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Resumo

Neste trabalho, foram construidas versoes mais gerais da integracao diferencial em teorias de
cohomologia diferencial. Dentre as versoes obtidas podemos citar a integracao com suporte
compacto, a integracao com suporte verticalmente compacto e suas versoes relativas. Para
obter estes mapas, foi necessario construir um produto especial entre classes diferenciais
paralelas e relativas e estender a teoria de cohomologia diferencial a uma categoria de

sequencias de variedades.

Palavras-chave: Cohomologia diferencial. Integragao diferencial. Topologia algébrica.

Geometria diferencial.






Abstract

In this work, we have constructed more general versions of differential integration maps
in differential cohomology theories. Among the obtained versions we can mention the
integration with compact supports, the integration with vertically compact supports and
their relative versions. To obtain these maps, it was necessary to construct a special product
between parallel and relative differential classes and to extend differential cohomology

theories to a category of sequences of manifolds.

Keywords: Differential cohomology. Differential integration. Algebraic topology. Differen-

tial geometry.
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Introduction

We start this introduction by drawing attention to the two main concepts we are

going to discuss in this text:

» Differential Cohomology;

« Integration maps in Differential Cohomology.

What is differential cohomology?

Differential cohomology theories are refinements of generalized cohomology theories,
in the sense that they not only retain all topological information, but also carry geometric

information, which is encoded in the differential structure.

Let us illustrate the idea of a differential refinement with an over-simplistic model,

which still captures the central idea of differential cohomology.

Fix a manifold X and let HZ'(X) denote its first singular cohomology group
with integral coefficients. Let « € HZ'(S') = Z be a generator. Every cohomology class
in HZ'(X) can be written as a pullback f*. for some continuous map f : X — S'.
Moreover, the sum of two classes f*i,g*t € HZ'(X) is represented by (fg)*t, where fg
is the pointwise product. The abelian group ]-/I\ZI(X ) := C>(X,S") of smooth functions
from X to S', with its pointwise product, is a differential refinement of H'(X). But what

exactly does this mean?

Consider the homomorphism / : ﬁzl(X ) — H'(X), which sends a smooth function
f: X — S! to the cohomology class f*.. This map is a forgetful map. When we say
that ]?ZI(X ) refines H'(X), we mean that / is surjective. This is indeed the case, since
the pullback of the generator ¢ by a continuous function f classifies the homotopy class of

f. Moreover, in a manifold, any continuous function is homotopic to a smooth one.
So, what extra piece of information do we have?

Let f,g € Iﬁl(X) be such that /(f) = /(g), i.e., f*t = ¢g*t. This means that £ is
null-homotopic, which is equivalent to saying that there exists a function h : X — R such
that 5 = exp oh, where exp : R — S! is the normalized exponential map t — e*™. We
say that the function h is a global logarithm of 5. Therefore, when two functions f and g

carry the same topological information, their quotient is a global logarithm.

Given a smooth function, h : X — R we define the homomorphism a(h) = exp oh.
This gives us a map a : Q°(X) — @I(X), where QY(X) = C*°(X). Observe that the

kernel of this map is formed by constant Z-valued functions. This maps gives us trivial
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topological classes. In fact, H(t,z) = exp(t - h(z)) is a homotopy between the constant
function 1 and a(h). Hence, the transformation a is called (topological) trivialization. It

follows from the discussion above that Im(a) = ker(/).

But there is yet another piece of geometric information, which is in some sense a
mixture of the trivialization and the forgetful map. Recall that there exists a morphism from
the ordinary cohomology with coefficients in Z to de Rham cohomology. This morphism
can be roughly described as thinking of a Z-valued class as an R-valued class and applying
the de Rham isomorphism. The existence of such a morphism suggests that we can find
a closed differential 1-form w € Q}(X) whose de Rham class gqr(w) contains the same
topological information as the real version of the underlying cohomology class of f, /(f).

Let us see how we can do that.

Let dt € Q'(S') be the angular element! of S!, 4.e., a normalized volume form.
Consider the map R : EFZI(X) — QL (X) defined by R(f) = f*dt, which is a homomor-
phism. We call R the curvature. There are two other ways to think about the curvature.
The first is to recognized that, although the function f : X — S! may fail to admit a
global logarithm, it always has local logarithms at each point when restricted to suitable
neighbourhood U C X of it. Denoting this local logarithm by log f the form R(f) is
locally described by d(log f) = f~!df (which is convenient in calculations). Despite this
local nature of the construction, it is possible to show that these local forms can be glued
to form a global form. The second way does not resort to local data. Observe that the
tangent bundle of S! is trivial and thus can be identified with S* x R. The projection of the
differential of f on R give us the the curvature. In particular, taking X = S* and f = idg1,

the identity map, this aproach gives a “coordinate-free” description of the angular form dt.

The de Rham isomorphism in singular cohomology tells us that the de Rham
class of dt is associated to the generator « € HZ(S'). Using the de Rham isomorphism
r : Hgg — HR, where HR denotes the ordinary cohomology with real coefficients, we

have the following equality
(f) ="' oqar(R(f)) € HR'(X).

Equivalent the following diagram commutes

HZ'(X) —— HZ'(X)

| |

Qa(X) 1 HRI(X)

Such a diagram translates the idea that the de Rham class of de curvature and the

underlying cohomology class convey the same real cohomological information.

1 Needless to say that the notation is poor, since dt is not a exact form, but we stick to the usual

connvention.
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Completing the model, note that, since a(h) is topologically trivial, we expect that
R(a(h)) is exact, that is, R(a(h)) = dg for some g € Q°(X). Indeed:

R(a(h)) = R(expoh) = dh,
so that Roa = d.

So, we will define a differential refinement of H' as a contravariant functor HZ'
with natural transformations, R,/ and a, satisfying the aforementioned properties. The
reader should be warned that this simple model is a little deceiving. In fact, since HZ!(X)
has no torsion, the universal coefficient theorem implies that the the map /(f) ® 1. is
injective, hence R(f) retains all cohomological information. In a general model, this is not

the case, as we will see.

The classical introductory example of a differential refinement of a cohomology
theory, which is quite appealing due its geometric nature, is the refinement of the second
ordinary cohomology group with integral coefficients HZ?(X) using hermitian line bundles

with connections.

It is a well-know fact that the line bundles are classified, up to isomorphism, by
HZ*(X). If we equip a line bundle with a connection (compatible with a fixed hermitian
metric), we add a geometric piece of information that is partially described by the
corresponding curvature. Let us call HZ' the group of (hermitian) line bundles with
connection, up to isomorphism. The curvature map 7 : HZ' — Q2(X) can be naturally
identified with the curvature of the connection, which is a closed complex 2-form in this

case, up to a purely imaginary constant.

Since every line bundle admits a connection, we have a forgetful map
I;T\Z2(X ) — HZ?*(X), which is a surjective morphism. This shows that I?\Z2(X ) is a

refinement of HZ?2.

The datum which distinguishes two topologically equivalent line bundles with
connections is precisely the difference of their connections. Recall that the difference of
two connections on a vector bundle is a differential form with values on its endomorphism
bundle. For a complex line bundle, the endomorphism bundle is trivial. This implies
that the difference of two connections on a complex line bundle can be identified with a
complex-valued form. Moreover, the compatibility of the connection with the hermitian
metric implies that this form is purely imaginary. Loosely speaking, the trivialization
map a: Q'(X) — Az assigns to a differential form w the trivial bundle with connection

d + iw, where d is the exterior derivative.

— 1
Compared with the HZ model, this one is closer to the spirit of the subject. Let

us see so1e cases:

« we can have a topologically trivial line bundle which is endowed with a non flat
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connection,

o we can have a line bundle with flat connection which is topologically non trivial

(locally constant transition functions/local system),

e we can even have a topologically trivial line bundle whose connection is flat, yet its

differential cohomology class is not the trivial one.

—1
The last two scenarios were impossible in HZ . Moreover, the last one explains why we

said that the curvature describes the geometric information only partially.

Up to this point, we have discussed absolute cohomology. It is natural to inquire if
we can refine relative cohomology as well. The answer to this question is affirmative. Let

. . Tl .
us see, as an example, how we can define a relative version of HZ described above.

Fix a manifold pair (X, A). A differential cohomology class over (X, A) can be
described as a pair of function (f,k), where f : X — S' and k : A — R, subject to the
condition f|4 = exp(k) up to a certain equivalence. Let us denote the set of differential
cohomology classes over (X, A) by EFZI(X JA).

Given a pair (f, k) € Iﬁl(X, A), it is possible to associate a class /(f, k) €
HZ'(X,A). One way to do this is to construct a function F(f, k) : C(X, A) — S! from the
cone of A over X to S! and define /(f, k) := F(f,k)*.. This is the relative version of the
forgetful map. The relative curvature is the relative form R(f, k) = (f*dt, k) € Q'(X, A)
and the relative version of the trivialization is a(h,0) = (exp(h), h|4). In the case that
k = 0 we say that the class (f,0) is parallel.

You are probably wondering: why is it called parallel? In order to answer this

. ) _ 2
question, we present a relative version of HZ .

—1

In order to push HZ to the relative setting, we added new data - the function &,
which acts as a global logarithm on A, making the class topologically trivial over it. This
suggests that we need to add some trivializing data into the line bundles with connection

over X.

This is accomplished by inputting a distinguished section s over A. It is a less
well-know fact, but not a surprising one, that line bundles over X with a distinguished

section over A are classified by elements of HZ*(X, A).

In this case, the relative curvature is related to the curvature of the connection
along with the local connection form associated to the section/frame s. Roughly, this
means that the connection form over A in the distinguished frame s can be written as
Vit = B(t)s, where B is the local connection form. In this case, we say that the class is

parallel it B =0, i.e., if Vs = 0. This last condition is expressed in the literature by saying
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that the section s is parallel? and thus the choice of name.

This concludes our quick tour of simple examples. Now we discuss where the subject

came from and some results which are relevant to our work.

It is not our intent to give a full account of how differential cohomology began and
how it has grown, but it is our duty to at least cite some of the background material. For
more information on the topic, the reader can consult the books (BdR; BECKER, 2014),
(AMABEL; DEBRAY; HAINE, 2021), the note (BUNKE, 2013) and the survey (BUNKE;
SCHICK, 2012).

Differential refinements seem to have originated in a seminal work of Cheeger and
Simons (1985), which builds on the previous work of Chern and Simons (1974). In these
papers, the authors show how to produce refinements of characteristic classes by using
differential characters, which they then showed can be used to obtain obstructions to the

existence of certain conformal embeddings.

The subject has grown considerably since then and now we have quite a literature on
it. For example, Hopkins and Singer (2005) have shown that any generalized cohomology
theory could be refined, Simons and Sullivan (2008) have provided a set of axioms
characterizing the theory and Bunke and Schick (2010) have not only established conditions
in which these theories are unique but also shown that the usual axioms do not guarantee
the uniqueness. One of the conditions required for uniqueness was the existence of certain

integration-like structures, called S! integrations, which pervade this work.

Already at the beginning of the subject, refinement of topological structures such
as products have been in use. For example, the proof of the obstruction of conformal
embeddings in (CHEEGER; SIMONS, 1985) relied on the existence of a multiplicative
structure. Another example is the work of Hopkins and Singer (2005), who developed
differential refinements of umkehr maps called integration in their work. This leads us to

the next topic.

What is differential integration or differential umkehr maps?

First, the reader should be aware that this map has many names. It is called
umkehr map, pushforward, Gysin map, integration, transfer, wrong way map, shriek and

surprise map.

In the topological setting, the umkehr map associated to a continuous map f :
Y — X between compact manifolds of dimensions n and m respectively is a “wrong
way” map in cohomology f, : h*(Y) — h*~(»™)(X), which can be roughly defined as

“conjugating the pushfoward map in the dual homology associated to the cohomology

2 Tt is also possible to find the expression flat section, but we reserve term flat to classes with null

curvature.



30 Introduction

h® by the Poincaré duality isomorphisms”. When f is fiber bundle, this map provides a
natural notion of integration in the cohomology theory h. In particular, in the case of the
de Rham cohomology, it coincides with the cohomology class of the fiberwise integration®

of a representative.

The umkehr map has encountered many applications since its conception in 1941 by
Gysin (see the survey (BECKER; GOTTLIEB, 1999)). This idea was pushed forward by
Grothendieck when he generalized the Riemann-Roch theorem for maps. In his treatment,
the umkehr map played a prominent role. Since then, umkehr maps have flourished in the
setting of index theory. For example, the topological index of a Dirac operator on a spin
manifold twisted by a bundle p : E — X is neatly written as pi([F]) (see (STOLZ, 2020)).

As already mentioned, Hopkins and Singer (2005) lifted these maps to the differential
cohomology setting, where they are better known under the name of differential integration.
Another example of the importance of these maps can be appreciated in the refinements of
the index theorems that were carried in (FREED; LOTT, 2010). In this work, the authors
provided a refinement of differential K-theory and a differential refinement of the index

theorem.

The differential integration maps were further studied by Ruffino (2017) and Bunke
(2013). These authors were able to define the maps in a general setting without resorting
to models. Their constructions employ the idea of a refinement of the Thom isomorphism
to a differential Thom morphism: given a smooth vector bundle p : £ — X over a compact
manifold and a differential cohomology class @ such that its underlying cohomology class

is a Thom class, the Thom morphism becomes

~

T:hX

?‘)

(E)

%
— U pra.

Q) \/
Q)

With the Thom morphism at hand, as long as there exists an S'-integration, it is possible

to define a differential integration.

Motivation for this work

This work is meant to fill the gap concerning the nonexistence of both the compactly
supported cohomology version of the differential integration as well as the relative versions

of the differential integration.

In the work of Ruffino and Barriga (2021), the setting of differential cohomology
was extended from the absolute case (by which we mean differential cohomology on spaces)
to the relative case (differential cohomology on maps). This was done by fixing a suitable

set of axioms and constructing refinements of generalized cohomology theories for which

3 Hence the name integration map.
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those axioms hold. In that work, the authors could not perform integration in general
because they did not yet have the necessary multiplicative structures. Let us give a brief

idea of what this means.

It is possible to define the umkehr map without resorting to Poincaré duality. This
is done using the so called Thom-Pontryagin construction (or collapse). This construction
can be adapted to the differential setting, where Poincaré duality is not at our disposal.
As already mentioned, the construction relies on the differential Thom morphism and also

depends on the differential S!-integration.

Recall that the Thom isomorphism associated to a n-dimensional vector bundle
p: E — X admits a compactly supported version T, : he(X) — h2t"(E). To illustrate
the idea, the Thom isomorphism on de Rham cohomology T : Hyy (X) — Hy''(E) is

expressed at the level of differential forms as

unNpw, (1)

.
c,cl

(X) is a closed differential form with compact support and u € QF (E) is

where w € 2 v,cl

a closed differential form with wvertically-compact support whose and the de Rham class
of its fiber restriction is a generator of Hjy .(E,) = Hjy .(R") = R at each fiber. Loosely
speaking, a form has vertically-compact support if its fibers restrictions are compactly

supported differential forms.
The analogue of (1) in the differential cohomology setting is a product
a-p (2)
where 1 € EU(E) is a differential Thom class, i.e., a vertically-compactly supported

differential class whose underlying topological class is a Thom class and B is a compactly

supported differential class.

Recall that the compactly-supported cohomology of X can be defined as the colimit
over inclusion of compact sets K C X of the groups® (X, K¢). In the differential setting
this is also true except that we need to consider parallel classes, i.e., the colimit is taken

over inclusion of compact sets K C X of the parallel differential cohomology groups

o~

Ppar (X, K€).

In the relative differential cohomology setting there exists a module structure over

absolute classes. More precisely, we have a product
Ch(X) @ (X, A) = h(X, A)
a®B—a-j
where (X, A) is pair of manifolds. But, there is no product over relative classes

- h(X,A) x h(X,B) = h(X, AU B)
4 K¢ stands for the complement of K in X.
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at least for two reasons:

P1) the set AU B may fail to be a manifold even when A and B are submanifolds of X;

P2) we require a compatibility between the products and the curvature map, as in:
R(a-p) = R(a) A R(fB)

When we talked about the relative curvature in the HZ! model, we mentioned that
R(f, k) was an element of Q(X, A), but we have not defined the group (X, A). In the
literature, the reader can find two definitions of this group: consider the inclusion map
i:A— X, Q(X,A) can be either defined

o as the kernel of the pullback i* : Q(X) — Q(A), or

o as the mapping cone complex of the pullback ¢* which is the cochain complex
Q°*(i) = Q*(X) ® Q*71(X) with differential given by

d(w,0) = (dw, di*w — db)

We use the second definition as our standard definition of relative forms. In our setting,
P2) means that we should deal with products like

(w,0) A (o, 0), (3)

which does not seem to be naturally defined. Luckily, if the differential class & is parallel,

its curvature is of the type R(&) = (w,0), and thus the product (3) make sense as
(w,0) A (W, 8) = (wAW, p'wAb)

This last equations suggest the possibility to define a product between a parallel class and
a relative class. Since the differential Thom morphism is defined at representative level as
a product between a parallel class and other classes (absolute, parallel, relative), it will be

available once we have these products.

The main concerns of this work is the construction of the differential integration
maps. To achieve this, we construct the parallel-relative products. But problem P71) still

remains and that was the starting point of our work.

What new content you will find here?

As already mentioned, you will find here the definition of a parallel-relative product,
which will be used to define the differential integration maps. The problem here is that, in

order to develop these products, we had to generalize differential cohomology to deal with
problem P1).



33

Without dwelling too much at this topic right now, we mention that it is possible to
assign a cohomology theory to maps rather than pairs. Given a map p, we can associate a
cohomology group h(p), that can be identified with the reduced cohomology of its mapping
cone E(Cp). We can refine the cohomology group h(p) to a differential cohomology group
h(p) as well.

We were interested in a product between a parallel differential cohomology class
& € hyer(Y, B) and a relative one 3 € h(p) for some smooth map p: A — X. But, it was

not clear where a x B should be defined:

X hyar (Y, B) X h(p) = h(?).

The solution to this problem was to consider maps of pairs. The product above
would take values in h(idy xp), where idy xp : (Y x A, B x A) — (Y x X, B x X) is
a map of pairs. As presented here, this solution seems completely nonsense, but as the

reader journeys through the end of Chapter 2, we hope that this felling will pass.

After treating the problem on an abstract basis, we needed to show the existence

of models displaying these structures. This was done using three models:

o The Cheeger-Simmons differential character model of differential ordinary cohomology

with integral coefficients;
o The Freed-Lott model of differential K-theory;

o The Hopkins-singer model for any cohomology theory represented through its spec-

trum.

In particular, the relative version of the second model was not available in the literature,

so we developed it and it is thus a part of this work as well.

Organization of the Text

This text is divided in two parts:

1. Foundations, where most of the material is already well-established (with exception
of the last section of Chapter 2), but the presentation is non-standard. For example,

we deal with cohomology on maps and vertically-compact supported cohomology;

2. Integration, where the new material is presented.

It also has four appendices, where the first one is a collection of helpful results for
the text. The other three are examples of relative differential cohomology theories and

serve two purposes:
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 to illustrate the concepts of relative differential cohomology, and

» to serve as a base material for the models in Chapter 6.

Except for the relative Freed-Lott model of K-theory, which was developed in the
course of this work, the other two models can be found in the literature (BaR; BECKER,
2014) and (RUFFINO; BARRIGA, 2021).

Still, we have opted to give only a brief presentation of the relative Freed-Lott
model, since its construction was already nicely done on the thesis of Nunez (2021), with

whom the present author shares this work.

The chapters are organized as follows:

Chapter 1 We presented relative cohomology on maps rather than the more common
relative cohomology on pairs. We define the topological S'-integration and the product
in this setting. We recall the classical Thom isomorphism and then we introduce
the compactly and vertically-compact cohomologies. We use these cohomologies to
rephrase the Thom isomorphism and extend it to the the compactly supported and
doubly-vertically compact supported setting. We also present the relative Thom
isomorphism. After this, we discuss the Umkehr maps in a general cohomology

theory.

Chapter 2 In this chapter, we review differential forms. The first section is just a very
brief review of topics such as forms with compact and vertically compact supports
as well as fiber integration. Next, we review the relative de Rham complex and fiber
integration and we also introduce the parallel forms. After this, we discuss the Thom
morphisms® and the differential umkehr maps, which coincide with fiber integration.
Then, we briefly review de Rham cohomology and present the umkehr map in it. We

close the chapter with some remarks which serve as a guide to the rest of the text.

Chapter 3 This chapter presents classical material related to differential cohomology in
the relative setting as defined by Ruffino and Barriga (2021). We start by presenting
the model of line bundles with connection as a refinement of the second ordinary
cohomology group with integral coefficients. Using it as a motivation, we axiomatize
the theory and present its structures like S'-integration and a module structure
(which we call absolute-relative product). Next, we present both the differential
Thom morphism and the integration map only in the particular case of fiber bundles
with compact fibers, which is already a generalization, since we have dropped the

compactness hypothesis.

5 Not to be confused with Thom isomorphism.
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Chapter 4 We introduce the topological setting that will be used to define the integration
maps. The solution requires us to develop a cohomology theory on maps of finite
sequences of spaces. This chapter parallels the first one: we prove the existence
of this extended cohomology, present a collection of useful lemmas, discuss the
Slintegration, a special case of the product, and construct the Thom and Umkehr

maps in this language.

Chapter 5 With the ground prepared, we tackle the problem of existence of the inte-
gration. We define a differential cohomology on maps of finite sequences of smooth
manifolds, define the parallel-relative product and use it to define the Thom mor-
phisms which are needed to define the integration maps. After defining these maps,
we come to the main result of this work: the axiomatization of the differential

integration maps, which are also shown to be unique.

Chapter 6 In this last chapter, we construct models of the differential cohomology theory
on maps of sequence (or of pairs). This chapter is short since it was already discussed
in detail in (NUnEZ, 2021). We briefly present the Cheeger-Simmons model of
ordinary cohomology theory and the Freed-Lott model of K-theory, focusing in the
construction of the parallel-relative product. Next, we present in greater detail the
Hopkins-Singer model, since this model accounts for the existence of a differential

model for any cohomology theory.

Appendices ¢ Appendix A is a collection of useful facts;

o Appendix B is an account of the relative Cheeger-Simons model of ordinary

differential cohomology with integral coefficients;

o Appendix C gives a short presentation of the relative Freed-Lott model of
differential K-theory;

o Appendix D is a review the relative Hopkins-Singer model of differential coho-

mology, which can be used to refine any cohomology theory.

How should one read this text?

In general, when one writes something, she or he believes that the reader will
follow a straight path, but we should not be idealists about it. Everyone has a different
background and this should be taken into account, especially in mathematics. If you are
comfortable with differential cohomology and cohomology on maps, as well as compactly
supported cohomology, you could skip the first Part I without much trouble. Yet, I would
recommend that you read Section 2.6, because it contains the main ideas for Part II. If
you are at ease with the topological setting, you can just skim forward to the last section
of Chapter 2. If you are using this material to get a first glimpse of differential cohomology,

the three last appendices may be helpful.
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List of results

We collect here the main results of the thesis for convenience:

o The parallel relative product in Definition 5.3.3 as well as the models presented in
Chapter 6.

e The integration maps on section 5.4 and section 5.5.

e Theorem 5.4.13 and Theorem 5.4.8 which characterizes the integration maps.

This was a joint work with Juan Carlos Nunez Maldonado.
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1 Topological Preliminaries

1.1 Introduction

In this chapter we introduce some definitions which appear throughout the text
as well as some notation. The material is basic, but the presentation is not standard. In
this text, we use a version of cohomology based on maps which is equivalent to the usual
one. Besides, we present some topics which are not so standard such as the umkehr map.
We also introduce a “new” framework for the Thom isomorphism based on the concept
of vertically compact cohomology. This will help us develop other version of the umkehr
map in the next chapters. We provide proofs of some standard results which can be a
little troublesome to find or results which are not of main interest in the Section A.2 in

Appendix A.

1.2 The topological categories

We start by fixing a convenient category of topological spaces Top. By convenient,
we mean a category which has the basic objects that we are going to need. The reader
may stick to the category of compactly generated weakly Hausdorff spaces, as it seems
convenient for our need!. We shall refer to topological spaces and continuous maps just as

spaces and maps whenever there is no risk of confusion.

Let fo: X = Y and f; : X — Y be two maps. Recall that a homotopy between f
and f; is a continuous map F': I x X — Y such that Fy = fy and and F; = f;, where
F, .= F oi; with

i X =1 xX

x> (t,x).

In this case we say that fy and f are homotopic and denote this relation by fy ~ fi (or
fo ~F f1 whenever we want to stress the homotopy F'). This is an equivalence relation and
we denote the class of f by [f]. Moreover, this relation is compatible with composition
in the following sense: given f, f' : Y — Z and g,¢' : X — Y such that [f] = [f'] and

L' Our main task in this text is to construct Umkher maps which usually depend on Thom-Pontryagin

construction. According to (STRICKLAND, 2009, Section 6.8, p.22) the construction itself is discon-
tinuous (not the map, but the construction). This is not relevant here, since we will not “pertubate”
the construction. Nevertheless the reader should be warned that the “convenient” here should be taken
lightly.
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lg] = [¢], one has [f o g] = [f’ o ¢]. This allows us to define the homotopy category? HoTop
whose objects are spaces and the morphisms are equivalence classes of homotopic maps
with composition [f] o [g] given by the class [f o g]. An isomorphism in this category is
called a homotopy equivalence and isomorphic objects are said to be of the same homotopy

type. We write X ~ Y if X and Y have the same homotopy type.

We consider the following categories:

» Top,, whose objects are pairs of topological spaces (X, A), with A C X being a
subspace of X, and where a morphism f : (X, A) — (Y, B) is a continuous map
f: X — Y such that f(A) C B. We call (X, A) a pair and f: (X,A) — (Y,B) a

map of pairs.

« Top,, whose objects are spaces with a distinguished point, i.e, (X, z) with x € X
and morphisms f : (X, z) — (Y,y) with f(x) =y. We call a (X, z) a pointed space
and f:(X,z) — (Y,y) a pointed map.

« Top?, the arrow category of Top, whose objects are the morphisms in Top and where
a morphism (f,g) : p — & between p: A — X and £ : B — Y is pair of continuous
maps f: X — Y and g : A — B such that the following diagram commutes:

A2, B

ook

X%Y

The identity at p : A — X is given by (idy,id4) and the composition is defined
componentwise (f,g) o (f',g') = (fo f',god).

Each of these categories comes with a notion of a homotopy category associated to it:

e A homotopy between fy : (X,A) — (Y,B) and f; : (X,A) — (Y, A) is just a
morphism F : (I x X, I x A) — (Y, B) which is a homotopy in the usual sense.

« A homotopy between fy : (X,z) — (Y,y) and f; : (X,2) — (Y,y) is a morphism
F:(INX,x) = (I NY, %) such that Fy = fy and F} = f;, where F, := F oi; and
i (X,z) = (INX, %)
v = [(t,0)],
which can be seen as usual homotopy between fy and go with F(t,z) = F(0,v) =

F(1,v) =y for every v € X. Here I A X is the smash product (1,0)A (X, z) described

in Section 1.2.1.

Perhaps we should call it naive homotopy category as opposed to the homotopy category arising from
a model category, but, since we never use these structures explicitly in this text, we stick to homotopy
category.
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« A homotopy between (fo,g0) : p — & and (f1,01) : p — £ is a morphism (F,G) :
id; xp — &, such that (F,G)o = (fo,90) and (F,G); = (f1,q1), with (F,G); :=
(F,G) o (ig, j¢), where i, : X — I x X is the inclusion of X in the slice {t} x X and
Ji » A I x A is the inclusion of A in the slice {t} x A.

Remark 1.2.1. Even if f; is homotopic to f; and gq is homotopic to g;, there is no guarantee
that (fo,90) : p — & and (f1,91) : p — £ are homotopic. See (BROWN; BROWN, 2006,
Section 7.4) or (MAY, 1999, p.47,p.53).

The homotopy categories of Top,, Top, and Top? will be denoted by HoTop,, HoTop, and
HoTop? respectively.

We regard Top as a subcategory of Top, and Top, as a subcategory of Top? through
the embeddings I : Top — Top? and I : Top, — Top? given by

I(XLy)y=(X00% (X,0) and L((X,A) L (V,B)) =iy LSEINF

where ) is the empty set, iy : A — X and ig : B — Y are inclusions. We employ the
notation @4 : ) — A to denote the unique map from @ to A3. We also have the inclusion

I, : Top, — Top, given by

I(X,2) 5 (V) = (X, {z}) L (V. {y}).

Summing up, we have the following diagrams, all of which are embbedings:

Top
1P
Ny A

Top,

|

Top?.

Top,

There is an embedding I, : Top — Top, given by
f . S+
I(X - Y) - (X+7+) - (Y+>+)7
where X, = X U {+} (analogously to Y), fi|x = f and f.(4+) = +. Here LI denotes the

topological sum (disjoint union).

1.2.1 Topological Constructions

Lets recall some standard topological constructions. Given two maps

Xl a2,y

3 Being completely honest, we need to employ the “standard trick” of disjointing the Hom sets in a

category.
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we recall that their pushout is a space X Uy, Y together with a pair of continuous maps
if: X = XUp,Y and iy : Y — X Uyg, Y satisfying the following universal property: given
a pair of continuous maps jx : X — Z and jy : Y — Z such that jx o f = jy o g, there

exists a unique h : X Uy, Y — Z such that the following diagram commutes:

Y
.

r X Us,g

A9

~

X (1.1)

~
~
~

The standard model of a pushout is the space

Xuy
f(a) ~ g(a)

endowed with the quotient topology. Here X LY denotes the topological sum and the

XUp, Y =

relation ~ identifies points which are images of the same point in A. The maps iy : X —
X Usy,Y and iy 1 Y — X Uy, Y are the composition of the inclusions X — X UY and
X — Y UY with the quotient ¢ : X UY — X Us, Y.

Given some space X, we define:

o the cylinder of X as the space M(X) := I x X.* We denote by i; : X — M(X) the
inclusion of X in the slice {t} x I, i.e, i;(x) = (¢, x);

o the cone of X as the pushout C'(X) of the following diagram

M(X) «2— X %,

where * is a one-point space. We generally identify C'(X) with M (X) L;, *. Observe
that C'(() is a one point space;

o the suspension of X as the pushout XX of the following diagram:

C(X) « 2 x 2 (X)),

where jo : X — C(X) is the inclusion of X in the base;

« the mapping cylinder of the map f : X — Y as the pushout M; of the following

diagram
f

M(X) «2— X Y,

’

which can be identified with the space M (X) U, Y

4 We use both M(X) and I x X depending on the what is the focus.
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o the double mapping cylinder of the maps f: A — X and g : A — Y as the pushout

of the following diagram:

Rather than using the standard space My Ll;, ;, M, we will use the space

M XUAxIUY
197 (a,0) ~ f(a), (a,1) ~ g(a)

and the maps iy, : My — My, is given by ing, ([a,t]) = [a,t] and iy, (7] = 2 and

analogously to iy, ;

 the mapping cone of the map f : X — Y as the pushout C} of the following diagram

CX) o x L,y

which can be identified with the space C'(X) L, Y.

We also have the reduced version of these constructions®. Given some pointed space (X, ),

we define:

the wedge sum® (X, x) V (Y,y) := X x {y} U{z} x Y, which is the categorical sum
(coproduct) in Topy;

o the smash product (X,z) A (Y,y) of (X, z) and (Y, y) as the space

(X XY *>
Xvy’ )’
where * is the image of (z,y) in the quotient;
o the reduced cone C(X,z) of (X,z) as (X,z) A (I,0);
o the reduced suspension (M, ) of (X, ) as (S',1) A (X, z);

o the reduced mapping cylinder of the map f: (X, x) — (Y,y) as the pushout of the

following diagram:
C(X,z) o (X, x) I, (Y, y).

It can be identified with the space C(X,z) L, ; (Y,), where * is the equivalence

class of y.

We use these constructions to define the following functors, which will help us

establish the bridge between the cohomology theories in the next section:

5 We will generally replace the point by a * in order to avoid notation flooding.
6 We will also call it cross sometimes.
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e M : Top? — Top, given by
Mp % €) = (M, A) “2% (M. B). (1.2
where p: A — X, £: B =Y, the “A” in (M,, A) is the top of the cylinder, and
[(g(a),t)], if u = [(a,t)] where (a,t) € M(A);
[f(z)] if ,u = [z] where x € X.

M(f,g)(u) =

o The cone C : Top? — Top, given by
Clp % ) = (Cpr%) 2% (Ce) (13
where p: A — X, £: B — Y, % is the vertex of the cone, and
[(g(a), )], if u = [(a,#)] where [a, 1] € C(A);
[f(z)] if ,u = [z] where x € X.

C(f,9)(u) =

e The reduced suspension morphism X : Top, — Top, given by

S((X,2) L (V) = (5(X), %) 22 (5(Y), %)

where X(p)({s,x)) = (s, p(2))-

1.3 Cohomology Theories
A topological cohomology theory usually comes in two flavours:

« or a cohomology theory over Top,, called a Reduced Cohomology Theory,

« or a cohomology theory over Top,, called a Relative Cohomology Theory.
Here we mainly use a less common version which is akin to the relative cohomology theory:
 a cohomology theory over Top?, which we also called Relative Cohomology Theory.

In order to differentiate from the usual relative cohomology we call this the relative
cohomology over maps and the other the relative cohomology over pairs. In Section A.2.3 of
Appendix A, the reader will find the other two versions, namely the reduced cohomology
theory and the relative cohomology on pairs. Here we concentrate on the relative theory

on maps.

The relative cohomology theory on maps can be characterized by axioms analogous
to the the Eilenberg-Steenrod axioms of relative cohomology on pairs. Let I1? : Top? — Top,
denote the functor given by

I1%(p LN §) =92a 199, Dp

where @x stands for the unique map () — X and we write & in place of @y.
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Definition 1.3.1 (Relative Cohomology Theory on Maps). A relative cohomology (h,0)
theory over Top? is a (contravariant) functor h : HoTop*°? — GrAb along with a natural

transformation @ : h*® o [1> — h**!, satisfying the following axioms:

Long exact sequence Associated to the cohomology theory (h,0) there is a a functor
from the homotopy category HoTop, to the category of long exact sequences, defined
in the following way: for each (homotopy class of a) map p: A — X, we have the

following long exact sequence:
i * 0,
S () S () S it (A) S R () -

where (f, g)*, h(X) and p* are shorthand for h(f, g), h(@x) and h(p, &), respectively.
For a morphism (f, g) : p — &, where £ : B — Y, we have the following morphism of

long exact sequences:

s b ()M e () P pe(A) D () ——s -

(f,gﬂ (f,@)ﬁ (g,mﬁ (f,g)ﬁ

C—— h*(€) —— B(Y) —— h*(B) —2— hvt(E) —— -
Excision Consider the pushout diagram

— J Ly

A
J Jiy (1.4)
X

—>XU”Y

where i : A< X and j : A — Y are embeddings.
If intix(X)Uintiy(Y) = X U;; Y, then both morphisms

(ZXaj) L= ZY? and (lYa ) j — ZX
induce isomorphisms in cohomology.

Additive: Given a family of maps {(pa)}rea, let (ix,7x) © px — Uaea pa be the inclusions,
where [ yca pa : Lrea Ax = Lxea X denotes the map

|_|p)\ —p)\ >1fCL€A/\.
A€A

Then the group (h([xea £); (%1, 7a)rea ) is the direct product of the groups {h(px) }aea-

The three definitions of cohomology theory are equivalent. This is a well know fact
for the case of the reduced cohomology and the relative cohomology on pairs: If (h,0) is a
relative cohomology theory on pairs, then (ho I,,S), where S is a suspension isomorphism,

is a reduced cohomology theory. Reciprocally, if (E, s) is a reduced cohomology theory,
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then (ho C oIy, D) is a relative cohomology theory (for a proof of this result, the reader
can see Switzer (2002, 7.35))7. Here we assume these results, since we are mainly interested

in cohomology of maps.

Proposition 1.3.2. If (W', d') is a relative cohomology theory on pairs as in Definition
A.2.7, then (h' o M,0") is a relative cohomology theory on maps. Reciprocally, if (h,0) is

a relative cohomology theory on maps, then (ho Iy, ) is a cohomology on pairs.
Proof. We will verify that (h' o M, 0') satisfy the axioms. Let’s call h = h' o M.

Long Exact Sequence Given a map p: A — X, we have h(p) = h/(M,, A). By the long

exact sequence for relative cohomology on pairs,
d*
— h/.(MP7A) h/.(th(Z)) hl.(A (Z)) L h/.+1(MP7A) —

The inclusion of the base map ix : X — M, is a homotopy equivalence with
homotopy inverse given by the collapse map ¢, : M, — X (see (A.1) in Appendix

(A)) and thus we can rewrite the sequence above as

Mp

e (M, A) S (M, 0) — (A, D) 2 B (M, A) ——

\1/

h/.(X,(D
Observe that M(@x) = (X,0), M(24) = (A,0), M(idx,Da) =ix, and M(p, D) =
p. Replacing this in

id* i*
C—— h(p) — (M, 0) —— (A, 0) —25 peY (M, A) ——

]Vl(idxm x TC* %(p,@)*
X

h/o( 7 @)

we get the desired sequence:

ldX @A

h/.(X) (P@ h/.(A) _9 h/o+1(p) — .

-—>h'()

Excision Leti: A< X and j: A — Y be embeddings such that intiyx(A)Uintiy(B) =

X U;; Y. Consider the following commutative diagram,

M(z )

7 In this reference, the author uses the reduced cone. This slightly changes the definition we are employing.
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where M;,, is the mapping cone of iy : Y — X U, ; Y and the map 0 : M, ; — M;, is
the composition of the collapse ¢ : M; ; — X U;; Y and the inclusion on the base
ixu,y X Uiy Y — M,

In the proof of Proposition 1.3.9 below, we will verify that the pair (M;, M;), seen
as subsets of M; U M, “glued” by their top, satisfies excision in the sense that
i* © h*(M; U M;, M;) — h*(M;, A) is an isomorphism. Since ¢; is a cofibration,
Proposition A.2.5 says that ¢ is a homotopy equivalence. Observe that ixy, vy is a
homotopy equivalence as well. Now, we use the five lemma (Proposition A.4.1) in

the diagram

7-]’

Y R

— h(M;,) —— h(Y) ——— h(iy) —— h(M;,) —— h(Y) ——

where all vertical arrows, except the middle one, are known to be isomorphisms. The
composition gives us
M (ix,i

MO, (a5, A)

(a3

ne(M;,,Y)

which translates to
B (iv) 0 ()

Additivity This follows directly from Ml_lA oy = Lx My,
The reverse implication, that is, that (hols, d) is a cohomology theory on pairs, is clear. [

Since we can identify a pair (X, A) with the inclusion map i : A — X, we will
write h(X, A) even when we want to mean h(i), henceforth always treating the relative

cohomology on pairs as a particular case of the relative cohomology on maps.

Remark 1.3.3. The relation between the reduced cohomology groups and the relative
cohomology groups on maps is given by the functor C' : Top? — Top, described in (1.3).
Given a reduced cohomology theory (fz, s) as in Definition A.2.9, the functor h := hoC is
part of the data of a relative cohomology theory on maps. It is possible to define 9 from

(E, s) as well, but we will not need it.

Remark 1.3.4. The reader shall recall that excision can be present in another form (see
A.2.8). This other version of excision can be described in the relative cohomology of
maps in the following way: given embeddings j : A — X and k : U — A such that

jok(U) Cint(j(A)), the inclusion morphism (i,4") : j/ — j, where j is the restriction of

j to A\ k(U), as described in the following commutative diagram

A\K(U) —2— A

Jﬂ" [j , (1.5)

X\jok(U) —— X
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induces isomorphism in cohomology. This is equivalent to excision as stated in (1.4).

The uniqueness of cohomology theories (at least for spaces with the homotopy
type of CW-complexes, which ensures that weak homotopy equivalence implies strong
equivalence) can be established in the usual treatment of cohomology (usually using

CW-approximation and spectra).

The reader may wonder why should we use relative cohomology on maps since
there is apparently no gain. This will be clear when we introduce differential cohomology
in Chapter 3.

1.3.1 Some basic facts
Now we collect some facts we are going to use throughout this text.

Proposition 1.3.5. Given p : A — X, the induced homomorphism in cohomology
p* h(X) — h(A) is an isomorphism if and only if h(p) = 0.

Proof. Consider the following piece of the long exact sequence of p:
s B(X) D Ro(A) Ly et (p) LEOZA pert () £y petl(A) — -

If p* : h*t(X) — h*T1(A) is an isomorphism, then ker(p*) = 0 and therefore, by exactness,
Im((idx,@4)*) = 0. It follows that ker((idx,@4)*) = h*T!(p). On the other side of the
sequence, since p* : h*(X) — h*T!1(A) is a isomorphism, we have Im(p*) = h*(A) and by
exactness ker(d,) = h(A) and hence 9, = 0. Therefore h**!(p) = Im(9,) = 0.

Reciprocally, consider the following piece of the sequence
co s b (p) EEEA e (XY £ p(A) 2 Bt (p) — -

Since h*(p) = 0, it follows that Im((idx,@4)*)) = 0 and therefore ker(p) = 0, which
shows that p is a injective. Since h*"'(p) = 0, we have ker(d,) = h*(A) and by exactness

Im(p*) = h*(A), showing that p* is surjective. O

Proposition 1.3.6. Let (f,g) : p — n be a morphism between p: A — X andn: B —Y.
If both f: X =Y and g : A — B induce isomorphisms in cohomology, then (f,g)* is an

isomorphism. In particular, this holds whenever both f and g are homotopy equivalences.

Proof. We apply the five lemma A.4.1 to the following piece of the long exact sequence of
p and 7

o B(X) o he(A) o he(p) I R (X) o B (A) ——

A el A

s it (Y) o b (B) = () S e () s b (B) ——
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Since the red vertical arrows are isomorphisms by assumption, it follows that (f, ¢)* is an

isomorphism. O

Given maps n: B — A and p: A — X, we consider the following diagram:

idp

B B—14 A
ln J” (1.6)
AP x Ay

We have the following long exact sequence analogous to the long exact sequence of the

triple in relative cohomology of pairs.

Proposition 1.3.7 (Long Exact sequence of Composition). For every pair of composable

morphisms as in (1.6), we have a long exact sequence
s h(p) " e (po f) TS e (p) o b (p) ——

Proof. We apply the braid lemma A.4.2 in appendix A in the following commutative

diagram:
(,7)” 3 (idx,gA)*
h*=(B) h*(n) h**(p) h*H(X)
(ida,2B)* (idx,n)*
/ /p,(idB)* \ 4 \A
h*=1(A) h*(p o n) h*(A) h**t(pomn)
9, n*
\,4 %{x,n)* % \
h*(p) h*(X) h*(B)
~_
(idx,@A)*
where 8 : h*(n) — h*T(p) is defined as § := 9, o (id4, @p)*. The sequences
e mTHA) T B B) T o) S Rt (A) T e (B)
« h*7H(B) h*(pon) h*(X) h*(A) h**t(pon) h*H(X)

oA T (o) I RN () Tt (A) T B () Y R (X)

are exact and the sequence

(idx m)* (pidp)*
h(p) =5 h(pon) Z55 h(n)



50 Chapter 1. Topological Preliminaries

is such that (p,idg)* o (idx,n)* = (p,n)*. Since (p,n)* factors through the identity id4 as

P

and h(ids) = 0, we conclude that (p,n)* = 0. Therefore, the lemma implies the exactness

of the sequence
B(p) X5 he(pom) 5 he(n) — 5 b (p) FE At (pon)
by applying the lemma at each segment we obtain the long exact sequence
s () B Rt (pom) P () — heti(p) EEL
as required. O

Given maps p: A — X and v : A — Y, consider the following pushout diagram
diagram
A———Y
" iy (1.7)
X 25 XU, Y
Definition 1.3.8 (Excisive pair). We say that the pair of maps (i, v) as in (1.7) is ezcisive

if both (ix,v): pu — ix and (iy,v) : p — iy induce isomorphisms in cohomology.
Proposition 1.3.9. The pair (if,iY), where

TtA— M, WA= M,
and ,
— (1, a)] a—[(1,a)]

1S excisive.

Proof. Fix some € € (0,1) and consider the pushout diagram

e, 1 ]xA5—”>MV

[ yMV

M —>M U( ])M,/,

Z
My,

where i |(t,a) = [t,a] and if, ;,(¢,a) = [t, a].
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We claim that the pair (iﬁ,lp ife,u) is excisive. Indeed, observe that both Zﬁ,l] and

if, 1) are closed embeddings and

int (i, (M,)) Uint (i, (M,)) = M, U v M,

The excision axiom implies that (i ), if. ;) is excisive.

Next, we show that (i ), if. ;) being excisive implies that (if, ) is excisive. In

order to see this consider the following composition

_ ' o g
" (idag,, if') » (ZMH’Z[E,U)\ o (ida0) ., " (0011\4”711) _
—= _ >
41 Ue,1) Pivm, — im0 LM,

where 0 : M, U

[e,11°%e,1]

mappings cylinder to a “shared” top {1} x A that sends the region [0,¢) x A to [0,1) x A

y M, — M, is the collapse of the “shared” region [e, 1] x A of the
by multiplying the “speed” by % everything said as depicted in Figure 1.3.1.

Figure 1 — Collapsing the checkered pattern region to the top.

Y

The map 6 is a homotopy equivalence. Indeed, by considering the “inclusion’
v: My, — M,Up o , M,, we see that both 6ot ~p idas,, and 100 ~g idag,u

117" fe, it i M
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For example, the composition

vl p=1yl, whereyeY

E,a} p = [t,a], where (t,a) € [0,¢] x A C M,

[1,a] p=[t,a], where (t,a) € [¢,1] x A C M,
00 u(p) =

[1,a] p=1[t a], where (t,a) € [¢,1] x A C M,

E,a} p = [t,a], where (t,a) € [0,¢] x A C M,

] p = [z|, where z € X

[x], p = [y] where y € X
[a, (1—s)t+ st} , p=[t,a], where (t,a) € [0,¢) x A
~Jla,(X=s)+st],  p=][ta], where (t,a) € [e,1] x A
F(s,p)
[a,(1—5s)+st], p=][t a], where (t,a) € [¢,1] x A
[a, (1—s)t+ st} , p=[t,a], where (t,a) € [0,¢) x A
[z], p = [z], where z € X.

By using proposition (A.2.6), we see that the morphism (idyy, , i) il — il[i»l} is a homotopy
equivalence, because both 4} and iﬁ,u are cofibrations and idy;, and i4 are homotopy
equivalences. The morphism (idyy, 0) : ZJM,, — 1), is a homotopy equivalence too by the
same reasoning (notice that both 7}, and iy, are cofibrations by the pushout stability of
the cofibrations - lemma A.2.5, since 4 ;) and i} are both cofibrations). The map 0 o i},

is homotopic to iy, via the map
0, (1= 8)t +st], (ta)e[0,e)x A
F(s,p) = [a,(1—3s) +st], (t,a)€[e,1]x A
[x], p=x¢€cX.
Hence (idy,,0 0 iy;,) ~ (ida,, ia,) again using the fact that both ¢ and iy, are
cofibrations and Proposition A.2.6.

It follows that the sequence

. . -/ v : A

" (1dj\,,1u,z14) " (231,“7/[(_1]) Y (ideg)\ v (GOZG\M’Zl)
= -

(41 1) L, v, =1 t

induces in cohomology
(QOiIM‘L A

h(it) = h(iag,) ——— h(i1)

(i, i5)*

h(ins,)

idv 0) , i, ki . idpy, iA)*
) 2 gty L) e e ey
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where each red morphism is a isomorphism: the first and last being homotopy equivalences
and the middle one by the excision property of the pair (@’[‘E 1 Zﬁ 1]). By carrying out the

same proof with ¢, we conclude that the pair (i#,:") is excisive. ]

Consider the mapping ¢ : M, , — X U,, Y which collapses the cylinder to the
base, that is,
[z], p = [x] where x € X
¢(p) = [u(a)], p=[t,a] where (t,a) €I x A
[yl p = [y] where y € Y.

M, —— M,, iy
J NG
cx ~<
i It
X a XU, Y.

Proposition 1.3.10. The pair (u,v) is excisive if and only of h(¢) = 0.

Proof. Applying the long exact sequence of the composition (Proposition 1.3.7) to ¢ oy, ,

we have

= (@) = h(poin,) — hling,) — -

By doing the same to p = cx o 7; and using the fact that h(cx) = 0, since it is a
homotopy equivalence, we see that h(p) = h(i1). By the previous proposition, the pair

(i1,1}) is excisive and we obtain h(p) = h(i1) = h(ip, ).

The long exact sequence of the composition iy o ¢y gives us an isomorphism

h(iy) = h(iy o cy) (as cy is a homotopy equivalence).
Summing up, we have
* hlp) = hlin,)
 h(iy) = h(iy ocy)

e pocy = ¢oiy, (which comes from the comutativity)

With these at hand, we are led to the following sequence (where omitted maps are

compositions with isomorphisms):

- = h(¢p) = h(iy) = h(p) = - --
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Now, we conclude that h(¢) = 0 if and only if h(iy) = h(p). The map which gives us the

isomorphism is precisely (ix,v): p — iy. O

As an immediate consequence of the previous proposition, we have

Corollary 1.3.11. If either p or v is a cofibration, then (u,v) is excisive. If either
one of p: A — X andn: B — Y is a cofibration, then h(p An) = h(p Un), where
pPAN: Mysidy jdx xn — X X Y is the map defined by

(p(a),x), ifp = [aay]
(P Am)(P) =4 (p(a), p(D)), if p=[a,b,1]
(yﬂl(b))a ifp = [ZE, b]

and pUn: A X X Upxidyidy xn X X B —= X XY is the map defined by

(p(a),x), ifp= [aay]
(pUm(p) =\ (p(a),p(0)). if p=la,b]
(yﬂ](b))a ifp = [x7b]

Proof. The first part follows from proposition A.2.5, since ¢ is a homotopy equivalence.
The other statement follows from proposition A.2.4, property iii, which shows that p x idy

(or idx xn) is a cofibration provided that p (or n) is a cofibration. O

1.4 Topological S Integration

A topological S! integration can be seem as a very simple form of both the

suspension and the Thom isomorphism. Consider the following functor S : Top? — Top?

id.q,gxid )
S(p —>(f’g) n) = p X idg —>(fX s19xidst) n X idgr .

Given any functor F' : Top? — C, where C is any category, we put SF := F o S. Consider
the conjugation map ¢ : S' — S* given by (s) = 5 and define a morphism t4p : Sp — Sp
by f}ﬁ([)) = (ldX Xt,idA Xt).

