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Resumo

Nesta tese de Doutorado, estudamos subvariedades pseudo-paralelas em formas espaciais pseudo-
Riemannianas. Damos uma caracterizacdo das superficies Lorentzianas pseudo-paralelas com fi-
brado normal ndo flat em formas espaciais pseudo-Riemannianas como superficies A-isotrépicas,
estendendo um resultado andlogo de Asperti-Lobos-Mercuri no caso Riemanniano. Consequente-
mente, para este tipo de superficies Lorentzianas damos uma caracteriza¢do usando o conceito de
hipérbola de curvatura e obtemos um resultado de nao existéncia quando o espaco ambiente € uma
forma espacial Lorentziana. Em particular, quando o espaco ambiente é uma forma espacial pseudo-
Riemanniana de dimensao 4, obtemos que qualquer superficie Lorentziana pseudo-paralela com fi-
brado normal néo flat é superextremal, ou seja, uma superficie A-isotrépica com campo vetorial de
curvatura média identicamente nulo, e o espaco ambiente deve ter métrica de indice 2. No caso
em que a funcdo de pseudo-paralelismo € constante, descrevemos explicitamente essas superficies
com codimensao dois, obtendo que sdo superficies paralelas e existem em formas espaciais nao flat,
e para o caso em que a funcdo de pseudo-paralelismo ndo € constante, damos exemplos explicitos
dessas superficies no espaco pseudo-euclidiano de dimensdo 4 com métrica de indice 2. Um ex-
emplo de uma superficie Lorentziana pseudo-paralela extremal e flat com fibrado normal nao flat
que ndo € semi-paralela € dada em codimensdo trés. Continuamos o estudo das hipersuperficies
Lorentzianas pseudo-paralelas em formas espaciais Lorentzianas iniciado por Lobos, completando a
caracterizacdo do operador de Weingarten inclusive quando este ndo € diagonalizavel. Entdo, consi-
deramos o caso em que a funcao de pseudo-paralelismo € constante e distinta da curvatura do espaco
ambiente e damos a classificacdo local dessas hipersuperficies sob a hipétese de serem boas no sentido
de Ryan. Também damos uma classificacdo das hipersuperficies Lorentzianas semiparalelas comple-
tas e conexas do espaco de Minkowski e uma classificacdo local das hipersuperficies Lorentzianas
pseudo-paralelas com fun¢do de pseudo-paralelismo constante e curvatura média constante nas for-

mas espaciais Lorentzianas.
Palavras-chave: Espaco pseudo-Riemanniano, superficie pseudo-paralela, hipersuperficie pseudo-

paralela, subvariedade Lorentziana, superficie A-isotrpica, hipérbola de curvatura normal, imersao

extremal, superficie rotacional geral, hipersuperficie isoparamétrica.
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Abstract

In this Ph.D. thesis, we study pseudo-parallel submanifolds in pseudo-Riemannian space forms.
We give a characterization of pseudo-parallel Lorentzian surfaces with non-flat normal bundle in
pseudo-Riemannian space forms as A-isotropic surfaces, extending an analogous result by Asperti-
Lobos-Mercuri in the Riemannian case. Consequently, for this kind of Lorentzian surfaces we give a
characterization using the concept of hyperbola of curvature and get a non-existence result when the
ambient space is a Lorentzian space form. In particular, when the ambient space is a 4-dimensional
pseudo-Riemannian space form, we obtain that any pseudo-parallel Lorentzian surface with non-
flat normal bundle is super-extremal, i.e., a A-isotropic surface with everywhere vanishing mean
curvature vector field, and the ambient space must have metric of index 2. In the case where the
pseudo-parallelism function is constant, we explicitly describe these surfaces with codimension two,
obtaining that they are parallel surfaces and exist in non-flat space forms, and for the case where
the pseudo-parallelism function is non-constant we give explicit examples of these surfaces in the
4-dimensional pseudo-Euclidean space with metric of index 2. An example of an extremal and flat
pseudo-parallel Lorentzian surface with non-flat normal bundle which is not semi-parallel is given in
codimension three. We continue the study of pseudo-parallel Lorentzian hypersurfaces in Lorentzian
space forms started by Lobos, by completing the characterization of the Weingarten operator even
when it is non-diagonalizable. Then, we consider the case where the pseudo-parallelism function is
constant and different from the curvature of the ambient space and give the local classification of these
hypersurfaces under the hypothesis of being good in the sense of Ryan. We also give a classification
of the connected complete semi-parallel Lorentzian hypersurfaces of the Minkowski space and a lo-
cal classification of the pseudo-parallel Lorentzian hypersurfaces with constant pseudo-parallelism

function and constant mean curvature in Lorentzian space forms.

Keywords: Pseudo-Riemannian space, pseudo-parallel surface, pseudo-parallel hypersurface,
Lorentzian submanifold, A-isotropic surface, hyperbola of normal curvature, extremal immersion,

general rotational surface, isoparametric hypersurface.
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Introduction

Among the Riemannian manifolds, those that present some type of symmetry or homogeneity
tend to be very interesting in themselves and are also important for applications due to their
simplicity (see [54]). For example, n-dimensional Euclidean spaces, spheres and hyperbolic spaces,
which are connected complete simply-connected manifolds with constant sectional curvature, are

the most fundamental Riemannian manifolds and much of the research in geometry is related to them.

It usually happens in mathematics that the variation of an object is represented by some type of
derivation and then the simplest objects are those for which that derivation vanishes. In this way, a
tensor field in a Riemannian manifold is called parallel if its covariant derivative vanishes. Thus,
a natural generalization for the perfect symmetry of manifolds with constant sectional curvature
is given by the class of Riemannian manifolds whose curvature tensor R is parallel, i.e., VR = 0.
A manifold in this class is called a locally symetric space. When all the Riemannian manifold is
reflectionally symmetric around any point, then it is called a symmetric space. Locally symmetric
spaces were extensively studied by E. Cartan around 1925-1930 and he also classified symmetric

spaces.

Works in (locally) symmetric spaces led to new research in two directions: intrinsically, they were
generalized to semi-symmetric spaces, introduced by E. Cartan in [16] and classified by Z.I. Szabé
(see [69] and [70]). E. Cartan and H. Takagi presented examples of semi-symmetric manifolds that
are not locally-symmetric (see [73]). Secondly, in Submanifold Theory, (locally) parallel immersions
were introduced by D. Ferus (see [32] and [33]) as an extrinsic analogue of locally symmetric space,
that is, as immersions with parallel second fundamental form « (i.e., with Va =0, where V is
the Van der Waerden-Bortolotti connection of the immersion). The same author obtained a local
classification of such immersions in Euclidean spaces and spheres of constant sectional curvature. In
the hyperbolic spaces two classifications were obtained independently by Backes-Reckziegel (see
[10]) and M. Takeuchi (see [74]). Parallel immersions are related to symmetric spaces in the sense

that any parallel submanifold of a Riemannian space form is intrinsically a locally symmetric space.

