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Abstract

In this work we study the photon blockade and antiblockade effects in a system of neutral
atoms with a two-level structure, in the limit where induced dipole-dipole interactions
mediated by light are relevant. Such system is an interesting alternative to cold gases
platforms with Rydberg atoms, with applications in quantum optics and quantum infor-
mation protocols. For an ensemble of few atoms driven by a laser field, we monitor the
photon statistics and the population dynamics of the excited states, identifying the regime
of parameters under which blockade or antiblockade is achieved. Furthermore we study
the correlations, non-classicality and entanglement of the emitted photons through the
photon-photon correlations function and the Cauchy-Schwarz and Bell’s inequalities, with

the aim of obtaining a source of pairs of photons strongly correlated and entangled.

Keywords: Blockade Effect, Antiblockade Effect.



Resumo

Nés estudamos neste trabalho os efeitos de bloqueio e antibloqueio de fétons em um sistema
de atomos neutros com uma estrutura de dois niveis, no limite no qual as interacdes dipolo-
dipolo mediadas pela luz sao relevantes. Tal sistema mostra-se uma alternativa interessante
a plataformas de gases frios com atomos de Rydberg, possuindo aplicagoes em Optica
quantica e em protocolos de informac¢do quantica. Para uma conjunto de alguns dtomos
interagindo com um campo de radiagdo externo, nés monitoramos a estatistica da luz e a
dinamica populacional dos estados de excitagoes, identificando o regime de parametros sob
os quais os efeitos de bloqueio e antibloqueio se manifestam. Além disso, nés estudamos as
correlagoes, nao-classicalidade e emaranhamento dos fétons emitidos através das fungoes
de correlagao foton-féton e das desigualdades de Cauchy-Schwarz e de Bell, com o objetivo

de obter uma fonte de pares de fotons fortemenete correlacionados e emaranhados.

Palavras-chave: Efeito de Bloqueio, Efeito de Antibloqueio
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1 Introduction

The interaction between light and matter gives rise to a series of phenomena and
applications in physics, ranging from the construction of optoelectronic devices [3] to the
study of the composition of the universe [4]. In the case of neutral atoms interacting with an
external radiation field, one can already observe the manifestation of various phenomena,
such as the blockade and antiblockade effect. The blockade effect is a regime where
multiple-excitation states are weakly populated and at most one excitation is energetically
allowed in the system. Conversely, the antiblockade effect favors multiple-excitation states
as compared to single-excitation ones. So, when the blockade (antiblockade) is achieved, it
indicates that the system is more likely to emit single-photon (bundles of photons). As
highlighted by Amthor et al. [5], it is of interest to achieve and control these effects for
several applications: creation and manipulation of entangled states [6, 7, 8], quantum gates
construction [9, 10], resonant energy transfer [11, 12], many-body effects in an ultracold
atomic gas [13], quantum mechanical transport phenomena [14], and for the study of

long-range molecules [15, 16].

Most works about the blockade and antiblockade effect were done considering an
ensemble of Rydberg atoms! in free-space since they are propitious to establish strong
interactions due to their large principal quantum number [18]. However, such atoms have
some drawbacks, such as their high vulnerability to the presence of electric and magnetic
fields — it is a motivation to search for alternative platforms where such effects can be
emulated. The blockade effect was observed for an ensemble of two-level neutral atoms
near ground state in the subwavelength regime by Cidrim et al. [2]. In our work, we use the
same atomic model to explore the blockade and antiblockade effects to determine under
which conditions a light-atom system exhibits the inhibition or facilitation of multiple
excitations. This would allow studying regimes where pairs of correlated photons are
favored, considering a frequency-filtering of the emitted photons. From a theoretical point
of view, the so-called sensor method [19, 20, 21] was recently introduced: a theoretical
proposal that allows us to extract the correlations of photons emitted by a system of
interest (e.g. an atomic cloud) by weakly coupling this system to sensors (which can
be frequency-tunable two-level systems). Using this method, it is possible to reduce the
computational effort necessary to calculate high-order photon-photon correlations, since
instead of obtaining the solutions of Heisenberg equations and expressing their correlations
in terms of the system operators, the intensity-intensity correlations are computed between

sensors directly [22, 23].

L Rydberg atoms: a class of atoms where the valence electron is in a state of high principal quantum

number, which results in strong atom-atom interactions. Their large dimensions turn them easier to
experimentally manipulate than other types of atoms [17].
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The use of the sensor method to compute photon-photon correlations and their
detailed characteristics has already been reported in a series of works in the field [19, 20,
22, 23, 24, 21]. We aim here to extend the study of this subject as follows: applying the
sensor method using the vectorial model of light (typically the scalar model is used) for
the description of the light-matter interaction in the blockade and antiblockade regime,
so we can obtain information about the correlation, entanglement, and (non -)classical

nature of the pairs of photons emission.
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2 Theoretical Concepts

2.1 Quantization of the radiation field

To explore the photon blockade or antiblockade, it is necessary to consider the
quantization of the electromagnetic field radiated by atoms. To proceed with the quanti-
zation of the field, we first define a set of spatial modes described by the wavevector E,
wherein each mode has two polarizations defined by the unit vector é,;’ , (here X indicates
the direction of polarization) and represents a quantum harmonic oscillator with energy
levels separated by the quantity hwp (wp = c|la) In this representation, a photon in
mode k corresponds to the excitation of this mode. Photons are added or removed by,
respectively, the creation operator a |nk NES W |n,3 , + 1) or the annihilation
operator ay  [ng \) = /M, ngy — 1) apphed over the state [nj ). In these equations, nj ,
represents the number of photons in mode k and labels the eigenstates (also known as
Fock states) of the number operator ﬁobs%’ N = d% ,\&E, ,- Therefore, the electric field at a

position 7 and instant ¢ can be expressed as follows [1]:

Z » V k \ [ E/\(t)e—m,;tﬂk.f _ &%’A(t)eiwgt—ikq?} 7 (2.1)

where € is the vacuum per the environment is the so-called quantization volume. Equation
(2.1) can be shortly expressed as E(7,t) = E*(F,t) + E~(,t), where:

o+ (7 ’ hog o —iwt+ ik
Et () =1 ﬁeg,Aa,g,A(t)e gk

" — (2.2)
E~(rt)=1 QEO‘k/ég’)\d%’)\(ﬂewgt—ik-ﬁ

EA

Thus £ (7, t) is written as a function of annihilation operators and E~(7,t) as a function

of creation operators, satisfy [ET (7, ¢)]T = E~ (7, t).

The intensity of the electric field measured by a detector is related to the expectation
value (I(7,t)), where I(7,t) = E~(F,t)E* (7, ). To differentiate a quantum from a classical
field, it is typically not enough to monitor its average electric field or its intensity, one
must also consider intensity-intensity correlations. In particular, the non-classical nature
of light can be further investigated using temporal and spatial correlations of the field, as

we shall see next.
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2.2 Photon Statistics

Let us first discuss photon statistics by introducing the concept of the degree of
second-order coherence, which is a way of quantifying the correlations between photons at
different positions and instants of time [25]. Typically, a detector uses the photoelectric
effect to make local measurements of the field. The photoelectric effect is a phenomenon
in which we have the emission of electrons due to the interaction between electromagnetic
radiation and matter, the electrons emitted in this way are called photon-electrons [26].
Taking the example of an atom in the ground state and positioned at 7 in the radiation
field, the process of photo-electron emission happens through the following mechanism: an
electron (usually the farthest from the nucleus) absorbs a photon from the field, being
excited and detaching from the atom — if the photon’s energy is sufficient for this [26].
However, when the electron jumps back to its original state, the absorbed photon is emitted
back into the field and, because of this, a photon-electron can be indirectly measured by
the detection of the emitted photons. So, the probability of a photon be absorbed by an
atom in 7 between the time instants ¢ and ¢ + dt is proportional to the photodetector

count rate wi (7, t), which can be expressed by:
wi (7, 1) = [ (FIE* (7, 0)]3) P, (2.3)

where [i) is the initial state of the field (before the detection process) and |f) is the final
state of the field (after the detection process) [25].

For the joint count rate wq(7, t1, 75, t2) of two photodetectors located at 7 and 7%,
the probability of observing a photoionization at 77 (between ¢; and t; + dt;) and another

at 7 (between ty and ty + dits), with ¢; < t5, is given by:
wy (77, Ta; ty, ty) = | (f]E+(F2,t2)E+(F1,t1)|i> . (2.4)
From this expression, we can get:
wy (T, t1; 7, ta) = (z’|E‘(F2,t2)E_(F1,t1)|f> <f|E+(F2,t2)E+(F1,t1)]i> . (2.5)

Since the final state of the field can be any, we can rewrite (2.5) taking into account all
final states [25]

IGRIHERSEDY (G| B (7, t2) B (P, )| f) (FIET (P, o) EF (71, 1)) - (2.6)
f

This expression can be reduced using the completeness relation > | f) (f| = 1:

w2(F17t1; FQ,tQ) = <i’EA17(7?2,tg)Ei(Fl,tl)EJr(T_”Q, tQ)E+<F1,t1>|Z> . (27)

In practice, however, the initial state is usually not known precisely and it is

necessary to resort to a statistical description, that is: taking the average over all possible



Chapter 2. Theoretical Concepts 15

initial states set. Then, we obtain:

wy (P, th, Ty ta) = Y Py ()| B (P, ta) B~ (71, t1) B (P, to) B (71, 1) ]4) (2.8)

where P; is the probability associated with the initial state |i), and the expectation value in-
side the sum can be rewritten in a more compact way: (E~ (7, t2) E~ (71, t1) E* (Fy, to) ET (71, 1)),
where the initial state is implied. This expectation value defines what is known as the

second-order correlation function:

G(2) (T_'i, 7?2, tl, t2) = <EA17(FQ, tQ)E/\i (??1, t1>EA+(FQ, tQ)E+(F1, t1)> . (29)

In this work, we deal with stationary fields, which implies that the correlation
functions are invariant under temporal displacements, in a way that such functions are
dependent on t; and ¢, only through the time difference 7 = t,—t; [25]. Furthermore, we also
consider the scattered electric field in the far-field approximation, so: E% oc YN, e~ 7i g F

1
™ is the lowering /raising atomic operator

with 7 the direction of observation. Here o,
and the correlation functions can be expressed only as a function of 7 (the position
dependence disappears due to the far-field consideration, and the dependence on the angle
of observation 7 is kept implicit), which allow us to simplify Eq. (2.9) as follows:

GA(r) = lim (E-(t)E~(t + 7)ET(t + 7)E* (1)), (2.10)

t—o00

where the limit ¢ — oo indicates the steady state of the atomic system [2]. By renormalizing
the correlation function, we can define the degree of second-order coherence (also called

photon-photon correlation function) as:

2O — tim LEZOE- @+ DB+ DB (D)

SRR (2.11)
e (E-()E* (1))

For a classical field, the degree of second-order coherence at 7 = 0 satisfies the
inequality ¢®(0) > 1. However for a quantum field we only have that 0 < ¢ (0) < oo, so
g?(0) < 1 can be used as an indicator of a non-classical state of light [27]. For instance,
for a Fock state |n), with n the exact number of photons in the state, which is a state with
no classical analogue, g®(0) = 1 — L is always smaller than one. In particular, ¢*(0) =0
for a single photon, and the physical interpretation behind this result is the following: for
a well-defined single-photon state, one cannot simultaneously observe two photons arriving
at the same time. This effect is named anti-bunching and it is a characteristic of any source
with ¢ (0) < 1, indicating that photons arrive preferentially at the detectors separated
by a finite time. Similarly, states with ¢g(®(0) > 1 are associated with the opposite effect
named bunching, for which it is more likely for photons to arrive together (“bunched”) at
the detectors [27].
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lo
Empty Cavity  Atom-+Cavity

Figure 1 — Schematic of the photon blockade phenomenon. An atom inside the cavity
causes the detuning of the cavity modes by ++/ngo (go is the coupling constant),
preventing more than a single photon enters the cavity. Reference: [1]

2.3 The Blockade and Antiblockade Effect

Every mode of the quantized electric field behaves like a harmonic oscillator and
an optical cavity is an interesting platform to investigate how emitters interact with a
single mode of the field. In Fig. 1, we have the representation of the energy levels structure
for two different situations: an empty cavity and a cavity with an atom trapped inside.
We can see that for the empty cavity, there is a harmony between the energy levels —
such structure is called bare states, and the transition energy between these states is
wo. Placing an atom inside the cavity causes the cavity modes to be detuned from wy
by v/ngo (go is a coupling constant that quantifies the atom-cavity interaction, n is the
photon number in the cavity mode), breaking the harmony between the energy levels—
this new structure is called dressed states, being denoted by |n,+). As a consequence of
this detuning, multiple-photon states become off resonant and only one photon can be
inserted into the cavity at a time. This effect is an example of the photon blockade, which

we discuss in more detail below.

