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Abstract

This work seeks to contribute to the classification of Weingarten surfaces. More
precisely, it fully classifies three families of surfaces (named tubular, cyclic and
canal surfaces) in a tridimensional space form (Euclidean, Lorentzian and Hy-
perbolic spaces) that verify an arbitrary polynomial relation among its Gaussian
and mean curvatures. The results obtained provide geometric features of the
surface as well as algebraic conditions over the polynomial that defines a surface
as Weingarten. Furthermore, results that allow us to investigate Weingarten
surfaces only by the polynomial analysis are presented.

Keywords:
Weingarten surfaces, Weingarten tubular surfaces, Weingarten cyclic sur-
faces, Weingarten canal surfaces, polynomial Weingarten surface.
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Resumo

Esse trabalho busca contribuir com a classificagdo de superficies de Weingarten.
Mais precisamente, esse trabalho classifica trés familias de superficies (a saber,
as superficies: tubular, ciclica e canal) em um espago tridimensional com cur-
vatura seccional constante (os espacos Euclidiano, Lorentziano e Hiperbdlico)
que verificam uma relagdo arbitrdria polinomial entre suas curvaturas Gaus-
siana e média. Os resultados obtidos fornecem caracteristicas geométricas da
superficie bem como condigoes algébricas sobre o polindémio que a define como
superficie de Weingarten. Além disso, sao apresentados resultados que nos per-
mitem investigar superficies de Weingarten exclusivamente através da andlise
polinomial.

Keywords:

Superficie de Weingarten, Superficie tubular de Weingarten, Superficie ciclica
de Weingarten, superficie canal de Weingarten, Superficie polinomial de Wein-
garten.
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Introduction

An important research subject in classical differential geometry is to dis-
cover which global properties of a manifold one can obtain from hypotheses on
its curvatures. The relevance of this topic initially throwbacks to Theorema
Egregium of Gauss until it culminates in Riemann’s groundbreaking achieve-
ments, named after him, Riemannian geometry.

In this direction, a topic that has received much attention over the years is
that of Weingarten surfaces in a space form, that is, two dimensional manifold
whose Gaussian curvature K, and mean curvature H, satisfy a smooth non
trivial relation in a space with constant sectional curvature:

d (K, H) = 0.

One of the many reasons that motivates the investigation of Weingarten surfaces
is that it includes relevant and well studied families of surfaces like CMC (con-
stant mean curvature), CGC (constant Gaussian curvature) and CCC (constant
Casorati curvature ). It is also worth to remark that Weingarten surfaces have
several applications in computer aided geometric design.

Despite being an ancient topic that attracts so much interest, there is still
much to be discovered about Weingarten surfaces, once in general, the results in
the literature classify a particular familiy of surfaces in a classical environment
and verifying a specific relation. For instance, the class of non-developable ruled
surfaces verifying a non-trivial relation in the Euclidean space (denoted by E?)
was presented by Beltrami and Dini, while in [5] Khiinel and Dillen discussed
Weingarten ruled surfaces in Lorentzian 3-space (denoted by LL3). Returning to
[E3, Khiinel in [10] revisited this class of surfaces presenting another proof by the
already known result and expanded the classification considering other types of
curvatures (more precisely, the second Gaussian curvature Kjy). Following the
investigation of classifying ruled surfaces under other types of curvatures, F.
Dillen and W. Sodsiri in [6], [7], described ruled surfaces that verify a relation
among the K;; and Hy; (where Hr; denotes the second mean curvature).

The classification of translational surfaces was presented by Dillen, Goemans
and Woestyne in [4] that studied these surfaces in Euclidean and Lorentzian
spaces. Other examples can be found in [3] where Do Carmo and M. Dajczer
studied CMC helicoidal surfaces and Rosenberg and Sa Earp in [21] research
embedded surfaces in E? that verify a linear relation. A rare analysis of a
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xii INTRODUCTION

non linear relation is given by A. Barreto, F. Fontenele and L. Hartmann that
classifies CCC rotational surfaces in [1]. Finally, more recently, in the work [24]
Loépez and Pampano provided a classification of linear Weingarten rotational
surfaces among its principal curvatures.

Concerning tubular surfaces, in [22] Sorour provides a classification for the
linear relation among its gaussian and mean curvatures, besides K;; and Hjy.
In Lorentzian space, Karacan, Yoon and Tuncer presented in [13] a classification
for linear relations among every curvatures.

The CMC surfaces foliated by circles was fully classified by Lépez in Euclid-
ean, Hyperbolic and Lorentzian spaces in [28], who also provided a complete
classification of Linear Weingarten (i.e., surface that verify a relation given by
the linear polynomial az + by — ¢) in [16]. Then, the later relation was also
studied, now in L3, by Kallan, Lépez and Saglam in [29].

For canal surfaces in the Euclidean 3-space, Kim, Liu and Qian in [30] clas-
sified the linear relation among the Gaussian, mean and second Gaussian cur-
vatures. While Tunger and Yoon studied in [31] the relation az + by 4+ cz +d
among the three mentioned curvatures. In the Lorentzian 3-space, the Linear
Weingarten canal surface was classified by J. Qian, M. Su, X. Fu and S. D. Jung
in [20] and [19].

The main challenge of classifying a surface locally parametrized by v (s, t)
that verify a non trivial relation ® (z,y) is that usually the approach is based
on considering the following composition

(s,t) — (K (s,t),H (s,t)) — @ (K (s,t), H (s,t)),
then the Weingarten hypothesis implies that
O (K (s,t),H (s,t)) =0

hence, the derivative of above equation gives us

Ks Hs \ _
det(Jq))det( K, H, )0

which implies to classificate surfaces which derivative in parameter s and ¢ of
Gaussian and mean curvatures verifies

K.H, — K;H, = 0. (1)

In general, expressing each of the previous terms is already a difficult task.
Therefore, to compute (1) has several obstacles as computational limitations and
polynomial analysis. This process concluded, it is obtained a list of all possible
surfaces (of fixed family of surfaces) that may be Weingarten, however, there
is no information about the relation itself. In other words, for each particular
relation @, this procedure basically must be repetead (now using the explicit
expression of @) in order to classify which of the listed surfaces verifies the
specific given relation.
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To exemplify, in [22] it is presented that every tubular surface in E3 is Wein-
garten (for some unknown relation) and it is given a classification of linear
Weingarten tubular surfaces. Nevertheless for arbitrary relations this classifica-
tion was open untill this work. It occurs especially because even for polynomial
relation of degree 2, besides the early mentioned problems, we now also have
that the techniques of differential equations are not applicable anymore.

Moreover, we must highlight that the previous technique does not always
apply, once for several families of surfaces the equation (1) is trivially satisfyied.
In other words, the differential equation presented in (1) vanishes identically,
therefore there is no equation to be analysed (hence, no geometric description
of the surface is obtained).

Cases where the equation (1) does not provide information include, but do
not resume to, surfaces whose curvatures are in one parameter only, as the
rotational surface.

The latter statement can be illustrated in the work [1] that classifies CCC
rotational surfaces by solving the following equation:

2 cos?0(t)

We observe that the Theory of Differential Equations does not ensure the ex-
istence and uniqueness of the solution for the previous equation, therefore, the
analysis becomes very specific for each case. That is a relevant cause for the dif-
ficulties of more general classifications of Weingarten surfaces and what makes
this topic so captivating.

Motivated by the aforementioned results, our work seeks to contribute to the
investigation of Weingarten surfaces. More precisely, we research Weingarten
surfaces whose relation verified by its curvatures is a polynomial relation. In
other words, we suggest the following definition:

Definition 1 A Polynomial Weingarten surface is a (Weingarten) surface whose
Gaussian and mean curvatures verify

Q(K,H)=0
where Q (z,y) is a polynomial in R [z, y].

The relevance of this particular class (the Polynomial Weingarten surfaces
class) of Weingarten surfaces, lies on the fact that the most famous investigated
relations can be written as polynomials. Therefore, Polynomial Weingarten
surfaces provides classification of several relations as CGC, CMC and Linear
Weingarten surfaces (which are given by a linear polynomial), as well as CCC
surface (which is given by a non linear relation 4H2 —2K —c = 0 or, equivalently,
in terms of principal curvatures k% + k% — c = 0).

Furthermore, we list all surfaces that verify a given polynomial relation.
More precisely, let us stablish an important (original) concept of this work:
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Given a polynomial @ (z,y) € R|[z,y], we define S (Q) the set of all regu-
lar surfaces (in this work we will study this set for tubular, cyclic and canal
surfaces) in a space form (we will study in the tridimensional spaces: Euclid-
ean, Lorentzian and Hyperbolic) whose Gaussian and mean curvatures verify
Q(K,H) = 0. So, fixed a polynomial @ (z,y) we will present geometric fea-
tures and also conditions over the surface whose Gaussian and mean curvatures
vanishes Q).

Conversely, for a given surface S, we define Q (S) as the set of all polynomials
Q (z,y) € Rx,y] verifying Q (K, H) = 0. For tubular surfaces (in E3, L? and
H3) we are able to present a complete characterization of the set Q (S). For
cyclic and canal surfaces we obtain an important discriminant that provides
aspects of the elements (polynomials) of Q (S5).

We point out that a Polynomial Weingarten surface is equivalent to the
Q@ (S) not being empty.

In the Chapter 2, we investigate tubular surfaces which are the surfaces
obtained by the moviment of a circle of constant radius r > 0 along a central
curve. Then, our discussion starts with the study of the linear polynomial
relations. So let us recall the definition:

Definition 2 A Polynomial Weingarten surface is called linear when a linear
polynomial among its Gaussian and mean curvatures are verified, that is,

aK+bH —c=0
where a, b, ¢ € R with (a,b) # (0,0).

Endowed with the above presented nomenclature, the previous definition can
be expressed as: A Polynomial Weingarten surface S is said linear when there
exists a polynomial of degree 1 in Q (5). Associated with the above discussion,
we display the following result.

Theorem 3 FEvery Polynomial Weingarten tubular surface is linear. More pre-
cisely, every tubular surface of radius r > 0 verify the relation xr? — 2ry + 1.

Proceeding with our analysis, we started the research of relations that are
not linear. However, we must observe that, once a surface verifies a linear
polynomial ax + by — ¢, it is clearly that it will verify (ax + by — ¢)" R (z,y) for
every n € N and R(z,y) € Rz, y] not identically null, as well. Hence, we do
not consider the latter relation as a true non linear relation. Roughly speaking,
we study non linear polynomial relations that cannot be written as before.

In this direction, we want to understand which type of tubular surfaces ver-
ify a fixed polynomial relation @ (K, H) = 0 (i.e., we would like to know more
information about S (Q)) and which type of polynomial vanishes at the curva-
tures of a fixed tubular surface S (i.e., we would like to know more information
about Q (S)). Before to present this answers, we suggest some new definitions
that will help us to improve our analysis.
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Definition 4 The degree of a surface S is defined by
S =min{0Q ; Q € Q(5)}.

Where the symbol 9 associated with a polynomial represents the degree of
the polynomial. Hence, a Polynomial Weingarten surface S is linear if and only
if 95 = 1.

The degree of a surface measures the minimal required degree of a polynomial
to be an element of Q (S). Besides, the degree of a surface S also provides a first
discriminant that indicates which factor of a polynomial we should investigate.

For example, let S be a surface such that 35S = 2, and consider the polyno-

mial Q (z,y) = Q1 (z,y) Q2 (z,y) € Q(S) given by
Qi (z,y)=ax+by—c and  Qz(z,y) =2 —y° (3)

where a, b, ¢ € R with (a,b,c) # (0,0,0).

Then by the degree of the surface, we already know that Q1 ¢ Q(.9), since
0Q1 < 2 =98. So, we wonder which information we can gather about Qs (z,y).

In this direction, we focus our attention to the study of the polynomials.
Once we set the definitions that are sensible to conditions over the surface,
we must understand the polynomials. More precisely, our goal is to obtain a
quality from the polynomials that indicates which cases the polynomial can be
factorized in a smaller polynomial that vanishes the curvatures of the surface.

Returning to the last example, where we have a surface S with 95 = 2 and
a polynomial Q (z,y) = Q1 (z,y) Q2 (z,y) given by (3) where 0Q = 3. Here, we
may have that the polynomial Qs (z,y) of degree 2 is the responsible to vanish
the polynomial relation @ (K, H) = 0 or we may have that the polynomial
Q (z,y) as a whole is needed to verify Q (K, H) = 0.

In view of the above discussion, we present our next definition:

Definition 5 Consider a Polynomial Weingarten surface S, and let Q) be a
polynomial in Q(S). We define the degree of Q relative to S by:

0sQ ={0R; Re€ Q(S) and Q belongs to the ideal in R [z,y] generated by R} .

We would like to remark that ds@ < 0Q. Moreover, if @) is a irreducible
polynomial the equality is achieved. We also observe that the condition of
irreducibility of the polynomial is not a necessary condition for the equality to
be reached.

Endowed with the above terminology, we notice that, in the previous ex-
ample, the degree of polynomial @ (z,y) relative to S may be dsQ = 2 (if
Q2 (K, H) =0 everywhere) or 9sQ = 3 (otherwise).

The interest behind the previous definition lies on the fact that we are looking
for "true" relations, that is, we seek to investigate the essential factor of the
polynomial needed in order to the surface to verify the polynomial relation. In
suma, the definition of degree of the polynomial relative to the surface captures
this quality. Then, we are able to investigate only the relevant part of the
polynomial.
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Finally, in the aim to study "true" non linear relations, we suggest the next
definition:

Definition 6 We said that Q (K, H) =0 is a true nonlinear relation when

ds@Q > 1.
In the view of above discussion we have the following theorem:

Theorem 7 The cylinders are the only tubular surfaces that verify a true non-
linear relation Q (K, H) = 0.

All the previous results are consequence of our main theorem of the Chapter
2. In the aim to present it in a more suitable way, we will first consider the
following definition:

Definition 8 The radius of a polynomial @ (x,y) € R[x,y] is defined as the set
Rad (Q) = {r € (0,+00) ; Q(0,5:) =0}.

We say that Q is tubular or non tubular according to the Rad (Q) being either
non empty or empty, respectively.

The following result is what motivates the above definition. Furthermore,
our result provides a necessary and sufficient condition to the existence of Poly-
nomial Weingarten tubular surface:

Proposition 9 There is a Polynomial Weingarten tubular surface in Euclid-
ean (respect. Lorentzian or Hyperbolic) 3-spaces (of radius v > 0) verifying
Q (K, H) =0 if and only if Q is tubular (and r € Rad (Q)).

Besides presenting a characterization of Polynomial Weingarten tubular sur-
faces, the previous theorem provides a list of all possible radius. The theo-
rem that determines the set of all polynomials whose set of zeros contains the
Gaussian and mean curvatures of a given regular tubular surface is read as
follows:

Theorem 10 Consider a regular tubular surface S of radius r > 0 in Fuclid-
ean (respect. Lorentzian or Hyperbolic) 3-space and let K, H be its Gaussian
and mean curvatures. Denote by Q(S) the set of all polynomials Q € R[z,y]
verifying Q (K, H) = 0.

i. If S is a cylinder, then Q(S) ={Q € R(z,y] ; r € Rad (Q)};

ii. If S is not a cylinder, then Q(S) is the ideal in Rz,y] generated by
xr? — 2ry + 1.

In particular, every tubular surface is Polynomial Weingarten.
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As we indicated before, we were also able to describe the set of all tubular
surfaces whose Gaussian and mean curvatures vanishes at a given polynomial.

Theorem 11 Given a tubular polynomial Q (x,y) € Rz, y], denote by S (Q)
the set of all regular tubular surfaces in Euclidean (respect. Lorentzian or Hyper-
bolic) 3-space whose Gaussian and mean curvatures K, H verify Q (K, H) = 0.
Then, the elements of S (Q) are:

i. The cylinders whose radius v belongs to Rad (Q);

it. The tubular surfaces of radius r € Rad (Q) such that Q is in the ideal of
R [z,y] generated by xr? — 2ry + 1.

Many particular results can be obtained as consequence of our main theorems
of the Chapter 2. We feature here the classification of tubular surfaces verifying a
linear relation and the classification of tubular surfaces with second fundamental
form of constant length (or constant Casorati curvature):

Corollary 12 Let a,b, ¢ be real numbers such that (a, b, c) # (0,0,0), and define
A = b% + 4ac. Consider the polynomial

Q(z,y) = ax + by — c.
Then, S(Q) # 0 if and only if b=c =0 or bec > 0. Moreover:
i. Ifb=c=0, then S(Q) contains all right cylinders of any radius r;
ii. If bc > 0 and A =0, then S (Q) contains all tubular surfaces of radius %;
iii. If bc >0 and A #£ 0, then S (Q) contains all right cylinders of radius 2%.
Corollary 13 The cylinders are the unique regular tubular Weingarten sur-

faces with second fundamental form of constant length (or constant Casorati
curvature).

The next natural step is to investigate cyclic surfaces that, roughly speaking,
may be seen as tubular surfaces such that the radius r is a smooth function that
assumes only positive values. Hence, in Chapter 3 we discuss cyclic surfaces
that verify a polynomial relation among its Gaussian and mean curvatures. As
a matter of fact, we furnish a classification of Polynomial Weingarten cyclic
surfaces in E2and L3.

Before presenting the statement of our theorems, we would like to remark
that this analysis yields the necessity to suggest another definition that is related
to the concept of tubular polynomial. Therefore, we define:

Definition 14 The radius star of a polynomial Q (z,y) € Rx,y] is defined as
the set

Rad* (Q) = {r € Rad(Q) ; Q(z,y) € <mr2 —2ry+1)}.
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We recall that the symbol (I (z,y)) denotes the ideal in R [z,y] generated
by I (z,y).

In the view of the above definition, our main theorem of the Chapter 3 can
be stated as:

Theorem 15 Consider the polynomial Q (x,y) € R[z,y], and let S(Q) be the
set of all reqular cyclic surfaces in Euclidean (respect. Lorentzian) 3-space whose
Gaussian and mean curvatures K, H verify Q (K, H) = 0. Then, the elements
of §(Q) are (smooth) combinations of Rotational surfaces and Tubular surfaces
of radius r € Rad* (Q).

The importance of our theorem lies on the fact that we provide geometric
features of cyclic surfaces. More precisely, a cyclic surface whose Gaussian and
mean curvatures vanish a polynomial relation has (at least) one of the following
properties: Locally, either the radius is constant (hence locally is a tubular
surface) or either the curvature of the central curve is identically null (hence
locally is a rotational surface). This characterizations have profund impact
in the curvatures of the surface and, in addition, we already have a complete
classification of tubular surfaces.

When we articulate the previous theorem with the concept of polynomials
Q (z,y) € R|x,y] such that Rad* (Q) = 0, we obtain a characterization that
relates the set S (Q) with conditions over the polynomials @ (z,y) belonging to
the set Q (5).

Corollary 16 Let Q (z,y) € Rz, y] be a polynomial. Rad* (Q) = 0 if and only
if the unique elements of S (Q) are the globally rotational surfaces.

Many particular results can be obtained as consequence of our main theorems
of the Chapter 3. We feature here the next result that provides that, for cyclic
surfaces verifying a linear relation, there is no combination of tubular surfaces
with rotational surfaces in S (@). In other words, a LW-cyclic surface is globally
a tubular surface of radius r in the radius star or a globally rotational surface:

Corollary 17 Let a, b, ¢ be real numbers such that (a,b) # (0,0), and define
A = b? + 4ac. Consider the polynomial

Q(z,y) = ax+by —c.

Besides, the set S(Q) contains only globally tubular surfaces or globally rota-
tional surfaces. More precisely:

i. If bc >0 and A =0, then S(Q) contains all tubular surfaces of radius 2%;
ii. Otherwise, we have that S (Q) contains rotational surfaces.

For the class of irreducible polynomials, we also have that the set S (Q) only
accepts one of the (mentioned) subclasses of cyclic surfaces. More precisely, we
have the following corollary:



Xix

Corollary 18 If Q (z,y) € Rlz,y] is an irreducible polynomial. Then, the
elements of S (Q) are globally rotational surfaces or globally tubular surfaces.

Finally, in Chapter 4, we study surfaces that are obtained by the sweeping of
1-parameter family of spheres with variable radius along a central curve. This
class of surfaces is named canal surfaces.

We start this chapter with the investigation of canal surfaces that verify
a polynomial relation among its principal curvatures. In the end, our analysis
leads us to a classification of canal surfaces whose Gaussian and mean curvatures
verify Q (K, H) = 0. Thus, we obtain as the main theorem of this chapter:

Theorem 19 Consider the polynomial Q (z,y) € Rz,y] and let S(Q) be the
set of all regular canal surfaces in Euclidean (respect. Lorentzian) 3-space whose
Gaussian and mean curvatures K, H verify Q (K,H) = 0. Then, the elements
of §(Q) are (smooth) combinations of Rotational surfaces and Tubular surfaces
of radius v € Rad* (Q).

As a consequence of our main theorem of Chapter 4, we have the following
result:

Corollary 20 Let Q (z,y) € Rz, y] be a polynomial. Rad* (Q) = 0 if and only
if the unique elements of S (Q) are the globally rotational surfaces.
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Chapter 1

Semi-Riemannian
Geometry, an overview

1.1 Semi-Riemannian manifold

A semi-Riemannian manifold is a smooth manifold M endowed with a
metric tensor

g: X (M) xX(M)— C*(M,R)
which induces in tangent plane of each p € M a scalar product
gp : TyM xT,M — R

of constant index (i.e., the largest natural that is the dimension of a subspace
¥ of T, M on which g,|X is negative definite). In particular, when the index of
g is 0, we obtain a Riemannian manifold.

An isometry between two semi-Riemannian manifolds (M, g) and (N, h) is
a diffeomorphism f : M — N such that

g(V,W) =h(df (V),df (W))

for every V, W € X (M).

If z1,...,2" is a coordinate system on a neighborhood Q C M the compo-
nentes of the metric tensor g on 2 are

giJ:g(ai,aj)eCOO(Q,R) 1<1<j<n.
Thus, for vector fields V = > Vi9; and W = Y. W09; in X (), we have
g(V,W)=>gi; VW7,

1



2 CHAPTER 1. SEMI-RIEMANNIAN GEOMETRY, AN OVERVIEW

A relevant example for our purposes is the Lorentzian n-space (n > 2),
denoted by L™, which is the semi-Riemannian manifold obtained by endowing
R™ with the scalar product of index 1, given by

n—1
gV, W) => VW - v

=1

where V =Y Vie; and W = > We; are vector fields in X (L").

Let (M, g) be a semi-Riemannian manifold of index m > 0. A trichotomy
of vectors and subspaces classes named as causality arises because of index m.
The causality of a vector v € T, M is said

i. Spacelike, when g, (v,v) > 0 or v = 0;
ii. Timelike, when g, (v,v) < 0;
iii. Lightlike, when g, (v,v) =0 and v # 0.
A vector subspace X of T, M will be denominated

i. Spacelike when the induced metric on ¥ is positive definite, i.e., when all
vectors in ¥ are spacelike;

ii. Timelike when the induce metric on ¥ is nondegenerated and has index m,
i.e., there is no lightlike vector on ¥ and the dimension of subspace of
T, M spanned by the timelike vectors is m;

iii. Lightlike when the induced metric is degenerated, i.e., ¥ contains a lightlike
vector.

An immersion ¢ : S — M of a differential manifold S on (M, g) is said to
be nondegenerated if d,p (T,S) is not lightlike for every z € S. A nonde-
generated immersion is named spacelike (timelike respect.) if dy¢ (7,5) is a
spacelike (timelike respect.) subspace of T,y M, for every x € S. Recall that
S always can be endowed with natural semi-Riemannian metric ¢*g induced by
the immersion ¢ and the semi-Riemannian metric g. More precisely

(©79), (u,0) = gp(a) (da (u) , deip (v))

for every x € S, u,v € T,,S. Note that, for spacelike immersions, (S, ¢*g) is a
Riemannian manifold.

An important example of spacelike immersion on semi-Riemannian manifold
is the Hyperbolic n-space

H" = {z e L"™" ; g(z,z) = —1 where 2,,, > 0}
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endowed with the metric induced by the canonical inclusion. It is possible to
show that H" is isometric to

H" ={(21,....,20) ER" ; 2, > 0}

endowed with the Riemannian metric
> Vi
2
(zn)

where x = (z1,...,2,) € H" and VW € T, H".

he (V,W) =

The previous discussion on immersions has impact on Local Curve Theory,
specifically in the Frenet Frame of the curve. More precisely, let v be a smooth
regular (||7/[|, # 0) curve in L?® parametrized by arc lenght. The curvature
of v is defined by k = ||v"||,. When ~ is biregular (||7'||, # 0 and x # 0),
the tangent vector, the principal normal vector and binormal vector are given,
respectively, by

T=+, N =2 and B=T xp N,

in that case, the causality of v is g, (T,T).

A regular curve in L3, parametrized by arc lenght, is called a Frenet curve
if it is non degenated and all of its principal normals, where it is defined, are
spacelike or timelike. For Frenet curves, the torsion is defined by 7 = g, (N’, B)
and the Frenet relations of the curve are given by

T’ 0 K 0 T
N’ = —ETENRK 0 T N (11)
B’ 0 —ENERBT 0 B

where er = g, (T,T), en = ¢p (N,N), and eg = g, (B, B). Notice that the
previous coefficients are related by

ET = —ENEB , EN = —ETER and B = —ETEN. (1.2)
Since e = ey = eg = 1 in the Euclidean case, observe that the usual Euclidean
Frenet relations can also be retrieved by (1.1).
1.2 The Levi-Civita connection
An affine connection on a differential manifold M is an application
(VIW)eX(M)x X (M) — VyW € X (M)
such that

C1. val'l‘!]Vz (W) = fVV1 (W) + gsz (W)7
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C2. Vy (W1 + Wz) =Vy (Wl) + Vy (W2)§
C3. Vy (fW) = (VHW + fVy (W)

where Vi, Vo, W1, Wy € X (M) and f, g € C*° (M, R).
Its a well-know result the existence of a unique connection (called the Levi-
Civita) on a semi-Riemannian manifold M verifying:

C4. [V,W] =VyW — Vi V;
C5. U(V,W) =(VyV, W)+ (V,Vy W),
for all U, V, W € X (M).
The affine connection of L™ and R is
VyW = dw (V)
for every V,W € X (M). And the affine conection of (H®, h,) is given by

g (V (p)ve3)W(p)_g (W (p),€3)

VyW (p) = dW (V)~
xs3 xs3 Zs3

where z = (z1, ...,23) € H?, {e;} is the canonical basis of R3 and V,W € T, H".

To obtain the connection of H" it is necessary to revisit the following result:
Ifp: S — M is an immersion of differential manifold S on a semi-Riemannian

manifold (M, g) then the Levi-Civita connection of (S, ¢*g) is given by

do (Vv W) = (VeW)'

where V,W € X(9), V,
dp (V) and Wo o =dp
the projection on dyp (T

€ 3( ) are extensions of V and W (i.e., Vo =
(W)), V is the Levi-Civita connection of M and ()7 is
0S):

Curvature

Let (M, g) be a semi-Riemannian manifold with Levi-Civita connection. The
tensor

R:X (M) x X (M) x X (M) — X (M)

given by
R (U7 V) W = V[U,V]W —VuVyW +Vy VW

is called Riemannian curvature tensor of M.
For every nondegenerated plane II of T, M, we define the sectional curva-

ture of II by

K I) = g(R(v7w)v7w) ’ .
v = e g (ww) — g (v, w)? 43
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where v, w is a basis of II. It is possible to prove that Ky (II) is well defined
and it does not depend on the choice of the basis.

The sectional curvature of Euclidean n-space and Lorentzian n-space are null
for every II and the sectional curvature of Hyperbolic n-space is —1 for every
I1.

1.3 Semi-Riemannian immersions and Hypersur-
faces

Let ¢ : § < M be a nondegenerated immersion of a differential manifold S on
a semi-Riemannian manifold (M, g). The second fundamental form of ¢ is
the symmetric tensor given by

o (V,W) € X (M) x X (M) — (VyW)" €X(M)

where ()J‘ is the projection on the orthogonal complement of dy (Tcp(,)S) in
To)M.

A particular relevant case of semi-Riemannian immersion is
dim M = dim S + 1.

In this case, S is said to be a semi-Riemannian hypersurface of M.

Consider a local unit normal vector field A on a semi-Riemannian hypersur-
face S of M. Using the canonical identification between T )S and dy (Tw(.)S)
we can define the self-adjoint operator (named shape operator)

A:VeXx(S) — -VyNeX(9). (Weingarten Formula)
It is possible to show that
(A(V), W) = (o (V,IW),N)

for all V,W € X ().

When the hypersurface is spacelike, the shape operator is diagonalizable
(this conclusion is guaranteed by Real Spectral Theorem). In this case, its
eingenvalues are called principal curvatures.

An important result relating the shape operator and sectional curvatures is
the Gauss equation:

_ 0(dp(Av) dip(v))a(dp(Aw) dip(w)) — a(dp(Av) dip(w))?
Ks (v,w) = K (dp (v) , dp (w)) 4505005 2o00) o i (w) (1)) 3 (dp(0)dip ()

(1.4)

where v,w € T,,S and g (dpN,dpN) = «.

Now let us concentrate our atention on the particular case where dim S = 2
and dim M = 3 (this type of hypersurface is simply called surface). For a
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coordinate system u, v in S the components of the metric tensor are traditionally
denoted by

E = g (dp0y,dpd,) F = g (d@dy, dpd,) G = g (dpdy, dp0,)

where for indexing purposes u = u! and v = u?.

The coefficients of the second fundamental form o with respect to basis
B ={0y, 0y} is expressed as

(&

f

9

"9 (A0,,0.) = =g (N, (Vo,0.)" )
#"9 (A4 0) = =g (N (Vo,0,)" )
"9 (AD,,0,) = —g (N, (V0,0)")

therefore the Gaussian and mean curvatures of a non degenerated surface locally
parametrized by an immersion ¢ are respectively given by
eG —2fF + gFE

Koo Q-1 g go G 2FtgE (1.5)
Y EG_F? TS TEG_F2 '

where € = g (N, N).

The previous formula can be rewritten as follows: Denote w = EG — F?,
where w > 0 if the surface is spacelike and w < 0 if the surface is timelike. Thus,
consider the normal vector

__Pu Xy
H@u X SD’UH]L’

and we remark that |¢, X ¢,|l, = V/|EG — F?| = —ew. Therefore, the formula
(1.5) is expressed by

- f? —2fF +gFE
_ =t and H:——eG R .

K= -~ i
2 (—ew)?

(1.6)

As mentioned before, the diagonalization of the Weingarten map is guaran-
teed only for spacelike surfaces. On the other hand, Gaussian and mean curva-
tures can be computed for every causality. Henceforth, we will call principal
curvatures every continuous solution of the system

kiko = eK and ki + ko = 2eH. (17)

Note that, in the Riemannian case and for spacelike surfaces, the above definition
of principal curvatures agrees with the usual ones.



Chapter 2

Weingarten Tubular
Surfaces

In this chapter we will classify Polynomial Weingarten tubular surfaces. In the
aim to accomplish that, in the Section 2.1 we will introduce the notion of tubular
surfaces and discuss the nuances whithin such geometrical objects immersed in
different environments (E?, L3 and H?3).

Once the definition and characterization of tubular surface is well stablished,
we will change our focus and present the Section 2.2 which is an investigation
of polynomial results. More precisely, for a given polynomial P (x,y) € R [z, y],
we will study conditions of its coefficients in order to determine when P (x,y)
belongs to the ideal in R [z,y] generated by zr? — 2yr + 1, for some r > 0.

Proceeding through this chapter, in the Section 2.3 we fully classificate Poly-
nomial Weingarten tubular surface and present several applications. Moreover,
in Theorem 54 we describe every tubular surface whose Gaussian and mean cur-
vatures verify a given polynomial. Conversely, in Theorem 61, fixed a tubular
surface, we provide families of polynomials that verify P (K, H) = 0.

2.1 Tubular Surfaces

This section was elaborated to introduce tubular surfaces and discuss the nu-
ances whithin such geometrical objects immersed in different environments.

In the section’s first part, we briefly discuss the well-known class of tubular
surface in Fuclidean space, it is also exhibited the condition of regularity and
it is presented the Gaussian and mean curvatures. In contrast, the second and
third part, we investigate more profoundly the particularities of each space.

In the second part that correspondes to the Lorentzian 3-space, we analyze
the notion of "circle" and give a more wide conception of circle that is allowed
by the non definite positive scalar product. Indeed, the index 1 in metric of the
L3 generates several types of tubular surfaces, possibly with no circular orthog-
onal sections that are not isometric between them (since isometries preserves

7
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causality).

Besides that, the Lorentzian Weingarten map is not always diagonalizable,
therefore the existence of principal curvatures is no longer guaranteed. We
overcome this difficulty by providing natural functions with similar properties
(see (1.5) and (1.7) for more details).

Finally, we present the regularity condition for tubular surfaces in the Lorentzian
3-space, also the Gaussian and mean curvatures are computed and the principal
curvatures are presented.

The final part of the chapter concerns about the Hyperbolic 3-space. We
study the conditions to a tubular surface belong to H” and how it influences on
its parametrization. Therefore, we present the regularity condition and present
the Gaussian and mean curvature. In this space form, we also have the Sectional
curvature.

2.1.1 Euclidean Tubular Surfaces

In the Euclidean 3-space, a tubular surface of radius » > 0 around a
regular curve 7 : (a,b) — R?, called central curve, is the set obtained by the
union of all circles S, (v (s)) of radius r and center v (s) contained in the normal
planes Tyt of 7.

In intervals where « is birregular, a tubular surface can be parametrized by
the application:

P (8,t) € (a,b) x R— y(s) +rcos(t) N (s) +rsin(t) B(s) € R®.  (2.1)

In particular, if the central curve is a straight line, the Frenet Frame can be
regarded as a trivial orthogonal frame.

Proposition 21 Given a tubular surface in Euclidean 3-space of radius r > 0,
consider an interval I where the central curve vy is birreqular. The parametriza-
tion (2.1) is an immersion if and only if

&g (s,8) =1 —rr(s)cost # 0, for every (s,t) € (a,b) x R.
Proof. Using (1.1) and (2.1) we obtain
¥, = —rsin (t) N (s) + rcos (t) B (s) and Y, =EgT + T,

Therefore, the vectors 1, and 1, are linearly independent if and only if {5 # 0,
for every (s,t) e I xR. m
The above regularity condition provides that &g > 0 everywhere, since

€ (n3) = 1.

Definition 22 A tubular surface is called regular if v is parametrized by arc
length and
&g (s,8) >0, for every (s,t) € (a,b) x R.
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Proposition 23 Consider a reqular tubular surface of radius r > 0 in Fuclid-
ean 3-space and let vy : (a,b) — R3 be its central curve. The principal curvatures
of the tubular surface are

t 1
freos and ko = —.

k1 = —
! R r

Hence the Gaussian and Mean curvatures are respectively:

Kcost 2rkcost —1
K=- and H=————
&S5 2rég
Proof. In intervals where the central curve ~y is birregular, we can use the
parametrization ¢ in (2.1) to obtain the coefficients of the first and second
fundamental forms which are

E=¢E+(r7)° A G =r?

e=1r7% — kégcost f=rr g=r.

Thus, on the image of 1, the Gaussian and mean curvature of the tubular surface
are respectively indicate as

Kcost and H:_Qrmcost—l

rég 2rég

and the principal curvatures are

K=-—

St 1
fy = — 2098 and  ky = -
§g r

[

Note that above curvatures are also valid in intervals where the curvature
k of v is null (i.e. where the surface is a right cylinder). By continuity, it is
concluded that expressions are true on the entire tubular surface.

Finally, observe that k1 < kg once &g > 0 and

rrcost > rrcost — 1 = =&y
which implies

Tk COSt

g

and the statement is concluded.

2.1.2 Lorentzian Tubular Surfaces

Remember from Section 1.1 that Lorentzian 3-space, denoted by L3, is the semi-
Riemannian manifold obtained endowing R? with the bilinear form of index 1

gr ((x1, w2, 23) , (Y1, Y2, Y3)) = T1Y1 + T2Y2 — T3Y3,
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where (21, 22,23), (y1,¥2,y3) € R®.

As a means to parametrize tubular surface in L3, it is necessary discuss the
notion of a tubular surface as the set obtained by moving a circle along a central
curve (see 2.1.1).

