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Resumo

O objetivo desta dissertacdo de mestrado € estudar o comportamento assintético de equacdes
diferenciais parciais hiperbdlicas ndo-autdbnomos com coeficientes dependentes do tempo. Para isso,
apresentamos a nocao de atratores pullback para processos em espacos dependentes do tempo, onde

o operador solucdo é uma familia de aplicacdes
Uit,7): X:— Xy, t>TER,

agindo em espacos dependentes do tempo. Além disso, exploramos a minimalidade da propriedade
de atracdo pullback e a existéncia desses atratores. Finalmente, aplicamos os resultados abstratos de
existéncia de atratores pullback para estudar o comportamento assintotico de equagdes de onda com

velocidade de propagacgdo dependente do tempo.

Palavras-chave: Processos em espacos dependentes do tempo, Atratores pullback, Equacdes de on-

das.
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Abstract

The goal of this master’s degree dissertation is to study the asymptotic behavior of non-autonomous
hyperbolic partial differential equations with time-dependent coefficients. In order to achieve that, we
introduce the notion of pullback attractors for processes on time-dependent spaces, where the solution
operator is a family of maps

Ult,7): X — X, t>7T€R

acting on a time-dependent family of spaces X;. Furthermore, we exploiting the minimality with
respect to the pullback attraction property and the existence of those attractors. Finally, we applied
the abstract results on existence of pullback attractors to study the long term behavior of a damped

wave equation with time-dependent speed of propagation.

Keywords: Processes on time-dependent spaces, Pullback attractors, Wave Equations.
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Introduction

Differential Equations are models for several physical, chemical, biological and economic phe-
nomena. If the differential equation involves more than one independent variable, then it is a partial
differential equation.

The concept of a dynamical system is of fundamental importance in the understanding of many
natural phenomena. Mathematically, a dynamical system is a one-parameter family (generally time)
of maps of an abstract space (the set of states) to itself. Many problems in several applied areas, such
as physics, chemistry, economics, biology and mechanics, can be classified as dynamical systems. In
general, a dynamical system is associated with a differential equation.

Moreover, the evolution of systems arising from mechanics and physics is described in many

instances by differential equations of the form

{u, =A(u,t), t>1

u(t) =ur X,

where X is a normed space and for every fixed 7, A(+,7) is a densely operator in X. Assuming the
Cauchy problem is well posed and calling u(t) the solution in time ¢, we can construct the family of
solving operators

Ult,7): X =X, t>1€R,

by setting
U(t,T)ur = u(t).

Such family is called a process, characterized by the properties that U(t,7) = Iy and
Ul(t,s)U(s,t)=U(t,t), forallt>s>1t€cR.

In order to understand the longtime behavior of solutions to dynamical systems we have to study
the dissipative properties of the operators U(z,7). A well-established theory of attractors provides a
full description of many important autonomous systems from mathematical physics, including non-
autonomous models with time-dependent external forces (see [3]], [13] and [/]] for theoretical back-
ground and classical applications).

In evolution problems where the coefficients of the differential operator depend explicitly on time,

the standard theory generally fails to capture the dissipation mechanism. For example, consider the

1



2 Introduction

following nonlinear damped wave equation in a smooth domain Q C R3

o))

Eup (x,1) +up(x,1) — Au(x,1) + f(u(x,t)) = g(x,1),
u(x,1)|xean =0,

where € > 0, f is a nonlinear term and g an external force. If g is independent of time, the system
is autonomous and the problem is completely understood within the theory of semigroups. In the
nonautonomous case, the dependence of g on time requires further integrability assumptions and the
theory of pullback attractors for processes can handle with these situations.

Howeyver, if in we assume that € is not a constant, but rather a positive decreasing function of

time £(¢) vanishing at infinity, the natural energy associated with the system is

Et) = /Q Viu(x, 1) Pdx+e(1) /Q g (x,1) P,

which exhibits a structural dependence on time. Moreover, the vanishing character of € at infinity
alters the dissipativity of the system and prevents the existence of absorbing sets in the usual sense,
that is, bounded sets of the phase space X = HJ(Q) N L?(Q) absorbing all the trajectories after a
certain period of time.

In this case, a progress was made in [[10]. The authors adopt the point of view of describing the

solution operator as a family of maps
Uit,7): X: — Xy, t>T€R,

acting on a time-dependent family of spaces X;. For instance, in system (] all the spaces X; coincide
with the linear space X, that is, are the same linear space. However, the X;-norm is determinate by the
time-dependent energy &'(¢) of the solution at time ¢.

Based on this idea, the paper [10] provides a suitable modification of the classical notion of pull-
back attractor, establishing a new theory that can handle with time-dependent coefficients of the dif-
ferential operator in evolution problems. Moreover, the authors apply the framework in a oscillon
equation, more specifically, in a Klein-Gordon equation, with nonlinear potential, for a scalar field on
a manifold with the Robertson-Walker metric corresponding to an expanding universe with positive
Hubble constant. Additionally, the paper [9]] based on the abstract theory developed by [[10] applied
the framework on equation (I]) with € as a time-dependent function, positive decreasing and vanishing
at infinity, the same conditions that we refer in the example.

The aim of this master’s degree dissertation is to study the long term behavior of a damped wave
equation with time-dependent speed of propagation, the same as in [9], and presented the abstract
theory for this case. For this, we will study the theoretical background of [10] and [9] exploring the
notion of pullback attractor on time-dependent spaces and the minimality with respect to the pullback
attraction. Then we apply the abstract result (a result on the existence of pullback attractors) in the

non-autonomous case of equation (1)).



Introduction 3

This dissertation is organized as follows. After this introduction, the subsequent chapter is devoted
to recall the notions of process and pullback attractors on fixed metric space X. Also, we will compare
these concepts with the semigroup theory. For Chapter|[I|the reference used for theoretical background
1s [I5]] and [4]].

In Chapter [2] we present the abstract theory of pullback attractors on time-dependent spaces based
on [10] and [9]]. In addition, we will make a comparison in relation to what was done in each article,
presenting and explaining the differences between them.

Finally, Chapter [3]is dedicated to apply the abstract results developed in Chapter [2 on the non-
autonomous case of (|I)) with time-dependent speed of propagation, following all the steps presented
in [9].
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CHAPTER 1

Process on fixed spaces

In this chapter we briefly recall the notions of process and semigroups in a fixed metric space
X. Also, we define global attractor for semigroups and pullback attractor for processes presenting a
result on the existence of attractors. All discussion is based on Chapters 1 and 2 of [3]] (See also [14]
and [15])).

1.1 Processes and semigroups

Definition 1.1. A semigroup is a one-parameter family of mappings {T'(¢) : X — X },>¢ satisfying
the following properties

i) T(0) = Idx:
i) T(t)T(s) =T(t+s) fors,t > 0;
iii) {reR:1>0} > (t,x) — T(t)x € X is continuous.
Definition 1.2. A process is a two-parameter family of mappings {U (¢,s) : X — X };>5 with properties
i) U(t,t) = ldx;
ii) U(t,7)U(t,s) =U(t,s), forallt > 7 > s;
i) {(¢,5) € R?:¢>s} > (t,5,x) — U(t,s)x € X is continuous.

The operator U (, s) takes each state x in X at the initial time s and evolves it to the state U (¢, s)x at
the time 7. Under appropriate assumptions the solutions of the non-autonomous differential equation
x = f(t,x) will generate a process if one sets U (¢,s)x = x(z,s;x), that is, U(t, s) is the solution at time
t when x(s) = x;.

Note that, for a fixed 7 the operator U (T + s,s) will in general be different for each s € R. Thus,

both the initial time s and the elapsed time play an important role in the evolution. A process for

5



6 Chapter 1. Process on fixed spaces

which depends only the elapsed time generates an autonomous process, which is typically associated
with a semigroup.

As a convenient shorthand, we will refer to “the process U (-,-)” rather than “the process {U (t,s) :
X — X }+>s in all that follows.

Definition 1.3. Let {U(t,s) : X — X };>; be a process. We say that the process U(+, ) is autonomous
ifU(t,s) =U(t —s,0), for every t,s > 0.

Remark 1.4. Given a semigroup {7(¢) : X — X },>¢ define U(t,s) = T(t —s),t > s. Then {U(t,s) :
X — X};>5 is an autonomous process. Conversely, an autonomous process {U(z,s) : X — X };>g

defines a semigroup given by T(t) = U(¢,0),t > 0.

1.2 Attractors

Ideally, the attractor of a given dynamical system should contain all the assymptotic dynamics.
The theory of attractors for autonomous systems is well-established, see [3]], [13] and [/]] for theo-
retical background and classical applications. In the non-autonomous case the theory is still under
development, however we have solid references, e.g., [5] and [6].

Before defining the concept of attraction, we will recall some definitions and properties.

Definition 1.5. For a Banach space X and A, B C X, we define the Hausdorff semidistance as

distx(A,B) = supdx(x,B)
x€A

where

d B) = inf ||y — .
x (x,B) ylgBHy x| x

Remark 1.6. Observe that dist(A,B) # dist(B,A). In fact, consider X = R, A,B C X such that
A=1{1,2} and B = {1}. Then,

dist(B,A) = sup in£ Il1b—al|x

beBac
— supinf{|1 —2[,]1 - 1]} = {0}
beB
and
a’ist(A,B):max{]1—2],\1—1\}:l. (1.1)

Lemma 1.7. For a Banach space X and A,B C X, it follows that distx(A,B) = 0 if and only if A is

contained in the closure of B.

Proof. Suppose that distx(A,B) = 0. For a € A we have inf,cp ||b — al|x = 0. Hence, there exists a
sequence {b, },en C B such that

b — allx == 0.
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Thus, a € B and consequently A C B.
Conversely, assume that A C B. Thus, for every a € A there exists {b, } ,en C B such that

by —allx =30

and from the definition of infimum we obtain infycp||b — a||x = 0, for all a € A. Henceforth, the
lemma follows by taking the supremum over A.
O

Example 1.8. Consider X =R, A,B C X such that A= (—1,1) and B = {1}. Then,
dist(B,A) = supinf ||b —a||x
beB €A

= supint{[1 — (~1)}.[1 ~1]} = {0},

Hence, BC A = [—1,1].
Definition 1.9. Let X be a normed space. For any given € > 0, the £-neighborhood of a set B C X is
defined as
Of(B)={yeX: ir€1£||x—y|]X < e}
Remark 1.10. Notice that if A,B C X then

disty(A,B) < e & supinf||ly—x|x < e < inf|y—x|x <&, Vx€A.
xeA YEB yeB

Which means that A C 0%(B).

1.2.1 Global attractors for semigroups

Definition 1.11. Let B and C be subsets of X. We say that B attracts C if distx (T (1)C,B) — 0, as
 — oo,

Remark 1.12. The attraction property can be equivalently stated in terms of €—neighborhood. In
fact, if
lh_}r?odzstX(T(t)C,B) =0,

i.e., given € > 0 there exists s = s(€,C) > 0 such that
distx(T(t)C,B) < €, for all t>s. (1.2)
It follows from (1.2]) and Remark that

T(1)C C O%(B), for all t>s.
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C={x}

\_/ o

B={y} 1

Figure 1.1: B attracts C.