Photon blockade was proposed for the first time by Imamoglu et al. in 1997 [28],
receiving this name by analogy with the Coulomb blockade. In the latter case, small
electronic devices behave as a turnstile system for current flow: electrons are transported
through the system one at a time due to the reduced system size which prevents the
insertion of a second electron by electrostatic repulsion. A similar phenomenon happens in
several systems where light interacts with matter. The blockade effect acts now on the flow
of photons: an effective and strong nonlinear interaction between the photons prevents the
presence of two photons at a time in the system. The photon blockade effect was initially

observed as a consequence of the strong effective photon-photon interactions inside a
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confocal cavity with a low-density atomic medium [28]. Some years later, the observation
of the photon blockade was reported in experiments that studied the photon statistics of
the transmitted light in an optical cavity with one trapped atom in the strong coupling
regime [29]. Following these observations of the photon blockade, the phenomenon was the
focus of further theoretical and experimental investigations. For example, it was observed
in a weakly driven optomechanical system under a strong coupling regime with a single
photon [30], in a waveguide containing two atoms coupled via Rydberg interaction [31],
and also investigated by Urban et al. [32] and Gaétan et al. [33] the so-called Rydberyg
Blockade, where neutral atoms are excited to Rydberg states via dipole-dipole or van der

Waals interaction.

Another platform in which the photon blockade was reported is an ensemble of
two-level ground state neutral atoms with dipole-dipole interaction between them [2, 34].
In atomic systems, the photon blockade has been achieved using Rydberg states, describing
atoms excited to a high-energy level, with a large principal quantum number [18]. Indeed,
Rydberg systems are interesting platforms to achieve the blockade effect due to the strong
interaction between the atoms, which can be much larger than other interactions for ground
state atoms. Such interactions lead to a strong repulsion between two Rydberg atoms,
turning the multi-excitation states non-resonant with a laser drive tuned to the Rydberg
transition. However, although Rydberg physics is propitious to generating appreciable
quantum correlations, it suffers from some drawbacks. Their large dipole moments make
them extremely sensitive to surrounding electric and magnetic fields. This motivates the

search for alternative atomic systems with similar effects.

A system of near-ground state, two-level neutral atoms [2] is different from the
situation of Rydberg systems, whose dimensions are of the order of a few micrometers
and which interact over even longer distances. Indeed, in the work of Cidrim et al. [2],
subwavelength samples of atoms were considered to obtain strong interactions, motivated
by the recent progress in the creation of subwavelength structures [35, 36, 37]. This allows
for a blockade-like effect, similarly to Rydberg atoms, but with an important difference: the
energy shifts occur for the single-excitation states and not in the highly excited states as in
the case of Rydberg atoms. In the protocol proposed [2], a single-excitation collective state
acquires an energy shift Agg as a result of the induced dipole-dipole interactions. When
these interactions are strong enough and a laser is set on resonance with a single-excitation
collective state, the resulting large Agr makes the two-excitation states off resonant,
preventing their presence in the system. Then, the system holds only one excitation at a
time, so only one photon is emitted at a time too, configuring the photon blockade. The
corresponding energy levels for N = 2 Rydberg and ground state atoms are compared in
Fig. 2.

There also exists the antiblockade effect, in which the multiple-excitation states
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Figure 2 — The blockade (orange arrows) and antiblockade (red arrows) mechanism for a
system with two atoms (N = 2). In (a) we present the Rydberg configuration
where the energy shift occurs on the two-excitation states. In (b) we present
the configuration of the system with strong induced dipole-dipole interactions,
where the energy shift happens in the single-excitation states. (c) The atomic
system considered in this work and its interaction with the radiation field: a
linear chain of atoms regularly spaced and distributed along Z is pumped by
an incident laser along g. Considering a many-atom system interacting via
their induced dipoles, when a photon from the driving laser excites an atom
1, a coherent interaction with another atom j is established: a virtual photon
is exchanged back and forth between the interacting atoms, in a so-called
“fip-flop"process. After a relaxation time (that also depends on the strength of
the dipole-dipole interactions between the atoms), a real photon is emitted into
the radiation field in the form of spontaneous emission. Furthermore, for an
atomic ensemble with strong induced dipole-dipole interactions, one has that
the symmetric and antisymmetric (|V,)) single-excitation states are oppositely
separated. So, for the incident laser to guide the atomic system to the symmetric
state (|Ws)), its energy is detuned by Agg. The purple shaded sphere around
the atomic chain represents the blockade region. Reference: Adapted from [2]
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are preferentially populated, see Fig. 2 (red arrows). The antiblockade was theoretically
proposed by Ates et al. in 2007 [38] and its experimental observation was reported by
Amthor et al. in 2010 [39]. This phenomenon has been used to study motional effects [40],
dissipative dynamics-based entangled state production [7], and construction of quantum

gates [10], for example.

In this work, we explore the antiblockade effect for a system composed of ground
state neutral atoms in which the blockade effect was recently reported [2]. To this end, we
monitor the population dynamics of the multiple-excitation states to identify regimes in
which their presence is favored over the single-excitation states. In particular the inequality
P,/P} > 1, where Py is the population of the single(two)-excitation states [41], can be
used to signal the antiblockade effect.

2.4 Model description of interacting atoms

To study the blockade and antiblockade effects in the context of ground state
neutral atoms, we considered a linear chain of N two-level atoms equally spaced out by
a distance of d and distributed along & [42, 2]. The atoms interact via induced electric
dipole-dipole interaction, through the exchange and emission of virtual and real photons,
respectively, [43] and the system is pumped by a laser propagating along k= kg (k is
the pump wave number) with polarization orthogonal to the chain, along 2, with Rabi

frequency ) detuned by A from wy, where wy is the bare single atom transition frequency.

The dynamics is described by a quantum master equation of the form (with

h=1) [2, 42]:
d

at’
where the Hamiltonian is given by:

—_A Z 56T — ; > (Qe™767 + He) + 3 AV6t67 (2.13)

1,J

p=—iH,p|+L(p), (2.12)

The L(p) is a superoperator called Lindbladian, which accounts for dissipation effects due
to the interaction of the system with the environment (also called a reservoir) [44]. L(p)

for this model is given by:
Z V(267 po} — {67 67.0}). (2.14)

The terms A% and T'7 in the Egs. (2.13) and (2.14) are, respectively, the elastic and

inelastic components given by:

7 = ¢ - 2Im(Gy;) - ;. (2.16)
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These terms describe the long range light-mediated dipole-dipole coupling, where € is the

polarization of the i-th dipole (€ = € = £). Gy; is the Green’s tensor in free space at

position r; for a radiating dipole at position r;, which reads:

Geo) = SC [ N 202 ik — 1)1 — (K22 — i3k, — ) T4 2.17
(rij)—zm (K + ikryy — 1) 1y — (K*r?, — i3kry; — 3) =2 )| (2.17)
with r;; = r; —r;. The Green’s tensor is a solution of the classical wave equation for the

electric field of an oscillating dipole [45].

Equations (2.12),(2.13), and (2.14) were originally derived in the seminal work
of Lehmberg [42], in which a general equation of motion for the radiation process of N
identical to two-level atoms coupled to a continuum of quantized electromagnetic modes,
and an external driving field. These equations were obtained using the Born-Markov
approximation — the derivation of the master equation using this approximation is shown

in Appendix B.

We can see in Egs. (2.15),(2.16), and (2.17) that A% and I'¥ are proportional to
1/ T?j, just like the Green’s tensor from which they are derived. This spatial dependence is
a feature of the vectorial model of light, which we use in this work. Differently, the scalar

model of light, which is used when the polarization of the dipoles can be disregarded,

T cos(krij)

3 ey and

has the following equations for the elastic and inelastic terms: A;; =
i — F%’”J’”, that is: proportional to 1/r;; [46]. We choose the vectorial model, because
it is more sensitive to the inter-atomic distance r;;, which allows us to achieve the blockade

and antiblockade effect with a more realistic distance between the atoms.

The terms A% and I'Y have another important role in our model. To follow the
protocol presented in Fig. 2(b) for a general case with an arbitrary number of atoms N, it
is necessary to address a single superradiant (SR) [47, 48] eigenstate of the interacting
Hamiltonian, and thus the laser detuning must be: A = Agr, where Agr comes from
the SR state, which can be achieved for some specific values of A¥ and I'V. Defining
M% =T% 4 {A% as the single-excitation coupling matrix [49, 50], the SR state can be
identified through the diagonalization of M% as the eigenstate whose eigenvalue has the
largest real part (I'sg), and the corresponding imaginary part of this eigenvalue is its
energy Aggr. So, to obtain a significant blockade effect a sufficiently small interatomic

distance is necessary.

2.5 The sensor method and dressed atoms

A fundamental phenomenon of the light-matter interaction is the resonance fluo-
rescence, consisting of an event in which a two-level system is driven coherently at the

same frequency of its natural transition [51]. In the high-excitation regime, the resonance



Chapter 2. Theoretical Concepts 21

fluorescence spectral lines acquire a peculiar triplet shape, which was theoretically descri-
bed by Benjamin Mollow in 1969 [52] and experimentally observed for the first time by
Schuda et al. [53] for a sodium atomic beam (and later reported on different platforms

[54, 55, 56]), nowadays commonly known as the “Mollow triplet”.

The physical explanation of the Mollow triplet arises from the description of a
two-level system being driven by an incident laser [57], which, in turn, gives rise to new
eigenstates called “dressed states”, previously introduced in Sec. 2.3 and formed by a
combination of the bare states ||, n) and [1,n — 1), with | and 1 labeling the atomic ground
and ezxcited states, respectively, and n the number of photons. A set of these states with
the same number of excitation constitutes an excitation manifold where the eigenstates
are separated by the Rabi Frequency. It is worth noting that the energy difference between
two manifolds is equal to the energy difference associated with the corresponding bare
states, and the transition between contiguous manifolds is responsible for the Mollow

triplet characteristics.

The properties of dressed states have been intensively studied given their funda-
mental role in describing the Mollow triplet. Several theoretical and experimental studies
have demonstrated the existence of correlations between the photons of the triplet peaks
[58, 59, 60, 61]. This correlation analysis has been made more complete by resorting to
frequency-resolved photon correlations theories, which allows describing qualitatively all
the time-orderings of the emitted photons [62, 63, 64]. However, in general, the calculation
of correlations in these theories has a heavy computational cost due to increasing com-
plexity, in particular when expanding to higher-order photon-photon correlations g™ (1)
(n > 2). The extension of the discussion to the case of two-photon emission and detection
was largely motivated by the experimental works of Aspect et al. in the 1980s [60, 65, 66],
in particular the study of resonance fluorescence in the Mollow triplet. These experiments
were theoretically described, at first, by Cohen-Tannoudji et al. [59] through a dressed
atoms approach. When the correlations between two photons are studied, it is possible to
obtain the complete description of all correlations, for any possible frequency combination,
not only for the peaks of the triplet [24, 20]. The two-photon correlation spectrum, which
provides the second-order correlations for a pair of photon frequencies, reveals the forma-
tion of other lines besides the triplet, which correspond to two-photon transitions from
one manifold (of dressed states with n photons) to another positioned at two levels below
(with dressed states with n — 2 photons). Some of these two-photon transitions through
virtual states (dressed with n — 1 photons), following leapfrog processes [21, 22]|. The
auxiliary photon in any of these processes is virtual, which results in strong correlations
between the emitted pairs [23]. The detailed frequency-resolved correlation spectrum
was experimentally obtained by Peiris et al. on a quantum dot [67], confirming that the
correlations between the Mollow triplet peaks are a particular case of a more general

phenomenon. In Fig. 3 (a) the fluorescence spectrum is presented for a two-level atom
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Figure 3 — (a) The fluorescence spectrum for one two-level atom interacting with an
incident laser, presenting the Mollow triplet. The triplet peaks are associated
with the single-photon emission transitions, shown in the dressed-states picture
in (b) with color correspondence. The separation between the dressed states is
in terms of the Rabi frequency Q. In (c) is presented the two-photon emission
transitions via a virtual state (red dotted line), which is the so-called leapfrog
process. It is pointed out both in (b) and (c¢) that the transition energy between
two neighboring excitation manifolds is w, i.e.: the incident laser energy has
been tuned to induce such transition in the atom. To generate the Mollow
triplet in (a), the following parameters were considered: I' = 1, = 50I" and
A = w — wq, where: I' is the single atom linewidth and A is the detuning
between the laser energy and the atomic transition energy wy. In this case, as
aforementioned, we have w = wy (laser-atom resonance), so A = 0.

interacting with an incident laser, showing the Mollow triplet. The excitation manifold
with transitions associated with single-photon emission are depicted in Fig. 3 (b) whose
contributions to the triplet peaks are highlighted with corresponding colors. Furthermore,
we present in Fig. 3 (c) the representations of some leapfrog processes in the dressed states

picture.