Definition 1.4.1 (Topological St integration). A topological S integration is a natural

transformation [q : Sh® — h*~! which satisfies the following two properties:

S1) (Js1), 0 (mx, ma)™ = 0,
52) (fsl)p otyp = — (fSI)p-

Proposition 1.4.2. A topological S' integration exists for any cohomology theory.
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Proof. Fix the point 1 € S! and consider the morphism (ix,74) : p — Sp which includes
X (resp. A) in the slice X x 1 (resp. A x 1) of X x ST (resp. A x S1). As in Remark 1.3.3,
we use h(p) = h(C,). Consider the following exact sequence in reduced cohomology (see
Proposition A.2.10):

v B (Coig g *) > B (Cspy #) S Fo(C ) — -

which is the cofiber sequence of the map C(ix,i4) : C,, = Cg,, which is just the inclusion.
This sequence is split exact since C(pry,pry) is a left inverse of C'(iy,i4). We write
h:h*(Csp, %) = h*(Ccy, ;- *) for the split at *:

i Te Clix,ia)"7,
iX,iA)7*) — h (CSP> *) 5 h (CP) — 0.

\_/"\/

h C(prx,pra)*

0 —— ?L'(CN(C(

- ~-(C
As Clix,ia) is a cofibration, we have h(Ce(iy,i,), %) = h <C§p’ *) It turns out that the
p

space (%, *) is homeomorphic to the reduced suspension of C,. Indeed,
P

Cs, .
o (C’S) LG

[s,p], if p=[s,p] with (s,p) € 5"
p =
*, otherwise.

Using the suspension isomorphism, we write s : h*(3(C,)) — h*~1(C,, %) so that

0 —— h*Y(C,, %) —— lNL'(CSp,*)CM*E‘(CP) — 0.
f\_/ ~_

sogp*oh C(er7prA)*

we define the Topological S'-integration

L St — bt
S1

(/Sl)p:soqﬁ*oh.

Its naturality follows from the the naturality of the sequences once fixed the point 1 € S*.

as the natural transformation

We now prove that this is a satisfies both properties:

1. This is by the definition, since u o (mx,74)* = 0.

2. This follows from the fact that sx o (t* Aidx) = —sx where sy : h*(2X) — h*~1(X)

is the suspension isomorphism.



56 Chapter 1. Topological Preliminaries

Remark 1.4.3. The topological S! integration is related to the cross product, to be defined
in Section 1.5 ahead (Definition 1.5.4), in the following way: given e € h'(S?, 1) such that
s(e) = 1, where s : h' (S, 1) — h%(S% 1) is the suspension isomorphism and « € h*~!(p),
due to the compatibility between the suspension isomorphism and the cross product, we

have

/51 ((idgt, @1)%e x @) = a,
where (idg1, @1)*e X a € h(p A (S',@1)) = h(Sp). The proof can be carried in a similar
way as in (DIECK, 2008, Proposition 17.1.3,p. 414) (see also (BUNKE; SCHICK, 2010,
section 4, p.22)).

1.5 Multiplicative Structures

In the setting of relative cohomology of pairs, it is usual to define the external
product of two cohomology classes a € h?(X, A) and § € h?(Y,B) as a class a x 3 €
hPTI(X x Y,A x Y UX x B). This product makes sense at least in the case in which
the pair (X x B, A x Y) is excisive. We know that, if (X, A) or (Y, B) is a cofibration,
the pair is excisive. If (X, A) is not a cofibration, we can replace it by a the cofibration
(M(X,A), A)®, where A denotes the top of the cylinder, and use the same definition.

We use this usual definition to motivate where the product of two classes a € h(p)
and 8 € h(n), with p: A — X and n : B — Y, should be placed. Since h(p) and h(n)
can be identified with h(M,, A) and h(M,, B) respectively, as in Proposition 1.6.13, we
know that the product should “live” in h(M, x M,, A x M, Uaxp M, X B)g. If there was a
function p A 1 such that h(p An) = h(M, x M,, A x M, Uaxp M, x B), we would expect
its domain to be A x M, Uaxp M, x B and its codomain to have the same homotopy type
as M, x M,, which is X x Y.

Lets examine the set M, x B Uaxp A x M, more closely. We have the following

homeomorphism

Proposition 1.5.1. There exists an homeomorphism ¢ : M, x B — M,y;q,,-

Proof. The homeomorphism is given by

0, () = [2,b], w=][z],xeX
[a,b,t], w=]a,t],(a,t) € AXI

whose inverse is
(e,b),  w=[e,8],(,b) € X x B

([a,t],b), w=a,b,t],(a,b,t) € AXx B x 1.

8 This is a classical result, see for instance (DIECK, 2008, Proposition 5.3.1, p. 111)
9 We just use Uy p to emphasize where they are glued, but is not really necessary here.

Pp(u) =
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These maps are well defined and continuous (by the quotient property). O

It follows that M, x BUaxp A x M, can be identified with Myiq, Uaxs Mia, xn-
The intersection M,yiq, N Mia, xn is precisely the top of both cylinders as depicted in

Figure 2. This shows that we are indeed forming a pushout of the following diagram

Ax Bx1I AxBxI
X

A

Figure 2 — Domain of p A 1, which is the double mapping cylinder M,y idp.id, xn

Myviay —— Ax B — M, «,.
The set Mxiay Uaxp Mid, xy is just the double mapping cylinder of the maps
pXxidg: Ax B — X xBandidg xn: Ax B— AxY as defined in Section 1.2.1.
Consider the following map:
p /\ 77 : MpXidB,idA Xn — X X Y
(x,n(D)), if u = [z,b] with (z,b) € X x B
ur— < (pla),n(d)), if u=/a,b,t| with (a,b,t) € Ax Bx I
7y )

p(
(p(a),y)

Lemma 1.5.2. There exists a homeomorphism ¢ : M, U B x AU M, — M,y iy id, xy Such

if u = [a,y] with (a,y) € A x Y.

that the following diagram commutes

¢
Mp x BUA x MW I MpxidB,idA Xn

J i

M, x M, —252 4 X xY,

where cx : M, = X and cy : M, =Y are the collapse maps defined in section 1.2.1.
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Proof. We define

la,b t/2] it p = ([a, 1], [b,1]) € M, x B
~Jlab,1=¢/2), if p=([a,1],[b,1]) € Ax M,
o(p) =
[ZL‘, ] if p= ([I]a[bv 1]) EMPXB
[a, y], if p = ([a, 1], [y]) € A x M,

which is well defined and continuous by the lifting property of quotients. Its inverse is

given by
([CL, Qt]’ [b? 1])a q= [a, b, t] < %
g (@D B2 =1 g lab >
([x]v[bv 1])7 q= [I, b]
(la, 1], ), q=la,y].

The commutativity of the diagram can be verified in each case, for example,

cx X CY([:L‘]’ [b7 1]) = (l‘ﬂ?(b)) = p([d),b]) = (p N U)(Cb([f]a [b7 1])7

and analogously for the others. ]

Finally, we get the desired relation

Proposition 1.5.3. The morphism (cx X cy, ¢)* - h(pAn) = h(M,x M,, M,x BUAXM,)

is an isomorphism.

Proof. This follows immediately from Proposition 1.3.6, since cx X ¢y is a homotopy
equivalence (as it is the cartesian product of homotopy equivalences) and ¢ is a homeo-

morphism. O]

Consider the following functor M : Top? x Top? — Top? given by

M ((p’ pl) ((f’g)v(f g )) (77’77/)> — p/\pl (fo 7M(f7f »9,9 ))\ 77 /\77/
where M(f? f/agvg/) : MpxidB,idB Xmn — Mpxidg,idB Xn is defined as

[f(x),d'(a)], ifp=|x,d] with (z,d') € X x A’
M(f, f',9,9)(p) =1 l9(a),g'(d'),t], ifp=la,d, t] with (a,a’,t) € Ax A" x I
[g(a), f'(z)], if p=la,2'] with (a,2') € A x X"

in this context, there are some isomorphisms that merit special names:
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e Givenp: A— X, p : A — X' and p": A” — X", the association isomorphism is
the map

(@, B)pprr s (DAY NP = p A (P N p"),

where a: (X x X') x X" — X x (X' x X”) is the homeomorphism «((z,z'),2") =
(z, (2, 2")) and B : Mpnpyxid griid g, 4 30" — Mpxidyr, 4 ida x(o/'np) 15 @an homeomor-

phism 19
e Given p: A — X and n: B — Y the commutation isomorphism is the map

(tw)pn o A=A p,

where t : X x Y — Y x X is given by t(z,y) = (y,2) and u : Mxidy,ids xn —

Mia,, xpmxia, has the following form

[a7 b7 t]?

p = [b,a,t] with (a,b,t) € Ax I x B
ulp) =2, p
p

[z, b] with (z,0) € X x B
la,y] with (a,y) € Ax Y.

ly, al,

Thanks to these isomorphisms, we can canonically identify p A (p' A p”) and (p A p') A p”

as well as (p An) and (n A p). From now on, we will not display the isomorphisms.

Definition 1.5.4 (External Multiplicative Structure). An external multiplicative structure
on a relative cohomology theory on maps (h,d) is a natural transformation X : h ®z h —

h — h o M satisfying the following axioms:

M1) (Associativity) Given a € h(p), o € h(p') and o € h(p"), it holds that

ax (o xa")=(axd)xd.

M2) (Anticomutativity) Given « € h(p), f € h(n) it holds that
o x = (~1)I(B x a).

M3) (Compatibility) If (p x idp,ida X 1) is an excisive pair, then we have the following
compatibility with the connecting homomorphism 0: given o € h?(A) and 8 € h%(n),

d(a) x =A(a x f).
Here, A : hPT4(id4 xn) — hPT4 1 (p A ) is given by the composition

(i xm) S5 W Mipapiag A X V) S 1749410 ),

10 We do not present it here since its expression is a little involved to describe and will not be used.
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where (1) is the inverse of the excision isomorphism ((i4xx,p X idg)*)”" composed

with the isomorphism ((¢,idg)*)”", as in the commutative diagram

pxidp idp

Ax B X x B X x B

jidA XN JiXxB \[i/XxB ’

TAXX
AxXY — AxY UPXidByidA xn XxB—— MpXidB,idA Xn

and 3 : WP M yyiap idy xns X X B) = hPT4T1(p An) is the connecting homomorphism

of the long exact sequence of idx xn = (p A n) o 'y, 5 given by Proposition 1.3.7.

A similar axiom holds, with the appropriate changes, if 7 is replaced by p.

M4) (Unity) There exists a class 1 € h° = h%(P), P being a singleton, such that
(ix,ja)" (ax1)=q,

where a € h™(p) and (ix,74) : p — pxidp are the inclusions (which will be frequently
omitted).

Remark 1.5.5. We could have opted to follow another path using reduced cohomology
rather than relative cohomology of pairs to motivate our definition of the external product.
This would lead us the same way: given two maps p: A — X and n: B — Y, we would
like to find a map p A n such that

N E(Cp, *) ®z E(C’m %) — E(C’p A Cp, ) E(Cp/\n, %)
In other words, we would like some map p A n such that (C,, *) A (C,;, %) becomes homeo-

morphic to (Cpa,, *) or, at least, homotopy equivalent to it.

It turns out that there is indeed such an homeomorphism in Top,. As a matter of
fact, this was our first approach to this problem (it even motivates the notation of wedge
product). Nevertheless, in this text we follow a quicker, though less enlightened, path. For

the sake of completeness, we present this method in the appendix (see section A.2.1).

Using this external product, we can define the usual internal product for excisive

pairs. Given two excisive pairs (X, A) and (X, B) we define the external product reads
x h(X,A) x h(X,B) > h(X x X;,Ax XUX x B).

Consider the diagonal morphism of pairs A : (X, AUB) - (X x X, A x X UX x B)
defined by A(x) := (z,z). Given two classes a € h(X, A) and 5 € h(Y,b), we define the

internal product

- h(X, A) x h(X,B) = h(X, AU B)

by
a-f=Aaxp). (1.8)
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The product x will often be referred as external or cross product. It can be can be recovered

from the internal product in the case of pairs by taking

* *
a X 3 =prya-pry,

where pry 1 (X xY,AxY) = (X,A) and pry : (X x Y, X X B) — (X, B) are the

projections.

1.6 Compactly-like Cohomology and Thom isomorphisms

In this section we review the concept of Thom isomorphism using a “new concept”!!:

cohomology with vertically compact supports.

1.6.1 Thom isomorphism in the classical case

Fix some multiplicative relative cohomology theory of maps (h,d, x) over Top,
where x denotes the external product. Consider the long exact sequence associated to the

composition * < R™\ {0} — R", given by
c = BN (RY ) — BT (R {0}, %) D (R R\ {0}) — AU(R" ) — -

Since (R™, %) has the same homotopy type as id., we have h"(R",*) = 0 and thus
B h*(R™,R™\ {0}) — A" (R™\ {0}) is an isomorphism. Furthermore, the fact that there
exists a homotopy equivalence ¢ : (R™\ {0}, *) — (S, %) leads us to an isomorphism

n—1

PR R\ {0}) “ AT RO}, %) S5 (S ) S RO(S°) =i b,

o (a2

where b is the cohomology’s coefficient group and s"' : h(S"™1 x) — h(S% «) is the

suspension isomorphism iterated n — 1 times.

We fix an n-dimensional? real vector bundle p : E — B and set Ey := E \ z(B),
where z : B — E is the zero section. A Thom class is a cohomology class u € h"(E, Ey)
such that wu,, the restriction of u to the fiber E,, is a generator of h"(E,, Fy ) = h"(R", R™\
{0}) = h. We say that a bundle is h-orientable if it admits a Thom class.

Proposition 1.6.1 (Thom isomorphism). Fiz some h-orientable real vector bundlep : E —
B and letw € h™(E, Ey) be a Thom class. The Thom homomorphism T : h*(B) — h(E, Ey)
defined as

T(a) :=u-p'a

is an isomorphism.

11

New is a strong word. Although we could not find it anywhere, it is a rather straightforward concept
when we compare with the analogous definition for differential forms. It is important to mention that
this concept seems to appear in the literature of parametrized/fiberwise homotopy in other guises.
Whenever we say n-dimensional vector bundle we are referring to the dimension of its fibers, that is,
an n-plane bundle.

12
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Here - is the internal product as defined in equation (1.8). For a proof of this
classical result, the reader can consult (DIECK, 2008), for example. There, the author
derives it from the Leray-Hirsch Theorem, which is derived in a geometric way. We will

quote without proof the following result which will be used frequently

Proposition 1.6.2 (2 x 3 principle). Let gg : E — X and qr : F — X be two bundles
vector bundles with projections pry : E®F — E and prp : E@F — F. Consider the triple
(u,v,w) of Thom classes on E, F and E & F respectively, such that w = priyu - priv.

Two elements of such a triple uniquely determine the third one.

A proof of this can be found in (RUDYAK, 1998, Proposition 1.10 (iii), p.307).

In de Rham cohomology, it is usual to talk about vertically compact supported
differential forms and to state the Thom isomorphism within this language (see section
2.2.3). Here we give a general definition of a cohomology with vertically compact supports.

But first, we recall the definition of cohomology with compact supports.

1.6.2 Cohomology with Compact Supports

We denote the set of compact sets of a space X by K(X). Consider the partially
ordered set (IC(X), C). This is a directed set, since for any K and K’ in (X)), we have
KUK e K(X)and K C KUK’ and K’ C K U K’ as depicted in Figure 3. For K C L,

Figure 3 — The directed sets of the compacts
the inclusion igy, : L — K¢ where K¢ denotes the complement in X of K, induces a map
i s h(X, K¢ — h(X, L%
that has the following properties:
. i =1dy
o Vieps = Oty for KCLCM

From this it follows that the pair (h(X, K¢),ixz) is a directed system.
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Definition 1.6.3 (Cohomology with compact supports). The cohomology with compact
supports of a space X, denoted by h.(X), is defined as the directed limit

he(X) = colimpyex(x) h(X, K°).

Remark 1.6.4. This is a not a contravariant functor h. : Top®® — GrAb. The problem is
that, given some map f : X — Y, there is no natural way to define h.(f) : ho(Y) — he(X).
Nevertheless, it is possible when f : X — Y is proper map, i.e. a continuous map such that
fYK) € K(X) whenever K € K(Y). Indeed, consider the morphism f* : h(Y, K¢) —
h(X, X\ f~1(K)°), which we compose with i y—1 (g : h(X, f71(K)) = he(X). The universal
property of h.(Y) give us the desired map f*: h.(Y) = h.(X).

In particular, this proves that h. can be seen as functor defined on the subcategory
of Top that has the same objects but with proper maps as morphisms. The cohomology
with compact supports is invariant under proper homotopies and the excision theorem

holds as well.

Remark 1.6.5. In cohomology with compact supports, given an open embedding i : X — Y,
we can define a map which goes in the “wrong” direction i, : h.(X) — h.(Y). To verify
this assertion, consider the isomorphism obtained through the excision triad (Y, X, K°)
where K € K(X):

J* he(Y, K¢ — ho(X, K°)

Observe that K is compact in Y since it is the image of a continuous map. The inverse
771 (X, K¢) — h(Y, X UK¢) composed with the morphism i : h(Y, X U K¢) — h.(Y)
induces a morphism which we denote by i, : h.(X) — h.(Y).

In (MASSEY, 1978, Part 1, Chapter 7), the author gives axioms for a generalized
cohomology with compact supports over locally compact Hausdorff spaces. In (MASSEY,
2019), the same author states that the above definition gives rise to such a theory in
ordinary cohomology, which is indeed the case. However, we could not verify that the
same holds for a generalized cohomology theory. Some progress is being made in this
direction in the dissertation of Clemente (2022), which is in preparation as of the time of
this writing. We will state here some of these upcoming results. The reader is invited to

read the monograph when available.

Proposition 1.6.6. Let X be a locally compact Hausdorff space and X its one point

compactification. Suppose that the point at infinity + has a local system of good pairs
(HATCHER, 2002)'3. Then h(X) = h(X*,+). In particular, this holds for the inclusion

J : R™ — S™, where S™ is seen as the one point compactification of R™.

Proof. View Clemente’s dissertation. O]

13 Local system of Absolute Neighbourhood Retracts.
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In particular, this result implies that AZ(R™) = h™(S™, +) = b and 0 otherwise.

Given a multiplicative cohomology theory (h,d, x), we can define a multiplicative
structure in the associated cohomology with compact supports. In fact, more precisely, we

will work with two different kinds of products.

The first product we will construct is a module structure on h. over h. In this

structure, the scalar multiplication
<t h(X) X he(X) = he(X) (1.9)
is obtained by using the universal property on the following morphism:
D BP(X) x RY(X, K€) =5 RPT9(X, K€) 25 petY(X),

where the first arrow is the internal product.

The second product is given by a ring structure on h,

< he X he = he (1.10)

t14

and is defined by taking the double colimit™* of the maps

o hP(X, K€) x (X, LE) = hPH(X, (K N L)) 208y pptl(X).

We shall see ahead that the cohomology with compact supports also has a Thom
isomorphism, which admits a nice definition using a different type of cohomology, called

cohomology with vertically compact supports.

1.6.3 Cohomology with Vertically Compact Support

Definition 1.6.7 (Vertically compact sets). Let f : Y — X be a continuous map. We say
that V C Y is a vertically compact set if f|y, : V — B is a proper map. This means that
for all K € K(X) we have VN f~1K) € K(Y).

We denote the set of vertically compact sets of f: Y — X by V(f).
Remark 1.6.8. One should compare this definition with the notion of fibrewise compact
sets presented in (JAMES, 1989).

The idea of a vertically compact set is illustrated in Figure 4.

Compact sets can be seen as a particular case of this concept: the vertically compact
sets of the constant application ¢ : X — {x} are precisely the compact sets of X, that is,

V(c) = K(X). In other words, compact sets are vertically compact to the point.

14 We remark that the double colimit commutes.
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X

Figure 4 — The set V is an example of a vertically compact set.

Proposition 1.6.9. The union of two wvertically compact sets is vertically compact.
Provided Y is Hausdorff and X 1is locally compact, any vertically compact set of f:Y — X

1s closed.

Proof. Let V, W be vertically compact sets. For every K € K(X) we have VN f~1(K) and
WNf~ 1K) in K(Y). Since the union of compact sets is compact, then f~(K)N(VUW) =
(fHE)NV)U(fH(K)NW) is compact.

For the second point, given y € V¢ we set = f(y) and choose some compact
neighbourhood K of z, which exists since X is locally compact. Since Y is Hausdorff, for
each point w € Vi :=V N f~1(K), we can pick neighbourhoods W,, and W/ of w and y,
respectively, such that W,, N W/ = (). Since {W,,,w € Vi} is a covering of Vi, we can
extract a finite subcovering {Wy, ..., W, }. The set W] N...NW/ Nint(f~'(K)) is an open
neighbourhood of y which is disjoint of V. [

As we have done with cohomology with compact supports, we can also define
cohomology with vertically compact supports. Note that the previous proposition makes
the set (V(f), C) a directed set, since the union of vertically compact sets is also vertically

compact.

Definition 1.6.10 (Cohomology with Vertically Compact Supports). Given a map f :

Y — X, we define the cohomology with vertically compact supports as the colimit
hy(X) = colimyeypy (Y, V°)

Remark 1.6.11. Let f : Y — X, g: B — A be maps and (p,p) : ¢ — f a morphism
between them. Given a € h,(Y') with respect to f, one can ask whether p*« belongs in
hy(B). In general, the answer will be no, and a sufficient condition for this to hold is that

p: A— X is a proper map.
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Remark 1.6.12. Analogously to Remark 1.6.5, if we have p : F — X and ¢ : F© — X
bundles over X such that ¢ : F' — FE is an open embedding of vector bundles, we can

define a pushfoward homomorphism
i hy(F) — hy(E)

using excision. This can be done provided the spaces involved are locally compact Hausdorff,

since in this case V' is closed, according to Proposition 1.6.9.

The following fact establishes the link between this definition and the Thom

isomorphism.

Proposition 1.6.13. Let 7 : E — B be a real vector bundle over a paracompact space.

Then there exists an isomorphism between h(E, Ey) and h,(E).

The proof requires some preparation, so we will first recall some definitions:

Recall that a metric (also called bundle metric) on the vector bundle (E, p, B) is a
continuous function g : £ Xy ' — R, where p' : E xx E — X is the fiber product given
by

Exx E={(v,u) € Ex E:p()=p(u)} with p'((v,u)) := p(v) = p(u),
and that g|,;-1(y) is a inner product.

It is a standard fact that every bundle over a paracompact space admits a metric (see
(HUSEMG6LLER, 1994, Theorem 9.5, p.38) or (RUFFINO, 2020, Proposigao 7.7.2, p.179)).

Moreover, given some (strictly) positive map h: B — R, the function (k- g)(v,u) :=

h(p(v)) - g(v,u) is also a metric. We denote by Viun(p) the set of sets of the form
Vo={veE:gv) <1}

for some bundle metric g on (£, p, B). The sets V; are the tubes around the zero section

(possibly intersecting it) as displayed in Figure 5.

Definition 1.6.14 (Locally Bounded Function and cb-spaces). A function f: X — R is
locally bounded if, for each point x € X, there exists a neighbourhood U, of x such that

flu, is bounded, i.e., | f|y.| < ¢ for some ¢ depending on x.

A space X is said to be a continuously bounded space (cb-space) when for each
locally bounded function f : X — R there exists some continuous map g : X — R such
that [f| < g.

Proposition 1.6.15. A paracompact normal space is a a cb-space.
The proof can be found in (MACK, 1965, Corollary 2, p.469). Just notice that

a paracompact space is countably paracompact. For more information on ch-spaces the

reader can consult the aforementioned article.
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Figure 5 — Example of metric tubes. The red one is given by constant bundle metric and
the blue by the bundle metric given by the function h(z) = 2% + 1.

Remark 1.6.16. Notice that in a locally compact space X, every function f : X — R
which is bounded on compacts, in the sense that |f|x < ck for every compact K, is locally
bounded. This follows from the fact that for each x € X there exists a compact set K
such that |flinx) < c.

Now, returning to the proof of Proposition 1.6.13, it will be based on two main

lemmas:

o First, we prove that the tubes form a cofinal system of vertically compact sets.

« Second, we verify that the cohomology of the tubes is the same as h(F, Ep) in a

compatible way.

Lemma 1.6.17. The set Vy, is a cofinal system in V(p).
Proof. There are two points to be dealt with:

1. verify that the sets V, are vertically compact;

2. verify that, for any vertically compact set V, there exists some g such that V' C V.

For the first point, let K € IC(X). Then we have V, N Ex = {v € Ex : g(v,v) < 1}.
Since K is compact it is possible to cover it with finitely many trivializing neighborhoods

¢k« E|x — R x U; such that the following diagram commutes:

?;

(UJQK> x R™

EU]'QK
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Defining the metric g; = g o ¢>j_1, the set V, N Ek is taken to the set
Vi={(z,v) € (U;NK) xR": gj(x,v,v) <1}

V; is closed and, since V; C (U; N K) x D, where D is the unitary closed ball with respect
to the maximum norm max,(g(z,v,v)), it is compact. From this we obtain that VN Ey
is compact for every j. Taking (finite) union over j, we conclude that V, N E is compact

and thus Vj is vertically compact.

For the second point, we start by fixing a metric gy in (E, p, B), we know to exist

by paracompactness and define the function

g :B—R

x — sup g(v,v),
vEE,

which is not necessarily continuous, but is bounded on compacts and therefore locally
bounded by remark 1.6.16.

Every normal paracompact space is a cb-space by proposition 1.6.15. Therefore,
there exists a continuous function h : B — X such that ¢’ < h. We define g := h+ 1 and
note that V" C V. [

Lemma 1.6.18. For each pair (V,, V) € V,(p) such that V; C V,, one has the following

commutative diagram:

%

W(E,VE) 2 h(E, Ey)

VgV 1 .
g *
iy,

h(E,V5)

where the inclusion iy, : (B, V) — (E, Ey) is an isomorphism.

Proof. The diagram is clearly commutative. We just verify that the inclusion induces an

isomorphism. The inclusion iy, : V7 < Ep is an homotopy equivalence: an homotopy

g9(v,v)
(idg,iv,) : (E,V9) — (E, Ey) induces an isomorphism in cohomology by Proposition

1.3.6. ]

inverse of it is given by the map 7 : Ey — V¢ defined by 7(v) := . Thus the map

Proof of Proposition 1.6.15. Since the sets V), are cofinal in V(p) and we have the isomor-
phism h(E,VS) = h(E, Ey) in a way that is compatible with the inclusions, the result
follows. O

1.6.4 Revisiting the Thom isomorphism

Analogously to h., we can also endow h, with two different multiplicative structures:
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o a scalar multiplication - : h,(E) x h(E) — h,(E) between a vertical class and an
absolute one, that can be defined in a similar manner to the product (1.9) we had

for h., and turns h, into a module.

e a product - : hy,(E) X hy(FE) — h,(E) between two vertical classes, that can be
defined in a similar manner to the product (1.10) we had for k., and turns h, into a

ring.

It turns out that there is a third multiplicative structure which relates the vertically
compact differential cohomology with the compactly supported cohomology. Given f :
X — Y, there is a product -f* : h,(Y) X ho(X) — he(Y) between vertically compact
classes and compact ones. The construction is roughly as follows: given a map f: Y — X,
a € hy(Y) and § € h.(X), choose representatives oy € h(Y, V) and Sk € h(X, K¢) for «
and (3, respectively, where V' € V(f) and K € K(X). The internal product of ary and f*fx
is a class ay - f*Br € WY, VeU f~YK)¢) = h(Y,(V N f~YK))). Observe that VN f~1(K)
is compact. Now, composing with iyns-1(x) : h(E,V N f71(K)) = h.(E) and using the

universal property of the colimit in the definition of the cohomology, we get a map
[y (YY) X he(X) = he(Y) (1.11)
defined on the representatives as
a- f*B.
Now, using these products, we can reinterpret the Thom class in the following way:
Let p: E — B be a real vector bundle of dimension n. A cohomology class u € hl'(E) is
a Thom class if u|, € h"(E,) is a generator of h"(R™) = h°.15 In this guise, the Thom
isomorphism reads
T : h(B) — hy(F)
a—u- ffa,
where - : h,(E) x h(E) — h,(FE) is the product between vertical classes and absolute ones.
We also have the compact Thom isomorphism:
T.: he(B) — h.(E)
a—u-pia,
where - f* : h,(Y) X ho(X) is the product between vertically compact classes and compact
ones.

Since the proof of the compact Thom isomorphism can be hard to find (see
(KAROUBI, 1978, Proposition 1.11,p.186) in K-theory), we provide a sketch here.

15 Observe that i%a can be regarded as a compact class.
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Proof (Sketch). In the literature, it is generally the case that that there exists a long exact

sequence in compactly supported cohomology'®:
s he(U) — s ho(X) —Es ho(U) —2 he(U) —— -

If X is compact, the compact Thom isomorphism is just the usual Thom isomorphism.
Application of the five lemma to the above sequence implies that the Thom isomorphism
holds for E|y, the restriction of the fiber bundle to the open set U.

Now, there exist a Mayer-Vietoris sequence for compact cohomology which goes

the “wrong way”.

i, Dyl

S RUNV) ZE e U) @ h(V) T h(X) —A hetH U NV —— e

Since X can be covered by open trivializing neighbourhoods, since X is Hausdorff and

locally compact, then by applying the five lemma on the diagram, we have

s —> h;+n(EUmv) — h;+n(EU) (&) hz+n(Ev) — h;+n(EUUv) — h;+n+1<EUmv) — e

Al ‘] Al ]

i, D5

s U NV) 2 R (U) @ he(V) 2 (U UV) A R (U ATV — -

From this we conclude that T : h2(U) — het"(Eyyy) is an isomorphism. Passing to the
inverse colimit over trivializing neighbourhoods (which is possible in compactly supported

cohomology), we conclude that 7, is an isomorphism. [

We will also need a third version of the Thom isomorphism. Given f:Y — X and
g : Z — Y the set of doubly-vertically compact sets is given by

VV(f,9) =V(g) NV(fog).

The doubly compacted supported cohomology of Z is defined as the colimit
hm)(Z) = colimvay(f’g) h(Z, Vc>

Note that we have a map hy,(Z) — h,(Z) with respect to both g and f o g.

Consider a vector bundle p : £ — Y and amap f : Y — X such that fop:
E — X is a vector bundle. We define the doubly-vertically compact Thom isomorphism
Tyo : ho(Y) = hyo(E) as
To(a) =u-g*B,

where u € hy,(u) is a class whose image in h,(X) is a Thom class both for p and f o p.

One can verify that this is indeed an isomorphism.

16 Tn particular, this holds provided h.(X) = h(X™*,+), but the reader should be aware that it is not
always true. See Clemente’s dissertation.
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Remark 1.6.19. Later we will need a Thom class on trivial vector bundles. Let’s show
how we can endow one with a Thom class: given the product bundle pry : X x R" — X
we have the isomorphism i, : h7(R™) — h™(S™, x). Pick a generator @ of h(S™, *)!7. The
projection prg. induces a homomorphism prg,. : h.(R") — h,(X x R") in the following

way: Given a class a € h?’(R), we choose a representative oy € h"(R", K¢), and consider
Prin ar € (X x R", prga(K)°). (1.12)

Then prga(K) is vertically compact. By the universal property we get the homomorphism.
We put v = pr. oi; 't € h.(X x R"). We claim that this is a Thom class of pry :
X x R" — X. Indeed, by working backwards on (1.12), the result is clear.

1.6.5 The relative Thom isomorphism

In its usual form, the relative Thom isomorphism is stated in the following way:

Definition 1.6.20 (Relative Thom isomorphism). Let (X, A) be a CW-pairandp : £ — X

a real vector bundle of dimension k. The map

T:h*(X,A) = h*™"(E, B4 U Ey)
a—u-pa (1.13)

is an isomorphism.

The proof of this fact can be found in (AGUILAR et al., 2002). In our framework,

we would like to define the Thom isomorphism for a relative vector bundle over a map.

Definition 1.6.21 (Relative Vector Bundle). We say that a morphism (P,p) : p — p as

in the diagram

N
,, Jp,

— 5 X

:B‘T'"U

is a relative vector bundle over p, if P: E — X and p: ' — A are two vector bundles

and p, : F, = E, ) is a linear isomorphism.

First we would like to define h,(p) such that an analogue of Proposition 1.6.13
holds, which would imply that h,((X,A)) = h(E, E4 U Ey) '®. Generalizing to a map
p: A — X, it seems natural to ask for the equality h,(p) = h(E,j(p*E) U Ey), as this

17 We remark for future use that s™(#) = 1, where s is the suspension isomorphism.
18 The notation (X, A) denotes the covering of the inclusion (X, A)
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particularizes well to the case p = (X, A), where j : p*E — F is the natural map depicted

in the following diagram:

&=

p'E ——

v

/
A2

—
iS]

>

In order to have the above equality, we define'?:
hy(p) = colimyeyy h(E, j(p*(E)) U V).
With this definition, we have a well-defined product
- hy(E) x h(p) = hy(p),
which can be constructed in the following way:

Fix a vertical set V' and a vertical class u € h,(F) represented by uy € h(E,V¢).

Since we can write p as the composition
E-Ls B FE,
and j : p*E — F is an embedding, we can identify h(FE, j(p*FE)) with h(p). Thus, we get
u-a € h((E,V)A(E,j(p)",

provided that ((E,j(p*E)), (E,V*)) is an excisive pair, which is always the case if either j

is open or closed. This way, we have
u-a€h(ExEExjp'E)UVex E)
by pulling back along the diagonal, as in (1.8), and achieve the desired product.
We are thus led to the following Thom isomorphism analogous to (1.13), that is
T : h(p) = ho(p)
a—u-(Pp)a (1.14)
where u € h,(E).

Unfortunately, we are not aware if there exists a compact version, since we do not
know how the define h.(X, A) in general®'. It is not yet clear how one should define it

now, and we will only be able to define this in Section 4.6.

Concerning the Thom class of relative vector bundle, we have the following impor-

tant fact:

19 We will change this definition in Chapter 4, but for now it is convenient.

20 The notation (X, A) A (Y, B) stands for iq Aip, where ig : A < X and is : B < Y are the inclusions.

21 Alexander-Spanier cohomology seems to be a nice candidate, but we do not know how to construct
an Alexander-Spanier cohomology from a generalized cohomology as we have done with compact
supported cohomology.
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Proposition 1.6.22. Fiz a relative vector bundle (P,p) : p — p as in the diagram

F—
ool
Ao X
Then there is a pullback map p* : hy(E) — hy(F). Moreover, given a Thom class u € h,(E),

the class p*u € h,(F) is a Thom class and one has

This is a classical result when working with the classical Thom isomorphism in the
usual setting and can be translate to this setting when we use Proposition 1.6.13. We will

return to it in Chapter 4.

1.7 Orientability of Maps and the Umkehr Map

Now we we wish to introduce the umkehr map®? in a generalized cohomology. There
are two equivalent ways to express the umkehr map: one can either use a generalized
Poincaré duality or use the Thom-Pontryiagin construction. The two constructions are
related through Atiyah duality, which states that the Spanier-Whitehead dual of the
suspension of a manifold is the Thom spectrum of its Spivak fibration. In the differential
case, this identification is done with the stable normal bundle of the smooth manifold.
Since our aim is the differential case and we lack a proper definition of differential homology

and thus a Poincaré duality, we are going to stick with the classical geometrical definition.

Grosso modo, the umkehr map of a map f : Y — X between an n dimensional
manifold Y and an m dimensional manifold X?* is a “wrong direction” map f, : h2(Y) —
he~(m=m)(X)24, Since we are mainly interested in smooth spaces in this text, we limit
ourselves to smooth manifolds and maps. In this section, manifolds are assumed to be

smooth - by which we mean C* - as well as the maps. This section closely follows the
article (RUFFINO, 2017).

We shall deal with manifolds with boundary and this will require us to use the

concept of neat manifolds:

Definition 1.7.1 (Neat smooth map). A smooth map f :Y — X is said to be neat if

f~H0X) = dY and
d,f: Y Ty X

WOTOY T Ty, 0X
The umkehr map appears in the literature with many names such as Gysin map, pushfoward, transfer,
shriek map and surprise map. See the review (BECKER; GOTTLIEB, 1999). We are only dealing with
the standard umkehr map. For the generalized case the reader is referred to (COHEN; KLEIN, 2009).
Again this is the narrow view. In principle this can be carried in Poincaré Space - also called Poincaré
complexes - which are spaces in which Poincaré duality holds.
Using the generalized Poincare duality, this is just Dx o p, o D;l

22

23

24
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is an isomorphism.

For this definition in the more general setting of manifolds with corners, see
(HOPKINS; SINGER, 2005, Appendix C); and for the usual form with embeddings
see (KOSINSKI, 2007). The relevant fact here is that neat embeddings admit tubular
neighbourhoods.

Recall that a tubular neighbourhood of an embedding ¢ : Y < X is a diffeomorphism
¢: N((Y)) = U, where N(¢(Y)) is the normal bundle associated to ¢ and U C X is an

open subset.

1.7.1  Umkehr Map: absolute case

In order to define the Umkehr Map, we will need the concept of cohomological

orientation of a map. The elements of the definition are illustrated in Figure 6.

X x R"

— i o

X X

Figure 6 — The main elements of a orientation of a map f.

Definition 1.7.2 (Representative of h-orientation). A representative of an h-orientation
of a smooth neat map between compact manifolds f : Y — X is given by the following
data:

1. a neat embedding ¢ : Y — X x RY, for any n € N, such that pry or = f.
2. a Thom class u of the normal bundle N(¢.(Y)).

3. a tubular neighbourhood of +(Y) in X x RY given by a diffeomorphism ¢ : N(¢(Y)) —

U onto an open set U.

Remark 1.7.3. We have a few remarks about each point of the previous definition.

1. Such an embedding always exists: by the Whitney embedding theorem, there exists an
embedding j : Y — RY for a large enough N. Hence, we can take ¢(y) = (f(y),j(y)).

JFTX
™ *

2. Recall that given an embedding 7 : ¥ — X, the normal bundle is
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3. If f is neat, the embedding is neat as well. This guarantees the existence of a tubular
neighbourhood. (HIRSCH, 1976, Theorem 6.3, p.114).

We say that a representative (¢, ¢, u) of an h-orientation is proper if the following

diagram commutes

Nu(Y)) 2> U

A

Now, we introduce a suitable equivalence relation among representatives of orientations.
First we need a generalization of the concept of proper representative, which will only be
used in the context of these equivalences. Let us consider a representative (J, U, ®) of an
h-orientation of id; X f : I x Y — I x X and a neighborhood V' C I of {0, 1}. We say that

the representative is proper on V' if the following diagram commutes:

By
N(J([ X Y))’VXY |V*>Y U|V><y

= lpr,

JVxY) —2 T

Thanks to properness, by calling fy := id; X f and f; := id; X f, we can define the
restrictions (J, U, ®)|y, and (J, U, ®)|y,.

Definition 1.7.4 (Homotopy). A homotopy between two representatives (¢, u,¢) and
(//;u',¢') of an h-orientation of f:Y — X is a representative (J, U, ®) of an h-orientation
ofid; xf : I xY — I x X, such that

e (J,U,®) is proper over a neighborhood V' C I of {0, 1};
o (JU,®)p = (t,u,¢) and (J, U, @)|s, = (V/, 0/, ¢).

Definition 1.7.5 (Stabilization). Let us consider a representative (¢, u, ¢) with ¢ : Y —

X x RN, A representative (¢, v/, ¢') is said to be equivalent to (1, u, @) by stabilization if

o Forany LeN, /Y — X x RV is given by //(y) := (1(y),0).

e u on N(/(Y)) is obtained in the following way:
Observe that N(/(Y)) = N(«(Y)) @ («(Y) x R"), where pr iy : (V) x R¥ = X

is the product bundle. We consider the canonical Thom class of Remark 1.6.19 on

pr, oy L(Y) X R%* — X and use proposition 1.6.2 to construct u'.

« For v € N,y) and w € R we have ¢/ (v, w) = (¢(v),w) € X x RNTL
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Definition 1.7.6 (h-orientation of a map). An h-orientation on f : Y — X is an
equivalence class [i, u, ] of representatives, up to the equivalence relation generated by

homotopy and stabilization.

The uniqueness up to homotopy of the tubular neighbourhood tells us that this
equivalence class depends only on ¢ and u, but not on ¢. Because of this, we write [¢, u]

for an orientation. We will use the following facts about h-orientations.

Definition 1.7.7. Let f: Y — X and g : X — W be h-oriented maps, with orientations
[t,u, ¢] and [k, v,9], where ¢ : Y — X x RY and x : X — W x RL. There is a naturally
induced h-orientation [{,w, x] on go f: Y — W, which can be defined in the following

way:

o the embedding ¢ is given by € = (k,idgy) 0t : Y — W x RVFL,

o the Thom class w is constructed the following way:

On the normal bundle N(£(Y)) = N((Y)) @ ! N(r(X) X idgy) = N((Y)) @
(prge)*N(k(X)), for pre : RN+ — RE we put the Thom class w induced from the
ones on N(¢(Y)) and N(k(X)).

« the tubular neighbourhood x : N(£(X)) — U is arbitrary since it is unique up to
homotopy.

We set [k, v][t, u] == [£, w].

According to (RUFFINO, 2017, Lemma 3.11, p.6), the following lemma is a

consequence of of the uniqueness up to homotopy and stabilization of the embedding ¢.

Proposition 1.7.8. (228 principle for maps) Let f : Y — X and g : X — W be h-oriented
neat maps, with orientations [v,u] and [k,v], and let [§,w] := [k, v][¢,u] be the orientation
induced on g o f. Then two elements of the triple ([¢,u], [k, v], [, w]) uniquely determine
the third one.

Now consider the following maps:

/ﬂ: ht(R x X) = h*'(X)  and /R heo(R x X) — b N(X).  (1.15)

v:: | X idx )«
/R /SIO(JXlX),

where j : R < S! is the open embedding in the one point compactification of the line
and (7 x idx ). : hy(R X X) — hy(S? x X) is as defined in Remark 1.6.11 (noticing that
J xidy : R x X < S' x X is a open inclusion of bundles over X).

The first one is just
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The second map [; is defined in the following way: since the sets of the form
St x K are cofinal in K(S! x X), given a € h.(S' x X) we can represent it by a class
ak € h(S! x X, 81 x K% where K € K(X).

Composing the maps
h(S' x X, S' x K¢) 255 o, WX, K°) 25 h(X) (1.16)

and using the universal property of colimits, we get a map [& : ho(S* X X) — h.(X) and
define [ := [q1 0(j x idx)., where (j X idx)s : he(R X X) — ho(S? x X) is the morphism
defined in Remark 1.6.5.

We conclude by defining the integration maps over R™:

n

Jom oo foma o= o

Remark 1.7.9. The compactly supported Sl-integration fsl D he(ST x X) — h(X),

introduced in 1.16, as an intermediate step in the definition of the R integration map, is a

/ BB X X) = hM(X) and / CLUR(R X X) 5 he(X)

as

natural transformation with respect to both proper maps and open embedding. In fact,

for a proper map f: X — Y, the following diagram is commutative:

he(y s SO ey o g1y

[ =

Rl (Y) —L s he(X)

and for an open embeddings ¢ : U < X, the following diagram is commutative:

(ixid 1)

h*(U x S') —5"h*(X x SY)

e [

RN (U) —2— h*H(X)
Both facts can be proved by manipulating expression (1.16).

Lemma 1.7.10. The map [g is an inverse to the Thom isomorphism for the trivial bundle

with the canonical Thom class.
Proof. Recall that the canonical Thom class is given by

Ux = pr;lk% Oj*_l(a)a

%5 Observe that (S* x K)¢ = S! x K¢
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where j : R — S! is the one point compactification and

’ = e X idx ).
It follows that

[ G i) - prica) = [ (G idx)(pr o) - pr o)
= [, G xid3) ()M x )

= U X o
Sl

:O{,

where this last equality follows from an observation similar to that of Remark 1.4.3. For
details in the absolute case, see (BUNKE; SCHICK, 2010, Section 4, p.22). ]

Definition 1.7.11 (Umkehr Map for Compact Fibers). Given an h-oriented neat smooth
map with compact fibers f : ¥ — X between manifolds of dimension n and m, respectively,

and orientation representative (¢, u, ¢), we define the Umkehr map
fi: R*(Y) = At~ (X)
by the following composition:

h.(Y) RN h.(L(Y)) T—N> h;_(l—m—m))(NL(X)) (¢)7"

(")~ h:}—(l-l—n—m)(U) ﬁ*_> h;_(l+n_m))(X % Rl) & ho—(n—m)(X)

in other words, :

fita) = [ k(67 T (@), (1.17)
where we have written « instead of (:71)*a. Here, k, : h,(U) — h,(X x R!) is the map
between the vertically compact h,(U) with respect to mx o ¢~! and the vertically compact
supported cohomology h,(X x R!) with respect to the projection which is well defined
since the fibres of Y over X are compact by hypothesis, hypothesis.

It is not clear that this map depends only on the orientation and not on the
representative. This is indeed the case as the reader can check in (KAROUBI, 1978,
Proposition 5.24,p.233). In fact, this map only depends on the homotopy class of f as an
oriented map. Some of the main properties of this homomorphism are summarized in the

following proposition:

Proposition 1.7.12. The umkehr map satisfies the following properties:

e (Projection formula) For any oriented smooth neat map which admits a proper

representative, given o € hP(Y') and € hi(X),

filae- f*B) = fila) - B



1.7.  Orientability of Maps and the Umkehr Map 79

e (Composition) If f : Y — X and g : X — Z are h-oriented maps and f o g is

endowed with the composition orientation as in 1.7.7, then

(fogh=fiog.

The proof of both results can be found in (KAROUBI, 1978, Proposition 5.24, p.
233).

As with the Thom morphism, we can define the compact case, which is done in the
exact same way, by replacing the usual Thom isomorphism and the integration by their

compact versions:

Definition 1.7.13 (Compact supported umkehr map). Given an h-oriented neat smooth
map f:Y — X between manifolds of dimension n and m respectively, and an orientation

representative (¢, u, ¢), we define the compact umkehr map of f as
fat hE(Y) = b~ =™(X)
Qs /R (7 Tve(o)

where i, : h.(U) — h.(X x R!) is the same as in remark 1.6.5.

An analogue of Proposition 1.7.12 holds.

Finally, we have the vertical umkehr map fu : h3(Y) — h*~ (=™ (X) defined in the

v

exact same way, just replacing the Thom isomorphism by the doubly-vertical version Tl ,.

Definition 1.7.14 (Vertically supported umkehr map). Given an h-oriented neat smooth
map f: Y — X between manifolds of dimension n and m respectively, and an orientation

representative (¢, u, @), we define the vertical umkehr map as
for s hy(Y) = h*~ 0 7m(X)
ar [0 Tala),
where i, : h,(U) — h,(X x R!) is the same as in remark 1.6.12

Remark 1.7.15. In order to see why the definition makes sense, we observe that since
(0™ )*Tn () € hyy(U) over 1(Y'), the doubly vertically compactness implies that (¢~ )T, ()
is in h, (U) over pry. Formally, this means we have a composition with a map j, : hy,(U) —

h,(U), where the first is vertically compact with respect to both my and pry.

Remark 1.7.16. Consider an oriented vector bundle pg : £ — X over a smooth manifold
with Thom class ug. We would like to define an h-orientation [¢, u, @] of the map pg. Now,
we know that there exists a vector bundle pr : F — X such that pp Gpr: FEG F — X is
trivial (see (HIRSCH, 1976))?. We then put [¢,u, ¢] is as follows:

26 The result is also true for the topological case. See the answers of (MITS314, 2021, James Cameron)
and (MUKHERJEE, 2015, Igor Belegradek))
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e 1: E — X xRY is defined as the composition
EZEoF S X xRY,
where (g is the inclusion in direct sum fiberwise.

e the Thom class u is constructed as follows:

We can identify the normal bundle of ig(E) = F & 0 with the bundle pr’, : E® F —
E @ 0. By the 2 out of 3 principle for vector bundles (Proposition 1.6.2), we have a
Thom class ur on F which is induced by the Thom class ug of E, and the canonical

class in the trivial bundle £ @ F, which is given by uper = ug X up. (Remark
1.6.19). We define a Thom class u in prj F' by pri(ur).

e The morphism ¢ : E @ F — X x R¥ is just the identity composed with the
isomorphism £ @ F = X x RYV.

The following result plays a crucial role in this work.

Proposition 1.7.17. For an oriented vector bundle p : E — X, there exists an h-
orientation of the map p such that the vertical umkehr map and the compact umkehr maps

are inverses of the Thom isomorphism and the compact Thom isomorphism, respectively.

Proof. We show this only for the compact case, the other one being analogous. We prove

that the umkehr map is a left inverse of the Thom morphism. Note that

T ((ig")" o Tp)(a)) = pri(ur) - pri olip')* (up - pp())
= prp(ur) - prp((up) - pp(a))
= pri(ur) - pr(up) - pry opp(a)
= (ur X up) - (pp o prg)* (@)
= Upar * Pper(Q),
where ppgr = pg o prg. Using the isomorphism to E @ F = X x RY and integrating in
R™ we get
/Rn uxxpy Pry(a) =«

where the equality is due to Lemma 1.7.10. O

1.7.2  Umkehr Map: relative case

It is not common to find a relative version of the umkehr morphisms in the literature.
In view of this, we will give some definitions whose origins will be become more evident in
the next chapters. We follow (RUFFINO; BARRIGA, 2021, Section 7.1) with some minor

modifications.
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Remark 1.7.18. The aforementioned work remarks that, as the absolute Umkehr map in
the compact setting can be introduced with the aid of Poincaré duality, the relative case

with respect to boundary can be defined using Lefschetz duality.

If Lx : h*(X,0X) — h,—e(X) is the Lefschetz duality, one can define the relative
umkehr map fy : h*(Y,0Y) — h*~(""™) (X, 0X) as

fu=Lx of.oLy,
where f: (Y,0Y) — (X,0X) is a smooth neat map.
Definition 1.7.19 (Relative Fiber Bundle). A relative fiber bundle over a map p: A — X

is a morphism (F, f) :p — p

e F:Y — X and f: B — A are fiber bundles;

e p: B —Y is the covering of p as in the diagram
B-".,v
ool
AL X

such that p is a fiberwise diffeomorphism?”.

The umkehr map is defined in the exact same way as the absolute case. But first
we will need to define the concept of relative orientation. Given an h-orientation [¢, u, ¢] of
F:Y — X, we can obtain a natural orientation [//,u/,¢'] in f: B — A in the following

way:

o If u(y) = (F(y),j(y)), define // : B — A x R™ as /(b) := (f(b),j(p(b)). This map

makes the following diagram commutative:

A x R” pxidgn X x R”

B - P Y -
s / I
A & X

e Denote by p: (/(B) — «(Y) the restriction of p X idgn to ¢p. Its differential induces
amap p: N(/(A)) — N(«(X)) by the diagram

TUY) == Sy = uY)

b E b

TU(B) == S5 — uB)

27 Which is the same as requiring that p : B — p*Y is isomorphism of relative vector bundles.
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We define u' := p*u.

o Calling ¢(n) = (Fomy(n),p(n)), weset ¢'(n') := (gomy(n'), p(p(n))) and we call U’
the image of ¢'. Then the pair (U’, ¢’) is a tubular neighbourhood of //(B) € A x R™.

