figure 4.2, which
contains two (consecutive) points and three edges of each graphene sheet Gy, and also the

edges that connect consecutive layers (as discussed above).

Gs

G,

Gy

Figure 4.2: The fundamental domain W24 with two vertices and three edges of each graphene sheet

and the connecting edges of consecutive layers.

Now we define the 3D periodic quantum graph that is proposed to model the AA-
stacked graphite, denoted by Q§A. Let {Gy}rez, where Gy is a graphene sheet, for each
k € 7Z, each one defined as in Section 2.1, stacked up in the same way that GA* is and,
again, we assume that all edges in QQA have length 1. The action of the group Z3 on QQA

is defined by

3
S, 1 7P x g?A — g?A, Se(p,z) =x+ ZpiEi, (4.2)
i=1

where Ey = (3/2,4/3/2,0), E; = (0,/3,0) and E5 := (0,0,1) are the lattice vectors; its
fundamental domain W,** is similar to WA* and is presented in Figure 4.2. It contains
only two vertices {v1, v} and three edges {ay, as, as} of one graphene sheet and four edges
{f1+, [+ } that connect this layer to the others. It will be convenient to direct the edges in
both WAA and WgAA as in Figures 4.2. We label the sheet’s edges by the letter “a” whereas
the edges between two consecutive sheets are labeled by “f”. We denote both quantum

graphs by gg‘A, where ¢ = n represents the AA-stacked (n-)multilayer graphene and o = g
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represents the AA-stacked graphite. We recall some notations:

1. E(GX*) denote the set of edges of GM;

\)

. BE(G)*) denote the set of graphene sheets edges of G2

w

. E(QQAA) denote the set of edges of gzj‘A that connect the sheets of graphene;

4. V(G3) the set of vertices of G244

Since Q;*A is supposed to be embedded into the Euclidean space R?, we identify each
edge e € E(QQAA) with the segment [0, 1], which identifies the end points of e with 0 and
1. This allows us to define and differentiate functions along the edges. The arc length
metric induces a measure, denoted by dx, which permits to integrate functions on Q’?A. In
particular, we can naturally define the Hilbert space of all square integrable functions on
G,

LG = @ Le).

ecE(GAN)
We denote functions on Q?A by u = {ue}ec E(GAM) where u, is a function acting on the
edge e.

To see QQA as a periodic quantum graph, it remains to define the Schrodinger operator
acting in LQ(QSA). It is defined in an analogous way to Section 3.1 and we repeat here the
procedure. Let qo : [0,1] — R be an even continuous function, that is, go(x) = go(1 — )
for all x € [0,1]. As we have identified the edges of Q;\A with the segment [0, 1], we can
define a potential q = {qe}eeE(gé%A) on gﬁA, where ¢. = qo, for all e € E(gﬁA)_ Note that
due the evenness assumption on ¢q, the potential ¢ does not depend on the orientations
chosen along the edges; an even potential is a consequence of the fact that we have the

same kind of atoms at the vertices. We have (see Lemma 2.1.1):

Lemma 4.1.1. The potential q above defined is invariant with respect to the symmetry

group of gg}A, for both o =n,g.

Finally, we define the A A-stacked multilayer graphene and A A-stacked graphite Schrodinger

operator H,*, which acts on a function u € dom (H2*) as

H}Mue(ze) = (—A + q(2))ue(z.) = —dZe—xge) + Ge(xe)ue () (4.3)

for all e € E(gﬁA). When the context is clear, the subscript “e” will be omitted. The

domain dom (H,*) consists of the functions u on G5 such that
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(i) ue € H?(e), for all e € E(G)*), where H?(e) is the usual Sobolev Space in the edge e.
(ii) Z e | Fr2(ey < 00
e€E(GLA)

(iii) The Neumann vertex conditions (also called Kirchhoff vertex conditions), which re-
quires the continuity of the functions at each vertex v, and the vanishing of the total

flux at v, that is,

Ue, (V) = U, (v), for all eq,eq € EU(QQAA), (4.4)
douw)+ Y teuf(v) =0, (4.5)
a€Ey (GHA) FEEL(GAMN)

where E,(G5*) is the set of edges that contains v (analogous to E,(G,*) and EU(QZ}A)),

/

u,(v) is the derivate of u, directed from v to the other vertex of e and 0 <ty < 1 is

an interaction parameter between consecutive layers.

Recall Remark 3.1.1 in Section 3.1 for details about the justification of the parameter
to in (4.5). The operator H Z}A is an unbounded self-adjoint operator [22, 20, 4] and, by
the evenness condition on the potential and Lemma 4.1.1, it is invariant with respect to

all symmetries of the graph QSA.

4.2 Spectral Analysis

In this section we perform a similar study to Section 4.2; we use Floquet-Bloch theory
[13, 21, 38, 5] to study the spectrum of HSA; we extend results of [23]. We begin with
general remarks, then we specialize to bilayer, trilayer, the general n-layer graphene and,
finally, to graphite.

