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Abstract

We investigate the existence of positive stationary solutions of Kirchhoff equations
DPu — M(m,/ |Vu|pdx> Ayu = f(z,u, Ou, Vu) (x,t) € Q@ x[0,T), ()
Q

on a bounded domain  C RY, N > 2, driven by the p-Laplace, p > 1, spatially inhomo-
geneous coefficients M, and sources depending on first order terms with up to the natural

growth. Such solutions satisfy a nonlocal elliptic PDE of the form
-M <m7/|Vu|pdx>Apu = f(z,u,Vu) in Q. (Sx)
Q

Unlike the coercive cases where the operator in (S.¢7) has a suitable lower order term
or Dirichlet boundary condition is prescribed, a lack of coerciveness takes place if (S%")
is supplied with homogeneous Neumann boundary condition. In this latter setting, we
prove an existence result which play the role of a sub-supersolution principle for positive
solutions of (§.#7). As an application, some examples showing the existence of positive
stationary solutions of (') satisfying Neumann boundary condition are provided. To
overcome the lack of coerciveness on (S.#°), we combine monotonicity and truncation
techniques, with elliptic regularity theory, in order to construct parametric approximate
problems of (S¢") which are coercive, and whose solutions converge, as the parameter

tends to zero, to a positive solution of (S.7).

Keywords: Kirchoff, Neumann boundary, p-Laplace, homogeneous, inhomogeneous,
elliptic partial differential equations, non-coercive, sub-supersolutions principle, positive

solutions.






Resumo

Neste trabalho, investigamos a existéncia de solucoes estacionérias positivas das equagoes

de Kirchhoff da forma:
O2u — M(x,/]Vu]%w) Ayu = f(z,u, O, Vu) (x,t) € Q@ x[0,T), ()
Q

em um dominio limitado © € R, N > 2, p-Laplaciano com p > 1, M um coeficiente
espacial nao homogéneo e f dependendo de termos de primeira ordem com crescimento

até o natural. Tais solugoes satisfazem uma EDP eliptica nao local da forma
~M (x / |Vu|pdx> Ayu = f(z,u,Vu) em Q. (SH)
Q

Ao contrario dos casos coercivos em que o operador em (S¢) tem um termo de ordem
inferior adequado ou a condigao de contorno de Dirichlet, no caso de uma condigao de con-
torno homogénea de Neumann, ocorre uma falta de coercividade em (S.%7). Neste tltimo
cendrio, provamos um resultado de existéncia que desempenha o papel de um principio
de sub-supersolugao para solugdes positivas de (S#7). Como aplicacao, sao fornecidos
exemplos mostrando a existéncia de solugdes estaciondrias positivas de (%) satisfazendo
a condi¢ao de contorno de Neumann. Para superar a falta de coercitividade em (S.%),
combinamos técnicas de monotonicidade e truncamento, com a teoria da regularidade
eliptica, a fim de construir problemas aproximados paramétricos de (S¢) que sdo coer-

civos, e cujas solugoes convergem, conforme o parametro tende a zero, para uma solugao

positiva de (S%).

Palavras-Chave: Kirchoff, Neumann, p-Laplace, homogéneo, nao homogéneo, equagoes
diferenciais parciais elipticas, nao coercivo, métodos de sub-super solugoes, solugoes pos-

1tivas.
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Introduction

General hyperbolic equations with non-local coefficients of the form
DPu — M(m,/ |Vu|pdx> Ayu = f(z,u, O, Vu) (x,t) € 2 x[0,T), ()
Q

supplied with initial and boundary conditions, where A,, is the p-Laplace, p > 1, Q C RY
is an open set, N > 1, and M > 0 is a continuous function on X [0,00), can be seen
as models for several problems studied in the literature. Many results concern the local
case M = 1 with p = 2, with source and dissipation terms acting in €2, with prescribed
Dirichlet or flux boundary conditions. As a brief citation, Kirchhoff introduced in [59]

the one dimensional equation

Pu [Py € [M|ou]? | ) Pu
Pw—(%+ﬁ/o ) o =

where p, Py, H, € and L are some specific constants, which describes transverse oscillations

@
ox

of a string by considering the effects of change of its length along the vibration. The first
results about the well-posedness and global existence in higher dimensions seem to go
back to Bernstein [17], Pohozaev [75], J.-L. Lions [68], Arosio & Panizzi [11], D’Ancona &
Spagnolo [31], Gobbino [51], among others. For more recent work dealing with spatially
homogeneous non-local terms M, we refer to the papers of Ghisi & Gobbino [50], Nakao
[73], Autuori, Pucci & Salvatori [13], Zhiji & Yunqing [84], Chueshov [28], see also Pucci &
Radulescu [76] and its references. The PDE (") with spatially inhomogeneous coefficients
M = M(z,-) can be seen as a model describing the small vertical vibrations of an elastic
string where the density of the material is not constant, as remarked in the works of
J.-L. Lions [68], Limaco, Clark & Medeiros [67], and Figueiredo et al. [44]. The reader
interested in applications or modeling aspects is referred to the monographs of Lasiecka

& Triggiani [60] and Chueshov & Lasiecka [29], and many of the references therein.
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A relevant issue as well is the asymptotic behavior of solutions of (%), in particular,
the existence of global attractors. In this setting, the stationary or equilibrium solutions
play an important role concerning the long term dynamics of time dependent PDEs with
some dissipation mechanism. The stationary solutions of the Kirchhoff equation (%)

satisfy an elliptic PDE of the form
-M (m,/|Vu|pdx> Apu = f(z,u,Vu) in Q. (Sx)
Q

Results concerning the convergence to stationary solutions or the existence of global at-
tractors for damped wave equations included in the model equation (%), with M =1
and f = f(x,u,du), can be found in the works of Lopes [71], Ghidaglia & Temam [49],
Arrieta, Carvalho & Hale [12], Ball [15], among others. This topic has also been studied in
Lasiecka & Triggiani [60] and Chueshov & Lasiecka [29], besides many references therein.

Another remarkable aspect regarding to hyperbolic equations which are included in the
model () is the source depending on first order terms. Actually, if f = f(z,u, Qu, Vu)
additional difficulties impose on the stability issue, since it prevents to derive information
about the influence of the integral fQ f(z,u, Oyu, Vu)O,u on the associated energy, involv-
ing the norm of (u,dyu), or the sign of its derivative. In this setting, the energy is not
necessarily decreasing, and an important ingredient for obtaining the appropriate decay
rates is not available. For related results about such not exhaustively explored class of
problems in the local case M =1 and p = 2 in (#), we refer to the works of Caval-
canti, Lar’kin & Soriano [24], Guesmia [53], Liu & Chen [69], Zhang et al. [83], Aassila,
Cavalcanti & Domingos Cavalcanti [1], Cavalcanti & Guesmia [25], and their references.

The effect of non-local terms on elliptic equations, in particular, the stationary so-
lutions of ('), have recently been studied in several works. Variational methods are
the main tool which many authors have used to obtain existence or multiplicity results
for spatially homogeneous coefficients M and source terms f = f(x,u) in (S%). For
examples of results in that direction, we refer to Pucci & Radulescu [76] and most of the
references quoted therein. In the case of coefficients M = M(x,-) in (S%) the literature
is less extensive, and the related works, up to our knowledge, only deal with Dirichlet
boundary condition. Such type of spatially inhomogeneous coefficients immerse (SJ¢")
in a non-variational setting no matter the right-hand side is independent on first order
terms. Source terms f = f(z) or f = f(z,u) in (§%°) have been studied, for instance,

in the works of Chipot & Corréa [26], Delgado et al. [36], Figueiredo et al. [44]. Singular
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sources have been considered in Santos, Santos & Mishra [78], whereas gradient dependent
source terms in Alves & Corréa [5] and Huy & Quan [54]. A common feature in most of
the previous papers, with respect to inhomogeneous coefficients, is their results concern

M(z,7) = a(x) + b(z)7", with £ > 0, and a(-), b(-) positive continuous functions over Q.

It is well known that elliptic PDEs with sources depending on first order terms have
been a topic of intensive research since some decades. Just to quote a few among the
papers which have long been influential on the subject, we refer to the works of Serrin
[79], Deuel & Hess [37], Brézis & Turner [23], Kazdan & Kramer [58], Amann & Crandall
[6], Boccardo, Murat & Puel [22], among others. For more recent results, we quote
the works of Arcoya et al. [8], De Figueiredo, Girardi & Matzeu [34], De Figueiredo
et al. [35], Faria, Miyagaki & Motreanu [42], Figueiredo & Madeira [43], Papageorgiou,
Radulescu & Repovs [74], Ruiz [77], and their references. Regarding to the connections
with applications, elliptic PDEs involving first order terms appear in stochastic control
problems [61], Hamilton-Jacobi-Bellman equations [64], ergodic limits [61], stationary

solutions in the Kardar—Parisi-Zhang model of growing interfaces [57], and many others.

Elliptic PDEs with natural growth in the gradient of the form

—Au = c(x)u + p(z)|Vul* + h(z) in Q, X

u=0 on 0, W
with coefficients satisfying certian sign or regularity conditions, have been studied by
several authors. In the coercive case (i.e., ¢(-) < ¢y < 0 in ), the existence of solution
of (1) follows from the work of Boccardo, Murat & Puel [22] and its uniqueness from
the results in Barles et al. [16]. The weakly coercive case (for instance, if ¢ = 0) has
been treated by Abdellaoui, Dall’Aglio & Peral [3], and the so-called limit coercive case
(where ¢ < 0 a.e. in §2) has been investigated in Arcoya et al. [8]. The non-coercive case
(¢ 2 0 or ¢ changing sign) seems to be first considered by Jeanjean & Sirakov [56]. More
recent improvements have been reached along the works of Arcoya et al. [8], de Coster &
Ferndndez [32], de Coster, Fernandez & Jeanjean [33], De Figueiredo et al. [35], Jeanjean
& Ramos Quoirin [55], and Souplet [80], among others. In the case of Neumann boundary
condition, the existence of a positive solution of (1) in some situations with the p-Laplace,
p > 1, besides other related problems, is established below in Theorems 2.2, 2.3, 2.6.

Another class of elliptic equations with natural growth combines gradient and singular
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terms of the form
|Vul?

—Au = Au+ p(x)
(2)
u=0 on O

Existence, uniqueness or nonexistence of solution of (2) for A € R and « > 0, assuming
sign and /or regularity conditions on the coefficients p(-) and h(-), have been considered, for
instance, in the works of Boccardo [20], Giachetti & Murat [47], Arcoya et al. [7], Arcoya &
Moreno-Mérida [9], Arcoya & Segura de Leon [10], Boccardo et al. [21]. Positive solutions
of singular elliptic equations with other growth in the gradient and different structural
hypotheses have been obtained in Faraci, Motreanu & Puglisi [40], Liu, Motreanu & Zeng
[70], Figueiredo & Madeira [43], see also the references therein. Examples showing the
existence of a positive solution of problems involving singular and gradient terms, but

supplied with Neumann boundary condition, can be found below in Theorems 2.4, 2.5.

The literature on elliptic PDEs with gradient terms and Neumann boundary condition

seems less extensive, but interest results have been proved. Actually, set the problem

—Ayu+ MuP?u+ H(z,Vu) =0  in Q, )
3
Bu=0 on 09,

where

u  (Dirichlet boundary condition)
Bu =

O,u  (Neumann boundary condition).

For quasilinear operators including the case p = 2, and Hamiltonian H(x,-) convex, P.-
L. Lions has proven in [63], among various results, that a solution of (3) with Dirichlet
boundary conditions exists if, and only if, a W>-subsolution exists. In such case, the
solution is unique. This result, among others, have been generalized by P.-L. Lions in [65]
by requiring less smoothness on the Hamiltonian, and many improvements along with
related issues have been obtained by Lasry & P.-L. Lions in [61]. Several of those results
have been extended to the quasilinear case p € (1,00) in (3) with Dirichlet boundary
conditions by Leonori & Porretta in [62]. If the boundary condition in (3) is of Neumann
type, then for p = 2 and H(z, Vu) = ¢(Vu) — f(x), with ¢ of class C' and f € WH>(Q),
the existence of a unique solution of (3) has been proved in [63] for A > 0 and 2 convex, a

hypothesis removed in [65] allowing any regular bounded open set 2. A similar result for
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p € (1, 00) and Neumann boundary condition has been obtained [62]. The main techniques
adopted in [61, 62, 63, 65] rely on gradient estimates—in the spirit of previous works by
Bernstein, Serrin, Lions, and Barles, see [62]—combined with the construction of suitable
barriers and/or sub-supersolutions. Furthermore, one also emphasizes in [61, 62, 63, 65]
the growth of the Hamiltonian H(z,-) in (3) may be like an arbitrary positive power.