Summing up, we have the following commutative diagram

pXian
AXR" U U X xR
¢ ]
]
c  NW(B) —— N((Y)) c
Ty TN
- /(B SN 1Y)
, L Prx
B— " v
f F’
A—F>P 4 X

Next, we define an integral [g. : h(idgn Xp) — h*~"(p), analogous to the one we

had in (1.7.1), as the composition of the map

/U ::/ o(idy X7, ida X). (1.18)
R S

iterated n times. Now, we define the Umkehr map for (F, f), where F' and f have compact
fibers, using the same definition given in (1.17) and just replacing the Thom isomorphism
by its relative version. To get further than this, we need to know how to deal with things
like h.(X, A). We will come back to this problem in Section 4.6.

1.8 Conclusion

In this chapter we have presented the definitions on the topological side. We
conclude by drawing attention to the nonexistence of a compact supported relative Thom
isomorphism as well as the absence of a relative umkehr map in the relative compact case
since we do not yet have a proper definition of relative cohomology with compact supports.
Both of these problems will be solved in the second part of this work as a step to to the

proof of the existence of the differential versions of these results.

It is important to keep track of the umkehr maps which we have defined so far:

Table 1 summarizes it all.
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Umkher \ Type | Absolute Relative
Compact Fiber
Compact
Vertical

Table 1 — Umkehr maps in cohomology. The v denotes the existence of the umkehr map.
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2 de Rham Cohomology

2.1 Introduction

This chapter presents both a review of de Rham cohomology, in the usual and the
relative setting, as well as some new framework to interpret some well stabilised results.
Besides, as we shall see in the next chapter, de Rham cohomology will also work as a

beacon to guide our choice of definitions as well as our path to the objectives.

The material for the first part is standard and does not differ in any radical way
from of that present in (BOTT; TU, 1982; GREUB; HALPERIN; VANSTONE, 1972;
NICOLAESCU, 2020; MELO, 2019), with special attention given to the first three. From
the first one, we lend the notion of relative forms, on the second, we base the fibered
integration and on the third, we generalize integration to a variation of the d-bundle

concept.

2.2 Manifolds and Differential Forms

We denote the category of C'*°-manifolds (possibly with boundary) and smooth maps
between them by Man. We assume that the empty set () is a manifold, but a troublesome
one, as it is highly pathological by nature!. This forces us to treat it separately to conform
to our needs. Also, for each manifold X we write @x : ) — X for the unique smooth map
from () to X as was done in the topological spaces. Moreover, when we say X is a manifold

it is assumed to be non-empty unless stated otherwise.

We denote by mryx : TX — X the tangent bundle of X, which is a smooth vector
bundle in the sense that 7 is a smooth map. Rather than writing 7'X, for the fiber over
x € X, we have kept the standard notation 7,,.X, but we still use T'X 4 for the restriction
over a subset A C X, somewhat paradoxically. Given a smooth map f : X — Y, we
denote by df : TX — TY its derivative and by d, f : T, X — Ty(,)Y its fiber restriction.

The standard constructions of smooth vector bundles (HUSEMOLLER, 1994, Ch 5,
sec 6, p.67),(RUFFINO, 2020, sec 7.6, p.172) enable us to construct the cotangent bundle
mrex : T°X — X as well as its n-exterior power of bundle manz.x : A"T*X — X. A
smooth section w € I'(A"T*X) is called a differential form of degree n, or n-form for
short. The set of n-forms over X will be denoted by Q"(X) and we will denote the degree

of a form w by |w|. In the case of the empty manifold, we refrain ourselves from giving a

L For example, the dimension of this manifold is not well defined since X x @ = 0.
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proper definition of the tangent bundle, but we define Q"(()) = 0 for every n. Note that
Q°(X) can be identified with C*(X), the set of real valued smooth functions over X.

The set Q™(X) has the structure of a C*°(X)-module with the sum defined fiberwise.
The wedge product of w € QP(X) and W’ € Q4(X) is a form w A w' € QPTI(X) given by

(w N w/) (X17 s 7Xp+q) = Z SgH(O')W(XU(l), s aXU(p))w,<Xa(p+1)a s 7Xa(p+q))

o€lly ¢

where II,, is the set of (p,g)-shuffles, i.e., permutations, such that o(i) < o(i + 1),
ie{l,...,p}and 0(j) < o(j+ 1) for j € {p+1,...,¢}, and sgn is the signal of the
permutation. This product endows the C°°(X)-module Q(X) = @y_, 2*(X) with a
Z-graded commutative ring? structure as the product is compatible with the degrees and

the graded anti-comutativity holds, i.e w A w' = (=1)¥I 0" A w.

The exterior derivative is a 1-graded homomorphism of graded rings d : Q(X) —
Q(X) defined as

dW(Xo, [N ,Xn) = Z <_1)1X1 (w<X07 te 7)/51'7 cee 7Xn)) +..
i=0

7

AN (D)X X Koy Xy Xy, X,
i=0 j=i+1

where )?Z denotes the omission of the term in the sequence.

The homomorphism d satisfies the following two properties:

i) dod =0,

i) dwAw) =dwAw + (1)l A dw'.

Therefore, (2, A, d) is a differential graded ring. We shall refer to this differential graded
algebra simply as the de Rham complex of X.

Let f: X — Y be a smooth map and w € Q*(Y) an n-form. We define an n-form
frw € Q(X) fiberwise * as

f*wa:(vla-“avn) :wf(:p)<dxf'017"'7dpf'/0n)

In fact, the pullback f*: Q(Y) — Q(X) is a morphism of differential graded rings which is

compatible with d and with products in the following sense:

ffod=do f*, FlwAd) = ffun fru.

see section A.4 in Appendix A for the appropriate definitions.

3 To see this is smooth, one can use charts.
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We finish this discussion by seeing the original de Rham cohomology through a

functorial lens: we have a contravariant functor €2 : Man°® — DGA given by
oax Lyy=ov) L awx),
where DGA denotes the category of differential graded algebras.

Remark 2.2.1. Latter we will need to use the de Rham complex with coefficients in a
Z-graded real algebra G. This functor is just {2 ®g G, as discussed in Section A.4 of the
appendix. For example, considering the R-algebra &g := (R[t,t7!], +,-), where |t| = —2,
we can identify

Qv if n is even
Qedd - if n is odd
where Q¢ = @,y 22" and Q4 = @, . Q2L

Q"Rp =

Remark 2.2.2. We can equivalently describe a structure which will be termed the cross
product w X w' € QPT4(X xY') and is defined between two forms w € QP(X) and w’' € Q4(Y)
by

w X w = prywApryw'.
This product has the same properties as the wedge product, except that the commutative

property has to be interpreted in the following way
wx W = (=) (% w),

where 7 : X x Y — Y x X is the transposition map given by 7(z,y) = (y,z), and the

naturality has the following interpretation:
(f xg9)(wx W)= ffwxg'd,
where f x g: X x Z =Y x W is the map (f x g)(z,2) := (f(x),g(2)) with f: X =Y

and g : Z — W. This wedge product should be seen as analogue of the external (cross)

product in cohomology.

Now, as in section A.4.2 of Appendix A, we can associate cohomology groups to this
differential graded algebra. In order to fix notation, we say that w is exact if w € Im(d) and
we say that w is closed if w € Ker(d). We denote by Qe (X) and Qq(X) the submodules

of exact and closed forms respectively. The cohomology group associated to Q(X) is
Qa1 (X)
Qe,l((X)

grading which is called the de Rham cohomology group of X. We denote the cohomology

the graded commutative ring Hyg(X) defined as the quotient of with the natural

class of a closed form w € Q(X) either by [w] or by qqr(w), where gqr : Qa(X) — Haqr(X)

is the quotient map, whichever is convenient.

The commutative ring structure stems from the wedge product: given [w] € H (X)
and [w'] € Hiz(X), we define
WA 0] = fw AW,



88 Chapter 2. de Rham Cohomology

which is well defined by the compatibility with d.
We also have the cross product X : Hjr(X) ® Hqr(Y) — Har(X X Y') defined as
follows: given [w] € HiR(X) and [w'] € HiR(Y), we put
[w] x [W'] = [w x ]
As before, these products are associative, commutative in the appropriated sense and

natural.

Given a smooth map f: X — Y, the morphism f*: Q"(Y) — Q(X) gives rise, by
the compatibility with d, to a morphism f* : Hyr(Y) — Hyr(X).

Summarizing, the de Rham cohomology groups define a contravariant functor
Hgg : Man®® — GrRing, where GrRing is the category of Z-graded commutative rings,
given by
Han(X L Y) = Hp(YV) L Hyn(X).

2.2.1 Compactly and vertically compact supported differential forms

The support of an n-form w € Q™(X) is the set

supp(w) = {z € X : w, # 0}.

Definition 2.2.3 (Differential form with compact support). We say that a differential
form w € Q(X) has compact support if supp(w) is compact.

We denote the set of compactly-supported forms over X by Q.(X) and remark
that that this is indeed a differential graded ideal of Q(X)%.

It is not the case that pullbacks of compactly-supported smooth forms are always
compactly-supported. For example, for an appropriate smooth bump function f: R — R
supported on (—2,2), the support of its restriction to (—1,1) can be the whole interval,
which is not compact. But if we consider a proper smooth map f : X — Y, the pullback
1 0.(Y) = Qu(X) will be well defined.

In this text, a proper map is a continuous map f : X — Y such that f~'(K) is
compact for every K C Y compact. If f is proper and w has compact support, then f*w
has compact support. Indeed, since f~!(supp(w)) is closed, supp(f*w) C f~!(supp(w))

and X is compact, it follows that supp(f*w) is compact.

It is also important to mention that if i : X < Y is a open smooth embedding,
we can define a “wrong direction map” i, : Q.(X) — Q.(Y) as i,w = @, where @ is the

-extension by zero.

From this we conclude that €. is

4 Tt is not actually a subring since the unit 1 € 2°(X) may not have compact support.
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e a contravariant functor on the subcategory® of proper maps of Man, and

« a (covariant) functor on the subcategory of open smooth embeddings.

The de Rham cohomology with compact supports is defined as the cohomology of
the cochain complex (€2.(X), d) and denoted accordingly by Hagr (X). This cohomology
Hgr . defines a functor in the same lines as the functor €2.: contravariant on proper maps

and covariant on open embeddings.

Computing the cohomology with compact supports of R" gives us
R, kE=n
0, k#n.

For a proof, see (BOTT; TU, 1982, Corollary 4.7.1, p.39), (NICOLAESCU, 2020, Theorem
7.2.1,p.247) or (MELO, 2019, Prop. 10.9).

HSR,C (Rn> -

A generator of Hgg . can be identified with any form
wy = flx)dz' A -+ Ada",

where f: R™ — R is a bump function of unitary mass, i.e, a smooth function with compact

support which integrates to 1.

Definition 2.2.4. Let f : Y — X be any smooth map. We say that a differential form
w € QY) has vertically compact support with respect to p , if for every compact set K € X
the set supp(w) Np~!(K) is compact.

Remark 2.2.5. Vertically compact forms are sometimes called fiberwise compact forms,
which can be misleading. This name should be taken with care, since it is possible for a
form to have compact support on each fiber without being vertically compact supported,

as graphically illustrated in Figure 7.

The set of vertically compact forms is a sub-differential graded ring of (Q(X),d),
which we denote by Q,(X). In order to see the ring structure, observe that we the product of
two vertically compact forms w € QP(Y) and w’ € Q4(Y) is a vertically compact supported
form w AW’ € QPFTI(Y"). Indeed, since supp(w Aw’) C supp(w’) Usupp(w), intersecting both
sides with p~!(K), where K € K(X) gives us the result.

These classes also have a mixed type product. Let f: Y — X be a smooth fiber
bundle and consider forms w € .(X) and form ' € Q,(£). Then w” := ' A f*w has
compact supports, that is, w” € Q.(F).

Given an open embedding ¢ : Z — Y of smooth fiber bundles f : Y — X and
' Z — X over X, we can define a pushfoward map i, : h,(Z) — h,(Y) by extending
the form by zero in i(Z)°.

5

The identity is a proper map and the composition of proper maps is proper.
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Figure 7 — The red set has compact fibers but clearly is not vertically compact.

2.2.2 Fibered Calculus

The framework in which we are going to carry integration is the one of fibered
manifolds. Unfortunately, we could not find a definition of fibered manifolds with boundary
in the literature®. We adapted the definition of d-bundles described in (NICOLAESCU,
2020, Definition 3.4.50, p. 136).

Definition 2.2.6 (Fibered Manifolds). Let Y be an m-manifold and X be an n-manifold.
We say that f:Y — X is a (m,n)-fibered manifold if

1. f is a surjective submersion;

2. when 9Y # (), then dp : Y — X is also a surjective submersion, where 0f = f|ay.

In this case, the fibers Y, are manifolds of dimension m — n. We remark that a
fibered manifold is a concept slightly more general than that of a d-bundle. In particular,
in the case without boundary, the Erehsmann’s fibration theorem (DUNDAS, 2018, Section
8.5, p.182) states that, for proper maps, these concepts are the same.

We shall denote by H" = {(x1,...,2,) € R": 21 <0} the semi-space in R".

Definition 2.2.7 (Convenient Charts). Let f : Y — X be a fibered manifold. We say that
a pair of local charts (¢ : U — R™ x H*™™, ¢ : V — R™) around (y, p(y)) is convenient if

Yopog l=pr,",

where pr,, : R™ x H"™™ — R™ is the projection in the first m-coordinates.

6 Although we were able to find a comment in the following link <https://mathoverflow.net/questions/

83013 /fibred-manifolds-with-boundary>

7 Domain restrictions implicitly understood.


https://mathoverflow.net/questions/83013/fibred-manifolds-with-boundary
https://mathoverflow.net/questions/83013/fibred-manifolds-with-boundary
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A fibered manifold admits convenient charts at each point. In the case without

boundary this is just the local normal form of submersions.

Two convenient charts (¢,) and (¢', ') are said to be orientation preserving if
the charts (¢, ¢'), (1,v") preserve orientation. We say that a fibered manifold is orientable
if it admits an atlas of orientation preserving convenient charts. In particular, this implies
that X, B, and each fiber X, are all orientable®.

Definition 2.2.8 (Integration Along Fibers). Let f : Y — X be a fibered manifold of

dimension (m,n) and k = m — n be the fiber dimension. We define

/f L QM) = Q*H(B)

(/pw)b(m,...,vp):/Yb@(vl,...,vp_k),

CDx(“la SR 7Up7k><u17 s ,Uk) = wx(ﬁh s 76p7k‘7u1a s ,Uk)

as

where

is a differential form in Y} and v is a vertical lift of v at z, i.e, d,. f (V) = v.
We need to verify that:

o W(vq,...,vy_)) does not depends on the lifts.

 J;w is smooth.

In order to see that @w(vy, ..., v,—) is a well-defined differential form on Y}, notice
that @(vy,...,v,—k) is a top form on Y}, and thus it can only be non null at x € Y}, if it is
applied on a basis uy, ..., u; of T,Y,. Therefore, we may suppose that {u,...,u;} is a
basis of T,Y;. Now, given two vertical lifts ¥ and v’ of v, note that v — v’ € kerd, f = T, V},

which entails

W(0, Vg o s Up ey Uy -y ug) = WO + (0 —0"), 09y oo, Uppy Uty - -+ Ug)
p— N/ . 2y
- W(U y U2y oo vy Un—fk, ULy - - - ,Uk),
since ¥ — ¥’ is a linear combination of vectors of the basis {us, ..., u;}. From the fact that
we can extend vy, ..., 0, to locally vertical fields it follows that @ is smooth.

Next, in order to show that [;w is smooth, it is enough to work in a convenient
chart, where f, M and B become f = prgm, M = R™ x H* and B = R™. In this setting,
we have a p-form w € QP(R™ x H*), which can be written as the sum of decomposable

forms of the following type:

Wiz = a(x,y)dxr A dyy,
8 In (ABRAHAM; MARSDEN; RATIU, 1988, p. 472), the authors give another alternative for orientation.
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where |I| + |J| = p and supp(f) € R™ x [-K, K].

But we only need to concentrate on the case |I| = p — k and |J| = k because

a)(bﬁy) (em-i-la s >€m+k) =0

if |J| < k (which happens due to the existence of a term dx;(e?) = 0 with i € [ and j € J).

</f w>b - (/ a(b, y)dyJ> dzy,

which is smooth, since b +— [ a(b,y)dy,; is smooth.

In this case, one has

Remark 2.2.9. The orientability condition is required to ensure that integration along the

fiber is possible and that the obtained forms “glue” adequately.
The integration map has the following properties:

Proposition 2.2.10. : Let f : Y — X be an (n,m)-fibered manifold, w € QP(M) and
n € QUN). The following properties hold:

i) (Homotopy Formula)

/wa:dB/fw—/fde. (2.1)

/f(w/\f*n):/fw/\n (2.2)

i) (Projection formula)

iii) (Functoriality) Assume g : Z — Y is another fibered manifold without boundary.

Then
/fog _ /fo/g (2.3)

iv) (Stability) Let f': B — A be another fibered manifold and (p, p) be a pair of smooth
maps p: A — X andp : B — Y such that po f' = pop and p is a fiberwise
diffeomorphism, that is, p|a : By — Yy is a diffeomorphism. Then

/f’ prw = p* /fw. (2.4)

For a proof, see subsection A.3.2 in the Appendix A. As a direct consequence of the
homotopy formula in the case of maps without boundary, the integration map descends to

cohomology:

Corollary 2.2.11. Let f : X — B be (n,m)-fibered manifold without boundary. The map
Jr: Q(X) = Q~"(B) induces a homomorphism fi : Hjp(X) — H;};(n_m)(B) of

degree (m —n).
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Proof. For fibered manifolds without boundary, the homotopy formula (2.1) becomes

/de:dB/w,
f f

which shows the required compatibility. O

With the aid of the (absolute) integration along fibers?, we construct a differential

Sl-integration at the level of differential forms.

Consider the functor S : Man — Man given by
S(X L y)= x x5t Dy g
and let SQ := Qo S. We define the S! integration as the natural transformation [ :

()= 1

at each X, where the integration is with respect to the projection pry : SX — X. Let

SQ — ) given by

t: S — S! be the conjugation map t(z) = z.

Proposition 2.2.12. Sl-integration has the following two properties:

Z) (fsl)X Opl“} =0

ZZ) fSl O(idX X t)* = —f51

Proof. i) By the projection formula, one has
/ pr}w:/ IApryw = (/ 1>w:0,
st prx prx
since [,, 1 =0 for dimensional reasons.

ii) Note that
(idx Xt)" (W) (s,2) (V1 - - - Vny U) = W) (V1 - - -, U, dt™ ),

where we use that T'(X x S*) =TX @ TS, with vy,...,v, € TX and u € TS
In each fiber, one has
(:Jg = t*&s,
where @ is the form which appears in the definition of the integration along fibers.

But the map t only inverts orientation.

O

9 We have not described the absolute case of S' integration, but it can be seen as a particular instance

of the relative one.
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Remark 2.2.13. This map induces a natural transformation at the de Rham cohomology
level which is closely related to the suspension isomorphism in usual topological cohomology.

In fact, the following short exact sequence splits:

00— HiY(x) 24,

fsl

H3(X x 81— H23.(X) —— 0,

where i; : X — X x S! is the inclusion at the slice X x {1}, and the suspension isomorphism

can be interpreted as the decomposition
H*(X x SH =2 HY(X)® H*(X).
In particular, any closed differential form w € Q*(X x S') can be written as
w=uwy X dt+prywy + dv,

where w; € Q*71(X) and wy, € Q°(X), for some form v € Q*71(X x S1).

2.3 Relative differential forms over smooth maps

In the last section, we have defined forms over manifolds. Now we wish to define
forms over smooth maps. Denote by Man? the arrow category of Man. Its objects are smooth
maps and the morphisms (f,g) : p — 1 between p: A — X and n: B — Y are pairs of

smooth maps which make the following diagram commute:

A—2+B
b

X%Y

We also consider the category of pairs of manifolds Man,, where the objects are pairs of

manifolds (X, A) in which A is a submanifold of X, and the morphisms f : (X, A) — (Y, B)
are smooth maps f: X — Y such that f(A) C B. As in the topological case, we have the

inclusions I5 : Man — Man, and I? : Man, — Man? given by

LIXLy)=(x,00L (v,0) and (X, A) L (v, B)) = is LI

where 14 : A — X and ig : B — Y are the inclusions.

Given a smooth map p : A — X, we define the relative de Rham complex of p,
denoted by Q(p), as the mapping cone complex of the morphism of cochains p* : Q(X) —
Q(A). More precisely:

Q" (p) = Q"(X) @ Q"(A)

and d" : Q"(p) — Q"1 (p) is given by

d(w,0) = (dxw, p*w — da0)
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In this case, Q2(p) does not have a natural structure of a graded differential ring, but it
has the structure of a (X )-graded differential (left) module. Indeed, one can define the

following graded multiplicative structure:

A QX)) x Qp) = Qp)
(W) (w,0)) = (W Aw, p*w' A6),

which is compatible with d in the following sense:
dy(w' A (w,0)) = dxw' A (w,0) + (=)’ A Ady(w, )

We shall call the elements of Q" (p) relative differential forms of degree n over the map p
or relative forms over p for short. For the sake of simplicity, we will write Q(X) for Q(@x),

where @x : ) — X is the empty map. Note that this notation is consistent, since Q(()) = 0.

Given a morphism (f,g) : p — n and a relative form (w, ) € Q(n), we have a
pullback (f,g)* : Q(n) — Q(p) defined by

(f,9)"(w,0) = (f'w,9"0)

which is compatible with the differentials. This means that Q : Man*°? — CoCh is a

(contravariant) functor, where CoChg is the category of co-chain complex over R.

Remark 2.3.1. We also have the relative cross product x : Q(Y) x Q(p) — Q(idy xp)
defined as

W X (w,0) = (W X w,w x0),

which satisfies the compatibility
d(w' % (w,0)) = dw' x (w,0) + (=¥’ x d(w, ). (2.5)

It is related to the usual product in a similar manner to the cross product in cohomology:

through projections and diagonal maps.

Similarly to the absolute case, we define the Hyr(X)-graded module Hyr(p) :=

gii’;)), where Qu(p) := ker(d) and Qe := Im(d), which we call the relative de Rham

cohomology associated to p. We also get an analogous contravariant functor Hyp : Man?°P —
GrAb.

2.3.1 Parallel Relative Forms

We define the de Rham complex of parallel® forms Q.. (p) as

Qpar(p) = {w € Q(X) : p'w = 0},

10" This choice of name will be evident in the next chapter.
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which is the kernel of p* : Q(X) — Q(A).
The elements of Q. (p) will be called parallel differential forms.

The complex Q.. (p) is a graded differential ideal with multiplicative structure
given by w A w’. Moreover, we have a natural chain morphism ¢ : Qp,, — 2 given at p by
ip(w) = (w,0). Therefore, we can view Q.. (p) as a sub-differential graded module of €(p),

but it has more structure than 2 because it has a product.

The graded cohomology ring Hag par(p) associated to Qpa.(p) will be termed parallel
de Rham cohomology of p. The next proposition establishes the relation between these two

cohomology theories in the case of closed embeddings ''.

Proposition 2.3.2. If p: A < X is a closed embedding, then Hjp(p) and Hjp ,..(p) are

naturally tsomorphic.

Proof. Given a relative form (w, ) € Q(p), there exists a p-extension 0 of 0 according to

corollary A.3.3. Define the function ¢ : Hyr(p) = Har par(p) as

¢([w, 0]) = [w — db],

which is well defined since p*(w —dn) = w—dn =0, pod = 0 and [w — df] does not depend
on the choice of the 6. Through some careful inspection, we can see that this function is a
homomorphism. We now affirm that ¢ is an inverse of i (defined above) in cohomology.

Indeed, on one side one has ¢ o ¢ = id and on the other

i0¢lw,d] = |w—dn,0]

= [w, 0]
which shows they are inverse morphisms in cohomology. [

Remark 2.3.3. 1t is worth mentioning that these maps are not defined at the cochain level,

but they are natural, that is, 7 : {0, — €0 is a quasi-isomorphism.

Notice that the fact that these two cochain complex have the same cohomology
does not mean they are necessarily isomorphic as complexes. This is one of the reasons we

work with (p) rather than Q.. (p), since the latter can be embedded in the former.

2.3.1.1 Relative Compact and Vertically Compact Forms over a map

We now give a relative version of the definition on section 2.2.1.

1 By the uniqueness of de Rham theory in manifold pairs, they should always be the same for any
embedding, but here we will only need the particular case.
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Definition 2.3.4 (Fibered Smooth Map). We say that a morphism (F, f) : p — p between
smooth maps p: A — X and p: B — Y is a fibered smooth map if both F' and f are
fibered manifolds, p: B — Y is a fiber diffeomorphism and p~*(9Y") C 9B.

ot

— Yy

Yy

F

|
|

e e—

P . x

Remark 2.3.5. In the case that both maps are smooth fiber bundles, we shall refer to the
the pair (F, f) as a smooth relative fiber bundle over p, which is coherent with Definition
1.7.19.

Let (F, f) : p — p be a fibered map. We say that a relative form (w, #) € Q(p) has
vertically compact support if both w and 6 have (vertically) compact support. This is the
same as requiring that the relative form is in the mapping cone complex of the morphism
7" Q(X) — Q,(B), which is well defined since p is a fiber diffeomorphism (GREUB;
HALPERIN; VANSTONE, 1972, Chapter VII, Section 4, p.295).

The set of vertically compact relative forms will be denoted by €,(p) and is a
sub graded differential module of Q(p). We denote its de Rham cohomology, the relative
vertical de Rham cohomology, by Hag (7).

Consider two relative bundles (F, f) and (F”, f') over p: A — X, and two open
embeddings of vector bundles ¢/ : B < B and i : Y’ < B as depicted in the following

diagram:
B-".v
B ——Y P
(7
AV

AL X
We define the pushfoward (i,7'), : Q,(p') = Q,(p) by extending the forms by zero.

The compact case is more restrictive. For a proper map p: A — X, we define a
compactly-supported relative form as a form (w, ) € (p) where w and § are compactly
supported. We denote the complex of relative forms with compact supports by Q.(p).
The differential d, is the same, but it is only well defined for proper maps. Observe that
this complex is just the cone of p* : Q.(X) — Q.(A). If p and n are proper maps such
that (i,7') : p — n is morphism with i and i" open embeddings, than we can define

(1,7")« : Qe(p) = Qe(p) which can be done by extending both form by zero.
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2.3.2 Relative Fibered Calculus

As in the absolute case, we have notions of integration along fibers and the same

construction can be carried on.

Definition 2.3.6 (Relative Fiber Integration). The relative fiber integral associated to a
fibered smooth map (F, f) : p — p is the map

/( oy @ = ()

w0 ([ )

A partial analogue of Proposition 2.2.10 holds

Proposition 2.3.7. Let p : Y — X be an (n,m)-fibered manifold, w € QP(M) and
n € QI(N). The following properties hold:

i) (Homotopy Formula)

w=d w — / dsw, 2.6
/8<F,f> P ) X (2:6)

where O(F, f) is the fiber bundle obtained by restriction to the boundary.

i) (Functoriality) If (F, f) : 0 — p is another fibered manifold, then

L=l o
(F'.f)o(Q,9) (£ J(Qa)

2.3.2.1 Relative S'-Integration

Once more, we use relative fiber integration to define relative S'-integration. Let

S : Man? — Man? be the functor

S( (f:9)n

. (idg1 xfiidg1 xg
p =2 = idg xp S 0

) idsl X idsl XM
and SQ := Qo S. As one can already guess by now, the relative differential integration

Jor 0 SO — Q1 s just
w, 6 ::/ w, 0
[ @.0) @)

and it has the usual two properties

o [ o(pry,pry)* =0, and

° fsl O(Zf X idx,t X ldA)* = —fSl.
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2.3.3 Compactly like forms and differential Thom morphism

The parallel forms are closely related to forms with compact supports and vertically

compacted forms. More precisely, one has the following:
Proposition 2.3.8. For any manifold X and map f:Y — X, we have
QC(X) = COlimKe’C(X) Qpar(X7 KC)

and
QU(Y) = COlimVey(f) Qpar(Xa Vc>

Proof. We prove only the first one, the second being analogous. Note that any w €

Qpar (X, K€) is compactly supported, as w|xe = 0 implies that supp(w) C K. Therefore,

we have a map ix : Qpar (X, K¢) — Q.(X), which is just the inclusion. Let’s verify that
(Q.(X),ik) is a colimit of the directed system (Qpar(X, K€),ikL).

These maps satisfies ix = iy, 0 ix . Given homomorphisms fx : Q. (X, K¢) — B,

such that fx = f1 oigr, we define
f:Q.(X)— B
w i fre(w), if supp(w) C K.
This map is well-defined as a consequence of the compatibility between the morphisms.
Moreover, one has fx = foik.

We claim that f is the only homomorphism with this property. Indeed, suppose
that g : Q.(X) — B is another homomorphism satisfying fx = g o ix. Given w € Q.(X),

one has f(w) = fauppw) (W) = glisupp(w) (W)) = g(w) since igypp(w)(w) = w. [
2.3.3.1 Differential Thom Morphism and Thom Form
In analogy with section 1.6, we define a cochain level analogue of the Thom class.

Definition 2.3.9 (Thom form). A Thom form of a vector bundle p : E — X is any
form @ € Q, (X)) whose fiber restriction u, € Q.(Y;) is representative of a generator of
Hng(EI) = H(?R,C(Rn) =R

The Thom form is related to integration along fibres in the following essential way.

Proposition 2.3.10. Let p : E — X be an oriented smooth vector bundle with Thom

form w. Then the integration along fibres at chain level satisfies
/ i=1 (2.8)
p

Moreover, any closed form with vertically compact supports u € Q, (E) satisfying (2.8) is

a Thom form.
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For the proof, we refer to (BOTT; TU, 1982, Proposition 6.17 and 6.18) (in the
special case of bundles of finite type).

We also have a cochain level analogue of the two absolute Thom isomorphisms

which we call (inconspicuously) differential Thom morphisms.

Definition 2.3.11 (Differential Thom morphism and Compact Supported differential
Thom morphism). The differential Thom morphism associated to a smooth oriented vector

bundle p : F — X with Thom form u is given the morphism

T:Q%(X) = Q(E)

v,cl

Wi uApw
and the compactly supported differential Thom morphism

T.: Q2 (X) = Q(E)

c,cl c,cl

W UNApw

Observe that these maps may fail to be isomorphisms in general. But they are
always injective, with left inverse given by the integration along fibers. Indeed, in both

case we have
[oTw) = [ @npw)
p p

22 [ .
:/u/\w
p

2igl/\cu

= W.

Remark 2.3.12. To grasp why these map may fail to be surjective, see the discussion
on injectivity of the integration along fibers and the proof of the Thom isomorphism in
(NICOLAESCU, 2020, Proposition 7.3.32 and Theorem 7.3.34, p.285-287).

Remark 2.3.13. Lets see how we can endow the product bundle pry : R" x X — X
with a Thom form. Consider a smooth embedding j : R — S! of R of its one point
compactification given, say, the inverse of the stereographic projection. We define a Thom
form of pry as 4 := pr j*dt, where dt € S is the standard volume form: [g dt = 1. Lets

verify this is a Thom form. A direct computation, give us

ﬁ*ﬁ:/ﬁ:1
/erPR] o1

this follows since i;prg = j*w. By Proposition 2.3.10, this is a Thom form.

As in the topological case, we can consider the doubly-compact Thom morphism,

in order to do so, we introduce the doubly compact forms. Given two maps f : Y — X and



2.4. Differential umkehr maps 101

g:Z —Y we define Q,,(Y) as the forms w € Q(Z) such that both supp(w) N (fog) 1K)
and supp(w) N f~1(K"’) are compact for K € K(X) and K'(Y).

Let p: E — Y be a vector bundle and f : X — Y be fiber bundle such that po f
is a vector bundle. The Thom morphism 7T, : Q%(X) — Q%+"(E) is define in the same way,
i.e

T)(w) = 0 A Tw

where u € Q"(F) is a Thom form of p.

2.3.4 Relative Vertically Compact Forms and Relative Thom Morphism

In the topological case, we have defined the vertically compact cohomology of a
fiber bundle over p, (F, f) : p — p, as colim h(Y, j(p*(Y)) U V®). In view of this, we would
like to define €2,(p) as colimy ey Qpar (Y, 7(p)*(Y)UV®), but it is possible that j(p*(Y))UK*
is not a manifold even if j(p*(Y)) is a manifold. But it is natural to ask if our vertically
compact forms coincide with this whenever we are in the situation in which j(p*(Y)) is

open. Turns out that this is indeed the case by an argument analogous to previous one.

Remark 2.3.14. Given ' € Q,(Y) and (w,0) € Q(Y), we have ' A (w, ) € Q,(p). For a
proper map p : A — X, we have a product ' A (F, f)*(w,0) € Q.(p) if v € Q,(Y) and
(w,0) € Qe(p).

Definition 2.3.15. Consider a relative vector bundle (F, f) : p — p. We define the relative

Thom morphism as

T: Q(p) = ()
(w,0) = uN(F, f)(w,0)

We have a analogous definition for the compact supported relative Thom morphism,
provided that p : A — X is proper and we always have the doubly compacted Thom

morphism.

2.4 Differential umkehr maps

2.4.1 Absolute umkehr maps

Now that we have a Thom morphism, we discuss the differential umkehr maps.
The really peculiar fact is that this is just the integration along fibers. In order to define
the differential umkehr map, we start by mimicking the definition of representative of
h-orientation (Definition 1.7.2).
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Definition 2.4.1 (Representative of a Differential Orientation of a map). A de Rham
differential representative of an orientation (v,u,¢) of a a neat map f:Y — X is given

by the following data:

+ aneat embedding ¢ : Y — X x RY, for any N € N, such that 7y o = f.
e a Thom form @ on the normal bundle N(¢(Y)).

o a tubular neighbourhood of ¢(Y") in X xR™ given by diffeomorphism ¢ : N((Y)) = U

an open set.
u,¢) and (/,u,¢") of
an differential orientation of f : ¥ — X is a representative (.J, U, ®) of a differential
orientation of id; x f : I xY — I x X, such that:

Definition 2.4.2. A homotopy between two representatives (¢,

o (J, U, ®) is proper over a neighborhood V' C I of {0,1};
« (LU, )5 = (1,8, 0) and (J,U,®)|5, = (/, 7, ¢').

Definition 2.4.3 (Stabilization). Let us consider a representative (¢, 4, ¢) of a differential
oriented map f:Y — X with ¢ : Y — X x RN, A representative (//, @', ¢') is said to be

equivalent to (v, u,d) by stabilization if

e Forany LeN, /:Y — X x R¥*L is given by //(y) := (¢(y),0).

e Observe that N(/(Y)) = N(¢(Y))®(u(Y) xR¥), where pr,yy : t(Y) xR* — X, is the
product bundle. We put the canonical Thom form of remark on pr,y) : ¢(Y) xRL — X
and @' on N(/(Y)) is obtained using proposition 3.6.3

« For v € N,y and w € R we have ¢/ (v, w) = (¢(v),w) € X x RNTE

At last we define the differential orientation

Definition 2.4.4 (de Rham differential orientation). A de Rham differential orientation
of amap f:Y — X is an equivalence class of representatives of a de Rham orientation

under the equivalence relation generated by homotopy and stabilization.

Now we can define the our first differential umkehr map

Definition 2.4.5 (Differential umkehr map). We define the differential umkehr map of a
differential oriented smooth bundle with compact fibers f : Y — X between manifolds of

dimension n and m, as the composition
freu(y) — " (x)
wer [ o (¢7h) (T(w)) (2.9)

Prx

where (1,1, ¢) is representative of the differential orientation of f.
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As in the topological case, this map only depends on the orientation class but now

it depends on f and not only on its homotopy class.

Droping the assumptions on compact fibers, we got two other maps:

« The vertical differential umkehr map f; : Q2(Y) — Q"™ (X);

cl

« The compact differential umkehr map fi : Q,.q(Y) — Q0™ (X), defined for any

c,cl

differential oriented fibered manifold*?.

which are defined exactly as (2.9) we just exchange the Thom morphism for the

e doubly-vertical Thom morphism in the vertical case, and
o the for the compact Thom morphism in the compact case.

Remark 2.4.6 (Relation between the integrations). The differential umkehr with compact
fibers is clearly a particular case of the vertical differential umkehr map since the bundle
can have compact fibers. In the setting of the compact differential umkehr, where the map
f Y — X is not necessarily a fiber bundle (it is only required to be a submersion), when
X and Y are compact, f is proper, hence it is a fiber bundle by Ehresman’s fibration
theorem (DUNDAS, 2018, Section 8.5, p.182). Hence, in both cases we get compact
differential umkehr map as a particular case, but in the latter setting the whole fiber

bundle is compact, not only each fiber.

It turns out that these maps are nothing really new.

Proposition 2.4.7. Let f: Y — X be a fibered manifold. Both the compact and vertical

differential umkehr maps are equivalent to the integration along fibers.

Proof. We prove only the vertical case, the other one being entirely analogous. Since a
fibered manifold is by definition a submersion, any orientation has a proper differential
representative (¢, 1, ¢) (RUFFINO, 2017, Lemma 3.23). As long as the representative of

12 We can drop the assumption on local triviality here, because the pushfoward always make sense.
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the orientation is proper, it follows that pry |y 0 ¢ = pry |,(v) © Tn, one gets

[ @rm () ) L [ e () )

prxlu

= (o) (@ATN (™) (W)

Pry |L(Y)O7TNO¢_1

L o o @ (7)) @)
[ f o
2.2) /eroAN(u-m*v(w))

)/prx ) (w)

(24) . */ /
="1id w= [ w
vy f

(
(2.2

where this last equivalence was used in the following diagram

Y —— (Y)

Jf | lprx

X I x

In view of this proposition, we will just stick to the usual nomenclature in the field as
in (HOPKINS; SINGER, 2005) and just call the differential umkehr maps differential

integration maps.

2.4.2 Relative Differential Umkehr Maps

Recall Definition 1.7.19 of relative vector bundle. Given a relative smooth bundle
over p: A— X, (F, f):p— pwhere p: C — Y, and a differential orientation [¢, U, ¢] of
F:Y — X, we can induce a differential orientation [/, 4/, ¢'] of f: B — A in the exact

same way as described in exact same way as in Section 1.7.2.

Definition 2.4.8 (Relative differential integration for compact fibers). Let p: A — X be
a proper map and (F, f) : p — p a fiber bundle over p with compact fibers'®. The relative
differential integration is the map (F, f) : Q8(p) — Qo "(p)

—

(F, f)y = Qalp) — Qa(p)
(w,0) — k(07 ) T ((w,0))

(Prx,pra)

where we are omitting the (¢,'). Here Ty(w,n) = @ - (7n, 7y )*(w, 0) = (U - whw, @ - w6).

13 Both F and f have compact fibers.
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The compact and the vertical relative integration maps are defined accordingly

Definition 2.4.9 (Relative differential integration with compact supports). Let p: A — X
be a proper map and (F, f) : p — p a fibered map. The relative differential integration is
the map (F, ): : Q24(p) = Q(0)

c,cl
(P Dyt Qea(p) = Qea(p)
@0 = [ () Tev((,6)

where ¢, : Q.(p X idge) = Q.(p X idge) is the morphism discussed presented at end of
Section 2.3.1.1.

Definition 2.4.10 (Relative differential integration with vertically-compact supports).
Let p: A — X be a proper map and (F, f) : p — p a fiber bundle over p. The relative
differential integration is the map (F, f) : ¢ ,(p) — Q2 1" (p)

—

(F7 f)u! : Qv,cl(ﬁ) - QU,C](ﬁ)
(w79) = L*((ﬁil,?b/il)*fvl\f((w?e))

(prx.pra)
where ¢, : Q,(p" X idgz) — Q,(p X idge) is the morphism discussed at end of Section
2.3.1.1.

2.5 de Rham Cohomology

In this section we verify that the de Rham cohomology is a topological cohomology

in the sense of Definition 1.3.1. More precisely, we have the following theorem

Theorem 2.5.1. The de Rham cohomology functor Hug : Man, — GrAb factors through

the homotopical category of Many and satisfies

Long Exact Sequence For each smooth map p : A — X, there exists a natural morphism
O : Hip(A) — H3 (p) such that the following sequence is evact:

° (idx,24)* ° * ° 3] .
- ——— Hip(p) == Hijp(X) —— H3p(A) —— H3t'(p) —— -
Excision Given some open set'* U C A and an smooth embedding p : A — X then
(ix\p): ta\w)* : Har(p) = Har(plava) is an isomorphism where
AU <M, 4
PA\U P

X\ p(U) 299 x

14 Tt is important to note that in the general case we do not U to be open, nevertheless this hypothesis
was needed here.
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Additivity Given some family of smooth maps {px}trea, let (ix,7x) @ px = Urea pa be
natural inclusion. The group (h(Lxea pr)s (9, Jx)3en) @S the directed productof the
groups h(py).

We prove each statement of the theorem separately.

2.5.1 Homotopy Invariance

Lemma 2.5.2. Consider the fibrered smooth map (wx,m4) : id; xp — p. Give some

relative form (w,8) € Q(p) one has

(t0.x,t0.4)" (w,0) — (to.x,t04)" (w,0) =d )(w,Q) —/( )d(w,@)
TX,TA

(mx,ma

Proof. This is just the homotopy formula (2.6) of Proposition (2.3.7) applied in this

particular case bearing in mind that

d w0 :/ d(w. 6 +/ w0
(er»PrA)( ) (prx,pra) ( ) 8(prx,prA)( )

and noticing that
w, ) = / w,/ 9)2 07 xw — Qg xw, 1y 40 — 15 40
Lo @0 = ([ o[ 0) = (ot = 5.0
= (i1,x,11,4)" (w,0) — (i0,x,%0,4) (w, 0)
O]

Proposition 2.5.3 (Homotopy Invariance). If (fo,90) : p = 1 and (f1,q1) : p = n are
homotopic, then (fo,90)* = (f1,91)*

Proof. Let (F,G) : id; xp — n be a smooth homotopy between'® between (fy,go) e
(f1,91). Using the previous lemma, the homomorphism H : Q°*(n) — Q°(p) defined by
H = [; x0o(F,G)" is a cochain homotopy between (fo, go)* e (f1, f1)*, that is,

(flvgl)*(("-)?Q) - (flagl)*(wve) = dH(w,@) - H(d(("-)?Q))

This implies the equality of the morphisms in cohomology. Indeed, if (w,n) € Qa(p),
it follows that d(w,#) = 0, which in turns implies that (fi,¢1)"(w,0) — (f1,91)"(w,0) is

exact. ]

15 Recall that we can replace a continuous homotopy by a smooth homotopy.
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2.5.2 Long Exact Sequence

In the Appendix A, we observed that to the mapping cone of a morphism of
co-chain complexes is associated a long exact sequence (see Example A.4.6). Since Q(p) is

a mapping cone, we have the following exact sequence

[ ] (ld ,@ )* [ ] * [ ] C o—
- —— Higr(p) == Hg(X) — Higr(A) 7 Hde(p) —_— (2.10)

The morphism 9 is just the morphism induced by iy : Q*71(@4) — Q°(p) defined by

2.5.3 Excision

Proposition 2.5.4 (Excision). Let p: A < X be a smooth embedding and let U C A be
an open subset of A such that U C int(p(A)) and both A\ U and X \ p(U) are smooth

manifolds. The morphism (ix\pwy,ia\v) @ paw — p given in the following diagram

ANU <2, 4
PA\U P

X\ p(U) S X

induces isomorphism in co-homology, i.e., (ix\,w),ia\v)* : Har(p) = Har(pav) is an

isomorphism.

Proof. Without loss of generality, we can assume that p is just an inclusion js : A — X,

in other words we consider the following diagram

ta\U

A\U —— A
Ja\u Jja

X\U 2 x
(Surjetivity): Let (w,0) € Qg 4(jav)- First observe that 6 is defined in A\ U which
is closed in A. By Corollary A.3.3, we can extend the form 6 € Q" '(A\ U) to a form
6 € Q" 1(A). Since U C int(A) it follows that int(A)\ U is a manifold and the same applies
to X \ U. By continuity of (w, ) it is enough to consider their restriction to ( Jint(ANT)
which we will still denote by (w,#) by a slight abuse of notation. We would like find a
form & € Q*(X) such that (@,0) € Q(j4) w|x\7 = w and §|int(A)\U =4.

Since {int(A), X \ U} is an open cover of X, we can take a partition of unity

subordinate to it

Pint(A) T Px\U = 1
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and define
(Dx = (1 - Spint(A)(:B» c Wy — SDX\U(‘T) ’ d(9|A)CU

The pair (@, 0) is a closed relative form and (ix\ ), iv)*(@0, ) = (w, #) as required.

(Injectivity). Given (w, ) € Q%(p) such that <w|X\p(ﬁ), ‘9|int(A)\U> = d(p,v), we wish to
show that there exists (f1,7) € Q" '(p) such that (w,0) = d(g,v)

w = df (2.11)
0=ph—dv (2.12)

First, we show (2.11) holds. By hypothesis one has
wlx\p@) = di (2.13)
and, as (w, 0) is closed, one gets
W|p(int(a)) = PO (2.14)

where we use p, : Q(int(A)) — Q(p(int(A))) the inverse of p*. By (2.13) and (2.14), it
follows that w = dp where

oy = (1 - (pp(int(A))(x)) g (1 - ‘Px\ﬁ@)) ) (p*e)x

Now we show (2.12). By the hypothesis, we know that

Olinsane = P|i*nt(A)\UM — dv.
Since (Pl )* It = 0w We get
9|int(U = (p’int(U)*ﬁ

we can write § = p* + dv with

]

The reader maybe wondering why we have choose to prove this version of excision
rather than the other one which we used as definition in the previous chapter. Perhaps
not surprisingly, the answer is that we only were able to prove excision in this context and
with the additional hypothesis that U is open A.

In the next chapter, we will also need a stronger version of excision which applies

to the functor €2,,,. More precisely, we have
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Proposition 2.5.5 (Excision for parallel forms). Under the same hypothesis on the maps

of Proposition 2.5.4, the map
(jaj,)* . Qpar,cl(X> A) — Qpar,cl(X \ U, A \ U)

is a isomorphism.

Proof. First, observe that the map is injective, since w|xyy = 0 and w|4 = 0, then wy =0
since U C A. It follows that w = 0.

Next, we see the that we can define a extesion @ of w € Q(X \ U, A\ U) by putting
Wy = w, if € X\ U and 0 otherwise. O

2.5.4 Additivity

The axiom of additivity holds for countable families, since in this aces Q(||,en Xn) =
[Tien 2(X,). For the uncountable case, the observe that manifolds are supposed to be
second countable, which precludes their disjoint union to be a manifold which makes the

axiom true.

2.5.5 Multiplicative structure

De Rham’s cohomology can be endowed with a multiplicative structure through
the differential graded module structure of the de Rham complex in the way remarked
in section A.4.3 of the Appendix A. More precisely, given a map p: A — X, a relative
class [w,0] € Hjip(p) and a absolute class [w'] € Hip(X), we can define a product
-t Hijp(X) x Hig(p) — Hyg(p) by

(W' - [w, 0] :== [W Aw, p*w’ A6

This module structure is natural in the following sense: given (f, g) : n — p and o € Hyr(p)
and 8 € Har(X),

(f,9)"(B-a) = (f,9)"0 - 9"
Through the use of the cross product we can also define a product structure x : Hyr(Y") X
Har(p) — Har(idy xp) given by

(W] X [w,0] :== W X w,w x 0]

This multiplicative structure is natural in following sense: if (f,g):n — pand h: W — Z

(hx fihxg)" (B xa)=h"Bx(fg9)

Remark 2.5.6. Unfortunately, this is just a partial product, not a full product defined as
in 1.5.4. The reason we cannot define a full product is that the function p A n is not a

smooth function for its domain is not a manifold in general.
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2.5.6 Sl-Integration

We define the functor S : Man? — Man? as

Fxidgr,fxid
S(pﬂ}n)—pXIdsl ( s x Sl))pXidsl.

Given some map t : S — S we define a natural transformation t; : S — S that for
each p: A — X associates the morphism ¢; , ;= (idx xt,ids xt). We also introduce the
notation SF := F o S for any functor F': Top — C where C is a category.

We define the natural transformation [¢1 : SHqr — Hggr, which will be called
Sl-integration, as the fiber integral of the fibered smooth map (7x,74) : Sp — p as in the
diagram

T
Ax gt A,

J{idsl xXp lp

T
X x §t 2X,

Llea=|[ @l

This integration has the following properties

More precisely

1. fsl 07'(_;( = O

2. fsl Otﬁ:_fsl

where ¢ : ST — S is given by t(z) = Z which are a consequence of the same properties for

the integration at cochain level.

2.5.7 Compactly like Cohomology and Thom isomorphism

As we have already mentioned, the compactly supported Hgg (X) and vertically
compacted supported de Rham cohomology Hgg (X)) are defined as the cohomology of

the complex . and €, in both the absolute as well as the relative case'®.

In section 2.3.3.1 we introduced the differential Thom morphism, since the integra-
tion is compatible with the exterior derivative, each one of the Thom morphims induces

morphisms in cohomology, more preciselly we get the

o Thom isomorphism 7" : Hyr(X) — Har(F)
« Compact Thom isomorphism, T, : Hag (X) — Har,.(E)

« Doubly vertical Thom isomorphism: T}, : Hyg »(X) = Harwo(E)

16 Recall that, the relative compact version only makes sense for proper maps.
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 Relative Thom isomorphism, 7" : Hyr(p) = Har.(p)

« Compact Thom isomorphism for proper maps, T': Hagr .(p) = Har.(p)

which are all isomorphism in de Rham cohomology. A proof of these results in the usual
absolute case can be found in any of the references (BOTT; TU, 1982),(NICOLAESCU,
2020) or (MELO, 2019). The compact case, can be proved in a analogous way. The other
two can be proved using a argument similar to the one in (AGUILAR et al., 2002).

2.5.8 Umkehr map in de Rham cohomology
2.5.8.1 Absolute case

The integration maps were defined only for closed forms, but these maps can be
defined for any differential form. We will call these maps, the curvature maps'”

Rz g(w) = /p R ® (2.15)

where T' can be either the Thom morphims, the compact Thom morphism or the doubly

vertical Thom morphism.

One clearly has do R}, 5 ) = fiod in either case, which means that f; induces the
umkehr map fi : Hir(Y) — Hyr(X) in the Rham cohomology. The situation is better

described in the following diagram

Qo—l d ° °
e (V) — s Hip(Y)

JR[LM lﬁ lf, (2.16)

Qe—(n—m)—1 d o—(n—m e—(n—m
g — = Q0 TX) s BT (X)

Observe that we have quotient out the Im(d®~?2), which does not affect the the map d. The

choice of colors will be evident in the next chapter.

