Juan Carlos Nunez Maldonado

Differential Cohomology on Maps of Pairs and

Relative-Parallel Product

Sao Carlos, SP, Brasil
Setembro de 2021






Juan Carlos Nunez Maldonado

Differential Cohomology on Maps of Pairs and

Relative-Parallel Product

Tese apresentada ao Programa de Pos-
Graduagdao em Matematica como parte dos
requisitos para a obtecao do titulo de Doutor
em Matematica, Centro de Ciéncias Exatas
e de Tecnologia da Universidade Federal de
Sao Carlos.

Universidade Federal de Sgao Carlos — UFSCar
Departamento de Matematica — DM

Programa de Pés-Graduacao em Matematica

Supervisor: Fabio Ferrari Ruffino

Sao Carlos, SP, Brasil
Setembro de 2021



UNIVERSIDADE FEDERAL DE SAO CARLOS

&
UFL:'II;}-ﬂ Centro de Ciéncias Exatas e de Tecnologia

Programa de P6s-Graduacdo em Matemaética

Folha de Aprovacéao

Defesa de Tese de Doutorado do candidato Juan Carlos Nufiez Maldonado, realizada em 06/10/2021.

Comisséo Julgadora:

Prof. Dr. Fabio Ferrari Ruffino (UFSCar)
Prof. Dr. Edivaldo Lopes dos Santos (UFSCar)
Prof. Dr. Dirk Toben (UFSCar)

Prof. Dr. Behrooz Mirzaii (USP)

Prof. Dr. Carlos Henrique Grossi Ferreira (USP)

O presente trabalho foi realizado com apoio da Coordenacdo de Aperfeicoamento de Pessoal de Nivel Superior - Brasil
(CAPES) - Cadigo de Financiamento 001.

O Relatério de Defesa assinado pelos membros da Comissdo Julgadora encontra-se arquivado junto ao Programa de
Pé6s-Graduacdo em Matemética.



I dedicate this work to my loving parents, Isabel and Moises.






Acknowledgements

Agradezco a Dios por la vida, la salud, la proteccion y las fuerzas que nos da cada
dia.

Mi profundo agradecimiento a mis padres, Isabel y Moisés, por su amor incondicional
y por colocarme todos los dias en sus oraciones. Aprovecho la oportunidad también para

agradecer a mi hermano Fredy Elias, mi hermana Maribel Nufiez y mi sobrina Yuli.

Mis sinceros agradecimientos a Devis Ordono, Diana Rodriguez, Marcos Moya, Juan
Rocha, Rodiak por la amistad, por compartir momentos académicos y extra académicos

que hacian que me llene de energias y nunca me sienta sélo.

Agradezco enormemente a mi orientador, Fabio Ferrari Ruffino, por la infinita
paciencia, por todo el conocimiento transmitido y por todas las valiosas sugerencias.

Muchisimas gracias, Profesor Fabio.

Deseo agradecer enormemente a mi amigo, Brenno Barbosa, por la amistad sincera,
por toda la ayuda académica, por las tantas conversaciones de matematica (no solamente

de cohomologia diferencial). Muchisimas gracias, Brenno.

Agradezco de manera muy especial a Rebecca Baylosis, por su compaiia diaria, por
la motivaciéon que me brinda cada dia, por ayudarme una y otra vez con las correcciones

del idioma, .... Muchisimas gracias, Rebecca.

Finalmente, agradezco a CAPES por financiar mis estudios de doctorado y mi

estadia en Brasil.






“El Eterno te guardard de todo mal, él guardard tu vida.
Guardard tu salida y tu entrada, ahora y siempre”.
(Salmos 121: 7,8)






Resumo

Nesta tese estudamos trés questoes importantes. A primeira consiste em fornecer um
arcabougo axiomatico para a cohomologia diferencial no contexto dos mapas de pares de
espacos topolégicos, introduzindo o produto entre classes relativas e classes paralelas. A
segunda consiste em mostrar alguns modelos concretos de cohomologia diferencial com
produto relativo-paralelo, para que os axiomas enunciados anteriormente nao fiquem vazios.
Enfim, a terceira questao consiste na construc¢ao e na axiomatizacao de algumas versoes
do morfismo de Thom e do mapa de integracao, em que o produto paralelo-relativo é
essencial. Estas defini¢bes constituem a aplicacao principal do produto introduzido, sendo

a0 mesmo tempo a motivagao principal que nos levou a considera-lo.

Palavras-chaves: Cohomologia diferencial, mapas de pares, produto relativo-paralelo,

K-teoria diferencial, integragao relativa e com suporte (verticalmente) compacto.






Abstract

In this thesis, we study three important topics. The first one provides an axiomatic
framework to differential cohomology on maps of pairs of topological spaces, introducing
the product between relative and parallel classes. The second one describes some concrete
models of differential cohomology endowed with the relative-parallel product, showing that
the axioms stated above are not empty. The third topic deals with the construction and the
axiomatization of some meaningful versions of the Thom morphism and of the integration
map, in which the parallel-relative product is essential. These definitions constitute the
main application of this product, and they are at the same time the fundamental motivation

that led us to consider it.

Keywords: Differential cohomology, maps of pairs, relative-parallel product, differential

K —theory, relative and (vertically)-compactly-supported integration.
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Introduction

We begin by recalling the idea of differential cohomology. Intuitively, differential
cohomology theories are refinements of topological cohomology theories, that encode

geometric as well as topological information.

A historically well-know example is provided by ordinary differential cohomology
with integral coefficients. In degree 2, the singular cohomology group H?(X;Z) classifies
complex line bundles on X up to isomorphism. If we endow a line bundle with a connection
(compatible with a fixed Hermitian metric), we add a geometric piece of information,
partially described by the corresponding curvature. We call H 2(X) the group of (Hermitian)
line bundles with connection, up to isomorphism. Since every line bundle admits a
connection, we have the forgetful surjective morphism H2?(X) — H?(X;Z), showing that
H2(X) is a refinement of H%(X;Z). This is a clear and motivating example of differential
cohomology. Considering any degree (not only 2), there are various concrete realizations
of ordinary differential cohomology, e.g., smooth Deligne cohomology (see (BRYLINSKI,
2007)). In this case the differential refinement is implemented by considering the set of
transition functions of a line bundle or of an abelian gerbe, thought of as a Cech cocyle, and
adding the local potentials that describe a connection. Differential ordinary cohomology of
degree n can also be modeled by Cheeger-Simons differential characters (see (CHEEGER;
SIMONS, 1985) and (BaR; BECKER, 2014)). Here a differential class is formed by a pair
(x,w), where x is an homomorphism defined on (n — 1)-smooth cycles with values in R/Z
(in the case of line bundles, it is the holonomy of the corresponding connection), which
satisfies a Stokes-type formula over boundaries; i.e., the value of xy on a boundary do is

equal to the integral of w on ¢ modulo Z. Here w is the curvature.

Another important example of differential refinement of a cohomology theory is
provided by differential K —theory. Here we quote two models. In (FREED; LOTT, 2010),
Freed and Lott proposed a model, where each topological K-theory class is refined by
adding a connection and a real odd-dimensional differential form. In (SIMONS; SULLIVAN;
2008), Simons and Sullivan proposed a model where differential K-theory classes are are
represented by a structured bundle (by definition, it is a pair given by a complex vector
bundle equipped with a suitable equivalence class of connections). The importance of
differential K —theory is not only theoretical, but it is also due to its applications in physics

and mathematical physics (see (FREED, 2002) among many other sources).

Perhaps the most important example, from a theoretical point of view, is the
model of Hopkins and Singer (see (HOPKINS; SINGER, 2005)). This model refines any
cohomology theory represented by a spectrum and, in (UPMEIER, 2012), it has been
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completed describing in detail the S!-integration the multiplicative structure. Moreover, in
(BUNKE; SCHICK, 2010), Bunke and Schick axiomatized differential cohomology theories,
and in particular they showed that a differential extension of a fixed topological theory is

essentially unique under rather mild hypotheses.

The models summarized up to now concern the absolute case. It is natural to
wonder if in the relative version it is possible to recover some of those facts; indeed, it
was studied by Ruffino and Rocha in (RUFFINO; BARRIGA, 2018). They proposed
an axiomatic framework for the relative differential cohomology groups, generalizing the
one developed for the absolute case. They show the existence of a family of long exact
sequences that combine the differential and topological groups. Using an adaptation of the
Hopkins-Singer model, they showed the existence of the relative differential refinement for
any cohomology theory and its uniqueness; moreover, given any rationally-even cohomology
theory, the relative theory is multiplicative in the sense that there exists a module structure
on relative classes over the absolute ones, i.e, given a smooth map p: A — X we have the
module structure h*(p) ® h*(X) — h*(p), equivalently, we have the exterior product of

the following form

Cht(p) @z h(Y) = h*(pxidy : AXY — X x Y). (1)

As an application of this product (1), in (RUFFINO, 2015a), it was also reviewed
n (RUFFINO; BARRIGA, 2018), they consider compact integration that requires the
Thom morphism as an intermediate step. Such morphism, with respect to a real vector
bundle 7 : E — X of rank n, is of the form
T:h*(X) — el (B)

a— -7,

where 4 is a differential Thom class of E ( by definition, it is represented by a parallel

class @y € he,.(E, E\ H), where H C E is compact). Hence, given a class & € h*(X), it is

par(
natural to define the product @ - 7*& as the class represented by g - 7" &, this last product

is the one defined on (1).

We point out that an important hypothesis in the problem above is that the
base X is compact. It is natural to inquire if we may achieve the same result when X
is not compact. In this case, the Thom class of a vector bundle is vertically-compactly
supported and we can define two versions of the Thom morphism: the ordinary one and the
compactly-supported one. In the latter case, the class & is compactly-supported, therefore
X, X \ K). Following the same ideas as above,

it seems natural to define the product @ - 7*& as the class represented by g - 7* &g, but the

it is represented by a parallel class &y € hpar(

latter is a product of two parallel classes. Since both terms are relative, such a product

does not fit in the relative-absolute one, described in (1).
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Actually, we encounter the same problem when dealing with relative integration,
even in the compact setting. In fact, in this case we have to multiply a relative class by
a representative of the Thom class, the latter being parallel. Hence, we need again to

multiply two relative classes, but one of the two keeps on being parallel.

Tentative of solution. One possible and natural solution, that we could think, is to

“refine” the topological well know product for two cofibrations (X, A) and (Y, B).
h*(X,A) @z A (Y,B) = A (X x Y, (X x B)U(AXxY)), (2)

i.e., we would have the relative-relative “differential” product for cofibrations
R(X,A) @z h*(Y,B) = k(X x Y, (X x B)U(AXY)). (3)

The solution would be as follow: we have that @ € hye(E, H') and 7*@g € hypar(E, K),
where we set H' := E\ H and K' := E \ 7 !(K); therefore, using the product (3), we get
the class g x ™ag € hi"(E x E,(E x K') U (H' x E)). Then, applying the pull-back
through the diagonal embedding A : (E, K’ UH') — (E x E,(E x K') U (H' x E)),
we get U - Ty € ﬁ;:r”(E, K'UH'), where K'UH' = EN (7 '(K) N H). The subset
H C E is vertically compact, while the subset 77'(K) C E is “horizontally compact”;
thus, it easily follows that 7=*(K) N H is compact. This means that g - 7 &g represents a
compactly-supported class on F, that we call @ - 7*& by definition, hence we get the Thom

morphism T'(&) := 4 - 7.

Unlike the first case, this tentative of solution could be meaningless as we point out

now. Notice that, there are two important conditions that make the first case works well;

o the smoothness of the map p x idy when p and Y are also smooth;

« given two differential classes, & € h*(p) and 3 € h*(Y), with associated curvatures

’ V) = ) 1 = w 1 )
(that are closed forms), R(&) (w,n) € Q%(p) and R(S) w e QyY), the

associate curvature of the class & - 3 € lAl'(p x idy) is the well define wedge product

(w,m) Aw' == (wAW, nAW) € QY(p xidy). (4)

This two conditions, as we may notice, could not hold for the problem that we are facing.
In fact, first, when (X, A) and (Y, B) are smooth manifold pairs, (X x B) U (A x Y) is
not a sub-manifold of X X Y in general, and second, given two relative differential classes
aeh*(p: A— X)and 5 € h*(y: B—Y) with associated curvatures R(&) := (w,7) €
Q4 (p) and R(B) := (', 1) € Q2(7), the curvature associated of the class @ -  would be
the “wedged product” (w,n) A (', 7). Here is the problem, there is no natural definition

of the wedge product of two relative forms.

Nevertheless, this second situation can be modified, since in the problem that we

are facing, we do not need to multiply two generic relative differential classes, instead
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we multiply a relative class & € fz’(p) by a parallel one § € ﬁpar(Y, B) (by definition,
the curvature of a parallel class is a closed form that looks like an absolute form, i.e.,
R(B) :==w € Q(Y, B)), then, it could be possible to define this two forms similar to the

one on (4).

Two resolve the first situation, we must look for a suitable candidate “?” on the

codomain of the product below
- h*(p) ®z o, (Y, B) = h*(?), (5)

in such a way that when p is a smooth map and (Y, B) is a smooth manifold pair, our
missing candidate “?” should be smooth as well; moreover, when we consider B = &, in
(5), we should recover the particular product (1) and in the topological framework, when

p: A— X is a cofibration, the product
-1 h*(p) ®z h*(Y, B) — h*(7),

should be equivalent to (2).

Then, motivated by the problem already explained, we look for this suitable
candidate “?” that surely could not fit on the category of smooth manifold, smooth par of
manifold or a smooth map. Moreover, as in the relative case, we propose an axiomatic
framework for the differential cohomology groups of this new object, we establish a suitable
set of axioms to be satisfied by (5), in order to define axiomatically a multiplicative
cohomology theory in this extended sense. To complete the theory, we construct a natural
product of the form (5) in some relevant models of differential cohomology, i.e. differential
character for ordinary cohomology, the Freed-Lott model for K-theory and the Hopkins-

Singer model for any rationally even cohomology theory.

The work is organized as follows:

o In chapter 1, we give a brief summary of the axioms of relative cohomology theory.
The last section lays the topological foundations of the product between two relative
cohomology classes, i.e., classes that belong to cohomology groups of any map that is
not necessarily an embedding. As we will see, the intermediate case, i.e., the product
of two classes when one of them belongs to a cohomology group of an embedding,

will be useful for the construction of the relative-parallel product in chapter [2].

« Chapter 2 begins with a brief summary of the axioms of relative differential cohomol-
ogy. In a similar way we give the axioms of cohomolgy theory on maps of pairs, i.e.,
on the category whose objects are morphisms between pairs. In the next section, we
axiomatize the differential product. As we will see, it will be necessary to consider
cohomology on a higher category. We will be dealing with the category whose objects

are maps of n—tuples, which we shall call maps of finite sequences.
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o In chapters 3-5, we present three classic models of differential extension cohomology
on maps of pairs, and we construct the relative-parallel differential product in each

model.

— In chapter 3, the particular cohomology theory that we consider is the ordinary
cohomology, i.e., the singular cohomology with integral coefficients, and the
model that we choose for the construction of its differential extension is the

one of differential characters.

— In Chapter 4, the cohomology theory that we fix is the K —theory. Its differential
extension is given through the Freed-Lott model. We explain in detail the relative
version of this model, to which we paid particular attention in this thesis, both

in the topological and in the differential framework.

— In Chapter 5 we adapt the Hopkins-Singer model to the case of maps of pairs,
i.e, we prove that any cohomology theory on maps of pairs has a differential
extension. Moreover, we construct the relative-parallel product for rationally-

even cohomology theory.

o In chapter 6, we describe three important parts. First, in the topological (differential)
framework, we describe two versions of Thom isomorphisms (morphism) with the
differential compactly-supported Thom morphism being the most important for us
since its construction shows the necessity of using a more general product (namely, the
differential relative-parallel product) of the usual one. In the second part, we define
two versions of integration, namely, compactly-supported and vertically-compactly-
supported integration. As we will see, this is a more general case of the one given on
(RUFFINO; BARRIGA, 2018) since we do not ask that the compromised smooth

manifolds be compact. Finally, in the last part, we axiomatize the integration.

o In appendix A, we briefly recall the definitions and properties of push-outs and
homotopy push-outs that are useful for the construction of natural maps that will
lead us to define the product for two relative cohomology classes. We also adapt the
splittings of the Kiinneth sequence on the level of cycles on the context of maps of
pairs, which is crucial in defining the relative-parallel product of differential character

described in chapter 3.
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1 Preliminaries

In this chapter, we briefly review the axioms of relative cohomology in the topological
framework (see (RUFFINO; BARRIGA, 2018)), keeping in mind that the expression
“relative cohomology” refers to the cohomology groups of any continuous function, not
necessarily an embedding. In the last section, we construct the topological product in this
context as a preliminary step in order to define the parallel-relative product in the next

chapter.

We use the following notation:

C : category of spaces with the homotopy type of a C'W-complex or of a finite CW-

complex (depending on the cohomology theory we are considering);

C. : category whose objects are the ones of C with a marked point, and whose morphisms

are the continuous functions that respect the marked points;

Cs : the category of morphism of C;

taking the quotient of the morphisms of C, Cy and Cy up to homotopy (relative to the
marked point in C, ), we get the categories HC, HC and HCs respectively.

Ay . category of Z-graded abelian groups;

Ry . category of Z-graded commutative rings.

We define the natural functors Il : Co — C and II : HCy; — HC in the following way: to
each object p: A — X and morphism (f,g) : p — 1, we have II(p) = A and II(f, g) = g.

1.1 Relative cohomology.

A cohomology theory on Cy is defined by a functor h® : HCS® — Az and a morphism
of functors 3 : h® o IT — h**!, satisfying the axioms of long exact sequence, excision and
multiplicativity on path-connected components (the latter being redundant in the case of

finite CW-complexes), i.e.,

1) Long exact sequence: the functor h* and the morphism of functors 5* define a functor
from HC5 to the category of long exact sequences of abelian groups that assigns to

an object p: A — X the sequence:

*

C () S R(X) D hn(A) D o) = e
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where 7 is the natural morphism from @ — X to p : A — X, and to morphism
(f,g) : p — n the morphism of exact sequences: the corresponding morphism of exact

sequences.

2) Excision: if Z C A and A — X is a embedding such that the closure of p(Z) is

contained in the interior of p(A), then the morphism

ANZ 2 X\ p(2)

[ b

A—P X

induces an isomorphism between h*(p) and h*(p’).

Remark 1. Such a definition of cohomology theory is equivalent to the usual one on pairs
of spaces or on spaces with a marked point. In fact, starting from a reduced cohomology
theory on HC,, the cohomology groups of a morphism p : A — X are defined as the
reduced ones of the cone C'(p) := X Ly C'A, and the axioms are satisfied. Conversely, if we
start from the axioms on the category HCs, then h®(p) is naturally isomorphic to h*(C(p)),
hence the theory is the unique possible extension to HCs of a reduced cohomology theory
on HC,.

1.1.1 Relative S'—integration

We also recall the definition of the topological S'-integration map on relative

cohomology,

/51 B (idgs X p) — B*(p). (1.1)
Let p: A — X be a morphism and fix a marked point on S*. Consider the natural maps
i1 p — idgr X p and m 1 idgr X p — p with its induced maps C(i1) : Cp = Ciag xp
and C(my) : Ciag, xp — Cp. Since C(m) o C(i1) = idg,, we have the following split exact
sequence:

= C(m)* =~ *
0 —— B (Clagxp/Cp) — 5 B (Ciagung) % B*(C,) —— 0,

where C(7) : Ciag, xp = Ciag xp/Cp- Defining h*(i1) := h*(C(i1)) ~ h* (C’idslxp/Cp) , We

get the split exact sequence:

0 —— B*(i) — h*(idgi X p) — s h*(p) — 0, (1.2)
v v
: -

were &(a) = (%)Y« — 7}iia). Using the natural isomorphism

s (i) = B* (Clag, xp/Cp) 2 B*(S(C,)) = h*7H(C,) ~ h* ! (p);
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we get from (1.2)
h*(ids1 x p) = h*~'(p) ® h*(p). (1.3)
The S*'—integration map is defined by the composition [q1 = s o ¢&.

To finish this first part, lets us recall that given a morphism p: A — X, the group

h*(p) has a natural external product over h*(X) as follow:

he(p) @z h*(X) =~ h*(C,) @z h*(X;) — h*(Cy A Xy) ~ h*(Couiay) = h*(p x idx). (1.4)

1.1.2 Product in relative cohomology.

In appendix (A.1), we briefly recall the definition of push-out and homotopy push-
out and give some results that are useful to introduce the product for two classes in relative

cohomology.

Given two maps p: A — X and n : B — Y, denote their cartesian product by
pxn:AxB — X xY. By definition, a multiplicative cohomology theory on Cs is endowed

with an internal product in h®, and we can easily define the exterior product

h*(p) @ h*(n) — h*(p x n)

(@, ) = ma-mp,

where m : p X n — pand m @ p X n — n are the natural projections. When p and n
are embeddings, we get the exterior product h*(X, A) x h*(Y,B) — h*(X x Y, A x B).

Actually, for cofibrations, we can also define the following more general product:
th* (X, A) x h*(Y,B) > h*(X XY, (X x B)U(AXY)) (1.5)
as follows: since X x Y/((X x B)U (A xY)) ~ (X/A) A (Y/B), we have

h*(X,A) x h*(Y,B) ~ h*(X/A) x h*(Y/B)
— h*(X/ANY/B)

27‘°<<X><§>CZ4><Y>>

~h*(X XY, (X xB)U(AxY)).

The product (1.5) can be generalized for any generic maps p : A — X and
n: B — Y. For this purpose, as an intermediate passage, the idea is to try to construct a
natural map through homotopy push-out such that, its induced morphism in cohomology,

will help to define such product.

In fact, consider the homotopy push-out of the maps p xidg : A x B — X x B and
idg xn:Ax B— AxY, as we can see in example (4) of the appendix, it is a quadruple
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(P V1, J(xxB), Jaxy), ), where
(X XxB)U(AxBxI)U(AXY)

~Y

pVn:=(XxB) [[(AxY)=

is the space defined through the identifications (see the picture below):
(a,b,1) € Ax Bx I~ (a,nb)) € AxY and (a,b,0) € Ax Bx I~ (p(a),b) € X x B.

The homotopy F : jiaxyyo (ida xn) =~ jixxpyo (p xidp) is defined by F(a,b,t) = [(a,b,)].

PV

X x B

AxBxI

AxY

We now consider the homotopy push-out of the maps p x idg and id 4 x 1 defined by
the quadruple (X xY,idx x 7, pxidy, G), see diagram (1.6), with G : (pxidy)o(ids x7n) ~
(idx xn)o(pxidp) being the trivial homotopy, by definition of homotopy push-out 48, there
is a function pAn : pVn — X xY and two homotopies, H : idx x 1 ~ (pAn) o jixxp) and
K :pxidy ~ (pAn)o jaxy), such that the following diagram is homotopy commutative

Ax B 295 x « B

J(idAXn Jj(XxB) idx 7
JAxY)

Axy 129 5ug

T~ pAn
Ty
X xY,

pxidy

(1.6)

we can easily see that the map p A 7n is defined by

pAN:pVN =X XY
[(z,0)] = (2,7(b))
[(a,9)] = (p(a), y)
[(a,b,8)] = (p(a),n(b))-
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Lemma 1. Considering the mapping cones of p, n and pAn. We have a canonical(pointed)

homeomorphism C,n, ~ C, A Cy, uniquely determined up to homotopy equivalence.