The existence of solution of Neumann boundary value problems of the form

ZLu+ a(x)ufP?u = g(z,u, Vu) in Q,
d,u=0 on 01,

where the coefficient «(-) satisfies the coerciveness condition

a € L*(Q), witha > 0and a # 0, (5)

have been recently studied for some operators .Z and functions g. For instance, Gasinski
& Papageorgiou have shown in [46] the existence of a positive solution of (4) for Lu =
—div (a(u)Vu) and p = 2, where 0 < ¢; < a(-) < ¢ is a Lipschitz coefficient. Motreanu,
Sciammetta, & Tornatore have proven in [72] a sub-supersolution theorem which is used to
show the existence and multiplicity of positive solution of (4) with Zu = —div (A(z, Vu)),
including double phase operators like the (p, ¢)-Laplace and others. The existence of a
positive solution of (4) with g having singular and convective terms has been shown by
Papageorgiou, Radulescu & Repovs in [74], see also their references. We also refer to the
work of Zeng, Radulescu & Winkert [82] on double phase multivalued obstacle problems
with convection terms and mixed boundary conditions, and the references therein.

It is worth noticing that, to our knowledge, the only results on the existence of positive
solutions of (4) with a = 0, i.e., in a lack of coerciveness setting, have been obtained by
Guarnotta & Marano in [52] for a elliptic system where Zu = —A,u, p € (1,00). As a
matter of fact, the proofs of the results in [46, 72, 74, 82] seem to strongly depend on a
hypothesis like (5), which is not assumed in (2.1). Ultimately, the lack of coerciveness is
the main challenge to be overcome in order to establish the existence of a positive solution
of (2.1), and how to accomplish that is the main contribution of this thesis. The material

herein is divided in two parts:

(1) In the first part, we deal with the Neumann problem
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-M (:B,/]Vu]’%la:) Apu = f(z,u,Vu) in Q,

@ (6)
|VulP~20,u =0 on 09,

on bounded domains Q@ C RY, N > 2 p € (1, 00), having smooth boundary 99 with

outward unit normal v. The source term f :  x R x RY — R is a Carathéodory

function (i.e., f(x,-,-) is continuous for a.e. = € Q, and f(-,s,§) is measurable for

all (s,€) € R x RY) satisfying
(Hy) |f(x,5,8)| < h(x,s)(1+[£]9) forae xe€Q, V(s, &) € RxRY,

where g € [0,p] and h: QxR — [0, 00) is a Carathéodory function which is bounded
on bounded sets of R uniformly with respect to the first variable. The coefficient

M is a continuous function satisfying

(Hpn) There exist m, M > 0 such that m < M(z,s) < M, V(z,s) € Q2 x [0,00).

With these hypothesis we prove the following theorem in Chapter 2:

Theorem 0.1 Assume

(Hy) and (Hpq) hold. Further, suppose there exist u,u €
Whoe(Q) such that 0 < u <

< a.e. in §2, and satisfying the following conditions:
(i) f(z,u,Vu) <0< f(z,u,Vu) ae. in .

1
(ii) / |ValP—>VaVve dx > M/ f(z,u, Vu)pdr, VpeWP(Q), ¢ >0 ae in
Q Q
Q.

1
(iii) /|Vg|p2V1_LV<pd:U < M/f(:c,y, Vu)yedr, Yo e WH(Q), ¢ > 0 ae.
Q Q
in €.

Then there exists a solution v € C*7(Q), v € (0,1), of (2.1) with u < u < U a.e.
in 2.

Examples where Theorem 0.1 is applied to prove existence of a positive solution are

discussed in Theorems 2.2-2.6
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(2) In the second part, we deal with Neumann problems with non-linear boundary

conditions of the form

-M (a:,/]Vu|pd3:>Apu = f(z,u,Vu) in Q,
Q

(7)
M(:c,/|Vu|pdx>|Vu]p28l,u =g(z,u) on 09,
0

and an interplay between f and g now takes place. The main result we prove is the

following

Theorem 0.2 Assume (H;) and (Haq) hold. Suppose there exist u,u € Wh>°(Q)

such that 0 < u < @ a.e. in ), satisfying the following conditions:

(i) f(z,u,Vu) >0 and g(xz,u) >0, a.e. inS.

1 1
(ii) / IVulP2VuVedr < —/ f(z,u, Vu)pdr + — g(m,g)cpd’HN_l,
Q M Jq M Jaq
Vo € WP(Q), v > 0 a.e. in Q.

1 1
(iii) / |ValP2VaVpdr > — / f(z,a,Va)odr + — [ g(z,a)pdHN 1,
Q Q1 Jao Q

2 JoQ
Vo € WP(Q), v > 0 a.e. in Q.

where

(

(M,m), if f(z,u,Va)<0 and g(x,u) >0,
(QhQQ) = <M7 M)> Zf f($,ﬂ, Vﬂ) < 0 and g([E,ﬂ) < 07 (8)

(m, M), if f(z,u,Vu)=>0 and g(z,u)<O0.

\

Then there exists a solution u € CY7(Q) of (3.1), v € (0,1), with0 <u <u < u

a.e. in €.

Examples where Theorem 0.2 is applied to prove existence of positive solutions are

discussed in Theorems 3.2-3.6.

We remark that the requirement of M is bounded from above in (H ) is not essential.

Indeed, to keep the method of proof as free as possible of technicalities we have introduced
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(Ha). At the end of each Chapter 2 and 3, we prove a version of Theorems 0.1 and 0.2
for coefficients M which may be unbounded from above.

Finally, the notation adopted along the work is standard. We only mention that w, =
max(w(x),0) and w_ = max(—w(x),0) are the positive and negative parts of a function
w, respectively, and “ — 7 denotes the weak convergence of a sequence. Sometimes the
symbol “dz” is omitted from some integrals, but [ 4 7 or S 4 # dx denote the same Lebesgue
integral of a measurable function z over a Lebesgue measurable set A C RY. A constant

“C'” denotes a positive constant which may be different in a same line or line to line.
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Chapter 1

Preliminaries

The purpose of this chapter is to establish the notation used throughout this work,
stating several important classical results which will be also necessary. Unless specified, €2

is a nonempty open set in the n-dimensional Euclidean space RV, N > 2 and 1 < p < 0.

Definition 1.1 Let u,v € L},.(Q). A function v is the weak partial derivative dju of u
forg=1,2,...,n, if

/uajgodx =— / vy for all functions ¢ € C3°(2),
Q Q

where C3°(Q2) is the space of all infinitely differentiable functions with compact support in
Q. The functions in C3°(S2) are called test functions. If the weak partial derivative O;u
exists, then it is uniquely defined up to a set of Lebesque measure zero. It is worth noting
that classical derivatives are always weak derivatives, but in general the converse is not

true. The following example demonstrates this case.

Example 1.1 Let Q = (—1,1). Let u: Q — R be defined by u(x) = |z|. Integration by
parts show that, for all ¢ € C§°(2),



where

1, > 0.
\

Hence u(z) has a derivative on (—1,1) but is not differentiable at x = 0 in classical sense.

We use the notation Vu = (0yu, - - - ,dyu) to mean the vector whose coordinates are the

weak partial derivatives of u.

Definition 1.2 (Sobolev Spaces) The Sobolev space W'P(Q)) Consists of all functions
u € LP(Q) such that their distributional gradients Vu exist and belong to LP(2). The space

WhP(Q) is equipped with the norm

el = ( [+ rwwx)

Moreover, the Sobolev space W, P(Q) of functions of W'(Q) with zero boundary values
is the completition of C3°(Q) in WHP(Q), while a function u is in W,oP(Q) if and only if
it belongs to WLP(QY) for every subset Q' € Q. As usual, E @ ) means that the closure

of E, written as E, is a compact subset of §).
The Sobolev spaces Wy () and W'?(2) are Banach spaces.

Theorem 1.2 If Q C RY is a closed bounded domain with a C* boundary then C*(£2)

is dense in W'P(Q) in the norm || - |lwis(q).
Proof See [18] p. 99. O

Proposition 1.1 Suppose Q C RY bounded. If f is A\-Holder continuous in Q, the it is

Hoélder continuous in €2 for every exponent p < A
Proof See [41] p. 3. O

Proposition 1.2 Let the scalar-valued functions f,g be bounded, the function g being
such that inf |g| > 0. If f, g are \-Hélder continuous then f/g is A\-Hélder continuous.

Proof See [41] p. 15. O

20



Theorem 1.3 (Continuous Sobolev embedding) Let QQ C RY be a domain satisfying
the cone condition (i.e, if there exists a finite cone C' such that each x € Q is the vertex
of a finite cone C, contained in ) and congruent to C'). Then the following embeddings

are continuous

(1) WLP(Q) < Wh(Q) V1 < ¢ < 55, with kp < N

N
(2) WHHLP(Q) — W4(Q) Vg > 1, with kp = N
Proof See [18] p. 212-213. O

Theorem 1.4 (Compact Sobolev embedding) The embeddings in Theorem 1.3 are

compact for all 1 < q < (N]X—’,’gp). Moreover, if 2 is of class C%! then following embeddings

are also compact
(1) WkLe(Q) — CY(Q), with kp > N.

(2) WH2(Q) — CY0(Q), where 0 < 6 < k — 2, with kp > N > (k — 1)p.

Proof See [18] p. 212-213. O
Theorem 1.5 Let Q C RY be a Lipshitz domain. Let 1 < p < N and % = ]lo — % Then
WhP(Q) C LY(Q),i.e. the identity mapping from W'P(Q) to L1 is bounded.

Proof See [18] p. 213-214. O

Lemma 1.1 Let u,u € WHP(Q) satisfying u < u, and let T be the truncation operator

defined by

Tu(z) = Qu(z) if ulr)<u(z) < alz),

for allu € WYP(QQ). Then T is a bounded continous mapping from WP (Q) (respectively,
LP(Q)) into itself.

Proof See [37]. O

Lemma 1.2 Let Q be a C* domain in RN (with k > 1) and let S be a bounded set in
C*(Q). Then S is precompact in CP3(Q) if j + B < k + a.
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Proof See [48] p. 136. O

Theorem 1.6 (Chain rule) Let f € C'(R) with f' € L*(R). If u € W'P(Q) with
1 <p<oothen foue WH(Q), and

V(fou) = f'(u)Vu.

Proof See [18] p. 215. O
Then if we set now u; = max{u,0} and u_ = max{—u,0} we can set the following
corollaries:

Corollary 1.7 If u € WHP(Q), with 1 < p < oo then uy,u_ and |u| € WP(Q) where

|u| = uy +u_. Further, if we set

{u>0} ={x € supp u:u(z) > 0}

and
{u <0} ={z € supp u:u(r) <0}
we have
Vuy = Xusoy Vu and Vu_ = xqu<0y Vu.
Proof See [18] p. 216. O

Corollary 1.8 If u,v € W'P(Q) with 1 < p < oo, then max{u,v} and min{u,v} €
WhP(Q).

Proof See [18] p. 216. O

Corollary 1.9 If (u;), (v;) C WH(Q) (1 < p < o) are such that u; — u and v; — v,

then min{u;,v;} — min{u, v} and max{u;,v;} — max{u,v} in W?(Q), as j = .
Proof See [18] p. 217. O

Theorem 1.10 (Hélder’s inequality). Assume that f € LP(Q) and g € LY(Q) with
1<p<ooandl/p+1/q=1. Then fg € L'(Q) and

[ 1ssl < 151l
Q
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Proof See [18] p. 92. O

Theorem 1.11 (Young inequality) Let a,b > 0 be real numbers and p, q real numbers

with 1/p+1/q =1, Then
a? bl

ab < — + —.
p q
Proof See [18] p. 92. O
Corollary 1.12 Let a,b > 0 be real numbers. Then

b2
ab < ea® + —,
4e

for all e > 0.

Proof See [18] p. 92. O

Theorem 1.13 Let (f,) be a sequence in LP(Y) and let f € LP(Q) be such that || f, —
fllp = 0. Then there exist a subsequence (f,,), and a function h € LP(SY), such that

(a) fo,(x) = f(x) a.e in L

(b) |fu.(z)| < h(x), VK, a.e in .
Proof See [18] p. 94. O
Theorem 1.14 LP(Q2) is reflexive for p € (1,00).
Proof See [18] p. 95. O
Theorem 1.15 The space C.(RY) is dense in LP(RY) for all 1 < p < .

Proof See [18] p. 97. O

Theorem 1.16 Assume that € is a separable measure space. Then LP()) is separable

for any 1 < p < o0.
Proof See [18] p. 98. O

Proposition 1.3 W'P(Q) is a Banach space for every 1 < p < oo. WHP(Q) is reflexive

for 1 <p < oo, and it is separable for 1 < p < oco.
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Proof See [18] p. 203. O

Theorem 1.17 (Dominated Convergence Theorem) Let (f,) be a sequence of func-

tions in LY () satisfying

(a) fo(x) — f(z) a.ein Q.

(b) there is a function g € L(Q) such that for all n, |f.(z)] < g(z) a.e in Q.
Then f € LY(Q), and || f,, — f|l. — 0.