Let B, = [—m, n]* and B, = [—,7]* be the Brillowin zone of G} and G, respectively.
For each quasimomentum 6 € B,, let H?A(G) be the Bloch Hamiltonian acting in LQ(W?A)
as in (4.3), with (different from H}*) domain dom (H,*(6)) which is the subspace of
functions u that satisfies (i), (ii) and (iii) in dom (H}*) and also the following cyclic

condition (or Floquet condition):
u(z + pE) = eu(x), (4.6)

where pE = Z;lejEj, pl = Z;lejé’j, for all p € Z* and all z € QQAA, with ¢ = 2 for
o=mnand i =3 for p =g. It is well known that H ﬁA(G) has purely discrete spectrum [22],
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denoted by o(H}(0)) = {\{(0)}x>1. The function 6 — {A{(#)} is called the dispersion
relation of H?A and it determines its spectrum [13, 21, 38, 5]

o(HM) = | o(H}M(0)). (4.7)
0eB,

The goal now is to determine the spectra of o( H ?A(O)), 6 € B,, by solving the eigenvalue
problem

H}(O)u= u, XNeR, ue DHI0)). (4.8)

As in Section 3.2, we consider two auxiliary operators. The Dirichlet Schridinger
operator HP | given (3.8) and satisfying the Dirichlet boundary condition (3.9), that is, a
function u € L?[0,1] is in dom HP” if and only if

u(0) = u(1) = 0. (4.9)

The second operator is the Hill operator HP®" defined in (3.10). We recall that for the
spectral problem

HPp = \p, (4.10)

we consider the monodromy matriz M(\) of HP® given by (see [5])

where ¢ is any solution of the problem (4.10). For the spectral properties of the Hill

operator HP*" and its discriminant D(\), see Proposition 3.2.1.

Bilayer graphene

Now we consider the AA-stacked bilayer graphene G4, as described in Section 4.1. Let
us write out the conditions (4.4), (4.5) and (4.6) on the fundamental domain W44 (see
Figure 4.2). As we identify every edge e with the interval [0, 1], it follows that v;; ~ 0 and
v;g ~ 1, for i = 1,2. The cyclic Floquet condition (4.6) implies that

U, (1) = €Pug, (1) and  wg, (1) = ®u,, (1), i=1,2. (4.11)
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So the continuity condition (4.4) is equivalent to

Uaqy 0) = Uayy (O) = Uays (O) =up (O> = A

(0)
Uy, (1) = €Wy, (1) = 2u,,, (1) = up, (1) == By (4.12)
Uag (0) = Uay, (0) = ey, (0) = up, (1) := Ay
\u@l(l) = ey, (1) = €4, (1) = uy,(0) := By
Similarly, the zero-flux condition (4.5) turns to
an(o) U, (0) + g, (0) + touy, (0) = 0
1(1) + e”’lu(m(l) + 6192ua13(1) + tou’h(l) =0 (4.13)
g, (0) + uy,, (0) + ug,, (0) — tou, (1) =0
[ Uy, (1) + el (1) +eul, (1) — tou’s, (0) = 0

Let A\ ¢ o(HP) (recall Section 3.2). Then there exists two linearly independent solutions
©x.0, Pr1 of the problem

ST L @)ela) = Aete). (4.14)
such that
Pr0(0) =1 | ©x1(0) =0 (4.15)
Pro(l) =0 (1) =1
and
Ph1(x) = =y o1 —x), 2€]0,1]. (4.16)

Since each edge of WaA is identified with the interval [0, 1], we can define ¢, ; in each edge
and we will keep the same notation ¢, ;. Hence, for each A ¢ o(HP”), we can represent

(

Uqg,, = Aipro + Bioan
Uap = AiQOA,O + e~ BiSO/\,l
Uq;3 = Ai%\,o + e_sziSO,\,l 1= 17 2. (4.17)

up, = Ao + Aspan

ugp, = Bapro + Bipaa

\

It is easy to see that the continuity conditions (4.12) as well equation (4.14), are satisfied.
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It remains to

(

\

verify condition of zero-flux (4.13). By substituting (4.17) into (4.13),

(3 +t0)1193,0(0) + F(0) B 1 (0) + to A2 (0) = 0

F(0) A1) o(1) + (3 +t0) Biph 1 (1) + Lo Baly o(1) = 0
—toA1p) (1) + (3¢4,0(0) — ol 1 (1)) Az + F(0) B2l 1 (0) = 0
—toB1p) 1(0) + F(0) Axipy o(1) + (30} 1 (1) — toip) ¢(0)) B2 = 0

, (4.18)

where F(0) := 1+ e % + 7% and F(0) its complex conjugate. By (4.16), we have that

P 0(1) = =) 1(0) and &) ((0) = —¢) ;(1). Thus the system (4.18) is equivalent to

;

—(3+t0) A1y 1 (1) + F(0) Bigh 1 (0) + to Az 1(0) = 0
—F(0) A1 1(0) + (3 + to) Biph 1 (1) — toBay)y 1(0) = 0
toA1h1(0) — (3 + to) Azl 1 (1)) + F(0) Bawh 1 (0) = 0

[ —t0B1p) 1 (0) = F(60) Ay 1(0) + (3 + to) By 1 (1)) = 0

(4.19)