Next, semi-parallel immersions were defined by J. Deprez in [23] satisfying an analogous

condition to that for semi-symmetry. Many results on semi-parallel immersions can be found, for

1



2 Introduction

example, in [7, 23, 24, 30, 51, 52, 54]. Even when a full classification is not available yet, we can find
a complete classification of semi-parallel hypersurfaces in [24] for the Euclidean space and in [30]
for Riemannian space forms. Also, Riemannian cylinders H"(¢) x R and S"(c¢) x R are examples of
symmetric spaces and a classification of parallel and semi-parallel immersions in these cylinders is
given in [15] and [76].

Again in the case of intrinsic geometry, investigation of several properties of semi-symmetric
spaces gave rise to a more general class of manifolds, that is, the class of pseudo-symmetric spaces.
For example, these spaces appear naturally from study of totally umbilical submanifolds of a semi-
symmetric space with parallel mean curvature vector (see [2]). The class of pseudo-symmetric mani-
folds is very large, and many examples of pseudo-symmetric manifolds which are not semi-symmetric
have been constructed (see e.g. [25], [26] and references therein). Many particular results are known,
see, for example, [22, 25, 26, 27, 28, 29], but a full classification is not available yet. Finally, pseudo-
parallel immersions were introduced by Asperti-Lobos-Mercuri in [8] as a generalization of semi-

parallel immersions and as an extrinsic analogue of pseudo-symmetric spaces.

On the other hand, with the publication of his Especial Relativity Theory in 1905, Einstein gave
a solution to the difficulties that the Classical Newtonian Physics have to do around the property of
invariance of the speed of light, introducing an innovative way to change space and time coordinates,
which led to conceiving models of the space-time with three spatial dimensions and one time dimen-
sion, having a metric tensor which is negative definite in the time direction (see [62]). Thus, from
Einstein’s work, the positiveness of the inner product induced from Riemannian metrics was weak-
ened and the research involving pseudo-Riemannian manifolds, i.e., smooth manifolds furnished with
a non-degenerate metric tensor, had a growing interest that has reached our time. Particularly, when
the largest integer that is the dimension of a subspace of the tangent space at any point of the variety
in which the metric is negative defined, called the index of the metric, is 1, the manifold is called a
Lorentzian manifold. All the classes of symmetric spaces and parallel immersions, as well as their
successive generalizations including pseudo-symmetric spaces and pseudo-parallel immersions, can

be defined in this more general context of the pseudo-Riemannian geometry.

An isometric immersion f : M — M between pseudo-Riemannian manifolds with dimensions
n and m and metric tensors of index ¢ and s, respectively, is said to be pseudo-parallel if its second

fundamental form o satisfies the following condition:

R(X.Y)-a = y(XAY) @, (1)

for some smooth real-valued function W on M and for all tangent vector fields X,Y of M, where R is

the curvature tensor corresponding to the Van der Waerden-Bortolotti connection V of the immersion,
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X NY denotes the endomorphism defined by
(XAY)Z=(Y,Z)X — (X,Z)Y

and R(X,Y), X AY are considered in (1) as fields of linear operators acting as derivations on .

Sometimes we will say that the immersion is y-pseudo-parallel to specify the parallelism function.

Asperti-Lobos-Mercuri in [9] proved that pseudo-parallel surfaces in Riemannian space forms are
surfaces with flat normal bundle (i.e., with vanishing normal curvature tensor) or A-isotropic surfaces
in the sense of O’Neill in [61] (i.e., for each point x of the surface, || (X,X)|| does not depends on
the choice of the unit tangent vector X of the surface at x, that is, the ellipse of normal curvature
at x is a circle centered at the mean curvature vector #(x) and orthogonal to #(x)). In particular,
they proved that pseudo-parallel surfaces of Riemannian space forms with non-flat normal bundle in
codimension two are superminimal in the sense of Bryant in [12] (i.e., minimal and A-isotropic). As
a consequence, they gave a characterization of the Veronese surface in codimension two. Also, they
classified pseudo-parallel surfaces in codimension three with constant y. Next, Lobos-Tassi-Yucra
Hancco in [50], extended the study of pseudo-parallel surfaces to the case where the ambient space
is a cylinder H"(¢) x R or S*(c) x R.

Pseudo-parallel hypersurfaces of a Riemannian space form were characterized by Asperti-Lobos-
Mercuri in [9] as quasi-umbilical hypersurfaces or cyclides of Dupin. Also, pseudo-parallel real
hypersurfaces in complex space forms were classified by Lobos-Ortega in [48] and the study of
pseudo-parallel hypersurfaces in cylinders S™(c) x R and H"(c) x R was started by F. Lin and B.
Yang in [43], including a classification and the geometric description of this kind of hypersurfaces
under the condition of having at most two distinct principal curvatures. Then, the complete
description was given by Lobos-Tassi in [49] and as an application, they obtained a classification of

pseudo-parallel hypersurfaces in S”(c) x R and H"(c¢) x R with constant mean curvature function.

Chacon-Lobos in [17] studied pseudo-parallel Lagrangian submanifolds in a complex space form.
For the case of dimension 2, they showed that the minimal Lagrangian surfaces are pseudo-parallel.
In particular, they proved that the semi-parallel Lagrangian surfaces are totally geodesic or flat and
gave examples of pseudo-parallel Lagrangian surfaces which are not semi-parallel. Also, in this
work they conjectured that every Lagrangian pseudo-parallel submanifold of dimension at least 3 of
a complex space form is semi-parallel, which was later proven by Dillen-Van der Veken-Vrancken in
[31].

In [44], Lobos started the study of pseudo-parallel hypersurfaces in pseudo-Riemannian space
forms where the situation is richer and new possibilities arise from the fact that the Weingarten

operator is not diagonalizable in general for pseudo-Riemannian hypersurfaces. Indeed, Lobos
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showed a class of pseudo-parallel Lorentzian hypersurfaces into Lorentzian space forms which
are not semi-parallel and have non-diagonalizable Weingarten operator. These examples in-
troduced by Alias-Ferrdndez-Lucas in [5], are closely related with certain classes of generalized

umbilical hypersurfaces in n-dimensional Lorentz-Minkowski space, introduced by M. Magid in [55].

Also in [44], for a pseudo-parallel hypersurface f : M" — Q"*!(c), with s € {t,t + 1}, Lobos
showed that if at each point x € M;' the Weingarten operator A in the 1-direction, with 1 a unit

normal vector field to f, satisfies an identity of the form
A% = LA+, )

where A, € R, € = (n,n) = =1 and I, is the identity operator in 7,M, then the hypersurface is
pseudo-parallel. It is interesting that hypersurfaces whose Weingarten operator satisfies particular
cases of (2) have been also studied: when A = u = 1, the so-called golden-shaped hypersurfaces
were classified by Yang-Fu in [81] for Lorentzian space forms and when A and u are positive integers
the so-called metallic shaped hypersurfaces were classified by Ozgiir-Ozgiir in [64] for Lorentzian
space forms (see also [19, 63], for the Riemannian case). It is worth observing that for metallic
shaped hypersurfaces in Lorentzian space forms, which generalize golden-shaped hypersurfaces, the

Weingarten operator is always diagonalizable.