Definition 1.13. A subset A of X is called invariant under {7'(¢) : X — X },>¢ if T(t)A = A, for all
t>0.

Definition 1.14. A set &7 C X is called the global attractor for a semigroup {7'(¢) : X — X },>¢ if
i) o/ is compact;
il) <7 is invariant;
iii) ./ attracts each bounded subset of X.

Lemma 1.15. The global attractor < of a semigroup is the minimal closed set that attracts each

bounded subset of X. In particular, the global attractor is unique.

Proof. Let B be a closed set that attracts each bounded subset of X. In particular, B attracts <7, and
so, since .o/ = T'(t)«/ for allt > 0

distx (<7 ,B) = lim distx (T (t)</,B) = 0.

f—oo

Then, o« C B = B, since B is closed. O

1.2.2 Pullback attractors

Now, we recall the notion of pullback attraction.

Definition 1.16. Givenr € R, a set K C X pullback attracts a set D at time ¢ under the process U (-, -)
if
lim distx(U(t,s)D,K) =0, (1.3)

s—»—o00

K pullback attracts bounded sets at time 7 if (I.3]) holds for each bounded set D of X.

A time-dependent family of subsets of X, K(-), pullback attracts bounded subsets of X under
U(-,-) if K(¢) pullback attracts bounded sets at time ¢ under U (-, -), for each t € R.
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Remark 1.17. The pullback attraction property can be equivalently stated in terms of € —neighborhood.
Indeed, for fixed r € R, if

lim distx(U(t,s)D,K(t)) =0,

§——o0

i.e., given € > 0 there exists so = so(¢,D) < t such that
distx(U(t,s)D,K(t)) <€, for all s < sp. (1.4)
It follows from (I.4)) and Remark [I.10] that

U(t,s)D C O%(K(t)), for all s<s.

D={x} | Ul L

/ Ult,s)x K(1)
V4

sy X X s1 XX so X X rxX txX

Figure 1.2: K(¢) pullback attracts D for every time z.

Definition 1.18. A time-dependent family of sets Z = {Z(¢) };cr is invariant under U (-, ) if
U(t,s)D(s)=2(t), for all t,s€R with t >s.
Definition 1.19. A family {.7(¢) };cr is the pullback attractor for a process U(-,-) if
i) <7(t) is compact for each 7 € R;

ii) <7(-) is invariant with respect to U (-, -);

iii) <7 (-) pullback attracts bounded sets of X;

iv) &7(-) is the minimal family of closed sets with property (iii).
Example 1.20. Consider the following scalar equation

x=—ox+f(t)  x(s)=xo. (1.5)
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This equation has a explicit solution

x(t) = e_a(t_s)x(s) +/t e_a(t_r)f(r)dr,

so if the limit
t

lim [ e =) f(r)dr
s——oo J¢

exists, then {x*(¢) : t € R} is the pullback attractor for (I.5]), where

t

(1) = lim [ e f(r)dr. (1.6)

s—>—o0 J¢

The following result shows that the global attractor for a semigroup {7'(¢) : t > 0} and the pullback
attractor for {U(t,s) =T (r —s) : t > s} are essentially the same.

Proposition 1.21. Let {T(¢) : t > 0} be a semigroup and {U(t,s) = T(t —s) : t > s} be the cor-
responding autonomous process. {T(t) :t > 0} has a global attractor <7 if and only if {U(t,s) =
T(t—s):t > s} has a pullback attractor {7 (t) : t € R}, and then </ (t) = </ for allt € R.

Proof. If T(t) has a global attractor </ we claim that <7 (t) = </ defines the pullback attractor of
U(-,-). Indeed, U(t,s)o/ =T (t —s)</ = o/ and given a bounded subset B of X we have for each ¢

lim distx(U(t,s)B, /)= lim distx(T(t —s)B, <) = 0.

s—r—oo0 §—y—oo0

On the other hand, assume that U has a pullback attractor <7 (-). Then given a bounded subset B
of X we have
lim distx (T (t —s)B, /(1)) =0, Vt,T € R.

s—>—00
Thus, given 7 € R, by minimality <7 (t) = <7 (t), for all # € R. In this way, it is straightforward to
verify that &7 := ¢/ (0) is a global attractor for U. O

1.2.3 Existence of pullback attractors

First, we will define the @-limit set.

Definition 1.22. The pullback ®-limit of a subset B of X is the family wy = {wp(t) C X },cr, Where
wg(t) is defined as

wp(t) = U(t,s)BX.

T<ts<7T
An equivalent characterization of the @-limit set is the following proposition.
Proposition 1.23. Let B as in the definition above, then

wp(t) ={z € X : there are sequences s, — —oo as n — +oo and z, € B

such that U(t,sy)zn — z as n — ~+oo}.
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The proof is similar to the proof of Proposition [2.12]and will be omitted.

Remark 1.24. Let T'(-) be a semigroup and U(+, ) be the associated evolution process. Then, wp(r)

is independent of ¢ and coincides with the definition of the w-limit set for semigroups (see [[13]] and
[L7D):
ws(t) = (\UT@)B. (1.7)

s>0t>s

Definition 1.25. Consider
K={K={K(t)};er : K(t) CX compact, K pullback attracts}. (1.8)
We say that the process U+, ) is asymptotically compact if K # 0.

Lemma 1.26. IfU(-,-) is an asymptotically compact process, then for any bounded sequence {x,},

Sp — —oo, the sequence {U (t,s,)x,} has a convergent subsequence.

Proof. Let {K(t) :t € R} be a family of compact sets that pullback attracts bounded subsets of X.
Take sequences s; < with s — —oo and {x;} € X contained in a bounded set B. Since K(r) is
compact and distx (U (¢, sy )xz, K(t)) — 0 as sy — —oo it is straightforward to show that {U (¢, sy )xx }

has a convergent subsequence. [

Remark 1.27. In [5, Definition 2.8] the definition of asymptotically compactness is given by se-

quences as in the lemma above.
Lemma 1.28. Let U(-,-) be an asymptotically compact process and B a bounded subset of X. Then
i) wp(t) is a non-empty compact set for every t € R.
ii) wp(t) pullback attracts B at time t;
iii) {wp(t) 1t € R} is invariant;
iv) wp(t) is the minimal family of closed sets that pullback attracts B at time t.

Proof. 1) First, note that there exists a time sg such that

J ult,s)B (1.9)
s<s0
is bounded. If not, there would exist a sequence sy — —co and a sequence {x;} € B such that

{U(t,sy)x;} is unbounded, which would contradict the asymptotic compactness.

Now, for any sequences {x;} € B and s, < s with s — —oo as k — oo, it follows from the fact
that U(+, ) is asymptotically compact that there exists a convergent subsequence of {U (¢, si )xy }

that converges to some y € @p(1).
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Let us show that @p(¢) is compact for every r € R. Given {y;} C wg(¢), there are x; € B and
s < min{sg, —k}, such that
d(U (t,s1)xk, %) < 1/k.

Since {U (¢, sy )x; } has a subsequence that converges to an element y of wp(¢), it follows that y;

has a subsequence that converges to y, and hence wg(¢) is compact.

i1) We will prove item ii) by contradiction. Indeed, suppose that there exists an € > 0, a sequence

sp — —oo and a sequence {x,} € B such that
distx (U(t,s,)xy, 0p(t)) > €, for all neN. (1.10)

On the other hand, since U(-,-) is asymptotically compact, the sequence {U(t,s,)x,} has a

convergent subsequence whose limit belongs to wg(t), contradicting (1.10).

iii) We will prove that U (¢, s) wg(s) = wp(t),t > s. In order to do this, we started with U (¢, s) @p(s) C
wp(t),t > s. Indeed, if wp(s) = 0 there is nothing to show. If y € wp(s), then there exist {x, } € B

and s, < s such that s, — —oco and y = lim,,_,. U (s, 5, )X,. Thus, by continuity, we obtain

Ul(t,s)y= r}grgoU(t,sn)xn € wp(1).

Conversely, let y € wp(t), then there exist x, € B and s, — —oo such that y = lim, U (¢, s;,)x,.
There exists ng € N such that s, < s for any n > ng. Since U(-,-) is asymptotically compact, the
sequence {U (s,s,)x,} has a convergent subsequence with limit x € wg(s). By continuity, we

see that U (¢,s)x = y and we conclude that wg(t) C U(t,s)@p(s).

iv) Let {F(¢) :t € R} be a family of compact set that pullback attracts B. By contradiction, assume
that there exists y € @p(t) and y ¢ F(t). Thus there exists 0 > 0 such that

d(y,F (1)) > 28.

There exist x,, € B and s, — —co such that U (¢, s,)x, — y as n — +oo. On the other hand, F (7)

attracts B at time 7, so there exists s¢ such that
U(t,5)B C O°(F(1)),

for every s < so. Hence d(y,F(t)) < 6 which is a contradiction. Therefore wg(t) C F(t) for

every t € R.
O]

Theorem 1.29. Let U(-,-) be an asymptotically compact process. Then there exists a pullback attrac-
tor { (t) };er. In fact, for eacht € R

o (t) =| J{wp(t) : BC X, B bounded }. (1.11)
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Proof. Let {K(t):t € R} be a family of compact sets that attracts every bounded subset of X. Define
for each r € R, <7(t) as above. Then, from Lemma item iv), we have wg(r) C K(t) for every
bounded set B in X. Thus o/ (t) C K(¢) and so <7 (t) is a compact set for each ¢. Furthermore, from
Lemma item ii) 7 () pullback attracts every bounded subset B of X at time 7. The minimality
also follows from Lemma [1.28]item iv), so we only have to prove the invariance of the family {.7 () :
t € R}.

Since U(t,s) is a continuous map for each > s and {@p(7) : r € R}, is invariant, we have that

Ul(t,s)4 (s) C | J{U(t,5)wp(s) : BC X, Bbounded } = o (t). (1.12)

Lety € </ (t), then there exists y, € wp, (f) with y, — y as n — +oo. Thus there exists x, € @(By, s)
such that U(t,s)x, = y,. Since x, € </(s) and </ (s) is compact, there is a subsequence x,; that
converges to some xo € &7 (s), for which U(#,5)x0 = lim oo U (£, 5y, ) Xp; = lim 0 yu; = y. It follows
that U(z,s)7 (s) D 7 (t). This concludes the proof. O

Corollary 1.30. Let T(-) be a semigroup in a metric space X and assume that there exists a compact
set K that attracts every bounded subset of X. Then T(-) has a global attractor, and in this case
o = g.