Since ¢ ;(0) # 0, the quotient n(A) := ) ;(1)/¢) ;(0) is well defined. Hence, dividing the

system (4.19)

by ¢4 ;(0) and multiplying the second and fourth lines by —1, we obtain

(

—(34to)n(\) AL + F(6) By 4 tpAy = 0
F(0)A1 — (3+to)n(A)B1 +toB2 = 0

) (4.20)
toAr — (3 + to)n(A) Az + F(6) B2 = 0
The matrix form of the system (4.20) is
MGMN0)X =0, (4.21)

—TlT} F to 0
F =T 0 t
My*(\0) = v ° . (4.22)
to 0 _Tln F

0 ty F T

where Ty = 3+ to, F' = F(0) and n = n(\). From now on, we will omit the dependence
of # in the matrix M54(\). Note that det(M3*()\)) = 0 is a quartic polynomial in n(\).
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Hence, if there exists a § € B such that det(M52(\)) = 0, that is, n()\) is one of the four
roots of det(MAH2(N)) = 0, it follows that the representation (4.17) solves the eigenvalue
problem (4.8). Therefore by (4.7) it follows that A € o( H{).

Trilayer graphene

We now analyze the odd case n = 3; G consists of three graphene sheets G, G and G3.
Similarly to the case n = 2, lets us write out the conditions (4.4), (4.5) and (4.6) on the

fundamental domain W24 (see Figure 4.2). Since
Uy, (1) = €M g, (1) and g, (1) = €®u,, (1), i=1,2,3,

it follows that the continuity condition (4.4) is equivalent to

(

| : (4.23)
Uqyy (1) = 6191ua22(1) = ewzuazzs(l) = uf12(0) = ufzz(o) = By
uddl O = ua32 (O) = ua33 (O) = qul (O) = A3
\ua31 1) = €i91ua32(1) = 6i02ua33<1) = ufzz(l) = Bj
and the zero-flux condition (4.5) is equivalent to
(
tg,, (0) + ug,, (0) +uy ,(0) + tou}ll(O) =0
up, (1) + el (1) + el (1) + touy,(1) =0
(4.24)

i@l /
+e Ugys

(1) + e, (1) — tou'y,, (0) — tou'y, (0) = 0

Ftl, (0) +

a33

(0) + tou’,, (0) =0

)
)
) 4 l,, (0) 4 uly, (0) — touly, (1) — touly, (1) =0
)
)
)

161,/ 162,/
+ ety (1) + ey,

(1) +tou’,,(1) =0
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Let A ¢ o(HP) and let pyo and ¢y be the two linearly independent solutions of the
problem (4.14) that satisfies (4.15) and (4.16). If we write

p

Ua;, = Aipro + BiBan

Ua, = Aipro + € Bipaa

Ug;s = Aitoro + €72 B4

up, = Arpao + A2pan i1=1,2,3, (4.25)
up, = Bapxo + Bipan

us,, = Aspro + Aspan

(Uf, = Baao + Bspan

the continuity condition (4.23), as well as the problem (4.8), are satisfied. It remains to
verify the zero-flux condition (4.24). By substituting (4.25) into (4.24),

p

(3+t0)eh(0) A1 + Fip (0) By + top)(0) Ay = 0
Foi(1)Ar + (34 t0)p1 (1) By + top(1)Ba =0
—towp(1) A1 + (3pp(0) — 2tow! (1)) Ao + F' (0) B2 — togp(1) Az = 0
—tow1(0)B1 + Fipp(1) Az + (31 (1) — 2t05(0)) B2 — toy (0) Bz = 0
to@h (0) Az + (3 + to) ) (0)As + Ft (0)Bs = 0
)

1) By + Fp(1)As + (3 + to)¢h (1) Bs = 0

(
\toﬂpo<

where F' = F(0) = 1 + ¢ + ¢ F its complex conjugate and p; = py ;. Since (1) =
—¢1(0) and ¢ (0) = —¢} (1), multiplying the even equations for -1 and dividing the whole
above system by ¢/ (0) # 0, it follows that

(

—TlT]Al + FBl + t(]AQ =0
FA1 — TlT]Bl + toBg =0
toAl — T2nA2 + FBQ + toAg =0
: (4.26)
toBy + FAy — TonBy + tgBs = 0

toAQ - T177A3 + FBg =0

\toBg + FA3 - Tl’I]Bg =0
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where Ty := 3 +tg, Ty := 3 + 2tg and 7 = n(\) = ¢ ;(1)/¢} 0(0). The matrix form of the
obtained system in this case is

MGHNX =0,

T

Mpf, (mgh)T
ME )= | T (4.2
my, NT1

with (denote, for i = 1,2, S; = T1,T5)

_—51?7 F t() 0
F —Sm 0t
Mg, = v N (4.28)
to 0 —SQT] F
| 0 to F —5277
00t 0 Twm F
A = 0 and NAA = |7V . (4.29)
00 0 t F —Tu

Note that M5*(X) = Mp%,. Thus, if there exists § € B such that det(M44(X)) = 0,
the representation (4.25) solves the eigenvalue problem (4.8) and so A € o(H4*4).