Proof See [18] p. 90. O

Theorem 1.18 (Vazquez Maximum Principle) Let u € L} () be such that

loc

o Ayu € L}, (Q) in the sense of distributions in Q;

loc
e u >0 aeinf);
e Aju < f(u) aein{re @ 0<u(zr) <cl,

where ¢ is a positive constant and 3 : [0,c] — R is a continuous non decreasing function

with 5(0) = 0. Under the assumption that B(S) =0 for some S >0 or

léwww>ws=m

if B(S) > 0 for S > 0, then either u =0 a.e in L or u is strictly positive in € in the sense
that for every compact K C Q there is a constant C(K) > 0 such that w > C(K) a.e in

K. In particular, if u vanishes a.e in a set of positive measure then it must vanish a.e in

Q.

Proof See [81]. O

Lemma 1.3 (Hopf’s Lemma) Let u € C'(Q) be such that Apu € L2, .(Q), u > 0 a.e

loc
in Q, Apu < f(u) a.e in Q with 5 :[0,00) — R continuous, non-decreasing , $(0) =

and either 3(s) = 0 for some s > 0 or 5(s) > 0 for all s > 0 with

L[wwwrwszm

Then if u does not vanish identically on ), it is positive everywhere in Q.
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Moreover, if u € CYQ U {xo}) for some xy € O that satisfies an interior sphere

condition and u(xg) = 0, then

Ou(xo)
v

>0 (1.1)
where v s the interior normal vector at xg.
Proof See [81]. O

Definition 1.3 Let E be a Banach space and B : E — E* an operator. We say that B

18 pseudomonotone if u, — u in E and

limsup (Buy, u, —u) <0, (1.2)
n—oo
then,
liminf (Bu,,u, —v) > (Bu,u—v), Yve€E. (1.3)

n— o0

Where (-, ) denotes the duality between E* and E.

Definition 1.4 A function f : Q x R — R is a Carathéodory function if
o f(-,s) is measurable for each s € R fized.

e f(x,-) is continuous in R for a.e x € Q fized.

Theorem 1.19 (Minty-Browder) Let E be a reflexive and separable Banach space and

B : E — E* an operator satisfying

(Buu) __ +00;

(1) B is coercive, i.e, limy|—o0 o]

(ii) B is bounded (i.e, B transforms bounded sets in E into bounded sets in E*);
(11i) B is pseudomonotone.
Then, B is surjective, that is, B(E) = E*.
Proof See [19], Theorem 5.5. O

Lemma 1.4 Let (a,)nen and (by)nen be two bounded real sequences. Iflim; oo b; =be R
then
liminf(a; + b;) = liminfa; +b and limsup(a; + b;) = limsupa; + b
1=

J—0 o0 j—o0 j—o0
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Lemma 1.5 (Tartar Inequality) If £,n € R then

Cl&E—nlP if p=>2

Ol i ] < p <2
s o p ==

(I€[P2¢ — |nlP~*n) - (€ —n) >

Proof See [27] p. 235. O

Theorem 1.20 (Poincaré- Wirtinger inequality) Let 1 < p < oo and Q C RY be a
bounded connected open set with a Lipschitz boundary. Then there exists a constant C,

depending only on Q and p, such that for every function v € W?(Q) one has
lu — uallr) < ClIVullLey@),

where

il
ug = — [ u(s)ds
=] J, ")

is the average value of u over €, and |Q| stands for the Lebesque measure of €.

Proof See [38] p. 265. O

1.1 A regularity result

Consider the elliptic equation in divergence form
—div A(x,u, Vu) = B(z,u, Vu) in (1.4)
with the Neumann boundary condition
A(z,u, Vu)v = h(x,u) on S (1.5)

The following assumptions will be assumed.

Assumption (AF): Let A = (A}, A4y,... Ay) € C(Q x R x RY RY). For every
(z,u) € A xR, A(z,u,-) € CYRN \ {0},RY), and there exist a nonnegative constant
k > 0, a non-increasing continuous function A : [0,00) — (0,00), and a non-decreasing
continuous function A : [0,00) — (0,00) such that for all z, 21,20 € Q, u,uy,uy € R,

n € RV \ {0}, and € = (&,&,...,&En) € RY, the following conditions are satisfied:
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o A(x,u,0) =0,

0A s
o D05, mwmads > Muk + ) =€l

D

,L'7j

aAj (3’), u, 77)
on;

\ < AlJul)(k + 1),

o [A(z1,u1,n) — Az, ug, )| < A(max{|u, Juz|})(|z1 — 2| + |us — ua]??)
[k + 0" + (k4 [n]?) "= (1 + |log(k + [n]*)].

A typical example of the function A satisfying the assumption (AF) is
A, u,€) = alw, u)(k+ €))7 ¢,

where a(z,u) is Holder continuous in (z,u) and a(xz,u) > § > 0.
Assumption (B): B : Q x R x RN — R, where B(z,u,n) is measurable in 2 and

continuous in (u,7n), and
|B(z,u,n)| < Alul)(L+[n"), ¥ (z,u,m) € QxRxRY (1.6)

Definition 1.5 u € W'?(Q), is called a bounded generalized solution of the boundary
value problem (1.4)-(1.5) if u € L>=(Q2) and

/A(a:,u,Vu)Vgpdx:/B(x,u,Vu)cpd:U—i—/ h(x,u)eds (1.7)
0 Q

o0

Y € WL(Q) N L2(9).

Assumption (M): Suppose that Assumptions (A*) and (B) are satisfied. There exists

a positive constant M such that for a bounded generalized solution u holds
esssup |u(z)| < M. (1.8)
Q
Under the previous conditions, the following result holds

Theorem 1.1 (Fan, Lieberman) Assume Assumptions (A¥), (B) and (M) hold, and
let the boundary 0Q of Q0 be of class C17. Suppose h € C(9Q x R,R) satisfying for
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1, T € 02, Uy, us € R,
A1, ur) = h(ws, ug)] < A(max{lual, [us]}) (Jo1 — o™ + Jur —ual®) . (1.9)

where A is as in Assumption (A®). If u € WP(Q) N L>(Q) is a bounded generalized so-
lution of the boundary value problem (1.4)-(1.5), then u € CY%(Q), where o and Ul oo
depend only on p, N, AN(K), K, 1, B2, 7, sup |h(02 x [-M, M])|, and Q.

Proof See [39, 66]. O

Remark 1.1 (i) If A(z,u,Vu) = |VulP™2Vu, i.e., if the operator in (1.4) is the p-
Laplace, then assumption (A¥) is automatically satisfied.

(it) Theorem 1.1 holds for variable exponents p = p(z) under appropriate conditions.
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Chapter 2

Positive stationary solutions of
Kirchhoff equations with first order
terms and lack of coerciveness:
homogeneous Neumann boundary

condition

This chapter is addressed to the existence of positive solutions of (§2#7) under Neu-
mann boundary conditions. More precisely, we consider non-variational elliptic PDEs

with nonlocal terms of the form

{M(x,/QVupdx>Apu f(z,u, V) in €, (2.1)

VulP~20,u=0 on 09,

on bounded domains @ C RY, N > 2, p € (1,00), having smooth boundary 9 with
outward unit normal v. The source term f : Q2 x R x RY — R is a Carathéodory function
(i.e., f(z,-,-) is continuous for a.e. x € Q, and f(-,s,&) is measurable for all (s,§) €

R x RY) satisfying
(Hy)  1f(@,5,0 <Az, s)(1+[§]7) forae z€Q, V(s,§) €ERxRY,

where ¢ € [0,p] and h : Q x R — [0,00) is a Carathéodory function which is bounded
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on bounded sets of R uniformly with respect to the first variable. The coefficient M is a

continuous function satisfying

(Hp)  There exist m, M > 0 such that m < M(z,s) < M, V(z,s) € Q x [0,00).

We seek for a positive solution of (2.1) in the following sense.

Definition 2.1 Suppose (Hy) and (Haq) hold. A function u € WHP(Q) N L>®(Q) is called
a solution of (2.1) if satisfies

/ |VulP2VuVpdr = / f(@,u, V) pdx, Vi € WHP(Q). (2.2)
Q Q

M (x,/Q|Vu|pdx>

The main result of this chapter on the existence of a positive solution of (2.1) reads as

follows.

Theorem 2.1 Assume (H;) and (Hu) hold. Further, suppose there existu,u € W (Q)

such that 0 < u < W a.e. in 2, and satisfying the following conditions:
(i) flz,u,Va) <0< f(z,u,Vu) a.e. in Q.

1
(ii) / |VulP*VuVe dz > M/ flz,u,Vu)pdr, YoeWP(Q), ¢ >0 ae. in.
Q )

1
(iii) / |VulP*VuVedr < M/f(m,y, Vuwedr, YoeW(Q), ¢ >0 ae inQ.
Q 0
Then there ezists a solution u € C*7(Q), v € (0,1), of (2.1) with u < u < W a.e. in ().

Remark 2.1 (i) Theorem 2.1 can be seen as a sub-supersolution principle for the
inhomogeneous non-local Neumann problem (2.1), which recovers the local case if
M = 1. It is known that comparison and sub-supersolution principles do not hold
in general for stationary Kirchhoff equations, if formulated the same way as in the
local case, unless very specific conditions are fulfilled. This is discussed for Dirichlet
problems in Figueiredo & Sudrez [45]. Still under Dirichlet boundary condition,
some versions of sub-supersolution principles for (S.#7) with p = 2 can be found in
[4, 26, 45] for homogeneous coefficients M and sources f = f(x,u). The authors in
[5] consider p = 2 and sources f > 0 depending on first order terms, but assuming the

existence of a family of small functions (in a sense) playing the role of subsolutions.
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(ii) Theorem 2.1 seems to be new in the local case M = 1, i.e., if the operator in (2.1) is
the p-Laplace for all p € (1, 00). Furthermore, in the case of spatially inhomogeneous
coefficients M = M(x, -) and Neumann boundary condition on (S.%"), it seems also

new for sources f = f(x,u) not depending on first order terms.

(iii) The assumption on the coefficient M to be bounded from above is not essential in
Theorem 2.1. Actually, in order to keep the main ideas in evidence, we have stated
and proven Theorem 2.1 assuming (H ). An extension to the case of unbounded

from above coefficients M in (2.1) will be discussed below in Section 2.4.

Regarding to the proof of Theorem 2.1, to overcome the lack of coerciveness due to
the absence of a lower order term like (5) in the equation, besides the homogeneous Neu-
mann boundary condition, we proceed as follows. We introduce parametric e-approximate
problems of (2.1) which are coercive. Combining monotonicity methods, truncation tech-
niques and cutoff functions, similarly as in [37, 63, 5], we obtain W?(2)-solutions of
the e-approximate problems. After providing uniform L*-estimates on the e-approximate
solutions, which in turn lead to C'7()-estimates uniformly on e, it is possible to pass to
the limit on the €;-approximate problems for a sequence €¢; — 0, as j — oo. This limiting
problem recovers the originally truncated problem, giving rise to a solution of (2.1).
Some examples establishing the existence of a positive solution of (2.1) are given in
Section 2.3, where the following source terms, including non-Lipschitz cases, are consid-

ered:

o flau,Vu) =clz)u™ —u® +a(@)|Vu|? — g(z), with s € (p—1,00), ¢ € [0,p], g <0;

(semipositone gradient dependent sources)

o f(z,u,Vu) = c(x)u" —u+g(z,u)|Vu|?, with0 < r < s, ¢ € [0, p], g(z, -) is continuous;

(sources having gradient terms with continuous coefficients)

o flz,u,Vu) = c(z)u™ — u* + a(x) |Vl

with 0 <m < s, a >0, q € [0,p];

u®
(sources having gradient terms with singular coefficients)

1 q
o f(x,u,Vu)= " + a(x) [Vl

7 = c(x)u”, with r, 5,0 > 0, g € [0, p];
u

(sources combining singular and gradient terms with singular coefficients)
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o flo.u,Vu) = gla) — Ajul~2u — b(x) (Vu) , with () ~ | - |1 at infinity, g € [0, p;

(sources arising in stochastic control problems)

where a,b,c,g € L>®(Q2), which may be indefinite sign coefficients in some cases. The
precise statements and proofs are contained in Section 2.3, see Theorems 2.2—2.6.

Let us briefly describe how the chapter is organized. In Section 2.1, we introduce
e-approximate problems of (2.1) which are coercive, and set up the limiting problem, as
€; — 0. Theorem 2.1 is proved in Section 2.2. Positive solutions of (2.1) are constructed
in Section 2.3 through examples using the source terms above described. In Section
2.4, an extension of Theorem 2.1 for coefficients M which are unbounded from above is
established.

Finally, the notation adopted along the paper is standard. We only mention that w, =
max(w(z),0) and w_ = max(—w(z),0) are the positive and negative parts of a function
w, respectively, and “ — 7 denotes the weak convergence of a sequence. Sometimes the
symbol “dz” is omitted from some integrals, but [ 47 Oor i) 4 # dx denote the same Lebesgue
integral of a measurable function z over a Lebesgue measurable set A C RY. A constant

“C"7 denotes a positive constant which may be different in a same line or line to line.

