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Resumo

Este trabalho é dedicado ao estudo do fluxo de Yamabe em uma classe de variedades Rieman-
nianas (M,ge) ndo-compactas completas de volume infinito denominadas ®-variedades. Alguns
exemplos dessa classe de variedades sdo instatons gravitacionais, produtos entre variedades assin-
toticamente conicas com variedades fechadas e monopdlos magnéticos ndo-abelianos. Através de
suposicdes sobre a regularidade sobre a curvatura escalar scal(gg), verificamos existéncia e unici-
dade do fluxo para tempo curto. Além disso, supondo que scal(gp) é negativa e limitada tanto su-
periormente longe do zero quanto inferiomente, provamos que os fluxos de Yamabe normalizados
pela curvatura (CYF™ e CYF ™) existem para todo o tempo e, mais ainda, convergem para métricas
Riemannianas sobre M de curvatura escalar constante. Este trabalho estende os resultados obtidos
por Serrato-Sudrez e Tapie em [SST12]].

Para obter estes resultados, provamos: um principio do mdximo no contexto de ®-variedades,
mergulhos compactos entre espacos de fun¢des Holder continuas, propriedades de aplicagdo para
o nucleo de calor H, estimativas parabdlicas de Schauder e apresentamos uma construcdo de uma
parametrix para uma familia de equagdes do calor. Os argumentos apresentados para o estudo do
fluxo de Yamabe global sao vélidos no contexto mais geral das variedades de geometria limitada.
Contudo, o argumento de convergéncia, bem como as estimativas parabodlicas de Schauder consider-
avelmente mais fortes, sdo obtidas no contexto de variedades de bordo fibrado munidas de ®-métricas.
Gostariamos ainda de enfatizar que através de tais estimativas parabdlicas de Schauder, conseguimos
provar existéncia em tempo curto do fluxo de Yamabe com um controle preciso do comportamento
assintotico das solugdes proximo ao bordo. Tal controle ndo pode ser obtido usando somente esti-
mativas cldssicas vélidas para variedades de geometria limitada. Finalmente, notamos ainda o fato
de ®-variedades terem volume infinito, o que impede o uso da renormaliza¢do usual do fluxo, que
garante volume constante em variedades compactas e, eventualmente a convergéncia do fluxo. Su-
perar esta dificuldade no contexto de variedades ndo-compactas € uma das principais contribui¢des

desta tese.

Palavras-chave: Fluxo de Yamabe, variedade de bordo fibrado, nucleo do calor, principio do maximo,

estimativas de Schauder, constru¢do de parametrix.
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Abstract

This work is dedicated to the study of the Yamabe flow on a class of non-compact complete
Riemannian manifolds (M,ge) with fibered boundary and ®-metrics, called ®-manifolds. Some
examples of this type of manifolds include gravitational instatons, products of an asymptotically
conical manifold with a closed manifold and non-abelian magnetic monopoles. Through assumptions
on the regularity of the scalar curvature scal(ge ), we prove both existence and uniqueness of the flow
for short-time. Moreover, assuming scal(ge) to be negative, bounded and bounded away from zero,
we show that the curvature-normalized flows (CYF" and CYF ™) exist for all time and, further, that
they converge to some Riemannian metric on M with constant scalar curvature. This work extends
the results obtained by Serrato-Suarez and Tapie in [SST12].

In order to obtain these results, we proved: a maximum principle in the setting of ®-manifolds,
compact embeddings between Holder spaces, mapping properties for the heat kernel H, Schauder
parabolic estimates and we present a parametrix construction for a family of heat equations. The
arguments presented for the study of the Yamabe flow on long-time hold on the more general setting
of manifolds of bounded geometry. However, the convergence argument, as well as the consider-
ably stronger parabolic Schauder estimates, are worked out specifically in the setup of manifolds
with fibered boundary equipped with ®-metrics. We also like to emphasize that using these stronger
parabolic Schauder estimates, we are able to prove short-time existence of the Yamabe flow with a
precise control of the asymptotic of solutions up to the boundary. Such a control is not possible using
just the classical estimates on spaces with bounded geometry. Finally, we should also point out that
due to the fact that ®-manifolds have infinite volume, the usual renormalization of the flow, that in
the compact setting ensured constant volume and eventually convergence of the flow, does not work
here. Overcoming this difficulty in the non-compact setting is one of the main contributions of this
thesis.

Keywords: Yamabe flow, fibered boundary manifold, heat kernel, maximum principle, Schauder

estimates, parametrix construction.
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Introduction

From its very origin, Riemannian geometry was developed as a way to generalize the theory of
compact surfaces to geometric objects of higher dimensions. Naturally, conformal changes of metrics
gain importance, given the central role they play in the theory of surfaces. More precisely, it was
already known that every compact surface admits a metric of constant Gaussian curvature. This was
a groundbreaking result, since it transformed a topological question into a differential geometric one,
by classifying all the homeomorphism classes of compact surfaces.

However, generalizations to higher dimension manifolds are not straightforward. In fact, for a
Riemannian manifold of dimension m, the Riemann tensor has m?(m? — 1) /12 algebraically indepen-
dent components. Therefore, to look for a more direct generalization, it would be reasonable to study
the “less complex” analogue in manifolds, i.e. the scalar curvature. This would lead to the Yamabe
problem, which asks the following question:

“Given a compact Riemannian manifold (M,g) of dimension m > 3, is it possible to find a Rie-
mannian metric on M conformal to g whose scalar curvature is constant?”

This problem was proposed by Hidehiko Yamabe [[Yam60]], who attempted to solve this problem
in 1960 by using techniques from the theory of Calculus of Variations. Even though his solution was
wrong, his attempt to solve the problem paved the way that led to the solution. In fact, his attempt
was based on how certain geometric objects — scalar curvature, the Laplace-Beltrami operator, the
4/(m=2) 4

with u > 0 smooth, which allowed him to conclude that g has constant scalar curvature if and only if

Riemannian connection operator — transform under the conformal change of metric g = u

al, +scal(g))u = )W(erz)/(mfz), for some A € R. (1)
g
Yamabe realized that (T) is the Euler-Lagrange equation for the Yamabe energy functional
Jyrscal(g) dvolg
¢(8) = (m—2)/m’
( Ju dvolg)
4/(m-2)

which means that u is a solution of iff g =u g is a critical point of &. Rewriting the

expression for & and employing Holder’s inequality, Yamabe proved that & is bounded from below,

allowing the definition of the Yamabe invariant

Y(M,g)=inf{&(g) | g= u4/(m_2)g, u > 0 smooth},

1
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whose analysis was key in the argument provided by Yamabe. Through some modifications and under
the assumption that Y (M, g) < 0, Trudinger [Tru68] proved the existence of a conformal metric with
constant scalar curvature. In 1976, Aubin [Aub76] extended the work of Trudinger to other possible
values of the Yamabe invariant for m > 6. Finally, Schoen [Sch84] solved the Yamabe problem for
dimensions between 3 and 6 by the construction of global test functions.

Parallel to this, Hamilton attempted to solve the Yamabe problem in a slightly different manner,
inspired by the work of Eells and Sampson [ES64]]. The idea of Hamilton was to find a 1-parameter
family of metrics that evolves along a “curvature-diffusion” equation similar to the heat equation,
which should lead to the a metric on the manifold with constant scalar curvature. The resulting
equation, called the Yamabe flow equation, is an evolution equation conceived by Richard Hamilton
[Ham82] as an approach to deal with the Yamabe problem. The flow equation is a heat-type evolution
equation whose solution is given as a family of Riemannian metrics {g(r) },E[O,T) on a fixed underlying
smooth manifold M such that the initial metric coincides with a fixed metric g over M. More precisely,

such family of metrics is said to be a Yamabe flow on (M, g) if it satisfies

dig(t) = —scal(g(r))g(r); 8(0)=g. 2)

It is noticeable that (2)) states that if such flow exists, then the metric must “shrink” along the flow on
regions with scal(g(7)) > 0, which means that even in simple cases with positive scalar curvature, it
leads to a singularity in finite time due to the collapsing of the volume. For this reason, a normalized
version of this flow is also commonly studied. In a classical setting, for (M,g) a compact smooth

Riemannian manifold, define the average scalar curvature as

1

PO= o) | seal(gle)) avol(g(e)). 3)

which then allows to consider the normalized Yamabe flow

9:8(t) = (p(t) —scal(g(1)))g(r), g(0) =¢g. )

Unlike the original Yamabe flow, a solution to the normalized Yamabe flow is a family of Riemannian
metrics on M that preserves the volume of (M, g), keeping the curvature from becoming unbounded.
This is interesting because, once the flow is normalized, the curvature evolves along the flow towards
the normalizing term.

Both flows are well understood in the setting of compact manifolds. Hamilton [Ham82|| himself
proved long time existence of the volume normalized flow for any choice of initial metric. Later, Ye
[Ye94] proved convergence of the flow for scalar negative, scalar flat and locally conformal flat scalar
positive metrics. The case of metrics that are not conformally flat has been studied in a series of papers
by Schwetlick and Struwe [SS03]] and later by Brendle [BreOS, BreO7]. More recently, Bahuaud and
Vertman [BV 14, BV 19]] showed long-time existence and convergence of the normalized flow in the

setting of edge manifolds.
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In this work, the main concern is the Yamabe problem and, more specifically, the ultimate goal is
to study the Yamabe flow on non-compact complete manifolds. In what follows, questions regarding
both local and global existence, uniqueness and convergence of the Yamabe flow in the context of so-
called ®-manifolds, which are an example of non-compact manifolds with infinite volume. Note that
in the case of infinite volume, the average scalar curvature (3)) is ill-defined and only the unnormalized
Yamabe flow.

The Yamabe flow in the non-compact setting has been studied on asymptotically conical surfaces
by Isenberg, Mazzeo and Sesum [IMS13]], who proved locally uniform convergence of a time-rescaled
metric to a complete hyperbolic metric with finite area. The flow has also been utilized by Bing-Long
Chen and Xi-Ping Zhu [[CZ02] to establish a gap theorem for non-compact manifolds with nonneg-
ative Ricci curvature under certain decay conditions at infinity. Ma, Cheng and Zhu [MCZ12]] have
studied long-time existence of the Yamabe flow, under some L” conditions on the scalar curvature.
Schulz [Sch20] proved global existence of the Yamabe flow on non-compact manifolds with un-
bounded initial curvature, provided the metric is conformally equivalent to a complete metric with
bounded, non-positive scalar curvature and positive Yamabe invariant. A recent work Ma [Ma21]]
establishes global existence of the Yamabe flow on non-compact manifolds that are asymptotically
flat near infinity.

In all of these works, either convergence of the flow is out of reach, since (3] is not defined, or
one focuses only on low-dimension geometric objects. Thus, only the unnormalized Yamabe flow has
been considered. In this thesis, we study a different type of normalization for the Yamabe flow, that
allows to study convergence in the non-compact setting as well. We use the concepts of decreasing
and increasing curvature-normalized flows, denoted by CYF~ and CYF™ respectively, as introduced

by Suérez-Serrato and Tapie [SST12] for compact manifolds

Arg(t) = (supscal(g(1)) —scal(5(1)))2(0). £(0) =g, (CYFY).
: _ )

28(1) = (infscal(g(1)) — scal(g(1)))g(t), &(0)=g,  (CYF").
Our interest in these flows lies on the fact that, unlike the standard normalization via average scalar
curvature, sup,,scal(g(r)) and infy, scal(g(r)) are well-defined regardless of the volume of the man-
ifold. We study such curvature normalized flows in the setting of fibered boundary manifolds, that

generalize the asymptotically flat manifolds considered recently in Ma [Ma21]].

Outline of the thesis

Chapter([I]is focused on compiling basic concepts and formulae for the development of the project.
First, we present a couple of important formulae in conformal Riemannian geometry in §I.1] In
§1.2] we introduce the concept of manifold with corners, which is important for the understanding of
polyhomogeneous functions, introduced in §1.3] and of the heat space, which is an extremely useful

concept. Finally, we close the chapter with an intuitive explanation of blow-ups and blow-down maps
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in §T.4

In Chapter [2 we introduce ®-manifolds and their geometry-adapted C*-structure such as -
vector fields and ®-differential 1-forms. In we give an expression for the ®-volume form, while
in §2.2) the expression of the scalar curvature of a ®-manifold is presented. After this, we discuss
maximum principles in ®-manifolds in §2.3} more precisely, we prove stochastic completeness of
®-manifolds, which implies the Omori-Yau maximum principle in this setting, and use it to prove the

following theorem:

Theorem 0.1. Let (M,gq) be a ®-manifold and u € C3(M x [0,T]) be a function satisfying the

following inequalities:

du _@

a_t(pat) ot (pvt,)

du

a1 [Shen)| <c ©

forall (p,t),(p,t') € M x [0,T], for some constant C > 0 and some 'y > 0. Then the Cauchy problem
(dy —alAp)u=0, ul;—o =0, (7
with the factor “a” being a positive and bounded function, admits only the trivial solution u = 0.

Finally, §2.4] discusses the asymptotic expansion of the heat kernel on ®-manifolds, which can be
properly given as a polyhomogenous function defined on a specific manifold with corners (the heat
space).

Chapter[3]is dedicated to discussing the Yamabe flow on ®-manifolds. First, we briefly discuss the
transformation of the Yamabe flow into a PDE in terms of the conformal factor. In §3.1] we review the
geometry of fibered boundary manifolds equipped with ®-metrics in their open interior. We also in-
troduce Holder spaces C](;’a (M), adapted to this geometry. In we study mapping properties of the
heat operator with respect to these spaces. Same conclusions follow by classical parabolic Schauder
estimates in @ Nevertheless, §|32| serves as an alternative derivation by microlocal methods and
as an exercise for the estimates in §@| (which do not follow from classical theory). Based on that, in
§3.3] we establish short time existence of the (unnormalized) Yamabe flow (2)) within the class of such

®-manifolds, see Theorem [3.17] for the precise statement.

Theorem 0.2. Let (M, gq) be a ®-manifold of dimension m > 3 such that scal(ge) € Cgrl’a(M ), for
some o € (0,1) and any k € Ny. Then the Yamabe flow g(t) = u(t)*/""~2) g with conformal factor
ue Clgﬂ’a(M x [0,T)) solving (3.2), exists for T > 0 sufficiently small.

In we turn to the increasing curvature normalized Yamabe flow (CYF™"), introduced in (3.4),
whose short-time existence follows from Theorem [0.2] by some time rescaling. The same holds also
for the decreasing curvature normalized Yamabe flow CYF ™ by a verbatim repetition of the arguments
and hence we only write the proofs for CYF™'. In we study the evolution of scal(g) along CYF*.

In we derive a priori estimates for solutions of the increasing curvature normalized Yamabe flow.
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These a priori estimates allow us to apply the machinery of standard estimates of solutions to parabolic
equations, which we review in §3.8] Subsequently, in §3.9] we conclude the global existence of the
CYF™" on ®-manifolds.

Theorem 0.3. Let (M,gq) be a ®-manifold of dimension m > 3 with scal(ge) € C/(;’a(M ) negative,
uniformly bounded away from zero and k > 4. Then the increasing curvature normalized Yamabe flow
CYF" (see Eq. (3:4)) admits a global solution g = u/"m=2) gq for some u € Cé’a(M x R4 ).

Finally, in §3.10 we establish convergence for the CYF' and thus settle the Yamabe problem on
negatively curved ®-manifolds. Our result, see Theorem [3.32] for the precise statement, reads as

follows:

Theorem 0.4. Let (M, gq) be a ®-manifold of dimension m > 3 such that scal(ge) € nga(M ) is neg-
ative and uniformly bounded away from zero. Then, the increasing curvature normalized Yamabe flow

CYF' converges to a Riemannian metric g* conformal to go with constant negative scalar curvature.

In fact, the same arguments apply in the general case of manifolds with bounded geometry, provided
the flow exists at least for short time within the corresponding Holder space. The ®-geometry is not
essential in our arguments. One can view our contribution as an extension of Sudrez-Serrato and Tapie

[SST12] to a non-compact setting.

In Chapter ] we study the Yamabe flow under much stronger conditions on the conformal fac-
tor. More precisely, we introduce in §4.1] a more restrictive family of Holder spaces, which forces
the functions and their ®-derivatives to be continuous up to the boundary. This property cannot be
inferred from the arguments in Chapter 3] After this, we present in §4.2 some mapping properties
of the heat operator acting as a bounded linear operator on functions satisfying these stronger Holder
restrictions. It is interesting to note that these mapping properties prove how the heat kernel acts
continuously on functions that are Holder continuous on manifolds with conic-ends (which are in-
complete manifolds, unlike ®-manifolds themselves). Using these mapping properties, we construct

a parametrix in §4.3|for a family of heat-type equations, which leads us to the following theorem:

Theorem 0.5. Consider a function a € Cf;ﬁ) (M x [0, T]) which is positive, bounded from below away

from zero, for some 0 < o« < B < 1. Then both Cauchy problems
(i) (dy —aA)u = Lyul;—o =0, and (ii) (d; — aA)u = 0;ul;—¢ = ug (8)
admit solutions Qf and Euy, respectively, such that

Q : x7C% (M x [0,T]) — x7C5 2% (M = [0,T)),
E :x7CHS (M) — x7CE 2% (M % [0,T7)),

are both bounded maps, for any y € R.
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Finally, after completing the parametrix construction, we adapt the contraction argument in the pre-
vious chapter to conclude short-time existence and uniqueness of the Yamabe flow on ®-manifolds
for conformal factors that are Holder continuous in manifolds with conic-ends, leading to our last

theorem:

Theorem 0.6. Let (M,gq) be a ®-manifold of dimension m > 3. Assume the scalar curvature
scal(go) o lie in xYCﬁg’a(M) for some o € (0,1), some y> 0 and some k € Ny. Then, there exists
some T > 0 sufficiently small and some function u € Cff; *(M % [0,T]) such that g = u*/ " ?gg is

a solution of the Yamabe flow @) for time t € [0, T|. Moreover, this solution is unique.

Initially, we intended to prove long-time existence and convergence of the flow in these more
restrictive Holder spaces. That would yield a more detailed understanding of the boundary behavior
of the flow. However, we did not manage to carry out certain long-time existence arguments to this
setting. Hence, so far, only short-time existence with continuity up to the boundary has been proven.

We intend to address this in the future.

Generalizations to manifolds of bounded geometry

We highlight that the arguments presented for the study of the long-time existence of the Yamabe
flow (in the weaker Holder spaces that do not require continuity up to the boundary) can be used in
the more general setting of manifolds of bounded geometry, a broader class of Riemannian manifolds
which contains ®-manifolds, provided the flow exists at least for short time within the corresponding
Holder spaces. This happens because the arguments do not rely on any particularities of the -
geometry. However, the same cannot be said of the proof of convergence of the curvature-normalized
Yamabe flow, since one needs to work with the class of weighted Holder spaces, which can only be
defined once a globally defined boundary defining function is defined. But this is not possible to
do on a generic manifold of bounded geometry, meaning that further assumptions are necessary to

compensate for this.

Manuscripts
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developed as a part of the Ph.D. of the author and was supervised by both Hartmann and Vertman.

e [CGctl]: Bruno Caldeira and Giuseppe Gentile. “Schauder estimates on manifolds with fibered
boundaries”, In: (ongoing project).

e [CHV21J]: Bruno Caldeira, Luiz Hartmann and Boris Vertman. “Normalized Yamabe flow on

some complete manifolds with infinite volume”, In: arXiv preprint (2021). URL: arxiv.org/abs/2105.14282.



CHAPTER 1

Preliminaries

The present chapter collects the basic notions of b-Calculus used throughout this work. It is
assumed that the reader is familiar with the main ideas of the theory of smooth manifolds as in
[Leel3], Riemannian geometry as in [[O’N83] and basic theory of PDEs as in [EvalO]. A brief
recollection of said topics is given in the Appendix.

The main goal here is then to give a quick introduction of some concepts from the theory of b-
Calculus, such as the notions of blow-ups and polyhomogeneous conormal functions. The references
for this chapter are Melrose’s classical book [Mel93]], as well as Grieser [GriO1]].

Moreover, the ending of the chapter is dedicated to presenting ®-manifolds , some of its properties
and some previous results on them which will be used in this work. The main references for this

section are Mazzeo and Melrose [MM9S§]], as well as the recent work of Vertman and Talebi [[TV21]].

1.1 Conformal Riemannian geometry

In this section, we collect a few formulae from Riemannian geometry which relate geometric
information between two conformally equivalent Riemannian metrics. These results will prove them-
selves useful during our studies of the Yamabe flow in the subsequent sections. In fact, the main
technique for the study of the Yamabe flow is to consider a 1-parameter family of Riemannian met-
rics inside of a conformal class of the initial metric. This is can be justified by the fact that the Yamabe

flow preserves the conformal class of a Riemannian metric.

Definition 1.1. Let M be a smooth m-dimensional manifold and g and g two Riemannian metrics on
M. We say that g and g are conformally equivalent if there is a positive function u € C?(M) such that
g =u-g, thatis,

8(p)(Xp,Yp) = u(p) - 8p(Xp,Yp), (1.1)
forall p € M and X,Y € ¥ (M). The function u is called the conformal factor.

7
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Throughout this work, we will be exclusively interested in a specific conformal class of Rieman-
nian metrics, which we now define: given a Riemannian metric g on M, with dimM = m > 3 and
n := (m—2)/4, define

g == {u.g | ueC?(M)}. (1.2)

Given this conformal class of metrics, we must understand how both the scalar curvature and the
Laplace-Beltrami operator transform along the flow. This is important for proving the existence of
the flow and for understanding how the scalar curvature evolves as time increases. To do so, consider

the following technical lemma, whose proof can be found in detail in [Sch19, Appendix A.1]:

Lemma 1.2. Let (M, g) be an m-dimensional Riemannian manifold, with m > 2, and let g = u- g be

a metric on M conformally equivalent to g. Then

scal() = scal(g) (m—1) (Agu N (m—6)|Vu|§> | (13)

u u? 4u3

Now, as a consequence of the previous result, we prove a small collection of some formulae that

will be useful in the following sections.

Proposition 1.3. Let (M, g) be a m-dimensional Riemannian manifold, with m > 3, and let g € [g|.
Then

m—1

1. scal(g) = —u~(H1/m) TAgu—scal(g)u ;

1 2
2. Ag;f: m 'Agf+m -g(Vf,Vu).

Proof. Item 1. Let us first prove the first of the two formulae. To do so, remember that the chain rule

of the Laplace operator is the following: given u € C>(M) and f € C*(R),

Agf(u) = f" (u)|Vulg + f' (u)Agu.

This can be easily checked by employing the local expression of the Laplace operator. Naturally, this
implies that
1 1 /1
Agu/M = —yVMIAu — (— - 1) u /M2y, (1.4)
¢ n o \n ¢

On the other hand, straightforward computations show that the chain rule of the gradient is V f(u) =
f'(u)Vu, which thus gives us

1 1
Vul/m =~y My = VU2 = — 22 V2, (1.5)
n 8 nz 8

o)

Now, note that
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Therefore, this gives us

1 — 1/n 2
u2/n 43/ 2/ n2 4

1 (m— 6) ~1/n-2|vw,,2
FTU /T] |Vu|g
1
:—u_l/"_lAgu,
n
which finally leads us to the expression
—1
scal(g) = —u~(IF1/M) {T U — scal(g) ] . (1.6)

Item 2. Now, note that /| detg| = /2" - /| detg|. Thus,

1 g
Af = Yo [ /deta]- Y3 - &
1 g
_ 3. (Wm0 Sidetal. Y o o)
wm/2n . /|detg|; J <u |detg| ;g f>
1 ..
- . oA/ . ..
ul/m - \/[detg] Z’a’< dets] ;g alf)
ng dju-o;f

1+1/n

1

2
—W'Agf+u1+—l/n'g(vf7vu)~

1.2 Manifolds with corners

Now, it is necessary to give an introduction to the notion of “manifolds with corners”, which are
topological spaces whose local smooth structure cannot be properly described locally by neither R™
or a closed half-space. This concept will prove itself essential along this work, therefore being worth
it of a proper presentation.

Recall that a topological m-dimensional manifold is considered to be a paracompact Hausdorff
space M with the property that for each point p € M, there exists an open set U}, in M that is home-
omorphic to the unitary open ball B"” in R". The algebra of continuous real-valued functions over M
is denoted by C°(M). A subalgebra F C C%(M) is said to be a C-subalgebra if for any real-valued
g € C=(RK), for every k, and any elements fi, ..., fy € F the continuous function g(f1, ..., f;) € F. The
subalgebra is said to be local if it contains each element g € C°(M) which has the property that for

every set Uy in some covering of M by open sets, there exist g4 € F with g = g on Uy,.
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Definition 1.4. A smooth m-manifold M is a topological n-dimensional manifold with a local C*
subalgebra C*(M) C C°(M) specified via the following property: M has a covering by open sets
{Ua} aea for which there are m elements f*, ..., £, € C*(M) with F* = (f*, ..., f,¥) restricted to Uy
making it a cooordinate patch and f € C*(M) if and only if for each o € A there exists go € C(B")
such that f = go 0 F* on Uy,.

In what follows, every time a manifold is mentioned, it is assumed to be a smooth manifold unless
otherwise is explicitly stated. It is worthy of note that the definition of smooth manifold presented
above is equivalent to the standard definition using smooth charts. A function f : M — N between
two manifolds is said to be a smooth function if for each function g € C*(N), f*g =go f € C*(M).
Such function is said to be a diffeomorphism if is bijective, smooth and its inverse is also a smooth
function.

Manifolds with corners of dimension m must be understood as spaces which are locally described
as small patches from model spaces of the type [O,oo)k x R™ % with 0 < k < m. Naturally, this
clearly includes the notion of manifolds with boundary, once their model space is only the case k = 1.
However, though this notion does paint a clear picture of what a manifold with corner can look like,
this idea is yet not good enough to give the description desired. In what follows, a precise definition

is presented.

Definition 1.5. A smooth manifold with corners M is a topological manifold with boundary endowed
with a subalgebra C* of C%(M) satisfying the following property: there is a smooth manifold M and
amapt: M — M such that

1. C°(M) = 1*C>(M),

2. there is a finite collection p; € C*(M), with i € I, such that
(M) ={peM| pi(p) 20 Viel}

and whenever p;(p) =0 for all i € J C I, then {p;}, is a subcollection of independent functions
ateach p € M at which they all vanish, that is, for all such p € M , there is a family of smooth
functions gi,...,8,|s such that (pl,...,p|J|,g1,...,gm_m) restricts to some coordinate chart

near p.

The manifold M is said to be an extension of M. Note that for each pi in the definition above,
the subset H; = pl-*l({O}) is an embedded submanifold of M (and therefore, of M as well), with
dimH; = dimM — 1. The submanifolds H;, for each i € I, are the boundary hypersurfaces of M, and
their collection is denoted by . (M). Moreover, for every [ € Z., let .#;(M) be the set of boundary
faces of codimension / of M (that is, a face that belongs to exactly [/ distinct boundary hypersurfaces

of M) and let .# (M) be the set of all boundary faces of M regardless of dimension .
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The advantage of having Deﬁnitionis to be able to claim that dM is the union of the embedded
submanifolds pi_1 {0} for all i € I. Moreover, from this definition is clear the a function is in C*(M)
if admits an extension to a smooth function on a extension M.

Note that the simplest case of a manifold with corners that is not a manifold with boundary (in the
smooth sense) is the quadrant [0,0)?, since the origin point doesn’t admit a neighborhood diffeomor-
phic to opens subsets in either R? or [0,00) x R. In this example, one has .#; ([0,)?) = {Ox, Oy}, for

O, and Oy being the x-axis and y-axis respectively, and .#5([0,%)?) = {{0}}.