First, a circle (e.g. in Euclidean 3-space) is the set of all points contained
in a plane whose distance (called radius) from a fixed point (called center) is
constant. This definition is usually stablished with a norm ||.|| which is positive
definite (recall the Lorentzian norm is ||z||;, = +/|gL (z, )|, hence always pos-
itive). However this approach not fully utilizes the possibilities provided by a
scalar product with index (as the notion of negative distance). It motivates a
generalized idea of circle, named:

i. A Lorentzian circle is the set

S.(e)={z€L?; gL(z—c,x—c)=1r};
ii. A Lorentzian hyperboles is the set

Se(e)={zel®; go(x—c,x—c)=—1"}.

Remark 24 We point out some authors may define the same previous sets but
add the prefiz 'pseudo’ in the name.

In Lorentzian 3-space the Lorentzian circle and Lorentzian hyperboles plays
the same role as Euclidean spheres in E?, once the Gauss map has these as
codomain.

Finally note that Lorentzian hyperboles are always Euclidean hyperboles,
but Lorentzian circles can be Euclidean circles or Euclidean hyperboles. With
the new realization of circles, we are able to define a tubular surface in Lorentzian
3-space.

In the Lorentzian 3-space, a tubular surface of radius » > 0 around
a regular curve v : (a,b) — R3, called central curve, is the set obtained by
the union of all Lorentzian circles or Lorentzian hyperboles S, (v (s)) of radius
r and center v (s) contained in the normal planes T,y of 7.
It is important to emphasize that condition of v be regular is needed to
existence of well-defined normal subspace Ty .

In intervals where the central curve v C L2 is biregular, the tubular surface
admits a local parameterization that depends on the normal section, also de-
pends on the causality of the central curve and causality of the principal normal,
once each of these qualities impacts on Frenet formula. More precisely:

Let (a,b) be an interval where 7 is birregular and consider the abstract
parametrization of a tubular surface as the envelope of circles (i.e. set obtained
by moving a circle along a central curve)

P (s,t) =7 (s)+ [ (s,0) T (s) + g (s,t) N (s) + h(s,t) B(s)
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where {T'(s),N (s),B(s)} is the Frenet frame of v and f(s,t), g(s,t) and
h(s,t) are smooth functions defined in (a,b). Our objective is to explicitly
express those functions.

In order to do that, first notice that for each sg € (a,b) we want to describe
a circle of radius er? and center v (sg) contained in the normal plane Ty,y*,
that is

erf?+eng® —erenh® =g (¥ (so,t) — v (s0) ¢ (s0,t) — v (s0)) =er® (2.2)

where € € {—1,1} fixed constant. The derivative in parameter s of these previ-
ous paramatrization and equation gives us

erffs+enggs — erenhhs =0 (2.3)
and
Yy = (1 + fs— 5N5T95>T + (gs + fr+ EThT> N+ (hs +gT) B. (2'4)

Then, observe that 1) — v is a normal vector to the tubular surface, thus we
have

0= gL (w -7 djs) = ETf' (25)
Applying the condition (2.5) in Equation (2.3) it is obtained the following system

eng? —erenh?® = er?,

whose solutions are given by chosening the causality of central curve (er), of
principal normal (ey) and the normal section ().
The table below contain all possibilities:

Curva Normal Section Parametrization
spacelike | spacelike Lorentzian circles v £ rcosh(t)N + rsinh(t)B
spacelike | timelike Lorentzian circles v 4 rsinh(¢)N £ r cosh(t) B
timelike | spacelike Lorentzian circles v+ rcos(t)N + rsin(t)B
spacelike | spacelike | Lorentzian hyperboles | ~ + rsinh(¢)N =+ cosh(t)B
spacelike | timelike | Lorentzian hyperboles | ~ =+ cosh(t)N + rsinh(t)B
timelike | spacelike | Lorentzian hyperboles Does not exist

Table 2.1: Table of Parametrizations

In the aim to encompass and deal with all possible local parametrizations
simultaneosly, we will use a pair of functions (u (t),7 (¢)) to represent one of
the followings pairs

(0 cost,sint), (dcosht,sinht), (sinht,dcosht). (2.6)

where § = 1. Then, in intervals where the central curve v C L3 is biregular,
the parametrizations presented in Table 2.1 can always be rewritten as

¥ (s,t) =7 (s) +rp(t) N (s) +r(t) B(s). (2.7)
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For calculations purposes, it is observed that derivatives of 1 (¢), 7 () behaves
as follow

p'(t)=dern(t)  and ' (t) =du(t).

Definition 25 A Lorentzian tubular surface is said regular when ~y is birreg-
ular and

&L (s,t) =1+epre(s)p(t) #0, for every (s,t) € (a,b). (2.8)

Despite the above condition be very similar to the Euclidean case, it is not
possible determine the signal of an arbitrary &, since () can be choosen as
any function in (2.6).

Proposition 26 Given a tubular surface in Lorentzian 3-space of radius r > 0,
consider an interval I where the central curve vy is birreqular. The parametriza-
tion (2.7) is an immersion if and only if & # 0, for every (s,t) € I x R.

Proof. Using (1.1), (2.7) and (1.2) we obtain
Y, =rnerN +ruB and Y, =& + 0T,

Therefore, the vectors 1, and 1, are linearly independent if and only if £ # 0,
for every (s,t) € I x R. [

As mentioned before, self-adjoint endomorphisms are only diagonalizable
with the additional condition that the scalar product is positive definite. There-
fore, in the Lorentzian 3-space the Lorentzian Weingarten map is not always
diagonalizable, hence the existence of (usual) principal curvatures is no longer
guaranteed.

We overcome this difficulty by providing natural functions with similar prop-
erties (see (1.7)), which for convenience of the reader, it will be re-stated:

The continuous functions k; and ks are called principal curvatures if they
verify the system

klkg =cecK and ]{31 + kg = 2¢H.

where K and H are, respectively, Gaussian and mean curvatures, A is the
normal vector to the surface and ¢ = g, (N, N).

For us, the extended notion of principal curvatures are important because
allows us to demonstrate our main theorem, as we will see in Chapter 2.3.

So the next proposition provides the Gaussian and mean curvatures for a
regular tubular surface in Lorentzian 3-space (which always can be computed)
and exhibits their principal curvatures as well.

Proposition 27 Consider a reqular tubular surface of radius r > 0 in Lorentzian
3-space an let v : (a,b) € L3 be its central curve. The Gaussian and Mean cur-
vature of S are respectively:

i and H = 57‘5114 R .

K=c¢ =
réL réL

(2.9)
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In particular, the principal curvatures of the tubular surface are given by

1
MEE gnd ks = - (2.10)

k’:
! &L r

Proof. In intervals where the central curve -y is birregular, consider the generic
parametrization in (2.7). In this case, the normal vector of the tubular surface
is

N =—-uN —nB
and the coefficients of first and the second fundamental forms are
E= ETEE —¢eep (7"7')2 , F = —eepérr?, G = —eepr?

e = epepkily, — eerrT?, f = —eerérr, g = —€epr,

where € = gr, (N, N).
Thus, on the image of v, the Gaussian and mean curvature of the tubular
surface are respectively indicate as

K= ELMEB and H= 57& R
L &SH
and the principal curvatures are
KUEB 1
k= and ko = —.
33 r

]

Note that above curvatures are also valid in intervals where the curvature

k of 7 is null (i.e. where the surface is a right cylinder). By continuity, it is
concluded that expressions are true on the entire tubular surface.

Remark 28 When 1 (t) = dcost or pu(t) = sinh h (t) we must have &, > 0. As
in Euclidean case, this implies that k1 < ky. However, when p(t) = 0 cosht,
the sign of &, (and the order of the principal curvtures) depends on the sign
of 0. Note that, when &, < 0, the central curve cannot have points where the
curvature is zero.

To avoid ambiguity, from now on the principal curvatures ki and ko will
always correspond to the expressions in (2.10).

2.1.3 Hyperbolic Tubular Surfaces

The hyperbolic space is extensively studied once it was the first sample of non-
Euclidean geometry (i.e. a space obtained by revoking the famous fifth axiom
of Euclides). Moreover, this space has several model that are isometric between
them, for instance: Poincaré half plane model, Poincaré ball model, Beltrami—
Klein model.

For the purpose of explore tubular surfaces, a suitable model is the spacelike
immersion on semi-Riemannian manifold L*:
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H3 = {x elL?*; gL (z,z) = —1 where 24 > 0}

endowed with the metric induced by the canonical inclusion.

In the Hyperbolic 3-space, a tubular surface of radius » > 0 around
a regular curve 7 : (a,b) — H3, called central curve, is the set obtained by
the union of all circles S, (v (s)) of radius r and center « (s) contained in the
normal planes Ty of 7.
It is important to emphasize that condition of v be regular is needed to
existence of well-defined normal subspace Ty .

Let (a,b) be an interval where 7 is birregular and consider the abstract
parametrization of a tubular surface as the envelope of circles (i.e. set obtained
by moving a circle along a central curve)

P (s,t) =7+ f(s,t)T (s) +g(s,t)N(s)+h(s,t)B(s) (2.11)

where {T'(s),N (s),B(s)} is the Frenet frame of v and f(s,t), g(s,t) and
h(s,t) are smooth functions defined in (a,b). Our objective is to explicitly
express those functions.

In order to do that, first notice that for each so € (a,b) we want to describe
a circle of radius r2 and center 7 (so) contained in the normal plane Ty, v+, that
is,

P+ g%+ 0% = gL (¥ (s0,t) — 7 (s0) ¥ (s0,t) — 7 (s0)) = 1

The derivative in parameter s of these previous paramatrization and equation
gives us
ffs+9gs +hhs =0 (2.12)

and
o= (fs —gr+1)T + (95 + fx — hT) N + (hs + g7) B. (2.13)

Then, observe that 1) — v is a normal vector to the tubular surface, thus we
have

0=gu(¥—71,)=f(s1). (2.14)
Applying the condition (2.14) in Equation (2.12) it is obtained the following
System
G+ h? =2
whose solutions are given by
g(s,t) =rcost and h(s,t) = rsint.

Therefore the parametrization is

¥ (s,t) =v+rcostN (s)+rsintB(s), (2.15)
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however, notice that 1 (s,t) must belong to H? for every (s,t) € I x R, which
yields
1= QLW(SJ) a¢(57t)) =-1 +T2

since r > 0, we do not achieved the desired (i.e. 1 ¢ H?). To correct this
problem, we add (a priori) functions Ay and Ay in (2.11) (a posteriori, it will
be proved they are constant) such that

1= gL W (57 t) ﬂﬁ (57 t)) = _)‘1 + )\272-
Thus, the solutions are
1
A1 = —coshr and A2 = —sinhr. (2.16)
r
In the view of above discussion, the parametrization of a tubular surface of
radius 7 in Hyperbolic 3-space is given by
¥ (s,t) = (coshr)y + sinhr (costN + sintB) . (2.17)

Proposition 29 Given a tubular surface in Hyperbolic 3-space of radius r > 0,
consider an interval I where the central curve v s birreqular. The parametriza-
tion (2.17) is an immersion if and only if

& (8,t) = coshr — kcostsinhr # 0, for every (s,t) € (a,b) x R.
Proof. Using (1.1) and (2.17) we obtain
¥, = —sinhrsintN (s) + sinhr costB (s) and Y, =EyT + T,

Therefore, the vectors ¢, and 1, are linearly independent if and only if &5 # 0,
for every (s,t) € I x R. |
The above regularity condition provides that £ > 0 everywhere, since

coshr — kcostsinhr =0<«<=1— kcosttanhr =0
hence &y (., g) =1.

Definition 30 A tubular surface is called regular if v is parametrized by arc
length and
& (s,t) >0, for every (s,t) € (a,b) x R.

Proposition 31 Consider a reqular tubular surface of radius r > 0 in Fuclid-
ean 3-space an let vy : (a,b) € L3 be its central curve. The principal curvatures
of the tubular surface are

Kcost 1

kl = — fH and k‘g = sinhr'

Hence the Gaussian and Mean curvatures are respectively:

K cost coshr — 2k costsinhr
and H =

K=——-—
&y sinhr 2&y sinh r
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Proof. In intervals where the central curve « is birregular, we can use the
parametrization 1 in (2.1) to obtain the coefficients of the first and second
fundamental forms which are

E = 5]?-]1 + (7 sinh 7")2 F = rsinh®r G = sinh?r
e=rT> sinhr — K&y cost f=7sinhr g = sinhr.

Thus, on the image of ¥, the Gaussian and mean curvature of the tubular surface
are respectively indicate as
Kcost coshr — 2k costsinhr

K=——"7"7-— d H=
&g sinhr an 2& g sinhr

and the principal curvatures are

t 1
K COS and ky =

ki =— .
! IS sinh r

Corollary 32 The Sectional curvature of a tubular surface in Hyperbolic 3-

space s
Kcost
KS = ]. — .
&y sinhr
Note that above curvatures are also valid in intervals where the curvature
k of v is null (i.e. where the surface is a right cylinder). By continuity, it is
concluded that expressions are true on the entire tubular surface.
Finally, observe that k1 < ky. Indeed, since » > 0 it implies that coshr > 0
and sinhr > 0, and by the remark in the beginning of section, we have

0 < &y = coshr — K costsinhr

is the product of positive functions, so

therefore, notice that %0”

H

Kcost

3

=k <0

while
1

0<ky =
< fi2 sinh r

and the statement is concluded.

2.2 Polynomials results for Tubular Surfaces

This section is devoted for analysis and characterization of polynomials of the
form @ (X,Y) € R[z] which is obtained by the composition of a polynomial
Q (z,y) € R[z,y] with the polynomials X, Y € R [z] such that X (z) = % and

Y (z) = I’;Trl
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The interest to study this specific type of polynomial arises narutally in the
investigation of the geometric problem that is the classification of Weingarten
surfaces whose polynomial relation its among the Gaussian curvature and mean
curvature. More precisely, in the aim to fully describe the set of all polynomials
Q@ such that @ (K, H) = 0 it leads us to an algebraic problem that is finding
(a reasonably simple to check) condition to determine when @ (z,y) can be
factorized as (wr? — 2yr + 1) R (z,y), where R (z,y) € R [z,y]. As a matter of
fact, we obtain the following theorem.

Theorem 33 Consider a polynomial Q (z,y) € Rlx,y] and let r be nonzero
constant. Then @ belongs to the ideal generated by xr? — 2yr + 1 if and only if
Q (2,2t € Rz] is identically null.

r) 2r

In addition to the initial incentive of this result, the above theorem is an
alternative to the usual method to decide under which conditions one polynomial
can be rewritten as another two polynomials, where (at least) one of them is
linear.

A numerical example will show one first manner to apply the theorem.

Example 34 Consider the polynomial
Q(z,y) = 4a* 4822y — 12293
+923 4 922y — 9ay? — 493
+222% — 8y — Ty
—91x + 98y
—24
and notice that Q (%, 2”11) € R [z] is identically null, it implies that
Q(z,y) =z —dy+ 1) R(z,y)

where R (z,y) € R[x,y]. Once the Theorem 44 already gives us one factor, the
another one is "easier"” to obtain through the equality of polynomials. In fact,
we have that

R(x,y) = 2° 4+ 2y + 3zy® + 22° + 4wy + y° + bz + 2y — 24.

Remark 35 The first presented propostion of this Chapter will furnish us a
proper way to express a polynomial of the form Q(X,Y) in order to obtain
more information about R (z,y).

Another functionality of our result is that the Theorem 44 allows us to answer
in which cases a tubular surface of radius r > 0 verifies a relation Q (K, H) =0
(see Chapter 2.3 for more details), named:

Theorem 36 Consider a polynomial Q(xz,y) € Rz,y]. If there is a non
cylindrical tubular surface S whose its Gaussian and mean curvatures verify
Q (K,H) =0, then Q has a unique factorization

Q(z,y) = (gcr2 — 2yr + 1)m R(z,y),
where 1 is the radius of S, m € N and R (z,y) € R[z,y] such that R (K, H) # 0.
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In other words, if we have a tubular surface verifying a polynomial relation
Q of degree n > 1, then @ is a multiple of a linear polynomial and the zero of
Q (K, H) = 0 comes from the linear relation. So, we obtain the theorem stated
in Introduction:

Corollary 37 Cylinder are the unique non linear Polynomial Weingarten sur-
faces.

Therefore the importance of this chapter lies on the connection established
by Theorem 44 between conditions on polynomials coefficients and ideals in the
polynomial ring that @ belongs to. Furthermore, this result was the crucial
problem to be solved as a means to fully describe the set of all polynomials
whose zeros are the Gaussian and mean curvatures of a tubular surface.

The first difficulty we face when we are trying to classify polynomials is find-

ing a favorable expression that allows us to examine them. In this direction,

a polynomial Q € R[z,y] evaluated in X (z) = £ and Y (z) = “Z*! furnishes

n n—i
z zr+l x zr+1\J

a polynomial Q (%, #5) € R[z] whose expression is > Y a;; (;)Z (zt) g
i=0 j=0

Then, the following Propostion provides a reorganization of coefficients that

permits us to write in a more suitable (and canonical) way @ (I, ”H) =

n
3" Ty (r) 2 where each ' (r) are the constant coefficents.
=0

n n—i L
Proposition 38 Consider a polynomial Q (z,y) = Y > a;;2'y € Rz, y]
i=0 =0
and a nonzero number r. Then

Q(f 1‘7‘+1> ZZGJ g‘ zgjl) szk(T)$k7

=0 j= k=0

where

n—k
D) gekdnie | (2.18)

2k itjpit+i
=0 \ j=0

M=

F =

Proof. Going along the lines of the proof, we will demonstrate

n n—t

oD (2) (55) ZFk =0, (2.19)

i=0 j=0
by induction on n. Notice that the above relation is verified for n = 1. Indeed,

a straightforward calculation provides

1

> i (5) (%5) = avo + gpa00 + 5a0ax + farer =) Tk (r)a*
i=0 j=0 k=0
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which concludes this case. So assume that the relation (2.19) is true for some
n €N, ie.,

>3 (3)'

- ZI‘k (r)z* =0,
k=0

and consider the case n + 1:

n+ln+1—1 ) ) n+1
Do > aig (5) (55 = Y Te ()"
=0 75=0 k=0

Replacing the definition of T'y, (r) as in (2.18) and by Proposition 127 & Propo-
sition 128 the previous equation can be rewritten as

n+1 ) ) n+1 k
E . (z\* (zr+l n+l—i o § : § : n+1l—i Qi nt1—i k
Qin+1—i (’I”) ( 2r ) (n+1fk) ontl—ipntl—k+i T
] k=0 =0
n n—i ) n k n—Fk
7 z\? zr—i—l k 147\ Qik—itj k
+2_> i (3)( > j ) |
i=0 j=0 k=0 i=0 ]:0
so the induction step implies
n+1 T i n+1 k
) ) x7+1 n+l—i n+1 z Ai,n41—i k
E Qi n+1—1i (;) ( n+1 k mx (2~20)
=0 k=0 i=0
n+lnt+l—2 n+l k
_ n+1 z Qi nt1—1i n+l—k n+1 z Qi n+1—i k
= 2n+1 SnFl—igifk L n+1 k mm .
=0 k=0 k=0 =0

Before proceeding with the calculus of (2.20), let us focus our attention in
each of the terms above separately and rewrite them in a suitable way as follows:

n+1ln+1—1
n+l—1: i n+1—i n+1—k
(") gt
=0 k=0
n n+l—i
_ n+1—4i\ Qinti—i n+l1—k Ai,nt1—i n+1 an+41,0 ,n+1
- Z ( k )2n+1 Ttk L +Z ontl—ia L + —nii L

therefore, we have
n+ln+1—1
n+1—1 Qi n+1—i n+1—k
(") pet

n—i n+1

n
_ n+1l—1 Aint+1—i n—k Qi nt1—i n+1
= E § ( k41 )2n+1 1rz+k+1x + g nFi=i,7 L
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by Proposition 125 it is obtained

n+ln+1—2
(n+171) Qi nt1—i n+l—k
k onti—ijitk L
=0 k=0
n i n+1
_ i+1 Ap—i,it1 n—k Qind1—i +1
= (k+1) SiFiln—ithFI L +Z onti—ia L
1=0 k=0
and the Proposition 126 gives us
n+ln+l1—1
n+1 z Qi n+1—i n+1—k
Z Z 2n+1—iri+k‘r (221)
1=0 k=0
n k n+1
n+1 z Qint1—i + Ai,nt1—i n+1
n+1 k nFi—ipnfi- k+z:r 2n+1 T L .
k=0 i=0

Now, consider the other term that can be expressed as

n+l k
n+1 z Qint1—i k
ZZ n+l—k 2n+17i7.n+1—k+ix (222)
k=0 =0
n k n+1
_ n+1 1 Qi n+1—i + A n+1—i n+1
= (ni12p) gt gt 2n+1 ZACE
k=0 i=0

Given the further explored expressions (2.21) and (2.22) we are able to return
to the Equation (2.20) and obtain the desired conclusion:

n+ln+l—2 o~ J}’I“—‘rl j n+1
2 & () () -5

n k n+1
o (n—1)+1 Qi n—it1 Qi n41—i n+1
= E ((nfk)+1) Sn—iFtlpitn—FF1 a” + 2n+1 L
1=0 k=0
n k n+1
. (n+1—i) Qi n+1—i k i nt1—i n+1
nt+l—k) anFi—inFi—FFi L gnti—i L
k=0 i=0 =0
= 0

As mentioned before, we will revisit the Example 34 to present how the
above Proposition 38 associated with the Theorem 44 allows us to gather more
information about a polynomial @ and explain how to choose r to test whether
Q (£ ”Jrl) is identically null or not.

r) 2r
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Example 39 Consider the polynomial

Q(z,y) = 4a*+8x%y* — 12243
+92% + 922y — 9zy® — 4y
+222% — 8xy — Ty?

—91z + 98y
—24

3

presented in the Example 34. Without further explanation we took r = 2 and
verify that Q (%,25H) = 0.
The first matter in question is: What did we base ourselves on for choosing
the r and what were the possible choices for that?
To answer that, we need to consider the polynomial @ (%, ”;Trl) € Rz]
which by Proposition 38 can be rewritten as
Q (”” ‘ngl) =Ty(r)at +T3(r) a3 + Ty (r)2® + Ty (r)z + Do (1),

Il

where Ty, (1) are as in 2.18. To obtain the possible candidates r to verify if the
above expression is identically null or not , we compute just the 0-th coefficient

49 7 1
Po(r)=——713 "33 24

and notice that it admits the following factorization

& —1)(r—2)(12r+1).

To(r) = —g (

Therefore, we test Q (%, %ﬁl) forr e {—L L 2} to obtain that Q) (—129&, %az — 6)

127 87

and Q (83:, %x + 4) are not identically null, while Q (%, %) 1s. By Theorem

44 we conclude that Q (x,y) belongs to the ideal generated by 4x — 4y + 1.

Remark 40 The last propostion on this chapter will provide the explication to
our require that Tg (r) be zero.

Remark 41 In the case of Weingarten surfaces, we assume only r > 0 (once
there is a geometrical meaning of v be the radius), so in the above example we
just have to test r € {%,2}.

The next proposition is a technical result that presents us a characterization
of polynomials @ that belongs to the ideal generated by zr? — 2yr + 1, in other
words, we describe conditions on coefficients of @) in order to it be divisible by
axr? — 2yr + 1.

n n—i o
Proposition 42 A polynomial Q (z,y) = > > a;j2'y’ € Rz, y] is divisible
i=0 =0
by xr? — 2yr 4+ 1 if and only if there exists a family

C:{CiJ‘ER; i,jEZ}
such that:
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1. ¢;; = 0 whenever i <0 orj <0 ori+j>n;
2. a;; = r2cl-,1,j —2r¢; j—1 + ¢y, for every i,j € Z.

Proof. Suppose that

n n—i

Q(x,y)—ZZa”my € Rz, y] (2.23)

1=0 j=0

is divisible by Xr2—2Y 741, then exists a family C = {cijeR;4,jeNandi+j<n—1}
such that

n—1n—1-—i
Q(X,Y) = (zr® —2yr +1) Z Z i XYY (2.24)

i=0 j=0

Therefore, by (2.23) and (2.24) it is obtained the following relation
aij = ricio1; — 2rcijo1 + ci

for every i = 1,...,n and for every j =1,...,n — 1.
If we set
CZ‘J:O

whenever ¢ < 0 or j < 0 or ¢+ j5 > n, hence we constructed a family C =
{ci,j € R; 4,5 € Z} verifying items 1 and 2.
Conversely, given a family

C:{Ci)jER;Z',jEZ}

n—1ln—1—¢

we define the polynomial R (z,y) = > > ¢;;X'Y7. By hypothesis we have
i=0 j=0

Qzy) = Y a‘,jxiyj
=0 j=0
n—1ln—1—¢
= (X =2vr+1)) Y e XY
i=0 j=0
= (Xr*-2Yr+1)R(z,y),

so @ is divisible by (X7? —2Yr+1). m

The following Proposition is an important result, once it articulates both of
the previous propositions: In one hand, it is considered the characterization of
polynomials in the ideal generated by zr? —2yr + 1; In the other hand, we study
the consequences of Q) (jf , ”'H) be identically null that is, when I'y (r) = 0 for
every (possible) k. Furthermore, in the aim to prove it, several results concerning
binomials identities and summatories identities are obtained (see Appendix A

for more details).
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Proposition 43 Given n € N, consider a family
A:{ai,j ER; i,jEN}

such that a; j = 0, whenever either i <0 orj <0 ori+j>n.
Then there is a family

C:{CZ‘JGR; i,jEN}
verifying
1. ¢;; =0 whenever i <0 or j <0 ori+j>n;

—r2c 4= o o ; = s s — 120 1 s o
2. a;; =r°ci_1,j —2rci j—1+ ¢y equivalently c; j = a; ; — T ci—1;+2r¢i j-1,
for everyi,j € N

if and only if the coefficients a; ; verify

k n—k
—i+7 1
:Z Z< >Wai,k—i+j =0 Vk=0,...,n

1= 7=0 '7
(2.25)

Proof. Assume the existence of C = {¢; ; € R; ¢,j € N} and we will prove that
Ty (r) = 0 for every k. To prove this first part, we will consider three cases for
k, named:

If £ =0, then

3

n
o 1 L rlc_ 1,j—27rCo,j—1+Co,j
Lo(r) = 2777 40,5 = E : 2777

=0 7=0
n
—_ _ Co,5—1 Co,—1 _|_ 0,5 Co,n
- 2i—1pj—1 2 1p—1 27T7 onpn
Jj=1

since cg., = cg,—1 = 0 by hypothesis, it implies

<.

n—1 n n—1 n—1
€0, Coi—1 Co5 €05 0
Sird 2i—1pi—1 — 27 rd 2ips T
Jj=0 Jj=1 Jj=0 Jj=0

which concludes this case.
If kK = n, then

n n 5
T (7‘) _ Qi n—i T°Ci1,n—i—2TCin—i—1+Cin—i
" =

2Qn—ipi 2n—ipi

=0 =0

once ¢; ,—; = 0 for every ¢ (because i +n — ¢ = n) and by definition c_;, =
Cn,—1 = 0, thus

n n—1 n—1 n—1

Ci—l,n—i __ Cin—i—1  __ Cimn—i—1 _ __ Cin—i-1l _ _ ()
on—ipi—2 on—i—Ipi—1 — on—i—Tpi—1 n—i—1pi—1 — Y

=1 =0 1=0 =0
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which concludes this case.

Ifk=1,...,n—1, then

3
|
>

Fk(r) — (kfiJrj) Qi k—itj

j PLE R P e

3 .
!
> O

( H—j)T Ci—1,k—itj— 2Tci,k—i+j—1+ci,k—i+j
j 2k—itjpiti

M- I~

«
I
=3

.
Il
=3

expanding the last term (which is possible since k > 1) it gives us the following
expression

n—k k n—k
k+j C1,k+j k z+] _Ci—1,k—itj
( ] 27€+J77 2 + ; 2k itipiti—2 (226)
7=0 =1 j= 0
c—1n—k n—=k
_ (kfiJrj Cik—itj—1 o Ck,j—1
j Dk—itj—1pjti—1 27— 1pjtk—1
i=0 j=0 j:O
k—1n—k
k—i+j Cik—i+tj _Ckyj
+ ( ki )2’C itipiti Jr 27rj+k

S
Il
o
Al
Il
o

Notice that
> () ait =0, (2.27)

once c_j ,y, = 0, for every m € N. Also, observe that next terms can be simplified
as

n—=k n—k—1
Ck,j—1 Ck,j—1 + Ck,—1  __ Ck,j—1 _ _Ckyj
27 —Tpjtk—1 2 —1pjtk—1 9—Tpk—1 27—1ypj+tk—1 — 2iritk
j=0 =0
(2.28)
and
n—k n—k—1 n—k—1
Ck,j  __ _Ck,j Ckyn—k __ Ck,j
Sipitk — E DI ERd + on—Fkpn E 2ipitk (229)
Jj=0 j=0 j=0

since ¢kn—r = 0 and ¢,,,—1 = 0 for every m € N. Therefore by (2.27), (2.28) &
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(2.29) the expression (2.26) resumes to

k—1n— k—1n—k k—1n—k
k 1+j 1) Cik—itj—1 _ (k?*iJrj) _ Cik—itji—1 + k z+j Cik—i+tj
Qk—itj—1lpjti—1 j Sk—itj—1lpjti—1 j 2k—i+jrj+i
1= 0_]:0 =0 j=0 1=0 j= 0
k—1 k—1n— k
— Cik—i—1 7,+J 1 Cik—itj—1
- Qk i—1pi—1 + 2k—i+j—1rj+i—1
= =0 j= 1
k—1 k—1n—k
Cik—i—1 k 1+3 Cik—itj—1
- QF—i—Tpi—1 2k—i+j—l7,.j+i—1
=0 =0 j=1
k—1n—k
lc 7,+] 1 Cik—itj—1 Cin—i
+ -1 2k 77,+] 11733#»1 1 + '!L k 271—;,’;17%«#1'
=0 j:l

again, ¢; ,—; = 0 (because of i +n — i = n), follows that

n—k

k

k—i+j ik—itj

Do) = 3| 2 (57w
=0

=0

—1n—

k—1
= YT = () () e
=0

1—k
=0 j=1
finally, by Pascal’s rule we have

() =T+ (5

hence it is concluded

k n—k
f§ : § : k H-J Qi k—itj =0
- 2k—i+jrj+i — Y%
i=0 \ j=0

for every 0 < k < n.
Reciprocally, consider the following definition

o - kéo (lé (_1)k (l—il-k)2lrl+2kaik,jl> ifi,j €N . (2.30)
0 ifi<Oorifj<O0
we proceed with this proof beginning by item 2. Our goal is to show
7“2@,1’]- —2rc; -1+ ¢ = a;;,
for every 4, 7 € N. Once again, we will consider several cases for indeces ¢ and
" Choose i, j € N, if i = 0 = j, follows from (2.30) that

Cp,0 = @o,0 and C-1,0 = 0= Co,—1
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consequently

2
rec_1,0 — 2rco,—1 + o0 = Co,0 = 0,0,

and the desired is achieved.

If j=0and i > 1, we have

cio-1 = 0
i

k_2k
Ci—10 = (=" r*Fai—1—k,0
hence
2
r°Cci—1,0 — 2rCi0-1 + Cip

i—1 [
= 7 Z (_1)k 2R a; 1o+ Z (—1)k r**a; 10
k=0

=
[}

i—1

|
(]

(_1)k 7’2<k+1)ai717k,0 + Z (_l)k 7“%&1'49,0
k=0

B
I
=]

.

= (_1)(’6*1) 7"2((k_1)+1)ai—1—(k—1),0 + Z (_1)19 T2kai,k’0
1 k=0

B
Il

I
o

(—1)*r%*a; 0+ Z (—1)* % a; 10 + aio
=1 k=1

I
S
<0
o -

and the desired is achieved.

Ifi=0and j > 1 we have

J
§ 1,1
COJ‘ = ( 2'r a07j_l>

Co—1,7 = 0
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hence

2
rYCco— 1J 27”‘00] 1+COJ

= —27“2217“%] 1— I+Z2T‘a0’j 1

j—1
_ Z2l+1 z+1a0’j . z+z27°ao,] .
1=0 1=0
J J
— _Z2(l_1)+17"(l_1)+1a0,j71—(l—1)“"Zzlrlao,j—l
=1 1=0
J
= ZQl’I‘lCLOJ l—f—ZerlaO,j 1+ ao,;
=1 =1

and the desired is achieved.

If i, j > 1, by definition (2.30) each c(;_1) j, ¢; (j—1) and ¢; ; has the following
expression

(i—1) J
oy = S (z (44)2r H)

k=0 \i=0
i (4—-1)
I+k
Ci,j-1) = Z (_1) (+)2ZTZ+2kai—k,(j—l)—l
k=0 \ 1=0

i J
l+k 1 1+2k
Cij § <§ )22, k,jl>
l

then expanding each one in a suitable way, we have

i J
r2 Z Z (_1)(k—1) (l+(1§71))21rl+2(k71)ai_k.7j_l (2.31)
k=11=0
= =Y (" r?*a;
k=1

iJ

(k-1 (k=D Ly 2k
+ E ) =Dyl 2ha, i
k=11=1
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7 J
o l 1+k) (lfl)r(l*1)+2kai_k7j_l (2.32)
k=0 1:1

=~

2'r A 51
1

J
l 1 L, 1+2k
> (CDF ()2t e

J

k=11=1
i g
l+k 1 142k
E 2 - Qj—f,5—1 (233)
k=0 1=0
J
1.1 k 2k
aw—l—g 27“(1”5—1—5 T ai_g,;
=1
i J
l+k 1, 14+2k
+ E 12! a i
k=1 1=1

replacing the above equalities in 72¢;_1 j — 2r¢; j—1 + ¢; ; it is obtained
i J
Z )*) ol l+2k ( (l+(k 1)) ((l(—li)l-i)-k) n (ztk)) Qi jot + G
k=1 1:1
finally, the Pascal rule provides the identity
Lrky _ (14+k—1 I+k—1
) =)+ (G50
which implies
riei1; = 2rei i1+ 6y = i

and the proof of item 2 is complete.
To prove item 1, by definition (2.30) remains to verify

¢ij =0

whenever ¢ + j > n, since the case ¢;; = 0 for every i + j = n is a rather
difficulty, we will assume a priori ci i = 0 for every k, then we will use it to
prove that

¢ij =0,

for every ,j,l € N with [ > 1 such that i + j = n + [. This proof is given by
induction on .
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Ifi=1,so

Cij = Cintl—i
= Qing1—i — T Ci 1 ng1—i T 2TCip

= —1%Ci 1 pi1—i +2rCin—i

= QTCZ"”,Z'
note that ¢ +j =n+ 1 hence : < n + 1 implies + — 1 < n, so in case i =n + 1,
it follows ¢, 41n—(nt1) = Cnt1,—1 = 0. In case of ¢ < n, then ¢;,,—; = 0 by
hypothesis. Then it is concluded that ¢; ; is zero.
Proof. Assume that ¢; ,,+;—; = 0 for some [ and we will verify the equality for
[+ 1. In fact,

Cimiltli = Qintlil—i—TCitmiis1—i+2rCinsii
= *Tzci—l,n-s-l-s-l—i +2r¢; pyi—i

0
and the desired is achieved. To finish the demonstration of item 1, consequently
the Theorem, still necessary to prove that

Ckn—k = 0,

for every k € N, in the presence of the hypothesis (2.25), which for convenience
of the reader, it will be restated in a slightly different but very helpful way:

(i—m) [n—(i—m)

i—m)— 1
Lik(r) = Z Z (( % k+l)mak7(ifm)fk+l =0,

k=0 1=0
(2.34)
so we will show that each ¢;,_; is a linear combination of certains I';_ (7).
More precisely,

Cini= Z (-1)* (n*i%)%7 (2.35)

n— 27,

where T';_;, denotes T';_j () for practical reasons. In the aim to provide the
proof, it will be presented that the difference of above equality is null. First
of all, is important do a treatment of expressions to express them in a proper
manner: Applying the Prop (Inverséo de contagem) to ¢; ,,—; gives us

i
Cines ZZ )ik l+z k)2l itk (2.36)

k=0 1=0
and consider the explicity expression of right side of Equation (2.35)

%

S (—1)F () e T

3 Z Z kRt ke () (SR ) a6y
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then apply Proposition 130 to obtain
D () (e (2:37)
k=0

i i—k n—i+m

2 :2 : 2 : 2k I+m+n— 21 m—I— k+n(n nz-&-zm) (l_ml_k—i_l)ak,(i—m)—k-s-l

k=0m=0 [=0

so we define ‘
T

. T

Hy = cipi— Z (—1)* (nnitk)%
k=0

y (2.36) and (2.37) we have

b
Hy =

2 L k l+z k 1 1+27—2
)2 ka/k;’n_i_l
k=0 1=0

i—k n—i+m

Z Z Z ™ gk—l+m+n—2i rme I— k—i—n(nnztm) (iim;]ﬂrl)@k,i—m—/ﬂ-l

k=0m=0 [=0

~.

and our goal resumes to verify H, = 0, so it is sufficienty verify

n—i
Z( 1) (k) alpltiz2kg, (2.38)
1=0
i—k n— z+m .
Z gkt (T (R 4 Gy ke
m=0 [=0
=0

for each k = 0,...,5. Observe that Equation (2.38) allows us to do further
simplifications. Redefine

p=1—k, q=n—1 and bj = ay,;

hence the previous equation can be rewritten as

q
Z l+p 21 l+2pb

l

q+

=0
zp: ™ oq+m—I—p,m—l+p+q (qzm) (P*T”) bp_m+l

S

m= Ol:O

also notice that Proposition 125 furnishes the following equality

q q
Z l+p 21 l+2pb Z q l+p 24— qu7l+2pbl
I= I=
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and the Proposition 126 gives us

qg+m

Z (- 1)m 9a+m—l—p m—I+p+q (q+qm) (P*’l”“) bp—m+i

M- 1M

1=0
q+(p—m)
_ (_1)(p—m) 9q—m—l,2p—m—l+q (qu(I:;m)) (mlﬂ) brnsi-
m=0 =0
Finally, we set
q
Jog = D (=17 (1520 Ry, (2.39)

1=0

p q+(p—m)

_ Z Z (p m) 94—m— l 2p m— l+q(q+(1; m)) (m;rl)bm-‘rl

and our goal is to verify that J,, = 0 which is equivalent to H, = 0 (also
equivalent to (2.38) be null). m

We have several cases to consider in order to prove that J, , = 0.