Proof. It follows from Theorem |1.29|and Proposition that

o =| J{ws : BC X, B bounded }. (1.13)

is the global attractor for 7'(-). It is immediate from this that @(K) C 7, while, since K attracts
bounded subsets of X, we must have wp C @k for all bounded subsets B of X, which completes the

proof. [
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CHAPTER 2

Process on time-dependent spaces

The aim of this chapter is to study the abstract theory for processes U (z,s) : X; — X; on time-
dependent spaces. Henceforth, we will apply the results in the study of the asymptotic behavior of a
wave equation with a time-dependent propagation coefficient.

To this end, we will study the abstract theory developed in the papers [10] and [9] and we will
make a comparison between them. However, we will use the theory in [9] for the application in

Chapter 3]

First, we start defining processes on time-dependent spaces.

Definition 2.1. For ¢ € R, let X; be a family of Banach spaces. A process is a two-parameter family

of mappings {U (t,s) : Xy — X, };>5 with the following properties:
() Ul(t,t) =Idx,;
(i) U(t,t)U(t,s) =Ul(t,s) fort > 1> s.
If, in addition U (t,s) € € (X;,X:), then the process is called a continuous process .

Remark 2.2. Note that the spaces X; are all the same vector space with the norms || - ||x, and || - ||x,,
equivalent for any #,s € R. Whereas the equivalence blows up as we let s,# — +oo. However, this is
not necessary for most of the theory we develop hereafter in this chapter. We will explicitly use this

fact in Chapter [3] This remark will be further discussed in Chapter 3]

2.1 Attractors in time-dependent spaces

This section is devoted to present the abstract theory of [[10]. For this, we will consider the process

U (-,-) with the continuity condition for all that follows in this section.

15
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2.1.1 Pullback sets

Definition 2.3. A family of subsets # = { () C X;}cr is pullback-bounded if

()= sup |[AB(s)|lx, <o,  for all t R,

$E€(—oo,t]

that is, the function s — || %(s)||x, is bounded on s € (—oo,¢] for every ¢ € R.

Definition 2.4. A pullback-bounded family A = {A(¢) };cr is pullback absorber if for every pullback-
bounded family % and for every 7 € R there exists so = so(f, %) <t such that

U(t,s)B(s) CA(t),  for all s<sp.

U(t,r)x

\U(Lso )x

B(s1) B(s0)

\ N T
X;, X5, X, )!,
Figure 2.1: A = {A(¢)} is pullback absorber.
Definition 2.5. A family ¥ = {2 (1) },cr is called pullback attracting if
lim distx, (U(t,s)%#(s),2(t)) =0, (2.1)

§——o0

for every pullback-bounded family Z = {%(t) },cr and every t € R.
For any € > 0, the e-neighborhood of a set B C X; is defined as
of (B) = Uy e Xt x—yllx, <&} ={y e X : inf|lx—yllx, <e}.

XEB
Remark 2.6. The pullback attracting property can be equivalently stated in terms of € —neighborhood.

Indeed, if
EIP distx,(U(t,5)%B(s), 2(t)) =0,

i.e., given € > 0 exists 1) = 1o(t,#) <t such that

distx, (U(t,s)AB(s),2(t)) <€, for all s<ty, (2.2)
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we obtain from (2.2]) and Remark [T.10] that

Ult,s)B(s) COL(D(t)), for all s<i.

B(S]) B(S())

X,, X, X, X,

Figure 2.2: D = {D(¢)} is pullback attracting.

2.1.2 Invariant pullback attractor

In this subsection, our goal is to define the invariant pullback attractor for a process in a family of

normed spaces {X; };cR.

Definition 2.7. A family of subsets o7 = {7 (t) C X; };cr is an invariant pullback attractor for the
process U (-, ) if it fulfills the following properties:

(i) </ (t) is compact for every t € R;
(ii) <7(-) is invariant;
(iii) «7(-) is pullback attracting;
iv) &7(-) is the minimal family of closed sets with property (iii).
If property iii) holds uniformly with respect to r € R, .7 is a uniform invariant pullback attractor.

Remark 2.8. In [5] the pullback attractor is always invariant. However, in this chapter we will
differentiate invariant pullback attractors because for non-continuous processes we do not require

invariance in the definition of pullback attractors as in Definition [2.30

Remark 2.9.
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1. In general, conditions (i)-(iii) are not sufficient to guarantee the uniqueness of the invariant

pullback attractor. For example, consider the ordinary differential equation
y+y=0,
the process it generates is
Ul(t,s)x = xe 179,

Observe that the process U (-, -) has infinitely many invariant pullback attractors in the sense of

the definition above; they are given by
A ={ (1) = ce™ }ier,
with ¢ € R. However, only .47 is also a pullback-bounded family.
2. For uniqueness, instead of (iv) we could require
(iv)’ & is a pullback-bounded family,

then it is possible to prove that there exists at most one family satisfying (i)-(iii), and (iv)’, that
is, a pullback-bounded invariant pullback attractor is unique in the class of pullback-bounded

families. This will be prove in the following proposition.

Proposition 2.10. If a family of sets </ satisfies conditions (i)-(iii) of Definition and A is a
pullback-bounded family, then <f is the unique invariant pullback attractor for the process U (-, ).

Proof. Indeed, suppose that <7 and .o are two pullback-bounded families satisfying (i)-(iii) of
Definition Fix t € R and notice that from the pullback attraction property of .</; we obtain
distx, (U (t,s)t(s), <7 (t)) — 0 as s — —oo. However, since <7 is invariant we have U (t,s).%%(s) =
< (t). Furthermore, since 7 (t) is closed, it follows from Lemma 1.7 that % (¢) C < (t). Similarly,
exchanging the roles of 27| (f) and % () we obtain the reverse inclusion. Therefore, <7 (1) = 2/ (t)
for each t € R the result is proved. [

2.1.3 Time-dependent w-limit

In the present section, we will introduce the notion of an @-limit family in time-dependent spaces

and prove a characterization for this set.

Definition 2.11. The time-dependent ®—limit of a family of sets = {#(t) C X, };cR is the family
0wz ={0z(t) C X }icr, Where w4(t) is defined as

ozt)= U U(r,s)%(s>x'

T<ts<7T

An equivalent characterization of the w — limit family is the following proposition.
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Proposition 2.12. Let % as in Definition then
wz(t) ={z € X, : there are sequences s, — —oo as n — oo and z,, € HB(s,), such that
\U(t,sn)zn — 2||x, — O as n — oo},
Proof. Fixt € R and define
W(t)={z € X, : there are sequences s, — — as n — o« and z, € B(syn), such that
|U(t,5n)z0 —z||x, = 0 as n — oo}

We want to show that W () is equivalent to the Definition Indeed, let z € (1) then

X
S UU(t,s)%(s) , for all T<t.

s<7T

In particular, for each n € N, we have

m[Jme@&

s<t—n

Consequently, there exists
Yn € U Ul(t,s)AB(s)

s<t—n
such that ||y, —z||x, < 1. Furthermore, there are s, <¢—n and z, € %(s,) such that y, = U(t,s).

Therefore, s, — —oo as n — oo and
||U(l7sn)zn _ZHX, —0 as n— oo,

which implies z € W(z).
Conversely, suppose that z € W(¢). Hence, there exists s, — —oo as n — oo and z,, € H(s,) such
that
|\U(t,sn)zn —2zl|lx, =0 as n—oo.

If 7 <1, then there is n(7) € N such that s,,;) < 7. Consequently,

Ul(t,sn)zn € U Ul(t,s)B(s), foralln>n(t).

s<7T
Therefore, X
ze|JU(t,5)B(s)
s<T
Since 7 <t is arbitrary, we obtain z € w(¢) and this completes the proof. [
Definition 2.13. Consider
K={X# ={X#(t)}yer : H# (t) CX; compact, & pullback attracting}. (2.3)

We say that the process U(-, ) is asymptotically compact if K # 0.
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Remark 2.14. Observe that this is the same definition as in Chapter I}

Lemma 2.15. Let U(-,-) be an asymptotically compact process and % a pullback-bounded family.
Then

i) wy(t) is a non-empty compact set for every t € R.
ii) wy(t) pullback attracts B at time t;
iii) {wx(t) :t € R} is invariant;
iv) wyx(t) is the smallest family of closed sets that pullback attracts % at time t.

Proof. The proof is the same of Lemma[[.28] with minimal changes. O

2.1.4 Existence of the invariant pullback attractor

This section is devoted to prove a result on the existence of the invariant pullback attractor (The-

orem [2.18)). However, for do this we will use the Kuratowski measure of noncompactness.

Definition 2.16. For a Banach space X and D C X, the Kuratowski measure of noncompactness is
defined by

o(D) =inf{d > 0:D has a finite cover of diameter less than d}.

Hereafter we recall some properties of the Kuratowski measure we are going to use, redirecting

to [13] for more details and proofs:
(K.1) o(D) = (D).

(K.2) If rp € R and {02/,},2,0 is a family of nonempty closed subsets of X such that %, C %,, for
every rp > r; > rg and lim, . (%) =0, then % = ﬂrzro U, is nonempty and compact.

(K.3) Let {%}Q,O be as in (K.2) and let any two sequences r, — oo and x,, € %, be given. Then, x,

possesses a subsequence that converges to some x € % .

Remark 2.17. The shorthand ¢ stands for the Kuratowski measure in the space X;. Notice that, for
fixed s, € R, o and oy are equivalent measures of noncompactness whenever there is a Banach space

isomorphism between X and X;.

Theorem 2.18. Assume that the process U (-,-) possesses an absorber family A(-) such that

lim o (U(t,s)A(s)) =0, forallteR. (2.4)

§—s—o00

Then, </ (-) = wa(-) is an invariant pullback attractor for U (-,-). Furthermore, for eacht € R

A (t) = U{(Ogg(t) : B is a pullback-bounded family }. (2.5)
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Proof. First, we will prove the compacteness of @y () for each ¢t € R. Indeed, fix t € R. Given € > 0,
it follows from (2.4)) that there exists 7o < ¢ such that o (U (z,5)A(s)) < €, whenever s < fy. Moreover,

from the absorber property of A, we can find sy < #( satisfying
Ulto,s)A(s) C A(tg) for every s <sy.
Hence, for 7 < s¢ we have
U@, s)Als) = U,10)U(10,5)A(s) C | JU(1,10)At0) = U(1,10)Alto).
s<t s<t s<T

Setting
%’C = U U(taS)A(S)v

s<7T

we obtain o (%;) < € whenever T < sp. Observe that the sets 9, are closed subsets of X; and

lim oy (%;) =0.