Other works on surfaces or hypersurfaces that are worth mentioning in the pseudo-Riemannian
context are the following: E. Safiulina in [72] studied and gave a classification of parallel and semi-
parallel spacelike surfaces in pseudo-Euclidean spaces. U. Lumiste in [53] obtained a classification
of semi-parallel Lorentzian (timelike) surfaces in Lorentzian space forms. The A-isotropy condition
was studied for the pseudo-Riemannian case by Y. Kim in [40] and by Cabrerizo-Fernandez-Gémez
in [13] and [14]. Also, K. Hasegawa in [38] showed a characterization of the Lorentzian surfaces
of the Veronese type in four-dimensional manifolds of neutral signature, as extremal (i.e. with
mean curvature vector field zero) and isotropic with negative spin immersions of constant Gaussian
curvature. The isotropy with negative spin condition was also studied by G.R. Jensen and M.
Rigoli in [39]. On the other hand, Al-shehri and Guediri in [6], studied semi-symmetric Lorentzian
hypersurfaces in Lorentzian space with constant curvature and obtained some classification results,
especially when the ambient space has non-zero curvature, using analogous techniques of those used
by Ryan in [66]. The semi-symmetric case when the ambient space is a Minkowski space was studied
by Van de Woestijne and Verstraelen in [75], under the condition that the rank of the Weingarten

operator is greater than two.

The aim of this work is study pseudo-parallel immersions between pseudo-Riemannian mani-

folds, being particularly interested in those pseudo-parallel immersions of Lorentzian manifolds into
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the m-dimensional pseudo-Riemannian space form S (c), H?'(c) or E', with constant curvature ¢
and index s, denoted for short by Q7' (c). Specifically, we study pseudo-parallel Lorentzian surfaces
(see [46]) and pseudo-parallel Lorenzian hypersurfaces in the ambient spaces Q7 (c), continuing the
work in [44].

It is natural to ask the following questions:

(i) Any Lorentzian surface with non-flat normal bundle in a pseudo-Riemannian space form Q7*(¢)

is pseudo-parallel if and only if it is A-isotropic?

(i1)) Which are all the pseudo-parallel Lorentzian surfaces with non-flat normal bundle in a 4 di-
mensional or 5-dimensional pseudo-Riemannian space form with constant pseudo-parallelism

function y?

(i11) Are there pseudo-parallel Lorentzian surfaces with non-flat normal bundle in a 4 dimensional

pseudo-Riemannian space form with non constant pseudo-parallelism function y?

(iv) Which are all the pseudo-parallel hypersurfaces of a pseudo-Riemannian space form?

In this work, we answer affirmatively to the first question and give partial answers to questions (ii)
and (iii): the case of codimension two in question (ii) and the case ¢ = 0 in question (iii). Question
(iv) is still an open problem in general, but here we almost completely solve the particular situation

corresponding to the following question:

(v) Which are all the pseudo-parallel Lorentzian hypersurfaces of a Lorentzian space form Q'l’“ (c)

with constant pseudo-parallelism function y?

Let M7 be a Lorentzian surface and let Q" (c) an m-dimensional pseudo-Riemannian space form
of constant sectional curvature ¢ and index s, with 1 <s <m — 1. We begin by observing that any
isometric immersion f : M12 — Q% (c) with flat normal bundle is pseudo-parallel. Then, we obtain
analogous results of those given for Riemannian pseudo-parallel surfaces with non-flat normal bundle
in [9] and [50]. We recall that f is called A-isotropic, in this pseudo-Riemannian context, if for any
point x of the surface we have that (ot(X,X), (X, X)) = A(x), for all unit tangent vector X of M? at
x and for some smooth real-valued function A on M 12 (see [40]). The following is the main result that

we obtain for the case of surfaces:

Theorem 0.1. An isometric immersion f : M12 — Q" (c) which has non-flat normal bundle on any
open subset of Ml2 is W-pseudo-parallel if and only if it is A-isotropic. Moreover, for such an immer-

sion we have that f is pseudo-umbilical and
(a) ifw#K, then2 <s<m—2and
A = -3y —c+4K, 3)
(H,H) = -2y —c+3K; 4)
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(b) ifw=K,then3<s<m—3and A =(H,H)=K —c,

where K is the Gaussian curvature of M7, H is the mean curvature vector field of f and A is a smooth

real-valued function on M 12

We remark that there are no pseudo-parallel Lorentzian surfaces with non-flat normal bundle in
Lorentzian space forms. In the Riemannian case, condition ¥ = K implies that the pseudo-parallel
surface has flat normal bundle (see [9]). In Example 2.5, we show a pseudo-parallel Lorentzian

surface with non-flat normal bundle and y = K = 0 in a 6-dimensional pseudo-Euclidean space.

As a consequence of Theorem 0.1, we obtain the following geometric characterization for pseudo-
parallel Lorentzian surfaces with non-flat normal bundle in terms of the hyperbola of normal curva-

ture.

Corollary 0.2. Let f: M12 — Q¥ (c) be an isometric immersion with Gaussian curvature K. f is y-
pseudo-parallel with non-flat normal bundle on any open subset of M 12 if and only if. for each x € M?,
the set

6 ={X,X)a(X,X): X € TM with (X,X) =+1}

is a non-degenerate hyperbola with center at the mean curvature vector H(x), which lies in a 2-

dimensional affine subspace V of NyM(x) orthogonal to H(x), such that

(a) either V — H(x) is Lorentzian and 7 is an equilateral hyperbola satisfying that (W —
H(x),W —H(x)) = r(x) # O does not depend on W € 5. In this case, 2 < s < m—2,
r(x) =K—wyand if m =4, then s =2 and f is extremal;

(b) or all non-zero vectors of ¥V — H(x) are lightlike. In this case, 3 < s <m—3, y =K and if
m =06, then s =3 and (H(x),H(x)) = 0.

In particular, for m = 4, we obtain that any pseudo-parallel Lorentzian surface with non-flat normal
bundle in Q?(c) is super-extremal, i.e., extremal and A-isotropic, and s = 2. In this case and under the
hypothesis that the pseudo-parallelism function is constant, using a classification result by Hasegawa

in [38] for extremal and isotropic with negative spin immersion, we show the next result:

Corollary 0.3. Let f : M? — Q¥ (c) be an isometric immersion with R+ # 0. f is y-pseudo-parallel

if and only if s =2 and f is an extremal and isotropic with negative spin immersion. Moreover, if Y is
c

constant, then K = 3 # 0 and locally f(M 12) is congruent to an open set of the Veronese type surface

given in Example 3.1.

Considering Corollary 0.3, it is natural to ask if there are y-pseudo-parallel Lorentzian surfaces
with non-flat normal bundle and non-constant ¥ in a pseudo-Riemannian space form Q%(c), espe-

cially for ¢ = 0. We answer affirmatively to this question, showing the first explicit examples of
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this kind of surfaces in IE‘Z‘. For this, we study the class of extremal general rotational surfaces
in [E3, such that the meridian m lies in a two-dimensional plane, i.e., m : x(u) = (f(u),0,g(u),0),
u € J C R. General rotational surfaces as a source of examples of surfaces in the 4-dimensional Eu-
clidean space were introduced by Moore and analogous Lorentzian surfaces in IE‘Zt were defined by
Aleksieva-Milousheva-Turgay in [4], where some classification results were given. Using classifica-

tions in [4] and looking at the A-isotropy condition, we obtain the following results:

Theorem 0.4. Let M, be a general rotational Lorentzian surface of elliptic type in B3, defined by
(1.23). Then M is pseudo-parallel with R~ # 0 if and only if the meridian m is determined by

(f+g8)?=a(f—g)*+b, wéth f&' # gf' everywhere, a # 0 constant, b constant, © = . In this case,
3(fg' —gf)
(/% —g?)(g*—f?)?