Case p = ¢ = 0. A straighfoward computation provides
J()’():b()—bozo

which concludes this case.

Case p = ¢ > 1, it implies that Equation (2.39) has the following expression

q q 2g—m
l -m —m— —m— —m l
Jq,q _ Z (_1) (2qq7 2q l 3q lb Z (—].)q 29 l7‘3q l(2qqm) (ml—i- )an+l
1=0 m=0 1=0
(2.40)
and once again we need to do some simplifications in each of terms above.
In the aim to apply Theorem 129, we set

/\m,l — (_1)q—m 2q—m—l,r3q—m—l (Zq;m) (ml+l)

therefore, we have

Amji—m = (*ququilTSqil(gq;m)(l—lm)

Am,q-i-l—m = (_1)q—m 2_l7“2q_l (2q;m) (qflJilm)
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hence
q
S0 3 (S (Y (2a)
mq_
= YN (-pymartBatGaomy (!
q q
EYD (T (5 ()
q I
= SN (T martpatamy( 1y,
n Z Z (—1)4™ 271+q,r3qfl(2q;m) (. Vo (2.43)

l=q+1m=0

where the last equality is furnished by rearranging the indices of last summatory.
Then the Equation (2.40) become by (2.41)

q l

Z2q7lr3qfl( q < Z 2q m l )) b
1=0 =0

-5 (S w) ’”

l=q+1 \m=0
and once verified the following statements
l
2q m l _ (2q—1
Z l m) - (qfl)
m=0

and

we will achived the desired.

CLAIM 1:
l
m l -1
S um () = 04,

m=0

forl < gand g >1.
Indeed, the Propostion 133 states

> 0" e () = ()

)
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since [ < ¢, it yields
q

S )T Y (S (1) ) ()

m=0 m=Il+1

however >0 . (=1)™ (*7.™)( ') =0 once () = 0 whenever k > z, thus

q m
zl: m 2q m (l) — (qul)
m=0 " !

so the Claim 1 is proved.
CLAIM 2:

q
Z (2‘1;7”) (l—lm) = O’
m=0

for every l € {¢+1,...,2q}.
In order to apply Proposition 132 we set

y=2q¢, x=-1, r=q andn=I,

and we obtain
l
2 m l
m:O
Observe that 2¢ —m > 2q—1 > 0, for every [ < 2q, and note that 2¢g—m—q >0

whenever ¢ > m which implies

(*7;") =0,

q

for every m € {q¢+1,...,1}, thus

S 1" Gy (L) =0

m=0

and the Claim 2 is proved.
Then J, 4 = 0 and the case p = ¢ > 1 is finalized.
Case p < ¢; In this case, we can consider the following expression of first
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summatory in (2.39):

Z (_1)17 (qfler) 2q—qu—l+2pbl

q—1

1=0
= i (—1)? (q;i“'l'p)Qq—qu—l-‘erbl
1=0
q
YD (L (e,
l=p+1

For the second summatory of (2.39), we define

>\m,l = (71)p—m 2q7m7lr2p*m*l+q (‘H-]:I—m) (ml-t,-[)

the we have

)\m,l—m = (71)[)*771 2q7lr2pfl+q(q+1;—m) (l—lm)
(_1)p—m 2q—p—lrp—l+q(q+p7m)( I+p )

Am,p-ﬁ-l—m = q l—m+p

and once again we apply the Theorem 129, so it is obtained

p q+(p—m)
Z Z (_1)(p—m) 2q7m7l7,2p7mfl+q (q+(1;7m)) (mlJrl) bm+l
m=0 =0
P 1
=337 (et thaatemmy (L,
=

q p
+ Z Z (—1)P7m 2a—p=lpp=ita (q“:;m) (l_l;ip) byt

(2.44)

(2.45)
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then replacing (2.44) and (2.45) in (2.39) we have

l
P2q—qu—l+2p ( q l+p Z q+p m (l lm)> b

m=0

-
2
I
M“@
rQ O

S|

q—1l-p,q=l+p( q-l
2 T (q l—p)bp'H

+
M

N
Il
—

p
Z p ™ 9q—p— lrp—l+q(q+1;*m)( +p )bp.l,_l

MQ

Il—m+p
=1 m=0
P l
1..q—1 l l
= Z( 1)P 20— lpa=i+2p ( q +p Z q+p m (l m)) b,
=0 m=0
q— p p
1— I+ l + I+
+ P 9q—l—p,q—l+p qql i Z q p m (l ml-)«-p) pr
l:l 1=0
q P
p—m oq—p—L, p—l+q (¢+p— I+
o Z Z (71) 207 0r? q(q ZZ] m) (l—?rzz-jl—p)bp+l
l=q—p+1m=0
thus, it will be show the following equalities
! !
Z q+p m < ) :(q_H'p) for every [ = 0,...,p with p < ¢;
m p

=0

p
Z nL q+p m (ler) _ (q;l) for every | = 17 ..., q—D with p <q;

m=0 "
P
Z (=)™ (‘Iﬂ:m) (l;p) =0foreveryl=qg—p+1,...,qwith p < q.
m=0
CLAIM 3:
1
m (qg+p—m Yy _ +p—1
DD () = (),
m=0
forevery I =0, ...,p with p < g. This claim follows immediatly from Propostion
133.
CLAIM 4:

S (0 (@ () = (oo

m=0

for every I = 1,...,qg—p with p < ¢q. By Proposition 134, it is given the equality

S (" Y () = (27

m=0
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then we choose x = ¢+ p, j = ¢ and n = [ + p, hence

n

So=nm (R () = (2 4L) = ()

m=0

and the Claim 4 is conluded.
CLAIM 5:

> (0T (T () =0

m=0
forevery l=q—p+1,...,q with p < ¢q. By Proposition 132 is given

n

> 1" () =0

m=0
for every x,y,r € Z such that r <n. So, weset n=1+4+p, r=¢q, y =p+q and
x = —1, therefore

I+p

> 0" () () =0

m=0

and notice that (p + ¢ — m)—qg = p—m > 0 <= m < p which implies (
0 for every m € {p+1,...,p+{}, then

p+tzfm) —

l+p p
0= ") = 3 G0 ()
m=0 m=0

and the Claim 5 is proved.
So the case p < ¢ is demonstrated.

For the last case, consider ¢ < p which is very similar to the previous one.
In Equation (2.39) once we set

)\m,l — (_1)me 2q—’m—lr2p—m—l+q (q+[;—m) (ml-&-l)

we obtain the following terms

_ (71)1’*”1 2q7l7,2p7l+q (q-&-p—m)( l )

)\m,l—m - q l—m

At i e G [y

then using Theorem 129 in the second summatory in Equation (2.39), is rewrit-
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ten as
p qtp—m
D S D (G
m=0 [=0 !
p l
_ Z Z (_1)P—m 9a—1,.2p—l+q (qﬂ;m) (l—lm)bl
=0 m=0
9 p
+ Z Z (_1)p—m 2q—p—lrp—l+q (qﬂ:m) (pfltlm) bp+l
=1 m=0
q l
_ Z Z (_l)p—m 9a—l,2p—l+q (tHz:;m) (l—lm)bl
=0 m=0
p l
+ Z Z (_l)p—m 9a—1,2p—l+q (qﬂ:m) (l—lm) b
l=g+1m=0
9 P
+ Z Z (71)p—m 94—p—l,.p—l+q (qﬂ;m) (pfltlm) by
=1 m=0

thus the Equation (2.39) is

q l
Jp,q _ Z (71)p 924—1y.q—1+2p ((q;l_-Ilrp) _ Z (71)m (q+1;—m) (l—lm)> b

m=0
l

P
B Z Z (_1)10*7” 9a—1,2p—l+q (q-i—;t;—m) (l—lm) b,

- (_1)p7m 2q—p—lrp—l+q (CI'HUq—m) (pfl-tlm) bP+l
=1 m=0

and we will prove the following claims:

!
Z (=)™ (q"";_m) (il) = (q_]lfp) for every g <pand (= 0,...,q;

m=0

!
Z (=)™ (q+’;m) (7;) =0foreveryg<pandl=q+1,...,p;
m=0
P
Z (—1)™ (TP (PH) = 0 for every ¢ < p and [ = 1, ..., q.

q m
m=0

CLAIM 6:

D DT ) = ()

m=0

37
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for every ¢ < p and [ = 0,...,q. In Proposition 132 it is only necessary set
r = p — ¢q and the result follows.

CLAIM 7: l

> 0" () () =0
m=0

for every g <pand l =q+1,...,p. We define
y=q+p, z=-1, r=gq, n=l

and notice ¢ < [, since l = ¢+ 1,...,p, so we are in hypothesis to apply Propo-
sition 132 and we obtain the desired.

CLAIM 8: ,

> =TT ) =0
m=0

for every ¢ <pand [ =1,...,q. We define
y=q+p, z=-1, r=q¢ n=p+l

and notice that ¢ < p + 1, since ¢ < p and [ € {1, ..., ¢q}. By Proposition 132 we
have

n

0 = UG

m=0
p
= X Cum e
m=0
p+l
D DI Co Vi GBI Cany
m=p+1
- l
DD G VA G [ G
m=0
p+i—(p+1)
m 1 —(m
+ Z (71)( +p+1) (q+p (q+p+1)) ((mi;i-l))
m=0
P
_ Z (_1)m (q—‘,—p—'ln) (p-H)
m=0 !
and the desired is obtained.
So we demonstrated that
Jpqg =10
for every p and gq. ]

In view of the foregoing, we are able to proof the Theorem 44 which for
convenience of the reader, will be restated. We remark that theorem provides
the technical tool to demonstrate our main results in next chapter.
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Theorem 44 Consider a polynomial Q (z,y) € Rz,y] and let r be a strictly
positive constant. Then Q belongs to the ideal generated by xr? — 2yr + 1 if and
only if Q (£,25H) € R[] is identically null.

r’ 2r

Proof. If Q (£, 22t1) € R [z] is identically null, by Proposition 38 we have that
Tk (r) = 0 for each k, which is precisely the needed condition in Proposition
43 to conclude the existence of the family C = {¢; ; € R ; 4,j € N}. Finally, it
implies, by Proposition 42, that @ is divisible by xr? — 2yr + 1, i.e., Q belongs
to ideal generated by zr? — 2yr + 1.

The other direction is straightforward. [

2.3 Main result and applications for Tubular Sur-
faces

In this section we present our main theorems that fully classify Polynomial
Weingarten tubular surfaces in Euclidean, Lorentzian and Hyperbolic 3-space.

In the aim to exemplify the type of problem and which challenges are pre-
sented in the classification of Polynomial Weingarten tubular surfaces, let us
consider a polynomial @ (z,y) = Z?:o 23:0 ai;jx'y’ € Rlz,y] of degree 2 (one
of the most simple cases to be considered) and assume that Gaussian and mean
curvatures are roots of ), then

0=Q(K,H)=Q2(s) cos’t+ Qn (s)cost+ Qo (s), (2.46)
where
Q2(s) = K2 (Ta1,1 + 7“2@1,0 + 7"2@0,2 + T3@0,1 + 7”4610,0 + az,o) ;
Ql (S) = —%Ii (27’041’() —+ 27"@()’2 + 37‘2@0,1 + 47‘3@0,0 + al’l) 3
Qo(s) = ao,07”2 + %ao,lr + iao,z,

since the Equation (2.46) is valid for every ¢ € R, it follows that each Q; (s)
must be null, for every ¢. This study leads us to the necessity to write @) in a
suitable way and also to investigate under which conditions the coefficients a; ;
provides that Q; (s) = 0.

In the end, our researches gaves us that analogous conditions were requeried
for arbitrary polynomials of degree n. Hence, this is clearly the reason that
motivates the Chapter 2.2.

So, once detected the pattern, we can discuss the polynomials rather than
analyze enormous equations. Thus, we dodge the difficulty of studying partic-
ular polynomials and its associated equations to furnish a fully description of
tubular surfaces whose curvatures vanishes a polynomial.

Throughout this chapter we will represent the second principal curvature of

a tubular surface in Hyperbolic 3-space by ko = % instead of ﬁ Since sinh r
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is constant, we named it by constant . The only reason is to present the results
with simple statements and deal with all spaces at once.

We start this chapter recalling the definiton exhibited in Introduction.

Definition 45 The radius of a polynomial Q (x,y) € R[z,y] is defined as the
set

Rad (Q) = {r € (0,+00) ; Q(0,5:) =0}.

We say that Q is tubular or non tubular according to the Rad (Q) being either
non empty or empty, respectively.

Definition 46 The radius star of a polynomial Q (x,y) € R|x,y], denoted by
Rad* (Q), is defined as the set of all v € Rad (Q) such that Q (z,y) belongs to
the ideal in R [x,y] generated by xr? — 2ry + 1.

Remark 47 Given a polynomial Q (x,y) € Rz, y], by Proposition 38 we have

n

Q (%, 25H) = Ty (r)a".

k=0
where Ty (1) are as in (2.18). Notice that Q (0, 5-) is precisely T (r).

The terminology used in above definition is motivated, as we will see, by the
fact that exists a Weingarten tubular surface verifying a polynomial relation if
and only if the polynomial is tubular.

The next example illustrates the class of tubular polynomials of degree 2:

Example 48 Consider a polynomial of degree 2
Q (z,y) = a2,02” + a112y + ao2y” + a1,0% + a1y + a0 € Rz, y].

Follows from Theorem 38 that Q is tubular if and only if exists a strictly positive
real number v such that

1
Lo (r) = 7600,1 + —5ao0,2 +ag,0 = 0.

472

Before to present the main theorem, let us re-state the Theorem 44 that
incorporates all results in Chapter 2.2 to show that the condition of a polynomial
Q to belong to the ideal generated by xr2—2yr+1 can be replaced by another one
that is more technical however, easier to check. Moreover, the next proposition
is an important argument in our main theorems.

Theorem 49 Consider a polynomial Q (z,y) € Rz, y] and let r be a nonzero
constant. Then @Q belongs to the ideal generated by xr? — 2yr + 1 if and only if
Q (%, %) € Rx] is identically null.

r) 2r
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Hence, the above Proposition associated with previous Definition 45, fur-
nishes that tubular polynomials contains the polynomials that are multiples of
xr? —2yr +1 € Rz, y], for which r € Rad (Q).

The below Lemma is the first acquired result such that an algebraic hypoth-
esis (on the polynomial) delivers a geometric feature on the tubular surface.

Lemma 50 Let Q (z,y) € R[z,y| be a polynomial that is not in the ideal gen-
erated by xr? — 2ry + 1. If a tubular surface of radius r verify Q (K, H) = 0,
then

K=0 and H

1

2r

Proof. Since Q (z,y) € (zr? — 2ry + 1) it follows by Theorem 44 that
Q(F #5) #0

and considering the additional assumption that exists a tubular surface which
verifies Q (K, H) = 0, it is concluded that k; is constant equal to A € R, that

is,

_ k(s)u(t)e =
ki (s,t) = 1+7’/§(S)M(t])353 -

If XA # 0, the above equation gives us

ek (s)(L—rXN)p(t) =X

which implies that & (s) (1 —rA) # 0, for every s € (a,b). Then, for a fixed
so € (a,b), we have

A
pit) = epk (s0) (1 —1))

for every t € R.

This yields that p is a constant function, which is an absurd because u(t)
represents ¢ cost, sint, sinht¢ or § cosht. Consequently it is obtained
1

Fa(s,)=0 . K=0and H=_,

which concludes this proof. =

Remark 51 Going along the lines of previous proof, we remark that the same
argument is valid for the first principal curvature of a tubular surface in Fuclid-
ean or in Hyperbolic 3-space which provides the same conclusion, that is, in
every case it is obtained that K =0 and H = &

= 55

In view of the above discussion, now we are able to state one of our main
theorems. The first Theorem presents the necessary and sufficient condition to
existence of Polynomial Weingarten tubular surface.
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Theorem 52 Consider a polynomial Q (x,y) € Rz, y]. There is a Weingarten
tubular surface in Euclidean (respect. Lorentzian or Hyperbolic) 3-spaces (of
radius v > 0) wverifying Q (K,H) = 0 if and only if Q is tubular (and r €
Rad(Q)).

Proof. If @Q is tubular (and r € Rad (Q)) it is easy to see that every right cylin-
der of radius r verifies Q (K, H) = 0. Conversely, suppose there is a tubular sur-
face S verifying the polynomial relation @ (z,y) among its Gaussian and mean
curvatures. If Q belongs to the ideal generated by xr? — 2yr + 1, follows from
Theorem 44 that is equivalent to @ (ﬂ, ”2':1) be identically null, hence we set
2 = 0 and the desired is concluded. Otherwise (that is, @ ¢ (zr® — 2yr + 1)),

since @ (K, H) = 0, the Lemma 50 provides that
Q(K,H)=Q(0,5;) =0

which is the required condition to @ be a tubular polynomial. ]
As a consequence, the previous theorem establishes a relation between tubu-
lar polynomials and Polynomial Weingarten tubular surfaces that permits us to
study only the relation in the aim to classify the surfaces. We also remark that
theorem is what motivates the Definition 45.
Now let us revisit the Example 48 to further explore.

Example 53 It is already known that a polynomial Q of degree 2 is tubular if
and only if there is v > 0 such that
1

—ap.1 + —5 40,2 + ap,0 = 0.
2r 7 4r?

In the case that ag 1, ao2, ao,o are all null, we have that
Rad (Q) = (0, +00)

therefore, for each fixedr € Rad (Q), the previous Theorem ensures the existence
of a tubular surface of radius r.

As illustrated by above example, the Theorem 52 guarantees the existence
of a Polynomial Weingarten tubular surface, however it still lacks in more infor-
mation as in which cases the tubular surface is a cylinder or an arbitrary tube.
In this sense, we are leaded to our next main theorem to fill this gaps.

For a given fixed (tubular) polynomial @ (z,y) € R [z, y], the below Theorem
describes the set S (Q) of all regular tubular surfaces whose Gaussian and mean
curvatures are roots of ). Moreover, the result gives geometric features of the
tubular surface. In other words, it is exhibit information about the required
radius r and condition on the curvature of central curve (see Chapter 2) in
order to the tubular surface be a Weingarten surface for the relation Q.

Theorem 54 Given a tubular polynomial @ (x,y) € Rz, y|, denote by S (Q)
the set of all reqular tubular surfaces in Euclidean (respect. Lorentzian or Hyper-

bolic) 3-space whose Gaussian and mean curvatures K, H verify Q (K, H) = 0.
Then, the elements of S (Q) are:
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i. The cylinders whose radius v belongs to Rad (Q).

ii. The tubular surfaces of radius r € Rad* (Q).
In particular, if Rad (Q) = 0 then S (Q) is empty.

Proof. First, we will check that cylinders and tubular surfaces are, indeed,
elements of S (Q). It is immediate that cylinders of radius r € Rad (Q) belongs
to S (@), once

Q(K’H):Q(O’$> =0.

For a tubular surface of radius r € Rad(Q) such that @ is in the ideal of
R [x,y] generated by xr? — 2ry + 1, it is obtained that @ admits the following
factorization

Q(z,y) = (wr? —2ry+1) R(z,y)  where R (z,y) € R[z,y],
then, evaluating @ in (K, H), it yields

QK H) = (o —2r (M) +1) R(K, H) =0,
and the desired is achieved. So it is verified that tubular surfaces of type i and
type ii (as in the statement) are in S (@) and the first part is finished.
Now, let S be a tubular surface of radius r in S (Q) (which means that
r € Rad(Q)) and consider K and H its Gaussian and mean curvatures. Our
objective is describe the types of surfaces in S (Q). Hence consider the relation

0=Q (K, H).

If Q is in the ideal of R [z, y] generated by xr? — 2ry + 1, as discussed above, we
have that S is of type ii. If Q ¢ <£CT2 —2ry + 1>, the Lemma 50 ensures that S
is of type i. ]

The example below elucidates the usefulness of the above theorem with a
numerical case:

Example 55 Consider the polynomial Q (z,y) = 14y —25z+100zy —40y* —1 €
R[z,y]. An easy calculation shows that

Rad (Q) = {2,5} .

Note that Q (%, 5”1‘51) vanishes identically and Q (%, 2“11) not. So, the tubular
surfaces that belongs to S (Q) are arbitrary regular tubular surfaces of radius
5 and right cylinders of radius 2. Ultimately, because of our Theorem 44 this

problem also can be solved by polynomial analysis, once we observe that

Q(z,y) = (252 — 10y + 1) (4y — 1)

and apply the Theorem 5.
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As a immediatly corollary of the Theorem 52 with the notation of Theorem
54 we have

Corollary 56 A polynomial Q (x,y) € R [z,y] is tubular if and only if S (Q) #
(. Consequently, we are always able to choose at least one reqular tubular surface
whose Gaussian and mean curvatures vanishes a tubular polynomial.

Observe that the Theorem 54 allows us to classify tubular Polynomial Wein-
garten surfaces through the study of polynomials (exclusively). To portray the
funcionality, let us show how some well-known results can be obtained from it:

Example 57 The cylinders are the only tubular surfaces with constant mean
curvature. In fact, consider the polynomial

Q(z,y) =y —ceRz,y].

Note that Q is tubular if and only if ¢ > 0. Therefore for each ¢ € (0,400),
we have that % belongs to Rad (Q) in Euclidean or Lorentzian 3-space. More-
over, in this case, follows immediately that Q (z,y) is not in the ideal of R [z, y]
generated by xr? —2ry + 1. So S (Q) only contains cylinders of radius i

Example 58 The cylinders are the only tubular surfaces with constant (zero)
Gaussian curvature.
Indeed, given c € R, the polynomial relation is

Q(z,y)=xz—ceRz,y].

Just for ¢ = 0 we have that @ is tubular and, in this case, Rad(Q) =
(0,+00). Since Q is not in the ideal of R [x,y] generated by xr® — 2ry + 1, it
implies that S (Q) contains all the right cylinders of radius r.

As mentioned in the introduction, a special and very studied polynomial
relation among the Gaussian and the mean curvatures, is the linear one. This
type of relation is relevant because it permits us to see each of curvatures as
function of another (i.e. K = f(H) or H = f (K)).

Corollary 59 Let a,b,c be real numbers such that (a,b,c) # (0,0,0) and define
A = b% + 4ac. Consider the polynomial relation

Q (z,y) = ax + by — c.
Then, S(Q) # 0 if and only if b=c=0 or bec > 0. Moreover:
i. Ifb=c=0, then S (Q) contains all right cylinders of any radius r > 0;
it. Ifbc > 0 and A =0, then S (Q) contains all tubular surfaces of radius 2%;

iti. If bc > 0 and A # 0, then S (Q) contains all right cylinders of radius 2%.
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Proof. To prove that @ is tubular, it is sufficient to observe that @ (0, 2%«) has

positive roots if and only if b = ¢ = 0 or bc > 0. Then, by Corollary 56 we
obtain our first assertion. Moreover, we have

b

Rad(Q) = (0,+00)  or Rad(Q){Qc}

in these cases.

When b = ¢ = 0, we must have a # 0 by hypothesis. Hence @ (x,y) is not
in the ideal of R[z,y] generated by zr? — 2ry + 1. Suppose now bc > 0. So
Q (2%, 20;}”) = %Afc vanishes identically if and only if A = 0. ]

In the investigation of important relations, we also have the length of second
fundamental form and the Casorati curvature that are defined, respectively, by

the non-linear relations:

|A| = V4H? — 2K and Ko = w

2

It follows from Example 48 that the polynomial Q (z,y) = —2z + 4y — ¢ is

tubular whenever ¢ > 0 and, in this case, Rad (Q) = {QL\E } Finally, notice that

Q (\/Eat, zJ”/E) = 22 € R|[z], so combining the Theorem 54 with this remark

2
we obtain the next corollary.

Corollary 60 The cylinders are the unique regular tubular Polynomial Wein-
garten surfaces with second fundamental form of constant length (or constant
Casorati curvature).

The remaining question will be answered by the our last main Theorem,
once it acts in the another direction of the previous one. More precisely, now we
consider a (fixed) regular tubular surface S and we present the set Q (.S) of all
polynomials that vanishes in its Gaussian and mean curvatures. Furthermore,
an algebraic characterizations of the polynomials are expressed as a discriminant
to analyze tubular Polynomial Weingarten surfaces.

Theorem 61 Consider a regular tubular surface S of radius r > 0 in Euclid-
ean (respect. Lorentzian or Hyperbolic) 3-space and let K, H be its Gaussian
and mean curvatures. Denote by Q (S) the set of all polynomials Q € R [z, y]
verifying Q (K, H) = 0.

i. If S is a cylinder, then Q(S) ={Q € Rz,y] ; r € Rad(Q)};

ii. If S is not a cylinder, then Q(S) ={Q € R[z,y] ; r € Rad* (Q)}.

In particular, every tubular surface is Weingarten.
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Proof. Let S be a cylinder and consider Qg € Q (.5), it implies that
Qo (K,H) =0
since the Gaussian and mean curvatures of S are precisely
K=0 and H=41 (2.47)

we have that 0 = Qo (K,H) = Q (O7 2—1r) Therefore r € Rad (Q) and conse-
quently Qo € {Q € R[z,y] ;7 € Rad (Q)}. So

Q(5) c{Q eRlz,y] ;7 € Rad (Q)}.

Similarly, for a given Qo € {Q € R[z,y] ; r € Rad (Q)} follows immediately
from (2.47) that 0 = Qo (0, &) = Qo (K, H) then Qo € Q(S) and the equality
of the sets is obtained

Q(9) ={Q e R[z,y] ;7 € Rad (Q)}.

If S is not a cylinder and consider K and H its Gaussian and mean curva-
tures, in a given order. If Qy € Q(.9), it yields

OZQO(K’H)'

In the aim to prove that Qg is the ideal in R [x,y] generated by zr? — 2ry + 1,
by Theorem 44 it is only necessary verify

Qo (2, 2551) = 0 va.

r) 2r

Suppose that Qg (”” "”*1) is not null, then by Lema 50 we have that S is a

727
cylinder and we arrive at a contradiction. Then

Q(S) c <xr2 — 2yr + 1>.

Conversely, consider Qg € <x7"2 — 2yr + 1>, the Theorem 44 provides that
0=Qo (&, Bt) = Qo (K, H)
thus Qo € Q(S5). Hence it gives
Q(S) = <xr2 —2yr + 1> .

An outcome of our last main theorem is presented in the next example:

Example 62 Denote by C the set of all cylinders in Euclidean (respect. Lorentzian
or Hyperbolic) 3-space and by C,. ., the cylinder of radius v around the straight
line 7. Then, the ideal generated by x in R [z,y] verify
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for every fized straight line .
In fact, if we consider Q (x,y) € Ngec (5) it follows that

Q(0,5;) =0

for every radius r of a cylinder. Therefore, Q (0,y) € R[y] is identically null
and because @ (x,y) is a non trivial relation, it implies

Q (ZE, y) =zR (LE, y)

where R (z,y) € R[z,y] not null. The conversely is straightforward.

The interesting in the second equality lies on the fact that is not necessary
consider every cylinder, it is only needed consider every cylinder around a fixed
straight line .

Finally, Theorem 61 promotes the answer (and proof) for the question about
non linear Weingarten surfaces for the case of tubular surfaces.

Theorem 63 The cylinders are the only tubular surfaces that verify a true
nonlinear relation Q (K, H) = 0.

We conclude this work achieving a complete classification of Polynomial
Weingarten tubular surfaces for any polynomial relation. Furthermore, we pre-
sented the necessary and sufficient condition for existence of Polynomial Wein-
garten surfaces and we also proved that cylinders are the only non linear Wein-
garten tubular surfaces.

The fully description of the sets S(Q) and Q(S) allows us to construct
and analyse families of tubular surfaces that vanishes a relation and define
but also study polynomials whose roots are the Gaussian and mean curvatures
of a tubular surface, respectively. Therefore, the investigation of Polynomial
Weingarten tubular surfaces is completed.

2.3.1 (ky, k2)-Weingarten Tubular Surfaces

Motivated by the observation that every polynomial relation P (K, H) = 0,
where K and H denotes the Gaussian and mean curvatures, can always be
rewritten as a polynomial relation between the principal curvatures, but the
conversely is not (necessarily) true. We propose to ourselves to investigate the
class of tubular surfaces whose principal curvatures verify an arbitrary poly-
nomial relation. Hence, these surfaces, sometimes called (k1, ko)-Weingarten
surfaces are the focus of our study in this section.

Inspired by the Theorem 61 and Theorem 54, this section fully classificates
Weingarten regular tubular surfaces in Euclidean, Lorentzian and Hyperbolic
3-space whose principal curvatures vanishes an arbitrary polynomial relation.
Furthermore, our results determines the set of all polynomials vanished by the
principal curvatures of a given regular tubular surface. More precisely, in Euclid-
ean case, we have the Theorem below:
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Theorem 64 Consider a reqular tubular surface S and let kv < ko be its princi-
pal curvatures. Denote by P (S) the set of all polynomials P € R [x,y] verifying
P (k‘l, k‘g) =0.

i. If S is a cylinder, then P (S) ={P € R[z,y] ; P(0,ky) =0}
ii. If S is not a cylinder, then P (S) is the ideal in R [z, y] generated by y—ko.
In particular, S is a Weingarten surface.

Theorem 65 Consider a polynomial P (z,y) € Rx,y]. The set S(P) of all
reqular tubular surfaces whose principal curvatures ki < ko verify P (ki,k2) =0
is composed by:

i. Cylinders of radius r > 0, where P (O, %) =

1. Tubular surfaces of radius r > 0, where P (0, l) =0 and P is in the ideal

of R [z,y] generated by y — L.

In order to present the main theorem in a more suitable way, we will consider
the following definition:

Definition 66 A polynomial P (z,y) = 2" A, (y)+...+x A1 (y)+ Ao (y) is called
(k1, ko)-tubular, if A (y) has strictly positive roots. In this case, the set

1
Rp = {r € R ; = is strictly positive roots of Ag (y)}
T

is called the radius of P; Otherwise,it will be called non (k1, ke)-tubular.

The terminology used in above definition is motivated, as we will see, by the
fact that exists a Weingarten tubular surface verifying a polynomial relation if
and only if the polynomial is tubular.

Before reformulating the statement of Theorems mentioned in the beginning
of the section, let us present a proposition showing that the condition of a
polynomial belong to the ideal generated by y — % can be replaced by another
one that is easier to check.

Proposition 67 Consider a (k1, k2)-tubular polynomial P (z,y) € R(z,y] and
r € Radp. Then P is divided by y— 2 if and only if P (x, %) € R [z] is identically

null.

Proof. Consider polynomials A4; (y) € R[y] as in Definition 45. and write

P(od) =amn (5) +otad (1) 40 (3).
r r r r
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If P (x, %) is identically null, we have A; (%) =0, for every ¢ = 1,...,n. Then

each polynomial A; (y) is factorized as A; (y) = (y — %) B; (y) and this implies
that

1
P = (5= 1) @B ) + o B1 () + Ba ).
The other direction is straightforward. [

To illustrate the previous definition and propositon, let us present below the
full classification of (k1, k2)-tubular polynomial of degree 2.

Example 68 A polynomials of degree 2 is (k1, ko)-tubular if and only if is writ-
ten as

1 1 1
T1 T2 172
Py (z,y) = aa:2+bxy+dx+ey,£;
1
Py (z,y) = az? + bry + dz.

where a, b, d, e € R, ¢ #0, e #0, r1 > 0 and ro € R. In these cases

I {7“1,7“2} ifrg >0 o -
Radp, = { () ifre <0 Radp, = {r}, Radp, = (0,+00) .

Moreover, P; (m, %) 18 identically null if and only if
a=0 and b+dr; =0,
for1<i<3andl1<j<2.

In view of the above discussion, Theorems 65 & 64 stated in the beginning
of this section are consequences of the following theorem:

Theorem 69 Let P (z,y) be a polynomial in R [z,y]. Then:

1. There is a Weingarten tubular surface in Fuclidean, Lorentzian or Hyperbolic
3-spaces of radius r > 0 verifying P (k1, ko) = 0 if and only if P is (ki, k2)-
tubular and v € R,.

Moreover, assuming P is (ki, ko)-tubular and r € R, we have

2. P (z, %) € Riz] is identically null if and only if every tubular surface of
radius r € R, verify P (ki,k2) = 0.

3. P (:1:, %) € Rz] is not null if and only if cylinders of radius v € R, are the
only tubular surfaces verifying P (ki1,ks) = 0.
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Proof. First of all, let A; (y) € R[y] be polynomials as in Definition (66).

If P(z,y) is a (k1, k2)-tubular polynomial and r € Rp, it is easy to see that
right cylinders of radius r verify P (k1,ks) = 0. Conversely, suppose there is a
tubular surface S verifying

0=P (k‘l, kg) = (kl)n A, (/ﬂg) + . kA (kg) + Ap (]{}2) (248)

and consider the polynomial

plad) ot () o (D ea (D).

By Definition (66), we only need to prove that Ag (71) =0.
Suppose that Ag (1) is not null. Follows from (2.48) and (2.49) that k1 (s, )
is a non zero constant function. More precisely, there is A # 0 such that
k(s)p(t)es

(s 1) = P rles - A. (2.50)

The above equation provides
epk(8) (T —=rA)pu(t) =X (2.51)
which implies that « (s) (1 — r\) # 0, for every s € (a,b). Then,

A
t) = ————— 2.52
ut) epk(s) (1 —1N)’ (2:52)
for every (s,t) € (a,b) x R. This implies that y is a constant function, which is
an absurd because p (t) represents § cost, sint, sinht or ¢ cosh ¢. This concludes
the proof of item (1).
Assume that P is (ki, k2)-tubular and fix € R,,. In this case

r r T

If P(z,1) is identically null, follows from (2.10) and Propostion 67 that
every tubular surface of radius r € Rp verifies P (k1,k2) = 0.

Suppose that P (m, %) is not identically null and consider a tubular surface
S verifying P (k1,k2). In this case, the principal curvature k; (s,t) of S must
be a constant function. Moreover, kq (s,t) must be identically null because,
as proved in Item (1), we arrive in a contradiction when k; (s,t) is a non zero
constant function. Then

r(s)p(t)en

k1 (S,t) = 1_|_7~,§;(3)'u,(t)53 B

for every (s,t) € (a,b) x R. Since u(t) represents cost, sint, sinht or cosht,
the above equality implies that the curvature s of the central curve of S is
identically null. As a consequence, the cylinders are the only tubular surfaces
of radius r verifying P (k1,k2) = 0. With this assertion we finish the proof of
item (2) and (3). =
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Remark 70 Notice that if exists a Weingarten tubular surface of radius r > 0
of some causality verifying P (k1,ks) = 0, in fact, exists a Weingarten tubular
surface of radius r > 0 verifying P (ki1,ke) = 0, for every possible causality.

A special and very studied polynomial relation among the principal curva-
tures, as well as among the Gaussian and the mean curvatures, is the linear
one.

Corollary 71 Consider a,b,c € R, not all null.