2.5.9 The relative case

The same observations apply in the relative case. We define the curvature map
Riga@ 0= [ (006767 T(w.0)

Again we have compatibility with d (using 2.6) and have the analogous diagram

0*1(p) a
Im(d)

[z |7 Jie)

Qe—(n—m)—1 d o—(n—m e—(n—m
Im(d) X Qg ( )(X) B HdR( )(P)

04(p) ————— Hir(p)

17 Tt seems odd to not use the same notation, but this is done in order to maintain consistence with next
chapter.
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2.6 Another view on the multiplicative structure

We have introduced the module product structure over relative forms in section
2.3. But the situation is unsettling: there is no natural product between (w, ) € Q(p) and
(W', 0") € Q(n) which lives on Q(p A n). There are two problems here

e In general, p A n is not a smooth function, since its domain is a mapping cylinder;

o Even if we could define some notion of smoothness in the cylinder, how should we

define (w,n) x (W', n')?

This second problem is in some sense inherent to the choice of the model €2 for the de
Rham cohomology though. If we work with the parallel model of de Rham cohomology;,
we can multiply w € Qp.(p) and W' € Qpar(n) just as w x W € Q(X x Y) such that
(p* x idy)(w x w') = 0 and (idy xn*)(w x w') = 0. This works fine as long as both
p and 7 are open embeddings, since in this case w X W' € Qp.(p X idpUidg xn) =
Qpar(X X Y, X x BUA xY), where this last equality is to be understood through
identification of A with p(A) and similarly to n. With this product we could even improve
the definition of the de Rham product presented in section 2.5.5.

But this is far from good, since we would expect the same to hold in the case in
which either p or 7 is a cofibration since they are excisive. But in this case p x idg Uids xn
is not a smooth map, since X x BU A x Y is generally not a manifold, as can be seen in

the simple example in Figure 8

Figure 8 — The cross is the example of an union of two submanifolds of R? which is not a
(sub)manifold.

Nevertheless, the set Q. (X X Y, X x B, A X Y), defined as
Qar(X XY, AXY, X x B) :={w € QX) : w|s =0 and w|g = 0},

still make sense, regardless of X x BU A X Y being a smooth manifold or not. Therefore,
it would make sense to define for any pair'® (A, B) with A, B C X

Qpar(X, A, B) :={w € Q(X) : w|a =0 and w|p = 0}.

18 We are mainly interested in cofibrations though.
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Yet another convenient generalization is at hand: we can define a mixed product between

Q(p) and Qp,, (Y, B), which we call relative-parallel product by putting
X 1 Qpar (Y, B) @ Q(p) — Qidy xp)
WX (w,0) — (W X w,w x0)

One should observe that w’ X w € Qpar(Y X X, B x X) and o’ x § € Q. (Y x A, B x A),
which means that (w' X w,w’ x @) “lives” in the mapping cone complex of the co-chain
morphism (idy xp)* : Qpar (Y X X, B x X) = Qpar (Y X A, B x A). Put another way, what
we are really considering are smooth maps between smooth pairs p : (4, A") — (X, X’)

where we are seeing idxy xp: (Y x A;Bx A) — (Y x X, B x X) as a map of pairs!

Surely, for a map of pairs p : (A, A) — (X, X’), it makes sense to talk about
parallel relative forms Qpa;(p) as the forms w € Qpa (X, X') such that p*w = 0. In this way,
we can identify ., (X, A, B) with the parallel forms ,,,(7) where i : (4, ANB) — (X, B).
Indeed, a form w is in Q,,,(7) iff w|p = 0 and w|4 = 0, therefore w € Q. (X, A, B).

In order to give a clear account of these facts, lets define a new category, Man,,, which
is the category of finite sequences of manifolds, or more precisely, of sequences with only a
finite number of non empty entries, that is, a sequence of the form (X, X,...,X,,,0,...),
which we write just as (X, X1,...,X,,) or (X, X') letting implicit the empty sets, further
requiring that X; C X for each i € 1,...,n.

A morphism p : (A, Ay,..., 4,) — (X, X4, ..., X,,) is any smooth map p: A — X
such that p(4;) C X, for i = 1,2,.... The composition is the obvious one as well as the
identity. This category comes with an associated notion of homotopy in the exact same
way as in the category Many. Two morphisms fo, fi : (4, A1,..., An) — (X, X4, ..., Xin)

are homotopic if there exists
F:(IxAIXxA,. ., IxA,)— (X X,...,X,)

such that Foi, = fi, t € {0,1} where ¢, is the inclusion on the slice t. As in section 1.2 we
define the category of maps of sequences Man? as the arrow category of Man,,. Its objects

are maps of sequences such as p : (A, A) — (X, X), which will sometimes written as (p, 7)

in order to avoid confusion.

We define Qpar(X,)?) = Nt Qpar(X, X;), where X = (X1,...,X,,). In other

words, a form w € Qpar(X,)Z') is a form on X such that w|x, =0 fori=1,...,m. Given

-,

p: (A A) = (X, X), we define Q(p, 5) as the mapping cone complex of the morphism

,0* : Qpar(Xy Xi,... ,Xm) — Qpar(Au Al, .. 7An)
Within this setting, we can define a mixed multiplicative structure between €(p, p) and
Qpar (Y, B) which assumes values in Q(idy xp) where

idy xp: (Y X A, Bx A, BxA) = (Y xX,Bx X,BxX)
19 We do note require that X;;1 C X;.
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with
VY x A= (Y X Ap,--- Y x A)

which is just w x W’'.

Associated to the complex (2(p, p), d) we have a de Rham cohomology which we
still denote by Har(p, p). This cohomology satisfies the following properties

P1) Homotopy invariance: It is homotopy invariant with respect to homotopy in Man?

-,

P2) Long ezact sequence: For each map of tuples p : (A, A) — (X, X) the sequence

P3) FEzcision: Given a closed set U C X, such that U C A;, for i = 1,...,n, the inclusion
map
i (X\NU AN\, ..., A\U) = (X, Aq,...,An)

induces isomorphism in cohomology.

P4) Interchangeability: There is a natural isomorphism between Hagr (X, Xi,..., X))
and Har(X, Xo(1), - .., Xo@)) for any permutation o of {1,...,n}

In fact, excision holds even in the strong sense of forms, that is,
(1,8 0 Qpar (X, Avy o Ay) = Qe (XU, AN\T, ..., AL\ U)

is a isomorphism at cochain level.

2.6.1 The relation of the extended de Rham cohomology with singular coho-

mology

It is natural to ask if the de Rham cohomology group Hggr (X, A, B) of the com-
plex (Qpar(X, A, B),d) is isomorphic to the ordinary cohomology with real coefficients
HR(X, AU B). Turns out this is indeed the case. We prove this using the smooth singular

cohomology (see Appendix (B) for a review).

Proposition 2.6.1 (de Rham isomorphism). Let A and B be submanifolds of X and
S(X, AU B) be the relative singular cochains. The map

r:QX,A B)— S(X,AUB)
w (C|—>/Cw)

s a tsomorphism.
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The proof uses the following Mayer-Vietores type sequence:

Proposition 2.6.2. Given two transverse submanifolds A and B of X. The following

sequence is exact
0 —— Q(X,A,B) —" Q(X, AN B) 2% (A4, AnB) ® Q(B,ANB) —— 0

Proof. Exactness at (X, A, B) is clear. It is also clear that 5% & j507* = 0. Since the kernel
of j4 @ jj are forms in X which are null both in A and B, the exactness at (X, AN B)

is clear.

To verify that j% @ j5 is surjective, we start with forms wy € Q(A) and W’ € Q(B)
such that wa = wp = 01in Q(A N B). We can find open tubular neighbourhoods U, and
Ug of A and B which are transverse. The sets A and B are close in U4 and Ug, so the set
AU B is closed in Uy x Ug. The form w which coincides with w, in A and with wg in B

can be extended to a form on Uy U Up and thus to the whole space X. O

Proof of Proposition. First we get rid of the hypothesis of transversality of A and B.
Suppose A is not transverse to B, we can find a homotopy F : I x A — X starting from
1: A — X such that F} is transverse to B and obviously homotopic to A.

So we can assume A and B to be transverse. Applying the zig-zag lemma (Proposi-

tion A.4.4) on the sequence (2.6.2). Give us the long exact sequence
> HdR(A,AﬂB) @H(B,AQB) — HdR(X,A,B) — HdR(X,AﬂB> — ...

Applying the five lemma (Proposition A.4.1) using this sequence and the morphism r,

which is a isomorphism, we conclude the proof. O

2.6.2 Reuvisiting the Thom morphism and the integration maps

In the previous section, we have considered special models of the de Rham coho-
mology with compact supports and with vertically compact supports both in absolute as
well as in the relative case. Now we show how to do define the Thom isomorphism without
resorting to those special models: we rewrite those maps using only the definition based

on colimits.

In order to define the compactly suported Thom morphism for a differentially
oriented vector bundle p : E — X with Thom class u € Q,(FE) we need to make sense
of a A p*f’ where a € Q,(F) and 3 € Q.(X). Lets see how this can be accomplished. If
a = [wy] and § = [wi]| with wy € Qp.(E, V) and Wi € Qpar (X, K€), with V € V(p) and
K € K(X). Using the product defined above, we get

wy X p*wK € Q(ldE Xip—l(Kc))
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where idg Xip-1(gey : (B X p7 (K, Ve x p7H(K)°) — (E x E, V¢ x E) and i,-1(xey :
p (K¢ < E. Considering the diagonal maps (A, Al,~1(ke)) : tve — idp Xip-1(5e) as in
the diagram

(™ (), Ve N p (X)) S x p (), V° x p (K)°)

\[Z’V \[id]g Xip,l(Kc)

(E,V°) 2 (E x E,V¢x E)

By pulling along (A, Al,-1(k<)) we get (A, Alye)*(wy X p*wi) € Qpar(iy) where

iv s (pTH (K, Venp T (K)) — (B, V)
We have the following equality
par (i) = Qe (B, (V N p~ (K))").

Note that V N p~1(K) is compact. Now we can define the compact Thom morphism by
“passing’ the colimit as usual.

T(a) = A p*a.
In a complete analogous way, we obtain the doubly compact Thom morphism. And the

differential umkehr maps follows immediately once we have the Thom morphisms.

Now, we deal with the relative Thom morphism. Consider a vector bundle map

(P,p) : p — p as in the diagram

F-—"5E
fL )J(P (2.17)

When presented the model Q,(p) we commented that they were obtained from the cone of
the map p* : Q,(X) — Q,(A). It view of this fact it seems reasonable to give the following

definition:

Definition 2.6.3 (Compactly supported and Vertically Compacted Supported relative
For). We define the vertically compactly supported relative form of the bundle over p in
(2.17) as the colimit

Qu(p) = colimyeypy Qp : (F,p (V) = (B, V)

and for, provided that, p is proper, we define the compactly supported relative form of p as

the colimit
Qc(ﬁ) = COthGIC(X) Q(p : (Fa pil(KC)) - (Ea KC))
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Now, we will see how we can define the relative Thom morphism. We do this by
defining a product of a form w’ € Q(p) with a class w € €, (E) with values in §,(p) in
the following way: given a representative wy € Qo (E, V) we have wy x w’ € Q(idg xp :
(Ex F,V¢X F) — (E x E,V¢x E)). Pulling along the diagonal (A, Ar) : as in the
diagram

(F,77 (Vo) -2 (B x F,Ve x F)

lﬁ JidE xp

(B, V) —2  (Ex E,V¢x E)

where Ap(z) := (p(z),z), give us
(A, Ap)"(wy xw) € Q@ : (F.p~ (VF)) = (E,V)).

By taking the colimt over V(P), we define a product - : Q,(F) x Q(p) — Q,(p) which we

use to define the Thom morphism
T(w)=1-(P,p)w.

The same argument give us a compact version of the Thom morphism provided that p is

proper. The integration maps goes exactly the same way without any changes.

2.7 Conclusion

In this chapter we have presented some flavours of the differential umkehr maps.

These are listed in the Table 2 bellow This was first accomplished using particular models

Umbkher \ Type | Absolute Relative
Compact Fiber
Compact
Vertical

Table 2 — Integration maps in de Rham cohomology. The v denotes the existence of the
differential umkehr map.

of compactly supported, vertically compact supported, relative vertically compacted
supported, and relative compactly supported cohomologies, namely, Q.(X),Q2,(Y), Q.(p),
and Q.(p) (p proper) respectively. At the end, we discussed how to deal with these models
entirely in the framework of compact and vertically compact using parallel relative de

Rham complexes rather than using special models.

In the next chapter, we will see that the closed differential forms are a special
case of a differential cohomology. We will use the ideas presented here to state the main
problem of this work, the existence of integration maps in a differential cohomology, as

well as to devise a strategy to solve it.
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3 Basic Concepts of Relative Differential Co-

homology

3.1 Introduction

In this chapter, we introduce the basic concepts of relative differential cohomology
as introduced in (RUFFINO; BARRIGA, 2021). We start by giving as a motivating
example a geometric model which refines the second degree ordinary cohomology with
integer coefficients in the relative scenario. After this, we introduce relative differential
cohomology theory, briefly recall some standard facts and present three structures which

are related to the main goal of this work:

o Differential S'- Integration
o Multiplicative structures;

o Differential integration maps';

We end this chapter by stating the main goal of this work as well as presenting the plan

we have conceived to achieve it.

3.2 A Motivating Example of Differential Refinement

In order to motivate the concept of relative differential cohomology, we start by
refining the second degree ordinary cohomology with integer coefficients, i.e. HZ?, in a
“more or less” geometric way. We do this by using the concept of a relative line bundle as
in (SHAHBAZI, 2004, Def. 3.2.2, p. 24).

Consider a smooth function p: A — X. A sectioned hermitian line bundle with

connection over p, which we will call relative line bundle, is given by the following data:

a smooth complex line bundle p : L — X (which we denote simply by L);

e an hermitian structure h over L;
e a connection V compatible with the hermitian metric;

o an unitary local section s : A — p*L, where p*L is endowed with the induced metric
p*h.

L or differential umkehr map
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We will denote a sectioned hermitian line bundle with connection by (L, h, V| s).
For the sake of convenience, we briefly recall the meaning of these terms. The full picture

can be seen, for example, in (HUYBRECHTS, 2005, Chapter 4) or (BRYLINSKI, 1993,
Chapter 2) in the absolute case.

1. An hermitian structure on p : L — X is a choice of an hermitian product in each
fiber L, = p~!(x) of L that is “smooth” in the following sense: for each pair of local
smooth sections s,t : U — L, where U C X, the function h(s,t) : U — C is smooth.

2. A connection is a C-linear map V : Q% X; L) — QY X; L), where QF(X; L) are

differential forms of degree p with values in L, such that
Vfs=fVs+df ® Vs
The compatibility of V and h is expressed in the following equation:
dh(s,t) = h(Vs,t) + h(s, Vi),

where d is the extension of the exterior differential to the complex case defined by
thinking of C as R?, that is, d(f + ig) = df + idg.

3. The section s is assumed to be unitary, which means that p*h(s, s) = h(sop, sop) = 1,
where p : p*L — L is the morphism covering p. Notice that this implies that the the

section is nowhere vanishing.

We will say that two relative line bundles over p, (L,h,V,s) and (L',h', V' s'), are
isomorphic if there exists an isomorphism of complex line bundles ¢ : L — L’ over X such
that B’ =ho(p x ¢), V =Vogpand & =¢os.

We denote the set of relative line bundles over p by HZ (p) and the equivalence
class of (L, h,V,s) by [L, h, V]. The set }/I\ZQ(p) can be made an abelian group by defining

the sum as
[L,h,V, s+ [L',0 V', & :=[L&c L,h@h, VeV, s®s],
where
e (h@h)(v@v , u®u) :=h(v,u)h (v, u); and
e (VRV)(s®s) =Vs®s +s®Vs.
The identity is the relative line bundle [X x C, ({-,-)), d, 1], where

e pry: X x C — X is the trivial line bundle;
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e ((z,v),(z,u)) = vy where ¥ denotes the complex conjugate;
e d:Q%X;C)— QYX;C) is the exterior derivative extended to C treated as R?;

« and 1 is the section x — (z,1).
The inverse element of [L, h,V, s| is [L*, h*, V* s*|, where

e L* is the dual line bundle;

o h* is the dual metric, defined as h*(u,v) = h(v¥, u?), where w*(v) = h(v, w*) is given

by the Riesz isomorphism;

o Vs :=dos — s oV is the dual connection, which is compatible with the dual

metric;

o s*(u) = h(u,s).

The curvature of V will be denoted by FV € Q*(X,Hom(L, L)) and can be readily
computed by
FUYVS = VUVVS - VVvUS - V[Uﬁv]S

with U and V' vector fields in X and s a section of L. Since Hom(L, L) is trivial, we can

identify F' with a complex valued form. Compatibility with the metric gives us
(FVs,t) = —(s, FVt)

and tells us that F'V can be identified with a purely imaginary form.

Since the distinguished section s is a global section of the bundle p*L, it is a trivial
line bundle. This distinguished section establishes a particular trivialization of p*L. The
pullback connection in this trivialization s can be expressed d + B(V*®). The complex form
BV is also purely imaginary by an argument analogous to that of the curvature. We shall
call this form the covariance. The curvature 2-form F'V and the covariance 1-form BV
are related by

dBY®) = p*FV. (3.1)

Given a class [L, h, V, s|, we define its first relative Chern form as

i i 5
(L, BV, 5) = (%FV, B >> ,
which is a p-relative 2-form, i.e, an element in the relative de Rham complex Q%(p). It is
a classical result of Chern-Weil theory that iF V is a closed form, which, together with
(3.1), shows that ¢(L, h, V, s) is a closed relative form, that is, an element of Q(p). After
some computations, one can verify that the map ¢ : H%(p) — Q%(p) is indeed a group

homomorphism.
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We show that the relative de Rham class [¢(L, h, V, s)] € H3p(p) does not depend
on either V or s by an argument similar to those of usual Chern-Weil theory. Indeed,
given pairs (Vy, so) and (V1 s;), we can define a connection V on X x I and a section §
on A x I in such a way that they coincide with (Vg, s9) and (V1,s1) on X x {0}, A x {0}
and X x {1}, A x {1} respectively. We thus get the following expression:

c(L,V1,81) —c(L,Vq,50) =d v ZB%E) :

(prx,pra) (27T " 2m

where [ ) denotes fiber integration of relative differential forms as in 2.3.6, where

Prx Pl A
pry : X x I — X and pry : A x I — A are the projections. Also, ¢ is a homomorphism of

abelian groups, since one has
FYY = YV 4+ FY and BVEY#e) = p(Vs) 4 pVis),

We denote by (L) € HR?(p) the real ordinary cohomology class given by the image of
[c(L,V,s)] under de Rham’s relative isomorphism r : Hy;g — HR. We call this class the

first real Chern class.

The kernel of the map ¢ : @Q(p) — Q% (p) will be denoted by I;T\Z;at(p). It can be
identified with the group of flat relative line bundles over p, i.e., line bundles which admit
a connection and a section whose curvature and covariance are both zero. Using Cech
cohomology, it is possible to identify Pﬁzat(p) with H %1(/)) (notice the shift in the degree).
We also consider the subgroup @iar(p) formed by the classes [L, h,V, s] € @2(/)) such
that ¢([L, h,V,s]) € Qe par(p), in other words, with null covariance. This occurs whenever

p*Vs =0, which shows that the the section s is parallel and thus the name.

Another standard fact of the absolute case which carries onto the relative one is
that there exists an isomorphism between the abelian group of classes of isomorphisms of
hermitian line bundles with a distinguished section (with tensor product as group operation,
but without connection) over p and HZ?(p). The map which realizes this isomorphism is
called the first integral relative Chern class. A proof of this fact in the relative setting is

found in (SHAHBAZI, 2004, Proposition 3.0.1, p. 26).

Given some class [L, h, V, s] € ]-/I\Z(p)l, we can just “drop” the connection, obtaining
an isomorphism class of hermitian line bundles with a distinguished section. This map is
surjective, since any smooth line bundle with a metric can be endowed with a compatible
connection (this can be done by using a partition of unity argument). The composition
of this map, which is a group homomorphism, with the first relative integral Chern class
gives us a surjective map:

L HZ (p) — HZA(p)
We call this the first relative integral Chern class of (L, s), often suppressing both the "first’
and the "integral". This relative Chern class is a lift of the relative real Chern class. More

precisely, its image under inclusion in the universal coefficients theorem (which amounts
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to the tensorization with 1 € R) is precisely the relative real Chern class ¢i(L), that
is, o1 (L) = r(c&(L)) or, schematically:

J" J (3.2)

where g : Q2(p) — Higr(p) is the quotient map and the dashed line is exact.
Now, consider the following map:
Ql
R T)
Im(d
(w,0) = [X x C, (-,-),d — 2miw, *™|

~ HZ (p)

~—

First, observe that this map is well-defined since, if we replace (w, @) by (w,0) + d(v,0) =
(w+dy, 0+~op), the new bundle (X x C, (-, -), d+27mi(w+dy), e~ 2™(0+7°r)) is isomorphic to
(X xC,(-,-),d—2iw, e2™?) (the isomorphism is given by (z, 2) + (x, e>™(®)2)). Moreover,
this map is a group homomorphism as can be readily checked using the definitions of
the group structure. The curvature of the relative line bundle is F' = —27midw and the
covariance is B = —2mip*w + 2midf, in other words, the relative Chern form is d(w, 6),

that is, we have the following commutative diagram:

Ql(p) e @2(,0)
Im(d) X JC (3.3)
Q% (p)

We call the map a, the trivialization, since its image is topologically trivial in the sense

that its ¢; o a o a = 0. Actually, a little more is true - the following sequence is exact:

ngzngfli e HZ (p) - » HZ2(p) - » 0

The remarkable fact here is that this maps captures what is beyond the topological
information given by the cohomology of p, since the topological information is trivial in

this case.

We have already identified the kernels of both ¢ and ¢, now we do the same to a.
Its kernel is comprised of relative forms (w, #) which have integral period, i.e, for every

smooth 1-relative cycle (o,d) (for a definition of integral over relative cycles, refer to

Section A.3.3),
/(075)@,9) - /Uw +/59 €z
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Indeed, if [X x C, (-,-),d + 27iw, ™| = [X x C,{,),d, 1], there exists an isomorphism
¢ X x C — X x C of the form ¢(z,2) = (z,e*@)2), where v : X — R, such that
w =dvy and § 4+ vy o p € Z. This is true since

d(e*™s) = *™(ds + 2miws) = dy =w
and
1 = @) 2mib@) — ~(p(z)) — 6(x) € Z.

Therefore, for any smooth relative cycle (o,d) € Z;(p) one has

/(076)(w,0):/0w+/60:/0d7+/66’
=fo o= e
z/(570p+/69=/6(70p+9)

=> 7vop(p) —0(p) € Z.

pES
Also, observe that any relative form with integral period is closed (see Proposition A.3.6).

The image of a class & € HZ'(p) under de Rham isomorphism corresponds to the
de Rham class of a differential form with integral periods. From this we conclude that the

following sequence is exact:

HZ(p) e d; —————— » HZ (p) ------ » HZ*(p) ------ » 0 (3.4)

where r : Hix(p) — HZ'(p) is the de Rham natural isomorphism (observe that Hyr(p) is
a subgroup of %).

Putting it all together leads us to the following commutative diagram, in which p

is omitted and the dashed sequence is exact:

0
1
H%l —B HZQ
2
/ X \
X 9 2
IR H7 HR
HZl /”,,,r:l,o, 777777777 > Ql d QQ
Im(d) .

We draw attention to the red arrows, which make up one of the two axioms of rela-

tive differential cohomology. The maps ¢ and g (with opposite signs) are the quotient
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homomorphism and Bockstein (connecting) homomorphism of the sequence of groups

. R
0 77— R 21, = 0
7Z

— 2 2 — 2
and ¢ : H%l — HZ is the composition H%l — HZg,, — HZ .
Remark 3.2.1. The morphism induced by 7 in the sequence above coincides with the

morphism ®zR which appears in the universal coefficient theorem for cohomology in this

case.

We will not treat the relation with the Bockstein morphism here since it will be not
used and instead refer the reader to Simons and Sullivan (2008). The hexagon centered

—2
around HZ is characteristic of differential cohomologies, but in our language we prefer to

write it as
0
/){
) ’
HZﬂat HZQ
1
aor— 1 \ -~ \
HRl ]—/]Z HRz
1 Ql /
H7! e d 02
" Tm(d) °

X l l (3.5)

TOqdR
Q2 U, [R?

At last, we observe that there exists a relation between the relative and absolute

9 —
cases. In order to see this, we start by defining the absolute group HZ (X) as HZ(@x),
where @x : ) — X. The differential forms on the "manifold" () are regarded as 0. It is

possible to verify that the following diagram is commutative:

Az (p) "4 HZ" (X)
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Pedantically, the map "cov" appearing in the diagram is the composition of cov : Q3 (p) —

Q(A) with the quotient map from Q(A) to ?;((’3))

Before proceeding, we discuss some points that were not yet addressed:

e The construction }/[\22 : Man? — Ab, where Ab is the category of abelian groups and
their homomorphisms, is functorial: given a morphism (f,g) : p — 1 and a class
[L,h,V,s] € }/1'\22(7]), we define the group homomorphism (f,g)* = EFZZ(f, g) :
HZ' () — HZ' (p) by

(f:9)" 1L, 1V, s] = [f°L, f*h, f*V, g"s] (3.7)

e The morphisms ¢, ¢, a defined as above are indeed natural transformations:

—(::]:FZ2—>QEI
— ¢ :HZ — HZ?

—a: —Ig(ld) ~ HZ

o The natural transformation : HZ — HZ is completely topological and cor-
responds to the Chern-Dold character as described in Section D.2. We opted to
highlight it since this will change according to the theory.

o If we exchange [?\ZQ for the group of parallel classes ]-/I\Ziar(p) and Q! for Qéar in both
diagrams (3.5) and (3.6), the new diagrams also commute, but there is no guarantee
of exactness in the first line of (3.5). Nevertheless, for any closed embedding of

manifolds, the exactness still holds, as we shall discuss in the next section.

3.3 Relative Differential Cohomology

We will work in the category Man? as described in section 2.3. Fix a cohomology
theory (h,d) over Man? and denote its coefficient group by h. We call hr := h @z R the
realification of b and denote its Chern-Dold? character by ¢/ : h — Hb. We also write
Qbr = Q Qg hr, qar : Qabr — Harbr for the quotient and r : Hgrbr — Hbg for the

correspondent de Rham isomorphism.

Now, using the diagrams (3.5) and (3.6) of the the previous section, we are led to

the following definition:

Definition 3.3.1 (Relative Differential Cohomology). A relative differential refinement
of (h,d) is a (contravariant) functor i : Man®>® — GrAb along with the three natural

transformations:

2 For a quick review on the Chern-Dold Character, see section D.2 in Appendix D
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e« R:h— Qabr, called the curvature;

e /:h— h called the :

_ Q'
“ Tm(d)

— }\L., called the trivialization,;

satisfying the following two axioms:

A1) The following diagram is commutative and its first line is exact:

1 Q._le a

e—1 17O Te .
h Tm(d) h h 0

ol o

Onbe —% Hbs

A2 ) For each p: A — X, the following diagram is commutative:

(idx,24)* 5
s

h*(p) h*(X)

Jcau LO* (3'9)

Q1 A) —— h*(A)
where cov(a) =0 if R(a) = (w,0).

Remark 3.3.2. We will write h(A) instead of h(@4) (same for @x and X) and p* instead
of (p,@)*.

In the introduction of this chapter, we gave an example of a refinement of HZ?2.
The same model can be extended to higher degrees using abelian gerbes (RUFFINO, 2014).
Now we give two more (extremely) simple examples which will help understand what

differential cohomology theory captures.

), 9 : : 7 : : _ 7
Example 3.3.3. Let’s “refine” ordinary cohomology with = coefficients. Since h = = and

br = b ®z R = 0, it follows that 2 ®r hrg = 0 and thus H% = Hnizz. Therefore, there is
no true differential refinement! The moral of the story is simple: we cannot refine pure

torsion cohomology, since there are no differential forms with torsion.

Ezample 3.3.4. Next, let’s “refine” de Rham cohomology Hgr (or, equivalently real ordinary
cohomology HR): in this case we identify ﬁdR with Q4 and take

e R: f{\dR — € as the identity map id : Qg — Qq;

o« [/ /[-TdR — Hggr as the quotient map :Qa — Hgr
e a: % — Hygg as the exterior derivative defined from the quotient d : % — QY
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It is clear that this is indeed a differential refinement. We will refer to this model as the

de Rham toy model.

Remark 3.3.5. The tautological de Rham refinement can be deceiving, since in this case the
curvature map is an isomorphism. In a differential refinement of an arbitrary cohomology
theory, it is not enough to know the curvature and the underlying topological class in order
to specify a differential cohomology class. For example, in the geometric model introduced
in the beginning of this section, we observed that an hermitian line bundle with connection
over X (over @x) of the form [X x C, h,d + 2miw] is topologically trivial, and has zero
curvature provided that w is closed. Nevertheless, if w does not have integral periods, then
the differential class is not trivial. In other words, differential classes capture holonomy

even in the flat case.

Now, we collect some definitions and facts that will be useful ahead and also shed
some light on the concept of differential cohomology. We will not prove the majority of
these results, but refer to Ruffino and Barriga (2021, Section 2 and 3).

Maybe the trademark of differential cohomology is the homotopy formula. Dif-
ferential cohomology is not a cohomology theory in the topological sense, since it is not

homotopy invariant. In fact, we have the following:

Proposition 3.3.6 (Homotopy Formula). Let p: A — X andn: B — Y be smooth maps
and let us consider two morphisms (fo, 90), (f1,91) :n — p. If (F,G) :id; xn — p is a
homotopy between (fy, go) and (f1, 1), then, for any & € h(p), we have:

(f1.91)"(@) = (fo,90)" (@) = a </(

PY,PB)

(7.6 (@)

In the de Rham toy model, this is just the homotopy formula 2.6 applied as in the
proof of homotopy invariance. The proof is quite simple and can be found in (RUFFINO;
BARRIGA, 2021, Corollary 2.7).

Definition 3.3.7 (Flat and Parallel Classes). Let (ﬁ, R, I,a) be a differential cohomology
theory. A class @ € h(p) is called flat if R(@) = 0 and parallel if cov(a) = 0.

The sets of flat and parallel classes are subgroups of ?L(p) We denote them by Eﬁat( p)
and Epar(p), respectively. They are called parallel after the model on the introduction,
where parallel classes are the ones with a parallel distinguished section s, i.e, such that
Vs = 0. In the de Rham model, the parallel classes were elements of €2 ,ar, hence the

choice of name parallel forms.

The homotopy formula gives us a hint that the flat groups }Alﬁat, which are homotopy
invariant, may be a (topological) cohomology theory. This is indeed the case under a mild
assumption on the existence of differential S'-integration (to be defined in Section 3.4).

We highlight this fact in the following proposition.
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Proposition 3.3.8. If (?L, R, I,a) is a differential cohomology with S*-integration, then
there exists a connecting morphism 0 : ?Lj';lat(p) — ?Lj.{gtl (p) which makes (?Lﬂat, 0) a topological

relative cohomology theory on maps.

For a proof, see Ruffino and Barriga (2021, Remark 3.2).

hoflg

Remark 3.3.9. In many cases Bﬁat can be identified with the cohomology theory 7

described by Bunke and Schick (2010, Section 5, p. 29).

Lets fix some notation: we write

o Rpar: ?Lpar — Qe parhr for the transformation R, (@) = w whenever R(a) = (w, 0);

o par: Epar — h for the restriction of / to ?Lpar;

o—1 ~
o and apy, : QI‘;E dh)R — h,, for the map given by apar(w) = a(w,0).

~

In general, we cannot assert that (Apar, Fpar, / pars Gpar) 1S a differential cohomology in the

sense specified above, but we can prove so in a particular case:

Proposition 3.3.10. Let Man,; be the subcategory of Man with the same objects but with

o~

closed embeddings as morphisms. Restricted to Man,, (Rpar, Rpar, | pars Qpar) Satisfies the
axiom A1 (3.8) with Qbg replaced by Qo hr and aziom A2 (3.9) written as

o~

opar(P) ) oo (X) 2 Topan(A)

The proof can be found in (RUFFINO; BARRIGA, 2021, Theorem 2.12, p.11).

By convenience, we write the following definition:

Definition 3.3.11 (Parallel Differential Cohomology Theory). Let k : Man2°P — GrAb be

a (contravariant) functor and consider natural transformations

o Rpar: k— Qpar.abr, called the parallel curvature;

e Jpar i k — R, called the parallel - and

. Q;);rl hR

o Upar: Im(d) — IAc°, called the parallel trivialization;

A quadruple (E, Rpar, Ipar, Gpar) 18 & parallel differential refinement of (h,0) when

it satisfies the following axioms:
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A’1) The following diagram is commutative and its first line is exact:

-1 Q.il Apar =~ ar
pe—1 r_le par br P Lo P he 0

Im(d) x l’? l (3.10)

TOgdR
anr,cl bR Hb]?%

A’2) For every class @ € k(p), one has
pra =0 (3.11)

where p is shorthand for (p, @4) : @4 — p.

~

We rephrase Proposition 3.3.10 by saying that the data (hpar, Rpar, / pars Gpar) given

below Remark 3.3.9 is a parallel theory restricted to Man,.

Let’s denote by Q.,br(p) C Qbr(p) (resp. Qparcnbr(p) C Qparbr(p)) the subset of
differential forms such that r([w,n]) € Im(c/). We shall name them h-forms, in analogy

with integral forms. A variant of the next lemma will be useful in the Part II.

Proposition 3.3.12. Let (ﬁ, R, 1,a). For any smooth map® p: A — X, the following

sequence s exact:

~ ~ Rpar
0 —— hﬂat(p) D— hpar(p) EE— Qch,par(ﬁ) — 0

The proof can be found in (RUFFINO; BARRIGA, 2021, Theorem 2.13), but we
will prove another version latter (Proposition 5.2.3). The following proposition plays an
important role in the definition of the pushfoward morphism in compactly supported

differential cohomology (Section 3.6.1).

Proposition 3.3.13 (Parallel classes satisfy excision). [fﬁ is a differential cohomology
with S-integration, then the functor }\Lpar satisfies the excision property: if i : Z — A and
Jj A= X are embeddings such that the closure of j(i(Z)) is contained in the interior of
j(A), then the morphism

iA\U

A\U —— A

oo

X\ p(U) 229 x

induces an isomorphism between ?L;m(j) and B;ar(j’).

The proof can be found in (RUFFINO; BARRIGA, 2021, Lemma 2.15). It follows

from the fact that €2, satisfies excision and is compatible with

3 Not necessarily a closed embedding
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3.4 Differential S! integration

Analogous to the topological case and closely similar to the de Rham case, we have
a the notion of differential S* integration. Let S : Man? — Man? denote the same functor

as in section 1.4, that is,

(idsl X f,idg1 Xg)

S<p@>§> — idgi xp s idgn XE
and let SF' := F o S for a functor I : Man? — C, with C any category.

Definition 3.4.1 (Differential S! integration). S*-integration in a differential cohomology
h refining (h,d) is a natural transformation Jor ¢ Sh® — h*~! satisfying the following
axioms:

S1) For any p: A — X, we have [q1 o(pry,pry)* =0.

S2) For any p: A — X, we have [q1 0(idx X t,ids x t)* = — [q1, where t : ST — Sl is

the conjugation t(z) = z;

S3) The following diagram is commutative:

/R\)
SQ.bR a S/}\Lo+1 Sho+1 SQoJrl R
Im(d) Cl
\Usl ‘fsl Js1 hfsl
o—1 N
be . h* h* Q% br

Im(d) \/

where both [q : ‘1?1(2? — %;(;%R and [g : SQY 7 hr — Q8br are S'-integration of

relative differential forms, and [ : Sh*™' — h* is the topological S! integration.

Remark 3.4.2. As remarked in (BUNKE; SCHICK, 2010, Section 4, p.23), not all differential
cohomology theories admit an S! integration. In Remark 1.4.3, we related the topological
St integration to the cross product with a class e € h'(S') such that [ e X a = a. The

problem of differential integration is related to the existence of & € h(S!) such that

The following lemma will be used in the construction of a differential Thom class,

as well as in the Hopkins-Singer model (Appendix D and in Section 6.4.

Lemma 3.4.3. Let i, : A < S' x A be the inclusion of A at the marked point 1. For

every @ € h*(A) there exists a unique class 3 € ?L;;—Tl (1) such that

/51 (idgixx, @4) B =a and Rye(B) = R(@) x dt.
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The proof can be found in (RUFFINO; BARRIGA, 2021, Lemma 2.16).

The simplest example of a differential S*- integration is obviously the S!-integration
in de Rham model. We discuss the existence of more serious differential S'-integration in

a few different models in the Appendices B, C and D.

3.5 Multiplicative Structure

Unlike the topological setting and close in spirit to the case of differential forms,
we cannot define a complete product h(p) x h(n) — h(p A n) since the p A 7 is not a
smooth map. Nevertheless, as in the de Rham case (see 2.3), we can define a module
structure on h(p) over h(X) by using p : A — X. Alternatively, we could define an external
multiplicative structure 2(p) x h(Y) — h(p x idy ). We will construct the first one here.

Definition 3.5.1 (Relative-Absolute Multiplicative Structure in Differential Cohomology).
Let (lAz, R, 1,a) be a differential refinement of a multiplicative cohomology (h,d,-). It is
called a multiplicative differential cohomology if, for each smooth map p: A — X, there
exists a natural map x : h™(p) ® h™(X) — ™™ (p) satisfying

M1) (Naturality:) For all @ € h™(p), 3 € h™(X), (F, f) : € = p,

(F, f)"(@x B) = (F, f)ax fp.

M3) (Compatibility:) For all @ € h"(p), B € Y, (w,n) € Q" (p) and ' € Q" 1(X),

« (Curvature) R(@ x B) = R(a) x R(p)

Forgetful map) (@ x B) = I(a) x /()
Trivialization 1) a((w,n) x R(B)) = a(w,n) x 3

(
(
(
(Trivialization 2) a(R(@) x ') = (—=1)la x a(w).

The compatibility conditions for R and / are intuitive. The conditions on the
trivialization are inspired by de Rham toy model, where the product is given by (w, 6) x '’

as defined in 2.5. The compatibility conditions in this case are just the following:

o (Curvature) For (w,0) € Qu(p) and w’' € Qu(Y),

id((w,0) x W) =id((w, 0)) x id(w);
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o (Forgetful map) For (w, ) € Qu(p) and w’' € Qu(Y),

(w,0) X W' = [(w,0) X W] =[(w,0)] x [w] = ¢(w, ) x ¢(w)

o (Trivialization 1) For (w,0) € Q(p) and w’ € Qu(Y),

d((w,0) xid(w")) = d(w,0) x W' + (w,0) x d(w') = d(w,0) x &

o (Trivialization 2) For (w,0) € Qq(p) and v’ € Q(Y),

d (id(w, ) x (W) = d(w,8) x ' + (=1)@Ol 4y 0) x d(w)

(_1)|(w79)|\w’|(w79) X dw'

For more serious examples the reader can take a look at Appendices B, C, and D.

As it is, this situation is at most unsatisfactory, since we do not have a product
between relative classes that is in disagreement with cohomology. The situation is less
unsettling when we think about the de Rham toy model. In it, although we did not have
a full product, there was a mixed product between a parallel class and a usual one (see
Section 2.6). This was important in order to define both compact integration and vertical

integration without resorting to special models.

3.6 Compactly like Cohomology and Differential Thom morphism

3.6.1 Differential Cohomology with compact and vertically compact supports

Mimicking what we have done in the topological and de Rham case, we start by
defining differential cohomologies with compact and vertically compact supports. In the
de Rham toy model (£, id, ¢, d), we identified compact forms with colim yei Qpar (X, K€)

(and analogously for the vertical compact case). This motivates the following definition:

Definition 3.6.1 (Differential Cohomology with Compact and Vertically Compact Sup-
ports). The Cohomology with compact supports of X is defined as

he(X) = colimgex(x) hpar (B, K©)

and the Cohomology with vertically compact supports of a map f:Y — X as

o~

ho(Y) = colimy ey ) hpar(E, K°)

These functors have the exact same properties of the corresponding ones in topology

and de Rham cohomology:



134 Chapter 3. Basic Concepts of Relative Differential Cohomology

(i) They are contravariant functors on the subcategory of Man with the same objects

and proper maps as morphisms;

(ii) They are covariant functors on the subcategory of Man with the same objects and
open embeddings as morphisms (open embedding of bundle over the same base in

the vertically compact case).

In the topological case, the proof of point (ii) required the excision theorem. This will
not pose a problem here, since excision also holds in parallel differential cohomology, by

Proposition 3.3.13.

The module-like structure of Definition 3.5.1 allows us to define products

(X) = he(X) (3.12)
(X) = ho(X) (3.13)

in the exact same way as in the topological case (see 1.9), but we cannot define products

c he(X) X ho(X) = D
thy(Y) X he(X) = ha.

The problem here is that we cannot multiply
Bpar<X7 KC) X Epar(X, LC) — ;\LpaI-(X, KC U LC)

One possible solution would to be to define a product directly between parallel classes.
But this will not suffice in the relative case.

The maps R,/ and a naturally induce maps on these cohomologies, that is, we
have natural transformations

Re:he— Qe le:he— Q. and a.: Qohr — Q. (3.14)

and analogously for the vertically compact case, by replacing ¢ with v throughout.

3.6.2 Thom morphism

In this subsection we will define the Thom morphism and the lift of the Thom
isomorphism in the differential setting, as we have done in the de Rham case (see Definition
2.3.11). The analogue of the Thom form is the differential Thom class.

Definition 3.6.2 (Differential Thom Classes). A differential Thom class of a smooth
vector bundle p : E — X of dimension n is a class @ € h™(E) such that /(u) € h*(E) is a
(topological) Thom class.
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Before proceeding, lets recall some definitions in the veins of the Riemann-Roch-
Grothendieck theorem. For any h-oriented vector bundle p : E — X, denote the inverse
of the Thom isomorphism by [,. We define the Todd class* as Td(u) := [, c/(u) € bg,
where u is a Thom class of E and f;R is the inverse of the Thom isomorphism in ordinary
cohomology with coefficients in hr. The Todd class is the “commutativity defect” of the
Thom isomorphism, as discussed in (LAWSON; MICHELSOHN, 1989, p.241), that is,
fz],R (o) = Td(u) - (fp a). We define the Todd form as Td(T) = J, R(0) € QYbr(X),
where wu is a differential Thom class. This definition implies the compatibility

Td(1(@)) = qr o (Td(@)).

We say that two differential Thom classes g and @y are homotopy equivalent if there exists
a differential Thom class U € Bv(prﬁ( E), where pry : I x X — X is the projection, such
that @, = i} for ¢ € {0,1}, provided that Td(U) = pr’ Td(a).

There is a 2 out of 3 principle here as well:

Proposition 3.6.3 (2 x 3 principle). Given two bundles vector bundles qp : E — X
and qp : ' — X with projections prp : E@®F — E and prp : E® F — F, consider a
triple (u,v,w) of differential Thom classes on E, F and E ® F respectively, such that
W = pryu-prpv. Two elements of such a triple uniquely determine the third one up to a

homotopy equivalence.

A proof of this can be found in (BUNKE, 2013, Problem 4.187, p.126).

Remark 3.6.4. As in Remark 1.6.19, we can endow the trivial vector bundle with a
canonical differential Thom class. In a differential cohomology theory with S'-integration,

the product line bundle pry : X x R — X has a natural orientation defined as follows:

« Thinking of S C C, we fix 1 as a marked point. There exists a unique class o € h'(S?)
such that [¢1 7 =1 and R(D) = dt.

2mit 7 and a

« Fixing an open interval U := exp(—¢,¢) around 1, where exp(t) :=e
smooth increasing function ¢ : I — I such that ¢[0,¢) =0 and ¢(1 —¢,1] =1, we

get the smooth map of pairs ¢ : (S, U) — (S, 1), exp(t) — exp(p(t)).
o Setting Dg := [—1,1] and D" := R\ Dg, we fix a diffeomorphism

Yo (R, D) — (ST {1} U\ {1}),

that preserves the orientation in the usual sense, and consider the embedding
v (ST\ {1}, U\ {1})Z < (S, U) that induces an excision isomorphism. The class
T := V*1*¢*0 € hl

par

(R, D) represents a Thom class @ of X x R that depends on
the choice of ¢ and ¥ only up to homotopy.

4 More precisely, this the “realification” of the rational Todd class.
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Definition 3.6.5 (Differential Thom morphism). We define the differential Thom mor-

phism as the the homomorphism

)

T:h(X

~—

o(E)

pra

<)

_)
._)

Q)

where the product - is the one on equation (3.13).

As in the case of de Rham Thom morphism (Definition 2.3.11), this map is injective
but not necessarily surjective. For a proof that T is injective, see (BUNKE, 2013, Problem
4.184, p.124).

Note that we cannot define the compact Thom morphism now, since we are unable
to multiply two parallel classes and thus cannot define a product -p* : he(X) — he(E).
The same occurs in the relative case if we use the definition of vertically compact Thom

as in the topological case, that is,

~

ho(p) = colimy ey(p) hpar (E, 5 (p*(E)) UVE),

In order to define the Thom morphism in the usual way, one needs to define

~

Bpar(Ea VC) X B(ﬁ) — hv(p)7

which is not possible at the moment.

3.7 h-Orientation and Differential Integration

In Section 2.4.1 we constructed the differential umkehr map at cochain level in
de Rham cohomology, which was identified with the fiber integration for manifolds in
Proposition 2.4.7. Since de Rham cohomology is our guide in the structures of differential
cohomology, we hope to be able to construct a general differential integration. The
integration map in de Rham cohomology was defined for vertically compact forms, which

suggests we define integration for vertically-compact supported differential cohomology.

In (RUFFINO, 2017), the author tackles the problem of integration over compact
manifolds. In that particular context, the fibers were compact. Now, endowed with the
definition of vertically compact classes, we can extend that to differential integration for

neat smooth bundles with compact fibers.

3.7.1 Differential Orientation

Virtually almost the same definitions of an h-orientation can be carried on to the
differential case: the representative of differential orientation is defined in the exact same

way:
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Definition 3.7.1 (Representatives of lAz—orientations). A representative of an h-orientation
of a smooth neat fiber bundle with compact fibers f : Y — X is given by a triple (¢, u, ¢)

consisting of the following data:

O1) a neat embedding ¢ : Y — X x RY, for any N € N, such that 7x o1 = f.
02) a differential Thom class @ of the normal bundle N(¢:(Y)).

03) a tubular neighbourhood of ¢+(Y") in X xR" given by a diffeomorphism ¢ : N(¢(Y")) —
U, where U C X x R" is an open set.

The equivalence class of these representatives is slightly different. Consider the

following map:

Q°hr(Y) on
R[iyaﬂﬂ: Imﬂid) — Q" "hr(X)

w»—>/R(@)/\w,

where my : N(c(Y)) — ¢(Y'), which we call the curvature map. The notion of homotopy is

now adapted to:

Definition 3.7.2. A homotopy between two representatives (¢, 4, ¢) and (//, @, ¢’) of an
h-orientation of f:Y — X is a representative (.J, U, ®) of an h-orientation of id; x f :
I xY — I x X such that

. (J, U, ®) is proper over a neighborhood V' C I of {0, 1};
o (J,U,®)|y = (1,0, ¢) and (J,U,®)|;, = (/, @, ¢).

o pryoR o, = R(J, U, ®) o pr.

The stabilization remains the same

Definition 3.7.3 (Stabilization). Consider a representative (¢, 1, ¢) of an h-oriented map
f:Y = X, witht:Y — X x RN, A representative (//, @, ¢’) is said to be equivalent to
(¢, u, @) by stabilization if

o /Y — X x RV*L is given by /(y) := (¢(y),0) for any L € N

« @ is given as follows: observe that N(/(Y)) = N((Y)) @ («(Y) x RE), where
pr, vyt L(Y) X RE — X is the product bundle. We put the canonical orientation of
remark 3.6.4 on pr,y) : t(Y) x R* = X and define @’ on N(¢/(Y)) using proposition
3.6.3.

e ¢(v,w) = (d(v),w) € X x RNFTL for v € N,iy) and w € R*
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At last, we define a differential orientation:

Definition 3.7.4 (?L—orientation). An h-orientation of a map f Y — X is an equivalence
class of representatives of h-orientations under the equivalence relation generated by

homotopy and stabilization.

As in the topological case, we define a compatible orientation on the composition
of maps. The definition is given in the exact same way as (1.7.7). We state it here for

convenience.

Definition 3.7.5. Let f: Y — X and g: X — W be h-oriented maps, with orientations

1,1, ¢] and [k, D,9], where ¢ : Y — X x RY and x : X — W x RL. There is a naturally
induced h-orientation [x,w,&] on go f:Y — W, defined in the following way:

o ¢ is the embedding given by (k,idgv) o :Y — W x RN*L;

@ is the differential Thom class induced from the ones on N¢(Y') and Nx(X) on the
normal bundle NE(Y)(W x RVYTL) = N(4(Y)) @ *N(k(X) X idgn) = N((Y)) @
(prge)*N(k(X)), where prg. : R¥TE — RE is the projection.

e £: N(£(X)) = U is an arbitrary tubular neighbourhood, since it is unique up to
homotopy.

These orientations satisfy a 2 out of 3 principle too:

Proposition 3.7.6 (2 x 3 principle for maps). Let f : Y — X and g : X — W be
h-oriented neat submersions with orientations [v, 4] and [k, 0], respectively, and let [¢, @]
be the orientation induced on go f as in Definition 3.7.5 above. Two elements of the triple

([, ], [k, 0], [€, W]) uniquely determine the third one.

See (RUFFINO, 2017, Lemma 3.28) for a discussion.

3.7.2 Differential Integration

We can define integration maps over R"”

/ Chy(X xR™) = hT(X) and / Ro(X x R™) — he="(X)

n

as in the topological case (1.7.1), by replacing topological S!-integration by its differential

counterpart.

Remark 3.7.7. For future usage, we remark that an analogue of Lemma 1.7.10 is true for
the differential case, that is: the R-integration map is a left inverse of the differential Thom

morphism of the trivial bundle with its trivial differential Thom class.
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Remark 3.7.8. There is a compactly supported version of the differential S!-integration
defined in (1.16), which satisfies Remark 1.7.9 and is compatible with the natural transfor-

mations ., /. and a. as well.

Now we define differential integration as in the topological case with compact fibers
(Definition 1.7.11):

Definition 3.7.9 (Differential Integration with compact fibers). Let f : Y — X be an
h-oriented neat smooth bundle with compact fibers. Given a representative (¢, u, @) of

the orientation, we define the differential integration
fi(@) = [ koo T(@),
]Rn

where &, : h,o(U) — h,e(X x R") is constructed as in Definition 1.7.11 by using the fact
that the fibers are compact.

It is possible to verify that this map depends only on the orientation class, despite

being defined through a representative.