Theorem 0.5. Let My be a general rotational surface of hyperbolic type in B3, defined by (1.28).

Then M, is pseudo-parallel with R* # 0 if and only if the meridian m is determined by
(i) f=cgr c#0 constant, k = i% % +1, or

(ii) arctan (i;) = —arctan (Jé) +b, with fg' # gf’ everywhere, b constant, 0 = J.

—36°B(f¢ —&f")?
(f/Z _|_g/2)([;2g2 + 92f2)2'

Note that all the surfaces in Theorem 0.4 and Theorem 0.5 are not semi-parallel and the

For any of these cases, we have Yy = %K =

Veronese type surface mentioned in Corollary 0.3 is a parallel immersion. To get an example of a
y-pseudo-parallel surface with non flat normal bundle and constant y which is not semi-parallel,
we must look at codimension three. We give an example of a such surface in Sg(c). The case with
constant ¥ in codimension three for y-pseudo-parallel Lorentzian surfaces with non flat normal
bundle is more complicated than in the Riemannian case and we do not give a complete classification;
indeed, to our knowledge there is no classification of A-isotropic Lorentzian surfaces with constant A
in Q@ (c), with s = 2,3. We want to remark that Simons’ formula was used by Sakamoto in [68] for
the classification of A-isotropic surfaces with constant A in Q>(c), but the question remains whether
a Simons type formula can be obtained for Lorentzian surfaces. It is worth to mention that as part of
our study of Simons’ formula, a generalization of a result by Asperti-Lobos-Mercuri in Theorem 1.1
of [8] was obtained in a joint work with M.R. Santos for spacelike pseudo-parallel immersions of any
codimension in pseudo-Riemannian warped product spaces. Such a result can be found in Theorem 2
of [47] and and it gives conditions for the mean curvature vector and the pseudo-parallelism function

Y to guarantee that a point of a pseudo-parallel immersion is a geodesic point.

For a pseudo-parallel Lorentzian hypersurface f : M} — Q*!(c), with s € {0,1}, we complete

in Proposition 4.6 a result partially given by Lobos in [44], which provides a specific description
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of the pseudo-parallelism condition in terms of the Weingarten operator at each point of the
hypersurface, covering both the diagonalizable and non-diagonalizable cases. Then, we shall focus

on pseudo-parallel Lorentzian hypersurfaces with constant y in Lorentzian space forms @’f“ ().

For the case y = ¢ = 0, we give the following classification of connected complete semi-parallel
Lorentzian hypersurfaces in the Minkowski space, using essentially the technique in [75, 59], for
the case where the rank of the Weingarten operator is greater than 1, and the classification of the
complete Lorentzian hypersurfaces with constant curvature zero in E'l’“, for the case where the rank

of the Weingarten operator is at most 1.

Theorem 0.6. Let f: M{ — IE'I’+1 be a connected and complete semi-parallel Lorentzian hypersur-

face in E"+], with n > 3. Then, f(M?) is congruent to one of the following Lorentzian submanifolds:

(i) Bt = {x € BT : x4y =0},

n+1 1
(ii) Si(a®) = {xe R —xd l;x? = ;} with a # 0;
k+2 1
(iii) Sk(a ) < El™ k— {)CE]E”Jrl Zx —2},witha7é0and2§k§n—l;
=2
k+1
(iv) SK(a*) x E"F = {er"“ xl-l—Zx } witha#0and2 <k <n—1;

(v) E’ffz x h(E?), where h(E?) is a Euclidean cylinder in a subspace B3 of E"*! orthogonal to
E"2%; or "2 x h(E?), where h(E?) is a Lorentzian cylinder or a B-scroll in a subspace E? of

E’f“ orthogonal to E" 2.

Next, using an approach analogous to that by Ryan, Al-shehri and Guediri in [66, 6], we obtain
the following local classification results for the case where y # ¢ and the hypersurface is good in the

sense of Ryan.

Theorem 0.7. Let M} be a y-pseudo-parallel Lorentzian hypersurface in Qﬁ’“(c), with n > 3 and
constant Y < c. Then MY is either good and locally congruent to one of the following Lorentzian
manifolds

1 1

(i) Si(a*+c)= {x € Sﬁ’“(c) C E'{+2 S Xpyn = } witha € R, if ¢ > 0;

n+1 1
(ii) B = {x e M : x40 =0} or Sf(a?) = {xe]E’l‘Jrl D —x] 4 lez = } witha # 0, if c =0,
. a?

i=2
1 1
(iii) H}(a®+c) = {x cHI (¢) CEI™ i xyin = o aZ—+c} with |a| < /—c, or S}(a® +¢) =
1 1
{x cHI (¢) CEAP? i x) = 5 } with a*> > —c. In this case ¢ < 0;
a24c
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(iv) a totally umbilical hypersurface of the form {y € H{’H (¢): (y,X) = a}, where a = £+/—c and
X is a parallel vector field in Eg”, which satisfies (X,X) = 0. In this case ¢ < 0;

(v) SKa®+c) xS RB*+e)={x € S”H ]E”+2 ki"zx —x2 + ni"z 2 _ |
1 - = 1 ) .
i=k+3 b=+c

wherec >0, Yy =ab+c=0and 1 <k<n-—1;

or else, M} is a bad hypersurface foliated either by (n — 1)-dimensional Riemannian hyperspheres or

by (n— 1)-dimensional de Sitter spaces.

Theorem 0.8. Let M} be a good y-pseudo-parallel Lorentzian hypersurface in Q’f” (c), withn >3

and constant Y > c. Then, M} is locally congruent to one of the following Lorentzian manifolds

(i) a totally geodesic or totally umbilical hypersurface as described in parts (i), (ii), (iii) and (iv)
of Theorem 0.7;

(ii) HX(a*4¢) xS k( 2—|—c> x € Ht (c) c ESF2: Zx —i—kilx ! riz x-zfi
1 2 ) i )
ar+c .05

k+2 n+2
(iii) SK(a® +¢) x H"™ k( —i—c) = {x € Wt (c) c B4 0 3 + Zx = —5— —x%—i— ) X =
i=k+3

2
cz+ca’ [’

(iv) a generalized umbilical hypersurface of degree 2 as in (1.36), (1.37) or (1.38), where Yy =

c+a® a=—1 #0, at each connected component of the open subset of non-umbilical points.

To obtain the classifications in Theorem 0.7 and Theorem 0.8, the study of isoparametric
Lorentzian hypersurfaces carried out in [37, 55, 80, 42, 5, 1] will be useful. In fact, for the case
Y # ¢, the constancy of the pseudo-parallelism function will imply that the principal curvatures of

the hypersurface will be constant as well, provided that the hypersurface is good.