Definition 1.6. A map f : M| — M, between manifolds with corners is said to be smooth if f*C>(M,) C
C*(M;). A smooth function is said to be a b-map if, for each H € .#(M,) one has either
Fon=0or frou=an [[ pd'" withay € C™(M)) and e(F,G) € Zsp.  (1.7)
Geu)(My)
If the first case does not occur, the map is called an interior b-map, which is equivalent to demanding
in addition that f(M; —dM;) C My — dM, or that f~1(dM,) C IM;.

Any b-map f : M| — M; can be reduced to an interior b-map in the sense that there is exactly one
boundary face of the image space, F € M(M,), such that f(M;) C F and f : M| — F is an interior
b-map. Hence, one can define the category of manifolds with corners, whose morfisms are exactly
the b-maps.

Associated with manifolds with corners, it is reasonable to consider now certain structures that
are adapted to its smooth structure. First, note that when at the boundary dM, the tangent direction
one might take on M are not as many as one could consider on a regular smooth manifold. Therefore,
it makes sense to consider a more restricting class of vector fields on M. Namely, the b-vector fields
¥ (M) are defined as

W(M)={X e VM) | X|,5; €V (M)} (1.8)
Hence, in a coordinate patch modelled by [0,00)% x R™¥ it is possible to represent all points as

(X1 w3 Xk, V15 -+, Ym—x)- From this, it follows that, locally,

d d 9 (9}

%(M):Spancm(M) {X]a—)q,...,xka—x]{,a—yl,...,m (19)

Definition 1.7. Let M be a m-dimensional manifold with corners and H C dM one boundary hyper-
surface. A non-negative function p € C*(M) is a boundary defining function if d p is non-vanishing
on H and p~'({0}) = H.

Clearly, Definition[I.7implies that each of the functions p; in Definition[I.5|are boundary defining
functions for H; = pj_l({O}), respectively. Hence, condition 2 in Definition means that every
boundary hypersurface of M must admit a smooth boundary defining function and, moreover, this
collection of boundary defining functions forms a family of independent functions on the intersection
of the surfaces they are defining. Furthermore, it is worth noticing that near each H, one has [0, ), x
H modelling a neighborhood of H in M, implying that one can write points near H as (p,z), with p

identified as a real number and z € H.
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1.3 Polyhomogeneous conormal functions

Once understood the concept of boundary defining functions, it is now possible to present a class
of functions crucial to this work: the class of polyhomogeneous conormal functions. This is a class
of functions that are not smooth on M, but admit an approximation by a power series in terms of
the boundary defining functions and with controlled singular behavior. This class of functions is
relevant in this work precisely because the heat kernel, which plays a very important role, is not a
smooth function; however, when working with “good coordinates” (see §I.4), it is polyhomogenous
conormal and hence, admits such approximation. This approximations are key to obtain parabolic
Schauder estimates, allowing one to discuss existence of the Yamabe flow.

A set E C C x Ny is called an index set if it satisfies the following conditions:

1. E is discrete and bounded from below;
2. Ey :={(z,p) € C x Ny | Re(z) < N} is finite, for all N;
3. If (z,p) € E, then (z+n,p) € E for every n € N.

A family & = (Ey, ..., Ey) of index sets is called an index family.

Definition 1.8. Let M be a manifold with corners, {H, ..., Hy} its family of boundary hypersurfaces
and {py,...,px} its respective boundary defining functions. A function f : M — R is polyhomoge-
neous conormal with index family & if near each boundary hypersurface H; = pj_l({O}), one can

approximate f as follows:

f~ Y arnp;(logp;)", asp; — 0, (1.10)
(rn)€E;
where each a; ., is polyhomogeneous conormal on H; with index family (E1,...,Ej_1,Eji1,...,Ey)

near the intersections H; N H; for any [ # j.

The set of polyhomegeneous conormal functions on M with index family & is denoted by %‘fg (M).

From now on, polyhomogeneous conormal functions will be refered to as simply “phg” for short.
The expression (1.10) means, in more explicit terms, that for every N € Ny, by making fy be partial

sums for r < N in (I.10), there exists an uniform constant Cy such that on compact subsets we have

|f — fv] < Cwpl, as p; — 0. (1.11)

Moreover, this also implies that similar estimates are true for %, f (which is now approximated by

%.fn), which means that b-derivatives preserve the estimates.

Remark 1.9. Note that, as a consequence of the Taylor series expansion, every smooth function is
phg with index set {0} x N. It is also worth noticing that, whenever a function f vanishes to infinite
order at some boundary hypersurface H, that is, when |f| < pj; for every n as py — 0, then it is

convention that f is phg with index set @ at said face; the simplest (non-trivial) example for this is
—1/pu
e .
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1.4 Blow-up and blow-down maps

The goal of this work is to give results regarding ®-manifolds (see Chapter [2)), which here will
be interpreted as a family of singular manifolds. To do so, it is necessary to pass from such singular
manifolds to a manifold with corners via resolution of specific submanifolds. This process is called
blow-up and consists of replacing these submanifolds N C M by its interior-pointing unit-size conor-
mal bundle, creating a new manifold [M;N] (which is a manifold with corners) which relates to M
via a blow-down map f : [M;N] — M. This is done whenever one needs to study a function near
its singular support and the new manifold is a modified version on the original manifold built so that
such function becomes a phg function on the new one.

Before presenting a more formal definition, lets discuss an example given by polar coordinates,
which can be found in [Gri01]}, to paint a picture. For such, consider M = [0, oo)z, which is a manifold

with corners, and N = {0} a submanifold. Consider then polar coordinates on M, writing
x=rcosO, y=rsin0, (1.12)

with r € [0,00) and 6 € [0,7/2]. This means that we are now writing points in M using coordinates

coming from the infinite cylinder [0,0) x [0,7/2]. Note that the two first pictures in Figure [1.1] are,

ra ! ra L yz\

If
rf

l

0 6 )2 rf X
Figure 1.1: Blow-up of [0,%0)? on {0}
in fact, diffeomorphic (denoted by the symbol “~”") | where the second picture represents exactly the

description given previously, for the submanifold N was replaced by its interior-pointing unit-size

conormal bundle in M (i.e, a quarter of a circle). Then, by writing
ST = {x=(x1,...,%m) €S CR"| x; > 0V}, (1.13)

one has the blow-up of [0,0)? along {0} given by [[0,)%; {0}] = [0,c0) x S .
There is, however, a more appropriate choice of coordinates to work on the second picture. Note
that, whenever working near its corners, that is If = {6 = 0} or if = {6 = 7/2}, implies y < x or

x < y respectively. In the first case, represented geometrically by the lower corner in the second
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picture, admits then reasonable coordinates given by
, (1.14)

where the notation ~ means it is an approximation. This is a reasonable choice of coordinates be-
cause, in this scenario, x is “far from zero”, meaning that y vanishes faster then x, keeping 6 bounded
and, moreover, providing a good enough approximation of the real coordinate — at least locally. This
coordinates work locally and, in fact, can be used as long as one is “far enough” from the hyper-
surface {x = 0}. Analogously, is only reasonable to consider coordinates r =~ y and 6 =~ x/y when
working near {y = 0}. These types of coordinates are called projective coordinates and they will
show themselves extremely useful throughout this work.
More generally, the example presented above works exactly the same for higher dimensions, giv-
ing
[R™;{0}] =R, xS"" !, B(r,0) = ro. (1.15)

This example is key to understand more general blow-ups, since they are locally modeled by (T.13).

Definition 1.10. Consider a manifold with corners M, with dimM = m and N C M an n-dimensional
p-submanifold (see [Mel96, §1.7]) , which means that locally N can be written as {x, 1] =+ =x,, =
0}, for (xi,...,x,) local coordinates on M. Under these circumstances, the blow-up of M along N,
denoted by [M;N], such that int([M;N]) ~ int(M — N).



CHAPTER 2

d-manifolds

This section presents the class of manifolds on which this work is based on. The family of ®-
manifolds is a particular case of a Riemannian manifold whose behavior near its “bad region” (that
is, its singularities) admits a specific expression. However, before understanding what a ®-manifold

is, one must discuss briefly the idea of manifold with fibered boundaries.

Definition 2.1. A manifold with fibered boundaries is a pair (M, ¢), with M being a compact smooth
manifold with boundary dM, M is the open interior and ¢ : dM — Y a fibration with typical fiber Z,

where both Y and Z are closed smooth manifolds.

In order to keep the notation shorter, manifolds with fibered boundaries will be denoted simply as
its smooth manifold whenever the map ¢ is implicit. Moreover, from this point on, we fix the notation
b:=dimY and f := dimZ as the dimensions of the base space and the typical fibers, respectively.

It is worth to take some notes on this definition. Given M a manifold with fibered boundary, let
x be a choice of a global boundary defining function for dM (which exists from compactness of M),
that is, x is a non-negative function on M lying in C*(M), so that dM = {x = 0} and dx # 0 on M.
Since M is compact, there exists a collar neighborhood U of dM in M such that U ~ [0,1) x M.
Hence, it is possible to write every point in U as a pair (x,w), with x € [0,1) and w € dM. On the
other hand, since dM is the total space of a fibration with typical fiber Z and base space Y, there is
an open subset V of ¥ such that ¢ (V) ~ V x Z, allowing every point in dM to be written as a pair
(y,z) in such open subset. Therefore, locally over the base (that is, for some open subset of U) if is
possible to write every p € dM as the triple p = (x,y,z).

Once understood these considerations on manifolds with fibered boundary, we are now in a good

place to introduce ®-manifolds.

Definition 2.2. Assume ¢ in Definition to be a Riemannian submersion ¢ : (M, gz + ¢*gy) —

(Z,g7). A complete Riemannian metric g on the interior manifold M C M is said to be a fibered

15
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boundary metric if, near the boundary dM of M, it can be expressed as follows:

dx? *
g¢:x—4+%+gz+h1=g¢,o+h, 2.1)

where gy is a Riemannian metric on the base space Y, g is a symmetric bilinear form defined on oM
which restricts to a Riemannian metric at each fiber Zy and & corresponds to cross-terms and satisfies
|h|gpo = O(x) as x — 0.

The Riemannian manifold (M, g¢) is called a ®-manifold .

The metric above should be understood in the following manner: the exact part gg o 1 constituted
precisely of the three diagonal elements specified (2.1)), while the remaining possible elements in g¢
reside within / with the assumption that |h|,, , = O(x) when x — 0, meaning that whenever near the

boundary, its coefficients are of order O(x).

Example 2.3. Consider M = R" radially compactified to R and endowed with its standard Rieman-
nian metric gy, c- In polar coordinates, one writes gg ;. = dr? +r2d 62, where 8 € S"!. Note that,
although M is compact, M is not and, in fact, its singular region is exactly {r = oo}. Consider now
a large enough compact K C M containing the origin. Then, on M — K one can take x = !, from
where follows that
dx*  de?
8Buc = & T 2

where now the singular region lies in {x = 0}. It is worth noticing that, in this example, the fiber is
Z = {pt}. This gives to R™ the structure of a fibered boundary manifold, with base S”~! and fiber
{pt}, and it allows us to see (R", ggy,c) as a $-manifold.

Since ¢ is required to be a Riemannian submersion, the tangent directions on M near dM are
spanned by lifts of vector fields {0y, dy;,d;;| i = 1,...,b,j = 1,..., f} (which, for simplicity, will be

denoted omitting the pullback notation). Thus, on this basis of 7,,M, one has the matrix representation

0% o h
(80)=| O(x2) o(x2) o) [,
o) o) o)

where the terms on the diagonal are the exact part of g, while the remaining terms are in 4. Similarly
to the case of b-Calculus, when working with ®-metrics, commonly one chooses to work with a class
of vector fields that are adjusted to the singularities in the metric, called ®-vector fields. This class is
given by

Vx € x*)C*(M) and }

Yo(M) = {V €V (M) ) V, € T,0 1 (¢(p)) for every p € OM

This is a class of vector fields on M which takes unit size on (M, g¢) and are given locally as

d d 0

— 27 .2 Z
Yo(M) = span{x I x()yi, 3

i:l,...,b,j:l,...,f}. 2.2)
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Unlike the matrix representation of g¢ on the standard basis, the basis provided by ®-vector fields
makes every entry in the matrix of g¢ be a bounded function. Once one has the class of ®-vector

fields, one can then consider the class of ®-forms. In fact, the 1-forms dual to ¥4 (M) are

AL(M) = span{%, dTy dzj | i=1,..b, j=1, f} (2.3)
Naturally, higher order ®-differential forms are results of exterior products of 1-forms. Since ¥g (M)
is a Lie algebra and a C*(M)-module, it is natural to consider the enveloping algebra Diffg (M) given
by operators that can be written locally linear combination of elements of ¥4 (M). Hence, define the
space of ®-differential operators of order k, denoted by Diff’fp (M), as the space of linear operators
P:C”(M) — C*(M) which can be locally expressed by

P: Z Pa17062,q(x7y7z)(xzax)q(xa)')ﬁaza’
o |+l +g<k
where o and o are multi-indices, dy, = d,,...9,,, d; = J;,...0; , and Py o, 4 is @ smooth function.
From time to time, we will also refer to Diff’&, (M) as ”//q’;. Finally, it is possible now to define the class
of k-continuously R-valued ®-differentiable functions

(2.4)

Ch(M % [0,T]) := {uECO(Mx[O,T]) (Vod)u e CE(Mx[0,T)), }

for V € Diffl (M), 1) 42 <k

It should be pointed out that time-derivatives o; are considered as second-order derivatives. In prac-
tical terms, this implies that functions in C4(M x [0,T]) cannot be differentiated in time. This will
show itself useful for the study of heat-type equations as we advance. Moreover, we can define Cfp (M)

similarly simply by taking spacial derivatives only.

Manifolds of bounded geometry

Before discussing some further objects associated to d-geometries, such as its volume form and
scalar curvature, we take the time to discuss briefly a broader class of Riemannian manifolds, which
are the manifolds of bounded geometry. For further discussions on this subject, see [Eld13, Chapter
2].

A complete manifold (M, g) is said to have k-th order bounded geometry if the following condi-

tions are met:

1. the global injectivity radius r;

inj 1
Tinj (M) = & > 0 such that

(M) = infy, inj (p) is positive, that is, there is a positive number

exp, : B(0,6) C T,M — B(p,6) C M

is a diffeomorphism, for all p € M;
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2. the curvature tensor R and its covariant derivatives up to order k are uniformly bounded opera-

tors (see §A.4).

When no specific order k is given, it is assumed k = oo and we simply call it a manifold of bounded
geometry.

Natural examples of manifolds of bounded geometry are compact manifolds and Euclidean spaces.
Moreover, from Appendices [A.4] and [B] it follows that ®-manifolds have bounded geometry as well.

This means we can employ properties of this class to our work, including the following proposition.

Proposition 2.4. [EIdI3| Proposition 2.5] Let (M,g) be a Riemannian manifold of k > 1 bounded
geometry. For every constant C > 0, there is a & > 0 sufficiently small such that the normal coordinate
chart @, :== exp;1 is defined on B(p,0) C M for each p € M and the Euclidean distance df,,. on the

normal coordinates is C-equivalent to the distance dg induced on M by g, that is,

Cildg(plapz) < dEuC<epr(pl)anpp(p2)) < Cdg(Pl;PZ)a for allPhPZ € B<p76)

This means that the distance on a manifold of bounded geometry is locally uniformly equivalent to
the Euclidean distance function and, therefore, it allows one to work on this class of manifolds simply

by considering the Euclidean distance function. We make use of this in the following chapters.

2.1 Volume form

It is worth noticing that, due to the singularities in the Riemannian metric g¢, the volume form on

a ®-manifold has a singularity as well. In fact, consider the exact part go o of go, namely

dx*  ¢gy
= — 2.5
8o =" T 5 T8 (2.5)

locally near boundary dM. Then, it follows that g¢ ¢ admits locally the matrix representation

X
(820) = O(x?) :
o(1)
where the empty spaces in the matrix above represent null entries. Therefore, it follows from this

expression that the volume form for the exact part of the Riemannian metric is then, locally around a

point p = (x,y,z), given by
dvolg, ,(p) = x 27Pho(x,y,z)dxdydz, (2.6)

with /g a bounded smooth function. Now, since the term /£ in Definition @ is less singular than the
exact part of go, it follows that the volume form for g¢ is as singular as the volume form for g¢ o,
meaning that for the purposes of the analysis presented here, is good enough to work directly with
(2.6). Consequently vol(M,ge) = oo, which keeps us from working with the standard definition for
the normalized Yamabe flow (for details, see § [3.5).
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2.2 Scalar curvature

Obtaining knowledge on the scalar curvature of (M, g¢) is crucial to the development of this work.
Although the scalar curvature does not impact the proof of the short-time existence of the Yamabe
flow, it is important to know its behavior to prove its existence for all time. Hence, we take the time
to obtain some information on the scalar curvature of a ®-manifold.

Just like the analysis conducted in the previous section, it is once again good enough to study the
scalar curvature on the exact part of the Riemannian metric. In fact, by taking {ej,...,e,} to be an
orthonormal frame on Y and letting . denote the lift of a vector field to M, we know that there is a
family of vector fields {0, ...,d;, } on M such that {x?0y,xé1,...,x€p,dzs-..,0; ,} is an orthonormal
frame on M. On this frame, the matrix representation of g¢ takes the following expression:

1 O(x)1xp OX)1xf

(g0) = 1 + 1 O(x)px1 O(X)px 2.7)
1y O(x)rx1 O(x)fxp

Hence, the terms out of the exact part go o give rise only to higher order terms and, therefore, it will
not have any significant impact in our analysis. From §A.6] the Ricci curvature tensor of the exact
®-metric go o 1s given by

(Ricy )i—1k-1+(b—1)(gy)i-14-1, if 2<ik<b+1

(RiCq;p)ik = (RiCZ)i—(b—l—l) k—(b+1)> if b+2<ik<m (2.8)
0, otherwise.

Thus, it follows from the definition of the scalar curvature that

scal(ga,0) = Y_(Rico0)ugpo= Y, (Ricoo)ugpot Y. (Ricoo)igso
ik 2<ik<bt1 b+2<ik<m

- Z ((Ricy)i 11+ (b —1)(gy)i—1x_1)¥°gs 1!
2<ik<b+1
1 i—(b+1) k—(b+1
+ Z (Rlcz)i*(b+1)k7(b+1)glz (b+1) k=(b+1)
b+2<ik<m 00

=22 Y Ricy)icisoigy 201 Y (er)icirgy !
2erksb 2<ikhi

. i—(b+1) k—(b+1
+ Y (Ricz)i (o) k-(p11)82 ek
b+2<ik<m
= x*(scal(gy) 4+ b(b—1)) +scal(gz).
In the general case, additional O(x) terms (as x — 0) appear. Far from x = 0, we are working in a

compact manifold and therefore, scalar curvature is simply a smooth bounded function.

2.3 Maximum principles

For our argument on the parametrix construction (in the following section) to be complete, a
maximum principle-type of result is needed in order to say something about uniqueness of solutions

of some heat-type equations.
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From this point on, we assume the Laplace-Beltrami operator Agp on (M,ge) to be negatively
defined.

First, note that a ®-manifold, understood as an open Riemannian manifold, is decomposable as
the union of a compact region K # & with an open subset U on which the Riemannian metric is given
locally by the expression (2.1). Under this assumption, by considering U ~ (1,0) x dM, one can
identify K = {p € M| x > 1}. Now, by performing the change of coordinates r = x~! on M, one can

rewrite the expression for g¢ as
go=dr* +r*9 gy + gz +h. (2.10)

It is worth noticing that, under this expression, the distance between two points near the boundary
OM = {p € M| r = o} is proportional to r. This can be checked by noticing that the distance from
the boundary is given by the term dr? and, therefore, the distance in this direction is proportional to
the Euclidean distance given in polar coordinates.

From [AMRI16], Theorem 2.11], a sufficient condition for stochastic completeness of (M,gg) is

that
R

logvol B(po,R)

R
log vol B(po, R)

~+oo
¢ LI(1,4), ie. /
1

for some point py € M and B(po,R) an open disc centered at said point and radius R. Since we

dR = oo, 2.11)

can assume, w.l.o.g., to have K = {x > 1}, then naturally we have K = {r < 1}. Consider now the
truncated compact subset M,, = {r < n}. This allow us to define a countable family of compact subsets

{M;};, for i € N+, satisfying

M= |J M; and M; C My, for all i. (2.12)
€N~
Since K C My, it follows from Cantor’s intersection theorem that there exists a point pg € M such that
po € M; for all i € N, satisfying r(pg) < 1. Since M is a manifold, it is also a regular topological
space and therefore, there is some 0 < € < 1/2 such that B(pg,€) C M;. From this, we have the
following
Claim: B(po,i) C M;/,, foranyi€ N>;.
Let us prove this by contradiction, that is, assume the existence of a point p € B(py,i) such that

r(p) > i/e. Thus, from the expression of g¢ as a function of r and the fact that r(pp) < 1, we have

© 1< 1)~ r{po)] < da((r(p),2,2), ((p0).,2)) < da(p. o)
<,

implying i/2 < 1/2, which does not happen for i € N>. Hence, it follows that B(po,i) C M;/e.

Hence,
R R

logvol B(po,R) ~ log vol My’
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which means that they are the same up to bounded functions, thus the later being integrable if
and only if the first one is integrable. Now, the expression for the ®-metric implies dvolg(p) =
hor(p)? drdydz, where hg is a smooth bounded function. From this, it follows that vol Mg ~ RP+1 <
eCRZ, for some positive constant C, as R goes to oo, meaning that

R

¢ L1, 4). 2.13
log vol Mg (1, Feo) @.13)

From this, we conclude that (M, g¢) is stochastically complete.
According to [AMR16, Theorem 2.8 (i) and (iii)], stochastic completeness and the Omori-Yau
maximum principle are equivalent on Riemannian manifolds, from which it follows that for every

function u € C% (M) there is a sequence {p;} € M satisfying
1 1
u(pr) >supu—— and Agu(py) < —. (2.14)
M k k

Analogously, for any function u € C(% (M), there exists a sequence of functions {p} } in M such that

. 1 1
u(py) < 1Ar}lfu—|— Z and Agu(p)) > - (2.15)

Before proving the maximum principle, let us recall the Rademacher’s theorem, which gives us a
condition for a function to be differentiable almost everywhere. This result is going to be useful in

the proof of Proposition [2.6] which is key to proving the maximum principle.

Theorem 2.5. (Rademacher’s theorem, [Hei, Theorem 3.1]) Let Q C R" an open subset and u : Q —

R" a Lipschitz function. Then u is differentiable almost everywhere.

Proposition 2.6. Consider any u € Cé (M x [0,T)) satisfying the following inequalities:

u @

E(pat) - ot (p,l‘/)

du

<Clt-1", ‘8t (p,t)| <C, (2.16)

for some positive constants C,7y > 0. Then
Usup(t) :=supu(-,t), uinr(t) := infu(-,z)
M M

are differentiable almost everywhere in (0,T) and at those t € (0,T) we find in the notation of ([2.14)

and (2.13)

iMSup(Z) < lim (hmsup@(l?k(t-i-&'),t—i-&‘)),

ot £—0T k—yo0 dt 2.17)
2 (t) > lim 1iminf@( W(t+€),t+¢)
atumf T gm0t \ koo Ot Pk ’ ’

Proof. Let € > 0 and apply (2.14) to u(¢ + €). Then, by the Mean Value Theorem

1
Usup(t +€) <u(pi(t+€),t+€)+ %
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du 1
= ulp(t+e).0) +e- 2 (pule +),6)+
for some & € (¢,7 4 €). On the other hand, we can write

. usup(t+8) - usup(t)
£
usup(t+8) _usup(t>
€ .

> u(pi(t+¢€),1) +€-

Combining these two estimates leads, after cancelling u(py(t + €),t), to

| tsaplt ) 1)
€

du 1
<& (plr+e),6)+ .

Taking limsup as k — o on the right hand side, we obtain

g tnlt ) =nll) iy 1)),
E k—so0 ot

Cancelling € on both sides, we find

tsupl1 8) ~tsup(t) _ o O e g
€ k—yo0 ot

d d
— limsup (a—ﬁpk(we),é)—8—?<pk<t+e>,t+e>) 2.18)

k—yo0

d
+limsup —u(pk(t +¢€),t+¢).
k—ro0 ot

We know, from hypothesis, the function u satisfies (2.16)). Thus, it follows that

0 d
o limsup| S (pelt+€).&) = 5o (pult ).t +¢)| < Ce,
koo (2.19)
e limsup @(pk(t—ks),t—l—e) <C.
k—roo ot

Thus the last two summands in (2.18)) are bounded uniformly in €. Repeating the same arguments
with the roles of u(t) replaced by u(t + €) interchanged, we conclude that ugyy, is locally Lipschitz
and thus, by the theorem of Rademacher, differentiable almost everywhere. This proves the first

statement.

At those 1 € (0,T), where ugy,, is differentiable, we conclude from (2.18)) and the first line in

(2.19)), taking € — 0

) du
— <N 1 —
5, tsup(f) < lim (hirf? 5, (Pt +e),r+ 8)) : (2.20)

This proves the first inequality in (2.17). The second inequality follows from the first, using (2.13)),
with u replaced by (—u). N
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Theorem 2.7. (Maximum Principle) Let (M, ge) be an m-dimensional ®-manifold and u € C3(M x
[0,T]) be a function satisfying the inequalities in (2.16)) and the Cauchy problem

(9 — aAe)u =0, ul;—o =0, (2.21)

where the function a = a(p,t) is positive, bounded and bounded from below away from zero. Then
u=>0.

Proof. Combining the first inequality in Proposition 2.6 and (2.14)), it follows that

%usup(t) < lim (limsup a(pk(t+8)’t+8)) <0.

€0\ koo k

Analogously, combining the second inequality in Proposition [2.6|and 2.13)), we get

%umf(t) > lim <1iminf _“(p"(”g)’t“)) > 0.

e—=0 \ k—oo k

This means that the infimum of the function u over M is non-decreasing in time, while the supremum
of the function u over M is non-increasing in time; since u = 0 at time ¢ = 0, follows directly that
u=0onM x[0,T]. O

From this, we conclude Theorem [0.1] Moreover, a straightforward adaptation of the arguments

shown in [Eval0l pg.329] allows the following modification of the previous maximum principle:

Corollary 2.8. Let (M, ge) be an m-dimensional ®-manifold and ¢ € C°(M x [0,T]) a nonnegative
function. If u € C3(M x [0,T)) satisfies the inequalities in (Z.16) and the Cauchy problem

(dy —alAe +c)u=0, ul;—o =0, (2.22)
then u = 0.

Proof. Consider the 1-parameter families of open subsets V," (1), V,” (t) C M defined as follows:
V. (t) :={peM]|u(p,t)>0}, V. (1):={pecM|u(p,1r)<0}. (2.23)

We want to prove that the function u satisfying (2.22) must be null, which happens if and only if
Vi(@)=V, (t)=o forallr € [0,T].