The standard example of integration in differential cohomology is the integration
on fibers on closed forms in the de Rham toy model. Recall the commutative diagram
(2.16). It suggests some compatibilities with the data R, / and a. In fact, one has the

following;:

Proposition 3.7.10 (Compatibility). Given an h-oriented map f:Y — X with compact

fibers, its differential integration makes the following diagram commutative:

Q- HY; br) o Te /.\. .
J{R[bﬁﬁ] lﬁ ‘f ! lR[L@«aJ
Q.ilik(X; hR) a Te—k o—k o—k .
Im(d) h*F(X) —— h*F(X) Q57 (X; br)

\i/

For a discussion of these properties see (RUFFINO, 2017, equation (40)), (RUFFINO;
BARRIGA, 2021, Section 6.8).

Proposition 3.7.11. Let f: Y — X be an h-oriented map with compact fibers.

e (Projection Formula) The differential integration map is a morphism of h(X)-
modules, i.e., given & € ?L(Y) and 3 € E(X),

~

A@- () = @) - B.
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e Given another neat h-oriented map g : Z — Y and endowing f o g of the naturally
induced orientation (def. 6.7), we have (f o g), = fiog.

The proof of both these results can be found in (RUFFINO, 2017, lemma 3.24,
lemma 3.27).

Remark 3.7.12. We note that an differential analogue of Remark 1.7.16 holds: given an
h-oriented vector bundle pe . £ — X over a smooth manifold with differential Thom class
g, we can define a natural h-orientation [t, U, 9] of pp as a map. The definition is the

same, except we use the differential 2 out of 3 principle for bundles (Proposition 3.6.3).

Since we do not have a definition of the compactly supported Thom isomorphism
nor of any of its relative versions, we cannot yet come up with a sound definition of the

differential integration map in these cases.

3.8 Conclusion

We have finished the preliminaries of this work. With respect to integration in

differential cohomology, the situation is summarized in the following table:

Umkehr \ Type
Absolute Relative

Compact Fibers
Compact
Vertically Compact

Table 3 — List of constructed differential integration maps in relative differential cohomol-
ogy.

Our objective is clear by now: to complete this table. This seems attainable since
the de Rham toy model has each one of these maps. Moreover, the constructions we have
presented in the last section of the previous chapter (Section 2.6) indicate a possible way

to accomplish this task.
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4 Cohomology on maps of tuples

4.1 Introduction

In the previous chapter, we presented the problems that one faces when trying to
define the following versions of differential integration maps for a smooth fibered map (or
a smooth fiber bundle) f:Y — X:

« the compactly supported fu : he(Y) = he(X);

« the vertically compact supported for : hy(Y) — h(X).

Those same problems are also a hindrance to the definition of relative integration
maps even in the case of compact fibers. All in all, we can say that the problem rests on

the nonexistence of products between a vertically compact differential class and

« a compactly supported differential class,
o a doubly vertically compact differential class, or

« relative classes in general,

which can all be regarded as special cases of a general product between a parallel class

(the vertically compact one) and other relative classes.

Nevertheless, all these products were available in the de Rham toy model of
differential cohomology. At first, this could be done because we had special models of
ho(Y), he(X), ho(p), and h.(p), with this last one only for proper maps. At the end of
Chapter 2 (Section 2.6), we explored how we could define integration directly with ?Lpar(p)
without resorting to those special models. This was accomplished by defining a new chain

complex Q(p, §), where (p, ) : (A, A) — (X, X) is a map between finite sequences of

manifolds.

Our strategy in this part of the text is to do the same for a general differential
cohomology theory. In order to do so, it is convenient to extend a (topological) cohomology
to the space of finite sequences of topological spaces and see how the usual product behaves

in this setting®. This is precisely what we do in this chapter.

1 We remark that there is no gain in the topological setting, just a a convenient presentation.
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4.2 Some new categories

In section 2.6, we have considered a new category, Man? | and discussed how to define
de Rham cohomology on it. We wish to generalize this construction to any cohomology
theory. In order to do so, we introduce a new category, Top,,, which we call the category
of finite sequences of topological spaces, whose objects are sequences of topological spaces
of the form

(X, Xq,...,X,,0,--+),

where X1, ..., X,, € X2 For the sake of convenience, we shall write simply (X, X1, ..., X,,)
or (X, X ), omitting the empty sets. A morphism between two sequences f : (X, X3,..., X,,) —
(Y, Y3,...,Y,,) is simply a continuous map f : X — Y such that f(X,) C Y,. The mor-
phisms will be called maps of sequences and will be denoted either by f or (f, f’)?’. A
homotopy between two maps of sequences fo, f1 : (X, X1,..., X)) — (Y, Y1,...,Y,,) is just

a homotopy F' : I x X — Y between fy and f; such that Fy(Xy) C Yy for k=1,...,m.
The homotopy category will be denoted by HoTop,,.

Observe that we can view the category of pairs Top, as a subcategory of Top,
through the inclusion functor Js, : Top, — Top,,, which sends a topological pair (X, X’)
to the sequence (X, X’,0,...) and a morphism to its underlying function. We also have a

reverse functor J, o : Top,, — Top,, which acts on objects as

Joa(X, X1, X)) = (X, | Xa).

neN
and in morphisms as the identity, provided that the union of spaces is an object in Top.

As in Chapter 1, we can form the arrow category of Top_, which we denote by Top?.
Its objects are maps of sequences p : (A, /Y) — (X, X ). A morphism between two maps

-,

of sequences p : (A, A) = (X, X) and 1 : (B, B) — (Y,Y) is a pair of maps of sequences

(f,g) which makes the following diagram commutative:

—

(A, A) —— (B, B)

g K
(X, X) L (v, Y)

The notion of homotopy associated to this category is similar to that of Top2. A homotopy

between (fo,90) = (p,p) — (n,7) and (f1,91) : (p,p) — (n,7) is a morphism (F,G) :
id; x(p, p) — n, where id; x(p, p) is shorthand for

idyxp: (I XA TXA,...,IxA)—=IxX IxXy,...,IxX,),

2
3

Observe that we do not require X,, 11 C X,,.
This notation is very redundant, yet it can help differentiate between usual maps whenever there is
danger of confusion.
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such that F' is a homotopy between fy and f; and G is a homotopy between gy and ¢;.
We denote the homotopy category by HoTop?.

Consider the category of maps of pairs Top3, which is just the arrow category of Top,.
It can be viewed as a subcategory of TopZ, through the inclusion functor J3 , : Tops — Top?,

which is defined in objects by
Jru((pyp) 1 (A A)) = (X, X7)) = (p. )+ (A, A 0,..) = (X, X",0,..)

and in morphisms in the natural way. There is also a reverse functor JZ, : Top? — Top3,
defined at objects by

“,((A, A) L2 (x, X)) = (4,4 22D (x, X), (4.1)

where A" =U,, A, B'=U,, B, and p/ : A” — B’ is the restriction of p to A’.
We also need to extend the concept of cofibration to finite sequences.

Definition 4.2.1 (Cofibration sequences). We say that a sequence (X, Xy,...,X,) is a
cofibration if each pair (X, X;), i =1,...,n is a cofibration.

4.3 Cohomology over Top?u

Rather than give a set of axioms for a cohomology over Top?, we will do so in the
category Tops and use the functor JiQ, defined in (4.1), to “push” it to a cohomology over
Topi.

As in the topological case, we begin by defining the functor I13 : Top2 — Top?, in

objects as

I3 (A, A) 5 (X, X)) = (B,0) = (A, A')

and in morphisms as I13(f, g) = g.

Definition 4.3.1 (Cohomology on maps of pairs). A cohomology theory over Top3 is
a (contravariant) functor h : HoTopy®® — GrAb together with a natural transformation

O : h* oIl, — h**! satisfying the following axioms:

Long exact sequence For each p: (A, A") — (X, X’), we have the following long exact

sequence:

(idx,24)*

s B, o) EEAT g x X)L oA, A 2 et (p, ) —

where h(X, X’) is shorthand for h(@x,Jy/), which is functorial with respect to

morphisms.
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Excision: Let p : (4,A") < (X, X’) be an embedding?. If Z C A’ and W C X’ are
subspaces such that Z C int A/, W C int X’ and p(Z) C W, then the inclusion
morphism (i,4") : p" — p, where p’ denotes the restriction of p, induces an isomorphism

in cohomology.
(A\Z A\ Z) —— (X, 4)

! :

(XAW, X'\W) —— (X, X')

Additivity Given a family of maps of sequences {py}ren, let (ix,7x) @ px = Llea pa be
the inclusion maps. The group (h(Lxea pa)s (21, Jx)3ea) is the direct product of the

groups h(py).
Consider the functor Cy : Topa — Top? defined on objects by
Ch((A, A) L (X, X)) = C(4, &) £ o(x, X),
where C(p)([a]) = [p(a)] and C(p)([t, a’]) = [t, p(a)], and similarly on morphisms.

Proposition 4.3.2. Given a cohomology theory on maps (h,0), there exists a &' such that
the pair (h o Cy,0") is a cohomology on maps of pairs.

Proof. Consider the long exact sequence of the composition 1.3.7 applied to * < C(A, A’) clo),

C(X, X’), where the inclusion is the point in the vertex of the cone.
e R(C(p) = R (x — C(X, X)) = h*(x — C(A, A)) 5 1 (C(p) =
This sequence translates into the sequence
o= b (p) = h(X, X)) = R(AA) = b (p) — - -

Taking &' = 3, we get the long exact sequence.

To verify excision, we can assume without loss of generality that p is an inclusion.

Consider the following diagram, where every map is a inclusion:

h(C(A,A")) —— h(C(A\ U, A"\ U))

J J

h(C(X,X") —— h(C(X\U,X"\U))

According to (DIECK, 2008, Propsoition 7.2.5), the horizontal maps are isomorphisms,

which proves the result.

Additivity follows directly from the definition. O

4 By which we mean that the map p: A < X is an embedding
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Reciprocally, given a cohomology on maps of pairs (h, 9), we can define a cohomology

on maps as (hoI,d), where I, : Top, — Top3 is given by
IAL X)=(4,0) 5 (X,0).

which acts on morphisms as identity.

4.3.1 Some preliminary results

Before dealing with the cohomology on maps, we collect some results which will be

useful ahead.

Lemma 4.3.3. If (A, A") and (X, X') are cofibrations, then the cohomology group h( ) f
the map of pairs p : (A, A') — (X, X') is canonically isomorphic to h(p), where p : 4 — %.
Proof. Consider the quotient maps g4 : (A4, A") — (%,*) and ¢x : (X, X') — (%,*)
Since both (A, A’) and (X, X’) are cofibrations, these maps induce isomorphisms in

cohomology. Using the five lemma (Proposition A.4.1) in the following diagram

. o (Zd X DA )*
Y 1()(/7*) P ho—l (%’*) P h.( ) X’ A7 he (}% )
lq} quq l(qx qa)” J
s BN, X)) s R (A, A =2 e (p) I e (X X

where ¢% and ¢’ are isomorphisms, we get an isomorphism (¢x,qa)* : h(p) — h(p), where

p: ( g‘,, *) — (%, *) Performing a diagram chase in the following diagram

0 0 0

and using that h(x,*) = 0, we conclude that the identity map id : h(p) — h(p) is an

isomorphism. O

Lemma 4.3.4. Consider a map of pairs (p,p') : (A, A") — (X, X’). The corresponding
mapping cones of p and p' form the pair (C,,Cy). There is a canonical isomorphism

h*(p,p') = ?L.(Cm Cp’)-
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Proof. This follows directly from the relation h*(p, ') = h*(C(p)) = h*(Ccyy)), the fact
that there exist a canonical homeomorphism between C(C,, C,/) and C¢,), and the relation

E(C<Cp70p’)) = h(vac’p’>‘ O

Corollary 4.3.5. If (A, A’) and (X, X’) are cofibrations and p' : A" — X' is a home-
omorphism, then the cohomology groups of (p,p’) : (A, A") — (X, X') are canonically
isomorphic to the ones of p: A — X.

Proof. 1t follows from lemma 4.3.4 that h®*(p, p’) = h*(Cp,Cp’). Since p’ is a homeomor-
phism, Cp’ = C' A" and so it is contractible. Since (A, A") and (X, X') are cofibrations, the
embedding C'p’ — Cp is a cofibration too, hence

° ~ Te Cp E‘\Jl) 7 ~ °
h (Cmcp’) =h C, = h<Cp) =h (p)a
p

where (1) comes from the long exact sequence of reduced cohomology for cofibrations

S h(Cy) DR (g”> Ty h(C,) — -
o

by using the fact that h(C,) = 0. O

Lemma 4.3.6. Let us consider the following data:

e an adjunction space AUy B, defined through a cofibration A" — A and a map
f:A = B;

e amap pa:A— X and a cofibration pg : B — X, such that pgo f = (pa)|ar;

e the map p: AUsq B — X induced by pa and pp.

as depicted in the diagram

A —— B

i [N

A*ﬂ AUA/B
\
A X

Then we have a canonical isomorphism h*(p: AUxy B — X) = h*(pa : (A, A') — (X, B)).

Proof. Tt follows from the hypotheses that B < A Uy B is a cofibration too (Proposition
A.2.5). Identifying B with its image through pp, it follows from Corollary 4.3.5 that
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h*(p: AUx B — X) is canonically isomorphic to h*(p : (AU B, B) — (X, B)). Now,

consider the natural morphism (idx,7) : pa — p, defined as follows:
(A, A") ——— (AUyx B, B)
JPA lp
(X,B) —X__ (X, B).
Since both the domain and codomain of 7 are cofibrations, we have h(w) = h(7) as in

Lemma 4.3.3. Since
A AUy B

T T
is a homeomorphism, Proposition 1.3.5 implies that A(7) = 0 and consequently h(7) = 0.
By the converse of the same proposition (adapted to the case of pairs), we conclude
that the pull-back 7* : h(AUa B, B) — h(A, A’) is an isomorphism. By an analogue of
proposition 1.3.6, we conclude that (idx, )" : h(p) — h(pa) is an isomorphism too. [

Corollary 4.3.7. Let us consider a map p : AU B — X such that AN B — A and
ple : B <= X are cofibrations. We have the canonical isomorphism h*(p: AUB — X) =
B(pla (4, AN B) = (X, B)).

Proof. 1t is enough to choose A’ = AN B in the statement of Lemma 4.3.6, the function f
being the embedding AN B — B and p4 and pp being the restrictions of p. O]

Remark 4.3.8. For a cofibration ig : B — Y, the last corollary gives us a particularly

useful relation:
h(idy xpUig x idy) 2 h(idy xp: (Y x A,Bx A) = (Y x X, B x X)), (4.2)
Here, idy xpUig xidx : Y x AUB x X — Y x X is the natural map.
In particular, this relation enables us to define a new kind of product
h(Y,B) x h(p) — h(idy xp),
where idy xp: (Y x A, B x A) = (Y x X, B x X) whenever (Y, B) is a cofibration.

Indeed, given a multiplicative structure on a cohomology of maps as in Definition

1.5.4, we have
h(Y,B) x h(p) — h(ig A p).
Since ig : B — Y is a cofibration, it holds that
h(ZB A p) = h(ldy xpU i X ldx)
Then, by applying (4.2), the product A(Y, B) x h(p) can be restated in our language as
h(Y,B) x h(p) = h(idy xp: (Y x A, Bx A) = (Y x X, B x X)). (4.3)

This, in turn, means that we have a product between a cofibration and a map which

assumes values in a cohomology of maps of pairs. This is an example of a product between

sequences of cofibration and maps of sequences, which we will discuss in section 4.5.
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4.3.2 Extension to Top?
Now we define a cohomology theory on maps of sequences.
Definition 4.3.9 (Cohomology on maps of sequences). Given a cohomology theory

on maps of pairs (h,d), we define a cohomology theory on sequences as the functor
hoJ2, : Top, — GrAb, where J2, is the functor defined in (4.1).

Proposition 4.3.10. The cohomology over Top? satisfies the following properties:

—,

Long exact sequence: Given (p,p): (A, A) — (X,)?), we have the following long exact

sequence:
o b (p, ) L2 xR 22 pea, A) 2 bt (p, p) — -

where h(X, X) is shorthand for h(@x, D)

-,

Excision: Let p: (A, A) — (X,)?) be an embedding. If Z C A and W C X, are subspaces
such that Z C int A;, W C int X; for all i = 1,...,n, and p(Z) C W, then the
inclusion morphism (i,i') : p — p', where p' denotes the restriction of p, induces

isomorphism in cohomology:
(A\Z, A\ Z,..., A\ Z) —— (A, Ay, ..., A)

¥ |’

(XAW, X\ W, .., Xo \ W) — (X, X1,..., X,)

Interchangeability For cofibration sequences (X, X1,...,X,), one has
WX, X1, X)) 2 h(X, X, - X))
for any permutation o : {1,...,n} — {1,...,n}, in a natural way.

Remark 4.3.11. It is important to understand that the relevant fact in exchangebility is

naturality and not the isomorphism itself (which is obvious from its definition).

Proof. Both the long exact sequence and the excision follow immediately from the definition.

So we only need to prove exchangebility.
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By induction, it suffices to prove exchangebility for a transposition. We prove

exchangebility for the triple (X, A, B). Consider the following ladder diagram:

0,0,0) —— (X, A, B)

(B,0,0) —— (X, A, A) (4.4)

0,0,0) —— (X, B, A)

Each vertical morphism induces an isomorphism in cohomology at each level. In order to

see why, we observe that each row map has cohomology isomorphic to h(X/(AU B)). O

Remark 4.3.12. This definition is narrower than we would like it to be from a practical
perspective. For example, it cannot take into account the de Rham cohomology, since
the union is not in the admissible category. Nevertheless, we believe that it is possible
to give an axiomatization in the veins of Proposition 4.3.10. At the moment, we don’t
know if the interchangeability property is required to prove the equivalence of cohomology
on Top? with cohomology on Top, as was the case with cohomology on Top3. I was not
able to pursue this path since I could not find a proper axiomatization which would imply

compatibility with Definition 4.3.1 or, at least, make Proposition 4.3.10 hold.

4.4 S! Integration

We now define the S'-integration on relative cohomology on maps of pairs. Let
(p,p): (A, A") — (X, X") be a morphism and choose 1 € S as marked point. Consider the
morphisms of maps of pairs (ix,74) : (p, p') — idgs1 X (p, p') and (pry, pry) : ids1 X(p, p') —

(p, p'). These maps induces the following maps

Cp N OpXidsl

CpXidsl N Op
Cp’ Cp’xids1

C(i) :==Clix,ia) = Cpxidg Cy

and C(pr) := C(prx,pry) :
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which satisfies C'(pr) o C(i) = id ¢, and fit in the following following split exact sequence:

Cp’

C

idsl Xp
~ Cid 1 x ~ [ G cE)* ~
. 51 Xp q . idgy Xp o[ Cp
0 B | i (Cidswl> (&) —o,
!’
Cp K_/ ~_
h C(pr)

where h(a) = (C(pr)*) "' (a — C(pr)* o C(i)*(a)). Using the following natural isomorphism

% CpXidsl
7n | Cpxi = C ~ (2C - C - C
s:h" pPxid s gn f e gh( p>ghn<2 p>ghn_1<p>
g:/ CpC/;id ZCp, sz C’p,

together with Lemma 4.3.4, which enables us to identify h(p, p’) and h(idg: X p,idg xp')
with h(C,/C) and h(C(idg: xp)/C(idg1 xp')) respectively, we get sequence

s: 0 —— b (p,p) —— h*(ids1 xp,idg1 xp') =3 h*(p,p') —— 0, (4.5)
\_/ \_/

We define the S'-integration map as the composition [¢1 = s o h.

4.5 Mixed multiplicative structure

Lemma 4.5.1. Given a cofibration (Y,B) and a pair (X, A), the cohomology of the
following maps:

(0,0,0) = (Y x X,Bx X,Y x A)

and
(Y x A BxAD) = (Y xX,BxX,0),

are naturally isomorphic.

Proof. Consider the following diagram of inclusions

0,0,0) ————— (Y x X,Bx X,Y x A)

J |

(Y x A, Bx AY x A) —— (Y x X, Bx X,Y x A) (4.6)

| T

(Y x A, Bx A 0) — (Y x X,B x X,0)

The vertical morphisms induce isomorphisms, since we get the reduced cohomology of
X/ANY/B in each of the three rows (this can bee seen applying Lemma 4.3.3.) O
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For a map of sequences (p, §) : (4, A) — (X, X) and a sequence (Y, B), we define
(Y, B) x (p, p) as the map of sequence

idy xp: (Y x A, Bx AY x A,Bx A) — (Y x X,Bx X,B x X)

where

Y x A=Y xAp,...,Y x 4,)
and analogously to the other products.
Remark 4.5.2. Given a pair (X, A) we can regard it as be either as i(49) : (A4,0) = (X,0)
or as @x,a : (0,0) — (X, A). Given another pair (Y, B), we can think of (Y, B) x iay
which is

idy xiag: (Y x A,Bx A,0) = (Y x X,Bx X,0)

or as (Y, B) x i(x,a) which is
idy x@x.4): (0,0,0) = (Y x XY x A, A x B)

By Lemma 4.5.1, there exists a natural isomorphism between h(idy X@(x 4)) and h(idy Xicg)).
The same remark holds for arbitrary sequences (X, A): any interpretation of of h((Y, B) x
(X, A)) is isomorphic to A(Y x X, B x XY x A).

Remark 4.5.3. By the previous remark, h((Y, B) x (X, A)) can be canonically identified
with h(Y x X, Bx X,Y x A). Composing with the isomorphism of tuples¢: Y x X — X x A
we get

MY x X,Bx X,)Y xA)Zh(X XY, X x BAXY)

Using the interchangeability property of Proposition 4.3.10, we get
MX XY, XXxBAXY)Zh(XxY, AxY, X x B)

Since h(X X YA XY, X x B) Z h((X,A) x (Y, B)), this shows that we have a canonical
isomorphism

h((X, A) x (Y, B)) = h((Y, B) x (X, A)).

This observation hold for arbitrary sequences, that is,

Definition 4.5.4 (Module Structure over Sequences of Cofibrations). A module structure
over sequences of cofibrations on a cohomology theory on finite sequences of spaces is a
natural transformation x : (Y, B) ®z h(p, §) = h((Y, B) x (p, 7)) satisfying the following

properties
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-

M1) (Mized associativity:) Given a map p : (A, A) — (X, X) and two cofibrations (Y, B)
and (Z,C), we have that

(VX B) xa=yx(xa)

for every o € h(p,p), B € h(Y,B) and ~ € h(Z,C). Here we are considering the
product v x § in the cohomology of (Y x Z, B x Z,Y x Z) as in Remark 4.5.2.

M2) (Graded-commutativity on sequences) Given two cofibrations (X, A) and (Y, B), for
every o € h"(X, A) and € h™(Y, B) we have that
axf=(-1)""Fx a,
up to the canonical identification h((X,A) x (Y, B)) = h((Y, B) x (X, A)) as in
Remark 4.5.3.

I

M3) (Distributivity)
(a+ ) xv=(axy)+ (B x7)
and
ax(B+7) =(axp)+(axy)

whenever these operations make sense.
M4) (Unitarity) There exists a unit element 1 € h%(pt).

M5) (Stability) Given a € h(X, X) and v € h(Y, B)

WY, B) @ h"(A, A) —— h((Y, B) x (A, A))

lid(y,s@a la

h(Y, B) @ hip, 5) —— (Y, B) x (p, 7))
where 0 are the connecting morphisms.

Proposition 4.5.5. Let (h,0) be a multiplicative cohomology on maps and let hy, its
extension to maps of sequences’. A multiplicative structure on h induces a multiplicative

structure on cofibrations in h,.

— —,

) and a map of sequences p : (4, A) — (X, X).

Proof. Fix a cofibration sequence (Y,
Applying the functor .J3, to h(Y, B) @ h(p, p) we get

h(Y,B') @ h(p: (A, A') = (X, X))

>  First inducing a cohomology on maps of pairs through the cone functor and then using the definition

of cohomology on sequences.
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and applying the cone functor Cy : Tops — Top? it follows that
h(C (Y, B), x) ® h(C(p))

Since B’ is a cofibration, (C'(Y, B’),*) is a cofibration too. Applying the definition of

product in Top? for an excisive triple we get a product
h(i.) @ h(C(p)) = hid. xCp) Unxcram i x C(p))
where i, : * — C(Y, B’), By Remark 4.3.8, this is the same as
h(ide,sy xC(p)) : (C(Y, B')xC(A, A),xxC(A, A)) — (C(Y, B )xC(X, X'),*xC(X,X"))

Since the pairs are cofibration, we apply Lemma 4.3.3 and get

h(idey,py xC(p)) = Mideey,sy xC(p))

where

C(Y,B')xC(AA) C(Y,B) x C(X' X)
x x C(A, A) x x C(X, X")

idC(Y,B’) XC(p) . (47)

On the other hand, we have
h(Y, B) x hp, 7)) = h(idy xp: (Y x A,Bx A Y x A) = (Y x X, B x X,Y x X))
applying the functor J2, we get
h(idy xp: (Y x A,B'x AUY x A) - (Y x X,B'x XUY x X))
This is a cofibration pair. Applying lemma 4.3.3, we get
h(idy xp) = h(idy xp)

where

Y x A R Y x X
B x AUY x A’ B'xXUY x X'

Once we show that the cohomology of this two maps in (4.7) and (4.8) are the same we

idy Xp (48)

are done. Observe that the map in (4.8) is isomorphic to

Y A Y X

The naturally defined quotient ¢x : % — % A % induces isomorphism in
cohomology. Therefore the morphism (gx, qa) give us the desired isomorphism. O

Remark 4.5.6. Clearly, the mixed product of Definition 4.5.4 is not the most general
product one can expect to define in a cohomology theory on maps of sequences, since we
have a module structure over cofibrations only. But this product will be convenient for

our needs.
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4.6 Compactly-like Cohomology and Thom Isomorphism

Now, we review Section 1.6.2 under the light of the “new” product of the previous

section. In this section, every manifold and map is assumed to be smooth.

4.6.1 Absolute case

The definition of compactly supported cohomology and vertically compact sup-
ported cohomology of a space remains the same as in Definition 1.6.3 and 1.6.10 we just
rewrite the Thom isomorphism with the new product (Definition 4.5.4). The usual Thom
isomorphism remains the same, so we deal only with the compact and doubly-vertically

compact case.

Given a smooth fiber bundle, we wish to redefine the product between a vertically
compact class and a compact class using the multiplicative structure over cofibration
rather than the classical topological product as was done in (1.11). Clearly, this is not

useful in the topological setting, but will repay our efforts in the differential framework.

To define the compactly supported Thom isomorphism T : he(X) — he*"(E) for
a vector bundle p : EF — X using the product defined in the last section, we need to
multiply a class u € hl'(E) by the pullback of a class a € h.(X). Unfortunately, this is not
so simple: we can only multiply by a pair which is a cofibration, but the complement V¢ of

a vertically compact set V' is open by Proposition 1.6.9 and therefore is not a cofibration.

In order to solve this problem, we remark that it is possible to obtain a cofinal
system V.(p) of V(p) such that a vertically compact set V' € V,.(p) is a manifold of the
same dimension as E (with its boundary in the fibers of F) and (int V)¢ is also a manifold
of the same dimension of E. Under this hypothesis they are the closure of their interior.
The collaring theorem, tell us that ~A(V¢) = h(int(V)¢). To see this is true, one can think

about the tubes described in section 1.6.

Compactly supported Thom isomorphism

Let p: E — X be a n-dimensional vector bundle with Thom class v € hl(E). We
are going to define the product

URa— u-pa,

Choose a representative uy € h(E,V¢) = h(E,int(V)¢) with V € V.(p) of v and a
representative ax € h(X, H¢), where H := p~}(K) with K € K(X), of a. Applying the
product of definition 4.5.4, which in this case is just the one that appears in (4.3), we have

uy X p*(ag) € h(idg xi: (Ex HSint(V)¢ x H) — (E x E,int(V)¢ x E))
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Now, we use the diagonal morphism (A, A|ge) : i — idg X as in the diagram

(He,int(V)e N H) 2% (B x He,int(V)° x H°)
li lidE X1 (410)
(E,int(V)*) —2— (E x E,int(V)® x E)

where A(z) = (2, x), to pullback uy x p*(«) obtaining

(A A

#e) " (uy X p’(ak)) € h(i).

We want to apply Corollary 4.3.7 to h(i) in such a way that we obtain a class in h(k)
where k : (int(int(V')¢),0) — (E, (). In order to do this, we consider the following auxiliary

map

J o (HeUint(int(V)9),int (V) N (H° U int(int(V)9))) — (E£,int(V))

Observe that we have two “inclusion morphisms” i < j and k < j as depicted in the

following diagram

(He,int(V)° N H°) i (B, int(V)°)

J o

(H¢ Uint(int(V)°), int(V)¢ N (H¢ U int(int(V)°))) —2— (B, int(V)°)

(int(int(V)°) U He, 0) : (E.0)
Excision tell us that
(H° Uint(int(V)°),int(V)° N (H° Uint(int(V)°))) = (H¢,int(V)° N H®)

and a analogue of Proposition 1.3.6 implies that the “inclusion” morphism i < j is a
isomorphism. The morphism 5 satisfies the conditions of Corollary 4.3.7 which implies

that k£ — j is a isomorphism. We conclude that we have isomorphisms
h(i) < h(j) = h(k). (4.11)
Since (int(int(V)¢)) = V¢ by definition of V' € V.(p), we have
(A, Alge)*(uy x p*(@)) € h(k : int(int(V)°) U H® — E) = h(E, (VN H)°).

up to implicitly isomorphisms. Notice that V N H € KC(FE). Passing the colimit where we
use the fact that V,.(p) is cofinal, we obtain product 4.9.
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Since this construction is very important to us, we highlight its construction in the

following composition:

p* . h(E, VC) K7 h(E, HC> ﬂ} h,(E, IIlt(V)C) Kz h(EyHC) (4><3)

W((E x He,int(V)° x HY) <55 (B x E,int(V)° x E)) S50

4.10
(4.11)

h((HC,int(V)° N H®) < (B, int Vo)) =
h(int(int(V)) U He <% B) 2 h((V n H)* 5 B) (4.12)

where in (1) we use that V¢ ~ int(V)¢ and in (2) we use that int(int(V)¢) = V¢ for
Ve Ve(p).

Remark 4.6.1. The doubly-vertically compact case can be described in the same way. In
this case, we get a product - pr : h,(E) ®z hy(X) = hy(E).

The differential version of the next proposition will play an important role in the

characterization of the the differential integration.

Proposition 4.6.2. Fiz a oriented vector bundle embedding (p,p') : © — i as in the
diagram

B

b

Xt

where X' < X is an open embbeding. Let T, : ht(X) — h2t"(E) be the compactly supported
Thom isomorphism associated to p and T : ho(X') — heT™(E") be the compactly supported
Thom isomorphism associated to p' : E' — X' with its induced Thom class. It follows that

T.oi,=1,0T,
Proof. The proof is carried at representative level. First, we remark that the Thom classes
u € hy(E) and v’ € h,(E") are relate at representative level through ¢ as uf, = E*Ug(v). In

the same way, given a class o/ € h.(X) we have its image o = i, at representative level

as a’ = i*oyx) We wish to verify that

uyp ag =i (UE(V) P ()
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which we do applying the construction of the product as pullback by diagonal.
i (Ui D)) =0 (A, A’)*(w— X ')

=(A,A) o (i7 x @) (uz) X P i)
=(A,A%) 0 (l*u ) % (@ 0 p")aix)
=(A,A')
=(A,A')

o (uy,xp"oi ozl(K))

(
o (u' xp aK>
/%

o
=Uyp O

which shows the compatibility. O]

Remark 4.6.3. The same holds in the vertically compact case exchanging 7. by 7T, and
reinterpreting the map i, : h,(E’) — h,(F) as the one in Proposition 1.6.22.

4.6.2 The relative case

In section 1.6.5, we commented on the relative version of the vertically supported
compact cohomology but refrain ourselves to give a proper definition for the relative

cohomology with compact supports. In this section we resume the subject.

Let us consider a pair of spaces (X, A), with A C X closed. We are going to define
he(X, A) adapting the construction used in (RUFFINO; BARRIGA, 2021, sec. 5.1).

We think of (X)) as a category, whose objects are the compact subsets of X and
such that the set of morphisms from K to L contains one element if K C L and is empty
otherwise. There is a natural functor F(x 4y assigning to an object K the embedding
ig : K°UA — X and to a morphism K C L the natural morphism ig : i, — ix defined
by the following diagram:

AUL —— AUK®

o Jo

X:X

The compactly-supported groups h®*(X, A) are defined as the colimit of the composition
functor ho Fix 4y : K(X) — GrAb and they are functorial with respect to open embeddings
of the form ¢ := (1,¢|5) : (Y, B) — (X, A), such that B = t7(A). In fact, for any compact
subset K C Y, from the embedding of pairs tx : ix — 4,(k), represented by the following
diagram

AUK® —— Y U(K)°

Rz

X:X
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we get the induced excision isomorphism 4% : he(i,(x)) = he(ix). If K C L, the following

diagram commutes:

hi) —5y R(ip)

lu;()-l luz)-l

"(K)u(L)

h(iL(K)> E— h(iL(L))
therefore we get the induced morphism between the colimits ¢, : h(Y, B) — ho(X, A).

It is possible to generalize this construction to a proper map p: A — X. We define
the relative groups h.(p) as above, replacing the embeddings ix : KU A < X by the
maps of pairs pr : (A, p 1 (K)¢) — (X, K¢).% The corresponding groups are canonically
isomorphic to the cohomology group of p™ : AT — Xt the induced map between the
one-point compactifications. Moreover, in the case of a pair (X, A), the correspondence
with the definition given above (through the embeddings iy : KU A < X)) is provided
by Corollary 4.3.7. The groups h.(p) are functorial with respect to open embeddings of
the form ¢ := (¢,0/) 1 — p, i.e

/
L
—

A
jp (4.13)

—t s X

%TUZJ

such that «/(B) = p~1(.(Y)).

Since we are aiming at the differential case we will prefer to give another definition
which will work in the differential case as well. In the absolute case, we used a special cofinal
system V,(p) which ensures that the pairs have the same homotopy type of cofibrations
while still being manifolds. We modify the definition above in order to have the same

properties in the relative case.

We denote the directed set K(p) whose elements are pairs (K, K) such that
e KC X and K C A are compact;
e K, int(K)°, K, and int(K)° are manifolds;

e pI(K) C int(K)

and the partial ordering is given by set inclusion in both components, that is, (K, K ) =<
(L,L) if and only if K C L and K C L. We think of K(p) as a category, such that the set
of morphisms from (K, K) to (L, L) contains one element if (K, K) < (L, L) and is empty
otherwise. Starting from a proper smooth map p : A — X, there is a natural functor F, :
K(p) — Top? assigning to an object (K, K) the map PRy (A,int(K)) — (X, int(K)°)

6 Observe that the domain and the codomain are not cofibrations, but this is not a problem in the

topological setting.
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and to a morphism (K, K) < (L, L) the natural morphism (i(k,L)s i(f(’f)) P PR

defined by the following diagram:

—

(A int(D)°) —FE (A, int(K)°)
(X,int(L)¢) —=5 (X, int(K)°)

Definition 4.6.4. The compactly-supported groups h.(p) are defined as the colimit of
the composition functor
he(p) ==hoF,: K(p) — GrAb (4.14)

These groups are functorial with respect to open embeddings of the form (4.13)
such that /(B) = p~1(+(Y)). Moreover, we have a natural module structure on h.(p) over

h(X), such that the forgetful transformation h.(p) — h(p) is a morphism of h(X)-modules.

The case of the vertically compact sets is similar. Given a relative fiber bundle

(F, f):p — pas in the diagram

we define the directed set V(F, f) whose elements are pairs (V, V) such that

« VeV(F)and V e V(f);

« V,int(V)¢, V, and int(V)¢ are manifolds;

« p (V) Cint(V)
with order defined componentwise, that is, (V, XA/) =< (W, 17[\/) if and only if V C W and
V C W. We can see V(F, f) as a category such that the set of morphism from (V, V) to
(W, W) has one element if (V, V) < (W, W) and is empty otherwise. To each relative fiber
bundle (F, f), we associate the functor G(p,) : V(F, f) — Top; which assigns to a object

(V, V) the map Py (B,int(V)) = (Y,int V¢) and to a morphism (V, V) < (W, W) the

natural morphism (¢(v,w), i(?,VT/)) Py — Py defined by the following diagram

(B.int(IV)) <77 (B, int(V)°)

lp W, lp VA%

(Y, int(W)e) <Y (Y, int(V))

Definition 4.6.5. With the notation above, we define the relative vertically compact

cohomology group h,(p) as the colimit

hy(p) = colimh o Gy : V(F, f) — GrAb
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Again, these groups are functorial with respect to open embeddings of relative fibre

bundles over the same map as in the following diagram

B-—"5yY
p’/ /
B =Y /p

I/

AL X
Remark 4.6.6. We observe that, when p: A — X is a closed embedding, so that B = Y|,
we can choose V = p7'(V) = V N (Y]4) and take the direct limit over K, since p~'(K)
and (Y]4) \ int(p~!(K)) are manifolds in this case.

Remark 4.6.7. It is important to bear in mind that, in the topological context, we did not
need to define K(p) nor V(F, f) requiring that the sets involved are manifolds satisfying
the conditions on the interiors and closures. But, in the differential setting, this will be

essential.

Classical relative Thom isomorphism

Fix a h®-oriented relative vector bundle (P,p) : p — p as in the diagram

F-2.F
lp P
A", X

such that P : £ — X is h-oriented by a Thom class u € h™(E) and p : F' — X is oriented
with Thom class ¢’ induced by u. Recall that the induced Thom class on F' is given at
representative level by p*u. We construct the relative Thom isomorphism 7" : h*(p) —
het™(p) as follows: we represent the Thom class u € h,(E) by uy € h(E,int(V)¢) and

consider the product
uy X (P,p)*(a) € h(idg xp: (E X F) = (E x E,int(V)° x E)).
for a class o € h(p). Next, we pull-back through the following diagonal morphism, that we

call (A, Ag):
(E x F,int(V)° x F) 2% (E x B,int(V)° x E)

N A

(F,int(V)°) g (£, int(V)°)

where Aj(x) := (z,p(z)) and we have choose V in such way that p~(C) C int(K). Hence,
we set uy - (P, p)*(a) = (A, A,)*(uy x (P,p)*(a)) € h(py ). We define T'(a) as the colimit

of this last expression.
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Relative compactly Thom isomorphism

To finish this section, we show how to define the compactly supported relative

Thom isomorphism. First, we need to define a product of the form

The product is constructed in an analogue way as the absolute version in (4.12). Let u €
h?(E) be a Thom class on E represented by a class uy € h™*(E,int(V)¢) = h*(E, V) with

o~

V € Ve(p). For a class a € h.(p) represented by a class a, » € h(p ; : (A, int(K)%) —
(A, int(K)<), we denote by 8, 5 = (P,p)*(a, z) € Mp, 5 : (E,int(H)¢) — (E,int(E)°)
where H := p~*(K) and H := 7P*1(K) which is assumed to be transverse to V. Using the
product 4.5.4, we get

—

uyXfBy g € h(idg xp : (EXF,int(V)*XF, EXint(H)%) = (EXE, int(V)*X E, EXint(H)))

Pulling along the diagonal (A, Ag) : p — idg xp

—

(E x F,int(V)° x F, E x int(H)¢) 222 (B x B, int(V)¢ x E, E x int(H)°)

o] N

— i

(F,int(V)¢ Uint(H)®, 1) £ (E,int(V)° Uint(H)<, )

where V € V,(p) is any special vertical set such that p~1(V) C int(V) and V is transverse
to H. Then, we get a class

(A, 8) (uy x By ) € W@ (F. (nt(V 0 H))*) = (B, (int(V 0 H))°)
with
« VNHeK(F),VNHeK(E);

VNH, int(VNH), VNH and int(V N H)® are manifolds.

« 7 (VNH)CVNH

which shows that we can define the Thom morphism passing to a colimit.

4.7 Umkher Maps

Once we have (re)defined the Thom isomorphism, we can define the umkehr maps
in the exact same way as in Section 1.7. Since there is no change in the absolute case neither
in relative case with compact fibers, we will focus on the relative compactly supported

umkehr map.
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Recall from section 1.7.2, one has a natural notion of relative fiber bundle orientation:
for a fiber bundle (F, f) : p — p such that F' is h-oriented by [i, u, @], we have naturally
induced a h-orientation on f. In this section, every relative vector bundle is assumed to

be endowed with a natural orientation.

Recall the definition of the relative RY integration map [gn : hy(p X idge) — h(p)
in 1.18. Although we have modified the definition of h,(p), the same construction of [gn
still works in this case with the proper interpretation of the pushfoward (idy x7j,id4 Xj)s :
hy(p X R) = h(p x idg1).

As in the absolute case, we can construct a compact version of the R™ integration

map Jgn he(p X idgn) — he(p) provided that p is proper. We define it as
c R
| = [, otidx xj,ida ),
R Jst

where [& @ he(p X idg1) — he(p) is the relative compact S! integration. The compact
St is defined in the following way: the cohomology of maps of the form Pr e X idg :
(X x SL,K x K) = (X x S, KK x S*) forms a cofinal system in K(p x idg1). For a class
a € h.(p x idg1) represented by Ot Rxst € h(pKf( x idg1) we define [g o by taking

the colimit on the

/Sl aszl,I?xSI

where inSI,I?Xsl ch((p x idsl)KXslf(Xs1 — he(p X idg1) is the natural morphism.

Definition 4.7.1 (Relative Compactly Supported Differential Integration Map). Let
(F, f) : p— p be a relative bundle over a proper map p such that F" has an h-orientation
[t,u, 9] and f is endowed with the induced orientation [¢/, v/, ¢']. The relative compactly
supported umkehr map (F, f)a : h2(5) — he~(""™)(p) is defined as

[

(F.Dal@) = [ @1).0((6.6)™) 0 T(a)

4.8 Conclusion

In this chapter, we have presented the Thom isomorphisms and umkehr maps using

a new notion of product. The umkher maps obtained here are summarized in Table 4.

Umkher \ Type | Absolute Relative
Compact Fiber
Compact
Vertical

Table 4 — Umkehr maps in cohomology using the new product. The v denotes the existence
of the umkehr map.The [ | denotes existence, although it was not constructed
here.
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Observe that, in contrast with Chapter 1, we construct a relative compactly

supported integration.
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5 Differential Cohomology on Finite Se-

quences and General Integration Maps

5.1 Introduction

At last, we have all the topological tools we need to define differential integration
maps at hand. In this chapter, we complete the set of differential tools and construct these

maps.

We start by defining the differential refinement of a cohomology theory on maps of
sequences. Then, we define the differential refinement of the cofibration-relative product,

which we call the parallel-relative product.

Using this product, we define the compactly supported differential Thom isomor-
phism and the doubly-vertically-compactly Thom isomorphism, which are used to define
compactly and vertically-compactly supported integration, respectively. We prove some
properties of these integration maps and show that these properties completely characterize
them.

We end the discussion by showing how to define relative versions of the integration
maps. We start with the classical' differential relative Thom morphism, which is used to
construct the differential integration map for relative bundles with compact fibers. While
the absolute versions used the parallel-relative product only between parallel classes, this

one needs a multiplication between a parallel and a relative one.

Next, we present the compactly supported relative differential Thom morphism. In
contrast with the previous cases, which only required the product between a parallel class
and a map, resulting in a map of pairs, this one needs maps between sequences (more

precisely triples).

5.2 Differential cohomology on maps of sequences

We have already defined the category of maps of finite sequences of smooth manifold

in Section 2.6, but it is convenient to restate the definitions now.

We define the category of finite sequences of manifolds, Man,, as the subcategory
of Top,,, defined in Section 4.2 of the previous chapter, whose elements are sequences of
manifolds and whose morphisms are smooth maps. As in the topological case, we define

the category Man?, as the category of arrows of Man,,.

1 Which is a bad name, but is used to keep the syntactic parallelism
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In this chapter, whenever we talk about sequences and maps of sequences (or pairs

and maps of pairs), we are referring to the smooth case.

A differential form over a sequence (X, X )= (X, Xy,...,X,) is a differential form
w € Q(X) such that w|x, =0 for i = 1,...,n. We denote the set of forms over a sequence
by Q(X, X ) and remark that they are meant to be seen as an analogue of parallel forms?.
A map of sequences (p, 7) : (4, A) = (X, X) induces a map (p, 7)* : X, X) = Q(4, 4)
through the pullback. A relative form (w,0) € Q(p, p) is an element of the mapping cone
complex of the morphism (p, p)* and a parallel form w € Qpuar(p, p) is a differential form
w € Q(X, X) in the kernel of (p, 7)*.

Although we have not mentioned in the previous chapter, the Chern-Dold character
extends naturally to the sequence setting via the isomorphism with the usual cohomology.
We use the same notation ¢/, : h — Hbhg for it in the setting of cohomology on maps of

(topological) sequences.

Definition 5.2.1. A differential refinement of a cohomology theory (h,d) on maps of
sequences is a (contravariant) functor h Man?°P — GrAb along with three natural

transformations

Q.,le =R

R:h— Qqbg (curvature) [ :h — h (forgetful map) a: Im(d) — h* (trivialization)
m

satisfying the following two axioms:

A1) Let (p, 9) : (A, A) — (X, X) be a smooth map of smooth sequences, qar : Qu(p, 7) —
Har(p, p) the projection to de Rham cohomology, r : Har(p, p) — HR(p, p) the de
Rham isomorphism and ¢/, : h — Hbg the Chern-Dold character. Then the following
diagram is commutative and the first line is exact:

h'(,O, p—») 70 Q._Ir?lﬂ(i(l§7 ﬁ) a

B (p. ) —— h*(p,7) —— 0

~ | L
QO%he(p, ) — Hg(p, f)

—, —

A2) For amap p: (A, A) — (X, X), the following diagram is commutative:

(id(x %)9 (a,4))"

R(p, ) h(x, X)

J{CO'L/‘ J{p*

Q.ilhR(Aa 12() — E(A7 /Y)

where cov is the second component of the curvature, that is, if R(a) = (w, ), then

cov(a) = 6.

2 In Section 2.6, we used the notation Qpar(X, X ) for these, but in this chapter we drop the subscript.
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Definition 5.2.2 (Flat and Parallel Classes). A differential class @ € h(p, §) is called flat
if R(a) =0 and parallel if cov(a) = 0.

We keep the same notation for the subgroups of flat Rgtag and parallel classes ?Lpar.
The flat group is a topological cohomology theory on maps of sequences provided that
the differential cohomology has a differential S'-integration®. The group of parallel classes
satisfies the axioms of a parallel cohomology 3.3.11 adapted to the the setting of sequences
as well. We denote by €2.,br the set of closed forms whose de Rham cohomology class is

in the image of ¢/.. As before, we call them h-forms.

The following analogue of Proposition 3.3.12 will be useful.

-,

Proposition 5.2.3. For any map of sequences p : (A, A) — (X, X), the following sequence

18 exact:

= = Rp(u' °
0—— hﬂat<paﬁ) _— hpar(paﬁ) —_— Qpar,cth(p7ﬁ> — 0

Proof. Exactness holds at ha; and ?Lpar by definition, hence we only need to verify that
Rpar 18 surjective. If w € Q8 .br(p), then (w,0) € Q2,br(p). By definition of Qf,br(p),
there exists a € h(p) such that ¢/i(a) = gar(w,0). Axiom Al asserts the surjectivity of /,
thus there exists a differential class @ € h(p) such that /(@) = a. By the commutative
square in axiom Al, we have gqr 0 R(&@) = c¢h o /[a] = qqr(w, 0), which implies that there
R(a) = (w,0) + d(p,v) for some (u,v) € Q* 'hr(p). Using Axiom Al once more, where

d = R o a, we can write
R(@) = (@,0) + Roa(u,v) — R(@—a(u,v)) = ,0)
So the differential class § = & — a(p, v) is parallel and satisfies the desired condition. [J

Remark 5.2.4. When we presented Proposition 3.3.13, we commented that the proof relied
on Proposition 3.3.12 and on a compatibility between the Chern character and the induced
morphisms. For the sake of completeness, we mention that this compatibility is to ensure
that the pullback of an h-form is an h-form. The result is clear once one considers the
following commutative diagram:

h(p) 2% Har(p) o Qunbr(p)

4dR

<f,g>ﬁ (f,g)ﬁ (f,gﬁ

h(n) "% Har(n) <o Qenba(n)

4dR

We also have the differential version of the interchangeability property of Proposition

4.3.1 for parallel differential cohomology:

3 8! integration is defined in the same way as in 3.4.1 by replacing maps with maps of pairs.
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Lemma 5.2.5 (Interchangeability for Parallel Classes). There is a natural isomorphism
between ?Lpar(X, Xi,...,X,) and fALpar(X, Xoys - Xom))-

Proof. This results follows from applying the Five Lemma and Proposition 5.2.3 at each
stage of the (4.4), e.g., applying it at the top row

(0,0,0) —*— (X, A, B)

lj/ lj
(B,0,0) —2- (X, A, B)
results in

= . - . Rpar .
0 —— hpat(i1) —— hpar(i1) —— Qepbr(i)) —— 0

(m’)ﬁ m')ﬁ (m’)ﬁ

0 E— Bﬂat(ig) — i\lpar(@) & Qcth(ig) —_— 0

Topologically, each vertical pair induces an isomorphism in cohomology, as already
addressed in Proposition 4.3.10. This is also true for the closed parallel differential forms:
the vertical maps are also isomorphisms at each stage due to the fact that these parallel
differential forms are null in both A and B. The compatibility with ¢/, ensures that the

same holds for h-forms. O]

5.3 Parallel-Relative Product

In this section, we axiomatize the relative-parallel product, but we need to establish
some results first in order to make the definition sound. The following lemma is the

differential analogue of Lemma 4.5.1:

Lemma 5.3.1. There is a natural isomorphism between hye((0,0,0) — (Y x X, B x
X,Y x A)) and hpe (Y x A, B x A,0) = (Y x X, B x X,0))

Proof. This is another instance of application of proposition 5.2.3. This time we use it on
Lemma 4.5.1. Consider the two pairs of vertical morphisms on (4.6). Topologically, both
induce isomorphisms in cohomology according to Proposition 4.5.1. The curvature of each
row is a form on X x Y that vanishes on X x B and on A x Y, representing the image of
the same Chern character, hence we get two isomorphisms in this case too. Applying the
five lemma to the corresponding exact sequences described in Lemma 5.2.3, we see that

the induced pullbacks on parallel classes are isomorphisms too. [

Remark 5.3.2. Due to Lemmas 5.2.5 and 5.3.1 we have an identification

o~ -, — ~

hoar (X, A) x (Y, B) 2 hyar (Y, B) x (X, A)) 2 h((Y, B)) 2 hpae (Y x Z,B x Z,Y x Z))

as in Remarks 4.5.2 and 4.5.3.
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Definition 5.3.3 (Parallel-Relative Product). A parallel-relative product in a differential
refinement (iAL', R, I, a) of a multiplicative relative cohomology theory on finite sequences of
spaces (h*,d) is a natural transformation on x : hpa (Y, B) @z h(p, §) — h((Y, B) x (p, 7)),
satisfying the following axioms
M1) (Mized associativity): for every 5 € h*(p, 5,), B € E;m(Y, B) and @ € ?L;ar(Z, C) we
have that

(@xB) x5 =ax(BxA).
Here we are considering the product v x /3 in the parallel cohomology of (Y x Z, B x
Z,Y X Z) as in Remark 5.3.2.