Proof. We fix a function © = (01,0,) : I x I — I x I with the following properties:

« O(I x {0}) = {(0,0)};

o the restriction O : I x I\ I x {0} — I x I\ {(0,0)} is an orientation-preserving

homeomorphism;
« O({0} xI) ={0} x I

e O x{1})=Ix{1}U{1} x I;

O{1} xI)=1 x {0}.
Such a function is unique up to homotopy. A fixed choice may be

s(2t,1) for0<t<3
O(t,s) :=
s(1,2 — 2t) for 1

Now, we define the following map

\Ij@ : Cp/\n — Cp/\On

It is not difficult to see that Vg is a well defined homeomorphism.

Informally, keeping in mind the picture above, we could think that Ug identifies
X xY with X x Y, the cone C(X x B) with the space X x C(B)/ ~, the cone C(A X Y)
with the space C'(A) x Y/ ~ and the cone C'(A x B x I) with the space C(A) x C(B)/ ~.

Given any other function ©' = (0/,0%) : I x I — I x [ satisfying the conditions
above, it is easy to prove that g and Vg are homotopics. Moreover, any such Vg is

canonical, since O is fixed a priori, independently of p and 7. O

Corollary 1. There exists an isomorphism between the two functors from Cy X Cy to Co,
defined on objects by (p,n) — Cyny and (p,n) — C, A C,, that can be determined in an

essentially unique way.
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We now define the exterior product
x :h*(p) @z h*(n) — h*(p A1) (1.7)
through the composition
R (C,) x R (Cy) — B*(Cy A Cy) ~25 R (Ciopy)-

This product does not depend on the homotopy class of ¥g (hence on the choice of © in

the construction).

1.1.2.1 Product and cofibrations

In the particular case when one of the two maps is a cofibration, e.g. n, we can

apply the isomorphism (A.6) and replace the homotopy push-out. In particular, we set
pYn:=(X xB)Uaxp (AXY)
and we define the function
pAn:p¥n— X XY (1.8)
through the following homotopy commutative diagram:

AXBLMB>X><B

idaxn JXxB .
ldX Xn

AxY 2, pvy

pxidy X xY.

It follows that pAn is defined by (z,b) — (x,n(b)) and (a,y) — (p(a),y). We get diagram

(A.5) with the spaces we are considering now:
pvn - X XY
Jp Jid (1.9)
oV M X &Y,
hence the isomorphism (A.6) takes the form
(id, p)* : h*(pAn) — h*(p A ). (1.10)
Composing the product (1.7) with the inverse of the isomorphism (1.10), we get the
product
x 2 h*(p) @z h*(n) — h*(pAn). (1.11)
If both p and n are cofibration, then p¥n = (AXxY)U(X x B) and pAn is the corresponding

inclusion in X x Y | hence we recover (1.5).

In particular, taking n : @ — Y on (1.11), we get the exterior relative-absolute
product h*(p) ®z h*(Y) = h*(p x idy ), given on (1.4).
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1.2 Cohomology theory on maps of pairs

A cohomology theory can be defined on a single space X, i.e., as a functor from
the opposite homotopy category of C to Az or Ry. As described in section 1.1, we can
extend the definition to generic maps p : A — X, i.e., we can replace C by the category Cs,
the objects of the latter being the morphisms of C. In principle, we can further generalize
this construction, replacing Cy by the category (Cz)2, whose objects are the morphisms of
Cy. This means that we define the cohomology groups h®(p,n), where (p,n) : f — g is the

following morphism between the objects f and g of Cs:

A’%A

£ | (1.12)

X —97% X

The definition can be given axiomatically (requiring excision, long exact sequence and
multiplicativity on path-components), or through the mapping cone. In fact, the morphism
(p,n) induces the (pointed) map C(p,n) : Cy — C,, hence we set h*(p,n) := h*(Copm),
where C' denotes the reduced cone. Actually, since Cy and C, are well-pointed, the reduced
cone C’C(pm) has the same homotopy type of the unreduced one; hence, we have the

canonical isomorphism

h*(p,n) =~ h*(C(p,n)), (1.13)

that might also be used as the definition. We could keep go on in this way, defining a
functor on ((C2)2)2, and so on.

Of course we are not going to deal with such a generalization at any level, but only with
the following picture. Between the definitions on C and on C; (i.e., on single spaces and
on maps), we have the intermediate step of pairs of spaces that is the usual definition of
relative cohomology. We denote by C} the full subcategory of C; whose objects are pairs.
Consequently, between the definitions on Cy and (Cy)2, we get the intermediate step (C5)a,
i.e. we define the cohomology theory on the category of morphisms of pairs. This means
that we suppose that f and g are inclusions of a subspace in diagram (1.12). This implies
that 7 is necessarily the restriction of p, hence we are dealing with objects (not morphisms)
of the following form:

(p, )+ (A, A) = (X, X'),
ie, p: A— X is a map such that p|a = p'.

Remark 2. Sometimes when there is no risk of confusion, we will just write p := (p, p’).

We review more in detail the axioms of cohomology theory on (C))s as sketched

above.

e An object of (C})s2 is a map of the form (p, p’) : (A, A") — (X, X');
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e a morphism between the objects (n,7') : (B,B’) — (Y,Y’) and (p.p) : (4, A") —
(X, X') is a pair of maps, (, ') : (Y,Y") = (X, X') and (3,¢') : (B, B)) — (4, 4'),

making the following diagram commutative:
(B,B) —" 1, (v,v")
J(g,g’) J(f,f’) (1.14)
(4, 4) 2 (X X",

A homotopy between two morphisms ((fo, /), (90, 90)), ((f1, /1), (91, 91)) = (0,0') = (p, ')
is a morphism ((F, F"),(G,G")) : (n,n') x id; — (p, p'), where id; is the identity of the
interval and (n,n) x id; : (B x I,B' x I) — (Y x I,Y’ x I), such that, for i = 0,1, we
have (F, F')| v xqayyxqiy = (fi, J{) and (G, G')|sx iy xq1y) = (95 97)-

Taking the quotient of the morphisms of (C})s up to homotopy, we define the cate-
gory H(Ch)a2. We have the natural functors I : (C5)s — C5 and II : H(C})a — HCs, defined
in the following way: if (p, p') is the object, then II(p, p) := (A, A"); if ((f, "), (g,4")) is
the morphism (1.14), then II((f, f'), (9,9")) :== (9,4’)-

A cohomology theory on (Cj)s is defined by a functor h® : H(C)5® — Az and a

morphism of functors 3° : h® o IT — h*T!, satisfying the following axioms:

e Long exact sequence: the functor h® and the morphism of functors g°® define a functor
from H(C})2 to the category of long exact sequences of abelian groups that assigns
to the object (p, p') : (A; A") — (X, X”) the sequence

N hn(p, pl) ﬂ, hn()(’ X')(pg)*h”(A,A’) g h”+1(p, p/) ..

?

(7 being the natural morphism from (&, @) — (X, X’) to (p, p')) and to a morphism

the corresponding morphism of exact sequences,

o if Z C A and W C X' are subspaces whose closure is contained in the interior of

the bigger space, in such a way that p(Z) C W, then the morphism

(A\ Z, A\ Z) —P20 (x \ W, X'\ W)

b !

(A,AI) (") (X, X/)

induces an isomorphism between h®(p, p’) and h*(p, p'), where the morphism p is the
restriction of p to A\ Z.

Remark 3. If necessary, we must add the multiplicativity axiom (MILNOR, ) that is

enough to state in its absolute version. Such a definition of cohomology theory is equivalent
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to the usual one on pairs of spaces or on spaces with a marked point. In fact, starting
from a reduced cohomology theory on HC., the cohomology groups of a morphism
(p,p) : (A, A") — (X, X') are defined as the reduced ones of the reduced mapping cone
of the induced map C(p,p') : C(X,X') — C(A, A’) between the corresponding relative
cones, and the axioms are satisfied. Conversely, if we start from the axioms on the category
H(Ch)s, we can prove that h*(p, p') is naturally isomorphic to h® (C’C(p,pl)>; hence, the

theory is the unique possible extension to H(Cj)s of a reduced cohomology theory on HC., .

The cohomology theory h*® is called multiplicative if it can be refined to a functor
h* : H(C))2 — Rz, in such a way that the product satisfies a suitable compatibility
condition with the morphisms 3°. The isomorphism h*(p,p’) ~ l}‘(éc(pmr)) is a ring
isomorphism; hence, the product in relative cohomology is canonically induced by the one

on the corresponding reduced cohomology theory.

1.2.1 Some preliminary results.

We now apply the previous construction, given on section 1.1.2, to products, we

state some lemmas that will be useful in the following.

Lemma 2. If (A, A") and (X, X’) are cofibrations, then the cohomology groups of the
map (p,p') : (A, A") — (X, X") are canonically isomorphic to the ones of the projection
prAJA — X/ X'

Proof. Considering the pointed map (p, p') : (A4/A", A'JA") — (X/X', X'/ X"), the natural
projection morphism (p,p’) — (p,p’) induces the canonical isomorphism h®(p,p’) ~
h*(p, p'). In fact, it is enough to apply the five lemma to the corresponding long exact

sequences:

e BN AJAY) s B ) —— B(X/XT) —— B (AJA)) —— -

l | | J

c—— YA A) —— h(p,p)) —— (X, X') —— h*(A A, —— -
The natural morphism p — (p, p’) induces the following morphism of long exact sequences:

oo —— BN AJA) —— b (p,p) —— h(X/X' %) —— h*(AJA %) —— -

J | | |

o — h*HAJA) ——— B (p) ——— W (X/X) ——— h*(AJA), ——— -

since h*(X/X') ~ h*(X/X') @ h*(pt) and h*(AJA") ~ h*(AJA") @ h*(pt) canonically,
cutting h®(pt) on both groups we obtain reduced cohomology on both lines of the previous

diagram. Therefore, because of the five lemma, we get the canonical isomorphism h*(p) ~
h*(7.7). O
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Lemma 3. Let us consider a map (p,p') : (A, A") — (X.X'). The corresponding mapping
cones form the pair (Cp,Cp'). We have the canonical isomorphism h*®(p, p') ~ h*(Cp, Cp').

Proof. 1t follows from (1.13) that h®*(p,p’) ~ h*(C(p,p’)), where C(p,p’) : C(A,A") —
C(X, X’) is the induced map between the relative mapping cones. We have that h®(p, p') ~

h*(Ce(p,pry) and we have the canonical homeomorphism Ce, ) =~ C(Cp,Cp') . It follows
that 2*(Coq,,p) = h*(C(Cp,Cp')) = h*(Cp, Cp). O

Corollary 2. If (A, A’) and (X, X') are cofibrations and p' : A" — X' is a homeomorphism,
then the cohomology groups of (p,p') : (A, A") — (X, X') are canonically isomorphic to the
ones of p: A — X.

Proof. 1t follows from lemma 3 that h*(p, p') ~ h*(Cp,Cp’). Since p is a homeomorphism,
Cp' ~ CA’, hence it is contractible. Since (A, A") and (X, X”) are cofibration, the embed-
ding Cp' — Cp is a cofibration too, hence Cp and Cp/Cp’ have the same homotopy type.
Hence, h*(Cp, Cp') =~ h*(Cp/Cp') ~ h(Cp) =~ h*(p). O

Lemma 4. Let us consider the following data:

e an adjunction space A Uy B, defined through a cofibration A — A’ and a map
f:A = B;

e amap pa: A— X and a cofibration pg : B — X, such that pgo f = (pa)|ar;

e the map p: AUy B — X induced by pa and pp.

We have the canonical isomorphism

W (p: AUw B — X) =~ h*(pa: (A, A) — (X, B)).

Proof. 1t follows from the hypotheses that B < A iy B is a cofibration too. Identifying
B with its image through pp, it follows from corollary 2 that h®(p : AUax B — X)
is canonically isomorphic to h*(p : (AU B,B) — (X, B)). We consider the natural
morphism (idx, 7) : pa — p, defined as follows:

(A, A —2 5 (X, B)

|7

(AUy B,B) —— (X, B).

idx

Since both the domain and the codomain of 7 are cofibrations and, since we have the
canonical homeomorphism A/A’ ~ A4 B/B, the pull-back 7* is an isomorphism. Hence,

it follows from the five lemma that (idx,7)* is an isomorphism too. O
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Corollary 3. Let us consider a map p : AUB — X such that ANB — A andp|g: B — X

are cofibrations. We have the canonical isomorphism

h*(p: AUB — X) ~h*(p|la : (A, AN B) — (X, B).

Proof. 1t is enough to choose A’ = AN B in the statement of lemma 4, the function f
being the embedding A N B — B and p4 and pp being the restrictions of p. O]

1.2.2 Sl-Integration on cohomology of maps of pairs

We now define the S'-integration map on relative cohomology on maps of pairs,

ch* T (idgr x (p, ') = h®(p, p).
S1
Let (p,p/) : (A, A") — (X, X’) be a morphism and fix a marked point on S*, consider the
natural maps iy : (p, p') — ids X (p,p') and 7 :idg1 X (p, p’) = (p, p’) with its induced
maps
Cidsl Xp Cp

Cidsl xp' Cp,

Op Cids1 Xp

Cpl Cidsl xp'

and C(m) :

Since C(m1) o C(i1) =idc,/c,,, we have the following split exact sequence:

0 — B' Cidél xp' C(m)* 71. (Cidsl ><p> C(i1)* Bo <Cp> . O’
P Cid51 xp' Cp/
Cy
or equivalent, the split exact sequence:
0 he (C.dm ><P/’ C’i) % h® (CidSIXP’Cidslxp’> L) he (Cpacp’) 0,
dg1 Xp p

Defining

Ci 1 X
e (G ).
idg1 xp’ o

and using lemma 3, we get the split exact sequence:

0 —— k(i) " h*(idgi % (p, ') —— h*(p,p)) — O,

~N_ —  ~ -

13 wF
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were &(a) = (%)Y« — 7w}iia). Using the natural isomorphism

Oidsl Xp CidSIXP

Cid X c > = Cid x p’ ~ C

s:h%(ip) = ht | =22 2P )~ p | S5 e £
(41) (Cids1><p/ Cy C, Cliag o/

Cp/ Cp,

~ D (XC,/ECy) ~ h® (X(C,/Cy)) ~ et (Co/Cor) = 1" (p, )

we define the S'—integration map as the composition [q = s o ¢&.

1.2.3 Maps of pairs and product

Let us consider the function pAn : p¥Yn — X X Y defined in (1.8), and notice that,
replacing the data A, B, A’, f, pa and pp respectively by A x Y, X x B, A X B, p X idp,

p X idy and idx x n on the statements of lemma 4, we get the isomorphism
h®(pAn) ~ h* (p X idy,p) : (AXY,Ax B) = (X xY, X x B)) = h*(p x idy, p X idp);

thus, denoting the cofibration 7 as the pair (Y, B), we can formulate the product (1.11) as

follows:
X :h*(p: A= X)®zh*(Y,B) = h*(p x id(y,p)) = h*(p x idy, p x idp). (1.15)

We could equivalently obtain (1.15) directly through the mapping cones. In fact, using

lemma 3 and the canonical homeomorphism C, A Y/B ~ Cyiq, /Cpxidy, We have

B(C,) © W*(Y/B) — K*(C, A Y/B)
~ h*(Couidy /Coxidy)
~ h*(Cyxidy > Coxidy)
h*(p x idy, p x idp).

This is the most satisfactory formulation for our purposes, since it can be restricted to

pairs and maps of smooth manifolds without any extension of the notion of smoothness.

1.3 Cohomology theory on finite sequences of space

In order to axiomatize the differential relative-parallel product that we will explain
in the next chapter, we are compelled to generalize the product (1.15) in the following
way.

We generalize a cofibration (X, X’) to a finite sequence (X, X, ..., X,) such that
X; C X, no necessarily X; C X;;1, and (X, X;) is a cofibration for all i = 1,... k, and,
a map of pairs (p,p') : (A, A) — (X, X') to a map of finite sequences that we denote



1.8. Cohomology theory on finite sequences of space 33

by (p,p1,---ypn) : (A AL ... A) — (X, Xq,...,X,), i.e, amap p: A — X such that
plai = p; for every i. We denote this map by (p, 7) : (4, 4,) = (X, X,.).

Denote by C! the category whose objects are finite sequences of this form (of
any length) and whose morphisms are the corresponding maps. Morphisms between two
sequences of distinct lengths are well defined, completing the shortest one with empty
spaces (equivalently, we may think of an object (X, )?n) as an infinite sequence whose
elements are eventually empty). We denote by (C!)), the category of morphisms of C!. It
follows that an object of (C"), is a map (p, 7,) : (4, 4,) = (X, X,,) and a morphism from
(0,77) = (B, B,) = (Y, Y,) to (p, 7,) is pair of maps ((f, f), (¢, n)) making the following
diagram commutative:

(B, B,) T (v, ¥,)

l(g,g*n) l(f,ﬁl)

(A, A,) 7 (xR,

We have a natural functor C/, — Cy defined on objects by

(X, Xq,...,X,) = (X, XjU...UX,)
and on morphisms by
((p, Pn) (A AL, . A = (XX, X)) = (p (AA UL UA,) — (X, XU UX)).

This functor naturally extends to (C.,); — (C3)2; therefore, we define the topological

cohomology theory h*® on (C!)y by composition. Basically, this means that
R (X, X1, Xn) == (X, X1 UL UX,), (1.16)

with the corresponding definition of pull-back. Equivalently, we can state the axiom of
cohomology theory on (C!))s as we did in section 1.2, simply replacing a pair of the form
(X, X") or (A, A’) by a finite sequence of the form (X, )Z'n) or (A, En) Such a theory is
completely determined up to equivalence by its restriction to (C%)s, since it satisfies (1.16),
the latter becoming a canonical isomorphism instead of a definition. Now, using the results
of subsection 1.2.1 appropriately, it is possible to generalize the product (1.15), i.e., given

a map of finite sequences (p, 7,) : (4, A,) — (X, X,,) we have
x 2 h*(p, fn) @z (Y, B) = B*((p, fn) Xidy.5,)) = h*(pxidy, pxidy , f, xidy), (1.17)
explicitly, the group on the right h*(p x idy, p x id3 , pn X idy) is given by

R (AXY, AXxBy,...,AX B, Ay xY, ..., A, xY)
- (X XY, X xXBy,...,. X xB,, X; xY, ..., X, xY)).
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2 DIFFERENTIAL COHOMOLOGY ON
MAPS OF PAIRS

In this chapter, we briefly review the axioms of relative cohomology in the differential
framework. In a similar way, we state the axioms of relative cohomology on maps of pairs.
Finally, in the last section, we describe the differential relative-parallel product, tools that
we have been announcing in the introduction and will be useful for the applications the

we describe on chapter 6.

2.1 Summary on relative differential cohomology.

Let M be the category of smooth manifolds or of smooth compact manifolds (even
with boundary). We consider a cohomology theory h*, defined on a category including M.

We use the following notation:

h® = h*({pt}), by :==b* @z R.

We consider the category My of morphisms of M. For any object p: A — X of My, we
call ch : h*(p) — H3z(p, bk) the generalized Chern character.

Definition 1. A Relative differential extension of h® is a quadruple (if’ R,1,a), where
he MP — Az is a contravariant functor together with natural transformations of
Az—valued functors: R : h*(p) — Q%(p,he) called curvature, I : h*(p) — h*(p) and
a: Q" (p,by)/Im(d) — h*(p), such that the following two diagrams are commutative:

h=Y(p) — Q*(p, bg) /Im(d) — h*(p) —L— h*(p) ——— 0

T b J

Q(.:l<p7 hI’&) L H(;R(pa b[’&))

(2.1)
with an exact upper horizontal line.
he(p) ——— *(X)
lcov J{p* (22)
QO H(A) — h*(A),

where 7 is the natural morphism from @ — X to p: A — X and cov(p) is the second

component of the curvature R(p).
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Definition 2. A class & € h*(p) is called flat if R(&) = 0, and it is called parallel if
cov(@) = 0. We denote by h8(p) and he, (p) the subgroups respectively of flat and parallel

par

classes.

Given a functor F : My — C, it induce a new functor SF : My — C defined by
SFp:= F(ids: x p) and SF(f,g) :== F(ids1 x f,idg x g). Moreover, given a morphism
t: S — S we consider the morphism (¢ x idy,t x idy) : idg1 x p — idg1 X p.

Definition 3. A relative differential extension with integration of h® is a relative differen-

tial extension (iL’, R, 1,a) together with a natural transformation:

E Shett 5 he
s

such that:
I1. for t : S* — S defined by t(e?) := e then [q o(t x idx,t x ida)* = — [q1;
I2. [¢1 om} =0, where 7y : idg1 X p — p is the projection;

13. the follows diagram is commutative

/R\
Q°*(idgr x p; bs)/Im(d) —2> h*ti(idgr x p) —— h*T(idg: x p) Q% (idgr X p; %)
lfsl stl |fsl |fsl
Q=1 (p; b) /Tm(d) —"——— 7*(p) ————— h*(p) Q2 (3 b%).
R-1

(2.3)
where the first and last vertical arrows are defined by [¢1(w,n) := (fs1 w, [s1 1), and,

the third one is the topological S'—integration defined in the previous section .

Assume now that h® is a multiplicative cohomology theory, in particular Q°(p; b)
and H*(p; by) are Az-graded rings.

Definition 4. A multiplicative relative differential extension of h® is a relative differential
extension (ﬂ‘,R,I ,a) such that, there is a natural right ﬁ'(X )-module structure on
h*(p), the transformations I, R are multiplicative and for every & € h*(p), § € h*(X),
(w,m) € Q%(p; br)/Im(d) and w' € Q*(X; h%)/Im(d), the identities hold:



2.2.  Differential cohomology on maps of pairs 37

Remark 4. When p : A — X is a closed embedding, we denote 2*(p) also by h*(X, A).
Restricting to the case A = @, we obtain an absolute differential extension of h® given in

(BUNKE; SCHICK, 2010).

2.2 Differential cohomology on maps of pairs

We call M the subcategory of C whose objects are smooth manifolds or smooth
compact manifolds (even with boundary) and whose morphisms are smooth maps. The
categories Ms, (Ms), and so on are defined from M similar to the corresponding ones
from C. The full subcategory M’y of Mj is the one whose objects are closed embeddings
(equivalently, manifold pairs), that are in particular cofibrations. It follows that M’; is a
(non-full) subcategory of Cy The category (M's)s is defined similarly to (C'2)2 and it is a
subcategory of the latter.

2.2.1 Axioms of differential cohomology.

Since we are dealing with cohomology theories on (C's)s, it is natural (and necessary
for us) to consider the corresponding differential extensions on (M’sy)s; hence, we briefly
state the corresponding axioms following (RUFFINO; BARRIGA, 2018) [section2.3].

We begin defining the de-Rham complex in this framework. Given a manifold
pair (X, X’), we call Q°(X,X’) the complex of smooth differential forms on X that
vanish on X’. Given a smooth map of manifold pairs (p, o) : (A, A") — (X, X’), we call
Q*(p, p') the cone complex of (p, p')* : Q*(X, X") — Q*71(A, A'), i.e., the cochain complex
Q' (X, X" Q*1(A, A') with coboundary d(w,n) = (dw, p*w — dn). We get the following

short exact sequence of chain complexes:

0 — (Q (A, A);—d* 1) 5 (Q%(p, p); d?) > (Q%(X, X);d") — 0,

where i(n) = (0,7) and m(w,n) = w. We denote by H3z(p, p') the cohomology of Q*(p, p'),
i.e., the de-Rham cohomology of (p, p').