First, assume V,' (t9) # @ for some fixed #y € [0,T]. Thus, there is some point py € M such that
u(po,to) > 0, which naturally implies usp(fo) > 0. We know that there is a sequence {py (o)} C M
satisfying (2.14). Hence, it follows directly that there is some ko € Z~¢ such that u(py(t),t9) > 0 for
all k > ko. This allows us to assume, without loss of generality, that {py(t0)} C V,"(tp). Moreover,
since u is continuous, it is known that there is some & > 0 such that “‘B(po,é)x(to—éi,tow) > 0, thus
implying V," () # @ for all 1 € (19 — 8,1y + 8), while u|,_,,_s = 0. From this and (2:22), it follows
that

%”(Pk(fo),fo) = (alou)(pr(t),to) — (cu)(pi(to),to) < (aAeu)(pi(to),to)
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| RN

< Jlalley 550,

Analogously, the same logic can be used for each t € (tg — 8,79+ 0). Thus, it follows from Proposition
that

d
EMSUP(I) <0, almost everywhere in (fo — 8,0+ 8). (2.24)

On the other hand, we know that up(f9) > u(po,to) = ¢ > 0. Hence, (2.24) implies that
Usup(t — 0 +€) > ¢, for € > 0 sufficiently small.

Thus, there is some point p € M such that u(p,t — 6 +€) > C > 0, for any C < c¢. Therefore, the
continuity of u implies

u(p,t—98) = gli>r(r)1+u(]_),t—5—|—8) >C>0.

However, this contradicts the continuity of u, since u|,_, _s = 0. Therefore, we conclude that there
cannot exist any 7y € [0, 7] such that V, (ty) # @ and, therefore, u < 0.

Now, let us prove that u > 0. From (2.23)), one can easily see that V(tu) (t) =V, (¢) for all . The
function —u € C3(M x [0,T]) also satisfies (2:22)) and then, from the arguments given in the previous
case, it follows directly that there is no 7 € [0, 7] such that V(tu) (t) # @, concluding that u cannot be

negative anywhere. Therefore, u = 0, completing the proof. 0

2.4 Heat kernel

This section presents very useful information for the development of this work, being presented
here in detail.

The goal of this section is to give a complete presentation of the asymptotic expansion of the heat
kernel H near its singularities. This is achieved by building a “modified” version of M x [0,00),
which resolves the singularities of H, expressing them in terms of specific defining functions. This

modified manifold is called heat space and it is denoted as Mi.

2.4.1 Review of the heat space M;

The construction of the heat space is given by 3 iterated blow-ups of M x [0,00);. Such blow-ups
are necessary to understand the asymptotic behavior of the heat kernel near its singular points, which
lie in the diagonal of M at time ¢ = 0 and ¢ = o (for infinite time). This can be done by replacing the
singular regions by new boundary hypersurfaces. We refer to [I'V21] for a more detailed discussion

on both the construction of the heat space and the properties of the heat kernel given below.

The first blow-up

Consider first the submanifold S = (9M)? x [0,c0), of M~ x [0,00),. Note that, since M is a
p-submanifold of M (see Definition , then S is also a p-submanifold of M x [0,00); and then
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the blow-up of S in M x [0,00); is well-defined. By blowing up S in M x [0,00); we get
—2
Ml%,l = [M X [0,00)4581 ],
B M}, — M x[0,00),.

Note that M}% | is now a “new” manifold, built by replacing the codimension 2 submanifold (displayed
below as an edge) of M x [0,0); by a new boundary hypersurface (which is the conormal bundle of
S1 in M % [0,00),). In order to give a proper description of the blow-down map Sy, let us first give the

adequate set of projective coordinates to describe this new manifold.

NG

If ff i If = {x=0} if = {x =0}

tb={r=0}

Figure 2.1: First blow-up

Following the steps described in [[Gri0O1l], one can describe the projective coordinates for M,il by
considering two regions (which from now on, will be called regimes):

¢ Regime near the intersection of If, ff and tb: This regime is represented in the picture above by
“regime 1”. Note that such a regime is identified with the region where x < x implying, in particular,
that the function s = X 'x is bounded. Therefore, by writing V't =: 7, the projective coordinates for

the lower-left corner are

X e
(x,y,z,)—c,y,z, t) = (X,,2,5,Y,2, T). (2.25)

Hence, on Regime 1 one has pg = x, pif = s and py, = 7.

Figure 2.2: Regime near the intersection of If, {ff and tb

e Regime near the intersection of rf, ff and tb: This regime is represented in Figure 2.1 by

1

“regime 27, being identified with the case x < x. If x < X then s = x~ 'x is a bounded function.
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Hence, defining 7 as above, the projective coordinates for the right-hand corner are

X ~ o~ o~ ~ ~
<\/;7§ayaz7xay7z> = (T,S,y,Z,X,y,Z). (226)

Similarly, on Regime 2 one has pg = X, p;f = s and py, = 7.

Figure 2.3: Regime near the intersection of rf, ff and tb

Remark 2.9. The projective coordinates defined above for Regimes 1 and 2 are valid in “larger”
regions. In fact, one can define both s and s as long as one stays away from {x = 0} and {x = 0}

respectively. This information will be useful for computating the parabolic Schauder estimates.

Then, when restricted to the lower-left corner, the blow-down map takes the expression

(B)],(7.x,%,2,5,5,2) = (7,x,,2,x5,,2)

and is defined similarly on the lower-right corner.

The second blow-up

Now, we move to the second blow-up, which consists of blowing up the fiber diagonal in time.
This means that we want to blow-up the submanifold S, of M}% | given by

{5—1:0 and yzy}.
X

Such submanifold can be seen in the picture above as a line on ff given by its intersection with
the plane {x = x} and then, much like in the first blow up, the “new” manifold can be pictured by
replacing such path by its conormal bundle on M,%l (see picture below). Hence, our “new” manifold
has a new hypersurface given by fd = {s— 1 =0 and y =y} and is now defined

Ba: Mil — M%,l
and, naturally, one can then consider the iterated blow-down map as the composition ;o 3, : M% , =
(M)? x [0,00)co.
Following again the steps as described in [Gr101], is possible to define the projective coordinates

on fd by taking
s—1y-y _. o7 5 T
T, X, 0,2, ——, 32— 2| = T,x,y,z,Y,%,o@f (227)
X X
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If ff fd ff rf

tb

Figure 2.4: Second blow-up

away from x = 0 (which corresponds to “regime 3” in Figure [2.4). Similarly, one can consider the
projective coordinates on ff away from x = 0 (corresponding to “regime 4” in Figure 2.4)) as
(r, g, y%y,z—'zv,f,i,'zv) = (0, U\ 2" 35.,7).
X X
Remark 2.10. Despite the projective coordinates given above for Regimes 3 and 4, one can actually
use only one of the sets above to work on both Regimes, since one can understand that approaching ff
from fd means that || (., %", 2")|| — o (and similarly for (., %', #")). Hence, one can say that

on both Regimes 3 and 4, pg, = 7 and pgg = x.

~_ | " L
tb  [x

Figure 2.5: Projective coordinates for the second blow-up

The third blow-up

Finally, we move to the third (and last) blow up. This last blow up arises from the singularities of
the heat kernel on the spatial diagonal. Therefore, the heat space constructed replacing diag(M) x {t =

0} by its conormal bundle on Mi ». Therefore, is defined the blow up
M, := |Mjy i (Bio B2)~ ! (diag(M) x {t =0})|, B : Mj; — (M)* x [0,%0),

with B being the iterated blow-down map. Note that the heat space has then one more boundary
hypersurface td, implying that our heat space has the family of boundary hypersurfaces . (M%) =
{If, rf, tb, ff, fd, td }.
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If ff fd ff rf

tb td tb

Figure 2.6: Third blow-up

fd

Figure 2.7: Coordinates around the middle regimes

The projective coordinates given then near the intersection of fd and td (which is represented by

“regime 5” in Figure[2.6)) are

! / /
(T7x;yvz7%7%75%> = <T7xayvz7y7%7g)' (228)

with pgg = x, pg = T and ||(&, % , Z)|| — o implies leaving the region near the intersection fdNtd.

Remark 2.11. It is still possible to define the projective coordinates near the intersection tb Ntd away

from fd by taking (x,y,z, (X =x)/7, (Y =)/, (2=2)/7, 7).

2.4.2  Asymptotics for the Heat Kernel on M7

First, recall that the heat operator H is the inverse of the differential operator (d; — Ag), that is,
(dy — Ap)Hu = u. Since the heat operator is an integral operator, it is known that there is a function
H smooth function on the open interior of the heat space M? = [0,0) x ]\_/12, called the heat kernel of
H, such that

Hu(t, p) = /M H(1, p, p)u(p) dvola(p), (2.29)

for every u. Therefore, understanding H is enough for understanding H.
The point of having a full description of M}% is that, when endowed with the blow-down map f3,
one can now consider the lift B*H of the heat kernel H to M;%. Since f3 is a diffeomorphism between

the interiors of the manifolds, f3 is then just as a change of coordinates on the interior of (M)? x [0,),;
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thus, once our work is focused on the interior of the manifolds, it is reasonable to consider the lift in
order to do the analysis of the heat kernel.
For every boundary face in M%, as displayed in Figure let p with a subscript denote the

boundary defining function of the face denoted in the subscript.

Theorem 2.12. [TV2], Theorem 7.2] Let (M,ge) be an m-dimensional complete manifold with
fibered boundary endowed with a ®-metric. Denote by H the heat kernel associated to the Friederichs
extension of the Laplacian. The lift B*H is a polyhomogeneous conormal distribution on M}% with

asymptotic behavior described by

B*H ~ pitpi P PPl G (2.30)

with Gg being a bounded function, meaning that B*H is of leading order —m on td, bounded on fd

and vanishes to infinite order on If, ff, rf and td.

It is worth noting that Theorem [2.12] provides info only on the lower order terms on the asymp-
totics for B*H. However, every subsequent term on the asymptotics is less singular then the ones

described.

Asymptotics near the intersection 1f N ffNtb

Recall that the coordinates valid for this region are (7,x,y,z,5,,2), for T =/t and 5 = X/x. One

has
B*(x*9,) = x*d — x50, B*(xdy) = xdy, B*0, = 9, (2.31)

1

*0y = —0r. 2.32
B = 50 232)
On the other hand, it follows from Theorem that the lift of the heat kernel is given by B*H =
(xs7)*Go with Gy bounded (on it’s lower order term). Hence, since 3* 74 above are all in %, it

follows that
B*(VH) = (xs7)"Go, (2.33)

with Gy bounded, for any V € {id} U 7 U ”I/(I%. On the other hand, the lift of the volume form is given
by

B*dvole(X,7,2) = ho(x5,5,2)x~ 1 7P5 270 d5dydz. (2.34)
Asymptotics near the intersection rf N {fNtb

Near the extreme right corner of M?2, coordinates are (7,s,y,z,%,5,2), for T =/t and s = x/x.

Thus, follows that

ﬁ*(xz&c) = X520, B*(xdy) = Xsdy, B*9d, = 9., (2.35)
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1
Bro =50 (2.36)

Similarly to the previous case, Theorem implies that B*H ~ (xs7)”. Hence, because B* 7 lie
in ¥, one has
B*(VH) = (3s7)~Go, (2.37)

with G bounded, for any V € {id} U ¥ U ”//qf. On the other hand, the lift of the volume form is
B* dvole(X,,2) = ho(%,5,2)X >~ dxdydz. (2.38)

Asymptotics near ffNfdNtb

g

Around the boundary hypersurface, coordinates are (r,x,y,z,ﬁr , % 7 ), with

ﬁ:x;x, @A/zy%y, ¥ =77 1=\ (2.39)
Hence, ®-derivatives lift via 8 as follow:
B (x20y) = 2?0 — (1+2x.7)d v —x% 9, (2.40)
B*(xdy) :xay—8?7, B*o, = o, (2.41)
1
Bror= 0. (2.42)

From Theorem [2.12} one knows that B*H = t°x"Gy, where Gy is a bounded term that vanishes to
infinite order whenever ||(.#, %", Z")|| — oo; this can be understood as the behavior of the heat
kernel when getting further away from the diagonal of (1\_4)2 (which meas approaching ff in this

regime). Hence, the “worst case scenario” is

B*(VH) = 17Go, (2.43)

T

with Gy still vanishing to infinite order whenever ||(.%, %, Z")|| — oo, for V € {id} U %o U ¥Z. On

the other hand, the lift of the volume form is given by
B* dvole (%,5,2) = 2ho(x + 2",y +xU 2+ X V1 + .S x) 2. AU 4 7. (2.44)

Asymptotics near fdNtd

Near the middle regimes of M,f, the coordinates are <T,x, 2, 5’7, ?f/v, f};), with

—~

g w=-2 -t - (2.45)
X7 XT T

Thus, the lift of ®-derivatives via 8 near the middle of M}% are given by

B*(x20y) = x20 — (% + 2x§“) d>—x% 9, (2.46)
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1

B*(x0y) = xdy — %8@, (2.47)
. 1

pra.= 0. 0 (2.48)
R N PR 77 VRN

P =52t 5?97 5% 3a ¥ 07 24

If follows from Theoremm that, when near the middle regimes in M,%, B*H = ”L'_meGo, with Gy

bounded and vanishing to infinite order whenever ||(.%, % , Z)|| — oo, which reflects the behavior of

the heat kernel when approaching ff. Hence, the “worst case scenario” is
B (VH) =1"2Gy, (2.50)

with G vanishing to infinite order whenever || (% v, QA;) | = oo, for V € {id} U %o U ¥Z. For the

volume form, one has now the expression

B* dvole(%,5,2) = 2ho (x + 32T y+ 31U , 24+ 1Z) (1 + Sx1) 2 P0"d.7d%dZ.  (2.51)
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CHAPTER 3

Yamabe flow on ®-manifolds

The main goal of this chapter is to study the Yamabe flow in the context of ®-manifolds. There-
fore, once defined the conformal class of our interest along this work, let us prove that every Rieman-
nian metric evolving along the flow preserves geometry adapted Holder-continuity, that is, Holder
spaces defined in terms of ®-vector fields and the distance function related to g¢. This is relevant
because it will allow us to use the tools developed in the previous chapter for every metric g(z) along

the flow, for any ¢ > 0.

Yamabe flow for the conformal factor

The Yamabe flow preserves the conformal class of the metric and can be written as a scalar evo-
lution equation for the conformal factor. More precisely, assume m := dimM > 3 and set N :=
(m—2)/4. Writing g(t) = u(r)'/Mg, the scalar curvature of g(¢) can be computed by (A is the nega-
tive Laplace Beltrami operator of (M, g))

scal(g()) = —u(r)~ 1M [mT_lAu(t) - scal(g)u(t)] . (3.1)
In view of this relation, the Yamabe flow (2)) turns into
(m+2)/(m=2) _ M2 (0 -
dulr) = ((m DAu(t) —n scal(g)u(t)) 52

& Gu(t) = (m— ()" Au(r) —n scal(g)u(r)' ~1/M,
with the initial condition u|;,—o = 1.
Normalized Yamabe flows for the conformal factor

Similar computations as those leading to (3.2) yield the following scalar evolution equation for

the conformal factor under the volume normalized Yamabe flow
du(t) — (m— Vu(t)" Y Au(t) = (p(t)u(t) - sca1<g)u(t)1*1/"). (3.3)

33
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The curvature normalized flows in (3) are similarly given by
Su(t) — (m—D)u(t) ™M Au(r)
= (supseal((1))-u(r) ~seal(g)u()' =), (CYFY)
Su(t) — (m—D)u(t)™/M Aulr)
—n (iﬂr}fscal(g(t)) u(r) — scal(g)u(z)lfl/"). (CYF™)

(3.4)

3.1 Holder continuity

In this section, we introduce geometry-adapted Holder spaces, which form a family of Banach
spaces that provide information about both the regularity of a function and its variation proportionally
to the distance between points, generalizing the concept of Lipschitz continuity. Moreover, we define
these spaces in a way that the natural family of vector fields on (M, g¢), i.e. P-vector fields, gives the

family of differential operators considered for defining regularity of a function.

Definition 3.1. The Holder space Cg(M x [0,T]), for o € (0, 1), is defined as the space of bounded

and continuous functions u € C%(M x [0, T]) which satisfy

\u(p,t)—u(p’,t’)| }
= oo 3.5
[u](l Sﬂg{dq)(p,p’)“ﬂt—t’la/z < (3.5

where the supremum is taken over M2 = My x My, with My := M X [0,T]. The distance function
dg is induced by the metric g¢ and is equivalently given in local coordinates (x,y,z) in U by the

following local expression:

¥ \2 1\ 2
dq>((x,y,Z),(x’,y’,z’))%\/((lx—x’z) +(M) + ]z —2||2. (3.6)

x+x) (x+x)

The Holder norm of any u € CE(M x [0,T]) is defined by
lullo := llullow + [ - 3.7

The resulting normed vector space Cg, (M x [0,T]) is a Banach space.

Note that here we do not require the functions to be continuous up to the boundary. Holder spaces
with a stronger control on the boundary behavior will be considered in Chapter 4]

Below, we prove a useful result that proves the Holder norm || - || to be equivalent to a slightly
more restrictive Holder norm, which considers only spacial and time differences taken within small

local regions.

Lemma 3.2. The following equation defines an equivalent norm on C¢(M x [0,T]) :

/ / / u(p,t) —u(p',t')| }
= [lut]|oo + (1]}, = ) 3.8
[[ual [ == [Jul] U], [ulg ;/Il;z{dcb(p?p/)a+‘t_t/|a/2 (3.8)
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where M%& = {(p,1),(p',t") € My | do(p,p')* + |t —t'|*/> < 8}. More precisely, we have the fol-

lowing relation between the two norms
leelley < Nuller < (142871l

Proof. Tt is clear from definition that ||u||;, < ||u||¢. To prove the second estimate, simply note for

any u € Cg(M x [0,T]) and any (p,t),(p',t") € Mr with
do(p,p)* +t —1'|** > §,

we can estimate the Holder differences as follows

|M(p,l‘>—l/l(p/,t/)| < |u(p,t)—u(p’,t’)\
de(p,p')* + |t —1'|*/2 ~ 6

<287 ull.

From this, we can compute

|u(p,t)—u(p’,t')|
llloe <o+ il + sup {
“ e, Ldo(pp)*+ e =12

<[y +(1+287") fuls
<(14+2871)lullg,

completing the proof. [

From now on we only use the Holder norm ||u||}, defined in (3-8]), which we denote from now on

without the apostrophe. We also define the higher order Holder spaces for any given k € N by

1)) o
CE%(M x [0,T]) = {u e Ck(M % [0,T)) (Vo d*)u € Co(M > [0,T]), } (3.9)
forV e leflql)(M), L+2L<k
which is a Banach space (cf. [BV 14} Proposition 3.1]) with the norm
lulleo = llulla+ Y, Y (Voo ula (3.10)

ll+2[2§kV€“//ql>'

Moreover, we can generalize further the definition above by introducing the weighted Holder space
x”Cg’a(M x [0,T]), which is defined as the space of functions u = x"v with v € Cg’a(M x [0,T]) and

endowed with the norm ||u

kay = [Vike:
Remark 3.3. Sometimes, we will also use Holder spaces for functions depending either only on

spacial variables or on time variables, denoted as Cfb’a(M ) and Cfb’a([O, T]), with Holder brackets (for
k=0)

~u(p) —u(p)] B |u(r) —u(t')|
e =P e 2 M= S0 S e

respectively.
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The next proposition shows that every xVCfp’a(M x [0,T]) is closed under multiplication of ele-
ments in Cga(M x [0,T]).

Proposition 3.4. Let ¢ € Clgrl’a(M x [0,T]). Then the multiplication operator
My - X"CE* (M x [0,T]) — x"C5*(M x [0,T)) (3.11)
acts continuously, for all | > 0 and y € R.

Proof. Note that the general case follows as a straightforward generalization of the case k =/ =0
simply by employing the product rule for derivatives and using the ideas presented below. Therefore,
computations are made assuming k =/ = 0.

Let u = x"v, where v € CE(M x [0,T]). From definition, we know that |[u||¢y = ||v|| and thus,

we have the following:
IMoulloy = 1xTQx"V]oo + [ @x"V]gr < [[@]|eo[V|eo + [@V]ar

Let us now estimate specifically the second term above. The triangular inequality gives us

|pu(p,t) — ou(p’,1')|

d(p,p')* +|t —1'|%/?

v(p,t)(@(p,t) —@(p',1"))) e lo(p',t")(v(p,t) —v(p',1)|
d(p,p')* + |t —t'|%/>

[@v]q =sup

<su
=P d(p,p/)*+ |t —1'|*/?

<[Vle[@)a+ 1@l [V]ar-

Hence, it follows from the definitions of ||.|| and ||.|| o,y that

1Moullay < l|@llallullay
]

Remark 3.5. We point out that the previous result can be altered to functions ¢ € x”Cga (M x[0,T))
under the assumption that ¥ > 0. Moreover, the definition of the distance function is irrelevant to the
proof as presented above, which means that this result holds to Holder spaces defined for different

distance functions.

3.1.1 Conformal transformation by Hélder functions

Since the Yamabe flow preserves the conformal class of the metric, we need to look into the effect
of conformal transformation by Holder functions. We first define the conformal class of a ®-metric

g (we tacitly assume m > 3)

(ga] = {u*/" ) gq | e CR(M), 0 <infu < supu < oo} (3.12)
M M
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First, observe that any representative g of the conformal class [ge] is a complete Riemannian met-
ric on M. In fact, the bounds required on u imply the distance function d, to be uniformly equivalent
to the distance function de. This means that a sequence {py }x C M is a Cauchy sequence in (M, d,)
iff is a Cauchy sequence in (M, dg), which is a complete metric space (by the Hopf-Rinow theorem),
from which it follows the conclusion.

On the other hand, a generic element of the conformal class [gq] is not necessarily a ®-metric
in the sense of Definition 2.2} since the conformal factor «*/("=2) cannot in general be expected to
admit a partial asymptotic expansion as x — 0. However, if u is bounded away from zero and bounded
from above, then it still has 7 as the space of “bounded vector fields” and thus the distance functions
defined with respect to any g € [ge] are equivalent. In fact, bounded vector fields on M are understood
as to ones which satisty

gao(V;W) =0(1).
It follows directly from the local expressions of g¢ and ¥ that
go(Yo, Yo) = 0(1) = u'/" - go(Yo, Yo) = O(1),

since u is assumed to be bounded. On the other hand, one knows that

dy(p,p') = inf{length,(y)| v: [0,1] = M, (0) = pand ¥(1) = p'}.

However, since u is both bounded away from zero (that is, infy; u > 0) and ||u|| < oo, we get

engin, (1) = [V Oedr = [[a! 1|70 ~ lengtho 1),

In that sense g still has the same ®-geometry as g and we conclude

Proposition 3.6. The Holder spaces defined in do not depend on the choice of a metric g € [ga),

if the conformal factor u satisfies infyyu > 0 and ||u|o < oo.

3.1.2 Embedding between Hélder spaces

In this section, we present a few results regarding embedding between Holder spaces. They will

prove themselves useful later on.
Proposition 3.7. Let (M, ge) be a P-manifold and 0 < B < a < 1. Then the inclusion

L 5% (M) — P () (3.13)
is bounded, for all k' < k.

Proof. Let us consider u € Clé;a(M ). From definition, it follows directly that u € C% (M). Thus, it is
left for us to check that [Vu] g <ooforall Ve 7, ! with I < k. To do so, let us assume [ = 0 for now.

Then
ulp) —u) - @) e ) —u(p)]

[u]p = sup <
P dq)(p,p/)ﬁ do(p,p)<1 dcb(pap/)ﬁ do(p,p')>1 dq)(p,p’)ﬁ
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—:A+B.

Hence, if A and B are proven finite and, moreover, comparable to H”Hk,a» then our first step will be

complete. For estimating the term A, it is enough to note that, since d(p, p’) < 1, then

A= sup dq)(p,p/)a—ﬁw

do(p,p)<1 do(p,p')® < [u]a < |lullk.q-
o\P:P )> ,

For the term B, we proceed as follows:

e sp WO Fl)

< < 2|ulle0 < 2|ullg -
do(pp)>1  da(p,p')P *

Thus, it follows that [u]g < C'||u||x,q for some constant C' > 0. For the case 0 < < k', it is enough
to see that the argument provided for [ = 0 already implies [Vu]g < C'||Vu||x_; 4, for every V € 74
Hence, this implies ||ul|x g < Clu|x,qo, completing the proof. O

It should be noted that the proof above does not depend on the definition of the distance func-
tion dp. Therefore, if one considers a Holder space defined with a different distance function, the

conclusion still holds.

Remark 3.8. First, note that the proof given for Proposition can be naturally generalized for

weighted Holder spaces, that is, 1 : xycga(M ) = xng’ﬁ (M). On the other hand, for K a compact

manifold, we point out that classical PDE theory implies that 1 : C%(K) — C¥-P(K) is a compact

embedding. Hence, if K is a compact submanifold of M away from the boundary dM, it follows that
1 C5%(K) = P (k)

is a compact embedding.

Next, we obtain the following compactness result.

Proposition 3.9. Consider any 0 < B < o < 1 and y > 0. Then the following inclusion is compact
L2 Ch (M) < x 1P (M), (3.14)

Proof. Let {uy}, be a bounded sequence of functions in Cfb’a(M ) and, for any 8 > 0, let Mg be the

compact submanifold given by
Ms=M\{peM|x(p) <d}. (3.15)

We know that Cga(M(g) — Cgﬁ (Ms) compactly for any 6 > 0. Therefore, {up|; },» admits a sub-
sequence {u, (s)|m, }; which converges in Cg’B (Mg). Now consider a sequence &; := 1/i for i € N.
We define convergent subsequences in C(I;’ﬁ (Ms,) for any i by an iterative procedure: given a conver-
gent subsequence {u,, ()| My, }icC Cfp’ﬁ (Ms,), we choose a convergent subsequence {u, (s, )| M5, }icC

C(’;ﬁ (Ms,, ) from {unj( 5)l My, };. Define the diagonal sequence by

{vj =5} (3.16)
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We claim that {v;}; is a Cauchy sequence in x”’Cgﬁ (M). In fact

. — |y i~V
HV]Hx—yC](;ﬁ(M\MEj) - HX V]HC(I;[?(M\MSj) SCJ ;
where C > 0 is an upper bound for the norms of {u, }, C Cga(M ). Now, let € > 0 and choose jy € N
sufficient large such that C6 }; < &/4. The sequence {v;[y; }C Cfb’ﬁ (ngo) converges by construction
io

and thus converges also in x—?'Cl(;;[3 (Mgio). Hence, there exists some Ny € N sufficiently large, such
that for every j, j/ > Ny

ij_vj’Hx_ng-ﬁ(Majo) <e/2. (3.17)

Hence for Jy = max{ jo, No }, we have for any j, j > Jy

1 =vsll vt agy < v = Vstfyc(’;ﬁ(Msjo) +vj— Vst—ycgﬁ(M\Majo)

<g/2+¢g/2=€.

Hence, {v;} is a Cauchy sequence in x"’CfI;ﬁ (M) and by completeness, it admits a convergent subse-

quence. This proves the statement. [

3.2 Mapping properties of the Heat operator on CZ(M x [0,T])

In this section, we establish parabolic Schauder estimates using the heat operator oh ®-manifolds.
This section is not new, but rather an exercise for the estimates in §4.2] To be more precise, the
estimates here are done with respect to the Holder norms that are equivalent to the usual Holder
norms defined on any manifold with bounded geometry. The parabolic Schauder estimates here then
follow by classical estimates in §3.8] Nevertheless, it is interesting to see how on arrives at the same
conclusions using microlocal arguments in the ®-setting.

Consider the homogeneous and inhomogeneous heat equations for some compactly supported
smooth functions v € Cg ((M x [0,T]) and ug € Cg o(M)

(0 — A )thom =0, Unom|r=0 = uo,
(3.18)
(0 — A )Uinhom =V, Uinhom|r=0 = 0.
We denote the heat operator corresponding to the unique self-adjoint extension of Ag in L? by H,
while its Schwartz kernel is denoted by H. Note that such extension is unique, since (M, gq) is a
complete Riemannian manifold (see [Str83, Theorem 2.4]). Then the solutions upom and ujppem are

given by

thom(p,1) = (Huo) (p.1) = [ H(t,p. Puo(P)dvolo (7).