Multilayer graphene

We now consider n sheets of AA-stacked graphene. Let A ¢ o(HP). Similarly to the cases
n = 2,3, we have performed calculations for larger values of n and, by writing out the
conditions (4.4), (4.5) and (4.6) on the fundamental domain WA4; useful patterns have
arisen, which have allowed us to get an expression for the general case.

Write the functions u,, and uy, , as linear combinations of ¢, ¢ and ¢y 1 in such way that
these representations satisfy the vertex conditions (4.4) and (4.5) and solve the eigenvalue
problem in each vertex of WA%. However, we have found that important properties depend

on whether n is even or odd. If n > 4 is even, we have
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Mpg,  (mpt)T 0
mh M, Oy
0 meA Mﬁ%
0 0 0
0 0 0

and if n > 5 is odd, the matrix M24 is given by

where

ME4G,  (mah)T 0
mt MR )
0 meA Mﬁf}z
0 0 0
0 0 0
[0 0 ¢
00 0
miA =
00 0
00 0

A A-stacked graphite

Mz, ()T

- AA
mto

AA
NT1

I

(4.30)

, (4.31)

(4.32)

Finally, we consider the AA-stacked graphite. Similarly to the other cases, we describe the
conditions (4.4), (4.5) and (4.6) on the set W24 (see Figure 4.2). By (4.4) and (4.6),

iy (0) = 10y (0) = 10 (0) = 1z, . (0) := A

U, (1) = €"11q, (0) = €0, (0) = uy, . (1) =

and, by the vanishing flux condition (4.5), it follows that

Ug, (0) + ug, (0) + ug, (0) + tou}, , (0) + tou}, (0)

al

B

=0

g, (1) 4 €@, (1) + ey, (1) + tou), , (1) +toul, (1) =0

(4.33)

(4.34)
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Since, by Floquet condition (4.6),
ufl,:t(l) = eiwsufl,i (0) and Ufa 4 (0) = eijSqu’i(l),

we can write out, for A ¢ o(HP),

;

Uq, = Ao + By
Ugy, = Ay + e 1 By
Uay = AQOO + e_iHQB(Pl ) (435)

up, » = Apo + e Ap,y

up,, = e¥% By + By,

\

where @y and ¢, are the two linearly independent solutions of the eigenvalue problem (4.14)
that satisfies (4.15) and (4.16). Analogously to the calculations in the cases n = 2,3, by
using the representation (4.35) in the systems (4.33) and (4.34), we obtain the equation

MQA(A)X =0,
.
where X = [A B] and
—Tom + 2t 0 F
MAA(\) = | I ToER , (4.36)
F —TQT] + 2t0 COS 93

with Ty = 3+ 2tg, n =n(\) and F = F(0) = 1 + % + ¢,

Spectra

For all the above cases, we have got the following result:

Proposition 4.2.1. Let A\ ¢ o(H”) and ty € (0,1). Then, for o = n,g, A\ € o(HM) if
and only if there exists 0 € B such that

det(MoA(N)) = 0. (4.37)

Note that det(MA4()\)) = 0 is a polynomial of degree n in n(\). By Proposition 4.2.1,
the spectra o( H2%) is basically determined if we know the range of all n roots n(A, ) of

det(MA2(N)) = 0. Obviously, it is not a simple task to find the roots of such polynomials.



4.2. Spectral Analysis 67

However, for the cases n = 2,3 we can explicitly calculate the roots of (4.37). For n = 2, we

use the Laplace’s formula for matrix determinants in M54 ()), given by (4.22), to obtain
det(M3*(N)) = Tin*(\) — 217 (6§ + F(O)F(0)) n*(N) (4.38)
+ (F(O)F(6) —2)* = 0.

Note that we can easily turn the quartic equation (4.38) into a quadratic equation in the

variable n?. Thus the four roots are

O 0) — & J F(O)F(0) + 3 ;%/t%F(G)F(@)‘ (139)

Here, the subscript £ refers to the corresponding outside symbol of the first square root,
whereas the superscript + refers to the inside one.

For the case n = 3, applying Laplace’s formula to (4.27), we obtain

det(M5A(N) = TYTEn® — (ATPTotd + (Ty + 2T2T3)(FF)?) ot (4.40)
+ (ANDGKFE + (T +T3)(FF)* + TH(FF —2t3)*) n?
— FF(FF -22)°.

The roots of det(M54()\)) = 0 are the following:

27272 ’

|FF
1

where G(0,ty) = AT\ Tot2 + (T? + T2)FF. Note that the procedure to find the exact roots
(4.41) and (4.42) of det(M4A(N)) = 0 is the same described in Remark 3.2.1, for the

2 _ 22 o 2\2

AB-stacked trilayer graphene case.
It is easier to find the two roots of det(M*(\)) = 0, which are

2tocos s + VFF

g\, 0) =
ni(a) Tg

(4.43)

In order to state the characterization theorem of the spectra of H g‘A, we shall notice

that:

e Lemma 3.2.2 (for Bernal-stacked graphene, see Section 3.2) that relates the functions

n(A) and the discriminant D(\) of the Hill operator, still holds for the AA-stacked
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multilayer graphene and for the AA-stacked graphite. Thus, we have the following

relation:
1
n(A) = 51)()\). (4.44)
Hence, we are able to relate the spectra o(HP™) and o(H}*) (see Theorem 4.2.1).

e In the AA-stacked multilayer graphene and AA-stacked graphite, it is also true that
a Dirichlet eigenvalue A € o(H?P) is an infinite multiplicity eigenvalue of H ﬁA, that

is, the Lemma 3.2.1 still holds in this case.