For any object (p, p') : (A, A") = (X, X') of (M's)s, we call ch : h*(p, p') — H*((p, p'); bR)
the generalized Chern character (HOPKINS; SINGER, 2005) [sec. 4.8 p. 383].

Definition 5. A differential extension on maps of pairs of h* is a functor h® : (M’'y)5" —

Ay together with the following natural transformation of Az;—valued functor:

o I:0%(p, o)) = h*(p, ) ;
o R:h*(p,p') = Qu(p, p'); bt) called curvatura;

® a: Q"l((p, 0');br)/Im(d) — B.(Pa r),
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such that:

Al. Roa=d;

A2. the following diagram is commutative:

~

h*(p, p') ———— h*(p,p)

| Jo

Q4((p, 0); b%) —= Hir((p,9); b2);
A3. the following sequence is exact:
h*=t(p, p') = Q" ((p, p'); bR) Tm(d) > B (p, p) = B*(p,p) — O;

A4. calling cov(p, p') the second component of the curvature R(p, p’) and 7 is the natural
morphism from (@, @) — (X, X’) to (A, A") — (X, X’), the following diagram is
commutative:

Wt (p, pf) —Zs (X, X)

l |

Q- H(X, X)) —— he(A,A),

where h*(X, X’) denotes the cohomology of (&, @) — (X, X').
We also call h* differential cohomology theory on maps of pairs.

When A" and X’ are empty, we recover the usual notion of relative differential
cohomology on maps of spaces (RUFFINO; BARRIGA, 2018). If A is empty too, then we
get differential cohomology on absolute spaces (BUNKE; SCHICK, 2010).

Definition 6. A class & € h*(p,p') is called flat if R(&) = 0 and it is called parallel if
cov(&) = 0. We denote by hg(p, /) and hS,.(p, p') the subgroups respectively of flat and

par

parallel classes.

2.2.2 Parallel classes.

When dealing with parallel classes, we use the following notation:

o Q8(p, p) is the sub-group of Q°(X, X’) containing the forms w such that p*w = 0;
o 02 0(p, p') is the intersection between 25(p, p') and Q% (X, X') ;

o Q% o(p, ) is the subgroup of QF ;(p, p') containing the forms w such that the relative
cohomology class [(w,0)] € H3g(p, ') belongs to the image of the Chern character.
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If (w,0) is the curvature of a parallel class, then w € Qf ,(p,p'). We get the functor
he - (M'5)s? — Az, together with the following natural transformations of Az-valued

par

functors:

o I': 0%, (p,p)) = h*(p,p'), which is the restriction of the functor I;

par

o R:ht, (p o) — Q2 0((p, 0'); k), which is the first component of the curvature R;

par

o Q5 ((p, p); b%)/Tm(d) — B2, (p, o), defined by a(w) := a(w, 0).
Parallel classes are well-behaved when p is a closed embedding. In this case they satisfy
four properties analogous to axioms (A1) — (A4) in definition 1 or 5. We remark that, in
the case of a closed embedding, parallel classes on (A, A’) < (X, X') are equivalent to the
ones on (X, AU X’), but (X, AU X’) is not a submanifold in general. Actually, we will see
that this is not a problem since we can deal with a finite union of submanifolds as well,
but we can avoid this little generalization at this stage, since in the following sections, we

will only need to deal with parallel classes on pairs, not on maps of pairs.

All of the main properties and results about relative differential cohomology stated
in chapters 2 — 5 of (RUFFINO; BARRIGA, 2018), can be reproduced in the framework
of maps of pairs adapting the proofs in the straightforward way, as an example, due to the

relevance in this thesis, we state two results.

Proposition 1. For any smooth map of manifold pairs (p,p’) : (A, A") — (X, X’), we
have the following short exact sequence:

~

0 —— hal(p,p) —— hyarlp, p') —2— Q%0(p, o) — 0.

Proof. Tt is enough to prove that R’ is surjective. Let w € Qg o(p, '), by definition of
Q%.0(p, p) there is class a € h*(p, p') such that ch(a) = [(w, 0)], from the sequence of axiom
A3, the morphism I is surjective, then there is a class & € h*(p, p) such that I(&) = a,
axiom A2 shows that [R(&)] = ch(I(&)) = [(w, 0)], so that there is a form (w', 1) € Q*(p, p)
such that R(&) = (w,0) + d(w', ), by axiom Al we have R(& — a(w’,n’)) = (w,0). Thus,
there is a parallel class & — a(w’,n’) such that R'(& — a(W', 7)) = w. O

Proposition 2. If he is differential cohomology theory on maps of pairs with S'— inte-

gration, then the flat theory }AL;Z is a cohomology theory on (Mas)s.

2.3 Relative-parallel product.

Assuming that the theory h® is multiplicative, we require that the topological

product (1.15) be refined in the differential framework to the following product between
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relative and parallel classes:
x : h*(p) @y ﬁ;ar(Y, B) — h*(p x idy,p)) := h(p x idy, p x idp), (2.4)

in such a way that:

e I(ax §) = I(a) x I'(5);
o R(ax B)= R(a)AR(B);
o axdw)=a(R(a) \Nw) ;

d a(Wﬂ?) X 0= a((Wﬂ?) N Rl(ﬁ))

This is the product that we have been stating in the introduction. With this formulation
we can see that given a smooth map p : A — X and smooth manifold pair (Y, B), the map
of pair p X id(y,p) is a smooth map of pair; moreover, given a relative class & € ﬁ'(p) and

A

a parallel class 3 € he, (Y, B) their curvatures R(&) and R'(3) can be multiplied through

par

the wedged product

N Q% (p) @z Q°(Y,B) — Q°(p x idgy,p)) = Q*(p x idy, p x idp)
(W, ANw' := (w AW, nA).

This is the most relevant formulation for the applications that we are going to show;
however, we cannot achieve a complete axiomatization since the condition of associativity

could not hold, e.g., let & € h*(p), § € he,.(Y,B) ~ he, (1:Y < B) and 4 € h%,.(Z,C),

par par par
we have 8 X 4 € hpar(t X idy,p)) but & x (5 x %) € h(?).
Actually, in order to find a suitable axiomatization, as we anticipated in the previous
section, we will need to further generalize the product (2.4). In fact, it can be generalized

refining the topological product (1.17) as follows

X 2B (0. 7)) @2 B (V. B) = B*((p, ) % gy ) = B*(p x idy p x i, % idy).
(2.5)

Notice that, in particular, for n = 0 and m = 1 we get (2.4). Now, we can state the axioms.

Definition 7. A multiplicative relative differential extension of h® is a relative differential
extension (ﬁ’, R, I,a) such that, there is an external product on ﬁ’(p, Pn) OVer fzpar(Y, Em),

of the form (2.5), in such a way that

(My) Mized associativity : for every & € h*(p, ), § € ﬁ;ar(Y, B) and 4 € h},.(Z,C) we
have that
(@ x B) x 7=ax(Bx4).

The product 3 x 4 is given on the cohomology of (Y x Z)Y x C,B x Z).
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(Ms) Graded-commutativity on parallel classes: for every & € he (X, A) and 3 € he (Y, B)

par par

we have

Bxa=(-1)"axp,
up to the canonical identification (X x Y, X x BJAxY), (Y x X,Y x A, B x X),
the two terms Y x A and B x X being interchangeable.

(Ms) Distributivity : (6 + ) x4 = (@ x4) + (B x4) and & x (B+74) = (& x B) + (& x 7)

whenever these operations make sense.
(My) Unitarity : There exists the unit element 1 € h%(pto).

(Ms) Compatibility with the natural transformations of h* : The following identities hold:

o I{ax 8) = I{a) x I'(8);
e R(ax 8) = R(a) A ()
e axd(w)=a(R(a)A\w);
o alw,n) x B = a((w,n) A R())

Notice that, given two manifold pairs (X, A) and (Y, B), we could have the following

products

h2 (X, A)@zh%, (Y, B) = 1%, (A < B)®3h2,. (Y, B) = hpar((AxY, AXB) — (X xY, X xB))

par par

R (X, )@z (Y, B) = 12, (2, 9) — (X, A)@275,. (Y, B) = hpar (X XY, XxB, AxY);

par par

and apparently associativity would not make sense; however, it is not a problem since it is

possible to prove that
Bpar (A X Y, AX B) = (X XY, X X B)) ~ hpar(X XY, X X B,AXY),

so, axiom M; makes sense. Moreover, given a manifold triple (X, A, B), the following
isomorphism holds:
hpar(X, A, B) = hpar(X, B, A),

thus, axiom M, makes sense.
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3 Differential characters

In this chapter the fixed cohomology theory h® will be ordinary cohomology, i.e.,
singular cohomology with integral coefficients that we denote by H*®. We consider its

differential extension H*, realized through the model of differential characters.

3.1 Review on relative differential characters

We begin by briefly reviewing the definition of relative differential characters given
in (BdR; BECKER, 2014), (BRIGHTWELL; TURNER, 2004) and (ZUCCHINI, 2003).
The definition and properties of differential characters on the absolute case is given in
(CHEEGER; SIMONS, 1985), the original source.

Given a smooth map of manifolds p : A — X, we call C§™(p) the corresponding

graded group of smooth singular chains, defined through the mapping cone. This means
that C5™(p) = C™(X) @ C™,(A) as a group, with boundary 0(«, 8) := (Oa + p.3, —00).
We denote by Z:™(p) and B™(p) the corresponding subgroups of cycles and boundaries.
We use a similar notation about singular cohomology and we call 2°(p) the graded group
of relative differential forms, already defined above.
Given a form (w,n) € Q"(p) and a chain (o, §) € C3™(p), we define the relative integration
Siapy(w,m) = [,w+ [3n. We say that (w,n) has integral relative periods if its integral
over any cycle («, ) € Z3™(p) is an integral number (this implies that (w,n) is closed).
The set of all forms (w,n) € Q°(p) with integral relative periods is denote by Q8(p).

Definition 8. A differential character of degree n on p is a pair (x, (w,n)) such that:

i) x: 2™ (p) — R/Z is a group morphism;
it) (w,n) € Q"(p) has integral relative periods;

i7i) on a boundary d(a, f) € B™,(p), we have that

X(@(a, B)) = /(a’ﬁ)(w,n) mod Z.

We denote by H *(p) the corresponding graded group. The natural transformations

I, R and a are constructed as follows:

e Since ZJ™ (p) is a projective module, we can lift x to x : Z3™ (p) — R. We define
YO (p) = Z by (a, 8) = [ia5(w,;n) —X(9(a, B)). It is easy to verify that ¢ is a
cocycle, hence it defines a cohomology class [¢)] € H*(p, Z). We set I(x, (w,n)) := [¢];
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d R(X(”?U)) = (Wﬂ?);

e Given a form (§,v) € Q*7!(p), we set a(§,v) = (X(u) d(§ v)), where we set
X (@, B) = f(a,g)(é’, v) mod Z.

If pis a closed embedding and we deal with parallel characters, then Z:™(p)
and ©°(p) can be equivalently replaced, respectively, by Z:™ (X, A), defined (as usual)
as the graded group of cycles of the complex CJ™(X, A) := C(X)/C™(A), and by
Q(X,A) ={we Q(X):w|la=0}.

3.2 Relative differential characters on maps of pairs

Given a smooth map of manifolds pairs (p,p') : (4;A4) — (X, X'), we set
Cs™(p,p) == C™(X, X') @ C2™, (A, A”) the graded group of smooth singular chains of
pairs with boundary, defined naturally by d,(«, ) := (Oa + p*B, —05). We denote by
Z¥™(p, p') and B3™(p, p') the corresponding subgroups of cycles and boundaries. We use
a similar notation about singular cohomology, and we call Q*(p, p’) the graded group of
relative differential forms defined as Q*(p, p’) := Q*(X, X') & Q*(A, A") with coboundary
d(w,n) = (dw, p*w — dn).

The definition of relative integration and integral periods is similar to the case of

maps of manifolds.

Definition 9. A differential character of degree n on (p, p') is a pair (x, (w,n)) such that:

i) X2 (p,p') = R/Z is a group morphism;
it) (w,n) € Q"(p, p') has integral relative periods;

i1i) on a boundary d(a, B) € B3™,(p, p'), we have that

n—

X(0(a, B)) = /(aﬁ)(w, n) mod Z. (3.1)

We denote by H "(p, p') the corresponding Abelian group of differential characters.

The natural transformations I, R and a are defined similarly. For the definition of I
it is enough to notice that Z3™ (p, p’) C C™(X, X') & C™, (A, A’) is a projective module.

Definition 10. The natural transformations are:

I:H"(p,p') = H"(p, p)
(X (w,m)) = |5 ;
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R:H"(p,p') = i((p, 0); b3)
0 (w,m) = (w,m);
a: Q7 ((p, ) bp)/Im(d) — H"(p, p)
(w7 7]) = (X(w,n)7 d<w7 77))7

where X (w5 is defined by X (@, 8) := [, 5 (w,n) mod Z.

Notice that since (w,n) is closed, by the Stokes theorem we can easily verify that
X is a cocycle, thus [¢X] € H"((p, p'); Z). Also this class does not depend on the choice of
the lift ¥; in fact, suppose that ¥ ¥’ are two liftings of y, and ¢X, ¥X" are the associated
morphisms respectively, we easily see that )X — X = §(¥' — %), so [WX] = [X].

We now prove that the relative singular cohomology of map of pairs H® has a

differential extension.

Theorem 1. The morphisms I, R and a hold
i) Roa=d;
i1) the following diagram

}/\I.(IOJ p,) 41) H.(pv pl)

lR Jch (32)
Q((p, )i h2) == Hip((p,0'); bR),

18 commutative;
iii) the sequence
0 — Q7 ((p, )52/ 5 Ho(p,p) = H*(p,p/) — 0
1S exact;

iv) the following diagram is commutative:

He(p,p) —— H*(X,X)

l Jp*

QYA A) —% H*(A A

Proof. e The first part of the theorem is easy to see. In fact, given (w,n) € Q*7(p, p')
and (a/aﬁ) € C‘((pv pl)vz)a we have
a(w,n)(0(a, B :/ w, modZ:/ d(w,n) mod Z,
(w, n)(9(ev, B)) a(aﬂ)( n) ) (w,n)

thus Roa(w,n) = d(w,n).
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e Given (x, (w,n)) € H*(p, p'), we have:
cho I((x, (w,n))) = ch[(w,n) = 6x] = [(w, n)]ar = dR o R((x, (w,7))).

e Exactness at H(p, p'). Let [a] € H*((p, p');Z), and consider the class i([a]) = [¢/] €
H*((p, p'); R) induced by the inclusion i : Z — R, by the De Rham’s theorem there is
a form (w,n) such that [[(w,n)] = [/]; thus, for some o : CZ™ (p, p') — R we have
[(w,n) —a’ = da”. Denote by x := o

z5m (o) ¢ Zat1(p, p') — R the restriction of
o to the cycles, clearly it holds x(0c¢) = [.(w,n) — a(c). Let x : Z3™ (p) = R/Z be
the composing of x with the projection 7 : R — R/Z, we have that I(x, (w,7n)) = [a].

In fact, first, notice that, since « takes values in Z, then
X(0c) = x(0c) mod Z = /(w, n) mod Z,

i.e, (x, (w,n)) is a differential character on (p, p’); moreover,

1000 = [w.m) = ([@.n) = a(©) = ale)

thus, [ is surjective.

Exactness at 7*(p, p). Given (w,n) € Q*'((p,p)); by)/Q~", it is easy to see that
I oa(w,n) = 0. On the other hand, let (x, (w,n)) € H*(p,p') be a differential
character such that I(x, (w,n)) = 0, then we have that [(w,n) = 0% for some
¥ : C5™ (p) — R, by the isomorphism of De Rham there is a form (¢,v) € Q*(p)
such that [(&,v) =4, thus

&)@ 8) = [ (€ =500 = [ (@) =x05)

(@0 cov)(0)() = [ (0n) mod Z = x(2(0,5)) = x(p:(5),0)
(0" 0 7)) = (" ()(B) = 7 () pe(3) = x(:(8).0)

3.2.1 Relative-parallel product

In order to construct the product (2.4), in appendix A.2, we generalize the splitting
of the Kiinneth sequence, described in (BaR; BECKER, 2014) [section 4.2.1], that we need

here.

Given (x, (w,n)) € H*(p) and (x/,w') € H™ (Y, B), we define a group morphism

par
XXX 23, (pxidy.p) = R/Z

in the following way. Thanks to (A.11), a cycle (@nim—1, Bngm—2) € Zptm—1(p X id(y,5))

can be decomposed as (@ ym-1, Bntm—2) = T+ (Yntm—1,Ontm—2), in such a way that:
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e 1z is a sum of cycles of the form (ux,vk—1) ® p},, where (ug, ve—1) € Zi(p), pj, €
Zp(Y,B)and k+h=n+m — 1,

® (Vnim—1,0n+m—2) represents a torsion homology class.

For this reason, it is enough to evaluate the product y x x’ on cycles of the form (g, vx_1)®
iy, such that &4+ h =n+m — 1, and on cycles of degree n +m — 1 representing a torsion

class. Formally, we set:

X (o1, vn—2) - T(X") (17,) iftk=n—1,h=m
O XD (s vi1) @ ) = T0O (1) (s V1)) - X () ik =, h=m —1
0, otherwise.
(3.3)
In the latter case, supposing that N € N satisfies N (V,1m—1, Ontm—2) = O Anim, Bnim-1),
we choose a cocycle ¢ € Z"(p x id(y,p)) representing I(x) x I(x’) and we set

1
X X X/(7n+m717 5n+m72) = (N (/(A B )(w7 77) A w/ - w<An+m7 Bn+m1>>> mod Z.
n+m>Pn+m—1

(3.4)
Notice that the value of x x x’ on a torsion cycle (Ypitm—1,0ntm—2) is independent
of the choice of cocycle ¥, the chain (A, 1., Brim—1) and of N € N.

In fact, suppose that ¢/ € Z""(p X id(y,p)) is another cocycle that represents I(x) x I(x’),
then ¢ — ¢’ = 6l for some | € C"*"(p x id(y,p), Z), now notice that

1
N5Z(An+m7 Bnerfl) = l(’Ynerfla 5n+m72) € Z.

Now suppose that N (Vnim—1, Onsm—2) = O(AL, 11, Bhim_1), since (A", B") = (Apim; Brgm—1)—
(A4

n+m?

B 1) € Znim(p % id(y,p)) we have

</(A”,B”)(w’ " wl) — (4", B") =0.

With the notations above we have

Proposition 3. The pair (x x X/, (w,n) Aw') is a differential character of degree n +m
on p X idypy , 1. e. (x X X', (w,n) ANw') € Hm(p x idy,B))-

Proof. We easily to see that (w,n)Aw’ has integral relative periods. Let us see that condition
(3.1) holds. Let (g, vk—1) ® uj, € Zr(p) ® Zn(Y, B) be a cycle with k +h =n+m — 1,
since a cross product of cycles is a boundary if and only if one of the factors is a boundary,

we may suppose that

e for k=n—1and h =m,
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— if (i, Vk—1) = Oars1, B) € Zn—1(p), then we have

X X X (O((arg1, Br) @ py,)) = x X X (91, Br) @ py,)
= x(0(an, Bu-1)) - 1(X") (1tr,)

= w,n modZ-/ W
(O"ﬂvﬁn—l)( ) N';n

= (w,n) Aw' mod Z,
(Qk+1:8k)®Hy,

— if /Jlﬁz = a/'}/thl S Zm(Y7 B)7 we get

XX (O i) @ 1)) = X X X (=" gy vie1) © Oy )
= X (=" (1, 0-2)) - T(X)(@ms1)
=0

= (w,n) A w' mod Z,

(ke Vk—1)®Vh+1

notice that since ' is closed, I(x")(9vn+1) = 0 and, due to the degree of v

we have f‘m+1 w’ = 0, thus the last term is 0.
Similarly for k = n, h = m — 1 and otherwise.

o Now, let (Vnpm—1,0n4m—2) € Tnym-1(p X id(y,p)), supposing that N € N satisfies
N (Yntm—15Ontm—2) = O(Aptm, Bnim—1), from (3.4) we easily have that

X X X (0(Ansm, Bnim-1)) = / (w,n) Aw' mod Z

(An+m 7Bn+m— 1)
[

Theorem 2. The exterior product between the relative and parallel differential characters

groups

A

x : H"(p) @z H™

par

(Y, B) — ﬁn+m(p X Zd(Y,B))
holds: the natural morphisms I, R and a are multiplicative, i.e.,
i) I(x X X5 (w,m) Aw') = 1(x; (w,m)) X I(X',w');
i) R(x x X', (w,n) Aw') = R(x, (w,n)) x R(X',w');
iie) a(w,n) x (X', w') = a((w,n) A R(X,w'));

) (x; (w,n)) X a(w') = a(R(x, (w,n)) Aw').
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3.2.2 Product of parallel characters

When p is a closed embedding, we can construct in a more direct way the product
of parallel characters, leading to a ring structure on them. In this setting, we can generalize
manifold pairs to pairs of the form (X, A; U---UA,), where X is a smooth manifolds and
Ay, -+, A, are smooth embedded sub-manifolds. In fact, we define the relative de-Rham
complex Q°*(X, A; U---UA,) as the one made by forms w € Q°*(X) such that w|,, = 0 for

every 4, and this is enough not to have troubles with the differential structure.

Thanks to (A.13), a cycle ay, € Z,(X XY, (X x B)U (A xY)) can be decomposed
as a,, = T+, similarly to the general case, where z is a sum of cycles of the form uy ® pj,.

(X,A) and (x',w') € H? (Y, B)), it is enough to evaluate the

par

Hence, given (x,w) € H”

par

product x x x’ on cycles of the form py ® pj,, such that K+ h =n+m — 1, and on cycles

of degree n + m — 1 representing a torsion class. In the former case, we set:

X(pn-1) - I(X) () ifk=n—1 h=m
O X)) (e @ p13) =S TO) () - X' (W) ifk=n, h=m—1 (3.5)

0, otherwise.

In the latter case, supposing that N € N satisfies Nv,1m_1 = 0A,1m, we choose a cocycle
€ Z"M(X x Y representing I(x) x I(x') and we set

ot =g ([ wn) - stnn). (36)

Applying the pull-back through the diagonal embedding A: (X, A),— (X x X, (X x A)U
(A x X)), we get a ring structure on H?, (X, A).

par
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4 Differential /K -Theory

This part of the thesis contains three important parts. We first describe the relative
Freed-Lott model, both inn the topological and differential framework. On the second one,
we adapt this model to describe parallel K —theory. Moreover, we state a theorem that
shows that parallel K —theory is a particular case of the relative one. In the last section we
describe the Freed-Lott model for maps of pairs and the relative-parallel product through

this model. We also give a sketch of the refinement of K-theory of sequences.

4.1 Relative topological K-theory

Definition 11. Let p: A — X be a map, a relative vector bundle on p is defined as the
triple (E, F, 1), where:

e [ and F' are complex vector bundle on X;

e 1) : p*E = p*F is an isomorphism.

A triple of the form (F, E,id) is called elementary.