) R ) B (3.19)
tinhom (P1) = (H%)(p,1) = /0 | Ha=T.p.pv(pDdvola (P,
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where dvolg denotes the volume form of ge.

Before studying the Yamabe flow itself, we must first prove certain mapping properties for the
heat operator acting by convolution in time, that is, the map Hx above. To do this, we will use the
information on the heat kernel provided by Theorem [2.12] This will provide to us important tools for

the argument on the short-time existence of the flow.

Theorem 3.10. The heat operator Hx, acting by convolution in time, defines, for any k € Ny, o0 €
(0,1) and any y € R, a bounded linear map

Hx : x7C5% (M x [0, T]) — x7 (cf;M V7 C’(;H’a) (M % [0,T]). (3.20)

Proof. Both mapping properties can be proven true by going along similar lines. Therefore, only the
proof for the first of the two will be presented here, while we argue in the last paragraph why the
proof first mapping property implies the latter.

We start the proof with the case k = 0, that is,

Hx : x'CE(M x [0, T]) = x'C3% (M x [0, T}).

The more general follows directly from the case k = 0 with the additional use of integration by parts
and by the vanishing order of the heat kernel on the boundary dM. In fact, the vanishing order of the
heat kernel implies that, for every u € XVCZ;’O‘(M x [0,T]), we have

V(H*@) = Hx (Va), forallV € ¥4 withl <k.

Consequently, the case k > 0 follows from the case k = 0. Furthermore, for any u € xYC%(M x [0,T]),
there is some function u € C§(M x [0,T]) such that % = x"u. Particularly, it follows that Hx 7 lies in
xYCczp’a(M % [0,T1]) if and only if x""Hxx"u lies in CCZI,’“(M x [0,T]), which is equivalent to prove that

Hy:= M, yoHxoMy : CE(M x [0,T]) — C3%(M x [0,T)), (3.21)
with M,y being the multiplication by x” operator. Note that
Hyult,p) = [ [ ¥ THG=1,p,5) 070 G, ) dvolo(5)d7
:/0’ /MﬂH(r _T.p, p)R"u(i, p) dvole(p) d7
= [ [ i =7.p, a5 dvolo ) .

which means that the operator Hy has a kernel Hy. Note that B*H and 3*Hy have the same asymptotic
behavior on M}%, from Theorem since H vanishes to infinite order on the corners of M% and near
the middle of M7 one has x ~ X, implying (¥/x)” to be bounded. In addition to this, from the definition
of the Holder spaces presented previously in (3.9)), the statement above is equivalent to prove that the

operator G, given by G =V oHy with V € {id} U 7o U ¥, 2. acts as a bounded operator

G:CE(M x[0,T]) — CE(M x [0,T]).
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Hence, given a function « lying in C¢ (M x [0,T]) and using Lemma the goal is to prove
1Gulla < cflulla (3.22)

for some uniform constant ¢ > 0. The proof is conducted directly by proving the estimate above for
||Gu|| .- From the definition of the o--norm in (3.7) we find

1Gulla = [Gulo + |Gl

Furthermore one can see that

’Gu<pat)_Gu(p/at)| p |Gu(pvt)_Gu<pat/)|

[Gule < sup + su ,
¢ p.PEM dq)(p7p/)a t,t'>0 |l—l'/|a/2
p#r' 1t
leading to
]Gu(p,t) —th(p/,l‘)| |Gu(p7t) _Gu(pat,)|
|Gullq < sup y oy e + || Gut|oo-

p.peEM q>(p,p ) 1.4'>0 ‘l‘ —t ’

p#p 11

Therefore, the inequalities aforementioned imply that the estimate (3.22)) is satisfied if

|Gu(p,t) — Gu(p',1)| < c||ul|ado(p, p')*, (3.23)
Gu(p,t) — Gu(p,t')| < c|lullalt —1'|%?, (3.24)
|Gu(p,t)| < cllul|q- (3.25)

We will therefore proceed in three steps:
i) Uniform estimates of Holder differences in space, whose proof is presented in §3.2.1]
ii) Uniform estimates of Holder differences in time, whose proof is presented in §3.2.2]
iii) Uniform estimates of the supremum norm, whose proof is presented in §3.2.3]

The same argumentation as in the previous result leads to an equivalent formulation of the state-

ment, that is, one has to prove that the operator
~V2H, 1 CE(M X [0,T]) — Cg%(M x [0,T))

is bounded. As in the previous theorem one deduces that the above is equivalent to proving that the

operator G, given by G;u = V(t’l/zHyu), for V e {id} U %%, maps
G, :CE&(M x[0,T]) — CH(M x [0,T])
is bounded. One has

(Gu)(p) = | [ V=0 R~ )l 7) dvolo(5) o7
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The estimates in §3.2.1] §3.2.2] and §3.2.3| will already cover the case V € {id} U #p. Moreover it

is important to note that we are no longer considering elements in Diffé (M), which will lead to an
1

extra T term. On the other hand, the term (¢ —f)’l/ 2 inside the integrand lifts to an extra T~
~1/2

in every

region of M}%. This means that the presence of the term (¢ —1) is proportionally compensated by

the absence of elements from Diffé (M). Therefore if one attempts to get these estimates following
the same argumentation as in the upcoming sections, then the integrals obtained will have the exact
same asymptotics. [

3.2.1 Estimates of Holder differences in space

Consider p,p’ € M and write

M™={peM|d(p,p)<3d(p,p')} and M~ ={peM|d(p,p)>3d(p,p')}.

We shall assume that p = (x,y,z) and p’ = (¥,y’,7), with X’ > x without loss of generality. The
estimates below will be presented only for the regimes near the middle of the heat space, that is, where
fd meets td. This is reasonable because the heat kernel vanishes to infinite order near the extreme

corners of the heat space, which makes the estimates in said regions to follow straightforwardly.
Now, for u € Cg(M x [0,T]), write
Gult,p) —~Gule,p) = [ [ Glu—T,p,putpii) dvolo(7)af
—/0’/A4c;(t—?,p’,,3“)u<ﬁ,?) dvolg(5)d7
=[] [66~5.p.5)~ Gl ~7.p' )] [u(5.1) — u(p.D)] dvolo() T
4[] 166 =Tp.5) ~ Gl 1.0 7)] [u(B1) — u(p,D)] dvolo()aT
+ [ [ [6~7.p. )~ Gl —Topl, )] ulp.d) dvola(7) a7
=h+hL+1.
Estimates for I

Before proving the estimates for /1, let us prove quickly the following technical lemma:

Lemma 3.11. Let p” be a point in M such that de(p',p") < de(p,p’). For every point p in M~ one

has .
§d<1>(17713) < d(D(pllvm‘

Proof. Using triangular inequality, the assumption on p” and the fact that p lies in M~ one has

do(p,p) <do(p,p')+da(p’,p) <de(p,p’)+do(p',p")+de(p",p)
<de(p,p')+do(p,p) +do(p".p) =2de(p,p’) +do(p”,p)
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< dcb(P»f’) +d¢(p//7ﬁ>'

W N

O]

Now, let us employ the Mean Value Theorem, where we consider pg = (&,,2), py = (¥, n,2)
and p; = (v,y', £) for some intermediate points § € (x,x"), n € (y,y’) and { € (z,Z’). Note that each
point p” € {pg, py, p¢ } arising from the Mean Value Theorem satisfies either de(p, p”) < do(p, p’)
orde(p',p") < da(p,p’), implying that Lemma[3.11]is true for any of them, from where follows that

dq)(pvm < d(D(p//aﬁ)? p// S {(§7y7z)7 (x/7777Z)7 (x,7yl7€)}7 (326)

for any p € M~. Thus, we get to write

il <b—v| [ [ 3elG(—7.pg. )[4 )~ ulE,p)] | dvolo ()T
Hy =YL [ [ o0l =7, ) [oF.5) — )] dvolo(5)d7
He=2I [ [ 316 ~1.p. )[4 )~ ui.p)] [avola(7) 7
<Clllabv—| [ [ 3Gl ~T,pe, P)do(pz. 7)* dvolo(7) 7
+Clllally =1 [ [ 306l ~.pa, P)d(pn,7)* dvola(7) 7

t
+Clllallz~Z| [ [ 3:G(t~7.pe.P)do(pg. 7)* dvola(F)d7
=h+ho+13.

Given the similarities for estimating the terms /1 ; above, we present only the estimate for /; ;.
Since we estimate in the regime 5 in Figure [2.6] where fd meets td, we use the local projective
coordinates (7,&,y,z,.", %', Z"), introduced in (2.27)), where

Y':xg—zé, %’:)%, ' =7—zand T=V1—1.

Then we compute from Theorem and dvole(X,7,2) ~ ¥ 2~Pdxdydz

= |
g2

with Gy being bounded and vanishing to infinite order as ||(-7, % , % )|| — oo, where (¥, % , %) =

("), %' |7, %" 7). Letus define r(S, %', %) := /| |2+ ||Z'||*+||2”||*>. Such a function

r describes the radial distance in polar coordinates around the origin. Performing a change to polar

vi «
L, <C -HuHa/ / T 2G|SR 2P | 2P 4 dw a2 d,
0 M~

coordinates, we obtain

|x

Y NG
1] <c- 2x| ~||u|ya/ / T2 Godrd (angle)d 7.
0 M-

§
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-1
Now, setting 6 =r~ 1t =/|.Z 2+ ||Z|?+|Z|? ,itfollows that G, against any negative power of

o is bounded. Hence, integrating out the angular variables, followed by another change of coordinates

x—x Vi _
| Sc-|§—2|~||u||a/o /Mr 2oy,

Now, it follows from the definition of r that M~ C {dg(p,p’) < cr} for some constant ¢ > 0. Thus

T — O gives

we can estimate even further

e — x| -2
1] <c- 2 ||u Ha/%pp g,
&2

(3.27)
[ — |

=cC- 5— d@(PP) l+aH

ul|g-

In order to conclude the desired estimate of [;, recall from Lemma [3.2] that we may consider only

do(p,p') < 8% =: p, with any positive p < 1/4. Then
X /
1—)7 <2p(x+x") <dp.

Thus x > (1 —438)x’. Hence we may estimate

x| |x—x| =X
3 < 2 < (1-4p) 72
oy Jx—X| _
4(1—4p) 2m§4(1—4p) 2de(p, p').

Thus for & > 0 sufficiently small, we conclude from (3.27) and the last estimate above

11| < Cdo(p, p')*|ul| a-

Analogously, the remaining terms can be estimated in a similar fashion, which allows us to conclude

the same inequalities for both I ; and I 3 as presented for /; 1, leading to the estimate desired for /.

Estimates for I,

Similarly to the computations for the I term, the first thing to do is to give a better expression for

the integral /7. Let us rewrite I, as follows:

Izz/of/w —7,p, D) [u(p, D) — u(p,5)] dvole(p) dT
_/0 /M+ G(t_?’p/’ﬁ)[u(ﬁ’a_u(p/j)]dvolq,(ﬁ)d?
+/0t/M+ -0, D)[u( pﬁ> p/i)]dVOlqp(ﬁ)d?

=h1—ho+D3.
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Estimates for /> 1 and > » can be obtained along the same lines. Thus, it is enough for us to present
computations only for /> ; and I>3. Now, since we are considering M* as the integration region,
then points on p' € M are satisfying do(p, p) < 3¢d(p, p'). Moreover, from the triangular inequality

follows
do(p',p) < do(p',p)+da(p,p) < 4da(p,p’).

Let us first estimate /> ;. Employing the definition of the Holder norm gives us

t
bl < lulla [ [ 166=7.p.5)ldo(p,p)* dvolo(p)dT.

Considering once again coordinates (7,x,y,z,.’, %', %") introduced in (2.27)), one can obtain con-
stants ¢,C > 0 such that

da(p.p) < c (S U Z) = c\J|#' P+ |22+ 272 < C-dalp. ) < 3C-dalp.p).

Performing a change of coordinates gives us
Vi
2,1 SCHuHa/ / T Gor*d S AU d 2 dx
0 M+

Vi 3Cdy(p.p') 1 1
:CHuHa/ / 1 / T " LGt *drd(angle)d T.
0o Jsm1Jo

Now, let 6 := 7/r. Performing yet another change of coordiantes, we get to rewrite the integral and,

consequently, the estimate as follows:

va 3Cdo(p.p') | |
L1 ScHuHa/ / 1/ o " 'Gor'"*drd(angle)do
o Jsm1Jo
<Cl|ul| eda(p, p")*

Estimate for I, are obtainable following along the same lines simply by recalling the inequality
do(p',p) < 4do(p,p').
For the estimate of /5 3, we assume again as before that the heat kernel is supported near fd meeting
td, and thus work with local projective coordinates (7,x',y',7,.7, % , %) given in (2.28)), that is,
~ / = /

~ /

X—Xx - — =

= g YTV T andr=Vi-1,
x2T X't T

We will obtain the estimates using integration by parts. To do so, note that one has (as the “worst
case scenario” with V € Diff3,(M)) G = t""2(V,V»Gp) with both V,V5 € {d5,d7,0%} and Gy
vanishing to infinite order whenever ||(.,% , Z)|| — oo. For the sake of simplicity, we shall assume

V| = d. On the other hand, one has by triangle inequality

IM" = {do(p,p) = 3da(p,p')} € {2da(p,p") < da(p,p)}- (3.28)
Moreover we can also write for some smooth function /g

B*(dvole(p)d7) = ho(xX' +tx27,y + X% 7 +1 %) d.7d% d Z dr.
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Since u(p,t) —u(p’,t) =: Su is independent of p, we can integrate by parts

123—/ 514/+ 8yV2H)h0dﬂd%dQ”dr
M
_/ 5u/ L(VyH)hgd % d Z d e
oM+

/ 5u/ VaH)dphod 7 d% d F d T =: I 5 — I3,

1

For the 1} ;-term, note that hg is smooth and therefore d.»hy = Tx'2dthy. This cancels the T~ ! in the

integrand and thus 7} ; can be estimated against ||u||qda(p, p')*.

For the 1) ;-term, by (3.28), we can estimate

115 5] <||ulleds(p, p') / /8+ (VaH)hod % d 2 dt

§—HuHa// o (VoH)do(p', p) hod % d 2 d 7.
0 oM+

Estimates for I3

For the estimate of I3, let us first assume without loss of generality x < x’. Moreover, it follows

from Lemma [3.2] that it is enough for us to work under the assumption that
do(p,p')%+ |t —1'|** < 8,
for & sufficiently small. Considering py = (X', y,z) € M, write
b= [ [ [66=7.p.5)~ Gl ~7,pe. )] u(p. D) dvolo(p) T
4[] [66=Topes) — Gl 7,0 7)) ulp. D dvolo(5) a7

=L1+1h5).

Since H is stochastically complete and G =V o Hy, it follows that

t
Lo :/ xTu(p, )X’ (/ VH(t —1,py,p) —VH(t—1,p',p)] dvohp(ﬁ)) dr
0 M
t
:/ (x"u(p,H)x'"7-0)dr
0
0

Therefore, I3 = I3 1. By using the Mean Value Theorem on the x-entry and considering pg = (&,y,2)
for some & € (x,x), it follows that

t
13:\x_x’|/0 /M3§G(t—Zpg,ﬁ)bt(p,?)dVOlq;(ﬁ)d?
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Coordinates near td defined in (2:28) give us dzGdvole(p)di = 27! (VGo)hod.d % d Z d,
where ho(p) is a smooth function and Gy vanishes to infinite order whenever ||(.7, % , Z)|| — oo.
Integrating by parts the integral above under the assumption that V = d ¢ (without loss of generality),

we obtain
t
13:|x—x’|//5 “LGoho(P)u(p,1)d% d Z dt
0 JoMm

t
—yx—x’\/o/Mg T Gody (ho(P) - ulp, 1)) d.7d% d Z d

=B — 1.

From the vanishing order of the heat kernel near dM, it follows that I5,1 = 0. On the other hand, it
follows that d.o (ho(p) - u(p,t)) = u(p,t)&>1d:ho, which implies
t
) < HuHix\x—x'l/ / Godshod AU d Z d
x — |

X —
<ClJullg

(xF0)2 < Cllullgde(p, p')*.

This completes the proof of (i).

3.2.2 Estimates for Holder differences in time

Now, assume p = p’ and, without loss of generality, # < ¢’. Suppose first that ¢ and ¢’ satisfy

2t —t >0 (i.e., ' <t <2t"). Hence, we can now define the intervals
T_=1[0,2{"—1], Ty =[2'—1,1] and T = [2t' —1,7'].
Once again, writing G =V oH, for V € {id} U %3 U “//q)z, we get
Gulp,t) ~Gulpt) =l 1| [ [ 206 —F,p,p) () — u(p. D] ol )47

+ + | Gl =T.p. P u(B.) — u(p.T)) dvola(p)d7
= J,, 6 = PP~ ulp D avolo ()T
+ [ ] Ga=i.p,putp.i) dvolo(5)d
[ [ 6t —7p. pyutp ) dvolap) o7

=Li+L,—1L3+Ls—Ls

First, let us analyse the terms L4 and Ls. Since the space-variable is constant at p and (M, g¢) is

stochastically complete, it follows that

t ¢/
L4—L5=/ u(p,?)d7—/ u(p,7)d7 < Cllul|oft — %/,
0 0
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Thus, for us to obtain the estimates, we just need to give estimates for L{,L, and L3. However,
given the similarities between the terms L, and L3, presenting the estimates for one of them gives us
the same for the other. In conclusion, we will be presenting the estimates for the terms L; and L,.
Moreover, like the estimates presented for the spatial differences, computations for each term will be
presented only near the middle regimes of M2, given the fact that estimates near any other regime is

straightforward.

Estimate for L,

The projective coordinates near such intersection are (7,x,y,z,.,% ,% ) presented in (2.28).
Hence, from the asymptotics of Hy near the middle regimes follows that f*dgG ~ T 4Gy, with Gy
being polyhomogeneous and vanishing to infinite order when ||(.#, % , 2°)|| — oo. On the other hand,
we have B*(dvolg(p)dt) ~ " 1d.” d% d 2 d t. Moreover, we already know that

do(p.p) < ct\[|S P4 | |2+ | Z )2 = crr( S, % Z) (3.29)

where r is bounded whenever its entries are bounded. Thus, it follows that Gor® is bounded every-
where. On the other hand, note that whenever 7 € T_, one has |0 —¢| > |t — /|, from where follows

that
Ly < ||u|ya|r—r'y/ / t3Gode(p, p)*d. 7 d% d Z dx
T JM
ngMV—A/ /13“%Whﬂ¢7d%d§ﬂr
Vi—t' IM
< Cllullalr 1%/
Estimate for L,

The estimate near this region of Mi are obtained using the coordinates (7, x,y,z,., % , %) defined
in (2.28). With respect to this coordinates one has B*(G) ~ 772Gy, with Gy being polyhomoge-

neous and vanishing to infinite order whenever one has ||(.*, % , % )|| — c. On the other hand,
B*(dvole(p)d7) ~ T hod.7 d% d # d, (3.30)
with A a smooth function of p. From this and from (3.29)) follows that
Lol <lulla [ [ |+ Ghd(p.p)*|dcdandtaz
T. /M
ngw/ﬁ/]f+mG&ﬂ¢¢d%d3ﬂf
T, /M
< cllullolr —1%/2,

This completes the estimates for time difference with derivatives under the assumption that 2¢' —

t > 0. We will now assume 2t —t < 0. Note that, since t > ¢/, we get

=3t4+2' <0<t -2 =t <2t 1|
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Furthermore, since ' < ¢ we conclude that ¢ < 2|t —¢’| as well. One then has

Gulp.t) - Gulpt) = [ | G~ p plulpD) - ulp. D] dvolo(p) 7
N /Ot /MG(l/ _’f’p,ﬁ) [u(ﬁj) - u(p,f)] dVOlq;(f)) d?
+/()t /M[G(t —t,p,0)—G({' —t,p,p)u(p,t)dvole(p)dt.

The first two integrals are estimated applying similar argument as for L,, presented in the previous

case, while the third one can be estimated by the same logic applied to L4.

Remark 3.12. With this estimate, we complete the estimates for time differences with derivatives
under the assumption ¢’ < t. However, to obtain the estimates for the case ¢ < ¢/, one just need to

interchange the roles of 7 and 7'.

From there we conclude immediately the statement (ii).

3.2.3 Estimates for the supremum norm

Finally, we will present the computations for the estimates of the supremum norm of Gu. Like
the estimates for difference in both space and time, we will only present explicit computations for
estimates near fdUtd. Estimates near the corners of M/% follow directly. For a given point (p,t) €
M x[0,T],

Gup) = [ [ Gl~7,p pu(p D) avolo(5)d7
= [ [ 6 —.p.Plup) ~ ulp. ] dvolo () a7
+ [ [ 66=7.p Pulp.avola(p) a7

=J1+J>.
Estimate for J,

In this regime we will use the projective coordinates (x,y,z,.,% , % ,7) defined in (2.28). From

the argument employed for the estimate of L, one knows that
B*(G(t—1,p,p)dvole(p)di) ~ T 'God.Sd¥ d Z dt (3.31)

with G being polyhomogeneous and vanishing to infinite order whenever ||(.%, % , % )|| — . Thus,
by using (3.29) we get

NG
| < Huua/ / e Goda(p, )*d.7 4% d # d
0 M

_ Vi —1+a o
= Cl|ul|q T Gyr*d.sdw dZ dT
0 M

< Cllula-
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Estimate for J,

For the estimates for J, near td, one can follow a very similar argumentation to the one presented
for Ls. Hence, making use of integration by parts and of the vanishing property of the polyhomoge-
nous function present on the asymptotics of the heat kernel, one can obtain the desired estimates for
D.

This completes the proof of the statement for k = 0. For general k, in all of the above integrals
we can first pass k ®-derivatives to the function u using integration by parts in (., %, %) and then

continue as before in case k = 0.

3.3 Short-time existence of the Yamabe flow

Consider a ®-manifold (M, g¢) of dimension m > 3 and set 1 := (m —2)/4. In this section we

construct a short-time solution to the Yamabe flow equation (3.2)) of the conformal factor
du= (m—1)u"""Apu—nscal(go)u' /", ul_g = 1. (3.32)

We plan to linearize (3.32), which will provide us a slightly different version for us. This means that
the solution for (3.32)) will be a translation by a constant of the solution for the linearized equation.
After this, we construct a solution as a fixed point of a contraction in x”Cﬁ;a(M x [0,T]), for some
Y > 0 and some short-time 7 > 0. We assume below that k = 0, since the general case follows the

k = 0 case verbatim. We write u = 1 4 v and obtain from (3.32)) an equation for v
O = (m—1Agpv(1+v)"1 —nscal(ge)(1+v)~1; v],—o=0. (3.33)

Remark 3.13. It is well known that the Binomial series convergence for all a € C and |x| < 1 as

follows:

— ; . (3.34)

(1+x) = ;

[e5S)

v wi -
ajx’, witha;:= (

a) ala—1)---(a—j+1)
j=0
Now, assume v € x”Cfp’a(M x [0,T1), for y > 0, with ||v||2,,y < i for some u < 1. Then the following

series converge in the Banach space C(zl;a(M x [0,T))
NN i1 Y g Y2
(I+v) —Zajv —1——+Zajv = 1——4v7s(v),
=0 n = n

with ||(14v)"YM|3.4 < Cy and ||s(v)||2.¢ < Cy, for some Cp, > 0, depending only on .

Plugging the identity (1+v)~'/1 =1—v/n +12s(v) into (3.33) yields after rescaling the time

variable by (m — 1) the following flow equation

1
(d —Ap)v=— ﬁqu>v+v2s(v)Aq>v __1 1 scal(gp) + 7 scal(go)v

(3.35)
_|_

! -seal(ga)2(1 ~15() —1vs(v).
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We will simplify the right hand side by introducing two non-linear operators, the first one containing

no derivatives of v

Fi(v):=—

il N scal(gp) + 0 scal(gg)v

! —seal(ga)v2(1 ~15() s 1),

+

The second one is in a certain sense quadratic in v and defined by

1
F(v):=— ﬁvAcpv + VZS(V)Aq)V.

In this notation, ([3.35]) can be written as
(8t — Aq;)v = (F1 +F2)V; V|t:0 =0. (3.36)

Our intention is to prove short-time existence of solution of (3.36) by using the contraction mapping
argument (i.e. the Banach fixed-point theorem). We point out that, even though we work on weighted
Holder spaces x”CfD’a(M x [0,T1]), the proof does not rely on the definition of the distance function

chosen on its definition. This means that the proof fits alternative Holder spaces as well (as we use it
in $fF4).
Theorem 3.14. Consider the Cauchy problem

(y —aA)v=F(v), v|;=0 =0, (3.37)

where the function a is positive, bounded from below away from zero in Cfb’ﬁ (M x[0,T]), with B > «.
Suppose F :xYCfDH’a(M x [0,T]) — xVCfD’a(M x [0,T]) decomposes as the sum F = F; + F> and
that, for u < 1, there is a constant C,, > 0 such that

1. F :x7C§,+2’a(M x [0,T]) — x”CéH’a(M x [0,T]) satisfies the estimates

1FL(v) = FL ()l tay < Cullv =V k2,005

171 () k1,07 < Cus
2. F :x”Clgz’a(M x [0,T]) — x”Cfb’a(M x [0,T)) satisfies the estimates

1F2(v) = F2(v')

kay < Cu max{ ”V||k+27a7ya ||V,||k+27a77} [v— V/||k+27a7y;

|F2(v) ”k,oc,)/ <Cy ”V“%Jrz,a,y?

k+2, .
whenever v,v' € xYCq ~*(M x [0,T]) satisfy |V|lk+2.a.: |V k2,007 < B

Moreover, suppose that the parametrix Q for the differential operator (d; — aAg) maps
Q: xCE* (M % [0,T]) — x7 (cf;m N \/Zc’gl) (M % [0,T)) (3.38)

continuously. Then there are T' > 0 and a unique solution v* € x7C§>+2’a(M x [0,T']) of (3:37).
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Proof. The proof for this statement follows from the Banach fixed-point theorem. For u and T yet to
be specified, define

k+2
Zyr = {v € xTCq (M % [0,T]); V=0 =0, [|Vllk0y < “}'

Clearly this is a closed subset in x”C’éfz’a (M x [0,T]) and therefore, since we are working on a Banach
space, Z,, T is a complete metric space. Consider the map ¥(v) := (Qo F)(v). From our hypotheses,
it follows that ¥ maps xVCga(M x [0,T]) to itself. Therefore, in order to conclude what we desire,
we just need to check that the map ‘¥ is in fact a contraction when restricted to Z, 7, therefore having
a unique fixed point v* (which is the solution for (3.3])). Now, since Q is a bounded linear map, then

one can write
¥(v)=(QoF)(v)=(QoFi)(v)+(QoF)(v)
=¥ (v) —f—le(V).

From this point on, denote || - ||op as the norm of an operator. For ¥y, if one assume to have y < 1 and

T < (2Cy||Qllop) ', then for every v € Z,,  one has
1) s,y < 1QUlop VT I (W llks1,0,y < 1Qllop VT CullV k2,09
<u/2.

