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“It is through science that we prove, but
through intuition that we discover.”

— Henri Poincaré



Abstract

This work is dedicated to study a non-autonomous formulation of the Klein-Gordon-
Zakharov system, which is a coupled system consisting of two non-autonomous evolution
equations, where each one is of second order in time. This model is closely related to the
interaction of waves and it appears frequently in thermoelasticity, mechanics, plasma physics,
and other areas alike.

The present work is divided into two main parts. In a first moment, using the uniform
sectorial operators theory, we will show that our formulation has parabolic structure and then,
making use of the natural energy associated to the system, we will obtain its global well-
posedness. With the global solution in hands, we can define a nonlinear evolution process.
Thus, in order to study the long-time dynamics of solutions, we shall use the abstract evolution
processes theory to prove existence, regularity and upper semicontinuity of pullback attractors.

In the second main moment of this work, we are going to investigate the asymptotic
dynamics of solutions of the non-autonomous Klein-Gordon-Zakharov system when they are
subject to the action of impulses. To do that, we will study the qualitative properties of
evolution processes under conditions of impulses and present sufficient conditions for the
existence of pullback attractors for evolution processes in the impulsive scenario. Finally, we
apply the abstract results in order to ensure the existence of an impulsive pullback attractor for
the impulsive evolution process associated with the non-autonomous Klein-Gordon-Zakharov

system with impulsive action.

Keywords: Klein-Gordon-Zakharov system, Global well-posedness, Pullback attractor, Upper

semicontinuity, Impulses.



Resumo

Este trabalho é dedicado ao estudo de uma formula¢ao nao auténoma do sistema de Klein-
Gordon-Zakharov, o qual é um sistema acoplado composto por duas equacoes de evolucao nao
autonomas, onde cada uma é de segunda ordem no tempo. Este modelo estda intimamente
relacionado a interacao de ondas e ele aparece com frequéncia em termoelasticidade, mecénica,
fisica de plasma, e outras areas semelhantes.

O presente trabalho é dividido em duas partes principais. Em um primeiro momento,
usando a teoria de operadores uniformemente setoriais, iremos mostrar que nossa formulagao
possui estrutura parabodlica e entao, fazendo uso da energia natural associada ao sistema,
iremos obter a sua boa postura global. Com a solucao global em maos, podemos definir
um processo de evolucao nao linear. Assim, a fim de estudar a dinamica a longo prazo das
solucoes, deveremos usar a teoria abstrata dos processos de evolugao para provar a existéncia,
regularidade e semicontinuidade superior dos atratores pullback.

No segundo momento principal deste trabalho, vamos investigar a dinamica assintética
das solugoes do sistema de Klein-Gordon-Zakharov nao autonomo quando elas estao sob acao
de impulsos. Para fazer isto, iremos estudar as propriedades qualitativas de processos de
evolugao sob condi¢oes de impulsos e apresentar condicoes suficientes para a existéncia de
atratores pullback para processos de evolucao no cenario impulsivo. Finalmente, aplicaremos
os resultados abstratos para garantir a existéncia de um atrator pullback impulsivo para o
processo de evolugao impulsivo associado ao sistema de Klein-Gordon-Zakharov nao auténomo

com ag¢ao impulsiva.

Palavras-chave: Sistema de Klein-Gordon-Zakharov, Boa colocacao global. Atrator pullback,

Semicontinuidade superior, Impulsos.
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Introduction

The theory and applications of infinite dimensional dynamical systems have called the
attention of many mathematicians over the past decades. Several real world phenomena can
be described using dynamical aspects: the turbulence of fluids, celestial mechanics, climate
changes, economic models, chemical and biological reactions, and so forth.

In particular, one of the main challenges of this area is to understand and predict
the asymptotic behaviour of solutions associated with non-autonomous ordinary and partial
differential equations, because for a large amount of problems it is not possible to obtain an
explicit expression for its solutions (when they exist). In order to overcome this obstacle,
the most notorious attempt is to show the existence of a specific object that attracts all the
trajectories of the dynamical system generated by these solutions. To this object it is given
the name of attractor and the main idea behind this purpose is to reduce the complexity of the
system and study what happens to the solutions inside this object.

The concept of attractor is closely related to some kind of dissipation of energy over the
time, which is one of the main ingredients used to ensure its existence. The investigation of this
theory involves elements of classical analysis and some geometric viewpoint of the qualitative
theory of differential equations.

In this work, we study a non-autonomous version of the well known Klein-Gordon-

Zakharov system, given by the following initial-boundary value problem

wy — AuAu+ n(=A)zu; + a () (=A) 7o, = f(u), (z,t) € Qx (7,00),
Vet — Av + n(—A)%Ut - ae(t)(—A)%Ut = 07 (I,t) € Qx (T7 00)7

(1)
where 7 is a positive constant, subject to boundary conditions
u=v=0, (z,t) € 0Q x (7, 00),
and initial conditions
u(r,z) = uog(x), w(r,z) =ui(x), v(r,x) = vo(x), v(1,2) =vi(x), € Q, TER,

where €2 is a bounded smooth domain in R™, n > 3, with the boundary 0f) assumed to be

11
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regular enough, n > 0 is constant, a. is a Holder continuous function and f € C'(R) is a
dissipative nonlinearity.

In the case that a.(t) = a, the system represents the autonomous version of the
Klein-Gordon-Zakharov system. Within the autonomous case, if n = 3 then the Klein-Gordon-
Zakharov system arises to describe the interaction of a Langmuir wave and an ion acoustic
wave in a plasma, see [0, 31} 43| and references therein.

These types of systems have been considered by many researchers in recent years. In what
follows, we recall some related results for these kinds of systems. In [43], the authors considered

the following system (in dimension 2 and 3)

Uy — Au+ u + ovu =0,
Vg — C(Q)AU = A(!UP%

and they proved instability of solutions in the sense that small perturbations of the initial data

can make the perturbed solution blow up in finite time.

In [2], it is considered the following coupled system of wave equations:

uy — Au + f0+o° g(s)Au(t — s)ds + av =0,
vy — Av 4+ au =0,

where the authors showed the dissipativeness of this system, and, moreover, they proved that
the associated semigroup is not exponentially stable. Later in [37], the authors studied a more
general and abstract version of the previous system presented in [2]. In fact, they obtained
existence of solutions and an optimal energy decay estimate for the following coupled system

of second order abstract evolution equations:

ug(t) + Aju(t) — fOJrOO g(s)Au(t — s)ds + Bu(t) =0,
v (t) + Agv(t) + Bu(t) = 0,

where A, A; and A, are positive self-adjoint linear operators in a Hilbert space H, B is a positive
self-adjoint bounded linear operator in H, and ¢ is a non-increasing function satisfying some
properties. With this formulation, this system covers the well-known Timoshenko system,
which appears in mechanics and thermoelasticity, and models the transverse vibrations of a
beam.

For a deeper and more detailed discussion about systems consisting of wave equations
and other types of physical models, we refer to [32], [33],[41], [42] and [44].

This work is divided into two main parts. In the first one, the main purpose is to show the

global well-posedness and to study the long-time dynamics of solutions of the evolution system
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. In order to do that, we shall use the uniform sectorial operators theory, following Amann
[3] and Henry [35], to show the local and global well-posedness of system , and we will use
the abstract evolution processes theory to prove existence, regularity and upper semicontinuity
of pullback attractors.

It is appropriate to observe that, in the literature, it is common to obtain the existence
of pullback attractors by using a decomposition of the nonlinear evolution process to show
that it has the property called pullback asymptotic compactness. This is done by writing this
decomposition as two maps, where one decays to zero and the another one is compact. See [7],
18], [22], [23] and [25] for more details. However, in this work, it is established the compactness
of the nonlinear process associated with the system in a direct way. See Proposition

The regularity of pullback attractors for the system (1) will be obtained using a
combination of energy estimates in fractional power spaces and the so called “bootstrapping
argument”, which is an idea used very often in the theory of elliptic partial differential equations
to increase regularity of solutions. See Theorem [2.8] Finally, after improving the regularity, we
will apply this result to obtain the upper semicontinuity of pullback attractors for the system
, which is an important achievement from the stability viewpoint, because this means that
the attractor does not explode when we make a small perturbation in it. See Theorem [2.9

The results that were mentioned previously are contained in the paper [I7], which was
already submitted for publication.

The second main part of this work is concerned with the long-time dynamics of solutions
of the system when they are subject to impulsive effects at variable times. That is, the

problem to be studied now has the form

(= Autut (=D 7w+ a () (—A) v = f(u), (2,) € Qx (7,00),
vy — A+ n(—=A)2v;, — ac(t)(=A)zu, = 0, (x,t) € Q x (1,00), @
u=1v=0, (x,t) € 002 x (T,00),

([ : M C Yy — Yo

Here, the set M, called the impulsive set, is a nonempty closed subset of the phase space Yy, and
it will satisfy some transversality properties in relation with the continuous evolution process
generated by the global solution of the system . The function I : M C Yy — Y, called
the impulse function, is assumed to be continuous and will be responsible by the occurrence of
discontinuities in the trajectory when the solution hits M.

The theory of impulsive dynamical systems is used to comprehend the structure of systems
where the continuity of the flow is interrupted by an abrupt change of state. Briefly speaking,
when a dynamical system is subject to impulsive effects, the continuous flow is interrupted

when it hits the impulsive set and then, at the moment of this impact, the continuity of the



14

dynamics is broken and the flow will restart its evolution from another point of the phase space.
This process we just described can eventually come to an end, if the flow hits the impulsive set
only a finite number of times, or this process can generate an infinite number of discontinuities
if the flow keeps hitting the impulsive set indefinitely.

The states of several real world problems can change in a gap of time so small that is
expected for this phenomena to happen almost instantaneously. Therefore, it is natural to
think that these abrupt changes may occur in the form of impulses. It makes more sense when
we think in the real applications: optimal control theory in economics, a health treatment
involving the periodic ingestion of medicines and electric systems are some concrete examples
where the action of impulses are observable.

Another example that we may cite is a billiard system where there are balls colliding
to each other. In this system, when the balls are hitting one another, their positions do not
change at the moments of impact, that is, when the impulses happen. But we can see that the
velocities of the balls will gain finite increments. Thus, in this example, the impulses are acting
on the velocity according to the position of the ball.

In particular, the study of systems of coupled wave equations with impulses is motivated
by the fact that, when modeling the interaction between different fluids, discontinuities may
appear naturally in the state variables, which are influenced by several physical aspects, such
as density, viscosity, and molecular cohesion. For instance, the discontinuities in the molecular
cohesion are responsible by the phenomenon of surface tension, which is modeled using jump
conditions in the pressure field. Moreover, the discontinuity in the density variable can change
the shape of air bubbles in the water. A survey on fluids with discontinuity conditions can be
found in [36].

The present work is divided into four chapters and it is organized as follows. The Chapter
is dedicated to give a collection of preliminary facts that are useful for the understanding of
the forthcoming chapters of this work. In Section [I.T], we present a brief summary on the theory
of semigroups of bounded linear operators, including basic properties and the main theorems on
generation of semigroups, and we also present results concerning sectorial operators and their
fractional powers. In Section [1.2| we reunite the main concepts and existence results involving
the theory of pullback attractors for nonlinear evolution processes, and we also include a quick
overview of the theory of abstract parabolic problems.

The Chapter [2| is devoted to study the non-autonomous version of the Klein-Gordon-
Zakharov system, given by , and it is organized in five parts. In Section , we present
the conditions and assumptions that will ensure the local and global well-posedness of the
problem , which are two topics that are going to be discussed in Section . The other
three remaining sections of Chapter [2| are dedicated to investigate the long-time dynamics of

solutions of the evolution system using the nonlinear evolution processes framework and
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the theory of pullback attractors. Thus, in Section [2.3] we obtain the existence of the pullback
attractor for the non-autonomous problem . Section deals with the regularity of the
pullback attractor and, finally, in Section [2.5] we prove the upper semicontinuity of pullback
attractors.

The Chapter [3]is dedicated to present the theory of evolution processes under conditions
of impulses. In Section [3.1], we exhibit the construction of an impulsive evolution process, we
give the conditions at which the existence of an impulsive flow is guaranteed for all time, and
we also define the concepts of invariance, asymptotic compactness and dissipativeness in the
framework of evolution processes with impulses. In Section (3.2, we discuss the continuity of
the function that represents the smallest time for which the trajectory of a point meets the
impulsive set. In Section [3.3] we present qualitative properties concerning the convergence of
the impulsive flow that are crucial to establish the invariance of the impulsive omega-limit set,
which is the main goal of Section 3.4 In Section we prove an abstract result on existence of
pullback attractors for evolution processes subject to impulses. Finally, Section [3.6) is devoted
to obtain a result on upper semicontinuity of a family of impulsive pullback attractors.

The Chapter [ is reserved to study the asymptotic dynamics of the impulsive non-
autonomous problem . Our main goal in Section is to show that the impulsive problem
possesses an impulsive pullback attractor. To do that, we will construct a compact absorbing
set for the impulsive evolution process associated with this problem, see Theorem and then
we will assure the existence of such attractor by applying the abstract existence result presented
in Chapter 3] Finally, in Section [4.2]we study the robustness of the family of impulsive pullback
attractors associated with the impulsive problem .



Chapter

1

Preliminaries

This chapter is dedicated to provide a quick look on the main tools that are necessary for

a better comprehension of this work.

1.1 Semigroups of linear operators

The purpose of this section is to give a review on standard facts about semigroups of
bounded linear operators and their infinitesimal generators, with focus in presenting the main
results on generation of Cy-semigroups, namely the Hille-Yosida Theorem and the Lumer-
Phillips Theorem, and also some of its consequences. Properties of sectorial operators and
fractional powers of operators are also listed. These notions are used in the modern theory
of differential equations, mostly in evolution problems, to study existence and uniqueness of
solutions, continuous dependence with respect to the initial data, and even the existence of
global attractors. The content related to linear operators and semigroups can be found in
[20], [38] and [45]. Meanwhile, [3], [30] and [35] are good references for sectorial operators and
fractional power spaces.

Let (E,| - ||g) and (F,|| - ||r) be two normed vector spaces. We denote by L(E, F) the

space of bounded linear operators T': £ — F endowed with the norm

T zery = sup ||Tx|p.

|zl <1

As usual, we write L(F) to denote the space L(E, E).

1.1.1 Semigroups and their generators

Throughout the following definitions, (X, || - ||x) will be a Banach space over a field K,
with K=R or K= C.

Definition 1.1. A semigroup of bounded linear operators on X, or simply semigroup, is a one

16
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parameter family {7'(¢): t > 0} C L(X) satisfying:
(a) T(0) = I, with I being the identity operator on X;
(b) T(t+s)=T(t)T(s) for all t,s > 0.
The semigroups of bounded linear operators are classified as follows.
Definition 1.2. A semigroup {7T'(t): t > 0} C £L(X) is called:
(a) uniformly continuous, if 1}%1 \T(t) = I||zx) = 0;

(b) strongly continuous, if ltifél T(t)xr = z for all x € X and, in this case, we say that the

semigroup is of class Cy, or we simply call it a Cy-semigroup.

Definition 1.3. For a semigroup {T'(t): t > 0} C L(X), we define its infinitesimal generator
as the linear operator A: D(A) C X — X given by

D(A) = {x €eX: lim% exists}

tl0

and -
M, for x € D(A).

Az = lim
10

Theorem 1.1. [45, Theorem 1.2] A linear operator A: D(A) C X — X is the infinitesimal
generator of a uniformly continuous semigroup {T(t): t > 0} C L(X) if, and only if A is a

bounded linear operator.

The next result says that every bounded linear operator is the infinitesimal generator of

a unique uniformly continuous semigroup.

Theorem 1.2. [45, Theorem 1.3] Let {T'(t): t > 0} and {S(t): t > 0} be two uniformly

continuous semigroups. If
Tt)—1 S(t)—1
lim—() :Azlim—() ,
tl0 t t10 t

then T(t) = S(t) for all t > 0.
Every Cy-semigroup is exponentially dominated, as it is established in the next result.

Theorem 1.3. [45, Theorem 2.2| Let {T'(t): t > 0} be a Cy-semigroup. Then there exist
constants w > 0 and M > 1 such that

1T |lex) < Me* for all t > 0.

Remark 1.1. In Theorem 1.3} if w = 0, then the Cy-semigroup {T'(¢): t > 0} is called uniformly
bounded and, if w = 1, then {T'(¢t): t > 0} is called a Cy-semigroup of contractions.
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The following result collects some useful facts about Cy-semigroups.

Theorem 1.4. |45 Corollary 2.3, Theorem 2.4, Corollary 2.5, Theorem 2.7| Let {T'(t): t > 0}

be a Cy-semigroup and let A be its infinitesimal generator.
(1) For all x € X, the map Ry >t — T(t)x € X is continuous.
(11) D(A) is dense in X and A is a closed operator.

(1ii) For x € D(A), T(t)r € D(A), the map Ry > t — T(t)x € X is continuously
differentiable, and p

aT(t)x = AT (t)x =T(t)Az, t> 0.

(iv) If D(A™) is the domain of A", for n € N, then [ D(A"™) is dense in X.

n=1

1.1.2 The Hille-Yosida and the Lumer-Phillips Theorems

When dealing with applications of the semigroup theory of linear operators to partial
differential equations, one needs to know how to determine conditions that ensure when a given
operator on a Banach space is the generator of a Cy-semigroup.

There are two mainly results in this direction. One is the Hille-Yosida Theorem, which
provides necessary and sufficient conditions for a linear operator to be the infinitesimal generator
of a Cy-semigroup of contractions, but these conditions can be difficult to verify. The other one
is the Lumer-Phillips Theorem, which gives necessary and sufficient conditions for generation of
Cy-semigroups in terms of dissipativity, and this result is quite useful in a Hilbert space setting.

Recall that if A: D(A) C X — X is a linear operator, not necessarily bounded, then the
resolvent set of A, denoted by p(A), is defined by

p(A)={AeC: (\[ - A)': X — X is a bounded linear operator}.
For X\ € p(A), the operator
RA:A)=M-A)"1 X=X

is called resolvent operator.

Theorem 1.5 (Hille-Yosida). [45, Theorem 3.1] A linear operator A: D(A) C X — X s the
infinitesimal generator of a Cy-semigroup of contractions {T'(t): t > 0} in X if and only if the
following conditions hold:

(1) A is closed and D(A) = X;
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(13) the resolvent set p(A) contains Ry and, for all A > 0,

IR Alleex) <

> =

Some consequences of the Hille-Yosida Theorem are given next.

Corollary 1.1. [45], Corollary 3.6] Let A: D(A) C X — X be the infinitesimal generator of a
Co-semigroup of contractions {T'(t): t > 0} in X. Then

p(A) D {X € C: Re(A\) > 0}
and, for such X, it holds

1
A < —.

Corollary 1.2. [45, Corollary 3.8] Let A: D(A) C X — X be a linear operator. The following
statements are equivalent:

(1) A is the infinitesimal generator of a Cy-semigroup of contractions {T'(t): t > 0} in X
satisfying

1Tl cex) < e
for some w > 0 and for allt > 0;

(13) A is closed, densely defined, its resolvent set p(A) contains (w,c0) and

1
A A <
1RO Al < 5

for all A > w.

Let X* be the topological dual space of X, that is, X* is the space of all continuous linear

functionals defined in X and taking values in K. The value of f € X* in a point x € X will be
denoted by (f,x). The usual norm on X* is defined by

[fllx= = sup |(f,z)].

llzlx <1

It is well known that (X*,| - |

x+) is a Banach space (this fact is true even when X is not
complete). For x € X, the duality set F(x) C X* is defined by

F(z) ={f € X": Re((f,2)) = ||=[|X and |||

x- = ||z]|x}-

From the Hahn-Banach Theorem, it follows that F(x) # () for all x € X.
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Definition 1.4. A linear operator A: D(A) C X — X is called dissipative if, for each
x € D(A), there is f € F(x) such that Re ((f, Az)) < 0.

Definition 1.5. If a linear operator A: D(A) C X — X is such that —A is dissipative, then A

is called accretive. If, additionally, one has R(I + A) = X, then A is called mazimal accretive.

A general characterization of dissipativity for linear operators is given next.

Theorem 1.6. [45] Theorem 4.2] A linear operator A: D(A) C X — X is dissipative if, and

only if
(AT = A)z||x = Allz[|x

for all x € D(A) and X > 0.

Now, with the concept of dissipativity in mind, we are able to present the Lumer-Phillips

Theorem.

Theorem 1.7 (Lumer-Phillips). [45, Theorem 4.3| Let A: D(A) C X — X be a densely defined

linear operator.

(i) If A is dissipative and there exists A\g > 0 such that R(A\ol — A) = X, then A is the

infinitesimal generator of a Cy-semigroup of contractions in X.

(13) If A is the infinitesimal generator of a Cy-semigroup of contractions in X, then R(A —
A) =X for all A\ >0, and A is dissipative. Moreover,

Re((f, Ar)) <0

for all x € D(A) and all f € F(x).

Recall that the adjoint operator A*: D(A*) C Y* — X* of a densely defined unbounded
linear operator A: D(A) C X — Y is defined in the following way. Its domain is given by

D(A*) = {f € Y": there is ¢y > 0 such that |(f, Az)| < ¢||z||x for all z € D(A)},

which is a dense subspace of Y*. Now, for f € D(A*), consider a map h: D(A) — R defined
by
W) = (f, Az), & € D(A),

and note that
|h(z)| < collz]|x forall =€ D(A).
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Then, by the analytic form of the Hahn-Banach Theorem, there exists a linear map
h: X — R that extends h and satisfy

|h(z)| < co|z|lx forall e X.

It follows that & € X*. Moreover, note that the extension of A is unique, since D(A) is dense
in X. Now, set A*f = h. The unbounded linear operator A*: D(A*) C Y* — X*, defined in
this way, is called the adjoint of A.

The fundamental relation between A and A* is given by the following rule:
(f,Az) = (A" f,z) forall x € D(A) and all f € D(A").

Another important property states that: if A is a bounded linear operator from X into
Y, then A* is a bounded operator from Y* into X* and it holds that

1A 220y = [[Alleceyy.

Furthermore, the adjoint A* is always a closed operator, that is, the graph G(A*) is closed in
Y* x X*.

Now, the corollary below is a consequence of the Lumer-Phillips Theorem.

Corollary 1.3. [45, Corollary 4.4] Let A: D(A) C X — X be a densely defined closed linear
operator. If both A and A* are dissipative, then A is the infinitesimal generator of a Cy-

semagroup of contractions in X.

1.1.3 Sectorial operators and analytic semigroups

For a € R and ¢ € (0, %), a sector of the complex plane, denoted by S, 4, is a subset of
C given by
Sus = {AEC: 6 < |arg(\—a)| <7, A £ a}.

Definition 1.6. A densely defined closed linear operator A: D(A) € X — X is called a

sectorial operator if there exist constants a € R, ¢ € (O, g) and M > 0 such that the resolvent

set p(A) contains the sector S, 4 and the estimate

M

A A <
| ( Nex < A —

holds for each A € S, 4.

Example 1.1. The following list shows some examples of sectorial operators.
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(a) Every bounded linear operator defined on a Banach space is a sectorial operator.

(b) If A: D(A) C X — X and B: D(B) C Y — Y are sectorial operators, where (X, || - ||x)
and (Y| - ||y) are Banach spaces, then the operator (A, B): D(A) x D(B) C X xY —
X x Y, defined by (A, B)(z,y) = (Az, By), for each (x,y) € D(A) x D(B), is sectorial
in X xY.