In Example 4.24, we give a Lorentzian hypersurface f: U — JEfl1 with U a neighborhood of 0 in
R3, parameterized by

f(s,u,2) = v(s) +uB(s) +ze4 + C(s) — V' 1 —22C(s). ®)

where

3
g (2 S328F B W OE SR W A
e ) Sy T Tg ST | TS e B3
0MT\"3" 718 T\ 318 ) T3 s TT\"37 78 2 ©
1 1 s 1§ 4
20 (= =) [20F (12— ) +830F 1= — =
+6{ 01<,3, 18>[Ol<’3’ 18>+s01(’3’ 18>]
+53 | oF dos + oF 4y A2 5 e
(12481 ,37 18 011 ’37 18 0L 337 18 3
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{é1,e3,¢3,é4} is a pseudo-orthonormal frame in E{ and {T(s),B(s),C(s),és} is a pseudo-
orthonormal frame associated to ¥, satisfying T'(s) = %}/(s) and %C(s) = —T(s)+sB(s). The curve
7(s) and the vector fields T'(s), B(s),C(s) were obtained as solutions of a initial value problem using
the software Mathematica. This hypersurface f is a generalized umbilical hypersurface of degree 2
out of the non empty set of umbilical points, in fact, the Weingarten operator A is non diagonalizable
almost everywhere, except when the parameter s vanishes and then A degenerates to a multiple of the
identity. Thus, f is isoparametric in the sense of Hahn (see [37]), but the minimal polynomial of the

Weingarten operator is not constant.

Finally, we study the particular case of pseudo-parallel Lorentzian hypersurfaces in Q’f“ (¢) with
constant Y and constant mean curvature function H. Here, the classification of all immersions of Ef
into E'l’“ given in [34] will also be useful, in addition to the study of isoparametric hypersurfaces

mentioned above. We obtain the following results.

Theorem 0.9. Let f: M} — Q’I“Ll(c) be a y-pseudo-parallel Lorentzian hypersurface, with n > 3
and constant W = c. If f has nonzero constant mean curvature, then f(M?) is locally congruent to

one of the following Lorentzian hypersurfaces:

n+1 1
(i) A totally umbilical S} (a*) = {x cBIth: x4 Zx,z = —2} a=H#0,ifc=0.
i=2 a

1
(ii) A totally umbilical S?(a®> +¢) = {x €S (¢) CEM2 1 xy 0 =/~ — , witha = H #
c a*+c
0, if ¢ > 0.
1 1
(iii) A totally umbilical H}(a® +c) = {x CHIM (¢) CBAT i xpyn =14/ — — T}’ with 0 < la| <
c a+c
1 1
V—c orS¥(a*+c) = {x cHIM (¢) CEA? i x; = e —}, with a*> > —c. In this case
a’+c ¢

a=HF#0andc <0.

(iv) A totally umbilical hypersurface of the form {y € H?H (¢): (v, X)=a}, wherea=++/—c=H
and X is a parallel vector field in ]Eg“, which satisfies (X,X) = 0. In this case ¢ < 0.

k+2—
(v) A cylinder Sk(a®) x B K = { x e B — Zl" X2+ Jrz"fxzzi a:ﬂ#Oand 1<
T 1—-1 1 ) 1 . 1 612 ’ k —

k<n-—1. In this case c = 0.

Theorem 0.10. Let f: M} — Q’f“ (¢) be a y-pseudo-parallel Lorentzian hypersurface, with n > 3

and constant W = c. If f has mean curvature H = 0, then f(M?) is either totally geodesic or

(i) ¢ =0and f(M?) is a generalized cylinder given by E"~% x h(E?), where h(E?) is a B-scroll in
a subspace E? of E’I’H orthogonal to B2, that is, locally, the hypersurface f : U — E’I’H, U
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a neighborhood of 0 in R", parameterized by
F(5,3,23,. - ,20) = Y(s) +yB(s +Zzl

where Yy is a null curve in E'{‘Ll with an associated pseudo-orthonormal frame
{T(5),B(5),Z3(s), -..,Zu(s),C(s)} of tangent vectors of B"™ along vy, such that T(S) and
B(s) are lightlike vectors with (T (S),B(S)) = —1, T(s) = y( ) and C( ) = —x(s)B(s).

(ii) ¢ <0, and at the open subset of non-geodesic points, locally f(M}) is an open piece of a
Lorentzian hypersurface f:U — ]H[’f“(c) C IEZH, with U an open neighborhood of 0 in R",

f(s,u,z) = «/I—CZZ'}’ )+ uB(s +ZZ, (7

where z = (z3,...,2n), Y(s) is a null curve in "' (c) with an associated pseudo-orthonormal
frame {T(s), B(s),Zs(s),...,Zu(s),C(s)} of tangent vector fields of i *' (c) along v, such that
(T(s),T(s)) = (B(s),B(s)) =0, (T(s),B(s)) = —1, (Zi(s),Zi(s)) = (C(s),C(s)) = 1, all other

inner products are zero along y(s), Ly(s) = T(s) and % C(s) = k(s)B(s), where 4 denote the

parameterized by

ordinary derivation in B3 and x(s) # 0.

(iii) ¢ > 0, and at the open subset of non-geodesic points, locally f(M}) is an open piece of a
Lorentzian hypersurface f: Q = (a,b) x R x $77% — S (¢) € E"2, with ST 2(c) = {y =
(V3. Yns1) € S"2(c) : y3 > 0}, parameterized by

n+1
f(%LhY):ZYSE3 *_MEQ +_2:yl

®)

n+1 n+1
——ZY,ZE3 Fubs (1) + Y yiEi(t)

where p(t), with t € (a,b), is a parameterized curve satisfying (p(t),p(t)) = 0, for all t,
and 4 P (1) is a spacelike curve, with an associate pseudo-orthonormal frame {E\(t),Ex(t) =
p(t),E5(t),...,Eni2(t)} of tangent vector fields to Bi** along p, such that (E),E)) =
(Er,Ep) =0, <E1,E2> = —1, (Ej,Ej) =1, for 4 < j <n+2, all other inner products are zero
along p(s) and
E| =ClE3+CEs+ -+ CEpya,

€))
E£:E37 Eé:E1+C1E27 E}:Cj*2E27f0r4§j§n+27

where Cy,...,C, are functions in the variable t and E! = th

Theorem 0.11. Let f : M — Q’f“(c) be a y-pseudo-parallel Lorentzian hypersurface, with n > 3
and constant ¥ < c. If f has constant mean curvature, then f(M7) is locally congruent to one of the

following Lorentzian hypersurfaces:
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(i) A totally geodesic or totally umbilical hypersurface as described in parts (i), (ii), (iii) and (iv)
of Theorem 0.7, witha = H

kg2 i [ € n+1 2 N 2 _ 1 2 Y2 a’
(ii) S(a* +¢) x S <az+c): x e S (c) C Ef Z =g x1+i7§3xi:m »

nH + \/n2H? + 4k(n—k)c
2k

wherec >0, y =0, a = and 1 <k<n-—1.