T——o0
Thus, it follows by property (K.2) of the Kuratowski measure that
wa(t) = ﬂ U
<t

is nonempty and compact.
Next, we will prove that wy (¢) has the pullback attracting property. Suppose not, that is, suppose
that there exists r € R, a pullback-bounded family %, s, — —oo, 7, € HB(s,) and & > 0 such that

inf ||U(,50)zn —2z|lx, > 6. (2.6)
ZEW, (1)
Extract a subsequence {s,, } from {s,} as follows: given s,,,...,s,,, choose s, , <s,, such that

U(Sl’lk7snk+1 )‘%(Snk_'_l) C A(snk) NOtC that

U(Z7snk+1)an+1 = U(t7Sﬂk)U(Snk’S”kﬂ)Z”kﬂ =U(t,5n,)W,

with
Wk = U(S’lk7snk+l )an+1 S A(S”k)7
Le.,
Ut Sny 1 )ang € %Snk‘
By property (K.3) of the Kuratowski measure, the sequence U (¢, 5y, , )25, , has an accumulation point
in @, (¢), which contradicts (2.6). Therefore, @ is pullback attracting.

Now, we will proof that @y is invariant. In fact, let s <¢. We aim to prove that

Ult,s)on(s) = oa1).
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First, we will deal with the inclusion
U(t,s)wa(s) C wa(t).
Indeed, let z € @y (s), then there are sequences s, — —eo and z, € A(s,) such that
NU(sysn)zn—zllx, =0 as n— oo
Now, extract again a subsequence {snk} as follows: given sy, ..., Sy, choose s, , < sy, such that

U(SnpSngy JA(Sny ) € A(sy,).

Moreover, set
w=U(t,s)z€ U(t,s)wa(s)

and

Wk = U (Sng» Sy )2y € A(Sny)-
Hence, we have

1U (#, 50 )wic = wllx, = U (2,5)U (s, s )wi — U (1, 5)z|x,
— ([T (1)U (8,5, )oms, — U (t,5)2]|x, =50,

This establishes that w = U (¢,5)z € w, (¢) and consequently U (¢,s) w4 (s) C @x(¢) as claimed.

We now turn to the reverse inclusion
U(t,s)wa(s) D wa(t).

Let z € @y (¢) be arbitrary. Choose sequences s, — —oo and z, € A(s,) such that s, < s for every n
and

||U(t7sn)Zn_Z||Xt —0 as n— oo,

Using the attraction property of @, (¢), proven in the first part, we have

lim inf ||U(s,sn)zn —wllx, = 0.
n—oowemy (s)

Thus, there exists a sequence w,, € @, (s) satisfying
lim ||U (s, $,)zn —wnl|x, = 0.
n—yoo

By compacteness of @, (s), we obtain w, — w € @, (s) in X;. Thus, U (s, s,)z, — w in X;. Further-
more, by continuity of U(t,s), we have U (t,s,)z, — U(t,s)w (in X;) and consequently z = U (t,s)w.
Therefore, the proof of the second inclusion is complete.

Finally, we only need to show (2.3). Since A(-) is a pullback-bounded family we see that @, (¢) is
contained in the union of @-limit sets. Conversely, the fact that .o (-) is a closed family that pullback
attracts all pullback-bounded families and by the same argument of the proof of Lemma [I.28]item
iv)] we see that W (1) C <7 (¢) for all r and every pullback-bounded family Z. Thus the prove of

is concluded and in turn, the proof of Theorem [2.18 O]
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Corollary 2.19. If the process U (-,-) with absorber A possesses a decomposition
U(t,s)A(s) = P(t,s) +N(t,s)

where
lim ||P(z,5)|lx, =0, Vt€R
§—>—o0

and N(t,s) is a compact subset of X; for all t € R and s <'t, then </ (t) = wy(t) is an invariant
pullback attractor for the process U (-, -).

First, for t € R, let X; be a family of normed spaces, we introduce the R-ball of X;

B (R) = {z € X, : [|zllx, <R}

Proof of Corollary Given € > 0, there exists s < 0 such that ||P(¢,s)||x, < € for all s < sg. Thus
P(t,s) C B;(g), for all s< sp. (2.7)

Now, since N(¢,s) is compact in X; for every ¢ > s, there exist B;(x1,€),...,B;(x,, €) such that

p
N(t,s) C | Bi(xi,€). (2.8)
i=1
Hence,
p p
P(t,s)+N(t,5) CBy(e) + | Bi(xi.€) C | Bi(xi,2e), (2.9)
i=1 i=1
and oy (P(t,s) +N(t,s)) < 2¢ for s < s50. Therefore, (2.4) is satisfy. O

Corollary 2.20. Let Y; be a further family of Banach spaces satisfying, for everyt € R,
i) Y; is compactly embedded into X;;

ii) denoting with .%; . Y; — X; the canonical injection, the maps 9 are equibounded for s < t, i.e.,

C(1) = sup || Il 2y, x,) < oo

s<t
iii) closed balls of Y; are closed in X;.

Under the same assumptions as in Corollary if in addition

h(t)= sup ||N(t,s)|ly, <o for all t €R,

$E€(—o0 1]

then the pullback attractor <7 (t) is a pullback-bounded family. Furthermore, it satisfies

| (t)|ly, < h(t), for all 1 €R.
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Proof. Fixt € R and z € </ (t). By definition, there exists sequences s, — —oo, z, € A(s,) such that
|\U(t,81)zn — z||x, — O as n — eo. Using the decomposition of Corollary 2.19]

U(t,sn)zn = P, (t,50) + N, (t,50),
with P, (¢,s,) € P(t,s,) and N;, (¢,s,) € N(t,sy). In particular,
1Nz, (25 50) |y, < h(2),

i.e., the sequence N, (t,s,) is contained in the closed ball of ¥; with radius A(f), which we call B;.

Now, using ||P(t,s)||x, — 0 as s — —oo
1Nz, (2550) = zllx, < U, 80)20 = 2l[x, + [P, (85 50) |5, = 0, 1= oo,

Therefore, z is an accumulation point of B; (in the topology of X;). By assumption, B; is closed in X;,
so that z € B; as well.
This establishes that <7 (t) C By, i.e.,

|/ (0)lly, < he) for all t R,

which in turn yields that <7 is a pullback-bounded family in ¥;. The second assumption yields the
existence of C = C(t) > 0 such that

17 ($)llx, = [|-75( (5))|x, < C()h(t),  for all s<t.
Taking supremum over s < 7, since A is increasing by definition, we obtain

sup |7 (s)lx, < C()h(2),

$E(—o0 1]

i.e. o/ is a pullback-bounded family. O

2.2 Pullback attractor

The aim of this section is to study the abstract theory of [9] which will be used in the application
in Chapter [3] Additionally, we will make comparisons with paper [10] presenting the purposes of
the changes from one to another. In all that follows for this section the process U (-,-) will not be

continuous.

Definition 2.21. A family ¢ = {%(t) C X;},cr is called uniformly bounded if there exists R > 0
such that

€ (t) CBi(R), for all t €R.
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Definition 2.22. A family D = {ID(¢) },cr is called pullback absorbing if it is uniformly bounded
and, for every R > 0, there exists 7y = fo(¢,R) < t such that

U(t,s)Bs(R) CD(t), for all s<t. (2.10)
The process U (-, -) is called dissipative whenever it admits a pullback absorbing family.

Remark 2.23. Although it seems different, we will prove that definitions of pullback absorber (Defi-
nition[2.4]) and pullback absorbing (Definition[2.22) are equivalent. Indeed, since any family of balls
{B:(R) };er is pullback-bounded, then follows from Definition (2.4). Conversely, if 2 is any
pullback-bounded family with maximal size Z(t) on (—oo,¢], then

Ul(t,s)B(s) CU(t,s)Bs(Z(t)), for all s<t. (2.11)

Hence, if ¢ is a pullback absorbing family in the sense of Definition and ¢t € R is any fixed time,
we have
U(t,s)B(s) CU(t,s)Bs(Z(t)) C€(t) for all s<ty,

for some t > 1y = 10(t,%(t)), where Z(t) depends only on Z8. However, this is exactly the absorption
property (2.11).

Remark 2.24. The notion of pullback attracting can be rephrased in the following way: a uniformly
bounded family 7 = {Z(t) };cr is pullback attracting if and only if
lim distx, (U(t,s)€ (s),2(t)) =0, (2.12)

s—y—o00
for every uniformly bounded family ¢’ = {% () }; and every 1 € R.

It was chosen by the authors of [9] to postulate in the definition of absorbing family the stronger
property of being uniformly bounded, instead of merely pullback-bounded. Because, such a notion
seems to reflect more closely the dissipation mechanism of most equations of mathematical physics,
where the dynamics at time are confined in bounded sets D(z) (the pullback absorbing family) whose
size in the phase space X; remains bounded as t — oo.

Furthermore, having a pullback-bounded absorbing family does not prevent the possibility of D()

becoming larger and larger as time increases, in contrast with the common intuition of dissipation.

Remark 2.25. An interesting question is wheter property (2.12)) holds uniformly with respect to
intervals of time. This not true in general. In particular, it cannot happen on unbounded intervals. The
next result shows that, if the process is sufficiently smooth, then the attraction exerted by any invariant

pullback attracting family (such as the time-dependent attractor) is uniform on compact intervals.

Proposition 2.26. Let 9 = {2 (t)};cr be an invariant pullback attracting family. Assume that

\U(t,s)z1 —U(t,5)z2llx, < 2(t —s,7)||z1 — 22]|x,, (2.13)
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forallt > s € R and ||zi||x, < r, where 2 is a positive function, increasing in each of its arguments.
Then, for all R > 0,

lim distx, (U(t,s)B(s)(R),2(t)) =0,

s—>—o0

uniformly for t belonging to a compact set.
Proof. Let [a,b] with —eo < a < b < oo be given. Let Ry > 0 be such that
04(2(a)) C Ba(Ro)-

For every ¢ small enough, set
q

E=——"—"-<1.
Q(b —a, RO)
Since & is pullback attracting, for any given R > 0 there exists
S0 = S()(R,S) <a

such that

Ula,s)Bs(R) C 0P (a), for all s<sy.
Now, let s < s be fixed, and select any x € Bg(R). Calling z = U(a, s)x, choose d € Z(a) for which
”Z_dHXa < E.
Then, in light of (2.13)), for all ¢ € [a,b] we have
|U(1,a)z=U(t,a)d|lx, < 2(t —a,Ro)||z = dllx, < €2(t —a,Ro) = q.
Observe that, from the invariance of &
U(t,s)x=U(t,a)U(a,s)x=U(t,a)z and U(t,a)d C 2(t).

Thus,

inf ||U(t,s)x—d|x, <||U(t,a)z—U(t,a)d||x, <gq.

deD(r)

In conclusion, we proved that for all ¢ > 0 small there exists sy < a such that

distx, (U(t,s)Bs(R), 2(t)) < gq, for all s<so.

Since s is independent of 7 € [a, b], the proof is finished. O
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2.2.1 Further lemmas

We can describe the pullback attraction in terms of sequences. To this aim, let ¥; denote the

collection of all possible sequences of the form
yn =U(t,8,)xn
where s, — —o0 and x,, € X;, is any uniformly bounded sequence. For any y, € X;, we denote
L) ={x€X;: |lyn, —x|lx, = 0, for some subsequence n; — oo}.