We are ready to characterize the spectrum of H ﬁA. The proof of the next theorem
follows the same arguments presented in the proof of Theorem 2.2.1, Theorem 7 in [12]

and Theorem 3.6 in [23].

Theorem 4.2.1. For the AA-stacked multilayer graphene and AA-stacked graphite Schrodinger

operator (4.3), we have:
(1) The singular continuous spectrum of the H?A 15 empty.
(1) The dispersion relation of H ﬁA consists of two parts:
o the pairs (A, 0) (X & o(HP)) such that
D(N) = 2n(N), (4.45)
where 1(\) are the roots of the equation det(My*(X)) = 0;
e the collection of flat branches A\ € a(HP), that is, the pairs (), 0) for any 6 € B,.

(11i) The absolutely continuous spectrum o,.(H ﬁA) coincides, as a set, with o(HP®"), that

18, 1t has band-gap structure and

Tac(HI) = {A €R: [D(N)| < 2}. (4.46)

(i) The pure point spectrum op,(H)}) of H)* coincides with o(HP), and each X €

o(HP) is an eigenvalue of infinite multiplicity of H .

(v) The spectrum o(H)™) has gaps if and only if o(H) has gaps.



4.3. Dirac cones 69

In particular, for the AA-stacked bilayer graphene operator H5*, (4.45) of the disper-

sion relation is

2
3+t
and for the AA-stacked trilayer graphene operator H{%, (4.45) takes the form

D()\) = £

\/ F(O)F(0) + 12+ 2to\/ F(0) F(6),

2 _ 2 —
D(\ :i—\/G 0,t0) = 1/G(0,t0)2 — AT2TZ(FF — 212)2, + =/ FF.
() = e[GO, 1) £ GO. ) —ATRTR(FF — 2132 0

Similarly, the dispersion relation (4.45) for the AA-stacked graphite is

D) = T3 (to cos 0 + \/F(H)F(G)) |

2

4.3 Dirac cones

Now we prove our main result about Dirac cones (see Definition 2.3.1) in the dispersion
relation of the AA-stacked multilayer graphene Schrodinger operator, given by Theorem

4.2.1(ii). Before the theorem, we shall make some remarks.

Remark 4.3.1. 1. In order to check (2.39) for the D-point candidates 0p, we use (4.45)
and expand in Taylor’s series D(N(0)) around N(0p) and n(A,0) around 0p. Theo-
rem 4.3.1 proves that, for n = 2,3 and for the AA-stacked graphite, every root n(\, @)
of det(M2™*(X)) = 0 have a (nonzero) linear component £v|0 — 0p|.

2. Forn > 4, we employ approximations by vanishing some selected instances of ty in
MAA(N); to distinguish such instances we denote them by c; ¢ = 0 corresponds to the
approximation, whereas ¢ = tog recovers the full model. In Theorem 4.3.1, we show
the existence of the linear component +v1|0 — Op| for the approximations of n (i.e.,
c = 0), which estimate the full model up to a correction O(c*). Then we verify that,
independently of to, the parameter v; does not vanish as ¢ — 0 (and so, by continuity,
it does not vanish for all ty small enough); therefore, the linear component £7v|0 —6p|

of n(\, 8) survives in the full model, at least for small values of to > 0.

Theorem 4.3.1. Let n be a positive integer, and recall that HﬁA denotes the AA-stacked
multilayer graphene operator, for o = n, and the AA-stacked graphite operator, for o = g.
Then:

(i) Forn =1,2,3, the dispersion relation of HA* have Dirac cones in the Brillouin zone.
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(i) Given n > 4, for ty > 0 small enough, the dispersion relation HX* have Dirac cones

in the respective Brillouin zone.

(111) The dispersion relation of the graphite operator HﬁA have Dirac cones in the Brillouin

zone By.

Proof. (i) Single layer: The case of a single sheet of graphene was discussed in [23] and in
Theorem 2.3.1, with ay = ag = 0. For completeness, and as a warm up to the other cases,
we present here a detailed argument. By (4.45) of Theorem 4.2.1, the dispersion relation
of the graphene is given by D(A\) = 21+ (), 0), for A ¢ o(HP), where (see [23])

F(0)F(0)

771()\79> ==+ 3 )

(4.47)

with F(0) = 1 + € + ¢¥2. Note that as in Chapter 3, it is suffices to consider 6 € By :=
{6 € B: 6, = —0,}, the diagonal of the Brillouin zone. Hence, F/(f) = 1 + 2cos(#,) and
we can rewrite 14 (A, 0) as

[F'(0)]

T

Now we expand 74 (A, #) in Taylor’s series around p := £27/3. Since

13
C0891 = —5 F 7(91 — QD) + O((91 — QD)Q),

it follows that
|F(0)] = V3|6 — 0p| + O(|6, — 0p?).