— ~

M2) (Graded-commutativity on parallel classes): for every a € }Algar(X, A) and 8 €
h™ (Y, B) we have

par

)

Bxa=(-1)""a

—,

(— X
up to the canonical identification h((X, A) x (Y,
Remark 5.3.1

— —,

h((Y,B) x (X,A)) as in

I

oL

)

-~

M3) (Distributivity) : (@+ ) x5 = (@x7) + (6 x7) and @ x (6+7) = (@ x ) + (@ x7)

whenever these operations make sense.
M4) (Unitarity) : There exists the unit element 1 € hO(x).

M5) (Compatibility with the natural transformations of B) The following identities hold:

-~ -~

(curvature) R(& x B) = Rpu(B) x R(@);

« (forgetful map) I(a x B) = I pur(@) x 1(B);
(
(

o (trivialization 1) apa(w) X B = a(w' x R(B)),

trivialization 2) & x a(w,0) = a(Rpar(@) X (w,0)).

5.4 Differential integration: absolute case

From now on, we suppose that (?L, R, 1,a) is differential cohomology over Top?

endowed with a parallel-relative product.

5.4.1 Compactly supported Thom morphism

Once we get a parallel-relative product, we are able to define the product between

a vertical differential class and compact differential class

" hy(B) @z he(X) — he'™(E)
a®p—a-pp. (5.1)
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This is done using the same composition as in (4.9):

: p* : /}\lpar(E7 VC) Kz /}\lpar(Ea HC) Q) /};’par<E7 int(V)C) Xz }Alpar<E’ HC) Def ?5 3.3)

e (B x HE,int(V)° x H) <5 (E x E,int(V)" x E)) =25

~

P (HS, int(V) N HY) <5 (E,int V°)) <
Topa (it (int (V)®) U He <5 BY 2 (VN H)Y S B) (5.2)
except that the isomorphism at (%) now becomes
Prpar (1) < hpar(§) = Bpar(K), (5.3)
where

i (H (V)N HS) — (E,int(V)°)
J: (HCUint(int(V)9),int (V) N (H° U int(int(V)))) < (E, int(V))
k: (int(int(V)°) U H®, ) — (E, ().

To prove that the arrows in (5.3) are isomorphisms we use Proposition 5.2.3 again. For

example, let us illustrate the case k — j:

= . = . Rpar .
0 —— haat(J) — hpar(J) Qparehhr(j) — 0

| | J

0 —— gt (k) —— Tpar (k) —25 Qo b (k) —— 0

The left arrow is an isomorphism, as we have already discussed in the topological case. In
order to see that the right arrow is an isomorphism, observe that a form w € Q. (k) is
a form w € Q(F) such that w

continuity. This means that w defines a form in () and the map is surjective. It is also

e = 0 and winyvye = 0, where the last equality holds by

clearly injective, and thus an isomorphism. Applying the five lemma, we conclude that the

central arrow is an isomorphism.

Using this product, we can finally give a proper definition of the compactly supported

Thom morphism.

Definition 5.4.1 (Compactly supported differential Thom morphism). Let p: £ — X
be a h-oriented smooth vector bundle with a differential Thom class 4. We define the

compactly supported differential Thom morphism by
T:h (X)—=h (E)
a -

Q)

-pra.

The same proof carried in the topological case (Proposition 4.6.2) also proves the

following result.
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Proposition 5.4.2. Fiz an oriented vector bundle embedding (p,p’) : ¢ — i as in the

diagram

E ——

)
Xty X
where X' — X is an open embedding.

Let T, : ho(X) — ho™(E) be the compactly supported Thom isomorphism associated
with p and T, : ha(X') — hetT"(E') the compactly supported Thom isomorphism associated
with p' : B — X" with its induced Thom class. Then

. e /
T.01, =101,

The same holds in the vertically compact case by exchanging T, with T, and reinterpreting

i in the appropriate sense.

5.4.2 Compactly Supported Integration

Using the Thom morphism, we can finally define the compactly supported differen-

tial integration:

Definition 5.4.3 (Compactly supported differential integration). Given an h-oriented
neat fibered manifold f : Y — X, where Y has dimension n and X has dimension m, with

orientation [¢, U, @], we define its compactly supported differential integration map by

Cc

fa@ = [ ico (07 Tn((7)' ). (54)

Proposition 5.4.4 (Property I1). Under the same notation of Definition 5.4.3, the

following diagram is commutative:

Re
Q._lhR(Y) a ) /—\
€ - he(Y - (Y Qe Y
Im(d) c( )—> h’c( ) c,clhR( )
JR[L,E@] ‘fa lfc! lR[L@(ﬂ
o—1—(n—m) =R
B0 e et (x) e petom(x) 02 he(X)

Im(d)



174 Chapter 5. Differential Cohomology on Finite Sequences and General Integration Maps

Proof. We prove the result for a.. The other compatibilities are similar. Let w € Q.(X).
Then

C

1c0 Rz (@) = ac [ (0)(67) (Ro(@) Ap'w)

= [ @)(0) ad R(@) A p'e)

= [ @07 @ p*(ac(w))

RL
We remark that we have used the compatibility of [gz and a, which comes from the
compatibility of [ with a. (see Remark 3.7.8), as well as the naturality of a. with i,.
The last passage can be verified at the representative level using the compatibility of the

parallel-relative? product with a. O

Proposition 5.4.5 (Property 12). Consider two h-oriented neat fibered manifolds f :
Y —>Xandg:Z —Y. One has (f og) = fioq, provided that f o g is endowed with the

product orientation.

We omit the proof since it is exactly the same as that in (RUFFINO, 2017, Lemma
3.27).

Proposition 5.4.6 (Property 13). Let f:Y — X be an (n, m)-fibered manifold endowed
with an h-orientation [t,0,¢] and i : X' — X be an open embedding. Consider the fibered

map (f', f) 17 — i overi as described in the diagram

y' 2

s

X —
and let ' be endowed with the orientation (see section 5.5.1 below). Then fuoj,=i.0 fc’!.

Proof. We need to prove the border of the following diagram is commutative:

he(X') he(X)
Jn Jin
-~ ’ N (’Lde)* = N
he(X' x RN) he(X x RY)
DA Lx P
G104 € he(N') — X he(N) 2@ - 7%i,a
a € ho(Y") & ho(Y) > j.a

4 In fact, parallel-parallel product.
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ie.,

Cc C
» /]RN Leps(U - T Q) = /]RN Lol - g.a)

The bottom square is commutative due to Proposition 5.4.2. The commutativity of
the second square stems from the functoriality of differential cohomology with compact

supports. Therefore we need to verify only the commutativity of the top square.

Recall the definition of the integration map fgn : h(X X R™) — h*~1(X), as defined
5in (1.7.1)
= id )
/R /S o(idx xj)
iterated NV times. Observe that

/Co(z' X idgn ), :/ o(idy X7). o (i X idgn),
S

R
:/ o((i x idgn1) X §)s
g1

where in (%) we used that the compactly supported differential S'-integration is natural
with respect to the pushfoward (see Remark 3.7.8). [

Proposition 5.4.7 (Property 14). If p: E — X is an h-oriented real vector bundle with
Thom class u. Consider its orientation as in Remark 3.7.12. Then p., is a left inverse of

the Thom morphism, i.e., Poy o T.(@) = @ for every @ € ho(X).

Proof. This proof is identical to the topological one presented in Proposition (1.7.17). We

reproduce it for completeness. Observe that®

~ ~ ’

Tn((i')" 0 Tpo(@)) = prip(ar) - prg o(ig' ) (ip - pp(@))
(Ug) - Pp(@))
Ug) - pry opp(®)

= (tp X Ur) - (pp o prp)*(Q)

= Uper - Pper(Q)
where we used ppgr = pg o prp. Using the isomorphism to £ @ F = X x RY and
integrating in R™ we get

/Rn lUxxpy - Pry(@) =@

where the equality is due to Lemma 3.7.7. O

Remember that the definition is the same for the differential case.
Some care should be taken here. The reader should be aware that the product is denoted by - pr* and
that the properties are proved at representative level.

6
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Now, we can state and prove the main theorem of this work:

Theorem 5.4.8 (Axiomatic characterization of the compactly supported differential
Integration). Fiz a multiplicative differential cohomology theory with S*-integration. The
compactly supported differential integration map fo : ho(Y) — he~(=™)(X) defined for
each h-oriented neat submersion f:Y = X between differential manifolds of dimension n

and m, respectively, is the unique map satisfying the following properties:

I1) The following diagram commutes:

Re
Q._lhR(Y) u e /\
£ £ h. (Y - he (Y Q° Y
Im(d) c ( ) - c( ) c,clhR< )
JR[L,Z@] ‘J?d lfc! lR[L@dﬂ
o—1—(n—m) =R
e 92(X) e, fe-om(x) L o) 02 ()

Im(d) ¢

12) It is natural with respect to composition, i.e., given two h-oriented neat submersions,

f:Y=>Xandg:Z =Y ,(fog), = faogu, where fog is endowed with the

product orientation.

13) It is natural with respect to open embedding, i.e., given the diagram

Y/ ——

o

X X

where (i,7) : f' — f is an open embedding and the orientation of f' € obtained by

restriction of the orientation of f, we have fo oi, = j. o fl.

L) Ifp: E— X is an h-oriented real vector bundle, then P, is a left inverse of the
Thom morphism, i.e., Da o fc(&) = a for every a € EC(X), whenever p: E — X 1is

endowed with its induced h-orientation as a map.

Proof. In propositions 5.4.4, 5.4.5, 5.4.6 and 5.4.7 we have already proved that the map

defined in (5.4.3) satisfies these properties. It remains to prove the uniqueness.

Let us suppose that fd is any integration map satisfying I1) to 1j). We first observe
that, given an h-oriented real vector bundle p : E — X, axioms [1 ) and I4) completely

determine p,. In fact, given & € ?LC(E), we set a := /.(&). Since the Thom morphism is
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topologically an isomorphism, we set 3 := T, '(a). Refining § to any differential class B ,
we get @ = T.(53) + ac(w), for a suitable w € Q2 1hg(E).

Therefore, applying 11) and 1), we get pa(@) = B+ ac(Rj; 7 5(w)). In particular,
if pry : X x RY — X is the product bundle endowed with its natural orientation, as
in Remark 3.6.4, then pry, = [pv, since [pn verifies I1) and /), as it is easy to verify
applying the axiom of S'-integration (Remark 3.7.7). Another particular case is the

zero-bundle idy : X — X, with the trivial orientation 1. In this case we have ia;d = idy.

Given a h-oriented neat submersion f : Y — X, we consider the following diagram:

Ny —25 X xRN

J{fOLiloﬂ'N J{prx

X:X

Using axiom 13), we get the following commutative diagram:

B (Nyy) 2% he(X x RY)
J{fOL{Gﬂ'Nc! J{I;;c!
he™N(X) == hN(X)
Given 3 € h ¢(Nyvy), it follows from the previous discussion that (f oﬁm\/)c!(g) =
fén i (¢~ 1)*B. For a given @ € ho(Y), we get

C

(foromy)a(Ted) = [ i(6™) Treli™)a

RN

Applying axioms 12) followed by axiom 1) we get” fu(@) = fan i*(gzﬁ*l)*T((Fl—)Ta), ie.

fcg coincides with (5.4). This proves the uniqueness of the integration map. O

Remark 5.4.9. Axiom I1) could be stated only with respect to a., hence the naturality
with respect to R. and /. could be seen as a consequence of the other axioms. In fact,
in order to prove uniqueness, we used the commutativity with a. to deduce that p. is
completely determined by axioms I7) and 14) for any vector bundle p : E'— X. The rest

of the proof does not rely on any of the compatibilities of axiom I1).

5.4.3 Doubly-vertically compact Thom morphism

Fix a vector bundle p: F — Y and a fiber bundle f : Y — X such that fopisa
vector bundle. The same considerations which we have used to construct the compactly
supported differential Thom morphisms work here: choose some representative oy €
Rpar (Y, U°) for some U € V(f) representing a class o € h,(Y). Define H := p~*(V). The

same expression as in (5.2) can be used to define the product -p : hy(E) @ hy(Y) = hoo(E).
Just observe that VN H € VV(p, f).

T We really get (ﬂb\—l)((b 1)*@) but this is the same as f.(@) since ¢ is a isomorphism.
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Definition 5.4.10 (Doubly-Vertically Compactly Supported Thom Morphism). Let
p: E—Y bea h-oriented smooth vector bundle with a differential Thom class @ and
f Y — X be smooth fiber bundle such that f o p is a smooth vector bundle. We define
the compactly supported differential Thom morphism by

)

T : hy(Y

~—

*

vv(
"p

)
SIS

_>
'_>

Q)

5.4.4 Vertically Compact Integration

Definition 5.4.11 (Vertically-compactly supported differential integration). Given a
smooth fiber bundle f : Y — X, where Y has dimension n and X has dimension m, and f
is an h-oriented map with orientation [¢, 1, ¢], we define its vertically-compactly supported
differential integration map as the map
Ja@) = [ ivo (@) Tun(()'@)

Propositions 5.4.4,5.4.5 and 5.4.7, also hold for the vertically-compactly supported
differential integration doing the proper changes, but proposition 5.4.6 has to be modified
since the map i, : h,(Y') — h,(Y) has no meaning in the context of vertical cohomology,

because Y’ and Y are not defined over the same base. The modification is to require that
X' =X.

Proposition 5.4.12. Leti: Y’ < Y be an open embedding of fiber bundles f : Y — X
and "Y' — X over X as in the following diagram

Assume further that f is h-oriented and 1" is endowed with the induced orientation. In

this case we have fy o1, = f',.

The characterization theorem also holds in this case with virtually the same proof.

Theorem 5.4.13 (Axiomatic characterization of the vertically-compactly supported
differential Integration). Fiz a multiplicative differential co-homology theory with S*-
integration. The vertically-compactly supported differential integration map fv! : }\L;(Y) —
}\L;_k(X), defined for any h-oriented fiber bundle f : Y — X with k-dimensional fiber, is

the unique map satisfying the following properties:
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I1) The following diagram commutes:

Ry
T N
Im(d) hv (Y> - h”(y) Q'L},cl(y7 bDR)
lR“’g’“ lﬁ! lfm lR[L,Z@]
O (Xhr) o gl v e okl
Irn(d) hv k(X) - hv k(X) Qv,cl (X7 hR)

\R_v/

12) It is natural with respect to composition, i.e., given two h-oriented neat submersions,
[Y=>Xandg:Z =Y ,(fog), = ﬁ;! 0 gui, where f o g is endowed with the
product orientation.

13°) It is natural with respect to open embedding, i.e., given the diagram

Yy’ ‘ Y

P

X

where i : Y < Y is an open embedding of fiber bundles and the orientation of [’ is

induced by the orientation of f, we have ﬁ,, oi, = fl,.

L) Ifp: E— X isa h-oriented real vector bundle, then Py is left inverse of the Thom

morphism, i.c., Py o Ty(Q) = @ for every @ € hy(X).

5.5 Relative Differential Integration Maps

Recall the functor F), : K(p) — Man3 and G(gf) : V(F, f) — Man3 used in Definitions
4.6.4 and 4.6.5. With the same notation we have

Definition 5.5.1 (Compactly and Vertically-compactly supported differential cohomology).
We define the compactly supported differential cohomology ?Lc(p) for a map p as the colimit

Bc(p) = colim ?zpar o F,

and the vertically-compactly supported differential cohomology D (p) with respect to a
relative vector bundle (F), f) : p — p ad the colimit

?Lv(p) = colim ?Lpar o G(F,f)

These constructions are functorial with respect to open embeddings as their topo-
logical analogues. Moreover, it is possible to define compactly and vertically-compactly
analogues of the natural transformations R, /, a which we denote by R, /., a. and R,, [, a,

respectively.
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5.5.1 Relative differential Thom morphism and integration

The definition of the classical relative differential Thom morphisms mirrors the
one we have done in section 4.6.2. Before presenting it, let us briefly review some aspects

of relative vector bundle over a map p.

Recall that a relative vector bundle (P,p) : p — p, as depicted in the following
diagram,
F—2,F
p lp (5.5)
ALt X
is a morphism of vector bundles such that p: F' — FE is fiberwise an isomorphism. Given a
differential Thom class @ € hl}(E) we can pull it back to differential Thom class @’ € h'(F)
via p. We say that a relative vector bundle is h-oriented if it is endowed with a pair of
differential Thom classes (u,@’) where @’ is induced by 4.

Fix a vector bundle (P,p) : p — p as above. Given a class & € h(p) we define the

~J

product @ - (P,p)*@ € hy(p) as follows: choose a representative 4y € ?zpar(E, int(V)°) =

hpar (B, V), with V' € V.(P), of 4. Now, using the paralell-relative product to multiply @y
and a we get
uy X (P,p)*a € h(idg xp: (E x F,int(V)° X F) — (E x E,int(V)°) x E)

Next, we consider the pull back of @y x (P, p)*a by the following diagonal map

(E x F,int(V)° x F) 222 (E x B,int(V)° x E)

N ﬁ J

(F,int(V)°) 04 (E,int(V)°)

where V € V,(p) is such that (V) C int V. Taking the colimit over
ay - a = (A A,) (Ty X )

give the desired product @ - (P, p)*a.

Now we can define the most general relative differential integration map with

compact fibres. Let us fix a bundle map (F, f) : p — p as in the following diagram.

B-".v

ool

Ao X
In section 1.7.2, we discussed how a topological orientation of the map F': Y — X induces
a natural orientation on f : B — A. The same holds in the differential framework as we

pass to describe.
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Given an h-orientation [t,u,¢] of F 'Y — X, we endow f : B — A with a
h-orientation [, @, ¢] in f: B — A defined in the following way:

o If u(y) = (F(y),j(y)), define /' : B — A x R™ by J/(b) := (f(b),j(p(b)). This map

makes the following diagram commutative:

pX ian

AxR? X X R?
B / ’ Y -
Py
I/ Jr
A P X

« Denote by p, : /(B) — «(Y) the restriction of p x idg» to ¢/(B). Its differential
induces a map p: N(//(A)) = N(¢«(X)) by the diagram

TUY) == Sy = uY)

bk

T/(B) -2 TE;EI;%") N 1(B)

We define ' := p*a.

. Calling §(n) = (Fomy(n), p(n)), we set ¢/(nf) = (goml ('), p(3(r))) and we call U"
the image of ¢’. Then the pair (U’, ¢’) is a tubular neighbourhood of //(B) € A x R™.

Summing up, we have the following commutative diagram

pXian
AXR ¢ U 20y X xR
oy ¢
]
¢ NW(B)) —— NY)) .
’7TN T™™N
pra LI(B) # L(Y>
, L Prx
B—F" vy
f F'
A—FP 4 X

We say that a relative fiber bundle (F, f) is h-oriented if the map F' is h-oriented

and f is endowed with the induced orientation (at representative level).
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Remark 5.5.2. We constructed a orientation at representative level, nevertheless it is
possible to show that the induced orientation class of the representative (//,u’, ¢') only

depends on orientation class of (¢, 4, ¢).

It only remains to discuss the R™ integration map. It is completely analogous to
the relative topological case. Given a class o € h,(p X idg) we have the open embedding

(idx xj,ida x7) : (p x idg) < (p % idg1) of relative fiber bundle over p. We define

/ f:/ O(idX Xj7idA X])*
R St

Definition 5.5.3 (Relative differential Integration for relative fiber bundles with compact

and

fibers morphism). Fix a h-oriented relative fiber bundle (F, f) : p — p with compact
fibers. Let (¢,, ¢) be a representative of the orientation of F' and (//,u/, ¢') the induced

representative of the orientation of f. We define the relative differential integration map

L —

(F, f), - h*(B) = h*~"(p) by

—

(F, (@) = /R(Z i)e o ((¢,0)) o Tn(((e,) ) (@)

5.5.2 Compactly supported relative differential Thom morphism and integra-
tion

The construction of the Thom isomorphism is completly analogous to the topological

one. Fix a oriented relative vector bundle (P, p) : p — p over a proper map p with Thom

class (u,u') as in (5.5). In order to define its compactly supported relative differential

Thom morphism, we need to make sense of the following product:
u- (Pvp)*a € hc(ﬁ)

where @ € he(p). Fix a representative @iy € hpar(E, int(V)¢) of &. Choose and representative
a € ?Lpar(pKf( : (A, int(K)?) — (X,int(K))) of a. Define BH?I = (Pp)*(a, ) €
o (Byy 5 ¢ (B, int(H)®) — (E,int(E)) where the where H := p~'(K) and H := P~(K)
are manifolds assumed to be transverse to V.

Now, we multiply a class on a map of pairs by a parallel class, obtaining a class on

a sequence with two entries using the product in Definition 5.3.3:

iy X By i € hpar(idp X7 : (EXF,int(V)°xF, Exint(H)") — (ExE, int(V)*x E, Exint(H)"))
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Pulling along the diagonal (A, A,) : p — idg xp

—

(E x F,int(V)¢ x F, E x int(H)¢) 2222 (B x B, int(V)¢ x E, E x int(H)°)

o] J

(F,int(V) U int(H), 0) & (E,int(V)e U int(H)e, 0)

where V' € V.(p) is any special vertical set such that p~(V) C int(V) and V is transverse
to H , we get a class

~ —

(A, A,) (v X By ) € hpar(p + (F, (int(V 0 H))*) — (B, (int(V 1 H))°)
with

« VNHeK(F),VNHeK(E);

o~

« VNH, int(VNH), VNH and int(V N H)¢ are manifolds.

« 7Y (WVNH)CVNH

which give us the Thom morphism in the colimit. Using it we are finally able to define the

last integration map we will present here.

Definition 5.5.4 (Compactly supported relative differential integration map). Given an
h-oriented fiber bundle over a proper map (F, f) : p — p we define its compactly-supported

—

relative differential integration map by (F, f), : he(p) — he= (™) (p) by

L G0, 6) ) Tel() 1))

5.5.3 Other possible integration maps

We could also have constructed the doubly-vertically-compactly supported Thom
isomorphism hy — hyy and the vertically-compactly supported differential integration

map.

Another direction which we could follow, but it was not pursued here, is that we
could consider higher versions of the doubly-vertically compact maps. For example, we
could consider a version with is triply vertically-compactly supported on maps e With

this kind of construction, we could have chains of integration in the form
huw D310 5 7

We could also extend the definition of compactly-supported cohomology to proper
maps of sequences (in particular, of pairs) and construct the compactly-supported version of
the products in the form respectively (X, A) @ hpar(X, B) — ho(1 : (A, ANB) — (X, B))
and he(p: A — X) @ hpar(X, B) = he(p : (A, p"Y(B)) = (X, B))
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5.6 Conclusion

We have completed the construction of almost all of the missing versions of
integration maps as displayed in Table 5. Moreover, we have given a set of axioms for the

compactly supported and vertically compactly supported versions. The only thing which

Umkher \ Type | Absolute Relative
Compact Fiber
Compact
Vertical

Table 5 — Differential integration maps in differential cohomology constructed using the
new parallel-relative product. The v denotes the existence of the integration
map. The [ | denotes the possibility to define it, but was not done here.

remains to show is that there exists differential cohomology theories on finite sequences of
manifolds in the sense of Definition 5.2.1 and that these theories possess a parallel-relative

product in the sense of Definition 5.3.3. We do this in the next chapter.
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6 Models of Differential Cohomology on Maps

of Pairs

6.1 Introduction

In the last chapter, we have shown how to define the integration maps and have
characterized them axiomatically. But we did not exhibit any model of a differential
cohomology on maps of sequences and thus we have not show the existence of the the

parallel-relative product in any theory beyond the trivial de Rham toy model.

In this chapter, we present three models of differential cohomology theories on

sequences, all of them endowed with a parallel-relative product:

o The Cheeger-Simons differential characters model, which refines ordinary cohomology

with integer coefficients;
o The Freed-Lott model refining topological complex K-theort;

o The Hopkins-Singer model, which is able to refine every sufficiently regular cohomol-

ogy theory.

The Hopkins-Singer model is particularly interesting: since it can be used to refine any
cohomology theory to a differential cohomology on maps of sequences, it ensures the
existence of the differential integration maps in any theory which can be endowed with a

differential S'-integration.

6.2 Cheeger-Simmons models on maps of sequences

This section extends the model of Cheeger-Simons differential characters (see
section B.3 in the Appendix B for a review) to the case of maps of sequences. For a
smooth sequence (X, X') = (X, Xy,...,X,), we denote by S5 (X, X) the group of singular

par
o

chain complex S52.(X,U, X,) as defined in (B.4). Let p : (4, 4) — (X, X) be a map of
sequences. We define the group of relative singular chains S*"(p) as the mapping cone

complex of the chain morphism

-

put SS(A,A) — $5m (X, X)),

par par

For a relative form Q°(p) and a relative chain (o, 7) € S (p) we define

/(W)(w,ﬁ) ::/Uw—i—/TG.
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-,

Definition 6.2.1. A differential character of degree n on a map of sequences p: (4, A) —
(X, X) is a pair (x, (w,0)) where x : Z (p) — 2 is a homomorphism and (w,§) € Q"(p)

is a relative n-form such that

x(0c) = /C(w,e) mod Z

for every ¢ € S2(p).

o~

The set of differential character will be denote by H(p). This is indeed an abelian
group where the sum is defined by

06 (@,0)) + (X, (W, 0) == ((ch / + X), (w+ ', 0+ 0)

with (x +x)'(2) = x(2) + x'(2).

Remark 6.2.2. The relative form (w, #) has integral periods since

/ac(“’ 8) = v(8(9c) =0 mod Z

By an analogue of Proposition A.3.6 to this setting, we conclude that the form is also

closed.
Remark 6.2.3. Actually, the form (w, #) is completely determined by x in the sense that, if
(X, (w,0)) = (x, (@, 0")) than (w,d) = (w',8') as in the absolute case (see Section B.3).

We denote the groups of differential characters of degree n by H "(p). In fact, we
have a (contravariant) functor H : Man2°? — GrAb which acts on morphisms (f,g) : p — 7

as
(f;9)"(x; (w,0)) = (x o (f, 9)4, (f,9)" (v, 0))
where (f,g)4 : S(p) — S(n) is the induced map at chain level.
The map R : H(p) — Qu(p) defined by R((x, (w,6)) = (w,0) is a group homomor-

phism and will be our curvature in this model.

Now, we observe that Zi™ (p) is a free group and therefore is projective. This
enable us to lift the homomorphism y : Z§™ (p) — & to a homomorphism x : Z5™, (p) — R

as depicted in diagram

Z (p) —

Consider the map I(X) : Z5™,(p) — R defined by

1@)(e) = [ R - X(0) (6.1)
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It can be verified that this map is a integral cocyle and that its cohomology class is

independent of the lift ¥. We denote the cohomology class of I(X) by /(x). The map

o~

(x): H(p) — H(p) is a homomorphism and will play the role of forgetful map.

Given a form (w, ) € Q°7!(p) we define the differential character

a(z) :== /Z(w,Q) mod Z

If (W,0') = (w,0)+ d(u,v), then a(w,d) = a(w’,d'). This shows that we have a homomor-
phism a : 91.1;(1530) — H*(p) which is the trivialization.

Proposition 6.2.4. The data (ﬁ, R, I,a) forms a differential cohomology theory.

The proof of this results is analogue to the proof of the relative version on maps
(see Proposition B.3.3), the only change is that it relies on the de Rham isomorphism for

sequences.

With the same notation of definition 5.2.2, we write (ﬁpar, Rpar, | pars Gpar) for the
parallel character obtained from the differential cohomology and restricted to closed

embeddings.

6.2.1 Eilenberg-Zilber Maps for Sequences

In the appendix, we present the Eilenberg-Zilber morphisms (section B.2.3) and
extend them to relative setting of maps. In the present setting, we will generalize these

morphisms to the case of sequences:

Su (Y- B) % (0. ) = SpaalY2 B) @ Sl ) (62)

These morphisms are construct in analogous way as we have done in Section B.2.3. More

-,

specifically, for a map p : (A, A) — (X, X), the left-hand side of (6.2) can be written as

the mapping cone of
(idy xp)s : Spur(Y x A, B' x AY x A) = Spu(Y x X, B' x X, Y x X')  (6.3)
where A" =, A;, B’ =U; B; and X’ = |J; X;. On the other hand, we have
SV, B) ® S(p) = (Spur (Y B) @ Sparl( A, A)) & (Syue(V. B) © S(X, X)), (6.4)
Observe that
Spar(Y X X, B'x XY x X') = S50 (Y X X, B' x XUY x A')

and
Spar(Y X X, B'x XY x X') = Spu(Y X X, B x XUY x A)
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It is possible to prove (DIECK, 2008, 9.7.3, p.239) that, when dealing with cofibrations,

the Eilenberg-Zilber morphisms descend to quotient and give us chain homotopies
A
Spare(Y X X, B' x X UY X X') T Spare(Y, B') @ Spare(X, X');
E

Using this fact on equation (6.3) and (6.4) give us the desired map (6.2).

6.2.2 Kunneth Theorem and Splitting Cycles

By using the Eilenberg-Zilber maps (6.2) in the algebraic Kunneth theorem A.4.8,

we get another exact sequence for a cofibration (Y, B) and a map p: A — X:

0 — H(Y,B) ©z H(p,p) = H((Y, B) x (p, 7)) — Tor(H(Y, B), H(p, 5)) — 0.

\_/

¢
(6.5)

Here x : H(Y, B)® H(p, 5) — H((Y, B) x (p, 7) is induced by the composition E o ®. The

sequence splits, although not in a canonically way.

We will use Kiinneth sequence to obtain a useful decomposition of cycles. Consider

the following sequences split exact sequences

i o)
0 —— Z‘(paﬁ) — S'(ﬂ?ﬁ) — B-—l(pvﬁ) - 0;

Ko _-

Sp

0 —— ZJ(Y,B) =¥ Spua(Y, B) —2 B,_1(Y, B) —— 0.

Yoo -

Sy

where we choose splittings s, and sy. Together, these sequences yield

= iy ®z
Zpar(Y, B) @z Z(p, p) j Z(Spar (Y, Y

5Y® Sp

\_/

Se(p, 7))
, AJEY (6.6)

where S = (sy ® s,) o A. In particular, since Ao E =id, it follows that S o x =id.

We call a cycle t € S,(p) a torsion cycle if there exists a n € N such that nt = dc

for some ¢ € Set1(p).

Lemma 6.2.5. Given a cycle z € Z:™((Y, B) x (p, p)), we can write it as

Z Yp X Tg+ 1
p+q=n

where y, € Z5" (Y, E), Tq € Z:™(p, p), and t is torsion cycle.

par,p
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Proof. Write S(2) = >4 4=n Yp ® 4. From this follows that x o S(z) = X, ,—n ¥Yp X Zq.
Define

ti=2z— Z Yp X T4
ptq=n

Passing to cohomology, we get

[t] =[] = > [wp] x [xq)-

ptq=n

Since S(t) = 0, it follows that [¢] is in the image of ¢ as in (6.5). Since Tor(H (Y, B), H(p, 7))
is a torsion grou, we conclude that [t] is torsion group, which means that t is a torsion

cycle. O

6.2.3 Parallel-relative product

Lets evaluate a differential character over a torsion cycle

Proposition 6.2.6. Lett € S,_1(p, §) be a torsion cycle such that nt = dc and x € H(p, p)

a differential character. We have
1 -
x(t) =~ [ 70 = 1()(@)
where f(x) is any lift of 1(x).

The proof is similar to Proposition B.3.4

The multiplicative structure is very similar to the absolute-relative product of

Definition B.3.6.

Definition 6.2.7 (Parallel Relative Product). Let z € Z((Y, B) x (p, 7)) and write it as
z =y X x+tasin Lemma 6.2.5. We define the product x : f-f\gar(Y, B) @ H(p, p) —
(Y, B) x (p, 7)) as

(X xx)(2) = (X" x x)(y x 2) + (X' x 0)(?) (6.7)
where, for products,
(X)) =X(0) - [ BOO+ [ FyweX) - x(x) mod 2

with the conventions

e x(0)=0ifo’ ¢ Zz™ _(V,B) and x(0,7) = 0if (0,7) & Z= __(p) and

par,p—1 par,g—1

o Rpu(X)(0") = 0if o' & (Y, B) R(xX)((0,7)) = 0if (0,7) & Q(p, 5) and ,
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and, for cycles,

—_—

O 00 = [ Fouei) 5 B0 — (100 % Tul0)) (€) mod 2
where nt = Jc.

The fact that this is a relative character can be verified in the exactly same way as

in the absolute-relative case (see Proposition B.3.7).

Proposition 6.2.8. The product defined in (6.7) is a parallel-relative product in the sense
of Definition (5.3.3).

The proof in (BaR; BECKER, 2014, Theorem 26, 147) can be promptly adapted
to this setting.

6.3 K-Theory on maps of pairs
Despite being a relevant topic to this work, we will only present the main definitions
and quote the theorems without proof. A full account can be found in Nunez’s thesis.

We will only present differential K-theory on maps of pairs. The generalization to
the finite sequence of manifolds is similar and the reader can found detail in the mentioned

thesis.

6.3.1 Vector Triples on Maps of Pairs

In the topological framework, given a map of pairs p : (4, A’) — (X, X’), such that
all the spaces involved have the homotopy type of a finite CW-complex, we call vector

bundle triple a triple of the form (£, F, «), where:

o &= (F1,FEs B)and F = (F}, Fy,7) are vector bundle triples on (X, X');
o a=(a,az): p*€ = p*F is an isomorphism of triples on (A, A).

Explicitly, the second item states that oy : p*E;, — p*Fy and ay : p*Ey = p*F, are

isomorphisms such that the following diagram commutes:

(0" En)|a 25 (0" Ea) |

J{al‘Al J/OZQ‘A/ (68)
(0" F)lar == (p"F)|a
A triple of the form (&, &,1id) is called elementary. The direct sum of vector bundle triples

is defined componentwise and an isomorphism from (€, F, «) to (€', F',a/) is a pair (®, V)
such that:
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o = (¢1,02): & — & and ¥ = (Y1,1),) : F = F are isomorphisms of triples;
o the following diagram commutes:

pE —2 s g F

Jp*d) Jp* v

10*8/ o p*f/
Concretely, we have the isomorphisms ¢, : Fy = E}, ¢ : Ey = Eby, 4y : F; = F| and
1y 1 Fy = Fj, such that the following diagrams commute (because ® and ¥ are morphisms

of triples):

B
E1|X’ —_— E2|X’ F1|X’ L} F2|X’
LGle J‘b?‘x’ J¢1|x/ Jd)zlx/
EHX’ —_— Eé|X’ F1/|X’ L} F2/|X’

and the following diagram commutes for ¢ = 1,2

p*E; — prE;

Jp*qf)l lp* bi

p*Ez L p*F;,

We call Vec(p) the semi-group of isomorphism classes of vector bundle triples with
the operation of direct sum. Moreover, we introduce in Vec(p) the equivalence relation
‘~’ analogous to the one defined above, and we set K(p) := Vec(p)/ ~. We now consider
the differential extension of K(p), assuming that p: (4, A") — (X, X’) is a smooth map
between compact manifold pairs. From now on we assume that every vector bundle is
endowed with an Hermitian metric, every isomorphism is unitary and every connection is

compatible with the corresponding metric.

Definition 6.3.1. A connection on (€, F,a) is a triple V := (VZ, V¥, V) such that:

o V&= (VE VE2) and V7 = (V1 V) are parallel connections respectively on &

and F;

o calling pry : A x I — A the projection, V = (V, V’) is a parallel connection on
pry p*E that interpolates between p*V¥ and a*p* V7.

Explicitly, in the second item, V interpolates between p*VE' and afp*V and V'
interpolates between p* V=2 and a5p* V2, in such a way that (pr p*8)*(V |arxr) = V|arxs-
The latter identity restricts on A’ x {0} to (p*B8)*((p*VE2)|a) = (p* V)| 4, that is correct,
since it is the pull-back through p of 3*(V#2|x/) = VF1|x,, that is part of the definition of
parallel triple. Similarly, it restricts on A’ x {1} to (p*8)*((a3p*V*2)|ar) = (afp* V)| ar;
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since p*f = a*p*y because of the commutativity of diagram (6.8), this is equivalent to the
pull-back through p and « of v*(V*2|x/) = V¥ |x/, that again is part of the definition of
parallel triple

The definitions of relative Chern character ch(V) € Q% (p) and relative Chern-
Simons class C'S(V, V') € Q°44(p)/Im(d) are identical to that given in Definition C.2.11,
replacing F and F' respectively by £ and F. It shares the same properties as the relative
case too. A differential vector bundle triple is defined as in section C.3, leading to definition
(C.3.2 in the framework of maps of pairs. There is a natural right-module structure on
K (p) over K(X) defined by the same expression in Definition C.3.5 (we stress that we
are not considering K (X, X"), but only K (X), as the ring of scalars), leading to the
analogous definition of exterior product. The extension to any degree and the definition of

Sl-integration follow as we have seen above.

6.3.2 Parallel-Relative Product

Now we have all the tools to construct the parallel-relative product through the
Freed-Lott model. Given (7,V,0) € K(p : A — X) and (T, V',w') € Kpu(Y, B), we
have to construct the corresponding product (7”,V”,0") € K(p xidy : (AxY, Ax B) —
(X xY,X x B)) We set:

T = (E,F,a) vV = (VE,VF V) 0 = (w,0)
T = (E,F,d) V' = (V¥ v
We have to define
T = (&, F,a") V"= (VE,VF.V) O = (W0,

where

€= (B, Ey,B") F=(F,F,7") o =(af,a)

Ve = (VP vE) vF = (VI VE) V= (V,V).

Since we informally think of the product 77" on X xY as (E—F)(E'—F') = (EE'+FF')—
(EF' + FE') and we informally think of 7”7 on X xY as E — F' = (E{ — EY) — (F| — FY)),

we define

E/:=EXE E}l=FEXF (" :=idgXd
F/'=FXE F/=FXF 5 :=idrXd.

Then, it is natural to define

"o.__ </ "o.__ s
of =alNidy oy =alidy.
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The connections VF1 | VE | VI and V% are defined as the corresponding tensor products
of VF, V¥, V¥ and V¥'. We conclude by setting V := VRVE and V' := VR VY. The
parallel-relative product between two classes of any degree can be easily defined through

the one in degree 0.

6.4 Hopkins-Singer model for maps of pairs

6.4.1 Differential functions for maps of pairs

The basic notions discussed here can be found in Appendix D. We start by fixing
an Q-spectrum ((E,, e,), €,) and consider its associated cohomology theory E°. We extend

it to maps of pairs.

According to Lemma 4.3.4, one can identify h(p, o) with h(C,, C}) for any map of
pairs (p,p') : (A, A’) — (X, X'). In the cohomology induced by the spectrum, the group
E*(C,,C,) can be identified with the classes of homotopy [(C,, Cy), (E,, €,)]. Another way
view this group is to consider homotopy classes [(M,, M), (E,, e,)] with the additional
requirement that f(A x 1) = {e,} for a [f] € [(M,, M), (E,, e,)], in other words, we are
considering the group

[(My, M, U A x {1}), (En, e2)]

with its abelian structure induced by the isomorphism with [(C,, Cy), (En, €,)].

We fix the same notion of a smooths structure on M, as we have done in the
Appendix (section D.4.1.) Fix a graded real vector space V. Let (Y, ) be a space with
marked point and &, € S (Y, y; V) be a cocyle.

par

Definition 6.4.1 (Relative Differential Function of Maps of Pairs). A differential function
fopp) = (Yiys, kn) is a triple (f, h,w), where

o f:(M,,M,)— (Y,y,) is a map of pairs;
e he St (M, My;V)is asmooth cochain;

e we MV (X, X') is differential for;

satisfying the following condition

oh(c) = xp'(W)(e) + p"r(c).

for any chain ¢ € S§™(M,, M,; V)
Here, the morphism x5 , : Q*V/(X, X') — S5, o, (M, M; V') is defined by

par,sm

Xp,p' (w)(c) = C;X(X:X')



194 Chapter 6. Models of Differential Cohomology on Maps of Pairs

where ¢, is the collapse map and x(x xv) is the de Rham isomorphism map at chain level.

A pair of differential functions (fo, ho,w) and (f1, hqy,w’) from (p, p’) to (Y, y,.) is
to be homotopic if there exists a differential function (F, H,7%w) : (p x idy, p’ x id;) —
(Y, *, K,), called homotopy, such that

o (W =W
o F'is a homotopy of pairs between fy and fi;
« H is a cochain such that H|y = hg and H|; = Iy

o (F,H,priyw)|xxr = (k,0,0), where k,, is the constant map.

A strong trivialization with respect to n € Q" 1(A, A'), is a homotopy between

a differential function (f,h,w) from (p,p') to (Y,*, k,) and the differential function
(Kus Xp,pr (1), ).

6.4.2 Hopkins-Singer Model for Pairs

Actually, the maps introduced in section D.4.2 are also maps of pairs

o tay s (M(A), M(A') = (M,, My) given by i(a,t) = [(a,1)];

o pry: (M(A),M(A")) — (A, A’) the projection;
Under the same notation as in the aforementioned section of the appendix, we fix a
rationally-even cohomology theory E°, represented by an Q-spectrum (FE,,e,,&,) and

denote by ¢, € S™(E,, e,; €r), for n € Z, the especial cocyles representing the Chern-Dold

character and satisfying the condition ¢,—1 = [¢1 €}¢,, as in Proposition D.3.1.
We define the pullbacks
(txxn © ) (fs @) = (f 0 tx © p, (i © ), prw)

and

Uy (fy B w) o= (f 0 taray, tarayhs (p o pry)*w)

Definition 6.4.2. A differential n-class over p: (A, A’) — (X, X') is an equivalence class
[(f7 h7 w? /’7)]7 Where

e (fih,w):(p,p) = (Epn en,ty) is a differential function such that

L?\/[(A)(fv h? w) : (LX o p)*<f7 h7 w) = (ken7 X(n)7 dn)

is a strong trivialization induces by 7.
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e (f,h,w,n) is equivalent to (f', h',w’,n’) if and only (f,h,w) ~ (f', 1, w).
The set of differential n-classes will be denoted by E"(p, o).

This definition implies that p*w = dn and together with dw = 0, implies that
(w,8) € Qalp, ).

Given a morphism between two smooth maps of pairs (¢,v) : (p, p') = (n,7'), the
morphism (¢, ) : M, — M, defined in section D.4.2, is also a map of pairs. We define

the pullback of differential classes as
(¢a ¢)*[(f7 h'7 w, 9)] = [(f o (¢7 ¢)ﬁ7 (Cb, ¢)§ha Qb*UJ, 1/1*77]

In a similar fashion as the relative case, we can endow the set E (p,p') with a
abelian group structure. In fact, the definition is precisely the same as the relative case,

namely

[(fo, hos wo, 00)] + [(f1, ha,wi, 61)] ==
[(cvo (fo, 1), ho + h1 + (fo, f1)" An—1,wo + w1, 00 + m1)]

where the A,, cochains were defined in (D.3). Also, it can be easily seem that the map
Xp : 0 (p; €r) — S0, (M,; €R) as defined in (D.4) (up to coboundaries) can be seen as map
from Q" (p, p’) — S, (M,, M) just by replacing the natural morphisms by its relative

version.

As in the relative session, we define the natural transformations as
e R[(f,h,w,0)]: (w,0);

o [(fs hw, 0)] = [f];

U a(w, (9) = [(ken, Xp,p' (wa 0)7 d(wv 6))]

6.4.3 Sl-Integration

We wish to define the S'-integration for maps of pairs as in the relative case (see
section D.4.3). This can be accomplished in the exact same way. As in the relative case,

we have a non-canonical splitting
E" Y (p xidg, p' x idg1) = E" Y (p, p') ® E™(p,p).

Again, we identify M,y , With M,x S1. The term E"(p, p) is the image of the morphism,
pry : (M, x S', M, x S*) — (M,, M) and h"(p, p') can be identify with the kernel of the
map induced by the embedding iy : (M,, M) — (M, x S*, M, x S*).
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Givena class @ € E"(p, p'), we define o/ := a—ntita and choose some representative
for it o := [(f, h,w,0)]. This implies, that ija’ = 0 and thus i*I(a’) = 0. This enable us
to choose f: (M, x S*, M, x S*) — (E,,e,) in such a way that f oi;(M,, M,) = {e,}.
Hence, it induces a map f : (My, My) — (QE,, k.,) where k., is the constant loop at e,,.
We define [ f := (e-)71 o f+ and the differential S* integration

L[l foe Lo

6.4.4 Relative-Parallel Product

Now, we wish to define the relative-product but first we recall some aspects of
the product discussed in section D.4.3. Let h is a multiplicative cohomology theory and
tnm © By N\ By — By, represents the multiplication at level of spectrum.

As in the relative case, there exists maps P,Q : Q"(p; €g) @ Q™ (Y, B; €g) —
S™m(p x idy, p X idp; €r) defined by P((w,0) ® W) := Xpxidy pxids (W X W', n X w') and
Q(w ®wy) == X,(w,0) x xy,(w’), where x(v,p) is just xy seem a pair. Again, the method

n

of acyclic models give us a chain homotopy B : Q(p) ® Q(Y, B) — SZ.(p x idy, p X ip)
between P and @):

XPXideXidB((wv 0) X w/) - Xp(w’ 9) X X(v,B) (w/) = 5B<<Ld, 0) ® w/) - Bd((w7 77) ® w,)
Recall by —, there exists cocyles M, ,, € S"™T Y E, A E,, e, A em; €g) such that

*
OMym = tn, X Ly + Fombntm

Given a map p A — X and two maps f: (M,, Ax{1}) = (Z,z) and g : (Y,B) = (Z, 2)
we can define a map of pairs (f, g) : (Mpxiay , Mpxiaz) — (Z X Z,z x z) as in composition’
(D.7). This is indeed a map of pairs? since the second map g|B = e, and satisfies the

following properties

(I)(f, g)*aMn,.m = ffin X g5 tm + (f7 g)*ﬂn,m

Moreover, this map defines a product of pairs in (topological) cohomology in the framework
of spectra. In order words, we define the product of [f] € E"(p) and [f'] € E™(Y, B) as

L1 > Lg] == [(f, )]
Definition 6.4.3. We define the product of a relative class by a parallel one x : E”(p) Rz

EI’)';T(Y, B) — E™™(p x idy, p x idg) where n,m are even as

[(f, hyw, )] < [(f', W, w")] =
[(/’Ln,m © (f7 f,>?
hx x(w') + (=1)""x(w,n) x B+ h x Oh' + B((w,n) @ ') + (f, f)" Mnm,

wxw nx .

1
2

Ommiting the isomorphism M,yiq, = M, X Y.
This is not true for each step in the composition, but it is indeed the case for the composition.
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For the other cases we have, still assuming n, m even, we have

« forae E"Yp)and f e E™(Y), ax = [ T} 0 X g
o forae E"(p) and 3 € Em_l(Y), ax = Jor & X Wi‘yg;

o fora € E"N(p) and € E™ YY), @ x B = — [ [ 7] 00 X 7]y

where 7 , : p X idg1 — p is the natural projection, &' is the unique differential class in
E™(p xidgi) such that [ & = o and R(&) = dt x ™ ,(R(a@) and 3" is defined analogously.

6.5 Conclusion

In this chapter we have construct model of differential refinement theory on finite
sequences of manifolds. All of these theories displays the parallel-relative product which
enables the construction of the differential integration maps contruct in the previous

chapter.
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APPENDIX A - Complements of Topology
Geometry and Topology

A.1 Introduction

This appendix is a collection of disconnected facts and proofs which were mentioned

but omitted in the main text.

A.2 Complements of Topology

A.2.1 Complements of General Topology

Sometimes in this text, we will use the collapse map of a mapping cylinder over
p:A— X toits base, c: M, = X defined by

c(m) := : (A.1)

This map makes the following diagram commutes

A" X

b s
idx

Ax[&Mp

popry b%
where ig: A — A x {0} is the inclusion on the base of the cylinder and pry: A x [ — A
is the projection. This map is a homotopy inverse of ix, that is, ix o c >~y idy, via the

homotopy

] a,ts), m=7 a,t
H(m,s) — ]AXI( ) ]Ax[( )

Jx (), m = jx(z)
where H(m,0) = jx o c(m) and H(m, 1) = idy;,(m).

We also use some times the following identity concerning smash products (A4, a) a

X xY X
= —AXB
AxYUX x B A/\

for a pointed space (X, x) and (Y,y) and subspaces A C X and Now we address another

point which was mentioned at end of Section 1.5. Given continuous maps p: A — X and
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Figure 9 — Properties of the required morphism ©. Each color of the left square goes to
the the same color in right square.

n:B —Y, consider the pAn: M,, = X XY defined as

(p(a),y), if p = [a,y], where (a,y) € AXY
(p An)(P) = 1 (p(a),n(d)), ifp=[a,b,t], where (a,b,t) € Ax B x I
(x,n(b)), if p = [, b], where (z,b) € X x B

Proposition A.2.1. There exists a canonical (pointed) homeomorphism (C(p A n),*) ~
(C(p),*) A (C(n),*), where the x denotes the point of the cone, uniquely determined up to

homotopy equivalence.

A proof can be found in embbeded in a proof in (DIECK, 2008, Proprosition
7.2.7,p.166). For sake of completeness, we give a proof

Proof. We fix map © : I x [ — I x [ satisfying the following four properties

« O(Ix{0}) = {(0,0)};

e the restriction © : I x I\I x {0} — I x I\{(0,0)} is an orientation-preserving

homeomorphism;
« ({0} x 1) = {0} x I;
e O(I x{1})=Tx{1}U{1} x I,
« O({1} xI)=1x{0}
The properties are ilustraed in the following Figure 9 For example, we consider the following

map

6(s.8) = s(2t,1), te 03], (A2)
s(1,2—-2t) te
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Figure 10 — How the © map in (A.2) works. Each vertical segment on the right is obtained
at constant v and taken to the leaning ones in the write.

which is ilustrated in Figure 10 We define the homomorphism ®¢ : C(pAn) — C(p) AC(n)
by

[(z,9)]) = [[=], [v]]
[(z,b,5)]) = [[z], [(b, 5)]])
[(a,y,t)] = [[(a, )], [0]]
([(a, b, 2, 5)]) = [[(a, O1(t, 5))], [(6, 0, (2, 5)]]
where © = (01, 0,). One can verify that this is a pointed homeomorphism. ]

Remark A.2.2. We observe that, by fixing a © what we are really doing is fixing a natural
transformation between the funtors C” : Top? xTop® — Top, and CAC : Top®xTop? — Top,

where
(f,9),(k,kl) C(f,g,k,0)
C/((p7 7]) g—> ()0/77]/)) = (CP/\na *) L) (Cp’/\'l?’7 *)
and

C(f:9)NC (kD)

1,9),(k,kl ’ ’
C((pom) LLEM (0 ) = (%) A (Cpy ) (C %) A (Cyp, %)

no

®g defines a natural transformation.