2.1 Approximate coercive problems

Let us choose a fixed Ry > 0 satisfying

1.00) < Ro, (2.3)

max (|[]]1,00, ||

where || - ||1.0o denotes the usual norm in Wh*(Q). Let Tr(7) = max(—R, min(7, R)),

V71 € R, be the truncation function for R > R, and define the truncated function

fR(l‘vTaf) d:df(va7TR(€1)v"' >TR<€N))7 (24)

for a.e. x € Q, for all (1,¢) € R x RN, where & = (£1,---,&n) € RY. Some properties of

fr which will be used later on are described in the following lemma.

Lemma 2.1 Under the hypotheses in Theorem 2.1 one has for all R > Ry :

b fR(’vf):f(’vg) Zf ’§| <R
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o fr(-,-) <h(-,-)(1+ NIRY).
o fr(-,u,Vu) = f(-,u, Vu) and fr(-,a, Vu) = f(-,u,Va) a.e in €.

b |fR('7 7§)| < h(7 )(1 + |£|q)’ V§ € RY.

Proof Most of the cases are straightforward from (2.3) and (2.4). We observe that

Tr(s)] < [s[,V s €R,

so one has

ok

|fr(z,5,§)| < h(z,s) [1 + (Z |TR(&)|2>

=1

The proof is complete.

2.1.1 Coercive parametric c-approximate problem

] < hiz, s) [H (D(@-)F)

(2.5)

q
2

] < B, 5)(1+ [€]7).

a

Tacking into account the lack of coerciveness on the Neumann problem (2.1), we introduce

the parametric e-approximate problem

—Apuc + € |ulP?ue = Fr(ue) — T(u) in €,
VulP20,uc = 0 on 09Q,
for all € > 0, where Fp : W'P(Q) — (WP(Q))", is given by
T T
Fa(u),v) = [ LR@T0NTW vy e wia),

0 M(x, /Q |Vu|pdx>

using the truncation operator

(2.6)

(2.7)

(2.8)



and T : WHP(Q) — (WHP(Q))" is given by

v(z,u) 1Ly
<T(u),v>/QM<x’/|vu|pd$> vdx, Yve W P(Q), (2.9)

where v(-,u) = —(u — u)} + (v — @)%, with £ € (0,p — 1) fixed.
To prove that problem (2.6) has a solution, let B, : W?(Q) — (Wl’p(Q))* be given by

(PBeou,v) :/Q IVulP2VuVu dr + e/Q luP2uv dr — (Fr(u),v) + (Y(u),v).  (2.10)

for u,v € WP(Q). We shall apply the surjectivity theorem for pseudo-monotone coercive

operators (see [19], Theorem 5.5) to obtain a solution u, € W'?(Q) of (2.6) for all € > 0.
Lemma 2.2 Assume (Hu) holds. Then B, is bounded and coercive for all € > 0.

Proof From direct calculations using W'?(Q) < L'(Q) (see Theorem 1.3)
[(Fr(u), w)| < Cllullwing), Yue WHP(Q). (2.11)

Further, there exist constants C,Cy > 0 satisfying

Qm Qm

(Y (w),u) </9M<m,/vupdx>

< Cllullwroey + Cllullih ey, Vi€ WH(Q). (2.12)

Using previous estimates and (2.10), for some constant C' > 0 we have

(Beu,u) > [[ullf e — Cllullwrog) — Cllully

Wip(Q
for all w € W'r(Q), where || - |1, denotes the norm
lull . = /Q Yl dz + e/Q ul? da, (2.13)
which is equivalent to the usual norm || - [|y1.s (). Since £ € (0,p — 1), one has
(Bai,u) > Colullyriay — Cllullwroey — Cllullifh gy — 00,
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as ||ullw1.r) — oo. This shows . is coercive for all € > 0. It is not difficult to infer from
(Haq) and the definitions of Fr and Y that %, is bounded (i.e., transforms bounded sets

into bounded sets) for all € > 0. The proof is complete. O
Lemma 2.3 Assume (Haq) holds. Then A, is a pseudo-monotone operator for all € > 0.

Proof Let (u;) C W'P(Q) satisfying u; — w in WH?(Q) and lim sup (ZBu;, u; — u) < 0.
Jj—00
One needs to show that

liminf (Beu;,u; —v) = (Beu,u —v) Vv e WHP(Q). (2.14)

j—o0

Passing to a not relabeled subsequence satisfying w; — w in LP(Q), from (Hx4) and the

definitions of Fr and T, it follows that

< Clu; — vl 2% 0,

/ ! fr(@, Tuy, VTu;)(u; — u)dx
@ M(m,/|Vuj|pdx>
Q

1
/ﬂ M(x, /Q V) it =

<o)l g g g =l pesn oy =0

Collecting the information above we have

lim sup (ZB.uj, uj — —hmsup/ |V, [P2Vu;V (uj — u)dz

Jj—o0 j—00
= lim sup/ (IVu; [P~V — [VulP~>Vu) V(u; — u)dz > 0.
Jj—=oo  JQ

Thus we obtain

j—)OO

/ (|Vu; [PV, — [VulP>Vu) V(u; — u)ds — 0,
Q

so (u;) strongly converges to u in WP(Q) (see [19]). Taking into account that . is

continuous, we conclude that (2.14) follows. O
Lemma 2.4 Assume (Hpq) holds. Then (2.6) has a solution u. € WP(Q) for all € > 0.

Proof From Lemmas 3.1—3.2, all hypotheses of the surjectivity theorem in [19], Theorem
5.5, are fulfilled. Hence 4, is surjective, and there exists u. € WHP(Q) satisfying Beu, = 0

for all € > 0, i.e., u, is a solution of (2.6) in accordance with Definition 2.1. O
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2.1.2 Passing to the limit in (2.6)

We are now in position to pass to the limit in the coercive parametric problem (2.6) as a

final stage before proving Theorem 2.1.

Lemma 2.5 Assume the hypotheses in Theorem 2.1 hold. Then for all sequence €; — 0,
as j — 00, the corresponding sequence (uc,) of solutions of (2.6) strongly converges in

WhP(Q) to a solution ug € WHP(Q) N L>®(2) of the limiting problem

—Aju = Fr(u) — Y (u in €,
p r(u) = T(u) (2.15)
|VulP~20,u = 0 on 05,

where Fr and Y are given by (2.7) and (2.9), respectively.
Proof The proof will be split into some steps.
Step 1: wu. > 0 a.e in € for all € > 0.

Indeed, recalling (2.13) and taking u._ as test function in (2.6), we have

1
_ ||U€, ||]1),p,e = / [fR(CC, TU€7 VTUe) — U([L’, ue)] U dax
Q /\/l(:r,/|vu€|pdx>
Q
1
N / fR(I,Q, VH)UE_ dx
{ue<u} M(:L‘,/|Vue|pdx>
Q
1
" / (u — ue) ue_dz.
{ue

) M(x, / VulPdr )
Q

Since last two terms in the right-hand side in previous relation are non-negative, we obtain

|te_|I7 . = 0. Hence u = u,, a.e. in Q2 for all € > 0, and Step 1 follows.
Step 2: u. < a.e in € for all € > 0.

Taking v = (u. — ), as test function in (2.6), one has

[fr(z, Tue, VTuc) —v(z, uc)]

M (JJ,/Q|VuE\pdx>

(ue—10)+-

/ [V P VuV (ue—) 4 +elue P ue(ue—u) 1 | :/
Q 0
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From (2.7), (2.9), and (H ), we deduce

l+1

1 -
/ VP2 Vu V(u.—u), do < —/ Flx,u, V) (v — )4 do _/ (ue — )7 e
Q M Jq ;

M, /Q Vulrdz)

Thanks to hypothesis (ii) in Theorem 2.1, we have

VAR
/|VU6|P_2VUEV(U€ — ﬂ)_,’_ dx </ |Vﬂ|p_2VEV(UE . ﬂ)+ dl’—/ (UE U)+ dx’
Q Q 0

M(x, /Q |Vu€|pdx>

what ensures

(ue — ﬂ)i—H

M (x,/Q|Vue|pdx>

dr < 0.

0< / (Vu P>V, — |VaP2va)V(u. —u)4 do < — /
Q@ Q

Hence

/ (uf _ E)ﬂj_l dl’ — 07
Q

M(m, /Q |Vu6|pdx)

and (ue —u)y = 0 a.e in Q for all € > 0, so Step 2 follows.

Step 3: Ye; — 0, as j — o0, (u,) strongly converges in W'?(Q) to a solution up of

(2.15).

Indeed, previous steps ensure (u.) is bounded in L*(€2) since 0 < u, < ||@]|o a.¢ in €2 for

all € > 0. Using u, as test function in (2.6), from (2.11) and (2.12) we have

/|Vu€|pdx+e/ lu Pde < 9/ |u€|dx—|—€/ [z < C(R, [Tl),  (2.16)
Q Q m Ja m Ja

where C' > 0 does not depend on € > 0, so (u,) is bounded in W?(Q2). Thus, by choosing

e; — 0, there exists ug € W?(Q) satisfying
o U, —up in WH(Q),
® Ue; —> UR in LP<Q),

as j — oo. After using u., — u as a test function in (2.6), and following the arguments
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used in (2.16) and Step 2, one infers
/ [|Vu€j ]p_QVuej — \VuR\p_ZVuR} V(ueg; —ug)dr < C(m, R, HUHOO)/ |ue, — ug| dx
Q Q

Therefore

/ V(e — up)lP de 230,
Q

and (u,) strongly converges to uz in W'?(Q). Hence it is possible to pass to the limit in
(2.6) (equivalently, in the equation %,,u., =0 on (WLP(Q))", given by (2.10)) to obtain
ur € WHP(Q) N L>*(Q) is a solution of (2.15). The lemma is proved. O

2.2 Proof of Theorem 2.1

Proof of Theorem 2.1 From steps 1 and 2 in the proof of Lemma 2.5 we have 0 <
up < U a.e. in Q, where up satisfies (2.15). We claim that u < ug a.e. in €. Indeed,

using (u — ug), as a test function in (2.15), from (2.7) and (2.9) we have

dx_/fR$UVU )(u —ur)s + (u—ug)i™

/\VuR\p2VuRV(g * dx.
@ /|VuR|pdx

This implies on the one hand,

-2 1 (u— “R)?l
|Vug|P*VurV(u — ug) s = i f(zr,u, Vu)(u — ug)+ +
Q Q @ j\/l(a:,/]VuR]pdx>
Q

9

and, on the other hand, thanks to hypothesis (iii) in Theorem 2.1,

IPRVAS]
/ Vugl*VupV (u—ug) dr >/ [VuP~*VuV (u—upg)+ dm—i—/ (u—ur)y dzx.
Q Q QM(J}, |VuR|pdx>

Q

But this estimate in turn leads to

1
/ (u—up)tdr =0,
QM(I,/]VURV’dJC>
Q
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what ensures (u — uR)frl =0 ae inQ Thus 0 < u<ugp <wae. inQforall R > Ry,
where Ry is given by (2.3). From (2.9) it follows that v = 0, so, from (2.15), ur is a weak

solution of the elliptic problem

M(-, [ [Vuldr) 2.17)

Recall that ||ul|1,0 and ||@||1,.c do not depend on R large, and let us denote up by w.
Since ||u||s is independent on R > Ry, from Lemma 2.1 we can apply the regularity
results of Lieberman [66] or Fan [39] to ensure that u € C*7(Q), where v € (0,1) and
|ull 1oy depend on certain ingredients, but are independent on R € [Ry, 00). Hence we

have fr = f for all R € [Ry, 00), and u is a solution of (2.1). The proof is complete. O

2.3 Positive solutions of non-coercive BVPs: exam-
ples

We discuss some examples of non-coercive elliptic boundary value problems (BVPs, for
short) as (2.1) having, at least, one positive solution. The source terms included appear in
stochastic control type problems, population genetics or harvesting problems, or involve
continuous or singular coefficients. Those examples extend or complement previous results
in the literature available in the case M = 1 or with Dirichlet boundary conditions in
(2.1).

1) Semipositone or logistic gradient dependent sources. Set the problem

-M (x,/|Vu]pdx> Ayu = c(z)uP™! —u® +a(x)|Vu|! — g(z) in Q,
Q

\ |VulP~20,u = 0 on 09, (2.18)

u>0 on Q.