Hence

n:(X,0) — (X, 0p) = £v1,pl0 — Op| + O(|61 — Op]?), (4.48)

where v, p = \/3/3
It remains to analyze D(A(0)). Since D'()\) # 0 in the spectral bands of o( H2*), then

expanding D(\) in Taylor’s series around A(6p), we obtain
D(A(9)) — D(M(0p))) = D'(M0)) (M) — AMbp)) + O((A(F) — A(0p))?). (4.49)

Hence, the possible presence of Dirac cones in (2.39) is regulated by the expansion of 7.

In particular, in the free case, i.e., gy = 0, since D(A(0)) = 2cos \/A(0) (see [12, 23]), then

sin(/(N(@0))

,D/O‘(GD)) ==



4.3. Dirac cones 71

Therefore, from (4.48) and (4.49), (2.39) follows with v =~ p/D'(A(0p)).

Bilayer graphene: Now we study the Dirac cones for n = 2 by making explicit the values

of 7 in each cone. In this case, in fact for all n > 2, it is enough to work with the right hand
side of (2.39), since the discussion for the left hand side of (2.39) repeats the single layer

case done above in (4.49). First note that by a simple explicit calculations we conclude:

Lemma 4.3.1. Let n£(),0), given by (4.39). As a function of 6 € B, we have the ranges:

img (3 (A, 0))

to ) to
4 + B 4.
[34—150’ ] , img (n* (A, 6)) [ , 3+t0} , (4.50)

3

) _ — 1
X 0)) =
img (7, (A, 0)) l0,3+t0

} L img (= (A, 0)) = [—2120} (4.51)

Moreover,

(i) maxni(X,0) =1 and minni (A 0) = 5%, attained at (0,0) and
+(27/3, —27/3), respectively.

(ii) maxn®(\,0) = —2 and minnt (\,0) = —1, attained at +(27/3,—27/3) and (0,0),

- 3+to

respectively.

(iii) maxn (A, 0) = 238 and minn, (X, 6) =0, attained at (0,0) and

+to—1

0=1), — arccos(=8=1)), respectively.

+ (arccos(

(iv) maxn-(A,0) =0 and minn_(\,0) = —g;ig, attained at

+to—1
2

+to—1

°=)) and (0,0), respectively.

+(arccos( ), — arccos(

As in the graphene case, it is suffices to consider 6 € B;. Then we can rewrite ni()\, 6)

as

| (0)] & tol
3+ty
Let 0y p := £27/3 and recall that Ty = 3+t,. Expanding in Taylor’s series (), #) around

(N, 0) =+ (4.52)

b, we get

V3|0 — 0y p| £t
0 = Y ) oL+ 016, - 82,

that is,

t
ny(A,0) — (X, 02p) = (N, 0) — TO = 490,p|01 — 0o, p| + O(|61 — 62,p]?),
1
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with v2p = \/3/ T'1. Note that limy,_,072.p = 71.p- Analogously, we get

t
77%(/\7 9) - nf()V 927D> = 77%(/\7 9) + jTO = :F’72,D|0 - 62,D‘ + O(‘el - 927D|2)7
1

+itg—1

t—). We now expand 75 (A, 0) around 6, p, . Since

Let 6y p, := arccos(
F(0) = £to — (61 — 02,0, )bs + O((61 — 05)*),
where by = 2sin(fs p, ), it follows that
|F(0)] = %[0 — O, p. ||b+| + to + O(|61 — b2,p]?).

Then,

nE(A0) = nE (N, 0a,p,) = £32.p. 00 — O2p. | + O(101 — b2.0)°,
with 72 p, = |[by|/T1. Since 09 p, — 27/3 as to — 0, it follows that lim,,_0v2,p. = 7.p-
The same calculations can be done by taking —03 p,. This proves the theorem for n = 2

(see Figure 4.3).

1.0f

0.5/

Figure 4.3: Dispersion relation for AA-stacked bilayer graphene restricted to By and 6, €

[—7, 7]; the curves are calculated for ¢y = 0.3.

Trilayer graphene: Now we study the Dirac cones for n = 3. To do so, we analyze

it and 7y, given by (4.41) and (4.42), respectively, and explicit the ’s of each cone.

Analogously to the case n = 2, Lemma 4.3.1 can be proven for 7T with some differences:

o TN 0) =77 (A,0) = /2, for § = =(21/3, —27/3);

o 1. (N\0)=n_(\0)=0,for § ==+ (arccos(%), - arccos(%));

o it 0) =i~ (M) = —/ 28 for § = +(27/3, —27/3).

SVLE
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As in the case n = 2, let § € B,. Since ty is close to zero, we can suppose that T; = T5 to

simplify (4.41). Recall that G(6,ty) = 4T\ Tot? +

(T? + T2)FF. It follows that

G(0,t0) = AT + 2T F(0)?

and

G? —ATIT(FF — 2t3) = 32T 3 F°.