With the advances in experimental techniques to control the emission and detection
of photons, quantum systems at the single-photon level have been systematically studied,
since in this regime there is the strongest manifestation of emission events with a quantum
nature. Along with this single-photon resolution came the demand for adjustments and
generalizations of the photodetection theory [51]. Indeed, at this level, a more robust
theoretical description is needed than that provided by definitions and general mathematical

statements, in which the light field is described through abstract properties, from which the
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physical meaning may not be easily extracted [68]. In this context, Eberly and Wédkiewics
showed how necessary it is to include the physics of the detectors in the description of the

light field [69].

A connection between the quantum system and the observer can be done through
an input-output formalism, in which the photons inside the system are weakly coupled
to a continuum of external modes. Here the external modes are described by the A,
operator (relative to the frequency w). In the Heisenberg picture, the output field allows
us to compute the time-dependent power spectrum of emission since the density of output

photons with frequency w; at time 77 is given by [19]:
SE(wr, Th) = (AL (T1) Au, (T1)) - (2.18)

The photons multiplicity demands a time and normal ordering (represented by the symbol

“:7) of the operators [70, 71]. Hence we have:
Stra (@, Trwe, To) = (- AL (T1) Ay (T AL (To) Ay (T2) ) (2.19)

for a two-photon detection: the first (second) photon with frequency wi(ws), at the
time T (T3) and captured by the dectector with linewidth I';(T'y). The normalization of

SFl Ty (w1, T1; we, Ty) results in a positive and finite second-order correlation function:

5(2) (Wl;Tl;w27T2>
gl(“21),1“2 (w1, T1ywe, Ty) = 1“1 2 o ‘
SFl (w1, T1) Sk, (w2, T3)

(2.20)

(M)

In general, the calculation of these correlation functions gp, ° = is challenging and

N,
involves extensive integrals, making their analytical solution practically intractable for
the case M > 2. The case M = 2 already requires several approximations and algebraic
simplifications, limiting the physical treatment of the problem [64, 72]. However, del Valle et
al. [19] recently developed a theory of photon correlations, which consists in introducing M
sensors to the open quantum system dynamics, where each sensor is a two-level system with
annihilation operator él and transition frequency w;, which corresponds to the frequency
of the photons to be measured by the sensor. To prevent interference in the dynamics
of the system itself, the coupling between the sensors and the system, represented by a

constant €; = €, must be very small.

Under these conditions, the system dynamics in presence of the sensors can be solved.
Note that instead of solving the Heisenberg equations and expressing the correlations in
terms of the system operators, the intensity correlations function g§2) (w1, we) is written in

terms of the sensor operators:

02 (wr,wp, 7) = lim (w1, )& (wa, t + 7)o (wa, t + 7)1 (w1, 1)

)A 2 , (2.21)
556 <£1(w1, )& (w1, 1)) <§2(w2,t+7)§2(w2,t+7)>
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which makes the computation much simpler [21, 23|. Here, 7 is the time interval between
detections of the photon with frequency w;, which happens at time ¢, and the photon
with frequency wy, which happens at ¢t + 7. The sensors are included in the dynamics
through the addition of a Hamiltonian term H, = >os wsélés +ed, (E‘és + E*fg) and a
Lindbladian term £,[p] = = 37, (255,5@ —Elep— ﬁélfs>, where Iy is the sensor linewidth.

2.6 Cauchy-Schwarz and Bell inequalities

Classical descriptions of the radiation field [73] and local hidden variable theories
[74] lead to a series of inequalities that, when violated, indicate non-classicality [75]. Among
such inequalities, the Cauchy-Schwarz inequality (CSI) and Bell inequalities (Bls) stand

out, since both have already been extensively explored.

The CSI is one of the most important relations in mathematics and can be expressed
by:
[(XY) | </ (X?)(Y?), (2.22)

where X and Y are random variables. Equation (2.22) indicates that the fluctuation of the
product between two random variables is bounded by the products of the autocorrelations
of these variables. However, if X and Y are quantum observables, such inequality can be
violated, i.e.: quantum correlations between two separate objects can be large enough to
overcome their fluctuations, an effect that does not exist in classical physics. Bls refer to a
more general problem: the non-local character of quantum mechanics, and the violation of
BIs confirms the consistency of quantum mechanics over local hidden variable theories.
The first experimental demonstrations of the CSI and Bls violations were obtained in
the 1970s for the CSI [76] and in the 1980s for the Bls [65, 66]. Most experiments on
the violation of these inequalities involve investigating correlations between photons with
different frequencies emitted in multiple-photon processes, such as atomic cascades [65]

and four-wave mixing [77, 78].

In quantum optics, the CSI and Bls can be expressed through correlations between
electromagnetic field modes operators &; and éj for i,j € (1,2) as in Eq. (2.21). The CSI
requires that [gg)]2 < gg) gg) and such relation can be expressed in a more convenient
way by the following ratio:

953
R= -2 (2.23)

2) (2)’
9&1)952)

where R < 1 for a classical field.

The computation of Bls is not as straightforward as that of the CSI and, for most
of the works, they are calculated considering polarizing filters. However, we want here to

calculate BI based on frequency filtering (sensor method) as established by Munoz et al.



Chapter 2. Theoretical Concepts 25

in [23] (see Sec. 2.5). The resulting frequency-dependent expression reads:

B=+2 (2.24)

(al%a?) + (a3*a3) — 4 (aladasdn) —
(

where the Bl is violated if B > 2 (a; is an arbitrary annihilation operator). This equation

can be adapted to the sensor method [21] as follows:

(2.25)

)

B B — 4B - B — B
B, — \/5‘ 1111 + 52222 1221 1122 2211
Bi111 + Bagga + Biaoi

A

where Bjm = (] (w;)h(wi)€a(wi)ér (wm))-
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3 Results

In this section, we will present the results obtained for near-ground state, two-level
atomic systems with induced dipole-dipole interactions using the vectorial model (see
Sec. 2.4). We performed numerical simulations using the QuTip toolbox [79, 80] (see
Appendix C for detailed codes), in which we considered two systems in the steady state

with N = 2 and N = 3 atoms, linearly distributed and with an interparticle spacing of
d=0.2k""1.

3.1 The blockade and antiblockade regions

As discussed in Secs. 2.2 and 2.3, we can use ¢¥(0) < 1 as an indication of the
blockade effect, and P,/P? > 1 of the antiblockade. Indeed, the ratio P,/ P? is expected
to be between one and two for a separable state with N = 2 atoms. In Fig. 4, we present
the degree of second-order coherence ¢(®(0) and the population of the excited states as a
function of the Rabi frequency {2 and the detuning A for two neutral atoms. We show
in Fig. 4(a) the plot of the ratio P,/P? as a function of A and for a fixed value of Q
(/T = 30). The ration is larger than one for A/I' in the intervals [—27.59, —0.58] and
[0.58, 88.65], indicating the antiblockade effect for this regions. In Fig. 4(b) we present
the plot of g (0) as a function of A and verify that ¢ (0) < 1 around A/T" = —100,
indicating a blockade region. In Fig. 4(c) we show the single- and two-excitation states
population, noting that P; is always larger than P,. Indeed, the presence of spontaneous
emission makes it harder to populate the double-excited state than the single-excited one.
In Fig. 4(d) we show a map of P,/P? as a function of A and €. Here the blockade and
antiblockade regions for ©/I" = 30 are the same as the ones indicated in Fig. 4(a), which
is a cut of this map for this value of Q/T'. In particular, the ratio P,/P} is larger than one
for 0 < Q/T" < 50 and A/T" in the aforementioned intervals, which is a signature of the
antiblockade effect in this region. For larger values of €2, the pump strength overcomes any
interaction-related effects, saturating the atomic system. The atoms then behave almost

independently and (anti)blockade is lost.

In Fig. 5, we monitor the same quantities for a chain of three atoms. In Fig. 5(a)
we have the plot of P,/P? as a function of A, where P,/P? > 1 around A = 0, indicating
an antiblockade region. In Fig. 5(b) we show ¢ (0) as a function of A, where ¢¥(0) < 1
around A/T" = £150, indicating a blockade region. In Fig. 5(c) we present the single-, two-
and three-excitation states population (respectively: P;, P, and P3) in which: P, > P, > P
for all values of A with P, very close to Ps. Finally, in Fig. 5(d) we show the map of
P,/ P? as a function of A and  and the blockade region appears for A/T" ~ +150 [as
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Figure 4 — (a) Ratio P,/ P? as a function of A and for a fixed value of 2 (2 = 30T"), (b)
intensity-intensity correlation function ¢?(0) as a function of A, (c) population
of the single (blue) and two (red) excitation states population, (d) map of the
ratio P,/ P} as a function of 2 and A. Here we treated a two-atom system

(N = 2) spaced by d = 0.2k~! along # and incident laser of wave vector k= ky,
polarized along 2. The map is on a logarithmic scale

already identified in Fig. 5(b)], P,/P? is larger than one for A/T" = +80 and A/T = 0,
where the antiblockade effect is achieved. We did the simulations here for N = 3 with
the aim of showing that the appearance of the blockade and antiblockade regions is not
a particularity of the N = 2 system. In the results which will be presented in the next

sections, we focus on simulations for a two-atom system.

From the results presented in this section, we were able to observe that the blockade
and antiblockade effects are present in our atomic system. Then, we can obtain more
information about the emitted light in these regimes, starting with the energy distribution
that will be presented in the next section through the fluorescence spectrum. This will help
us find the energy values for the transition that occurs between dressed states associated
with a single-photon emission. We will use the sensor method for it, where the spectrum is
calculated using the sensor operators, as follows: S(w) = (£ (w)é) (w) + EH(w)E(w)).
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Figure 5 — (a) Ratio P,/ P? as a function of A and for a fixed value of 2 (2 = 30T"), (b)
intensity-intensity correlation function ¢?(0) as a function of A, (c) population
of the single (blue), two (red) and three (green) excitation states population,
(d) map of the ratio P»/P? as a function of 2 and A. Here we treated a
three-atoms system (N = 3) spaced by d = 0.2k! along # and incident laser

of wave vector k = kg, polarized along Z.

3.2 The fluorescence spectrum

Following the approach of Compagno et al. [81] for a single atom dressed by a laser

field, the eigenstates of the Hamiltonian at resonance have the following expression:

[+) = 1) £ l,m)), (3.1)

1
NG (It,n
where |[T,n—1) = |1) ® In—1) and [},n) = |}) ® |n), with [1), |}) € H, C H and
In), |n—1) € H; C H, H is the Hilbert space and H,(H;) is an subspace of H associated
with the atomic system (laser field). This pair of eigenstates defines an n-excitation
manifold where they are split by the Rabi frequency of the incident laser [21]. Thus, for two
interacting atoms close together (kd < 1), the dipole-dipole interactions in Eqs. (2.13) and
(2.14) produce two single-excitation eigenstates called symmetric (|.S)) and anti-symmetric

(|A)), defined respectively as:

|15) = (|N> + 1), (3.2)

%\

|A4) = <m> 1)) (3.3)

%\
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As it was done in [81], we will consider the following basis:

|6n) = [11,n = 2), (3.4)
|67) = |S,n — 1), (3.5)
|6,) = 1A4,n = 1), (3.6)

|65) = [1,m) (3.7)

which consists of a four-dimensional subspace of the eigenvectors. We can see that the
atomic system and the incident laser field are integrated on this basis, forming the atom-
light system, where the number of photons and excitation are conserved, for example: in
|¢L) we have two-excitation (|11)) in the atoms and two photons less in the light field
(In — 2)). The same holds for the other states.