\

The exponents s, ¢ and the coefficients a(-), ¢(+), g() satisfy, respectively,

(A1) se(p—1,00), q€[0,p]

(As) a,c,g € L®(Q), with g(-) =0, ¢(-) = ¢o > 0 a.e. in .
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Previous assumptions turn (2.18) into a semipositone (or non-positone) problem, since
its right-hand side, given by the function f(z,7,¢) = ()P~ — 75 + a(2)[£|? — g(z) for
(2,7,6) € Q x [0,00) x RY satisfies f(-,0,0) < 0. The existence of positive solutions
of semipositone problems with Neumann boundary condition has been obtained in [2]
(M =1 and p = 2 with convective terms) with sources not depending on the gradient,
and in [30] (M =1 and p = 2) for gradient dependent sources, see also their references.
If g =0 in (2.18), one has the logistic equation plus a convection term, see [5, 43| for the
existence of a positive solution in the case of Dirichlet boundary condition. The result we

will prove regarding to (2.18) is the following:

Theorem 2.2 Assume (A1), (As) and (Hpaq) hold. Then, for all co > 0 sufficiently large,
there exists a solution u € C7(Q) of (2.18), v € (0, 1), satisfying u > 0 on Q. If ||| s

sufficiently small, such solution exists for all co > 0.

2) Sources having gradient terms with continuous coefficients. Set the problem

(
-M (93,/|Vu|pd:1:)Apu = c(z)u” — v’ + g(z,u)|Vu|? in Q,
0

) VulP~20,u = 0 on 09, (2.19)

\ u>0 on Q.

where the exponents 7, s, ¢, and the coefficient ¢(-), satisfy
(A3) r,s € (0,00), with r < s, and g € [0, p|.
(Ag) ce€ L>®(Q), with ¢(-) > ¢y > 0 a.e. in Q.

Dirichlet problems involving continuous coefficients have been studied, for instance, in
3, 6, 16, 22, 23, 34, 35, 37, 42, 43, 58, 77, 79], whereas Neumann problems in [6, 46, 52, 72].
In the case of (2.19), some examples of coefficients g, not necessarily being Lipschitz
functions, are g(z,u) = a(x)sinu, g(z,u) = a(x)|ul®, g(z,u) = a(x)e", where k > 0
and a € L*>®(Q) is an indefinite weight. More generally, g : 2 x R — R in (2.19) may
be any Carathéodory function which is bounded on bounded sets of R uniformly with
respect to the first variable. The existence result we will prove with respect to (2.19) is

the following:
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Theorem 2.3 Assume (As), (A4), and (Hrq) hold. Then there exists a solution u €
CY(Q) of (2.19), v € (0,1) satisfying u > 0 on Q.

3) Sources having gradient and singular terms. Neumann problems with first order
and singular terms are contained in next two examples. Actually, we consider convective

terms with singular coefficients of the form

;

[Vl

-M (m,/|Vu]pd:C> Apu = c(z)u™ —u’ + a(x) in Q,
Q u
|VulP20,u = 0 on 0%, (2:20)
u>0 on Q,

\

or sources having a combination of convective and singular terms of the form

( 1 . [Vult
—M(m,/Q\Vu\pdx)Apu = W—c(aj)u +a(w)7 in Q,
VulP20,u = 0 on O5. (2:21)
\ u>0 on .

The exponents «a, 3,0, m,r, s, q, and the coefficients a(-), ¢(+) in (2.20) and (2.21), satisfy
(A5) a € (0,00), and m,s € (0,00), with m < s.

(Ag) 1,8,0 € (0,00).

(A7) q€[0,p] and a,c € L*(R), with ¢(-) = ¢o > 0 a.e. in (.

Positive solutions of Dirichlet problems with sources depending on singular and first order
terms have been studied in [20, 47, 7, 9, 10, 21, 40, 43, 70|, where natural growth in the
gradient is included in some works. For Neumann problems, the existence of positive
solutions with sources involving singular and gradient terms has been studied in [74, 52]
for some classes of coercive or non-coercive problems, respectively. Regarding to the
non-coercive problems (2.20) and (2.21) having up to the natural growth in the gradient,
and with right-hand sides which are not Lipschitz functions in some cases, we prove the

following;:

Theorem 2.4 Assume (As), (A7), and (Huyq) hold. Then there exists a solution u €
CY7(Q) of (2.20), o € (0,1), satisfying u > 0 on Q.
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Theorem 2.5 Assume (Ag), (A7), and (Hrq) hold. Then there exists a solution u €
Che(Q) of (2.21), o € (0,1) satisfying u > 0 on Q.

4) Sources of stochastic control problems type. Let us set the problem

—~M |z, [ |[VulPdr)Ayu + MulP?u+ b(x) (Vu) = g(z) in Q,
(1 [ IV Ay Mup2u-+ b} (90) = g(o) .

|VulP~20,u = 0 on 09,
where p € (1,00) and A > 0 is a parameter, assuming the following conditions:
(Ag) v :RY — Ris a continuous function satisfying |1 (€)| < C(1+]€[P), for all £ € RY.
(Ag) b,g € L>®(Q), with g(z) > b(x)y(0) for a.e x € Q.

In the local case M = 1, problems of the form (2.22) appear, under some hypotheses,
as models in stochastic control problems or in the study of some problems involving
Hamilton-Jacobi-Bellman equations, see for instance [63, 64, 65, 61, 62]. The case M =1
and p = 2 in (2.22) has been studied in [63], assuming b = 1, g € Wh>(Q), ¥ €
CHOxRY R), and Q convex, but allowing v to grow as any arbitrary power. Hamiltonian
terms H more general than H(x, &) = b(x)y(§) in (2.22), also growing as arbitrary powers,
have been considered in [65, 61] (M =1 and p = 2 with a non-divergence form operator)
and [62] (M = 1 and p € (1,00)), but requiring H € C*(2 x RY R) and some further

conditions. The result we shall prove with respect to (2.22) is the following:

Theorem 2.6 Assume (Ag) and (Hpq) hold. Further, suppose (Ag) holds with g # 0 or
b # 0 and 1(0) # 0. Then there exists a solution u € C*(Q) of (2.22), v € (0,1), not

identically zero, satisfying u >0 on Q.

2.3.1 Proofs of Theorems 2.2—2.6

Proof of Theorem 2.2 Set the function f(x,7,£) = c(x)|r[P~! — |7]* + a(z)[£]? — g(2),
for (z,7,£) € @ x R x RY, which satisfies (H;) by (A1) — (Az2). Note that

f(z,1,0) = c(JE)Tp’1 —7°—g(x) > Tp’l(co — TS’pH) —19|loo, V7 > 0.

1
Choosing a constant 0 < 79 < min{1,1¢;™"'}, we obtain u = 7 satisfies (i), (iii) in

Theorem 2.1 provided that ¢, is sufficiently large. Further, at this point, one can see the
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same conclusion is achieved without any restriction on ¢y > 0 if it is possible to choose

|g||o sufficiently small. Now, on the other hand, one has
f@,7,0) <P (|lelloo = 75777 + lglls, VT > 0.

By choosing © = 71 > 79 > 0 sufficiently large, we obtain @ satisfies (i), (ii) in Theorem
2.1. Hence Theorem 2.1 ensures the existence of a solution u € C*(Q), v € (0,1), of

(2.18) satisfying 7o < u < 71 in Q. The proof is complete. O

Proof of Theorem 2.3 Let the function f(z,7,&) = c(x)|7|” — |7]° + g(x, |7])||?, for
(z,7,6) € A x R x RY. From (A3) — (A,), f satisfies (Hy). Since
flz,7,0) = 7" (co — 7°77), V1 >0,

1

it suffices to consider u = 7 > 0, with 7 € (0,¢57"), to have (i), (iii) in Theorem 2.1 to

be satisfied. Analogously, using the estimate
fla,7,0) < 77(||c)|oe — 7°77), Vr >0,

1
5"} OO), will satisfy (i), (ii) in Theorem

we infer that w = 73 > 0, where 73 € (max{m, ||c
2.1. Therefore, from Theorem 2.1, there exists a solution u € C*7(Q2), v € (0, 1), of (2.19)

satisfying 7 < u < 73 in . This proof is complete. O
Proof of Theorem 2.4 Let us introduce the approximate problems

V q
V' )

—M %/|V“n|pdﬂf Aty = c(z)|up[™ — |un|” + a() a
( Q ) g (lunl +3) (2.23)

Vu,[P?0,u, = 0 on 09,

for all n > 1, in the weak sense (2.2). Their right-hand sides are given by the functions

folz, 7,8) = c(z)|T|™ — |7]° + a(a:)(h_ﬂ%wl)a, Y(z,7,6) € A x R x RY, (2.24)

which verify (Hy) by (A4s), (A7), for all n > 1. Arguing as in the proof of Theorem 2.3,
one obtains constants ki, ko > 0, independent on n, which allow one to apply Theorem

2.1 to ensure the existence of solutions u,, € C*(Q), v € (0,1), of (2.23) satisfying
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k1 < Up < Ko in Q. Thus |Ju,||s is uniformly bounded with respect to n, and one can

modify the functions in (2.24) to verify a growth condition of the form
|fulz,5,)] < C(1L+[€]9) for ae. € Q, VE€RY, (2.25)

for some C' > 0 independent on n. From the regularity results in [66, 39], there exists
¥ € (0,1), independent on n, such that [|u,[/c1s) is bounded. The compactness of the
imbedding C17(Q) « C17(Q) for all o € (0,7) implies the existence of u € C7(2), and
a not relabeled subsequence, satisfying u,, — u in C17(Q), as n — oo. Hence k1 < u < Ky
in Q, and we can pass to the limit in the weak formulation of (2.23) (as in (2.2)) to

conclude that u is a solution of (2.20). The proof is complete. a

Proof of Theorem 2.5 We set the approximate problems

—Mlz, | |Vu,|Pdx ) Au,, = ————
(””“/Q' wPde) By = s

|Vu,|P~20,u, = 0 on 09,

for all n > 1, where their right-hand sides, which satisfy (H), are given by

1 |1

W —c(z)|r]" + a(m)(|7_| T V(z,7,6) € QxR x RY, (2.27)

ful@,7,8) =

Similarly as in the proof of Theorem 2.4, one obtains constants c¢i,cs > 0 independent
on n and, with the help of Theorem 2.1, solutions u, € C*7(Q), v € (0,1), of (2.26)
satisfying ¢; < u, < ¢z in Q. As a consequence, ||u, ||« is bounded, and f, in (2.27) can
be modified to verify an estimate like (2.25) uniformly with respect to n. This enable one
to apply the regularity results in [66, 39] to infer the existence of 4 € (0,1), independent
on n, such that [|un[|c14 ) is uniformly bounded. Extracting a subsequence if necessary,
there exists u € C*¢(Q), with ¢ € (0,7), such that u, — u in C*¢(Q), as n — oo. So
c1 < u < cpin Q, and we can pass to the limit in the weak formulation of (2.26) (as in

(2.2)) to obtain w is a solution of (2.21). The proof is complete. O

Proof of Theorem 2.6 The function f(z,7,&) = g(x)—\7|P~27—b(x) (), for (z,T,£) €
Q x R x RY satisfies (H;) from (Ag) — (Ag). Setting u = 0, one has (i), (iii) in Theorem
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2.1 are satisfied. Furthermore, for 71 € ([5(|lgllsc + [#(0)] |bllsc)] 7~*, 00) we have
f(@,71,0) < lgllee + [ (O)[ [blloc — A" <0,

so (i), (ii) in Theorem 2.1 hold. By applying Theorem 2.1, we obtain a solution u €
CY(Q), v € (0,1), of (2.22) satisfying 0 < u < 7 in Q, which necessarily verifies u #Z 0.

The proof is complete. O

2.4 Unbounded coefficients M in (2.1)

In this section, we prove a more general version of Theorem 2.1 removing the requirement
on the non-local coefficient M : Q x [0,00) — [0,00) in (2.1) to be bounded from above.

Let us suppose M is a continuous function satisfying
(Hn) There exists m > 0 such that M(z,7) >m, Y(z,7) € Q x [0,00).

Theorem 2.7 Assume (Hy) and (HTA) hold. Suppose there exist u,u € WH*(Q) such

that 0 < u < u a.e. in (), and satisfying:

(i) f(z,u,Vu) <0< f(r,u, Vu) a.e. in €.

Furthermore, suppose there exists My > 0 such that for all M > My one has:

(ii) /Q|Vﬂ|p_2VﬂVgp dx > %/ﬂ f(x,w,Va)pdr, Yo e WP(Q), ¢ >0 ae in;
(iii) /Q‘Vg‘p_zvngdl’ < %/Qf(x,g, Vu)edr, Yoe W (Q), ¢ >0 ae. in Q.
Then there ezists a solution u € C7(Q), v € (0,1), of (2.1) withu < u <4 a.e. in Q.

Proof We set the following truncated problem associated with (2.1)

—Mn<x,/|Vu|pdx>APU— flz,u,Vu) in €,
Q

(2.28)
|VulP~20,u =0 on 09,
where M, (-, ) is the function defined by
M, (2, s) = min {M(z,s),n}, V(z,s) € Qx[0,00), Vn € (m,o0). (2.29)
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Since M,, is a continuous function with m < M, (-,-) <, and (i)—(iii) above hold for
all n € (max{m, MO},oo), we apply Theorem 2.1 to obtain a solution u, € C7(Q),
€ (0,1), of (2.28) satisfying u < u, < W a.e. in Q. In particular, ||u,|/o is uniformly

bounded with respect to n € (max{m, My}, oo).
Claim: {u,} is uniformly bounded in W'?(Q) with respect to n € (max{m, My}, o0).