Theorem 0.12. Let f: M{ — Q'f“ (¢) be a y-pseudo-parallel Lorentzian hypersurface, with n > 3
and constant ¥ > c. If f has constant mean curvature, then f(MYy) is locally congruent to one of the

following Lorentzian hypersurfaces:

(i) A totally geodesic or totally umbilical hypersurface as described in parts (i), (ii), (iii) and (iv)
of Theorem 0.7, witha = H.

(ii) HE(a® +c) xS+ 2—|—c x € Ht (c) c ESF2: Zx +,§x _ r%? 2= L ,
! at+c’ T e

i=k+2
_ nH+ \/n2H2 + 4k(n — k)

and 1 <k<n-—1.

2k
k+2 1 n+2
(iii) Sk(a® +¢) x H"™ k( —|—c> =<dx e Htl(c) Cc B5™ 1 —xf + Zx,z = T,—x%—i— Z X2 =
i=3 as+c i=k+3
2 H+ 2H2 4+ 4k(n—k
_ , where ¢ <0, |a\>\/—c,q/:0,a:n \/n +4k(n )Candlgkgn—l.
2 +ca? 2k

(iv) A generalized umbilical hypersurface of degree 2 as in (1.36), (1.37) or (1.38), where Yy =

c+a®, T =a=H #0, in the open subset of non-umbilical points.

We remark that the classification of y-pseudo-parallel Lorentzian hypersurfaces in Q’f“ (¢), with

constant Y = ¢ # 0 is still an open problem. We state the following conjecture:

Conjecture 0.13. Any connected y-pseudo-parallel Lorentzian hypersurface f : M} — @’]H] (¢), with
n >3 and y = ¢ # 0, is congruent to a totally umbilical hypersurface of(@rl‘le (c) or k(x) < 1 every-

where on M{.

The thesis is organized in five chapters. In Chapter one, we introduce the notations we
use along the whole work and recall some concepts of the Submanifold Theory. We state the
definitions of pseudo-parallel immersions and other related extrinsic notions. We also recall the
pseudo-Riemannian space forms as well the Fundamental Equations for surfaces and hypersurfaces
in these ambient spaces, which will be useful in the next chapters. In the following sections, we
will make a summary about some particular surfaces and hypersurfaces of pseudo-Riemannian space
forms which will be a source of examples for our work, namely, the general rotational surfaces
with plane meridians in 4-dimensional pseudo-Euclidean spaces as well the B-scrolls, generalized

cylinders and generalized umbilical hypersurfaces of degree 2 in Lorentzian space forms, also we
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recall classification results for hypersurfaces of constant curvature in Lorentzian space forms and
for isoparametric Lorentzian hypersurfaces in Lorentzian space forms, in particular those such that
the Weingarten operator is diagonalizable and has at most two different principal curvatures or the

minimal polynomial is ( —a)?, with a € R constant.

In Chapter two, first we present in Section 2.1 some basic results about Lorentizan surfaces
in pseudo-Riemannian space forms. Mainly, we characterized the condition of the normal bundle
being non-flat in terms of the linear independence of two normal vector fields given by the second
fundamental form and we reduce the pseudo-parallelism condition to equations involving the normal
curvature tensor, the Gaussian curvature, the second fundamental form o and the pseudo-parallelism
function y. We show in Example 2.5 a pseudo-parallel Lorentzian surface with non-flat normal
bundle and y = K. In Section 2.2, we characterize A-isotropic Lorentzian surfaces by providing
several equivalent conditions to A-isotropy. In particular, we study the hyperbola of normal curvature
of A-isotropic Lorentzian surfaces. Finally, in Section 2.3, we prove Theorem 0.1 and obtain as
corollary a characterization of pseudo-parallel Lorentzian surfaces with non-flat normal bundle in

terms of the hyperbola of normal curvature.

In Chapter three, we will present examples of pseudo-parallel Lorentzian surfaces with non-flat
normal bundle in a 4-dimensional or 5-dimensional pseudo-Riemannian space form. First, in Section
3.1, we recall the definition of isotropy with negative (positive) spin. Next, in Example 3.1, we
prove that Lorentzian surfaces of the Veronese type in codimension two, which are extremal and
isotropic with negative spin immersion, are also parallel and A-isotropic. Then, we study the case of
pseudo-parallel Lorentzian surface with constant y and prove Corollary 0.3. In Section 3.1, we study
pseudo-parallel general rotational surfaces with plane meridians in EE‘ and prove Theorem 0.4 and
Theorem 0.5. In section 3.3, we explore the case of codimension three and give, in Example 3.10, a
flat extremal pseudo-parallel Lorentzian surface with non-flat normal bundle in Sg(c) which is not a

semi-parallel surface.

In Chapter four, we first recall in Section 4.1 some basic notions about pseudo-parallel hypersur-
faces in pseudo-Riemannian space forms. Since reference [44] is quite difficult to find, for the sake of
completeness we recall some results therein. In Section 4.2, we obtain in Proposition 4.6 a complete
characterization of the Weingarten operator of a pseudo-parallel Lorentzian hypersurface in pseudo-
Riemannian space forms. In Section 4.3, we begin describing in detail the Weingarten operator of a
Lorentzian hypersurface in Q'l’“ (c), with n > 3, in Lemma 4.7. Then, we obtain in Theorem 4.10
the classification of all connected complete semi-parallel Lorentzian hypersurfaces of E’I’H. Next, in
Section 4.4, we study the case where the pseudo-parallelism function y is constant and does not coin-

cide with the curvature of the ambient space, proving that the set of bad points of the pseudo-parallel
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Lorentzian hypersurface is open if ¥ # ¢ and also closed if ¥ < ¢. Then we show in Proposition 4.17
for v # ¢, that the rank of the Weingarten operator is either zero everywhere or n everywhere on the
hypersurface. Using this, we prove Theorem 0.7 and Theorem 0.8. Finally, in Section 4.5, we study
y-pseudo-parallel Lorentzian hypersurfaces in Q’l”l (¢) with constant ¥ and constant mean curvature
function H and prove Theorem 0.9 and Theorem 0.10, for the case ¥ = ¢, and Theorem 0.11 and

Theorem 0.12, for the cases ¥ < ¢ and y > ¢, respectively.



CHAPTER 1

Preliminaries and basic notations

In this chapter, we recall basic notions of Submanifold Theory in pseudo-Riemannian manifolds
and fix the notation we use along this work. For the reader interested in a detailed introduction to

Theory of Riemannian or pseudo-Riemannian submanifolds we recommend [20] and [62].

1.1 Basics of theory of pseudo-Riemannian submanifolds

A scalar product B in a finite dimensional real vector space V is a non-degenerate symmetric
bilinear form. The dimension of the largest subspace W C V on which B|y, is negative definite,
i.e., B(v,v) < 0 for all nonzero vector v € W, is called the index of B. A vector v € V is said to be
timelike if satisfies B(v,v) < O or lightlike (null) if v # 0 and B(v,v) = 0, in other case v is called

a spacelike vector. Non-degeneracy of B means that v € V with B(u,v) =0 for all u € V implies v = 0.