3.2.1 The diagonalization of the Hamiltonian for the two-atom case

The eigenstates can be obtained analytically for the two-atom case since they can
be calculated from the diagonalization of the Hamiltonian expressed in equation (2.13).

For two atoms, the Hamiltonian is written as follows:
H=-A6167 +6365) — = (67 +617 +65 +63). (3.8)

The first step is to represent the Hamiltonian matrix in the basis defined in
Eqgs. (3.4)-(3.7), where the element positioned in the i-th row and in the j-th column (H,;)

is given by:

Hij = (6, H|¢}) . (3.9)
We thus obtain:
—2A —% 0 0
0= _035 _AOJFC _AO_C _OQ2 (3.10)
0 —5 0 0

where ¢ = A2 = A%l Through the diagonalization of the Hamiltonian expressed in Eq.

(3.10), we obtain the following eigenstates:

i) = |A,n — 1), (3.11)

02) = k2 [t —2) + &2 1S 0 — 1) + k2 1, n), (3.12)
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02) = kP Mty — 2) + kS |Sn — 1) + kS |4,y (3.13)
od) = kY 0 = 2) + K5V 1S, — 1) + KV |4, n) (3.14)

These eigenvectors are the n-excitation manifold for our system and k‘l(m)

are given by:

B = 1 - L e 2A - (¢ A MG AL Q),

2Q)?

1@ _ -M(¢, A, Q)
@ _ ZAs 200

V20

1

Y = —1-
! 202

1B _ -2 (¢, A, Q)
@ _ 2206 200

V20

[2¢ = 2A = X(C, A, Q)] X2(¢, A, ),

HY = 1 o 20— 28— M A, D (G, A, ),

ki(4) . _)‘3(C7 A,Q)
g = ———— L

V2Q
with
K =k = kY =1
The functions A;(¢, A, ), A2(C, A, Q), and A3((, A, Q) can be written as follows:
F(¢,AQ
MCAR) = 5(C=38) + 2+ MG A),

2 e FGAY) 1
X(CA9) = 3(C=38) = (L+iV3) G gy — gapt — IVAIMIGA.9),

K AFGAY) 1
)\S(C7 Av Q) - g(C - 3A) - (1 - Z\/g) G(Ca A, Q) - 6\3/5(1 + Z\/g)M(C7 Av Q)a

where F'((, A, ),

F(¢,A,Q)

G(¢,A,Q), and M(¢, A, Q) are defined as:

=437+ ),
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G(C, A, Q) = 3{@ + gg(m _2A?)

1/3
+ 3\2/5\/—4&%2 — 4(02 + A?)3 — (4 + 204202 — 8A4)] :

M(C,A,Q) = [165” — 144CA? 4 T2

1/3
+8y/[2¢% + 9¢(Q2 — 2A2) — 4[C2 + 3(02 + A2)]3]

The dressed states are characterized by the superposition of different atomic and
field states, as shown in Eqgs. (3.11)-(3.14). The eigenstate |v!), which contains the anti-
symmetric atomic state |A), however, does not couple to any other atom-field state and does
not participate substantially in the intensity of the fluorescence spectrum. A consequence,
the n-excitation manifold reduces to the triplet, which here is given by [v2), |v3), and |v),

with the following energy differences:

8ij = —0; = E., — EY. (3.15)

In the light of the dressed state picture analytically derived in this subsection, we
will now discuss the results of our simulations for N = 2 atoms spaced by d = 0.2k~ and

pumped by a laser with Rabi frequency Q/T" = 30.

3.2.2 The fluorescence spectrum for the resonant case

In Fig. 6(a) we have the dressed-state structure for two interacting atoms with

A/T = 0 (resonance), which presents the following eigenstates:

[ol) = 0.20 |11, n — 2) +0.96 |S,n — 1) +0.20|,n), (3.16)
vn) = 14,n 1), (3.17)

[v3) = 0.68 [11,n —2) —0.28S,n — 1) + 0.68 |, n), (3.18)
2y = —0.71 [, n — 2) 4+ 0.71 |4, n) . (3.19)

In Fig. 6(b) we compare the fluorescence spectra for both interacting (black curve)
and non-interacting two-atom system (d = 100k~!) (green curve). We can see that in the
case of non-interacting atoms, the spectrum of the single atom (Mollow triplet [52, 53]) is

reproduced. In the case of interacting atoms we also have a central peak, which originates
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Figure 6 — (a) The dressed state structure for two interacting atoms with A/T" = 0
(resonance) (b) The fluorescence spectrum for non-interacting atoms (green)
with d = 100k~" and two interacting atoms (black) with d = 0.2k! and the
same other parameters as in (a). The arrows in (b) refer to the transitions
presented in (a) (same color code).

from the transition |v’) — |v% ;). In other words, this central peak in the fluorescence
spectrum means that the atomic state is not changed, characterizing a one-photon emission
resonant with the incident laser. The transformation of the side peaks into triplets for
strongly interacting atoms corresponds to resonant frequencies +A;; related to transitions
i) — 0777} [represented by the arrows in Fig. 6(a) and (b)]. These peaks are absent for

the single atom and non-interacting atoms cases.

3.2.3 Fluorescence spectrum in the blockade regime

In Fig. 7(a) we show the dressed-state scheme for a two-atom system in the blockade
region (A = Agg = —101.56I"). This value of detuning corresponds to the global minimum
in the plot of ¢®?(0) presented in Fig. 4(b) and coincides with the value of Agg calculated
via the diagonalization of the linear-optics matrix M* (as described in Sec. 2.4). We have

the following eigenstates for this case:

wl) = 0.99 |11, n — 2) —0.11]S,n — 1) +0.011 |}, n) (3.20)

|02) = |A,n — 1), (3.21)

03) = 0.090 |11, n — 2) + 0.76 |S,n — 1) — 0.64 |}, n) (3.22)
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Figure 7 — (a) The dressed states structure for two interacting atoms with A/I" = —101.56
(blockade regime) (b) The fluorescence spectrum for non-interacting atoms
(green) with d = 100k™! and two interacting atoms (black) with the same
other parameters which was presented in (a). The arrows in (b) refer to the
transitions presented in (a) (same color code).

lut) = 0.062 [11,n — 2) +0.64|S,n — 1) +0.76 |, n) . (3.23)

We can see in Fig. 7 that the transitions involving the eigenstate |v}) do not
correspond to any peak in the fluorescence spectrum. Indeed, from the expression for |v})
in Eq. (3.20) the two-excitation state coefficient is very close to unity (this quantity is
associated with the probability of occupation of the state) and thus |vl) =~ |11, n — 2).
Therefore, in the blockade regime, where multiple excitations are inhibited, the state of
the system has practically no component of |v}), and transitions involving this eigenstate

do not appear as a peak in the fluorescence spectrum.

3.2.4 Fluorescence spectrum for the antiblockade regime

In Fig. 8 we present the same dressed-state picture for an interacting two-atom
system, but choosing A/T" = 15.85. With this detuning, the ratio P»/P? reaches its global
maximum, as shown in Fig. 4(a), corresponding to an antiblockade regime. In this case,

we have the following eigenvectors associated with the system:

lvr) = 0.24 11, n —2) +0.96|S,n — 1) + 0.17 |, n), (3.24)

‘U721> = ‘Avn - 1> ) (3.25)
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Figure 8 — (a) Dressed state structure for two interacting atoms with A/T" = —15.85

(antiblockade regime). (b) Fluorescence spectrum for non-interacting atoms
(green) with d = 100k™! and two interacting atoms (black) with the same
other parameters which was presented in (a). The arrows in (b) refer to the
transitions presented in (a) (same color code).

[03) = 0.96 [11,n —2) — 0.21]S,n — 1) — 0.16 |||, n) (3.26)

vty =012 11, n — 2) — 0.21]S,n — 1) + 0.97 [}, n) . (3.27)

3.2.5 Conclusions about the fluorescence spectrum

In the spectra presented in this section, we analyzed the single-photon emission for
the blockade and antiblockade regime in the dressed-states picture, compared with the case
in resonance. We saw that in the blockade regime the eigenstate |v}), strongly associated
with the two-excitation state, has its transitions inhibited — which does not occur in the
antiblockade regime. In the next section, we will continue studying the emitted light, but

focusing on the correlations between the photons.

3.3 Photon-Photon correlations

The single-photon transitions were shown in the spectra (Figs. 6, 7, and 8). In

order to investigate correlations between emitted photons we compute the photon-photon

correlations gl(?) (w1, ws) introduced in Eq. (2.21). We present in Figs. 10, 11, and 12 maps
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Figure 9 — (a) The gl(?) (w1,w2) map for a single atom with A/T" = 0 (resonance). (b)
The gl(?) (w1, ws) map for a two-atom system with A/I"' = —101.56 (blockade
regime).

for gg) (w1, ws) in terms of the sensor frequencies w;/I" (for s = 1,2) for three situations:
a resonant pumping, the blockade regime, and the antiblockade regime for a two-atom
system. From these maps we monitor the two-photon emission correlations associated
with opposite sidebands [¢ (6,5, —d;;)], equal sidebands [¢®(6;;, 0;;)], and cross sidebands
[9®)(8ij, 0iry), with i # i and j # 5'].

3.3.1 The single atom and the blockade regime: a superatom picture

The blockaded system can be described in a superatom picture [2, 34]: the single-
excitation, collective state and the many-body ground state play the respective role
of the excited and ground state of an effective two-level system. This effective single
atom (superatom), however, decays following the collective mode linewidth, here the
superradiant decay rate I'sg instead of the single atom linewidth I'. Furthermore, the
strong interaction promotes the antibunching of the light emitted by the atoms (again,
since multiple excitations are inhibited) — we can see in Fig. 9 (a) and (b) that the map
associated with the blockade regime is qualitatively close to the single atom map, which

corroborates with the superatom picture.

3.3.2 Two atoms and a Resonant Driving

Let us discuss here the case of two atoms resonantly driven by a laser. In the map

of Fig. 10, the gray circle symbol represents the transition |v!) — [v3_|) — |vl_,) between
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Figure 10 — (a) Emission of two photons from opposite sidebands w; = —wy (gray) equal

sidebands w; = wy (green) and cross sidebands w; # ws (red and purple) in the

dressed-states picture for a two-atom system near ground state with A/T" =0

(resonance). (b) Map of the photon-photon correlations function g\ (w;, ws)

associated with the dressed-states scheme described in (a).

opposfce sidebands gF (513, —d13), an allowed path of relaxation for which d,3/T" = —109.77
and gF ((513, —d13) > 1, and it exhibits photon bunching. We verified that the smallest value
of the photon-photon correlation function for w; = —w, (along the main anti-diagonal)
is gg) (w1,wq) = 1.64, which implies that the photon bunching holds for all transitions
[vi) = [v]_;) = |vi_,). The green square symbol represents the two-photon emission from
the transitions |v}) — |v3_,) followed by |2)1 1) = |v3_,) (equal sidebands). This is an
allowed path of relaxation where we have gF ((513, 513) > 1, indicating photon bunching,
again. We also verified that the smallest value of gF (wl, wsy) for wy = we is 1.22, which
implies that the photon bunching also holds for all transitions with w; = wy (main diagonal).
Note that in the work of Darsheshdar et al. [21] antibunching regions appear for w; = ws
in the case of resonance. However, it is important to observe that in the aforementioned
work the scalar model of light was used, which demands smaller interatomic distances
for strong bunching and antibunching effects to appear. These two factors change the

interaction between the atoms, which is a possible explanation for the appearance of

antibunching regions in [21] and not here.