Definition 12. e A morphism between relative vector bundles (E, F), 1) and (E', F', 1)
on p,is a pair (f,q): (E, F,v) — (E', F',¢'), where f : E — E’ and g : ' — F’ are

morphism of vector bundles such that, the following diagram commutes.

p'E v p*F

Jp*f Jp*g

p* E/ wl p* F/’

we say that (f, g) is an isomophism of relative fiber bundles if f and g are isomorphism

of vector bundles;

e Let (f,g) : £ = p be a morphism between smooth maps, and let (F, F.1)) a relative
vector buble on p. The relative pull-back (f, g)*(F, F, 1)) is the relative vector bundle
on ¢ defined by

(f,9) (B, F,¥) = (["E, [*F,g"Y).
4.1.1 Relative K-theory groups

We now introduce the basic definitions and properties of Relative K-theory, referring
mainly to (KAROUBI, 1978), (ATIYAH, 1994) and (HUSEMGOLLER, 1994).
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In the topological framework, given a map p: A — X between spaces with the
homotopy type of a finite CW-complex, We call I'(p) the semi-group of isomorphism
classes of relative vector bundle with the operation of direct sum. Moreover, we introduce
the following equivalence relation on I'(p): we set [(E, F,¢)] ~ [(E', F',4')] if and only if
there exist two elementary triples (G, G, id) and (G’, G',id) such that

(E,F,¢) & (G,G,id)] = [(E, F',.¢/)) ® (G', &, id)]. (4.1)

The quotient by this equivalence relation is denoted by K(p) = I'(p)/ ~ . We get an
abelian group, whose zero element is [[( £, E,id)]], for any E, and such that —[[(E, F,¥)]] =
[[(F, E,v~1)]]. In the following paragraphs, we denote [[(E, F,1)]] simply by [(E, F,)].

The relative K —theory groups of higher degree are defined as follow: let T™ be the

n—dimensional torus, that is, T" := S* x --- x St and let us consider the embeddings

Zj — (ZAJ7ZX]) . id’[nfl X 1% — ld']l‘n X 1%

Tn—1 x 4 92X a1
jz‘Aj jixj (4.2)
idT’nXp
T x A ——— T"x X,
where j =1,--- ,n and
ix; T x X - T x X
in<t17"' 7tn717x) = (tla"' Mtjfl?latj?"' 7tn717x)7
g T 'x A—T"x A
in(tla"' 7tn717a) = (tla"' >>tj7171>tj7"' 7tn717a>-

Definition 13. The relative K-theory groups in negative degree is given by

K™"(p) :=[)Ker (@j : K(idpn X p) = K(idpa-1 X p)) :
J

We now prove that the relative K —theory is, in fact, a relative cohomology theory.
Instead of checking all the axioms of a cohomology theory, according to remark 1, we need

to prove that:
K*(p) = K*(C,). (43)
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First, we define the natural function IT : Cyl(p) — X through the following push-out

diagram, see definition 47:

A—" X
b
Ix A2 Cyllp (4.4)

POT A X

We now consider the natural inclusion ¢ : jr.a({1} x A) < Cyl(p) and the following

natural maps:
m {1} X A= jaxs({1} x A), dg: {0} x A—=>TxA 1: {1} xA—>IxA
io1 {0} x A—= {1} x A, dg: A= {0} x A, i A= {1} x A,
P: {0} x A — X, defined by P(a,0) = p(a).

We can easily verify the identities

jAXIOilo’]T;l:Ll, jAXIOiOZ.onpu POEOZ[), (45)
and the homotopies

7:0 o ’La,% ~ ila jX oll ~ idCyl(p)a and II OjX = idCyl(p)- (46)

Remark 5. Since A, X, and thus Cyl(p), are compact Hausdorf spaces, by (HATCHER,
2017)(Theorem 1.6) and (4.6) we get the following isomorphisms:

(ip1)*ipE = i{E and II"j3E' = E'
for any bundles £ — I x A and E' — Cyl(p).

Theorem 3. Let p: A — X be a continuous map between compact topological spaces.

There exists a natural isomorphism
®: K(p) = K(u = jixa({1} x A) = Cyl(p)) = K(Cyl(p), {1} x A).

Proof. Given a vector bundle F on X, we naturally get a vector bundle IT*E on Cyl(p),
see diagram (4.4), similarly on the other direction. Considering diagram (4.4) and the

natural maps, we define the following homomorphisms

O K(p) = K(1)
(B, F, 4] [ITEITF, (717) (i1)" (g )™,
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' K(11) = K(p)
B, F, ¢ = 5% B, jx Figis1miv]
Diagram (4.7), proves that ¢’ is a well-defined homomorphism, similarly for ®. By remark
5 and the homotopies (4.6) we can easily see that ® and @ are inverses of each other.

Let us see that &' is well defined, again, considering the natural maps and the

identities (4.5) we get the following diagram:

GE v v jaxr({1} x A)

v o ¥ 4.5 TN .
(7 1) i B —— (m 1) i — jaxi({1} x A)

| | o

s et s
Z1jA><IE’ % leAXIF I — {1} X A

| | g

vk i*,lwrw ok ek
iodaxrE — igjh F— {0} x A (4.7)

P % E PF —— {0} x A

L | [+

Sk ok *
’0’0,1“11/’

4.5

;% *
15,11 Y

) i P i F A
| H

‘o @i i ‘o
pPixE prIxF A,

where all the arrows between bundles are isomorphisms and the arrows of the third column

are bijectives. Thus, we have that &’ is a well-defined homomorphism. O

Corollary 4. Let p : A — X be a continuous map between compact topological spaces,
then
K(p) = K(C,).

Proof. Since jr«a({1} x A) C Cyl(p) is a compact subspace of Cyl(p) we know that
K(11) = K(Cyl(p)/jrxa({1} x A)) = K(C,), the result immediately follows from theorem
3. ]

Consider the inclusions 4} : idpa-1 X 1 <> idpe X ¢, Where @} = (i'y;,7,;)

idTnfl X1

T 1 x ({1} x A) T ! x Cyl(p) = Cyl(idpe-1 X p)

liglj k;j (4.8)

T x ({1} x A) —" T x Cyl(p) = Cyl(idg x p),
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with 7y, defined similar to i4; on (4.2) and i;,; defined naturally such that the diagram

Cyl(idpnr % p) —2— Cyl(idp x p)

b b

T 1 x X

commutes for j =1,--- ,n.
Proposition 4. With the notation above, for every j =1,--- ,n the isomorphism holds

Ker(i}) = Ker(if').

Proof. Using proposition 3 and the morphism (4.8), we can easily see that the following

diagram is also commutative

K (idpn x p) K (idn-1 X p)

J{: 3 J: 3
il*

K(Cyl(idpa x p), {1} x (T" x A)) ——— K(Cyl(idp x p), {1} x (T*" x A))

il*

K(T" x Cyl(p), T x ({1} x A)) ——— K(T"! x Cyl(p), "1 x ({1} x 4)),

thus Ker(i7) = Ker(:}") for every j =1,--- ,n. O

Corollary 5. Forn > 0, we have the isomorphism
K™"(p) = K™"(Cyl(p), {1} x A).
Proof. By definition we have

K™ (Cyl(p),{1} x A) ﬂKer ( * 0 K (idpn X 1) — K(idpa—1 X L1)>
then from the proposition above, we have
K" (p): £ ﬂKer ﬂKer ) ﬂKer ( "% K(idpn X 1) = K (idpn—1 X Ll))

O

Proposition 5. (Relative Bott periodicity) For any map p: A — X between com-

pact spaces, we have the following isomorphism

K™"(p) =~ K" (p).
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Proof. Since A and X are compact spaces, the cone C,, is also compact, so applying the

Bott periodicity theorem on the absolute case and corollary (5), we get

K"(p)

12

K™(C,)
K™"7%(C,)
K7"2(p).

12

12

O
Theorem 4. Relative K-theory is a generalized relative cohomology theory.
Proof. From remark 1, we just need to prove the isomorphism
K*(p) ~ K*(C,), (4.9)

By corollary 5 we have that for every n > 0, K~ "(p) ~ K~"(Cyl(p), {1} x A), and since
K=(C,) ~ K~"(Cyl(p), {1} x A), we get

K™"(p) ~ R’in(Cp)a

using the relative Bott periodicity, we obtain the isomorphism (4.9). O

4.1.2 Topological relative-absolute product

We define the relative-absolute product similar to the case when p is a cofibration,
see (KAROUBI, 1978) 5.14, i.e., given two classes [E, F, 1] € K(p) and [E'] —[F'] € K(Y),
define
1 K(p) @z K(Y) = K(p x idy)

[E,F,¢]- ([E']—[F])=[FQFE  FQFE ¢vQidg| - [EQF,F® F' ¢ ®idm] (4.10)
More generally, we can define products
K "Mp)KK™Y)— K™ "(pxidy) (4.11)

for m,n < 0 as follows:
Given a € K™ (p) C K(idm x p) and f € K~™(Y) C K(T" x Y'), we consider a- €
K (idpm % p X idpnxy ), where - is the exterior product in degree 0 defined in (4.10). Then

considering the natural isomorphism
Pm,n - id’]l‘ern X p X ldY — ].d’]rm X p X idT"XY

we define:
Q- 6 = Sp;‘jb,m<a 0 6)
Using both, the absolute and relative Bott periodicity, we can extend this product to any

degree.
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4.2 Relative Chern-Simons class

Let E — X be complex vector bundles over a smooth manifold X with connections
VE and V¥. For I =[0,1], let mx : I x X — X the natural projection and consider the
vector bundle 7%, F — I x X on [ x X.

Definition 14. We say that the connection ng{ F (called path connection) interpolates
VE and V¥ if its restriction to the edges {0} x X and {1} x X hold: VS%E]{O}XX =VF

= 7% F
and Vo¥ |f3xx = VT
FExample 1. There is a canonical path connection defined by

v E
(V3" V), = 0= OVE V) +(TE V) +ad Ve (112)

where (a, X) € X(I x X), V e I'(r{ E) and (t,p) € I x X.

Remark 6. The example above can be generalized in the following way. Let V¥, V¥
and V¥ connection on E and consider the standard simplex A? = {(z1,2q,23) € R :
Ty + 29 + 3 = landz; > 0} and the interval Iy = {(x1.@0,23) € A? : 23 = 0},

,n,*
similarly define I;» and I»o. Let Vo1"""  be a path connection between V¥ and V¥,

Ty E e E
. . . . . Iy 9,X Is 0,X
where 7, , x : Jo1 X X — X is the natural projection, similarly for V" and V,*

A connection that interpolates these three connections is a connection \Y Thz xF/, where
maz x : A% x X — X is the natural projection, in such a way that its restriction to the

S v E & T E S T E
edges are V|1, ,xx = V13, V| xx = Vo and Vi wx = Vi .

Definition 15. The Chern character form associated to V¥, is the form on Q°(X) given
by
-1
V" = Tr exp (_RE> € 0 (X),
2me

where RE is the curvature of the connection V.

Proposition 6. The Chern character form holds:

o chV¥ is a closed form;

o Let VE and V¥ any two connections over E, then there is a differential form
w € Q°(X) such that chV¥ — chVE = dw; moreover, w can be chosen to be the form
Jy VK"

o chVESF — chVF 4 chVF;
o chVESF = chVF A chVE.

Definition 16. The Chern-Simons transgression form between two connections V& and

V¥ is given and denoted by

T E
CS(V?,V?) = /ICth’l .
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Its class [CS(VE, VE)] € Q°4(X) /Im(d) is called the Chern-Simons class.

The second item of the proposition above says that, the class [CS(V{, V)] €
Q°dd(X) /Im(d) is independent of the choice of the connections V¥ and V.

Let p: A — X be a smooth map and consider two vector bundles £ and F' over X,

Proposition 7. The Chern-Simons transgression and its class, holds:

o p*CS(VE,VE) = CS(VE 2 Vi),

[CS(VE, VI +[CS(V3, V)] = [CS(VT, V)]

let ® : F — E be an isomorphism of vector bundles, then

[CS(@* Vg, @*VY)] = [CS(Vy, Vi)];

given the connections V§, V¥ and V{, VI, then the connections VE & VE and

VE @ VY over E® F, holds

[CS(V5 @ Vg, Vi @ V)] = [CS(Vy, Vi)] + [CS(Vg, Vi)l

Proof. The first one is clear, if follows due to the naturality of ch and the [—integration,
the rest of the items is similar to the third one that will be proved. It is enough to consider
a connection as definned in remark 6, then, by the fiberwise Stokesa€™ theorem, see

(GREUB, 1972), p. 311, we have
d/ cW:/ dch@+/ ch¥
A2 A2 OA2
_ CS(VF, VE) + CS(VE, VE) - CS(VF, V).

]

We now extend the definitions of the Chern Character form and the Chern-Simons
class to the relative case. On the previous section we defined what we mean by a relative
vector bundle on any map p : A — X, which is a triple where the first two entries are
vector bundle and the third one linking these bundles, following the same pattern, we
define.

Definition 17. A connection on (E, F, ) is a triple V&FY) .= (VP VF V7 E) where:

e V¥ and V! are connections on £ and F respectively;

e V™4 E ig a path connection on 7% p*E between V7 ¥ and V¥'7'F.
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Definition 18. The relative Chern character form associated to V&%) s the form on
Q" (p) defined by

VD i (TP — T, [T € 0 (p),
I

where chV™4?"F is a path connection between V¥ and 1* V7.

The relative version of the proposition 6 holds here and takes the form.

Proposition 8. The relative Chern Character form holds:

o The form chNV'PF¥) s closed;

e Given V, (EF) and V§E’F""), any two relative connection on (E, F,1), then there is

a relative differential form (w,n) € Q°%(p) such that

chV ) — chw BT = d(w, ).

Proof. Let us prove the second item. By definition we have

) = VT = ((TF - ) — (V] — ), [ (VT - g )

_ <d/I (chvg?{E B cth?fF) 7/ ( hvap “E hVﬂA’D E)) ’

it is enough to prove that the form
o [ (" = envi") = [ (b — v )
I I
is exact in A. In fact,
o / (chvgs” — vgs”) / (b — cnvgh ")
I I
_ / (p x idp)" (chVgx" — ehvix") — / (chVH™* — chvga ™)

_ / Vi — envgi ") - / (b — cnvgh )

_/ /Chvﬂ—AxIﬂ—AP E _/ /ChvﬂAxIﬂ—AP E
oI
_d//ChVWAxIWAP E

where the last identity is due to the fiberwise Stokes theorem and VWA“ A is a path
connection between the four connections VOAp E VO 1 Atk VﬂAp ¥ and VWA’O E , with
V' ptE — i p* F the isomorphism iduced by . O]

Definition 19. The relative Chern-Simons transgression form between two relative con-

nections Vj (E-F%) and V BFY) i given and denoted by
€8 (V7,9 = [ (ehVid” - ", [ enviie ),

Its class [CS(V(E ) ,V§E’F’1"))} € Q°4(p) /Tm(d) is called the relative Chern-Simons class.
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G and wiREY)

Explicitly, the relative Chern-Simons of V is given by the

I—integration of the form (w,n) that appears in the proposition 8.
We can easily see that the equality holds
Cs (Vo v = (CS(V V) — CS(VE, vEY: / CS(VeAr P TP E)). (4.13)
The statements and proofs of the proposition 7, can be adapted to the relative
version as follows.

Proposition 9. The relative Chern-Simons class holds:
o [CS(VIEED EFON] = 05 (VEFD GEFY]
o [CS(VESD) GEEN] 4 [05(TEED GEFN] 2 05 (TER gEF)]
o Let (f,g): (B, F',4') — (E, F,) be an isomorphism, then
[05((7,0) T (7,9 VEFD)] = [08 (VR GEF)]

Proof. For the proof of the second item, we just apply proposition 7 in each entries. In

fact, there exist connections Vi and Vi on a2 x £ and mx»  F' respectively, such that:
CS(VF, VE) +CS(VE, VE) — CS(VF, V) = d [ ¥,

CS(VF, VE) + CS(VE, VE) — cS(vF vE) = d/AQ chV p;

moreover, there is a connection Vs p«p 00 Trs 1, 4 F, where maz 1ea t AX T XA =1 xA

is the natural projection, such that

o E (W) ot F T E () p T E () p F o
CS(VTA P W mae L og(wiar g ey _og(vrartt gl mae ):d/AQChVWZp*E,
thus, from (4.13) we get

CS (Vi7" W) 4 os (WP v - os (VP o)

= <d/A2(Ch@E —Ch@p),/fal/AZ Ch@wj‘qp*E)v

then as in the proof of proposition 9, using the fiberwise Stokes theorem we have that
p* a2 (chV g — chV ) — [, d [xs Ch@wzp*}; is exact in A.

Definition 20. Let (f,g) : (E', F',¢') — (E, F,1) be a morphism, and let V&%) he a
connection on (F, F, 1), the pull-back of this connection is defined by

(f.9) (VE, VI VTP E) = (V7 g VT, frymars),

where f sy E — mhp*E is the natural morphism between vector bundles on I x A
induced by f.
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4.3 Relative Freed-Lott model

We now consider the differential extension of K(p), assuming that p: A — X is
a smooth map between compact manifolds. From now on, we assume that every vector
bundle is endowed with an Hermitian metric, every isomorphism is unitary, and every

connection is compatible with the corresponding metric.
Definition 21. (Relative Differential vector bundles)
A relative differential vector bundle over p, is a triple ((E, F,v), VEEY), (w,n)),
such that:
e (E,F,%) is a relative complex vector bundle on p;
o VELY) i a connection on (E, F,);

o (w,n) € XY(p).
A triple of the form ((G, G,id), V@D (Q, 0)) is called elementary.

We say that two relative differential vector bundles are isomorphic, denoted by
((E, F, w)7 (VE, VF, @”ZP*E)’ (w7 77)) ~ ((El’ F/, w/)) (VE‘/’ VF/, @WZ\P*E’)’ (w/’ 77/))
if and only if there is an isomorphism (f, g) : (F, F,v) — (E', F’,4') such that
(w,n) = (&, 1) € [CS (VR (f, )"V F 0] (4.14)

Notice that, from (4.13) and definition 20, the relative Chern-Simons class above is

(CS(VE, '9¥) = CS(VF, gV [ C8(Fmir e, frymar®))
I

Y

where f : mhp*E — mip*E' is the isomorphism between vector bundles on I x A induced
by f.

By proposition 9, we can easily prove that ~ is an equivalent relation, for ex-
ample, suppose that ((E,F, 1/}),V(E7F’w),(w,n)) r~ ((E’,F’,w’),V(E/’F"W),(w’,n’)) and
((E’, F' ), VEF A () 77’)) ~ ((E”, F "), VESE) (7 7]”)) through isomorphisms
(f,g9): (E,F.¢) — (E',F',¢') and (f',q') : (', F',¢') — (E", F",¢"), we have

(w,n) = (W', 0") = ((w,n) = (&,7) + (W, 7) = (", 7"))
c {CS (v(E,Fﬂ/)) (f, g)*v(E’,F'vw’)))}
1 [CS (VEFD, (1, o]

= [0S (V& F (£, gy 9 F )]
+[CS ((£,9) VEED, (f,9)"(f, gy VEF )]
=[S (VEFD, (10 £,g 0 g) VE )]

thus, ~ is transitive.
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4.3.1 Relative differential K-Theory Groups

We call f(p) the semi-group of isomorphism classes of differential vector bundle
with the operation of direct sum, i.e.,
(B, F,p), VEE (w,p)] @ [(B, F', ), VEI) ()] =
(B, Fy) @ (B, F' ), VE @ VEFD (4 g) + (7)),
we now define an equivalence relation on I'(p) as follow:
(B, F, ), V& (w,m)] & (B, F' ), V& ()]
iff there exist two elementaries ((G, G,id), V(@Gid), 0) and ((G’, G’ id), V(@ 6hid), O) such
that
((B,F )@ (G,G,id), VE) @ VO ()
~ ((E/, F/7 w/) @ (G,, G/7 id), V(E/’F/’W) @ V(G/’G/’id), (w/’ 7]/)) '
Remark 7. We denote by K (p) := ['(p)/ ~ the set of equivalence classes

(B, F,0), VR, (w,m)] ]
Notice that K (p) is an abelian group where the identity element is H(G ,GLid ), V(@G ida) OH
and the inverse element of H(E, F ), VEEY) (), 77)” is H(F, E Y, VEEST (g, 77)”]
In the following paragraphs, we denote H(E, F,), VEEY) (), 7))” simply by

(B, F, ), VP, (w,m)].

Definition 22. The relative differential K-theory group of p: A — X is the group

A

K(p) ==T(p)/ ~.

With the notations and definitions introduced on the previous subsections, let
us show that we get a differential extension of K*°. First, we need to define the natural

transformations I, R and a of K (p). In fact, we have the following.

Definition 23. Let & = {(E, F,4), VY (w,n)} € K(p), the natural transformations
of degree 0 are:
I:K(p) = K(p)
& = [E, F,¢);
R+ K(p) = Q5" (p, b)
&+ chVELY) _q(w, n);
a: Q" (p,b})/Im(d) — K(p)
(UJ, 77) = [Oa 07 _(wa 77)],

R is called curvature.
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We recall that ch™' is the homomorphism given by

Ch*1 : K_l(p) N Q_l(P, f)f@)/lm(d)
(B, F,¢)] — [/51 chV(EFv)

which, from propositions 8, it is a well defined homomorphism.

The transformations defined above make diagrams (2.1) and (2.2) commutative,

moreover we have the following theorem.

Theorem 5. The morphisms I, R and a hold

Al. Roa =d,

A2. dRo R = cho I, where dR is the morphism that takes a closed form to its de Rham

class and ch is the Chern character in K-theory

K(p) ——— K(p)
lR JC” (4.15)

Qu(p;bt) — Har(p: be);
A3. the sequence
K~ (p) = Q7Y (p:bg) /Im(d) —*— K(p) —— K(p) —— 0  (4.16)
1S exact;

A4. the diagram below

lcov Jp* (417)
QL(A) — K*(A)
is commutative, where m is the natural morphism from @ — X to p*A — X and

cov(p) 1is the second component of the curvature R(p).

The proof of items Al, A2, A4, and, the exactness at K(p) and K (p) are not

difficult. For the proof of the exactness at Q7! (p; h%)/Im(d) we will give a previous result.

Let ((E, F, 1), V(E’Fﬂp)) be a relative vector bundle on p, and denote by Aut(E, F, 1))
the family of all isomorphism from (E, F,¢) to itself, i.e.,

AW(E, F,) = {(f,9) : (B, F i) = (B, F,0) : (f,9) is an isomorphism}.
For each (f,g) € Aut(E, F,v) we obtain an element

[CS (VEL) (f,g) VEFD)] € Q°4(p) /Im(d).
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We now define the following function:

G(E,Fﬂl}) : Aut<E> F, ¢) - QOdd(ﬂ? h];%)/lm( )
(f,9) = [CS (VY (f,9)" VPPV |

from proposition 9, we can easily see that this function is well defined, i.e., it does not
depend on the connection. In fact, denote &€ := (E, F, ), then

08 (V5. (£.9)°V°)] = [0S (V. (£.9) V)]
= ([es(v". (1.9 v) |+ [CS ((F.9) V. (£ V7))
—([es((1.9)" vg (f,9) V)] + [Cs (V= (£.9V)])
= CS (V5 (£,9)'V)] = [CS (V5. (£,9) V)] =0
Lemma 5. Let © be the function defined by

U Aut(E, F,¢) = Q(p; by)/Im(d)
(B,F)

(f7 g) = @(E7F,w)(fa g)v Zf (fa g) € AUt(Ev F7 W

Then Im(©) = Im(ch™").
Proof. e Im(©) C Im(ch™"). Suppose that y € Im(0), then for some (f, g) € Aut(E, F, 1)),

= 007.0) = e (F.9) = [05 (T, (1,797
Let (Ef, Fy,v(s,4)) be the relative vector bundle on idg1 x p, where Ey is defined as

E;=7%E/~— S'x X
[(ez, (t,2))] = (€™, 2), for (es, (0,2)) ~ (f(ex), (1,)).
Fy is defined similarly and 9 q) : (idg: x p)*E; — (ids1 x p)*Fy is the isomorphism
induced by .