(c) Let A: D(A) C H — H be a self-adjoint and densely defined linear operator in a Hilbert
space (H,(-,-)g). If there is ¢ € R such that (Az,x)y > c||z||% for all z € D(A), then A

is a sectorial operator in H.

(d) Let © be a bounded smooth domain in RY, N > 3, where the boundary 95 is assumed
to be of class C?, X = L*(Q), and A: D(A) C X — X is the linear operator defined by
D(A) = H*(Q) N HY(Q) and Au = (—A)u for all u € D(A). Then A is sectorial and

positive definite in X.

(€) The bi-Laplacian operator A%: H4(Q)N HZ(QY) — L*(2), where 9Q € C*, is sectorial and
positive definite in L*((2).

Items (a), (b), (d) and (e) were taken, respectively, from examples 1.3.1, 1.3.2, 1.3.6 and 1.3.7
contained in [28], where the reader can also find details about the proofs. The assertion on item

(¢) is proved in [28, Proposition 1.3.3]. Moreover, [30, Chapter 5| also contains the statements
of items (a), (c¢) and (d).

The following result gives equivalent conditions for sectoriality.

Proposition 1.1. |28, Proposition 1.3.1] Let A: D(A) C X — X be a densely defined closed
linear operator and, for w € R, consider the operator A, = A + wl. Then the following

conditions are equivalent:
(1) Ay is sectorial in X for some w € R;
(11) A, is sectorial in X for each w € R;

(1ii) there exist k,w € R such that the resolvent set p(A,) contains the half-plane {\ €
C: Re(\) < k} and, for such A, it holds the estimate

IAAT = Au) oo < M,

where M 1s a positive constant.
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Definition 1.7. A Cy-semigroup {7T'(¢): t > 0} in X is called an analytic semigroup if there

exist a sector of the complex plane
S={z€C: ¢ <argz < ¢o},

with ¢; < 0 < ¢, and a family of bounded linear operators 7'(z): X — X, z € S, which
coincides with T'(¢) for t € [0, 00), such that

(a) the map z — T'(2)z is analytic in S for each z € X;
(b) for z € S, T(2)x — x as z — 0, for all x € X;
(¢) T(z1 4+ 29) =T (21)T (%) for all 2,25 € S.
In the next result, the notation Re(c(A)) > a means that Re(\) > a whenever A € o(A).

Theorem 1.8. [35, Theorem 1.3.4| If an operator A: D(A) C X — X is sectorial, then —A is

the infinitesimal generator of an analytic semigroup {e=4: t > 0}, where
—At 1 —1 Xt
e =— [(A+A) " eMdN, t>0,
21 T

where I' is a contour in p(—A), with arg A\ — 0 as |\| — oo, for some 6 € (%, 7r). Furthermore,
{e=A:t > 0} can be extended analytically in a sector {t # 0: |argt| < e} that contains the
positive real axis and, if Re(o(A)) > a > 0, then

le™ ey < Ce™™, [|[Ae || gx) <

%e—at, (1.1)

fort > 0 and some positive constant C'. Moreover, it holds that

d a4 o—at
pri Ae for t>0.
1.1.4 Fractional powers of operators

Now, let A: D(A) € X — X be a sectorial operator in X with Re(c(A)) > 0. The
boundedness in (1.1 allows to define, for a@ € (0,00), the fractional powers A=*: X — X,

associated with A, by the following integral formula

1 oo
A% = —/ o Le= Ay dt.
[(a) Jo

Theorem 1.9. [35, Theorem 1.4.2] For each o € (0,00), A™*: X — X is a well defined
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bounded linear operator satisfying
ACAP = A=CHD for o, B € (0,00).
Furthermore, for 0 < a <1,

sin o

A =

/ A\ + A) LA
0

T
As we can see above, A™* is invertible for each o € (0,00) and its inverse operator is
denoted by A®.

Definition 1.8. If A: D(A) C X — X is a sectorial operator in a Banach space X, then we
define, for each a € [0,00), X* = D(A{) with the graph norm

[2]xe = [|ATZ][x, = € X7,

where A; = A + wl and w is chosen so that Re(c(A;)) > 0. We observe that different choices
of w leads to equivalent norms on X, so we will omit the dependence of w. See [35] for more
details

In the particular case when o = 0, it is a convention to denote A° = I (identity operator)
and X% = X.

For the next result, recall that a linear operator A: D(A) C X — X has compact resolvent
if the operator (A\] — A)™': X — X is a compact map for each \ € p(A).

Proposition 1.2. [28, Proposition 1.3.5] For each a € [0,00), X is a Banach space when
equipped with the norm || - || xa = ||A%* - ||x, and A%: X* — X is a densely defined and closed

linear operator, satisfying
AYAP = APAY = AHB

for any o, 8 € [0,00). Furthermore, X® is a dense subset of X" for o > 8 > 0, and the

following inclusions are dense and continuous:
X*cXP a>p>0,

and, if A has compact resolvent, then they are also compact.

1.2 Evolution processes and pullback attractors

The aim of this section is to collect the definitions and results that together are the basis

of the theory of pullback attractors for nonlinear evolution processes. This content will be
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applied in the forthcoming chapters of this work. For further details, it is worthwhile to consult
the references 23], [25] and [27].

1.2.1 Existence results

Let (Z,d) be a metric space. An evolution process in Z is a two-parameter family
{S(t,7): t > 7 € R} of maps from Z into itself such that:

(a) S(t,t) =1 for all t € R, (I is the identity operator in Z),
(b) S(t,7) = S(t,s)S(s,7) for all t > s > 7, and
(¢) the map {(t,7) € R*: t > 7} x Z 3 (t,7,2) — S(t,7)x € Z is continuous.

Remark 1.2. In the particular case when X is a Banach space, an evolution process arises
naturally as a non-autonomous dynamical system associated with a non-autonomous differential
equation. More precisely, if f: R x B C R x X — X is a suitable function and we have the
global well-posedness of the following Cauchy problem

= f(t,u), t>T,

u(t) =u € X, 7€eR,

then one can define
S(t, T)ug = u(t, 7, f,ug), forall ¢>r7,

where u(-, 7, f,ug), t > 7, is the global solution of the above problem. Therefore, {S¢(t,7): t >

7 € R} is an evolution process in X.

Remark 1.3. In the case when X is a Banach space, if {S(¢,7): t > 7 € R} C L(X), then we

will refer to this process as a linear evolution process.

Recall that the Hausdorff semidistance between two nonempty subsets A and B of Z is
defined by
dy (A, B) = sup inf d(a, b).

acA beB
The Hausdorff semidistance measures how far A is from being inside the closure of B. It is

important to emphasize that dg is not a metric, since dg (A, B) = 0 implies only that A C B.

Definition 1.9. Let {S(¢,7): t > 7 € R} be an evolution process in Z. Given t € R and A, B
subsets of Z, we say that A pullback attracts B at time t if

lim dy(S(t,7)B, A) =0, (1.2)

T——00
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where S(t,7)B = {S(t,7)x: x € B} is the image of B under {S(¢,7): t > 7 € R}.
The set A pullback attracts bounded sets at time ¢, if ([1.2)) holds for every bounded subset
B ot Z.

Moreover, we say that a time-dependent family {A(¢): t € R} of subsets of Z pullback
attracts bounded subsets of Z, if A(t) pullback attracts bounded sets at time ¢, for each ¢t € R.

Remark 1.4. It is worthwhile to emphasize that the term “pullback” refers to make the initial
time of the evolution process {S(t,7): t > 7 € R} goes to minus infinity, that is, 7 — —o0,
which is not the same thing as going back in time. The evolution will always be forward in

time as t > 7.

Now, we are in position to define the concept of pullback attractor.

Definition 1.10. A family of compact subsets {A(t): t € R} of Z is a pullback attractor for
the evolution process {S(t,7): t > 7 € R} if

(7) {A(t): t € R} is invariant; that is, S(¢t,7)A(7) = A(t) for all t > T,
(1) {A(t): t € R} pullback attracts bounded subsets of Z, in the sense of Definition [L.9} and
(27i) {A(t): t € R} is the minimal family of closed sets satisfying property (it).

The “pullback version” of the w-limit set in the evolution processes framework can be

stated as follows.

Definition 1.11. Let {S(¢,7): t > 7 € R} be an evolution process in Z. We define the pullback

w-limit set of a subset B of Z at time t as the set

w(B,t)=(JstnB.

o<t <o

Equivalently,
w(B,t) ={y € Z: there are sequences {7y }reny C (—00,t] and {zg}reny C B,

with 7, 22%% —oo, such that y = klim S(t, )Tk}
—00

Next, we define what it means the concept of compactness for evolution processes from

the asymptotic viewpoint in the pullback sense.

Definition 1.12. An evolution process {S(t,7):t > 7 € R} in Z is said to be pullback
asymptotically compact if, for each t € R, each sequence {7y }reny with 7, <t for all £ € N and
T koo, —00, and each bounded sequence {z}ren C Z, then the sequence {S(t, 7% )k fren has

a convergent subsequence.
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Definition 1.13. We say that a set B C Z pullback absorbs bounded sets at time t € R if,
for each bounded subset D of Z, there exists a time T' = T'(t, D) < t such that S(¢,7)D C B
for all 7 < T. Moreover, we say that a time-dependent family {B(t): t € R} of subsets of Z
pullback absorbs bounded subsets of Z, if B(t) pullback absorbs bounded sets at time ¢, for
each t € R.

Remark 1.5. If a set pullback absorbs bounded sets at time ¢ € R, then it pullback attracts
bounded sets at time ¢ € R.

Definition 1.14. We say that an evolution process {S(t,7):t > 7 € R} in Z is:

(i) pullback strongly bounded if, for each bounded subset B of Z and each t € R, then the
set |J (B, s) is bounded, where ~,(B,t) = |J S(t,7)B is the pullback orbit of B C Z
at tisrgrfe teR. =

(i) pullback strongly bounded dissipative if, for each t € R, then there is a bounded subset
B(t) of Z which pullback absorbs bounded subsets of Z at time s for each s < t; that is,
given a bounded subset D of Z and s < t, there exists 7o(s, D) such that S(s,7)D C B(t)

for all 7 < (s, D).

The theorem (existence result) below characterizes the class of evolution processes which

have pullback attractors.

Theorem 1.10. |25, Theorem 2.23| If an evolution process {S(t,7): t > 7 € R} in Z is pullback
strongly bounded dissipative and pullback asymptotically compact, then {S(t,7):t > 7 € R}
has a pullback attractor {A(t): t € R}, with the property that |J A(T) is bounded in Z for each

T<t
teR.
Definition 1.15. A global solution for an evolution process {S(¢,7):t > 7 € R} in Z is a

function £: R — Z such that S(t,7)¢(7) = £(¢) for all ¢ > 7.

Definition 1.16. A global solution {: R — Z for a process {S(t,7): t > 7 € R} in Z is said to
be backwards-bounded (respectively, forwards-bounded), or bounded in the past (respectively,
bounded in the future), if there exists s € R such that the set {£(t): t < s} (respectively,
{&(t): t > s}) is a bounded subset of Z.

From the previous definition, it follows that, if a process {S(t,7): ¢t > 7 € R} has a
pullback attractor {A(t): ¢ € R} and £&: R — Z is a backwards-bounded global solution,
then £(t) € A(t) for all t € R, because {A(t): ¢t € R} pullback attracts the bounded subset
{et):t <7}

It is well-known that if a semigroup has a global attractor, then it is characterized
as the union of all bounded global solutions. In the non-autonomous case, an equivalent

characterization is given by the following result.
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Theorem 1.11. [25, Theorem 1.17| If an evolution process {S(t,7): t > 7 € R} has a pullback
attractor {A(t): t € R} which is bounded in the past, that is, the union |J A(s) is bounded for

s<t

each t € R, then A(t) is given by
A(t) ={&(t): &: R — Z is a backwards-bounded global solution},

for allt € R.

1.2.2  Continuity of attractors

The principal reason in studying the continuity of attractors lies in the fact that it ensures
the robustness of these objects when the dynamical system is under small perturbations. In
the literature, this part of the theory is usually divided into two main concepts: the upper
semicontinuity and the lower semicontinuity.

Roughly speaking, the upper semicontinuity ensures that the original attractor does not
explode when the perturbation is well behaved, while the lower semicontinuity shows that no
implosion can happen, meaning that the original attractor cannot degenerate or collapse. The
first property is expected to hold simply using some consequences of the existence of attractors,
but the second one requires the development of a more sophisticated part of the theory about
pullback attractors and also structural assumptions on the dynamics inside the attractor. For
this last reason, the problems concerning the lower semicontinuity of pullback attractors will

not be explored in this work.

Definition 1.17. Let {A)} e be a family of subsets of Z indexed on a metric space A. We
say that the family {A)}aea is

(a) upper semicontinuous as X — Ao (or at A\g) if /\ling\l du(Ayx, Ay,) = 0;
—A0
(b) lower semicontinuous as A — Ao (or at \g) if Ahrg\l dp(Ay,, Ax) = 0;
— A0
(c) continuous as X — Ao (or at \g) if it is both upper and lower semicontinuous as A — Ag.

The following characterization is frequently used in the study of upper and lower

semicontinuities.

Lemma 1.1. |25 Lemma 3.2] Let A be a metric space and let {Ax}rea be a family of compact
subsets of Z. Then it holds that

(1) the family {Ax}rea s upper semicontinuous as A — X if and only if every sequence

x, € Ay, has a convergent subsequence whose limit lies in Ay,, whenever N, —— A\o;
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(13) the family { Ax}aea is lower semicontinuous as X — Xo if and only if for any point xy € Ay,

— . —
and any sequence A\, e Ao, there exists a sequence x, € Ay, such that x, 2% 2.

The next result presents sufficient conditions for a family of pullback attractors to be

upper semicontinuous as a small parameter approaches to zero.

Proposition 1.3. [25, Proposition 1.20] For each € € [0,1] let {S((t,7): t > 7 € R} be an

evolution process in Z. Moreover, assume that:
(i) {S@(t,7):t > 71 € R} has a pullback attractor {A)(t): t € R} for all € € [0,1];

(77) givent € R, T >0 and a bounded set D C Z,

sup  d(S(t+ s, t)ug, Soy(t + s, t)ug) = 0 as € —0T;
s€[0,T],up€D

(1ii) there exist dg > 0 and ty € R such that

U UAw®)

€€(0,60) s<to
18 bounded.

Then, the family {A(t): t € R} of pullback attractors is upper semicontinuous as € — 0F,

that is, for each t € R,
du(Aw(t), A (t) -0 as e—07.

1.2.3 Parabolic structure

The main purpose of this subsection is to briefly introduce the reader to some terminology
and facts about the theory of abstract parabolic problems. Let X be a Banach space and
{B(t): t € R} be a family of unbounded closed linear operators, where each B(t) has the same
dense subspace D of X as domain.

Consider the singularly non-autonomous abstract linear parabolic problem of the form

du = —B(t)u, t>T,
dt (1.3)

u(t) =uy € D.

The term singularly non-autonomous is used to evidence the fact that the unbounded
operator B(t) has explicit dependence with the time. When it comes to the parabolic structure

of the above problem, we assume the following conditions:
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(A1) The family of operators B(t): D C X — X is uniformly sectorial in X; that is, B(t) is
closed and densely defined for every ¢ € R, with domain D fixed, and for all T" € R there
exists a constant C > 0, independent of T', such that

B(t) + )7t <
G e

for all A € C with Re(\) > 0 and for all t € [T, T.
(A2) The map R > t — B(t) is uniformly Hélder continuous in X; that is, for all 7" € R there
are constants Cy > 0 and 0 < ¢y < 1, both independent of 7', such that

IIB(t) = BB (1)l eix) < Colt — s

for every t,s,7 € [-T,T].

Denote by By the operator B(t,) for some ty € R fixed. If X denotes the domain of 3§,
a > 0, with the graph norm, and X° = X, then {X“: a > 0} is the fractional power scale
associated with By. For more details about fractional powers of operators, see Henry [35].

From (A1), it follows that —B(¢) is the generator of an analytic semigroup
{e7™®: 7 >0} C L(X).

Using this and the fact that 0 € p(B(t)), one can obtain a constant C' > 0 such that the
following estimates hold:
le ™D gx) <O, 720, tER,

and
1B(t)e ™D sx) < C778 70, t €R.

For a given bounded set I C R?, it follows from (A2), that there exists a constant
K = K(I) > 0 such that
IBUB~(7)|lecx) < K,

for all (¢,7) € I.
Also, the semigroup {e~™8®): 7 > 0} satisfies

HeiTB(t)HE(Xﬂ,XO‘) < C<a7ﬁ)7_[87a7 T > Oa te ]Ra

where 0 < 8 < a <1+ ¢ (see [50]).

Remark 1.6. If the operator B(t): D C X — X of equation (/1.3)) is uniformly sectorial and

uniformly Holder continuous, then there exists a linear evolution process {L(t,7): t > 7 € R}
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associated with B(t), which is given by
t
L(t,7) = e t=7B) 1 / L(t,s)[B(r) — B(s)]e *"8Mds, ¢ > 7.
Furthermore, the process {L(t,7): t > 7 € R} satisfies the following condition:

IL(t, 7)) oixs xo) < Cla, B)(t —7)P 72,

where 0 < 8 < a < 1+ ¢. The reader may consult [26] and [50] for more details.

Now, let us consider the following singularly non-autonomous abstract parabolic problem

du
% = —B(t)u + g(u)> t>m, (1'4)

u(T) =uy € D,

where the operator B(t): D C X — X is uniformly sectorial and uniformly Hoélder continuous,

and the nonlinearity ¢ satisfies some suitable conditions that will be specified later.

The nonlinear evolution process {S(t,7): t > 7 € R} associated with B(t) is given by

S(t,7)=L(t, )+ /t L(t,s)g(S(s,7))ds, t>T.

Definition 1.18. Let g: X* — X# «o € [3,8 + 1), be a continuous function. A continuous
function u: [r,7 + to] — X is said to be a local solution of the problem (1.4), starting at
ug € X, if the following conditions hold:

(a) uwe C([r, 7+ to], X*) N CH(7, T + to], X*);
(b) u(r) = uo;
(¢) u(t) € D(B(t)) for all t € (7,7 + to);
(d) u(t) satisfies for all t € (7,7 + to].
Now we state the following abstract local well-posedness result. The reader may consult

[26] for a more general version that includes the critical growth case.

Theorem 1.12. |22 Theorem 2.3| Assume that the family of operators {B(t): t € R} is
uniformly sectorial and uniformly Hélder continuous in XP. If g: X* — XP a € [B,8+1), isa
Lipschitz continuous map in bounded subsets of X, then given r > 0 there exists a time tg > 0
such that for all uy € Bxa(0,7) there exists a unique solution of the problem starting in
ug and defined on [T, T +to|. Moreover, such solutions are continuous with respect to the initial
data in Bxa(0,r).
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2

A non-autonomous Klein-Gordon-Zakharov

system

In this chapter, we study a non-autonomous version of the well known Klein-Gordon-

Zakharov system. We consider the following initial-boundary value problem

U — Au+u + n(_A)%Ut + as(t)(_A)%vt = f(u)’ (I’t) € x (7—7 OO),

(2.1)
v — Av +1(—A) v — a(t)(—A)2u; =0, (x,t) € 2 x (7, 00),
where 7) is a positive constant, subject to boundary conditions
u=v=0, (z,t) € 92 x (1, 00), (2.2)

and initial conditions
u(T, ) = up(x), u(r,x) =ui(z), v(r,2) =ve(z), ve(r,2) =v1(z), z€Q, T€R, (2.3)

where () is a bounded smooth domain in R™ with n > 3, and the boundary 0f is assumed to

be regular enough.

All the results of this chapter that have no references are presented in the article [17].

2.1 Setup of the problem and general assumptions

In this section, we present the general conditions to obtain the local and global well-
posedness of the problem — in some appropriate space which will be specified later.
Assume that the function a.: R — (0, 00) is continuously differentiable in R and satisfies the
following condition:

0 <ap <adlt) <ay, (2.4)

32
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for all € € [0,1] and ¢ € R, with positive constants ag and a;, and we also assume that the first
derivative of a. is uniformly bounded in ¢ and ¢, that is, there exists a constant by > 0 such
that

lal(t)] < by forall teR, ec|0,1]. (2.5)

Furthermore, we assume that a. is (5, C')-Holder continuous, for each € € [0, 1]; that is,
lac(t) — ac(s)| < C|t — s|? (2.6)

for all £, s € R and € € [0, 1]. Concerning the nonlinearity f, we assume that f € C*(R) and it
satisfies the dissipativeness condition

lim sup Js) <0, (2.7)

|s|—o0 S

and also satisfies the subcritical growth condition given by
[f(s)] < e(L+[s]7Y), (2.8)

for all s € R, where 1 < p < %5, with n > 3, and ¢ > 0 is a constant.

In order to formulate the non-autonomous problem — in a nonlinear evolution
process setting, we introduce some notations. Let X = L?*(2) and denote by A: D(A) C
X — X the negative Laplacian operator, that is, Au = (—=A)u for all u € D(A), where
D(A) = H*(Q)NH (). Thus A is a positive self-adjoint operator in X with compact resolvent
and, therefore, —A generates a compact analytic semigroup on X. Following Henry [35], A is
a sectorial operator in X. Now, denote by X, o > 0, the fractional power spaces associated
with the operator A; that is, X* = D(A%) endowed with the graph norm. With this notation,
we have X~ = (X) for all a > 0, see [3].

In this framework, the non-autonomous problem — can be rewritten as an

ordinary differential equation in the following abstract form

Wi+ AW = F(W), t>rT,
W(r) = W, T E€R,

(2.9)

where W = W (t), for all t € R, and W, = W(7) are respectively given by

u Uo
Uy Uy

W = and Wy = ,
(% Vo
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and, for each t € R, the unbounded linear operator A(t): D(A(t)) C Y — Y is defined by

u 0 -1 0 0 u —v
v A+1T A3 0 aEtA% v A+ Du+ A%v—l—aetA%z
a0l |- . (t |+ Duy (0 210
w 0 0 0 -1 w —z
z 0 —a(t)Az A nA2 z —a () Azv + Aw + nA2z
T
for each [u vow z] in the domain D(.A(t)) defined by the space
D(A{#) = X' x X2 x X' x Xz, (2.11)
where
Y =Yy=X2x X x X2 x X
is the phase space of the problem ({2.1) — (2.3)). The nonlinearity F' is given by
0
FW) = F*) 7 (2.12)
0
0

where f¢(u) is the Nemitskii operator associated with f(u); that is,
fé(u)(x) = f(u(x)), forall =z e
Now, we observe that the norms
1z, y, 2wl = [lell oy + llwllx + 12l g + llwlix

and

1
Iz, g,z w)llz = Izl + lyllx + 12155 + lwl%)?

are equivalent in Y. In this way, we shall use the same notation ||(x,y, z, w)||y, for both norms
and the choice will be as convenient.
2.2 Local and global well-posedness

This section concerns the investigation of the existence of the global solution for ([2.9)).