Then (4.41) turns to

F|+ V2t

VI

Note that we keep just one “T5” in the denominator for convenience. Now we expand in

(4.53)

Taylor’s series 7(A,6) around 63 p = 427/3. Analogously to the case n = 2, it follows

that

212

ﬁ—::f(A’ 9) - ﬁf(A7 937-D) = ﬁ—::f(A’ 9) - T1T2

where 43 p = /3/T1T5. Similarly we obtain

2

2t
7= (N, 0) =i (X, 05.p) = 77-(X, 0 :
T]—( ) ) 77—( I 37D> 77—( ) )+ T1T2

Let 05 p, = arccos(%). Then

= 93 p|0 — 05 p| + O(|61 — 03.p|*),

= F33,p|0 — 30| + O(|61 — b5.p]).

F(0) = £v2tg + bs (01 — 03p.) + O((61 — 05,p.)?),

where by = 2sin 03 p,, which implies

|F(0)] = £|b+||61 — O30, | + V2to + O(|61 — b5, *).

Hence, by (4.53), it follows that

Mz(N0) — (N, 03p, ) = £330, |01 — O30, | + O(161 — 65 ps|?),

(4.54)

with Y5 p, = |bs|/VT11o — y.p as to — 0. It remains to analyze (4.42). For 6 € By,

we have that 77(X,0) = +|F(0)|/T;. However, this case is completely analogous to the

case n = 1, but in this case we obtain = /3/T}. Therefore, H#* have Dirac cones (see

Figure 4.4) and (i) is proven.

(i) To study the existence of Dirac cones for HA*, for n > 4, we consider suitable

approximations of MA4()) by block diagonal matrices. We replace m;, and m], by zero
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1.0f

0.5/

Figure 4.4: Dispersion relation for AA-stacked trilayer graphene restricted to By and 6 €

[, 7]; the curves are calculated for ¢y = 0.3.

in the matrix MA4(X), for even n, and my,, m] , My, and m], by zero, for odd n. In both

cases the resulting matrix MAA()) is a block diagonal matrix with determinant given by
det(MAA(N)) = (det(Mry1,))* (det(Mrpyp,)™ (4.55)

for even n = 2m + 2, and
det(MA2(N)) = det(My,1,) (det(Mp,z, )™ det(Nr, ), (4.56)

for odd n = 2m + 1, with m = m(n) € N.

Now we show that, for any n > 3,
det(MA2(N)) — det(MA2(N) = O(t2). (4.57)

As already mentioned, we denote the ¢, variable in my,, m{ ,ms, and m{, by ¢, and by
det.(MAA(X)) the determinant of this representation. Clearly, for ¢ = to and ¢ = 0 we

recover the original determinants, that is,
dety, (M2A(N)) = det(MA2(N))  and  deto(MAA(N)) = det(MAA(N)).

If Ldet.(M424(X)) =0, for ¢ = 0, then expanding det.(M4%(X)) in Taylor’s series around

c =0, we get
c? d?

deto(MAA(N)) = deto(MAA (V) + gﬁdetc(MﬁA(A)) + ...,

that is, (4.57) holds. So, our task is reduced to check that <det.(MAA (X)) = 0, for ¢ = 0.
Note that for any n > 3, either for even n = 2m + 2 or odd n = 2m + 1, M24()\) contains
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2m pairs of ¢’s (for instance, for n = 3,4, m = 1). Hence,

d AA

where §;(c) is the determinant of the matrix obtained by taking derivative of the column of
MAA()) that contains the i-th ¢. Using the Laplace’s formula in §;(0), we obtain matrices
with either a row or a column of zeros. Then §;(0) = 0, for ¢ = 1,...,4m. Therefore,
Ldet.(M44(N) =0, for ¢ =0, and (4.57) follows.

By taking ¢, close enough to 0, to analyze the Dirac cones for HA* n > 4, it suffices

to analyze the Dirac cones on the roots of det(MA2(X)) = 0, by (4.57). First, recall that
Mg, s, is given by (4.28) and Nz, by (4.29). Hence,

det(Msg,s,) = S2S3n* — [25159t2 + (S; + SHFE]n* + (FF — t2)? (4.58)

and

det(Nyp,) = Tin* — FF, (4.59)

with S; =T}, T5, with i = 1,2, depending on each case. We have proven, in the case n = 2,
that the roots of det My, = 0 has Dirac cones. In a similar way, we conclude that the
roots of det Mp,7, = 0 has Dirac cones as well. In the case n = 3, we showed that the roots
of det My, = 0 and det Ny, = 0 have Dirac cones. Since the obtained 7 values, which
are equal or a variation of v, p and ~; p, (by changing 77 by T%), i = 1,2,3 and j = 2, 3,
do not vanish as ¢ — 0, then we conclude that the dispersion relation of H’* have Dirac

cones in the Brillouin zone and (ii) is proven.

(iii) Finally, we analyze the dispersion relation of AA-stacked graphite operator HﬁA.
Let 6 € BY := {6 = (61,0,,05) € By : 61 = —65}. Then (4.43) can be rewritten as
2tg cos b3 + |F(6)]
Ty
recall that F'(f) =14 2cos#; and T, = 3 + 2ty. Analogously to the single graphene sheet

(A, 0) = ; (4.60)

case, we conclude that
(A, 0) — (N, 05) = 24810 — 05| + O(10 — 05 ),

with v = /3/T, and 68 = (+27/3,F27/3,03), that is, the dispersion relation of the
graphite operator HgAA has Dirac cones (see Figure 4.5). This completes the proof of the

theorem. O
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Figure 4.5: Dispersion relation for AA-stacked graphite restricted to B‘gi and 6, € [—m, 7]
with to = 0.3. Three values of 03 were taken: 03 = 0,7/2 and 7. Any 03 € (—m,7)

generates a similar curve (in fact, interpolating).