1. There is a tubular surface in Fuclidean Lorentzian or Hyperbolic 3-space
verifying the relation
aki +bke =c (253)

if and only if b=c=10 or bc > 0.
More precisely, we have:

2. b=c=0 if and only if every right cylinder verify Relation (2.53);

3. a =0 and be > 0 if and only if every tubular surfaces of radius % verify
Relation (2.53);

4. a# 0 and bc > 0 if and only if right cylinders of radius % verify Relation
(2.53).

Proof of the Euclidean case:. Consider the polynomial P (z,y) = az+by—c.
To prove that P is tubular, it is sufficient to observe that Ag (y) = by — ¢ has
positive roots if and only if b = ¢ = 0 or bc > 0. Moreover, we have

b

Rp = (0,+00) or Rp = {C}

is these cases.

When b = ¢ = 0, we must have a # 0 by hypothesis. Hence P (x,y) = ax is
clearly not null. Suppose now bc > 0. So P (x, %) = az vanishes identically if
and only if a = 0. [
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Chapter 3

Weingarten Cyclic Surfaces

In this chapter we will classify Polynomial Weingarten cyclic surfaces. We start
our discussion in Section 3.1 with the definition of cyclic surface in the Euclidean
3-space, thus we proceed to the investigation of cyclic surfaces in the Lorentzian
3-space, where for each combination of causality of central curve, causality of
principal normal and, finally, foliation of cyclic surface (i.e. if the normal sec-
tions can be Lorentzian circles or Lorentzian hyperboles), there is a specific type
of cyclic surface.

In the Section 3.2, motivated by the challenges that we face in the study
of Polynomial Weingarten cyclic surface, we obtain several results concerning
polynomial characterization, degree of composition of polynomials and, also,
several summatory identities. A sample of the work presented in the Section 3.2
is that we are primarily interested in conditions to decide if either a polynomial
P (z,y) may be factorized as (—z + yQ)n R (x,y), where R (z,y) € R[z,y] and
n € N or not. This is relevant, once we remark that the algebraic condition
—x + y? provides a geometric feature of the surface. More precisely, in E?, a
surface whose curvatures verify —K + H? is a totally umbilic surface.

Once, we achieve several polynomial results, they are applied in the Section
3.3 where we display our main theorem that fully describe Polynomial Wein-
garten cyclic surfaces. The theorem 102 furnishes that a Weingarten cyclic sur-
face must be a (smooth) combination of tubular surface and rotational surface.
Moreover, we present conditions over the polynomial that allows us to conclude
when the cyclic surface is, indeed, a globally rotational surface. Finally, we give
several applications of our main result.

3.1 Cyclic Surfaces

In this section we will discuss cyclic surfaces in the Euclidean and in the
Lorentzian 3-space. We start in section’s first part that we study the class
of cyclic surface in Euclidean space where we will exhibit the condition of reg-
ularity and it is presented the Gaussian and mean curvatures.

53
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In the second part that correspondes to the Lorentzian 3-space, once again,
we will focus in the several possibilities of foliation for a cyclic surface. In other
words, cyclic surfaces may have Lorentzian circles or Lorentzian hyperboles as
foliation (which is a consequence of the index of the metric).

Moreover, we will use a different moving frame than the Frenet one to para-
metrize our cyclic surface. Specifically, here we will use the Monge frame that
is a moving frame that better suits our goals. The reason of this choice lies on
the necessity to have the expression of Gaussian and mean curvatures in a form
that we can easily apply our main theorem (see Section 3.3 for more details).
Then, we will present the Gaussian and mean curvatures of the cyclic surfaces
in IL3.

3.1.1 Euclidean Cyclic Surfaces

In the Euclidean 3-space, a cyclic surface around a regular curve 7 : (a,b) —
R3, called central curve, with radius r : (a,b) — R such that 7 (s) > 0 for
every s € (a,b), is the set obtained by the union of all circles S, () (v (s)) of
radius 7 (s) > 0 and center + (s) contained in the normal planes Tsy* of 7.
In intervals where v is birregular, a cyclic surface can be parametrized by
the application:
Y (s,t) =v(s)+ (r(s)cost) N (s) + (r(s)sint) B (s), (3.1)

where {T, N, B} is the Frenet frame.

To avoid undesirable cases, we will include in the definition an additional
condition for the regularity of curvature of central curve. We will say that a
cyclic surface is regular if there is an interval ¥ C N (possibly infinite) and there
is a strictly increasing sequence (&,,),,cy, in (a,b) of isolated points such that

i. The curvature & of v verify x (§,,) =0 for every n € 3
ii. For every n € X, consider the set
Sp={t€ (& énypr) ;s £() =0}

then
int 3, = or int%, = (£n7£n+1) .

Proposition 72 Given a cyclic surface with central curve v and radius r (s) >
0 in Euclidean 3-space. Consider an interval I where v is birreqular. The
parametrization (3.1) is an immersion if and only if

B(s,t) =7 (s)° + (1 —k(s)r(s)cost)> >0,
for every (s,t) € I x R.
Proof. Using (1.1) and (3.1) we obtain

Yy = (1 —rrcost)T + (r' cost —rrsint) N + (r'sint + rrcost) B (3.2)
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and
¥, = —(rsint) N + (rcost) B (3.3)

therefore
1y x ¥, |15 =72 (s) B (s,1)

since r (s) > 0 everywhere, we achieved the desired. m

Definition 73 A cyclic surface with central curve v and radius v (s) > 0 in
Euclidean 3-space is called regular if v is parametrized by arc length and

B(s,t) =7 (s)° + (1 —k(s)r(s)cost)> >0, (3.4)
for every (s,t) € I x R.

Proposition 74 Consider a regular cyclic surface with central curve v and
radius v (s) > 0 in Buclidean 3-space. The Gaussian and mean curvature are
respectively given by

(7'454) cos? t—3r2k3 cos® t+r2n(3f@('r’)2+7%'7"’+3m—7"7'”5) cos? t+r3r' k27 costsint

K =
7’2((7‘,)24*(17/{(5)7“(5) cos t)2)2
n 77’(2&(7"’)2+7‘n'7"+572rr”/{) cost—r2r’ kT sin tf(r(r’)21<2+r”)
7‘2((7“/)2+(17K/(S)7‘(8) cos t)2)2
and

H— —2r* k3 cos® t+5r3 k2 cos? t—r2 (3R(r’)2+rn/r'+4n—7’r”n) cost—r3r kT sin t+r? ((r')z—rr”+l)

= 3 .
2r2 ((r’)2+(1fn(s)r(s) cos t)2) 2

Proof. The coefficients of first fundamental form are

E=(1—-rrcost)’ +r’r? + (7"’)2 , F =727, G=r?

and the coefficients of second fundamental form are

r'(frn' cost—2r'k cos t+rKT sin t)Jr(TH cos 1571)(77"112 cos? t+kK cos t77"7'2+’r’”)

e = 75
f _ rr(1=k(s)r(s) cost)+(r')rnsint
- VB
g = r(1—k(s)r(s) cost)
]

By the Formula 1.5 and by the above coefficients, a straightforward calculus
provide the desired. m

Notation 75 For practical purpposes, we will write the Gaussian and mean
curvatures of a regular cyclic surface as

A
K=——= and H = ag

23 2r232

(3.5)
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where
A = r'r'cos’t —3r3k® cos® t + %k (3k(r')? + rr'r’ + 3k — rr”k) cost3.6)
+r37' K1 costsint — r (2k(r')? + re'r’ + Kk — 2rr" k) cost
—r?r'krsint —r (r(r’)2/<;2 + ")
a = —2r'k’cos®t +5r°k?cos’t —r? (3k(r')? + re'r’ + 4k — rr''k) cost
—rr'krsint +r (1) —rr” + 1)
B = (") +(1-rrcost)?

3.1.2 Lorentzian Cyclic Surfaces

In the Lorentzian 3-space, a cyclic surface around a regular curve v : (a,b) —
IL3, called central curve, with radius r : (a,b) — R such that r (s) > 0 for every
s € (a,b), is the set obtained by the union of all Lorentzian circles or Lorentzian
hyperboles, S,.(s) (7 (s)), of radius r (s) > 0 and center y (s) contained in the
normal planes Tyy* of 7.

In intervals where + is birregular, a cyclic surface can be parametrized by
the application:

P (s,t) =7 (s)+7(s)b(E) N (s) +7(s)c(t) B(s), 3.7)

where {T, N, B} is the Frenet frame and b (¢), ¢ (t) are smooth function that we
will study and explicit it later.

To avoid undesirable cases, we will include in the definition an additional
condition for the regularity of curvature of central curve. We will say that a
cyclic surface is regular if there is an interval ¥ C N (possibly infinite) and there
is a strictly increasing sequence (&,,),,cs, in (a,b) of isolated points such that

i. The curvature & of v verify x (§,,) =0 for every n € &
ii. For every n € X, consider the set

Xn = {t € (£n7£n+1) ; Kj(t) = O}

then
intX, =0 or int:, = (§n,§n+1) .

Now, let us comeback to the investigation of the functions b (¢) and c(t),
we decide express (3.7) with a generic parametrization because for each fixed
so € (a,b), we have a Lorentzian circle or Lorentzian hyperbole in L3, then the
following system must be verified

er? = gL (¥ (S0, t) — 7 (50) , ¥ (80, 1) — 7 (s0)) = en?b* + epr’c?,
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where € € {—1,1} is fixed, depending on if S, (4 (7 (s)) is a Lorentzian circle
(e = 1) which is given by the set

Suiw) (1) = {z € L5 g (@ =7(9) 2 =7 (5) =7 ()"}

or if Sy (7(s)) is a Lorentzian hyperboles (¢ = —1) which is given by the
set
Suie) (1 () = {2 €L qu (@ =7(5),0 =7 () = =1 ()°}.

Therefore, the solutions of the system
enb ()’ +epe(t)’ =e.

are given by chosening the causality of central curve (er), of principal normal
(en) and the normal section (¢). Hence, we have the below cases to consider:

If v/ = T is spacelike, e = 1, it yields that eyep = —1, so we have the
following cases to study:

1. If e =1, then 0 < r = enb® + epc?, in the case that ey = —1, it implies
that
b = sinht and ¢ =cosht ;

2. If e =1, then 0 < r = enb? + epc?, in the case that ey = 1, it implies
that

b = cosht and c = sinht ;

3. If e = —1, then r = enb? + epc? < 0, in the case that ey = —1, it implies

that
b = cosht and c =sinht ;
4. If e = —1, then r» = enb? + epc? < 0, in the case that ey = 1, it implies
that
b =sinht and c=cosht .
On the other hand, if we have v/ = T timelike, e = —1, it yields that

en =1 = ep, thus we have the following cases to study:
5. If e = 1, then 0 < 7 = b? + ¢? therefore

b = cost and c=sint ;

6. If e = —1, then r = b% + ¢? < 0 follows the non existence of this case.

In the next calculus we will present each possible conception of cyclic surface,
that is, we will rewrite (3.7) for each option of b(¢) and ¢ (¢). In other words,
we will parametrize the cyclic surface for each of the above cases. Moreover, for
each of them, we will exhibt the Gaussian and mean curvature.
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The applied technique, however, is a little different than the one used in the
rest of the text, once we employ the Monge frame (instead of the Frenet frame),
but before to proceed to the discussion of moving frames, let us explain the
reason to make that choice.

In the aim to accomplish a theorem that holds for cyclic surfaces in the
Euclidean and in the Lorentzian 3-space, it is convenient that Gaussian and
mean curvatures were similar between the different spaces. So, the Monge frame
is the more suitable frame for our purpposes.

As you may known, the moving frame is a classical differential geometry
method that transcribes (extrinsic) geometrical features trhough the study of
the notion of a local ordered basis of a vector space.

The Monge frame has the particular property that its undo the torsion pre-
sented in the surface, however, for cyclic surfaces, undo the torsion preserves
the geometric shape of the surface, since for circles we just consider a rotated
basis. Thus, the cyclic surface maintain the geometric form, but the calculus
become more convenient for us.

If the surface is of the type 1, the parametrization is
¢ (s,t) = a+r (Nysinht + By, cosht)
where
Ny = coshy)N +sinhy B and By = sinh 9N + cosh¢'B

with {T, N, B} is the Frenet frame and ¢ = —7.
As a matter of fact, the derivative of N provides

(Ny) = (Nw), = kcoshT + (1 + ') sinh N + (7 + ") cosh ¢ B
and since ¢ = —7 it follows
(Ny) = kcoshyT.
Similarly, we have that
(B¢)/ = ksinh T + (T + w') cosh iy N + (T + 1//) sinh ¢ B
therefore we conclude that
(By)' = ksinh¢T.

Then, the Monge Frame in this case is

T’ 0 k 0 T
Ny | = wcoshyp 0 0 N
By, ksinhy 0 0 B

We remark that causality of vectors are perserved, once we have
<Nw,Nw> =-1 and <B¢,,Bw> =1.

Moreover, {T', Ny, By} is a orthonormal basis.
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Proposition 76 For cyclic surface with central curve 7y (s) and radius r (s) > 0
of the type 1 in the Lorentzian 3-space, the Gaussian and mean curvatures are

as follows:
(r*x*) sinh* (t445)+(3r° 63 sinh® (t49) 412k (3r(r)2+7r/r 435 —rr' k) sinh? (t44) 4% k29’ sinh(t-+1) cosh(t+1))
r2((rm sinh(t+w)+1)2+(rl)2)2
r(26(r) 21k’ v +r—2rr" k) sinh(t+¢)+r°r' kY’ cosh(t+) —r(r" —r(r')?k?)
Tz((rn sinll(t+1/))+1)2+(r/)2)2
(2r*?) sinh® (t4)+ (5r° k2 ) sinh? (t445)+72 (3x () > +rw’r’ +4k—rr'' 1) sinh(t4+3)
27"2(5)% ((rn sinh(t+¢)+1)2+(w)2) 3
30’ ke’ cosh(t+)+r((r)2—rr’'+1)
2r2(e)2 ((resinh(t+4)+1)2+(r")?) 3

K =

+

H =

Proof. The coefficients of first fundamental form are
E=(rkcosh(t+¢)+ 1)+ (), F=0, G=-1°

and the coefficients of second fundamental form are

(77’2/{3) sinhs(t+w)+(f2rn2) coshg(t+w)+(frr'mb') cosh(t+1)

€ 3/ e (= ((rmsinh(t+9)+1)+(r')2))
+ +(rr"nfr'(rm/+2r'n)fn) sinh(t+w)+(2rn2+r”)
&/ —=(=((rrsinh(t+9)+1)%+(r')2) )
f o= —7r7’ K cosh(t+1))
%/—s(—((rx sinh(t+1j))+l)2+(r’)2))
g = r(rksinh(¢+)+1)

3/ (=((rrsinh(t+9)+1)+(r')2) )

By the Formula 1.6 and by the above coefficients, a straightforward calculus
provide the desired. m

If the surface is of the type 2, the parametrization is
¢ (s,t) = a+ 1 (Nycosht + By sinht)
where
Ny = coshyN + sinh B and By = sinhyN 4+ coshyB

with {T, N, B} is the Frenet frame and ¢ = —7.
As a matter of fact, the derivative of IV, provides

(Ny) = —rcoshyT + (t+¢') Nsinh¢ + (7 +¢") Bcosh
and since ¢ = —7 it follows

(Ny) = —kcoshyT.
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Similarly, we have that
(By)' = —ksinh T + (1 4+ ¢') N coshep + (7 + 1) Bsinh)
therefore we conclude that
(By)' = —ksinhyT.

Then, the Monge Frame in this case is

T’ 0 k 0 T
Ny | = —rcoshyy 0 0 N
By, —ksinhy 0 0 B

We remark that causality of vectors are perserved, once we have
(Ny, Ny) =1 and  (By, By) = —1.
Moreover, {T', Ny, By} is a orthonormal basis.

Proposition 77 For cyclic surface with central curve 7 (s) and radius v (s) > 0

of the type 2 in the Lorentzian 3-space, the Gaussian and mean curvatures are
as follows:

K— (r*k*) cosh® (t41) —3r°k® cosh® (t+¢) +rk(3k (1) > +rk'r +3Kk—rr" k) cosh® (t+1h)+r°r' k>’ cosh(t+1) sinh(t+1))
(7’2)((1—7’5 cosh(t—‘,—v,[,v))z+(7’/)2)2
—7’(2ﬁ(r’)2+r1§'r'+n—2rr”f@) cosh(t4+1p)+r2r kap’ sinh(t4)— (r2 (7"’)2/@2-1-7’”7”)
(7‘2)((177‘H cosh(t+¢))2+(r’)2)2
H— —2rtg3 Cosllg(t+w)+(5r3n2) cosh? (t41p) 412 (3/{(r’)2+rn’r'+4nfrr”n) cosh(t+1)
N 2r2(7€)%((lfrncosh(t+w))2+(r’)2)%
87’ ke’ sinh(t49)+(r>r" —r((r')°+1))
2r2(—e)3 ((1—rx cosh(t+¢))2+(w)2)%

+

Proof. The coefficients of first fundamental form are
E=(1—rrcosh(t+¢))+ ()2, F=0, G=—r?
and the coefficients of second fundamental form are

(—T‘2l€3) coshB(t+z/))+(2r»@2) coshz(t+z/1)+<—2/-i(r')2—rn/r’—n) cosh(t+4)
\2/—5((1—7’/{ cosh(t+w))2+(7’/)2)

+ —rr' k)’ sinh(t+9)+rr” k cosh(t+y)—r"

2\/75((177"5 cosh(t+¢))2+(r’)2)
f _ —7r'rrk sinh(t+)

%/—a(u—m cosh(t+1))2+(r")?)

r(rk cosh(t+y)—1)

%/76((177‘& cosh(t+¢))2+(r’)2)

e =
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By the Formula 1.6 and by the above coefficients, a straightforward calculus
provide the desired. m

If the surface is of the type 3, the parametrization is
¢ (s,t) = a+r (N cosht+ Bsinht)
where
Ny = coshy)N + sinh B and By = sinh )N + coshyB

with {T, N, B} is the Frenet frame and ¢ = —7.
As a matter of fact, the derivative of IV, provides

(Nzl))/ = kcoshT + (7 + ') sinh N + (7 + ") cosh ¢ B
and since ¥ = —7 it follows
(Ny) = rcoshyT.
Similarly, we have that
(By)" = (ksinh) T + (t+¢') coshy)N + (7 +¢') sinh B
therefore we conclude that
(By)' = ksinhyT.

Then, the Monge Frame in this case is

T’ 0 k 0 T
Ny | = wcoshyp 0 0 N
By, ksinhy 0 0 B

We remark that causality of vectors are perserved, once we have
<Nw,N¢> =-1 and <B¢,B¢> =1.
Moreover, {T', Ny, By} is a orthonormal basis.

Proposition 78 For cyclic surface with central curve v (s) and radius r (s) > 0
of the type 3 in the Lorentzian 3-space, the Gaussian and mean curvatures are
as follows:
r*i*) cosh? (t+9)+(3r°k?) cosh® (t+4p)+r2 k(—3k(r')? —rk'r +3k+rr'’ k) cosh? (t+1p) —r®r’ K2y’ cosh(t+) sinh(t+)
72 ((rr cosh(t+3(s))+1)%— (' (s))?)
(k=1 (re’+2r' k) +2rr"’ k) cosh(t+¢)—rr ke’ sinh(t+4)+(r?(r')2 62 +1"'r)
72 ((rr cosh(t+3(s))+1)% = (/ (s))?)”
—2r* K% cosh® (t+4p) =517 k2 cosh® (t+1p) —r? ( =3k (') —rk'r'+4k+rr" k) cosh(t+1))
27"2(75)%((r’)27(rncosh(t+w)+l)2)%
0’ kg’ sinh(t+9)+ (r((r)? 1) —r?r")
2r2(=e) % ((r1)2—=(r cosh(t+w)+1)2)%

K- _(

H =
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Proof. The coefficients of first fundamental form are
E=(rkcosh(t+¢)+1)> = (), F=0, G=r

and the coefficients of second fundamental form are

(7r2 K,S) cosh? (t+1/1)+(72r/<2) cosh? (t+1))

€ 3/78((m cosh(t+1(s))+1)2—(r'(s))?)
(r' (rm’+2r'n)fnfrr"n) cosh(t+y)+rr ki’ sinh(t+1p)—r"’
2\/75((7% Cosh(terJ(S))Jrl)z7(7"(5))2)
f _ rr’k sinh(t+1))
%/—a((rn cosh(t+1)(s))+1)>—(r'(s))?)
g —r(rk cosh(t+¢)+1)

3/ —e((r cosh(t+9(s)+1)° = (1 (s))?)

By the Formula 1.6 and by the above coefficients, a straightforward calculus
provide the desired. m

If the surface is of the type 4, the parametrization is
¢ (s,t) = a+ 1 (Nysinht + By cosht)
where
Ny = coshyN + sinh B and By = sinh 9N + coshyB

with {T, N, B} is the Frenet frame and ¢ = —7.
As a matter of fact, the derivative of Ny provides

(Ny) = (—kcoshyp) T + (7 +1") Nsinhvp + (7 + 1) Beoshp
and since ¢ = —7 it follows
(Ny) = —rkcoshyT.
Similarly, we have that
(By) = (—sinhy)) T + (7 + ') N coshvp + (7 +¢') Bsinh¢)
therefore we conclude that
(By)' = —ksinh T,

Then, the Monge Frame in this case is

T’ 0 k 0 T
Ny | = —rcoshy 0 0 N
By, —ksinhy 0 0 B

We remark that causality of vectors is perserved, once we have
(Ny, Ny) =1 and  (By, By) = —1.

Moreover, {T', Ny, By} is a orthonormal basis.
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Proposition 79 For cyclic surface with central curve v (s) and radius v (s) > 0
of the type 4 in the Lorentzian 3-space, the Gaussian and mean curvatures are
as follows:

B (7'454) sinh4(t+7j))+(—3'r'3n'3) sinh® (t-‘r’l/))-‘r(T'(QT'K2+7'H(K—7‘/ (7'H/+27'/H)+7”I'“Fi))—7‘2(7'/)2H2) sinh? (t+1)

K = 7"2(((177”)1 sinh(t+¢))2*(7")2))2
_ (—r?’r’ﬁzw’) sinh(t+1)) cosh(t+¢)+(—r(fc—r/(rn'+2r’n)+2rr”n)) sinh(t4-1)+r2r ke’ cosh(t+1p)+(rr”—r2(r/)2n2)
7‘2(((177% sinh(t+'¢)))27(r’)2))2
H — (2r4ns) sinh® (t+¢)+(*57’3/€2) sinh? (t+¢)+(r2 (1{77" (rn/+2r’n)+’rr”n)+r(2rnfrn((r')271))) sinh(t+1)

72(—5)% ((1—7‘;@ Sinh(t+¢))2_(7")2)%
=11’k cosh(t44)+(r((r)?=1)=r*r"")
7«2(_5)% ((1—7% sinh(t+¢))2—(w)2)%

Proof. The coefficients of first fundamental form are
E=(1—resinh(t+9))° —(@")?,  F=0, G=r°
and the coefficients of second fundamental form are
(r2/<c3) sinhs(t+w)+(721‘n2) sinh? (t41))
vfs((lfrnsinh(ter)))Qf(r’)z)
(K*’I‘I(TK//+2T‘/H)+TT”H) sinh(t+1/1)+(frr'nw') Cosh(t+1/))7r”
3/ —e((1—rrsinh(t+¥))2—(1)2)
f _ —7'rk cosh(t+1))
%/—s((l—rnsillh(t+w))2—(r’)2)
r(rksinh(t+)—1)
2\’/—5((1—msinh(t+w))2—(r/)2)

e =

_|_

g =

By the Formula 1.6 and by the above coefficients, a straightforward calculus
provide the desired. m

If the surface is of the type 5, the parametrization is
¢ (s,t) = a+r(Nycost+ Bysint)
where
Ny =sinyN + cosyB and By = —cosyYN +sinyB

with {T, N, B} is the Frenet frame and ¢ = —7.
As a matter of fact, the derivative of Ny provides

(Ny) = (ksin) T+ (¢ — 7) cos N + (1 — ') sintp

and since ¥ = 7 it follows
(Ny)' = ksinyT.

Similarly, we have that

(By)' = (—kcos)) T + (¢ = 7)sinN + (¢ — 7) cosB
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therefore we conclude that
(By)' = —kcosyT.

Then, the Monge Frame in this case is

T 0 k 0 T
N, | = ksiny 0 0 N
By, —kcosy 0 0 B

We remark that causality of vectors are perserved, once we have
(Ny, Ny) =1 and  (By, By) = 1.

Moreover, {T', Ny, By} is a orthonormal basis.

Proposition 80 For cyclic surface with central curve v (s) and radius v (s) > 0
of the type 5 in the Lorentzian 3-space, the Gaussian and mean curvatures are
as follows:

K— r et sin® (Y —1)+3r° k7 sin® (Y — 1) +r°k(—3k(r')* —rk'r +3k+77" k) sin® (p—t)+1r°r k7Y’ sin(yp—t) cos(Y—1)
o rz((r/)Q—(rn sin(w—t)+1)2)2
n’r2r’—2r'/nr2+25r(7")2—f<,r) sin(y—t)—r2r Ky’ cos(1/)—t)+(r2(r/)an—H””r)
r2((r’)27(rn sin(wft)Jrl)("’)2
H— 2r4 k3 sin® (Y —t)+-5r5 K2 Sin2(11)7t)+(’l"”l{’l”37!{/7’37‘/731{7’2(7"/)24‘1*4/47‘2) sin(y—t)
2r2(—e)3 (= (rrsin(¥—t)+1)2+(r")?)
—r3r k) cos(p—t)—r(r') 2 +rir! 41
22 (—e)} (7(7"&sin(qj)ft)+1)2+(r’)2)%

L=

3
2

Proof. The coefficients of first fundamental form are
E=—(resin(yp—t)+ 1)+ (+)°, F=0, G=r
and the coefficients of second fundamental form are

(7‘2m3) sin® (wft)Jr(?rmg) sin2(wft)+(mfr'('r/{'+2'r'n)+7’r”n) sin(yp—t)
e (= (rrsin(p—t)+1)*+(r")?)
+ —rr' k) cos(Pp—t)+r’’
%/—6(—(7’,‘6 sin(w—t)+1)2+(r’)2)
f _ r'rK cos(ih—t)
\2/75(7(7"1{ sin(wft)+1)2+(r’)2)
—r(re(sin(yp—t))—1)
%/—E(—(T‘H sin(¢—t)+1)2+(r’)2)

By the Formula 1.6 and by the above coefficients, a straightforward calculus
provide the desired. m
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3.2 Polynomial results for Cyclic Surfaces

This section is dedicated to the investigation of several parallel topics whose ne-
cessity for understanding emerged from the fact that they were crucial problems
in the geometric description of Polynomial Weingarten cyclic surfaces. More-
over, as consequence of this studies, we obtain several results that allows us to
achieve a complete classification of such surfaces.

Briefly, we can summarize the previous mentioned topics as the character-
ization of polynomials belonging to the ideal generated by —z + y? € Rz, ],
properties of degree of composition of polynomials in m-variables and, finally,
we will present several results concerning summatories identities for polynomial
series. It is also relevant to observe that each of our results in this section has
it own value, besides potencial applications in other problems.

Throughout this section we use the symbol 0 to represent the degree of a
polynomial, and we will assume without loss of generality that a polynomial
P (z,y) € R[z,y] always has the monomial of degree 2n, for some n € N. In
fact, in the case that 9P = 2n — 1, we have P (z,y) = 222261 St ai Tyl

7=0
hence we just consider the monomial Z?:O a;on—ix'y*" =" such that a; 2,—; = 0
for every 0 < ¢ < 2n, therefore we may write
2n 2n—1
P(z,y) = Z Z a; ;x'y’. (3.8)
i=0 j=0

Of course, this procedure does not affect the degree of P.
We also recall that we may write the previous polynomial as

P(z,y) = Z Z az‘,jffiyj
i=—00 j=—00

just setting a; ; = 0 whenever ¢ < 0 or 5 < 0 or 4+ j > 2n. So, for a more

suitable expression of (3.8) we define the following set
Q. ={(i,)) €ZxZ; 0<i<kand0<j<k-—i}. (3.9)

Hence, the polynomial P (z,y) can be indicate as
Pzy)= Y aija'y. (3.10)
(i’j)EQZn

Finally, we remark that even when P (x,y) is written as in (3.8) we still
understanding it as an infinite polynomial as in (3.10) since the coefficients a; ; ¢
Qs,, are necessarily zero. This technicalities are important because it permits
us to achieve our results especially those concerning summatories identities.

In the analysis of cyclic surfaces whose Gaussian and mean curvatures verify
P (K, H) =0, it was needed to investigate under which conditions the following
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polynomial
2n—1 1 2n—i—j o
P(z) = Z Z ( Z aik,j+2k> g2 e Rx]. (3.11)
i=0 j=0 \ k=0

(which is obtained by rearranging the coefficients of P (z,y) as in (3.8)) could
vanish identically. As a matter of fact, the investigation of above polynomial
leads us to our theorem that states that the hypothesis

2n—i—j

Z Qi—k,j4+2k = 0 (3.12)
k=0

for every (i,j) € A ={0,...,2n — 1} x{0,1}U{(2n, 0)} is precisely the sufficient
and necessary condition to the polynomial P (x,y) belong to the ideal in R [z, y]
generated by —z + 2. A simple illustration of above remark can be checked in
the next example:

Example 81 Given the polynomial
P (z,y) = a1,12y + a1,07 + ao,2y” + 60,1y + aoo € R[z,y]
consider the associated polynomial
P(x) = (ap0+a—12+a_24) zt + (ap1 +a-13) 3+ (a1,0 + ao2) z? + a1
since every coeficiente verify a; ; = 0 whenever ¢ < 0, or j < 0, we have
P(zx) = a070$4 + a0,1x3 + (1,0 + a0,2) %+ a11%.

Notice that P (x) may vanish identically. In fact, in order to obtain that it
is necessary choose a10 = —ag,2 and set all the others coefficients as zero, hence
we obtain

P(x)=0(x).

Then our theorem allows us to conclude information about P (x,y) € Rz, y] by
studying P (x) € R [x]. More precisely, we have that P (z,y) = y*ag2 — ag 2.

Remark 82 Usually and differently from above example, we do not know (a
priori) the polynomial P (x,y), however from information gathered from P (x)
our theorem provides substantial details of P (x,y).

In other words, our theorem allow us to characterize polynomials of the form
P(z,y) = (- +y*)" R(z,y) € Rlz,y]

for some n € N (possibly zero) and for some R (z,y) € R [z, y] through the study
of an associated polynomial P (z) € R [z] as in (3.11) which is significantly easier
for computational calculus. The statement of our result is read as follows:
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Theorem 83 Given a positive integer n > 2, the polynomial

2n 2n—j
Plzy)=> Y aja'y = Y az'y (3.13)
=0 =0 (i,1)€an

belongs to the ideal in R [z,y] generated by —x +y? if and only if its coefficients

ai; verify
2n—i—j

Z Qj—k,j4+2k = 0 (3.14)
k=0
for every (i,j) € A={0,...,2n -1} x {0,1} U {(2n,0)}.

Proof. Assume that P (z,y) belongs to the ideal in R [z, y] generated by —z +
y?, hence it yields that

where Q (z,y) € R[z,y] is a polynomial of degree 2n — 2 that may be written

as
2n—22n—2—1

Qey) =Y Y biga'y = Y by

i=0  j=0 (3,)€EQ2n—2
Moreover, if we define

bij =0 whenever (i,7) € Z X Z—Qap_o
it implies that
Qz.y)= > Y biyz'y) = > by
i=—o00 j=—00 (i,4)€ZXZ
Thus, by (3.13), (3.15) and the above remark, we have
@iy = —bi—1,; +bij—2

for every i =0,...,2n and 5 =0,...,2n —i. Given (4,5) € A, it is obtained

2n—i—j 2n—i—j
E ik jrok = E (=bi—k—1,j+2k + bi—k j426—2)
k=0 k=0
2n—i—j—1
= - E bi—k—1,j+2k — bi—(2n—i—j)—1,j42(2n—i—j)
k=0
In—i—j
+b; i+ E bi—k,jr2k—2
k=1
= —bj_on—142i4n—j—2i +bij_2
2n—i—j—1 2n—i—j—1
= > bik—rgrat D bk -2
k=0 k=0

= —bj_on—1+42i4n—j—2i + bij—2.
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Notice that (¢,7) € A, therefore j < 2 and
(j—-2n—142i)+(4n—j—2i)=2n—1>2n—2
which implies that (j —2n — 1+ 2i,4n — j — 27) ¢ Qo,_o, hence

2n—i—j

E @ik, j+2k = —bj_on_142i4n—j—2i + b ;2 =0—-0=0.
k=0

Reciprocally, assume that

2n—i—j

E ai—,j+2k = 0
k=0

for every (i,j) € A={0,...,2n — 1} x {0,1} U {(2n,0)}.
If we set
a;; =0 for every (i,7) ¢ Qay,

it follows that we can write

P(l‘,y): Z Z awajlyj = Z ai,jxlyj.

i=—00 j=—00 (i,7)ELXL
Then, we define
) . P>
by = ,go Gi-kjrerz 520 g g g (3.16)
0 sej <0

also we consider the following polynomial

2n—22n—2—1

i=0  j=0
We define

2n 2n—1i

P (z,y) =D > aja'y’ = (—z+4?) Q(x,y)

i=0 j=0

and we point out that

@ij = bij—2 = bi-1,

for every (i,j) € Qa,. Our objective is to show Py, = ]/3;;7 so it is sufficient to
verify
;5 = aij =bij_2 —bi_1;,

for every (i,7) € Qap.
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For every (i,7) € Qa, such that j > 2, we have

aij = bij2—=bi-1j
2n—i—j In—i—j
= g Qj—k,j+2k — E Qj—k, j+2k
k=0 k=1
2n—i—j In—i—j
= a;;+ E Qi—k,j+2k — E Qi—k,j+2k
k=1 k=1
Qij-

thus, in this case, the desired is achieved.
Still remaining three cases to be considered, named (0,0), (4,0) and (¢,1).
First, let (¢,7) = (0,0) so in this case

a0 = boo—2 —bo—1,0 =bp,—2 —b_10=0—-0=0. (3.17)

On the other hand, the hypothesis applied to (¢,7) = (0,0) provide to us

2n 2n
0= Z A_k,2k = Q0,0 + Z a_k2k = Q0,0 (3.18)
k=0 k=1

By Remarks 3.17 and 3.18, we conclude this case.
Proceeding to the case (4,0) for every i € {1,...,2n}. Notice that, in on
hand we have

i—1 i
a; 0 = bi 2 —bi_10=— E Qi —(k+1),2(k+1) = — E Ai—Fk 2k -
k=0 k=1

On the other hand, the hypothesis applied for (i,0) gives

2n—i—0 2n—1i

0= Z Qi—k,0+2k = @i,0 + Z i~k 2k> (3.19)
k=0 k=1

then

i 2n—i i
a;0=0— E Qi—g2k = | Qi0 + E Qi—k2k | — i—f;,2k- (3.20)
k=1 =1

i. If 2n — ¢ =4, the Equality 3.20 is rewritten as

;0 = Q0 + E Qi 2k — E Ai—k2k = Qj0-
k=1 k=1

Proof.
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ii. If 2n — i > i, the Equality 3.20 is rewritten as

2n—1 7 7
a0 = a0+ E Qi—k,2k T Qi—k,2k — E Qi—k,2k
k=i+1 k=1 k=1

2n—1i

= a;0+ E Qi—k 2k

k=i+1
therefore, notice that
i—k<i—(2n—i)=—(2n—2i) <0

since 2n — 2¢ > 0, so

2n—1
a0 = a0 + E Qi—f2k = Qj,0-
k=i+1

iii. If 2n — i < 4, the Equality 3.20 is rewritten as

2n—1 2n—1i i

a0 = ai,0+§ aifk,Qk_E Qi 2k — E Qi—k,2k
k=1 k=1 k=2n—i+1

i

= a;0 — E Qj—k, 2k,

k=2n—i+1
now note that
(i—k)+2k=i+k>i+2n—i+1)=2n+1
therefore
a; g2k =0
for every k € {2n — i+ 1,...,4}. Hence this case is concluded.
In the case (4,5) = (0,1), we have

ap,1 =bo,1—2 —bo—1,1 =bg—1 —b_1,1 =0—-0=0.