We start by obtaining some spectral properties for the unbounded linear operator A(t) given
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in (Z10) and (13).
It is not difficult to see that det(.A(t)) = A(A+ I), and therefore that 0 € p(A(t)), for all
t € R. Moreover, for each ¢t € R, the operator A71(t): Yy — Y} is defined by

u nAz(A+ D0 (A+ D)7 a®)Az(A+ D" 0 | [u
—I 0 0 0
Aty |7 = B . NENE (2.13)
w —ac(t)A™z 0 nA~z A w
2 0 0 —I 0=

Proposition 2.1. For each fized t € R, the operator A(t) defined in (2.10) — (2.11)) is mazimal

accretive.

Proof. The proof is analogous to the proof of [8, Proposition 4.3]. We include here only the proof
T

of accretivity of A(t). Let ¢ € R be fixed and arbitrary, and let z = [u vow z] € D(A(t)).

At first, we note that (v, u)

= <(A + )20, (A+ I)%u> , because from [28, Corollary 1.3.5],
X X
we have D((A+ I)2) = D(A

). Thus,

Nl N

(At)z, T)yvy = (—v,u) 3 +(A+ Du+ nA2v + a () A2z, 0) x + (—2z,w)

")y

1
Xz
+ <—a€(t)A%U + Aw + nAzz, 2)x

= ((A+Dku,(A+ 1)%U>X —{(A+ Do, (A+1)
+a(t) (<A%Z,U>X - <U,A%Z>X)

+ (Aw, 2)x — (2, Aw)x +nl| Aok + nl| A2k

N

Hence,

1 1
Re((A(t)z, z)y,) = nl|A7v][% +nl| A2 >0, (2.14)
which proves the accretivity of A(?). ]

Remark 2.1. By the Lumer-Phillips Theorem, we have —A(¢) is the infinitesimal generator

of a Cy-semigroup of contractions in Yy, which we denote as {e~™A®): 7 > 0}, for each t € R.

Proposition 2.2. IfY_; denotes the extrapolation space of Yy = XixXxX:xX generated
by the operator A=(t), then

YV, =XxX 3xXxX2,

Proof. Recall that the extrapolation space Y_; is the completion of the normed space
T
(Yo, A7) - |ly,)- Let z = [u vow z] € X x X772 x X x X7z, and note that



36

AT () zllyy = InA2 (A + D™ u+ (A+ D)o+ a(t) A2 (A+ 1) Mwl| Ly + 1| — ullx
+ ] = a®) A 2u+ A 7w+ A7y + | - wlx
<l A2(A+ D)7l g + A+ D7l g +a|A2(A+ D) wll

+ (1 +a)llullx + (T +n)llwllx + Izl -y
Now, since (A + I)(A+I)"' = I and A is uniformly sectorial, we have
IAA+ D e < T+ A+ D e < 14 M,

for some constant M > 0.

Then, we can estimate the first two terms that appears in (2.15)) as follows:
1 _ _
llA2 (A + 1) ull g =0l AA+ D)7 ullx < n(l+ M)lJulx,

and

A+ D) |l g = |A3(A+ D)7 AA  )|x = | A(A + 1) A7 50| x
<NAA+ D e [A72vllx < (14 M)lo]l -y

Similarly, for the third term in (2.15)) we have

ar| A2 (A+ 1) Mw|| .y < ar(1+ M)|w|x.

2

Finally, combining (2.15)), (2.17)), (2.18]) and (2.19)) we obtain

A )zlly, < C1(IIUIIX ol -y + llwlx + HZIIX_%) = Cillzll -3 ynex-

where (] is a positive constant.

T 1
On the other hand, taking x = [u vow z] EX XX 3 xXX X7z, since

lell, b = lullx +lloll, -y + ol + D120y

note that the term ||z||X,1 can be estimated as follows:

Izl -y = 147 20 3
< || = ac®)A 2 u+pA 2w+ A2y + llac() A2l g + [InA~ 2wy
< || = ac()A™2u+ pA 2w + A7 2|| g + anflullx + nllwl|x.

(2.15)

(2.16)

(2.17)

(2.18)

(2.19)

(2.20)

(2.21)

(2.22)
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Now, to deal with the term [[v[| 3, we use the boundedness
AT (A+ Dl <N

to obtain

Ioll -y = A"2(A+ DA+ D) ollx = A (A + DAZ(A+ )M x
<A A+ Dleeoll A (A + 1) Mol
< N[(A+D) ']y (2.23)
< NnAZ(A+ D) ut (A+ D7+ a () AZ(A+ 1) ol
+ NllnAz (A+ 1) ""ull 4 + Nllac(t) A2 (A+ 1)~ 'wl|

< NnAz(A+ D) u+ (A+ D7+ a () A2 (A+ ) ol
+ N1+ M)llullx + Nay(1+ M)|w]|x.

Combining (2.21)) with the estimates obtained in (2.22)) and ([2.23)), it follows that

120 -3 xnx-3 < NlnAz(A+ D7+ (A+ 1) o+ ac(t) A2 (A + I)’leX%
+ 14 a1+ Nn(L+ M)][lullx
+1 - ae(t)A_%u + A rw + A_1z||X% (2.24)
+ [+ 1+ Nay(1+ M)]f|lwl|x

< O2||A_1(t)x||Yov

where (5 is a positive constant.
That is, from and , we have shown that there are positive constants C; and

(s such that
A~ (B[l < Cill]

1 1
XXX 2xXxX"2

and
121 ¢ b xex-3 < CollAT ()2 lly,
T 1 1
for all x = [u vow z} € X x X72 x X x X2, which proves the desired result. O

Proposition 2.3. The operator A~1(t) given in (2.13)) is a compact map for each t € R.

Proof. Let B C Y, be a bounded set and denote ¥; = X! x X2 x X! x X2. Let
T
r = [u vow z} € B. Thus, using the boundedness (2.16)), we have
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A (t)z v,

= [nAZ(A+ D) u+ (A+ D)o+ a () A2 (A+ D) wlx + || —ull

+ ] = a®)A 2w+ A 2w+ A 2 + || —wl|

< AAZ(A+ D)7 Mullx + |A(A + D)7 'llx + aal| AAZ(A+ D)7 wllx + [Jull
+arllull .y +nllwll g + zllx + lwll

< A(A+ D)Mol A2ullx + [AA+ D e llvllx

+ar| AA+ D) Mo lAZwllx + (1 + a)lull g + T+ mlwl g + 2]

< 1+ M)+ 1+alfull .y + 1+ M)||vllx + [as (1 + M) + 1+ ] w]l 4 + |2l

< C (Jhull g + ol + eoll g + 1211 )

where C' is a positive constant, that is,
AT 2l < Cllzlye.

Thus, A~1(¢)B is bounded in Y;. Using the compact embedding Y; < Y, we conclude
that the operator A~1(¢) is compact. O

Proposition 2.4. The family of operators { A(t): t € R}, defined in (2.10)—(2.11)), is uniformly
Holder continuous in Y_q.

Proof. Firstly, note that

0 0 0 0
0 0 A:
A(t) — A(s) = [ac(t .
(t) — A(s) = [ac(?) a(S)]O 0 0 0
0 —A> 0 0
for all £, s € R. Consequently,
00 0 0
» 0 0 —A2 0
[A(t) = A(s)]AT(7) = [ac(t) — ac(s)]

0 0 0
Az 0 0

T
for all t,s,7 € R. Now, let T € R be fixed. Given z = [u vow z] eY  ift, s, e [-T,T),
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then

T

J1A() ~ ALA el = o)) = a0 —abw 0 at]

Y_i
= lac(t) = ac()| (| = Adw] oy + | A3u] )
< Clt = sl (llullx + Jullx)
<Clt = st (Jlullx + o]l -y + lwllx + 121 -y )
= Clt = sl ally-.

From this we obtain

ILA®) — AG)AT (Dl ey < CJt = 5]

for all t,s,7 € [T, T]. Since T € R is arbitrary, this ends the proof of the result. m

The next step is to show the analyticity of the semigroup {e~™A®: 7 > 0}. For that, we

will make use of the following auxiliary result.

Theorem 2.1. [40, Theorem 1.3.3] Let {T'(7): 7 > 0} be a Cy-semigroup of contractions in a
Hilbert space H with infinitesimal generator B. Suppose that iR C p(B). Then {T(r): 7 > 0}
1s analytic if, and only if

limsup [| 88T — B) ™[z < .

8|00

The next lemma shows that iR C p(—.A(t)) for all £ € R.

Lemma 2.1. The semigroup {e"™*®: 7 >0}, generated by —A(t), satisfies
IR C p(=A(t))

for all t € R.

Proof. Arguing by contradiction, suppose that there exists 0 # § € R such that i is in the
spectrum of —.A(t) for some ¢t € R. Then i3 must be an eigenvalue of —.A(t), since the operator

A~L(t) is compact. Consequently, there exists
T
U=[u v w 2| eDA®) Uy =1

such that iU — (—A(t))U = 0 or, equivalently,
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1fu—v =0,
iBu+ Au+u+ nAzv+ a () A2z = 0,
iPfw—z =0,

iBz — a(t)Azv + Aw + nAzz = 0.
Now, taking the real part of the inner product of iU + A(t)U with U in Y{, we have
(iBU + AU, Uy, = (0, Uy, =0 = iB|U|3, + (AU, U)y, =0
— Re((A(t)U,U)y,) =0
= nllAtolk +nllAtz]% =0
= [Abul = |43k =0

— v=2z2=0.

Consequently, © = w = 0. Therefore, U = 0, which is a contradiction. This proves our

claim. O
Now, we are in position to prove that the semigroup generated by —.A(t) is analytic.
Theorem 2.2. The semigroup {e" ™" : 7 > 0}, generated by —A(t), is analytic for eacht € R.

Proof. We are going to use Theorem 2.1l Let ¢ € R. In view of Lemma [2.1] it is enough to

prove that there exists a positive constant C' such that
1BIIUve < CllF[v,
for all F' € Yy and all § € R, where

U= (il +A(t)"'F € D(A(t)).

T T
In fact, denoting U = [u vow z] and F' = [ f g h k;} , we can write the resolvent

equation

(il +A)U = F (2.25)
in Yy in terms of its components, obtaining the following scalar equations
1Pu—v=f

Au+u+iﬁv+nA%v+ae(t)A%z =g, (2.26)

ifw — z = h, (2.27)
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—aﬁ(t)A%v + Aw+ifz+nArz =k

Taking the inner product of with U in Y, we obtain
iBIIUI, + (AU, Uy, = (F, Uy, (2.28)
By the proof of Proposition , see , we get
Re({A()U, U)yy) = nllAxolli +nllA%=]% > 0.

It follows by the Cauchy-Schwartz inequality that

nA5v|% +nlAvz]% = [Re((A)U, Ukl = [Re((F, Uyy)| < [(F, Uyl < [ Flls Ul

and, therefore, we obtain

1 1 1 1
A7)k < 7—]||FHY0||UHY0 and [A7z|% < ;]\|FHY0HUHY0~ (2.29)

T
Now, taking the inner product of ([2.25) with z; = [A*%v 0 0 0| in Yy, it leads to

(GBI + AB)U. a1y, = (Frarhy, = (iBu—v,A730) y = (f,A730)
= iB(Au,v)x — (A2v,v)x = (A7 f,v)x
= (Abu,—ifv)x — |ATv|} = (A2 f,v)x

ol NI

and then, using (2.26)), we conclude that
(Asu, Autu+ gA30 +a () A2z — g)x — | Avolk = (A2f.0)x.

Thus, from Cauchy-Schwartz and Young inequalities and ([2.29)), we obtain
|ASul%
=~ Avulf —n{Atu, Arv)x — ac(t) (At Afz)x + (Aru,g)x + (A3 0)x + [ Adlfi
3 1 3 1 1 1 1
< nllAvullx[[ATvllx + arl| ATl x[| AT 2] x + |A2u]lxllgllx + A2 fllxlvlix + [|AT]%

€1 3 1 1 €9 3 1 1 1
< DiPIATuIR + o Aol + AN + o Al + (5 +2) 1Fal Oy

€1 9 €9 2) 3 19 1 1 1
< (L2 4 242) Al 4 2) |IFI U

for all ; > 0 and €5 > 0. Now, it is enough to choose ¢; = # and ey = #, and so we get
1
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2(a? +1)
| A% ully < ( A +4) Iy Ul (2.30)

T
Next, taking the inner product of (2.25)) with z, = [0 00 A%w] , we have

((IBI + A(t))U, 2)y, = (F, 32)y,
(—ac(t)A70 + Aw + iz + A2z, AZw)x = (k, ATw)x
that is,
—a.(t){ATv, Aw)x + | ATw]} + (A%z, —ifw)x + (A2, ATw)x = (k, ATw)x
and then, using , we have
|ATw|% = ac(t){Aiv, ATw)x — n(Aiz, ATw)x + |AT2|% + (A2z, h)x + (k, A2w)x.
Using again the Cauchy-Schwartz and Young inequalities, and , we obtain

|ATw|%
1 3 1 3 1 1 1
< alnAmnananX +n||AZz||X||AZw||X +lAT2)% + |2l x Az R x + k]| x | AZw]|x

1
< LatlAtul + o Aol + DA+ oAbl + (5 +2) TN

€3 €4 1 1 1
< (Dat+ L) atuly + (—+—+n+2) 1Pl 10

2 2nes  2ne
for all e3 > 0 and €, > 0. Choosing €3 = ﬁ and €4 = #, we get
2(a +1)
Jatul < (204 202 4 ) 1P 0T (231)

By [28, Corollary 1.3.5], we have D((A + I)2) = D(Az), consequently,

")

w\»—-

(Azu, A70)x = (u,v) .,

X2

:«A+n%(A+n
Using this fact and the proof of Proposition we obtain
1 1 1 1
(AU, U)y, = <A2u,A2v>X — <A2U,A2U>X

+ ac(t) <<A%Z7U>X = (v, A%Z>X>

+ (Aw, 2)x — (2, Aw)x + ]| ATv]|% + ]| A%2]|%,



43

and, taking the imaginary part, we have

Im((A(H)U, U)y,) = 2Im({A2u, A7v) x)
+2Im((ATw, Aiz)x)
= 2Im((Afu, ATv)x)

(A )x)-

3

+ 2Im({ATw Ai

With this last equality and taking the imaginary part in (2.28)), it follows by the Cauchy-
Schwartz and Young inequalities that

BIU|Z, = Im((F,U)y,) — Im({A®)U, U)y,)
<N Flv Uy + 2| A ul|x || ATv]|x + 2aa]|ATz]|x||ATv]|x + 2]|ATw] x || AT2|x
<N FlvlUllvy + 1ATul% + 1+ a) | ATo|% + [|ATw|% + (e + 1)[|AT2]%

and, using the estimates obtained in (2.29)), (2.30)) and (2.31)), we get

2(a? + 1 2a1 + 2
mw&s(ua@muﬁfl+g+ _ )mmwm,

that is, there exists a positive constant C', independent of (3, such that

BB+ A1) Flly, < ClIF Iy,
for all F' € Yy and all § € R. Since this holds for g € R arbitrary,
BIIGBI + A®)) ey < €, forall BER,

and, therefore, we conclude that

limsup || B(iB1 + A(t)) "l £eve) < 0.

|B]—o0

By Theorem [2.1| . the semigroup {e~™A®: 7 > 0} is analytic. O

Next, we present an auxiliary result about the class of nonlinearities that are being

considered in this work.

Lemma 2.2. |21, Lemma 2.4] Let f € C'(R) be a function such that there are constants ¢ > 0
and p > 1 such that | f'(s)| < c(1+ |s|P~Y) for all s € R. Then

[f(s) = f(O)] < 277 el s —t](1+ [s]7~" +]t17T)
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for all s,t € R.

Proof. Recall that for a,b,s > 0, one has (a + b)® < 2°max{a®,b°} < 2°(a® 4 b*). Now, given
s,t € R, it follows from the Mean Value Theorem that there exists 6 € (0, 1) such that

1f(s) = f(O)] = |s =t f'(s(1 = 0) +10)]
< cls —t|(1+ |s(1 — 6) + 0] )
<277 lels — t|(L+ [s(L— ) + [to] )
<27 lels — (1 + |s|Pt + [¢PY),

which proves the result. O

Remark 2.2. We have the following description of the fractional power scale for the operator
A(t), given as follows
Yo=Y, 1 =Y, forall 0<a<l,

where

Yo =Y, Vola=[X x X 2xXxX 2 X2xXxX2xX],
= [X,X2])o x [X72, X]o % [X, X2]0 x [X 72, X],
= X3 x X7 x X3P x X7,
where [+, -], denotes the complex interpolation functor, see [51]. The first equality follows from

Proposition (recall that 0 € p(A(t))), see |3, Example 4.7.3 (b)] and the others equalities
follow from [24], Proposition 2].

In what follows, Proposition below provides sufficient conditions for the nonlinearity
F: Yy, — Y, 1 to be Lipschitz continuous in bounded subsets of Yj.

Proposition 2.5. Assume that1 < p < "Jri(j;a), with o« € (0,1). Then the map F: Yo — Y41,
defined in (2.12)), is Lipschitz continuous in bounded subsets of Yj.

T
Proof. Let x; = [uz v; w; z| €Yyfore=1,2. Then, from Lemma 2.2 and using Holder’s

inequality, we have

[ F(z1) — F(x2)lv, , = [If(u1) — fe(uz)HXanl
<allf(ur) = f(u)]

2n
[ n+2(1—a) (Q)

= ([ 1)) - ) @) )

n+2(l—a)
2n

n+2(l—a)
2n

= ([ 1) - Stua(e) o)
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n+2(l—a)
2n

< x ([ 1)~ 0a(a)] (1 () + o)) 7

= (/ '“l(@‘“?(@'%dﬂc)y ( / |1+|U1($)|p_1+|U2(x)|p_1|2nadx)n

< callun = wal] 2, L+ Jen 7 o ol 2

swm—mmﬁﬁ(uwwwm% el ).

2n o—
where ¢; > 0 is the embedding constant of L##20-a (Q) < X“2 . Moreover, we have the

embedding H'(Q) < LP(Q2) holds if and only if p < 2. Since p < M if and only if
";”T_al) < 2% then we obtain
HYQ) — L0 (Q).
Therefore,
|F @) = F(za) ey < eallur = usll g (14 a2 + el ))
< callrr = zallvy (L+ faalify" + llallf, )
for some constant ¢4 > 0, which concludes the proof. m

Proposition and Theorem ensure the local well-posedness of (2.9) in the phase
space Yy, and this allows us to establish the following existence result.

n+2(1 )

Corollary 2.1. Let1 < p < , with a € (0,1), and let f € CY(R) be a function satisfying

@-7)-2.8). Assume that condztwns (2.4)-(2.6) hold and let F:Yy — Y,_1 be defined as in
(2.12)). Then given r > 0, there exists a time ty = to(r) > 0 such that for all Wy € By, (0,7r),
there exists a unique solution W: [T, 7+to] — Yo of the problem (2.9) starting in Wy. Moreover,

such solutions are continuous with respect to the initial data in By, (0,r).

In order to obtain the global well-posedness of solutions, we give an auxiliary result.

Lemma 2.3. [4, Proposition 4.1] [28, Observation 6.2.1] Let f € C*(R) be a function satisfying
(2.7)-(2.8)). The following conditions hold:

(i) There exists a constant ¢ > 0 such that |f(s)| < c¢(1 + |s|?) for all s € R.

(13) Given § > 0, there exists a constant Cs > 0 such that

/f(u)udxﬁCg—i—ﬂ]uH% and // f(s)dsdr < Cs + 6||ul|%,
Q aJo

forallu e X.
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(1ii) Given r > 0, there exist constants C,. > 0 and C > 0 (which does not depend on 1) such
that

/ Fu)udz

Q

< C’T||u||§(% and

f(s)dsdz| < Cpl|lul]* , +C
0 Xz

for all u € X3 with HuHX% <r

Proof. (i) In view of Lemma there are constants ¢ > 0 and p > 1 such that
()] = 1FO < [£(s) = FO)] < 27 Fels =t (T +|s|"7" + [¢7)

for all s,t € R. On the other hand, using the Young inequality ab < e% + ql/p; with

e=1,a= |s],b:1,p:pandq:lﬁ,we obtain

rop—1
sl < B Pml i ser
pp

Hence,

[f()] < F(O)] 427 el s|(1+ s |p_1) = |F(0)] + 2" e(|s] + [s]°)

p—1 || P
< 1F(0)] +2 ( =il

p—1 Il'lXp 11+P
< 1F(O)] + 271 + |s]) { L U }

<O+ 27 o) (2 4+ 22

= |f(O)] +27c(1 + |s|?) < (|f(0)] + 2°c) (L + |s]”).

Therefore, f satisfies |f(s)| < é(1 + |s|?) for all s € R and some constant ¢ > 0.

(4) We shall make use of the dissipativeness condition (2.7). In fact, to deal with the first
assertion, note that, by (2.7), for all § > 0 given, there exists R; > 0 such that, for |s| > Ry,
one has @ < ¢ and, therefore, f(s)s < ds*. Moreover, since the function R 3 s — f(s)s is
bounded on the interval [—Rs, Rs|, there exists Mz > 0 such that

f(s)s < Ms+ds*> forall scRR.

Thus, given v € X, we have f(u(z))u(z) < Ms+ du?(x) for all x € Q and then, integrating

this inequality on 2, we obtain
/ Fluyudz < My|9) + 6]ull%. (2.32)
Q

Now, let us show the second assertion of this item. For a given § > 0, let Rs > 0 be as
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above. Since R 5 s — f(s) is bounded on the interval [— R, R;s], there exists ms > 0 such that
|f(s)] < mg for all s € [—Rys, Rs]. At first, we claim that

/ f(0)df < msRs + s>
0

for all s € R. In fact, we have some cases to consider. If s € [0, Rs], then

oo < [ < [ 150
[ o< | |

Rs
< msdf = msRs < msRs + 5s2.
0
If s > Rs, then we have

s Rs s Rs S
/ FOdo= | f@de+ | fo)do g/ |f(9)|d0+/ 506
0 0 Rs 0

Rs

fis s R} 0 5 2
< m5d9+5 5—7 §m5R5+§S <m5R§—|—5S .
0

If s € [-Rs, 0], then

[ o= [ s < [ < | ;|f(9)|d9

< mgsdfd = msRs < msRs + §s2.
—Rs

Lastly, if s < —Rs < 0, then

_R6

5 0 R2 82 0
< —/ 59d0+/ 1£(0)]do < —5 (—5 - —) + [ mgdo

“Rs 2 2 “Rs

/Osf(e)de = — /SO £(0)do = — /SRE f(0)do — i F(0)do

)
< msRs + 552 < mgRs + 05°.

This ends the proof of our claim.