On the other hand, if we assume @ < min{(2Cy,||Q||op) !, 1} then for every v € Z,, 7 follows

20 llks2.0.7 < 1QllopllE2 () llkay < 1QNlopCrllvE 2,0,y

<u/2,

from which is possible to conclude that for u and 7' small enough one has ||'¥(v)||x+2,a,y < U, there-
fore implying that ¥ maps Z, 7 to itself. Moreover, note that in order to prove that ¥ is a contraction

on Zy r, is enough to show this for ¥y and ¥,. But
[¥1(v) =¥y (V/) ||k+27a7y < ||Q||opﬁcu [[v— V/||k+2,a,y
1 /
< slv—v ||k+2,oc,y
for both u and T small enough; furthermore,
[¥2(v) = ¥2(") Ikt 2,y < 1QllopCumax{[[Viler2.a.p: IV k2. HIv =V [kt 2,0y
1
< 5 v =V llk+2,0.75

from where follows that ‘¥ is, in fact, a contraction on Z; 7, from where we can conclude our proof.
]

Theorem [3.14] gives us some conditions on the operators Fj and F, for the contraction argument

to hold. To this end, we prove the following technical lemmas.



3.3. Short-time existence of the Yamabe flow 53

Lemma 3.15. Denote by B the open ball of radius 1 in xyCé’a(M X [0,T]). Then the map F, : B —
x"CE(M % [0,T1]) is bounded. Moreover, for any two functions v,v' € B C xyCczp’a(M x [0,T)) satisfying

V2,095 IV 2.0y < 1 < 1,

there exists a constant Cy; > 0 such that
L |B0) = FR()la < Cumax{|[Vl[2,ay IV [2,arH Y =V l2,0

2. [|F(0)lloy < CullVI3 o

Proof. We shall write A = Ag for simplicity of notation. First, let v € B with |[v||l2ay < p < 1.
Then, by the definition of x”Cé’a(M x [0,T]) and the fact that A € Diff%,(M), it follows that Av €
x'Cg(M x [0,T]). We can thus estimate

1RV ley < Cu(HVAVHa,wL||V2S(V)§V||a,y)
< Cu (HV2| arllAV]l oy + V2 s(V) |y 1AV] )
< Culvllz gy

for some C; > 0 depending only on u and possibly changing in each estimation step. This proves the
second item and in particular boundedness of F> : B — xYCE(M x [0,T]). For the first item we write
for any v,v' € B

vis(v) — (V)2s(V) = (v—v) 01 (v,), (3.39)

where O;(v,V') is a polynomial combination in v and v'. Equation (3.39) implies
1
BV)-B()=- 0 (Av(v =V +VA(v =)
+01(v,V) (v=V)Av+VA(v =),
which then implies

1F2(v) = F2 () llec.y < C ([|AV[ v =]

+ 1AV [l ayllv =V oy + [V ey llv — VIHLOW)

ay+ IV eyl A =)

a,y

< Cymax{||vl[2,a.7: [V |2, HIV =V [|2.07-
]

Lemma 3.16. Assume that scal(ge) € x”Cé,’a (M). Denote by B the open ball of radius 1 in xVCczb’a (M x
[0,T)). Then F, maps B into xYCé,’a(M % [0,T)). Furthermore, if v,v' € B with ||v||2,q,y,

U < 1, there exists a constant Cy, such that

V2,07 <

LR (v) = FL () ey < Cullv =V 2,007

2. [|Fi)]l1,e,y < Cu.
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Proof. First, consider v € B C x"Cé’a(M x [0,T]). Since by assumption scal(ge) € x”Cgb’a(M ), we
find
scal(ge)v? (1 — ns(v) — vs(v)) € Cg*(M x [0,T)).

Now, assume ||v||2,¢,y < 1t < 1. We can now estimate

IFL()|1,0y < Cull scal(ge)|1,0y (14 [[V]2,007 + HVZHZ,a,y) <Cy,

for some C; > 0 depending only on u and possibly changing in each estimation step. This completes
the proof for the second item. In particular, F; indeed maps B into x"C(lI,’a(M x [0,T]). For the first

item we have for any v,v' € B with ||v||2.«.y, y<u<li

1Fi(v) = FL ()l < Cul scal(ga) v—Vl2ay

Y

+Cu|lscal(gd>)|!1ay\|v ~ (") 2y

+Cullscal(go)|1.apllvs(v) — (v')s()
) Vs(v) = (V) s(v)

+Cy || scal(go
< Cy

where in the final estimate we use (3.39) and its analogue for v?s(v). This concludes the first item

and, naturally, finishes the proof. 0

Now, exactly the same argument as in Theorem [3.14] (with a = 1) implies directly, that for
scal(go) € x”C}b’a(M) with y > 0, the map Hxo(F, + F>) is a contraction on a closed ball B;, C
x”CczD’a(M x [0,T1]) of radius p > 0, provided u,T > 0 are sufficiently small. Thus the flow (3.36)
admits a solution v € Eu as a fixed point of that contraction. Setting u = 1 + v, we obtain a short-
time solution for the Yamabe flow (3.32) and thus to (Z). The same argument yields a solution in
Ck“L2 *(M x [0, T]) for a general k € Ny, provided scal(go) € xkaH '*(M) for some y > 0.

Theorem 3.17. Consider a ®-manifold (M, ge) of dimension m > 3. Assume scal(ge) € xVCfDH’a(M )
for some o € (0,1), some y> 0 and any k € Ny. Then the Yamabe flow [2)) admits a unique solution
g =u*'"2gq where u € C’gz’a(M x [0,T1]), for some T > O sufficiently small.

This proves Theorem [0.2]

3.4 Uniqueness of solutions
Proposition 3.18. Consider the Yamabe flow equation as in (3.2)
G = (m—1)u~"/" Agu —n scal(ge)u' /", ul—o = uo, (3.40)

for some positive initial data ug € Cé"a (M). For such a Cauchy problem, a solution in Cé’a (M x[0,T))

which is positive and bounded from below away from zero is unique for any given 0 < T < oo,
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Proof. Suppose u and v are two solutions in Cé’a(M x [0,T]) for (3.40). Consider ® = u—v €
Céa(M x [0,T]). Since u|;—o = v|;=o = ug, we find ®|;—¢9 = 0. Moreover, we infer from (3.40)

uMu— vy = (m—1)Apo — 1 scal(gp) 0.
From the definition of @, we have
o =u" /1 (ul/né?,u Moyt (vl/n — ul/n)atv)
—y /M ((m — 1Aso — 1 scal(gp) o + (v'/1 — ul/n)8,v>
1
=— (n scal(go)u™ /M + %/ (sv+ (1 —s)u)/1-1 ds) ®
0
+(m—1)u"MApw,

where the last equality follows from Taylor’s Theorem applied for the function f(s) := (sv+ (1 —

s)u)'/1. This means that @ is a solution of the equation
00 = alAp® + b,

with a € CCZI;“(M x [0,T]) positive and b € C¢(M x [0,T]). Since nothing can be said about the sign
of the b-term above, we consider any negative constant ¢ < —||b||« and apply an integration factor

trick by writing @’ = ¢ @. We obtain an equation for z
0,0 = ahp@' + (b+c)w/,

with '|;—9 = @|,—o = 0. Now, since ¢ < —||b|«, we have (b+c) < 0. From Corollary 22.8] it follows
that @’ = 0 and, consequently, @ = 0. U]

3.5 Curvature-normalized Yamabe flow

Consider the increasing curvature normalized Yamabe flow CYF*

d,g = (scal(g)sup —scal(g))g, where scal(g(t))sup := supscal(g(z)).
M

introduced by Sudrez-Serrato and Tapie [SST12] to study entropy rigidity on the Yamabe flow in the
compact setting. We are interested in the non-compact setting of a ®-manifold (M, g ), which is why
the usual normalization by (3) does not work and we resort to the CYF' normalization. We can study
the decreasing curvature normalized Yamabe flow CYF~ with scal(g)sup replaced by scal(g)inf along

the same lines.

Short time existence of CYF' (as well as CYF ) follows by a simple time rescaling. Indeed, let

g(t) = u(r)'/Mgg be family of Riemannian metrics satisfying the (unnormalized) Yamabe flow (2)
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with u € Cé’a(M x [0,T]). Consider the functions

£(6) = exp ( [n sca1<g<e>>supde) ,

, (3.41)
F(t) = /O £(8)/1do — £(0)'/.

Note that f is positive and F is a primitive for f satisfying F(0) = 0. Moreover, since dF /dt > 0, it

follows that F~! is well-defined. Thus, we can define a 1-parameter family of Riemannian metrics by

g(7):=u(t)/Mgp, where (1) := (fu)(F~'(1)). (3.42)

One can easily check from u € C(zp’a(M x [0,T]) thatu € C(ZD’O‘(M x [0,T]) with T = maxF.
Claim: The 1-parameter family of Riemannian metrics {g(7) := #(t)'/"gg} . defined above sat-

isfies the following normalized Yamabe flow:

0.5 = <sca1(gszup—sca1(§)> z, 2(0) = go. (3.43)

In fact, first note that 2(0) = 1, which already proves the claim on the initial condition. Now, compu-

tations gives us the following:

1 _

d:8(7) :ﬁ”(f)l/n_laﬂ(f)g@
— T @ - 00) (7 0): 1P 9)]

1. _ ) _ d _
7@ (M nseate)) (1 0)- FoF 0] (@)
n f dt
_1 azf -1 d 4 ~\1/n
| (A = nseate)) (70 o o) 0
On the other hand, it follows from the Inverse Function Theorem that d F’ _1/ dt=f —1/n, Moreover,

oz ) = | mscal(e(6))und0 — AL 1) = 1 scal(g(0)up

Finally, after recalling that the scalar curvature transforms under conformal change as in Proposition

[I.3] plugging these identities into the above computations gives us

9:3(1) = (scal(’g(r))sup ~ scal(g(7) )) (7).

It is also possible to invert the process and obtain a solution of the standard Yamabe flow from a

solution to CYF™, proving said relation. This proves the following corollary of Theorem

Corollary 3.19. Ler (M, ge) be a m-dimensional ®-manifold. Assume scal(gg) € xYC]g—l’a(M ) for
some o € (0,1), some y > 0 and some k € Ny. Then both CYF" and CYF~ admit a unique short-time
solution g = u*/""~2) g, where u € ng’a(M x [0,T)), for some T > 0 sufficiently small.
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3.5.1 Some differential inequalities for solutions to CYF"

First, we point out that all functions in Cé’a(M x [0,T]) satisfy the conditions required in Proposi-
tion[2.6] As a direct consequence, we also obtain differential inequalities for solutions to the increas-
ing curvature normalized Yamabe flow CYF*. These will be central later in the derivation of a priori

estimates.

Proposition 3.20. Letu € Cé’a (M % [0,T]) be a positive (uniformly bounded away from zero) solution

to the increasing curvature normalized Yamabe flow CYF ™" in (3.4). Then almost everywhere in (0,T)

0 _
3 sup < nsupscal(g()) - usup + N sup | scal(gs)| - uiupl/n,
t M M

(3.44)

0 ) 1-1
—Uinf > T supscal(g(1)) - uins + 1 inf| scal(ge)| - ;¢ m
ot M M

Proof. First, let us recall the expression for CYF' (which is satisfied by u by hypothesis):

du(t) = (m— l)u(t)—l/nAu(z‘)n (S}l;[pSCB.l(g(l‘)) cu(t) — Scal(g)u(t)l_l/n>

We know, from (2.14)), that if {pi(¢) }x is the Omori-Yau sequence for the supremum of u at time 7,

we obtain
Sulo)) < "0 (o)) + msupseal(0) - u(a().)
— nscal(ga) (pi(1)) 'M(Pk(l)ﬁ)lfl/n
m-1) (3.45)
<———u "(Pk(f)»f)+77511;[P8031(8(f))'M(Pk(f),t)

1-1

+sup|seal(ga) (1) -u(pu(e).6) ",

where the second inequality follows from 17 > 0, since m > 3. Since u is positive and uniformly
bounded away from zero, we conclude

. d
limsup a—bt[ (pk(t),t) <n Sjl‘l/lp scal(g(1)) - usup (1)

k—voo

(3.46)
+1 SII‘J/IP |scal(go)| - "‘sup(l)l_]/n~

On the other hand, we know from the first statement of Proposition 2.6 that

%usup(t)g lim (limsup%(pk(t—i—e)?t—i—s))

=0t k—so0

< lim (77 supscal(g(t +€)) - usup(f + €) + 1 sup | scal(g)| - usup (¢ +8)1_1/n> :
M M

-0t

Finally, since u|;,+¢ converges uniformly ul;, as € — 0T at any #o € [0, 7], it follows that ug( + €)
converges to ugp(7) as € — 0™ and thus, the first statement follows. The second statement follows by
(2.15) along the same lines. O
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3.6 Evolution of the scalar curvature along CYF"

Note that the increasing curvature normalized Yamabe flow (3]) can be rewritten as (recall scal(g)sup

denotes the supremum of scal(g))

1
Ea,u = <scal(g)Sup - scal(g)) u. (3.47)
From here we conclude immediately
1 1 1
—8,(u*1Aq>u) = ——u20u-Apu+ —uilAcp(&,u)
n n n
= —u ! (scal(g)sup —scal(g)) - Apu+ u A <(scal(g)sup —scal(g)) u) (3.48)
=u! (scal(g) ‘Apu — Ag (scal(g)u)) :
Moreover, from Lemma[I.3] we obtain

u ' Ag(scal(g)u) =u~ ' scal(g)Apu + Ag scal (g) +2u~ ' go(Vu, Vscal(g))
—u~"scal(g)Agu +u'/MAgscal(g),

where A, is the Laplace Beltrami operator of the conformally transformed metric g = ul/m -gp. Com-
bined with (3.48) this gives

1

Eal(u_lAq;u) — —u!/MAgscal(g). (3.49)

On the other hand, from @) is also straightforward that
Qu~ MM =y~ 1M (scal(g) — scal(g)sup)- (3.50)

Finally, combining (3.48)) and (3.50) with the transformation formula for the scalar curvature in Propo-

sition[T.3]

—1
scal(g(r)) = scal(u'/Mgp) = —u~ /1 B Agu— scal(gq,)} : (3.51)
provides us the expression
d;scal(g) = (m— 1)Agscal(g) +scal(g)(scal(g) — scal(g)sup)- (3.52)

Based on (3.52), we can now prove the following:

Lemma 3.21. Suppose scal(ge) € Cfb’a(M ) is negative and bounded away from zer that is, there

are constants ay,ap > 0 such that
—oo < —ay <scal(gp) < —ap <O0. (3.53)

Then along CYF " with positive solution u € Cg;a (M x[0,T)), supremum of the the scalar scal(g(t))sup =

supscal(g(t)) is non-increasing.
M

'In fact, boundedness away from zero for the scalar curvature will only become important in the next section, but we
list it here as a condition for consistency.
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Proof. By Corollary , CYF exists for short time in Cé,’a(M x [0,T]). From the transformation
rule of the scalar curvature (3.51)), it follows that scal(g) € Cé’a(M x [0,T]). Now, from Proposition
it follows that scal(g)syp is differentiable in time for almost all 7 € [0,7]. Applying the inequality
([2.14) to scal(g) allows us to conclude that A,scal(g)sp < 0. Plugging this inequality into (3.52)), it
follows that we have, for almost all 7 € [0, T,

9 scal(g(1))sup < scal(g(?))sup(scal(g(t))sup — scal(g())sup) = O. (3.54)

This implies directly that scal(g)sup is non-increasing along CYF'. U

Knowing that the supremum of the scalar curvature is non-increasing in time, the next result shows

that the scalar curvature approaches its supremum at an exponential rate.

Lemma 3.22. Suppose scal(go) € Cija(M ) is negative, bounded away from zero as in Lemma
Then along CYF" with positive solution u € Cé;a(M x [0,T]), we have the estimate

|| scal(g(#) )int — scal(g(t))suplloo < Ce*clE®)n
with C > 0 a constant independent of T, where scal(g(t) )inf := infps scal(g(z)).

Proof. Applying the arguments of §2.3]to scal(g), we conclude from (3:52) by Proposition[2.6] similar
to Corollary [3.20} for almost all ¢ € [0, T

0 scal(g)int > scal(g)inf(scal(g)int — scal(g)sup)- (3.55)

From here it follows that scal(g)inf is non-decreasing along the CYF'. Combining (3.33)) with (3:34),

we find

8,(scal(g)sup —scal(g)inf) < —scal(g)inf(scal(g)inf — scal(g)sup)
= Scal(g)inf(scal( )sup - Scal(g)l )
(g

< scal(ga )sup(scal(g)sup — scal(g)int)-
Integrating both sides of the last inequality gives
(scal(g)sup — scal(g)int) (1) < Ce*cal(8@)supt (3.56)

where C depends only on the initial data. This means that the difference between the supremum and
the infimum of the scalar curvature decreases exponentially along the flow. Consequently, the scalar

curvature approaches scal(g)sup at an exponential rate too, therefore implying the desired outcome.
]
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3.7 Uniform estimates along CYF"

We start immediately with the central result of the section. If we assume scal(ge) € Cg,’a(M ), then
the solution u € Cg;a(M x [0,T’]) of CYF' exists by Corollary for T" > 0 sufficiently small.
Assume u in fact lies in Cg;a (M x[0,T)), for a maximal time 7 > T’. Then even in the maximal time

interval [0,7) we obtain T-independent a priori estimates.

Theorem 3.23. Assume scal(ge) € Cg)’a(M ) is negative and bounded away from zero as in Lemma
m Letu € Cfp’a(M x [0,T)) be the solution of CYF" extended to a maximal time interval [0,T).

, and inde-

Then there exist constants cy,c; > 0, depending on u(0),sup |scal(ge)| and inf|scal(ge)
pendent of T, such that

0 <c1 <u(p,t) <cy, forall (p,t)€Mx[0,T).

Proof. First, we consider the flow for a short time intervall [0, '], where u is guaranteed to be positive.
The estimates below will show that u stay positive, bounded away from zero uniformly on [0,7’]
and thus all of the arguments hold on the maximal intervall [0,7T'). By the differential inequalities in
Propositionwe have (a priori almost everywhere on [0, '], however as just explained a posteriori

almost everywhere on the full time interval)

0 : 1-1
5 Yinf > nsupscal(g(t)) - uint + N inf | scal(go) | - 1, m
t M M

(3.57)

0 _
3 sup < nsupscal(g(t)) - usup + N sup | scal(gs)| - uiupl/n.
t M M
Multipyling both sides of the first intequality by %uiln/fn_l , and of the second inequality by %ui@ _1,
we obtain
Jd 1 .
Srttn” = supscal(g(1)) - !+ inf scal(ga)
P (3.58)
Sttt < supscal(g(1) - usyy -+ sup|scal(go)].
t M M
Write @ := 1/ and @, := ull71. We obtain f
| i=u e and @) := uglp . We obtain from (3.58)
d . )
—m; > infscal(ge) - @) +inf|scal(ge)| =: bwy +a,
ot M M (3.59)

d
—my < supscal(gp) - @ +sup|scal(gep)| =: Ban +A,
dt M M
where in the first inequality we used the fact that by (3.53)) scal(g)inf is non-decreasing in time, while
the second inequality from Lemma 3.21} since scal(g)sup is non-increasing in time.

The first inequality is equivalent to (e~” @)’ > ae~”. Hence, integration on both sides over [0, ]

gives the following estimate

1 (l‘) > ebt(l)l (0) + g(ebt — 1)
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infy/ | scal(go

— Ml/n (t) > ul/n (0>einstcal(gq>)-t +

inf — “inf

)‘ (einfM scal(gep)t 1)
infy; scal(go)

1/n 1/n infysscal(gep ) infy ‘ Scal(g‘b)‘ infys scal(gep) -t
=l (1) > u 1 (0)e™ -
Uing ( ) = Uinf ( )e + Sup,, ‘ Scal<gq>)‘ ( ‘ )

Hence, by setting the right-hand side as a function f(¢), it follows that uiln/;7 (t) > f(¢), with

inf 1
f(t) ::C'ed't—l—cl(l—ed't), with C:ul/n(O), C,_ 1nM|sca (gq>)|

. = d d = scal inf-
& supyg[scal(gg)] "¢ ¢ 7 S8

Direct computations show that f'(¢) = (c —c)d - ¢4 # 0 for all ¢, as long as ¢ # ¢’. Hence, if ¢ # ¢,
it follows that either f’(z) < 0 or f’(r) > 0, which means that f(r) is a monotonous function in 7.

Therefore,

. infy; | scal(g
g (1) = £(r) > min {”iln/fn ) supnfll\ sca1(<gi)>|| } 0

This yields a priori positive lower bound for . On the other hand, if ¢ = ¢/, then it follows straight-

forwardly that uiln/fn (0) is a priori lower bound for uiln/f17 (t). Now, let us turn our attention to the second

equation in (3.59). This inequality is equivalent (e’ @,)’ < Ae=5', which after integrating over [0,1]
implies
A

02(1) < (00" — (1) < @a(0) (11— )

Supy, | scal(gq>)| (1 — SUPM SCal(gq,)'t)
infy/ | scal(go)| |

1/n

inf

= u;l{g (1) < u;ég (0)+

Proceeding along the lines of the estimate for u.’.' (¢), consider the right-hand side as a function F (),

where

| _ 1(g)|
F(t) := (1 — Pt th C= L 0 /:SupM|Sca
()= CHC(1 =), with C=usy(0), €' =300 5

and D = scal(ga)sup-

Note that F/(t) = —C'D-eP? > 0 for all ¢, since C" > 0 and D < 0. This means F () increases in ¢

and, therefore,

supy | scal(gs)|

1y < < i = usly
sy (1) < F(1) < lim F(1) = usy' (0) +3 20 )

Tt

< oo,
concluding the proof. 0

Proposition 3.24. Assume scal(ge) € Cé;a(M ) is negative and bounded away from zero as in Lemma
Letu € Cé,’a(M x [0,T)) be the solution of CYF' extended to a maximal time interval [0,T).

, and inde-

Then there exists a constant C > 0, depending on u(0),sup|scal(ge)| and inf|scal(gep)
pendent of T, such that
|0ptt| o < CeUPscR(80) (3.60)

Proof. The CYF™ flow (3)) can be rewritten as (cf. (3.47))

%a,u = (scal(g)sup — scal(g) ) u. (3.61)
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Then, employing Lemma [3.22] and Theorem [3.23] it follows directly that

[Orullo < [0 scal(g)sup — scal(g) oo ] oo
< CesupMscal(gcp)-t.

3.8 Parabolic Schauder estimates on ®-manifolds

Consider for any fixed § > 0 a countable family of points {p;} € M, such that the d-balls Bs(p;)
around these points (with distance measured with respect to gg) cover M. Let 6 > 0 be sufficiently
small, such that the §-balls stay inside local coordinate neighborhoods. Obviously we are interested
only in those p; = (x;,yi,z;) € U in the collar neighborhood of the boundary dM. Writing Bg(0) € R™
for an open ball of radius 0 around the origin, we define

¥, :B;5(0) x [0,6%] =: Q5 — Bs(pi) x [0, 8%,

3.62
(Y,%,D@F,t)H(x::xi—i—x,-zf,y::yi—i—xi%,z::zi—i—i”,t). (3.62)

Away from the collar U of the boundary, we may define ¥; as usual local coordinate parametrizations.
Clearly, the choice of ¥; and the notation (., %, %) is motivated by the projective coordinates
(2.27). We compute the action of ®-derivatives under the pullback by the transformation ¥;:

‘I’f(&xu)(f,@/,ﬁp,t) = 8y(uo‘l‘i)(¢7,%,£p,t)
= axu(lpi(y7%7g7t)) 'aylyi(y702/7g7t)
= x20u(Vi(S U, Z 1)).

From this it follows that

(1+x.9) 05 Yiu(S U, % t) = Xou(Yi( S, U , Z 1))

5 (3.63)
= ‘Pf(x axu)(y,%, Zt).
Analogously, straightforward computations give us
b (x(?yu) (LU % t)=(14+x.5)09yYiu(SL U, Z 1),
(3.64)
R (8Zu) (LU, Zt) =0,V u(SL U, % t).
On the other hand, one can see explicitly by an easy computation that
Aoy = x*0? + x*Ap + Ar + (first order derivatives). (3.65)
Hence we obtain for the heat equation
g ((a, - A¢)u> - (a, - Z;)qf;ku, (3.66)

where Agp = 9% + 02, + 9% plus first order derivatives in (., %, %), up to coefficients that are

bounded in Qg, uniformly in i. Moreover we observe the following:
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Lemma 3.25. Consider the classical Holder space CY%(Qs) with Hélder norm denoted by || -
Then the Holder norm || - ||x.o on Cga(M x [0,8%]) defined in terms of (B.8), is equivalent to

k,a,Q5-

Sup ||lP?<””k,0hQ3'
l

Proof. The statement follows from (3.63), (3.64) and the fact that, taking the local expression of dg in
Definition[3.1] we find in the collar U (we denote the transformation (3.62) without the time variable,
again by ;)

do (qfi(y,%, D) (S U, ff’)) S-S U U T - F)). (3.67)

In fact, let us prove this. First, one must understand why is enough. The following explanation

assumes k = 0; the general case can be proven analogously. Note that if u € Cg(M x [0, 8%]), we have

Ciu( S U, L)~ V(S U X )| < ulCi( U X)) —u(PA S U 1))
F (S U ) - u(( S U ))].

Estimates for the second of the two terms above follows directly from the fact thatu € C$(M x [0, §2]).

On the other hand, the first can by estimate as
(AT, Z0) —u(Bi( U, 2 1)) < |u]| ade (\Piw,%,g),wﬂ%',f’))“,

proving our initial claim. Thus, let us know prove (3.67). We have the following:

i (s = )P
Gt u(7 + )

(% —%")|?
2 24x(S +5))?
+|Z -2
=Q2+x(S+ )N -
+Q+xi(L+IN 2w -2
+|2 - 2'|%.

2
do (U7 U, 2), ¥ S U 2')) =

Now, remember that we are working on a §-neighborhood of the origin and x; is sufficiently small,
implying (2 +x;(. +.#")) to be bounded both from above and below away from zero. From this we
can conclude (3.67). From this it follows that ¥;u € C%*(Qs). The converse follows analogously. [

Now we are ready to convert the a priori estimates in Theorem [3.23] into uniform Holder regu-
larity on [0, 7], where [0,7) is the maximal time intervall, where the CYF" flow solution u exists in
Cfga(M x [0,T)). We use the classical Krylov-Safonov estimates, see [KS80] and the exposition in
[Pic19, Theorem 12].
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Proposition 3.26. Assume scal(ge) € Cija(M) is negative and bounded away from zero. Let u €
Cga(M x [0,T)) to be the solution of CYF' extended to a maximal time interval [0,T). Then u €
C&(M x [0,T]) with T-independent Holder norm.

Proof. Consider the CYF' flow equation in (3:4)
du(t) — (m— Du(t)" M Agu(r) = n (S[l‘l/lp scal(g(1)) - u(t) — Scal(gq))u(t)l_l/n> — 1.
Pulling back under P; we obtain with a := (m — 1) ¥ u~ /M
(at _a Ep) W= P (3.68)

From Theorem we infer that W/ and u, u~! (and hence also a,a!) are bounded in Q, uniformly
in 7, since u is bounded from below away from zero. Thus by the Krylov-Safonov estimate, see [KS80]
and cf. [Pic19, Theorem 12], we find for some uniform constant C > 0, depending only on &, ||u||e

and ||u~" ||

1¥7ulla.gs < C(IN¥; ey + ¥ U0y ) < (Nl 1))

Thus Wiu € C*(Qs). By Lemma we conclude u € CE(M x [0,82]). We extend the regularity
statement to the whole time interval [0, 7] (with constants independent of T') iteratively, by setting
t = 62+’ and obtaining by the argument above u € C%(M x [§%,26%]), and repeating the iteration,

until we reach T'. O

This first gain in Holder regularity can now be converted into higher oder regularity by standard

parabolic Schauder estimates, see [Kry96|] and the exposition in [Pic19, Theorem 6].