A.2.2 Complements of Homotopy
We collect some definitions and results which are important to this work.
Definition A.2.3 (Homotopy extension property and cofibrations). A map i: A — X

has the homotopy extension property with respect to a map f: X — Y, if for every map
H: I x A— Y such that foi= H o1y, if there existsamapﬁ: I x X — Y such that
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Hoi=H. Schematically, we have the following commutative diagram

A Ix A
e
[ Y id[Xi
K
% H
X il Ix X

A cofibration is map i : A — X which has the homotopy extension property with respect
toany map f: X — Y.

Proposition A.2.4 (Properties of Cofibrations). A cofibrationi : A — X has the following

properties

1. i is a topological embedding;
2. If both A and X are Hausdorff spaces, than i(A) is closed;
3. For any B, the map @ X idg : A x B — X X B is a cofibration.

4. (stability) Given a map f: A —Y, the pushout j : X — X U;,; Y is a cofibration.

The reader can find proofs (or guides) for 1 and 2 in Problem 1 (p.106), for 3 (p.
103), and for 4 in Proposition 5.1.8 (p.104) all in (DIECK, 2008).

Proposition A.2.5. If either p: A — X orv:A —Y are cofibration, then the map
¢:M,, —XU,,Y is a homotopy equivalence.

For a proof of this result, the reader can consult (DIECK, 2008, Prop 5.3.2,p.112).

Proposition A.2.6. Let (f,g) : i — 7 a morphism between cofibrations such that, both f

and g are homotopy equivalences, then (f,g) is a homotopy equivalence

For a proof see (MAY, 1999, p.47) or (BROWN; BROWN, 2006, 7.4.2, p.285)

A.2.3 Complements of Cohomology

Let II5 : Top, — Top, denote the functor given by
Ma((X, 4) % (Y, B)) = (A,0) % (B,0)

Definition A.2.7 (Relative Cohomology Theory on Pairs). A relative cohomology (h, )
theory over Top, is a (contravariant) functor h : HoTops” — GrAb and a natural transfor-

mation 0 : h* o Il — h**!, satisfying:
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Long exact sequence Associated to the cohomology theory (h,0) there is a a functor
from the homotopy category HoTop, to the category of long exact sequence defined

in the following way: for each pair (X, A) we have the following long exact sequence
e B A) 2 B By oAy 2 e (X A) —

where h(X) is a shorthand for h(X,0) (analogously for A), i : (A,0) — (X,0)
and idy : (X,0) — (X, A) are respectively the inclusion and the identity morphism.
For a morphism f : (X, A) — (Y, B) we have the following morphism of long exact

sequences

D B A) S pe(X) P Br(A) —O (X A) ——

fﬁ fﬁ fﬁ f*T

. —— h(Y,B) —— h*(Y) —— h*(B) —2— h"*Y(Y,B) — ---

Excision If U C int A, then the inclusion (X \ U, A\ U) < (X, A) induces isomorphism

in cohomology.

Additive: Given a family of pairs {(X, Ax)}aea, let iy 0 (Xa, Ax) = (e X, Lea 4An)
be the inclusion where |Jycp X, denotes the disjoint union. The graded group
(h(xea X, Lxea An), (22)3ea) is the direct product of the groups h(Xy, Ay).

Before presenting the relative cohomology for pairs lets recall another version of

excision axiom.

Proposition A.2.8. The axiom of excision is equivalent to the the following statement: if
A, B C X are such that int AUint B = AUB, then the inclusion i : (A, ANB) — (AUB, B)

induces isomorphism in cohomology.

For a proof of this equivalence see, for example, (ROTMAN, 1988, Theorem 6.1, p.
107).

Definition A.2.9 (Reduced Cohomology Theory). A reduced cohomology theory over
Top, is a (contravariant) functor & : HoTop® — GrAb together with a natural isomorphism

s:h*oY — E'_l, called suspension, satisfying:

Cofiber sequence: Given a pointed map f : (X, z) — (Y,y) the following sequence is

exact

B (Cr,%) 25 ho(Y,y) 25 (X, 2)

where f* stands for B(f )
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Aditivity: Given a family of pointed spaces { (X, Zx) }aea, let ix 0 (Xa, 2x) = (Vaea Xn, VaeaZy)
the inclusion maps. The group (E(VAGA X, Vaeay), (i,\)jeA) is the direct product
of E(X)\, I)\).

Proposition A.2.10. The data of a reduced cohomology theory (?L, s) give us a functor
from the arrow category of HoTop, to the category of exacts sequences define in the following

way: for each morphism p: (A, a) — (X, z) we have a long exact sequence
BTN A Q) D RNC %) S R (X, 1) D Rt (A,a) .

and for each morphism f : p — n we have the following morphism between exact sequences

e — E"l(A,a) ., ﬁ'(Cp,*) L E'(X,x) _ E‘(A,a) _ ..

gﬁ C(f*vg*)T fﬁ Q*T

D BYBLb) — s 1 (Cy) — s B (Y, y) — L B(B,b) —— -

Proof. Consider the following diagram

(A, a) LN (X, ) X, (ép,*) LN (CN'Z»X,*) k (CN'ZE k) e

o [ e

(%) —2 (ZA, %) —25 (SX, %)

b

(SA %) — (8X, %) 2 (C5 %) — -

which is commutative except for the square

1~

(Ci)m*) i> (Clg ?*)

P

s " e

(ZA, %) —25 (£X, *)

which commutes only uo to homotopy (ARKOWITZ, 2011, Lema 3.5.6, p.108). Here
—Xp = Xpoty where

ty: (SZ,%) — (3Z,%)

s, 2] — [3, 2]

and ¢;, : (CN'ip,*) — (ZA, %) and Gir (6’25 %) — (ZX, %) are homotopy equiva-
P p
lences. Applying the exactness of cofiber axiom, we see that the first row is exact:

i* [

R (Ca) —25 B (Chg) -2 h(C,) 25 B0 (X) £ R*(A)
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as we can split in the exacts sequences:
5 R (x) 2 he(A)
R (G v) —Cr L fe(x)
WG %)~ () —02s
The homotopy commutative diagram
(C,, %) L (Cix, %) Q (CN’igp,*)
= 7
(C)y %) =25 (SA, %) —25 (52X, %)
give us the exactness of the exactness of
R EX) T e s4) 2 70,
Now, the the commutative diagram
(%) —2 (SA, %) —25 (SX, *)
R
(G x) 2% (54, 5) —2 (SX, %)
give us exactness of the sequence
B*(SX, ) T2 1o (S A, x) 2N e x)
which results in the long exact sequence
. — 1*(C,. %) S, R (DX, %) 2255 B (54, %) L% Fo(C ) 5 (X, ) 2 R (A, a)

Since we have a homeormorphism 6, : Cv’gp — iép (ARKOWITZ, 2011, Prop. 3.2.14,p.81)

such that the following diagram commutes

(ZX, %)

(Cipv *) ° (Z(CP)’ *)

we can replace the replace in the sequence by

RS0, ) T R EX, ) 2 (54, ) L0 TG k) R (X, )

s h*(A, a)
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Now we apply the suspension isomorphism to the highlighted sequence and get the desired

result

S BN %) S RN 1) D RN (A ) D R(C )  R(X, x) D R (Aa) — -

where 0 = (ta0q,)* 0 st O

Let ¢ : (S*,1) — (S',1) denote the conjugation t(z) =z
Proposition A.2.11. The following diagram is commutative

h*(S',1) —— h*~1(S'1)

L

R(S', 1) —— h*1(S1)1)

Proof. In (DIECK, 2008, Prop. 20.5.2, p.257), it is shown that o, = —o_;. In the relative

setting, the homomorphism can be identified with ¢ and o o t. [

A.3 Complements of Differential Topology

A.3.1 Manifolds

Denote by C™ the non negative orthant of R"™, that is

C" ={z e R"|z; > 0}.

Givem some map f : U — W, where U C C"™ and W C C™ are open sets we say
that f is smooth if there exists a smooth extension F': R" — R™ of f.

Definition A.3.1 (Atlas and Manifolds with corners). A atlas of a second countable
Hausdorff space X which is locally homeomorphic to C" is a a family of homemorphisms
¢; : U — C" such:

o the union of their domain is X, and

o given two maps in the Atlas ¢ : U — C™ and ¢ : W — C™, such that U N W # 0,
the map ¢ o¢~! : Im(¢p) — C™ is smooth in the sense of the previous paragraph.

The unique example we will deal with is the standard simplex A" seem as a subset
of R™. This definition is the same as Upmeier (2014, p.21), but as the same author, remarks

there are several definitions of manifolds with corners.
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A.3.2 Differential Forms

Before proceeding, we recall a classical result about extension of differential forms.
Recall that a (smooth) partition of unity subordinate to an open covering il is a family of

smooth function {py }yey with py : X — [0, 1] such satisfying the following conditions:

i) supp(py) C U, where supp(f) = {x € X : f(x) # 0} is the support of f.

ii) The family of sets {supp py }vey is a locally finite covering of X, that is, given x € X,
there exists a neighourhood W of x such that supp(py) N W # 0 only for finitely
many U € $l.

iii) Uzu pu = 1, where the sum is finite by condition ii).
€

We take for granted the existence of smooth partitions of unity of manifolds (LEE, 2013,
Theorem 2.23, p.43), (RUFFINO, 2020, Secao 2.6).

Lemma A.3.2 (Extension of Smooth Sections). Let p: E — X be a smooth vector bundle
and i : A — X a smooth closed embedding of a manifold A in X. Every smooth section
s € I'(Ey), admits a smooth extension 5§ € I'(E).

Proof. Since A is diffeomorphic to the submanifold i(A) C X, we can suppose, without
loss of generality, that A C X. We do the extension in two steps:

1. We extend the section locally, which amounts to extend it on the trivial bundle;

2. We glue these local extensions using a smooth partition of unity.

Step 1. At each point a € A, choose some (smooth) local trivialization (U, ) of E. We
assume further that U is the domain of a slice chart (U, ¢) around A where ¢ : U — R"
and ¢|yna: UN A — R x {0} is a homeomorphism. In order to do this, one can start
with both a trivialization (V) and a slice chart (W, ¢') around a and define U := VNW,

¥ =1'|y and ¢ = @[y,
The smooth map 40|y : ANU — (UN A) x R" is of the form
Ylaosly(a) = (a, fu(a))
where fiy : UN A — R" is a smooth map. Using the slice chart, we can write
fir=frop R {0} - R”

Now, we wish to extend this map in a smooth way over all R¥. We define f{J :R¥ - R" as

fu(x) = fyopr'(z)
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where
pr'(xy, ..., 2) = (x1,...,2,,0,...,0).
Since f’U is a composition of two smooth map, it is smooth. Next, we define va U —R"

by fu := fu o ¢. Observe that fU] 4 = fu. FInallu, we conclude this step by defining the

local section § € I'(Ey) as
Sulz) = 47 (x, fu(x)).

Since any point a € A is in some A, we get a family of local sections {Sy, },ca indexed by
a€A.

Step 2. Since A is closed, the set 4 = {Uq} . 4U{ A} is an open covering of X. Define s 4c :=
0, the null section over X. Consider a (smooth) partition of unity {py }yecy subordinated to
the covering Y. Since a linear combination, with coefficients in C*°(.X), of smooth sections

is a smooth section, we define

5(z) =Y su(z)pu(x) (A.3)

Ueu

Let us verify that this sum is indeed an extension of s. Give some point a € A, we have
a is in the support of py, and some other py, ..., py,, but is not in the support of pae

since supp(pac) C A°. Thus the sum in (A.3) is just

s(a) = su,(a)pa(a) + 3u,, (a)pa, (@) + - - + S0, (a)pu,, (@)

and, using that 5y (b) = s(b) for any b, c € A, it follows that
s(a) = s(a)(pa(a) + pu,, (@) + - - + pu,, (@) = s(a).
which concludes the result. ]

As particular instance of this lemma applied to the vector bundle 7 : A" T*X — X

is the following corollary:

Corollary A.3.3. Leti: A< X be a smooth embedding. Any differential form w € Q(A)
can be extended to a differential form @ € Q(X) through i.

Remark A.3.4. Sometimes we will be using this result with smooth cofibrations. Since any
cofibration is a topological embedding and, whenever X is Hausdorff, it is also a closed
(see Proposition A.2.4), the previous corollary can be restated as: “If i : A — X is a
smooth cofibration, than any differential form w € Q(A) can be extended to w € Q(X)”.

Finally, we give the promised proof of

Proposition (2.2.10). Let p : Y — X be a (n,m)-fibered manifold, w € QP(M) and
n € QUN). The following properties holds
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i) (Homotopy Formula)
/ w:dB/w—/de. (A.4)
op P p

it) (Projection formula)

Jwnrm=[wnn (A.5)

iii) (Functorial) Assume q : Z — 'Y is another fibered manifold without boundary than

Lol

iv) (Stability) Let p' : B — A is another fibered manifold and let (p,p) be a pair of
smooth maps p: A — X andp: B —Y such that pop’ =pop and p is a fiberwise
diffeomorphism, that is P, : By — Yy s a diffeomorphism, then

/p/ prw=p* /pw. (A.7)

Proof. In order to proof these properties, it is enough to use the standard model of a

convenient chart.

i) We prove this result using a convenient chart, which reduces the problem to show
that the homotopy formula hold for integration of a form w € Q,(R™ x H*) with
respect to pry : R™ x H*¥ — R™. We have already remarked in the definition of the
fiber integration that forms which result in non null integral can be written as a sum
of differential forms of the type f(z,y)dz; Ady; A--- A dyg. In order to dw to be of

this form, w has only two possible forms:

o wy = f(z,y)dzy Ndyy A -+ A dyy,

o wy = f(z,y)dxs A dy,, where |J| =k — 1.
in each case one has

o dwy = ﬁ(.7c,y)dacj Ndxr ANdyy A -+ A dyg, where j ¢ I and,

a&ﬁj
o dwy = (—1)'”?(@(1/)(1]:1 Ady; A dy, where |J| =k — 1.

J

There are two cases to consider:

a) Either the we are in a point x € R™ where the support of f does not “touch”
the boundary of the fiber, that is y, < 0,

b) or we are in a point which this happens.
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ii)

In case a) for for wy, one has

_ aof j I_
</pr1 dwl)w = (/Hk axj(x,y)dyl...dyk> da’ N\dx' =
d</ka(x,y)dy1...dyk) dmI:d/prlw

_ of I_q_
(/prlde)x— </Hk ayj(x,y)dyl...dyk) dx —O—d/prle.

where the last equality, fprl wy = 0, is true for dimensional reasons.

and for wy

Now, observe that under the hypothesis that y; < 0 one has

/ w1 = Wy = 0
dpry dpr;

In the case b), we still have [y, w1 =0 (for dimensional reasons), but now

/ W = (/ f(@,y)dys - . . dyk—l) dz’
dpry Rk-1

where f'(x,y) = f(x,y1,...,Yk-1,0). The case of w; is exactly the same, but now

for wy one has

0
</pr1 dwz)r = (/Hk a;j(x,y)dyl...dyk> de! =

/ I _
(/Rk—1 f(@,y)dyr ... dyk:—l) dr’ = /8pr1 wa.

/dw:d/w/aw

As before, we can deal with the problem in any chart. We choose a convenient chart

Thefore in any case we get:

and a form w = f(z)dx!, with dz® is the dual of the canonical basis of R™, which

pullback to the form
pri(w) = f(z)dz’
on R™ x H*. We know that the product form priw A ' will have non null integral
only if it of the form
W' = glx,y)dz! Ndyt A A dy”

</pr1 WI>I B (/Hk g(x,y)dys ... dyk) dz’
(“’ . </ W>) = ([, £t ) . dyy) e’ n e,

in which case

and hence
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Now we calculate [ 7*w A w'. In this case, one has
T*w AW = f(x)g(z,y)dx' ANdx? Ady, ... dys

which entails

</ WA w’) = ([, F@gte ) dye) do’ e

proving the projection form.

iii) We can always find a three charts ¢ : U - Y C R**™* ©:V — R"and £ : W — R

such that

popo& ! =pr,,
and

Yogop  =pr, .,
such that

w ©cqo 05_1 = prnJrk,n — prn,nfl - prn+k,n7l
where pr,, , : R* — R? is the projection on the first b coordinates. Next, we can carry

the integration of f : R"** — R with respect to Pl ki

/RMCf(xl,...,xn,ul,...,ul,vl,...,vk)dvl...dvkdul...dul =

/Rl ( ka(xl,...,xn,vl,...,vk)dvl...dvk) duy . .. duy

where we use Fubinni’s theorem, an the two integral are fiber integral relative to

DTy i and PTyiken

iv) This follows direct from the definition since

[o=f, w=p [ o
q B, Xz

A.3.3 Forms and Chains

We employ the notation of Chapter B. Given a smooth n-chain ¢ € SJ™(X; G) of
the form ¢ =3Y",, ., 9,0, where 0 : A" — X is a smooth simplex and a form Q"(X) we

define the integration

/w: Z gp/ wy € G*

ptq=n
for nitty-gitty detail, the reader can consult for example (ABRAHAM; MARSDEN; RATIU,
1988, Supplement 8.A). In the relative setting the situation is completely analogous, given
c € S (p;G) with ¢ =3, =, gp(0¢, T4—1) and a relative form Q"(p) we define

/Cp(wﬁ) =gy /Uq Wy + Gp /Tq_l 0,1 €G* (A.8)
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Recall that the map [ : Q*(X) — Z23, given by

m

/X(w):cH/cw

induces the de Rham isomorphism in cohomology!. The same is true in the relative setting

Proposition A.3.5 (relative de Rham Theorem). The map [*: Q(p) — S2,, defined in

in(A.8) induces isomorphism in cohomology.

Proof. Consider the following commutative diagram of morphism of cochains

0 —— Q1A — 5 Q% (p) —— Q*(X) —— 0

Iz 7 15

0 —— 851 (A) — S2(p) —" S5 (X) —— 0
In cohomology, it induces following commutative diagram

° (idx,24)" . * °
- —— Hig (A) 2 HdR(p) =5 HdR(X) L HdR(A> —

lm J lrx * JTA

s HOHA) s He(p) S H () T HY(A) —— -
where the vertical arrows ry and r4 are the de Ram isomorphisms induced by [* and
[“. Applying the five lemma (Proposition A.4.1), we conclude that r, induced by [ is a

isomorphism too. ]

In the case with G' = Z concentrated in degree 0 we shall need the following two

results

Proposition A.3.6. A relative integral form (w, ) is closed.

Proof. This question can be addressed locally which implies there is no loss of generality
verifying this assertion a relative form (w,6) € Q(p) where p : R® — R™. Suppose
by contradiction that (w, ) is not closed. Then there exists a point p € R™ such that
(dw, p*w — dB) # (0,0). Suppose, that dw # 0 in p and without loss of generality suppose
wp > 0. In this case, let D(r) be a disk of radius r centered aronud p such that dw|p¢y > 0.
Define the function f : Ry — R, given by f(r) = [p, dw. This function is continuous
and is such that f(0) =0 and f(r) > 0 for » > 0. By assumption
0< f(r) = / weZ
aD(r)

which contradicts the continuity of f thus giving us the desire contradiction by choosing
the cycle (0D(r),0). Now, suppose dw = 0, but p*w — df # 0 By the same argument, we
can form assume p*w — df #> in some point a € A. The same argument choosing the
cycle (p.D(r),0D(r)). shows that this cannot happen. O
! Remarking that H(SS,) = H(S)
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When dealing with Cheeger-Simons differential characters we will use the following

results

Proposition A.3.7. Let p: A — X be a map and Y as smooth compacted oriented
manifold. For a cycle z, € Z7™(p) and a representative of the fundamental class Y € Z7™(Y)

it holds that
w,Q :/ / w70
Lo 0= [ L)

for (w,0) € Q"™ (pxidy), where prs : X xY =Y and pryf : AXY — Y are projections,
and where X is defined as in the Kunneth formula (B.5).

A proof can be carried through an adaptation of theorem I in section 7.17 in
(GREUB; HALPERIN; VANSTONE, 1972).

Proposition A.3.8. Let p: A — X be a map and Y be a manifold. For cycles z, € ZZ"(p)
and zy € Z5(Y') it holds that

/WY (,0) x o) = /Zp@,e) : / W

Yy

for (w,0) € Q*(p), W' € Q™(Y) and where x is defined as in the Kunneth formula (B.5).

For a proof the reader can adapt equation (GREUB; HALPERIN; VANSTONE,
1972, Equation (7.3), Section 7.12). Also, look at David E Speyer answer in <https:
//math.stackexchange.com/questions/29797/direct-proof-that-the-wedge-product-prese

rves-integral-cohomology-classes>.

A.4 Homological Algebra

A.4.1 The basic lemmas

Proposition A.4.1 (Five Lemma). Consider the following commutative diagrams of

R-modules:

(a)

If
e the two rows are exact;
e (3 and § are monomophisms;

e and « is an isomorphism,


https://math.stackexchange.com/questions/29797/direct-proof-that-the-wedge-product-preserves-integral-cohomology-classes
https://math.stackexchange.com/questions/29797/direct-proof-that-the-wedge-product-preserves-integral-cohomology-classes
https://math.stackexchange.com/questions/29797/direct-proof-that-the-wedge-product-preserves-integral-cohomology-classes
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then vy is an monomorphism.

(b)

if
e the two rows are exact;
e (B and d are epimorphisms;

e and € is an isomorphism,
then ~v is an eptmorphism.

(c)

if
e the two rows are exact;

e «, (3,0 and € are isomorphisms;

then ~v is an isomorphism.

Since the result is so standard we refer to any basic book dealing with homological

algebra.

Proposition A.4.2 (Braid). Consider the following commutative diagram of R-modules:

D

/

E F G CxH
AN N
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9 AL pF_ ",y K _° . H_".D

are exact and the composition

I—=sF 3B
s the null homomorphism, then the sequence

B

v
Q
>
v
=

ISy Fp—"5B

18 exact.

This result, in the exact same form, can be found in (MUNKRES, 2000), but since

it is often invoked but not proved, we give a proof for the sake of completeness.
Proof. Fisrt we verify that the images are subsetes of the kernels

(Im(7) € Ker(n)) By hypothesis nom = 0;
(Im(n) € Ker(p)) By the commutative diagram S on = (noc)op=0;

(Im(pB) € Ker(A)) By the commutative diagram Ao 5= ¢o (706) = 0.
Now we verify that Im C Ker

(Ker(n) € Im(w)) Given f € Ker(n), we have o o p(f) = 6 on(f) =0, and thus we have
p(f) € ker(o). This means there exists a ¢ € I such that /(i) = p(f). Since " = po,
it follows that

p(r(i)) = p(f) = p(f —7(i)) = 0.
This implies that there exists a € A such that €(a) = f — 7(i). Composing with 7 to
left, we get

afa) =noe(a) =n(f) —nom(i)=0
which means there is e € E such that d(e) = a. Applying € to the left we get
cod(e) =¢€(a) = f —m(a). Since eod = mor we get mor(e) = f — m(a) which

implies in turn that 7(~(e) — a) = f which shows the desired result.

(Ker(B) C Im(n)) Given b € Ker(3), we have r o 0(b) = B(b) = 0. So, there exists j € J
such that o(j) = 0(b). Composing with 7 we get

w(j)=7o00(j)=700(b) =0,

which implies that there exists f € F' such that p(f) = j. Applying o to the left, we
get

Oon(f)=oop(f)=0c(j)=0(b),
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which entails 6(n(f) — b) = 0. This means that there exists a € A such that
ala) = n(f) —b. Since a(a) = noe(a) we get noe(a) = n(f) — b and finally get
n(e(a) = f) =b.

Ker(A) C Im(f) Given ¢ € Ker A, we have (c¢) = o A(c) = 0. This means that there
exists g € G such that x(g) = ¢. Composing with A\ and using that Ao x = ¢ o7,
we conclude ¢ o 7(g) = 0. Hence, there exists j € J such that w(j) = 7(g). Since
w=rT1o0 weget 7(0(j) — g) = 0. This means that, there exists a b € B such that
0(b) = o(j) — g. Applying ~ to the left, we conclude that

B(b) = rob(b) = roa(j)—rlg) =rlg) =c

which is the desired result.

A.4.2 Chain Complexex

Let us fix a ring commutative R (not necessarily with unity), a R-module M is
called Z-graded (we omit the Z from the graded from this point on) if there exists a direct
product decomposition M = [],cz M,,. A graded Z-module will simply be called graded

group.
Remark A.4.3. A graded structure is usually defined as a direct sum rather than a direct

product, but this would lead to some problems in our case. That is why we choose to

define it as a direct product.

A non null? element of M,, is said to be a homogeneous element of degree n. We

denote the degree of a homogeneous element ¢ by |c|.

A morphism of graded modules of degree p is a module homomorphism ¢ : C' — D
such that ¢ : C}, = D,,,. Whenever we say morphism of graded modules we are tacitly

assuming 0 degree, unless stated otherwise.

Given two graded modules C, D we can define their graded tensor product in a
graded way as
CeoD:= ][] (C,®D,)

p+q=k€Z
A graded R-module can have a structure of a R-algebra compatible with its grading, that
is, a multiplication - : C ® g C' — C such that |c-d| =n+m if |c| =n e |d| = m. A graded
Z-algebra will be called a graded ring and we will always suppose that it has a identity

unless state otherwise.

2 We opted to not give 0 a degree.
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It is also possible that the ring R itself is a graded ring, ins this case C' is a graded
R-module if the scalar multiplication is graded, that is, given ¢ € C' e r € R with |¢| =n

and |r| = m, one has [c-r| =n+m.

Generally, the graded rings and graded algebras which appear in this text are
not commutative, but rather anticommutative in the graded sense, which we will call
commutative graded rings and algebras (implicitly understood the anticommutativity). A

graded ring is (anti-)comutative if
c-d= (_1)|6||d|d .c

for ¢,d € C'. A morphism between commutative graded algebras is a morphism of graded

modules ¢ : C' — D of degree zero such that
¢(c-d) = ¢(c)o(d).

A boundary 0 : C' — (' is a morphism of graded modules of degree —1 such that
000 = 0. In a dual manner, a coboundary ¢ : C' — C' is the same as boundary but with

degree 1.

A chain (C,9) is a graded module C together with a boundary 0. In general, we

represent it as

o} 2] 1o} le]
— Cn—i—l On C171—1 —

A cochain (C,0) is a graded module with a coboundary § which will be presented as

o0 som1 0 om0 om0

In order to emphasize the difference between chains and cochains we opted, as usual, to

use the grading index as a subscript for chains and a superscript for cochains.

A differential d : A — A between graded algebras is a coboundary that satisfies
the graded Leibnez rule:
d(a-b) =da-b+ (—1)la-b

A differential graded algebra is a graded algebra endowed with a differential.

A morphism between two chain complexes (C,0p) e (D, dp) is a morphism of graded
algebras faphi : C'— D, which is compatible with boundaries, that is, ¢ o o = dp o ¢.

We can represent a morphism as in the following diagram

oc dc oc

oc
—— Cpi1 C, Cphoy ——

oL

dp Op Op Op
? Dn+1 Dn Dn—l ?

A morphism of cochain is defined in a completely analogous way. In the case of differential

graded algebras, the morphisms are supposed to be morphisms of graded algebras.
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The mapping cone chain complex (Cy,04) of a morphism ¢ : (C,d¢) — (D, 0p) is
the complex (C'@® D, ) where C' @ D has the following gradation

(C@D)n - n—l@Dn

and boundary given by
d(c,d) = (=0cc, ¢(c) + Opd)

We also have the mapping cone complex of cochains (Cy,64) where C, = C' @ D with
gradation
(CeoD)'=C"g D!

and coboundary given by

d(c,d) = (dcc, ¢(c) — dpd)

A differential graded module (M, d) is a cochain over the graded differential algbra
(A, d4) such that

dy(m - a) = dym - a+ (=1)™m - dya

The mapping cone chain complex (C(¢), dy) of a morphism ¢ : A — B between differential
graded algebra does not have the structure of a differential graded algebra, but it is a
differential graded algebra over the differential graded algebra A. More precisely, given
(a,b) € Cp, we define
(a,b)-a == (a-d',b-¢(a))

and one can check this product is compatible with dy.

Give a R-chain (C,0), we define the graded module Z by Kerd with grading
Z, =Ker(d : C,, = C,_1), whose elements are called n-cycles, and the the grade module

B = Im(d) with grading B" = Im(d : C,,11 — C,,) whose elements are called n-boundaries.
We can associate a graded R-module H(C') called the Homology given by

Z
H(C)=—
(©) B
with its natural grading
Z
H,(C)= "
(©) B,

Given a chain morphism ¢ : C' = D, we can define a graded morphism
¢« H(C) — H(D)

thanks to commutativity of the boundaries. This construction is functorial: we have a
functor H : Chgp — GrR — Mod, from the category of R-chain complex to the category of
graded R-modules. The same construction holds for cochains and its associated cohomology
H : CoChyY — GrR — Mod, where CoChp, is the category of cochain complexes, except that

this functor is contravariant.
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A.4.3 Some useful results of homological algebra

Proposition A.4.4 (Zig-Zag Lemma). Given an exact sequence of chain complexes
0=CcHC 50—

there exists a morphism of graed modules A : H(C") — H(C) of degree one —1, called the

connecting morphism, which makes the following long sequence exact:

S H(O) — 2 Hy () —Y s H(C7)

A >
S 6

H, 1(C) —— H,1(C") BRI H,,(C") ——

Moreover, this construction is functorial in the following sense: given a commutative

diagram of chain complexes

0 c— L0 2o 0
J/f J{f{ J{f//
0 DY, p Y, p 0

where the lines are exact. The following diagram is commutative.

D —— H,(C) =% H,(C") =2 H,(C") 2% H, ,(C) — ---

Js J» | |»

s (D) A2 Hya (D) ——

Proof. The proof can be found in many books on algebra, homological algebra, or algebraic
topology. I particularly favor (ROTMAN, 2009, Theorem 6.10, p. 333) as it is done in
detail. O

The same result holds for cochains by just reversing the arrows.

Example A.4.5. Let i : (C,0¢) — (D, ) a injective morphism of chain complex. Consider
the short exact sequence
D

i q
0 C D 0 0.

Applying the Zig-Zag Lemma, we obtain the long exact sequence of the quotient

s H*(C) " H*(D) —*— H*(D,C) —— H* () — -+

where H(D,C) := H (Iml()c)).
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Ezxample A.4.6. Let ¢ : (C,0¢) — (D, 0p) be a morphism of chain complexes and consider

the following short exact sequence

0 Dy —25 C($)e —2 Ca_y — 0.

where the negative signal at —ip is necessary for the commutaivity to hold. The Zig-Zag

lemma give us the long exact sequence of the mapping cone:

—1iD,x TCO, %

. H.(D) Ho(¢) =< H, (C) =~ Hy (D) — - --

where H(¢) := Ho(C(¢)) Notice that the connecting homomorphism A in this case is
just ¢,. For a proof of this result see (ROTMAN, 2009, Lemma 10.38, p. 650).

Clearly, cohomological analogues of the previous result holds mutatis mutandis.

A.4.4 Method of the Acyclic Models

A distinct set M of objects of a category C will be called models. We say that a
functor F': C — Chg from any category C is free over models M if

FO) = @ @ R-F(Hm)
MeM fEhM,c
meMco
where M C F(M) and hy e € Hom(M, C'). Put in another way, for each object of C' in
C, the set the R-module F/(C') is free with basis in the image of some maps from the the

modules F'(M) to the module F/(C).

We say that a functor G : C — Ch is acyclic on model C if G(M) is an acylcic chain
for each M € M., that is, the chain is exact (or equivalently, its cohomology is null).

Theorem A.4.7 (Acyclic Models Theorem). Let C with models C. Let F,G : C — Chg
with F' free over C and G acyclic and a natural transformation ¢ : (H o F')g — (H o G)j.
Then, there exists a natural transformation ¢ : F — G such that .o = ¢.

Moreover, any two such natural transformations b and i)' there is a natural chain
homotopy in the following sense: there exists natural transformations D : C — C|—1] such
that

e — Yo = Ded — 0D¢.

There are many proves of this result: some classical ones can be find for example
(DIECK, 2008), (SPANIER, 1966, Theorem 8, p.165), or (CLEMENTE, 2018) for a detailed
account in Portuguese. Yet, I would like to recommend the proof in video by Roman Sauer

(2021), who gives a very lively account using module categories.
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A.4.5 Algebraic Kunneth Sequence

Let Tor® be the Tor functor as described in virtually any book on homological
algebra. We will not need any of this properties, except the fact that its elements for a
domain R, Tor®(A, B) = 0 for any n > 1 (see (ROTMAN, 2009, Theorem 7.15, p. 414).

Lets recall a version of the algebraic kunneth formula

Proposition A.4.8 (Algebraic Kunneth Formula). Let R be a principal ideal domain.
Suppose C' is a chain complex consisting of free R-modules. Then there exists an exact

sequence
0 —— H(C)® H(D) LN H(C® D) —— Tor®(H(X),H(D)) —— 0
where the map & s just

Yol @r[B]= Y (2 ®r b

i+j=n i+j=n

If also D is a free complex, then the sequence splits.

A detailed proof of this result as stated here can be found in (DIECK, 2008).
Further generalizations can be found in (ROTMAN;, 2009, Section 10.10, p. 678).
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APPENDIX B - Differential Refinement of
Singular Cohomology

B.1 Introduction

In this appendix, we present singular cohomology with coefficients in a graded
abelian group as a model for ordinary relative cohomology over maps. we will also present
the Cheeger-Simons differential characters as a model for a differential refinement of

ordinary differential cohomology with integer coefficients.

This chapter has three purposes:

o to illustrate a non trivial yet simple model of differential cohomology as introduced

in Section 3.3,
« to serve as motivation and preliminaries for 6.2, and

« some parts will be used in Hopkins-Singer model in Section D.4.2 of Appendix D.

B.2 Singular cohomology with Coefficients in a abelian graded

group

In this section we briefly review the singular model of ordinary cohomology theory

with coefficients in a graded abelian group.

B.2.1 Review of singular chain and cochains

We denote by
A" :={(to,...,t,) CRY [to+ ... +t, =1}

the n-standard simplex which is to be regarded as subspace of R"*! with the subspace
topology. Each n-simplex can be regarded as n-manifold with smooth corners (see section
A.3). Let X be a n-manifold. A singular n-simplez on X is a a continuous map o : A" — X,
that is, 0 € Homrep (A, X). In addition, if 0 € Homyan (A, X), we call it a smooth singular

n-simplexr accordingly.

The face maps 67" : A"' — A" i =0,...,n are defined in the following way

n—1 _ . .
0; (to, o ,tn,l) = (to, e ,tz,l,\O/, ti, ... ,tn,l),

1
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where a zero is inserted in the i-th coordinate of the n + 1-tuple.
Proposition B.2.1. The face maps satisfies the following relations

o8l = o 0 01] (B.1)

J=1

provided © < j.

Proof. By one side, we have

5? o (5?71(&], Ce 7tn71) :5;L(t07 e ,ti,h\of/, ti; .. 7tn71>

:(to, e ti—la\q_/y tia o tj_g,\o/, tj—l o ,tn_l),
i J
and by the other

(5? o} 6?:11(t0, e 7tn—1) :5?(t0, e ,tj_g,\q/, tj—l’ e 7tn—1)
j—1

:(to, ce ti_l,\q/, ti, ... tj_g,\o,/, tj—l ce 7tn_1).

]

Definition B.2.2 (Singular Chain Complex). The singular chain complex (S(X; G),0)
associated to a topological space X with coefficients in a Z-graded abelian group G =
@D,z G™ is defined as
SHX;G) = @ G™®zZHomre, (A", X), (B.2)
n+m==k
where Z Homra,(A”, X)) is the free abelian group generated over the n-singular simplex.
The boundary 9 : S*(X; G) — S*1(X; K) is the degree —1 homomorphism

n

ak(gman) = 9m Z(_Dian © 5?_17

i=0

where g,,0, is a shorthand for g,, ® o,,, and extended to all S*(X;G) by linearity. The
smooth singular chain complez S (X; G), associated to smooth manifold with corners X,
is defined in the same way just replacing in (B.2) the singular simpleces Homy,, by the

smooth singular simpleces Homy,,.

Let’s verify that 9 o @ = 0. By one side one has

n—1 n
9 0 0 (gmn) =g 3 (—1) (Z<—1>J’a 0 5;—1> 0 52
=0 7=0
n—1 n
=g 3 Y (—1) o o g
i=0 j=0

n—1 n—1
=g ( Z (-1)"*oo 5}1_1 001 % 4 Z(—l)’]+j(7 0f" 1o (5;]2) , (B.3)

i,j=0 i=0
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where we split the sum. Observe that

n—1 n—1 n—1
Yo (=)Mo di o P = Y (<1)Tood T od P+ Y (=1)Toodi o g
4j=0 i,j=0 i,j=0
i<y 1>]
(B.1) n—1 o n—1 o
=" > (—)Hood ed T+ > (—1) Moo o
i,j=0 i,j=0
i<y (=

At last, one gets

n—1 n—1 n—1 n—1
> > (1) Hoos ol + (—1)ig 0 d" Lo g2 =
j=itl =0 i=j 30
n—-2 n-1 n—1 n—1
< 1)z+k 10'05? 1052 2+ Z Z( 1>k+10_061n 10 272
k=i 1=0 k=i =0

where we exchanged indices k = j — 1 in the first sum and renamed the indices in the
second sum in order to get a clear picture of the canceling terms. Every term of the first
sum of the second line cancels with the second sum, lefting only the terms k =n — 1 of

the second sum, from which we get

n—1 n—1
Z (_1)i+jo_o (S/J(L—l o 5/@@—2 — Z(_1>7L+i 1 oo 6!L 1 o 57ILL %
1,j=0 1=0

With respect to the last term of (B.3), note that

nl

n—1 —
; Y o (B.1
§ : (_1>1L+10_ o (5]/11 1 o (31(1 2 : z : r1+z(f o (>Vl 1 o Orl

It follows that

n—1 n—1
ak—l o 8k(9m0n) =G Z( 1)7+jo_ o 677 1 o 671 2 + Z ( 1)71+IO_ o ()Il 1 o (S” 2
=0 i=0
— n—1
=G Z 7L+’L 10_ o 571 1 o (Sn %‘i‘ Z n 10_ o ()n 1 o (5'/11 12
i=0 0
=¢,,0 =10

Given some map f : X — Y, we define a pushfoward morphism fx : S(X) — S(Y)
by putting fux(c) = f o o for each singular simplex and extended by linearity. In other
words, the the singular chains defines a functor S : Top — Ch where Ch is the category of

chain complexes and their morphisms given by

S(X L y,6)=s(x:6) % sy ¢)
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The boundaries of S(-; G) will be denote by B(-; G) := Im(9) and the cycles by Z(+;G) :=
ker(0). We denote by H(-,G) = Z((GC;) the singular homology functor , and use the notation
f« = H(f4; G) for the morphisms. If G = Z concentrated at degree 0 we write H for

H(;7Z).

We quote, without proof, the classical result of homotopy invariance of this functor

Theorem B.2.3. If f : X — Y and g : X — Y are homotopic, then f, = g..

Observe that, although we are working with an ordinary cohomology with coeffi-
cients in a graded abelian group G, the usual proof works in the same way (see (HATCHER,
2002) for the usual proof).

Definition B.2.4 (Singular Cochain Complex). The singular cochain complex associated
to a topological space X (S*(X;G),0) is defined as
SM(X;G) = @ Homyz(S,(X),GY)
pta=n
with the coboundary morphism ¢ : S*(X;G) — S**(X;G) given by ds = s 0 d. The
smooth singular chain complez associated to a smooth manifold with corners (52, (X),d)
is obtained by replacing S,(X) by Sy™(X) in (B.2.4).

If f: X =Y is a (smooth) continuous map, we define f# : S*(Y) — S*(X) (f# :
S (V) — S2.(X)) as f#(s) = so fg. We denote by Z*(-,G) = kerd and B*(-,G) = Im 4
the cocyles and the coboundaries of S*(-, G) respectively. We also denote by H*(; G) = g—:
the singular cohomology functor. This functor also respects the homotopy invariance in

the sense that, if f is homotopic to g, then f* = g*.

B.2.2 Relative singular chains chains

There are two flavours of relative singular chain/cochains:

R1) Given a topological pair (X, A), we define the relative chain complexe of X with
respect to A with coefficients in G, denoted by S(X, A; G), as the the cokernel of
the homomorphism induce by inlcusion 74 : A — X, that is,

S(X;G)
ix(S(A;G))

with the boundary homomorphism the same as S(X; G).

Spar(X, A; G) = coker (iy) == (B.4)

R2) Given a continuous map p : A — X, we define the relative chain complex of p denote
by S(p; G), as the mapping cone complex of the morphism py : S(A; G) — S(X; G),
more precisely

Se(p; G) = Se(X) © Su1(4)
where 0(s,t) = (0s + ppt, —0t)
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both sections give rise to a long exact sequences in homology through the use of the

Zig-Zag Lemma (Proposition A.4.4) applied to each long exact sequence

1. The quotient sequence (Example A.4.5)
0 —— S(A) —5 S(X) — Spur(X, 4) —— 0

2. The mapping cone sequence (Example A.4.6)

pry

0 —— S(A) —25 S(p) 5 S(X) —— 0

The homology theory which we emerges from the quotient sequence is the usual one on

maps of pairs. Here we are interested in the second construction.

We define the homology H,(p; G) as the homology of the complex S(p). The long

exact sequence associated
s Ho(A;G) 2 Ho (X G) Y25 (50 G) S He (A G) — -

arises from the zig-zag lemma (Proposition A.4.4) to the long exact sequence of the cone.
Moreover, applying the five lemma (Proposition A.4.1) to the long exact sequences, we can
verify that the theory is a homotopy invariant. So, in order to conclude that (He(p; G), 0)
is a homology theory, it is enough to prove excision. We could prove this directly, through
an argument of barycentric subdivision, but we have opted to prove that there exists a

natural isomorphism

H(p) = H(Spar(Cp, )
Assuming that we know that the relative homology on pairs satisfies excision, this will
show that the same holds in the relative homology on maps.
First, observe that

Proposition B.2.5. The cone C(A™™') can be canonically identified with the standard

simplex A™ through the following pointed homeomorphism
h (C(An)u *) _>(An+1’ 60)
[t, (S0, -y 8n)] —=(t, (1 —1t)sg, ..., (1 —1)s,)

Proof. This pointed map is well defined as [1,s] = [1,s]. It is also continuous since,

denoting by ¢, : I x A™ — C(A™) the quotient application and h = ho q, where

hilx A" =A™
(t,(S0y.--y8n)) —(t, (L —1t)sg,..., (1 —t)s,)
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is continuous, the universal property of the quotient topology ensures the continuity of A.

Also, notice that the A is injective with inverse given by
Rt AT S C(A™)

(tg, . ,tn+1) — l:to, (

51 tn+l>
T—ty " 1—ty

Since the cone C(A") is compact and Hausdorff and A is continuous and bijective, from

which follows n is an homeomorphism. ]

Definition B.2.6 (Cone operator). Given a singular simplex on A ¢ € Homyep(A”, A),
let C'(0) € Homrep(C'(A™1), C(A)) be the map given by

ty lny1 >

Ot o) = [t (1
(o) (to +1) 0,0 1—1, -1,

Given some singular chain a = Y, 1, gm0m in Sk(A; G), we define the cone operator

C*: S1(A, a;G) = Sp1(C(A), % G) as

Cha) = Y gnC™(0n).

n+m=k

Proposition B.2.7. The homomorphism

wp: S(p) —S(Cp, %)
(,a) = (ix) gz + (ica))C(a)

s a natural chain quasi-isomorphism.

The map which establishes the isomorphism can be better appreciated in Figure 11

The proof of this result can be found in (SHAHBAZI, 2004, Theorem 2.5.1, p.17).

Figure 11 — Example of the map ¢ in the particular example of the mapping cyclinder of
a inclusion.

Source: Figura 3.6.4 of (CLEMENTE, 2018) (with adaptation for notation)
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B.2.3 Eilenberg-Zilber Morphism, Eilenberg-Maclane and Alexander Whitney
Maps
Fix a ring R. Adapting definitions from Dieck (2008)

Definition B.2.8. A pair of Einleberg-Zilber maps is any pair of natural chain morphisms
PXY S(X;R)@pS(Y;R) — S(XXY; R)and Q%Y : S(XxY;G) — S(X; R)®@rS(Y; R)
which are a homotopy equivalences between the chain complexes S(X; R) ® S(Y; R) and
S(X xY;R).

Proof (Sketch). We apply the acyclic models theorem A.4.7 thoerem for S(;Z).

Considering models (AP, A7) one can verify that both S(-) ® S(-) and S(- x -) are
free and acyclic on models.

Consider the morphisms ¢ : (S(X)®S(X))o — So(X xY; G) given by ¢* (z®
y) = (z,y) and XY : S(X xY) — S(X)® S(Y) given by XY (z,y) = 2 ®y. The acyclic
models asserts the existence of natural chain maps P*Y : S(X)®@ S(Y) — S(X xY) and
QYY : S(X xY) — S(X)®S(Y), unique up to algebraic homotopy, with P, = ¢*
and Q" = XY,

Moreover, since Py o @y (reciprocally () o Fy) is the identity, the acyclic models

implies that P o @ (Q o P) is homotopic to the identity which proves that P and @ are a
pair of Eilenberg-Zilber maps.

To finish the proof, we “tensorize” with R. O

One can show that a pair of Eilenberg-Zilber maps are associative and commutative
up to homotopy. Nevertheless, there exists a special pair of Eilenberg-Zilber maps which

are associative and commutative at chain level.

Th Alexander-Whitney A and Eilenberg-Maclane E (also called Eilenberg-Zilber

or shuffle) maps are a pair of Eilenberg-Zilber maps
AYY LS (X XY R) = (S(X)®@r S(Y;R)).
EXY  (S(X;R)®r S(Y;R))e — So(X X Y R)
such that Ao ¥ = id and E o A is chain homotopic to id. Whereas a generic Eilenberg-Zilber

morphism is only associative and commutative in homology, these maps are associative at

chain level.

We can extend these maps to the relative setting. Observe that, by one side

S(p;R)®@r S(Y;R) = (S(X;R) ® S(A; R)) ®r S(Y; R)
=(S(X;R)®@rS(Y;R)) ® (S(A; R) ®r S(Y; R))
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where the operations are understood in the graded sense. By other side, note that
S(pxidy;R)=S(X xY:R)® S(AXY;R)
Considering the pair of maps
S(X xY:R)@® S(A x Y3 R) % S(X:R) ®p S(Y; R) @ (S(A; R)) © S(Y; R))

where APY = AXY @ A2 and EPY = EXY @ EXY. we obtain a chain homotopy
between S(p) ® S(Y) and S(p x idy). Supposing R is a principal ideal domain, we apply
the algebraic Kunneth formula (Proposition A.4.8) and get the following split short exact

sequence

0 —— H(p;R)® HYY;R) —— H(p x idy; R) —— Tor™(H(p; R),H(Y; R)) —— 0
(B.5)
where o X § = E(a ® ()

B.2.4 Topological S! Integration

Fix a ring R. The topological S! integration in H(; R) can be obtained from the
homological slant product / : HP(idy X p; R) x H,(Y) = HP~!(p; R). In fact, we define

/1 : HP(idg1 xp; R) — H" ' (p; R)
S
a—al
where + € H'(S'; R) & R is a generator. The slant product /3 at chain level can be

written as
idsp,q ()®8 EZ . o
/:Sp—g(p; R) ———— Sp—(p; R) @ Sy(Y; R) == S,(p x idy; R) = R
in other words, (a/83)(c) = a(c x (3)). More generally, we can define a S! integration at

chain level

/Sl L 5%(p x idg1) = S*(p)

c—c/d

where we choose d : A' — S* as d(tg, t;) = €™ which is a generator of H'(S'; R).

Finishing these observations about singular cohomology, it would be instructive to
present the chain level product S(p) x S(n) — S(p A n), but we will not use it anywhere.
In fact, we will just use both the version S(p) x S(Y') — S(p x idy ), which will be used
in the next section, and the version S(X,A) x S(Y,B) - S(X xY,Ax Y UX x B) for
excisive pairs (X x Y, AxY), (X xY, X x B), used in D. Since these products are classical,
we refer the reader to the usual references such as (HATCHER, 2002).
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B.2.5 The Chern Character

The Chern-Dold character in ordinary cohomology with coefficients GG is obtained

by tensorization with R.

:H(p,G) — H(p,G @ R)

a— a®yz 1p

B.3 Ordinary Differential Cohomology

In this section, we introduce ordinary differential cohomology with coefficients in Z
through the Cheeger-Simmons differential characters. The main reference for this section
is the book by Bar and Becker (2014).

Given a sngular chain (o, 7) € S,(p) and a relative form (w, ) € Q*(p) we define’

/(mT)(w,@) ::/UUJ—I—/TG

Definition B.3.1 (Differential Characters). A relative differential character of degree

n over a smooth map p : A — X is a pair (x, (w,6)) where x : Z5™,(p) — £ is a
homomorphism and (w, ) € Q"(p) is a relative form such that
X@wﬁn:% (@,6) mod Z. (B.6)

Remark B.3.2. Consider a differential character (x, (w,)) of degree n:

e The relative form (w, ) has integer periods, since, for a cycle z € Z5(p), one has
0= x(02) = /(w,@) mod Z
which implies [, (w, ) € Z. By Proposition A.3.6, the form (w, 0) is also closed.

o According to Bér and Becker (2014, p. 116), the relative form (w, @) is uniquely
determined by the character, that is, if (x, (w,#)) and (x, (w',0")) are two differential

characters, than (w, ) = («',0'). Because of this we will generally write x instead of

O (@, 0)).

We denote by H (p) the abelian group of differential characters over p: A — X
under pointwise addition. In fact, H : Man2°P — GrAb is a contravariant functor acting on

morphisms (f,g) : p — n as

(f.9)":=H(f,q): H(n) — H(p)
(X (W, 0)) = (xo (f,9)% (f,9) (w,0)).

See section A.3.3 for more information.

1
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Given (x, (w,0)) € H(p), we define its curvature R(x) by R(x) := (w,0). The
curvature R : H(p) — Qq(p) is a group homomorphism.

Since the abelian group Z:™,(p) is free (it is the direct sum of two free groups)
we can extend a morphism x : Z5(p) = & to a homomorphism Y : Z,_1(p) — R. Lets
define the homomorphism I(x) : S8™(p) — R

10(0) = [ 60 = x(90)

one can verify that:

« I(X) assumes values in Z, which give us a cochain I(Y) € C(p)
 This cochain is actually a cocyle, that is, d1(x) = I(x) o0 = 0.

e The cohomology class [I(Y)] € H(p) is the same for every lift Y of x. We denote this
cohomology class by /(x).

o~

e One can verify that that / : H(p) — H(p) is group homomorphism.