Hence, given u € X, we have

/ f(s)ds < K5 + 6u?
0



48

with K5 = msRs > 0 being a constant and then, integrating this inequality on €2, we get

/ /uf(s)dsda: < K| + ][l (2.33)
QJOo

In conclusion, by (2.32) and (2.33)), and taking Cs = |Q] max{M;, K5} > 0, we obtain

/f(u)udngg—i-(SHuH?X and // f(s)dsdx < Cs + 6||ul|%
0 aJo

for all u € X, which proves the statement of this item.
(iii) Let u € X 2. Using the Hélder’s inequality, the Poincaré inequality [Jul|% < A7 ||u||§<% and

also item (i) above, we have

< [ttt ([ wpas)” ([ 1s0op)
<l ( [+ |u|ﬂ>12dx)§ <otloliy [+ IU|p)2da;)§

3 . 3
<alul’, (191+ [ [ul*de ) <ellull?, | 192+ { [ [u*dz
X2 Q X2 Q

< cgllull?y (1+ ulla0qe )

u)udx

with c3 > 0 being a constant. Thanks to our assumption on the exponent p, we have 2p < 2—
and, moreover, since we know that the embedding H'(Q2) < L?(Q) holds if and only if p < 2”
it follows that H'(Q2) < L* (). Thus, there exists £ > 0 such that [Jul[r20@) < #lull, 4 and

hence,
0

Now, given 7 > 0, if [[ul| .3 <, then we get

< callull?y (1+ w1l ).

wudr| < c3(1+ /ipr)“uHi%. (2.34)

In what follows, we show the other inequality. At first, we claim that

[ o] <+ L)




49

for all s € R. Indeed, using item (), if s > 0 then

s s s ) B 1 il
s8] < ["1solar < [ etw oy = (1o + 1o )

If s <0, then

/ f(0 d@‘ / £ (6 |d9</ <1+|9|ﬂ)d9:c(_s+p_i1(_s)p+1)
(Is!+ s |ﬂ+1).
p+1

Now, let v € X2. Using the Poincaré inequality lull3 < )\1_1||u||§(l7 we obtain
2

1
dx</ (|u|—|— |u|p+1) dx
p+1
</c(— —| 2 + ! \u|p+1) dx
- 2 p+1
|Q|+ /|u| d:p—i——/ lu|Ptde

Thus, the claim is proved.

fds

' f(s)dsdz| <
0

1
IQI + —IIUIIX + —p [ s
+1
ot 1||u||§p+1(9)-
Since 1 < p < %5, with n > 3, we have
2n — 2 2
2<p+1< n < n )
n—2 n—2

which ensures that H(Q2) < LP™ (). Thus, there exists a constant ko > 0 such that

[ullovi(@) < rollull 4

and, hence,

AL

' 2 p+1 p+1
——llully —+1 lulls

c At cmgﬂ o1 5
—;m+(7;+——ﬂuuéuwﬁ

: /0 " f(s)dsda| <

C C
—|Q2
S+ S

+1
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Now, given r > 0, if HuHX% < r, then we get

c ATl Pl
< 210 1 0 2. 2.35
< gl (Z + I e, (2.35)

’ f(s)dsdz
0

Therefore, we conclude that, for all r > 0 given, and for all u € X2 with ull (3 <7,

taking

ATl kP gt
C, = 1+ KPrP), = ° >0
. maX{03( + k1P, 5 + P }

and
C
= —|0
C 2| |7

it follows by ([2.34]) and (2.35) that

u)udz

< CT||u||§(% and

) /O " F(s)dsda

which concludes the proof of item (ii7). The proof of the result is now complete. n

Remark 2.3. According to the proof of |4, Proposition 4.1] if f(0) = 0, then there exists a
constant ¢ > 0 such that |f(s)| < ¢(|s| + |s]?) for all s € R. In addition, given r > 0, there

exists a constant C, > 0 such that

‘/Qf(u)udz SC’THuHi% and ‘/Q/Ouf(s)dsdai

for all u € Xz with [jul| .y <r

Theorem 2.3. [Global Well-Posedness| Let f € C'(R) be a function satisfying (2.7)-(2.8),
assume that conditions ([2.4))-(2.6) hold and let F': Yo — Y, _1 be defined as in (2.12)). Then for
any initial data Wy € Yy the problem (2.9) has a unique global solution W (t) such that

W(t) € C([r,00), Yy).

Moreover, such solutions are continuous with respect to the initial data on Y.

Proof. By Corollary [2.1] the problem (2.1)-(2.3) has a local solution (u(t), u(t), v(t), v:(t)) in
Y, defined on some interval |7, 7 + ¢]. Consider the original system (2.1)). Multiplying the first
equation in ([2.1)) by u;, and the second by v;, we obtain

/]ut| do v /|W| da:+ /|u\ dz + [ (—A) |2
Zdt th (2.36)
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and

th/ |vt]2da:—|—§£/ IVo|?de + n||(=A)7v, |5 — ac(t){(—A)2u, v)x = 0, (2.37)

for all 7 <t < 7+ tg. Combining (2.36)) and -, we get

d

ZE0) = =ll(=2)rwli —nll(=8) 7% (2.38)

for all 7 <t <7+ ty, where

1 1 1 1 1
E) = 5@y + S lu@lx + Slu@ + SloOIy + 5l Ol

) /Q /Ouf(s)dex (2.39)

is the total energy associated with the solution (u(t), u(t), v(t), v¢(t)) of the problem (2.1)-(2.3)
in Yy. The identity means that the map ¢ — £(t) is monotone decreasing along solutions.
Moreover, using the property £(¢) < (1) for all 7 <t < 74 1t(, we can obtain a priori estimate
of the solution (u(t), u(t), v(t),v¢(t)) in Y. In fact, given § > 0, it follows by Lemma item
(1), that there is Cs > 0 such that

// f(s)dsdx < Cs + 6jull%-
aJo

Thus, for all 7 <t < 7+ ty, we have

HuHi% + Jluellx + H’UH?X% + Jloe] % < HUH_QX% + Jlullk + i + HUH;% + [luell%
_og(t) + 2/ / F(s)dsdz < 26(7) + 2(6|[ul% + C;)

QJO
< 2(6(r) + C5) + 200l

< 2(E(r) + Cs) + 20A ([l y + ek + V17, + llell%),

where we have used the Poincaré inequality, and A; > 0 denotes the first eigenvalue of the

negative Laplacian operator with homogeneous Dirichlet boundary condition.

Now, choosing § = Il we get

.y + lelZ + ol + ok <4 (E() +Cy ).

Nk

that is,
I (), v<t>,vt<t>>n%@ <4(E@)+0y).

This ensures that the problem (2.1) — (2.3) has a global solution W (¢) in Y;, which proves the
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result. O

Since the problem (2.1)) — (2.3) has a global solution W (¢) in Y, we can define an evolution
process {S(t,7): t > 7 € R} in Yj by

S, )Wy =W(t), t>1eR. (2.40)
By [26], we have
S(t, )Wy = L(t, T )Wo+ U(t, )Wy, t>T1€R, (2.41)

where {L(t,7): t > 7 € R} is the linear evolution process in Y associated with the homogeneous

problem
Wi+ AW =0, t > T,
t (t) (2.42)
W(r) =Wy, T €E€R,
and .
Ut )Wy = / L(t, $)F(S(s, 7)Wy)ds. (2.43)

2.3 Existence of the pullback attractor

In this section, we prove the existence of the pullback attractor of the problem ({2.1))-([2.3)).
To this end, we need to make a modification on the energy functional. More precisely, for

7,72 € Ry, let us define L., ,,: Yo — R by the map

1 1 1 1 1
L@, 0,0, @) = 1012, + 2101 + Slleli + 51012, + 511215

& (2.44)
+71(0 @) x + (¥, P)x — / / f(s)dsdx.
aJo
We start by noting that if
1 Vi1 1 .
Vi < 5 and 5)\11 < 4_17 1= 1,2,
then
1
10D, < a0+ [ [ stopiste (2.4

3

< SN, 0.5, D),
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Indeed, using the Cauchy-Schwartz and Young inequalities, we obtain

7109, ) x + 72, P x| < mllollxllellx +r2llllx [P x
g g
< 31(||¢||§< +[lell%) + 52(||¢||§< +l2[I%)

Y1\ -1 2 M 2 Y2\ -1 2 2 2
< SAU oIy + S llellx + FACIIL, + IRl
1
< ZH(¢? @7w7®>|‘%07

which leads to

60,0, B, < 216,00 D)F, + 1100, #x + 708 Bx < (0, 0,8, B, (2.46)

Consequently,

1 ¢ 3 1
00 0. D, < Lot .®) + [ [ (o)t < 210600 9)1F, + 5013
But since ||¢||% < )\1_1||gb||§<%, we have

31+ 7Y

3 1
211606, @, + 501k < =

1(6, 0,9, D)3, (2.47)

and the claim is proved.

Theorem 2.4. There exists R > 0 such that for any bounded subset B C Yy one can find
to(B) > 0 satisfying
[(w, ue, v, 0)[|3, <R forall t> 7 +ty(B).

In particular, the evolution process {S(t,7): t > 7 € R} defined in (2.40) is pullback strongly

bounded dissipative.

Proof. At first, note that we can differentiate the expression (2.44]) along the solution W (t) =
(u(t), us(t),v(t), v(t)) and, using (2.38)) and (2.39)), we get

d d
EL’Yl,’YQ (u, ug, v,v) = Eg(t) + y1 (e, we) x + Y1 (U, ws) x + Y2 (v, Vi) x + Y2 (v, V) x

1 1 1 1
= —nll Atk — nllATvellk + mallueli + 9w, —Au —u —nA2uy — ac(t) A2 + f(u))x
1 1
+llvelx + 72, —Av — nAZv, + ac(t) ATu) x
1

= —nlluell’ s = nllvl g +yalluellx =yl + lullk) —vn(Azu, u)x

1
— nac(t)(A2u,ve)x + 71w, f(w)x +ellvdllx —ellvl,

— oAz, ) x + Yaac(t) (A2, u;) x.
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Now, if ¢ > 0 is the embedding constant of X T < X, then one has

1
—all Iy < =05l IR (2.45)

Moreover, by Lemma , item (i7), for each § > 0, there exists a constant Cs > 0 such
that

/ fluyudz < §llull% + Cs,
Q

which implies
Y (us f(u))x < yollullx +mCs < 1A ulll 4 + G (2.49)

Thus, using (2.48)), (2.49)) and the Cauchy-Schwartz and Young inequalities, we have

d
dt
_ 1 1
<l = Nl = (g =) e = el = (5 = 32) Bl

L'Yl,"/2 (uv Ug, U, Ut)

€1 1 1 €2
# Gt (Gl + 5l ) +was (elully + Sl )

261 262
tan [ ol + Elnlle ) + o (Lol + ool
263 X2 2 2 X2 264
. 1 €1 1 2 1 1 €3 2
=N (1 — 0\ — 5~ a12—62) ||U||X% - (776—2 - M- 71772—61 - 72a1§) (el %

1 €4 9 1 €2 1 2
— (1= o =1 ) ol = (135 =20 = s 2 = ange ) Bl + 0

for all €1, €5, €3,¢4 > 0. Choosing § = A g =gy = % and €3 = €3 = 2a1, we obtain

8
d 1 1 7 1
Lol ) < =gl = (05 = (145 ) = vad) k= Jalol?,

dt
1 2 772 2
- 776_2_71a1_”)’2 1“‘? HthX""ch%l-

We may choose 7; > 0,7 = 1, 2, sufficiently small such that

U 1 )
¥ < min , (1—i— > , 1 =1,2.
4c? a? 2

Now, taking

. 1 1 n? 5 1 1 9 n?
O, = mm{gﬁ, e —m <1+ 5) TR0 32 N TN T 1+ 5 >0,
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and Cy = y,C», > 0, we obtain
8

d
EL%m(u,ut,v,vt) < =G| (u, ug, v, v) I3, + Co. (2.50)

Note that C; and C5 are independent of B.
We claim that there exists K > 0 such that L, ., (u, ug,v,v) > g][(u, ug, v, 00|13, — K.

In fact, by Lemma item (i7), given 6 > 0, there exists a constant C5 > 0 such that

/ / f(s)dsdx < 5||u||§( + Cj,
aJo

which, together with ||ul3% < )\1_1||u||§{%, implies

1 u
Lo, 2 w0, )l = [ [ (5)dsa
QJOo
1 s —
> v w0llf, = Ol y = Cs

1 <
> (500 v wll, - G
Choosing 6 = L, we get
1
L%w (u’ U, U, vt) > g“(uv Uut, v, Ut)HQYO - K, (2'51)

where K = (', > 0, which proves the claim.
8
Now, define the set

6, = sup{ll(u e, 0,013 ¢ ¢ > 7 | (u(r), we(r), o (@), v (IR, < ).
Note that ¢, < oo for each r > 0. In fact, by the proof of Theorem we have
IW IR, = 1(u(t), u), o(®), ), 4 () +Cn ), 127,

where

&(r)

W+ S~ [ [ soyasa
/ / F(s)dsdz

1
< (540 WO, + Colltnli + €

1
< SIWE R + A I +
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1
< (§+A11>r+ar+a

This shows that £, < oco.
Now, we claim that given a bounded set B C Y{ there exists to(B) > 0 such that

H(u,ut,v,vt)H%/OgmaX{SK,KW} for all t > 7+ ty(B).
C1

In fact, let B C Yy be a bounded set. Let 79 > 0 be such that B C By, (0,79). By (2.45) and
Lemma [2.3], we obtain

Hklw

Loy o (u(T), ue(7),0(7), 0e(7)) < S (1 + Ao + 10Cr, + C =Ty,

for all (u(7),u(7),v(T),v(7)) € B.
Let (u(7), u(7),v(7),v,(7)) € B be arbitrary. If ||(u, u, v, v,)[|3, > CQC—Jlrl for all t > 7 then

d

EL%m(u,ut,v,vt) < —Ci||(u,u, v, v0) |3, + Co < =1 forall t >,

which implies
Ly o (1, e, v, v) < Loy s (w(r), ue(7),v(7),0e(7)) = (¢ —7) forall t>r.
Thus, L., ~,(u,up, v,v;) <0 for all ¢ > 7+ T,,. Consequently, using (2.51]), we have

[(w, ug,v,00)[|3, < 8K forall ¢>7+T,.

On the other hand, if there exists t, > 7 such that [[(u(t.), u(ta), v(ta), ve(ta))|[3, <

(take the smallest ¢, with this property) then

[(w, ue, v, 00) |3, < Loy forall ¢ > ¢,
C1

Set
Cy+1
B" = {wo € B: there exists t4° > 7 such that ||[W (tL*)wo |3, = 20+ and
1
Cy+1
W ()woll2, > 2c+ for all 7 < t < tgo} .
1
We claim that T, (B) = sup{t*°: wy € B*} < co. In fact, suppose to the contrary that there

Cz—i—l

exists a sequence {wg }nen C B" such that tw8 — 00 as n — 0o. Since W (t)wg 5, > for
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all T <t < tﬁg, we conclude that
Loy W wE) < Loy p(wg) — (¢t —7) < Ty —t+7 forall 7<t<t¥0,

This implies that hm LA,1 (W (48 )wy) = —oco. But, using (2.45)), we obtain

IR, < Loy (W12 ) / / §)dsdz

u(ty, O
< Loy o, (W (99 )}y / / s)dsdx

< Loy e W (58 )wg) + Cepn [lu(ty9) %, +C
[@}) X2

< Loy (WS ) + Cogen W (E5 )}, + C
Cy+1

1

+C

= Ly (WS )03 + g
1

which contradicts the fact that lim L., ,(W (£“8 )wy) = —o0.
n—oo
Taking to(B) = max{T,(B), 1, }, we conclude that

[ (w, ue, v, v0) ||, < max {8K,ECQ+1} forall t>7+4ty(B).
C1

This shows that, if s <t and B C Y is a bounded set then

S(s,7)B C By,(0,R) forall 7 < 7y(s,B),

where 79(s, B) = s — to(B) and R = max {8K,€cg+1 } Therefore, the process given by ((2.40
[eh

is pullback strongly bounded dissipative. L]

Next, we prove that the solutions of problem ([2.9) are uniformly exponentially dominated

when the initial data are in bounded subsets of Yj.

Theorem 2.5. Let B C Yy be a bounded set. If W: [1,00) — Yy is the global solution of (2.9
starting at Wy € B, then there are positive constants o = o(B), K; = K1(B) and Ky = KQ(B)
such that

W3, < Kie 7 + Ky, t >

Proof. Let r > 0 be such that B C By, (0,7). We claim that there is M, > 0 and C' > 0 such
that Lo, ~, (u, ug, v,0) < My||(u, ug, v,0) |3, + C for all t > 7. In fact, by (2.45)), we have

Lo, ~, (u, ue, v, ) // f(s)dsdz <

214 A7) e ue, v, ve) [,

o~ |
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By the proof of Theorem [2.4] the set
O = sup{[|(w, ug, v, 00) 15 t 2> 7 [ (w(T), we(7), 0(7), ve(1)) 15, < 7} < oo

Now, using Lemma , condition (i), there are constants Ck, > 0 and C' > 0 such that

/Q/Ouf(s)dsd:c

whenever ||(u(7), u(7),v(7), v(7))||3, < r. Hence, if ||(u(7), u(7), v(7), v:(7))[|3, < r, then

< CETHUHi% +C

3 B u
Lopenlit 0,00 < 50+ A (w0, — [ [ ploydsds
QJo
3 -1 2 2
< 20N 0,0 Ry + ol +
S Mr“(u?uhvuvt)ug/o + C7

where M, = 2(1+ A{") 4+ C, > 0, which proves the claim.
Using the proof of Theorem [2.4] it follows by (2.50) that

d C ccy
%L“/L’W(W(t)) < _ML71772<W(t)) + M, +Cy, 2T,
which implies
c cCy\ M,
LoaIV(0) € Loy (W 500 4 (o S) 2 02
T 1

and, using the fact that §||W(¢)||3, — K < L., ,,(W(t)) (see (2.51)), we conclude that

1

M,
W ()2, < 8Ly oy (W(r))e™ 07 4 g (02

Ch

+C’+K), t>T.

Since L, »,(W (7)) < K, M, + C, we get

M,
W (@[, < 8(K,M, + C)e w7 48 (02 g TC+ K) , t>T,

and the result follows by taking o = z\%? Ky =8(K,M,+C) and Ky =8 (Cg Ag: +C + K). O

Theorem 2.6. Let B C Yy be a bounded set and denote by L: [1,00) — Y the solution of the
homogeneous problem starting in Wy € B. Then there exist positive constants K = K(B)
and ¢ such that

ILOR, < Ke e, i
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Proof. Denoting by L = (u,u,v,vs): [T,00) — Y the solution of the problem (2.42)) starting
in Wy = (ug, u,v0,v1) € B, we define the map INLA,WZ: Yy — R by

1
2
71w, we) x + Y2 (v, ve) x

1 1 1 1
Bt 0,0, 00) = Sl + Sl + 5 el + 51002,y + 5ol

(2.52)

with v, 72 € R,
Then, thanks to the regularity of solutions, established in Corollary 2.1} and using the

Cauchy-Schwartz and Young inequalities, we have

1
= =nllulSy = nllvells, g+l = lul’y + lulli) =y uw)x
1 1 1
— ac(t)(A2u, v x + vl — r2llvll’ ) — 72n{A20,v)x + ye00(t)(A20, u) x
1 1 €1 1

< =nllwllx = ngllvdlx +ylluli = nllely +v%n (5HUH§(% + 2_€1Hut”_2x)
Fnan (5l + Zlul ) + el - relvl?,

2, x2 g THIX X X3

1 9 €3 2 €4 2 1 2
#an (b0l + Shl ) + oo (ST + el

1-n3 =) ful? : 1 =)l
= - —N=—a1— | ||u - -7 -7 —a—= | |u
N 5 196, % T2 —n 7177261 2017 tll x

1 =) ol : = =) ol
- —a— —n—=||v — (= —r—ma=—"yn—]I|v
2 "9¢s n 1 T =2 Ny 7277264 tllx

for all €, €9, €3, €4 > 0, where ¢ > 0 is the embedding constant of X1 X. Now, it is enough

to choose

)

€1 = —, 62:2a17 63:2a17 €4 = —
Ui n
so that we get

d ; 1 2 1 Uk 2 2 1 2
ELvl,vg(%UtaUavt) < —Z%HUHX% —\nz (it 5 )~ ea [Jue[ % — Z%HU“X%

1 2 772 2
— "z e 1+5 e 1% -

Taking ~; > 0,7 = 1, 2, sufficiently small such that

n 1 )
v < —s min{ —, (1+—> , 1 =1,2,
4¢? a? 2



60

and then taking

. [1 1 n? , 1 1 5 n°
Cozmm{zvl, Rt <1+5) 0200, V2 g T Na T I+5 ) =0

we obtain

Ef’ﬁ’l,"/z (u7 U, v, Ut) < _OUH (uv U, v, Ut)”%/()' (253)

Observe that, from (2.45) and (2.52)), we have

w

1 ~ _
L_lH(uvut?U?vt)H%/O < Loy, (u, ug, 0, 0) < 1(1 + AT (w, ug, v, v0) |13, (2.54)

and, combining this with (2.53]), we get

d -~ .
%L’Ylﬂz([’(t)) < _CL'YI:'}Q (L(t))? forall t >,
where ( = 3(1%%—(/:\0;1) > (0, which yields

Ly (L(t)) < Ly, 1o (L(7))e™ "7 forall ¢ > 7.
Finally, it follows from (2.54)) that

IO, < 4L <31+ AL e,
for all ¢ > 7, and the result is proved. =

Our intention is to apply Theorem in order to conclude that the problem —
has a pullback attractor in the phase space Yy. However, instead of proving that the evolution
process defined in is pullback asymptotically compact (see Definition , in the next
result we will establish, in a direct way, its compactness as a map from the phase space Y, into
itself.

Proposition 2.6. For each t > 7 € R, the evolution process S(t,T): Yo — Yy given in (2.40))

18 a compact map.