Proposition 3.27. Assume scal(ge) € Cé,’a(M) is negative and bounded away from zero. Let u €
Cfga(M x [0,T)) to be the solution of CYF' extended to a maximal time interval [0,T). Then u €
Cé;a(M x [0,T)) with T-independent Hélder norm.

Proof. Consider (3.68). Standard parabolic Schauder estimates, see [Kry96] and cf. [Pic19, Theorem
6], assert that for any a € Ckva(Q(s;) positive, uniformly bounded from below away from zero, and for

any Wiu € Ck%(Qj5), a uniformly bounded solution W} u satisfies

¥ 2005 < Oty + 1% gy ) < C(Mulle+ lka).  (3:69)

By Lemma [3.26, a = (m — 1)¥u~'/M € C%*(Q5) and W} € C%(Q5) uniformly in i. Thus we may
apply (3.69) with k = 0 and conclude that ¥}u € C*>%(Qs), uniformly in i. By Lemma we
conclude u € Cé’a(M x [0,8%]). As before, we may extend the regularity statement to the whole
time interval [0, T] (with constants independent of T') by setting # = 82 +1', concluding u € C&(M x

[62,282]), and repeating the iteration, until we reach T
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Since scal(ge) € Cg;a(M), this implies that a € C>%(Qs) and Wi¢ € C*%(Qs) uniformly in i.
Applying now (3.69) with k = 2, we conclude exactly as above u € Cé;a(M x [0,T]). In fact, in
case scal(ge) € Cf;’a(M ), we can iterate the arguments until u € Cf;z’“(M % [0,T]). This proves the

statement. O]

Remark 3.28. The arguments above show that in fact, if scal(ge) € Cfp’a(M ) with k > 4 is negative
and bounded away from zero, the CYF" flow solution u € C(ZI,’O‘(M x [0,T]) on any time interval [0, T
is in fact in Cl* (M x [0,T)).

3.9 Global existence of the CYF" on ®-manifolds

We prove global existence of the flow, i.e. u € Cé;a(M x [0,00)) by a contradiction. Assume the
maximal time 7 > 0O is finite. In that case we will now restart the flow at + = T', which contradicts
maximality of 7. Restarting the flow at # = T means constructing a solution #’ to the (unnormalized)
Yamabe flow equation (3.2)) with initial condition u’|;—¢ = u|,—7. A rescaling of the time function, as

in §3.5] yields short time existence of the curvature normalized Yamabe flow.
Let us simplify notation by writing up = u|,—7 and A = Ap. We linearize (3.2)) by setting ' = ug+v
for its solution with initial condition u'|,—o = up. We obtain from the second equation in (3:2)
(a, —(m— 1)u51/”A) v=F () +FBO); vieo=0, (3.70)
where we have abbreviated

FLv)=0:(v), FBW)=(m- 1)u61/nAuo - scal(gq>)u(1)_1/n +01(v),

The terms Q| (v) include linear combinations of v with coefficients given in terms of uy and Aug. The
terms Q,(v) include quadratic combinations of v and Av with coefficients given again in terms of i

and Auy.

Note that by Proposition , uy € Cf;a(M ). Thus, F] contains quadratic combinations of v and
Av, and F, — linear combinations of v; with coefficients being in both cases elements of CCZI)’“(M X
[0,77]).

Before we can establish short time existence of v, which we will do by setting up a fixed point as

in §3.3] we note a general result from parabolic Schauder theory.

Proposition 3.29. Consider a € C(l;’a(M ) positive, uniformly bounded away from zero. Then the
inhomogeneous heat equation (0 —a-Ag)v = ¥, with v|;—9 = 0 and { € Cé’a(M x [0,T']), has a

parametrix Q acting as a bounded linear map

Q: Cy* (M x[0,T']) — (C5>% Nt C*) (M x [0,T)). (3.71)
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Proof. Consider the inhomogeneous heat equation with ¢ € Cfb’a(M x [0,T']) and initial value vy €
Cy (M) :

(h—a-Ap)v=1{, V]i=0 = Vvo.
Then, by reducing the argument to local d-balls as in we can follow the proof of [LSUc68|

Theorem 5.1 on p.320], and conclude for some uniform constant C > 0 existence of a unique solution
veCy %M % [0,T']) with

Vllkt2,0 < C<||€ ka+ ||VO||k+27a>-

This proves the first mapping property in (3.71) by setting vy = 0. For the second mapping property
in (3.71), set £ = 0 and obtain a solution v = Ry with the solution operator R acting as a bounded
linear map

R:Cy* (M) — C5*(M x [0,T")).

The solution operator Q of the inhomogeneous problem is then given by
QUp.1) = /Ol (RE@) (p.t —1)dr. (3.72)
Indeed, a direct computation shows
(at —a-Acp)Qf(p,t) — Up.t)+ /Ot (a, —a-Acp) (RE(f)) (pot —1)di
= {(p,1).

This also allow us to conclude the second mapping property. Let us show this for k = 0; the general

case follows analogously. In fact, we have
t
QU(p.1)| < HREHOO/ d7 = 1 |RC|w, for all (p,) € M x [0,T"].
0

On the other hand, we can estimate the Holder brackets. Take a pair of points (p,z),(p’,t) € M x

[0,77], assuming (without loss of generality) ¢ < ¢’. Hence,

1QU(p,1) —QLP,1")| < 1QUp,t) — QLY 1) +1QL(P 1) — QL)
[ (@)~ (i) )

[ (Re®) -7~ (Re®) (- 7))

t ¢
< IRt ado(p.p)* [ i+ [ROalt 1|2 [
0 t

+

which means ||Q/||o, < Ct. This implies directly the second mapping property in (3.71)) and completes
the proof. 0

We can now conclude with the proof of Theorem[0.3]
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Corollary 3.30. Assume scal(ge) € Cga(M ) is negative and bounded away from zero with k > 4.
Then the increasing curvature normalized Yamabe flow CYF' exists for all times with conformal
factor u € Cga(M X [0,00)).

Proof. Using Proposition , we can construct a solution v € Cé’a(M x [0,T']) to for some
T’ > 0 sufficiently small, as a fixed point of

Qo (Fi+F): C3*(M x [0,T']) — C3%(M x [0,T]), (3.73)

in the same way as in Rescaling time as in we obtain a solution u € CCZI,’O‘(M x [0,T +¢€])
to CYF", with € > 0 sufficiently small. Finally, the arguments of Proposition [3.27} cf. Remark [3.28]
imply that u € Cga(M x [0, T + €]) with T-independent Holder norm. This contradicts maximality of

T > 0 and hence the flow exists for all times. ]

Remark 3.31. We point out that the arguments presented for the up to this point hold on the setting of
manifolds of bounded geometry as well, as long as the flow does exist for short-time with conformal
factor lying in Cczp’a(M % [0,T]). In fact, the Omori-Yau maximum principle holds for manifolds
of bounded Ricci curvature, which follows from the definition of manifolds of bounded geometry.

Moreover, the ®-geometry was not used in the proofs given from §3.4]

3.10 Convergence of the CYF" on ®-manifolds

This last section presents the convergence of the CYF'. The argument uses a compact embedding
of (weighted) Holder spaces, where the weight is defined in terms of the boundary defining function

x is extended to a smooth nowhere vanishing function on M.

Theorem 3.32. Let (M,gq) be an m-dimensional ®-manifold, m > 3, such that scal(ge) € Cé,"a(M )
is negative and bounded away from zero. Consider the global solution u € Cf;a(M xR,) of CYF™.
Then the family of metrics {g(t) = u(1)"/Mga Y0 converges to a metric g* = (u*)'/Mge with constant

negative scalar curvature.

Proof. By Proposition [3.24] ||d;u(t)]|. decreases exponentially. From the definition of du it follows
easily that u(t) € L(M) is a Cauchy sequence, as t — oo, and hence admits a well-defined limit
u* € L*(M). In fact, we have

@(t) _ Lim u(t+e¢€)—u(t)

— . 1(g0) 1
ot £—0 P = [Ju(t + &) —u(t)|| =) < €-Ce™PH>HENT " as £ — 0.

By Proposition u(t) € Cg;a(M ) admits a convergent subsequence in x"’Cé)’ﬁ (M) for any B < a
and ¥ > 0. Hence u* € x_YC;’B (M) with scalar curvature scal* € x_yCéﬁ (M) such that for some
divergent sequence {#,}, € R going to oo,

|| scal g(t,) — scal” foycéﬁ(M) — 0 forn — oo, (3.74)
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In particular, scal g(t,) converges pointwise to scal*. Note that by Lemma the supremum sup,, scal g(¢)

is non-increasing and by (3.33) the infimum infy, scal g(¢) is non-decreasing. Thus sup,,scalg(¢) and

infys scal g(7) are bounded from below and above, respectively, and thus both convergent as t — co.

By Lemma [3.27]

tlgg S;‘l/lp scalg(t) = tlgg 1jrl}1f scalg(r) =: const.

We compute from pointwise convergence of scal g(z) to scal® at any p € M

scal®(p) = lim scalg(#,)(p) < lim supscalg(z,)

n—oo n—oo M

= supscal® < const.
M

Similar argument applied to the infimum of scal* yields
scal®(p) = r}gl}g scalg(t,)(p) > }glgolﬂr}[fscalg(tn)
= infscal® > const.
M
Combining (3.75) and (3.76), proves the statement.

This proves Theorem [0.4]

(3.75)

(3.76)

Remark 3.33. Unlike the arguments for the long-time existence of the Yamabe flow, the proof of

convergence cannot be generalized to manifolds of bounded geometry without further assumptions.

This happens because convergence needs the compact embedding between weighted Holder spaces,

which cannot be defined without a globally defined boundary defining function.



CHAPTER 4

Alternative Yamabe flow on ®-manifolds

In Chapter[3] we proved that the curvature-normalized Yamabe flow on ®- manifolds exists for all
time, is unique and converges to some Riemannian metric within the same conformal class of metrics
with constant scalar curvature, under the assumption that the initial scalar curvature is negative and
bounded away from zero. In order to do this, we worked on a specific class Holder spaces k’a,
that requires not only boundedness of the function, but also dictates estimates on the variation of a

function accordingly to the distance between the variables.

But one might wonder: is it possible to achieve similar results on the Yamabe flow under the
assumption that the conformal factor has a “better behavior”? To be more precise, does there exist a
Yamabe flow on ®-manifolds whose conformal factor is continuous up to the boundary and has an

even more controlled variation? This is the question we address in this chapter.

Once again, we proceed in this chapter similarly as we did in Chapter 3] First, we define a
family of Holder spaces that describes the type of behavior we aim for. After this, we prove mapping
properties for the heat operator Hx (as defined in (3.19)) for said family of Holder spaces. Later, we

present a construction of a parametrix Q for the inhomogeneous Cauchy problem

(r—a-Nu=1, ul;—o=0, 4.1)

where the factor a satisfies analogous conditions as the ones required in Theorem [3.14] Moreover, we
extend some of the mapping properties from Hx to Q. We point out that this construction is based
on Bahuaud and Vertman [BV 19]. Finally, we extend the contraction argument presented in Theorem
B.141 and used it to conclude the short-time existence of the Yamabe flow with conformal factor in our

new family of Holder spaces.

69
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4.1 Modified Holder continuity

Now, we present a definition of a considerably more restrictive family of Holder space. To do so,
we introduce a new distance function in terms of local coordinates near the boundary, whose general

idea is demonstrated in the following example.

Example 4.1. Let N = [0, 1] x S! be a Riemannian cone over S!, that is, consider on N the Rieman-

nian metric given by

gN = dx? +x2gS1, 4.2)

with g1 the usual Riemannian metric on S'; moreover, consider 7, and 7, the standard projections
from N to [0, 1] and S! respectively. For two given points p,q € N, consider y: [0, 1] — N the geodesic

connecting p and g. Thus 7y is a straight line from 71 (p) to 71 (¢) and 7,y is an arc on S! from 7, (p)

to ﬂz(q).

m(p)

Figure 4.1: Distance on a cone

Hence,

1 !
length(’}’)Z/O 17 (1) llgy dt

= (o)~ m(g) + D g (1), o).
From this follows that
dv(p.q) ~ |m1(p) ~ 7 (a)| + (71 (p) + 7 (q) s (2 () 7). “3)

Note that the previous example can be easily generalized to cusps. In fact, if one consider N =

[0,1] x «S!, then the distance function on N is given by the expression

dn(p.q) = |7, — m(q)| + (m1 (p) + 1 (9)) dgi (2 (p), 2 (q)). (4.4)
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Furthermore, the Riemannian metric for the cone can be written in terms of an exact ®-metric. In

fact, by taking N = [0, 1] X, Y and Z = {pt}, the exact ®-metric is given by

89,0 A + 2 “ ( X +x ¢ gY) X4gN

Now, let M be a ®-manifold. Consider a distance function defined on M near dM as follows: for

any two points p = (x,y,z) and p’ = (x',y’,7), define d locally by the expression

dao(p.p') =\ o= 2P+ (e )2y =y + (oY o — 21 4.5)

The function d g is clearly positive, null if and only if p = p/, symmetric and, similarly to the
argument presented in Example [d.1] it satisfies the triangular inequality. On the other hand, it should
be pointed out that d 4g is not a distance function over dM, since it does vanish altogether on the
boundary. However, this is the distance function defined on the interior which captures the type of
behavior we are interested in.

Now, recall that we are considering M7 := M x [0,T]. For @ € (0,1), define a-norm as the map
| -] : CO(M x [0,T]) — [0,0) to be

lulle = [uel]eo + sup
M;

{ |u(p,t)—u(p’,t’)|

dx4d>(P7P')°‘+\t—t/|a/2} =1 |[ut]oo + [u] - (4.6)

Thus, define the modified Holder space
Clp(M x [0,T]) := {u € CO(M x [0,T])]| [|ulf, < oo}.

Once endowed with the norm || - ||, as defined in (.6)), this set turns into a Banach space. Analogously

to the standard Holder spaces, we define the higher-order modified Holder spaces as

4.7)

Ciig(M % [0,T]) = {u echarx o,y | (VouuECh (M x[0.7]), }

forVE”//ql,l, Lh+2 <k

From [BV14], Proposition 3.1] follows that C)’;g (M % [0,T]) is a Banach space as well, when equipped

with the norm

l
leelli = Nlulle+ ) X (Voo ull.

Lh+21<k VE“//ql)l

Note that, from the definition, every function lying in an higher-order Holder spaces also lies in the
a-Holder space (case [} = [ =0).
Naturally, once defined the basic Holder space above, it is now easy to generalize to weighted

Holder spaces as follows: for y € R, define

ACHE (M x [0,T)) = {xTu| u € C55 (M = [0,T))},

2]k 0,y 3= 1l -
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Remark 4.2. Recall that, as pointed out previously, some of our results achieved for the standard
Holder spaces do not depend on the distance function chosen. In particularl, Proposition [3.4] Propo-

sition [3.6) and Proposition 3.7 are true for the modified Holder spaces as well. This means that:

1. If we take @ € C;tli’a(M x [0,T]), with [ > 0, then the multiplication map

. k
My - xny4

’Z)(M x [0,T]) —>x7C];ig,(M>< [0,77)

1S continuous;

2. If we consider a Riemannian metric g € {u'/"gg | 0 < infyyu < sup,, u < 4oo}, then the Holder

spaces are preserved under the change of metrics, i.e. C?“(M )= ij% (M).
3. We have the continuous inclusion Cf;‘;)(M ) — C)’fg‘; (M), with0< B < a < 1.

.. . k.o . .
However, Proposition is not true for C j (M). In fact, to obtain a compact embedding between
two modified Holder spaces, stronger conditions on the acquired x-weight are necessary. In what

follows, we take the time to discuss this interesting result, in the spirit of curiosity.
Proposition 4.3. Let (M, ge) be a ®-manifold and 0 < B < o0 < 1. Then the inclusion
k, —y -k,
12 ChE (M) > x7CHE (M) (4.8)
is a compact embedding, for some vy > f.

Proof. Let {u, }, be a bounded sequence in C)];;Z) (M). We use the same notation as the one employed
in the proof of Proposition setting a sequence {v; := unj((gj)} j in the following manner: for the
truncated compact manifold Mg, = {x > 8, }, consider the convergent subsequence {u,,s,) }; obtained
from the compact embedding Cl;j% (Ms,) — C)’;;ED(M(;] ). Repeat the process to said subsequence to
the truncated manifold Ms,. After iterating the process, one obtains the desired sequence {v;} ;. This
construction only requires the fact that one has a compact embedding ij% (K) — C)’;ﬁ)(K ) for any
compact subset K C M away from the boundary.

Our goal is once again to prove that this sequence is a Cauchy sequence in x”’Cf;g) (M). Like in
the case for the standard Holder spaces, the proof away from the boundary follows naturally from the
compact embeddings for compact subsets away from the boundary. Hence, we only need to prove
that this is a Cauchy sequence near the boundary as well. For this, we need the following

o Claim: The function x” € CF, | (M) if, and only if, ¥ > B.

Boundedness of x? is straightforward, since we assume x to be bounded away from the boundary

and x goes to zero near the boundary. Then, we must check that [x”];; < +-oo. First, note that

xP —yP| < |x—y|P, forall B €(0,1).
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In fact, this is equivalent to proving that

G tf=<h-1

Without loss of generality, assume x > y. Then, for 7 := x/y, this is equivalent to showing that
P-1<@-1)P, fort>1.

Set the function f(r) := (r — 1) — (+f — 1). This function is continuously differentiable and we have
(1) =PB(t—1)B~1—BrP=1. Since f(1) =0, the claim will be proven true if f'(¢) > 0 forz > 1. But

F6)>0e=Bt—1)P 1 >pP s 1) P <P,

which is true for B € (0,1) and 7 > 1. Hence, we have xf € Cﬂ o (M) and, consequently, x¥ € Cf4 oM).
Moreover, since Vx¥ = O(x") for V € ¥4, we have x¥ € Ciﬁg) (M) for all k € N and y > .
Now, we prove that the sequence {v;}; is a Cauchy sequence near the boundary as well. Indeed,

from Remark [4.2] item 1., we can conclude

vi* = |Ix"v;|I* < Col"P|v;|1z
A s ) = I s < 07 Pl
<ci P,

Thus, choose jy € N sufficient large such that the inequality CZ}:B < €/4 checks (which is possi-
ble since y— 8 > 0). From this it follows that {v;} is a Cauchy sequence in x‘nygg(M) and, by

completeness, admits a convergence subsequence. 0

4.2 Mapping properties of the Heat Kernel on C (M x [0,T])

Similarly to the proof of existence of the Yamabe flow for standard Holder spaces, we now study

mapping properties of the heat operator Hx acting on functions in x”Cffé (M x [0,T]). Recall that

Hxult,p) = /Ot/MH(t—ﬁp,ﬁ)u(f,ﬁ)dvob(ﬁ)df

Theorem 4.4. Let M be a m-dimensional manifold with fibered boundary equipped with a ®-metric.

The operator
Ho: X758 (M x [0,T]) — x7 (cj;;f-f“ AVECK el c’gjz) (M % [0,T]) 4.9)
is bounded, for any a. € (0,1) and any y € R.

Proof. Similarly as in the proof of Theorem [3.10] explicit computations will be presented only for
the first mapping property, that is, we prove that

Hx : x7C5% (M x [0,T]) — x7C 2% (M x [0, T)),
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is a continuous operator. The other two mapping properties can be proven analogously, since the
integrals rising during estimate have the same asymptotic behavior. Moreover, we prove only the case
for k = 0, since the higher order case follows from the case k = 0 plus integration by parts.

Once again, for Hy := M,—yHx M,» and for G = VH,, with V € {id} U 7o U 7, 2, we must prove
that

G :Clhg(M x[0,T]) = Cg(M x [0,T]).

is a continuous operator. Analogously to the proof of the mapping properties of Hx, we will proceed

in three steps:
i) Uniform estimates of Holder differences in space, whose proof is presented in §4.2.1]
ii) Uniform estimates of Holder differences in time, whose proof is presented in §4.2.2]
iii) Uniform estimates of the supremum norm, whose proof is presented in §4.2.3]

From this, we conclude the proof of Theorem .4 O

4.2.1 Estimates of Holder differences in space

From this point until the end of §4.2.3] we use freely the notation presented in §2.4]
Let p and p’ be points in M and set

M*={peM|d(p,p)<3d(p,p')}, M~ ={peM|d(p,p)>3d(p,p')}.

Now, for u function in C% (M x [0,T]) and every V € {id} U 7o U V2, write

Gult.p) —Gu(t.p) = [ [ [G(—7.p.7)~ Glt—1.p/, )] [uF.F) — uGi. )] avola(7) a7
[ 160705~ Gl —1.p/, 7] [uF. )~ uGi. )] dvola(7) a7

t ~ ~ ~
+/0 /]W[G(t_t?p7m_G<t_tvplvﬁ)] M(;,p)dVOlq;,(ﬁ)dt
=L +hL+5.

Again, in order to obtain the desired estimates, it is enough for us to estimate each of the /;-terms
individually. To simplify the notation, we will identify the integration regions M, M+ and M~ with
their lifts.

Furthermore, since the heat kernel vanishes to infinite order near the extreme corners of the heat
space, so does the kernel G. This makes estimates near the extreme regimes of Mi trivial. Thus,

computations for estimates only near the middle regimes of M,f (i.e. near fdUtd) are presented here.
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Estimate for I,

Going along the lines of the estimate of the term /; in §3.2.1] employ the Mean Value Theorem to

write
t
Bl <Cllullzbr—2| [ [ 3G(e 7. pe. P)do(pe. 7)" dvola(F) d7
t ~ ~
+Clullely =1 [ [ 00Gle = pu,Pdes(pn. 7)* dvola(P)di

t
#Clulyllz =21 [ [ 9:G(~F.pe. Pdo(pg,p)* dvolo(7) di
=hi1+hy+1D3,

with pg = (&,y,2),py = (¥',1,2) and p; = (¥',y',{). The previous inequalities above are using the
fact that if p” € M satisfies daq(p, p") < due(p,p’), then dug(p,p) < dug(p”,p) for every point
p € M~ . The proof of this fact is exactly the same as the one presented for the distance function de.

Given the similarities of the estimates of each term I, ;, we present here only the computations
for the term /> ;. The two remaining terms can be estimate analogously. For I j, we will use the
projective coordinates (7,&,y,z,5,y,2), with s =Xx/& and 7 = \/IT? From the asymptotics of the

heat kernel near fdUtd, we have

\/E ~ o~ ~
14 ZC||u||;§,|x—x’|/0 /M T2 God g (pe, ) dFdFAZd T, (4.10)

with Gy vanishing to infinite order whenever ||(s— 1,y —y,Z—z)|| = ¢. On the other hand, § ~ x

near the middle regimes, implying (1 +5) to be bounded and giving

dug((§.2.2).(€5.D) = \/IE ~T2+ (E+Dy 2+ (§ +D*la— 2P
= \JE2(1 =52+ (1 4+ 32y 512 + E2(1+3)*la—Z)
~ SR =32+ [ly =512+ E2[z~ Z]1)
= &r(s,y—5.2~ ),

from where follows that there is a constant ¢ such that dg(pg,p)*) < c(&r)%. Such function r
describes the radial distance in polar coordinates around the point (1,y,£z). Performing a change of
coordinates in the integral in (4.10)), one has

NG
5| < C||M||a|x—x/|/ / pmm2gmm2H =0 GO g pd (angle)d T
0 M-

Now, setting 6 = r—7&, it follows that the asymptotic behavior of o~ is

o ISP 7P+ 2|

This implies that the integral of Gy against any negative power of ¢ is bounded. Moreover, the

definition of r implies, up to some constant, M~ C {&~d 4g,(p,p’) < r}. Hence, integration on the
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angular variables followed by another change of coordinates 7 +— o gives

oo

5] < Cllul|g|x—x] prategTlteg,
Ed ag(p:p')

= Cllul| g lx =14  dug(p,p) ¢
< Cllulzdas(p.p)*.
Estimate for I,

Proceeding similarly to the term I in §3.2.1] we have

Il:/ot/zvﬁ —t,p,p)u(p,t) —u(p,t)]dvole(p) dt
[ G0 P —ulp' D] dvolo(P)aF
+ [ Gla—Ep Plulpd) ~ u(p D] dvola(5)d7

=:hi1—hLy+h3.

Now, since we’re considering M as integration region, then points on p € M satisfy d 4g(p,p) <

3d4g(p, p'). Recall that triangular inequality implies

due(p',P) <due(p',p) +due(p,p) < 4due(p,p').

For the coordinates (7,x,y,z,.-", %', %"), with

Y'Zg, %lzu, Z'=7—zand T=V1—1,
X X
we have G = 772Gy, with G vanishing to infinite order whenever || (.7, %, Z)|| — co. Thus, for

these coordinates we have

N
1] < ||u||*a/ /+T_’"_lGodx4¢(p,13“)“d,7’d02/’d$’dr.
0 M

Now, note that near the middle regimes of the heat space we have x ~ x. Then, if we consider the
radius function (., %', Z") .= \/|.L >+ |Z'|* + || 2|2, then, near td, we have

Ay ((6,3,2), (7.5,2) = /b= T2+ ek 22y — 512 + (e + 342 — 22
PALL P |22+ |22
= cx’r(S U, Z),

meaning that M+ = {r < x 2d 4 (p,p’)} up to some constant. Setting ¢ := 7/r and taking polar
coordinates for (', %', %) around (0,0,0) gives the expression

X 2d 40 (p.p')
| < cllull 2“/ / e geml, e drdr
1(6) Jo
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Since 6" 1G is bounded (due to the decay properties of Gy), the estimate follows. The term I; >
can be estimated in the exact same way as /i 1, so the computations are not presented here.

For the /; 3-term, proceed by integration by parts. First, take the coordinates (7,x,y,z,., % , %)
and note that one has (as the “worst case scenario” for [13) G = T‘m_z(Vl V»2Gy), where Vi,V, €
{0,049 ,d%}. For the sake of simplicity, we shall assume V| = d »; the general case is similar, thus
its computations are omitted here. On the other hand, for fixed (7,%, %) one has M = {|.7| <
r(t,% ,%)}. Hence, since

B*(dvolg(p)dt) = ho(x +x*T.7,y +xT% ,z+1Z)t" T d./dw d Z dr,

with A a smooth function, and [u(p,?) — u(p’,t)] =: Su is independent of p,
15 _/ 5u/ 9, VaGo)hd.#d% d Z d
M+
:/ 8u/8 \(VaGo)\_,hd.7 A% d 7 d
Mt

/ 5u/ V2G0 ayhdyd%dffdf
=L 3— 15

For the 11273—term, since A is a smooth function, then d»h = x2th’, which then cancels the 77! in
the integrand and then, since the rest of the integrand is bounded, the integral is bounded. When re-
stricted to |.%| = r one has IM " = {pe M+ | d g (p,p) =3d e (p,p')} and then, from the triangular
inequality one gets

2dug(p;P') < dyig(p,P) < 4dug(p,p').
Considering now the coordinates (7,x,y,z,.", %', %") (which are valid up to fd Ntd), one has . =
1.7, %" = t% and &' = 1%, from where one gets

Vi
sl <l [ ] 0G0 dealp. ) dU dZ 4

Proceed now exactly like in I ; by taking polar coordinates for (%', 2"") around (0,0), with radial

function R, and once again considering ¢ = 7/R will then give us

o

W) ([ PHIZ P42
ol <l [ [ R ¢ V3Gl dRd T

|2'||>+ || 2"|?
§C||M’|de4¢.(p,p,)a.
Estimate for I;

In order to estimate I3, first let us rewrite it in the following way: by considering p = (x,y,z) and

p/ = (x/7y,7zl)’

I :/t/ [G(t—ip7ﬁ) —G(f—Z(x/aY7Z)7l3)]”(faP) dVOlq;(ﬁ) d?
0 JM
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[ ] 1660-10.3:2.9) ~ Gl =7, (4,52, Pluti.p) dvolo (7)o
+/O /M[G(t—’f,(x',y’,z),m—G(t—zp',m]u@p)dvolq,(md’f

=L+ 652+ 13

Remember that ®-manifolds are stochastically complete. Hence, for I3, we have

L= /Otxyu(pﬂ (/M[X(X_YH)(I —1,(¢\3,2).p) = X(x "H)(t —1, (X’,y’,Z),ﬁ)]dvolcﬂﬁ)) dr

which then implies
132_/ “NxYu(p,t)dt = 0.