It is immediately seen from the definitions that a uniformly bounded family JZ" = { ¢ (¢) };cr is
pullback attracting if and only if

dx, (yn, H (1)) = 0, for all y, €%y, (2.14)
for all 7 € R. In particular, each element of .Z;(y,) belongs to the closure of .# (¢). Therefore, setting
/()= | L),
€L

we have proved the following lemma.
Lemma 2.27. Assume that there exists a pullback attracting family of closed sets # = { ¥ (t)}1cr.

Then
*(t) C A (t), for all t €R.

Lemma 2.28. If the process U(-,-) is dissipative, then o/* = {o/*(t) };cr coincides with the time-
dependent -limit of any pullback absorbing set B = { AB(t) }:cr, that is,

70 =NU U2 . (2.15)

s<tT<s

In particular, </*(t) is closed and contained in HB(t) for all t € R. Therefore, </* is uniformly
bounded.

Proof. The validity of (2.15) is a direct consequence of the definitions. Moreover, it follows from
(2.15) that .o7*(¢) is closed for all # € R. Further, since 2 is uniformly bounded, it absorbs itself and

U(t,t)B(t) C B(t), for all t<t,

for some 7y = to(¢, %) < t, implying the inclusion .o/*(t) C A(t). O

Lemma 2.29. Let % = {Z (t) };cr be a uniformly bounded family of compact sets. Then, ¥  is
pullback attracting if and only if for allt € R

0# Li(yn) CH(t), for all y, €Xy.
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Proof. Let & = {# (t)},cr be a family of compact sets. If . is pullback attracting, then given
yn € X; we obtain .%(y,) C J# (t) and

1€ — ynllx, — O, (2.16)
for some &, € (). Since J# (t) is compact, there exists & € # (¢) such that (up to a subsequence)

16 —&llx, — 0. (2.17)

It follows from (2.16) and (2.17) that

[y = &llx, = 0.

Thus, % (y,) # 0.
Conversely, if Z" is not pullback attracting, we deduce from (2.14)) that

dx, (yn, K (1)) > €,

for some r € R, € > 0 and y, € ;. Therefore, .Z;(y,) N (t) = 0. H

2.2.2 Existence of pullback attractors

We can deduce from the earlier discussions that a pullback attracting family of compact sets is
capable of controlling the regime of the system at any time ¢ € R. This leads quite naturally to the
definition of an attractor as the smallest set possessing such a property. To this aim we consider the

collection
K={x# ={X(t)lher : # (t) CX; compact, * pullback attracting} (2.18)

Definition 2.30. We call a pullback attractor the minimal element of K, that is, the family o7 =
{4 () }1er € K such that

(1) C H(t), for all t €R, (2.19)

for any element . %" = {# (t) };ecr € K.

The following result is the main result of this abstract theory, because it will be used to prove
the existence of attractors for a damped wave equation with time-dependent coefficient in the next
chapter. Furthermore, the result tells that the definition is consistent: the minimal element of K exists

(and it is unique) if and only if K is not empty.

Theorem 2.31. [f the process U (-,-) is asymptotically compact, then the time-dependent attractor </
exists and coincides with </* = {o/*(t)},cr, where o/* is given in Lemma In particular, it is

unique.
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Proof. Indeed, how the process is U(-,-) is asymptotically compact then K # 0. Hence, let .# =
{ () }1er be an element of K. Then, it follows from Lemma and Lemma that

0+ *(t)C H(t), forall teR.

Since U(t,7) is dissipative, we know by Lemma that «7* is uniformly bounded and .«7*(¢) is
closed for all + € R. Moreover, .«/*(¢) is contained in (2.14), saying that <7* is an element of K.
Thanks to Lemma([2.27]it is also the minimal element of K, hence it is the (unique) pullback attractor.
The uniqueness follows by (2.19), that is, the minimality. 0

We now provide a necessary condition for K to be nonempty, which turns out to be sufficient
as well when the spaces X; are complete. Additionally, we will be able to related the Kuratowski

measure of noncompactness with a process asymptotically compact.

Definition 2.32. A process U(-,-) is e-dissipative if for every 7 € R there exists a set F(¢) C X; made
of a finite number of points such that the family { OF (F(¢))},cr is pullback absorbing.
The process is called totally dissipative whenever it is e-dissipative for every € > 0. Note that

the sets F(¢) need not be the same for all .

Theorem 2.33. Assume that X; is a Banach space for all t € R. Then U(-,-) is totally dissipative if
and only if K # 0.

Proof. If K # 0, then U (-,-) is totally dissipative. Indeed, if # = {.# (t) };cr belongs to K, it follows
from compactness that any .# (¢) can be covered by a finite number of g-balls, and calling F(¢) the
union of the centers of those balls, the family {0 (F(¢))};cr is pullback absorbing.

Conversely, if U(-,-) is totally dissipative, for any arbitrary fixed € > 0, we can choose a finite
set F€(t) such that the family {&Ff (F(t)) };er is uniformly bounded and absorbing. If we select any
yn € ¥4, then y, eventually falls into

VEQr) = OF (F&(1)).

Set

A1) = (V@)

>0
Accordingly, the family J#" = {# (t) };cr is uniformly bounded. Furthermore, both J#"(¢) and {y,}
are covered by finitely many balls of arbitrarily small radius, which, in Banach spaces, means precom-
pactness. In particular, Z (¢) being closed, it is compact in X;. Since the sequence y, is precompact,
then _Z;(y,) is nonempty. Moreover, it is contained in every closed set V¢(¢) and hence in their
intersection # (). In other words,
dx, (yn, # (1)) — 0,

meaning that ¢ is pullback attracting. Therefore, .2 € K. [
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Now, taking together Theorem [2.31]and Theorem [2.33|we can conclude the following corollary.

Corollary 2.34. [f the process U (-,-) is totally dissipative, then the time-dependent attractor <f exists

and coincides with the set o/ *. In particular, it is unique and uniformly bounded.

Remark 2.35. We can characterize a totally dissipative process based on the Kuratowski measure:

The process U (t,s) is totally dissipative if and only if there exists a pullback absorbing set % =
{%B(t) }ser for which
lim o(U(t,7)% (7)) =0, for all t€R.

§——oo
As a result we obtain a relationship between the Kuratowski measure of non-compactness and a

process asymptotically compact.

Remark 2.36. Note that Definition [2.30| does no require the invariance as a property. However, this
property is a priori postulated in the literature. In particular, in Section the invariant pullback at-
tractor is by definition a family of compact sets which is at the same pullback attracting and invariant,
and it existence is proved by exploiting the continuity of the process U(-,-).

If ¢ is an invariant pullback attracting family of compact sets, then . is the smallest element of

K, hence it coincides with the invariant pullback attractor 7.

To this aim, we will prove by the following results that a pullback attractor is invariant whenever

the process U (-, -) is T-closed for some 7 > 0.
Proposition 2.37. Let o/ = {7 (t)};cr be a pullback attractor. If there exists T > 0 such that
A(t)CcU(t,t—T)d(t—T), for all t €R,

then <f is invariant.
Proof. Fixt € R. For any s >t and any n € N, we obtain by induction

U(s,t)Z(t) CU(s,t—T)d(t—T) C...CU(s,t —nT )/ (t —nT). (2.20)
Consequently,

distx, (U (s,1) < (1), (s)) < distx,(U(s,t —nT)<l (t —nT),(s)).
Since 7 is attracting, , letting n — oo we obtain

distx, (U (s,t) (1), (s)) =0,

implying in turn, since <7 (s) is closed, that

U(s,t)(t) C o (s), for all s>t. (2.21)
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In particular, setting s =7 it follows from (2.20)) and (2.27])) that

o (t) CU(t,t —nT )/ (t —nT) C (1), (2.22)

that is,
() =U(t,t —nT)/ (t —nT).

Now, consider 7 < ¢. Taking n large enough, we infer from (2.21)) and (2.22) that

A (t)=U(t,t —nT) (t —nT) =U(t,7)U(t,t —nT )/ (t —nT) C U(t,7)/(7) C (1),
proving the equality U (¢,7)7 (t) = </ (t). O
In order to establish an invariance criterion, we will need the following definitions.

Definition 2.38. For any pair of fixed times ¢ > 7, the map U (¢, 7) : X; — X; is said to be closed if

Xp—x in X
Ut,T)x, —y in X;

then U (1, 7)x = y.

Definition 2.39. The process U(-,-) is called
i) closed if U(t, 7) is a closed map for any pair of fixed times ¢ > T;
ii) T-closed for some 7' > 0 if U(t,t — T) is a closed map for all ¢.

Remark 2.40. Observe that if the process U (-,-) is closed it is T-closed, for any T > 0. Note also

that if the process U (¢, T) is a continuous map for all 7 > 7, then the process is closed.

Theorem 2.41. IfU(-,-) is a T-closed process for some T > 0, which possesses a pullback attractor
of = {9 (t)}icr, then o is invariant.

Proof. In view of Proposition it is enough to prove the inclusion
o (t)CU(t,t—T)e_r, for all t €R.
To this end, select an arbitrary y € &7 (t). By Theorem [2.31]
yon—y for some y, =U/(t,T,)x, € L.

Now, define the sequence

wp=U(t =T, 7T,)xp.
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On account of Lemma [2.29]
wp —w  for some we o/ (t—T).

On the other hand,
U(t,t —T)w, =U(t,7,)x,

which implies
U(t,t —T)wy, — y.

Moreover, since U (¢,t — T) is closed we conclude that
Ut,t—T)w=y.

Therefore,
yeU(t—T)d(t—T),

yielding the desired inclusion. ]



CHAPTER 3

Wave equations with time-dependent speed
of propagation

This chapter is devoted to the study of damped wave equations. More precisely, based on [9],
we will applied the abstract results developed in Chapter [2] to study the long time behavior of wave

equations with time-dependent speed of propagation.

3.1 Physical Interpretation

First, we will give a physical interpretation for wave equations in general case. Indeed, consider
the equation
uy —Au =0, (3.1)

where ¢ > 0 and x € Q, where Q C R" is open. The unknown variable is u: Q x [0,0) — R, u = u(x,t),
and the Laplacian A is taken with respect to the spatial variables x = (x1,...,X,).

The wave equation is a simplified model for a vibrating string (n = 1), membrane (n = 2), or
elastic solid (n = 3). In this case u(x,?) represents the displacement in some direction of the point x

at time ¢ > 0. Let U represent any smooth subregion of Q. The acceleration within U is then
d
— | udx= | u,dx
° /U /U ’

— F-vds,
oU

where F denotes the force acting on U through dU and the mass density is taken to be unity. Newton’s

and the net contact force is

law asserts that the mass times the acceleration equals the net force:

/ l/lndx: —/ F-vds.
U U

This identity obtains for each subregion U and so

Uy = —divF.