Proof. Using the identity (2.38)), the energy functional (2.39) and the Cauchy-Schwartz and

Young inequalities, we obtain

1d
s (Il + el + el + 1012y + lrell ) + llel %4 + il
N 1 €.
= (Fw),wx < IF @) Ixhullx < @l @)l g < 5o IF@I + 52l

for all € > 0, where ¢ > 0 is the embedding constant of X1 X, Choosing € = 2, we get
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1d n
T (HuH2 p B+ Wl ol + %) + Pl + el

< Sl

(2.55)

Now, knowing that the embedding Xz < L?7(Q) holds for 1 < p < -5, and using
Lemma [2.3 condition (i), we get
£ < [0+ P < o [ (14 fuf)aa
Q
= a1l + ellull ) < el + el (2:56)

< alQf + e[ W

where ¢1, ¢o are positive constants and W (t) = (u(t), ut(t),v(t), v(t)). Thus, combining ([2.55))

and ([2.56)), we obtain

¢ 01|Q| ey

d
— (W%, + llull%) + nllwl® 3 + 2nllv.? 5 ||W|| .
dt X1 X7

Integrating the previous inequality from 7 to t, we obtain

t t
WO, + 1Ol 1 [ )y 20 [ )l ar

e |0 cc

<Tally o,y T / W@ dr + W IR, + ()% (2.57)
cc|Q|

< = / W) 22dr + (1 AW (I,

where we have used the Poincaré Inequality [|u(7)||% < A7 u(7) ||§(%

(2.57) implies
t t
[ ol / o)

e |Q| c c 1 + A7t
<=0 2 / Wl W)

. Also, note that inequality

(2.58)

Now, consider the original system ([2.1)). By taking the inner product of the first equation
in (2.1) with A%u, and also the inner product of the second equation in ([2.1)) with A%v, and
noticing the identity

1 1
(g, A2u) x (g, A2u) x — ||utH§(%7

Tt

we obtain,
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d

1 d 1 1
T, A2 = [l g+l g + el + ——||UH§(% + ac(t){A>v, A2u)x

2.dt
nd

d 1 1
(v, Az2v)y — HthQ v ||2 g+ 2dt“v”§(% — a (t)(AZuy, AZv)x

T
= (f(u), A2u)x

Once again, using the Cauchy-Schwartz and Young inequalities, we have

d
(0 b+ (v Abo) )+ 2 (2 + 02y ) + el g+l + o1,

< ey + oy +anllvell gy llull g + anlluell g ol g + 1@l

1 1 €1
@*7)mm1+0+iﬁmwk+5HW§+—WW%

1A + Sl

for all €1, €, > 0. Choosing €; = €5 = a%, and using (2.56)), we get
1

d 1 1 n d 1 1

= (G, Abuh + (o, AB) ) + T (Il + 0l ) + Sl + Sl
2+ a? 9 24a}, alQ e 9 1 9

< ol + 5=+ SIWIE + S IV,

Integrating the previous inequality from 7 to ¢, and using (2.58)), we obtain

n
2 (0l + 1) + 5 [ Wi+ 5 [T i
2—|—a c1|92 co [*
1(/Htwﬁm+/mw O yar) + 2P =)+ 2 [ ar

+§/nwvw%w—ww»ﬁmmx—@w»@mmx
+%mﬁ%5MﬂM+QMﬂA%%»x+2@M)W;+WﬁWQ>

2+ a2 (el cc 1+)\ 1|9
< 24 (Cally—ny+ S2 [+ PR, ) + 2 -

2

1+77

c t
+§/WWIMM+ /WVIMW+HWUM EwR,,

which implies

/|m u2dw+/|w

<2+>(‘””1| - C@/HW )2zd *“1MWﬂ&)

772

(2.59)
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+ 1 |Q(t —7) +02/ W () |[3 dr—i—/ \|\W (r Hyodr

HIW O, + 1+ ()15

On the other hand, taking the inner product of the first equation in (2.1)) with A%ut, and
also the inner product of the second equation in ({2.1)) with A%"Ut, and using 1) we have

IS +77||Ut||§(%

1,
X2

Co 2 n 2
-+ %HWHyﬁ + §||Ut||

which yields

d 2 2 2 2 2 al e 2p
o Ul + g o el g ol g el ) < =5+ I
Integrating the previous inequality from r to ¢, for 7 < r < t, we have

a2 4 + ||u<t>||2 POl + 1Ol + oo
< all W22 + ) 5 + a2 + ).
177 X1 X1 X7

() 4 + vaui(%,

consequently,

@I 5 + w4 + To@I 5 + @I
@,
< 177 / W (s)135ds + kW () I, + lu(r)]? 4 (2.60)

+ e ()54 + ||U(7‘)||§(g +lve(r)I1? 5.

where we have used the embedding X2 < X1 ie., [[u(r)||2, < kl|u(r)|? .
X1

Now, by integrating inequality (2.60|), with respect to r, from 7 to ¢, we obtain

(t=7) (HWW g T @Iy + v 3 + o @I 1)

sl
Wi -2 [ [ iweigasar +5 [ W0l o

/||u ||23d7“+/ l|we(r) %dr
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t t
T Ty e

Combining the inequalities obtained in (2.58)), (2.59)) and (2.61)), we get

a5 + w1 + oI5 + v @Iy

6201|Q|(3+a1) 1|9 C2 L 2
< Q| + t—1)+ / / W (s)||3¢dsdr
7 [ 2 (t—1) i W (s)ll5;

1 (EeB+a k1 (2.62)
T 1+@)/men%m+———/WM’umm

(1+ 2B +a?) +n(1+n)
n(t—r)

1
+ WO, + W ()15

t—

Now, if the global solution W (t) = (u(t), u(t), v(t), v¢(t)) of the problem (2.1) — (2.3)) starts
in a bounded subset B of Yy, then [|[W(7)|ly, < M for some positive constant M. Moreover,
remember that from Theorem there exist positive constants o, K7 = K;(B) and K, such
that

W5, < Kie "7+ Ky, t>r.

With this, we can handle with the three integrals that appear on the right hand side of inequality
(2.62). In fact, first note that

t t
K
/ HW(T')H%/OdT’ S / [Kleia(riﬂ-) + KQ]CZ?“ S 71 + Kg(t — 7')
and
N K N
/ |W (r ||2pdr < / [K1e P07 4+ Koldr < =2 + Ky(t — 7),
po

where K, K, are positive constants. For the last integral remaining, note that

K
/ W (s ||2”ds</ [Kle_p”(s N 4Kyl ds < 2le oD 4 Kot — 1),

po

for positive constants K 1 and K 2, and then it follows that

o R : iR
/ / HW(S)”%dsdTS/ [_1€_pU(T_T)+K2(t_T)] dr < 12 _‘_72(]5_7_)2' (263)

po (po)
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Finally, combining all the estimates in ([2.62]) — (2.63)), we conclude that there exist positive
constants ki, ko, k3, k4, ks such that
Ju(®)]] s + llue(t)

1 — —T
12 124+ o)1,y + o) 2 < B+ Bt — ) + o [hge ™) k)

Hence, S(t,7)B is bounded in X1 x X1 x X1 x X1. Since X1 x X1 x X1 x X1 < Yy,
and this embedding is compact, we conclude that S(t,7): Yo — Yp, given in ([2.40)), is compact
for each t > 7. O

Theorem 2.7. [Pullback Attractors| Under the conditions of Theorem the problem
(2.1) — (2.3) has a pullback attractor {A(t): t € R} in Yy and

JAaw cv,

teR

18 bounded.

Proof. Theorem assures that the evolution process S(t,7): Yy — Y, given by
is pullback strongly bounded dissipative. Additionally, it follows by Proposition that
S(t,7): Yo — Yy is compact, and, consequently, it is pullback asymptotically compact. Now
the result is a simple consequence of Theorem O

2.4 Regularity of the pullback attractor

The purpose of this section is to show that the regularity of the pullback attractor can be

improved, using energy estimates and progressive increases of regularity.

Theorem 2.8. [Regularity of Pullback Attractors] Assume that Z—:; < p <5 The

pullback attractor {A(t): t € R} for the problem ([2.1) — ([2.3), obtained in Theorem [2.7, lies in

a more reqular space than Yy. More precisely,

Uaw

teR
is a bounded subset of X' x X2 x X! x Xz.

Proof. Let £: R — Y be a bounded global solution for the system (2.1)). Since |J A(¢) is
teR

bounded in Y; (see Theorem [2.7)), we have {£(¢): t € R} is a bounded subset of Y by Theorem
1.11] Moreover, £(+) = (u(+), ue(+),v(+), () : R — Yj is such that £(¢t) € A(t) for all ¢ € R,

and by , )
E(t) = L(t,7)&(T) +/ L(t,s)F(&(s))ds, t>T.
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Using the decay of L(,-), which was established in Theorem , and letting 7 — —o0,

we get

£(t) = / t L(t,s)F(£(s))ds, teR.

—00

Now, for 7 € R fixed, we write Wy = (ug, u1, v, v1) = &(7) and consider

t
(U(t), ut(t)v U(t)7vt(t)) = U(tv T)WO - / L(t7 S)F(S(SaT)WO)dSa
where U(-, ) is defined as in (2.43). Note that (u(-),v(-)) solves the system

Uy — A+ u 4+ n(=A)2u, + a(t)(—A) 7o, = fult, T5u0)), (,t) € Qx (1,00),

1 1 (2.64)
vy — Av +n(=A)z2v; — a(t)(—A)zu, = 0, (x,t) € Q x (1,00),

with
u(r,z) =0, v(r,z) =0, x € Q. (2.65)

To estimate the solution of (2.64)) — (2.65)) for (ug, w1, vo,v1) in a bounded subset B C Yy,

we again consider the maps

1 2 1 2 1 2 1 2 1 2 ult)
€(t) = Sl y + 5llu®lx + Slw®lx + 5lv@Ol 4 + Slu@lx - L, f(s)dsdz,
and

1 1 1 1 1
L) = Slu@® s + 5@l + Fllu®lx + Fl@IF ; + 5led®lx

+ 7 (u(t), ue () x +72(v(t), vi(t)) x

with 71,72 € RT. Using (2.64), we can write

d

S = % (E(t) 1, 1) x -+ 70, o) x + /Q /0 ' f(s)dsdx)

1
= —nllwll’ s = nllvly +yalluellx —vdlll’,, + lulx) — vin(Azu,u)x
— ac(t) (A2, ) x + 71w, f(w)x +ledk = Il y —rn(Azv, )

+ () (A0, u) x + (f(u), ug) x-

[
X2

In the first place, let’s deal with the nonlinearity f. By Lemma [2.3] it follows that for
each § > 0, there exists a constant C's > 0 such that

/ Fluyudz < olJull% + Cs.
Q
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Further, once the condition 1 < Z—:; < p < 5 implies X R L?*(Q), and using again
Lemma [2.3 condition (i), we have

1 1
2 3
Il < ( [1e+ ipar) < e (101+ [ )
Q
<E (101 + ullaney ) < ellull”y +EQJF <o’ +E0J =T,
whenever HuHX% <r.

Hence, using the Poincaré and Young Inequalities, one can obtain

d 1 1 1
L0 < 05l = nglol bl — lly + e (Gl + 5l )

1
#nan (bl + 2ol ) 40N ol + 1 Co-t bl = sl

1 2 3 2 411112 1 2 1 2, 6 2
sy + 2l ) +9an (G0l + 5ol ) + 51+ Fhl

_ €1 1 1 €3
1= 0t =0 —aue ) Bl = (5 =~ eng = o 1———)|| wlf

+ Y201

S~ N7 NN

< —
>N 9 9

1 1 € 1 9
1—a— — 2 Yy — A= — Yo — 2, 1@ C
— 72 ( Mg~y ) 10114 (7702 T2 Mg 7277264) Jvell + 5. ¢ TG

for all €1, €9, €3, €4, €5 > 0, where ¢ > 0 is the embedding constant of X1 X. Choosing

1
0= —, €1 =—, € =2ay, €3 =2a;, €4 = —, 65_Q
8 n

it follows that

d 1 n n? 1
G0 < gl - (G- (145 ) - )l el
2
Ui Ui
- (@ —mai =7, <1 + §)> llvell % + C + 710?1

Now, note that one can take v; > 0,72 = 1,2, sufficiently small such that

n 1 )
%<@m1n a_%’ (1—1—5) , 1

1,2.

Setting

. 1 n n’ 1 n 2 n?
Cl :mln{g’yl,@—’yl (1—}—7) ’}/QCLl, 4’}/2, 2— Y107 — Y2 1+§ >0
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and Cy = %62 +71C» > 0, we obtain
8

d
L) < =Cill(w g, v, 0, + Co

Using (2.46) and ([2.47]), we get

1 31+ AT
w0, o)l < L£(8) < === (u, w0, 0[5,
Z1y —1
and putting C3 = C} (:3(1+TA11)> , one has
1 2 —Cs(t—7) 02
A w v vy, < £(8) < L(T)e o 12T

From this, we obtain

U U(s,T)B is a bounded subset of Yj.

T<s<t

On the other hand, note that (¢, ¢) = (u, v;) solves the system

(2.66)

1

G — DG+ &+ n(=D)2¢1 + act)(=A) 20 + al(t) (= 1) 20 = f'(u)9,
it — Dp +1(=A)20 = ac(t)(=A)2 ¢y — al(t)(—A)7¢ = 0

We want to estimate (¢, ¢, ¢, ;) in Yy, but our solutions are not regular enough for this
to be done in a direct way. Thus, instead, the process will be done by progressive increases of
regularity. For oo > 0, let us consider the fractional power spaces X¢ = D(A%) endowed with
the graph norm, and let X~* = (X*)’. For

(¢7¢t7§07gpt) EXI_T& XX_% XXl_Ta XX_%7

let us define

1
La(t) = 5 (IO 1o + 16O 5 + 19015 + IO a + @I )
(80, 0u(t)) -5 +(2(t), et -5,
with 71,7, € R*. Using (2.66), we obtain

d
Eﬁa(t) = (¢, ¢>X1—Ta + (P, ) -5 + (Drt, Pt) -5 + (SDt,90>X1—Ta + {Pits t) -

+ V1P, P1) -5+ 71(Ds Dut) -5 T+ V20 1) -8+ V2P Put) -8
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= o5 +ledi-g —nloli -5 —1lol e —2llel’ e —nléll 1
- n\l%H — (b, AZy) g — (t)%<¢,Awt> g — 7772(90,A2s0t>ﬁ
+ a(t )72(90,A2¢t>x—% —a(t )<A%907¢t> al(t)(Az ¢, Dt) - aé(t)%(cb,A%@X—

+al(t)yalp, AZ) g + 71{d, F/(1)e) -3 +< (), b1) -5

Next, we shall estimate the terms that appear on the right hand side of the above

expression, beginning with those in which the nonlinearity f’ is explicit. To do this, consider

o) = 5
Slnce—<p<— we have 1 s Sap <1
Noticing that
(f'(w)o, o) -5 < N (W)l -5 lloell -5 (2.67)

and that the embedding X3 = H®(Q) < LP(Q) or, equivalently, L7 1(€) — X%, holds
| f'(u)¢]| ¢ using Holder’s

—2a)

Inequality and the growth condition, in the following way:

17 @6l -5 < el F @l 5, o < calldlzall @2 o

<aloll [+ Iul”‘l)]zda:) " <ol {101+ [ '

< esllollx (1 il ) |
(Q)

o)

Now, once the embedding H'(Q) — L(pfl)n(Q) holds, if and only if o > —(p_1)2("_2) and

(p=1)n 1) > 2, that is, W <q<lzn 1)" , then for o = a; we have

£l a1<c3|r¢ux(1+uu\m )Sc5\|¢||x(1+uuu;;)Sca, (2.68)
(@)

L

since u and ¢ remain in bounded subsets of X 2 and X , respectively. Hence, from Young’s

inequality, and using and -7 we get

/ 1 2 2
(f'(w)d, 1) o < ;Hf( Wo|? oy + H@IIX_f

-
1
< 2_6006 ||9Z5t||2 _a

for all ¢ > 0. With this in mind, it is possible to obtain an estimate for the other term that
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has the nonlinearity f’, that is,

1
(o, f/(u)d) o < Elllcbll2 et —71||f (Wl o < glllcbll2 o

for all ¢ > 0.

Next, from Cauchy-Schwartz and Young inequalities, we have

1
71 (p, A2y) ey < 7771—||¢>||2 - er—llsbtll2

Y

1 1
—ac(t)n(, AZpy) oy < am—chﬁH2 oy +a1712_63”90tH§(7°‘

a1
2

i €4y 12 1 2
_ o < — . _
mele, A2on) oo S llel e +megllenlly o

and

T

1 €5
ae(t)72<90>f42¢t>xf%1 < al%g”@”il—;l + 172—||¢t||2

for all e >0, e3 >0, ¢4 > 0 and €5 > 0.
Slnce = < ay < 1, we have the embedding X — Xt , that is,

1l smer <l fx

T a

2 2
Y166

for some constant ¢ > 0. From this, and by condition (2.5, and also using the fact that ¢

remains in a bounded subset of X, we get

1
—a(t){A2p, 1) g <bollpll 1ozen (]l 1oz < bo—”90H2 120, + by

< b0—52\|90HX +bo—H¢tH2 120y < —boc7+bo H¢t|\2 120
for all €5 > 0,

1
a (t){A2, 1) oy < 50_|!¢!|21 2y +bo—|!s0tH 1-2a;

< 502—52”¢||X + bo H‘Pt”z 120y S 2—5068 + bO_H%H2 .y

for all e; > 0,

' 1 €8 2 1 2
— ap < — —2a - —2a
ac(t)11(d, A2p) oy <bom 5 ||¢>||X1 20 +bo%268||90||X1 20

bo’Yl€8C bo’hC

< ——lielix +

lell < e

H¢>t\|2 120,
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and

1
ac(t)2(p, A2¢) oy < 5072—”90” 120, +5072—||¢|| 120,

< boya€ol® | o boyal

2
<
> 5 el 2eq = Cio

for some constants ¢g > 0 and c;9 > 0.

Finally, combining all the estimates obtained before, we get

d
—£m<t>s—(% My —ang ) 92 e

dt 2
1 2
7771—— 1’722——_ H¢t” —a
€5
2
(72 7772——a172—> Il ey
1
72—a171——7772— ||<Pt|| x-%
€7
(% )||¢||2 (bog—n)n@n;l_ml+(b05—n) el s
Loy ! bocs + ——bocs + co +
C C —0pC —0pC C C10-
206 21716 26607 26708 9 10

Now, by choosing €; > 0, e > 0, €3 > 0, ¢4 > 0, €5 > 0, ¢ > 0 and €7 > 0, respectively,
such that
1 1 1 i 3n

:2 = — = — = — = — :—and =
€1 Y1, €2 2’ €3 2a1’64 2’ €5 2a17€6 by €7 = 2b0’

we obtain
d 1 €0 1
Lo () < —5nl0l2 e — (=1 =P —dhe = 3) Ionl2 oy = Sl 1
2 2 n 2 n 2
- (—72 —ayy — 1 72) ||<Pt|| - §H¢t||X1—2a1 - Z||<Pt||X1—2a1 (2.69)
_'_1 +1 +bOC7+b08+ 4
—_— —_— C &
260 471 6 2n 3n ’ 10
Ag =200 —% —1— > —<%l we have the embedding Xt e X , and so

4

Il ep < el Il amme

for some constant ¢ > 0, which implies

1
Sl 12 (270)

_21
X 2

- H ’ Hil—ial <
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Hence, combining (2.69) and (2.70)), we get

d 1 n
a <t 2 (M . _f 2
L)<~ ul6l s — (o == — e = 2 il
— allel? gy — (L~ — @t — 1 ) el (271)
272 ¥ Rttt 12 Y2 17— 2 ) Pl e .
1 1 5 bjer | bies
+ 5¢ OCG—I- 47106+ 2 + - 30 + ¢9 + C10-
At last, choosing ¢y > 0 such that ¢y = ~2, expression | ) turns into
d 1 2 Ui 2 2 2
Eﬁal(t) < —571H¢||X17% = (L7 —ay2 ) el _ap
T (S S s Y | o
o 12l 1o 122 ! M)z ) 1Pelly—op
s oLyt B
—cE + —mcp + — co+c
6 471 6 2 31 9 10+
Now, taking +; > 0,7 = 1, 2, sufficiently small such that
1 1
%<m1n{ il il } 1=1,2,
2k’ 16¢2 1+ n?" 162 a?
where k > 0 is the embedding constant of X Sy X-F and taking
M; = min 171, T (L4 7P - abye, 172, L@ = (L) b > 0
277 42 277 42
and M, = %QC% + Incd + bgf; 4 Yo 0% + ¢g + ¢19 > 0, it follows that
d
Lo () < - (||¢|12 o + 10U g I s + gy )+ Ma (272)

Observe that

B L ey [ P L B

1
106,60 -5+ ls00) - | < 7 (16
In this way, using a similar argument as in (2.46|) and ([2.47)), we get

1
7 (1912 1y + 10112 g + Il 1o + lpel” 5y )

3(1+ k?)
< Lay(®) € S (1012 1o + 19112 s + 1012 1o + el )
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This estimate together with (2.72]) implies that

912 1o + 160

. gt H@Hilwl - ngt”i*% < AL, (e M=) g,

2

with positive constants M3 and My. This assures that (¢, ¢, ¢, ;) is bounded in the space
X35 x X°F x X3 x X~F. But we want to conclude that U A(¢) is bounded in
teR

X5 x X x X et x Xt We already know that u;, and v; are bounded in X =t
Now, to show that u € X757 and it is bounded, it is enough to show that [[Aul|, o < C for

1 1

some constant C; > 0, since

2—aq
Al = 1A ullx =l e

Indeed, note that

1 1
| = Aull ooy = lut nAbu + ac(t) Abv — f(0)]] o
< | = Au—u = gAzu — adt)Azo + f()l] oy
= [lusell oop = ll0ell-ap < K,

which yields

1 1
[Aull ymop < Ea A [lull ymop +0l[A2w][ g + arl[AZo]l g + ([ ()] -

2

Thus, we need to obtain estimates for the terms that are on the right hand side of the
above inequality. Using the embedding Lsar (Q) <= X7 and Lemma , condition (7), we

have

n+2aq
2n

7@ < all @, 2 <e ( / e(1+ |u|ﬂ>]nf?alda:)

n+2aq
2n
< ¢y (|Q| —i—/ |u|"+221 dx) <3 (1 +|ul]” .., ) :
[¢) L (n=2)p+2((Q)

Since the embedding H*(Q2) < LP(Q) holds, if and only if p < 2% and

2np 2np  2n

(n—2)p+2>(n—-2)p =

<
m—2)p+2 (n—2)p n-—2’

it follows that
HY(Q) — L2072 (Q)
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and, therefore,

o <oyl 2 < (1 , ><k:.
g <o (10l e )< (i) <b

For the remaining terms, note that

o < éllull y < ks,

. 1 2“1
since X2 — X~ 72, and, moreover,

1
Az w] e = nlloll 1me <k,

and
1
a[| 2oy = arllpll 1o < ks
Therefore, we conclude that
[Aull  —op < k4 ko + ks + by + ks = C,
as desired.

Now, to show that v € X 5 and it is bounded, the idea is similar, because

1 1
| — AUHXJ% — [[nA2v; — ae(t)AQUtHX,%
1 1
< | = Av—nAzv + ac(t)A2u o

= HvttHX—%é = HSOtHX—%jl < ke,
which implies

1 1
loll e = A0l -5y < ko +nllAdurl sy +an|AFul] o

= ko4 nllell e +all] e < Co

with C5 > 0 being constant.

From the previous observations and from the fact that

A(t) = {&(t): £(t) is a bounded global solution},

we conclude that

(2.73)

U A(t) is bounded in XS Xt X x X

teR
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Now, we turn our attention once again to the term || f'(u)¢[,—¢ that appears in (2.67)).

Note that the embedding X =+ = H'~*(Q) = L?() holds, if and only if p < —2—

Hence, using (2.73)), the Holder’s inequality and the growth condition (2.8]), we have

17 wollx-g < el F Wl 2y, o < eallell e I s
l—aj+a
< 02||ut||X17Ta (/[ (1 + |ulP=t)) ™ arblmdx)
l—aj+a

< callull 1o

1] + |u|1 &1+adx)

a1+a

< cyllug|| 1-ay | |92 ul|”
< cxllul <| Sy ||L1pa11)+na(m)
<1 + ||u||p (p—1)n ) .
Ll a1+a(Q)
(p=1)n

Now, note that the embedding Xt = H?71(Q) — Li-a1+a(Q) holds, if and only if

2—a)—-%2> —1(paj$°‘ and pa11)+n > 2, that is

< esllull, 1o

If ("_LQ("_% +plag —1) = a;+p(a; —1) > 0, then using (2.73)) and restarting the whole process
from (2.67)) with as = a3 + p(ag — 1), we will get

2—ag l1—ay 2—ag l—ao
LJA(t) is bounded in X 27 x X 2" x X 2 x X >

teR

We continue with this iterative process getting agr1 = a1 + p(ag — 1) for £ > 1 while
Qe Z 0.