Given some relative form (w, ) € Q*~!(p) we associate the differential character
(a(w,0),d(w,)) where
a(w,0)(z) = /(w,@) mod Z

z

Observe that, if (W', 0') = (w,0") + d(p, v) then a(w,d) = a(w’,0"). Thus we get a homo-

morphism a : % — f{\(p)

Proposition B.3.3. The data (fl\, R, 1,a) is a differential refinement of (H,0).

Proof. We start by verifying axiom A1l (3.8). Clearly,
Roa(w,0) =d(w,0).

For the commutative square, notice that, since /(x) = [c — [, R(x) + X(dc)],. Observe
that, since R is a divisible group?, we can extend Y : Z,_1(p) > Rtoax: S, 1(p) — R.
From this follows that /10 /(x) = [[. R(x)]g, since ¢/i([x(dc)]z) = [0x(c)]r = 0 as a real

chain. Thus we conclude

o I(x) = 1o qar(R(x))-

Now we verify that the following sequence is exact

o—1 a /\. °
H*"Y(p) e H*(p) —— H*(p) —— 0

2 Hence a injective group.
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o (exactness at H*(p)). Given a class [a] € H represented by a cochain level cocycle
a:S(p) — Z. The de Rham isomorphism tell us that there exists a closed differential
form (w, #) such that

/(w, 8) — alc) = da (B.7)
for some real cochain & : Si™,(p) — R. Define x = @z, _,(p) mod Z. It follows that

X is a differential character with /(x) = a.

e (ezactness at H*(p)) It is clear that / o a = 0, since ¢ — [.(w,0) is a real lift of
a(w,n). On the other hand, let /() = 0. In this case [, R(x) — X(0c) = Oh, where
X : Se_1(p) — R is an extension of ¥ and h is some some integer-valued cochain.
Notice that 6(x + h)(c) = [.(w,#) which, implies by the Rham isomorphism, that
(w, 0) is exact. Let (u,v) € 2" 1(p) such that d(u,v) = (w, ). We have

X(=) + (=) = [ ()
which implies x(z) = [,(1,v) mod Z.

o (exactness at Igli((pd))) The forms Q. (p) which lie in the image of ¢/1 are precisely the

differential forms with integral periods. By definition of a, the exactness is clear.

Next, we verify Axiom A2 (3.9). Given (y, (w,6)) € H(p) its covariance is cov(x) = 6,

therefore
a(8)(c) = /e mod Z
On the other hand, (idx, @4)*(x) = x((2,0)) with z € Z,(X). By pulling back,

(025, 0)) = x(9(0, 5)) = /59 mod Z.

B.3.1 Sl-integration
We define the differential S' integration map by
[ x(2) = (=17x(z x 0

where ¢ € Z5™(S') is a cycle representing the fundamental class S*. This is indeed a

Cheeger-Simmons character since

[, x(00) = (=1)x(@( x <))

= (1" [ R
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In particular, this proves the compatibility with R as well. The other conditions can be

verified in similar ways. For example, for the trivialization a we have
/1 a(w,0)(z) = a(w,0)(z x 1)
s

:/2/51(“’@
—a </Sl(“’>9>> (2).

B.3.2 Multiplicative structures

Before presenting the absolute-relative product as described in Section 3.5.1, we
will need some special results. We say that a cycle t € Z,(p) is a torsion cycle if it induces

a torsion class in cohomology, that is, nt = dc for some chain ¢ € Se;1(p) and n € N.

Lemma B.3.4. Given a differential character x and a torsion cocyle t € Zy_1(p) such
that nt = Oc for some ¢ € Se(p) and n € Z, we have

w0 == ([ R0 = T00(@)  modz (B.9)

where I1(x) is a cocyle representing I(x).

Proof. Choose a lift y : S(p) — R lifting and extending x and recall that

1)(e) = | (.6) = X(00) (B.9)

Since z is a torsion cycle, we have nz = dc for some n. As Y is a lift
1_
X(z) = =x(0c) mod Z
n

Using (B.9) we get
x@) == ( [(@.6) = 10(©)  modz

n

In order to see that this expression does not depend on the lift 7(X) observe that, if ()
and T (x)" are two cocyles representing /(x), than there exists a cochain 5 : Se_1(p) = Z
such that

I(x)'(c) = I(x)(e) = B(De)

Notice that

(00 ()~ T00(@)) = = 80e) = B(2) € 2
which in turn implies
1. 1.
LI = T (e) mod Z.
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Consider the following two short exact sequences sequences:

0 —— Zu(p) —2— Su(p) —2= Bu(p) — 0

_ —
Sp

and
0 —— Zo(Y) =2 Sy(Y) =25 Bey(Y) —— 0
~_
Sy
Both these sequence splits since B,_1(p) and B,_1(Y') are free as they are subgroups of
free groups. We denote by s, : S¢(p) = Zo(p) and sx : Se(X) = Zo(X) the split maps as
depicted in the diagrams. Let £ : S(p) @ S(Y) — S(p xidy) and A : S(p xidy) = S(p) ®
S(X) be the Eilenberg-Zilber and the Alexander-Whitney chain morphisms respectively
as defined in section B.2.3. We define, as usual, the map x : Z,(p) ® Z,(Y) = S(p x idy)

as the composition

X (Zo(p) ® Za(Y)) g 5 (S(p) @ S(Y))pig 2 Spralp x icly)

These facts are expressed in the following commutative diagram
1pRiy

(Z(p) © Z(Y)) g — (S(p) @ 5(Y)), 4,

SpRsy

x AT J{E

Sprq(p X idy)
where S(z) = (s, ® sx) o A(z). Observe also that S o x = id.

Lemma B.3.5. Any cycle z € Z™(p x idy) can be written as
z = Z Ty X y; +
ptg=n

where with x, € Z,(p) and y, € Z,(Y) and t € Z,(p x idy) is a torsion cycle.

Proof. Recall the relative Kunneth sequence in homology (B.5):

0 — (H(p) ® H(Y)),.y — Hyrq(p X idy) — Tor(H(p), H(Y))prg — 0.

\_/

¢

p+q

The map X is just the homology version of the chain map x defined at chain level in Section

B.2.3. Since this sequence is splits (not naturally though) we have for z € Z,(p x idy)
z = Z Tp X Yg+1
q+p=n

where t = 2 — >, Tp X Yg. Since 3°, ., T, X Yq is in the image of x, we have ¢ in the

image of ¢. Since Tor(H(p), H(Y))p+q is a torsion group the cycle ¢ is a torsion cycle. [
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Definition B.3.6 (Absolute Relative Product). Let z € H(p x idy) and write it as
z =2 X y+tas in the previous lemma. We define the product x : H?(p) x Hi(Y) —
H(p x idy) as

O x X)(2) = (e x X)) (@ x2’) + (x x X)()

where, for products,
(x> X) (@ xy) = x(x) - /yR(X’)) + L(R(X)) X'(y) mod Z
with the conventions
e x((o,7)) =01if (0,7) ¢ Z,_1(p) and x(0') =0if o' ¢ Z,_1(Y), and

* Jom(B(X)) =0if (0,7) ¢ Z,(p) and [,,(R(x)) = 0if 0’ & Z,(Y),

and, for cycles,

(0 = - [ R60 x RO+ (100 X700 @)

where nt = Oec.

Lets show that y x x’ is indeed a differential character.

Proposition B.3.7. The map (x X X') : Zn_1(p X idy) — % defined above is a differential

character

Proof. If z = 0c with ¢ € S,(p x idy) one has

S(9c) = (s, ® sy)(E(Ic))

= (s, ® sy)(9E(c))

= (8, ® sy)( Z da, @by + (—1)%a, ® 0b,)
p+qg=n

= Z_ sp(0ay) ® sy (by) + (=1)%s,(aq) ® sy (0by)

= Z dag ® sy (by) + sp(aqg) ® O(by)

where we used s,(0a,) = 0a, and analogously to sy (9b,) = 0b,. In other words, we can
write

dc= Y Oa, x x4+ (—1)%y, x Ob, +
p+a=n
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where x and y are cycles.

(xX)(@e) = 3 x(0a,) - [ (ROO)+ (1) [ (R ' (0,

p+g=n vp a

= ¥ [ Rk / () + (1 [ RO+ [ AW

ptqg=n a
ey )} RO+ (-1 [ R x RX)
p+q=n o Xbp— ap—1xbp

= / R(x) x R(X)
p+q napxbp 1tap— 1><bp

= J

The torsion cycle is just a boundary ¢ = dd for some d € S,,(p x idy). Using (B.8) with

n=1

(X )@d) = [ RO x RO+ (100 x T)d) = [ R x RY) mod 2

since /(&) x /(§) is integer-valued. O

Proposition B.3.8. The product defined above is a relative absolute product in the sense
of Definition 3.5.1

The proof of the compatibility with R has already been done in the previous
proposition. The proof of the compatibility with a is easy, in fact, the product was defined
with it in view. Compatibility with / is the main challenge concerning the compatibilities.
The proof of the associativity and naturality are harder and uses explicitly the associativity
at chain level of Einlenberg-Maclane morphisms. The reader is referred to (BaR; BECKER,
2014, Theorem 26, p.147).

B.3.3 Parallel Differential Characters

Definition B.3.9 (Parallel Characters). A parallel differential character over a smooth
pair (X, A) is a pair (x,w) where x : Z3% (X, A) — 7 and a parallel differential form
we Qr (X, A) such that

h x(0c) = /Cw.

In this definition we regard S (X, A) as the quotient Z:

par

" (X)

We denote the set of parallel differential characters by par( ). As in the previous

section, we define the Rpar, /par and apar.

Proposition B.3.10. The data (H’ Rypars Ipars Gpar) give us parallel differential cohomol-

par?

ogy as in Definition 3.3.11.
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The proof of this result can be carried in a completely analogous as in Proposition
B.3.3.

Proposition B.3.11. Let (X, A) be a manifold pair and denote by iy : A — X the

inclusion. The following map
i H (X, A) — Hp(X, A)
(¢ w) = ((x o i), (W, 0)),
is an isomorphism. Here, 1 : S*™(X, A) — S3m(X, A) is defined by

par

z’(g’ 7‘) =0 mod Im((zA)#)

The proof can be found in (BaR; BECKER, 2014, Theorem 17, p. 132).
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APPENDIX C - K-Theory

C.1 Introduction

The goal of this appendix is to introduce the relative differential model of K-theory
with the same aim as the previous appendix. In order to do so we need a relative version of
K-theory on maps. Because of this, we start developing a K-theory on maps and after this
give an account of differential K-theory. Here, we will just scratch the main points omitting
the majority of the proofs, The interested reader may consult the thesis of (NUNEZ, 2021,
Chapter 4), in which this appendix is based, for a full account.

C.2 Relative K-Theory

In this section we briefly review the topological complex K-theory (KU-theory) on
maps. The construction which we are going to carry is similar to the L functor of Atiyah
and Anderson (2018, p.87a) (see also (KAROUBI, 1978, 2.13, p.61), (HUSEMGOLLER,
1994, Chapter 10, Section 4, p.129)).

In this appendix, all vector bundles are assumed to be complex with

compact base.

C.2.1 Relative bundles

Definition C.2.1. Let p : A — X be a continuous map. We say that a triple E =
(E1, Es, 1) is a vector bundle triple over p when

e p1: Ey — X and py : F5 — X are vector bundles, and

o Y : p*E; — p*FEs is a vector bundle isomorphism over A.

An important example of a vector bundle triple, henceforth only called triple, is the
elementary triple which is any vector bundle triple of the form (G, G,~) with v homotopic
to the identity idg.

Definition C.2.2. A morphisms between vector bundles triples (E1, Es, ) and (EY, E), 1))
is a pair of vector bundle morphisms f : £y — E} and g : Ey — E!, over X such that the

following diagram commutes:

* ¥ *
prE —— pEs

lp*f lp*g

pE, —— p*ES,
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A morphism (f,g) : (E1, Es,v) — (EY, E5, 1) is an isomorphism if both f and ¢ are

isomorphisms of vector bundles.

We denote by Vec(p) the set of equivalence classes of triples over p under the

relation given by isomorphisms and denote a generic element of it by (E, E’ ).

Definition C.2.3 (Pullback Triple). Let (f,g) : n — p be a morphism between two
continuous maps and let (Eq, Fs, 1) be a triple over p : A — X. The pullback triple
(f,9)"(E1, E2,1) is the vector bundle over triple n : B — Y defined by

(f,9)"(Er, By, ) = (fEy, [*Ea, g™)

The pullback of a triple is compatible with isomorphisms. This tell us that Vec :
Top?°P — Set defines a contravariant functor from Top? to the category Set of sets and

functions.

We further endow Vec(p) with the structure of a commutative semigroup' by
defining
(B, Eg, ) + (F1, Fo, ) = (B1 © P, By © Fo, Y & 9),

which can be verified to be well defined since it is compatible with isomorphisms.

C.2.2 Relative K-theory

We say that two classes of triples of vector bundles (Ey, Es,v) and (Fy, Fy, ¢) are
equivalent under stabilization if there exist two elementary triples (G, G,v) and (H, H, k)
such that

(Ev, Bo, ) + (G, G, y) = (F1, [, ¢') + (H, H, k).

This relation is compatible with pullbacks.

Definition C.2.4 (Relative K Groups). We define the relative K group over p, K(p) as

the quotient of Vec(p) under the stabilization relation.

We denote the class of (Ey, Fy, 1) in K(p) by [E1, Es,1]. One can verify that K (p)
is indeed an abelian group with the class of elementary triples as the identity and the
opposite element —[E1, Ey, 9] of [Ey, Es, 9] as [Ey, E1,1%™1]. One can also show that the

stabilization equivalence is compatible with pullbacks. Moreover, given (f,g) : p — 7,

(f,9)" : K(n) = K(p)

is a homomorphism of groups. Summing up, the K groups define a contravariant functor
K : Top? — GrAb.

1

It is in fact a monoid, since (0, 0,1idg) is a identity element, where 0 represents the 0 dimensional bundle
over X, but we will not use this fact.
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Now, we will define the lower order K groups. We denote by T™ be the n-dimensional

torus, that is, 7" := S* x --- x S! and consider the embeddings
—_——
n

(i; x idx,1; x ida) : idgn—1 Xp <= idpn Xp
where 4; : S"! — S™ is the map
i5(s1,. . 8n) = (S1,.++,8j-1, 1,85, ..., Sn).
We write I; := (i; X idx,; x id4) for short.
Definition C.2.5. The relative K-theory groups in negative degrees are given by
K™"(p) = () Kex(I})
jein

where n € N.

We would like to exhibit a connecting morphism 9 : K~"(A) — K"(p) and
prove that this is indeed a cohomology theory. Rather than do this will show that

K"(p) = K~"(M,, A)

in a natural way, where the K to right is just the usual relative K group of topological K-
theory as presented (ATTYAH; ANDERSON, 2018),(HUSEM6LLER, 1994) or (KAROUBI,
1978). We take for granted that this is a cohomology theory.

The proof of following proposition can be found in detail in (NUnEZ, 2021),

Nevertheless, we sketch a proof.

Proposition C.2.6. Let p : A — X be a continuous map between compact topological
spaces and ty : jaxi(A x {1}) = M, the inclusion of the top of the mapping cylinder M,
of p. There exists a natural isomorphism ¢ : K(p) — K(t1).

Proof. (sketch). The collapse map ¢ : M, — X defined in (A.1) makes the following

diagram commutative:

_r . x

A
ll’o Jx

idx
X

JAXI
25 M,

\\\i\
pODT 4

X

A

Consider the tautological isomorphisms 6 : jax(A x {1}) > Ax {1} > Aand k: A =
Ax{0} = Ax {1} = jaxi(A x {1}). The map

U K(1) = K(p)
(B, Bo, ] = [G5 B, B, 079)]
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is a well-defined isomorphism with inverse given by

O K(p) — K1)
[Fla FQa ¢] = [C*Flac*F% /{*Qb]

O
C.2.3 Multiplicative Structure
We will only consider the relative-absolute topological product in this text
X K7P(p) x KTU(Y) = K P %p x idy)
since we will not use the complete product. Consider the homeomorphism
hoY TP X AXY - TP x AXTIXY (C.1)
(s,s a,y) — (s,a,8",y) (C.2)

where (s,s") € TP with s € T? and s’ € T9. We define the morphism ¢y, : idre+e Xp X

hX’Y hA’Y

Y heeY) as depict in the following

idy — idpe Xp x idpe X idy as the map ¢, = (

diagram
AY

Trrax AxTIxY 25 TP x Ax TP x Y
idyptg pridyl JidTp x pxidrg X idy (C.3)
Tp+‘1><A><T‘1><Y£>TP><X><TP><Y
With this notation, we define the product between E = [F}, Ey, 9] € K7P(p) and F =
[F1, Fy, 0] € K79(Y) as
ExF =y ([E1XF,E;XF,¢oRidp] — [B) X Fy, By X Fy, ¢ Widp,))

where E X F is the external tensor product of bundles p: £ — X and ¢ : F' — Y, which
can be defined as the bundle pry, E®@pry F where pry : X xY — X andpry : X XY =Y

are the projections.

C.2.4 Bott-Periodity and the Extension for positive degrees

Let us consider a generator n — 1 € K (T?) = Z. The Bott-periodicity theorem in
K-theory states that for any compact space X, the following map

B:K " ?(X)— K "(X)
araxn—1]

is isomorphism. Applying this result to €/, and noticing that K(p) = K (M,, A) = K(C,)

we get the following version of the Bott periodicity
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Theorem C.2.7 (Bott-Periodicty Theorem for maps). For any compact space p: A — X,
the following map

B: K™ *(p) — K™"(p)

a—ax[n—1]

is isomorphism.

With aid of this result, we extend K theory for positive degrees, thus finishing its

description.

As a final remark, observe that the coefficient group of topological K-theory is
R:=Z[t,t7'] as graded ring, where t has degree —2. This implies that
Qv =, Q% for n even,

Qedd .— @, P, for n odd

"Ry =

C.2.5 Chern Character

In order to present the Chern-Dold character and the relative differential model, we
need to review the relative Chern-Weil theory. In this section we assume that all bundles

are smooth.

Recall that the Chern form associated to a connection V on a smooth vector bundle

p: E — X is the even form
i
h(V) = —tr(RY )
ch(V) = exp (27T r(RY)

where RY denotes the curvature form associated to V, tr its trace, and exp : Q*(X) —

Q% (X) is the series
"1
expw) =Y —wA--Aw.

‘ —
=0 n n

The Chern form has the following properties

(i) ch(V) € Qg (X);
(ii) ch(V e V') =ch(V)+ch(V');
(ili) ch(V @ V) =ch(V)Ach(V'), where VBV =V ®id+id ®@V;

(iv) ch(f*V) = f*ch(V) for any smooth map f:Y — X.

Its cohomology class does not depend on the connection. Indeed, given two connections

Vo and V; over p: E — X, we can define its standard interpolation

Voi:= (1 —1)Vo+tV, + 0, (C.4)
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which is a connection on p : pry 2 — I x X such that z';’;AVVo,l = Vg and 7;{—6071 = V. We

define the Chern-Simons form

cs(Vo, V1) :/ Ch($071)

pry

which satisfies the following property
ch(V1) — ch(Vy) = d/jcs(Vo, V).

Remark C.2.8. As a matter of fact, there is nothing special with the connection 6071. We

could as well replaced it by any connection V over pry £ — I x X such that
itV = Vg and ¥V = V, (C.5)
obtaining the same result.

Associated to the Chern-Simons form we have the Chern-Simons class CS(V, V'),
which is just
cs(V, V') mod Im,.

The Chern-Simons form and Chern-Simons class have the following properties
L p*es(Vo, Vi) = es(p*™Vo, p*V1)
2. CS(Vy, Vi) =-CS(Vy, Vo)
3. CS(Vo, Vi) +CS(V1,Vy) =CS(Vo, V2)

4. CS(Vo @ Vi, Vo @ Vy) = CS(Vo, Vi) + CS(V, V)

As we noted (Remark C.2.8), we could choose any connection satisfying the

conditions (C.5). In this section, this datum will be of relevance:

Definition C.2.9 (Interpolation Connection). Given two connections V and V' over a
vector bundle £ — X, we say that a connection V on pry E — I x X is interpolation

connection, or path connection, if it satisfies the

The connection Vj; defined in (C.4) will perform a special role ahead. We call it

the standard interpolation connection

Definition C.2.10 (Relative Connection). A relative connection (Vi,Va, V) over a

relative vector bundle E = (FE1, Ey, 1) on p is given by the following data

e A connection V; on F; and a connection Vs in Ejy;

o A interpolating connection V between p*Vy and p*Vy 0 1.
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As with regular connections, we can define

« the pullback, (f,¢)*(V, V', V) := (f*V, f*V, (id; x¢)*V)

e the direct sum,
(Vlv v?va/) D (vlla vl27 %/I) = (Vl ©® Vll? VQ D v/27fvj D %/I)
« and the tensor product of between a relative connection and an absolute connection

(V, Vo, V)@V = (V0 V' V,0 V', Ve V)

We will often write VE = (Vy, Vy, V) for a relative connection on the relative bundle
E = (E1, By, ¢). We remark that any relative bundle can be endowed with a relative
connection. This is true since any bundle can be endowed with a connection and we can

always choose the standard interpolation connection.

We can extend the Chern form to the relative setting, thus obtaining the relative

Chern form.

Definition C.2.11 (Relative Chern). Given some relative connection VE = (V,V,, V)
on a relative bundle on E = (FE, F 1) over map p, we define its relative Chern form,
ch(VE, VT, VF) € Q5 (p), by

ch(V1,V, V) = (ch(Vl) - ch(Vﬁ,/ch(%))
I
This relative form shares the same characteristics as the usual Chern form, namely
(1) ch(VP) € QF (p):
(ii) ch(VE & VF) = ch(VE) + ch(VF);
(iii) ch(VE @ V) = ch(VE) x ch(VF), where V¥ is connection on a bundle p: E — Y
(iv) ch((f,9)*V) = (f,9)*ch(V), for any smooth morphism of maps (f,g) : 7 — p.

Let see for example (i):

d (m(vE) — eh(VF), /I ch(“v’)) _ <d(ch(VE) — ch(VF)), g (ch(VF) = ch(VF)) — d /I ch(“v’)>
= (0,p"(ch(VF) = ch(VF)) = i1ch(V) — igch(V))

(0,0)

where we used (2.3.7), and properties of the absolute Chern form.

Similar to the absolute Chern-form, the de Rham cohomology class associated to

ch(VE) does not depend on the relative connection. The proof is analogous to the absolute
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case. We introduce the relative Chern-Simons form between two relative connection V
and V' -
CS(V, V/) = / Ch(/ﬁé’l, /Vvo,l, 6071))

I
where the (6(1)71, Vo1, Vo.1) is a relative analogue of the standard connection: 6671, ie{l,2}

is the standard interpolation between V; and V. and V is the standard interpolation
between V and V'. In a similar manner we define the Chern-Simons relative class [C'S] as

C'S modulo exact forms, i.e., cs mod Im(d).

Since every relative smooth bundle admits a connection and the de Rham class
of its associated Chern form is independent of the connection, it makes sense to define
the ch(E) = r o [ch(VE)] € H®(p) for a relative bundle E over p. The properties of the
Chern-form tell us that this de Rham relative class is compatible with the isomorphism
and stability, which lead to define a morphism ch : K — H®. We define the (real) chern
character ¢/ : K — HR as

®) =ro|[ ()

which is the Chern-Dold character of K-theory for smooth bundle?.

C.3 Differential K-Theory

We present a relative differential refinement of complex topological K-theory based
on the Freed-Lott-Klonoff model (FREED; LOTT, 2010; KLONOFF, 2008).

C.3.1 Differential Vector Bundles
Definition C.3.1 (Differential Vector Bundle). A differential vector bundle E := (E, VE, (w, 6))

over a smooth function p: A — X is triple where

o E = (F4, Ey, ) is a relative complex vector smooth bundle over p;

« VE= (V1, Vg, V) is a relative connection;
o« (w,m) € Q%(p)

We say that two differential vector bundles over p, E and F, are equivalent, if there

exists a diffeomorphism of complex vector smooth bundle (f,¢g) : E — F such that
(w,n) = (/1) € CS(VE, VT o (f.9))

where VF o (f,g) = (V1o f, Vo f,V opr(g)). We denote the set of equivalence classes
of differential vector bundle by DiffVec(p). We can endow these vector bundle with a

2 (learly, we can obtain the general rational Chern character using Chern-classes and the splitting

principle without resorting to smooth structures. But we will have no use for it here.



C.3. Differential K-Theory 255

additive structure which turns it into a monoid. Given two differential vector bundles
E=(E,V,(w,0)and E = (F, V', («,0)) we put

E+F=(E+FVE+V" (0,0)+W,0))

One can verify that this sum is compatible with the equivalence above. We call a differential
vector bundle of the form ((E, E, id), (V,V, V1)), (0,0) an elementary differential bundle.

Observe that the sum of elementary bundle is elementary.

C.3.2 Differential K-Groups

We define the following stabilization relation over VeecDif f(p): give two relative
vector bundle E and F we say that they are equivalent under satbilization, if there exists

two elementary bundles G, and G, such that

—

E+G,

—

F+G,

[12

This relation is compatible with the sum as well.

Definition C.3.2 (Relative K°-Groups). We define (K°(p), +) as the monoid (VecDif f(p), +)

under the stabilization relation.

We denote by [E, VE, (w, 8)] the class associated to the relative differential bundle

(E,VE (w,0)). It turns out that this is an abelian group. The inverse element being

_[Ev vla VQ, v7 (w7 77)] = [_Ey V27 Vlv va —<OJ, 77)]

where V denotes the path connection parameterized in the reverse way. We define the

following maps
« The curvature R([E, VE (w,0)]) = ch(VE) — d(w, 0)
o The forgetful map /°([E, VE, (w,0)]) = [E]
o The trivialization a°(w, #) = (0,0, —(w, 0))
Next, we define K" with n > 0. as the subgroup K ™ C N; ker(I7), with
RYE,VE (w,0)) = (W, 0) x dt; x ---dt,
where dt € Q'(S'). Given E = [E, VE, (w,n)] € K"(p), we define

e The curvature R~"(E) = [;. R(&@), where [ stands for

Jorsopea:

e The forgetful map /~"(E) = [E]



256 APPENDIX C. K-Theory

o The trivialization a™"(w,n) = (=1)""*a®(dt; x - - - dt,, x (w,0)).

Proposition C.3.3. The relative }?—group together with the natural transformations R, I,

a are a cohomology theory

The proof of this result is quite simple except for the exactness in Axiom A1l (3.8)

Qg
Im(d) *

at

Remark C.3.4. We can express an absolute class K (X) either in this language or as a
class [F, V,w] where F is a vector bundle, V is a connection on F and w € Q°44(X). The

isomorphism between the two models is given by

[Eq, By, @, V1, Vs, (w,0)] = [E1, Vi,w] — [E2, Vs, 0].

C.3.3 Multiplicative Structure

Definition C.3.5 (Relative-Absolute Product). Given a relative differential class & :=
[E,VE, (w,0)] € K?(p) and a absolute class § := [F, V¥, w] € K~9(Y) we define the
product @ x 3 € f(\*p*q(Y) in the following way:
axoB=[ExF VEx V' (w0)x RW)+ R(w,0) x '] e K(idr xpidre x idy)

where E x F was defined in and VE x V¥ is a shorthand for

VERVE VERV, VRV
and we put

ax fB=d¢;,a %0

where ¢, , is the same as defined in (C.3).

Proposition C.3.6. The product defined above is a relative parallel product as defined in
3.5.1 but without unit.

In order to extend the differential K-theory for positive degree we prove that
the Bott Periodicty holds in the differential setting. Recall that the topological Bott
isomorphism (see Theorem C.2.7) B™ : K~""%(p) — K"(p) is given by

B™a)=(n—-1)x«

where kK — 1 € K(S* x S') & Z is a generator. We define the differential Bott map
B~ : K"2(p) — K "(p) is defined as a map

~

B™@a)=(k—-1)xa

where n € K(T?) is such that I(j — 1) = n — 1, R(7j — 1) = dt; x dty and i} (5 — 1) =
i5( — 1) =0, for 4y,iy : T' — T?. Hence kK — 1 € 8 ?(pt) has curvature 1. It turns out

that this homomorphism is also a isomorphism.
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Proposition C.3.7 (Differential Bott Periodicity). The map B™isa isomorphism.

With this, we can finish the description of differential K theory defining K™ for
positive degree using the periodicity.
C.3.4 Parallel model for differential K-theory

In the main corpus of this text (Chapter 6 to be more specific) we will need a

special model for the parallel classes as was done in the de Rham model.

Definition C.3.8 (Parallel relative connections). A parallel relative connection on a

relative bundle (Ey, Fy,) over p is a pair (V1, Vy) where

e V, is a connection over FEj;
e V5 is a connection over Fj;
o Y (p*Ey, p*V1) — (p*Ey, p*Vs) is a geometric isomorphism in the sense that

Py 00 = p'V;.

The parallel Chern form associated to a parallel connection is simply ch(Vy, Vy) =
ch(V1) — ch(V2) € QY

“wr(p) and the parallel Chern-Simons form and the Chern-Simons

class as
cs((V1, V), V', Vy) = /ch(vgl,vgl) and CS = s mod Im(d)
I k) 7
where V{ , is the standard interpolation between V; and V; for i € {1, 2}.

Definition C.3.9 (Parallel Differential Bundles). A parallel differential bundle [E, V¥, w]
is given by the following data

A vector bundle triple E = (Fy, Fy, v);
« A relative parallel connection VE = (V1,Va);

o A parallel form w € Qp,:(p)

Two parallel differential vector bundles will be said isomorphic, if there exist a

morphism of relative bundles (f, g) : E — F over p such that
w—w e OS((Vh V’l)(v% VIZ))
As before we form the stabilization set of these classes.

Definition C.3.10. The special parallel differential group }?pau is stabilization of
DiffVecpa,(p)
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Consider the following map

Proposition C.3.11. Ifp: A — X is a cofibration, the map

i k\par,l(p) — Epar(ﬂ)
[E7 (vh VQ),(,U] = [Ea (vla v27 Wh (UJ, 0)]

s a tsomorphism.
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APPENDIX D - Spectral Cohomology

D.1 Introduction

This appendix is intended to be a review of the Hopkins-Singer of differential
cohomology in the relative setting. This model was developed by Hopkins and Singer

(2005) and provided a refinement to any cohomology theory using spectra.

The relative model of Hopkins Singer which we present here is due to Ruffino (2015)
which is based on the presentation of Upmeier (2014) who also developed the multiplicative

structure. Our presentation follows Ruffino and Barriga (2021).

Before proceeding to the model, we briefly review some notions of spectra.

D.2 Spectrum

We recall some basic facts about (classical sequential) spectrum referring the reader
to either (ADAMS, 1969),(SWITZER, 2002), or (RUDYAK, 1998). Since we are dealing

with the category of spaces®, we can focus on Q-spectrum.

We define the loop space (X, x) of a pointed space (X, z) as the space
Q(X,z) = {z € Hompep (I, X) : 2(0) = 2(1) = x}

where Homzp (1, X) is the space of continuous maps from the interval I to X. We can see
Q2 as functor Q2 : Top, — Top, which is right adjoint to the reduced suspension functor 3.
The adjoint f*: (X,z) — Q(X,2) of a map f: 2(X,z) — (X, z) is the map

fH@)(t) = flt, ]

Definition D.2.1 (Q-spectrum). A Q-spectrum is a sequence of pointed spaces C'W-
complexes (E,,*) and pointed maps ¢, : iEn — FE, 1 such that eﬁ B, > QF,,,is a

homeomorphism.

Remark D.2.2. In the definition of {2 spectrum we required that the maps ¢+ are homeo-
morphisms. In the literature it is common to find the same definition but requiring only

homotopy equivalence. According to (UPMEIER, 2014, p. 32) this can always be arranged.

In order to describe both the multiplication as well as the Chern-Dold character,
we need to use the smash product between spectrum. We will treat this topic as a “black
box”, using only its properties. The construction in the classical sequential way can be
found, for example, in (SWITZER, 2002, Chapter 13).

1

And not in general spectra.
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D.3 Spectral cohomology

We denote by E™(X) = [X, E,] the set of morphisms in HoTop,. The set E™(X)
has a group structure, since it is equivalent to [X, QF, ] and we can define the product
by composition of maps. Moreover, a Ekcmann-Hilton like argument can be used to verify

that is abelian.

Observe that we have a map s : E*(XX) = [2X, E,] = [X,QFE,] = [X,E,_] =
E’”*l(iX ) where the first equivalence is through adjunction and the other via composition
with a homeorphism. Now, we can view E as functor from Top, — GrAb. It is possible
to verify that (E ,s) is a reduced cohomology theory and that every reduced cohomology

theory arrives in this way.

Before proceeding, we observe that we can define a relative cohomology theory on

pairs as we have done in the section as E(p) = E(C,).

Since we can identify the set of classes of homotopies [(M,, A), (C,,*)] with
(C,, %), (Ey, ey)], we will prefer to think of E(p) as the set [(M,, A), (C,,*)]. This will be

our model of relative cohomology over maps.

D.3.1 Chern-Dold character and fundamental cocyles

We follow Upmeier (2014) in this section. The (real) Cher-Dold character? associated
to a spectrum is a multiplicative ring spectrum morphisms ch : E — HEg, where €
is the coefficient group of the cohomology generated by the spectrum. Recall that we
can define the rationalization of a spectrum (under certain circumstances) as the smash
product with the rational Moore spectrum M@Q. The case here is completely analogous:
we define Eg := E A MR. The nice fact in this case is that Eg is equivalent to the
graded Eilenberg-MacLane spectrum Hbg. The (real) Chern-Dold character is the map
composition

ch: E - Ep = Hbp.

We will not prove here that there exists the equivalence EFr — H€p (this proof can be
found in (RUDYAK, 1998) for the rational case and (UPMEIER, 2014) for the our case),
neither we prove that this equivalence is multiplicative. Clearly, this map naturally induces
a multiplicative natural transformation : B* — HE} in cohomology (reduced and

therefore relative) which will also call this map Chern-Dold character

Since the Chern-Dold character give us a map in cohomology ¢/ : E"(E) — I;THR.,
we can find a singular cocyle ¢ € S™(F,, *; €g) (see Appendix B for the notation) which
implements the Chern-Dold character in the sense that ¢, = ch(idg,). We call this

cocycle a fundamental cocyle. In particular, observe that given [f] € E(p), we can write

2 Also knows as the generalized Chern character



D.J. Hopkin-Singer model 261

([f]) = ch([f oidg,]) = ch(f*[idE,]) = f*c/(lidg,]) = f*tn. But we are interest in some

special fundamental cocycles which are compatible with integration

Proposition D.3.1 (Special Fundamental Cocyle). There ezists fundamental cocycles iy,

which satisfies the following property

*
Ly = € L
n ~/Sl nbtn+1

Here [q : S™(SE,, e,) — S (E,,e,) is the S! integration at chain level as
defined in section B.2.4 in the reduced case. The proof of this result can be found in

(UPMEIER, 2014, p. 33-34) or in (HOPKINS; SINGER, 2005, Definition 4.32, p. 378).

D.3.2 Rationally even Cohomology Theories

Some results on differential cohomology such as uniqueness of the refinement require
some hypothesis on the underlying cohomology theory. A very common requirement is

that the underlying cohomology theory is rationally even

Definition D.3.2. We say that a cohomology theory (h, ) is rationally even, if f)é”“ =0

forn € Z.

With respect to this definition, we will only use the following proposition

Proposition D.3.3. Consider a spectrum (E,, €,) and suppose its cohomology is rationally
even. It holds that

HEY(E,,*) =0 (n even)
HEY(Ey X Ep,* x %) =0 (n,m even)

where €q is the ratioanlized coefficient group of E.

A discussion about this result can be found in (UPMEIER, 2014, Lema 8.2, p.115).

D.4 Hopkin-Singer model

Here we briefly review the definition of Hopkins-Singer model in the relative case.
This model was introduced by Hopkins and Singer (2005) and settle the problem of
the existence of a differential cohomology of any cohomology theory represented by a
spectrum. The existence a multiplicative structure was done by Upmeier (2014). The
model developed by this author is the one we are employing but in the relative setting.
In fact, the author gives a relative version of the model which coincides with our parallel
version. The model we present here was first discussed in (RUFFINO, 2014) and latter
developed in (RUFFINO; BARRIGA, 2021).
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D.4.1 Differential functions

We have defined the set E"(p) of a map p: A — X as [(M,, A), (E,,e,)] which
turns out to be a nuisance in the differential case. That is because the space M, is not a
manifold in general. In order to solve this we give a smooth structure to M, in a ad hoc

way.
Given a smooth function p : A — X, we consider the corresponding mapping
cylinder M, and the natural map
Lo M, = X x 1
(z,0), if p = [z]
(pa),t) if p=a,1]

p =

If Y is a manifold, a continuous map f : Y — M, is said to be smooth if and only if

tpof:Y — X xIisasmooth map.

For another smooth map 7 : B — Y, we say that a continuous map f : M, — M,
is smooth if and only if, for any manifold Z and any smooth map § : Z — M,, the

composition f o ¢ is smooth in the sense of the previous paragraph.

With these preliminaries, we can define smooth singular chains S;™(M,; G) and

cochains S3,(M,; G) on M, with coefficienrs in a graded group G as usual.

Fix a graded real vector space V' and let ¢, : M, — X be the collapse map defined
in (A.1). Any form w € QV*(X) naturally induces smooth singular chain in S (M,; V)
through the following map:

Xp: QV(X) = S, (M,; V) (D.1)
w = pxx (W)

where xx : QV* — S2.(-,V) is the de Rham map at chain level.

Let p: A — X be a smooth function, Y a topological space and x,, € S*(Y,V) a

singular cocycle.

Definition D.4.1 (Differential Function). A differential function (f,h,w) : p — (Y, ky)
from p to (Y, k,) is a triple (f, h,w) such that:

e f:M,—Y is a continuous function;
e heSIH(M,; V) is a smooth singular cochain with values in V;

e we€ QyV"(X) is a n differential form with values® in V;

3 We assumed that V is a real graded vector space, hence V@R = V.
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satisfying the following condition:
dh = x,(w) — [ Kn,
with x, defined in (D.1).

Definition D.4.2 (Homotopy between differential functions). A homotopy between two
differential functions ( fo, ho,wo) and (f1, h1,wy) is a differential function (F, H, pri w) :

p xid; — (Y, k,), where pry : X x I — X is the projection, such that:

* Wo = Wi;
o F'is a homotopy between fy and fi;

. H|(Mp><{i},A><{i}) = hz for i = 07 1.

We write (F, H,pr w) : (fo, ho,wo) = (f1,h1,w1) to indicate that the functions
(fo, ho,wo) and (f1, h1,wq) are homotopic though the homotopy (F, H, pr w).

Remark D.4.3. In the previous definition it is possible that A = (. In this case we get a
(absolute) differential function from the manifold X to (Y, ky).

Definition D.4.4. Let X be a manifold. Given:

« a differential function (f, h,w) : X — (Y, K,);
o a marked point * € Y and the constant function k, : X — Y;

e a(n—1)-form € Q" HX,V*);

We define a strong topological trivialization of (f, h,w) induced by 6 as a homotopy
(Fa H7 pr;{ CU) : (f7 h,W) = (k*v XX(W)’ d@)

between (f, h,w) and (ki, xx(0),df), where xx : QV(X) — S2 (X;V) is the de Rham

isomorphism at chain level.
Remark D.4.5. From the definition above, it follows that, if (F, H,pri w) is strongly
trivialization of (f, h,w) induced by 6, than w = d#.

D.4.2 Relative Hopkins-Singer model
Given a smooth function p: A — X between manifolds, we denote by:
o tama) s M(A) — M, the natural map defined by (a,t) — [(a,t)];

e pry: M(A) — A the projection;
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o A x {1} the upper base of M(A) and M,.

For a differential function (f,h,w) : p — (Y, %), we define the pullbacks:
5 (f hw) = ( 0 pr 7 (Blx), ) A = (Y, 1),
Uy (fy hyw) = (f o tar(ay, tarayhs Py p'w) « M(A) = (Y, k).

Now, we fix a spectrum ((E,, e,), €,) and denote its coefficient group by €. We set
¢ := € ® R and fix special fundamental cocycles ¢, € S™(E,, €,; €r) as in (D.3.1)

Definition D.4.6. We denote by E™(p) the set of equivalence classes [(f, h,w, )], where:

o (f,h,w):p— (En,t,) is a differential function such that
L*M(A)(fa h,W) : p*(fa ha w) = (kevLa X(w)’ de)

« Two representatives (fo, ho,w,8) and (fi, h1,w,0) are equivalent if there exists a
homotopy (F, H, pr*w) : (fo, ho,w) =~ (f1, h1,w) that is constant on the upper base
of the cylinder, i.e. such that (F, H,pr*w)|axqiyxr = (Ce,, Xax1(pry 0), pri do).

This definition implies that p*w = df, which, together with the fact that w is closed,
implies that (w,6) € Q% (p; €r).

Given two maps p: A — X and n: B — Y and a morphism (f,g) : n — p, there
is a natural induced map

(f?g># : MW%MP

| {[f(y)] itp=[(y)]
(9(8), 0] ifp=[(b.2)

which induces the pullback

(f:9)" - E(p) = E(n)
[(f? h,w, 0)] = [(f o (f7 g)#? (fv g)*#ha f*wag*e)]

Now, we show how one can endow E’”(p) with an abelian group structure under

the additional hypothesis that E* is rationally even. We, fix the following data:

o A sequence of maps «, : E, x E, — FE, representing the addition in cohomology,
i.e. such that, for any topological space X and continuous functions f,g: X — E,
inducing (f,g) : X — E, x E,, one has [f] + [g] = [as, © (f,g)]. We require that,
calling ¢, : X(F, X E,) — E,+1 X E, 1 the structure maps of the spectrum F,, x E,
(defined via the factorization X(E, X E,) — Y E, X ¥E, — E,1 X E, 1), one has

€n—109 Z3051171 = 0p o ¢n71-
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o We call pry,,pry,, : B, X E, — E, the two projections: their homotopy classes
correspond to two elements of E™(FE, x E,), whose sum is represented by «,, o

(PIy, Pry,,) = O, since (pry ,, Pry,,) = idpnx g From this follows that

DTy o [tn] + Py, [tn] = ch([pry ,]) + ch([pry,]) = ch(pry, +pry,) = chlon] = o7 i),
(D.2)
hence there exists A, 1 € S"1(E, X E,,e, X e,, €g) such that:

prin(bn) + pr;,n(bn) —ay(in) = 5n_1An—1 (D.3)

Since we are assuming that E*® is rationally even, it follows from Proposition D.3.3
that A,_; is unique up to a coboundary for n even. We set A,,_ := — [¢1 ¢)_1An—1
where ¢,,_1 is the structure map of the spectrum E,, x E,, defined above. In this way,

A,_1 is uniquely defined up to a coboundary for every n.
We define the sum in E,(p) as follows:

[<f07 hOaWOa 90)] + [(fl, hl,wl, 91)] =
[(an 0 (fo, f1), ho + hy 4 (fo, f1)" An—1,wo + w1, 0o + 01)].

As above, we denoted by (fo, f1) : X = E, x E, the map induced by fy and f;.

Let us show that we get a differential extension of E*® by constructing the corre-

sponding natural transformations. Define

R: E'(p) — Q0Cr(p), [(f,h,w,0)] — (w,0);
LE*(p) = E°(p), [(f,h,w,0)] = [f];

a: FTCRO) B (0,0 o (ke o 6), dlc, 6)

Im

where the smooth singular cochain? Xp(w,0) € SG,(M,; €g) is defined as follows:

We fix a real number € € (0,1) and we take a smooth non-decreasing function
A1 — I such that A(t) = 0 for t < € and A(1) = 1. We fix the open cover {U, W}
of M, defined by U := A x (5,1] and W := A x [0,5) U, X. For each smooth chain
o: A, = M,, we take the iterated barycentric subdivision, so that the image of each

sub-chain is contained in U or in W; then, for each small chain o', we set

n X1 (pri p'w — d(Apry p*0) if ' C U
Xp(w,0)(0") =17 ‘ (D.4)
X% (w)(pry oo’) if o' C U,

where pry : W — X is the natural projection defined by [a,t] — p(a) and [z] — x. Note
that the morphism is well defined for ¢/ C U N W, since A(t) = 0 for ¢t < e. The cochain

X;‘(w, ) depends on the choice of the function A up to coboundaries.

4

One should confuse this with the other notation £, introduced for a form w € Q€g(X).
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D.4.3 Differential S'-integration

Given a class @ € E"™(p x idg1), we define [o @ € E™(p) as follows. We consider

the canonical split
E™ (p xider) = E™(p) @ E"(p) (D.5)

that, using the representation through the cylinder, can be described as follows: we observe
that My , = M, xS, hence "' (pxidg1) = E™(M,x S', Ax S'), where we denote by
A the upper base Ax {1}. We consider the projection pry : (M, xS, AxSt) — (M,, A) and,
fixing a marked point on S*, the corresponding embedding iy : (M,, A) — (M, xS, AxS').
The term E™"1(p) in (D.5), as a subgroup of E"™!(p x idg), is the image of pr}, and the
term E"(p) is the kernel of 7.

Given @ € E"(p x idg1), we set & := @ — pri(@) and we represent it as @' =
[(f, h,w,B)]. Since ij(a’) = 0 by construction, we have ¢;I(&') = 0. Therefore the function
f:(M,xS'"Ax S — (E,11,€e,11) can be chosen in such a way that f(i;(M,, A)) = e,.
Hence, we have and adjoint f : (M,, A) — (QE, 1, c,,,), where c,,,, is the constant loop.
Composing with the inverse of the adjoint of the structure map, we get [¢1 f :=¢&, 0 I
(My, A) = (B, ), hence we set fs1[(f, hw,0)] = [(Jss s b s (1, 6)).

D.4.4 Product

In order to define the exterior product between absolute and relative classes, we
call piym : En A\ By = Bty the maps making E a ring spectrum and we fix the following
data:

« Given two topological spaces with marked point (X, z¢) and (Y, yo) and two maps f :
(X,20) = (En,e,) and g : (Y,y0) = (Em, em), representing the reduced cohomology
classes [f] € h"(X) and [g] € h™(Y), the cohomology class [f] x [g] € E"*™(X AY)

is represented by the following composition:
XAY 2% BoAE, 2 By

Therefore, one has ch[f] x chlg] = ch([f] x [g]) = ch([pn,m © (f A g)]). Choosing
f =1idg, and g = idg,,, we get chlidg,] x ch[idg, | = ch|pnm]. Hence, there exists
M, m € ST Y E, A Ep, e, A e, €g) such that:

Onm—1Mum = tn X by = Iy mlntm- (D.6)

Since we are assuming that €94, it follows that M,, , is unique up to a coboundary

for n and m even (Proposition D.3.3)

e We fix a chain homotopy between the wedge product of differential forms and the

cup product of the associated singular cochains. In particular, given two manifolds
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X and Y, we consider the two maps
P,Q: Q"(X;bg) @ Q"(Y;hg) — C"F™ (X x Y by)

defined by P(wy ® w1) = xxxv(wo A wi) and Q(wy ® wy) = xx(wo) U xy(w1),
where x, : Q°(x; h%) — C*(*; b) is the natural homomorphism. The coboundary of
Q"(X;bhy) @ Q™(Y; hy) is defined as d(wp @ wy) = dwp @ wy + (—1)"wy @ dwy. There

exists a chain homotopy
B Q"(X;hg) @ Q" (Y;bg) — C™THX x Y bg)
between P and (), which by definition satisfies

Xxxy (wo Awi) — xx(wo) Uxy(wr) = dB(wo @ wy) + Bd(woy @ wy).

Given a = [(f, h,w,0)] € E”(,o), where p : A — X is a smooth map, and 3 =
[(f, 1, «)] € E™(Y), with n and m even, the class @ X 3 € Eypm(p x idy) is defined by

[(f, hyw, 0)] x [(f, B, w")] o= [(nm © (f X f),
B x X (@) (@) X B+ Bl @) = b x 08+ (f, ) Myns % 6,6 % ).
In the first entry, fi,.m o (fo X f1), we actually considered the following composition:
M(p x idy) = M, x Y 225% B x B, — By A Ep 227 By, (D.7)

For any @ € E™(p) (without restrictions on n), there exists a unique class & € E™(pxidg:)
such that [ @' = & and R(&') = dt A pr} (@), where pr; , : p X idg1 — p is the projection.
The same statement holds replacing p x idg: by Y x S! . Hence, still supposing that n

and m are even, we define:

« forae E"Yp)and f e E™(Y), ax = [q prj , & x 8
o forae E”(p) and 3 € Em_l(Y), ax 3= Jgr@' xpriy 3;

« forae E"Yp)and B e Em YY), ax = — [q [q pr“{’p(/)z\’ X pr’{’y/ﬁ\’.

D.45 Parallel classes

When p : A — X is a closed embedding, we can simplify the model described above,
without considering the cylinder, but simply requiring that a differential function from X
to E, restricts on A to (c.,, xa(f),df). We are interested in this model in particular for

parallel classes, as in the previous sections.

Definition D.4.7. We denote by Eﬁpar(X, A) the set of equivalence classes [(f, h,w)],

where:
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o (f,h,w) is a differential function from X to (F,, ¢,) such that (f, h,w)|s = (ce,,0,0).

« Two representatives ( fo, ho,w) and (f1, hi,w) are equivalent if there exists a homotopy
(F, H,pr* w) between (fo, ho,w) and (f1, hi,w) that is constant on A, i.e. such that
(F, H,pr*w)|axs = (ce,,0,0).

We could equivalently require that f: (X, A) = (B, e,), h € S"1(X, A) and w €
O"(X, A; €g), two representatives being equivalent if there exits a homotopy (F, H, pr w)
of this form on (X x I, A x I). The sum is defined similarly to (D.4.2), i.e.:

[(fo, ho,wo)] + [(f1, Py, wi)] = [(an © (fo, f1), ho + h1 + (fo, f1) " An—1,w0 +w1)]  (D.8)

where (fo, f1) : (X, A) = (E, X E,, e, X €,). The natural transformations that characterize
the parallel theory are defined as I[(f, h,w)] := [f], R[(f, h,w)] :==w and a(w) := [(0,0,w)].
We define S'-integration like in section D.4.3, replacing the pair (M,, A) by (X, A).

Given a closed embedding p : A — X, we denote by Egar(p) the parallel subgroup

~

of the model defined above. We have the natural morphism E}"”,par(X JA) — E7.(p),

[(f, h,w)] = [(f o ¢y, cih,w,0)], where ¢, : M, — X is the collapse map (see (A.1)). In
(RUFFINO; BARRIGA, 2021, Theorem 3.2) it is proven that it is an isomorphism.
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