Let V (BFY) he the path connection between VSE’F’W and ng’F’W = (f, g)*ng’Fﬂ”)
and let V' ErFat(1.9) be the connection induced by V%’F’w).

. B . . .
Since Vi3 ~ 7] Vs, where 7751 : I x X — S x X is the natural projection, we

have Cth‘E =7, 51chVFr | therefore:
CS(VE, VE) = / hvTs” = / Tt o chVEr = / VP,
I ’ " S
similarly we have

CS(VF, g*VF) = / chVEs and CS(VTAPE wrar'sy - /S R
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The same steps show that, for (Fia,, Fia,, ¥(idp,idx)) relative bundle on idgi x p
induced by (E, F, 1), we get

/ chvFis = 0, / chvFiar — () and / chVEr =0
St St St

Finally, let o = [(Ef,Fg,i/J(f’g))] — [(EidEa Edpaw(idE,idF)>] € K(ldsl X ,0) It is easy
to see that i*a = 0, i. e., « € K~ !(p) and

() = [ [ (hV5 — e, [ yatdse o )]
L/ S T

— |(c8(VE. V) - CS(VE, V), [ Cs(V]

¥

p*E A NT(-* p*E
7f*V1A ))

= [0S (VP9 (1,9 91 =y

e Im(ch™!) € Im(®). Let y € Im(ch™') and suppose that y = ch™'([(E, F,4)]), by
definition (13), [(E, F,4)] € K(idg: x p) with i}[(E, F,4)] = 0, then there exist two
elementary vector bundles on p, (H, H,id) and (G, G,id), such that

i{(E,F.¢) @ (H,H,id) ~ (G, G,id).

applying j1 = (jx1,7a1) @ ids1 X p — p, the left homotopy inverse of i}, we get the

relative vector bundle
Ji(G,G.id) ~ (E, F,4) @ ji(H, H,id).

By remark 5, there is an isomorphism f : G ~ (7%G)|01xx — (7%xG)|yxx ~ G
that identifies the boundaries of TG, since 77 517%G = 7xG, thus j,G ~ Gy.
Then

ch™'([E, F,¢]) = ch ™' (j{[G, G,id]) = ch™}([Gy, Gy, id]),

computing ch™'([G}, G},1d]) as in the first part of the proposition, we get

b ([E, F,g]) = [CS(VOH, (£, ) VS| = 6(f, f).

We now prove theorem 5.
Proof. Let & = [(E, F, ), VEEY), (w,n)] e K(p), then
e Ro a<w7 77) = R([Ov 07 (_wv _77)]) = d<w7 77)3

e dRo R(&) = [chVEFY) — d(w, n)]ar = [chVEF )] = ch[E, F 9] = ch o I(&);

e sequence (4.16) is exact:
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- The surjectivity of I is immediate;

- Exactness at IA((p) Clearly I o a = 0. Now, suppose that I(&) = [E, F,¢] =0,
then there exist relative bundles (G, G,id) and (H, H,id) such that

(E®H,Fae H,yaid) ~ (G,G,id),

hence the class

[ Ea® H Fo H w D ld) v(E@HF@Hzﬁ@ld) (w’n)]
(G, G,id), V@D (w, )]

a’(_wa _77>

So Ker(I) C Im(a).

(
(

- Exactness at Q7'(p; h%)/Im(d). Using Lemma 5, it is enough to prove that
Im(©) = Ker(a). Let y € Im(©), then for some (f, g) € Up ry) Aut(E, F, ),

= 0(f,9) = [CS (V) (f,9)VEF ) ],

condition (4.14) says that a(y) = 0. To see the other inclusion, take (w,n) €
~(p, bg)/Im(d) such that

a(w,n) = [(0,0, =(w,n))] = [(0,0,0)],
adding the zero class [(G, G,id), V(&G O} to both sides, we have that
(G, G,id), V@99 0) = (G, G,id), VIEEra), —(w, p)) ;
then, there is an isomorphism (f,g) : (G, G,id) — (G, G,id) such that
(w.n) = €8 (VEGD, (f,9) VD)

thus, (w,n) = O(f,g9) € Im(O).

4.3.2 Relative differential K-Theory Groups: Higher Degree

In this subsection, our objective is to define the relative differential K —theory
groups K ~(p), as well as its natural morphisms, for all n € Z and prove the axioms of

differential extension.

We call b, the K-theory ring of a point with real coefficients, in particular, h3"* = R
and b2t = 0. It follows that Q2"(p; b) = Q(p) and Q2" (p; by) = Q°44(p).

According to definition 13, on the relative topological case the following relation

holds: for every n > 0

ﬂKer( K(idpn x p) — K(idpn-1 x ,0)) C K(idr x p).
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Definition 24. We define K"(p) as the subgroup of K (id» x p) whose elements are the

classes & such that:

o forevery j=1,--- n:

o] c ﬂKer (’l; : [A((id’]rn X p) — K(id'[rn—l X p)) 3 (418)

e there exists © € Q7" (p; h%) such that the curvature satisfies:
R(&) =dty N -+ Ndt, N T3.0; (4.19)
where 7pn : idpe X p — p is the projection.
The extension of the natural morphisms I, R and a to any negative degrees are

defined as follows. Let & = {(E, F,v), VL) @] e K"(p), due to the conditions (4.18)
and (4.19) we define:

7 K (p) = K%(p)
d»—>[(a)

R K7 (p) = Q7" (0 1)
& TRR(&);

a7 (g 4) /Im(d) — K (p)
O+ (0,0, (=1)""dt; A--- Adt, AT O).

As in the 0-degree, these morphisms preserve the properties established in proposi-

tion 5.
Proposition 10. The following diagram

K=" (p) —— Q" Ypsb3)/Im(d) — K"(p) —— K~"(p) — 0

R ch
O (s be) — Hy2(pbh)

is commutative with an exact upper horizontal line. Moreover, a o cov(p) = p* o w*.

Proof. Using theorem 5, we can easily prove the proposition above, for example, the

commutativity of the triangle. Given © € Q7" 1(p; hr)/Im(d), we have
R"oa™(©) =R ([0,0,(=1)"" dty A+ Adty A 73.0))
= [ R([0,0,(=1)"" dty A+ Adty A 77.0))

Tn

= | —d((=1)"dty A+ Adt, ATEO)

Tn
= [ dty A Adt, AT5dO
Tn

= do.
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The commutativity of the square, given & € K ~(p),
ARoR™(a) = [ dR(R(@) = [ eh(I(a))=ch™ ( / 1(@)) — ch "o I(4).

The exactness at K‘"(p). In fact, it is clear that 7™ o a™™ = 0. Now, suppose that
& € K~(p) such that I7"(&) = 0; then, as a class of K (idp x p) we have that I(&) = 0,
by the exactness at K (idgn X p), item A3 of theorem 5, it follows that a(v) = & for some
v € Q7 (idpn x p), thus by condition (4.19), we have

dv =dt; N\ -+ Ndt, N Tpadys

hence, v = § + (—=1)"dty A - - Adt, A wpapi, with d§ = 0. Since & € ker(i}) for j =1,...,n
then a(i:§) =i*a(§) =it & = 0. Now, consider
€W —¢_mri*e and oW = v — 7i%E,

we have a(v®) = a(v) = & with i*¢(® = 0; hence, we can suppose that £ = dt, A 75€D);
)

thus, we obtain v = —dt, A 7:0(). Repeating successively the argument above for i;
with j =n—1,n—2,--- ,1 we get a form v™ = (=1)"dt; A --- Adt, A 750" such that
a~"(v) = a(v™) = &. The exactness at K~"(p) and Q" *(p; bg)/Im(d) can be proved
similarly. O

4.3.3 Relative-absolute product
Now we have all the tools to refine the relative-absolute product (1.4),
K(p) @z K(Y) = K(p x idy),

through the Freed-Lott model. Given a relative class & = {(E, F, ), VEED) (4, 77)] e K(p)
and an absolute class § = [E, V¥, w'] € K(Y), we define & - 3 € K(p x idy) by

a-B:=[(E®E,FQFE ¢®idy), (VP o VF Vv @ V¥ VTirE o V) (@,7)],

where:
(@,7) = (w,n) AR(B) + R(&) Aw' + (w,n) A du’

Theorem 6. The exterior product between the relative and absolute differential K—theory
groups
K (p) @z K(Y) = K(p x idy)

holds: the natural morphisms I, R and a are multiplicative, i.e., for every a € K(p) and

BeK(Y)

o I(a-f)=1(a) 1(3);
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o R(a-fB)=R(&) AR(B);

and for every (w,n) € Q(p)/Im(d) and ' € Q(Y)/Im(d)

Proof. The first item is simple, we prove the second and third items, and the last one can be
proved similarly. let & = [(E, F ), VEEY) (w,n)] e K(p) and 3 = [E', V¥ W] € K(Y),
then
R(& - B) = ch (VEFD) @ VF') — d(@,7)
= chVEEY) A chVE — d(w,n) A R(B) — R(&) A dw' — d(w,n) A du'
= chVEEY) A chVE — d(w,n) A chVE — chVEFY) A dw' + d(w,n) A dw'
= R(&) A R(D);

a(w,n) - B =[0,0,0,—(w,n)] - [E', V7]
= 10,0,0, —(w,n) A R(B) + R(&) Aw' — (w,n) A dw]
=10,0,0, —(w,n) A R(B) + d(w,n) Aw' — (w,n) A du']
= [0,0,0, —(w,n) A R(B)]

= a((w,n) A R(D).

We now extend the product defined above to all non-positive degrees,
KT (p) @z KT™(Y) = K7™ (p x idy),

as follows. Let & € K"(p) and § € K~™(Y), then as elements of K (idt» x p) and
K(T™ x Y) respectively, we have

a 'OB S K(ldﬂ'm X p X ldTn X idy),

where -( is the exterior product defined in degree 0. Then we consider the natural diffeo-
morphism ¢, , : idpm+n X p X idy — (idpm X p X idpe X idy) and we define:

A A

a-f = (=1)""¢p, (&0 P),

since & and ﬁA both hold condition of definition 24, also & - B satisfies, so & - B ek “nTM(p X
idy ). It remains to verify the axioms of multiplicativity.
Theorem 7. The cross product between relative and absolute differential K— Theory

cK7(p) @z K™™(Y) = K™""™(p x idy)

hold: for every & € K= (p) and 3§ € K~"(Y)
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A

o Ia- ) = 1 @) - 1),

Proof. Let us prove the second and the last item.
R(@ - ) = R(6) A R(B)
=dty A Adbg ATER™™(Q) Adtpir A~ A dbnsm AT R7(5)
= (=1)""dty A+ A dt g A Wi (T, RT(Q)) ATy RT™(B))
then multiplying for (—1)"" we get
R™™(a- B) = my R™(&) Ay RT™(B)

A

= R7"(&) A RT(9);

A

ain(c‘% 77) ’ 6

[0,0,0, (=)™ dty A -+ Adty AT (w,n)] - B
[(0,0,0, (=1 dty A Adty A i (w,n) A R(B)]
[(0,0,0, (—=1)"™ " X dty A - Adt, A T (w,n)

Adbpir A+ Adtyim A Tom R™(3))]
- [(Oa 07 07 (_1)n+m+1dt1 JARERA dtn-i-m A Wﬂ?”ﬂLm((w? 77) A R_m<5))>)]

A

=a”"""((w,n) NRT(B)).
O

In order to extend all the results above for any integer, we extend the Bott

periodicity K—"(p) ~ K~""2(p), given in proposition 5, to the differential framework as
follows. Consider a generator k — 1 € K (T?) ~ Z and the topological isomorphism

B™": K™"(p) — K" 2(p) (4.20)
a— (k—1)Xa,

this map can be refined defining
B K "(p) = K"2(p)
a— (R—1)Xa

where & € K(T?) with [(k —1) = k—1, R(R—1) = dty Adty and it (kR —1) = i3(R —1) = 0,

for iy,i : T — T2. Thus, such a class # — 1 € K~2(pto) with curvature 1 and first Chern
class 1.
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Proposition 11. (Differential Bott periodicity) The map B~ is an isomorphism.

Proof. e Surjective. Let 5 € K~"%(p) and suppose that I"""2(5) = g € K~""2(p),
due to the surjectivity of B~" there is a class « € K~ "(p) such that (k — 1)K a = .
Condition (4.19) says that R(3) = dty A - -+ Adtyss ATk R7"2(f3). Choose a class
& € K—"(p) such that I="(&) = «; moreover, it is possible to chose & in such a way
that R(&) = R 2(B), i.e., R(&) = dty A - -+ A dty, A i R™"2(j3), proposition 7

I ((R-1)Ra) = (k- 1) Ra=p=1"7);
then, 8 = (A — 1) R & + a " 2(y) with dp = 0. Since the classes 3 and (& — 1) K a
belong to Ker(i}) for j =1, ,n+ 2, we have p = (=1)"dt; A -+ Ndt, 2 ANV +dy
and
B=(r-1)Ra+a " u) =(r—1)Ra+a"(dty Adty Av)
=(k-D)Ra+(k—-1)Ra"(v)
— (R 1B (@+a () = B (@ +a()),
this proves that B~ is surjective.
e Injective. Suppose that (A — 1) X & = 0, then, by proposition 7
(k—1DRI™a)=I"2((k-1)Ka) =0,
and by the topological Bott isomorphism, we have that I="(&) = 0. By proposition

10, & = a™™(p) and since the curvature is multiplicative, 7, we have
R™a&)=1-R™@&)=R*+h-1)RR"™&)=R"*((A-1)Xa)=0,
then dy = R™™oa ™(u) = R™™(&) = 0 and
a2 () = a7 (dty Aty A p) = (k—1)Réa =0,
thus, by (10), u is in the image of the Chern character, i.e., & = a™"(u) = 0.
O

Thanks to relative differential Bott periodicity, we can define the relative differential

groups for all n > 0,
K"(p) == K"(p).

Using the relative topological Bott periodicity 5, and the canonical isomorphism Q" (p, by) =

Q7 "(p, by) the natural morphism with positive degree are define by
I": K™(p) = K™(p), aw I"(a);
R": K"(p) = Qa(p,bR), o= R7"(a);
a" - " (p,bg) /Im(d) — K" (p), (w,n) = a"(w. 7).

Clearly, proposition 10 also holds for positive degree. Thus, we conclude that (f( *R/ 1 a)

is a Relative Differential Extension of K*°.
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4.3.4 Sl-Integration

From 1.1, we know that K*® has a topological S!- integration map. In this section,

we will see that its relative differential extension (f( * R,I,a) has an integration.

According to definition 3, for the S'-integration, we need to define a map

./1:Rmﬁd§,xp)—>ﬁm_%p) (4.21)
S
satisfying axioms I'1, 2 and I3. Let us see the case when n = 0, the case for n < 0 can be
constructed similarly and using Bott periodicity we recover all the degrees.

In fact, given any differential class & € K (idg: x p), from the isomorphism (1.3)
the class I(&) € K(idg: X p) can we written as

(&) = (1(&) — m{i11(&)) + mjif 1 (&) == B+ ]y € K~} (p) & K(p),

due to the properties of diagram 2.1, there exists classes 5 € h™'(p) and & € h(p) such
that

a=[+m44a"1(0), (4.22)

for some form © € Q~'(idg: x p). We now define [q 3 := 3, ie., the S'—integration
restricts to the identity on K ~(p), since we demand that axioms I2 holds, we define

Jo1 ™14 := 0 and since axioms I3 must hold, we set [ a™1(0) := a ([ O); thus, from

(4.22) we define
/Sla::3+a1</sl®>. (4.23)

Let us see that this integral does not depend of the expression (4.22). First, notice that if
& =3 + 74 +a (), then there exists ©” such that
&= p+my+ (0 +718) = (B +779) +a”'(O)
=B+ 1A +a (O +a”HO) = B+ Ty +a (O,
this happens due to I(f + nt4') = I(8 + nt4). Thus, it is enough to see that the integral

does not depend of ©. In fact, suppose that a=1(0) = a71(©’), then we may write
O — O = dity Aidp, thus dt; A (7F [ (© — O)) =dp, ie., a ([ 0) =a ' ([1 ©).

It is not difficult to see that this definition does not depend of the expression (4.22)

and satisfies axioms 11,12 and I3, i.e., we have the following proposition.

Proposition 12. The morphism of S*-integration has the following properties:

o Lett: S — SY 2+ z, and consider the map (t X idx,t X idy) : idg1 X p — idg1 X p,

/ o(t X idy,t X idA)*:—/ :
51 51

we have
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o [qiomy =0, where m : idg X p — p is the projection;

e the following diagram is commutative

/3\
Q (idg1 x p; %) /Im(d) —— K (ids1 x p) —— K(ids: x p) Quidg1 % p; bg)
lfsl stl lfy stl
Q2(p b3/ Im(d) ———— K~ (p) ——— K(p) Q' (p; bR).
RrR-1

Proof. The second item and the commutativity with a and I follows by construction. Let

us see that the integral commutes with the curvature. In fact, from (4.23) we have

() -, 6)
applying R to (4.22), we get
R(&) = diy Am R(B) + 7' R(A) + d (dtl At (/S @)) ,

thus, since the integral kills 7}, second item, we have

/SlR(@):Rl(BHd(/Sle)).

Let us prove the first item. We denote t; := (¢ x idx,t x id4), it is not difficult to see that
for topological classes and differential forms, we have t; = —id". Thus, applying ¢} to the

expression (4.22), we get
tia =3+ t;my + tha”'(©) = ;6 + mit;y + o (£0),

since ta‘@ = —0O we have

/51 tia=t;5— /51 a~(0),

thus, it is enough to prove that t;‘B = —B. Let us call \ := tg@ + B, then tgj\ = ). Since
7Y\ = IR + I7H(B) = —I7H(B) + I7(B) = 0, we have X = a (&) = —a(dt A 7;€);

~

therefore, t;A = a(dt A 77§) = — ). Hence A =0, i.e., t;ﬁ = 8. ]

4.4 Freed-Lott model on cofibrations

Parallel classes on cofibrations can be described through a simpler model. Let

p: A= X be a closed embedding, we denote this map by the pair (X, A).
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Definition 25. A relative vector bundle on (X, A) is a tripla (E, F, 1), where:

e F and I are complex vector bundle on X;

e ¢: E|4 = F|4 is an isomorphism.
A parallel connection on (E, F,v) is a pair VEF¥) .= (VE V) where:

e VZ and V¥ are connections on E and F respectively;
o ¢ : (E,VE) — (F, V) is an isomorphism, i.e., v*(V¥|4) = V| 4.

Definition 26. Let (VZ, V) be a parallel connection on (E, F,), the parallel Chern

Character form associated to this connection is defined by
ch(VE VF) := chV¥ — chV¥ € QF (X, 4; R);

if (V'F,V'") is another parallel connections on (E, F, 1)), the relative Chern-Simons class

associated to both connections is given by
CS((VE, V), (VE, V)] = { /1 (chV™*F — chV™F)| € (X A)/Imn(d),

where V™xZ interpolates VZ and V', and, V™xF interpolates V¥ and V'F; More-
over, V™x¥ and V™! are defined in such a way that, extending ¢ to A x I, we have

¢*(@N§F|AXI) — @W}E
Definition 27. A differential parallel vector bundleon (X, A) is a triple ((E, F,v), (VF, V), w)
such that:
e (E,F,v) is a vector bundle on (X, A), where v is a geometric isomorphism;
o (VE VT) is a parallel connection on (E, F,);
o we QX A).
We say that two parallel differential vector bundles, ((E, F, ), (V¥ V) w) and

(E', F' "), (VF, V), W), are equivalent if there is an isomorphism (f, g) : (E, F,) —
(E', F',¢)") such that

w—w € [CS((VF, V), (£,9) (V¥ V)] = [CS(VE, fVF) — C8(VF, g V"] .
(4.24)

We call fpar(p) the semi-group of isomorphism classes of parallel triples with the
operation of direct sum and we introduce the equivalence relation analogous to the one

defined on the previous subsection. We set

kpar(Xa A) = f\]{Jar(lg)/ ~. (4'25)
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The natural transformations, that characterize the parallel sub-theory of a differen-

tial cohomology theory, are defined as follows:
I+ Rpun(X, A) = K(X, A), = [(B, F,0));
R: Kpur(X, A) = QY (X, A;b3), a— ch(VE V) - duw;
@ QX A Tn(d) > Roue(X, 4), w5 [(0,0,~)].
After adapting Lemma 5 to the context of a pair (X, A), we immediately get the following

commutative diagram

ReU (X, A) —P s QoYX Ay /Im(d) — Ko, (X, A) —L— K*(X,A) ——— 0

par

\ JR keh
O5(X, A;b%) —F— HY(X, Asbp)

with an exact upper horizontal line and p* o 7 = 0. Here, 7 : (X,9) — (X, A) is the

natural morphism.

The construction of the differential groups of higher degree Kgar(X , A), definitions
of the natural transformations; I=", R™" and ™" and the verification of the axioms
of higher degree are given similarly to the preceding sections with the straightforward
adaptations. Thus, in this context of cofibrations, (K * R,1,a) is a relative differential

extension of K*; moreover, (f( * R, 1,a) is a relative differential extension with integration
defined as in (4.23).

4.4.1 Comparison of the two Notions of Relative Differential X' —Theory

In definition 22 , let us consider, the particular case when p =14 : A — X is a
close embedding, and we want to see the relation of the two relative differential K —theory
groups Kpar(ia) and Kpa (X, A), the last one is defined on (4.25). Define the following
morphism

0 Ko (X, A) = Kpar(ia) (4.26)
(B, Fv), (VE, V), w]] = [[(B, F,¥), (V5 YV, V), (w, 0)]], (4.27)
where V is the trivial path connection between VZl4 and V14, Notice that we are using

double [[.]] in order to be more specific we the classes, see remark 7. Calling
= (B, F,),(VE,Vh),w) and (@) = (B, F.9),(V5, V", V), (w,0)
we can easily see the following facts:
e [[1(&)] is a parallel class. In fact, we have cov([[c(4)]]) = J; ch(V™aFla) — |, =

J; w5 ch(VFI4) 40 = 0, where we used the fact that V™aFla = vmaFla — g4 vEla

since V™14 is the trivial interpolation, and [, 7% = 0.



76 Chapter 4. Differential K-Theory

e . is well defined. It is an immediate consequence of the fallowing fact: & ~ &' if and
only if t(&) =~ ¢(&'), with ~ defined as in (4.24) and (4.14). Using the same argument
as above we can easily see that the second entry of (4.14), [, CS(V, V') = 0.

e Every elementary relative differential vector bundle belongs to the image of ¢ (actually,
we can identify an elementary 4 := ((G, G, id), (VY, V%), 0) with ¢(¥).

e [ is injective. Moreover, if ¢([[&]]) = ¢([[@]]), then, there exists an elementaries of
the form «(%) and ¢(%') such that [t(&)] & [t(F)] = [t(&")] & [(F)], then [L(& & )] =~
[L(&/ ®4)] if and only if [& & 4] ~ [&’ & 7], thus [[4]] = [[&]].