There will be an integer ky > 1 such that ay, > 0 and ag,+1 < 0. Thus, we obtain

2—ak0 l—ako 2—ak0 l—ako
JA(@) isbounded in X2 x X 7 x X 2 xX 2,
teR
_‘)‘k0+1 1—apg41 2-opo+41
but we cannot assure the boundedness in X x X 2 x Xz X

of the embeddings. Here, we set & = 0 and we restart the whole process from ([2.67]), with the
2—a 11—« 2—a —a
obvious adaptations using the boundedness in X 7 X7 X X7 x X 2k0, and we

conclude that
| JA(t) is bounded in X' x X2 x X! x X,
teR

and the proof is complete. n
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2.5 Upper semicontinuity of pullback attractors

This last section is devoted to study the upper semicontinuity of pullback attractors with
respect to the functional parameter a.. To this end, we will use the regularity result obtained
in the previous section. Let {a.: ¢ € [0,1]} be a family of real valued functions of one real
variable satisfying (2.4)). For each € € [0, 1] denote by

{Set,7):t>7€R} and {Ay(t):t € R},

respectively, the evolution process and its pullback attractor associated with the problem (2.1))-
(2.3). Moreover, we will assume that

|ae — aol|ro@y — 0 as e— 0%,

Our main goal is to prove that, for each t € R, dy (A (t), Ay (t)) = 0 as e — 0*.

Theorem 2.9. [Upper Semicontinuity] For each n > 0 and ¢ € [0,1], let WO() =
Sy (-, T)Wo be the solution of (2.1) in Yy. Assume that ||ac — aol|Lo®) — 0 as € = 0%. Then,
for each T > 0, W converges to W in C([0,T],Ys) as e — 0. Moreover, the family of
pullback attractors {A)(t): t € R} is upper semicontinuous at € = 0.

Proof. Let W = W — WO where
WO =, u® v, o) and WO = @, u® v v,

with v = u(9 —u©® and v = v — v(©. From this, we have

N |—=

uy — Au+ u+n(—A) 2y + ac(t)(—A)20[) — ag(t)(—A) 20" = f(u®) — f(u®),

v = v+ (= A)30, — ac(t) (~A)2 0 + ag(t)(=A)2u,” = 0,

for all t > 7 and z € Q. Taking the inner product of the first equation with wu;, and also the

inner product of the second equation with v;, we get

31 | e+ 55 [ 1VaPdet 55 [ e +nl-a)
+ad)((=A) 20 ul) x — ac@)((—A)2u u”) x
— ag(){(—A)70” u?) x + ap () (—A) 20, ul”) x

::/Uw@%—ﬂw%wﬁ%
Q
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and
hu/““dx+zﬁ/WVde+mu Aok = acB){(=2)7u” v x
+ac{(=A) 2wl o) x + ag() (= A)2u”, vl x — ap(t)((—=A)2u”, vP)x =0,

and combining these two last equations, it follows that

7 </ ]Vu]Qda:—l—/ |ul dx+/ || dx—i—/ Vol d:U—i—/ |vt]2d.7c)
1 (e

il (=A% + ll(—A) Tv |k + (a0 — a) (B{(—A) 10, (=A) 1) x
+ (ac — ap)(O((=A)Tu?, (=A)10”)

= [ 1) = F

Now, using the Young’s inequality, we have
d 2 2 2 2 2
pr [l Sy + llulls 4+l + [[oll Ly + lloedlx
1 € 1
= —%I\AZWH%( — 2| ATv,|% + 2(ac — ao)(t)(ATv), ATu{®)
+2(ap — a) (1) (AT, ATv0) y + 2 / [f (1) = F(u)upda
Q
< 2l(ac — a0)O] 2112, + 1)
2.74)
1 _ (
2l(a = a)o) (G + 5101 )
2 [ ) = Fa)ufds
Q

€ (0 € 0
< llae = aollzeqey (112 3 + I 12 4 + 014+ 1”12,)

+2LHﬂM%—fW@WM®-

On the other hand, from Theorem , we know that W and W© are bounded in
X!x X2 x X! x X2. In particular, there exists a constant C' > 0, independent of ¢, such that

€ 0 € 0
s s el 0820 g o™y < C (2.75)
Therefore, from 1} 1' and the embedding X sy X %, we obtain

d
= (Il g+ ull + el + 0], + lerl%)

(2.76)
SCW%—%Mwm+QAHﬂM%—fw@WMM,
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where C” > 0 is independent of e.
By the Mean Value Theorem, there exists o € (0,1) such that

£ () = f@)] = £ (eu') + (1 = o)u)ul) —u®) = | (o + (1 = )u)[ul,

and so

/| ut|dx—/ P (0u® + (1= o)u®)|[ul[u|de.

As in the proof of Theorem H the condition 1 < p < 5 implies X3z ey L% (€2). Since
(e ;p DR 2p +1 5 = 1, then Holder’s inequality gives us

/Ql[f(u(e))—f(u(o))]utldﬂfﬁHf/(Uu(e)Jr(l—U)u(O))ll 2 Nullzzo@lludllz@; (2.77)

LP=1(Q)

but note that

p—1

2 2p
waw¢+u—@w%Mﬁmné(/kﬂ+ww“+u—@w%“W”%ﬂ
Q

p—1

2
<|Q| +/ lou'® + (1 — a)u(0)|2pdx) ’

A + lou + (1 - )53k

IA
o

(2.78)

IN A
o N

AN
onn

(I
-1
1+ (lou ey + 11~ 0u®2e) ]
<& (14 )t + ) ) < G,

where Cy > 0 is independent of €. Thus, combining (2.77)), (2.78) and the Young’s inequality,

we obtain

/ 1/ (@) = f@™)]wlde < Collull o lucll 20y < éllull o3 lludllx 070
2.79

¢
< (Il + ) < (lul, + ol + el + 2+ heli)-

Now, denoting G(t) = [[u(®)[I% , + [[u(®)]I% + [l @)% + @I, ; + lve(@)[, from (2.76
and (2.79)), it follows that

d

G0 < C'llac = aollpm) + ¢G(1) < Cllac = aollm) + CG (),

where C' = max{C’, ¢}. Since this holds for all + > 7, and noticing that G(7) = 0, we get

G(t)e_é(t_T) S —||a€ — a0||Loo(R)€_6(t_T) + ||Cl6 — CLOHLO"(R)) t > T,
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that is,
el 3 + helle + el + Noll% g + ek < e llae — aoll @) — 0

as € — 07 with ¢, 7 in compact subsets of R, and uniformly for W} in bounded subsets of Yj.

This proves the first part of the result.
In order to show the upper semicontinuity of the family of pullback attractors {A)(t): t €

R} at e =0, let § > 0 be given. Let ¢ € R be fixed but arbitrary and

B> JAw(s)

be a bounded set in Y, whose existence is guaranteed by Theorem|[1.10] Now, let 7 € R, 7 < ¢,

be such that 5
dH(S(O)(t, T)B, A(O) (t)) < 5

Using the convergence obtained in the first part of this proof, there exists ¢y > 0 such

that
sup || S (t, T)ue = Sioy(t, T)ue|ly, < 3

Ue EA(Q (T)

for all € < ¢y. Finally, for € < ¢y, we have

dr (A (1), Ay (1))
< du (St T)AG(T), St T)AG(T)) + du (St T) A (T), A (1))

= sup St T)uc — Sy, T)uclly, + dua( Syt ) A (7), Ay (1))

ueeA(e) (T)
)

<—+-=90
2+2 ’

which proves the upper semicontinuity of the family of pullback attractors.



Chapter

3

Impulsive evolution processes

The theory of impulsive differential equations describes the evolution of processes whose
continuous dynamics are interrupted by abrupt changes of state. While a differential equation
describes the period of continuous variation of state, an external condition describes the
discontinuities of the solutions (the impulses). These equations give us an effective tool to
model real problems whose evolution are not continuous.

One of the reasons in the study of the theory of differential equations with impulses
is because they are examples of dynamical systems of infinite dimension, presenting complex
dynamics. The theory of impulsive dynamical systems started by Rozko in the papers [47, 48].
In the framework of autonomous systems, the theory of impulsive dynamical systems has been
studied intensively in [9, 10, 1T, 12, 29, 39]. On the other hand, in recent works, the non-
autonomous case started to be explored in [13 [14] [16, [19].

In this chapter, we present the theory of evolution processes under conditions of impulses.
Results on convergence are established in Section 3.3 Section deals with the impulsive
pullback w-limit set. In Section [3.5] we present a result on the existence of an impulsive
pullback attractor. Lastly, in Section we study the upper semicontinuity of the impulsive
pullback attractor.

All the results of this chapter that have no references are presented in the article [I§].

3.1 Fundamental properties

Let Z be a metric space and {S(¢,7): t > 7 € R} be an evolution process acting in Z.

Definition 3.1. Given D C Z and an interval J C [1,00), we define
F(D,J,7)={x¢€ Z: S(t,7)x € D for some t € J}.

A point x € Z is called an initial point at fiber 7 if F(xz,¢,7) =0 for all t > 7.

In the next definition, we exhibit the concept of an impulsive evolution process.

80
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Definition 3.2. An impulsive evolution process (Z,S, M, 1) consists of an evolution process
{S(t,7): t > 7 € R} in Z, a nonempty closed subset M C Z satisfying the property: for each
r € M and 7 € R, there exists € = e(x,7) > 0 such that

U Fle,7,7—t)NM =0 and {S({t,7)z:0<t—7<e}NM =10,

te(0,¢)

and a continuous function I: M — Z, whose role will be specified in a forthcoming definition.

The set M is called an impulsive set, and the function [ is called an impulse function.

For z € Z, we also define the auxiliary set
Mt (z,7)={S{t,7)x: t > 7} N M.

Lemma 3.1. Let (Z,S,M,I) be an impulsive evolution process, 7 € R and x € Z. If
M*(z,7) # 0, then there exists t = t(x,7) > T such that S(t,7)x € M and S(r,7)x ¢ M
forT <r<t.

Proof. Since M ™ (x,7) # 0, there exists t; > 7 such that S(¢t;,7)z € M. Now, suppose to the

contradiction that there exists a sequence {s, }nen C (7,00) such that s, —— 7 and
S(sp,T)r € M forall neN. (3.1)

Using the continuity of S, we obtain S(s,, )z —— S(,7)z = x. Since M is closed and
{S(sn,T)x}nen C M, it follows that € M. On the other hand, from Definition there
exists € = €(x, 7) > 0 such that S(s,7)z ¢ M for all s with 0 < s —7 < e. But this contradicts
(3.1)). Hence, the proof is completed. ]

According to Lemma [3.1] we are able to define, for each fixed fiber 7 € R, a function

(-, 7): Z — (0,00], called the impact time map, given by

s —T, if S(s,7)x € M and S(r,7)z ¢ M for T <r <s,
¢(x,7) = (3.2)
00, if S(t,7)x ¢ M forall t > T,

for each © € Z. When M*(x,7) # 0, the value s = ¢(x, ) + 7 represents the smallest time
for which the trajectory of the point x starting at time 7 meets M. In this case, we say that
the point S(¢(z,7) + 7, 7)x is the impulsive point of x. With this, we can now describe the

trajectory of a point under the action of an impulsive evolution process.

Definition 3.3 (Impulsive trajectory). Given 7 € R, the impulsive trajectory of a point x € Z,

starting at time 7, under the action of the impulsive evolution process (Z, S, M, I), is a map
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S (-,7)x defined on some interval J, ;) C [r,00), which contains 7, taking values in Z given

inductively by the following rule: if M*(x,7) = 0, then ¢(z,7) = oo and in this case we define

S(t,r)x = S(t,7)x forall t>rT.

However, if M*t(z,7) # 0, then ¢(zo,7) < co. Denoting = z7, we define S(-,7)z in

[T, ¢(zd, 7) + 7] by setting

S(t,7)xg, if 7 <t<o(xg,7)+T,

S(t, )z =
I(S(¢p(z,7)+7,7)xg), ift=o(zy,7)+T

Now, let 7 = ¢(zf,7) + 7, 21 = S(71,7)zd and z{ = I(z;). In this case, since 71 < oo, this
process can go on, but now starting at the point z and at time 7;. Thus, if M*(z], ) = 0,

then ¢(z1, 1) = co. Consequently, we define

S(t,7)x = S(t,m)z] forall t>7.
However, if M*(z,71) # 0, then we define S(-,7)z in [r, 71 + ¢(x],71)] by setting

S(t,m)z], if  <t<m+oaf,m),

S(t,1)x =
I(S(my + ¢(af, 7)), 7)), if t =71 + ¢(af, ).

As before, let 79 = 7 + ¢(af,71), z2 = S(mp,71)z{ and 23 = I(x3). In this last case, since
75 < 00, this process can go on, but now starting at the point z3 and at time 7.

Assume now that S(-,7)z is defined on the interval [7,,_1, 7], n > 1, where

_ _ + + _
TO=T, Tn=Tn1+ox 1, 7m1), n>1and z; =zx.

In addition, assume that S(7,,7)z =z = I(x,). If M*(z},7,) = 0, we define

S(t,7)e = S(t, )z}

n

for 7, <t < oo (note in this case that ¢(z;}, 7,,) = 00). However, if M (x}, 7,,) # 0, then we
set Tuy1 = Tn+0(), 70), 7y = I(wn11) = 1(S(Tsr, Ta)x;) and we define S(-, 7)x in [7,,, 7 i1]
by

. S(t, )z, if 7, <t < Tpy1,

S(t,7)x = (t,7) !

+ e
Ty ift =701

The process described above can either ends after a finite number of steps (when
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M™*(x}t,7,) = 0 for some n € NU {0}) or it may proceed indefinitely (when M*(xt, 7,) # 0
for all n € NU{0}) and, in the second possibility, the impulsive trajectory S(-,7)z is defined

on the interval [r, T'(x, 7)), where

T(x,7) =7+ oaf,7) (3.3)

Note that T'(z,7) can be finite for some x € Z and 7 € R. However, since we shall
investigate the asymptotic dynamics of an impulsive evolution process (Z,S, M, I), we will

assume throughout this work that
T(x,7) =00 forall xe€Z and 7€ R. (HO)

Moreover, throughout this work, we shall denote the impulsive evolution process (Z, S, M, I)
simply by {S(¢t,7): t > 7 € R}.

Remark 3.1. If there exists £ > 0 such that ¢(x,s) > & for all x € I(M) and s € R, then
condition (HO)) holds. It follows directly from the expression (3.3)). The existence of ¢ > 0 means
that there is a minimum time at which the evolution process takes to reach the impulsive set

M when it leaves the set I(M). This condition is satisfied, for instance, when I(M) is compact
and I(M)NM = 0.

Remark 3.2. If /(M) N M = (), then no point x € M belongs to any impulsive trajectory,
except if the trajectory starts at x. This fact is a consequence of the definition of impulsive

trajectories.

Although an impulsive evolution process is not continuous, it satisfies the following
properties which are also valid for continuous evolution processes. A proof of the next lemma

can be found in [19] with the obvious adaptations.

Lemma 3.2. [19, Proposition 2.14] Suppose condition (HO|) is satisfied. Then the following
properties hold:

(i) S(t,t)x =z for allz € Z and all t € R;
(i1) S(t,7) = S(t,s)S(s,7) for allt > s> 7 € R,

In the sequel, we present the concepts of invariance, pullback attraction, pullback
asymptotic compactness, and pullback strongly bounded dissipativeness in the context of

impulsive evolution processes.

Definition 3.4. Let {S(t,7):t > 7 € R} be an impulsive evolution process on Z and
B = {B(t): t € R} be a family of nonempty subsets of Z. We say that B is S-invariant
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if

S(t,7)B(t) = B(t) forall t>7€R.

Moreover, we say that Bis positively (negatively, respectively) S-invariant if
S(t,7)B(t) C B(t) <§<t,T)B(T) D B(t), respectively) forall t>7€eR.

Definition 3.5. Let {S(t,7): t > 7 € R} be an impulsive evolution process in Z. Given t € R
and A, B nonempty subsets of Z, we say that A pullback S-attracts B at time t if
lim dy(S(t,7)B,A) = 0. (3.4)
T——00
The set A pullback S-attracts bounded sets at time ¢, if (3.4) holds for every bounded subset

B of Z. In addition, a time-dependent family {A(t): t € R} of subsets of Z pullback S-attracts
bounded subsets of Z, if A(t) pullback S-attracts bounded sets at time ¢, for each t € R.

Definition 3.6. An impulsive evolution process {S(t,7): t > 7 € R} in Z is said to be pullback
S -asymptotically compact if, for each t € R, each sequence {7 }reny with 7, < ¢ for all k € N
and 7, koo, —00, and each bounded sequence { }ren C Z, then the sequence {S(t, 72k }ren

has a convergent subsequence.

The next definition is not a generalization of Definition [I.14 We present a new version

of pullback strongly bounded dissipativeness for impulsive evolution processes.

Definition 3.7. An impulsive evolution process {S(t,7): t > 7 € R} in Z is said to be pullback
S-strongly bounded dissipative if, for each ¢t € R, then there is a bounded subset B (t) of Z which
pullback S-absorbs bounded subsets of Z at time t, that is, there exists ¢y > 0 such that, for
each bounded subset D of Z, one can find a time 7" = T'(t, D) < ¢ such that

S(t+e,7)D C B(t) forall 7<T and €€]l0,¢).

In this case, the family B = {B(t): t € R} is called an absorbing set for the impulsive evolution
process {S(t,7): t > 7 € R}. If the absorbing set B = {B(t): t € R} is compact and there
exists o € R such that |J,., B(t) is bounded in Z, then we say that the impulsive evolution
process {S'(t, 7):t > 71 € R} is pullback S-strongly compact dissipative.

3.2 Continuity of the impact time map ¢

As presented in 13| 14], 19], the function ¢ defined in (3.2)) is not continuous in general.
The continuity of ¢ in Z\ M depends on extra conditions on the impulsive set M. In [I3],14], the
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authors studied the continuity of ¢ using tube conditions. In [19], the authors were inspired by
the work [15] to consider a special condition to study the continuity of ¢. This condition, namely
condition (I]), was first considered for impulsive autonomous multivalued dynamical systems,
since it is easier to verify in applications than the tube conditions. Here, we also consider
condition in order to obtain qualitative properties of impulsive evolution processes. In

other words, we say that an impulsive evolution process {S(t,7): t > 7 € R} satisfies condition

@ it

Given 7 € R, t > 7, x € M, and a convergent sequence {x, },en in Z such
that S(t, )z, 2% 2, there exist a subsequence {2, tren of {2, }nen and (T)

a sequence {oy}breny C R, with ¢ + a4, > 7 for all k € N and «y, koo, 0, such
that S(t + ag, 7)xn, € M for all k € N.

Now, using condition ([T]), we present sufficient conditions for the impact time map ¢ to
be continuous on Z \ M. This result is not new and the reader can find a more general version
in [19, Proposition 2.33].

Proposition 3.1 (Continuity of the impact time map). Assume that condition holds.
Then, for each 7 € R fized, the impact time map ¢(-,7): Z — (0,00], given by (3.2), is

continuous on Z \ M.

Proof. Let 7 € R be fixed and arbitrary. Now, let + € Z\M and {z,},eny C Z be a
sequence such that z, —— z. We may assume without loss of generality that z, & M
for all n € N, because M is a closed subset of Z. We will split the proof into two steps: the
lower semicontinuity and the upper semicontinuity.

At first, let us prove the lower semicontinuity of ¢(-,7) at . We may assume that
hy{gi;}f ¢(xn, 7) = ¢ € [0,00), because if ligioglfqﬁ(:cnﬂ') = 00, then there is nothing to prove.
Thus, one can obtain a subsequence of {x, },en, which we still denote by the same, such that

¢(2,,7) = ¢. Using the continuity of S, we get
S((xn, T) + 7, T)Tn — S(c+7,7)z.

Since S(¢(zp,7) + 7,7)x, € M, for all n € N, and M is closed in Z, it follows that
S(c+ 1,7)x € M. By the definition of the impact time map, we obtain

T< Pz, ) +T17<cH+T,

that is, 0 < ¢(z,7) < ¢, which proves our first claim.
Now, let us prove the upper semicontinuity of ¢(-,7) at z. Indeed, if ¢(x,7) = oo,

then the result is obvious. Thus, we may assume that ¢(x,7) < oo. Moreover, let
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¢ = limsup ¢(x,,7) and consider a subsequence of {x,},en, which we still denote by the
n—o0

same, such that ¢(z,,7) — ¢o. Note that ¢(z,7) +7 > 7, S(¢(x,7) + 7,7)x € M, and
n—oo

S(¢(z,7) + 7,7)x — S(¢(x,7) 4+ 7,7)z. Using condition (], there exists a subsequence

{Zn, tren of {2, }nen and a sequence {ay }reny C R, with ay Koo, 0, such that
oz, 7)+7+ar>7 and S(p(z,7)+7+ag,7)r,, € M forall keN.
By the definition of the impact time map, we obtain
O(xn,,7) < d(x,7) +ay, foral keN.

Hence, as k — oo, it follows that ¢y < ¢(z, 7), which proves our second claim.

In conclusion, ¢(-,7) is continuous at x ¢ M. O

3.3 Convergence properties

In this section, we present some convergence properties for an impulsive evolution process

{S(t,7): t > 7 € R}. Theorem , Theorem Lemma and Corollary [3.1] are presented

in [I9], however, the authors in [19] used the tube conditions to prove them. Here, we use

condition (T]), which is more general, to get these results.

Theorem 3.1. Assume that condition holds. Let 7 € R, x € Z, {mha}nen C R
and {x,}neny C Z be sequences such that z, 220 oz oand T, =25 1. If x ¢ M, then

n—oo

O(xn, ) — ¢d(x, 7).
Proof. This result is a particular case of Theorem [3.4] O

Theorem 3.2. Assume that condition holds. Let t,7 € R, x € Z\ M, {zp}neny C Z
and {7, }nen C (—00,t] be sequences such that x,, “— x and 7, ~— 7. Then, there exists a

sequence {n, Ynen C R, with t+1n, > 7, and 1, —— 0, such that S(t—i—nn, T )T, LR g(t, T)T.
Proof. See Theorem [3.5] ]

Lemma 3.3. Assume that condition holds. Lett € R and x € Z\ M be given, and

n—o0 n—oo

let {an}nen C R {Bntnen C Ri{zpn}tnen C Z be sequences such that o, —— 0,3, ——

n—oo

0, and x, ——> x, with B, < oy, and x, ¢ M for alln € N. Then, S(t + o, t + )0 ——> .
Proof. See Lemma [3.10} O]

Corollary 3.1. Assume that I(M)N M = (0. Under the assumptions of Theorem[3.4, we can
assume that n, > 0 for alln € N.
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Proof. See Corollary [3.2] O

We end this section with a convergence result which leads with points that belong to the

impulsive set M.

Lemma 3.4. Assume that condition holds and I(M)NM = (. Lett € R, x € M,
{an}neny TRy, {Bn}nen C Ry, and {x,}nen C Z be sequences such that oy, > B, for alln € N,

n—00 n—o0

an 2250, B, 2250, and x, = x. Then, there exists a subsequence {¢(xn,,t + Bn,) bren

k—o0

of {¢(xn,t + Bn) tnen such that ¢(an,,t + B,,) — 0. Moreover,

k—o0

(1) if any — Bny < ¢(Xny, t+ Bn,) for all k € N, then S(t + ap,, t+ By )Tn, — T
k—o0

(1) if oy — By, = Ot + Bny,) for all k € N, then S’(t + Qs t+ By )2, — 1(2).

Proof. See Lemma [3.11] O

3.4  The impulsive pullback w-limit set

In this section, we present the generalization of the w-limit set in the framework of

impulsive evolution processes.