For processes involving a two-photon emission with cross sidebands, gF (:I:(SZ], +0; )
with (7, 7) # (¢, j'), we have the participation of three distinct atomic states. This requires

a more careful analysis since photons with different frequencies are emitted in a specific



Chapter 3. Results 37

order. For example, let us consider two transitions of this type:

|U§L> — |viﬁl> followed by |vﬁ71> — |v272>, (3.28)

(o) = [on_1) = [vn_a) - (3.29)

The first case (3.28) is represented by the red cross symbol in the map and is a non-allowed
path of relaxation, since (v} ,|vd ) =0, which indicates that these states are orthogonal.
Differently, the second case (3.29), which is represented by the triangle symbol, is an

allowed path of relaxation.

3.3.3 Blockade Regime

2
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Figure 11 — (a) The emission of two photons from opposite sidebands w; = —w, (gray)

equal sidebands w; = ws (green) and cross sidebands wy # wy (red and purple)
in the dressed-states picture for a two-atom system near ground state with

A/T" = —101.56 (blockade regime). (b) The map for the photon-photon

correlations function gg) (w1,ws) associated with the dressed-states scheme

described in (a).

In Fig. 11 we present the g%z) (w1, wsz) map for the blockade regime (A/T" = —101.56).
We can see that in this regime characterized by the inhibition of multiple-excitation state,
we have more antibunching regions ( g§2) (w1, ws) < 1). Indeed, comparing with the resonance
case, it is possible to observe that two of the transitions highlighted on the map (purple

triangle and green square) are in antibunching regions.
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Figure 12 — (a) The emission of two photons from opposite sidebands w; = —w, (gray)

equal sidebands w; = ws (green) and cross sidebands w; # ws (red and
purple) in the dressed-states picture for a two-atom system near ground state

with A/T" = 15.85 (blockade regime). (b) The map for the photon-photon

correlations function gg) (w1, ws) associated with the dressed-states scheme

described in (a).

3.3.4 Antiblockade Regime

In Fig. 12 we show the g (wy,ws) map for the antiblockade regime (A/I' = 15.85).
We can see an increase of bunching regions (gl(?) (w1,ws) > 1) and in the spacing between
the antidiagonal lines as compared with the same maps for the resonance and blockade case
(see Figs. 10 and 11). More antidiagonal lines also appear on the map for the antiblockade
regimes when compared to the map with the same ranges of w; and w, of the blockade
regime. The increase in bunching regions is due to the favored emission of pairs of photons,
characteristic of this regime. The differences related to the number and separation of
the antidiagonal lines are consequences of the dressed-state structure, resulting from the

system interactions in each regime.

3.3.5 Intensity of the emitted light: comparing three regimes

In Fig. 13 we show the second-order correlation function in terms of sensor operators
(we use this name because it has the same information of G® defined in Eq. (2.10)) G® =
(€leles€,) for: (a) the resonance case, (b) the blockade regime, and (c) the antiblockade
regime. We can observe that in the antiblockade regime there are just a few regions of

high correlations, which indicates that, although the antiblockade regime facilitates the
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Figure 13 — The map of the photon emission intensity for a two-atom system in (a) reso-
nance (A/I" = 0), (b) blockade regime (A/I' = —101.56) and (c) antiblockade
regime (A/I' = 15.85).

emission of two correlated photons, this occurs with low photon flux: these pairs of photons

are rare events.

In the next section, we will study the so-called leapfrog processes, discussed in Sec.
2.5. The photons emitted from this type of transitions are strongly correlated, non-classical,
and entangled. Thus we can use Cauchy-Schwarz and Bell inequalities to identify such

features, since their violation implies non-classicality and entanglement, as discussed in

Sec. 2.6

3.4 Leapfrog Processes

The transitions described in the previous section involve two-photon emission
processes related to real transitions, i.e. transitions between two manifolds through an
intermediate state present in the dressed-state picture. There are other types of two-photon
transitions where the intermediate state is not contained in the dressed-state picture. In
this case, this state is called a virtual state and the two-photon emission associated with it

is a leapfrog process [24].

The pair of photons emitted during such a leapfrog process is characterized by
correlations much stronger than the two-photon emission through real states. Its quantum
nature was demonstrated for these single-emitters by violations of the Cauchy-Schwarz

(CSI) and Bell (BI) inequalities [82]. In particular, the energy of each photon does not
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Figure 14 — Maps of gl(?) (w1, ws) — same as Figs 10, 11 and 12, but repeated here for
the sake of comparison — Cauchy-Schwarz Inequality (Rs(wi,ws)) and Bell
Inequality (Bs(wy,wsq)) for (a) the resonance case, (b) the blockade regime
and (c) the antiblockade regime.

need to match the energy of a specific single-photon transition, only the sum of these
photons’ energies needs to match the energy of an existing two-photon transition. In other
words, the relations wy + wy = 0 and w; 4+ wy = +6;; must be satisfied, which means that
the leapfrog process corresponds to anti-diagonal lines in the maps in Figs. 10, 11, and 12.
As discussed in Sec. 2.6, the non-classicality of such correlations can be evidenced by the
violation of the CSI (R > 1), where R is given by equation (2.23), and by the violation of
the BI expressed by B > 2, where B is given by equation (2.25).

We can see in all maps of R(wq,ws) and Bs(wy,ws) in Fig. 14 that the CSI and
BI are violated at most points of the anti-diagonal lines, which correspond to leapfrog
processes. Furthermore, we discussed in Sec 2.6 that the violation of the CSI (BI) implies
non-classicality (non-locality). Thus if Rs(wy,w2) > 1 and Bs(wy,ws) > 2 for a pair of
photons with a frequency combination (wq,ws), the associated two-photon state has a non-
classical nature and is entangled. If gg) (w1,wq) > 1, the photons are strongly correlated.
Thus, the maps indicate frequency regions where the system generates pair of photons
strongly correlated, non-classical, and entangled (we pointed out one example with a black
arrow in Fig. 14). The identification of non-classical correlations for our atomic system in
the resonance, blockade, and antiblockade regimes is the main result of this work, together

with the characterization of each regime, as presented in Sec. 3.1.
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4 Conclusions

In conclusion, we have conducted a study of the blockade effect, where multiple-
excitation states are weakly populated for near-ground state neutral two-level atoms in the
subwavelength regime, in which induced dipole-dipole interactions are strong enough to
generate this effect [2]. We identified the regime of antiblockade, where multiple-excitation
states are preferentially populated, for a two- and three-atom system, using the ratio
P,/P} > 1 as the main indicator of the antiblockade phenomenon [41]. We then studied
the generation of pairs of correlated photons for these regimes in a two-atom system and
compared it with the case of resonant driving. We characterized the emitted light with
different frequencies using the sensor method and presented the fluorescence spectrum of

the coupled system, photon-photon correlations, and Cauchy-Schwarz and Bell inequalities.

Based on the fluorescence spectrum, we studied the transitions between excitation
manifolds in the dressed-state picture. The fluorescence provides another signature of
the blockade effect since the transitions associated with the two-excitation states do not

appear in the spectrum, indicating inhibition of such state.

From the photon-photon correlations, we could observe for which combinations
of frequencies (w;,ws) bunching or antibunching occurs. Furthermore, we observed that
the antibunching areas in the second-order correlation maps are wider for the blockade
regime than for the antiblockade regime. Conversely, the bunching areas are wider for
the antiblockade case than for the blockade case, consistent with the nature of these

phenomena.

From the Cauchy-Schwarz and Bell inequalities maps, we characterized the non-
classical nature of the emitted pairs of photons. These pairs are produced through virtual
transitions — the so-called leapfrog processes. We note that similar results on the pairs of
the photon, using the sensor method, have been reported for atomic systems using the
scalar model of light [21]. Our work with the vectorial model of light, however, allowed us
to achieve collective regimes (i.e. blockade and antiblockade effects) making simulations
for an atomic ensemble using more realistic interparticle distances than those demanded

by the scalar model.

In the context of the model studied and the results obtained in this work, several
questions remain open: the scaling of these effects with atom number (N > 2), the role of
specific geometries (atomic ring, lattices, etc.), and disorder. The many-atom case will

certainly hold new surprises since many more complex atom-light manifolds are present.
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A Second-order correlation function for two

atoms

We can see in Figs. 4(a) and 4(b) that the plot of P»/P? is identical to the g (0)
plot. Indeed, we can demonstrate that ¢ (0) = P,/P}? for a two-atom system. From

equation (2.11), we have the following expression for ¢ (0):

SO0 — i EZOE OB O @)
R (B ()EH()

We are considering the far-field approximation and the steady-state regime in this work,

(A.1)

so we can write the electric field operator as follows:

N
Bt =Y 6f, (A.2)
i=1

where N is the number of atoms and &; is the rising/lowering atomic operator. For N = 2:

E+ =67 + 65, (A.3)

E- =67 +65. (A.4)

The atomic operators have the following form:

o = (Mt @, (A.6)

o3 =L @ (I1) (1)), (A7)
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61 = (1) T @ L, (A.8)

oy =L @ (|4) (T]e- (A.9)

Considering the tensorial product property: (v ® w)(x ® y) = vx @ wy, we can obtain:

E~(O)E-(O)ET()E*(t) = 61656765 + 67656567 + 65616765 +065676567, (A.10)
where:

brosotor = 1) (L (A1)

6765 = 6y67 = 1) (111 (A.12)

Then, equation (A.10) can be rewritten as:

E~(t)E~(t)ET (1) ET (1) = 4111) (1), (A.13)
E~()E~(t)ET(t)E*(t) = 4P, (A.14)

where P, is the projector over the two-excitation manifold. Following the same procedure
for the term E~(t)E*(t) in equation (A.1), we obtain:

E-ET ) = (IN) (Mh @ L+ (1) (1), = b + b =25, (A.15)
where P is the projector over the single-excitation manifold.

Substituting (A.14) and (A.15) in (A.1):

P (P
2P (P)’

9 (0) = (A.16)
with (P,) = P, (population in the two-excitation manifold) and (P,) = P, (population in

the single-excitation manifold), we finally show that:

P

4 (0) = 1 (A.17)



o1

B Master Equation in the Born-Markov ap-

proximation

A considerable part of the works in quantum optics involves light sources that
emit photons irreversibly (photoemissive sources): the photons propagate until they are
absorbed by a boundary of the system (the laboratory wall, for example) or by the
detectors associated with the system. Let us compare this situation with the following: an
electromagnetic field confined within a perfect cavity and measured by detectors inside
the cavity. In the first situation, the detectors do not interact directly with the source,
since the photons already left it in an irreversibly way. But in the second situation, the
detectors interact with the source, and the description of the dynamics of the field when

the detectors are present is quite different [83].

In this work, we will consider a system with a number of two-level atoms interacting
with each other and with a radiation field, and where the atomic system behaves as a
photoemissive source. Such a system is classified as an open quantum system [84], precisely
because it interacts with the environment (usually referred to as a reservoir or bath).
Indeed, it is possible to eliminate the photonic dynamics and build an equation for the

effective atomic dynamics, under the form of a master equation [85].

The evolution of the atomic system plus reservoir is described by the following
Hamiltonian:
H=Hg+ Hg + Hpgg, (B.1)

where .ﬁg, Hp and Hpgg refer, respectively, to the atomic system, reservoir, and atomic
system-reservoir coupling. The state of the interaction atomic system-reservoir is described
by the density matrix prg, whose evolution is given by the Schrodinger-von Neumann

equation [44]:

. Lrg oA
Obrs = —3 {HRS,PRS] ; (B.2)
If we move to the interaction picture, the following transformations [44] must be
done:
ﬁle _ ei(HerHR)t/hﬁRS(t)efi(Hs+HR)t/h’ (B.3)
FI;%S _ ei(HS+gR)t/hﬁR5(t)e_i(ﬁ5+ﬁR)t/h, (B4>

then the equation of motion in this picture reads:

Ofinst) = 5 [Aas(t). (1)) (B.5)
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Integrating equation (B.5) from ¢ to t + At we obtain:

t+At K , , Z t+At N , N , ,
[ bt = — [ [ps (@), prs(t)] at'

, t+At .
sl + A1) = prag(t) = —3 [ [Fsl?) s (B.6)
where t is an arbitrary instant of time, and At =t/ — ¢ is the smallest time-scale of the

system-reservoir interaction dynamics. Iterating equation (B.6), given that ppre(t') must

satisfy equation (B.5), so

i

Prs(t) = Prs(t) h Rs(t//)} dt”, (B.7)

and substituting Eq. (B.7) in Eq. (B.6) leads us to the following result:

At U

N Al LAt 1| noA it " b " "
Prs(t + At) = prg(t) = “nl; dt" | Hpg(t'), Prs(t) — nl: [HRS( ): Prs(t )} dt”| .
(B.8)

The term in the integrand of equation (B.8) can be rewritten as:
y y t+At r )
Prs(t + At) — pre(t) = ApRS h/ PRs(t)] dt

(B.9)
AL és<t”>,ﬁ’Rs<t">H .