Same argument can be applied to /3 3, which means that /3 = /5 ;. Similar to the estimation for the

I>-term, we once more employ the Mean Value Theorem to obtain

t
13:|x—x’y/ / 9:G(t 1 pe P)u(p.7) dvol(p) dF. .11
0 JM

Recall that
B (0s)=0:— 26"\ F+E Pt ay —E Uy,

implying B*(dzG) ~ £ 217194 G), where G} has a similar asymptotic behavior as Gy. Since u(p,1)

is constant in the spacial variable, integration by parts gives us

t
//5Zrlaycgu(p,t—rz)hdyd%dfdr
0 JM

t
_/ o

//é IGQMP,I— )a(yhodyd@/dgdf.

S u(pt—thod S dU dZ dt

Due to the decay properties of the heat kernel near dM, the first of the two integrals above vanishes.
On the other hand, since /4 is a smooth, then similarly to the 1123—estimation one has dyhy = ﬁz’ch’ ,

then giving us

t
/ / E20719,Ghu(p,t — ©)hod AU d ¥ d7
0

//Gou pii— ) d. s dw d 7 d.

Then one can now follow the same procedure as presented for the 1123, only keeping in mind that

(unlike for /; 3) the boundary term will once again vanish. Therefore, the estimate follows.

This completes the proof of the estimates for Holder differences in space.
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4.2.2 Estimations for Holder differences in time

Let us now give estimates for the Holder differences only in the time variable. Assume p = p’
and, without loss of generality, ¢ < ¢’. Suppose first that 7 and ¢’ satisfy 2t —¢ > 0 (i.e., ¢’ <t < 2t').

Recall that we can define the intervals
T_=1[0,2{"—1], Ty =[2'—1,1] and T = [2t' —1,7'].
Thus, we have
Gu(p.t) =~ Gu(p.t) = 1=\ [ [ 3Gl 7, 5 u(Fid) —u(p.D)] dvola(F)dF

+ / [, 66 =Tp P (D) ulp D dvola(5) o7
= [, 6 = PP~ ulp D avolo ()T
—l—/ot/le(t—Zp,ﬁ)u(p,?)dvob(ﬁ)d?
-/ [ G i p. pulp. ) dvola(7) o7
=L +Ly—Ly+Ls—Ls.

Similarly to the estimates in §3.2.2] we can estimate Ly and Ls straightforwardly, since ®-manifolds

are stochastically complete, which implies

/

t t
L4—L5:/ u(p,?)dtN—/ u(p,1)d7 < Clluljo|t —'|*/2.
0 0

Given the similarities between L; and L3, it is enough to present computations for just one of them.
Thus, for us to obtain the estimates, we just need to give estimates for L; and L3. Moreover, since
the heat kernel vanishes to infinite order away from fd Utd, estimates are straightforward. Hence, we

present only computations near fdUtd.

Estimates for L,

Consider projective coordinates near such intersection given by (7,x,y,z,.,% , % ). In this case,
we have B*dgG ~ T""*Gy, with Gy being polyhomogeneous and vanishing to infinite order when
(.7, % ,2)|| — oo, and B*(dvolg(p)dr) ~ T T1d.# d% d Z dt. Moreover, since x ~ X when near
fdUtd, we get to write

dpo(p ) < ctpray/| S P+ %P+ | Z|P = crer( % 2), .12)

where r is bounded whenever its entries are bounded. Consequently, Gor® is bounded everywhere.

On the other hand, note that whenever € T_, one has |8 — | > |t —t'|, from where follows that

L < allgle =11 [ [ [eGod(p )% a7 dw a2 ax
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gc||u||;;|t—r'|/ /|‘c_3+°‘x°‘G'0r°‘|d5/d%d£”dr
Vi—t' JM

< Cllull e —'|*/>.
This completes the estimates for the L;-term.

Estimates for L,

Take the projective coordinates (7,x,y,z,., % ,%). It is known that B*G ~ TGy, with Gy
polyhomogeneous and vanishing to infinite order if ||(, %, Z)|| — . On the other hand,

B*(dvolg(p)dr) ~ v hod.7d% d Z dr, (4.13)

with hg smooth on p = (x +x>.7 1T,y +x% 7,7+ 12). From this and from (#.12)) follows that

ol <l | [, 177 oo (p. )" dodndC e
chuH;;/T /M\TH“GOr“mydaz/dydr
v
< Clullgle —1'|*7,
concluding the estimates for the L,-term.

This completes the estimates for time difference with derivatives under the assumption that 2" —

t > 0. Computations under the assumption 2¢ — ¢ < 0 follow analogously to estimates for time differ-

ence in §3.2.2

4.2.3 Estimates for the supremum norm

Computations for the estimates of the supremum norm follow ipsis literis the estimates presented
in §3.2.3| In fact, for a given point (p,7) € M x [0,T], write

Gu(p,t):/OI/MG(t—?,p,ﬁ)u(ﬁ,f}dvolq,(ﬁ)d?
= [ [ 6—.p.Plup) ~ ulp. ] dvolo () a7

t
+ [ [ 6a=tp.pulp.davole(F) i
M
=J1+ /.

Once again, estimates away from fd Utd are straightforward, meaning that we must focus near fd Utd.
Now, note that the estimates in §3.2.3| uses the inequality dp < CTr near the middle regimes, where
r is some radial function and C is some constant. This property is true for d,s4 as well, meaning that
the argument can be employed here too.

From this, we conclude the estimate for the supremum norm.
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4.3 Parametrix construction for heat-type equations

Now that we have proven some mapping properties for the heat kernel, we are in a good place to
construct a parametrix, i.e., an approximate inverse, for a slightly more general heat-type equation.
This is important for this work because this parametrix provides a way to find solutions for a modified
version of the Yamabe flow, which is our ultimate goal.

Let M be a manifold with fibered boundary equipped with a ®-metric. We consider an heat-type
operator P that is

P=0 —aA

where A is the self-adjoint extension of the negative Laplace-Beltrami operator on functions and
a:M x[0,T] — R. Remember that such extension is unique, given that (M,gg) is a complete Rie-
mannian manifold. It is clear that we can not expect a to be as generic as possible. Indeed, for
instance, we need a restrictive enough to preserve parabolicity of the heat operator. On the other
hand, we need a generic enough so the parametrix constructed for P can be used to study the Yamabe
flow.

This analysis will provide a tool to discuss, in an appropriate function space, the short-time solv-

ability of Cauchy problems on M of the form
(h —alyu="¢, uli— = up. (4.14)

We will approach this problem following the techniques presented in [BV19] and [EM13]]. The idea is
to construct an appropriate boundary parametrix, giving us an approximate inverse near the boundary,
and an interior parametrix, which will be obtained via classical parabolic PDE theory on compact
manifolds. A combination of those will lead to an operator that will be used to prove short time

existence of equation (@.14).

Lemma 4.5. Let ¢,y € CE(M) be compactly supported smooth functions so that y is supported

away from the boundary. The operator
R := MyHx M, : x"C5* (M x [0,T]) — Vix' Cy % (M x [0,T))
has operator norm ||R0||0p converging to 0 as T goes to 0.

Proof. Since vy is supported away from the boundary of M, hence away from the singularities of H,
the lift of yH ¢ to Mﬁ is compactly supported away from ff, fd, If and rf. Using the formulas described
in §2.4.2) one finds that the asymptotics of WH ¢ are given by

B (wvHo) ~ 7 "Gy
where Gy is a bounded function vanishing to infinite order as ||(-, % ,%)|| — oo. This implies

Theorem@ to hold also for MyHx M by straightforward estimates. Hence, the operator norm of
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MyHx Mg can be obtained by

My Myllop = sup [IMyHx (Mou) 7110y < sup evillulf gy = eV,

|} gy =1 [all =1

which clearly converges to 0 as ¢ goes to 0. Note that this holds in particular for 7 going to 0. U

4.3.1 Boundary parametrix

From now on, let U, = {x < r} be a fixed collar neighborhood of dM. In order to localize our

argument, we need to fix a specific covering of M. Given the family of half-cubes
B(d) = [0,d) x (—d,d)? x (—=d,d)’ C RsoxR? xR/,

for every point p € M there exists a coordinate chart A, around p so that the half-cube B(1) is
diffeomorphic to A,,. Since by assumption the boundary is compact, M can be covered with finitely
many charts {A;, p;, ¢;}i—1,..» Where ¢; : B(1) — A;. Clearly, for r sufficiently small, these open sets
will cover the fixed collar neighborhood U,. Such a covering of dM can be extended to a cover of M
by adding an open subset Ag = M \ {x < r/2}.

We can now proceed with the construction of the boundary parametrix. First of all let us fix a
smooth compactly supported function o : R>o — R so that o(s) = 1 for s < 1/2 and o(s) = 0 for
s > 1. Smoothness implies ¢ to lie in C5%(R~g) for every k > 0. Note that here o € C*%(R>0)
means that o is a-Holder in the classical sense, as well as all its derivatives up to order k. Let

@,V : R x RP x R/ — R be defined, for any m = 1,...,n, by

9(x.3,2) = ooy (llz])
V(xyz) =0 (g) o (@) - (@) .

Since o lies in C*%(Rx) for every k > 0, it follows that ¢, ¥ € CK%(R>o x R? x R/). Furthermore,
note that ¥ = 1 on supp(9).
For any point p € M there exists a coordinate patch A; so that j lies in A; and has coordinate
(0,3,%). For any € € (0,1), one can consider the functions ¢; 5, ¥ 5 : A; — R defined by
_ ~ (X _ -
Pip(p) =@ (E,y—yﬁ(z—Z))
e (4.15)
Wip(p) = (Sy—T.ez-2),

where the local coordinates used are given as follows:

- o=
[
- =
N
=
|
Pl
S
N—
S~—

A\

Il

3\
—~
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From the definition of ¢ and v, it is clear that J; ; = 1 on supp(; ). Furthermore, it is clear from
the definition that both @; ; and ; 5 equal 1 near p. Note that the bump-functions @; ; and ; ; are

chosen precisely such that the following estimates hold:

|9i.p(P) = @ip(P')]

o [(i5]% = sup <ce (4.16)
Ptk =S o)
eif p,p' € supp @; 5 then dug(p, p’) < Ce®, (4.17)

with the same statement holding for y; ; for some uniform constant C > 0. Note also that ®-

derivatives do not worsen, but even improve the €-estimate, since they carry extra x-powers, implying
V@i ) VWi ple < Ce %K forevery V € 74 (M). (4.18)

The bump-functions defined above can be extended smoothly to the whole manifold M by letting
them be 0 everywhere outside the support, which is contained in A;. With abuse of notation we will
call these extensions again ¢ and y. We want to construct partitions of unity near the boundary. To

this end, for every i = 1,...,n and for every € € (0, 1), we can consider the set
Eie=Ann{¢;(0,62) | z€Z}.
Due to the diffeomorphism ¢; : B(1) — A;, the set #E; ¢ is finite, hence the set
(Wipli=1,....n peEi¢} (4.19)

is also finite for any € € (0,1). Hence every point ¢ € dM is contained in the support of at most a
finite number of the functions in the above set. Further, setting
Gip . Vip
n = ) %717 R /] — )
Y1 ZﬁeEﬂg Pv.p Y1 ZﬁeEp,g Yi.p

Pip =
one has that, for every € € (0, 1), the above functions are partitions of unity and the sum

Y o (4.20)

is identically one on an open neighborhood of the boundary dM. The above functions still satisfy
(4.16) and will allow us to localize problem (.14) in a neighborhood of a point lying on the boundary
of the manifold M. In §3.7], parabolic Schauder estimates for the heat operator of the Laplace-
Beltrami operator have been established. The idea is to use those estimates, upon an appropriate
rescaling, to a localized version of problem (4.14). This will be accomplished employing the tech-
nique of frozen coefficients.

Before we proceed, we assume from this point on that the factor a in @.14) lies in Cf;é (M x[0,T])

for some 0 < @ < B < 1. Under this assumption, we have

la — a(p,0)||csupp i, < C(TP/2+€F), (4.21)
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for some uniform constant C > 0. Moreover, additional ®-derivatives, once again, only add positive
g-powers, leading to similar estimates as the ones shown in (@.18).

Fix a point  on the boundary dM. Note that, by construction, any point g on the boundary, lies on
the support of at most a fixed number of functions in the set (.19). Hence, without loss of generality,
we can consider p lying in E;¢ for some i = 1,...,n. Problem (.14) can be localize, near j, as
follows. Let us freeze the factor a(p,¢) in front of the Laplacian at (p,0) and consider, for a given
le xYC)];;(;) (M x [0,T]), the Cauchy problem

P(p,0)it; := (0 —a(p,0)A)its0 = @ 3¢, is|i=0 = 0. (4.22)

Assuming that a is positive and denoting the solution of the solution operator of #.22) by Hy, ; (which,
up to rescaling, is the heat operator), a solution to (@.22) is given by:

itp = Hy 5(Qu 5l) € XTCL % (M x [0, T]).
Let us define the function
up = Wi sHy 5(@i50). (4.23)

Lemma 4.6. Let a € Cfgg)(M x [0,T]), with 0 < a < B < 1, be positive, bounded from below away
from zero. Then the function u; defined in (.23) satisfies

Pup := (0, —aA)us = @; 5+ R} ;0 +R; 50, (4.24)
where

a) Ri{ﬁ :xYCf;Z)(M x [0,T]) — xVCf;g)(M x [0,T)) is a bounded operator with a uniform constant
such that

IRy < € (Te @4 T 22 . 7/ 2eb 0 P er) g1,

D) Riﬁ :xnyg(;)(M x [0,T]) — xny;(;)(M % [0,T]) is a bounded operator and its operator norm
goesto0asT — 07 ie.

. 2 o
Jim {|R7 5 lop = 0.

Proof. In order to avoid the plethora of indices we will suppress all the indices on @, ¥ and the error

terms R” and R'. Computing Pug gives us the following:

Pup =(0; — aA)yHy(pl)
=yoHp(@l) — aA(yHp(9l))
=yo,Hp(l) —aHy(pl) Ay —2a(Vy, VH5(@l)) —ayAHy(@l).
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On the other hand, for every function v sufficiently regular we have

[y, aA]v := ayAv — aA(yv) = ayAv — a(vAy +2(Vy,Vv) + yAv)
(4.25)
=—2a(Vy,Vv) —avAy.

Consequently, we get to rewrite Puy as

Pu = y(0; —aA)Hp[@l] + [y, aA|(Hp(9))
= y(d —a(p,0))A)Hp(9l) + y((a(p,0) — a)A)Hp(9f) (4.26)
+ (v, aAJHz(9?)
= yol+y(a(p,0) —a)AHp(9l) + [y, aA[Hp(@l)
—: yol+R'(+R*L.

Note that the first term in equation (4.26) is obtained from the fact that H;(¢/¢) is a solution of

the localized Cauchy problem. Moreover, since ¥ = 1 on the support of ¢ we can conclude that

vol= ol
Let us estimate R'/ and R*¢ for y =0 and k = 0. The cases ¥ € R and k € N can be proven
analogously with minor adjustments.

For the estimate of R/, let us first note by Theorem@

AHp: C% (M % [0,T]) — 1%/>C°(M x [0, T]). (4.27)

Note that in the estimate of R!/, the suprema in the definition of Holder norm can be taken over

supp ¥ = supp ¥; 5. We note then from (4.16)

o [AHp(90)]g < Ce™||{]|,

o[ylg <Ce™

For the supremum-norm, taken again over supp ¥, we find from (#.16) and #.27):

e |a(5,0) —all.. <C(TP/? +€P),
o || AHH(90)]|oo < CT¥? (|0 .

From there we conclude

IR 115 = [|W]|wlla — a(5,0) oo [ AH(9) o
+[Wlglla—a(p,0)||- | AHZ(9L) ||
+1Wle[a —a(p,0)]g | AHZ(9L) |
+ [ Wllslla — a(p, 0) || [AHz(90) ],
<c| ((Tﬁ/z+85)T“/2+T“/28—“(TB/2+eﬁ) +T“/2+s‘°‘(Tﬁ/2+eﬁ)> .
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Altogether, we obtain
IRY|[, < C||e|I%, (T(‘”ﬁ)/zs’“ + T2 4 7o/2gh +eﬂ*“) .

Let us now prove the second part of the statement, that is proving R” to be a bounded operator

with operator norm converging to 0 as 7 goes to 0. From (@.23), we get to rewrite R? as
R* = —2a(Vy, VHy(!)) — aHy(@/)Ay.

Since V is constant on a neighborhood of the boundary dM, Lemma guarantees that the operator
R?: ij% (M x[0,T]) — C)];;Z) (M x [0,T]) is a bounded operator with operator norm converging to 0
as T goes to 0.

Now, let us prove the case k > 0. First, note that the proof presented of the estimate for R? does

not rely on the value of &, hence requiring no further explanations. Therefore, we must prove that
IVR |l < Cl|e|I3 (T<°‘+ﬁ>/ze—“ + T2 47 2ePm sﬁ—“) ,

for all V € ¥}, with [ < k. Naturally, it is reasonable to decompose V = V;V,>V3, where Ve “//qij (M)
and [; 4+ [, + 13 = [. Thus, we get

VR'U= Y Viy-Va(a(p,0) —a) - VsAH,(p0).
h+h+5<k

Assume I3 < k—1. Then V,,A € Diff’(};rl (M) and thus, from Theorem it follows that

VR <C Y T2VayglVa(a(p,0) = a)&lI€]s
h+b+3<k
which, combined with (#.18) and {@.21)) allows us to conclude the estimate for I3 < k— 1. Now,
assume /3 = k, which means V,,A € Diffl&:r2 (M). From Theorem it follows that V;, AH; (/) €
C%4 (M x [0,T]) and thus, employing once again (#.16) and {@.21)), the estimate follows. N

Remark 4.7. We point out that the condition Cf;l; (M x [0,T]) on the factor a cannot be improved

for this construction of the parametrix — we cannot ask for a to lie in any Holder space with an
exponent that does not exceed o — because we must be able to choose € sufficiently small such that
eb-a < 0 /4C, which cannot be true if f < .

We can now construct a boundary parametrix. Set

pl = Z Z l[/inﬁ(q)ijg). (4.28)

i=1 ﬁEEiﬁg

Proposition 4.8. For every 8 > 0 one can find € > 0 and Ty > 0 small enough so that

Dy X7CK% (M x [0, Ty)) — x7C5 2% (M x [0, Ty)),
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D xTCHE (M x [0, Ty]) — xVVICK (M % [0, Tp))
are bounded operators satisfying, for ¢ defined as in ([#.20),
(0 —aA)(2pl) = p¢ +RYU+R?*/
with ||R1€Hz’a’y < 6 and ||R2€||}';a7}, converging to 0 as T goes to 0.

Proof. First of all let us note that the sums in (#.28) are finite. Boundedness of 2p follows directly
from Theorem @ Indeed, both multiplication operators My, and My, are bounded operators
preserving the regularity (from Proposition [3.4). Thus, we have

Y ok.a M‘Viﬁ ¥k, o Hy

_ Mgy —
= VK (M % [0, T])) —2s A7 VACKEN (M x [0, T]).

Following along the same lines one can see that 25 is also bounded when taken from x”Cf;‘; (M x

[0,T]) to x7CE 2% (M x [0,T1).

Computing explicitly (d; —aA)(2g¢) and applying Lemma[4.6 one has

n

(0 —ar)(2p0) =Y. Y (9 —ah)(yipHp(@ip0))

i=1peE; ¢
n n
ot} Y R Y Y R
i=1peL;¢ i=1peEie

n

For simplicity let us denote, R/¢ = Z Z Rl’ ﬁﬂ for j =1,2. We will denote all the uniform positive
i=1 ﬁEEi,S
constants arising from the estimates by C > 0. From Lemma[4.6|follows that

||Rl,1717£||;a <C <T(0H-ﬁ)/28—a + TOC/Z + TOC/Zgﬁ—OC +8ﬁ—0¢> ||£||Z7a
Hence we estimate ||Ri1,ﬁ||0p as follows

IRipllop = sup IRh 5Ll q < C (T2 /2 7o2gh-0 1 gb-a),

€1l =1
Given any 0 > 0, choose both € > 0 and 7 > 0 small enough in a way that

T(a+B)/287a’Ta/ZSﬁfa,TOt/Z,gﬁ*a < 8/4C,

and x = ¢ is a smooth hypersurface. In such a way we get |[R!||op < &.
The statement about R? follows automatically from Lemma [

Remark 4.9. Choosing € small enough so that x = € is a smooth hypersurface will be useful in the

next subsection.
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4.3.2 Construction of the Parametrix

In the previous subsection, through localization, we used mapping properties of Hx to construct an
approximate boundary parametrix. In this subsection we will construct first an approximate interior
parametrix and we will conclude with the construction of a right inverse for the Cauchy problem
@T14).

First of all note that on compact subspaces of M, the construction of a parametrix is a mere
application of classical PDE theory on compact manifolds. With respect to € as in the previous
section, an €-neighborhood of dM is fixed and the function ¢ is identically 1 on such a neighborhood.
The idea is to cut off a neighborhood of the boundary from M. Let Y. = {p € M| x =x(p) > €/2};
it is clear that Y, is a manifold with boundary. Denote by Y the double space of Y, consisting in two
copies of Y glued together along the boundary, which is a compact manifold without boundary. Note
that the double space construction does not lead to a smooth metric on Y. In order to smooth it up
we consider a smoothing of such a metric so that the metric on Y and the one on M coincide on Y».
Moreover on Y we are working away from the boundary hence the a-Holder norms are the classical
ones.

We can extend the function (1 — ¢) to a function, still denoted by (1 — ¢), on Y by setting it to be
0 on the second copy of Y. In particular such a function (1 — ¢) defines a smooth cut off function
over Y in Y. Similarly, let P denote the uniform parabolic extension of Ply, to Y.

It is well known, from classical parabolic PDE theory, that there exists a parametrix Q; for the

heat operator P so that the maps
0,: C% (¥ x [0,T]) — (Ck+2=°‘ N \ﬁc"“v“> (¥ x [0,T]) (4.29)

is bounded. The idea is to use such a parametrix Q; and the boundary parametrix constructed above
to construct a parametrix 2 for the Cauchy problem @.14).

Note that, for a given function & € C*%(Y x [0, T]), one has Q,ut € /t1C¥*1:*(Y x [0, T]). In order
to turn Q; into a function in C)];;Z) (M x [0,T]), let us consider a cut off function ¥ on Y so that ¥ = 1

on supp(1 — ¢). We can now define the operator
9.021 = M@@IM(I—(;&)'

As pointed out in Remark @, Mg and M(;_) preserve the regularity and are bounded operators.

Hence, it follows that

k. Mi1-) - 0
2p: xXVCLT (M % [0,T]) — CH*(Y x [0,T]) =

- 3 i
O 1O (7 % [0,T]) =5 ViCH 1% (Y, x [0, T])

acts continuously. Moreover, since we are working away from the boundary of M, the spaces CK<+1:% (¥, x

[0,T]) can be identified with the space xYC]gl’a (Ye x [0,T]). We can hence conclude that the operator
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2 mapping
21 1 X7CK% (M x [0,T]) — x7V/eC5 % (M % [0, 7))

is bounded. It is then clear that a parametrix for the Cauchy problem in (4.14) is given by
0 = 2l + 214

with the map

2 x7C5% (M x [0,T]) — x"VICK (M x [0,T1)
being bounded.

Proposition 4.10. Let a € Cf;i(M x [0,T]), with 0 < a < B < 1, be positive, bounded from below

away from zero, and consider the operator P = d, — aA. For Ty > 0 sufficiently small there exists an

operator Q so that the map

k, k+2, k41,
Q: x7Ch% (M x [0,To)) —>x7<c k2o ik “) (M % [0,Ty))

is bounded. Moreover, for every function { in x"C)I;;Z) (M x [0,T)), QV is a solution of the inhomoge-
neous Cauchy problem

( —al)u =10, u|;—o = up. (4.30)

Proof. Let{be a function in xVCZ;;a (M x[0,T]). Applying Proposition and the construction above,
we get
(0 —aA)(20) = oL+ RUH+ R+ (1 - )l +RY

where R! and R? are the ones arising from Proposition 4.8/ while R> is given by
R/ = [,aA](Q;(1 - 9)1).

It is clear from the definition that R? : x”Cfgg (M x[0,T]) — x”Cfig) (M % [0,T1]). Further, the operator
norm of R? can be estimated in the same way as we have already estimated R? in Lemma In
particular it follows that both ||R?||op and ||R?||op converge to 0 as T goes to 0 while ||[R!||op < 5. We
can now choose Ty small enough so that, denoting by R := R! + R?> +R3,

IR flop < (IR [lop + [IR? lop + [ R?[|op < 1.

It is now clear that id +R 1is invertible, with inverse obtained via the von Neumann series of R. The

claimed right parametrix of P will then be

Q=2(id+R)" .
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Corollary 4.11. Leta € C)I;;g) (M x[0,T]), with0 < a < B < 1, be positive, bounded from below away

from zero. For Ty sufficiently small there exists an operator E
k+2, k+2,
E:xX"C " (M) = x"Cay® (M x 0,Tp))

so that E is bounded and, if ug is a function in xnyjg’a (M), u=Euy is a solution of the homogeneous
Cauchy problem
(d—aA)u=0, ul;—o = up. (4.31)

Proof. Since ugy € xVCf:g’a(M ) then aAuy lies in xyC)];;g) (M x [0,T]). Using the right inverse for the
inhomogeneous Cauchy problem constructed in Proposition set

Eug = up+ Q(aAuo).
An easy computation shows that Eug indeed solves the homogeneous Cauchy problem. U

Even though Proposition f.10|and Corollary @.TT|together do provide solutions for the inhomoge-
neous Cauchy problem we wish to solve, they do this at the cost of possibly shrinking the time inter-
val on which a is defined on. To fix this issue, we now improve upon Proposition {.10|by employing
Theorem [2.7] (the maximum principle). To be more precise, we need to know that the homogeneous
Cauchy problem

(3, —aA)u = 0, u’,:() =0
has only the trivial solution # = 0 in xyCi(;g)(M x [0,7]). But this is a consequence of Theorem
since the functions in x”C)];’% (M % [0,T]) satisfy the conditions imposed in Proposition Therefore,

we have the following theorem.