While the hypothesis applied to (i,5) = (0,1) gives us

2n—1 2n—1
0= E G_k 142k = Qg1 + E G_j 142k = do,1
k=0 =1

SO

ap. 1 :30 :iaoJ.

s

Finally, the case that (i,1) for every ¢ € {1,...,2n — 1}. In one hand, we
have
i—1 i
ai1 =bi12—bi11=— Zai—(k+1),1+2(k+1) == Z Qi—k,1+2k-
k=0 k=1
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On the other hand, the hypothesis applied for (i,1) provides

2n—i—1 2n—i—1

E Qi—k, 142k = Q31 + E Qi—k 142k
k=0

k=1
SO

2n—i—1

i
a1 =0— Zazemwk a1+ Z Qi—k,142k — E Qi—k,1+2k- (3.21)
k=1

i. If 2n — i — 1 = 4, the Equality 3.21 is rewritten as

K2
aj1 = a1+ E Qi—k, 142k — E Qi—k14+2k = G4 1-
k=1 k=1

ii. If 2n — i — 1 > 4, the Equality 3.21 is rewritten as

2n—i—1

a1 = a;1+ E a;— k1+2k:+§ a;— k1+2k_g Qi 142k

k=i+1
2n—i—1

= aj1+ E Qi —k, 142k
k=i+1
= Q1

iii. If 2n — ¢ — 1 < ¢, the Equality 3.21 is rewritten as

2n—i—1 2n—i—1

a1 = a;1+ E Qi— ke, 142k — E Qi 142k — E Qi 14+-2k

k=2n—1
= Q;1 — g Aj—k 142k

k=2n—i
therefore
G—k)+(1+2k)=k+i+1>2n—i)+i+1=2n+1

which yields
i—g, 142k = 0.

]
Proof. Then, we conclude that
Py, = PZna

and the proof is finished. m
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Now we proceed to the investigation of degree of composition of polynomials
in n-variables. This analysis is motivated by the challenge of to study the next
function

n 2n—2j
0 = § § 22n—2_]ai’2j,r,4n—2(z+2])54n7(21+3J)A1a2]
j=0 1i=0

n 2n—(2j-1)
_6 Z 22717(2j71)ai7(2j71)7,4n72(i+(2j71))5471—21'—3]'—1-1Aia(ijl)
Jj=1 %

i—0

which is obtained from the assumption that 0 = P (K, H), where the Gaussian
and mean curvatures are expressed as in (3.5), but for convenience of the reader,

it will be restate: A
o
K=—5 and H=——
2B 2232
where we recall that «, § and A are smooth functions in parameter (s,t). So
we translate the above problem to the research of the next polynomial

. 2
n 2n—2j

_ 2n—2j An—2(i+25) , An—(2i+35) i 2]
PB(x1,x2,23) = g E 2 Ta; 047 ( j)xg Ty
j=0 i=0

n 2n—(2j—1)
2n—(25—1 An—2(i+(25—1)) . An—2i—3j+1 ;i (25—1)
—13 Z Z 92n—(2j )ai7(2j71)r (i+(25 ))$2 i al
j=1 =0

that verify B (A, «, 8) = 0. Although, with this change we must decide either
we have a monomial of maximum degree, that is, when the monomial provides
the degree of the polynomial. Hence, we stated the discussion of degree of
composition of polynomials.

Before to present our results, we recall that every polynomial P (z,y) €
R [z, y] of degree n, always admits the following expression

P(a:,y) = H({E,y) +@Q (x,y) (322)

where H (z,y) is a monomial of degree n and Q (z,y) € R[z,y] a polynomial
such that 0Q (x,y) < n. It is easy to check that expression (3.22) is unique.

In the aim to present the result that we apply in our analysis, it is necessary
other two propositions. In this direction, our first result studies a threshold for
the degree of @ (x,y) as in (3.22) in the case that P (x,y) is obtained by the
produtory of k-polynomials. More precisely:

Proposition 84 Consider the polynomials Py (x,y),..., Py (z,y) € Rz, y] such
that the degree of P; (x,y) is n; € N, for every 1 <1i < k. For each i, we write

P; (z,y) = H; (z,y) + Q; (z,y)
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where H; (x,y) is an homogeneous monomial of degree n; and Q; (x,y) € Rz, y]
is a polynomial such that 0Q; < n;. Then

k

k
17 () = (H H; (w,y)) +Q(2,y)

i=1

k k
where 0Q < Y. m; =0 ( H; (x,y))
i=1 i=1

Proof. The proof is given by induction on k. In the case that k = 1, the result
follows immediately. Assume that statement is valid for some k € N and we will
show that still true for k + 1.

In the case that we have Py (z,v),..., Py (z,9), Prt1 (z,y) € Rz, y], follows
from the hypothesis that

k

k
sz(xay) = (HHz (x,y)) +Q(‘73,y)

i=1

k k
where 0Q < > n; =0 (H H; (m,y)) Therefore,

i=1 i=1

k+1 k

HPz(iC,y) = Pk+1 (m7y)HR(xay)
i=1

i=1

k
= (Hi+1 (@,9) + Qr41 (7,7)) ((H H; (»Tay)> +Q (x,y))

k+1 -
= (H H; (x,y)> +Q (2,9)
=1

where

k

Q (2,y) = Hyt1 (2,9) Q (2,9) + Q1 (2, y) (H H; (, y)) +Qr+1 (7,9) Q (z,y)

i=1
(3.23a)
Then, notice that:

10 (T H:(00)) = 0 (w.) +9 (T Hi(@.0)) = s + i =

i=1 i=1

i=1
k+1
> i
i=1

2. 0(Hpq1 %’B,y)ngz,y)) = OHpq1 (z,y) + 0Q (z,y) = npq1 + 0Q (z,y) <
+1

N1+ D N = Y ng;
; i=1

=1
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0 <Qk+1 (z,y) <fl H; (%y)>) = 0Qp+1 (z,y) + i ni < Npg1 + i n; =

i=1 i=1 i=1
k41
> i
i=1
k
0 (Qk-‘rl (xa y) Q (33, y)) = an-l—l (.T, y)+8Q (33, y) < 8Qk+1 (.'13, y)+; n; <
k k41 "
N1+ D1 = Y N,
i=1 i=1
Then, follows from items 2, 3 and 4 that
9Q (z,y)
k
< max {3 (Hit1 (2,y) Q (,y)) , 0 (Qk+1 (z,y) HHz (fﬂay)> 20 (Qr+1 (z,y) Q (xay))}
i=1
k+1

i=1

Thus, by (3.23a) and above remarks, it yields the conclusion of proof. m
The other needed result provides a threshold for @ (z,y) when it is obtained
by the evaluation of k polynomials in a monomial of k-variables:

Proposition 85 For given k € N, Consider the monomial
M (X1, Xg) = p(X0)™ o (X)™

where p € R. Let Py (z,y),..., P, (z,y) € Rlz,y] be polynomials whose degree
are ni,...,ni € N, respectively. For each 1 <1 <k, we write

P (x,y) =H; (‘T7y) + Qi (ZE, Z—,I) s

where H; (z,y) is homogenous with degree n; and 9Q; < n;. Then, exists a
polynomial Q (z,y) € R [z,y] verifying

M(Pl (wvy)aapk(xay)):M(Hl (xay)7aHk(x7y))+Q(xay)
such that 0Q < zk:lmmz =0(M (Hy(x,y),...,Hy (z,v))).

Proof. We remark that
(Pr(z,9)™ .. (P (2, 9))™ HP1 z,y) HPk z,y)

therefore, follows from Proposition 84 that above equality is rewritten as

(Hl (x’ y))ml s (Hk (:Evy))m’C +@Q (‘T’ y)
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where
k
Q < n1+...+n1+...+nk+...—|—nk=mei
i=1
= 8(H1(xay))ml(Hk(xay>)mk
Thus
M (P (z,y),.. ., Pe(z,y) = p(P(z,y)™ ...(P(x,y)™*

= p(Hy(z,y)™ .. (Hi (2,9)™" + pQ (2,9)
M(Hl (x7y)7~'~7Hk (x,y))—l—@(m,y)

where Q (7,y) = pQ (z,y). Finally, we observe that

k
9Q (z,y) = 0Q (z,y) < mei

i=1

k
OM (Hy(z,y),...,Hy (z,y)) = 0 (Hy (z,y))"™" ... (Hg (z,y))"™* = mei
i=1

so the desired is achieved. m

Endowed with both previous results we are able to state the corollary that
is a natural next question about the threshold of @ (z,y) when we evaluete n
polynomials in a given polynomial of n variables.

Corollary 86 Consider the polynomial P (z1,...,2r) € Rlxy,...,zx] such
that

n

Y‘B(:rlw",xk) = ZMI (xla"'axk)
1=0
where for every 1, My (z1,...,zx) = puy (x1)"™"" ... (xx)™"* is a monomial (with
w €R). Let Py (x,y),..., Py (x,y) € Rlz,y] be polynomials. For each 0 <i <
k, assume that

P (z,y) = a;z™ + Q; (z,y)

where a; € R nonzero and 0Q; (x,y) < n; € N. Then

s:p(Pl (l'vy)a"'apk (x,y)) = gp(almnlv"'vakxnk) +Q(Z,y)

k
where 0Q (z,y) < max > myin.
i=1
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Proof. The Proposition 85 ensures that for each 0 < I < n, we may express
the monomials as follows

M (P (z,9),..., Px(z,9)) = M; (a12™,...,a1x™) + Q (z,y)

k
where 0Q; (z,y) < > myn,;. Therefore,
i=1

ZMZ (Pl (xay)a""Pk (l‘,y))
=0

= Y Mi(az™,...,az™)+ Y Qi (x,y)
=0 =0

= m(almnlw"aakxnk)+Q(xay)
where Q (z,y) = >;—, Qi (z,y). Then, notice that

k
0Q (z,y) < max 0Q; (z,y) < mlaxz MmN,

i=1

;B(Pl (mvy)"'-vpk(x’y))

]
This result concludes the study of degree of composition of polynomials.

Finally, the last topic that we will show in this section is about polynomial
identities. More precisely, our theorem permits us to retrieve and articulate the
condition presented in the Theorem 83 with the writing of a polynomial P (x)
presented in (3.11). Moreover, given a polynomial

2n—12n—1i

P(z)= Z Z a; ;a7 e Ra],

i=0 ;=0

our theorem presents a suitable expression that hightlights the condition (3.12),
that is

2n—1 1 2n—i—j
An—2i—j
Pla) =Y Y ik | 2T
k=0

i=0 j=0
2n—12n—(i+1)
it (it1
- Z Z A—(i4+1),2n+(i+1)—5 T PO e Rg).
i=0 =0

So the statement of our theorem is read as follows:

Theorem 87 For given n € N, the next polynomial equality holds

2n—1 1 2n—i—j
4dn—2i—7
E E Qi—kjt2k | T J

i 2n—12n—(i+1)

An—j—2i
= a; "I Y A (i41),2n+(i+1)—j
i i=0  j=0

x?n-&-j-&-(i—i—l) ]
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In order to transcribe the previous equality we will exhibit three auxiliary
results. The Proposition 88 deserves a special attention once its proof is differ-
ent from the usual induction proves, because in this case we have to add and
substract several terms to reach our goal.

Proposition 88 For given n € N, we have

2n—12n—i—1 n—12n—2i—1 n—12n—21—2
E E Agj = E E Ajon_2i—j-1+ E E Ajon_2i—j—2 (3.24)
i=0  j=0 i=0  j=0 i=0  j=0

Proof. We will prove this statement by induction on n. It is easy to see that
above equality is valid for n = 1:

2(1)—12(1)—i—1 1
Z Aij=Aoo+ Aon+ A1 = ZAJ'J—J' + Ao 0.

i=0  j= =0

Suppose that Equality 3.24 its true for some n € N, we will show that the
equality for n 4+ 1. More precisely, we will verify that

2n+12n—i+1 n 2n—2i+1 n 2n—21

Z Z Aij = Z Z Aj72n—2i—j+1+z Z Ajon—2i—j-

i=0  j=0 i=0 =0 i=0 j=0

The left-hand side of the above equality gives

2n+12n—i+1 2n+12n—i+1 2n—12n—i+1 2n—12n—i—1
E, E,AZJZE E AJJFE EAJJFE Ai
=0 j=0 1=2n =0 j=2n—1 =0 j=0
thus, the induction step implies
2n+12n—i+1 2n+12n—i+1 2n—12n—i+1
> D A=) Z Aig+ D D A
=0 j=0 i=2n 1=0 j=2n—1
n—12n—2i—1 n—12n—2¢—2
E E Ajon_2i—j—1+ E g Ajon—2i—j—2
i=0 j5=0 i=0  j=0
Rearranging the indices of previous terms, it is obtained
2n+12n—i+1 2n+12n—i+1 2n—12n—i+1
> D A=) Z Aig+ D D A
=0  j=0 i=2n =0 j=2n—1
n 2n—2i+1 n 2n—21

Z Z Ajon—2i—j+1 | + ZZAL?TL—%—j ]

i=1 =0 i=1 j=0
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2n-+1
so if we add and subtract Z Ajon_ji1 and Z Ajon_j, it follows
]_

2n+12n—i+1 2n+12n—i+1 2n—12n—i+1
> X A= ) Z A+ D D A
=0  j=0 1=2n 1=0 j=2n—1
n 2n—2i+1 2n+1 2n+1
§ E Aj 2n—2i— j+1+ § Aj 2n—j+1 — § Aj,2nfj+1
=1 7=0 7=0
n 2n—2%
§ E Aj2’l’L 2i— J+§ Aj2n] § Aj2nj )
=1 75=0
hence
2n+12n—i+1
>S4y (3.25)
=0 j=0
2n+12n—i+1 2n—12n—i+1
> Z Aig+ D D A
1=2n =0 j=2n—1
n 2n—2i+1 2n+1
§ § Ag 2n—2i—j5+1 — § Aj,2n—j+l
=0 j=0 7=0
n 2n—21
§ § Ag 2n—2i—3 — E A] 2n—j
=0 5=0

Finally, notice that

2n+12n—i+1

Z Z Ajj=Asno+ Asp1 4+ Aznyio (3.26)
i=2n =0
and
2n—12n—i+1 2n—1 2n—1
Z Z Aij = Z Aion—i+ Z Aion—it1 (3.27)
i=0 j=2n—i i=0 i=0
therefore, by the observations (3.26) and (3.27) we have
2n+12n—i+1 2n—12n—i+1 2n+1
Z Z A7]+Z Z A,] ZAan z+ZA12n i+1 (328)
i=2n =0 j=2n—1i

So, replacing (3.28) into (3.25) it is obtained

2n+12n—i+1 n 2n—2i+1 n 2n—2i

Z Z A= Z Z Aj,2n—2i—j+1+z Z Ajon—2i—;j

i=0 j=0 i=0 =0 i=0 ;=0
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which finishes the demonstration. m
As immediate consequence we have the next result which is a direction ap-
plication of the previous result to our case of interest.

Proposition 89 For any n € N, we have

2n—12n—(i+1)
2n4j+(i+1
Yo DL aGrnansien—r D (3.29)
i=0  j=0
2n—2i—1 n—12n—2i—2

An—2i An—2i—1
G—j—1,2j+2i+2% + E E G—j—1,2j+2i+3% .

|
—

n

@
i
<

j=0
Proof. Consider

2n—12n—(i+1)
Z Z a_ (i+1), 2n+(1+1)7 2n+]+(z+1)

hence notice that if we set

A= a—(i+1)72n+(i+1)—jx%ﬂﬂ”l)
it yields

4n—2i—1

n—2¢
and  Ajon_2i—j—2 = a_j_12j42i43T ;

Ajon—2i—j—1 = a_j_1,2j12i+27"
then, applying the Proposition 88, we achieve the desired. m

The third and last technical result necessary to demonstrate the Theorem
87 is also a relevant identity of summations whose proof lies deeply in the de-
tailed analysis of each of the terms, as well as in the need to add and subtract
terms in order to reach the desired expression. As mentioned earlier, the fol-
lowing proposition also has potential applications in problems where rewriting
the coefficients in a more appropriate way is relevant.

Theorem 90 For any n € N, we have

2n—12n—1 ] 2n—12n—1 3 2n—12n—i—1

DD ILED 3) SENINED b SUINES 3) SF IS Sy SV RIS

=0 j=0 1=0 7=0 i=n j=0 1=0 7=0 1=n  j=0

(3.30)

Proof. This prove is given by induction on n. First, we observe that in the
case n = 1, the above equality is verified:

[\
.

A

4,9

.
“MH
o
O

j=
= Ao,o +Ap1+ Ao+ Ao+ Aix
1
= Ago+ Aoy + ZAl—j,Qj + A ;.
=0
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Suppose that Equality (3.30) holds for some n € N. We will demonstrate that
equality is true also for n + 1. More precisely, our goal is to prove:

2n+12n—i+2 n 7 2n+1 2n—i+2
DD A=) At XL > Aia (33
=0  j=0 =0 j=0 i=n+1 j=0
n 7 2n+1 2n—i+1
+§ ,E :Az ji+25 + § E , Ai- J1+25-
=0 j=0 i=n+1 j=0

The left-hand side of the previous equality gives to us

2n+12n—i+42
> > A
=0 7=0
2n—12n—i4+2 2n+12n—i+2
= 2 X Aut ) Z Aig
=0 j=0 i=2n

2n—1 [2n—1

= Z Z AiJ + Ai,2n—i+1 + Ai,2n—i+2

i=0 \ j=0
1 2
+ZA2n+1,j + ZAzn,j
3=0 =0
2n—1 2n—1 2n—12n—1
= ZAzzn 2+2+2Az2n it > Y Ay

=0 4j=0
+ (Agpt11 + Aony10+ Aana + Aop 1 + Aono)

2n—1 2n—1
= <A2n+1,1 + Aop o+ Z Ai,2ni+2> + <A2n+1,0 + Aop 1 + Z Ai,2ni+1>

i=0 i=0

2n—12n—1i
Fhgmo+ | DD A

i=0 ;=0

2n—12n—1 2n+1 2n+1
= Z Z A | + (Z Ai,2ni+2> + (Z Ai,2ni+1) + Aon o,
i=0

i=0 ;=0 i=0
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hence, follows from the induction step that

2n+12n—i+2

SY T Ay (3.32)

i=0  j=0
] 2n—12n—1 ] 2n—12n—i—1
= ZZAZ R EDID IS J2J+ZZA1 DD E: Aizjit2;
=0 j=0 i=n j=0 =0 j5=0 i=n
2n—+1 2n+1
F{ D Aignia | + | D Aizn—it1 | + Azno.
=0 =0

Now we will examine and study several of above terms. First, we notice that

n—1 = n % n
Z Z Ai—joj = Z Z Aijoj — Z An—j2j (3.33)
=0

i=0 j=0 i=0 j=0
moreover,
2n+1 2n—i+2 2n—1 2n—i+2 2n—1
oD A=) > Aija+ E Aij2j
i=n+1 j=0 i=n+1 \j=2n—i+1

2
+ Z Asp—j2; + Z Aant1)-j5.25
j=0 Jj=0

if we expand and rearrange the terms in a proper way, we get

2n+1 2n—i+2 2n—1
E E Ai_joj = E A onyoi-24n—2ita + Aspa+ Aop_24
i=n+1 j=0 i=n+1
2n—1
+ E A_ont2i—1an—2i+2 + Aont1,0 + Aon—12
i=n-+1
2n—1 2n—i
+ E E Ai_joj + Aonpo,
i=n-+1 j=0

n n
therefore, if we add 0= ) An_j2; — > An_j2; it is obtained
§=0

j=0
2n+1 2n—i+2
E E Ai_joj (3.34)
i=n+1 §=0
2n+1 2n—+1
= E A_ont2i—2.4n—2ita + E A ont2i—1,4n—2i+2
1=n—+1 1=n—+1

2n—1 2n—q

—ZAn —4,27 +A2n0+ Z ZAz ],2]"’21471 —7,27

1=n+1 5=0
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then
2n+1 2n—i+2
Yoo Ay (3.35)
i=n+1 j=0
2n+1 2n+1
= Z A on+t2i-2,4n-2i+4 + Z A on+t2i-1,4n-2i+2
i=n+1 i=n+1
2n—12n—1
_ZATL ]2]"’ Z ZAZ —7,27 +A2n0
i=n j5=0
Also observe that
n—1 1
DD Aty = ZZAz —jat2) ZAn JRREY (3.36)
i=0 j=0 i=0 j=0

and note that

2n+1 2n—i+1

Z Z Ai_j142j

i=n+1 j5=0
2n—1 2n—i+1

= Aoptia+Aop_13+ Ao + g E Ai_ji42;
i=n+1 §=0

if we expand and rearrange the terms in a proper way, we get

2n+1 2n—i+1
> Y Aijasa
i=n+1 j=0

2n—1 2n—i—1
= > > Ay

i=n+1 j5=0
2n—1

+ E Agi—on an—2i+1 + Aan
i=n+1
2n—1

+ g Agi_on—1,4n-2i+3 + Aont11 + Aon—13
i=n—+1

n—1 —
moreover, simplifying the summations and adding 0 = > A,_j142;— > An—j142j
§=0 i=0
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we have

2n+1 2n—i+1
> D Aijas
i=n+1 §=0
2n—+1 2n
= E A72n+2i71,4n72i+3 + E A72n+2i74n*2i+1
i=n+1 i=n—+1

2n—1 2n—i—1

n—1 n—1
T D At [ D Aujare — ) Aujasy
i=n+l 5=0 j=0 §=0

as consequence,

2n+1 2n—i+1

SN Ay (3.37)

i=n+1 j5=0
2nt1 2

= E A ony2i-14n—2i43 + E A _opyoian—2i41
i=n+1 1=n+1

2n—12n—i—1

_ZAn j,1+2j+ Z Z Az 7,14+25-
i=n

Thus, by considereing (3.33),(3.35),(3.36) and (3.37) the Equality (3.32) is
rewritten as follows

2n+12n—i+2

7
. - 2n+1 2n—i+2
ZZAl g2+ Z Z Aij2j

i=n+1 j5=0
2n+1 2n—i+1

+ZZA74 .71+2J+ Z Z Az —7,1+25

=0 j=0 i=n+1 j=0
2n-+1 2n+1
+ E Ajon—it2 + g Ajon—it1
i=0 i=0
2n+1 2n+1
- E A ont2i-2.4n—2ita — E A ont2i—1,4n—2i+2
1=n-+1 1=n-+1
2n+1 2n

- E A72n+2i71,4n72i+3_2 A _opt2i4n—2it+1-

1=n—+1 i=n
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Then, in the aim to prove the Equality (3.31) it is equivalent to show

2n+1 2n+1
0 = g Ai,Qn—i+2+§ Aion—it1 (3.38)

i=0 =0

2n+1 2n+1
- E A ont2i-24n—2i+a — E A 9nt2i—1,4n—2i+3

i=n+1 i=n+1

2n+1 2n
- E A72n+2i71,4n72i+2_2 A ont2i4n—2i+1-

1=n—+1 1=n

Again we will examine the previous terms individually. So, we point out that

2n+1 n n
g A—2n+2i—2,4n—2i+4 = § A72n+2(i+n+1)72,4n72(i+n+1)+4 = E A2i,2n—2i+2
i=n+1 1=0 =0
2n+1 n n
g A—2n+2i—1,4n—2i+3 = § A72n+2(i+n+1)71,4n72(i+n+1)+3 = E A2i+1,2n—2i+1
i=n+1 =0 i=0
2n+1 n n
g A—2n+2i—1,4n—2i+2 = § A72n+2(i+n+1)71,4n72(i+n+1)+2 = E A2i+1,2n—2i
i=n+1 =0 i=0
2n n n
E A—2n+2i,4n—2i+1 = § A72n+2(i+n)74n72(i+n)+1 = § A2i,2n—2i+1
i=n =0 i=0

hence, applying the above remark in (3.38) it implies

2n-+1 2n+1

0 = E Ajon—iy2 + E Aion—it1
i=0 i=0
n n
- g Az on—2it2 — E Adit1on—2i41
i—0 i=0

n n
- E Agiti12n—2i — E Agion—2i+1
i=0 i=0

thus, we must verify the next equality:
2n+1 2n+1
Z Aion—ite + Z Aion—it1
i=0 i=0

n

n n n
= (Z Agion—2i42 + Z A2i+1,2n—2i+1> + (Z Agion—2i41 + Z A2i+1,2n—2i> .
i=0 i=0

=0 =0

By the Lemma 138, if we consider

k=n+1
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and we set
B; = Aion—it2
which follows
2n41 n n
Z Ajon—iya = Z Agi on—2i42 + Z Asit1,2n—2i41 (3.39)
i=0 i=0 i=0

and by the Lemma 139, consider

k=n+1
and we set
Bi = Aign—it1
thus it is obtained
2n+1 n n
Z Aion—it1 = Z Aojon—2iy1 + Z A2i1,2n—2, (3.40)
i=0 i=0 i=0

so by (3.39) and (3.40) we conclude the desired. m
We are in the position to prove the theorem mentioned in the beginning of
this topic.

Theorem 91 For given n € N, the next polynomial equality holds

1 /2n—i—j

An—2i—j

E E ik jt2k | T J
0\ &=0

2n—1

=0

j= =
n—12n—i 2n—12n—(i+1)

_ dn—j—2i 2n+j+(i+1
= @I YN a g anry gt IO
i=0 =0 i=0 =0

[ V)
—

Proof. Notice that the left-hand side of the previous equality can be expressed
as

2n—1 1 2n—i—j
55 (18 ) st 1)
k=0

i=0 j=0
2n—1 /2n—1 2n—1 /2n—i—1
An—21 An—2i—1
= E Eai—k,Qk T +E E Ai—k 142k | T .
=0 k=0 =0 k=0

Let us focus on the analysis of each of the above terms separately. The first one
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gives us
2n—1 2n—1i n—1 2n—1 2n—1 2n—1
An—2i 4n—2i 4n—2i
> > aija | = | D aige e + ) > aijaj |z
i=0 \ j=0 i=0 \ j=0 i=n \ j=0
(3.42)
n—1 n—1 2n—1 2n—1 2n—1
4n—2i 4n—2i An—2i
:E E Gi—j25 | T +§ E Gi—j25 | T + E E ai—j25 | T
i=0 \ j=0 i=0 \j=i+1 i=n \ j=0
n—1 i n—1 [2n—i—(i+1) 2n—1 [2n—i
_ 4n 21 4n—21 4n—21
=D | D aise + E Y GGGt | @ )| D i |
i=0 \ j=0 =0 i=n \ j=0
n—1 7 n—1 2n—2i—1 2n—1 2n—1i
4n—2i 4n—2i dn—2i
:g E ai—j25 | T JrE g Q—j—12j+2i+2 | T + E E ai—j25 |«
i=0 \ j=0 i=0 §=0 i=n \ j=0
while the second term can be express as
2n—1 2n—i—1
An—2i—1
E : § : Gi—j,1425 | T (3.43)
i=0
n—1 [2n—i—1 2n—1 [2n—i—1
4n—21—1 4n—2i—1
E Qg | T + E : E ai—ji+2j | T
i =0 i=n
n—1 7 2n—i—1
An—2i—1 An—2i—1
=D D iz |2 + E > aijasz | @
=0 7=0 =0 j=1+1
2n—1 [2n—i—1
dn—2i—1
+ E E : Ai—j1+25 | X
i=n j
n—1 i n—1 [2n—i—1—(i+1)
— 4n—2i—1 An—2i—1
= E Ai—ji1425 | T +E E Ai—(j+i+1),1+2(j+i+1) | T
=0 \j=0 i=0 =0

2n—1 [2n—i—1

An—2i—1
+ E E : Ai—j1+25 | X
i=n

n—1 7 n—1 [2n—2i—2
4n—2i—1 4n—2i—1
= E g i—ji1v25 | + E E a_j—-1,2j42i+3 | T
i=0 \Jj=0 i=0 =0

2n—1 [2n—i—1

+> Z Qijiye; | T (3.44)

Hence, by the previous studies in (3.42) and (3.43), we obtain that the
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Equality 3.41 is rewritten as

1 2n—i—j n—1 [2n—2:—1
4An—2i—j 4n—21
E E Aj—k,j+2k | L I = E E A—j-12542i4+2 | T
i=0

2n—1

i=0 j=0 k=0 =0
n—1 7 2n—1 [2n—1
4An—21 An—21
+Y (D aige | + ) > aijaj |
=0 7=0 i=n 7=0

n—1 [2n—2{—-2

dn—2i—1
+ g E a—j—12j+2i+3 | &
i=0

J=0

2n—1 [2n—i—1

n—1 i
4n—2i—1 4n—2i—1
YD aijase |2 +) > aijasz | :
i=0 \ j=0 i=n j=0

The Theorem 89 provide to us

2n—12n—(i+1)

Z Z (i) 2t i1y —g @ IO
Jj=

n—12n—2i—1 n—12n—2i—2
dn—2i dn—2i—1
E E G_j_1,2j42i+2% + § § A—j—1,2j+2i+3% )
i=0 =0 i=0  j=0
2n—12n—1 . .
finally, applying the Theorem 90 to Y. > a; j2*" 772 we obtain the follow-
i=0 j=0
ing equality
2n—12n—1 n—1 1 2n—12n—1
An—j5—21 4An—21 4An—214
> Y it = D D i + D> aiae
i=0 ;=0 i=0 j:O i=n j=0

2n—12n—i1—1

4n 2i—1 4n 21— 1
+§ E :az 31425 T + E , E , Ai—j5,14-25L
=n

1=0 j=0

then the desired is achieved. m

3.3 Main result and applications for Cyclic Sur-
faces

In this section we present our main theorems that fully classify Polynomial
Weingarten cyclic surfaces in the Euclidean and in the Lorentzian 3-space.

The cyclic surface is the first and most natural generalization of tubular
surface, in the sense that we may obtain a cyclic surface as a tubular surface
that we permit the radius r to be a (smooth) function instead of being a constant
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number. For mathematical purposes, we have to demand that the radius satisfies
r(s) > 0 for every s € (a,b).

This simple and almost innocent change has a massive impact in the curva-
tures of the surface that (in the Euclidean case) are expressed as

(r354) cos* t—3r2k3 cos® t+rn(3m(7")2+rn'r'+3n77‘r”n) cos? t

K =
r((r/)2+(1—/-i(s)7"(s) cos t)2)2
+7r2r' k27T costsint— (2&(7")2+’r'n/’r'/+n—27"r”n) cost—rr' kT sint— (7‘(7")2H2+7'”)
r((r/)2+(17n(s)7‘(s) cos t)2)2
and
H— —2r3k3 cos® t+5r2 k2 cos? t*T(SH(’I‘/)2+TK/T/+4H7’I‘T”H/) cos t—r2r' kT sin t+r((r/)2 7T’I‘//+1)

27'((r’)2+(1—n(s)r(s) cost)z)%

Moreover, the assumption that the above curvatures verify a polynomial
relation is a difficult challenge since it leads us to arduous differential equations
that cannot be solved with the techniques that are commonly used.

In order to exemplify the previous claim, let us consider the simplest poly-
nomial relation to be studied that is the linear one,

P (z,y) = a1,0r + ao,1y + aoo € Rz, y],

then the assumption that the cyclic surface is Polynomial Weingarten provides
that

8 1
0=P(K,H)= Z Z P; ; (s) cos' tsin’ ¢ (3.45)
i=0 j=0
where P; ; (s) are smooth functions. The reason to omit the explicit expression
of the coefficients P; ; (s) is because of the size of the equations would make the
reading exaustive and because of the page formatting. Althoug to illustrate the
type of problem that we face, we will present some of P, ; (s). For instance,

8,82 2 2 2 2
Pso(s) = 4r°s°riago—r7agq + 2ragearo +ajg
P51(s) = 8r'ragor®klaro — 4r'mrs%ag | + 87"'77“7/-@6a%70
and the coefficient P31 = —2r5r'k37Q3 1 where
A 2 2.2 N2, 2 20, 1\2,. 2
Q31 = —24raj o+ 16r°kag, — 12(r") kay o + 5r°(1") Kag 4
+4rr" ka3 o — 4rr'k'ad o — rPr"kad , + 'R ad

—40rkag pa1,0 — 87’(7”)2/4a070a170.

Hence, our approach to deal with this type of problem, essentially, consists
in to consider an arbitrary polynomial P (z,y) € R[z,y] and investigate the
associated function

0=P(K,H)= wa- (s) cos’ tsin’ ¢
]
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which is obtained by the composition of P (z,y) with K (s,t) and H (s,t) (as
we presented in (3.45)). So, for each fixed sy we define B (sg, z,y) € R [z, y] the
polynomial that verify the following property

PB (s, cost,sint) = P(K,H) =0

for every ¢t € R. Then, we analyse the polynomial (s, z, y) under the algebraic
geometry point of view, which ensures us that we can analyse ecach f; ; (s) =0
individually. This method allowed us to obtain our main result that full clas-
sificates cyclic surface whose Gaussian and mean curvatures verify an arbitrary
polynomial relation. The statement of our result read as follows:

Theorem 92 A Polynomial Weingarten cyclic surface is a (smooth) combina-
tion of tubular surface with rotational surface.

A first impact of the previous theorem is a charactarization of geometric
features of the Polynomial Weingarten cyclic surface. More precisely, the above
classification describes conditions in the curvature of the central curve of the
cyclic surface and also provides conditions on the radius functions.

As a consequence of our theorem, we obtain a classification for Linear Wein-
garten cyclic surfaces:

Corollary 93 A Linear Weingarten cyclic surface is either a globally tubular
surface or globally a rotational surface.

The previous corollary provides an improvement in the complete classifica-
tion, in the sense that we proof that some particular relations does not accept
combinations between the forementioned surfaces. Indeed, we have obtained
the following result that ensures our claim.

Corollary 94 Let Q (z,y) € Rz,y] be a polynomial. Then Rad* (Q) = 0 if
and only if the unique elements of S (Q) are the globally rotational surfaces.

Here we would like to recall that the set Rad* (Q) is the collection of the
ro € Rad(Q) such that @ (z,y) belongs to the ideal in R [z,y] generated by
xrd — 2roy + 1.

In other words, throughout the study of the polynomials, we can provide
a first discriminant that guarantees either the surface may or may not be a
combination of tubular and rotational surfaces.

Before we start, we would like to (briefly) discuss about rotational surfaces.
A rotational surface (also known as surface of revolution) is a surface obtained
by the rotation of a plane curve g (s) around an axis in its plane. The parame-
trization of a rotational surface is given by

P (s,t) = (g (s)cost,g(s)sint,t)
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and its Gaussian and mean curvatures are

K| | H<W>
o (1+@?) 2 (¢ + 1)}

As mentioned before, in this section we will use a classical result of Algebraic
Geometry, but in order to proper state it, let us define the following set of all
points (a,b) € R? such that P (a,b) = 0, for a given polynomial P (z,y) €
R [z,y]. We denote this set as

V (P)={(a,b) €R*; P(a,b) =0}.

For example, in the case that P (z,y) € R [z, y] is given by P (x,y) = z — v,
we have that V' (P) is the principal diagonal of R%. Other example is if P (z,y) =
22 +y? — 1, then V (P) has the geometric shape of a circle of radius 1 centered
in the origin.

With this newly notation, we are able to state the theorem of Algebraic
Geometry that we will made use:

Theorem 95 Let F (z,y) and G (z,y) be polynomials in R [x,y] with no com-
mon factors. Then V (F,G) =V (F)(V (G) is a finite set of points.

The proof can be found in several classical books of algebraic geometry, we
suggest for instance [8].

In the direction to apply the forementioned theorem, we first must remark
that the polynomial 22 + y* — 1 € R|x,y] is irreducible, once it will play an
important role in the next result. In fact, asume by absurd the existence of two
polynomials of degree 1, named,

Py (z,y) =ax+by+c and Py (r,y) =dx+ey+ f €R[z,y] (3.46)
such that
o’ +y’ —1=Pi(z,y) P (z,y).

The polynomial equality provides that the following system must be verified:

ad = 1, be =1, cf=1
ae+bd = 0, af +cd=0, ce+bf =0.

Therefore, in on hand we have a, b, d and e must be all nonzero, moreover the

coefficients satisfy

1 1
a:a and b:g.

On the other hand, we observe that above conditions implies that

e+ d?

0= bd =
ae + de
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hence
e=d=0.

which is an absurd. Thus, we conclude that z? + 2 — 1 is an irreducible poly-
nomial.

So the following result is a consequence of the Theorem 95 along with pre-
vious observation and is a fundamental argument in the demonstration of our
main theorem of classification of Polynomial Weingarten cyclic surfaces. The
statement read as:

Lemma 96 Consider the polynomial

n

1 n n
F(z,y) = Z Zai,jmiyj = (Z ai,oxi> + <Z ai,lwl) y € Rz, y]
i=0

i=0 j=0 i=0
such that F (cost,sint) = 0 for every t in an interval. Then F (x,y) is the null

polynomial.