A non-degenerate metric tensor g in a m-dimensional smooth manifold M, is a symmetric
non-degenerate (0,2) tensor field on M of constant index, i.e., g assigns to each point x € M a scalar
product g, on T.M, and the index of gy 1s the same for all x € M. A pseudo-Riemannian manifold is a

smooth manifold furnished with a non-degenerate metric tensor g.

Let M be a m-dimensional pseudo-Riemannian manifold with metric g of index s and let M
an n-dimensional pseudo-Riemannian manifold with metric g of index ¢, with n <m, 0 <t <n
and 1 < s < m. We say that a smooth map f : M;' — ]\2;" is an immersion if its differential

[« : TM — Tf(x)]VI is injective, for all x € M}".

Moreover, an immersion f : M* — 1\2;” is said to be an isometric immersion provided that
forall X,Y € T,M, for all x € M}

15
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From now until the end of this section, we consider f : M — M’;" an isometric immersion. We
denote the tangent bundles of M;' and ]\7;” by TM and ™, respectively, and denote by f “TM the

induced bundle over M, whose fiber at x € M;" is Ty M.

For each point x € My', we denote by NyM(x) the orthogonal complement of f,T,M in TyM
which is called the normal space of f an x. The normal bundle of f, denoted by NsM, is the vector
subbundle of f*TM whose fiber at each point x € M" is NyM(x). Smooth sections of M are called

tangent vector fields and smooth sections of NyM are called normal vector fields.

The Levi—Civita connection of M;” induce a connection V on f*TM. Given tangent vector fields

X,Y of M}', we can make the decomposition
Vixfi¥ = (Ve fh) +(Vix i)
respect to the decomposition as a orthogonal direct sum
fTM = f.TM & N;M.

The tangent part VxY = (fi) ! (% #.xfY)T, coincides with the Levi-Civita connection of M. The

symmetric 2-tensor field defined by the normal part
a(X.Y) = (Vixfi¥)",
is called the second fundamental form of f. Thus, we have the Gauss formula
Vixf¥ = f.VxY +a(X,Y), (1.1)

for all tangent vector fields X,Y of M.

At each point x € M}', a defines a symmetric bilinear map o : T,M x T.M — NyM(x), which we

also call the second fundamental form of f at x.

For any & € N¢M(x), the corresponding Weingarten operator of f at x in the §-direction, denoted
by Ag, is defined by

§<O‘(X7Y)7§):g<A§X7Y)a (1.2)

for all X,Y € T.M, where AgX € M.
It follows that — f,A¢ X is the tangent part of % £.x&. On the other hand, the normal component

Vi€ = (Vex&)*,
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where X € TM and & is a normal vector field of M7, defines a torsion-free connection V- in N¢(M)

compatible with g, called the normal connection of f. Thus, we have the Weingarten formula:
VixE = —fA:X+VxE. (1.3)

Let {Xj,...,X,} a local frame of M;' and denote by g;; = g(X;,X;). The mean curvature vector
field of f is the normal vector field H, defined by

1 1 &
H = —trace(at) = — Z g’a(X;,X;),
n Py
i,j=1

where (g'/) is the inverse matrix of (g;;).
We say that f is extremal (minimal or maximal) if H = 0.

We denote by R the curvature tensor at x € M;' corresponding to 7M and adopt the sign convention
R(X,Y)Z=VxVyZ—-VyVxZ—-Vx yZ,

forall X,Y,Z € TM.

The sectional curvature K (X,Y) of M;" with respect to spam{X,Y } C T,M is defined by

g(R(X,Y)Y,X)
g(X,X)g(Y,Y) _g(va)z‘

K(X,Y)=
We denote by R the curvature tensor of the normal bundle N rM, and it is given by
R-(X,Y)E =VxVy& —VyVx& —Vix y &,

for all X,Y € T,M and any normal vector field & of f.
We say that f has flat normal bundle, or vanishing normal curvature if R- = 0 on M”.

Let R the curvature tensor of TM , from Gauss and Weingarten formulas, we can deduce the

following three important equations, called compatibility equations of the isometric immersion f:

GAUSS EQUATION:
(RULX, ) AZ)T = fiR(X,Y)Z+Aqx 2)Y —Aarz)X: (1.4)
CODAZZI-MAINARDI EQUATION:

R(fX, X)) 2) = (Vxa)(Y,Z) — (Vya)(X,2Z), (1.5)
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where
(Vxa)(Y,Z2) = Vya(Y,Z)— a(VxY,Z)— a(Y,VxZ);

RICCI EQUATION:
(R(f:X, £Y)E)E = RH(X,Y)E+ a(AcX,Y) — (X, AsY), (1.6)

for X,Y,Z € T.M and § € NyM(x).

1.2 Pseudo-parallel submanifolds

Let f: M' — 1\7;” be an isometric immersion. We consider the decomposition of induced bundle
f* TM over M} as a Whitney sum f* ™ = S+TM @©N¢M and we denote by R = R®R™ the curvature

tensor corresponding to the Van der Waerden-Bortoletti connection V =V @ V= of f.

f 1is said to be:

1. Totally geodesic if

o(X,Y)=0; (1.7)
2. Totally umbilical if
o(X,Y)=(X,Y)H; (1.8)
3. Pseudo-umbilical if
<OC(X,Y),7—[> = <H7H><X7Y>; (1.9)
4. A-isotropic if
(a(X,X),a(X,X)) =A(x) (1.10)

for some smooth real-valued function A on M} and for any X € T,.M with | X| = /|(X,X)| =1,
for all x € M.

5. Locally parallel if

(Vxa)(¥,2) =0, (1.11)
with (Vxo)(Y,Z) defined as in (1.5);
6. Semi-parallel if
(RX,Y)-a)(Z,W) =0; (1.12)
7. Pseudo-parallel if
(RX,Y)-a)(Z,W) =y((XAY)-a)(Z,W), (1.13)

for some smooth real-valued function y on M;* and for any X,Y,Z,W € T,:M, for all x € M]".
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Here the notation means

(R(X,Y)-a)(Z,W) =R-(X,Y)o(Z,W) — a(R(X,Y)Z,W) — a(Z,R(X,Y W),
(XAY)-Q)(Z,W) = —a((XAY)Z,W) — a(Z,(X NY)W)
(XAY)Z=(Y,Z)X — (X,Z)Y.

1.3 Pseudo-Riemannian space forms

Let EY be the N-dimensional pseudo-Euclidean space with the semi-Riemannian metric of index
s given by
s N
() ==Y xvi+ Y, xvi, (1.14)
i=1 i=s+1

where x = (x1,...,xy),y = (y1,...,yn) € EVN.

We will consider a standard pseudo-Riemannian space form Q7'(c) as a complete m-dimensional

pseudo-Riemannian manifold with constant sectional curvature ¢ and index s, such that

H”(c) CcEM, if e <0,

QY (c) = E?, ifc=0,

S™(c) c B+l ife >0,
where the m-dimensional pseudo-sphere SJ'(c), ¢ > 0, is a connected component of
{x € E"*!: (x,x) = 1} with the induced metric of index s and the m-dimensional pseudo-
hyperbolic space H(c), ¢ < 0, is a connected component of {x € ngll D (x,x) = %} with the

induced metric of index s. We remark that S ,(c), ¢ > 0, and Hf'(c), ¢ < 0, are not simply

connected.