33
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For elastic bodies, F' is a function of the displacement gradient Vu, whence
uy + divF (Vu) = 0.
For small Vu, the linearization F(Vu) &~ —cVu is often appropriate. Therefore,
Uy —cAu=0.

This is the equation (3.1) if ¢ = 1. This physical interpretation strongly suggests it will be mathemat-
ically appropriate to specify two initial conditions, on the displacement u and the velocity u;, at time
t=0.

3.2 Hyperbolic damped wave equation

Now, we will introduce the damped wave equation with time-dependent speed of propagation.
Indeed, let Q be a bounded domain of R? with smooth boundary dQ. For any 7 € R, we consider the

hyperbolic evolution equation for the unknown variable u = u(x,t) : Q X [T,0) — R

Euy +au, —Au+ f(u) =g, t>, (3.2)

with Dirichlet boundary condition

90, =0, (3.3)
and to the initial conditions
u(x,7) =a(x) and u/(x,7)=b(x), (3.4)

where a,b : Q — R are assigned data. Moreover, € = £(¢) is a function of 7.

Remark 3.1. We can see equation (3.2) as a nonlinear damped wave equation with time-dependent

speed of propagation %

In order to understand the physical interpretation of each term of equation (3.2), we point out

which forces are acting in the system in relation to (3.1]) and what they represent. In fact, we consider

1) g as an external force;
1) oy, as an external force depending on the speed, that is, is the damping force;

iii) f(u) as a restorative force.
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3.2.1 Conditions in terms of the equation

We postulate the following assumptions for the terms of equation (3.2).
Conditions on &:

Suppose € € €!(R), a decreasing bounded function satisfying

tEToo‘g(t) =0.

Proposition 3.2. With the hypotheses over € described above, €' is a bounded function.

Proof. Suppose not, then

. / _
el ==

or

. / _
tgrpoos (1) = —eco.

First, note that there exists N > 0 such that 0 < g(r) < N for every ¢ € R.
Now, suppose that happens. Then, given M < 0 there exists R > 0 such that

gt)<M, forall t>R.
In particular, for M = —1 there exists Ry; > 0 such that
g(t)<—1, for all t>Ry.
Integrating (3.8)) we obtain

t t
/ g(s)ds<— [ ds.
Ry Ry

Hence,

e(t)—€(Ry) <Ry —t.

Furthermore, since €(¢) > €(Ry), we have
e(t)—&(Ry) > —N.

Then,
—N < Ry —t.

Setting t = Ry; +2N we have
—N < Ry — (RM—I—2N) = —2N,

which is a contradiction.

(3.5)

(3.6)

(3.7

(3.8)

(3.9)

On the other hand, if (3.7) happens, similarly to the arguments above we have for M < O there

exists 7" < 0 such that
e(t)y<M, forall t<T.
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Then, for M = —1 there exists Tj; < 0 such that
8’(t) <=1, for all t <Ty. (3.10)

Integrating the above equation we obtain

Ty Ty
/ ' (s)ds < — ds.
t

t

Thus,
—N<e(Ty)—e(t) <t—Ty. (3.11)

Then, setting t = Tjy — 2N we have
—N < (Tyy —2N) — Ty < —2N,
which is a contradiction. Therefore, €’ is a bounded function. O]

Consequently, taken together there exists L > 0 such that

sup[|e(?)| +1€'(t)]] < L. (3.12)
teR

Conditions on f:

Suppose f € €%(R), with £(0) = 0 satisfying, for every s € R, the growth condition

1" (s)| <c(1+|s]), for some c>0, (3.13)
and the dissipation condition
liminf& > —A1, (3.14)
|s| o0 S

where A; > 0 is the first eigenvalue of the operator A : D(A) C L*(Q) — L*(Q) such that
A=—A with domain D(A)=H*(Q)NHI(Q).

The operator A is self-adjoint, positive definite and sectorial in L?() (for more details and proofs see
[Z]). Moreover,
H*(Q)NH(Q) € L*(Q),

that is, H%(Q) N H} (Q) is compactly embedded in L2(Q) (see [L7]).
Note that, in equation (3.2) f takes values in Q. Thus, was used

fé(u)(x) = f(u(x)), for all xeQ (3.15)

as the Nemytskii operator associated with f.

Conditions on o and g:

The damping coefficient « is a positive constant and the time-independent external source g = g(x)
is taken in L?(Q).
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3.2.2 The functional setting

We set H = L?(Q), with usual inner product (-,-) and norm || - ||. Since A is a sectorial operator
we will define the fractional power spaces associated with it.

Hence, for 0 < o < 2, we define the hierarchy of (compactly) nested Hilbert spaces

lQ

Ho=D(A?), (wv)e=(ATwA%Y), |Iw]o=[A%w].
Then, forr € R and 0 < o < 2, we introduce the time-dependent spaces

H}° =Hg41 X Hs
endowed with the time-dependent product norms

Hu, w2} 50 = g1 +€(0) ualls.

The symbol o is always omitted whenever is zero. In particular, the time-dependent phase space

where we settle the problem is
A =Hy xH with |{u1,u2}|5 = l|ur |17 + (1) |z, (3.16)

where
H, = D(A?) = HY(Q).

In addition, how Q is a bounded domains of R3, it follows by Poincaré inequality that
]2 = Vi |? = /Q Vi Pdx for all uy € HY(Q). (3.17)
Furthermore, we have the compact embeddings
HCeH, 0<o<2,

with injection constants independent of r € R.

Note that the spaces % are all the same as linear spaces. Moreover, since £(+) is a decreasing

function of 7, for every z € Hy x H and t > 7 € R there holds

e(7)
I2l24 < llzlZ, < max {1, I1%-
e(r)

Therefore, the norms || - ||2<%pl and |- ||2% are equivalent for any fixed 7, T € R. However, the equivalence
constant blows up when ¢ — +oo.

In order to understand the phase space (3.16) where we settle the problem, we look at the energy
of the system. For this, multiplying (3.2)) by 2u,, we obtain

(uy, €uye) + Qug, o) + 2ug, —Au) + Quy, f(u)) = (2ur, g), (3.18)
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that 1s,
28/ ututtdx+2a/ |u,|2dx—2/ u,Audx—}—Z/ f(u)u;dx:Z/ ugdx. (3.19)
Q Q Q Q Q

First, we will solve each term of the left side of the equation (3.19). Indeed,

i)
28/ u,u,ldx:28(l‘)/ M[M[[dx
Q Q
1d
= 28(t) (Ed—(u,,bw)
(3.20)
= (1) a0
dl 1y Ut
d
= Ee(t)llutllz—8'(t)||ut||2-
i)
Za/ lu; [2dx = 20| ||? (3.21)
Q
iii) It follows from Green’s Theorem, (3.3) and (3.17) that
—2/ uAudx — =2 <—/ VuVu,dx)
Q
Vul? (3.22)
2dt/ [Vuldx

= el

2/f u,dx—2/dt</ >dx
=22 /Q ( /0 f(s)ds) dx .

d
=2— [ F
% /Q (u)dx

where, we set

Now, for the right side we have

2/ guidx = 2/ X)urdx

—Zdt/gg( Judx (3.24)

2; (g,u).
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Taking all together we obtain
d
- lallF + &) |12 4+ 20F (), 1) = 2(g,u)) = [€/ (1) — 200] au |, (3.25)

where
gt)-2a<0, forall teR,

and
&) = [|ullt +()[|u]* +2(F (u),1) — 2(g,u).

Therefore, we can see that the natural energy associated with equation (3.2) posses a structural de-

pendence on time.

3.2.3 Technical lemmas

We shall exploit the following Gronwall-type lemma, that will be used in some results here after.

Lemma 3.3. Let ¥ : [7,00) — R be an absolutely continuous function satisfying the inequality

%\p(;) +20¥(1) < q(1)®(1) + K

for some @ > 0, K > 0 and where q : [T,00) — R fulfills

with m > 0. Then,

Then, by the Gronwall lemma we have

(1) < w()e"® 4 / 0K
T
< lI/(,L.)emfa)(tf‘r) +K/°° emfw(tf’t)dt
T

= l[/(‘c)em_w(t_r)—l-l{emem/ e “dt.

T

Now, observe that
b

b—roo w T
e~ 0T . e—a)b

= + lim

w b—oo @

-7

oo 0t
/ e dt = lim
T

e

@
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Therefore,

y(t) < y(n)e" ) r KMo,

which concludes the proof.

In light of (3.14) we obtain the following lemma.

Lemma 3.4. The following inequalities holds for some 0 <v < 1 and c; > 0:

2(F(u),1) = —=(1=v)|ullf —c1,
(f(u),u) > —(1—v)||u||%—cl, for all u€ H;.

Proof. We will start with (3.26). Indeed, note that

timintL®) — limsup —f)
[s|o0 S ls|se0 S
Hence, rewriting (3.14) we obtain
limsup (s) < A

[s|e0 S

and setting h(s) = —f(s),
h
limsup (—S) < A1
[s|e0 8

Now, recall that

limsup{h(x)} = gg { sup{h(x)}}.

X—yoo x>r

In addition, set

¢(r) := sup{h(x)}.

xX>r

It follows by (3.29)) that ing ¢ (r) < A;. Then, there exists r; > 0 such that
r>

¢(r1)<),1.

Set (
h(s
ni=0(n) = sup {21 < 4.
|s|>r1{ S }

Thus,

)

S

for all |s| > ry.

From the definition of supremum, we obtain

h
% <N <Ay, forall|s|>r.

(3.26)

(3.27)

(3.28)

(3.29)
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Set 1 — A := v < 0. Suppose that there exists s; > r; such that

)

S1

_ll >7:n—117

which implies that ( BN n. A contradiction. Therefore, there exists & > 0 (e.g., & = 15 A') such
that

h(s)

——A <—=&, forallls| >r.
s

Hence, .
(TS) <(M=E&), forall |s|>nr (3.30)

Furthermore, how f is a continuous function, there exists M > 0 such that
|h(s)| <M, forall|s|<r

As a result
h(s) < (A —&)s, foralls>ry,

h(s) > (A —&)s, foralls < —ry,
|h(s)| <M, forall|s| <r
Now, we will analyze the cases in which t > 0 and # < 0. In fact,

Case 1 (r > 0): Firs, suppose that r; < ¢. Then,

/Olh(s)ds:/or1 h(s )ds+/ / Mds+/ (A1 —&)sds

2
t
=M —_&)— — — _1
n+ (=)~ (- &)
)
2
where C = Mri + |4 — | %
If r{ >t, then
t )
/h /Mds—Mt<Mr1 (A — 5)2+C,
0

2
where C = Mry +|A — |3
Case 2 (t < 0): First, suppose r; > 0 such that r < —r; < 0. Thus,

/Oth(s)ds: /0 T nsyds+ [ h(s)ds

-r

0 —r
— [ (s )ds—/ h(s)ds

-

-]
/ Mds+/ —(A1 —&)sds
—ry

2
=Mri— (A — 5) + (M — 5)5
2

()Ll §)2+C7
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Iz

2

where C = Mr; + |4 — &[5
If —r; <t, then

12

t t
| ts)ds < [ Mds=me < mr < (- &5+,
0 0

Iz

2
where C = Mri + |4 — &[5

Hence,
t t2
[ sy < (m-&)5 +c.
0
that is, t
2 / h(s)ds < (M — &) +2C.
0
Therefore

t
2/ f(s)ds > —(A — E)> —2C.
0
Taking & € (A — 1,41), setting v=1+& —A; € (0,1) and integrating over Q we obtain the desire
inequality (3.26) where ¢; = 2C|Q]|.
Finally, for (3.27)), it follows from (3.30) that

h(s)s < (A —&)s*,  for all |s| >r|
With similar arguments we can conclude (3.30), see, e.g., [16]. OJ

Since the aim of the problem is work with time-dependent coefficient £(¢) in equation , in
order to avoid technical complications only due to the nonlinear term f(u), we require the additional
assumption

2(f(u),u) = 2(F (u), 1) — (1 =v)Jullf —er. (3.31)

Condition (3.31)) is ensured by asking, for instance, that

liminf f/(s) > — Ay, (3.32)

||

which is slightly less general than (3.14) but still widely used in the literature, as in [8]].