Proof. Consider the irreducible polynomial @ (z,y) = x? + y* — 1 and notice
that @ (cost,sint) = 0 for every t € R. Therefore, we remark that V (Q) is the
circle S* of radius 1 and center in the origin. Furthermore, the hypothesis that
F (cost,sint) = 0 furnishes that V (F) contains S!, thus

V(E)(V(Q) #0.

By Theorem 95 we have that @ and F' has a factor in common and since
is a irreducible polynomial, it implies that

F(z,y) =Q(z,y) R(z,y) = (z* — 1) R(z,y) + ¥’ R (z,y)

for some R (z,y) € R[z,y].

Notice that the power of variable y of polynomial F (z,y) is up to 1, by
hypothesis. This yields that R (z,y) must be identically null, thus F' is the null
polynomial. =

We remark that the above result naturally still holds in the case that the
polynomials is given by

n 1 n n
F(z,y) = Zzai,jyiﬂﬂj = (Z ai,Oyi> + (Z ai,lyi> z€R[z,y],

1=0 j=0 i=0 i=0
which we will state, but the proof will be omitted since is completely analogous.

Lemma 97 Consider the polynomial

n

1 n n
F(z,y) =YY ay'e) = <Z av:,oyi> + (Z az‘,llf) z € Rz, y
i=0

i=0 j=0 i=0

such that F (cost,sint) = 0 for every t in an interval. Then F (x,y) is the null
polynomial.
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For hyperbolic trigonometric functions (i.e. for the functions cosht and
sinht), there is a complete analogous result to the Lemma 96. But in order to
obtain that, first we have to notice that the polynomial 2 —y* — 1 € R [z, 1] is
also irreducible. Therefore, we obtain the following:

Lemma 98 Consider the polynomial

n

F(z,y) = Zzai,jxiyj = (Z ai,O$i> + (Z ai,lxi> y ER[z,y]
i=0

i=0 j=0 i=0

such that F (cosht,sinht) = 0 for every t in an interval. Then F (x,y) is the
null polynomial.

Going along the lines to prove the above statement, it is only necessary
remark that Q (z,y) = 2 — y? — 1 is irreducible and verify

0 = Q (cosht,sinht) = cosh? t — sinh® ¢ — 1
for every t € R. Then, the result follows similarly as the prove of Lemma 96.

A relevant proposition is obtained when we articulate the previous lemma
along with the assuption that the Gaussian and mean curvatures of a cyclic
surface with central curve v and radius r vanishes the polynomial Q (z,y) =
x — y2. More precisely, the below proposition is the first acquired result that
describes geometric features of a cyclic surface that verify @ (K, H) = 0.

Moreover, our result garantees that under the previous conditions, the cur-
vature x of v vanishes everywhere which implies that cyclic surface is defined on
a straight line (hence, it belongs specifically to the class of rotational surfaces).

The precisely statement of our proposition follows:

Proposition 99 Let Q (z,y) € Rz,y] be the polynomial given by Q (z,y) =
x—y?. If a cyclic surface in the Euclidean 3-space is such that its Gaussian and
mean curvatures verify Q (K, H) = 0, then the surface is, in fact, a rotational
surface.

Proof. Assume the existence of a cyclic surface S with central curve v and
radius r such that its Gaussian and mean curvatures verify

0=Q(K,H)=—-K+ H>.

The above equation implies that S must be a totally umbilical cyclic surface.
In fact,

1
0:—K+H2=1(k1—/€2)2,

where k; and ko are the principal curvatures of S. Since the class of totally
umbilical are well-known, our work resumes to analyse if S can be either (part
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of) a sphere or (part of) a plane. First, we assume the existence of a point
so € I where the curvature & of central curve 7 is

K (s0) #0,

therefore, there is an open interval J containing sg such that & (s) # 0 for every
s € J. In this interval, we are able to parametrized the surface S; which is
obtained by restricting S to J, more precisely:

Y (s,t) =v(s) + (r(s)cost) N (s) + (r (s)sint) B (s)

where s € J and ¢t € R.

Now we have two cases to examine, named, if S; is contained in a sphere or
if Sy is contained in a plane.

Suppose that exists an open set ) of S; which is entirely contained in the
sphere of center ¢ and radius r, named S (¢,r). Thus, there is an open set
U =(a,b) x (¢,d) C J xR, such that

g(w(SJt) _Caw(&t) _C) :727

for every (s,t) € U.
So, the following equality is obtained by derivation of previous equation:

0 = g(wm'@[]_C)
= rg(N(s),¢ —v(s))sint —rg (B (s),¢—7(s))cost.

Therefore, for each fixed s1 € (a, b) we can apply the Lemma 96 that provides
g(N (s1),{—v(s1)) and g (B (s1),¢ — v (s1)) must vanish identically, since s;
is arbitrary, it implies

g(N(s),(=7(s))=0 and  g(B(s),(—7(s)) =0

for every s € (a,b). Finally, notice that

0 = TgV(),C-()
= g(=kT,¢—=7(s)) +719(B,{—7(s))
= —Rg(Taﬁ—’Y(s))-

Then g (T, ¢ — v (s)) must be null for every s € (a,b). As consequence, we have

Y=C=9T,v—=)T+g(N,y—={N+g(B,y—¢)B=0,

that is, v (s) is constant (equal to ¢) which is an absurd with the regularity of
~v. We conclude that S; cannot be part of sphere.

It still remains prove that S; is not (part of) a plane. So suppose that
exists an open set Q of S; which is entirely contained in a plane 7 (v,d) =
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{ueR?; (u,v) =d} where v € S> C R? and d € R constant. Thus, there is
an open set U = (a,b) X (¢,d) C J x R, such that

9(¢(57t)av):d

for every (s,t) € U.
Thus, the following equalities are obtained

g(i/)s,v):o and 9(7/%,’0):07
we also remark that
0= g(wsvv) =-9 (N (5) ,U) sint +g(B (3) ,’U) cost.

For each s1 € (a,b), the Lemma 96 provides that g (N (s1),v) and g (B (s1) ,v)
must vanish identically, since s1 is arbitrary, it yields

g(N(s),v)=0 and g(B(s),v)=0
for every s € (a,b). As consequence, we have
T(s)=w
for every s € (a,b), which is an absurd because the above equality gives
k(s)=|IT"] =0,

hence, S; cannot be part of a plane.

Then, we conclude that curvature of central curve must be null. Moreover,
a circle of radius r (s) along a straight line is a rotational surface. m

We obtain the same conclusions of the above statement also for cyclic sur-
faces in the Lorentzian 3-space, that is, a cyclic surface with central curve v and
radius r that vanishes the polynomial Q (z,y) = = — y? is, as a matter of fact,
a rotational surface. More precisely, the cyclic surface is defined on a straight
line.

However, we must to highlight that the arguments presented in the proof of
previous proposition are not valid for the Lorentzian 3-space. Since the class
of totally umbilical surfaces in L2 is, naturally, different than the ones in E3.
Moreover, the notion of totally umbilical surfaces requires that the Weingarten
map be diagonalizable.

In the end, we present the following result for a cyclic surface in L3 whithout
any additional hypothesis.

Proposition 100 Let Q (z,y) € Rz, y] be the polynomial given by Q (z,y) =
x—y>. If a cyclic surface in the Lorentzian 3-space is such that its Gaussian and
mean curvatures verify Q (K, H) = 0, then the surface is, in fact, a rotational
surface.
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Proof. Assume the existence of a cyclic surface S of type 1 (see Section 3.1.2
for more details) with central curve v and radius r such that its Gaussian and
mean curvatures verify

0=Q(K,H)=—-K+ H>. (3.47)

We assume the existence of a point sg € I where the curvature k of central
curve v is K (sg) # 0,therefore, there is an open interval J containing so such
that & (s) # 0 for every s € J. In this interval, we are able to parametrized the
surface S; which is obtained by restricting S to J, more precisely:

¥ (s,t) = a+ (r(s)sinht) Ny + (r (s) cosht) By

where s € J and t € R.

Then, by the Proposition 76 and by (3.47) we obtain the following differential
equation:

0 = 485 (e —1)sinh® (t +¢) + 20r"K" (¢ — 1) sinh® (¢ + ¢)

6 3 —40k +41ke — 16(r")%k + 12(r')? ke -
+r°K < +47"7“//K, —drr' Kk — Arr! ke + Arr'er! sinh (t —+ 1/))
+ (4r"r' ke’ — 4r7r' k) sinh® (¢ + 4) cosh (¢ + )

=20k + 22ke — 22(r')%K + 17(r") ke 1
5.2 3

+2r°k ( +8r1" 1 — 6rr' K — Trr' ke 4+ 5rr'erx! sinh” (¢t + ¢)
+2757" k34 (5¢ — 6) sinh? (¢ 4 1) cosh ( + 1))

202 4 40(r'")2K% + 12(1")* k% — 26K%e — 34(r")2k%e — 9(r')4K2%e + 472 ()% K4
—pt —24rr" K% + 18r1" K2e + 4r(r' )3 kK — 4r(r')2r" K2 + 12r7 kK" — 12 (r'")2 K%
—r2(r")2e(k')? — 6r(r')3ker’ + 6r(r')?r" k?e — 8rr'kek’ + 2r2r'r"

—6k + 4re — 2(r')?k
5./ /
+2rr'sy < +3(r")2ke — 17" ke + 17'ek

+ (rﬁ(r’)QﬁQS(z// 2) cosh? (t+ )
+ (2r'r' ke’ ((r')? —rr" + 1) — dr*r' k" (') 4 1)) cosh (¢ + 1)
n (7«25 ()2 =" +1)% + 4 ()2 +1) (" — r(r’)2H2))

, >sinh(t+w)

Then, we notice that, in order to apply the Lemma 96, we must replace
every

cosh?t = sinh?¢ + 1

Ker'

sinh? (¢ + )
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in above equation. Hence, it follows

0= 4r®k5 (e — 1) sinh® (£ + ¢) 4+ 20r"K° (e — 1) sinh® (t + ¢)
—40k + 41ke — 16(r")%k + 12(1")%ke '\ .
6,3 4
Tk ( +rr"k — Arr' k' — drr" ke + drr'er! sinh” (¢ + ¢)
+477r k4 (e — 1) sinh® (¢ + ) cosh (¢ + )
=20k + 22ke — 22(r") 2k + 17(1")%ke '\ .
5 2 3
+2r's ( +8rr"k — 617’ K — Trr" ke + brr'er’ sinh” (¢ + ¢)
+2r57 k34" (5¢ — 6) sinh? (¢ + 1) cosh (¢ + 1))
20k2 +40(r")2K% + 12(r") k2 — 26K — 34(r") K%
—9(r") k2%e + 4r?(r")2 Kk — 24rr" K? + 18r1" K2e + 4r(r')3 kK’
—rt —4r(r'")2r" K2 + 12rr kK" — r2(r")2K2%e sinh? (t+ )
—12(r")2e(k')? — 67 (r')3Kker’ + 6r(r')2r" ke

—8rr'ker! + 2r2r'r" kek'

—6k + dke — 2(r")%k + 3(r") ke .
e L BUTEEY Guh (1 4 ) cosh (4 )

2k — dke + 6(r")2k + 4(r') 4k
—7(r") ke — 3(r") ke
—8rr"k + 217 Kk + 4r2(r')2 K3 + 2r (') 3K’
—r(r")3er’ —r2(r'")2ke
+5r7" ke — rr'er’ — dr(r')?r'"K
+4r (1)1 ke + r2r'r"er’
=2 kg’ (—e 4+ 2(r")? — ()% + rr'"e + 2) cosh (¢ + )

+T2€ ((7'/)2 o 7‘7"// + 1)2 _'_47,,3 ((T/)2 + 1) (7"/’ _ 7"(7"/)2%32) + 7“6(7'/)2I<62€(¢/)2

+2r57 k) <

—2r3 sinh (¢t + 1)

Now, we have that each term of above differential equation must be null.

In the case that e = —1, we have
—8r%k5 =0

which is an absurd since

for every s € J, therefore, in this case we conclude that there is no point sg
such that r (sg) # 0.
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In the case that ¢ = 1, the previous differential equations becomes

0 =

—r9k* (27" — 1) (2" + 1) sinh* (¢ 4 1)
—2r°k? (=26 + 5(r')%k — rr” ks + rr'w’) sinh® (¢t + 1)
—2r%' 34 sinh? (t 4 1)) cosh (£ + 1))
652 _ 6(7"’)2/432 _ 3(74/)41,{2 + 7,.2(74//)21,{2
4 —47“2(7“1)2li4 + 7“2(’)"/)2(,%/)2 + 67‘7‘”!432
+2r(r')3 kK" + r2(r')2K2(')?
—2r(r')2r" k2 — drr' kK" — 2r%r'r" kK
+2r57" ke (=26 +(r Ve —rr'k 4+ rr 'k") sinh (¢ + ¢) cosh (t + ¢)
=2k — (r')?k + (') 'k — r2(r")?k
—2r3 —3rr" Kk + rr’m’ +4r2(r')?k3 sinh (¢ + 1)
+r( ) _|_ T2,r/7ﬂ//,€/
—2r'7 k)’ (rr” + (r')? + 1) cosh (t + ¢)
r2(r'")2 4 2" + 2(7“’)2 + (r')*
+r2 | —4r?(r') k2 — 42 ()4 R2 4 20 () 2"
+ri ()2 R ()% + 1

+r sinh? (t + )

From the first line, we have that

2r—-1)(2r'+1)=0

97

which yields that 7/ (s) = :l:% for every s € J, consequently, »” = 0 in J. The
third line provides that

—2r57" K3y =0

so ' (s) = 0 for every s € J. The second equation gives

—2r%k? (=26 + 5(r" )2k — "'k +11'K') =0

thus, in the case that 7’ (s) = 3 the previous equation gives
1, 3
-tk — -k =0
2 4

since r # 0 and k # 0 we can express £’ in terms of forementioned functions,

named

H,_3f<¢
oo

Now, notice that in on hand, the last equality provides

7“2(7‘”)2+27“7’”+2( ) ( ) ( /)2 2 —o
L2yt ar( e a1 )

since 7/ =0 =1 and r’ = 1 it follows

4

5 _ r2K2, (3.48)
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On the other hand, the fourth equation is

6K% — 6(r')2k% — 3(r") k2 + r2(r'")2 K2
_47,2(7,/)21,{4 +7”2(T/)2(I$/)2 +6TT”I€2

+2r(r')3 kK" 4+ r2(r')? K2 (¢")? =0,
=2r (721" K% — drr' kK — 2r%r'r" kK
then applying the already known information, we have
1
—EHQ (2rk —3)(2re +3)=0
therefore
2rk =3=0 or 2re +3=0.
Hence
3 3
rKk= — or rk=——,
2 2
cither way, we have (rk)’ = (j:%)2 = 2 which contradicts to the required

condition in (3.48). So, in the case that 7' = } we conclude that there is no
so € I such that x (sg) # 0. Then, the cyclic surface that verify —K + H? = 0
is, indeed, a rotational surface.

In the case that v’ = —%, we already have that ¥/ =0 and v/ =0 in J. The
second equation gives

—2r%k? (=26 + 5(r" )k — "'k + 11'K') =0
thus, the previous equation gives

,_ —3K

2r

Now, notice that in on hand, the last equality provides

7“2(7"”)2 4 2rp!’ 4 2(7")2 4 (7,1)4 _ 47”2(7’/)2/4:2 I
*47”2(7"')4/{2 4 27”(7”/)27’” Jr7,4(7,/)2K2(1/}/)2 +1 =
since " = 0 =1’ and r’ = —1 it follows
P22 — §

On the other hand, the fourth equation is

6r2 — 6(7“/)2%2 _ 3(7"/)4,‘-{2 + 7,2(7,//)2/12

74702(7,/)2#1 +T2(T/)2(K:/)2 +67”7””I€2
+27’(7’/)3I€I{/+T2(7’/)2I€2(1/)/)2

—2r(r")2r"k? — drr' k' — 2020 kK

=0,

then applying the already known information, we have

1
—Zﬁg (2rk —3)(2re+3)=0
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therefore
2rk —3=0 or 2re +3=0.

Hence

3 3

TR = — or rR=——,

2 2
either way, we have (7"/{)2 = (:I:%)2 = % which contradicts to the required
condition in (3.48). So, in the case that r' = —% we conclude that there is no

sp € I such that  (sg) # 0. Then, the cyclic surface that verify —K + H? =0
is, indeed, a rotational surface. m

Remark 101 Despite the proof of the Proposition 100 be made by the cyclic
surface of type 1 in Lorentzian 3-space, it is immediate to conclude that the
statement holds for cyclic surface of type 2, 3, 4 and 5, once the Gaussian and
mean curvatures of these surfaces has the only difference in the cost,sint, cosht
and sinht. So we conclude that the result is valid for a cyclic surface (of any
type) in Lorentzian 3-space.

In view of the above discussion, we present our main theorem that provides
a geometric description of cyclic surfaces that verify a polynomial Q (z,y) €
R [z, y]. Furthermore, the result achieves that in the aim to classify cyclic sur-
faces such that its curvatures verify @ (K, H) = 0, it is only needed investigate
(smooth) combinations of tubular surfaces and rotational surfaces whose curva-
tures vanishes the polynomial.

This is a relevant simplification since locally either the radius is constant
or either the curvature of central curve is null. Finally, our theorem shows
conditions over the polynomial to guarantee existence of Polynomial Weingarten
cyclic surfaces.

The result exhibited in the beginning of this section is a simplified version
of our main theorem whose precisely statement will be presented below.

Theorem 102 Consider the polynomial Q (z,y) € Rz,y] and let S(Q) be
the set of all regular cyclic surfaces in Euclidean 3-space whose Gaussian and
mean curvatures K, H verify Q (K,H) = 0. Then, the elements of S (Q) are
(smooth) combinations of Rotational surfaces and Tubular surfaces of radius
r € Rad* (Q).

Proof. Consider the following expression (which is always possible) of the given
polynomial

Q(Jf,y) = (—a;—|—y2)np(x7y)7

where n € N (possibly zero) and P (z,y) € Rz,y] is a polynomial that does
not belong to the ideal generated by —x + y2.

For an arbitraty element sg € (a,b) such that the curvature s of the central
curve 7y is not null, that is x (so) # 0, we have the existence of a neighborhood
J of sp such that k(s) # 0 for every s € J. In this interval, we are able to



100 CHAPTER 3. WEINGARTEN CYCLIC SURFACES

parametrized the surface S; which is obtained by the restriction of S to J,
more precisely:

¥ (s,t) =v(s) + (r(s)cost) N (s) + (r (s)sint) B (s) (3.49)

where s € J and t € R. By the Proposition 99 we already have that the Gaussian
and mean curvatures of S; does not vanish the polynomial —x + 2, therefore
the hypothesis that the Gaussian and mean curvatures of S verify Q (K, H) =0
implies that P (K, H) must be null, that is

2n 2n—j
0=P(K.H)=> Y a;(K) HY,
j=0 i=0
and by the Notation 75 the previous equation is rewritten as

0= i i (5,1) as ’t)im . (3.50)

j=0 i=0 QJT lﬂ)ﬁ( s,1) 2

So it is necessary express the above equation in a more suitable way. In
the aim to accomplish that, we first need to write every term with the same
denominator, then we have to analyze the exponent of 3 which is

4i + 3§
2

:2i+j+%<2i+2j§4n.

So mulitplying the Equation 3.50 both sides by (27"2,62)2" it is obtained

2n 2n—j L o
0= 22 r2n-20HD gin= "5 A (3.51)
j=0 i=0

Now the next step to reach our proper expression is to separate between the
terms whose [ is to the power of odds and even numbers because our objective
is express the above equation as a polynomial, therefore we will study the nth
roots of 3.

In this direction, it is easy to see that the parity of 4”7‘3] is given exclusively
by 7, once 4i is even for every ¢ € N. Thus, applying the Lemma 135 to the
Equation 3.51, it can be expressed as two summatories

n 2n—2j
Z Z 22n72jai?2jT4n72(i+2j)ﬂ4n—(2i+3j)Aia2j
j=0 =0

n 2n—(2j-1)

12 Z Z 22n—(2j—1)ai7(2j71)T4n—2(i+(2j—1))ﬁ4n72i73j+1Aia(2j—1):0’
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which implies

n 2n—2j
§ E 22n—2jai72j7,4n—2(1+2])64n7(21+33)A1a2]
i=0 =0
n 2n—(2j-1)

_ _B%Z Z 22n7(2j71)ai7(2j_1)T4n72(i+(2j71))ﬂ4n—2i—3j+1Aia(2jfl)

Finally, we achieve the following expression

n 2n—2j
Z Z 22n72jai72j7ﬁ4n72(i+2j)64n7(2i+3j)Aia2j (3_52)
j=0 =0

2
n 2n—(2j—-1)

—3 Z Z 22n—(2j—1)ai7(2j_1)7,4n—2(i+(2j—1))54n—2i—3j+1Aia(2j—1) —0.

Before to proceed, let us define, for each s € J, the following polynomials

Ay (z,y) = rir*at = 3r%6%2® + %k (3k(r)? + rrr’ + 3k — rr'K) 2
+r3r kP Ty —r (26(r")? + v + k= 2r1"K) @

—7”27" KTY — T (7,( /)2[432 + ’I"”)

as (z,y) = —2r6%2% +5r%6%2% — r? (3k(r)? + relr + 4k —1r'K) @
_TBT/HTy +r (( )2 _ 7’7‘” + 1)
Be(z,y) = (r*s?)a®+ (=2rs)a+ () +1)

where the functions r, v, "/, k, T are evalueted in s (therefore they are scalars).

Notice that the above polynomials has the property that Ag (cost,sint) =
A(s,t), as(cost,sint) = a(s,t) and S, (cost,sint) = [ (s,t) for every t € R.
Before to proceed, let us define the polynomial B (z,y, z) € R [z, y, 2], given by

2
n 2n—2j

m(x Y,z Z Z 22n 27a T4n72(i+2j)Z4n7(2i+3j)1,iy2j (353)
j=0 =0

2
n 2n—(2j—-1)

Z Z 2211—(2j—1)ai’(2j71)r4n—2(i+(2j—1))Z4n—2i—3j+1xiy(2j—1)

Now we consider the following map P (As (z,y), as (2,y), 8 (x,y)) € Rz, y].
Moreover, we remark that P (Ag (z,y), as (,y), B, (z,y)) has degree constant
equal to 16n. In fact, applying the Lemma 140 in (3.53) we are able to express
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n n
;I; (1’, v, Z) — § § § 24n_2k_2]T4n_2j_2k_l_lai’2jal’zkxl+ly2]+2k28n_3]_3k_2l_2l

4n—2k—25+42 4n—2j—2k—1—i+2 i+, 2j+2k—2 _8n—3j—3k—21—2i+3
_ § E E 2 J+ r J + Qi 2j—1012k—1T + y J+ =z J +3

then, we have that the degree of P (As (z,v),as (z,y), B, (x,y)) is calculated
as
A(i+1)+3(25 +2k) +2(8n — 35 — 3k — 20 — 2i) = 16m

and also
4(i+1)+3(2j+2k—2)+2(8n—35—3k—20—2i+3) = 16n

Therefore, the Corollary 86 provides to us the existence of a polynomial
Qs (z,y) € Rz, y] such that

P (A (2,9), s (,9) B, (2,y)) = P (reat, —2r' k0%, rK20%) + Qs (2, y)

where 0Qs < 16m.
Then, notice that

PB (A (cost,sint), as (cost,sint), B, (cost,sint)) =0
for every t € R. So replacing every y? by 1 — 22 in the next polynomial
B (Aso (2,9) s s, (2,9), B, (2.9) = B (rw'a?, —2r'w’a® r?w20?) + Qs (2,y)
we obtain a polynomial ‘53?0 (z,y) verifying
sfp?;o (cost,sint) =0

for every t. Follows from the Lemma 96 that ‘ﬁ; must be the null polynomial.
Furthermore, we remark that

0(z,y) = "BNSO (z,y) =P (7”4“43747 —2r*ka?, 7”252132) + @; (z,y)

where 8675 < 0Qs < 16n. It is important to observe that procedure of changing

y? by 1 — 22 does not affect the monomial 3 ('1"4:‘{4:134, —27"453:63,7"2&2902) once

it is a polynomial in R [z]. Indeed, a straightfoward computation provides that

P (r'etat, —2r' 6223 r?R22?) (3.54)
n 2n—2j 2
24n,€16n Z Z T2nr10n—2j—2iai72j x16n
j=0 =0
2

n 2n—(2j—1)

_2471516717,2 § E r2"r10”_2-7_2lai’2j,1 51316”,
j=1 =0
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therefore we achieve this claim.

Furthermore, let us come back to the monomial 3 <T4H4.’IL‘4 —2rt K323 7“2&2:152)
for further analysis. For practical purposes, we recall the next well-known prop-
erty

A> - B?*=(A-B)(A+B)

it provides that the Equation 3.54 can be expressed as
;}B (7"4:%42134 27“4:%3373 7“2%25(}2) — 24nK167LT4nA (’I") B (7,.) xlﬁn

where A and B are defined as polynomials evalueted in . More precisely, we
define the next polynomials

n 2n—2j n —(25-1)
A(w) _ z Z (w10n72j 21a7 ] Z Z (w10n72j72iai72j_1)
=0 =0 7j=1 1=0
(3.55)
and
n 2n—2j n 2n—(2j—1)
B(U)) _ Z z 10n 25— 220,1 2 +wz Z (w10n72j72iai,2j_1)
7=0 =0 1=0
(3.56)

Since, by hypothesis, P (z,y) does not belong to the ideal in R [z,y] gener-
ated by —z + y? and it implies that

A(w) B(w) # 0 (w),

in other words, A (w) B (w) is not the null polynomial.
In fact, we will examine each of the polynomials A (w) and B (w) individually.
Notice that, the Lemma 135, allows us to rewrite (3.55) and (3.56) respectively

as
2n 2n—j

E 2 (127_} w4n7]72z

7=0 =0

and
2n 2n—j

An—j—21
> > gt

j=0 i=0

Thus, the Theorem 91 provides the following expression of above polynomials

1 2n—i—j
A(w) = Z Z ( Z a;— k,j+2k> w4 g0
and

1 2n—i—j
B(w) = Z Z( Z ai— k,J+2k> T 4 agg 0.
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It is relevant to notice that in previous polynomials each power of w appears
only one time. In fact,

2n—1 /2n—1 2n—1 /2n—i—1
4n—2i An—2i—1
A(W)ZE E Ai—k2k | W —E E Ai—k,1+2k | W +a2n,0
k=0

=0\ k=0 i=0
and
2n—1 /2n—1 2n—1 /2n—i—1
Bw)= > (Z ai—k,2k> wh Ly < > ai—k,l-’,—%) W g, 0,
i=0 \ k=0 i=0 \ k=0

therefore, the polynomials will be null if and only if

2n—1i
(Z ai;%gk) =0 (357)
k=0

for every (i,7) € A ={0,...,2n — 1} x {0,1} U {(2n,0)} which is precisely de
condition to apply our main Theorem 83 that gives to us that 3.57 vanishes
identically if and only if P (x,y) belongs to the ideal in R [z,y] generated by
—z +y? (which is not the case).

Then we conclude that A (w) and B (w) are non null, hence

A(w) B(w) #0(w).
However, we recall that

;p (7”4I<64$4, _2,'44%3!%37 ’1”2:‘462372) — 24"516'”7“4”A (,,,) B (’)") $16n (358)

whose degree is equal to 16n and since Q, < 16n we conclude that (3.58) is, in
fact, the term of highest degree. On the other hand, it must be null, so it yields

A(F)B(r) =0

since r # 0 for every s € (a,b), in particular r # 0 for every s € J, and r is a
smooth function whose vanishes a polynomial, then we conclude that » must be
constant, that is,

r(s)=ro
for every s € J.

If exists a rg € Rad* (P), we conclude by Theorem 54 that the elements of
S (P) are the tubular surfaces of radius ro.

So it remains to investigate the points sg € (a,b) such that & (s) = 0. If s
is an isolated point, we notice that there is a neighborhood J of sg such that
for every s € J — {so} we have k(s) # 0, then the same argument as before
provides that we have a combination of tubular surfaces and since, in this case,
the radius is constant, it implies that the surface is a tubular surface in J.

Finally, in elements sg € (a,b) such that k (sg) = 0, where we have an open
neighborhood L such that & (s) = 0 for every s € L. So, if we consider Sy, which
is defined analagous to S, it follows that Sy is a rotational surface. Then
we conclude that S is a smooth combination of tubular surfaces and rotational
surfaces. m
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Remark 103 It is important to notice that the set S (Q) includes (but do not
resume to) surfaces that are combination of Tubular surface and Rotational sur-
faces, that is, the combination may be empty. In other words,we admit globally
tubular surface and globally rotational surfaces as combinations of the foremen-
tioned surfaces.

We also achieve a complete classification of cyclic surfaces in Lorentzian 3-
space whose Gaussian and mean curvatures verify Q (K, H) = 0, for Q (z,y) €
R[z,y] an arbitrary polynomial relation. As a matter of fact, the following
demonstration is completly analogous to the previous theorem. The only dis-
tinct point between the proofs is the presence of the signal ¢ from the curvatures
in 3.

Theorem 104 Consider the polynomial Q (z,y) € R[z,y] and let S (Q) be the
set of all regular cyclic surfaces in Lorentzian 3-space whose Gaussian and mean
curvatures K, H verify Q (K, H) = 0. Then, the elements of S (Q) are (smooth)
combinations of timelike Rotational surfaces and timelike Tubular surfaces of
radius r € Rad* (Q).

Proof. Consider the following expression (which is always possible) of the given
polynomial
Q (ZL’,:I/) = (—.’E + y2) P(.’L‘,y) )

where n € N (possibly zero) and P (z,y) € R[z,y] is a polynomial that does
not belong to the ideal generated by —x + /2.

Assume the existence of a cyclic surface S of type 1 (see Section 3.1.2 for more
details) with central curve v and radius r. For an arbitraty element sy € (a,b)
such that the curvature k of the central curve ~ is not null, that is x (sg) # 0,
we have the existence of a neighborhood J of sg such that & (s) # 0 for every
s € J. In this interval, we are able to parametrized the surface S; which is
obtained by the restriction of S to J, more precisely:

Y (s,t) = a+ (r(s)sinht) Ny + (r (s) cosht) By (3.59)

where s € J and t € R. By the Proposition 100 we already have that the
Gaussian and mean curvatures of S; does not vanish the polynomial —z + 32,

therefore the hypothesis that the Gaussian and mean curvatures of S verify
Q (K, H) = 0 implies that P (K, H) must be null, that is

2n 2n—j

0=P(K.H)=> Y ai; (K) (HY,

j=0 i=0

the previous equation is rewritten as

0= Q; 5 - .
== 9j (76)31 (8)2(1+J) B (s,t)

20 2] A(s,t) a(s,t) (3.60)
T

4i43j
2
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where ¢ = —1 if the surface is spacelike and € = 1 if the surface is timelike.

So it is necessary express the above equation in a more suitable way. In
the aim to accomplish that, we first need to write every term with the same
denominator, then we have to analyze the exponent of 3 which is

4 + 3j
2

:2i+j+%<2i+2j§4n.

So mulitplying the Equation 3.60 both sides by (2R2ﬂ2)2n it is obtained

2n 2n—
=>. Z 921 (—g) 27 g, jpin—20HD) gin— ST i, (3.61)

7j=0 =0

Now the next step to reach our proper expression is to separate between the
terms whose  is to the power of odds and even numbers because our objective
is express the above equation as a polynomial, therefore we will study the nth
roots of 8.

In this direction, it is easy to see that the parity of @ is given exclusively
by j, once 4¢ is even for every ¢ € N. Thus, applying the Lemma 135 to the
Equation 3.61, it can be expressed as two summatories

n 2n—2j
Z Z 92n—2j (—¢) 2]a 2 pAn— 2(z+2j)ﬂ4n (26437) A\ ¥ 20
j=0 i=0

n 2n—(2j—-1)

+5 Z Z 22n—(2j—1) (_5)2%1 ai7(2j_1)T4n—2(i+(2j—1))ﬂ4n72i73j+1Aia(2j—1) =0,

which implies

n 2n—2j 2
Z Z 92n— 23 a 2 T4n—2(i+2j)54n7(2i+3j)Aia2j
j=0 =0
n 2n—(2j-1)
1 . . . . . . . .
_ 7/[_352 Z 227’7,7(2‘]71) (*8)2J 1ai,(2j_1)T,4n72(2+(2j71))B4n—2z—3]+1A1a(2j71)
j=1  i=0
Finally, we achieve the following expression
n 2n—2j 2
Z Z 92n— 2] z+2J 2jr2n—(i+2j)ﬁ4n7(2i+3j)Aia2j (3.62)
j=0 i=0

n 2n—(2j-1)

Z Z 92n—(2j-1) (7€)i+2j71 ai7(2j_1)7,2n7(i+(2jf1))54n—2i—3j+1Aia(2j71) —0.
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For each s € J, we define the following polynomials

A (zy) = relat =363 + 1%k Bk(r)? + 7't + 3k — 1K) @
+r3r Ty —r (26(r7)? + vt + k= 2r1"K) @

—r*r'kry —r (r(r')*&* + ")

2

as (z,y) = —2r*632% + 5rik2a? — r? (B(r)? +re'r + 4k —rr"'K) @
= kry +r () =" +1)
By (z,y) = (7"252) 2?4 (=2rK)z + ((7"’)2 + 1)

where the functions r, v, ", k, T are evalueted in s (therefore they are scalars).

Notice that the above polynomials has the property that A (cosht,sinht) =
A (s,t), as(sinht,cosht) = a(s,t) and S, (sinht,cosht) = B (s,t) for every
t € R. Before to proceed, let us define the polynomial B (z,y,2) € Rz,y, 2],
given by

n 2n—2j 2
B (.’IJ, v, Z) _ Z Z 92n—2j (_8)i+2j ai’QjT4n_2(i+2j)Z4n_(2i+3j)$iy2j
J=0 =0
(3.63)

n 2n—(25—-1)
e Z Z 22n7(2j71) (*€)Z+2J71 ai7(2j_1)r4n72(i+(2j71))Z4n72i73j+11,iy(2j71)
Jj=1 =0

Now we consider the following map P (A, (z,v) , a5 (x,y), B (z,9)) € Rz, y].
Moreover, we remark that B (Ag (z,y), as (x,y), B, (x,y)) has degree constant
equal to 16n. In fact, applying the Lemma 140 in (3.63) we are able to express

B (z,y,2) as

n 2n—25 n 2n—2k
_ An—2k—2j pdn—2j—2k—1—i i+, 2j4+2k 8n—3j—3k—21—2i
B (z,y,2) = E E E 2 TR i 95y okT' YT T
j=0 i=0 k=0 I=0
n 2n—(2j—1) n 2n—(2k-1)
4n—2k—2j+2 pdn—2j—2k—l—i+2 i+l 2j42k—2 _8n—3j—3k—2l—2i+3
*E E E 2 JTERITH aij—101,26—12" "y z J .
j=1 =0 k=1 =0

then, we have that the degree of P (A; (z,v),as (z,y), B, (x,y)) is calculated
as
A(i+1)+3(25 +2k) +2(8n — 3j — 3k — 20 — 2i) = 16m

and also
4(i4+1)+3(2j+2k—2)+28n—3j—3k—21—2i+3) =16n

Therefore, the Corollary 86 provides to us the existence of a polynomial
Qs (7,y) € R[z,y] such that

m (As (Z‘, y) y Os (Z‘, y) 753 (Z’, y)) = g’B (7"4/'641‘4, —2T4K3.Z‘3, 7“2&23:2) + Qs (37, y)
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where 0Qs < 16n.
Then, notice that

B (Ag (cost,sint), as (cost,sint), 5, (cost,sint)) =0
for every ¢ € R. So replacing every y? by 1 — 22 in the next polynomial
B (Aso (2,9) s sy (2,9) . B, (,9) = B (rw'at, —2r1w%a® r?620?) +Q, (2,y)
we obtain a polynomial ﬁ; (z,y) verifying
‘}’3\; (sinht, cosht) =0

for every t. Follows from the Lemma 98 that ‘f:o must be the null polynomial.
Furthermore, we remark that

0(2,y) = PBoy (@,9) = F (rx'a?, —245%2% r26%0%) + Q4 (2,y)

where 5@: < 0Qs < 16n. It is important to observe that procedure of changing

y? by 1 — 22 does not affect the monomial 3 (T4/<;4z4, 72r4/£3:c3,7’2/£2:c2) once

it is a polynomial in R [z]. Indeed, a straightfoward computation provides that

P (rietat, —2rtK23, r?K22?) (3.64)
n 2n—2j 2
— 94n,16n Z Z (_E)Qj T2n7"10n_2j_2ia7;’2j 216n
j=0 =0

n 2n—(2j-1)
25—1 —2j—2i
_24nH16n ,,,,2 E § (—E) J ,,n2nr10n 25 QZai,Qj—l len’

j=1  i=0

therefore we achieve this claim.