With the notation above, we have the following theorem.

Theorem 8. The morphism defined on (4.26) is an isomorphism.

Proof. We already saw that ¢ is injective morphism. Let us see that it is surjective. Let

= ((E,F,v),(VE,VF, V), (w,n)) be a relative differential vector bundle on i, such
that [[3]] € par(ia), we must find a parallel differential class [[4]] € hpar(X, A) such that
d([1a1)) = [131)-

Let us consider the two connections V¥|4 and ¥*(V¥|4) on E|4. Since we are
dealing with two connections on the same vector bundle, there exists a 1—form €2 :
TA — End(E|a) such that ¢*(VF|4) = VE|4 + Q, hence V|4 = 1. (VF|4) + 1.Q, where
.2 TA — End(F|4). We extend 1, to ' : TX|4 — End(F|a) by composing with
any projection TX |4 — T A, defined through any metric on TX. Then, since A is a closed
sub-manifold of X, we extend ' to Q" : TX — End(F) and we set V' = V¥ — Q" In
this way, V|4 = 1.(V?|4), hence

(V' 4) = VE 4. (4.28)
We now define the following relative differential vector bundle
B = (B, F,9), (V2. V, V), (o)),
where (w',n') is any form(up to exact ones) such that
(W', 1) = (w,) € [CS((VE, V", V), (VE, VF, V).

Clearly, by construction, the differential vector bundle 3 is isomorphic to 3, thus [[@’ ] =
[[P]] € Kpar(ia).

Finally, consider the differential vector bundle & := ((E, F,v), (VE, V"), —dif),

where 77’ is the extension of ' to X through a partition of unity. Notice that, by (4.28) and
since 0 = cov([[3']]) = w|a —d = (W' — dif')| 4, we have that [[@] € Kpar(X, A); moreover,

A A

by construction ¢(&) =~ 3. Thus, we get i([[a]]) = [[«(&)] = [[3'] = [I3]].

)
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45  Freed-Lott model on maps of pairs

In this section, we briefly describe the Freed-Lott model on maps of pairs. In the
topological framework, given a map of pairs (p, p') : (4, A’) — (X, X’) such that all the

spaces involved have the homotopy type of a finite CW-complex, we define.

Definition 28. A vector bundle on a map of pairs (p, p) is a triple (£, F,©), where:

e £=(E,E,a) and F = (F, F, ) are relative vector bundle on (X, X’);
e ©=(0,0):(p,p)E S (p,p)*F is an isomorphism of relative vector bundles on
(A, A).
Explicitly, the second item states that 6 : p*E — p*F and 0 : p*E — p*F are

isomorphisms such that the following diagram commutes:

(0B =2 (0" E)|
; (4.29)

=)
>

0] 4 /

* *ﬁ k [
(0" F)|ar === (p"F)|a
A triple of the form (&, &, id) is called elementary.
Definition 29. An isomophism from (£, F,0) to (£, F',0') is a pair (F, ), where

F=(fi,f): &€= & and G = (g1, 92) : F = F' are isomorphisms of relative vector
bundles;

e the following diagram commutes:

(p, /)€ —2— (p,p')"F

l(p p)F lpp

(p. )€~ (p. )" F
A triple of the form (&, &, id) is called elementary.

Explicitly, from (4.29), the diagram above is commutative means that the following
cube commutes

(p')*e

(" E)|ar (p*E)|ar
(p*f)l ar \
()"’ Il
* p) e * 5
(P*E")|a (P"F")|ar 0l ar
Ol ) (4.30)
, . e /)*6 9/|A’ =
0| ar (" F)|ar (0" F)|ar

g2)| a1

o

km"v.‘v(p*gl)|A(/p,)*ﬂ,

(p*E")| a (p*F")| a
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451 K-theory on maps of pairs

Let (p,p') : (A, A") — (X, X’) be a map of pair, such that all the spaces involved
have the homotopy type of a finite CW-complex. The construction of the K—theory
groups on maps of pairs follows similar to section 4.1.1. In fact, denote by I'(p, p') the
semi-group of isomorphism classes of vector bundle on maps of pairs (£, F,©), where the
operation of direct sum of vector bundle (on map or pairs) is defined component wise, the
next step is to define in I'(p, p’) a equivalence relation ~ analogous to the one defined
on (4.1), ie., [(€,F,0)] = [(£',F',©)] if and only if there exist two elementary triples
(G,G,id) and (G',G’,id) such that

[(57 5, @) S (ga g, id)] = [(5/7 ‘F/a @/> ©® (gla g,a id)]>
then, the abelian group of K —theory on maps of pairs is given by the quotient

K(p.p') =T(p,p)] =~

The definition of K-theory groups on maps of pairs K~ "(p,p’), of non-positive

degree, is defined similar to definition 13 with the obvious adaptations.

Let (p,p') : (A, A") = (X, X') be a morphism of pair, let us see that the K —theory
groups on maps of pairs satisfy the axioms of cohomology theory on maps of pairs. In fact,

according to remark 3, we just need to see that
K*(p,p') = K*(Cogop):
where C'(p, p') : C(A, A") — C(X, X’) is the cone of (p, p’). Consider the map of pairs
(9,1 p') : (Cyl(A, A), {1} x A") — (Cyl(X, X7), {1} x X'),
where p : Cyl(A, A’) — Cyl(X, X’) is the natural morphism that makes the diagram

Cyl(4, A") —2— Cyl(X, X")

J» |»

A P X

commutative. Since the pairs (Cyl(A, A’), {1} x A") and (Cyl(X, X"), {1} x X’) are cofi-

brations, using lemma 2, we get the isomorphism

Kpdlxh)=K (C{yvll}(i ii) — C{il}%)i ﬁ?) = K(Clp.p)).

Theorem 9. Let (p,p') : (A, A) — (X, X)) and map of pair with (A, A") and (X, X")

cofibrations, then we have the isomorphism:

K(p,p) = K(p,1xp).
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Proof. Consider the notations previous to theorem 3. We define

O K(p,p) = K(p,1xp 1 (Cyl(4, A), {1} x A) = (Cyl(X, X"), {1} x X"))
(B, F.9), (B, F,4), (¢,0))] =
[(H*Ev H*Fv (7T1_1) (ZO i) (EO 1)*¢)7 (H*E7 H*F’ (71-1_1)*(16&)*6(;1)*1/;)7 (H*¢7 H*Qg)]

Notice that, (II*E,II*F, (77 ")*(ig.1)*(ig ") *¢) is a vector bundle on (Cyl(X, X’),1 x X)
induced by (E, F, 1), similarly for the other entries. Since the following diagram

) O,
(P E)la ——— (p"F)|u

Jm/ y

* I (") % T
(0" E)lar ——— (p"F)|a
commutes, we can easily see that the next one

(1xp)* (w7 )" (ig1)* (g )™

(7T E) 1 (T F) [

JHWIMA’ Jn*éhxm

L (1) (e ) g ) G
(P E) 1 e (P F) 1

is also commutative. This proves that ® is well-defined.

Following the same ideas, we define the inverse morphism @’ by

@ K(p 15 ) = (O X, {1} x X)) = K(p. )

[(E, F,1), ( w) (¢, (5))] =[x E, jx F, ZOZO 1711/17]XE JXF ZSZO T, (X 9 ]X¢)]

The relations

ITo jX = idCyl(X,X’) and jX oll ~ idCyl(X,X’)
proves that ® and @ are inverses of each other. O
Corollary 6. Let (p,p') : (A, A") — (X, X') and map of pair with (A, A’) and (X, X’)

cofibrations, then

K(p,p') = K(C(p,p")).
Corollary 5 also holds when p is a map of pairs and the proof is similar.
Corollary 7. Forn >0, we have the isomorphism
K™"(p,p") = K™"(C(p, p"))-

Proposition 13. (Relative Bott periodicity of pairs) Let (p,p’) : (A, A") — (X, X")

a morphism of pair, then
K™(p,p) = K" (p, p).
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Proof. Using (4.5.1), we have
K™(p,p') ~ K_R(CC(,D,,D/))
= K_n_z(OC(p,p’))
~ K7n72<p, p/)
O

Theorem 10. Relative K-theory of map of pairs is a generalized relative cohomology
theory of maps of pairs.
45.1.1 Topological relative-absolute product

We now construct the relative-relative product (1.15) on K —theory. First, we
define the exterior product in degree 0, i.e., given two classes o = [(E, F,¢)] € K(p) and
g =[(F,F ¢ € K(Y,B), we set

Tl K(,O) Rz K(Y, B) — K(p X id(yﬁ)),
a - /6 = [(E (029 E,,E® F/,idp*E X w/)) (F® E,7F® F,7idp*F X ¢/), (¢ X idE/,l/} X ldF/)] .
The exterior product in any non-positive degree:
tKT"(p) @z KT"(Y,B) = K" (p x id(y,p)),

is defined similar to the relative-absolute product (4.11). In fact, given a € K~ "(p) C
K(idr x p) and 5 € K~™(Y,B) C K(T" x (Y, B), we consider a -¢ § € K(idpm X p X
idyn (v,p)), Where - is the exterior product in degree 0 defined in (4.10). Then considering

the natural isomorphism
Pm,n - id’]I‘m+TL X p X id(y7B) — id']rm X p X idT"X(Y,B)
we define:

a® B =g, (a®B).

4.5.2 Differential K-theory on maps of pairs

In this section, we consider the differential extension of K (p, '), assuming that
(p,p) : (A, A") — (X, X') is a smooth map between compact manifold pairs. The definition

becomes similar to the definition given in 21.

Definition 30. A connection on (£, F,0) is a tripla VE50) .= (V¢ V7, V) such that:

o V¢ = (VF, VE) and V7 = (VF,VF) are parallel connections on € and F respec-

tively;
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o V = (Vmar'E ymar'E) g a path connection between (p, p')*V¢ and ©*(p, p/) V7,
le.:
— V7™P"E ig a path connection between V7' and V¥ ¢ F;

— V7™ E is a path connection between V*F and V77"

In this context, the definitions of Chern character form chV&7©) € Q% (p, p)
and Cheeger-Simons class {CS (Vgg’f’@), Vgg’f’@)ﬂ € Q4(p p)/Im(d) are similarly to
definitions 18 and 19, respectively.

Definition 31. A differential vector bundle on maps of pairs (p,p') is a triple
((£,7,0),VE79) (w,1))

such that:

e (£, F,0) is a complex vector bundle (p, p');
o V79 is a connection over (&, F,O) ;
o (w,n) € Q¥(p,p).
Notice that ((5, F,0),VEF®) (y, ?7)) is the reduced notation of

((E, B, a), (F.F,8),(6,6)), (V" V), (V",VF), (VA V) (w, ).

The construction of the relative differential K-Theory Groups on maps of pairs
follows similar to the one given on subsection 4.3.1. We denote this group by K (p,p') and
its elements are the classes of the form {(5, F,0),VEF®) (y, n)}

odd (p’ p/)

Im(d)
the curvature R : K(p, p') — Q% (p, p') are also defined similarly as definition (23). The

The natural transformations I : K(p, p') = K(p,p'), a : — K(p, p') and

extension to any degree and the definition of S*—integration follow as we have seen above.

4.5.3 Relative-Parallel Product

Now we have all the tools to construct the relative-parallel product (2.4) through
the Freed-Lott model. In fact, given a relative class & = {(E, F ), VEEY) (4, 77)} € K(p)
and a parallel class 3 = [(F', F',¢'),(VE V), W] € f(par(Y, B), we have to construct

the corresponding product

A

- K(p) @z Kpae (Y, B) = K (p x id(v.5)) = K(p x idy, p x idp)
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we set: & - 3 = [(E, F,¢) @ (E', F',¢), V&I @ (VE', V), (@,7)] , where
(@,7) = (w,n) A R(B) + R(&) Aw' + (w,m) Adu.

Explicitly, the first and the second entries are the triples given by

(&, F,0) =
(FQFE,Ex@Fidpgey),(FRFE,FQFidr ¢, (¢ ®ide, ¢ @ idp))

(VE, V7, V) =
(VP Vv” vFe V) (Vie VY vie V), (Ve v Ve vh)).
As we can easily see, from definition 28, the triple (£, F,©) is a vector bundle on (p X
idy,pxidg): (AXY,AxB) > (X xY,X x B). Infact, (FEQ E', E® F'|idg ® ¢') and
(F®FE,F® F' idp ® ') are vector relative bundles on (X x Y, X x B); moreover, the
following diagram

(pxidy )*(idp®1)

((p x idy)*"(E® E'))|axn ((p x idy)*(E ® F'))|axp
l(@b@idEl)leB l(indF/)AxB
) idy )* (id p @1/ .
(p x idy )*(F @ E))|axn 29V EPED) ) s idy ) (F @ F')) [ ases

idp* E®’L[}l

p*E® E'|p p*E® F'lg
= llp@idE/'B liﬁ@idF/B
id g @1
p*F® F'|p akikitd p'F®Fg

is commutative. Similarly we can see that the long expression (V¢, V7, @) is a connection
over (£, F,0)

Theorem 11. The cross product between relative and parallel differential K—theory,
- f((p) ®7 f(par(Y, B) — K (p X id(y,B)) ,

holds: the natural morphisms I, R and a are multiplicative.

Proof. The demonstration is similar to the proof of theorem 6 with the straightfor-
ward adaptations. Let us prove that the curvature is multiplicative. In fact, for & =
(B, F,4), VEFD ()] € K(p) and 3 = [(E', F',¢), (VF,VF),w] € K(Y,B), we
have
R(& - B) = ch (VEFD) @ (VF V) - d(@,7)

= chVEFD) A ch(VE V) — d(w,n) A R(B) — R(&) A dw' — d(w,n) A dw'

= chV B A ch(VE V) — d(w,n) A ch(VE, V) — chVEF) A du’

+ d(w,n) A duw'

A

= R(&) A R(D).
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In order to construct the relative-parallel product (2.5), the Freed Lott model can
be further generalized, and as expected, it can be reproduced in the framework of sequence
of maps of sequences in a straightforward way. For example, let (p, 7,) : (AA,) — (X, X,,)
be a map of sequences, we define

Definition 32. A relative vector bundle on (X, Xn) is a tripla (E, F, Jn), where:

e F and F' are complex vector bundle on X;

e ¢ : E|x, = F|x, is an isomorphism for every i = 1,--- ,n.
A parallel connection on (E, F,1,) is a pair V(B = (VF V), where:

e V¥ and V¥ are connections on E and F respectively;

o ;. (E,VE) = (F,VF) is an isomorphism, i.e., 1*(

Xi) =

Definition 33. A vector bundle on a map of sequences (p, p,,) is a triple (€, F, én), where:

e £=(E,E,d,) and F = (F, F, 3,) are relative vector bundle on (X, X,,);

(0, 0, w) : (0, pn)*E = (p, pn)*F is an isomorphism of relative vector bundles on

Explicitly, the second item states that 6 : p*E — p*F and 0 : p*E — p*F are

isomorphisms such that, for every i = 1,---  n, the following diagram commutes:

(P E)la, 5 (97 E)|a,
fla

l%- j

(0" F)|a 25 (p*F)| 4,

(4.31)

With this definitions we can easily construct the topological K —theory groups, K2, (X, Xn)

par

and K*(p, 7,), and, differential K —theory groups K*, (X, )Z'n) and K*(p, ) with their

par

respective natural morphisms. The topological product for K —theory of sequences or map

of sequences has the picture

X K*(X,A,) @z K*(Y,Bp) = K*(X XY, X X By, A, x Y).

(B, F,4,)] - (B F ,)] ==
(EQE+FQF EQF +FRE,idg@v,, +idp @0, 1 @idp + 07 @ idp)].
X 2 K*(p, fn) @2 Koy (V, Br) = K*((p, ) x 1y 5,)) = K*(p x idy, p x id , i X idy).
(€, F,6.)]- (B, F',d3,)] = [€ @ (B, F',4,), F @ (B, F',40,), 0, @id o i )],
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where £@ (E', F', ¢ is a vector bundle on (X, X,,) X (Y, B) == (X XY, X X By, X, X Y)
defined similar as the previous product, the same for F ® (E', F, 1/7;,1) Finally, we define

the generalized relative-parallel product
X 2 K*(p, pn) @2, Ko (Y, Br) = K*((p, ) x 1y 5,)) = K*(p x idy, p x idj_, p X idy).

For & = [(&,F,6,), VETS) (w,n)| € K(p, ) and 3 = (B, F',¢/,,), (VZ, V"), w'] €
K (Y, B,,), set

A

G-p=EF 6,0 E F.,), V0 eV V), (@.7)],

where
(@,7) = (w,n) AR(B) + R(&) Ao + (w,n) A dw'.

With these definitions, we can easily prove the axioms M1 — M5 of definition 7.
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5 Existence

Given a rationally-even cohomology theory h®, the Hopkins-Singer model, in (HOP-
KINS; SINGER, 2005), provides a multiplicative differential extension B', see (UPMEIER,
2012), (RUFFINO, 2015b). We briefly review its definition on maps between spaces. Af-
terwards, we show how to adapt the construction to maps of pairs and we define the

parallel-relative product in this framework.

5.1 Differential Functions

Given a smooth function p : A — X, consider the corresponding cylinder Cyl(p)
and the natural map ¢, : Cyl(p) = X x I, defined by ¢,(x) := (z,0), for every z € X, and
tol(a,t)] == (p(a),t), for every (a,t) € A x I.

Definition 34. e Let Y be a manifold, we say that a continuous function f : Y —

Cyl(p) is smooth if and only if ¢, o f is;

e let v: B — Y asmooth map, a continuous function f : Cyl(v) — Cyl(p) is smooth if
and only if, for any manifold Z and any smooth map £ : Z — Cyl(v), the composition
f o & is smooth.

With these preliminaries, we can define smooth singular chains and cochains on
Cyl(p) as usually on manifolds. Moreover, a differential form w € Q"(X,V*) induces a
smooth singular cochain ¢, € C? (Cyl(p); V*) as follows. Denote by ¢ the singular
cochain induced by w on X, calling 7, : Cyl(p) — X the natural projection, we set

P 1= W;gog, thus, we get a natural morphism
Xp : (X5 V*) = CF,(Cyl(p); V), (5.1)

where V'* is a graded real vector space.

Let p: A — X be a smooth function, Y a topological space and &, € C"(Y,V*) a

real singular cocycle. We now give the following

Definition 35. A differential function (f, h,w) : p — (Y, ky), from p to (Y, k,), is a triple
(f, h,w) such that:

e f:Cyl(p) = Y is a continuous function;
o he Oy (Cyl(p); V*);

o we QL(X; V),

cl
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satisfying the following condition

8" h = x,(w) — R (5.2)

Consider the natural map p x id; : A x I — X x I and the natural projection
mx X x I — X.

Definition 36. A homotopy between two differential functions (fo, ho,wo), (f1,h1,w1) :
p — (Y, k), is a differential function (F, H, n5w) : p x id; — (Y, k,,), such that:

® Wy = W1
o fo~r f1;
o H|(Cy1(p)><{i},A><{i}) = h;, fori =0,1.

We naturally denote the homotopy by (F, H, m%w) : (fo, ho,wo) =~ (f1, h1,w1).

In the previous definition it is possible that A = &. In this case we get a differential
function from the manifold X to (Y, k,).

Definition 37. Let X be manifold. Given:

e a differential function (f, h,w) : X — (Y, k,);
e a marked point yo € Y and the constant function ¢, : X — Y

o e HX,V*);

a strong topological trivialization of (f, h,w), induced by 7, is a homotopy (F, H, miw) :
XxI — (Y, k) between (f, h,w) and (cy,, xx (1), dn), where xx : Q*(X,V*) = C3,.(X,V*)

is the natural homomorphism, i.e.,

<F> H7 ﬂ-;(w) : (f7 haw) = (CmeX(n)adn)'

5.2 Relative Hopkins-Singer Model.

Given a smooth function p: A — X between manifolds, denote by:
o oy : Cyl(A) — Cyl(p) the natural map defined by (a,t) — [(a,t)];
e 7,4 : Cyl(A) — A the projection;

e A x {1} the upper base of the cylinders Cyl(A) and Cyl(p).
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Remark 8. We fix a rationally-even cohomology theory h®, represented by an {2—spectrum
(En, €n, €,), where e, is the marked point of E, and €, : (3 E,,> €,) — (Eni1,€n41) i

the structure map, whose adjoint €, : E, — Q. ., F,. is a homeomorphism. We set

hr = h*({pt}) ®z R and we fix real singular cocycles ¢, € C"(E,, e,; b), representing the
Chern character of h®, such that ¢,_; = [s1 €)¢,,, the integration of cochains being defined
through the prisma map, see (UPMEIER, 2012).

Let (f,h,w) : p— (En,ts) be a differential function and consider the “pull-backs”

differential functions:
P (fihw) = (flx op,p"(hlx),p'w) : A= (En, tn),

[’Eyl(A) (f7 hvw) = (f o LCyl(A)7 [/ﬂéyl(A)hﬂsz*w) AT — (ETL7 Ln)-

Definition 38. We denote by A" (p) the set of equivalence classes [(f, h, (w,7))], where:

o (f,h,w):p— (Ey,t,) is a differential function such that:
LEyl(A)(f? h, w) p (f7 h, w) = (C€n7 XA<77)> dﬁ);

e two representatives (fo, ho, (w,n)) and (f1, hi, (w,n)) are equivalent if there exists a
homotopy (F, H, n5%w) : (fo, ho,w) =~ (f1, h1,w), that is constant on the upper base
of the cylinder, i.e., such that (F, H,75w)|ax{iyx1 = (Ce,., Xaxr(man), mhdn).

Notice that, if we restrict the homotopy (F, H, 75 w) to Ax {1} x{0} or Ax {1} x{1}
we have that p*w = dn, i.e., (w,n) € Q%(p, b).

Moreover, given two maps, p: A — X and v : B — Y, and a morphism (p, ) :
v — p, there is a natural map (¢,v)x : Cyl(v) — Cyl(p), y — ©(y), [(b,t)] — [(¢(b),1)]
that induces the following pull-back

(@, 9)" : B"(p) = h"(v)
[(f by (w,m))] = [(f o (0, 0)%, (@, ) gh, 7w, )]

We now describe the abelian group structure on h"(p). First, we fix the following
data (UPMEIER, 2012):

o Let o, : E, x E, — FE, representing the addition in cohomology, i.e., given a
topological space X and two maps f,g : X — E,, representing the cohomology
classes [f], [g] € h™(X)(resp.), the cohomology class [f] + [g] € h"(X) is represented

by the following composition:

x Y9 g x B, % B,
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we require that, calling ¢, : X(E, x E,) — E,i1 X E,;1 the structure maps of
the spectrum FE,, x FE, (defined via the factorization X(FE,, x E,) — XE, X ¥ E, —

Eni1 X Epnyq), see remark 8, one has €, 10 Xa, 1 = a;, 0 9p_1.

o Let m,,m, : B, X £, — L, be the two projections, representatives of the two
classes [71 ], [T2n] € K" (E, X E,) (resp.), the sum of these classes is represented by

Qi © (T 1, T2 ). Since (T, T2.n) = idg, xg,, we have that a, o (71, T2.,) = y, thus
T nltn] + 75, [tn] = ch([m1n]) + ch([man]) = ch([m1n] + [man]) = chlan,] = ag ],

hence there exists A, 1 € C" " Y(E, X E,,e, X e,,h%) such that:

T (tn) + 755 (1n) — ag(tn) = 0" At (5.3)
Since we are assuming that h34 = 0, it follows that A,_; is unique up to a coboundary

for n even (UPMEIER, 2012). We set A, := — [q1 ¢}_A,—1, where ¢, is the
structure map of the spectrum FE, x FE, defined above, see remark 8. In this way

A, _1 is uniquely defined up to a coboundary for every n.