Remark 3.5. Recall that for x,y,n > 0, we obtain
(x+y)" < 2"max{x",y"} <2°(x" +").
We will need the following lemma.
Lemma 3.6. Let f € C'(R) be a function such that there are constants C > 0 and p > 1 such that
IF' ()| <C(1+|s]P~Y), for all seR.

Then,
£ (s) = F(O)] <27 'Cls — 2| (1+[s|P~" + [¢[P~)
forall s;t € R.
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Proof. Consider s,z € R, it follows from the Mean Value Theorem that there exists 8 € (0,1) such

that
[F(s) = f()| = |s—1]|f'(s(1 - 0) +18)]

<Cls—t|(1+|s(1—8)+0P7 1)

< 2P ICls—t|(1+[s(1—0) [P +[r0]P ")

< 2P| s —t|(1+|sP~ "+ [ePH),
which proves the result. O
Remark 3.7. It follows from the growth condition (3.13)) of f that

Fel<Cc+]sP), seRr.
Consequently, by Lemma [3.6) we obtain

£() = FO)] < Kls—t|(1+|s]> + ),

for all s, € R.

3.3 Well-posedness

For any 7 € R, we rewrite problem (3.2) - (3.4) as
Sun-i-OCut-l-Au-l—f(u):g, r>7
u(t) =a, (3.33)
u[(f) =b.

Consider the family of maps
Ul(t,t): o — A with t >,

defined by
U(r,7) = {u(t),u ()}

Problem generates a continuous process U (t,7T) : 5 — 4, for all t > 7, this statement
follows by Theorem [3.8]

Global existence of (weak) solutions u of equation (3.33) is classical, and can be obtained by
means of a standard Galerkin scheme, as we can see the details and proofs in [[17] and [11]].

Furthermore, based on Lemma described below we can obtain that such solutions satisfy, on
any interval [7,7] with 7 > T,

uece([r,t],H)

and
u € 6([t,t],H),
see, e.g., [17].

Moreover, the process U (-, ) satisfies the following continuous dependence property.
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Theorem 3.8. Problem generates a continuous process U (t,7) : 7 — H, witht > T € R,
satisfying the following continuous dependence property: for every pair of initial data z; = {a;,b;} €
F; such that ||zi|| .z < R, i=1,2, the difference of the corresponding solutions satisfies

U, 1)z = U(t,7)z2ll iy < 5 Nz1 — 20l s forall t>1, (3.34)
for some constant K = K(R) > 0.

Remark 3.9. Note that, uniqueness of solutions in problem (3.33)) will follow by the continuous
dependence estimate (3.34). Indeed, for T € R and z = {a,b} € J% such that ||z, < R. Let

U, (t,7) and U, (t,T) be solutions of (3.33), it follows by (3.34)) that
U\(t,t)z=Us(t,T)z, for all t > .

Therefore, U; (t,7) = U, (t,7) for all t > .

Taking all the discourses described above together, we can conclude that the family of maps

Ul(t,t): 5 — 7 with t >T€R,

defined by
U(t,t)z={u(t),ult)},

where u is the unique solution to (3.33) with initial time 7 and initial condition z = {a,b} € J,
defines a continuous process on the family {74 };cR.

For the proof of Theorem |3.8| we will need the following dissipation estimate.

Lemma 3.10. Lett > 1. For z € ¢z, let U(t,T) be the solution of with initial time T and datum
z=1{a,b}. Then, if holds, there exist ® = o(a., ||€]|r=,||€'||z=) > 0, K1 > 0 and an increasing

positive function ¥ such that
U@ 0)zl s < wllzllm)e "D + Ky, forall t>1.
Proof. Let C > 0 be a generic constant independent of the initial datum z and denote
E(t) = |U(1,7)z]1%
(double) the energy associated with problem (3.33). Due to (3.12), and (3.26)), the functional
E=E+8a|ul* +28€(u,u) +2(F(u),1) —2(g,u)
fulfills, for 6 > 0 and some 0 < v < 1 provided by Lemma[3.4]

VE(t) —C < &(t) < CE(1)* +C. (3.35)
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In light of (3.12)), set 6 > 0 small enough such that CLS < 5, then it follows from Cauchy-Schwarz

and Young’s inequality that
28e|{ur,u)| < 28€]|uy|[]u]

E
< 2 llw* + 8 u]*
E
< ol +CLS? u?

Y04
< il + 2

€
2
Now, multiplying (3.2)) by 2u;,

%(E(f) +2(F (u), 1) = 2(g,u)) + [2a — €' ()] e[ |* = 0. (3.36)
In addition, multiplying by 28u,
268 (uy u) + 200t {uy u) — 20 (u, Au) +20(f (u),u) —28(g,u) = 0.
Resolving some terms we obtain
26 %8(u,,u) — &' (up,u) — 8’||u,H2 + 280Uy uy) +25Hu||% +28(f(u),u) —268(g,u) =0. (3.37)

Then, summing (3.36) and (3.37) we obtain

d
Eé +Ro—¢ - 258]||u;||2 +25||u||% +28(f(u),u) —28{g,u) = 28€ (u;,u).

Furthermore, by (3.12), Cauchy-Schwarz and Young’s inequality we have
28 |€ (uy,u)| < 2L8|(uy,u))

< 28L|uag |
o ov
< —||ur||2+7||u||%
for 6 small, we arrive at
d 3
Eé + [5—8/—258] HutH2+5 [2— g] HuH%—I—25<f(u),u> —26(g,u) <0. (3.38)

In light of (3.31) we can reconstruct the functional &, which provides
d 2
Eé +0&+of|us]|”+T < bcy,

where 5
(04 %
r— [5 — &' 38¢] [l ]|* + = ulf — 8%at|ul* ~ 26 {ur. ).

Therefore, setting 6 small enough so that I" > 0, we end up with
d
E§+5§—|—a||ut|]2§5c1. (3.39)

Applying the Gronwall lemma, together with (3.35]), we have proved Lemma 3.10 O]
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Proof of Theorem Let z1,z2 € 74 be such that ||z, <R, i = 1,2, and denote by C a generic
positive constant depending on R but independent of z;. We first observe that the energy estimate in

Lemma ensures

|U(t,7)zil| e <C. (3.40)

We call {u;(t),dui(t)} = U(t,7)z; and denote z(r) = {u(r),u;(t)} = U(t,7)z1 —U(t,7)z2. Then, the

difference between the two solutions satisfies
€y + oty — A+ f(uy) — f(u2) =0,
with initial datum z(7) = z; — z2. Multiplying by 2%, we obtain

(20, €y ) + (20, oy ) + 2y, —Au) = —(f (uy) — f(uz), ),

that is,
28/ ututtdx+2(x/ ]u,|2dx—2/ wAidx = —(f(uy) — f(u2), %)
It follows from (3.20)-(3.22)) that
d _ _ _ d _
EOI@|* = & O)l|@]* + 207 | + —[lullf = = (f (1) = f (u2) ).
Thus,
d
23, + 20— @l = =2(7 () = f (u2) T (3.41)

Observe that
—2(f(u1) — f(u2), ;) <2[(f(ur) — f(u2), )]

<2||f(ur) — f(u2)][ |||
Furthermore,

£ (ur) — f(w2) > = / |f(ur) — f(uo)|>dx

= [ 1) = Flus()) Pt
Q
Now, it follows by Remark [3.7| that
170100 = Fa(0) P < K [ fur (06 = 2 ) {1+ oy (0 + o) P

Applying Holder’s inequality we obtain

1 2

£ (1 (x)) = flua(x)) Pdx S K ([ s (x) = 2 (x) Ol (1 + 0 () 2+ o () )
J (o —smeorac) () )

1

= & (Jlalgs)” (/9(1 g (x) 2+ |uz(x)|2)3dx>3.
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Using Remark and the embedding H} (Q) C L5(Q) we have

o= e < s () ([ 1+ O + s )
<K () (2 [ (-4 bl e ax )

2

—112 6 6 6 3
= K () (2° 191+l 86 + 156 )

I

<K (K@) (2° |19 + Kol |+ Ks ] )
It follows from (3.40) that
170010 = ) P < L

Consequently,

_ e 200,
—2(f (1) = fluz),8) < 2LI[a| 1 [lwe]| = 2L5_ |[all [

Moreover, from Young’s inequality we obtain
=2(f(ur) — f(u2), i) < Mallf + 20z %,

where M = %. Furthermore, how € is a decreasing function and satisfies (3.5)) we can conclude that

=2(f(ur) — f(u2), i) < e(o) [ |* + M|}
< Me (1) ][> +M|all7.

Therefore, we end up with the differential inequality

d, _
2013 < MIz()154 (3.42)

and an application of the Gronwall lemma on [7,¢] completes the proof. [

3.3.1 Absorbing sets

This subsection is devoted to studying the dissipation properties of the process U (-,-) associated

with (3:33).

Definition 3.11. A time-dependent absorbing set for the process U (z,7) is a uniformly bounded
family & = { A (t) };cr with the following property: for every R > 0 there exists 6, = 6,(R) > 0 such
that

U(t,7)B:(R) C B(t) for all t<t—6,,

where B:(R) denotes the R-ball of .77.

Remark 3.12. The notion of absorption in Definition [3.11]is stronger than the pullback dissipativity
of Definition
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The existence of a time-dependent absorbing set (hence pullback absorbing) for Uz, 7) it follows

by the next result.

Theorem 3.13. There exists Ry > 0 such that the family 2 = {B;(Ry) }scr is a time-dependent ab-
sorbing set for U (t, ). Furthermore,

sup {||U(l,T)Z||%+/ ||uz()’)\|2dY} <lp, forall TeR, (3.43)
ZEBT(RQ) T

for some Iy > Ry.