4.4 Conclusions

We have proposed an extension of the single sheet quantum graph graphene model, dis-
cussed in [23], to the AA-stacked multilayer graphene, for any number of layers; a parame-
ter to in the zero flux boundary condition controls the intensity of the interaction between
consecutive layers. The case of infinitely many layers, indexed by the integer numbers
along the “z-axis” extends the model to the graphite and is periodic in the z-axis as well.
An advantage of these models is that the dispersion relations are not so complicated to be
found. The spectra of all such Hamiltonian operators are characterized and, in particular,
eigenvalues of infinite multiplicity (the eigenvalues of the Dirichlet Hamiltonian in a single
edge) are also present for all number of sheets.

With respect to Dirac cones, our results qualitatively recover theoretical and experimen-
tal findings for bilayer (see Figure 5 in [39]) and trilayer (see Figure 1(d) in [2]) graphene.
In [28] the authors have concluded that AA-stacked bilayer graphene are similar to single
graphene layer; we have in fact found Dirac cones for any number of A A-stacked layers and
that they keep similarities to the single layer one. Our rigorous results on energy bands
are also compatible with 3- and 4-layer graphene calculations by physicists (see Figure 5
in [33]), through a m-orbital continuum model with nearest-neighbor interactions. It is
worth mentioning that for bilayer and trilayer graphene we have got explicit expressions
for the discriminants of the Hill operators.

For the bulk graphite we have found Dirac cones parametrized by the quasimomen-

tum 63 € [—m, x|, which is supported by experimental findings of Dirac fermions in
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graphite [45] as well. We have indications that the Dirac cones for n-layer graphene can
be approximated by selected 63 values for the Dirac cones in graphite; however, more

investigations should be performed to prove such kind of assertion.



Chapter 5

Final Conclusions

In this work we employed quantum graph models to study the spectral characterization and
(possible) presence of Dirac cones for materials with hexagonal structure. With respect to
Dirac cones, our results qualitatively recover theoretical and experimental findings in all
the following cases:

Boron Nitride and Dirac Operator: First, we have modelled bidimensional honeycomb

materials with at most two kind of atoms by a relativistic graph model; furthermore, we
have used Robin boundary conditions at vertices, so with two real parameters o, and dp,
one for each vertex of the fundamental domain. All results are qualitatively valid for the
(nonrelativistic) Schrodinger case.

Such Robin parameters recover the usual Neumann conditions by taking éy = dg = 0
and include a more general model of graphene (the same kind of atom at all vertices) by
taking oy = dgp = d¢. Moreover, a model for the hexagonal boron nitride was proposed
by taking o # dg. We have got that Dirac cones are present if, and only if, we have just
one kind of atom, so generalizing results of [23] for the case of Neumann conditions (for
Schrodinger operators).

For the BN case we have got a positive gap between the valence and conducting band,
which agrees with results from the experimental and theoretical literature. An important
point here is that such gap occurs as soon as dy # dp, and quantitative results depend on
specific values of such parameters.

Finally, by taking ¢ — oo, we have formally recovered the nonrelativistic parameters
from the relativistic ones (at least in case of zero potential).

AB-Stacked Bilayer and Trilayer Graphene: We extend the spectral results of [23],
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which propose a quantum graph model for a single sheet of graphene, to bilayer and tri-
layer Bernal-stacked graphene. We considered the Schrodinger operator with the stardard
Neumann boundary conditions at vertices and modelled the weak interaction between the
layers of graphene with a (small) parameter t, > 0 in the vanishing total flux condition. It
was possible to obtain exact expressions to the dispersion relation for these materials.

In the bilayer case, it was observed that the dispersion relation is gapless with a
quadratic touching and does not have any Dirac cones. On the other hand, the pres-
ence of Dirac cones was observed in the trilayer case, in the same points which occurs
the quadratic touching of the bilayer graphene. For the trilayer graphene, we have found
that the existence and location of D-points is independent of the value of the interlayer
interaction parameter tg. It would be interesting to investigate whether this occurs for,
say, tight-binding models, at least for a range of interaction parameters; we have not found
any result in this direction in the literature.

AA-Stacked Multilayer Graphene and Graphite: Finally, a similar study to the Bernal-

stacked graphene was performed for the AA-stacked graphene and graphite. As in AB-
stacked graphene, we got exact expressions for the dispersion relation of bilayer and trilayer
graphene and it was possible to prove the existence of Dirac cones in both cases. Approx-
imations were employed to obtain the Dirac cones for multilayer graphene, that is, n > 4.
The case of infinitely many layers, indexed by the integer numbers along the “z-axis” ex-
tends the model to the graphite and is periodic in the z-axis as well. An advantage of these

models is that the dispersion relations are not so complicated to be found.
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