Furthermore, let us come back to the monomial 3 (7‘4/~@4gc"‘7 —2rtk3a3, T2I€2$2)
for further analysis. For practical purposes, we recall the next well-known prop-
erty

A* - B>=(A-B)(A+DB)

it provides that the Equation 3.64 can be expressed as
B (r4n4z4, —27’4n3x3,r2n212) — 9ing16n,4n 4 (1) 3 (1) 167

where A and B are defined as polynomials evalueted in r. More precisely, we
define the next polynomials

n 2n—2j n 2n—(2j-1)
— 25, 10n—2j—2i 251 10n—25—2i
Aw)= {3 3 (P w2 ey —wd Y (o) a0 ) |
j=0 i=0 j=1 i=0

(3.65)
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and

n 2n—2j n 2n—(2j—-1)

10n 25 —2i 2j—1 _ 10n—2j—2i
> D ((— ” a27)+w§ E ((—5) w ai,zj—l)
j=0 i=0

(3.66a)
Since, by hypothesis, P (z,y) does not belong to the ideal in R [z, y] gener-
ated by —z + y? and it implies that

A(w) B(w) # 0 (w),

in other words, A (w) B (w) is not the null polynomial.
In fact, we will examine each of the polynomials A (w) and B (w) individually.
Notice that, the Lemma 135, allows us to rewrite (3.65) and (3.66a) respectively

as
2n 2n—j

Z Z (=1) (—e)’ a; jwin—7=%

=0 i=0

and
2n 2n—

Z Z win—i—2i

7=0 =0

Thus, the Theorem 91 provides the following expression of above polynomials

2n—1 1 2n—i—j
Aw) = 35 (1) (e ( 5 )
i=0 j=0 k=0

and
2n—1 1 ] 2n—i—j
SR S TR (b ey PIESS P
i=0 j=0 k=0
It is relevant to notice that in previous polynomials each power of w appears
only one time. In fact,

2n—1 2n—1 2n—1 2n—i—1
win—2i An—2i—1
A (w E E ik 2k " Z—E (—¢) E Qi—k 142k | W Hagn,0
k=0

i=0 \ k=0 i=0
and
2n—1 /2n—1 2n—1 2n—i—1
w2 An—2i—1
B (w E E @ik 2k +§ (—e) E Gi—g 142k | W +az2n,0,
i=0 k=0 =0 k=0

therefore, the polynomials will be null if and only if

(Z_ ai_kgk) =0 (367)

k=0
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for every (i,5) € A ={0,...,2n — 1} x {0,1} U {(2n,0)} which is precisely de
condition to apply our main Theorem 83 that gives to us that 3.57 vanishes
identically if and only if P (x,y) belongs to the ideal in R [z,y] generated by
—z + y? (which is not the case).

Then we conclude that A (w) and B (w) are non null, hence

A(w) B(w) # 0 (w).
However, we recall that
P (rixta?, —2r' 5223 r?R22?) = 24k A (1) B (1) 2107 (3.68)

whose degree is equal to 16n and since 8@2 < 16n we conclude that (3.68) is, in
fact, the term of highest degree. On the other hand, it must be null, so it yields

A()B(r) =0

since r # 0 for every s € (a,b), in particular r # 0 for every s € J, and r is a
smooth function whose vanishes a polynomial, then we conclude that » must be
constant, that is,

r(s)=ro

for every s € J.

If exists a rg € Rad* (P), we conclude by Theorem 54 that the elements of
S (P) are the tubular surfaces of radius rg.

So it remains to investigate the points so € (a,b) such that x (s) = 0. If s¢
is an isolated point, we notice that there is a neighborhood J of sy such that
for every s € J — {so} we have k(s) # 0, then the same argument as before
provides that we have a combination of tubular surfaces and since, in this case,
the radius is constant, it implies that the surface is a tubular surface in J.

Finally, in elements sg € (a,b) such that x (sg) = 0, where we have an open
neighborhood L such that x (s) = 0 for every s € L. So, if we consider Sy, which
is defined analagous to Sy, it follows that S is a rotational surface. Then
we conclude that S is a smooth combination of tubular surfaces and rotational
surfaces. m

Remark 105 Once again, we remark that the prove of the above theorem still
valid for cyclic surfaces of any type, since the only difference in surfaces of
type 2, 8, 4 and 5 lies on the cost,sint,cosht and sinht of Gaussian and mean
curvatures of these surfaces and it does mot affect the conclusion. Then, we
conclude that the theorem is for a cyclic surface of any type.

As discussed in the beginning of this section, one first consequence of our
main theorem is that, in some sense, there is no Polynomial Weingarten cyclic
surface. In other words, the cylic surfaces whose Gaussian and mean curvatures
verify a polynomial relation belong, in fact, to subclasses (more specifically to
tubular surfaces and rotational surfaces). Since our Theorems 54 and 61 provide
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a complete classification of tubular surfaces, it only remains to investigate the
rotational surfaces (which is being done by important authors as in [24], [25],
[1], [26], [27], among others).

Theorem 106 Let Q (z,y) € R[z,y] be a polynomial. Rad* (Q) = 0 if and
only if the unique elements of S (Q) are the globally rotational surfaces.

Proof. If we have that
Rad” (Q) =0,

it implies that for every r € Rad (@), the polynomial @ (z,y) does not belong
to the ideal in R [z, y] generated by zr? — 2ry + 1. Then by (the proof of) the
Theorem 102 we conclude that every cyclic surface S € S (Q) must be define on
a straight line which concludes this direction.

Conversely, assume by the contraposition the existence of a cyclic surface
S € S(P) with central curve 7 and radius r such that there is an element
so € (a,b) where the curvature  (sg) # 0. Therefore, there is a neighborhood J
of sg where k (s) # 0 for every s € J. Hence we consider the surface S; which
is obtained by restricting the surface S on the interval J x R C (a,b) x R (as in
(3.49) in the Theorem 102). Then, we have that S is a tubular surface and the
Theorem 61 provides that the polynomial @ must verify Rad* (Q) # (. =

A famous and intensively investigate particular relation is the linear one, that
is, the relation given by a1 0 + ao,1y + @o,0, where (a1,0,a0,1,a0,0) # (0,0,0),
whose the main motivation to understand it, is because it allows us to relate the
Gaussian and mean curvature through a affine function which provides several
applications in various fields (for instance, in engineer and architecture).

As consequence of our Theorem 102 we classify Linear Weingarten cyclic
surfaces and with a study of this particular relation we obtain an improvement
in the description of the surface. In the following sense, as mentioned in the
beginning we assets that the globally tubular surface and the globally rotational
surfaces are the cyclic surfaces that verify the linear relation.

The precisely statement of our corollary read as follows:

Theorem 107 Let a1, ao1, ao,o be real numbers such that (a1,0,a0,1) # (0,0)
and define A = a%’l +4ay 0a0,0. Consider the polynomial

Q (z,y) = a1,0z + ao,1y — ao,0-

Then S (P) contains only globally tubular surfaces or globally rotational surfaces.
More precisely:

i. If ap1a0,0 > 0 and A =0, then S(Q) contains all tubular surfaces of radius
ao,1
2(10’0 )

ii. Otherwise we have that S (Q) contains rotational surfaces.
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Proof. For the particular polynomial
P (z,y) = a1,07 + ao1y — ap0 =0 (3.69)

we may consider two cases in order to fully understand the above relation, named
a0,0 75 0 and ap,0 = 0.

If ap,0 # 0, we assume without loss of generality that ago = 1, therefore
the relation becomes P (z,y) = a1,0% + ap1y — 1. Hence, the Theorem 52
provides that a tubular surface verify P (K, H) = 0 if and only if P is a tubular
polynomial. Thus, we must have Rad (P) # (), more precisely it is obtained

Rad (P) = { 901 }
2
as consequence, we conclude that ag > 0.
We remark that the combination of cylinder with rotational surface is simply
a rotational surface. Then, assume the existence of tubular surfaces besides the
right cylinder in S (Q). By our Theorem 61 it implies that belongs to the ideal

in R [z, y] generated by x (a%—l)z -2 (%Tl) y + 1. Thus, the previous condition
furnishes that the coefficients of P (z,y) must satisfy
96,1

1 and ap,1 >0 (3.70)

a0 = —

Let ¢ € (a,b) and suppose the existence of a cyclic surface S with central
curve v defined in (a,b) and radius r. Also suppose the following

1. In [a, ¢] the surface S is a rotational surface;

2. In [c, b] the surface S is a tubular surface of radius “3* different of a cylinder.

For rotational surface the associated differential equation to the linear case
is expressed as

—p! r! 2 rr!! +1
10| — | T o1 <()23 —-1=0,
r(1+()?) 2r ()2 +1)7

consequently, we have

3 1
2 2 2

o (1+(r')2> = o, (1+(r’)2> —(2a1,0+m0,1 (1+(r')2) )r (3.71)

CLAIM 1. Exists a number € with 0 < € < ¢ — a such that

1

2a10 + rap (1 + (7“’)2) ‘=0 (3.72)

for every s € (c —¢,¢).
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Indeed, suppose that claim is false, therefore it implies the existence of a
sequence (s,) € (a,c) such that s, — ¢ and

<2a170 +rap1 (1 + (7”)2> 2) (sn) #£0
for every n € N. So, for every s,, by (3.70) and (3.71) we may write

7,‘// 2 ((r/)2 + 1)%

=<0
Qo,1
hence
%
2(1+ (" (s0))%) 5
lim 7" (s,) = lim — =——#0.
n—oo s—b G0,1 ao,1

Then, we have s,, — ¢ but " (s,,) /4 7’/ (¢) = 0 which is an absurd. Hence
we conclude the proof of our first claim.
Let us consider the number ¢ given by the above statement. By the remark

2
9,1

that a1,0 = ——3+, we have that Equation 3.72 becomes

1
5@011 (27‘ (7"/)2 +1-— aoyl) =0

for all s € (¢ — ¢, ¢), which implies that

(2072 + 1~ a01) =0

since ag,1 > 0 (by (3.70)), hence

therefore

n2 . Y1 — — _
()" = 4r2 472
for every s € (¢ — €,¢). The derivative of above equality gives
2r'r" = —8ag yrr’ (3.73)

CLAIM 2. Exists a number § with 0 < § < € such that v/ =0 in [¢c — §, ¢].
We observe that (3.73) is rewritten as

2 (4rad, +1")r' =0

and notice that
(47“@3,1 + r”) (c) = 2(18,1 >0

so by continuity there is § with 0 < § < ¢ where (4rad, + ") # 0 for every
[c—d,c). Hence r must be null in [¢c —§,c). Since ' (¢) = 0 the statement
holds.
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By the above claims we conclude that S is a tubular surface in [c — J, ¢).
We consider the following set

L ={s € (a,c); Sisa tubular surface in [s,b)}

and we define A = inf £. By construction, we already have that A < ¢ and by
previous analysis we have A < ¢ — 4.

Note that A > a, then we assume by absurd that A > a. Then, in this case,
we have that S is a tubular surface in [A,b). Applying the previous argument
as before, it is obtained the existence of ' > 0 such that S is a tubular surface
in [)\ -4, b), which is an absurd with minimality of A. So we conclude that

a=1Inf L

therefore S is a tubular surface in (a, b).
In the case that ag o = 0, the polynomial in (3.69) is expressed as

P (z,y) = a1,0 + ao,1y,

so by the Definition 45, it follows that P is a tubular polynomial if and only if
ap,1 = 0. Moreover, the Theorem 52 provides that exists a tubular surface if
and only if the polynomial is tubular. So it is necessary study only the case

P((E,y) = al,O:L'

which lies on the classification of developable surfaces, since we have a1 0K = 0.
Hence we conclude that is a cylinder (a particular case of tubular surface) or
part of a cone. m

Several interesting and relevant results can be obtained when we add hy-
pothesis on the radius function or in the curvature of central curve. In order to
present particular results from our main theorem, let us discourse about gluing
points (presents in surfaces obtained by the combination of others surfaces).

We recall that the definition of regular cylcic surfaces requires the exis-
tence of an interval ¥ C N (possibly infinite) and the existence of a strictly
increasing sequence (§,),cs, in (a,b) of isolated points such that «(¢,) = 0
for every n € ¥. Moreover, for each n € ¥ we consider the following set
Sn={t€ (£,€n41) ; £ (t) =0} which has the following property:

int 3, = 0 or int %, = (€n7 €n+1) .

Then, we point out that for the regular cyclic surface which are obtained by
the (smooth) combination of tubular surface and rotational surface, the gluing
points are necessarily elements of (§,,), cy,. Furthermore, for a gluing point ¢,
(for some i € ), the sets X; and X,y verify

int; =0 and int ;1 = (5ia§i+1) :

So our corollaries read as follows:
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Corollary 108 Given a polynomial Q (z,y) € R[z,y], consider S, (Q) the set
of all regular cyclic surfaces in Euclidean (respect. Lorentzian) 3-space around a

central curve v with analytic radius v > 0 whose Gaussian and mean curvatures
K, H verify Q (K, H) =0. Then, the elements of S (Q) are:

i. Globally Tubular surfaces of radius r € Rad* (Q);
ii. Globally rotational surface.

Proof. By the Theorem 102 it is only necessary to investigate the item i.
More precisely, we will show that there is globally tubular surface and globally
rotational surfaces as element of S (Q). Then, assume by absurd the existence
of a surface S € S(Q) such that S is a combination of tubular surface and
rotational surfaces.

So we consider the gluing point £ € (a, b), that is, the point where the tubular
surface and the rotational surface are glued. Without loss of generality, assume
that (a,&) the surface is tubular and in (&, b) the surface is rotational.

Notice that in ¢ the Gaussian and mean curvatures of tubular and of rota-
tional surfaces agrees and since r is a analytic function in (a, b) there is an open
neighborhood Ve = (£ — §,£ + 6), for some 6 > 0, of £ such that

2 (n)
rere) =3 Gy
n=0 :

n

for every s € Ve. On the other hand, r is constant (once is the radius of the
tubular surface), then the above equality is rewritten as

rg+s) =)=

for every s € V¢ which is an absurd, since £ is the gluing point. In other words,
the radius 7 is constant in (£,b), which implies that the surface is tubular in
this interval, which is an absurd since we assumed that the surface is rotational
in (£,b). Then we conclude the desired. m

A vparticular class of polynomials that attracts much interest and is very
studied is the class of irreducible polynomials. In the same direction of previous
corollaries, we have an improviment of the classification of the set S (Q) when
Q (z,y) € R[z,y] is an irreducible polynomial.

Corollary 109 Given an irreducible polynomial @ (x,y) € Rz, y] and let S (Q)
be the set of all regular cyclic surfaces in Fuclidean (respect. Lorentzian) 3-space
whose Gaussian and mean curvatures K, H verify Q (K,H) = 0. Then, the
elements of S (Q)are globally rotational surfaces or globally tubular surfaces of
radius r € Rad* (Q).

Corollary 110 Given an irreducible polynomial Q (z,y) € R [z,y] with 0Q > 2
and let S(Q) be the set of all regular cyclic surfaces in Euclidean (respect.
Lorentzian) 3-space whose Gaussian and mean curvatures K, H verify Q (K, H) =
0. Then, the elements of S (Q)are globally rotational surfaces.
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Another consequence of our main theorem can be obtained if we assume that
the curvature of the central curve never vanishes:

Corollary 111 Given a polynomial Q (z,y) € R[z,y|, consider S; (Q) the set
of all regular cyclic surfaces in Euclidean (respect. Lorentzian) 3-space around
a central curve vy such that k # 0 everywhere and with radius v > 0 whose
Gaussian and mean curvatures K, H verify Q (K, H) = 0. Then, the elements
of Sk (Q) are globally Tubular surfaces of radius r € Rad* (Q).

Besides the well-knonw CMC (Constant mean curvature) and CGC (constant
Gaussian curvature) surfaces, another important class of surfaces is the CCC
(Constant Casorati curvature) surfaces that relates the principal curvatures as
follows

k3 + k3
=c
2
where ¢ € R. The above relation can be obtained in terms of the Gaussian and
mean curvatures by the polynomial

—9K +4H? = 2¢.

For CCC Cyclic surfaces we have the next result:

Corollary 112 The cylinders in B3 are the unique complete reqular cyclic Wein
garten surfaces with second fundamental form of constant length (or constant
Casorati curvature).

Proof. By the Theorem 102 and Theorem 106 it follows that the cyclic surface
must be a rotational surface and by Corollary 1.2 in [1] we achieve the desired.
|



Chapter 4

Weingarten Canal Surfaces

In this chapter we will classify Polynomial Weingarten cyclic surfaces. There-
fore, to achieve our goal, we first study the parametrization of canal surface in
E? and L3, which is presented in Section 4.1. For canal surfaces in the Euclid-
ean and in the Lorentzian 3-space, we present the principal curvatures whenever
they exist.

Finally, in the Section 4.2 we present a technical results that provides a sum-
matory identity that plays an important role in the classification of Polynomial
Weingarten canal surfaces. Proceeding in this section, we display our main the-
orem that fully characterizes Polynomial Weingarten canal surfaces among the
Gaussian and mean curvature and another theorem that characterizes Polyno-
mial Weingarten canal surfaces among its principal curvatures. In suma, our
main theorem provides that a canal surface that verify a polynomial relation is,
in fact, a (smooth) combination of tubular surface and rotational surface.

4.1 Canal Surfaces

This section was elaborated to introduce canal surface in the Euclidean and
in the Lorentzian 3-space. In the section’s first part, we discuss canal surface
where we present the parametrization and also exhibit the Gaussian and mean
curvatures.

Proceeding to the second part, we will study canal surface as the envelope of
Lorentzian spheres or Lorentzina hyperboles, so we obtain the parametrization
for each type of canal surface in L.3. Finally, we presented the Gaussian and
mean curvatures of the canal surface.

Furthermore, we will present the principal curvatures of canal surface, for
those the principal curvatures exists, since in the Lorentzian 3-space this is not
always ensured. For the surface those the principal curvature does not exist, we
will present a pair of functions whose behavior is similar enough to the principal
curvatures. Here it is important to mention that pair of function, despite not
being the principal curvatures, they permit us to classify Polynomial Weingarten

117
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canal surfaces (see Section 4.2 for more details).

4.1.1 Euclidean Canal Surfaces

Given a smooth curve 7 (s) C R? such that for each v (s) we define a circle
of radius r > 0 (constant), then in the process of to unite every circle, it is
obtained the tubular surfaces. If it is permited that radius » > 0 be a smooth
function that never vanishes, the same procedure gives the cyclic surfaces. The
final next natural generalization is in the case that we consider spheres insted
of circles.

In this direction, we obtain the canal surface which is formed by the move-
ment of spheres of variable or constant radius. More precisely, we have:

In Euclidean 3-space, canal surface is defined as the envelope of a 1-parameter
family of spheres. The central curve is the name given for the curve whose cen-
ters of each sphere lies on. The radius function r : (a,b) — R such that
r(s) > 0 for every s € (a,b) verify the condition that r(s) is the radius of
sphere S? (s).

In case of central curve (denoted by) v : (a,b) — R? is parametrized by arc
lenght and biregular (||v]| = 1, v # 0) the parametrization of canal surface is
expressed by

Y (s,t) =v(s)+7(s) <—r' (s)T (s) + /1 — (") * costN + /1 — (r)? sintB)

(4.1)
where {T, N, B} is the Frenet frame of v. When 7 is a straigh line {T, N, B}
can be regarded as constant vectors.

To avoid undesirable cases, we will include in the definition an additional
condition for the regularity of curvature of central curve. We will say that a
cyclic surface is regular if there is an interval ¥ C N (possibly infinite) and there
is a strictly increasing sequence (&,,),,cy, in (a,b) of isolated points such that

i. The curvature k of  verify « (§,,) = 0 for every n € &
ii. For every n € X, consider the set

then
int X, = 0 or int %, = (§n7§n+l) :

For practical purposes, we notice that an inherent conditions over the deriv-
ative of radius functions emerge from the parametrization (4.1) which is

V1= (" (s)*>0

for every s € (a,b). Then, we may describe the function 7’ : (a,b) — R by an
another smooth function ¢ (s) that verifies

—7r'(s) = cos ¢ (s).
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where we have that ¢ (s) € [0, 7). Therefore, the parametrization (4.1) becomes
P (s,t) =v(s) +7r(s) (=" (s)T (s) + sin ¢ costN + sin ¢ sintB) (4.2)

Proposition 113 The Gaussian and mean curvatures of a canal surface in the
Euclidean 3-space are given by
r"” + ksin ¢ cost
72 (r" + ksin ¢ cost) — rsin® ¢’
1 2rr'" + 2kr costsin ¢ — sin® y
27 (rr” — sin® ¢ + kr costsin qb)

K =

H =

Hence the principal curvatures are respectively:

r" + ksin¢cost and k;g:l.

k =
L (7" + ksin ¢ cos t) — sin” ¢ r

Proof. Using (1.1) and (4.2) we obtain the coefficients of the first fundamental
form

E = r(—4()*¢' +rr*sing) sin ¢ cos® t + 4r’*r’'7¢ sin g cost sint
+2rk (—sin® ¢ — (r')?sing + rr”’ sing + r(r')?¢") cost
+ (2r°r'k7sin @) sint
+ ((’I“/ sin ¢ + 7‘7”¢/)2 + (rr” — sin? ¢)2 + r2(r")?K2% 4 r272 sin? (b)
f=7r%sin® ¢ + kr’r sin ¢ sint and G = r?sin® ¢.
And the coefficients of the second fundamental form are
e = —rr’sin?pcos’t+ (Iﬁ: sing — 2r1~c¢/) cost
N 2
—2rr' kT sin ¢sint — r (1" ) k?sin®¢ —r (gb’)z 4

f = —rrsin®¢ — rr'ksin ¢sint and g=—rsin’¢

By the Formula 1.5 and by the above coeflicients, a straightforward calculus
provide the desired. m

4.1.2 Lorentzian Canal Surfaces

Motivated by the (abstract) definition of Canal surface in B3, the natural gen-
eralization of Canal surface in Lorentzian 3-space is to permit the envelope of
Lorentzian spheres or Lorentzian hyperboles.

So, let v : (a,b) — LL? a smooth curve and consider the abstract parame-
trization of a canal surface as the envelope of Lorentzian spheres or Lorentzian
hyperboles (i.e. set obtained by moving a Lorentzian spheres or Lorentzian
hyperboles, respectively, along a central curve)

P (s,t) =7 (s)+ [ (s,8) T (5) + g (s,t) N () + h(s,t) B(s)
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where {T (s), N (s),B(s)} is the Frenet frame of v and f (s,t), g(s,t) and
h(s,t) are smooth functions defined in (a,b) whose the explicitly expression
will be given later on. First, we would like to add one hypothesis to our curve.

To avoid undesirable cases, we will include in the definition an additional
condition for the regularity of curvature of central curve. We will say that a
cyclic surface is regular if there is an interval ¥ C N (possibly infinite) and there
is a strictly increasing sequence (&,,),, ¢y, in (a,b) of isolated points such that

i. The curvature & of 7 verify x (§,,) =0 for every n € &

ii. For every n € ¥, consider the set

En = {t € (5n7£n+1) ; F”'(t) = 0}

then
intX, =0 or int, = (fnv£n+1) .

Now, let us comeback to explicity writing of the functions f (s,t), g (s,t)
and h (s,t). In order to do that, first notice that for each sy € (a,b) we want
to describe a Lorentzian spheres (¢ = 1) or Lorentzina hyperbole (¢ = —1) of
radius er2,

erfi4eng® +eph® =g (¥ (sot) — v (s0),% (s0.t) — v (s0)) =er?  (4.3)

where ¢ € {—1,1} fixed constant. The derivative in parameter s of these previ-
ous paramatrization and equation gives us

erffs +enggs +ephhs = err’ (4.4)
and
Y, = (fs —grener + )T + (9s + fk — hrepen) N + (hs + g7) B (4.5)

Then, observe that ¢ — v is a normal vector to the Canal surface, thus we
have

0=g1 () —7¢,) =erf+er, (4.6)

which yields
f = —ererr’

Applying the condition (4.6) in Equation (4.4) it is obtained the following system
eng®+eph® =cer?—ep ('), (4.7)

whose solutions are given by chosening the causality of central curve (er), of
principal normal (ex) and the normal section (). Hence, we have the below
cases to consider:

In the case that we foliate the surface by Lorentzian circles, it yields that
€ =1, so we must consider the next options:

If we have that v/ = T is spacelike, e = 1, it yields that eyep = —1, so we
have the following cases to study:
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1. If ey = —1, then (4.7) is rewritten as
2+ R =12 — ()’
then,

g=ry1— (1)’ sinht and h=1/1—(')* cosht

2. If ey = 1, then (4.7) is rewritten as

92 o h2 —_ T2 o (7,,7"/)2

then,
g=ry1— (1) cosht and h=1/1—(1")*sinht
If we have that v/ = T is timelike, e = —1, it implies that ey = 1 = ep, so

we have that:
3. In this case (4.7) is rewritten as

G +hr=r?+ (1"7“’)2

then,
g=ry\/1+ (") cost and h=1/1+ ()*sint

In the case that we foliate the surface by Lorentzian hyperboles, it yields

that € = —1, so we must consider the next options:
If we have that v/ = T is spacelike, e = 1, it yields that eyep = —1, so we

have the following cases to study:
4. If ey = —1, then (4.7) is rewritten as

—2 R =24 (1)’
then,

g=ry/1+ (1")*cosht and h=1/1+ ()’ sinht

5. If ey = 1, then (4.7) is rewritten as

92 R =24 (rr')2

then,

g=ry/1+ (')*sinht and h=7ry/1+ ()* cosht
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If we have that v/ = T is timelike, e = —1, it implies that ey =1 = ep, so
we have that:
6. In this case (4.7) is rewritten as
9+ == (),

which follows the non existence of solutions in this case.

Then, we conclude the existence of five distinct types of Canal surface in IL3.

In the following results, more specifically, in the Propositions 114, 115, 116,
117 and 119 where the Gaussian and mean curvatures of each type of canal sur-
face are exhibited, the detailed calculus will be omited, once this computations
can be found in the works [19] and [20] where the authors presented a profund
and precise study of the Gaussian and mean curvatures of each type of canal
surfaces in Lorentzian 3-space.

Canal surface of type 1. The parametrization is

W (5,8) = v (5)4r (s) (-ﬂ (5)T (5) + /1 - () sinhtN + /1 — ()’ cosh tB)

hence, once we consider the smooth function ¢ (s) such that
—7' (8) = cos ¢
the above parametrization is rewritten as
¥ (s,t) =v(s) +7(s) (=" (s)T (s) + sin ¢psinh tN + sin ¢ cosh t B)

Proposition 114 The Gaussian and mean curvatures of a canal surface in
Lorentzian 3-space of type 1 are given by

" — ksin ¢sinh ¢
K - T K sin ¢ sin

r (rr” — rksin ¢ sinh ¢ — sin® gb) ’
2rr"" — 2rk sinh ¢ sin ¢ — sin? ¢

H = X : )
2r (TT” — resingsinh¢ — sin ¢)

Proof. See in [19] and [20]. =
Based on the previous proposition, we noticed that we could express the cur-
vatures as product and average of the following functions (principal curvatures)

r"” — ksin ¢sinht

1
and ko = — (4.8)

k =
o (1" — ksin ¢sinht) — sin® ¢ r

and, therefore, they verify the condition (1.7).
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Canal surface of type 2. The parametrization is

Y (s,t) =y (s)+r(s) (—T/ (s)T (s) + /1 — (")° coshtN + /1 — (r')? sinhtB)

hence, once we consider the smooth function ¢ (s) such that
—r'(s) = cos ¢
the above parametrization is rewritten as
¥ (s,t) =v(s) +7(s) (=" (s)T (s) + sin¢pcoshtN + sin ¢psinhtB)

Proposition 115 The Gaussian and mean curvatures of a canal surface in
Lorentzian 3-space of type 2 are given by
r" + Kk sin ¢ cosht
T (rr” + 7k sin ¢ cosh t — sin? ¢) ’
2rr” — sin® ¢ + 2rk sin ¢ cosh ¢
2r (rr” — sin® ¢ + rk sin ¢ cosh t)

K =

H =

Proof. See in [19] and [20]. =
Based on the previous proposition, we noticed that we could express the cur-
vatures as product and average of the following functions (principal curvatures)

r" + ksin ¢ cosh t and ey = 1

k =
o (r" + K sin ¢ cosh t) — sin? ¢ T

and, therefore, they verify the condition (1.7).
Canal surface of type 3. The parametrization is
P (s,t) =7(s)+7r(s) (—r' (s)T (s)+ /1 +r2costN + MsintB)
hence, once we consider the smooth function ¢ (s) such that
r’ (s) = tan ¢
the above parametrization is rewritten as
P (s,t) =v(s) +7(s) (=" (s) T (s) 7 + sec pcostN + sec ¢sintB)

Proposition 116 The Gaussian and mean curvatures of a canal surface in
Lorentzian 3-space of type 3 are given by

" + Ksecpcost
r (rr’” + risec ¢ cost + sec? ¢)’
2rr" 4 2rksec ¢ cost + sec? ¢
r (rr’" + rrsec ¢ cost + sec? ¢)

K =

H =
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Proof. See in [19] and [20]. =
Based on the previous proposition, we noticed that we could express the cur-
vatures as product and average of the following functions (principal curvatures)

r" + ksecgcost 1
7 . . o2 and ke = —~
r (r" + K sec ¢ cost) + sec? ¢ r

ki =
and, therefore, they verify the condition (1.7).

Canal surface of type 4. The parametrization is

(s, t) =~v(s)+r(s) (r’ ()T (s) + /14 r2coshtN + /1 + 12 sinhtB)
hence, once we consider the smooth function ¢ (s) such that
r’ (s) =sinh ¢
the above parametrization is rewritten as
¥ (s,t) =v(s)+7(s)(r' (s) T (s) + sinh ¢ coshtN + sinh ¢ sinh t B)

Proposition 117 The Gaussian and mean curvatures of a canal surface in
Lorentzian 3-space of type 4 are given by

(r" + K cosh ¢ cosh t)
r (7’7’” + 7k cosh ¢ cosh t + cosh? QS) ’

2r1"" + 2rk cosh ¢ cosh t + cosh? ¢
2r (7"7"” + 7k cosh ¢ cosh ¢ + cosh? ¢>)

K = -

H =

Proof. See in [19] and [20]. m
Based on the previous proposition, we noticed that we could express the
curvatures as the following functions

~ (r" + Kk cosh ¢ cosh t) ~ 1
k1= 5 and ko= —
r (r"" 4+ K cosh ¢ cosh t) + cosh® ¢ r

whose verifies the condition
k1 + ks
2

kiks = —K  and = H.
Remark 118 It is clear that functions are not the principal curvatures, how-
ever,for our purposes (see Section 4.2 for more details), we just need two func-
tions that behaves closes enough as principal curvatures, i.e. functions that
verify the above relation except by a sign.
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Canal surface of type 5. The parametrization is
P (s,t) =7(s)+7(s) (r' (s)T (s) + /1 + rZsinh tN 4 /1 + 72 cosh tB)
hence, once we consider the smooth function ¢ (s) such that
r’ (s) = sinh ¢
the above parametrization is rewritten as
P (s,t) =v(s)+7(s)(r' (s) T (s) + cosh ¢sinht N + cosh ¢ cosh t B)

Proposition 119 The Gaussian and mean curvatures of a canal surface in
Lorentzian 3-space of type 5 are given by
7" — Kk cosh ¢ sinh ¢
o (rr” — 7k cosh ¢ sinh ¢ 4 cosh? gb) ’
2rr"" — 2rk cosh ¢ sinh t 4 cosh? ¢
2r (7‘7‘” — rkcosh ¢ sinh t + cosh? ¢)

K =

H =

Proof. See in [19] and [20]. m
Based on the previous proposition, we noticed that we could express the
curvatures as the following functions
~ r"” — Kk cosh ¢ sinh ¢ ~ 1

]{31 = - 2 and ]{?2 = —
r (r"" — kcosh ¢ sinh t) 4+ cosh” ¢ T

whose verifies the condition
k1 + ko

];1];2 =-K and 5

=H

Remark 120 It is clear that functions are not the principal curvatures, how-
ever,for our purposes (see Section 4.2 for more details), we just need two func-
tions that behaves closes enough as principal curvatures, i.e. functions that
verify the above relation except by a sign.

4.2 Main result and applications for Canal Sur-
faces

In this section we present our main theorems that fully classify Polynomial
Weingarten canal surfaces in the Euclidean and in the Lorentzian 3-space.

Discovered and named by Monge in 1850, Canal surfaces (originaly created
in the Euclidean 3-space) are defined by the envelope of spheres whose center
belongs to a smooth central curve (see Sections 4.1.1 & 4.1.2 for details). This is
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a very interesting family of surfaces once they contains the class of tubular sur-
faces and have a large intersection with other important families like rotational
surfaces and cyclic surfaces just to name a few.

In applied context, Canal surfaces has an important part since they have
several utilities, as in the CAGD (computer aided geometric design), where
they are used to model infrastructures, buildings and biological structures.

Inspired by the importance and wide class of applications of the Canal sur-
face, we start to investigate those surfaces whose curvatures are roots of a poly-
nomial relation and, in the end, we fully classificates canal surfaces such that
P(K,H)=0.

But, before to present our results, let us to illustrate the general technique
contained in our theorems, by presenting a particular case of a polynomial of
degree 2. It is relevant to mention that precisely particular case is what permits
us to achieve the complete classification of Polynomial Weingarten canal surface.

Let P (z,y) € R[z,y] be a polynomial given by

P (z,y) = a2,02” + a112y + ao2y” + a1,0% + a0 1y + aoo
then, we express the previous polynomial as
P (z,y) = 2* A2 (y) + z A1 (y) + Ao ()

where, each A; (y) € R [y] whose explicity expression is given by

Az (y) = a20;
A1 (y) = a1,1y+ a1
Ao (y) = 600,22/2 + ao,1y + ao,0-

Follows from the assumption that the principal curvatures of a canal surface
vanishes P (z,y) that
P(ki,ke) =0
and since
r" + ksin ¢ cost

k1= and ko =
Yo (" + Eksin ¢ cost) — sin® y ?

)

1
r

we obtain the next differential equation:

" + ksinycost 2 1 r"" + ksinycost 1
; Y — Ax | = )+ - Y —— | A1 | = | +A40 (k2) = 0.
r(r" + ksinycost) — sin“y T r(r'" + ksinycost) — sin“y T

(4.9)

The previous differential equation is what leads us to the investigation of

ours Lemmas 121 and 122. More precisely, in the aim to express (4.9) in a more

suitable way, we obtain the results that allows us express the above differential
equation as

2 ; . . . )
Z Z (‘Z) (r")y ™" (k* sin® qS)Qﬂ R;j (r) | (ksiny)'cos't =0 (4.10)

i=0 \ j=i
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where

Rj(r) = lzi; <:_§> p2Hi=l g, <i) .

The writing in (4.10) is relevant since it assosicated with Proposition 96 we
can conclude that for each 0 < ¢ < n, the coefficients

— \!
Jj=ti

i (’) ("Y' (K sin® 9) "7 Ry (r) (4.11)

must vanish identically. Therefore, the following system must be verified for
every s € (a,b):

Ay +1rA + T2A0
= 2(Ay+ 1AL +1240) " + (ksiny)® (A1 + 2rAo)
0 = (Az+Air+ Aor?) (") + (ksiny)® (A1 + 2rAo) r” + (ksiny)* A

Let us remark that even more interesting is to notice the pattern present
in each line of the system. For instance, if the first line is identically null, we
obtain information in the second line and so on.

In the end, we replace the problem to solve the differential equation (4.9) to
find a solution of the system (4.11).

The presented technique is the core to the analysis of a polynomial of degree
n.