Indeed, let A = sup {|u,|« : 7 € (max{m, My},o0)}. We consider separately the cases
q € [0,p) and ¢ = p in (Hy). In the first case, by testing the weak formulation of (2.28)

with ¢ = u, (as in (2.2)), from Young’s inequality with ¢ > 0 we have
/ \Vu,|Pde < C + C/ |Vuy|u,| de < C + CE/ |Vu,|? dz,
Q 0 Q

where C' = C(m,Q,A,e) > 0. Choosing ¢ sufficiently small, the claim follows for all
q € [0,p). For the natural growth case ¢ = p, we shall use a test function inspired on [22].
In fact, setting ¢, = esugun, s > 0, as a test function in the weak formulation of (2.28),

by a direct computation we have
/965“37(1 + 2s5u.) V[P doe < — + —/ |Vu, |p65“’7|un] dz,

where C' = C(s, A, ) > 0is a constant independent on 7). For all € > 0, Young’s inequality
implies
/ng%(l + 2s5u2) |V, P do < — + —/ |Vun|p65“ {— ] dx.

C

, with s > 0 large in a such way tha

C? C
_ P el
(1 88m2> /Q V[ dv < m’

proving the claim. Hence (2.29) and previous claim ensure

My (- /Q Vg ) = M(-. /Q Vi P

for all ny > 0 sufficiently large, i.e., u = u,, is a solution of (2.1). The proof is complete.

Now, by choosing € =

O

The examples in Section 2.3 keep holding by assuming (]/-I\;l) Indeed, with the same
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proofs given in Section 2.3, but applying Theorem 2.7 rather than Theorem 2.1, one has

Corollary 2.1 Theorems 2.2 — 2.6 remain valid replacing (H) by (Hp).
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Chapter 3

Positive stationary solution of
Kirchhoff equations with first order
terms and lack of coerciveness:
nonlinear Neumann boundary

conditions

This chapter is addressed to the existence of positive solutions of (S.%°) under Neu-
mann boundary conditions. To be precise, we consider non-variational elliptic PDEs of

the form
-M (:B,/|Vu|pdx>Apu = f(z,u,Vu) in Q,
“ (3.1)
M(:(:,/|Vu|pdx)]Vu]p2&,u =g(x,u) on 09,
Q
on bounded domains Q@ C RY, N > 2, having smooth boundary 9Q with outward unit
normal v. The source term f : Q x R x RY — R is a Carathéodory function (i.e., f(z,-,-)

is continuous for a.e. x € Q, and f(-, s, &) is measurable for all (s, ) € R x RY) satisfying
(Hy)  [f(z,s,8)] < hlw,s)(L+[€]9) forae z€Q, V(s,§) € RxRY,

where ¢ € [0,p] and h : 2 x R — [0,00) is a Carathéodory function which is bounded
on bounded sets of R uniformly with respect to the first variable. The boundary source

term g € C%*(9 x R, R), a € (0, 1), is a Holder continuous function, and the coefficient
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M e CO(Q xR, R), B €(0,1) is a Holder continuous function satisfying
(Hpn) There exist m, M > 0 such that m < M(z,s) < M, V(z,s) € Q x [0,00).
We seek for a solution of (3.1) in the following sense.

Definition 3.1 Suppose (H;) and (Hp) hold. A function w € WP(Q) N L®(Q) is a
solution of (3.1) if satisfies

/ ‘Vulp*QVuvgodx — / f(x,u, VU) (pdill' +/ g(ZE,U) Spdr}_[Nflj
@ @ M(x,/|Vu|pdx> o0 M<x7/|Vu|pdx>
Q Q
(3.2)

for all o € WHP(Q). The term HN! is the (N — 1)-dimensional Hausdorff measure.
The main result of this chapter reads as follows.

Theorem 3.1 Assume (Hy) and (Hpq) hold. Suppose there exist u,u € WH(Q) such

that 0 < u < u a.e. in (, satisfying the following conditions:

(i) f(x,u,Vu) 20 and g(x,u) >0, a.e. in S

1 1
(ii) /|Vy|p_2Vng0dx < —/f(x,g,Vg)godx—k—/ g(m,g)gdeN_l,
Q M Jq M Jaq
Vo € WIP(Q), v > 0 a.e. in Q.

(iii) /|Va\p2VaV<pd:c> i/f(:zc,a, Vﬁ)npdwri/ gz, @)pdH" ",
Q Ql Q [2)9]

2
Vo € WP(Q), v > 0 a.e. in Q.

where

e

(M,m), if f(x,u,Va)<0 and g(x,u) >0,
Q@)= { (M, M), i f(&,5,Va) <O and g(z,) <0, (33)

(m, M), if f(z,u,Va)>=0 and g(xz,a)<D0.

\

Then there ezists a solution u € C*(Q) of (3.1), v € (0,1), with 0 <u < u < @ a.e. in
Q.

Remark 3.1 In the case g(xz,u) > 0 and f(x,u,Vu) > 0 in Theorem 3.1, an estimate

of the form

/|Vﬂ|p_2VﬂV<pdx>cl/f(x,ﬂ, Vﬂ)gpda:—l—cz/ gz, @) pdH (3.4)
Q Q 20
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with ci,co > 0, for all ¢ € W'YP(Q), ¢ > 0 a.e. in Q, can only holds if g(x,u) =
f(z,u,Va) = 0.
Indeed, by taking with ¢ =1 in 3.4 one obtains

0> [ flea Voot [ gl uan
Q o0

which implies g(z,u) = f(x,u,Vu) =0 a.e in Q. Note that this case is already included

in Theorem 3.1.

3.1 Auxiliary Problem

In this section we will work set an auxiliary problem to help with the proof of Theorem

3.1. From now on, fix Ry > 0, large enough such that
max{[| Vi, [[Vullo} < Ry

with @ and u set in Theorem 3.1.

For all R > Ry, let 7 : R — R be the truncation function

t, if |t| <R,
Tr(t) =
Rt

It]?

if |t| > R,
and truncate f as
fr(a,t,€) = f(z,t,7r(&1), -, Tr(EN)), Y(z,1,6) € QXRXRY, &= (&, ,&n). (3.5)
Using this definition, we have that exists K € R such that
| fr(z,t,8)| < h(z,t)(1+ RN and |G(z,t)| < K (3.6)

and

fR(xataf) = f(xat7£) if |t| < R,

then we conclude

fr(z,u,Vu) = f(z,u,Vu) and fr(z,u,Vu) = f(z,u, Vu). (3.7)
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3.2 Coercive parametric c-approximate problem

First of all, we define (as in Lemma 1.1) the truncation operator T' : Wh?(Q2) —

Whr(Q) by

Tu(z) = u(x) if u(r)<ulx)<az), (3.8)

8
S~—
-~
Kh
=
=
N
.
O

u(

Now, Ve > 0, we introduce the auxiliary problem on the form

—A Us + € |ua|p_2ua = FR(ue) - \Ij(ua) n Q’
{ g (3.9)

|Vu|P20,u. = G(u) on 9.

In (3.9), Fgp: WH(Q) — (WHP(Q))" is given by

(Fa(u),v) = [ JR@TeNTY G v e wiaq), (3.10)

@ M(x,/Q|Vu|pdx>

the function G : WHP(Q) — (WHP(2))" is given by

(Gu),v) = / 9T N1 e e W), (3.11)
o0 M(x,/Q|Vu|pdx>
and W : WHP(Q) — (WLP(Q))" is given by
(U(u),v) = / Ylz,u) vdz, Yo e W(Q), (3.12)

@ M(x,/g\vmpdx)

where ¥(-,u) = —(u—u)} + (u—u), and £ € (0,p — 1) is fixed. We shall prove now the
existence of a solution for this auxiliary problem (3.9). To do this, we shall use Theorem

1.19.

Let %, : W'»(Q) — (W'?(Q))" be the operator given by
(Bu,v) = (T.(u),v) — (Fr(u),v) + (¥(u),v) — (G(u),v), Yve&W(Q), (3.13)
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where Z. : WP(Q) — (W'#(Q))" is given by
(Zc(u),v) = / |VulP~2VuVu dr + 5/ lulP?uv dz, Vv € WP(Q). (3.14)
Q Q

Lemma 3.1 Assume that (Hap) and (Hy) hold. Then . is bounded and coercive for all

e > 0.
Proof By the definition of G, there exists K > 0 satisfying

i< [ g < [ K, e wiva)
o0 M(x, / yvuypd;c) o0 ™M
Q

Using the Sobolev embedding, we have that W'?(Q) < L'(99Q) so
(G (u),w)] < Cllullwing), Yu € WHP(Q). (3.15)

Futhermore, there exist K; > 0 such that

| fr(z, Tu, VTu)ul
&M x,/ VulPdz
(o [V updc)

[(Fr(u),u)| < dr, Yue W' (Q).

Since Theorem 1.3 implies W'?(Q) — LY(Q), and fr(-, Tu, VTu) € L*°()), we have
[(Fr(u), w)| < Cllullwisg), Yue W P(Q). (3.16)

Using Holder’s inequality, there exists constants Ko, K3 > 0 with

K K
(0 (), u)| < Pl wul < Z2ulde + | =2 ul M de
m m
o M(J:,/|Vu|”dx) o 2
< Clullwis) + Cllulliit, g, Yu € WH(Q). (3.17)

From these inequalities we obtain

fR z, Tu,VTu) — (z,u) g(x, Tu)

udx —/
/Q|Vu|pdx> o0 M(x,/Q]VuV’dx)

> [l e = Cllullwisg) = Cllulliisg

(B.u,u) = wdHN !
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for all u € W'?(Q), where || - ||1,. denotes the norm

ullf .. = / |Vu]pdx+5/ |ul? dx, (3.18)
o Q Q
which is equivalent to the usual norm || - ||y1.r(q). Since £ € (0,p — 1) we conclude
(Beu,u) = Kellulfyrn o) — Cllulwrs@ — Cllullyfiy g — oo,

as [Jul|w1r(@) — oo, This shows that 2. is coercive for all ¢ > 0, from (3.10), (3.11) and
(3.12), we observe that Z. is also bounded (i.e., transforms bounded sets into bounded

sets) for all £ > 0, proving the lemma. O

Lemma 3.2 Assume that (Ha) and (Hy) hold. Then the auziliary problem (3.9) has a
solution u. € WHP(Q), Ve > 0.

Proof Let (u;) be a sequence satisfying u; — w in W'?(Q) and lim sup (B.u;, u;—u) < 0.
Jj—00

We will show, accordingly definition 1.3, that

liminf (Beuj, u; — v) = (Bou,u — v) Vo € WHP(Q). (3.19)

]—)OO

Passing to a subsequence, still denoted by (u;), we have by the Compact Sobolev Embed-
ding (see Theorem 1.4) that u; — w in LP(Q), u; — u in L'(9Q). By (Hur), (3.11) and
(3.15), we obtain

CHUJ uHL1(8Q) 32? 0.

On the one hand, from (Hy) and (3.16) we have
fR x Tu],VTu] uj — u)

/\Vu]]pda:

On the other hand, since, by (3.12) and (3.17) that exists constants Cy, Cs, Cs > 0 such

dx ’ C[|uj — ull 1) =3 0.

o4



that

+
3

41 0+1
ol h = [ ) T e < [ (@ Calusl) o

Q

q+@/WV“ Gy + Callus | ungey < Cs

by Hélder inequality we obtain

)dx

U, uj)(u; — ’ ’/ U(z, u]
QM(m/|Vu |pdx

< E 96 un)l s g ey = wllzesey —

So, by using the inequalities above, the convergence of (u;) in LP and Lemma 1.4 we have

J—00

= lim sup [/ |V, [PV V (uj — u)da:]
j Q

Jj—o0

= lim sup [/ |V, [P2Vu;V (uj — u)dz +/ |VulP2VuV (u; — u) — / IVulP2VuV (u; —
j=oo LJa Q Q

lim sup(Aeu;, u; — u) = limsup [/ \Vu;[P?Vu;V (uj — u)dz + 6/ | P2 (uy — u)d:v]
J—ro0 / Q Q

Since ¢ — [, |[Vu[">VuVe define a bounded linear functional in W'*(Q) for each u €
Wtr(Q), and u; — u weakly in W'?(Q), it follows that

J—00

lim sup(Zeu;, uj — u) = limsup [/ (IVu; [P~V — [VulP~>Vu) V(u; — u)dx] :
j—00 j Q

Thus Lemma 1.5 implies

/ (IVu; P2V, — [VulP2Vu) V(u; — u)de =3 0. (3.20)
Q

Claim u; — u strongly in W'?(Q), as j — oc.