We define the sum in h"(p) as follows:

[(f(h hOa (WO, 7]0))] + [(fh hl? (wb 771))] =
[(an 0 (fo, f1), ho + ha + (fo, f1)" An—1, (W0, m0) + (w1, m)], (5.4)

where (fy, f1) : Cyl(p) — E, x E, denote the map induced by fy and f;.

Let us show that we get a differential extension of h®, constructing the corresponding

natural transformations of h*(p). We define

L:0"(p) = h"(p), [(f,hs (w,m)] = [f);

R:h(p) = Q5 (pibr), [(f. . (w,m))] = (w,n);

a: Q" (p;0%) /Tm(d) = h(p), (W, 1) = [(Cers Xp (@, ), dw, )],

where the morphism xJ : Q"(p;bg) — CF,(Cyl(p); bg) is a map that induces a form
(w,m) € Q"*(p; bR) to a smooth cochain on Cyl(p) up to coboundaries, whose restriction to
the upper base is xa(p*w — dn). We should not confuse this with map (5.1), also denoted
by X,, that induces a form w € Q"(X;bhy) to smooth cochain on Cyl(p).

Given (w,n) € Q"(p; bg), we define the smooth singular cochain x}(w, n) as follows.
Fix a real number € € (0, 1) and take a smooth non-decreasing function 6 : [ — I such
that 0(t) =0 for t < e and 0(1) = 1. We also fix an open cover {U, W} of Cyl(p) defined
by U :=Ax(3,1]and W := Ax [0, 5)U, X. Now, for each smooth chain o : A™ — Cyl(p),
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take the iterated barycentric subdivision, so that the image of each sub-chain is contained
in U or in W; then, for each small chain o', we set
n , Xaxr(Tap'w —d(0m;n)) (') ife’ CU
Xp(w,n)(0’) == '
X% (w)(mx 0 0) ifo' C W,
where mx : W — X is the natural projection defined by [a,t] — p(a) and [z] — 2. Note
that the morphism is well defined for o/ C U N W, since 6(t) = 0 for ¢ < e. The cochain

X, (w,n) depends on the choice of the function  up to coboundaries.

5.2.1 Sl-integration and product

Considering the topological S*—integration defined on (1.1), we define the differen-
tial S"—integration [qi : A" (p x idg1) — h™(p), as follow:

Given & € A" (p x idg1), we set &' := & — wFit& and we represent it as &' =
[(f, h, (w,n))]. Since i{& = 0 by construction, in particular i{I1(&’) = 0, therefore the
function f : (Cyl(p) x S, A x S') = (E.41,€en11) can be chosen in such a way that
f(i1(Cyl(p), A)) = ept1. Hence, it induces f : (Cyl(p), A) = (e, En+1,Ce,,y), Where
Ce,., is the constant loop. Composing with the inverse of the adjoint of the structure
map, see remark 8, we get [o1 f := &, o f : (Cyl(p),A) — (E,,e,), hence we set
Jor &= [(Jsr [, Jsr b, Jsr(w,m))].

We now describe the abelian group structure on A" (p). First, We fix the following
data (UPMEIER, 2012):

We now describe the exterior product between relative and absolute classes, we
call py , * By N By — B4y, the maps making £ a ring spectrum and we fix the following
data:

o Let pym : By A By — E,ty, be the maps making F a ring spectrum, i.e., given two
topological spaces with marked point (X, z¢) and (Y, yo) and two maps f : (X, z9) —
(En,en) and g @ (Y,yo) = (Em,en), representing the reduced cohomology classes
[f] € h*(X) and [g] € h"™(Y), the cohomology class [f] x [g] € A"T™(X AY) is

represented by the following composition:
XAY 2% BoAE, 2 By

Therefore, one has ch{f] x chfg] = ch([f] x [g]) = ch({jinm o (f A g)]). Choosing
f =1idg, and g = idg,,, we get ch[idg,] x ch[idg, ] = chlunm]. Hence, there exists
M, m € CYE, A B,y e, A e, b) such that:

n+m—1 _ *
) Mum = tn X tm — Hyy mlntm-

Since we are assuming that h33¢ = 0, it follows that M, ,, is unique up to a coboundary

for n and m even (UPMEIER, 2012).
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e We fix a chain homotopy between the wedge product of differential forms and the
cup product of the associated singular cochains. In particular, given two manifolds

X and Y, we consider the two maps
P,Q: Q"(X;hy) @ Q"(Y;bg) — C(X X Vibg)

defined by P(wo ® w1) = xxxy(wo A wp) and Q(wo ® wy) = xx(wo) U xy (w1),
where x, : Q°(x; h%) — C*(*; bg) is the natural homomorphism. The coboundary of
Q"(X; b)) @ Q™(Y; bg) is defined as d(wg @ wy) 1= dwy @ wy + (—1)"wp @ dw;. There

exists a chain homotopy
B Q"(X;bhy) @ Q™(Y;by) — C"HX < Yibg)
between P and (), which by definition satisfies

XXXy(wo A\ wl) — Xx(wO) U Xy(a)l) = (SB(WO ® wl) + Bd(wo ® wl).

Given & = [(fo, ho, (wo,m0))] € h™(p), where p : A — X is a smooth map, and 3 =
[(f1, h1,w)] € k™(Y), with n and m even, the class & x 3 € A" (p x idy) is defined by

[(fo: ho, (wo,m0)] X [(f1, h1,w1)] := [(ttnm © (fo X f1), ho U Xy (w1) + Xp(wo, m0) U ha
-+ <7Tp X idy>*B<w0 X wl) — ho U 5h1 -+ (fo, f1>*Mn,m7 wWo A\ W1, Mo A\ wl)]. (55)
In the first entry g, ., o (fo % fi1), we actually considered the following composition:
fonfi Hn,m

Cyl(p xidy) = Cyl(p) x Y ——= E, X E,, = E, N By — Epim,

thinking of it as finm © (fo X f1) : (Cyl(p) x Y, A x {1} X Y) = (Ensm, €nim)-

For any & € h™(p) (without restrictions on n), there exists a unique class &’ €
h"t(p x idg1) such that [o @ = & and R(&') = dt A7} ,R(&), where my, : p x idg1 — p
is the projection. The same statement holds replacing p by Y. Hence, still supposing that

n and m are even, we define:
o for & € h"'(p) and § € h™(Y), a x [ := [a T 0 X B
e & eh™(p)and f e " (Y), & x f:= [ & x 733

e aehm Y p)and € kYY), a4 x = — [g [q 11, & X 753,

5.3 Parallel classes

When p : A — X is a closed embedding, we can simplify the model described
above without considering the cylinder, see (UPMEIER, 2012). With the same data of

definition 35 we have the following
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Definition 39. A differential function (f,h,w) : (X, A) = (Y,v0, k), from (X, A) to
(Y, yo, k), is a triple (f, h,w) such that:

o f:(X,A) = (Y,yo) is a continuous function;

e he O (X, A;V*);

o we QX A V®);

cl

satisfying the condition that 6" 'h = x(x a)(w) — [*K,, where x(x,4) @ Q°(X, A;V*) —
C? (X, A;V*) is the natural morphism defined similarly to the case of maps (5.1).

In other words, a differential function from (X, A) to (Y, yo, k,,) is a differential
function (f, h,w) : X — (Y, k,,) such that (f, h,w)|a = (¢, 0,0).

A homotopy between two differential functions ( fo, ho,w), (f1,h1,w) : (X, A) —
(Y, yo, k) is a differential function (F, H,75w) : (X x I,A x I) — (Y, 9o, k) defined
similarly to 36.

Definition 40. We denote by hn (X, A) the set of equivalence classes, denoted by

par

[(f, hyw)], of differential functions (f,h,w) : (X, A) = (E,, €n, t,) modulo the equivalence

relation described above.

We define the sum in h"(X, A) similarly to (5.4), i.e.,

[(fo, hos wol + [(f1, haywi] == [(an o (fo, f1), ho + ha + (fo, f1)" An—1,wo + wi)],

where (fo, f1) 1 (X, A) — (B, X By, e, X €5).

The natural transformations that characterize the parallel theory are defined as
I:h™(X,A) = (X, A), [(f hw)] = [f];

R:h(X,A) = Q5 (X, A;bg), [(f,h,w)] = w;
a: QX A p8)/Im(d) — h(X,A), w— [(0,0,w].
We define S'—integration like in section 5.2.1, replacing the pair (Cyl(p), A) by (X, A).

Given a closed embedding p : A < X, we denote by h™ _(p) the parallel subgroup

par

of the model defined above. We have the natural morphism

e (X, A) = T ()

par par

[(f, hyw)] = [(f 0 p,mph, w, 0)],

where 7, : Cyl(p) — X is the projection. In (RUFFINO, 2015b), it is proven that it is an

isomorphism.



92 Chapter 5. Existence

5.4 Hopkins-Singer model on maps of pairs

Given a map of pairs (p, p') : (A, A") = (X, X’), we get the pair (Cyl(p), Cyl(p')),
which is a cofibration. Moreover, given a topological space with marked point (Y, ), a
graded real vector space V* and a real singular cocycle k,, € C"(Y, 4, V*), we have the

following

Definition 41. A differential function (f,h,w) : (p,p") = (Y, 90, k), from (p,p') to
(Y, yo, kn), is a triple (f, h,w), where

e f:(Cyl(p),Cyl(p)) = (Y,yo0) is a continuous function;
o h e CLHCyl(p), Cyl(p); V*);

e we X, X" V*);

such that 6" 1h = X(p,p) (W)= f* K, With x(, ) 0 Q°(X, X" V) = Cs L (Cyl(p), Cyl(p'); V)

being the natural morphism defined similarly to the case of maps (5.1).

In other words, we are defining a differential function from (p, p’) to (Y, yo, kn) as

in definition 35, but requiring that (f,h,w)|cyi) = (%0, 0,0).

A homotopy between two differential functions (fo, ho,w), (f1,h1,w) : (p,p') —
(Y, yo, kn) is a differential function (F, H, 7%w) : (p, p’) x id; — (Y, yo, kn), defined as 36,
with the additional condition that it is constant on Cyl(p’) x I, i.e.,

(F, H, mxw)|cyipyxr = (¢y,,0,0).

Basically we are joining definitions 35 and 40, since we are considering the cylinder of (p, p'),
as in the former, and we are requiring triviality on a suitable subspace, as in the latter. In
Keeping with this principle, given a differential function (f, h,w) : (X, X") = (Y, vo, £n),
we define a strong topological trivialization of (f,h,w), induced by n € Q" 1(X, X; V*),
like in definition 37, but requiring that the homotopy is constant on X’ x I, i.e. that
(F, H, m5w)|x /<1 = (¢y,,0,0).

With these preliminaries, we apply definition 38 to a map of pairs without variations.
We observe in particular that a homotopy between two representatives must be constant
both on Cyl(p') x I (by definition of homotopy in this setting) and on A x {1} x I (by
definition 38). The sum is defined by formula (5.4), where (fy, f1) : (Cyl(p), Cyl(p’) U (A X
{1})) = (En x E,, e, X e,). The natural transformations I, R and a are defined as in the
relative framework, simply checking that they respect triviality on X', A’ and Cyl(p’) in

the case of maps of pairs. The same consideration holds about S!-integration.
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5.4.1 Relative-parallel product

Using the tools developed up to now, it is straightforward to define the relative-

absolute product (2.4) in the Hopkins-Singer model.
In fact, given & = [(fo, ho,wo, )] € h™(p) and S = [(f1, h1,w;)] € h™ (Y, B), with

par
n and m even, the class & x 3 € h"™(p x id(y,p)) is defined similarly to the formula (5.5)

, 1.e.,

[(fo, ho, (wo, m0)] X [(f1, ha,w1)] = [(fnm © (fo X f1), ho U xy (w1) + Xp(wo, o) U ha
+ W;(WO X wl) — ho U (Shl + (f(), fl)*Mn,m,wo N w1, Mg N\ wl)].

we think of fi,.m o (fo x f1) @ (Cyl(p) x Y, (Cyl(p) x B) U (A x {1} xY)) —
(Epntms, €ntm)- The other components vanish on Cyl(p) x B too, since each term defined on
Y vanishes on B by hypothesis. The extension to n and m not necessarily even is defined

trough S!'—integration, as at the end of section 5.2.1.
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6 Integration

In this chapter, we construct compactly supported and vertically-compactly-
supported integration in differential cohomology. For it, we briefly recall the definitions of
compactly-supported cohomology and vertically compactly-supported cohomology, both,
topological and differential. In the second section, since the integration is defined as a
composition of Thom isomorphism with some natural maps, we describe some versions of
the Thom isomorphisn. Here we use the relative-parallel product described in the section

2.3. Finally, in the last section, we characterize axiomatically this integration .

6.1 Vertically-compactly-supported cohomology

Let X be a locally compact space, and let (Kx, C) be the directed partially ordered
set, where KCx denote the set formed by the compact subsets of X, and C the inclusion
of set. Let us consider a family of morphisms iy i : (X, X \ K') — (X, X \ K) for all
K C K’ satisfying ix x = id(x,x\x) and ig x» = ig,x 0 i gv for all K € K' C K",

Definition 42. Given a cohomology theory h°®, the corresponding compactly-supported
cohomology he . (X) is by definition the direct limit of the system <(h'(X, XN\ K))gexy s i}(yK,>

cpt
over Ky, i. e.,
h.

cpt

(X) = lim h*(X, X \ K).

KCcX

If we consider a differential extension h® : MY — Az of h®, for X a manifold, the

corresponding differential extension ?L;pt(X ) is given by

iszt(X) = l&n ﬁ;ar(X7X \ K)
KCX
Notice that an element & € ﬁ;pt(X ) is an equivalence class & = [Gy] represented
by a parallel class &g € ﬁ;ar(X , X \ K), with K being a compact subset of X. If X is

compact, we get a canonical isomorphism ﬁgpt(X ) = h*(X).

Similarly, we define the following direct limits Q2 (X) := lim Q(X, X\ K),
KCx
08 e (X) 1= lim QY(X, X'\ K), etc.
7 KCX

In this context, we also get the natural transformations of Az—value functors

Lepy W (X) = 2 (X), Repy = By (X) — Q8 (X, bR) and acy - Q25 (X, b3) /Im(d) —
he,(X) that make diagram (2.1) commutative after adapting to the compactly supported

version.
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Remark 9. Notice that, in general, given any smooth map f :Y — X, it does not always

induce the natural maps f*: h  (X) — he, (V) and f*: iszt(X ) — ﬁgpt(Y). Nevertheless,
an open embedding ¢ : Y < X induces the push-forward ¢, : b2, (Y) — h2,(X) and

Lt he (V) — he

cpt cpt

(X), see (RUFFINO; BARRIGA, 2018).

Definition 43. Let 7 : E — X be a fibre bundle. A subset H C F is called vertically compact
if H is closed in F and H N7~ !(K) is compact for every K C X compact.

Definition 44. Let 7 : E — X be a fibre bundle with £ and X locally compact, let
Kg_x be the set formed by the vertically compact subsets of E. Following the same
construction above, the vertically compactly-supported cohomology h?. . (h) is defined by

vept

h\./cpt(E) = lin h.<E7 E \ H)?
HCE
similarly we define
hx./cpt(E) = lin h;ar<E7 E \ H)

HCE

Remark 10. Similar to the previous remark, if 7 : £ — X is a fibre bundle and ¢ : E < F'is
an open embedding of fiber bundles over X, then, ¢ induces the well-defined push-forwards
Le 0 3y (B) — B3 (F) and ¢y ﬁ;cpt(E) — E;Cpt(F), i.e., both the topological and the
differential groups are functorial with respect to open embeddings of fibre bundles over
the base X.

6.2 Thom morphism

Let X be a manifold and 7 : ¥ — X a real vector bundle of rank n.

Definition 45. The bundle F is orientable with respect to a multiplicative cohomology

theory h* if there exists a topological Thom class u € h3., (E).

Definition 46. Let A* be a multiplicative differential extension of h®. A differential Thom
(E) such that I(a) € h?

vept

class of E is a class @ € h® (E) is a topological Thom class.

vept

Let us suppose that the Thom class u € A3, (F) is represented by ug € h*(E, E\ H),
with H C E vertically compact, given o € h*(X), then 7*av € h*(E), the relative-absolute

product
ch*(E,E\H)®zh*(E)— h*(E,E\ H)

allows us to define a version of the Thom isomorphism

T:h*(X) — he(E) (6.1)

vept
a—u- T,

where the class u - 7« is represented by ug - 7" € h*(E, E \ H).
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Now, let @ € h?, ,(E) be a differential Thom class represented by 1y € he, . (E, E \

vept par

H), for & € h*(X), then 7*a € h*(E), the refinement of the product above

b (E,E\ H)®z h*(E) = e, (E,E\ H), (6.2)

par par

allows to define the differential Thom morphism

T:h*(X) = hS(E), & — 4 - 1*a (6.3)

vept

that refines the corresponding topological Thom isomorphism (6.1), where the class 4 - 7*&
is represented by @ - 7@ € h, (E,E \ H).

par

Another version of the Thom isomorphism is the Compactly-supported Thom
morphism, both topological and differential. In order to define the differential one, the
parallel-absolute product (6.2) is not enough, we will use the parallel-relative product (2.4)

as we will see.

Let m : & — X a real vector bundle of rank n. Fix a Thom class u € h,

(B)
represented by ug € h*(E,E \ H) with H C E vertically compact, suppose that o €
he,(X) is represented by ap € h*(X, X \ K) with K C X compact, notice that 7*cg €
h* (E,E\ 7 '(K)). By remark 11, h*(E,E \ H) ~ h*(E,E \ H°) similarly h*(E,E \
7 1K)) ~ h*(E,E\ 7 (K)°), then since the pairs (F, E\ H°) and (E, E\ 7 }(K)°) are

cofibrations, we have the well-define product

- h*(E,E\H)®zh*(E,E\7m (K))~h*(E,E\ H°) @z h*(E,E\ 7 (K)°)
50 (Ex B,Ex (E\7 ' (K)°)U(E\ H°) x E) =25 h* (B, (E\ 7 '(K)°) U (E\ H))
=h* (B, E\ (x "(K)NH)*) ~h* (E,E\ (x ' (K) N H)),

due to the compactness of 771(K) N H, we define the topological compactly supported
Thom isomorphism

T:ht

cpt

(X) — het™(E) (6.4)

cpt
a—u- T,

where u - T« is represented by A*(ug - m* ) € h* (E, E\ (771(K) N H)) with A* being
the pull-back of the diagonal morphism

(B, (E\7 ' (K)°)U(E\ H)) = (Ex E,Ex (E\x ' (K)°)U(E\ H°) x E). (6.5)

Remark 11. On definition 44, it is possible to assume that H and F \ H° are non-empty
submanifolds of E of dimension n, moreover, using the collar neighborhood theorem, we
have that H and H° are homotopy equivalent, thus h*(E, E\ H) ~ h*(E, E \ H°). This

result can be refined to the case of parallel class, i.e.,

he (E.E\ H)~he (E, E\ H°.

par par
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In fact, let us consider the natural inclusion of pairs v : (E, E\ H) — (E, E'\ H°) and the
corresponding pull-back. By proposition 1 adapted to the relative case we get the following
morphism of exact sequences:

0 —— h3(E,E\ H°) —— h*, (E,E\ H°) —— Q% o(E,E\ H°) —— 0

par

* *
Mjﬂ Jypar |Z/£fz

0 —— h§(E,E\H) —— W, (E,E\ H) —— Q% o(E,E\ H) —— 0,
where )¢, ; contains the possible curvatures of parallel classes. By proposition 2, the
flat groups are topological, hence v is an isomorphism. The curvature is a form on £
that vanishes respectively on E'\ H° or on E'\ H, that is the same by continuity, and it
represents a class in the image of the Chern character, that coincides in the two cases
because of the equivalence up to homotopy, therefore v/, is an isomorphism. It follows

from the five lemma that v}, is an isomorphism too.

For the refinement of the isomorphism (6.4), we fix a differential Thom class

ae B;Cpt(E) represented by 7y € fz;ar(E, E\H). Let & € ﬁgpt(X ) a class represented by
Go € h8,. (X, X\ K), notice that mag € ht, (E, E\7 " (K)) = bt (0 : (E\7 ' (K)) = E),

by remark 11 we have that h® (E,E\ H) ~ he (E, E \ H°), then, the parallel-relative

par par

product

R (B EN H) @y h (1) 25 B (id (s, m ey X 0)
=0 (B x (BE\ 7 Y(K)), (E\ H°) x (E\ 7 '(K))) = (E x E,(E\ H°) x E))

209, o ((B\ 7 (K), (B\ B*) N (E\ 7 (K))) - (E, B\ H°))

par

remark 12 2 4

((B\H) U(E\7'(K))) = E) ~he., (E,E\ (H N7\ (K))),

- par par
(6.6)

allows us to define the compactly-supported Thom morphism
T:hey(X) — hel(E) (6.7)

a— a-Tra,

where @ - 7@ is represented by A*(dg - m*dg) € he,. (E,E \ (7~ 1(K) N H)) with A* being

par

the pull-back of the diagonal morphism

(E\ 71 (K), (E\ H°) N (E\ 77 (K))) (B, E\ H?)

J» |2
(B x (E\ 7 Y(K)),(E\ H°) x (E\77H(K))) —— (Ex E,(E\ H°) x E)
(6.8)
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Remark 12. Let us see that the first isomorphism of (6.6). We set K’ := E \ 7 '(K),
H':= E\ H°, then we need to prove that

e ((K’,H’ N Ky L (g, H’)) ~ e ((H/O UK, @) 28k, @)) .

par par

In fact, using the intermediary map of pairs (H° U K',(H* UK')N H') (i), (E,H"), we
prove that the two groups above are isomorphic to ﬁ;ar(@, t5). Let us consider the natural

inclusion of map of pairs (7,id) : (¢1,£)) = (12, h)

(leb/l)

(K',H' N K') (E, H')
Jj id (69)
(H°UK',(H° UK N H') —2% (B ),

and the corresponding pull-back. By proposition 1, we get the following morphism of exact

sequences:

0 —— ﬁﬁ(Ll,L’l) SN iz;ar(al,b’l) SN Q;h,()(Ll,L/l) — 0

[(J)id)}] l{(jvid);;ar |(j,id)6

0 —— ﬁﬁ(LQ,L’z) SN iz;ar(Lg,L’Z) — Q% (L2, 15) —— 0,

since H' and H'"® have the same homotopy type, then applying corollary 3 we get that
(7,id)§ is an isomorphism; and since in the two rows of diagram (6.9) we get forms in F
that vanish on H’ and on K’ the image of the Chern character being the same again

because of corollary 3, we get that (j,id)g is an isomorphism. Hence, applying the five

*

par 18 an isomorphism. Similarly we prove that

lemma to this diagram we get that (j,id)

he. (12, 1h) ~ he, (15, 04).

par par

6.3 Integration

Once the topological Thom isomorphisms (6.1) is given, we define the Gysin map
femepy t B (Y) = h*7"(X) associated to a smooth fibre bundle f: Y — X with compact
fibres without boundary f:Y — X, where the triple (¢, u, ) is called a representative of
an h®—orientation of f. Similar to the case when Y and X are compact, see (RUFFINO;
BARRIGA, 2018), the triple is defined as follows:

o 1:Y — X x R¥ is a neat fibre-bundle embedding over X, for any N € N;
e u is a Thom class of the normal bundle N,y (X x RN );

® ©: Ny)(X x RY) — U is a diffeomorphism, for U a neat tubular neighborhood of
(V) in X x RY | such that the image of the fibre of y € Y is contained in { f(y)} x R¥.
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An orientation is an equivalence class [(¢,u, )] of representatives up to homo-
topy and stabilization, as defined as in (RUFFINO; BARRIGA, 2018) with the natural

adaptations without the compactness hypothesis.