Here we consider that the perturbation of the reservoir over the system is weak,
which allows us to use the Born approximation: the state of the reservoir does not signifi-
cantly change due to the interaction with the system and remains separable throughout
the evolution [86]. We can thus neglect higher-order terms in the time expansion above,

and thus neglect further iterations in Eq. (B.8).

Since the system and reservoir are weakly coupled, the Hamiltonian of the inte-
raction between them can be written as a sum of products over system operators S and

reservoir operators ]%, as expressed in the equation below:
o = SR (B.10)
We have here used the Einstein notation, where repeated indices imply summation, i.e.,
= Za S;R
We will consider now the following change of variable in the integrals of Eq. (B.9):

=t —t, (B.11)

which implies that:

t+AL v, At t+AL
/ I / dr / dt' (B.12)
t t 0 t
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Here 7 is the time scale of decay for the reservoir, which is assumed to be much shorter
than the smallest time scale of the system At. This consideration (7 < At) is called the
Markov approximation [86] and it implies a short memory for the reservoir, which means

that the correlations in the reservoir decay much faster than the system correlations.

Combining Egs. (B.12) and (B.9), we obtain:

t+At ,
Apps(t) 5 / ARS(t)} dt’
At t+At 7 . ,
/ dr / $() [Hrs(# = 7). prs(t = 7]

and substituting Eq. (B.10) in Eq. (B.13):

(B.13)

Apinstt) = —1 [ R[S0 7 1) d
[T /“N 885t = Ts(t) — Sy(t = T)Pras(DS(E)] Balt) Rt —7)

/

+ [pRs( )S5(t = T)S(F) = Su(t)Prs(D)S(t = 7)| Ra(t' = 7) Ra(t).
(B.14)
Assuming that S (t') commutes with pg(t), i.e., {S’;(tl), ﬁ’s(t)} = 0, and using the invariant
property of the partial trace [87],we have:

A/

Tre|S, ()R, 5 (t)] =0, (B.15)

Tl (SO0 = 70as(t) = S50 =T O5.0) ARl =] =

[Sa()S4(t = 7)ps(t) = St = T)As(B)S()] |
Tre[Apgs(t)] = Apg(t) (B.17)

Then Eq. (B.14) becomes:
At t+At Al ’ N A7 /

== ), [ O -0 - S - naese]

+ [,os< )S5(t =TS (1) = S, (H)ps(t) St —7)] -

We will make the following assumption [44] about S/, (t) and 5"5 (1):

Sagp(t) = €15y 57 N = S geteacor, (B.19)

where the w,(g) is a frequency associated with the system operator S‘a(ﬁ). Equation (B.18)

can thus be rewritten as follows:

Aps(t) = = [(SaSs5(t) = Spps(t)Sa) w' + (ps(t)S58a — Saps()Ss) w™] I(wa + wp),
(B.20)
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where:
At ,
wt = dre "sT, (B.21)
0
At
wo = dre’s™ (B.22)
0
t+At , .
[(we + ws) = / dt'~ilwatwa)t’ (B.23)
t

Assuming that the system-reservoir interaction has fast dynamics compared with the

dynamics of each one separately, one can write:
At > (wo +ws) ™!,

which implies that (w,+wg) tends to zero for all w, and wg values, except for w, +wg = 0.

Then I(w, + wg) can be expressed in terms of a Kronecker function 6(w,, —wg) as:
I(wa + wp) = Atd(wa, —wp). (B.24)

It is thus possible to rewrite Eq. (B.20) as

Aﬁfs — — [(8u8575(t) — Siis(£)Sa) w* + (#5()95Su — Supis())Ss) w] Sleas —ws).
(B.25)

Taking the limit of small At, so that Al%mo % — 8%125, and sending Eq. (B.25)
%

back to the Schrodinger picture [44], we are left with:

Oups(t) = — [ff s (D)

h
~ [(88585(t) = S3ps(t)5a) w* + (Ps(t)3550 — Saps(t)Ss) w™ | 6(wa, ~w).
(B.26)
From Egs. (B.21) and (B.22), we have that w' and w™ are complex functions,
so they can be written as w®* = Re[w®] + ilm[w*], where w~ = [w*]*. These relations
combined with the fact that terms where S, = Sg satisfy d(wa, —wg) = 1, allow us to
rewrite Eq. (B.26) in terms of « only:

Op(t) = — |Hg, ps(t ]—ZZIIH [5’ Gt }

[
—i—ZQRe

118153, —7(5 3ip S)}

where the explicit summation symbol over o was reinserted. Defining 7Y, w[S5,51, p] =

H.pp and 2Re[w ™| = k,, we can further write:

A~ Z a a A~ JARESN ]_ AN A ~ A~ A
(3tp5(t):—h[Hg—i-Heff,ps]—l—Zka[ lpgSa—i(Saps f+ ps ;Sa)] (B.28)

«
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We now define the last term in Eq. (B.27) as a superoperator (an operator which

acts over the density matrix) as:

which can be generalized:

1
Llp) = epet — 5 (efep + pefe) . (B.29)
We can put away the real constant k, without loss of generality. Finally, Eq. (B.28) can
be written as: _
~ [ ~
ap(t) =~ [, o) + £1p). (B.30)

Equation (B.30) is called a Master Equation and L[] is a Liouvillian superoperator
acting on the density matrix p called Lindbladian, which accounts for energy shifts and

dissipation effects due to the interaction with the reservoir.
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C The Python codes in QuTip Toolbox

C.1 The Green tensor

from qutip import *

import numpy as np

def Green_Tensor (Gamma ,R,k,i,j):
G = np.add(np.zeros((3,3)) ,np.multiply(1j,np.zeros((3,3))))
if (i !'= j):
R_ij = np.add(R[i] ,np.multiply(-1.0,R[j])) #The position vector
r_ij = np.linalg.norm(R_ij) #The position vector module
G = (3.0xGamma/4.0)*((np.exp(1j*k*xr_ij))/(((k*xr_ij)**3)))*((kx*
r_ij)**2 + 1j*xkxr_ij -1)*np.identity(3) -((k*r_ij)**2 + 1j*3*k*r_ij
-3)*np.tensordot (R_ij,R_ij,axes=0)
else:
G = 1j*Gamma/2*np.identity (3)

return G

C.2 The creation and annihilation atomic operators

from qutip import *

def Sigmam(N,level,i):
g_list = [geye(level)]*N #N identity quantum objects in a subspace
of the Hilbert space with dimension defined by the "level" variable.
g_list[i] = sigmam() #It applies the annihilation atomic operator at
i-th position of q_list
sigmamN = tensor(q_list) #The tensorial product between the q_list
elements

return sigmamN

def Sigmap(N,level , i):
q_list = [qeye(level)]*N
q_list[i] = sigmap() #It applies the creation atomic operator at i-
th position of q_1list
sigmapN = tensor(q_list)

return sigmapN

C.3 The electric field

from qutip import *

import numpy as np
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o7

4 import sigma_plus

5 import sigma_minus

6

7 def E(N,k,n_hat,R,level,signal):

8 E =20

9 for i in range(0,N):

10 if signal == ’plus’:

11 E += np.exp(-1j*k*np.dot(n_hat ,R[i]))*sigma_minus.Sigmam(N,

level ,i) #The positive component of the electric field

12 else:

13 E += np.exp(lj*xk*np.dot(n_hat ,R[i]))*sigma_plus.Sigmap (N,
level,i) #The negative component of the electric field

14 return E

C.4 The position vector

1 def position_vector(d,N): #The construction of the atomic position

vector for a linear chain of atoms

2 R = [[0,0,0]]

3 j =20

4 while j < (N-1):

5 j=3+1

6 R.append ([j*d,0,01)
7 print (R)

8 return R

C.5 The inelastic term 'Y

1 from qutip import x*
2 import numpy as np

3 import math
5 import green_tensor
7 def f _matrix(Gamma ,R,P,kO0,N):

8 f = np.add(np.zeros((N,N)) ,np.multiply(1j,np.zeros ((N,N))))

9 for i in range(O,N):

10 for j in range(O,N):

11 G_ij = green_tensor.Green_Tensor (Gamma ,R,k0,i,j) #The Green
tensor

12 G_Img = np.imag(G_ij)

13 f[i,jl=np.tensordot (np.conj(P[i]) ,np.tensordot (np.multiply (2,

G_Img),P[j]l,axes=1) ,axes=1) #The inelastic term

14 return £

C.6  The elastic term AY
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from qutip import x*
import numpy as np

import math

import green_tensor

def g_matrix (Gamma,R,P,kO0,N):
g = np.add(np.zeros ((N,N)) ,np.multiply(1j,np.zeros ((N,N))))
for i in range(O,N):
for j in range(O,N):
G_ij = green_tensor.Green_Tensor (Gamma ,R,k0,i,j)

G_real = np.real(G_ij)

gli,jl np.tensordot (np.conj(P[i]) ,np.tensordot (G_real ,P[j
],axes=1) ,axes=1) #The elastic term

return g

C.7 The Hamiltonian

from qutip import *

import numpy as np

import sigma_minus
import sigma_plus

import electric_field

def Hamiltonian(N,R,g,Omega,Delta,k_vec):
H1,H2,H3 = 0,0,0
for i in range(O,N):
SgmP_i = sigma_plus.Sigmap(N,2,i) #The atomic creation operator
applied on the i-th atom
SgmM_i = sigma_minus.Sigmam(N,2,i) #The atomic annihilation
operator applied on the i-th atom
H1 += -Delta*(SgmP_i*SgmM_i)
H2 += -0.5*0Omega*(np.exp(lj*np.dot(k_vec,R[i]))*SgmP_i + np.exp
(-1j*np.dot(k_vec ,R[i]))*SgmM_i)
for j in range(O,N):
SgmM_j = sigma_minus.Sigmam(N,2,j) #The atomic annihilation
operator applied on the j-th atom
H3 += g[i,jl*SgmP_i*SgmM_j
H = H1l + H2 + H3 #Hamiltonian

return H
C.8 The Lindbladian
from qutip import *

import sigma_minus
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4 import sigma_plus

ot

6 def Lindbladian(N,f):

7 L = []

8 L_parc = 0

9 for i in range(0,N):

10 SgmM_i = sigma_minus.Sigmam(N,2,1i)

11 for j in range(O,N):

12 SgmP_j = sigma_plus.Sigmap(N,2,j)

13 L_parc += f[i,jl*(2*(qutip.spre(SgmM_i)*qutip.spost(SgmP_j))
- (qutip.spre(SgmP_j*SgmM_i)+qutip.spost (SgmP_j*SgmM_1i)))

14 L.append (0.5*xL_parc) #Lindbladian

15 return L

C.9 The projector for the single-excitation state
1 from qutip import x*

3 def psil_projector (N):

4 psil ,projector_total= 0,0

5 list_state = [basis(2,1)]*N #A list of N quantum objects
representing the N ground state atoms

6 for i in range(O,N):

7 list_state[i] = basis(2,0) #It applies an excitation in the i-th
atom

8 psil = (tensor(list_state)).unit() #Normalized tensor product
between the list_state elements, which consists in the single-
excitation state