Indeed, for p > 2 we have from (3.20) and Lemma 1.5

C’/|Vuj Vu|pdx</(|Vuj|p *Vu; — |VulP?Vu) V(u; — u)dx =% .
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If 1 <p<2, from (3.20), Lemma 1.5, and Holder’s inequality we have

p(2—p)
Vu; —u)|Pdx = Viu, —u p(|Vuj|+\Vu|) dx
Q| (u; — )l IV

p(2—p)
(IVuy| + [Vul) 2

v P — p p(2—p
:/( Vs =0l (90, + [vu) 5 da

p(2 p)

V| + [Vul)

P
2 —(p—2)

(/ (Wj(fv:))iw)idx UQ (<|wj|+|w|>’“22”)f2dx] 2

)2 s =2
— / [V — )l s—dx (/ |Vu;| + |Vu|)p) 20
o (|Vu;| + |Vu])™? Q

since the last term is bounded. Hence the claim follows, and (u;) strongly converges to

N

w in WP(Q). Taking into account that 2. is continuous, we conclude that (3.19) holds.
Now all of the hypotheses of Theorem (1.19) are fulfilled. Then 4. is surjective, what
ensures the existence of u. € W'?(Q) satisfying B.u. = 0, i.e., u. is a solution of (3.9).

The proof is complete. O

3.3 Proof of Theorem 3.1

In this section we will prove a lemma on the auxiliary problem which will help us to

obtain a solution for (3.1).

Lemma 3.3 Assume the same hypotheses in Theorem (3.1). Then the family (u.) of
solutions of (3.9) strongly converge in WP(Q), as € — 0, to a solution up € WHP(Q) N
L>(Q) of the limiting problem

—Ayu = Fp(u) —¥(u) in Q,

(3.21)
|VulP20,u = G(u) on 09,

where Fr and U are given by (3.10) and (3.12), respectively.

Proof Let u. = u., — u._, be the sum of its the positive and negative parts of u., and

recalling (3.18), one can take u. as test function in (3.9) to obtain

Ts;VTE £ e 7T€ € —
. ||1pg:/[fR<x e VT W“”“ o [ STy
0

/|Vu |pda: @ M(x,/|Vu€|pdm>
Q

o6




Now, from the definitions of fr, ¥, and T" we have

_ f@, u, Vu)ue_ der/ 9@ W 0N
19}

@ M /Q Ve |Pdz) ° M /Q VulPdz)

TR
o we
{ue<u} _/\/l /lvu6|Pd$>

Since the terms in the right-hand side are non-negative (see the hypotheses in Theorem
3.1) we have |lu._||{,. = 0, i.e., u.- = 0 a.e in Q. Hence u. = u., > 0 for all £ > 0. On
the other hand, if we take v = (u. — @), as test function in (3.9) and recalling (3.14), we

obtain

(ue —

W) (e — )L — [fR(:B Tug,VTu‘E — (z, u.)] a g(z, Tu.)
e /Q /]Vu5|pd:v ( . LQM(x,/VuEde>

_ [fR(:B,u, Va) —(x, ua)] o g(x,u) e — @)y
/ﬂ M(:B,/Q]Vug\pdx> | )++/89M(w,/QVuspdx>( .

At this stage (sometimes the symbols dx and dH"~! will be omitted), in all cases listed

in Theorem 3.1 we have an estimate of the form

/]Vug\p_2VuEV( Ue — ) rdr < /f —u)+dx—/ _ dx
. oM / VuPdz)
Q

where

(

(M,m), if f(z,u,Vu)<0 and g(z,u)>0,

(Q1,Q9) =< (M, M), if f(z,u,Vu)<0 and g(z,u) <0, (3.23)

(m,M), it f(z,u,Vu) >0 and g(x,a)<0.

\

Hypothesis (ii7) in Theorem 3.1 ensures

o /fm u, V) (u.— u)erzzc—l—Qi g(x, @) (ue—u) dHN ! </|Vu|p_2VuV(ue—u)+dx,
1 Q

o0
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what, combined with (3.22), implies

(ue — ﬁ)ﬂ—ﬂ

m(x, /Q Vo |Pdz)

dz.

/ (V[P 2VuV(u. — 1)y de < / \ValP~2Vav (u, — @), dr — /
Q Q Q

Therefore

+1
+ dr < 0.

[ (920, 9290 T, o < — [ L)
Q

L M(x, / ]Vue\pdx)
Q
Now, using Corollary 1.7 we have
19t = a)pde = [ 1900 = @) -walde = [ V(0 ~ 0P -sods
Q Q Q

so, from Lemma 1.5, we obtain

(ue — a)ﬁ_l

Oé/C\V(ue—ﬂ)ldeS—/ dx <0.
@ QM(x,/ |Vu5|pd:v>
QO

Hence

AVAS|
/ (ue — @)y dx = 0,
° M / Vs
Q
what shows that (ue — @)+ = 0 a.e in Q for all € > 0, and we conclude

0 <u.<ua.e. in €.

This implies

0 < u < |Jille aein Q, Ve >0,

and (u.) is bounded in L*(2). Using u. as test function in (3.9) and recalling (3.14) —
(3.17), we have

(Ze(ue), ue)| < K(R, [lul|o). (3.24)

where K > 0 does not depend on € > 0, so (u.) is bounded in W'?(2). Thus, by choosing

e; — 0, there exists ur € W'(Q) satisfying
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® u,, — up in Whr(Q),

o u., — ug in LP(£2),

as j — oo. Using v = (u., —u) as a test function in (3.9), following the arguments used

n (3.24) we infer
-2 -2 K
/ [IVue, [P~*Vue, — [VuglP~>Vug] V(u., — ug)dz < E/ |ue, — ug|dz.
Q Q

Therefore

/ 1V (e, — )P 23 0,
Q

so (u.,) strongly converges to ug in W'P(€2). Hence it is possible to pass to the limit in

(3.9) to obtain ug € WH?(Q) N L>(R) is a solution of (3.21), proving the lemma. O

Remark 3.2 As a consequence of the proof of Lemma 3.3 we have proved that 0 < ugr < @

a.e. in Q, so ||ugrlle does not depend on R.
Lemma 3.4 Assume all the hypotheses in Theorem 3.1. Then u < ug a.e. in ).

Proof Using the test function v = (u — ug)4 in (3.21) gives

/ IVup[P*VupV(u — ug) dz :/ UR(z TUR’ VTur) —4(z, ur)]
Q

(u — up)+dx
@ /|VuR|pdx

g(x, Tug)

“
69/\4(9;, /Q \vuR\pdx)

(u —up) dH 1.

Thus from (3.7) and (3.12), we have

/+1

/ \Vug|[P?VurV(u — ug), do = / flz,u, Vu)(u —up)y + (u—ug)y "
Q 0 ™

(I,/{JVUM%&)

+/ g(x7g) (u_ uR)erHNfl.
89M(x,/|VuR|pdx>
Q
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Then, by using hypothesis (i) in Theorem 3.1, we obtain

p—2 1 (ﬂ - uR)ﬁ—Jrl
Vup“VurV(u —ur)r dr > o | f(a,u, Vu)(u —up)de + dx
Q Q 2 M (:c, |VuR|pd:1:>
Q
1
- —ug) dHNT
+ 97 aQg(ﬂs,u)(u ur)+dH
Now, hypothesis (i) in Theorem 3.1 implies
) 2 (u— UR)ﬂH

/ |\VugrP"*VurV(u—ug)y dx 2/ \VulP~*VuV(u—ug) dx—l—/ — dz.

L 0 QM(x, ]VuR|pd:zc>

Q
so, from Corollary 1.7 and Lemma 1.5,
IPRYAS|
0> / C|V(u— ug)|Pdx —i—/ (u = ur) dx > 0.
@ @ M(x,/ |VuR|pdx>
Q
Hence
IPRYAS|
/ (u UR)+ dx =0,
e / [Vugpdz)
Q

what ensures (u — ug){™ =0 a.e. in Q, that is, u < ug a.e in Q. O

Thus 0 < u < ug < @ a.e. in € for all R > Ry, so, from (3.12) it follows that ¢ = 0,
i.e, from (3.9)-(3.13), ug € WHP(2) N L>=(9) is a, weak solution of the problem

QRN GO Z110) R,

M(-, / ]Vu|pdx>
o, u() (3:25)
M(-,/Q|Vu|pd:l?>

|VulP~20,u = on 0.

Now since one has:

e ||u]|« is independent on R large;

. Jalu() Vu())
M-, [, [Vulpdz)

satisfies (Hy) independently on R(Lemma 2.1 of Chapter 2);

o M ng(|7Vgu|pdx) e COmintef} (90 x R, R), with a, § independent on R;

The regularity result of Theorem 1.1 ensures u € C*7(Q), with v and [ull @) inde-
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pendent on R € [Ry,00). Hence we can infer fr = f for R € [Ry, 00), what allows to

conclude that u is a solution of (3.1). The proof is complete.

3.4 Positive solutions of non-coercive BVPs: exam-

ples

In this section we will list some applications for Theorem 3.1.

1) Example 1: In the first example, we consider a problem with logistic sources of the

form

-M (I,/ ]Vu|pdx) Apu = u" —u® + h(z) +a(z)|Vu|*  in Q,
Q
(3.26)
M(m,/|Vu|pdx>|Vu|p_28Vu +u?=0 on 0f.
0

The coefficients satisfy, respectively,

(A1) O0<r<p—1<s<o0,q€(l,00)and?e|0,pl;
(As) a,h € L*(Q) with a(-) > 0 and h(-) > 0.

Theorem 3.2 Assume (A1), (As) and (Haq) hold. Then there exists a solution u €
CY(Q), v € (0,1), of (3.26), satisfying u >0 on Q. If h Z0, then u > 0 on Q.

2) Example 2: In the example, we consider the problem

s [Vl
+ 0
(%

-M (:E,/|Vu|pdm)Apu =u" —u in Q,
0

(3.27)
M(x,/\Vu\pdx)]Vu]*"’Qa,,u = ul(c(x) —u) on ON.
T

The coefficients satisfy

(A3) 7,s€(0,00),r <s,60¢€(0,00),q>1and?e|0,p];
(Ag) c € CH(09Q),a € (0,1),¢c0 < c(x) <1 Vo € 99Q, ¢y, 1 > 0.

Theorem 3.3 Assume that (As), (As4) and (Haq) hold. Then there exists a solution
u € CY(Q) of (3.27), with o € (0,1), satisfying u > 0 on Q.
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3) Example 3: In the example, we consider a problem with singular terms in the bound-

ary condition of the form

—M(x,/|Vu|pdx>Apu = |Vul* in Q,
Q
L (3.28)
M(x,/]Vu]pdw>\Vu\p_28Vu = ——— on 9,
0 u®

U

where the exponents satisfy

(A5) 0<f<a<ooand/lel0p.

Theorem 3.4 Assume (As) and (Hyg) hold. Then there exists a solution u € C17(Q) of
(3.28), with o € (0, 1), satisfying u > 0 on Q.

4) Example 4: In the example, we consider a problem with singularity form

—M<x,/lvu|”da:>Apu = |[Vul* in Q,

! (3.29)

M(%/!Vu!pdx)lvu\”@uu = Ae(z)u” —u®  on 9.
Q

(Ag) 1 <r<s<oo, A>0and/e|0,p];
(A7) c € CH(09Q),a € (0,1),¢0 < c(x) < 1 Vo € 09Q, ¢y, c1 > 0.

Theorem 3.5 Assume that (Ag),(A7) and (Ha) hold. Then there exists a solution u €
CY(Q) of (3.29), with v € (0,1), satisfying u > 0 on Q.

5) Example 5: In this example, we consider a problem with the form

-M (x,/ ]Vu|pdx) Apu = u" +u' + |Vul' — psin(u?™')  in Q,
0
(3.30)
M (I;/ |Vu|pdl’) VulP~20,u = u? — psin(uP™h)  on O9Q.
Q

(Ag) 0 <r < s <ooand/e€l0,p;
(Ag) 1 <0 < oo and p > p*
_r_ _s_ _0_
Where = ()7 + ()70 + ()7
Theorem 3.6 Assume that (Ag),(Ag) and (Ha) hold. Then there exists a solution u €
CY(Q) of (3.30), with v € (0,1), satisfying u > 0 on 2.
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6) Example 6: In this example, we consider a problem with the form

—M(x,/|Vu]2dx>Au = u—u! in Q,
0 (3.31)
d,u =u on 0.

(Alo)q>1and)\>%

Theorem 3.7 Assume that (Ay) and (Haq) hold. Then there exists a solution u €
CY(Q) of (3.31), with v € (0,1), satisfying u > 0 on 2.

3.5 Proofs of Theorems 3.2—3.7

Proof of Theorem 3.2: Consider the function f(x,t,&) = |t|" — [t|* + h(x) + a(x)|¢]",
V(z,t,£) € QA x Rx RY and g(z,t) = —|t|9. By (A;), (A2) we have that (H) is satisfied.
Choosing u = 0, (i), (¢¢) in Theorem 3.1 hold. We now choose & = 7 > 0 such that
77 2 11 + ||h(2) ||, then

flz,7,0) =7 —7 4+ h(x) <0 and g(z,7)=—|m|? <0, (3.32)

and condition (7#¢) in Theorem 3.1 is satisfied. Therefore Theorem 3.1 ensures there exists
a solution u € C1(Q), v € (0,1), with 0 < u < 71 in Q. Furthermore, by (A4;) we have
U+ h(z) + a(z)|Vul

/|Vu|pdx /|Vu|pdm

so, by the maximum principle (see Theorem 1.18), one has u > 0 in Q, if h # 0.