With this ingredients, the Gysin map fi : h*(Y) — h*"(X), for n = dimY —dim X,

is given by the composition

Re(Y) 5 h3gd ™ (N (X x RN)) £5 heflm(U) = h3fy (X x RY) o, he (X)),

vept vept vept
i.e.,
file) = [ e 7o), (6.10)
where :

T is the topological Thom isomorphism defined as in (6.1);

e i, is the push-forward in vertically-compactly supported cohomology induced by the

inclusion i : U < X x R, see remark 10;
e (, is the induced isomorphism by the diffeomorphism y;

o the integration map fpx : Aoy (X x RY) — h*(X) is defined as follows: the
open embedding j : RN — (RT)N ~ (S')" induces the pushforward (id x j), :
he, (X x BRN) — h*(X x (S1)Y), hence we set

vept
fow = foe i

Similarly, using the differential Thom morphism (6.3) we refine the Gysin (6.10),
we get fi - h*(Y) = h*™"(X) defined by

fi@) = [ i),

where the triple (¢, 4, ) is called a representative of an h*—orientation of f and is defined

similar to the topological case just considering a differential Thom class .

6.3.1 Compactly-supported integration

Given a neat submersion f : Y — X between manifolds (not necessarily a fibre

bundle), we define a representative of an orientation of f as a triple (¢, 4, ), where:

e 1:Y — X x R¥ is a neat embedding, for any N € N, with 7y ot = f;
e @ is a Thom class of the normal bundle N,y <X x RV );

® ©: Noyy(X x RY) — U is a diffeomorphism, for U a neat tubular neighborhood of
t(Y) in X xR™ such that the image of the fibre of y € Y is contained in { f(y)} x RY.
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Now, as in the previous subsection, we define the Gysin map in compactly-supported

cohomology fi: he  (Y) — hey"(X) associated to f, as the composition

[ ]
cpt

7 e 7Te+N—n x 7e+N—n ix, 7 e+N—n f Te—n
hep (V) 5 AN (Nyry (X x RYN)) 25 BN (U) 25 AtV (X < RY) 25 ke (X)),
ie.,

fila) = / 1epi (- @), for n = dimY — dimX, (6.11)
RN

where T is the topological Thom isomorphism defined as in (6.7), i, is the push-forward
induced by the inclusion i : U — X x RY, ¢, is the induced isomorphism by the
diffeomorphism ¢, and, the integration map [px : iL;;LtN (X x RY) = h*(X) is defined as

follows:

The open embedding j : R — RT ~ S! induces the push-forward (id x j)* :
he (X xR) — he (X x SY). A class a € h?

cpt cpt cpt

of generality by a class ap € h*(X x S', (X \ K) x §'), with K C X compact. We set

Js1 @ == [[s1 0], so that
/R:: /Slo(id X ) (6.12)

(X x S') can be represented without loss

6.4 Axioms

Theorem 12. Given a multiplicative differential cohomology theory h* with S L _integration,
the integration map (6.11), defined for any h*—oriented neat submersion f:Yy =X,

satisfies:

(I1) Naturality with respect to the natural transformations of B', i.e. the following diagram

commutes:
Rupt
Qcpt fal K\
Q2 (Y5 bR)/Im(d) —= he,(Y) — he,(Y) Q%Y D%)
lR(L,a,v) Lf! lfz lR(,,,a,w)
Aept 7 @—npy Iept o—n e—n °
QZ;tn(X’ b];%)/]m(d> — hcpt (X) — hcpt (X) ch,cpt(X> hR)7

\%ﬁ/

where R, @, ) is the curvature map on differential forms, defined as follows:

R+ 0, (Y5 br) — Q8,,(X;bR)

w 1,0, (RGN T"W)).
[ e (BEATW)
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(I5) Naturality with respect to composition, i.e., given two neat h*—oriented submersions
f:Y—>Xandg:Z —Y |, if we endow fog:Z — X of the natural induced
orientation, see lemma 6.29 of (RUFFINO; BARRIGA, 2018), then (fog) = fiog.

We now consider the following commutative diagram

Y%Y’

Jf lf’ (6.13)

X —' 5 X,
where f and f’ are neat submersions and i and j are open embeddings.

Lemma 6. A h*—orientation [(/,@',¢")] of f naturally induces an orientation of f.
Proof. We define a representative of an orientation of f, (¢, 4, ¢), as follows

e Definet: Y < X xRN and ¢ : N,y)(X x RY) — U in such a way that the following

diagrams commute (respectively)

Y J Y’ NL(y) (X X RN) ‘L NL’(Y/) (X/ X RN)

FoL T ’

XxRY 2 X' xRV, e x xRV 2, xRN 5 7,

ie, = (i"t'xid)oloj: YV — X xR¥ clearly mxor = f, and ¢ := (i xid)"toy ok,

where k is essentially the differential of ¢ x id.
« Now consider the following diagram

Ny (X x RN) —F 5 Ny (X x RY)

b

Y J Y’

Suppose that @' € iL\./cpt(NL(Y) (X xRY)) is a differential Thom class of Ny (X' xRY)
represented by @) € hS,(Nyy (X' x RY), Nyyn (X' x RV) \ H'), then we have
that the class @ = k*0/ € h3, (N, (X x RY)) is represented by @y = k*iif, €
h.(NL(y)(X X RN), Nb(y)(X X RN) \ H), with H = kil(H/).

vept

Thus we get the a h*—orientation [(z, @, )] of f. O

Theorem 13. Given a multiplicative differential cohomology theory h* with S L_integration,
the integration map (6.11), defined for any h*—oriented neat submersion f:Yy —>X

satisfies:
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(I3) Naturality with respect to open embeddings, i.e., given a commutative diagram of the
form (6.13) and assuming that the h*—orientation of f is induced by the one of f’,

lemma 6, we have that f!j.& =i, fice for any class & € szpt(Y).

Proof. We need to prove that the following diagram

& € hop(Y) = hept(Y') 3 juér
T T
ﬁ W*éé 6 hcpt<N> L’ hcpt<N/) 9 ﬂ, ﬂ-l*]*&
Lx Px L;@;
N N (ixid)« 7 / N
hrept(X x RY) hept (X' x RY)
fIRN fRN
ilcpt (X) & Ecpt (X,)

is commutative, i.e., [pn topu(ll - T*Q) = Uy [gn Ll (W - 77 j.&). In fact, let & € B;pt(Y)
and suppose that this class is represented by Gy € ﬂ;ar(K Y\ K) and j.a € ﬁgpt(Y’ ) is
represented by &, € ﬁ;ar(Y’, Y'\ j(H)) in such a way that &y = j*d;.

Considering the notations an result of lemma 6 and the product 6.6, it follows that 7'(&)

is represented by
Bo = A"(itg x 7 ag) € B3, (N (X x RY), Ny (X x RY)\ (77} (K) N H)) ,

where @y € h?, (N, N\ H) represents the Thom class, and, T"(j,a) € lAz;pt(Y’ ) is represented

par
by
By = A(af) x 74y € B;M (N[,(Y,)(X’ X RY)), Ny (X" X R¥)) N (271 (j(K)) N H’)) .
Since @' = k*@ by hypothesis, we suppose that H = k~'(H') and @y = k*4, it follows that
™y = m*jo; = k*n"™* &y, then
]{Z*ﬁl = k*A*(fLB X 7T*CAIC1> = A*(l{?,]{?)*(ﬂg X W/*éél) = A*<ﬂ0 X 7*660) = Bo.

Applying v, and /¢, respectively to [5,] € B;pt(NL(y) (X xRN)) and [31] € ﬂgpt(N:,(y,)(X’x
RN)), we get 1,0.[fo] € he, (X x R™) and Lyl [31] € fz;)ar(X’ x R™) such that

par

A A

(i x id)" 0,0, [Br] = txpi[Bo].

Applying [zn, since S'—integration is a natural transformation, we have that

i [ el = [ A s | [ delB) =i | [ i)
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Remark 13. In a differential cohomology theory with S*—integration, the product line

bundle 7 : X x R — X has a natural orientation defined as follows:

o Thinking of S' C C, we fix 1 as a marked point. There exists a unique class
o e hl (S',1)such that [o & = 1 and R(d) = dt, see (RUFFINO; BARRIGA, 2018)

par

Lemma 2.16;

« We fix an open interval U := exp (—¢,¢) around 1, where exp (t) := e*™

smooth increasing function ¢ : I — I such that ¢[0,¢) =0 and ¢(1 —¢,1] = 1. We
get the smooth map of pairs ¢ : (S, U) — (S, 1), exp (t) — exp (é(1));

, and a

e« We set Dg := [—1,1] and D’ := R\ Dg. We fix a diffeomorphism ¢ : (R, D") —
(S1\ 1,U \ 1), that preserves the orientation in the usual sense, and we consider the
embedding ¢ : (S'\ 1,U\ 1) — (S, U) that induces an excision isomorphism. The
class Qg := V™ 1,00 € ﬁll)ar(R, D') represents a Thom class @ of X x R, that depends

on the choice of ¢ and v only up to homotopy, see (RUFFINO; BARRIGA, 2018)
Def. 6.19, hence it represents a well-defined orientation of X x R.

It follows that the product bundle 7 : X x R® — X of any rank has a natural orientation

too.

Remark 14. In a multiplicative differential cohomology theory with S!—integration, a
h* —orientation of a real vector bundle 7 : E — X , defined as a differential Thom class up
to homotopy, naturally induces a h*—orientation of 7 as a smooth map. In fact, since X is
a manifold, there exists a vector bundle 7/ : ' — X such that E® F ~ X x RV | therefore
we can fix an embedding ¢ : E — X x RY such that ((F) is a vector sub-bundle of X x RY.
In this case the role of F is performed by «(E)* with respect to the standard metric of R".
We identify N,(E)(X x RY) with ’/TT(E)([/(E)J‘), whose total space is X x RY (i.e. the same
of L(F) @ «(E)*, so that the map ¢ is the identity. Since X x R¥ is canonically oriented
by remark 13 , it follows by the 2 x 3 rule that an orientation of E induces an orientation
of t(E)™, therefore of N,z (X x RY) by pull-back. This completes the orientation of 7 as

a smooth map.

Theorem 14. Given a multiplicative differential cohomology theory h* with S L —integration,
the integration map (6.11), defined for any h*—oriented neat submersion f:Y =X,

satisfies:

(Iy) Ifm: E— X isa h*—oriented real vector bundle, see remark 14, then m is left-inverse

to the Thom morphism, i.e. mT (&) = & for every & € fcht(X).

Proof. We call @ty the Thom class of E/, and orienting 7 as in remark 14, iy the Thom

class of N,(g)(X x R"). Similarly, we call 75 and 7y the corresponding projections and Ty
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and Ty the corresponding Thom morphisms, identifying F with «(E). Given & € ﬁ;pt

(X),

we have to prove that mTg(&) = &. In fact, the first step of m consists of the application

of Tl; therefore, we get
TNTE(&) = Uy - (i - TRA) = (Uy - TNUE) - TNTRA
= (Tplps - TNUE) - Ty v a
= Ux xRN - WEkXxRN)@ = Txyrn ().

By definition, tygry = Uxxr X - -+ X Uxxr. Using the notation of remark 13 and of
definition 6.12,

((id X §)*lxxR) - Tiygi& = </s @) -a = Q.

A * A
/ UX xR " Txyr®Y =
R 1

Sl
Applying iteratively this identity, it easily follows from definition 6.12 that [pn Uy xg» -

* A oA A oA .
Ty gv @ = @, therefore mT' (&) = & as required. O

Theorem 15. Given a multiplicative differential cohomology theory h® with S*-integration,
the integration map (6.11), defined for any h*—oriented neat submersion f:Y—=X, is

the unique one satisfying axioms Iy, Iy, I3 and I4.

Proof. We first observe that, given a h*—oriented real vector bundle 7 : F — X , axioms
(1) and (1) completely determine 7. In fact, given & € iszt(E), we set a := [(&). Since
the Thom morphism is topologically an isomorphism, we set 3 := T~ !(«). Refining 3 to
any differential class 3, we get & = T(B) + a(w), for a suitable w € Q;;tl(E; h%). Therefore,
applying (I;) and (1), we get
m(a) = mT(B) + ma(Riug (@) = 5 + alRug @),

In particular, if 7 : X x RY — X is the product bundle endowed with its natural
orientation, as in remark 13, then m = [p~, since [pn verifies (I1) and (I4), as it is easy to
verify applying the axiom of S!'-integration. Another particular case is the zero-bundle

id : X — X, with the trivial orientation 1. In this case, we have (id), = id.

Now, let us suppose that f is any integration map satisfying (I;) — (14). Given a

h* —oriented neat submersion f:Y — X, we consider the following diagram:

Ny (X x RY) 245 X x RN

J{fOﬂN J{ﬂXx]RN

X:X7

and its induced diagram in compact-supported differential cohomology:

R (Nyry (X x RN)) <25 e (X x RN)
l(fomv)! l(ﬂ'XX]RN)!
he o (X) === D2, (X).
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Given 3 € he (N,v)(X x RY)), applying axioms (I5) and (I3) we have that

f!(WN)!B =(fo WN)!B = (WXxRN)!i*SO*B = /RN IRENGE

(Y) and setting 3 := T(&), we get fi(my )i T(&) = fen ix0.T(&). Applying
axiom (Iy) we get fid = [pviup.T(&), i.e. fi coincides with (6.10). This proves the

. A /\.
Given & € hey,

uniqueness of the integration map. O]
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A Some topological notions

A.1 Push-outs and and homotopy push-outs

Definition 47. (Push-out). The pushout of the morphisms f: Z - X and g: Z = Y
consists of an object P and two morphisms iy : X — P and iy : Y — P such that the
diagram

7z 1. x

b ]

y ", p
commutes and such that (P,ix,iy) is universal with respect to this diagram. That is, for
any other such tripla (W, h, k) for which the following diagram commutes, there must exist

a unique ¢ : P — W also making the diagram commute:

J —— X

(A1)

Example 2. The standard construction of the push-out of any two maps f: Z — X and
g:Z —Y is the tripla (X Uz Y, ix,ty), where

Xuy
XUzY = . f(e)~g(z)VzeZ

ix () = [z], iy (y) = [y
The space X Uz Y is unique up to canonical homeomorphism. In particular, the push-out
of the two maps p: A — X and iy : A — A x I, with ig(a) = (a,0), is the mapping
cylinder (Cyl(p), jx,jaxr)-

Definition 48. (homotopy push-out). The homotopy push-out of the morphisms
f:Z — Xand g: Z — Y consists of an object P, two morphisms, jx : X — P and
jy 1Y — P, and an homotopy F': f o jx =~ jy o g such that the diagram

ZLX

L" ljx
y Y, p

is homotopy commutative and such that (P, jx, jy, F') is universal with respect to this
diagram. That is to say that, for any other such quadruple (W, h,k,G) for which its

diagram is homotopy commutative, it holds:
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e there exists a map ¢ : P — W and homotopies H : h ~ o jx and K : k >~ o jy
such that the whole diagram

(A.2)

with all maps and homotopies above is homotopy commutative;

e if there exists another map ¢’ : P — W and homotopies H' : h ~ 9/ o jx and
K’ : k ~ 1)/ o jy such that the whole diagram

is homotopy commutative, then there exists a homotopy M : 1) ~ v’ such that the

whole diagram with all maps and homotopies above is homotopy commutative.

Ezample 3. The standard construction of the homotopy push-out of any two maps f :
Z — X and g : Z — Y is the quadruple (X [, Y, jx, jy, F), where
XU(ZxIuy
X[y =22EDOY e s )~y Ve 2 (A3)
z

~

The space X [[,Y is unique up to an essentially unique homotopy equivalence.

Example 4. Considering the push-out (X Uz Y, ix,iy) of the example above, we can easily
get a homotopy push-out (X Uz Y,ix,iy,G), where G : ix o f ~ iy o g is the trivial
homotopy. Thus, there is a natural map p: X [[,Y — X Uz Y defined by the following
diagram:

f
—

N

X
Jo

XY

«—
@

(A4)

h<

The map p is defined by [z] — [z] , [y] — [y] and [(2,t)] — [f(2)] = [g(2)]. The homotopies

H:ix ~pojx and K : iy ~ po jy are trivial too.
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Lemma 7. If one of two maps f and g in diagram (A.4) is a cofibration, then the map

p: X1, Y = X UzY is a homotopy equivalence.

Proof. By (DIECK, 2008) [Prop. 5.3.2 p. 112] the push-out X LIz Y is a homotopy push-out
too; hence, X LIz Y and X ||, Y have the same homotopy type. In particular, we consider

the following two diagrams:

_f

X
I

Because of the uniqueness up to homotopy of the induced map, gop and pogq are homotopic

to the corresponding identities, hence p and ¢ are homotopy equivalence. O

Let us consider two maps h: X — W and k: Y — W such that ho f =kog. In
the diagram (A.1), the map ¢ is uniquely defined. If in diagram (A.2), we choose G to be
the constant homotopy, then the induced map ¢ can be chosen to be ¢ o p. We get the
following diagram, whose horizontal arrows are objects of Co and whose vertical arrows
define a morphism in Cs:

XILY s w

lp }d (A.5)

XU, Y -2 W

Corollary 8. With the hypotheses stated above diagram (A.5), if one of the two maps f

and g is a cofibration; then the morphism

(id, p)" - h*(p) = h*(¢) (A.6)

s a canonical isomorphism.

Proof. Applying the five lemma to the morphism of long exact sequences induced by (id,

p), the result immediately follows from lemma 7. O

A.2 Splitting of the Kunneth sequence on cycles

An important result for the construction of the product (2.4) through the model of
differential character, on subsection 3.2.1, was the Splitting of the Kiinneth sequence on
cycles. We now describe this result, basically as a generalization of the one given on (BéR;
BECKER, 2014).
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A.2.1 Summary on the absolute case

In the absolute setting, given two spaces X and Y, we have the Kiinneth sequence
0 — [Ho(X)®@ Ho(Y)],, — Ho(X xY) — Tor(He(X), Ho(Y))n—1 — 0. (A.7)

Such a sequence splits at the level of cycles as follows. Let us consider the Alexander-

Whitney and Eilenberg-Zilber maps

Co(X X V) 2% 00 (X) @ Cu(Y), (A.8)

EZxy

We have that EZxy o AWxy ~ide,(xxy) and AWxy o EZyy = id¢, (x)ec.(v)- Now we

consider the following sequences, and we choose two splittings s and ¢
0 — Zu(X) <5 Cu(X) 25 Buy(X) — 0, 0 — Zo(Y) <25 Cu(Y) 25 Buy(Y) — 0,

Fe o~ e~

s t
then, we get the following splitting of (A.7) on cycles
i®j

0 —— (Z(X) ® Zu(Y))n 7= Z(Cu(X) ® CulY ) —

/‘\
|

AWy | lEZXVY
|

Za(X X Y).

A.2.2 The relative Kiinneth Splitting

We now consider the relative setting. Given a map p: A — X and a pair (Y, B),
we consider the map of pairs p X idy,py : (A XY, A x B) = (X x Y, X x B), and we get

the Kiinneth sequence

0 — [He(p) @ Ho(Y, B)|,, — H,(p x (Y,B)) — Tor(He(p), He(Y, B))n—1 — 0.
(A.9)
Such a sequence splits at the level of cycles as follows. Given a subspace B C Y, the maps
in (A.8) restrict to Co(X x B) and Co(X) ® Co(B); hence, they project to

Co(X X Y, X % B) 2 Co(X) ® Cu(Y, B); (A.10)

therefore, replacing X by the map p: A — X, we get the following Alexander-Whitney
and Eilenberg-Zilber maps (we denote the mapping cone by 4€~Coned €™, since C' denotes

the singular chain complex):

Co(p) @ Ce(Y,B) = Cones(ps: Co(A) > Co(B)) @ Co(Y,B) =~ Cones(p, ®id : Co(A) ® Co(Y, B) = Co(X) @ Cu(Y, B))

AW},(XB)TJEZP,(Y.B) AW, xid BTJ(EZMMB

Ci(p, xid(v,p)) = Cone,((p®id)s : Co(AR Y, AXx B) = Co(X ®Y, X x B)).
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We have that EZp,(Y,B)OAWp,(Y,B) ~ idC.(pXid(yyB)) and AWp,(Y,B)OEZp,(Y,B) = idC.(p)@C,(Y,B)-
Now we consider the following sequences, and we choose two splittings s and ¢

. : 0,
0 — Zu(p) — Cu(p) 2 Bu_i(p) — 0; 0 — Zo(Y, B) <2+ C.(Y, B) 8 B, 1(Y,B) — 0.
Fe” r\\‘__,,/

t
We get the following splitting of (A.9) on cycles

iQJ

0 —— (Ze(p) @ Zu(Y, B))n o= Z(Cualp) @ CulY, B))p —— -

- *
I

AW, (v,B) | EZ, (v,B)
i

Zn(ﬂ X id(}ﬁB)),
i.e., we have
Zalp X idv,)) = (Za(p) @ Za(Y B)) & Thlp X v (A1)

From (A.11), a cycle (o, B,—1) € Zn(p x id(y,p)) can be decomposed as (a, fp—1) =
T+ (Vn, 0n_1), in such a way that:

e 1 is a sum of cycles of the form (pux,ve—1) ® wj, where (g, ve—1) € Zr(p), 1), €
Zn(Y,B) and k + h = n;

® (Yn,0,—1) represents a torsion homology class.

In particular, when p : A — X is an inclusion, we get the following Kinneth

sequence:

0 — [Ho(z,A) ® H (Y, B)], — Hp(X xY, (X x B)U(AXY)) — Tor(He(X,A), H,(Y, B))n—1 — 0.
(A.12)
Such a sequence splits at the level of cycles as follows. The maps in (A.10) restrict to

Co(A XY, Ax B) and C,(A) ® C,(Y, B), hence they project to

AW(x, a),(v,B
Co(X X Y, (X x BYU(AXY)) 2 Cu(X, A) @ Cu(Y, B).

Z(x,A),(Y,B)

Now we consider the following sequences and we choose two splittings s and ¢

0 — Zo(X, A) s Cu(X, A) X4 B, (X, A) — 0; 0 — Zo(Y, B) <5 Cu(Y, BY "¥'B._,(Y, B) — 0.

S Rl _--

s t

We get the following splitting of (A.12) on cycles

0 —— (Zo(X, 4) @ Zo(Y, B))w 7 Z(Co(X, A) @ Cu(Y, B)),, ———— -+

/‘\
I

AWx y | ‘szvy
I

Zn(X X Y,(X x B)U (A x Y)).
(A.13)
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