Definition 3.8. Let {S’ (t,7): t > 7 € R} be an impulsive evolution process in Z. The impulsive
pullback w-limit set of a subset B of Z at time ¢t € R is defined as the set

oB,tH=UJUSEt+er)B.

o<t 7<0 €0

The impulsive pullback w-limit set can be characterized in the following way.
Lemma 3.5. For eacht € R and B C Z, we have
W(B,t) ={x € Z: there are sequences {T, }nen C (—00,t], {€;}neny € Ry and {z,}nen € B
such that 7, =22 —o0, €, —= 0 and g(t + €y T ) Ty x}
and &(B,t) is closed in Z.

Lemma 3.6. Let {S(t,7):t > 7 € R} be a pullback S-asymptotically compact impulsive
evolution process in Z. Assume that condition holds, I(M)N M =0 and B is a nonempty
bounded subset of Z. Then, for each t € R, the impulsive pullback w-limit set &O(B,t) is

nonempty, compact and pullback S-attracts B at time t.

Proof. Let t € R be fixed and arbitrary. Now, let {73 }ren C (—00,t] be a sequence such that
7 2% —oo, and {z1}ren C B. Since {S(t,7):t > 7 € R} is pullback S-asymptotically
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compact, the sequence {5’ (t, Tk)xk ey admits a convergent subsequence, which converges to
some point z € Z. Hence, z € @(B,t) and @w(B,t) is nonempty.

Now, let us show that @(B,t) is compact. Let {2z, }neny C @(B,t) be a sequence. For each
n € N, there exist sequences {2} }ren C B, {7} fren C (—00,] and {e}}rew C Ry such that

k—o0

k—oo
T8 —— —00, € —— 0, and

s k—
S(t+ e, )z} 2

For each n € N, there exists a natural number k,, > n such that

N 1
d(S(t+e; ,mn)xy ,2,) <—, neN. (3.5)
n

Since {S(t,7): t > 7 € R} is pullback S-asymptotically compact, we may assume without loss
of generality that there exists y € Z such that

o n—o0

S(t7 Tl?n>xzn —Y

By Lemma up to a subsequence, there exists z € Z (either z =y or z = I(y)) such that

n—00

St+e ey =S(t+e  )S(t, )y > 2. (3.6)

Note that z € &(B,t). Using (3.5) and (3.6)), as n — oo, we obtain z, ——— z. Since &(B,t)
is a closed subset of Z, we conclude that @w(B,t) is compact.
At last, let us prove that @(B,t) pullback S-attracts B at time ¢. Indeed, suppose to the

contrary that there are ¢y > 0 and sequences T, 7% 0 and {Zn}nen C B such that
dy(S(t, 7)xn, 0(B,t)) > €, neN. (3.7)

Since {S(t,7): t > 7 € R} is pullback S-asymptotically compact, we may assume without loss
of generality that there exists z € Z such that

o n—oo

S(t, 7)) T, — 2

But this shows that z € &(B,t), which contradicts (3.7]) as n — oo. O
Next, we show that the family {&(B,t)\ M: t € R} is positively S-invariant.

Lemma 3.7. Assume that condition holds and I(M)NM = (). Let B be a nonempty subset
of Z. Then, {&(B,t)\ M: t € R} is positively S-invariant.

Proof. Let t,7 € R with 7 < t. We are going to show that S(t,7)[@(B,7) \ M] C &(B,t) \ M.
If ¢ = 7, then the result is done. Assume that 7 < ¢t. For a given z € @(B, 1)\ M, there
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n—o0

are sequences {T,tnen C B, {€n}tnen € Ry and {7,}nen C (=00, 7] such that ¢, —— 0,

n—oo
T, — —o0 and

— 00

w, = S(T + €y Tn)Tn — 1
Since = ¢ M, it follows by Corollary that there exists a sequence {7, }neny C Ry, with
t+ 1, > 7 + €, and 7, —— 0, such that g(t + Ny T+ €)Wy, oo, 5’(15,7)3:, that is,

S’(t + Ny Tn ) T, LA g(t, T)T.

Thus, S(t,7)z € &(B,t). Since 7 < t and I(M) N M = (, we have S(t,7)z € &(B,t)\ M.

Hence, the result is complete. O]
In Lemma , we establish the negative S-invariance of the family {&(B,t)\ M: t € R}.

Lemma 3.8. Assume that condition holds and I(M)NM = (. Let B be a nonempty subset
of Z. Moreover, assume that the family {&(B,t): t € R} is compact and pullback S-attracts B.
The following properties hold:

(1) ify e (B, t)N M, then I(y) € @(B,t)\ M;
(i1) {&(B,t)\ M: t € R} is negatively S-invariant.

Proof. (i) Given y € @(B,t) N M, there are sequences {z,}tneny C B, {Vn}nen € Ry and
0, 7

n—o0 n—0o0

{Tn}nen C (=00, t] such that ~, s — o0 and

n—00

Yn = S(t+’7n77n>xn — Y

Since y € M, it follows by Lemma, along some subsequence, that o, = @(yn,, t+vn,) N
and

~ k—o0

S<t + Vng, + Ukat + ﬁ)/nk)ynk _>—> I(y)
Hence,

S(t +7nk + O-kaTnk):Enk k_)_00> I(y)v

which assures that I(y) € ©(B,t). As I(M)N M = (), we conclude that I(y) € @(B,t)\ M.
(i) Let t,7 € R with 7 < t. We are going to show that &(B,t)\ M c S(t,7)[@(B, )\ M].
Indeed, given x € @(B,t) \ M, there exist sequences {x,}nen C B, {€.}nen € R, and

{Tn}nen C (=00, t] such that €, 700, T, 2% — o0 and

o n—oo

S(t+ €, )Ty — . (3.8)
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Since w(B, 7) pullback S-attracts B, we get
dH<S(7', )T, @(B, 7)) 2225 0.

Moreover, by the compactness of &(B,7), we may assume, up to a subsequence, that there

exists y € w(B, ) such that

o n—o0

S(7T,Tp) Ty —— y

Case 1: y ¢ M. In this case, using Corollary we can obtain a sequence {7, },en € Ry such
that 7, —— 0 and

S'(t + Ny Tn ) Ty = g(t + M, 7')5'(7', Tn)Tn, e, S‘(t, T)y & M. (3.9)

Now, since ¢ M, applying Lemma in (3.8) and in (3.9)), respectively, we obtain

n—oo

S’(t + €n A+ Ny Tn) T, = g(t + €p + Nyt + en)g(t + €, Tn) Ty —— T

and
S+ 4 €0, T = S(t + 1 + €0y b+ 10) S+ Dy To) T — S(t, 7y,

which yields z = S(t, 7)y € S(t,7)[&(B, ) \ M].
Case 2: y € M. Let z, = 5(7’, Tn)Tn, n € N. In this case, by Lemma , there exists a
subsequence {¢(2y,,T)tken such that ¢(z,,,7) £2% 0 and

s k—o0

S(T + (b(znkv T)a T)an I ](y)

. . k—o0
Using Corollary we can obtain a sequence {vx}ren € Ry such that v, —— 0 and
S(t + 77+ s ST+ Gz, 7), T2y o ST (),

that is,

St + Yoy Ty Jmy, ~=25 S(t, 7)1 (y). (3.10)

Now, since ¢ M, applying Lemma in (3.8) and in (3.10]), respectively, we get

k—o0

S(t+ €ny + Vis Ty ) Tny, = g(t + €n, + Y, t+ enk)g(t + €nys Ty )Ty —— T
and

g(t + Yk + €nps Toy ) Tny, = g(t + Y + €n,, t+ %)S(t + Vs Ty ) Ty koo, S(t,T)I(y),
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which implies z = S(t,7)I(y). By item (i), I(y) € &(B,7)\ M. Thus, = € S(t,7)[&(B, 1)\ M].
Therefore, O(B,t) \ M C S(t,7)[@(B, 1)\ M] for every t > 7. O

3.5 Pullback attractors for impulsive evolution processes

This section concerns sufficient conditions for the existence of pullback attractors in the

context of evolution processes with impulses.

Definition 3.9. A family {A(t): t € R} of subsets of Z is called an impulsive pullback attractor
for the impulsive evolution process {S(t,7): t > 7 € R} if:

(i) {A(t): t € R} is compact;
(i1) {A(t)\ M:t € R} is S-invariant;
(i17) {A(t): t € R} pullback S-attracts bounded subsets of Z;
(iv) {A(t): t € R} is the minimal family of closed sets satisfying property (iii).

Condition (iv) of Definition [3.9| says that, if {A;(¢): t € R} and {Ay(t): t € R} are two

impulsive pullback attractors for the impulsive evolution process {S(t,7): t > 7 € R}, then
Ay(t) = Ay(t) for every teR.

Theorem 3.3. Let {S(t,7): t > 7 € R} be an impulsive evolution process in Z. Assume that
condition holds, I[(M)N\ M = 0 and {S(t,7): t > 7 € R} is pullback S-strongly compact
dissipative. Then {S(t,7): t > 7 € R} has an impulsive pullback attractor {A(t): t € R} such
that there exists to € R satisfying U, A(t) is bounded in Z.

Proof. Since {S(t,7):t > 7 € R} is pullback S-strongly compact dissipative, it admits a
compact absorbing set K = {K(t): t € R} such that U<, K(t) is bounded in Z for some
to € R. Thus, for each t € R, there exists ¢y > 0 such that, for every bounded set D C Z, one
can find a time 7" = T'(¢t, D) < t such that

S(t+e,7)D C K(t) forall 7<T and e€]l0,¢). (3.11)

Note, in particular, that {S(t,7): t > 7 € R} is pullback S-asymptotically compact.
Now, for each t € R, define

A(t) = J{@(B.t): B C Z, B bounded}.
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By Lemmas , and the family {A(t): t € R} is nonempty, [-invariant and pullback
S-attracts bounded subsets of Z, and the family {A(t) \ M: t € R} is S-invariant.

Let us show that A(t) is compact, for each t € R. At first, we claim that &(B,t) C K(t)
for all bounded set B C Z and t € R. Indeed, let B C Z be a bounded set and t € R. Given
xr € W(B,t), there are sequences {z, }nen C B, {€,}neny € Ry and {7, }nen C (—o00, ] such that

n—oo n—oo

€, —— 0, 7, —— —oo and

o n—oo

S(t+ €n, Tn)x, —

According to (B.11), we have S(t + €,,7,)x, € K (t) for n sufficiently large and, consequently,
x € K(t). Hence, the claim is proved, and it yields A(t) € K(t) for all t € R. Since K is
compact, it follows that the family {A(t): t € R} is compact.

Since U<, At) c Uiy, K(t), we have (J,,, A(t) is bounded in Z.

At last, let C' = {C(t): t € R} be a family of closed sets that pullback S-attracts bounded
subsets of Z. We claim that @w(B,t) C C(t) for all bounded set B C Z and t € R. Indeed,
since U<, A(t) is bounded in Z, we obtain

dy(@(B,#) \ M,C(t)) = lim dy(S(t,7)@(B,7)\ M],C(t)) = 0.

T——00

Thus, (B, t) \ M C C(t).
Now, let € @(B,t) N M. Then there are sequences {Z, }nen C B, {€n}nen € R, and

{Tn}nen C (—00,t] such that ¢, 0, T, 2

s —oo and

s n—oo

S(t+ €n, Tn)Ty —
Since {S (t,7):t > 7 € R} is pullback S-asymptotically compact, we may assume, up to

a subsequence, that
g(t,Tn)l’n % b e w(B,t).

Note that b € C(t), since C(t) pullback S-attracts bounded subsets of Z at time t. Now,

according to Lemma 3.4} either

n—oo

S(t+en, t)S(t, To)zn ——3b or S(t+ en, t)S(t, )Ty —> I(b).

In the first case, we obtain x = b € C(t). In the second case, using Lemma we get
x=1(b) € &(B,t)\ M C C(t). Consequently, w(B,t)N M C C(t).

Thus, we conclude that @(B,t) C C(t) for all B C Z bounded and ¢ € R, which implies
A(t) c C(t) for all t € R.

Therefore, it follows that the family {A(t): t € R} is an impulsive pullback attractor for
the impulsive evolution process {S(t,7): t > 7 € R}, and the proof of the result is complete. []
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3.6 Upper semicontinuity of impulsive pullback attractors

In this section, we deal with the upper semicontinuity at zero for a family of impulsive
pullback attractors {A(t): t € R} associated with a family of impulsive evolution processes
{5(6) (t,7):t > 7 € R}, e €[0,1], that is, we will prove that for each t € R we have

lim dg(Ao(t), A (1)) = 0. (3.12)

e—07t
In order to achieve our goal, we will make use of the following assumptions:

(A1) for each ¢ € [0,1], the impulsive evolution process {S()(t,7): t > 7 € R} admits an
impulsive pullback attractor {A(E) (t): t € R},

(A2) Si(t,m)x —>HO+ S(0)(t, 7)z uniformly in bounded subsets of {(t,7) € R2: ¢ > 7} X Z;
(A3) Iy (M) is bounded and I(o)(My) N Mgy = 0;
(A4) if €, nzoo, 0, then dH(M(en), M(O)) + dH(M(()), M(en)) n—00 0:

n—oo

(A5) if €n TH—OO> 0, then dH(I(en)(M( )), [(0)(M(0))) E—

n 0;
(A6) there exists & > 0 such that ¢ (Lo)(x),t) > 2§ for all (z,1) € M) x R;
(A7) the impulse function I(gy: M) — Z is an injective map;

(A8) given x € I()(M(p)) and t € R, there exist y € I(g)(Mp)) and 7 > 2£ > 0 such that

Sy(t,t —T)y € M) and g(o)(t,t —T)y = x.

(A9) given 7 € R and t > 7, the evolution process S(o)(t,7): Z — Z is a compact map.

The family {Si(t,7): t > 7 € R}, e € [0,1], satisfies the collective condition if
given 7 € R, t > 7, x € M), {€,}nen C [0,1] with €, 7% 0, and a convergent sequence
{@n}nen in Z such that S (¢, 7))z, 22 x, then there exist a subsequence {n, }ren of
{Zn}nen and a sequence {ay}breny C R, with ¢ + a4 > 7 for all £ € N and ay, koo, 0, such that
Sen )t + g, T) Ty, € M, ) for all k € N.

Enk

3.6.1 Some convergence results

This subsection concerns some convergence results for a family of impulsive evolution

processes {S((t,7): t > 7 € R}, e € [0, 1].



94

Lemma 3.9. [12] Lemma 3.1| Assume condition (A4) holds. If {€x}nen < [0,1] and
n—oo

{Zn}nen C Z are sequences such that €, —— 0, x, € M,y for n € N and x, 7 g
then x € M.

Theorem 3.4. Assume that conditions (A2), (A4) and the collective condition hold. Let

n—o0

Te€R, 2z € Z, {1}nen C R and {x,}nen C Z be sequences such that x,, 7% voand T, 225 1

n—oo

If v ¢ My, then gb(en)(In,Tn) — gb(o)(x, T).

Proof. Suppose, at first, that ¢)(z,7) = oco. If there exists a subsequence {¢(5nk)(xnk7 oy ) e
of {gb(m)(l‘na Tn)}neN such that

k—o0
Oen) (T s Tn) ——> A € (0,00),

then, by condition (A2) and Lemma 3.9
kh—>I£lo S(enk)(Tnk + ¢(5nk)<xnka Tnk)y Tnk)xnk = S(O) (7— + )\7 T)I S M(O)a

which yields the contradiction ¢)(z,7) < X. Hence, lim ¢, \(@n, 7,) = 00 = ¢(oy (2, 7).
n—oo
Now, suppose ¢y (x,7) < oo. We claim that {@(,)(%n, Tn)}nen is bounded. Indeed,
suppose there exists a subsequence {¢(enk)(xnk77nk>}k€N of {¢(e,)(@n:Tn)}nen such that

fb(snk)(Ink,Tnk) k2o . Since
k—o00
S(fnk)<7—nk + ¢(0) (IL’, T)7 Tnk)xnk _>—> S(()) (7’ + ¢(0) (ZL’, T), T)l‘ S M([)),

it follows by the collective condition , up to a subsequence, that there exists a sequence
U, LN 0, such that 7,, + ¢ (x,7) + ay, > 7, and S(enk)(Tnk + ¢0) (@, T) + Qs Ty )Ty, €
M, for all k € N. Consequently,

€n

¢(6nk)(xnk77—nk) < ¢(0)($,T) + s ke N,

which is a contradiction as gb(enk)(mnk, Toy) kzeo . Hence, {¢(c,)(Tn, Tn) }nen is bounded.

Now, let {@(c,,.)(Tnm> Tnm ) Jmen be an arbitrary subsequence of {¢(c,)(Zn; o) fnen. This
subsequence admits another subsequence, which we denote by the same, which converges to
some A € (0,00). We claim that A = ¢((x, 7). In fact, suppose at first that A\ < ¢ (z, 7).
Since {Se,. ) (Tam + Plen, ) (@ s Tam )> Trom )T fmen C M, 1y, condition (A4) holds and

m—ro0

S(enm)(Tnm + ¢(enm)(xnma Tnm>7 Tnm)xnm E— S(O) (7— + )\7 T).T,

we have S(g)(7+ A, 7)x € M), which yields the contradiction ¢)(z,7) < A < ¢()(z, 7). Hence,
(ﬁ(m(l‘, T) <A
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On the other hand, since

m—ro0

S(Enm)(Tnm + ¢(0)($,T),Tnm)xnm Em— S(O)(T + ¢(0)({E,T),7')£U € M(o),

we can use the collective condition (T]) again, up to a subsequence, to obtain a sequence
m—r0o0

Bn,, —— 0, such that 7, + @) (@, T) 4 Bn,. = Tn,, a0d S(e, ) (Tnp +00) (T, T) + Brs T ) Tri €

M,y for all m € N. Tt implies

€nm

¢(€nm)<mnm7 Tnm) S gb(o) (xJ T) + /BNmﬂ m e N?

and, as m — oo, we obtain

A S gb(o)(l“, 7‘).
Therefore, A = ¢oy(x, 7). This shows that ¢, (T, T) —— do)(z, 7). O

Theorem 3.5. Assume that conditions (A2), (A4), (A5), and the collective condition (T))
hold. Lett,7 € R, x € Z\ M), {Tn}tnen C Z and {7, }nen C (—00,1] be sequences such that
Tn 7% 1 and ™ o7 o Then, there exists a sequence {n,}nen C R, with t +n, > 7, and
Nn ~=25 0, such that g(gn)(t + Ny T ) Ty 5(0)(15,7')91:.

Proof. Since x ¢ My and M) is a closed subset of Z, we may assume that x, ¢ M, for
all n € N. By Theorem we have @) (Tn, Tn) > dy(x, 7). If d)(2,7) = oo, then

P(en)(Tn, Tn) >t — 7, for n sufficiently large and, therefore,

g(en)(t, Tn)l‘n = S(en)(t, Tn)l‘n TH—OO> S(O)(t, T):L‘ = S’(o) (t, T)JZ,
and the assertion follows by taking 7, = 0 for all n € N.
Now, suppose ¢(o)(x,7) < oo. In this way, we may assume that ¢,)(2n, 7,) < oo for all
n € N. Set 7! = @) (z,7) + 7. We will consider the following cases:
Case 1: 7 <t <th

Given € € (0,7! — t), there exists ng € N such that, if n > ng, then

€ €
|B(en)(Tn, Tn) — b0y (x,T)| < 5 and |7, — 7| < 5

and, therefore,

€ €
<7l —e= by, 7)+T—€< 5 + O(e,)(Tn, Th) + 5 + T — €= Gy (Tny Tn) + Tas

which yields

n—o0 st

S(en)(t, Tn)xn = S(en)(t, Tn)l'n e S(O) (t, T)x = S(o) (t, T):L‘,
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and the assertion follows by taking once again 1, = 0 for all n € N.
Case 2: t = 7.
Note that
5(0) (t,7)x = S(U) (rh, 1) = I0y(S(0) (7!, 7))

and, using conditions (A2) and (A5),

S(en) (¢(en) (.Tn, Tn) + Th, Tn>xn

n—oo

= I(en)(s(en)(gb(en)(xm Tn) + Th, Tn)xn) —_— I(O)(S(O) (7’1, T)QZ) = S(O) (t, T)ZB.
Now, taking 7, = ¢(,)(Tn, ™) — ¢y (2, T) + 7, — 7 for all n € N, we have 7, 2% 0 and
g(en) (t + Tins Tn)xn = S’(en)(gb(en)(xna Tn) + Tn, 7_n)l‘n TH—OO) S’(O) (ta T)$a

which proves the assertion.
Case 3: t > 71
Let 70 = 7 and (7,,)o = 7, for n € N. Using the notation of the Definition [3.3| we have

(Tn)l - ¢(5n)(In, (Tn)o) + (Tn)() n—)_oo} ¢(0)<I,TO) —+ 7'0 = 7-1

and, consequently,
(@)1 = S(e) ()1 (Ta)o) T = S(o) (7", 7%z = 1.

Hence, (2,){" = I(e,)((n)1) " Lioy(21) = .

Proceeding with this argument, we conclude, for every 57 > 1, that

n—o0

(Ta)j+1 = (Tn)j + Gy (T0)] 5 (T0);) > 77 + o) (], 77) = 77+,

(Tn)jt1 = S(en)((Tn)j-i-la (Tn)J)(xn)j_ =% S(O)<Tj+lv Tj)m;_ = Tj+1,

n—oo

and, ﬁnally, (.27”)}:1 = [(en)<<xn)j+1) —_— I((]) (ijrl) = ZL'}:LI.

Since t > 71, there exists k = k(z,7) € N such that

k—1
t=7+) dola], ) +7 with 7 €0, ¢ (af, ™).

Jj=0
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Moreover, Sy (t,7)z = Sy (t, 7%)x; . Now, let us define

T = Z¢(en)(( Z¢(0) )+ T, —7, néeN.

Note that 7, “—> 0. Furthermore, we have 7 < ¢(.)((z,)], (T.)x) for n sufficiently large.
Thus,

lim 5’(6 (t + D, Tn)Tn
n—oo

nh_}r{.los (Tn+z¢(€n Z‘n j ,(Tn) )+7’I’Tn> Tn
nll_}n;los (en) (Tn -+ Z(b(en xn jo (Tn) ) + 7-/7 (Tn)k> (xn)z

k—1
= S)) (T—l—ZQﬁm xf,77) —|-T/,7'k) zy
j

Since S()(t, 7)x = S()(t, %)z} = S (T + Z by (@], 7)) + 1, Tk> z;, we have

S(En)(t + s Tn)xn % g(o) (t, 7')$,

which proves the assertion. The proof of the result is complete. O

Lemma 3.10. Assume that conditions (A2), (A4), and the collective condition hold. Let
t € Rand x € Z\ My be given, and let {an}tnen C R, {Bptnen C R {xp}nen C Z be

sequences such that a, —— 0, B, — 0, and &, —— x, with B, < oy, for alln € N. Then,

n—00

S( )(t + Oén,t—i-ﬁn)l’n — .

n—oo n— o0 (

Proof. Since 3, < oy, for all n € N, o, — ,, —— 0, and ¢\ (Tn, t + Bn) —— (o
Theorem , there exists ng € N such that

t) (see

Ogan_ﬂn<

20D and (o s+ ) = G, D) <

¢(0) (:L‘, t)
2

for all n > ny. Consequently, for n > ngy, we have

T,t
0<a,— B, < % < ¢(€n)(xn>t+ﬁn)
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and, therefore,

lim S(en)(t + ap, t+ Bn)x,

n—o0

= T S (£ (n = Bu), o+ B
- nlglgo S(Gn)(t + Bn + (o = Ba), t + Bu)rn

= S0) (t,t)xr = x,

which proves the result.