9 projector = psil*psil.dag() #The projector for the single-
excitation state

10 projector_total += projector #The sum of the single-excitation

projectors for the N atoms

11
12

list_state[i] = basis(2,1)
psil = O

return projector_total

C.10 The projector for the two-excitation state

I from qutip import *

3 def psi2_projector (N):

psi2,projector_total = 0,0
list_state = [basis(2,1)]*N
for i in range(O,N):
list_state[i] = basis (2,0)
j=0
while (j<i):
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list_state[j] = basis(2,0)

psi2 = (tensor(list_state)).unit() #Normalized tensor
product between the list_state elements, which consists in the two-
excitation state

projector = psi2*psi2.dag() #The projector for the two-
excitation state

projector_total += projector #The sum of the two-excitation
projectors for the N atoms

jo+=1

list_state[j] = basis(2,1)

psi2 = 0

list_state[i] = basis(2,1)

return projector_total

C.11 The projector for the three-excitation state

from qutip import *

def psi3_projector (N):

psi3, projector_total = 0,0
list_state = [basis(2,1)]1*N
for i in range(0,N):
list_state[i] = basis (2,0)
j =20
while (j<i):
list_state[i] = basis (2,0)
k=0
while (k<j):
list_state[k] = basis(2,0)
psi3 = (tensor(list_state)).unit() #Normalized tensor
product between the list_state elements, which consists in the three-
excitation state
projector = psi3*psi3.dag() #The projector for the three
-excitation state
projector_total += projector #The sum of the three-

excitation projectors for the N atoms

psi3 = 0
list_state[k] = basis(2,1)
k += 1
list_state[j] = basis(2,1)
o= 1

list_state[i] = basis(2,1)

return projector_total

C.12 The P,/ P} plot in terms of A/T

1 from qutip import =*
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import numpy as np

import matplotlib.pyplot as plt

import scipy.linalg as la

import hbpy

import os

import position_vector

import gamma_function

import delta_function

import hamiltonian

import lindbladian

import psil_projector

import psi2_projector

import plot

#General Parameters

Gamma = 1 #The atomic system linewidth
N 2 #The number of atoms
level = 2 #Two-level atoms
n_hat = [0,1,0] #It defines the direction of the incident laser
Omega = 30*Gamma #Rabi frequency
#Geometry
" k0=2*np.pi

k_vec = [0,k0,0] #The wave vector

if

np.linalg.norm(k_vec) #The wave vector module

d 0.2/k #The interatomic distance
P [0,0,1] #It defines the polarization direction
P [pl*N #The polarization vector
R position_vector.position_vector (d,N) #The position vector
#Model
; vector_model =
scalar_model = 0
if vector_model:
f = gamma_function.f_matrix(Gamma,R,P,k0,N) #The inelastic term for

the vector model of light
g = delta_function.g_matrix(Gamma,R,P,k0,N) #The elastic term for
the vector model of light

scalar_model:

f = gamma_function.gamma_escalar (N,R,kO,Gamma) #The inelastic term
for the scalar model of light

g = delta_function.delta_escalar(N,R,k0,Gamma) #The elastic term for
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the scalar model of light

c_ops = lindbladian.Lindbladian(N,f) #The Lindbladian

n_exc_1 = psil_projector.psil_projector (N) #The projector of the single-
excitation state
n_exc_2 = psi2_projector.psi2_projector(N) #The projector of the two-

excitation state

e_ops = [n_exc_1,n_exc_2]
ratio_list = []
count = 0

for Delta in delta_points:
H = hamiltonian.Hamiltonian(N,R,g,0Omega,Delta,k_vec) #The
Hamiltonian

result = steadystate(H,c_ops) #The state vector

nl = expect(n_exc_1,result) #The population of the single-excitation
state

n2 = expect(n_exc_2,result) #The population of the two-excitation
state

ratio = n2/(nl1**(2)) #The ratio P2/P172

print (ratio)

ratio_list.append(ratio) #The list of the P2/P1°2 values for each
Delta

C.13  The intensity-intensity correlation function g'*(0)

from qutip import *

import numpy as np

import hamiltonian
import electric_field
import sigma_plus

import sigma_minus

def g2 O(N,R,g,0Omega,Delta,k_vec,c_ops,k,n_hat,level):
H = hamiltonian.Hamiltonian(N,R,g,0Omega,Delta,k_vec) #The
Hamiltonian
result = steadystate(H,C_ops) #The state vector
E_ p = electric_field.E(N,k,n_hat,R,level,’plus’) #The positive
component of the electric field
E_ m = electric_field.E(N,k,n_hat,R,level,’minus’) #The negative
component of the electric field
numerator = expect(E_m*E_m*E_p*E_p,result)
denominator = (expect(E_m*E_p,result)) **2
g2_0 = np.divide (numerator ,denominator) #The intensity-intensity

correlation function
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return g2_0

C.14 The g?(0) for a system with two and three atoms

from qutip import *

import numpy as np

import position_vector
import gamma_function
import delta_function
import hamiltonian
import lindbladian

import plot

import correlation_functions

#General Parameters

Gamma = 1 #The atomic system linewidth

level
n_hat

#Geometry

kO=2*np.pi

s N = 3 #The number of atoms
2 #Two-level atoms
[0,1,0] #It defines the direction of the incident laser

k_vec = [0,k0,0] #The wave vector

= np.linalg.norm(k_vec) #The wave vector module

== 2 v s o B o
wonon

#Model

vector_model

]
o

scalar_model

Omega = 30*Gamma #Rabi

7 if vector_model:

f = gamma_function.

the vector model of

g = delta_function.

the vector model of

if scalar_model:

0.2/k0 #The interatomic distance
[0,0,1] #It defines the polarization direction
[pl*N #The polarization vector

position_vector.position_vector (d,N) #The position vector

frequency

f matrix (Gamma ,R,P,kO,N) #The inelastic term for
light

g_matrix (Gamma ,R,P,k0,N) #The elastic term for
light

63
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f = gamma_function.gamma_escalar (N,R,kO,Gamma) #The inelastic term
for the scalar model of light
g = delta_function.delta_escalar(N,R,k0,Gamma) #The elastic term for
the scalar model of light
c_ops = lindbladian.Lindbladian(N,f) #The Lindbladian
if N == 3:
g2_list = []
count = O
for Delta in points:
H = hamiltonian.Hamiltonian(N,R,g,0Omega,Delta,k_vec) #The
Hamiltonian
result = steadystate(H,c_ops) #The state vector
g2 = correlation_functions.g2_O(N,R,g,0Omega,Delta,k_vec,c_ops,k,
n_hat ,level) #The intensity-intensity correlation function

g2_list.append(g2) #The list of the intensity-intensity

correlation function values for each Delta

count += 1

print (count)

if N == 2:
g2_list = []
count = 0
for Delta in points:
H = hamiltonian.Hamiltonian(N,R,g,0Omega,Delta,k_vec)
result = steadystate(H,c_ops)
g2 = correlation_functions.g2_O(N,R,g,0Omega,Delta,k_vec,c_ops,k,
n_hat ,level)

C.15

from qu
import
import

import

import
import
import
import
import
import

import

g2_list.append(g2)
count += 1

print (count)

The Populations

tip import *
numpy as np

hbpy
os

position_vector
gamma_function
delta_function
hamiltonian
lindbladian
psil_projector

psi2_projector
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import psi3_projector

#General Parameters

) N

5 kO

Gamma = 1 #The atomic system linewidth
= 2 #The number of atoms
level = 2 #Two-level atoms
n_hat = [0,1,0] #It defines the direction of the incident laser
#Geometry
=2%np.pi
vec = [0,k0,0] #The wave vector

k.

08

np.linalg.norm(k_vec) #The wave vector module

d = 0.2/k #The interatomic distance

p = [0,0,1] #It defines the polarization direction

P = [pl*N #The polarization vector

R = position_vector.position_vector(d,N) #The position vector

Omega = 30*xGamma #Rabi frequency

f = gamma_function.f_matrix(Gamma,R,P,kO,N) #The inelastic term for the
vector model of light

= delta_function.g_matrix (Gamma,R,P,kO,N) #The elastic term for the

vector model of light

c_ops = lindbladian.Lindbladian(N,f) #The Lindbladian

if

N == 3:

n_exc_1 = psil_projector.psil_projector (N) #The projector of the
single-excitation state

n_exc_2 = psi2_projector.psi2_projector (N) #The projector of the
-excitation state

n_exc_3 = psi3_projector.psi3_projector (N) #The projector of the

three-excitation state

e_ops = [n_exc_1,n_exc_2,n_exc_3]
nl_list = []

n2_list = []

n3_list = []

count = O

for Delta in points:

H = hamiltonian.Hamiltonian(N,R,g,0Omega,Delta,k_vec)

result = steadystate(H,c_ops)

nl = expect(e_ops[0],result) #The population of the single-
excitation state

n2 = expect(e_ops[1],result) #The population of the two-

two
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excitation state

n3 = expect(e_ops[2],result) #The

excitation state

nl_list.append(nl) #The nl values
n2_list.append(n2) #The n2 values
n3_list.append(n3) #The n3 values

count += 1

print (count)

population of

list
list
list

psil_projector.psil_projector (N)

Xc_2 = psi2_projector.psi2_projector (N)

2:
xc_1 =
ps = [n_exc_1,n_exc_2]
list = []
list = []
nt = 0

Delta in points:

for each
for each

for each

the three-

Delta
Delta
Delta

H = hamiltonian.Hamiltonian(N,R,g,0Omega,Delta,k_vec)

result = steadystate(H,c_ops)

nl

n2 = expect(e_ops[i],

ni_list.append(nl)
n2_list.append(n2)
count += 1

print (count)

expect (e_ops [0],

result)

result)

C.16 The fluorescence spectrum

from qutip import *

import
import

import

import
import
import
import
import
import
import
import

import

; #Genera

Gamma =

numpy as np

hbpy
os

hamiltonian
lindbladian
position_vector
delta_function
gamma_function
filename_generator
sigma_plus
sigma_minus

electric_field

1l Parameters

1 #The atomic system

linewidth
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7 P

Gamma_s = Gamma #The sensor linewidth
epsilon = 10**(-1) #The atomic system-sensor coupling constant
Delta = 0 #The detuning between the incident laser energy and the atomic

transition energy
N = 2 #The number of atoms
S = 2 #The number of sensor

Omega = 30*xGamma #Rabi frequency

level 2 #Two-level atoms

s n_hat = [0,1,0] #It defines the direction of the incident laser
" k0O=2*np.pi

k_vec = [0,k0,0] #The wave vector

k = np.linalg.norm(k_vec) #The wave vector module
d = 0.2/k #The interatomic distance

i,j = 0,0

scalar_model

[}
= O

vector_model

sensor_method = 1

;) spectrum = O

(]
(]

ksiP_1list
ksiM_1list
P_list = []
P_norm_1list = []
Hs,L_s = 0,I[]

#Parameters of the atomic system

R = position_vector.position_vector(d,N) #The position vector
p = [0,0,1] #It defines the polarization direction

= [pl*#N #The polarization vector
#Models

if vector_model:
g = delta_function.g_matrix(Gamma,R,P,k0,N) #The inelastic term for
the vector model of light
f = gamma_function.f _matrix(Gamma ,R,P,k0,N) #The elastic term for

the vector model of light

if scalar_model:
g = delta_function.delta_escalar(N,R,kO,Gamma) #The inelastic term
for the scalar model of light
f = gamma_function.gamma_escalar (N,R,k0,Gamma) #The elastic term for

the scalar model of light

#Parameter for the populations

F = N + S #The total number of elements (atoms + sensor)
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61 if sensor_method:

62 Ha = hamiltonian.Hamiltonian_gen(N,R,g,Omega,Delta,k_vec,level,F,S)
#The atomic Hamiltonian

63 L_a = lindbladian.Lindbladian_gen(N,f,F,level,S) #The atomic
Lindbladian

64 L_s = lindbladian.Lindbladian_Sensors(N,F,level,Gamma_s ,S) #The
sensor Lindbladian

65 L = L_a + L_s #The atomic system-sensor Lindbladian

66 if spectrum:

67 omega_1,omega_2 = 0,0

68 omega_sensor_list = [omega_1,omega_2] #The frequencies of each
sensor

69 H_ s = hamiltonian.Hamiltonian_Sensors(N,k,n_hat ,R,level,F,
omega_sensor_list ,epsilon) #The sensor Hamiltonian

70 H = H_a + H_s #The atomic system-sensor Hamiltonian

71 E_m = electric_field.E_gen(N,level ,F,’minus’,n_hat,R,k) #The
negative component of the electric field

72 E_p = electric_field.E_gen(N,level ,F,’plus’,n_hat,R,k) #The
positive component of the electric field

73 S = spectrum_ss(H,omega_list,L,E m,E_p) #The fluorescence
spectrum

74 y_list = S

75 else:

76 for i in range(N,F):

7 ksiP_i = sigma_plus.Sigmap_gen(level ,F,i) #The sensor
creation operator

78 ksiM_i = sigma_minus.Sigmam_gen(level ,F,i) #The sensor
annihilation operator

79 ksiP_list.append (ksiP_i)

80 ksiM_list.append (ksiM_i)

81 for omega in omega_list:

82 print (omega)

83 omega_sensor_list = [omegal]*S

84 H_ s = hamiltonian.Hamiltonian_Sensors(N,k,n_hat ,R,level,F,
omega_sensor_list ,epsilon)

85 H = H_a + H_s

86 result = steadystate(H,L) #The state vector

87 P_i = expect(ksiP_1list [0]*ksiM_1list[0] + ksiP_list [1]=*
ksiM_list [1] ,result) #The Population measured by the sensor

88 P_list.append(P_i) #The list of Population values for each
omega values

89 y_list = P_list

90 else:

91 = hamiltonian.Hamiltonian(N,R,g,0Omega,Delta,k_vec)

92 = lindbladian.Lindbladian (N, f)

m electric_field.E(N,k,n_hat ,R,level,’minus’)
_p = electric_field.E(N,k,n_hat,R,level,’plus’)

M om em
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> P
P

S

y-

C.17 The intensity-intensity correlation function for the sensor method

= spectrum_ss (H,omega_list ,L,E_m,E_p)
list = S

(2)

gr (w1, ws) and the Cauchy-Schwarz inequality

from qutip import *

import
import

import

import
import
import
import
import
import

import

numpy as np

hb5py
os

correlation_functions
hamiltonian
lindbladian
position_vector
delta_function
gamma_function

filename_generator

#General Parameters

; Gamma

Gamma _

epsilon

Delta

= 1 #The atomic system linewidth

Gamma #The sensor linewidth

S

10*x*(-1) #The atomic system-sensor

= 0 #The detuning between the incident

transition energy

scalar_model

vector_model

1]
o

#Parameters of the atomic system

R

[pl*N #The polarization vector

if vector_model:

coupling constant

laser energy and the atomic

N = 2 #The number of atoms
S = 2 #The number of sensor
Omega = 30*xGamma #Rabi frequency
level = 2 #Two-level atoms
n_hat = [0,1,0] #It defines the direction of the incident laser
kO=2*np.pi
s k_vec = [0,k0,0] #The wave vector
"k = np.linalg.norm(k_vec) #The wave vector module
d = 0.2/k #The interatomic distance
i,j = 0,0

position_vector.position_vector(d,N) #The position vector

[0,0,1] #It defines the polarization direction
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g = delta_function.g_matrix(Gamma,R,P,k0,N) #The inelastic term for

the vector model of light

f = gamma_function.f _matrix(Gamma ,R,P,k0,N) #The elastic term for

the vector model of light

if scalar_model:

g = delta_function.delta_escalar(N,R,kO,Gamma) #The inelastic term

for the scalar model of light

f = gamma_function.gamma_escalar (N,R,k0,Gamma) #The elastic term for

the scalar model of light

/ #Parameter for g_12

F = N + S #The total number of elements (atoms + sensor)

#Atomic system

Ha = hamiltonian.Hamiltonian_gen(N,R,g,Omega,Delta,k_vec,level,F,S)

Tthe atomic Hamiltonian

L_a = lindbladian.Lindbladian_gen(N,f,F,level,S) #The atomic Lindbladian

#List and Matrix

g_12_Matrix
g_11_Matrix
g_22_Matrix
R_cs_Matrix
num_12 list
den_12_1list

#Sensors

#The sensor

= op
= np
= np
= np
= []
= []

.zeros ((omega_points ,omega_points))
.zeros ((omega_points ,omega_points))
.zeros ((omega_points ,omega_points))

.zeros ((omega_points ,omega_points))

method for all frequencies combination

for omega_1 in omega_list:

for omega_2 in omega_list:

print (omega_1,omega_2)

omega_sensor_list = [omega_1,omega_2]

H s_

12 =

hamiltonian.Hamiltonian_Sensors(N,k,n_hat ,R,level,F,

omega_sensor_list ,epsilon) #The sensor Hamiltonian

L_s_

H 12
L_12

result

12 =

lindbladian.Lindbladian_Sensors(N,F,level ,Gamma_s ,S)

#The sensor Lindbladian

= H_
= L_
12

vector state

a + H_s_12 #The atomic system-sensor Hamiltonian
a + L_s_12 #The atomic system-sensor Lindbladian

= steadystate(H_12, L_12) #The atomic system-sensor

#The sensor method for omega_2 = omega_1
omega_sensor_list = [omega_1,omega_1]
H_s_11 = hamiltonian.Hamiltonian_Sensors(N,k,n_hat ,R,level,F,
omega_sensor_list ,epsilon)
L_s_11 = lindbladian.Lindbladian_Sensors(N,F,level,Gamma_s,S)
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78 H_11 = H_a + H_s_11

79 L 11 = L_a + L_s_11

80 result_11 = steadystate(H_11,L_11,tol = atol)

81 #The sensor method for omega_1 = omega_2

82 omega_sensor_list = [omega_2,omega_2]

83 H_s_22 = hamiltonian.Hamiltonian_Sensors(N,k,n_hat,R,level,F,

omega_sensor_list ,epsilon)

84 L_s_22 = lindbladian.Lindbladian_Sensors(N,F,level,Gamma_s,S)
85 H 22 = H a + H_s_22

86 L_ 22 = L_a + L_s_22

87 result_22 = steadystate(H_22,L_22,tol = atol)

88

89 #Correlation Functions

90 g_12,num_12,den_12 = correlation_functions.g2_sensor(H_12,L_12,
atol ,N,F,level) #The intensity-intensity correlation function for
different frequencies

91 g_11,num_11,den_11 = correlation_functions.g2_sensor(H_11,L_11,
atol ,N,F,level) #The intensity-intensity correlation function for
omega_2 = omega_1

92 g_22 ,num_22,den_22 = correlation_functions.g2_sensor (H_22,L_22,
atol ,N,F,level) #The intensity-intensity correlation function for

omega_1 = omega_2

94 R_cs_i = (g_12%%2)/(g_11%g_22) #The R term in Cauchy-Schwarz

inequality for each frequency combination

96 g_12_Matrix[i, j] g_12 #The matrix of the g_12 values

97 g_11_Matrix[i, j] g_11 #The matrix of the g_11 values

98 g_22_Matrix[i, j] g_22 #The matrix of the g_22 values

99 R_cs_Matrix[i, j] R_cs_i #The matrix of the R_cs_i values

C.18 Bell inequality

from qut

ip import *

import numpy as np

import hbpy

import o

S

import hamiltonian

import 1

indbladian

import position_vector

import delta_function

import gamma_function
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import sigma_plus

import sigma_minus

#General Parameters

; Gamma = 1 #The atomic system linewidth
Gamma_s = Gamma #The sensor linewidth
epsilon = 10**(-1) #The atomic system-sensor coupling constant
Delta = 0 #The detuning between the incident laser energy and the atomic

transition energy

0 N = 2 #The number of atoms

S = 2 #The number of sensor
Omega = 30*Gamma #Rabi frequency
level = 2 #Two-level atoms

n_hat [0,1,0] #It defines the direction of the incident laser

5 k0O=2%*np.pi
s k_vec = [0,k0,0] #The wave vector

k = np.linalg.norm(k_vec) #The wave vector module
d = 0.2/k #The interatomic distance
i,j = 0,0

vector_model

]
o

scalar_model

#Parameters of the atomic system

R = position_vector.position_vector(d,N) #The position vector
p = [0,0,1] #It defines the polarization direction
P = [pl*N #The polarization vector

if vector_model:
g = delta_function.g_matrix(Gamma,R,P,k0,N) #The inelastic term for
the vector model of light
f = gamma_function.f_matrix(Gamma ,R,P,k0,N) #The elastic term for

the vector model of light

if scalar_model:
g = delta_function.delta_escalar(N,R,k0,Gamma) #The inelastic term
for the scalar model of light
f = gamma_function.gamma_escalar(N,R,kO,Gamma) #The elastic term for

the scalar model of 1light

; #Parameter for g_12

F = N + S #The total number of elements (atoms + sensor)

#Lists and Matrix
ksiM_1list []
ksiP _list (]

B_Matrix = np.zeros((omega_points,omega_points))
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53

54 #Atomic system

55 H_a

56 L_a
57

58 for

59

60

64 for

-3
(o)

76

86
87
88

89

= hamiltonian.Hamiltonian_gen(N,R,g,0Omega ,Delta,k_vec,level ,F,S) #
The atomic Hamiltonian
lindbladian.Lindbladian_gen(N,f,F,level ,S) #The atomic Lindbladian

k in range(N,F):

ksiP_i = sigma_plus.Sigmap_gen(level ,F,k) #The sensor creation
operator

ksiM_i = sigma_minus.Sigmam_gen(level ,F,k) #The sensor annihilation
operator

ksiP_list.append(ksiP_i)

ksiM_list.append(ksiM_i)

omega_1 in omega_list:

for omega_2 in omega_list:

print (omega_1,omega_2)

#The Bell inequality element B_1111

omega_sensor_list = [omega_1,omega_1]

H s_11 = hamiltonian.Hamiltonian_Sensors(N,k,n_hat,R,level,F,
omega_sensor_list ,epsilon) #The sensor Hamiltonian

L_s_11 = lindbladian.Lindbladian_Sensors(N,F,level ,Gamma_s ,S) #
The sensor Lindbladian

H_11

L_ 11 = L_a + L_s_11 #The atomic system-sensor Lindbladian

H_a + H_s_11 #The atomic system-sensor Hamiltonian

result_11 = steadystate(H_11,L_11) #The atomic system-sensor
vector state

B_1111 = expect(ksiP_list[0]*ksiP_list[1]*ksiM_list[1]*ksiM_list
[0] ,result_11) #The corresponding Bell inequality element

#The Bell inequality element B_2222

omega_sensor_list = [omega_2,omega_2]

H_s_22 = hamiltonian.Hamiltonian_Sensors(N,k,n_hat ,R,level,F,
omega_sensor_list ,epsilon)

L_s_22 = lindbladian.Lindbladian_Sensors(N,F,level,Gamma_s,S)

H 22 = Ha + H s_22

L 22 = L_a + L_s_22

result_22 = steadystate(H_22,L_22,tol = atol)

B_2222 = expect(ksiP_list[0]*ksiP_list[1]*ksiM_list[1]*ksiM_list
[0] ,result_22)

#The Bell inequality elements B_1221, B_1122, B_2211
omega_sensor_list = [omega_1,omega_2]
H_s_12 = hamiltonian.Hamiltonian_Sensors(N,k,n_hat ,R,level,F,

omega_sensor_list ,epsilon)
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90 L_s_12 = lindbladian.Lindbladian_Sensors(N,F,level,Gamma_s,S)
91 H 12 = H a + H_s_12

92 L 12 = L a + L _s_12

93 result_12 = steadystate(H_12,L_12,tol = atol)

94 B_1221 = expect(ksiP_list[0]*ksiP_list [1]*ksiM_list[1]*ksiM_list
[0],result_12)

95 B_1122 = expect(ksiP_list[0]*ksiP_list [0]*ksiM_list[1]*ksiM_list
[1] ,result_12)

96 B_2211 = expect(ksiP_list[1]1*ksiP_list[1]*ksiM_list[0]*ksiM_list

[0] ,result_12)

98 B_i = np.sqrt(2)*np.abs((B_1111 + B_2222 -4*xB_1221 - B_1122 -
B_2211)/(B_1111 + B_2222 + 2%B_1221)) #The B term of the Bell
inequality for each frequency combination

99 print (B_i)

100 B_Matrix[i,j] = B_i #The matrix of B_i values

101 j o+=1

102 j =20

i +=1
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