1
Apu+ E Apu —|— >0, (3.33)

Finally, in the former case, if u(zg) = 0 for some zo € 99, by Hopf’s lemma (see

Lemma 1.1) we obtain

0= —(u(xg))? = M(mo,/ﬂ|Vu|pdx> |Vu(z) P20, (z0) < 0,

what is impossible. Hence, if h % 0, we have u > 0 on Q, and the proof is complete. O
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Proof of Theorem 3.3: Consider the sequence of approximate problems

‘
-M <m7/|vun|pdx)Apun = |un|r - |un|s + Lntg n Q)
e (fual +3) (3.34)
M(x, / [Vt e ) [V 20,0 = Juff(c(2) = [un]) om0,
Q
for all n > 1, define the functions
r s 95 ¢
falz,t,8) = [t]" — [¢[* + m and g, (z,t) = [t|*(c(z) — [¢]) (3.35)

for all (x,t,&) € Q x R x RY. Therefore, from definition and (A3) we have that (Hy) is

satisfied. Now, choose u = 79 < min{1, ¢y} then we obtain that
fa(2,70,0) = |70]" — |70* 2 0 and g, (z,70) = |70|*(c(x) — |70]) =2 0

satisfying (7) and (i) of Theorem (3.1). Define « = 7 > max{1,¢;} such that 7, > 1
then

fo(@,7,0) = |n|" = |n|* <0 and gu(z,m) = |7|*(c(z) — I ]) <O,

satisfying (i7i) of Theorem 3.1 for every n > 1. Then, we have constants 79,7 > 0,
independent on n, which allow one to apply Theorem 3.1 to ensure the existence of
solutions u,, € CY7(Q), v € (0,1), of (3.34) satisfying 7o < u, < 71 in Q. Thus ||ty ||e is
uniformly bounded with respect to n and one can modify the functions in (3.35) to verify

a growth condition of the form
|fulz,5,8)| <C(L+ €)Y forae z€Q, VEcRY, (3.36)

for some C' > 0 independent on n. From the regularity results in [66, 39], there exists
¥ € (0,1), independent on n, such that ||u,|c15g) is bounded. The compactness of the
imbedding C17(Q) «— C%(Q) for all o € (0,7) implies the existence of u € C*7(€Q), and
a not relabeled subsequence, satisfying u,, — u in C*?(Q), as n — co. Hence 7o < u < 7
in Q, and we can pass to the limit in the weak formulation of (3.34) (as in (3.2)) to

conclude that u is a solution of (3.27). The proof is complete. O
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Proof of Theorem 3.4: Consider the approximate problems for all n > 1

~M(, / V') Ay, = [V 0 Q,
Q
) ) (3.37)

M ,/vnpd Vu,|P20,u, = - — on 05,
@ A urxy P20, u o sy ™

and, for all (z,t,&) € Q x R x RV the functions

1 1
b€ = 61 and gnlent) = (e~ e

Note that f, satisfy (Hf). Now we set u = 7y > 0 such that 75 < 1, and observe that

1 1
hlam 020 ad nom) = (e~ Gy >
n To n

for all n sufficiently large. Further, (i) and (i7) in Theorem 3.1 are satisfied. Now, to

check (7i7) in Theorem 3.1, we choose @ = 7 such that 7, > 1, so we have

1 1
fo(z,7,0) >0 and g,(z,7) = — <0, Vn > 1.

(‘7'1|+%)a (’7'1‘4‘%)6

So, we have obtained constants 7y, 77 > 0, independent on n, which allow one to apply
Theorem 3.1 to ensure the existence of solutions u, € CY(Q), v € (0,1), of (3.37)
satisfying 7o < u, < 71 in Q. Thus |[ty,||e is uniformly bounded with respect to n and f,,

verify a growth condition of the form
|fulz,5,8)| <C+ €Y forae zeQ, VEeRY, (3.38)

for some C' > 0 independent on n. From the regularity results in [66, 39], there exists
¥ € (0,1), independent on n, such that [[u,[/c1s, is bounded. The compactness of the
imbedding C'7(Q) — C17(Q) for all & € (0,7) implies the existence of u € C7(Q), and
a not relabeled subsequence, satisfying u, — u in C*?(Q), as n — co. Hence 79 < u < 7
in Q, and we can pass to the limit in the weak formulation of (3.37) (as in (3.2)) to

conclude that u is a solution of (3.28). The proof is complete. O
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Proof of Theorem 3.5: First of all, consider the functions

fla,t,€) = €] and g(w,t) = Ae(@)[t]" — [t

for all (z,t,£) € Q x R x R". From a calculation, (Ag¢) and (A7), we have that (Hy) is
satisfied. We now set u = 7y such that 5 < ()\co)ﬁ, then by (Ag) and (A7) we have

f(x,70,0) 20 and g(x,70) = 75(Aco — 757 ") =0,

so (2), (#4) in Theorem 3.1 are satisfied. Take now u = 71 such that 7, > (/\cl)i, then

70 < 71 and we have by (A4g) and (A7) that
f(z,7,0) <0 and g(z,7) <74y —777") <0.

Thus (444) in Theorem 3.1 hold, and the same Theorem implies there exists u € C17(Q),

v € (0,1) such that 7o < u < 7; and w is a solution of (3.29).

Proof of Theorem 3.6: Consider the functions
fla,t,8) = [t + [t]° + [¢]° — psin(|t]P~") and g(z,t) = [t]” — psin([t]"~)

for all (z,t,£) € Q@ x R x RY. From (Ay0) and (A;;) we have that f satisfy (H;). We now

1
choose u = w7»-T € R then

6

f(I,?Tﬁ,O) — 7T 4 T >0 and g(x,ﬁﬁ) =qr1 >0,

and (7),(#i) from Theorem (3.1) are satisfied. Now take u = (57”)?%1 and observe that

S, 1 5 = 5% T S, 1 DT, 6
f(z, (7)”‘170) = (7) + (7) — 1 <0 and g(z, (7)1;—1) = ()1 —pu<o.

Satisfying the condition (#ii), then Theorem (3.1) conclude that exists a positive solution

u € CY(RQ) with v € (0,1) for (3.30) with 771 < u < (3) 1.
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Proof of Theorem 3.7: First of all, consider the eigenvalue problem:

—AQDl = )\1%01 in Q,
(3.39)
o,u = p; on 08,

With A\; € R principal eigenvalue and ¢; the principal auto function associate to Ap,
where ¢; > 0 on Q and ||¢1]|e = 1
Choose u = C'pq, now, let us determine C. We shall use the following case on Theorem

3.1, f(xz,u,Vu) <0 and g(z,u) = 0, so

1 1
VuVe > — /()\u —ul)p + — Uy
/Q M Jq m Jaoq

By the eigenvalue problem 3.39,

C1 q AC C
— CA - = C——= >0
M/Q“”“"+ 1/9*0“0 M/QW”( M>/mw

Suppose now, m > 1 with o = ming 1, then the inequality follows as

ca15i! A
Cl—2—+ X\ — = >0

[ Vi + AL M} /Q p1
and (i7i) of Theorem 3.1 its satisfied for sufficiently large C'. Choose now u = ep; with
e > 0 sufficiently small. With analogous arguments we have (i7) of Theorem 3.1 satisfied.
Then, Theorem 3.1 conclude that exists a positive solution u € C*7(Q), v € (0, 1), with

epr < u < Cy on €.

3.6 Unbounded coefficients M in (3.1)

In this section we prove a more general version of Theorem 3.1 excluding the requirement
the non-local coefficient M in (3.1) to be bounded above. The proof is reached combining
an updated notion of sub-supersolutions with an additional truncation in (3.1) plus suit-
able estimates, through a close inspection in the arguments used in the proof of Theorem

3.1. Let us assume now the continuous function M : Q x [0, 00) — [0, 00) satisfies
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(I/ﬁ/,l) There exists m > 0 such that M(z,s) > m, V(x,s) € Q x [0,00).

The result we prove in this section is the following

—_—~—

Theorem 3.8 Assume (H;) and (Ha) hold. Suppose there exist w,u € WH>(Q) such
that 0 < u < uw a.e. in €2, besides that suppose there exists My such that for all M > My

satisfying the conditions:

(i) f(z,u,Vu) >0 and g(z,u) >0 a.e. infd.

1 1
(ii) /IVLLI“VWW&: < —/f(:v,y, Vuypdr+ — [ g(z, w)pdH" ",
Q M Jqo M Jaq
Vo € WH(Q), 0 >0 a.e. in Q.
1 1
(i) / \Va|P>VaVedr > — / f(x, a4, Va)pdr + — / g(z,a)pdHN
Q Q1 Jo 2 Joq
Vo € WP(Q), v > 0 a.e. in Q.
where
(

(M7 m)7 Zf f(.%,l_b, Vﬁ) <0 and g(l’,’t_b) > 07

(Qh QQ) = (M7 M)a Zf f(xv,lL va) <0 and g('xa l_L) < Oa (340)

(m, M), if f(z,u,Va)>0 and g(v,u)<0.

\

Then there exists a solution u € C*(Q) of (3.1), v € (0,1), with 0 < u < u < U a.e. in

Q.

Proof Consider for 6 € (m,o0) the following truncated problem associated with (3.1)

—M5<x,/|Vu|pd:v>Apu = f(z,u,Vu) in Q,
Q

(3.41)
M5<x,/\Vu\pdx)|Vu|p28,,u =g(x,u) on 09,
0
where M, -) is the function defined by
Ms(z,s) =min {M(z,s),6}, V(z,s)€Qx]0,00). (3.42)

Note that M is a continous function with

m < Ms <9, Vi€ (m,o0).
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We are able to reproduce, with the necessary changes, the entire proof of Theorem 3.1,
obtaining a solution us such that u < us < u for every § € (m, o), what implies that
the norm ||us]|s is uniformly bounded with respect to § € (max{m, My}, 00). The goal
now is to determine an estimate to ||us||w1.r(q) independent on 0. We will first con-
sider the more involved natural growth case ¢ = p in (Hy). Let A = sup {[jus|« :
6 € (max{m, My}, 00)}. Choosing ¢, = eug, s > 0, as a test function in the weak

formulation of (3.41), that is,

/ |VU5|p_2Vu(5V<,DS dr :/ f(xau(vauJ) ©s d17+/ g(x>u5) ©s dHN_l.
Q Q 0

/\/l(;(x,/Q\Vug\pdx) @ Mg(:U,/JVU]%&:)

Now, by (Hy) and the continuity of G’ we define

H = sup h(z,s) and G = sup g(x,s)
(w,5) €02 [0, [|us [ o] (2,5)€092x[0,[|us]|oo]

we have

1 1
/ e (14 25u3) Vs < / Iz, ug)lps + — / Iz, us)||VuslPios + — / (g, us) | pud
Q Q m Jo m Jao
H H
< —/gosda:+—/ |Vu5|pg03dx+§/ o dHN !
m Ja m Jo m Jaq

H
<C+ —/ |Vu(5|p65“%u(;dx
mJja

Where C' = C(s,A,G, H) > 0 is a constant independent on §. Now, for all £ > 0, Young’s

inequality implies

su? 2 H su2 | € 'LL(%
e®5 (1 + 2suy)|Vus|P de < C+ — | |Vug|Pe®™s | = + 2| d.
Q m Jo 2 2e

Choosing ¢ = , with s > 0 large enough such that H gorz < 1, it follows that

p <
(1 8$m2 /|VU5| dx < C.

Thus for the solution us of (3.41) it holds that ||us||w1.r(q) is uniformly bounded with

respect to § € (max{m, MO},oo). Hence, for §; > 0 sufficiently large, from (3.42) we
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obtain
Mg, <:U,/\Vu50|pd:c> = M(x,/]Vu(;O]pdx), (3.43)
Q Q

that is, u = us, is a solution of (3.1). For the case ¢ < p, by testing the weak formulation

of (3.41) with ¢ = us (as in (3.2)), from Young’s inequality with ¢ > 0 we have
/ |Vus|Pde < C + C'/ |Vus|?|us| de < C + C&/ |Vus|P dx,
Q Q Q

where C' = C(m,Q, G, H,e) > 0. Choosing ¢ sufficiently small, the claim follows for all
q € [0,p). Thus |Jus||wrr) is bounded uniformly with respect to d, and (3.43) also holds

for ¢ < p. The theorem is proved. |

The examples studied in the applications section keep holding by assuming (J/L[\/\//l) Indeed,

with the same proofs given in there but changing Theorem 3.1 by Theorem 3.8 one has

Corollary 3.1 Theorems 3.26-3.30 remain valid replacing (Hag) by (f{74)
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