[
Corollary 3.2. Under the assumptions of Theorem assume that 1o\ (M@y)) N Mgy = 0.

Then we also can assume that n, > 0 for all n € N.

Proof. We already know that, by Theorem .5 given t,7 € R, z € Z \ M), {Zn}nen C Z
and {7, }nen C (—00, t] sequences such that z,, “—= z and 7,, ——= 7, we can find a sequence

Mn 2% 0 such that ¢ + Nn > T, and

S(En)(t + My Tn) T T, g(o) (t, 7).

Now, choose the sequences o, = 1, +|n,| and 8, = n,, for all n € N. Since I(g)(M)) N My = 0,
we have S(o)(t,7)x ¢ M. By Lemmam

S(en)(t + N + ‘nn’a t+ nn)g(en)(t + Mns Tn>xn L S’(0) (tv T)iL“,

n—o0

that is, g(en)(t + Qp,y Tn) Ty —— g(o)(t, T)x with a,, = 1, + |1, > 0 for all n € N. O

We end this section with a convergence result which leads with points that belong to the

impulsive set M.

Lemma 3.11. Assume that conditions (A2), (A5), and the collective condition hold. Also,

assume that 1oy (M) N My = 0. Lett € R, x € M), {an}tnen C Ry, {Bulnen C Ry, and

{Zn}nen C Z be sequences such that o, > B, for alln € N, «, LA 0, B, e, 0, and

T —=2%% 2. Then there exists a subsequence {(ﬁ(enk)(xnk,t + Bny) Yeen of {0y (@0, t + Bn) bnen
k—o0

such that ¢, y(Tn,,t + Bp,) —— 0. Moreover,

k—o0

(1) if apy — By, < gzﬁ(enk)(xnk, t + Bn,) for all k € N, then S(enk)(t + Qo b+ By )T, — 5

k—oo

(1) if oy, — By > qﬁ(enk)(:pnk,Hﬂnk) forallk € N, then S’(enk)(t—i—ank,t—kﬁnk)xnk —— Lpy(x).

Proof. Note that S,y (t + an,t + B,) zy, X r e M ). By the collective condition , there
exist a subsequence {x,, }ren of {2, }nen and a sequence koo, 0, such that ¢ + v, + oy, >
t+ B, and
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for all £ € N. Consequently,

k—o0
¢(Enk)(xnk7 t + ﬂnk) S Yk + ank - Bnk H—> O

k—o0

Hence, gb(enk)(ﬂink, i+ /Bnk) > 0.

(1) Note that g(enk)(t + Tt + Bu)Tny, = S(Enk)(t + 7, t + B, )T, for all 7 € [B,,, Bn, +

¢(€nk)(xnk, t+ Bn.)), k € N. Thus, if o, — B, < gb(enk)(xnk,t + f,,) for all k € N, then

= k—o0

S(Enk)(t + Qs b+ By )Ty, = S(gnk)@ + Qs b+ By )Ty, —— S(O)(t, t)r = x.

(#4) Since S(e, y(t + By + Oen) (@ngs t + By )it + Buy) Ty € M, for all k € N, and

k—o00

it follows by the continuity of I, ) that

k—o0

= Ig)(x) & M.

Let wy, = Sie, )(t + Buy + Gen)(@n: b + Buy)st + By )Tny, b € No Thus, if ay, — B, >

Dlen, ) (Tny, T+ Bny,) for all k € N, then by Lemma w,

=~ k—oco
Sten Y+ Qs t+ By + Doy (Tngs t+ By ) )0k ——> L) (),

Gnk Enk

that is,

= k—o0

S(Gnk)<t + Qny, t+ By Ty, —— ](0)($)-

Hence, the proof is complete.

3.6.2 Upper semicontinuity

At first place, we need to obtain informations about the impulsive dynamics that happens

inside the attractor {A(O) (t): t € R}. In fact, we prove that all the points that undergo impulse

must enter in the attractor {A)(t): t € R}.

Proposition 3.2. Assume that conditions (Al), (A3) and (A8) hold.  The inclusion

Loy (M) C Awy(t) \ Moy holds for all t € R.

Proof. Let t € R be fixed and arbitrary, and let x € I)(M(o)). By condition (A8), there exist
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71 > 2€ and y; € [(0)(M(0)) such that
S(m(t, t— Tl)yl =X.

Since y1 € I(g)(M0)), we may use condition (A8) again to obtain the existence of 7, > 2¢ and
Yo € [(0)<M(0)) such that

S(Q)(t — Tl,t — T — T2>y2 =Y.
Hence,

S(O) (t,t — 7—1)5(0) (t — Tl,t — T — Tg)yg = g(o)(t,t — Tl)yl =T,

that is,
S(m(t, t— T — 7'2>y2 = X.

Proceeding with this recursive process, we get the existence of sequences {7y }reny C [2€, 00)

and {yx fren C L(0)(M(0)) satisfying

Soy(t,t —sp)yp = forall k€N,

k

where s, = 5 7;. Note that {sy}ren is increasing because 7; > 2¢ for all @ € N. Thus,
i=1
k—o0 .
s — 00. Now, since

d(z, Ay (1)) = d(Sio) (£, — sk)yx, Aoy (1))
< du(So)(t,t — se)l0)( M), Ay(t), k€N,

and I(o)(M(g)) is bounded by condition (A3), it follows that

d(l‘,A(O)(t)) < lim dH(S(O)(t,t — Sk)f(o)(M(o)),A(o)(t)) =0,

k—oo
that is, d(z, Aq)(t)) = 0. Therefore, 2 € Ay (t) \ M) as we have condition (A3). O

Proposition 3.3. Assume that conditions (Al), (A3), (A7) and (A8) hold. The inclusion
My C A(O) (t) holds for all t € R. In particular, My is compact in Z.

Proof. Let t € R be fixed and arbitrary, and let x € M) be given. By condition (AS8), there
exist y € Jo)(M(p)) and 7 > 2¢ such that

S(O)(t,t —T)y==z€ My and g(g)(t,t —T)y = [(0)($) € [(0)<M(0)).

Hence,
Loy(x) = Sy (t,t — T)y = Lo)(2)
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and, since I(g) is injective (see condition (A7)), we obtain z = z.
On the other hand, since S(o)(¢,t — 7)y = 2 € M), we get T = ¢)(y,t — 7). Then
v =2z= S0t t—7)y= lim Sg(t,t —s)y = lim Siy(t,t — s)y.
ST ST

Let {sk}ren C [0,7) be a sequence such that sj N Consequently, klim 5'(0) (t,t—sk)y = .
— 00

According to Proposition [3.2], we have
Lo)(Mg)) € Ayt — sp)\ M), forall keN.
Hence,
Syt t — sk)y € So)(t,t — s8)[A ) (t — sx)\Mo)] = Ay(t) \ Mgy, forall keN,

that is, {Sio)(t,t — sx)y}ken € Ag)(t). Since S()(t, t — si)y 222 2 and A (t) is closed, we
obtain x € A(O) (t), which proves the result. ]

Proposition 3.4. Assume that conditions (A1) — (A9) hold. Assume that |J Ay(t) is
€€[0,1]
bounded in Z for each t € R. Then, the set

U Aw®

ec€[0,1]
1s compact, for each t € R.

Proof. Let {z,}nen be a sequence in  |J A (t). For each n € N, there exists ¢, € [0, 1] such
e€[0,1]

that z, € A(,)(t). We may assume without loss of generality that ¢, ~—— ¢, € [0, 1].
Suppose z, € M, for every n € N (up to a subsequence). Using the fact that
dig(Me,y, M(cy)) 2% 0 and M, is compact by Proposition then {z,},en admits a

convergent subsequence.

Now, suppose up to a subsequence that x,, ¢ M) for every n € N. Then
Tp = S(e(t,t — V"

for some 0" € A(en)(t — &)\ M), n € N. By hypothesis, there exists a bounded set By C Z
such that |J A (t) C By.

€€[0,1]
Case 1: ¢, (0", t — &) > &, up to a subsequence.

In this case,
£ = (e (bt — V" = S (b1 — O
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Since S(g)(t,t — &) By is relatively compact (see (A9)), condition (A2) holds and

dri(2n, S)(t,t — §)Bo) < du(wn, So)(t,t — ") + du (S0, t — )", S(0) (L, 1 — §) Bo),

then {x, },en admits a convergent subsequence.
Case 2: ¢, (0",t — &) < &, up to a subsequence.

In this case,

Ty = S(en) (t,t — O = Sy (t,t — £+ Py (0", — ) (BT,

as we have condition (A6). Note that {@(,)(b",t — &) }nen and {(0"){ }rnen admit convergent
subsequences.  Using condition (A2), we conclude that {z,}.cy admits a convergent

subsequence. Hence, the proof is complete. O

Next, we exhibit the upper semicontinuity of a family of impulsive pullback attractors.

Theorem 3.6. Assume that conditions (Al) — (A9) and the collective condition hold.

Assume that \J | Ay (t) is bounded in Z. The family {A(t): t € R} of impulsive pullback
e€[0,1] teR
attractors is upper semicontinuous at € = 0, that s,

~ ~ 0t
di (A (1), A (1)) =00,

for allt € R.

Proof. Suppose, arguing by contradiction, that there exist t € R, §y > 0, a sequence

{€n}tnen C (0, 1] with ¢, 220, and a sequence {Zn}nen such that
Ty € A(en)(t) and d(wn,[&(o) (t)) > 6y forall neN. (3.13)

Suppose x, € M, for every n € N (up to a subsequence). Using the fact that
dg(Mie,), Mipy) == 0 and M) is compact by Proposition then {x,}n,eny admits a
convergent subsequence to some point xg € M) C A(O) (t) which contradicts (3.13)) as n — oo.

Now, let us assume that z,, & M, for all n € N. Using the invariance of the impulsive

pullback attractor, there exists b", € A(En)(—k) \ M, such that
Tp = S(en)(ta _k)br—Lka

for each natural £ such that ¢t + k£ > 1. By Proposition we may assume that

n—oo

n—oo
T, — 29 and 0", b_g.
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Since My C A(O) (t) (Proposition , we may assume that o ¢ M.

According to the hypothesis, there exists a bounded set Cy C Z such that {b" },en C Co
and b_; € C for all integer k > —t + 1.
Case 1: b_j, & M) for all natural & > —t 4 1, up to a subsequence.

By Corollary , there exists a sequence {7, bnen C Ry, with t+17, > —k and 7, —— 0,
such that S(En)(t + Ny —k)O" . LA 5(0) (t, —k)b_j. Since xg ¢ Mg, it follows by Lemma m
that

Steny (t + Ny 1) S(eny (£, — k)™, 2222 .

Hence, xg = S(o)(t, —k)b_i. As n — oo in (3.13)), we obtain

dH(S’(O) (t, —k)b,k, A(O) (t)) > g

s x k—o0

for all k > —t 4+ 1. But dg (S (t, —k)b—_, A)(t)) —— 0, which is a contradiction.
Case 2: b_j, € M) for all natural & > —¢ + 1, up to a subsequence.
By Lemma , we may assume that ¢, (0", —k) 7% 0 and

Sten) (D (en) 0"y —K) — ke, —k)b™ . =5 Ty (b_y,) € L(o)(M(o))-

Since k > —t+ 1, we conclude, using Corollary , that there exists a sequence {n, }nen C Ry,
with 7, == 0, such that ¢ + 1, > @) (b",, —k) — k for k sufficiently large and

g(en)(t + Dy =)V 5(0) (t, —k) 10y (b—g)-

Since xg ¢ Mg, it follows by Lemma that

n—oo

g(en)(t + M, t)g(en)(t, —k‘)bik — Xo.

Hence, xo = S(0)(t, —k)I10)(b—x). As n — oo in (3.13)), we obtain

drr(Sioy(t, —k) 10y (b_1), Aoy () > do

for all k& > —t 4+ 1. But, as I)(M() is bounded by condition (A3), it follows that
A (S (t, —k) Loy (b_), Ay (1)) 222, 0, which is a contradiction.
In conclusion, we obtain that the family {A)(t): ¢ € R} is upper semicontinuous at e = 0,

and this ends the result. O



Chapter

4

Non-autonomous Klein-Gordon-Zalkharov

system with impulsive action

This chapter is devoted to the study of the non-autonomous Klein-Gordon-Zakharov
system presented in Chapter [2] given by (2.1)) — (2.3)), subject to impulsive effects at variable
times. We are interested in the asymptotic dynamics of the solutions of the following impulsive

non-autonomous problem

(= At w4+ n(=A)u, + a(1)(=A) 2o, = f(u), () € QX (7,00),

Vit — A'U + 77(_A>%'Ut - ae(t>(_A)%ut = 07 (l’,t) € Q x (T’ OO)’ (4 1)
u=uv=0, (x,t) € 0 % (1,00), .

K[:]\JCYO—>YO,

with initial conditions
u(r,x) = ug(x), u(r, ) =ui(x), v(r,x) =vo(x), v(r,2) =vi(x), z€Q, TER, (4.2)

where, as presented in Chapter [2 n > 0 is constant, €2 is a bounded smooth domain in R,
n > 3, with the boundary 09 assumed to be regular enough, the function a.: R — (0, 00)
is continuously differentiable in R and it is (8, C)-Ho6lder continuous for each ¢ € [0,1]
(see conditions and (2.6)), and the nonlinearity f € C*(R) satisfies the dissipativeness
condition given by and also the subcritical growth condition given by (2.§).

The set M, called the impulsive set, is a nonempty closed subset of the phase space
Vo= X2 x X x X2 x X,

where X = L?(Q), which satisfies the conditions presented in Definition The tmpulse
function I: M C Yy — Yy is assumed to be continuous and will be responsible by the occurrence

of impulses at variable times.

104
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All the results of this chapter are presented in the article [18].

4.1 Existence of the impulsive pullback attractor

We shall assume that the impulsive set M C Y satisfies condition ((1]) with respect to the
evolution process {S(t,7): t > 7 € R} given in (2.40)), and the impulse function I: M — Yj

satisfies the following conditions:
(H1) I(M)N M = 0;
(H2) there exists > 0 such that || I(w)]|3, < p for all w € M;

(H3) there exists £ > 0 such that ¢(w, ) > 2¢ for all w € I(M) and 7 € R.

Let W (t) = S(t,7)Wo, t > 7, be the impulsive solution of the impulsive non-autonomous
problem
Wi+ AW = F(W), t >,
W(r)=W,eYy, 7 €R, (4.3)
I: M =Yy,

where {S(t,7): t > 7 € R} is its associated impulsive evolution process.

The method chosen to show the existence of the impulsive pullback attractor is to
construct a family of compact absorbing sets. To achieve this goal, first we need some technical
lemmas. In what follows, we prove that it is possible to obtain some kind of control over the

impulsive trajectories.

Lemma 4.1. Given r > pu, there exists ¢, > 0 such that Hg(th)WOH%fO <, for all Wy € Y,
with [|[Woll3, <7 andt > 7 €R.

Proof. In fact, let 7 € R, Wy € Yy with |[W;|l3, <7 and t > 7. By the proof of Theorem ,

l, = sup{HS(t,T)Wonfoz t>T, HWOH%O <r} < oo

Since I(M) C By, (0, 1) C By,(0,r) due to condition (H2), it follows that ||§(t,T)WOH%O </,
for all t > 7. O

Lemma 4.2. There exists R > u such that for any bounded subset B of Yy, one can find
to(B) > 0 such that
I1S(t, T)Woll5, < R,

for all Wy € B and t > 7 + to(B).
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Proof. By Theorem , there exist 7o > 0 (independent of B) and ¢y = to(B) > 0 such that
S(t,7)B C By,(0,79) for all t> 7+ ty(B).
According to Lemma , taking R = max{/{,,r}, we obtain
I1S(t, T)Woll3, < R,

for all Wy € B and t > 7 + to(B). O

In the following result, we show that the impulsive process {S’(t, T):t > 7 € R} is a map

that takes precompact sets into precompact sets.

Lemma 4.3. If G is a precompact subset of Yo and t > 7 € R satisfies 0 <t — 17 < &, then

S(t, )G is precompact in Y.

Proof. Let 7 € R be fixed, and observe that for ¢ = 7, it follows that the set

S(r,7)G =G

is precompact in Yy. Thus, let us assume that 0 <t — 7 < £. Note that we may consider only
the case in which we have ¢(u,7) < t — 7 for all u € G. In fact, otherwise we could write
G = (1 UGy, where

o, e, <t—71 and O(,7)|g, >t —7T

and so, in this last one, we have 7 < t < ¢(u, 7)+7 for all u € G, that is, g(t, T)Go = S(t, 7)Go,
and then the precompactness of S (t, 7)G; follows from the compactness of the evolution process

{S(t,7): t > 7 € R}, see Proposition 2.6 Thereby, we assume ¢(u,7) <t — 7 for all u € G.

Now, define the auxiliary set

B = U S(r,7)G.

re(rt]

Note that B is precompact. In fact, take a sequence {x,},eny C B. Then z,, = S(r,, 1)z, for
some r, € [7,t] and 2, € G, for each n € N. Since {z,}nen C G, and G is compact, we can
assume, up to subsequences, that z, —— z € G and r, —— r € [7,t]. Hence, by continuity,
we get

Tp = (1, T)2n — S(r,7)z =x

and, therefore, € B. This shows the claim.

Since [ is a continuous map and BN M is precompact, we may use the previous argument
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to conclude that

U se,r)(Bn M)

rée(r,t]
is also precompact.

In order to conclude this result, we are going to show that

St )G < | J St,r)(I(BNM)).

re(r,t]

Indeed, given u € G and taking into account that ¢(u,7) <t — 7 for all u € G, we have

S(t,m)u = S(t, ¢p(u,7) + 1)uf,

where

ul = S(é(u,7) 4+ 7, 7)u = I1(S($p(u, ) + 7, 7)u) € I(BN M).
On the other hand, setting 7 = ¢(u, 7) + 7 and using (H3), we obtain
0<t—7—9¢(u,7)<t—71<E<(uf,m),

that is, 71 <t < ¢(u, ) + 71 and this condition ensures that

S(t,T)u = S, m)uf = S(t,m)ui € S(t,m)(I(BNM)).

Therefore,
St )G < | J St,r)I(BNM)),
re(r,t]
which ensures the precompactness of S(t,7)G in Yj. O]

Finally, in the next result we will construct a family of compact sets that pullback absorbs

bounded subsets of the phase space.

Theorem 4.1. The impulsive evolution process {S’(t, s):t > s € R} is pullback S-strongly

compact dissipative.

Proof. Let By = {w € Yy: ||w|]3, < R}, where R > 11 comes from Lemma, and let 7 € (&, 2€)
be fixed. We claim that the set G(t) = S(t,t — 7)By is precompact in Yj for each t € R. In
fact, we can write By = C(t) U Cy(t), where

Ci(t) ={w € By: p(w,t —7) > &} and Cy(t) ={w € By: ¢p(w,t — 1) < &}

Lety € G(t) be given. Then y = S(t,t—7)w for some w € By. If w € C4(t), then ¢p(w,t—7) > &,
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that is,

y=Stt—1+ESt—T+Et—T)w=S{t,t—T+ES(Ht—T+Et—T)w,

that is, y € S(t,t — 7+ &)S(t — 7 + &, — 7)Ci(2).
Now, if w € Cy(t), then ¢p(w,t — 1) < & We may write

y=S(tt—1)w=_S8tt—7+d(w,t—1)S{t—7+¢(w,t —7),t—T)w.
Since z = S(t — 7 4+ ¢(w,t — 7),t — T)w € I(M), it follows from (H3) that
ozt =1+ d(w, t —71)) >26>7>T7—P(w,t —T).
Thus, y = S(t,t — 7 + ¢(w,t — 7))S(t — 7+ ¢p(w,t — 7),t — T)w, consequently,

yeStt—1+¢(w,t—7)S{t—1+d(w,t—7),t—7)Cot).

In this way, we conclude that

Gt)=S(t,t —7+&6S(t—T1+&t—7)C1()

St =7+ ¢(w,t —7))S(t =7+ ¢(w,t — 7),t — 7)Chft).

Since S(t — 7 + ¢(w,t — 7),t — 7)Cs(t) is bounded, because of Lemma , and using the
fact that S(t,s): Yo — Y; is a compact map for each ¢ > s (see Proposition [2.6)), it follows that
the set

S(t,t — 74 ¢(w,t —7))S(t — 7 + d(w, t — 7),t — 7)Cy(t)

is precompact in Y. Furthermore, since S(t—7+¢,t—7)C}(t) is precompact in Yy by Proposition
, and 0 <t—(t—7+¢&) =7—¢& <& we can apply Lemma to guarantee that the set

S(t,t —7+&)S(t — 1+ &t —71)C1(t) is precompact in Yy. Hence, G(¢) is compact in Y, for

each t € R, which proves our claim.

Let €p > 0 and define K(t) = Jj< <., S(t +€,t)G(t) which is compact in Yq.

Now, it remains to prove that the family {K(¢): t € R} pullback S-absorbs bounded
subsets of Yy under the action of {S(t,s): t > s € R}. To this end, let a bounded subset
B of Y, be given. In Lemma , we have shown that there exists to = to(B) > 0 such that
15(t, s)Woll3, < R for all W € B and t — s > t;. Thus,

S(t—71,t—7—1)B C By forall r>t.
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Hence,
St+et—1—r)B=St+et—71)S(t—7t—7—1)B

CS(t+et—7)By=S(t+et)G(t) C K(t)
for all » > ty and 0 < € < ¢g. Therefore,

S(t+¢€,s)B C K(t) whenever t—s>t;+¢.
In addition, since (t+¢€) — (t —7) =7+ € > 0, and R > p, it follows by Lemma 4.1] that
1S(t +e,t —T)Wo|}, < lp, forall te€R andal W€ B,.

Thus, K(t) C By,(0,fg) for all t € R. Hence, |J,.g K(t) C By,(0,fr) and the impulsive
evolution process {S(t,s): t > s € R} is pullback S-strongly compact dissipative. O

By Theorems and [3.3] we have the following straightforward result.

Theorem 4.2. The impulsive evolution process {S(t,s): t > s € R} associated with the
impulsive non-autonomous problem (4.3) has an impulsive pullback attractor {A(t): t € R}
such that | J,<,, A(t) is bounded in Yy for all ty € R.

4.2 Upper semicontinuity

The aim of this section is to study the robustness of the family {A(t): ¢t € R} of
impulsive pullback attractors, associated with the impulsive non-autonomous problem , as
the parameter € € [0, 1] approaches zero.

Let us assume that conditions (A1), (A3), (A4), (A5), (A6), (A7) and (A8) from Section
hold. In addition, we also assume that the collective condition holds.

By Theorem , condition (A2) is already verified. Moreover, by Proposition , the
condition (A9) also holds. According to the proof of Theorem [4.1] we can conclude that
Uier Ao (1) € U,er K(o(t) C By, (0, g), for all € € [0,1], with R independent of e. Thus, we

may assume that |J | A (t) is bounded in Y;.
e€l0,1] teR
Under these previous conditions and according to Theorem [3.6], we can state the following

upper semicontinuity result.

Theorem 4.3. The family {A(t): t € R} of impulsive pullback attractors associated with the

impulsive non-autonomous problem (4.1)) is upper semicontinuous at € = 0.
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