Remark 3.14. The first statement of the theorem above means: there exists Ry > 0 such that for every
R > 0 there exists 6, = 6,(R) > 0 with

1<t—0, = U(t,7)B¢(R) C B;(Ro).
This implies that for z € B;(R) yields
|U(t,7)z]| 5z < Ro.
Proof of Theorem[3.13] Let Ry = 1+ 2K;. An application of Lemma 3.10] for z € B(R) yields
U, 7)zl| 4 < 2(R)e ™™D +K; < 142K =Ry,

provided that t — 7 > 6, where

2(R
6, = max{O,w_1 logHLK)} .
1

This concludes the proof of the existence of the time-dependent absorbing set. In order to prove the
integral estimate for ||u/|, it is enough to integrate (3.39) with § = 0 on [7,0) O

Remark 3.15. We can assume that the time-dependent absorbing set B(t) = B;(Ry) is positively
invariant (namely U (¢, 7)B(t) C B(t) for all t > 7). Indeed, calling 6, the entering time of B(r) such
that

U(t,t)B(t) C B(t), forall t<t—8,,

we can substitute B(¢) with the invariant absorbing family

J U(r,7)B(z) C B(1).

7<t—6,

3.4 Existence of the pullback attractor

This last section is devoted to prove the main result of this chapter, that is, a result on the exis-
tence of the pullback attractor for the problem (3.33)). Moreover, this result represents the asymptotic
behavior of the problem (3.33).
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Theorem 3.16. The process U(t,T) : 77 — ¢ generated by problem admits an invariant
pullback attractor of = {</(t) : t € R}. Furthermore, </ (t) is bounded in ¢!, with a bound inde-
pendent of t.

The existence of the attractor, according to Definition will be proved by a direct application
of the abstract Theorem Precisely, in order to show that the process is asymptotically compact,
we shall exhibit a pullback attracting family of compact sets. To this aim, the strategy classically
consists in finding a suitable decomposition of the process in the sum of a decaying part and of a

compact one.

3.4.1 The decomposition

We write f = fo+ f1, where fo, fi € C*(R) fulfill, for some k > 0,

Ifi(s)| <k, forall s€R, (3.44)
1f(s)| <k(1+]s|]), forall s€eR, (3.45)
fo(0) = f5(0) =0, (3.46)

fo(s)s >0, forall seR. (3.47)

This is possible owing the assumptions (3.13) and (3.14) (as we can see in [2] and [12]]).
Let 2 = {B,;(Ro) }scr be a time-dependent absorbing set according to Theorem andlett € R
be fixed. Then, for any z € B;(Ry), we split U (¢, 7)z into the sum

U(t,T)z={u(t),u:(t)} = Up(t,7)z+ Uy (2, 7)z,

where
Uo(t,7)z={v(t),vi(t)} and U(t,7)z={w(t),w(t)}

solve systems

vy + oy, +Av+ fo(v) =0, (3.48)
UO(taT) =%
and
{gw,,+awt +Aw+f(u)+f0(v> =& (349)
Up (t,’c) =0.

In what follows, the generic constant C > 0 depends only on 4.
Lemma 3.17. There exists § = 6(%) > 0 such that

|Uo(t,7)z|| 2 < Ce0U=7), for all t > 7.
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Proof. Repeating word by word of the proof of Lemma [3.10| with fj instead of f we immediately
obtain the bound

|Uo(t,7)z|| s < C. (3.50)

Then, denoting

o = ||Uo(t,7)z]3 + Sax||v]|* + 28 (v, v) + 2(Fo(v), 1), (3.51)
with
Fols) = [ fols)a,
we multiply by 2v; +20v. In view of and since g = 0, the analogous of the differential

inequality (3.38) now reads
d
280+ 8Uo(1,7) 3 <0.

Exploiting (3.50) and (3.5T),

1
EIIUO(M)ZH% < &o(r) < Cl|Uo(1,7)z]1 %

Moreover, the Gronwall lemma completes the argument. [

Remark 3.18. How U(-,-) is a continuous process and we make a decomposition of this process in

the sum of a decaying part and a compact one, summing up, the following uniform bound holds,

sup[[|U (2, T)zl| g + [|[Uo(t, T)zl| g + U1 (2, T)z]| 4] < C. (3.52)
t>7
This fact will be used in the next result.

Lemma 3.19. There exists M = M (%) > 0 such that

sup ||Uy (¢, 7)

t>7

Z||%01/3 <M.
t

Proof. We choose 6 > 0 small and C > 0 large enough such that, calling
A= ||Ui(t,7)z)? Sa||wl|? 5+ 28w, AV3w) +2(f () — —g,APwy+C
10 (t,7)z|l°, 1y + Sal|wlly 3 +28€(we, AT w) +2(f () = fo(v) —&,A7/"w) +C,

we have

1
Ui, T)Z@m < A1) <2[|Ui (1, f)ZHiﬁl/g +2C. (3.53)

Indeed, in view of (3.52)) and Remark [3.7]

1
2(f () = fo(v),A'Pw) < 2| f(w) = fo)[[|A"wl < Cllwlls < ZIIWHi/z +C.
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Moreover, by (3.12)), for 0 small we can estimate

oa
28| (w,A'w)| < _HWIH1/3 HW”1/3

By multiplying ll with 2413w, +28A'3w, we infer that

d
A 2o/ ~28] il + 28w 5 + 28 (1) ~ folv) — .4 )

=28¢ (wi,A'Pw)+ 1+ b + I,

where

I =2([fo() = fo ()], A Pw),
= 2(fg(v)wi. A w),
= 2(f{ (w)ur, A'w).
Then, for any fixed 0 > 0 small enough, we obtain

d
d—A+6A—|—O¢||Wz||1/3 <hL+hL+5L+8C. (3.54)

By exploiting conditions (3.45)-(3.46) for fy and the embeddings H(3,_)/2, C L"(Q) (p > 2) (see
,.g., for theoretical background [1] and [11]), we draw from (3.52)-(3.53)) the estimates

1/3
I < COL+ ull s+ [Vl go) | [ os |4 s
2
< Cllulflwllz 3
o I
< O A+ Cllul Il
2 1/3
L < C(IVlls + 17wl s 1A 2wl s
<CHVHIHWt||1/3||WH4/3
2112
HWtH1/3 +Clvlltlwlls/3
Furthermore, in view of (3.44), we have
1/3 2(1l12
I < Kllug | | AP wl| < e[ w])3 5+ C

As a consequence, inequality (3.54) improves to

d &
CAr2A<grrc
7S R L

with g = C||u;||> + C||v||7 satisfying

/ q(y)dy <C,
T
by virtue of the dissipation integral (3.13)) and Lemma[3.17] By Lemma[3.3]

A(r) <CA(R)e 307 +Cc < C.

In turn, (3.53) yields the boundedness of U, (¢, T)z in %’jlﬂ, O
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3.4.2 Existence of the pullback attractor
According to Lemma [3.19] we consider the family ¢ = { ¢ (¢) };cg Where

H(t)={ze "3 |2 .5 <M.

el
/

de 2¢;. Furthermore, since the injection constants
are independent of 7, /" is uniformly bounded. Finally, Theorem 3.13] Lemma and Lemma|3.19
show that % is pullback attracting. Indeed,

J (t) is compact by the compact embedding .77, !

disty, (U (t,7)B(Ro), # (1)) < Ce %= forall t > 1.

Thus, the process U (-,-) is asymptotically compact, which allows the application of Theorem m
and proves the existence of the unique pullback attractor o7 = {.<7(¢) : t € R}. The invariance of ./
follows by the abstract Theorem [2.41]due to the continuity of the process stated in Theorem[3.8] Note

that, how the process is continuous, then is 7-closed.

Remark 3.20. The attraction exerted by the attractor is uniform on compact intervals of time by virtue
of Proposition [2.26] due to the continuous dependence estimate (3.34)).

3.4.3 Regularity of the attractor

The minimality of .#” in K establishes that .o (1) C J# (¢) for all € R. Therefore, we immediately

have the following regularity result.
Corollary 3.21. </ (t) is bounded in ] 1/3 (with a bound independent of t).

To prove that <7 (¢) is bounded in %!, as claimed in Theorem [3.16, we argue as follows. We
fix T € R and, for z € &7 (7), we split the solution U (z, 7)z into the sum Uy(t, 7)z + U, (¢, T)z, where

Uo(t,7)z={v(t),v(t)} and Uy (¢,7)z = {w(z),w,(t)}, instead of (3.48)-(3.49), now solve

Evy + oy +AV = O,
Up(t,7) =z,

and

Ul(t,‘L') =0.

As a particular case of Lemma(3.17] we obtain

{8wn +oaw, +Aw+ f(u) = g,

1Uo(t,7)z]| s < Ce %% for all t> 1. (3.55)
Lemma 3.22. We have the uniform bound

sup [|U (1, 7)z] 1 < M.
>7

for some My = M (%) > 0.
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Proof. We set

& =||U; (t,r)z||2%,1 +50¢||w||%—|—258<wt,Aw) —2(g,Aw) +c,

for 6 > 0 small and some ¢ > 0 (depending on ||g||) large enough to ensure

1
U122 < &) < 20011, 22y + 26 (3.56)

A multiplication by 2Aw; +28Aw leads to the equality

d
— &1+ [2a — &' —28€] | wi [T + 26| wl3 —2¢(g,Aw)

dt
=28¢€"(wy, Aw) —2(f(u),Aw;) — 28 (f(u),Aw)
and after standard computations we get, for 6 small enough,
d
Eigol +6& < —2<f(u),AWt> — 25(f(u),Aw) +dc.

1/3

Denoting by C > 0 a generic constant depending on the size of <7 () in % '~, we find, using the

invariance of the attractor,

HU(taT) 1/3 <C.

ZH%

Hence, exploiting the embeddings Hy /3 C L'3(Q) and H, 3 C L'3/7(Q), we deduce the bound

LF @)l < N7 @) oAl syr < €L+ JlullF1s) < C,

yielding
0
=2(f (u), Aw) =28 (f (u), Aw) < 2| f @)l ([wells +lIwlh) < 51 +C.
We finaly end up with
d 0
—&+ -6 <C
i 1+ Fo1=6

and an application of the standard Gronwall lemma, recalling @, provides the uniform bounded-

ness of [|U1(t,7)z[| 41, as claimed. O

We are now in position to conclude the proof of Theorem [3.16] Indeed, inequality (3.55) and
Lemma [3.22]imply that, for all 7 € R,

lim disty (U(t,7)< (z), 4 () =0,

T——o0
having defined
AN 0)={z€ A" 1 ||zl <M1}

Since . is invariant, this means

distx, (< (1), # (1)) = 0.
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Therefore, o7 (t) C #1(t) = ' (t), proving that <7 (¢) is bounded in .7 with a bound independent
of t € R.
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