Theorem 4.12. Consider a function a € Cfig) (M x[0,T]), with 0 < o < B < 1, be positive, bounded
from below away from zero. Then the equations
(dy —aA)u = lyul;—o = 0, (4.32)
(dy —alA)u = 0;ul,—0 = uo (4.33)

have solutions Qf and Eu, respectively, such that
Q : x7CH% (M % [0,T]) — x7C 2% (M x [0,T]),
E :x7CNS% (M) — x7CE 2% (M % [0,TY)),

are bounded maps, for any y € R.

Proof. First, let us focus on proving the existence of a solution for the first of the two Cauchy prob-
lems above.
From Proposition [4.10, we know that the Cauchy problem above, in fact, does have a solution,

say u € x”Cf:;?’a(M x [0,Tp]). If Ty > T, clearly there is nothing to do. Thus, let us assume Ty < T'.
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Our goal is to prove that u can actually be extended to a solution on the entire interval [0, T']. Consider

0 < € < Tp and the Cauchy problem
(0 —aA)vi =0; vi|=o = t|s=1—¢- (4.34)

Once again, the parametrix construction (Corollary @.TT)) ensures the existence of a solution v; in
x”Cfqu "*(M x [0,Tp]). Observe that a simple change of variables given by the translation ¢ — ¢ +
(To — €) allows us to define v; as a function defined on [Ty — €,2T) — €]. Moreover, consider now the

inhomogeneous Cauchy problem
(8; — aA)u1 = @; ui |t:0 =0. (4.35)

Similarly, we do have a solution u; in x”Cﬁg’a(M x [0,Tp]) and, following the same logic on the
previous paragraph, we are allowed to define u; as a function on [Ty — &,27, — €]. Now, note that on

the interval [Ty — €, Ty| we have
(0 —aA)(uy+vi) =4; (up+v1)|i=1y—¢ = t|i=1—e¢, (4.36)

which is a Cauchy problem that (u; +v;) € x”Cf:g’a (M x [Ty — €, Ty)) satisfies. However, the function
u also satisfies the same Cauchy problem and, therefore, from Theorem [2.7it follows that u = u; +v;

on [Ty — &, Tp|. Hence we can now extend u past Ty by defining

ipt) = u(p,t), if 0<r<Tp,
LRI = (w41 (pot), if Ty <t <2Ty—e.

If 27y — € > T, then we have already an extension of u on the entire desired interval. Otherwise,
repeat the process with u until n7Ty —ne > T (which is possible in a finite number of repetitions since
[0,T] is compact). Thus we have an extension of u defined on M x [0,7]. Note that this extension
was obtained employing the parametrix construction, namely the maps Q and E, which are bounded,
from where follows that the extended map Q given by ¢ — u is bounded too, therefore enabling us to

now extend E as well, completing the proof. 0

This concludes the proof of Theorem [0.5]

4.4 Short-time existence and regularity of solutions

Now that we finished constructing a parametrix in the previous section, we turn our attention
once again to the Yamabe flow. The ultimate goal of this chapter is to discuss whether or not there
exists a Yamabe flow on ®-manifolds with conformal factor in Ci{g(M x [0,T1]), which is a stronger

assumption than the one imposed in the previous chapter.
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To do this, write once again the flow equation in terms of the conformal factor and linearize it near
the time 7 = 0 (as in §3.3)), obtaining

1 |
(d —Ap)v=— ﬁqu,v—kvzs(v)Aq)v __1 i scal(gp) + ] scal(go)v

(4.37)
+

! 1 scal(gq>)v2(1 —ns(v) —nvs(v)),

where u = 1 +v is the linearized expression of the conformal factor near r = 0. Simplifying the

notation on the right hand by taking

F{(v) = n 7 scal(go) +

1 scal(gp)v

_|_

! 1 scal(go)v? (1 —ns(v) —nvs(v)),

1
E(v):=— EVACDV +125(v)Agpy.
Hence, we once again must look for a function that satisfies

(0, — Agp)v = (F| + F))v, v|;=o=0. (4.38)

First, note that the constant function 1 lies in any C)];;ij(M x [0,T]). Moreover, Proposition 4.10

guarantees that the conditions imposed on the parametrix by Theorem [3.14] are met. Furthermore,

the proof of Theorem [3.14] does not depend on the definition of the Holder brackets. Consequently,
Theorem (3.14{holds for functions on the modified Holder spaces xVCi‘;Z) (M % [0,T]) as well. Thus, we

must only check that each F] and F; satisfy the conditions required. However, the proofs of Lemma
[.15/and Lemma[3.16|are also independent on the definition of the Holder brackets, which means that

1. Lemma holds for F, with the exact same formulation, simply exchanging x”CfD’a(M X
k, .
[0,71]) by x"C 4q, (M x [0, T]);

2. Lemma holds for F] analogously as in the changes described in (i), with the only difference
that we must require scal(ge) € x”Cﬁg’a(M ).

Therefore, we just proved the following theorem.

Theorem 4.13. Let (M, gs) be a ®-manifold of dimension m > 3. Assume scal(ge) € xnyfq)l *(M)
for some o € (0,1), some y> 0 and any k € Ny. Then the Yamabe flow [2)) admits a unique solution

g =u*'"2gg whereu € Cf;ﬁ’a(M x [0,T)), for some time T > 0 sufficiently small.

Naturally, this proves Theorem [0.6]
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4.4.1  The problem of the global Yamabe flow in C% (M x [0, +e0))

The results we obtained for the Yamabe flow for conformal factor in C% (M x [0,T]) as similar
to the ones we got when the conformal factor was a function in C¢(M x [0,T]). However, from this
point on, this is no longer true. In fact, although we managed to show that the Yamabe flow does exist
and is unique for some short-time T when u € CY (M x [0,T]), we could not extend the short-time
solution to a global solution of the flow which remains continuous up to the boundary.

First, recall that 1 = (m—2)/4. Letu € Cﬁg(M x [0,T]) be the conformal factor such that
¢ = u'/Mgg is the solution of the Yamabe flow. To prove long-time existence of the flow, we could
proceed as in §3.9| and linearize «’ at time T by setting u' = ug + v, with uyp = u|,—7, with initial

condition u'|;—y = up. We obtain from the second equation in (3.2)
<at ~(m— 1)u51/”A) v=F () +EW), vieo=0, (4.39)
where we have abbreviated
F(v) = 0a(v),  F3(v) = (m— Dy Aug — scal(ga)uy /" +Q1(v),

where Q) (v) are linear combinations of v with coefficients given in terms of uy and Aug and the terms
in Q»(v) include quadratic combinations of v and Av with coefficients in terms of up and Auy.

For us to be able to use the parametrix construction in the function ug = ul=7 € Ci;g (M)

B
P

previously in Remark [£.7] this condition cannot be improved in the construction provided in §4.3

must lie in C;; (M) for some a < B < 1, which is generally not true! Moreover, as pointed out



94

Chapter 4. Alternative Yamabe flow on ®-manifolds




APPENDIX A

Curvature on ®-manifolds

This appendix presents explicit computations of the Riemann curvature tensor on an open man-
ifold M endowed with an exact ®-metric. The general case behaves similarly in terms of its lower
order terms, preserving the overall behavior we are interested in. Before discussing how to proceed,

let us present the concept of warped product of Riemannian manifolds.

Definition A.1. Consider two Riemannian manifolds (Ny,gy,) and (N2, gn,) and let y € C*(N;) be
a positive function. On the product manifold N; x N, let 7, denote the standard projection map from
N1 X N; to each individual manifold. The warped product N; wX N is the product manifold Ny x N,

furnished with the Riemannian metric

8y = (yo nNz)Zﬂltll 8Ny + E;\}ngZ' (A.1)

N is called the fiber, N, is called the base and the function v is called the warping function. Often,

the metric gy is written omitting the projections 7, as we do in this present work.

Naturally, product metrics are example of warped metrics, with v = 1.
From the previous definition, it is clear that the exact ®-metric go o on M, which is given near the
boundary by the expression

dx*  9*gy
800 =~ + 2 +8z,

is a product metric between a warped metric on (0,1) X Y and a metric on Z. Now, the curvature

tensor R on a generic manifold is defined by the expression
R(X, Y)Z = Vvaz — VYsz — V[X,Y]Z7 (A2)

for X,Y,Z vector fields. In O’Neill’s book on Semi-Riemannian geometry [O’N83|], we have the

following
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Proposition A.2. [[0’NS3, pg. 210] Let Ny ,x N be a warped product manifold. If U,V,W € ¥ (N)
and X, Y,W € ¥ (N,) are vector fields, then

1. Ry(X,Y)Z =Ry, (X,Y)Z;

_ _— Hessy(X,Y)~
2. Ry (VX = _TessViX. V)
y
3. Ry(F.7)7 = Ry (7,7)F =0;
W
4. RIV(X,V)W = _LIIJ)VX grad y;

S gn(emdygrady) (oo
5. Ry (V,W)U =Ry, (V,W)U — o " ) (gw(W,U)V—gV,(V,U)W>,

where . represents the lift of a vector field to Ny X Na.

Since go ¢ is a product metric between a warped metric on (0, 1) x ¥ and a metric in Z, and since
Hess1 = grad 1 = 0, it follows from the previous proposition that the curvature of Z contributes only
with bounded terms to the curvature of M (since Z is closed). Thus, to understand the curvature of
M, it suffices to study the curvature of (0,1) X1 Y. Note that this coincides with the case IM =Y,
which means that ¢ can be omitted.

Consider M an open manifold endowed with a metric

dx®> gy
800 =3 T3, (A.3)
x x
where Y is a b-dimensional closed manifold. Considering a local frame {dy,d,, ,| i =1,...,b}, we
obtain (locally) a matrix representation

X4

(80,0) =: (8ij) = < o +2((er)i) > — (g00) ' =: (") = (

2((gy)") ) '

gy )ij

A.1 Christoffel symbols
It is well known that, locally, the Christoffel symbols are given by

1
=Y (9igji+ 98k — hgij) 8" (A4)

" —
L] 2 T

Naturally, this means I'; = I"}; for all /, j.

e Case m = 1: In this case, g*' # 0 iff k = 1 and, therefore,

(digj1 +9jg1: — dugij) x*.

| =

(F‘P,O)}j =

Then,

1
(Fq:.p)%] =3 xx_4 A= —2x_1,
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1 .
(F<D,0>}j = E(axgjl +ayj,1g11 —3xg1j)x4 =0, forall j>2,

1. _ ..
Oy 18j1+ 0y, 81— 0x8ij) = — =X (gy)im1 j1 X' =x(gy)i—1 j—1, forall i,j>2.

1
1 _
(r<1>,0)ij = 5( 5

e Case m > 2: In this case, gk’” = 0 iff k > 2 and, therefore,

1 —_ p—
(Rp,o)?} = E Z (aigjk+ ajgki — aykflg,'j) xz(gy)k Im—1
k>2
Therefore,
l _— —_ J—
2 k>2
1 - J—
(F<I>,0)1J B Z(axx 2<8Y)j—1k—1 +r9yj71gk1 Ay lglj)ng’; Im=1 _ _ 15;71’
k>2
1 _
k>2

foralli,j > 2.

A.2 Riemann curvature
The Riemann curvature can be expressed, locally, by the expression:
k= Zl‘,ri'krfz - ;F&FEI + il — 9T (A.5)
e Case s — 1: If we assume s = 1, then
(Ro0)jx = ;r‘i’krill - ;ngr}l + 0T — 9T

This means that if k # i and k # j, then (Ro, 0) ik =0 Thus, the interesting cases are either k = i or
k=j.
If k =i, then
(Ro0)jji Zr Zr’rll+ar — 0T},

Therefore, if i =1,

(Roo)iy =TT — T 4001, — oI, =0,
(Ro0)1;1 =T ;T =TTy + 00 — 9y, T} =0, forall j>2.

On the other hand, if i > 2,

11 1 1
qu() iji 1>ZQF ZrllF] ay lrjl ajl—‘ii'



98 Appendix A. Curvature on ®-manifolds

Thus,

(Roo)iii = Y (—x'8))x(gy)i11-1— (—=2x7")x(gy )i—1i—1 — dwx(gy )i—1i-1 =0,
i>2

(Rop)iji =x (Z(FY) i (gr)ic- 1—125(13/) i (gr) i1
= =

+0y_, (8v)j-1i-1— 9y, (gv)i-1i-1),

for all j > 2, which completes computations of the case i = k. On the other hand, if we assume j =k,

similar computations give the following outcomes:
(Rrb,o)}u = R}jj =0, forall i,j > 2,

(R‘P,O)iljj:x<Z(FY) Li(gy)icim1— Y (M) Ty jor(gr)jmie

=2 I>2
+0 i1 (gY)j—l j—1= ayj'ﬂ (8v)i-1 J—b

forall i > 2.
e Case s > 2: Unlike the previous case, assuming s > 2 does not provide any further information
on (Re)? i @ priori. Then, to obtain information on these terms, we need to split computations into

several cases. We obtain the following:

(Re0)$1 = Zrﬁkrﬁ, - ZF’uﬂz + 9, — I8, =0, forall k,
[ [

(Ro0)}j1 = Y (= 18 (—x71)6 — (=2 1) (—x )8} + 9c(—x""'87) =0, forallj>2,

1>2
(Ro0)i = 2 (0v)i oy (—x718)) = Y (—x'8)(Ty)’ 2}, =0, forallj,k>2,
1>2 >2
(Ro0)ii = (=20 D (—x716%) = Y (—x7'8))(—x7'5f) — ou(—x7"67) = 0, foralli > 2,
1>2
(Roo)ie = Y, (—x'80) Ty, = Y (Ty)i!,_ (—x7'8f) =0, forallik > 2,
1>2 1>2
(Ro0)ij = Y (—x'8)(Ty)i{ .y — Y (—x'8))(Ty)’ ), =0, foralli,j>2.
>2 >2

Finally, for i, j,k > 2, we get

(Re0)} = x(gv) j- 11 (=71 87) + Y (Ty) i) o (Tn)i =) g —x(y )i -1 (=271 8))
i>2

-1 -
— ) ( Ty)i i 1FY)J 1110 Ty = 0 (D) Ty
i>2

(RY)Z 1j—1hk— 1T 07(8y)ictk—1— 6 (gy)j—14-1-

Since Y is a closed manifold, it follows that RS i is bounded.
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A.3 Curvature tensor

From definition, the curvature tensor of (M, g o) is given by
Rq;.p(X,Y,Z,W) = gq;p(R(X,Y)Z,W),

for any given vector fields X,Y,Z,W € #(M). Thus, considering the local frame {d,,d,, || i =

1,...,b}, one can write

R 0(9;, ), 0k, d5) = g0,0(Reo,0(9;;9;) 0k, 95) = ga.0 (Z(Rq>,o)fjk917as>
1

=Y (Rop0); 180.0(1,95) = Y (Reo.0); 815 =2 (Rep,0)is-
] 1

Hence, determining each (Re); ks 18 enough to fully determine Rg o. However, we have the follow-
ing identities:

Rjiks = —Rijks, Rijsk = —Rijis and Ry = Ryjks - (A.6)

This means that we need to computate only a few cases. In fact, if we assume i = 1, we obtain

(Re0)1jks = (Re0)1 815+ Y, (Rep.0) 7' Gms

m>2
As proven above, (Rg, 0)lljk =0if k # i and k # j. Moreover, (R )} = 0if m > 2 and either i = 1
or j=1of k=1.Ifk=1, then (R<1>0)1,1 (Re )T = 0forall jand m > 2. On the other hand, if

k = jimplies (Rp )}, = 0. Hence, (R 0)1jxs = 0. Thus, from (A.6) it follows that

Ljj
(Ra,0)itks = (Ro,0)ij1s = (Re,0)ijk1 =0
= (Ro0)ijus =0, whenever i=1or j=1or k=1 or s=1.

From this, we conclude that the only nontrivial terms (R 0); jks are the ones with all its indices greater

or equal than 2, in which case

Rapo)ijes = X, (RO amy 07 (@r )it it = 8 (gr)j1x-1) ¥ (80 )mo1 51

m>2

=x? ((Ry)ict jmt k=151 +(8v)im1k—1(8¥) jm15-1 — (8¥) jm1 k-1 (8¥ )i-15-1)
=x"2(F))ijks)

where each (F}); ks is a smooth function on Y. Similarly to the argument for (Re,0); . it follows that

each (F);jks is also a bounded function.

A.4 Norm of the curvature tensor

From definition, the norm of the curvature tensor R is locally given by
IRo0llga0 ==, | Y (Rao0)ijis(Ra0) 7™, with (Rep)™* =Y g/ g" (Rep0)- (A.7)

i,j,k,s a,b,c
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From §A.3] we know that (Ra );jks 7 O iff all its indices are strictly greater than 1, in which case

g%, g/’ and gk are nonvanishing iff a,b,c > 2 as well. Therefore, if i, j, k,s > 2,

(Ro0)™ ™ =x" Y (gr) " )" (er) T R 0) ] = X°(F) ks
a,b,c>2

where each (F?); jxs is a smooth function on Y. Once again, the fact that Y is a closed manifold implies

that each (F>); ks is bounded. Therefore,

IRo.0llga0 = | Y, (Rao)ijks(Ra0)7* = Y (Ro0)ijks(Ra0) ™ = 0(x*).
i,j,k,s i,j,k,s>2
Furthermore, one can obtain similar estimates to the derivatives of the curvature tensor. In fact,

the derivative of the curvature tensor is given by
VRe o(X,Y,Z,W,U) :=VyReo(X,Y,Z,W)=Vygeo(Raoo(X,Y)Z,W)

(A.8)
=200(VuRao0(X,Y)Z,W)+go0(Rao(X,Y)Z,VyW).

One can prove, via computations on local frames, that each derivative of the curvature tensor worsens
the singularity by two powers of x, that is, its lowest order term is of the order of x~*. However, when
“raising the indices” as before, one must introduce yet another term from (gqo)’l, whose lower order
term is of the order of x2. Thus, the increase in the singular term is compensated by the extra term
from (go0) ' Then,

IVR®0 [|gp0 = O(x*), forall i> L.

A.5 Sectional curvature
Another important information (that proves itself useful in Chapter [B)) is the sectional curvature
of (M, g®,). From definition,

Rq)’o(X,Y,X,Y)
800X, X)ga00(Y,Y) — gp0(X,Y)?’

Ko o(X NY) 1= with X AY = span{X,Y}, (A.9)

where X,Y € ¥ (M). 1t follows from the definition that it is enough to determine the sectional curva-
ture on a local frame {d,,d,, ,| i =1,...,b}, since any plane on the tangent space can be spanned by
vector fields in such local frame.

ForX =dyandY =9, |,

(R ,0)1i1i

3 =0.
8118ii — &7;

Kq’,o(ax A aYifl) =

On the other hand, for X =0,, j andY = &yH, we have

(R,0)ijij

Kq>7()(a - ANO,. ):
WU giiggi— g2
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>2

-1
20,0 <Z(Ry)i—lj—l i—la)’ll’a)’jl>
4

=X
(gv)i-ti-1(gv)j—1j-1— ()71 j

89,0 (Z(ajl'(gY)i—l -1 6il(gY)j—1 i—l)a)’I—l’ayjl)
4

>2
+x —

(gv)i-1i-1(8v)j—1j-1—(8v)7 1 ;4
= XZ(KY(ayH A ayj'q) +1).

Therefore, this means the sectional curvature Kj; is bounded on M.

A.6 Ricci curvature

One of the main ingredients of this work is the study of the scalar curvature and, to do this, it
is necessary to obtain information on the scalar curvature of a ®-manifold. However, to obtain such
information, one needs to determine the Ricci curvature first.

From definition, the Ricci curvature is localy given by
(Rico,0)ik := ¥ (Ra0) i (A.10)
l

Directly from the computations in §A.7] it follows that
(Ricp)ix =0, ifeither i=1 or k= 1.
On the other hand, for i,k > 2, we get

(Rico0)it = Rao0)iic+ Y. Raoo) =Y, ((RY)f:} k1 F 6 (8y)ict ket — 8 (gv )i i—l)
i>2 >

= (Ricy)i—1k-1+ Y, ((8Y>i—1 k-1 — 8/ (gv)i-1 i—])

I>2
= (Ricy)i—1 k-1 +(b—1)(8y)i-1k-1-

Similarly to the argument employed for the sectional curvature, one can conclude from this that the

Ricci curvature 1s bounded as well, since Y is a closed manifold.
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APPENDIX B

Injectivity radius on ®-manifolds

This appendix discusses the injectivity radius of a ®-manifold, which is a relevant information to
guarantee that such class of spaces has bounded geometry. First of all, let us present the definition of

injectivity radius.

Definition B.1. Let (M, g) be a Riemannian manifold. Given a point p € M and denoting B(p,R) as

an open ball in M centered at p and with radius R, the injectivity radius at p is defined as
rinj(p) :=sup{ R>0 | exp, : B(p,R) — M is a diffeomorphism }. (B.1)
Then, the injectivity radius of M is given by
riny(M) :=inf{ rinj(p) | pEM }. (B.2)

Therefore, the injectivity radius of a manifold is the biggest R that defines an open covering of M
of normal coordinated charts of uniform radii. Naturally, the first problem to overcome in order to
estimate rjpj(M) is to understand when is the exponential map even well-defined at a generic point.
Since ®-manifolds are a class of complete Riemannian manifolds, this can be easily answered by the
Hopf-Rinow theorem, see [GHL90, Theorem 2.103, pg. 94], which states that a Riemannian manifold
is complete if, and only, if, the exponential map at each point is defined on the entire tangent space at

the same point, that is,
(M, g) is complete <= exp, : T,M — M, forall pe M. (B.3)

Hence, the exponential map at each point is always well-defined for all # > 0, which means where
are now left with the task of estimating the injectivity radius from below. For compact manifolds, it
is a well known fact (proven by Klingenberg) that the injectivity radius is bounded from below away

from zero. Thus, it follows that ri,;(M,,) > c(n) > 0, with M,, := {x < 1/n}. This means we must look
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for estimates of riyj(p) for points near the boundary. On the other hand, from it is known that
®-manifolds have bounded sectional curvature. Thus, we are allowed to employ the following result

due to Cheeger, Gromov and Taylor:

Theorem B.2. [CGT82, Theorem 4.7] Let (M, g) be a m-dimensional complete, connected Rieman-
nian manifold such that there exist constants A, A satisfying A < Ky < A, and let p € M. Furthermore,
let r > 0 and assume r < 1w/ (4\/X) if A > 0. Then the injectivity radius at p can be estimated from

below as follows:
volB(p,r)

"NolB(p,r) +VI"(2r)’ (B4

rinj(p) >

where V" (p) denotes the volume of a ball of radius p in the m-dimensional model space M3' with

constant sectional curvature A.

This means that, in order to provide an estimate to the injectivity radius, one must look for esti-

mates for the volume of an open ball on a ®-manifold. First, set r := x~ 1, which implies
o 2 2 4%
800 =dr +r¢ gy +gz.
This means that the distance function on ®-manifolds to be, locally, equivalent to
do(p,p') = |r—r'|+ (r+1")dy(y,y') +dz(z,7), (B.5)
where p = (r,y,z) and p’' = (r',y',7/). Let p, po € M and assume
|r—rol <R/3, (r+ro)dy(y,y0) <R/3 and dz(z,z0) < R/3 = dao(p,po) <R.

By using Fubini’s theorem and the above arguments, one can check that

R 1 vol By (yo, 1) vol Bz(z0, 1) 1
1B(po,R) >
volB(po-R) 2 g7 bt 1 (ro+R/6)

~ lem ((ro—l—R/3)b+1 _ (”0 _R/3)b+1> .

5 (0 +R/3) = (o~ R/3)")

Similar arguments can be used to estimate the volume of such ball from above, in which the expression
differs only by scaling to some bounded factor, which means the overall behavior to be the same. This
means that we can estimate the volume of a ball centered at py on a ®-manifold in terms of its distance
between pg and the boundary. Moreover, note that

1 - - b+1 - b+1
i ((r0+R/3) (ro—R/3) ) > > 0. (B.6)

Hence, it is possible to estimate such volume from below by a constant. On the other hand, a
quick analysis to the estimate provided in Theorem reveals that the left-hand side term of the

inequality (that is, rip (po)) does not depend on R and, therefore, because of the estimate obtained for

vol B(po,R), it is possible to see that riyj(M) > co > 0, as we desired.



APPENDIX C

On the distance function of a -manifold

This appendix presents further explanations on the local expression of the distance function dg of
a ®-manifold. This appendix relies on the fact that ®-manifolds have bounded geometry. Thus, to
fully understand this appendix, see the subsection on manifolds of bounded geometry in Chapter 2]

First, lets us look at the distance function on the Riemannian manifold ((0, +o0),g := x~*dx?).
For any two given points x,x" € (0,+o0), we know that the path connecting x and x" is given by
y(t) = x+1t(xX' —x). Thus,

dg(x,x') = lenght(y /IIV Ngde = x— x'/ i -2 ¢
L1 _ =]

T /

X X XX
Now, remember that ®-manifolds have bounded geometry and, therefore, there is an open covering
of M given by balls B(p,0) centered at each p € M and of uniform radii § such that the distance

function dg is uniformly equivalent to the Euclidean distance on normal coordinated charts. Hence,

/2 /112
no =Xy =Y
do(p,p') = L + (1)

+1|z —Z'||2. (C.1)

Note that the expression in (C.I)) is not the same as in (3.6). However, it is enough for us to prove
that both expressions are equivalent locally, since we use such expressions only restricted to the open
subsets given by the bounded geometry property of (M,ge). Given pg € M, for any two points
p,P’ € B(po,d), one has

x— |

xx!'

p,p0 € B(po,8) = <28 = |x— x| <26xx.
Without loss of generality, assume x > x’. Thus,

x—x <286xx = x < (28x+1)X
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Since both x,x’ < 1 and & can be taken sufficiently small, then
20x+1<2=x<2x.

Analogously, x' < 2x. Then, it follows that, in B(pg, ), we have x ~ x/, that is

/
xmx =2 L < Choo, (C.2)
X X

= x|

/
Claim 1: If x ~ ¥, then = |

for some constant K > 0.

' T (x+x)
In fact, from (C.2)) it follows that

(x4+x)? = (x+x) (x+x) < (x+Cx) (¥ +Cx') < Koxx’'

i

. 1 < g 1 :>\x—x'\ P lx —x
' =0 (x4-x/)2 w0 (xx)?

On the other hand, we have x +x’ > 2,/xv/x” and, therefore, (x4 x’)> > 4xx’, which implies

1 11 x—x| 1|]x—x]

<
(x+x)% ~ 4xx (x+x)2~ 4 xx

Therefore, it follows from this that

do(p,p) ~ \/ (('j;;f')‘z)2+ (B ;ﬁj‘)’)2+ B

on each B(pg,d). Hence, this equivalence holds on each open ball given by the bounded geometry

property of a ®-manifold.

Remark C.1. It should be noted that the expression in (3.6) not a globally defined distance function
on ®-manifolds. In fact, the triangular inequality does not hold, in general, for this local expression.
However, the local expression (3.6)), is a distance function when restricted to each B(py, §), which
is where we are interested in working with such local expression. In fact, this is a consequence of a
more general fact, which follows:

Claim 2: If 4’ > 0 is uniformly equivalent to d, and d is a distance function, then d’ is a distance
function as well.

First, note that d’ ~ d means that there is a constant C > 0 such that C~!'d < d’ < Cd. Thus, it
follows directly from this that d’(p,q) = 0 iff p = g and, moreover, d'(p,q) = d'(q, p), for any p,q.

Furthermore,

d'(p,q) <Cd(p,q) < C(d(p,r)+d(r,q)) <CC~'(d'(p,r)+d'(r,q))
=d'(p,r)+d'(r,q),

concluding the proof that d’ is a distance function as well.
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