Hence, in order to deal and encompass the investigation of Polynomial Wein-
garten Canal surfaces in the Euclidean and also in the Lorentzian 3-spaces,
evenly and simultaneously, we will introduce an abstract expression of the
(generic) principal curvatures presented in the previous section. More precisely,
we write

b (s,0) = 288 atbu (4.12)
B(s,t) r(a+tbu)+e
where the function p (¢) represents the trigonometric function (possibly hyper-
bolic trigonometric function) that depends on the parameter ¢, the function
n (s) stands for the trigonometric function (possibly hyperbolic trigonometric
function) that models the 7' function. Finally, the symbols stands for a = 7",
b= gykn and ¢ = e.n? with &, . € {—1,1}.
For instance, a Canal surface in Euclidean 3-space, the above functions be-
comes

u(t) = cost and n(s) =sin¢(s)
hence, we obtain

r" + ksin ¢ cost

ki (s,t) =
1( ) 7’(7‘” + /<;SiH§Z5COSt) — Sin2¢

which agrees with the one exhibit in the Proposition 113.
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Another sample can be seen, when we choose
w(t) =sinht and n(s) =sine(s)
then, it is obtained

r” — ksin ¢sinh ¢

r(r" — ksin ¢sinht) — sin? ¢

k‘l (8, t) =

which agrees with the one exhibit in (4.8).

Although the expression (4.12) seems to add unnecessary dificulty to write
each curvatures presented in the Sections 4.1.1 & 4.1.2, we point out that the
generic expression (4.12) allows us to analyse and study Canal surfaces in R3
and in L3 all at once.

The first obtained result is a summatory identity whose application to the
next result is very important.

Lemma 121 For given n € N, we have the following equality

|
~

n n—

n n n J
E Aig,1 = E , E , E :ai,n—j,l'

1=0 j=0 i i=0 j=i =0

<.

I
=
I
=

Proof. We consider the summatory
n n—Iln—j
D2 diia
1=0 j=0 i=0

for a given n € N. Then, we change the indices [ and 4, which implies

n n—-Iln—j n n—in—j
DD D =20 > ais
1=0 j=0 =0 =0 j=0 [=0

(roughly speaking we rename the first and third indices). From the above equal-
ity we have the next expression

n n—in—j n (n—i)+in—(j—i) n n n—(j—i)
20D wai=) D D wuean =) ) i
=0 7=0 [=0 =0 j=t =0 j=1 =
then, we redefine the indice j as follows
n n n—(j—i) n n n—((n—j+i)—i) n n J
Z Z Z Qj5—il = Z Z Z Qi (n—j+i)—i,l — Z Z Z Qjm—j,1
=0 j=i 1=0 =0 j=1 =0 j=1 =0

which concludes the demonstration. m
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The next lemma is purely technical, however it plays a relevant role in our
main theorem. The reason lies on the fact that our main theorem is based on a
suitable expression of an arbitrary polynomial relation and it is achieved thanks
to the following lemma.

We also observe that the lemma is what allows us to transfer the problem
of solve a differential equation to solve a system of differential equations.

Lemma 122 For every a,b,c, x € R and for any n € N, the following equality
holds

ia—l—bx r(a+bx)+¢)" " A ( i i(')aj IR (r) | bt
=0 =

=1

J — )
where Rj (z2) = > (n l) Z7LA (2).
1=0 \"" —J
Proof. In fact, notice that
D (a+ba) (r(a+bx)+e)" " A (r) (4.13)
1=0

where each of above terms that can be expanded as follows

M

(r(a+bx)+c)"~ 3 (n]_l> =T (q  ba) T

and
n—j .
(a+bx)"~ ]—Z< ) noiipig
=0

therefore (4.13) is rewritten as

n n—Iln—

ZZZ( V(") e A ).

1=0 j=0 i=0

Applying the Lemma 121 in the previous equation, it is obtained the follow-
ing expression

ﬁ: i zj: <Z) (Z B ; ) ri=lad =ipigi =i A (r)
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Finally, if we set

RB)=3 (220 )t

=0

the desired is achieved. m

We start the study of canal surface whose principal curvatures verify P (k1, ko) =
0 (called (ki1,k2)-Weingarten surfaces). As a consequence, we classificate the
canal surface whose Gaussian and mean curvatures verify @ (K, H) = 0 (where
Q (xy, %) is the polynomial associated to P (z,y)), once this curvatures al-
ways can be rewritten as
k1 + ko

K= k‘lk‘g and H = B .

Moreover, we noticed that we could investigate the classification of surfaces
over two (or more) functions whose behavior is similar to the principal curva-
tures and still, the result will follows for Gaussian and mean curvatures. More
precisely, for canal surfaces in LL? of type 4 or type 5, we consider smooth func-
tions k1 and ko that verify

—K=k~1kj~2 and H:kl_gkz.

Then, we remark that the sign does not affect our analysis, because we study
an arbitrary polinomial, therefore, we may incorporate the minus sign in the
coefficients of the polynomial.

We would like to highlight that the following theorem is, indeed, a classifi-
cation of Canal surface whose principal curvatures verify an arbitrary polyno-
mial, for canal surfaces in the Fuclidean 3-space and for canal surfaces in the
Lorentzian 3-space of the type 1, 2 and 3. However, for canal surface in L3 of
type 4 or type 5, we classificate for functions k; and k.

Finally, the next theorem is the first (and fundamental) step to us to achieve
the classification of (ki, k2)-Weingarten canal surface.

Theorem 123 A (ky1, k2)- Weingarten Canal surface is a (smooth) combination
of tubular surface and rotational surface.

Proof. Given an arbitrary polynomial relation P (z,y) € R[x,y] we consider
the following generic representation (which always exists)

P(z,y) =a"An (y) + 2" T An_1 () + ...+ 1AL (y) + Ao (), (4.14)

where for each 0 < i < n, we have that

A (y) = Z ai;y’ € Ryl (4.15)
j=0
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Let S be a canal surface with central curve « defined in (a,b). Suppose that
s0 € (a,b) is such that & (sg) # 0, it yields the existence of an open neighborhood
J of v (s), with & (s) # 0, for every s € J. Consider the closed set J. Then, in
J x R, the abstract principal curvatures are

a(s,t) a + bcost 1
ki = = d ko = — 4.16
"7 B(s,t)  r(a+bcost)+e o T (4.16)
Therefore, we consider the following relation
P (x,y) = "r"P (2,y), (4.17)

where m = max {my, ..., my}. Since P (k1, k2) = 0, it implies that P (k1, ko) =
0.
Notice that (4.17) can be expressed as

n

Plhnks) =3 85,8 a(s,t) r A, (i) ~0.

=0

Then we define the map
* T 1
z€R"— A; (2) = 2 A; <)
z

which yields

n

0=P(ki,k2) =Y a(s,t) B(s,t)" " Ai(r)

i=0
thus, by (4.16) the above writing becomes

n

0= P (ki ko) = Z (a+bcost) (r(a+beost)+c)" " A (r).
i=0

Follows from Lemma 122 that

P (k1. ks) = Z Z (Z)ajic”jRj (r) | b cos’t =0
i=0 \ j=i
where 4
j
1=0

Before to proceed, let us define, for each s € .J, the following polynomials

n n

Ps (x) = Z Z (‘Z) a? "' TIR; (r) | biat € R[] (4.19)

i=0 \ j=i
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then we notice that
PBs (cost) =0
for every t € R. By the Lemma 96 it follows that

n

3 (Z) "I R; ()b =0

j=i
for each ¢ € {0, ...,n}. We would like to recall that

b(s)=kr(s)sing(s)#0

where £ (s) # 0 on J. Furthermore, sin ¢ (s) # 0 almost everywhere, otherwise
it will contradict the regularity of the surface. Finally, since ¢ = sin® ¢ (s) we
have that

c(s) #0.

Then, we conclude that

2": (Z) a’ """ IR, (r) =0, (4.20)

j=i

for each i € {0,...,n}, hence we must consider two cases, named the case that
exists R; (z) not null (for some 0 <4 < n) and the case that R; (z) are all null.

CASE i. Assume the existence of ig such that R;, (z) is not null and R; (z)
is null for every ¢ > 9. Follows from the (4.18), (4.19) and (4.20) that

1 (..)ajiOC"jRj (r)

n

. . n
J j—1i0 . N—] _ 20 10—1 n i
> (2 )armer s )= () 0+ 3
J=0 Jj=to+
it follows that

Ri, (r(s)=0

for every s € J. Then we conclude that r (s) must be constant, as consequence,
the canal surface on J x R is, as a matter of fact, a tubular surface.

CASE ii. Every R; (z) is null.

We will prove the following statement:

CLAIM: Every A; (z) = 0.

Assume, by absurd, that statement is false. Consider i such that A;, (z) is
not null and A; (x) = 0 for every ¢ < 9. Then, we remark that

Ry () = (7)ot () = (770 )ity () = A (),
-y (i)

n—1g n—lo

so we reach that R;, is not null, which constradicts this case. Then, we have
that A; (z) = 0 for every 0 < i < n.
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Let A; (z) be the associated polynomial function to A; (z). Since A; is the
null polynomial, it implies that A; (z) must vanish everywhere. Then, consider

the following relation
— ~ (1
A (z)=2"A,; (z) =0

which implies that A; (z) is null, therefore A; (z) is the null polynomial. How-
ever, by the definition of A; (z) in (4.15) and by (4.14) the previous conclusions
provides that the polynomial P (z,y) is the null polynomial, which is an absurd!

Therefore we conclude that, in J x R the canal surface is, as a matter of
fact, a tubular surface.

So it remains to investigate the points sg € (a,b) such that & (sg) = 0. If s
is an isolated point, we notice that there is a neighborhood (sg — d, 59 + 8) of
s such that for every s € (sg — 0,50+ 0) — {so} we have x (s) # 0.

Then the same argument as before provides that we have a combination of
two tubular surfaces, one defined in (sg — d, s¢) and another defined in (sg, sg + 9).
Since, in this case, the radius is constant, it implies that the surface is a tubular
surface in (sg — 4, sp + 9).

Finally, in elements sg € (a,b) such that x (sg) = 0, where we have an open
neighborhood L such that « (s) = 0 for every s € L, we conclude that, in L x R
the canal surface is, as a matter of fact, a rotational surface. m

Once we classificated (k1, k2)-Weingarten Canal surface, we are able to the
next step which is investigate Weingarten Canal surfaces, that is, Canal surfaces
whose Gaussian and mean curvatures verify Q (K, H) = 0.

In the aim to accomplish that, we remark that it is only needed to notice
that in Section 4.1.1 and in Section 4.1.2; either we presented the principal
curvatures of the Canal surface or either we introduce a pair of functions whose
average provides the mean curvature of the Canal surface, while the product
gives minus the Gaussian curvature of the Canal surface.

Then, we always can to rewrite the Gaussian and mean curvatures in terms
of the principal curvatures k1 and ko (or in terms of two functions that behaves
the same).

For a given a polynomial Q (z,y) = >°7_( > i a;;x'y’ € Rz, y], the as-
sumption that the Canal surface verify P (K, H) = 0, provides that

p q
0=Q (K. H) =Y > ay (K)' (H), (4.21)
i=0 j=0
SO, we may express

k k
K =¢e,kiky and H= 1; 2
where e, € {—1,1} depending if k; and ko are the principal curvatures (in this
case e, = 1); Otherwise, we have e, = —1. Hence, (4.21) is rewritten as

qg J

p q i .
o=k =33 L () s

i=0 j=0 k=0
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Then, we define

where

and apply The Theorem 123 to the polynomial @ (z,y) € R[z,y] which yields
the following result:

Theorem 124 Consider the polynomial Q (x,y) € Rz, y] and let S (Q) be the
set of all reqular canal surfaces in Euclidean 3-space (Lorentzian 3-space) whose
Gaussian and mean curvatures K, H verify Q (K, H) = 0. Then, the elements

of S (Q) are (smooth) combinations of Rotational surfaces and Tubular surfaces
of radius v € Rad* (Q).



Appendix A

Appendix for Tubular
Surfaces

A.1 Summatories Identities

Proposition 125 Let n € N, then

n—i n 7

i: Aik
k=0

Il
b
3
L
S

n
=0

Proposition 126 Let n € N, then

n 4 n k
ZZAi,k = ZZA’rL—i,'rL—k- (Al)

i=0 k=0 k=0 i=0

Proof. This prove is given by induction on n. Notice that (A.1) is valid for

n =1,
1 1) &k
Z ZAzk = Ao+ A0+ A1 = Z ZA(l)—i,(l)—k~
i=0 k=0 k=0 i=0

Thus, we assume that equality holds for some n € N:

n % n k
Z Z A,yk = Z Z An—i,n—k’

i=0 k=0 k=0 i=0

135
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and we will verify that (A.1) is valid for n + 1. In fact,

(n+1) 4 (n+1)
Z ZA’k Z ZAnJrl) i,(n+1)—k (AQ)
=0 k=0 k=0 i=0

i (n+1)
ZZAH@JF Z Atk (A.3)
1=0 k= k=0

(n+1

n k )
Z ZA(n+1 —i,(n+1)—k — Z A (n+1)—1,0- (A4)
=0 1i= =0

Before to proceed with previous equation, we remark that

ZZAn+1 —i,(n+1)—k

k=0 i=0
n—1 k
= n+1 7L+1+ZZA'II in— k+ZA(rL+1) (n+1)—k
k=0 =0

therefore, applying the above equality to (A.2) it is obtained

n—1 k
ZZAZk+ZA7L+1k ZZAn in—k
=0 k=0 k=0 1=0
n (n+1)
_ZA(nJrl (n+1) k_A("+1 Z An+1-i0
nk ' n—1 k
= ZZAZ’“_FZA’HJ’“_ZZA" in—k
=0 k=0 k=0 1=0

_E A(n+1),(n+1) A(nJrl § Ap- ,0
k=1
n

i n k
= E E Ai,k - E E An—i,n—k
=0 k=0 k=0 1=0
n

+ Z Aptike — Z A1), (nr1)—k — Amt1),0
k=0 k=1

The induction step gives us

Apy1 ke — Z A1), (n+1)—k — An+1),0

M=

k=0 k=1
n n
= § An+1,k - § An+1,n7kv
k=0 k=0

finally, through the Propostion 125 we achieve the desired. ]
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Proposition 127

n+ln+1—1 n+1 n n—i
2 2 Mig =2 Minicit 33 My
=0 7=0 =0 =0

Proof. The proof is by induction on n. First, notice the equality holds for
n=1

2 2—14

>.D M,
i=0 j=0
= M00+M01+M10+M02+M1,1+M2,0

S WIS 5 T3

i=0 j=0

and suppose that is also true for n = k:

k+1k+1—1 k+1 k k—1
E E M”fg M1k+1l+g E M; ;,
=0 4j=0 =0 j=0

we will prove for n =k + 1.
In one hand, we have

(k+1)+1 (k+1)+1—4 k+1k+1—: k+1
DD SUETAES 35 SRTIES SETIRRS A
=0 j=0

and the induction step gives

k+1 k k—i k+1
ZMzk+1 z+ZZM1j+ZMzk+2 1+Mk+20
1=0 j=0

On the other hand,

k+2 k+1k+1—1

ZMzk z+2+z Z Mz]

=0 4j=0
k+1 k k—it1

= Z M; pyo—i + Myi2,0 + Z Z M; i+ Mi+1,0
e i=0 =0

and the desired is obtained. [ ]

Proposition 128

n+l k nt+l—k n+1 n k nt+l—k
M j
1=0

DD My ==zg;ﬂ4@qn+1—% >

k=0i=0 j=0 i=0i=0 =
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Proof. This demonstration is given by induction on n. When n = 1 is easy to
see that both sides agrees. Assume the equality is valid for n = I:

M+1 & (D+1-k H+1 O k )+1-k
Z Z ka*ZMwUHﬁZZ Z M j k
k=0 i=0 j=0 k=0i=0 ;=0

we will show the result holds for n =1+ 1.
Indeed,

(HD)+1 & (+1D)+1-k
E M; j.k
=0

+2—k I+2

k
= Z ,jk+ZMzOI+2

i=0 ;=0 i=0
+ k I+1—k +1 k +2

— M7J,k—|—ZZMll+2 kk+ZMlol+2

k=0i=0 ;=0 k=0 i=0
and the induction step provides

141 Ik 1k
D Mot 3D, Y Mg
=0 k=0i=0 j=0
141 142
+ZZML1+2 kok +ZML01+2
k=0 =0
142 I+1

= Z Mi,O,l+2 + Z Mi,O,l-‘rl

+1

k
M1jk+ZZMLl+2 kk+Zlel+1-
=0

ko I+1—
0 k=0 1i=0

l
2>
k=0i=0 j=

Then observe that

I+1-k +1

k
= Z M; ik + Z M; 0,141

k=01i=0 j=0 =0
I+1

Ik
+ Z Z Mii42-kk + Z M; 1.a41)

k=0 i=0 =0

which concludes the proof. ]
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Proposition 129

P qt+p—m

p 1 q9 P
Z Z >\m,lbm+l = Z Z /\m,l—mbl + Z Z Am,p—i—l—mbp—&-l; (A5)
m=0 [=0

=0 m=0 =1 m=0

for every p and q > 0.

Proof. This demonstration is given by induction on p € N. First, in the case
of p = 0, the left-hand side of the equation (A.5) provides

q—m

0 q
Z )\m,lbm-&-l = Z)‘O,lbl'
=0

m=0 [=0

while the right-hand side of the equation (A.5) gives us

q
Z Z Am.i—mbi + Z Xo.br = Xo.obo + ZAO b=y Ao.iby
=0

1=0 m=0

therefore, the equality is obtained.
Assume that Equation (A.5) is true for some p and for every ¢ > 1, that is,

g+p—m

p
Z m lb7rz+l Z Z >\ml mbl + Z Z )\m p+Hl—m p+l

m=0 [=0 =0 m=0 =1 m=0

Hence, we will verify that equality holds for p + 1.

In on hand, we have

(p+1) g+(p+1)—

Z Z >\m,lbm+l

P q+pm

P
Z Z m1bm41 + Z Armg+(p+1)—mba+(p+1)
m= 1=0

m=0

q
+ Z Ap+1,10p+141
=0
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therefore, the induction step furnishes

q p
)\m,l—m,bl + Z Z >\m,p+l—m,bp+l

=1 m=0

NE
M-

o

I
3

+
M"@‘

A ,q+(p+1)—mbq+(p+1) + Z Ap+1,1bp+1-41

m=0 =0
p l
- Z m 1— mbl + Z Z )‘m p+(1+1)— bp+(l+1)
=0 m=0 =0 m=0

P q
+ D Mgt ot —mbat(pa1) T D Apr1bpr1

m=0 1=0
p 1 q
= > Z A —mbi + Z Z A (141 =mp141) T D Ap1abp14
l=0m =0 m=0 =0
P l
- Z Z >\ml mbl + Z Z )\m p+(1+1)— bp+(l+1)
=0 m=0 =1 m=0
p+1
+ Z )\m p+1l—m p+1 + Z )\p+1 lbp+1+l
m=0 =1
On the other hand, we consider
(p+1) 1 q (p+1)
Z Z )\m,lfmbl + Z Z )‘771,(p+1)+l—mb(p+l)+l
=0 m=0 =1 m=0
p 1 (p+1)
= Z )\m,lfmbl + Z )‘m,,(])+1)—mb(p+1)

m=0 m=0

=1 m=0 =1
p 1 q9 P
= Z Z Am,lfmbl + Z Z )‘m,(p+1)+l—'mb(p+1)+l
=0 m=0 =1 m=0
(p+1)
+ D A prn-mbip1) +Z/\(p+1> tbp+1)+1
m=0 =1

so we conclude that

(p+1) g+ (p+1)— (p+1) 1 q (p+1)

0
q
DD Mmoo T D A, (o )+ (1) 1)

Z Z )\m,lbm—i-l = Z Z )\m,l—mbl +Z Z )‘m,(p+1)+l—mb(p+1)+l

=0 =0 m=0 =1 m=0
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Proposition 130 Let n € N, then the below equality is true

i n—(i— i i—k n—i+m
2 Z ZAkmz—ZZ > An (A.6)
k=0m=0 [=0

for every i € {0, ...,n}.

Proof. Before to actually present the prove, it is relevant to note that for a
given n € N, it follows that Equality A.6 is valid for every i € {0, ...,n}. Indeed,
otherwise (i.e. i > n) we can express

t=n-+e¢,

where € > 0. Then, the second summand of the left-hand side of the Equation
A.6 becomes
—(i—-m)=n—((n+e)—m)=m—¢

and notice that 0 < m < ¢ =mn + ¢, hence
m—e<0

which is not well-defined in the sum.

In the view of above discussion, now we will prove the Equation A.6 by
induction on n. In the case of n = 1, there is two possibilities for 4, since
i € {0,1}. For i = 0, a straightforward calculation provides

1 1

E Ao,o,l = Ao,o,o + Ao,o,l = E Ao,o,l
1=0 =0

which concludes this case. For ¢ = 1, it follows

i

3

Ak,m,l
0
Ap10+ Ai0,0+ Ao

m
g Apm,1

=0

M-

[
3
P
O
_|_
i

I
MH
ML

=~
I
=)
3
3
I
=)

and the desired is achieved.
Assume that Equality A.6 is valid for some n € N and for every i € {0, ...,n}.
More precisely:

i n—(i—m)i-m i i—k n—i+m
> > ZAkmz—ZZ Z Akt (A7)
m=0 =0 k=0 k=0m=0 [=0

Hence, it is necessary to verify that equality is still true for some n 4+ 1 and for
every i € {0,...,n+ 1}.
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To prove that part, we will consider two cases, named: 0 < ¢ < n and
1 =n++1, it is important to remark that induction step does not stand for n+1,
so we have to separate the sums up to n and the sum n + 1.

First, we consider ¢ € {0, ...,n}, then

i i—k (n+l)—i+m i i—k n—it+m 7
E E E Ak:,m = § § § Ak m,l + § § Ak m,n+1—i+m
k=0 m=0 k=0m=0 [=0 k=0 m=0

so, the induction step presented in (A.7) yields

7 L /L
Z Akml+ ZAkmn-i-l i+m-

m=0 =0 k=0 k=0 m=0

On the other hand,

i i—k
Z Z Ak,m,l + Z Z Ak,m,n+17i+m

m=0 =0 k=0 k=0 m=0

— Ak,m,l + Z i Ak,m,(n+1)7(i77n)7

m=0 =0 k=0 m=0 k=0

which finishes this case.
For the remaining case where ¢ = n + 1, we consider

n+ln+l—k m

Z Z ZAk-,m,z (A.8)

k=0 m=0 [=0
n n—k m n n+l-—k
= E E E Ao + g E Ak nt1—kl + Ant1),0,0
k=0 m=0 (=0
n n—k m n+ln+l—k
= E E E Agm + E E Ak 1k,
k=0m=0 [=0

consequently, the induction step for i = n gives us the following equality

n m n—m n n—kn—n+m
§ § Akﬂn,l E E § Ak ,m,ly
m=0 (=0 k=0 k=0m=0 [=0

for every i € {0,...,n}. Thus, applying the above remark in Equation A.8 it is

obtained
n m n—m n+ln+l—k

ZZZ ’*Z Z Ak nt1—k,1- (A.9)

m=0 (=0 k=0 k=0 [=0
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On the other hand,

> > Ak (A.10)

m=0 [=0 k=0
n m n—m n+l m
= Z Ak m,l + Z Z An+17m,m l (A]']')
m=0 [=0 k=0 m=0 [=0
Then, Equation by A.9 and by Equation A.10 we just have to prove:
n+ln+l—k n+l m
Z Z Ak,7l+1—k,l = Z ZAn+1—m,m,l- (A12)
k=0 [=0 m=0 1=0

which is precisely the result contained in Proposition 77, because the Equality
A.12 resumes to

n+1 n+1
§ Ak:,n+1fk = E AnJrlfm,ma
k=0 m=0
so we conclude this proof. [

A.2 Binomial Identities

Proposition 131 (Pascal rule) Let n, k € Z, then the following identity is

(-G

Proposition 132 Given n € N*, the equality is true

zn: (-1)™ (y +rxm> <7’;> =0 (A.13)

m=0
for every x,y,r € Z such that r < n.

Proof. To prove the equality in (A.13) we proceed by induction on n. In case
n = 1, choose x, y, z € Z as in the statement and notice that » < 0. If » < 0,

we have
<y + zm

)O, Ym e Z
-

and the result follows immediately. Assume r = 0, then

(y +Oxm> _ (y+=m),

ol =1, Ym € Z
which implies

n n

DTG =22 (D™ () = o =0.

m=0 m=0
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Suppose the equality (A.13) is true for some n > 1:

n

Yo =" (n) =0 (A.14)

m=0

and for every z,y,r € Z such that r < n. We will show the result is valid for
n+ 1. Since 7 < n + 1 there is two distinct cases to consider, named r = n and
r<n.

So given z,y,r € Z such that r < n+ 1. First consider the case r = n. Thus

n+1 n
Z (_l)m (ytfm) (n;l) _ (Z) n Z (_1)m (ytfm) (n;l) n (_l)n—H <y+$(nn+1))
m=0 m=1

"H) it is obtained

applying Pascal’s formula in ( .

m

_|_
M:

m y+:cm n _|_ zn: WL y+xm n 1) + (_1)n+1 (y+a:(n+1))
=1

n n+1
= 2:(U(WWNM+§:(U(WTKJJ
m=0 m=1
= 2 DTG = 2 G0 (T ()
m=0 m=0

Notice that, the reverse Pascal’s formula provide

(y-l—x'm) _ (y-l—ac’m—l) + ((y—l)-‘rwm)

n n n—1

and
((y+z)+zm) _ ((y+z)+mm—l) + ((y+z—1)+zm)

n—1

therefore, the above observation yields

> o e () + 30 o e (1)

m=0 m=0
_E:_ (y+a)+am—1y (T _Zn 1y (ae—1)+ n
( 1) ( y+x nmm )(m> ( 1) ( Y xn_l ;cm) (m)
m=0 m=0

Again, the Pascal’s formula gives

n

D (OG0 GO (R () + X (0™ (AT ()
m=0

m=0 = m=0
n

_ (_1> ((y+m)+xm 2 (n i (y+x)+zm 2 i y+a: 1)+zm)(n)

m=0 =0 m=0
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however, now we are able to use the induction step in above equation, which
provides to us
n n
> UM TG = 2 T (T (),
m=0 m=0
repeating the above process yields

n n

Do DT () = 20 T (U ()
m=0 m=0

therefore,
e VA i T I W C VA AR 169
m=0 m=0

proceeding in this way, consequently, we get

n n

2N () = 2 G0 (I ()

m=0 m=0
for some p,n > 0. We remark that p and n does not necessarily to be equal,
once we can apply the hypothesis only in one of the terms.
So take p, n > 0 such that
y—p=y+x—n
(which is always possible). In this case,

(D™ () () = D0 ™ (T ()

n

3
]
o
]
(=}

(—1)™ (e mbemy (n)

n

NIE

(=)™ (wrEmy () —

|
M 3

0 0

3
Il
3
I

(=)™ () ()

NE

(1 () () -

I
NE

m=0 m=0
= 0.
Finally, assume that r < n, it follows
n+1
> ()
m=0
S G R Gt S W G S G | G R )

m=1
n

= (M) A Y DT T G+ D GO () + (

_ (_1)n+1 (y+m(rn+1)) + Z (_1)m (y+Trm) (:1) + Z (_1)m (y+;vm) (mril),
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then, the induction step implies

(_1)n+1 y+x(n+l) + zn: y+xm ( n )

m—1
m=1

n+1

+

(]

1

3
I

(=)™ () ()

I
NE

3
Il
=)

pe

= 3 (O ()

m=

3

(=)

and applying again the induction step we achieved the desired and then con-
cludes the proof. ]

Proposition 133 Given p < q € N, we have

S (D)

for every 1 € {0,...,p} and r € {0,...,q— p}.

Proof. The prove of equality (A.15) is given by induction on p. For p = 1, chose
q, [, v as in the statement and in this case [ € {0,1}. If [ = 0, the conclusion is
immediate. If [ = 1, we have

21: (") ) = G5 = (L),

m=0

applying Pascal rule in above equation, it is obtained the desired.
Assume the equality (A.15) is true for some p:

l
DD ) = (58 (A.16)

m=0

and it will be shown that still valid for p+1. Consider ¢ > p+1,1 € {0,...,p+ 1}
andr <qg—(p+1). If I <p, then

l l
q+(P+1) m — q+1 +p—m\ (1
Z —r m - Z q+1 (r+1)) (m)’
1=0 m=0
the induction step and rearranging the coefficients finishes this case:

(40225 = (G,



A.2. BINOMIAL IDENTITIES 147

Ifli=p+1,
p+1
PG VA CARD [(ay
m=0
P
() + 3 0" (S )+ 1 ()
m=1
applying the Pascal rule to (”1') in above equation provides
P
(32 + 20 0™ () () (A.17)
m=1
p
30 NI + 0P ) (A8)
m=1
Notice that induction step (A.16) gives
P
DD (T () = () — (55)
m=1
replacing it on (A.17) we have
p
(qurfJTrl) + (piJrril q+1+p _|_ Z q+1 +p m) (mp71) + (_1)p+1 (qir)
m=1

and rearranging the coefficients of the sum and observing

_ (_1)(p+1)*1 ( q ) - _ (_1)(p+1)*1 (q+p—((p+1)—1))( P )

q-r q-r (p+1)-1/7
follows
p+1
(i) = D (O™ () (L)
m=1

NE

- () -

i (=10 (52) (i)

3
I
=)

the induction step furnishes
+1 +p—p) _ ( a4+l
(p—lol—r+1) - (qpf-rp) - (p—?—r+l) - (p—(i]-r)
finally, the Pascal rule implies

(p+g+1) = (q—(;(-f_l‘—)l-i)-:l)

since [ =p+ 1. [
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Proposition 134 Let n € N and consider z,j € R, then

S e () () =G0

m=0

Proof. The proof is by induction on n. Indeed, for n = 1 we have

> (T = ) - (7 = ()

m=0
and the last equality is given by the Pascal rule.
Assume the equality is true for n:

ﬁ;enm@ﬁﬂw=(§9

m=0

and we will prove for n + 1,

(n+1)
Z (_1)m (z;m) ((nzl))
m=0
(nt1)
- O X T
m=1
the Pascal rule implies
(n+1) (n+1)
)+ D GO0+ D2 GO G
m=1 m=1

= 2 TG EDT ) () - 20 G0 (TG

m=0 m=0
notice, by definition, (nil) is null, then
PO G IR D CS Vi G 6
m=0 m=0

applying the induction step for each term yields
z—n\ _ ((z—1)—n
(j—n) ( j—n )

Now, we have several cases to consider, since Pascal rule is not always ap-
plicable.

Case 1. If j —n <0, follows j —n — 1 < 0, then
(m—n) =0, ((m—'l)—n) =0 and (m—n—l) =0

j—n j—n j—m—1

and the equality holds.
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Case 2. If j —n =0, we have

(7 = () = - gy =0 = (i
and the equality holds.

Case 3. If j —n > 1, there is some subcases to consider, named

e Case x > j + 1, the result follows immediately from Pascal rule.

e Case ¢ = j, the equations are

(=" =1, ((jfl)*") =0 and (r) =1

j—n j—n j—n—1
and the result is valid.
e Case x < j, notice that
z—n) _ ((z—1)—n
(jfn) ( j—n )
(z—n)(x—n—-1)(z—n—-2)...(x—n—(j—n)+1)  (z—1-n)((z—1-n)-1)((z—1-n)—-2)...((z—1-—n)—(j—n)+1)
(G—n)! (G—n)!
(z—n)(z—n—1)(z—n—2)...(z—j+1)—(z—n—1)(x—n—2)(z—n—3)...(z—j)
(G—n)!
R
(z=n—1)(z—n—2)...(z—j+1))

G—n—1)!
= (52

Since every possible case verify the equation, it is concluded

(n+1)

> E0m () = GZ6n)

m=0
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Appendix B

Appendix for Cyclic
Surfaces

Lemma 135

2n—j 2n— n 2n—(2j-1)

2n n 27
ZZAU Z Aﬂy"'z Z Ajj1
j=0 i=

=0 7=0 =0
Proposition 136 For any n € N, we have

n—1ln—1—¢ n—1 1

DD A=) Y Ay (B.1)

i=0 j=0 i=0 j=0

The proof of this result is by induction on n. Notice that the Equality (B.1)
is valid for n = 1, in fact, the left-hand side of the equality provide to us

1—11-1—i 0 0—i
E Aioj = g E A 25 = Aoy,
i=0 j—=0 i=0 j=0

which is precisely the same obtained by the right-hand side of the equality

1-1 =
E E Az j2j_§ § AL]Q]_A()O?
1=0 j=0 =0 j=0

therefore, we conclude this case.
Assume that Equality (B.1) is true for some n € N. Our goal is to show that
equality still holds for n + 1:

n n—i n+l—-1n4+1-1—1 n+l-1 14 n i
> D A=) Y Aigi= > Y A=) Aio;
i=0 j=0 i=0  j=0 i=0 j=0 i=0 j=0

(B.2)
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In one hand, we have
ZZAFJF?J - ZAn 5,2 ZZAz .25
i=0 j=0 i=0 j=0

by induction step it is obtained

n—1ln—1—1

ZZAZ JQJ*ZA” ]2.7+Z Z A'L2j' (B3)

=0 j=0 =0 35=0

On the other hand, when we consider

n n—i n—1n—i
E E Aipj = Ano+ E E A 2j
=0 j=0 i=0 j=0

which can be rewritten as

n n—i
DD Aig (B.4)
i=0 j=0
n—1 n—1—1
= Anot Z Ai2m-i) + Z Ai2j
i=0 =0

n—1ln—1—:

nO+ZA12(n ‘)+Z Z Asz

=0 =0 j5=0

Then, comparing (B.3) and (B.4), follows that it is sufficient verify:

n n—1 n
Z An—i,?z Z An —73,27 — An o+ Z Az 2(n—1) Z Ai,2(n7i)' (B5)
=0 1=0

If we set

Bi = A; o(n—) and  Bn_i = Ap_ion—(n—i)) = An—i2i

the Equality (B.5) is expressed as

n n
ST o
i=0 i=0
which is trivial. So, we achieve the desired.

Proposition 137 For any n € N, we have

n—ln—1-—1

n—1 1
Z Z Ai,2j+1 = ZZAZ;J‘JJFQJ‘. (B6)

i=0 j=0 i=0 j=0
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The demonstration will be by induction on n. We remark that Equality
(B.6) is true for n = 2. Indeed,

(2)—1(2)—1—i (2)-1
Z Z Ajojr1 = Ao+ A1+ Aoz = Z ZAi—j,1+2ja
=0 j=0 i=0 j=0

so, we will assume that Equality (B.6) holds for some n € N, then we must
proof that it still valid for n + 1, i.e.,

n n—i (n+1)—1 (n+1)— (n+1)—1 4
22 A= D Z IR Sl SYINTIS 3) YA
=0 j=0 =0 j=0 =0 j=0

In one hand, the right-hand side of the above equality can be expressed as

n—1ln—1—:

ZZAi—j,1+2J Z Z A123+1+2An 1425 (B.7)

i=0 j=0 i=0 ;=0

On the other hand, by the left-hand side of the equality we obtain

n n—t n—1n—1
> > Aigiir = Aigji1+ A,
i=0 j=0 =0 j=0

which can be write as

n n—i n—1ln—i—1

Z Z Ai,2j+1 Z Z A; ,2j+1 + Z Az 2(n—1)+1 + An 1
i=0 j=0 i=0 ;=0
therefore
n n—i n—1n—i—1
Z Z 241 = Z Z Aj i1+ Z A 2(n—i)+1- (B.8)
1=0 j=0 =0 j5=0

Hence, by (B.7) and (B.8), still remains to prove that

n

n n
E An_inyoi = E Apn_ji42j = E A 2(n—i)+1
i=0 j=0 i=0

so, we notice that when we define
Bi = A 2(n—i)11 and  Bp-i = Apm—i)2n—(n—i))+1 = An—i2i+1

it follows that

=0 =0

which is trivial. Then we conclude this demonstration.
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Lemma 138
2k k k
> Bi=> By+» B (B.9)
i=0 i=0 i=1

This demonstration it will be given by induction on k. Note that the Equality
B.9 is true for k = 1, in fact

2 1 1
ZBi =By + B + By :ZB2i+ZBQi—1-
i=0 i=0 i=1

Assume the Equality B.9 holds for some k& € N. We will show that its still valid
for k + 1. Thus, consider

2k4-2 2k 2k+4-2

> Bi=) Bi+ > Bi

i=0 i=0 i=2k+1

follows from induction step that
2k+2 k k
Z B, = ZB% + 232%1 + Bog+1 + Bagt2
i=0 i=0 i=1
k41 k+1

= Y By+» B
i=0 i—1

Lemma 139
2k—1

k—1 k—1
Z B, = ZB% + Z Baita
i=0 i=0 i=0
Lemma 140 For every n € N, we have the following equality
(n) 2(n)—2j5 2 (n) 2(n)—2j (n) 2(n)—2k

Z Z Aij :Z Z Z Z Aij ALk
i=0 =0 o

k=0 =0
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