For ¢ = 0, we denote by V the usual directional derivative in EY. For ¢ # 0, the outward pointing
unit normal vector of Q”(c) in E*], where 6 = 0 if ¢ > 0 and ¢ = 1 if ¢ < 0, at any point x =
(x1,...,%,), is given by normalization of the position vector u = \/|cli(x) = \/|c|(x1,...,X,). With
respect to this unit normal vector, we have that the inclusion i : Q7 (c) — Ezfal is umbilical with
Weingarten operator — \/H I,,, where I, is the identity in 7,M, and thus, its second fundamental form
at x is given by

o' (X,Y) = (u,u) (o' (X,Y),u)u = —c(X,Y)i(x),

for all X,Y € T,Q7(c).

Now, denoting by V the usual directional derivative in ngcl, we can recover the Levi-Civita

connection V of Q% (c), ¢ # 0, using Gauss formula for immersion i

i.VyY = Vi xi,¥ — o/(X,Y) = Vi xi,¥ +c(X,Y)i(x).
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On the other hand, the curvature tensor R of a pseudo-Riemannian space form Q7'(c) at a point x,
is given by
R(X,Y)Z=c(XNY)Z,

for all X,Y,Z € T,Q%(c).

We will study pseudo-parallel immersions in Q}'(¢) in two special cases. When immersion f is a
surface (i.e., f from a 2-dimensional pseudo-Riemannian submanifold) and when f is a hypersurface

(i.e., f from a n-dimensional pseudo-Riemannian manifold with m = n+1).

For the first case, let f : M?> — Q"(c) be an isometric immersion. Let {e},e,} be an orthonormal
local frame for M? and denote ;= at(e;,ej). The compatibility equations of f can be expressed as

following (see for instance [58] and [62]):

GAUSS:
R(e1,ez)ex =c(eg Nep)ex +Agye1 —Agy €2 (1.15)

CODAZZI-MAINARDI:

(Ve, @) (e2,ex) = (Ve, &) (€1, k). (1.16)

RICCI:
RL(€1,€2><§ :(X(el,Aéez)—OC(Aéel,ez), (1.17)

forall & € NeM.

Now, for the case when f is a hypersurface, consider an insometric immersion f : M — Q"+1(c).
In this case, a smooth unit normal vector field 1 € N¢M is locally unique, up to sign. Let A the
Weingarten operator corresponding to the n-direction and let € = (1, 1), we write the Gauss and the

Weingarten formulas as

Vixf.Y = f.VxY +€(AX,Y),

and
Vj*XTI = —f*AX,

respectively, where X,Y are tangent vector fields of M', and the mean curvature vector can be write
(locally) as
H(x) = eH (x)n(x),

where x € M;' and H(x) is called the mean curvature of f at x, with respect to 7.
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The compatibility equations for the hypersurface f are given by

GAUSS:

R(X,Y)Z=c(X NY)Z+€e(AX NAY)Z. (1.18)

CODAZZI-MAINARDI:
(Vx-A)Y = (Vy -A)X, (1.19)

where (Vx -A)Y = Vx(AY) —A(VxY). We observed that Ricci Equation is trivially satisfied for the

case of hypersurfaces.

The eigenvalues of the Weingarten operator A are called the principal curvatures of the
Lorentzian hypersurface M}'. For each x € M}, the subspace Tp(x) = {X € T,M : A,X = 0} is called
the relative nullity space at x. The dimension of the subspace Tp(x) is called the index of relative

nullity at x, while the rank of the shape operator A, is called the type number at x and it is denoted
by k(x).

1.4 General rotational surfaces with plane meridians in E5

General rotational surfaces of Moore type in the pseudo- Euclidean 4-space E2, are defined in
[4] as follows. Let Oejezezes be an orthonormal frame of E2, such that (e1,e1) = (er,er) = 1 and
(e3,e3) = (eq,eq4) = —1. Let m : x(u) = (x1(u),x2(u),x3(u),x4(ur)), u € J C R, be a smooth spacelike
or timelike curve in E‘z‘, and 6, 8 constants. A general rotational surface of elliptic type can be defined
by:

X(M,V) = (Xl (I/t, V)7X2(M7 V)7X3(”’V)7X4(”7V))7 (120)
where
cos v — x, (u) sin Ov;

(1.21)

(u,v) = x1 (u)

Xo(u,v) = x1(u) sinOv+xz(u) cos Ov;
(u,v) (u) cos Bv — x4 (u) sin Bv;
(u,v) = x3(u)

sin Bv +x4(u) cos Bv.

In the present section we shall consider Lorentzian general rotational surfaces of elliptic type

for which 6 > 0, B > 0, x2 (1) = x4(u) = 0. In this case the meridian m lies in a two-dimensional plane.

Similarly to the general rotational surfaces of elliptic type we define general rotational surfaces of
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hyperbolic type in E‘z‘ as follows:

X1 (u,v) = x1(u) cosh v — x3(u) sinh Ov;
Xo(u,v) = xp(u) cosh Bv+x4(u) sinh Bv;
(1.22)
X3(u,v) = x1(u)sinh Ov+ x3(u) cosh Ov;
X4(u,v) = xp(u) sinh Bv+ x4 (u) cosh .

We shall consider Lorentzian general rotational surfaces of hyperbolic type with plane meridians
m for which 8 >0, B > 0, x3(u) = x4(u) = 0.

In this section, we denote by V the usual directional derivative in E3.

1.4.1 General rotational surfaces of éelliptic type with plane meridians

Now we shall consider general rotational surfaces of elliptic type with plane meridians. Let M
be the surface in E3 defined by

My z(u,v) = (f(u) cos Ov, f(u) sin Ov, g(u) cos Bv, g(u) sin Bv), (1.23)

where u € J C R, v €[0,27), 6 and f are positive constants and f(u), g(u) are smooth non-vanishing

functions satisfying

0% f%(u) — B%g*(u) <0 and f*(u)—g"*(u) > 0. (1.24)

A tangent frame field in 7. M is determined by the vector fields

zu = (f'(u) cos Ov, f'(u) sin @v, g’ (u) cos Bv, g’ (u) sin Bv)
zp = (—0f(u)sinOv, 0 f(u)cos Ov, —Pg(u) sin Bv, Bg(u)cos fv)

The coefficients of the first fundamental form of M are expressed by

So, M is a Lorentzian surface in Eg.

We consider the following tangent frame fields
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which satisfy (X,X) =1, (Y,Y) = —1 and (X,Y) = 0. Let n; and 1, be the normal vector fields
defined by

m = \/—_(ﬁg( u)sinOv, —Bg(u)cos Ov, 0 f(u) sin Bv, — 6 f (u) cos Bv);
M= T( g (u)cos Ov, g’ (u)sin @v, f'(u) cos Bv, £/ (u) sin Bv).
Note that <T]1,T]1> <T[2,T[2> = —1and <T]1,T[2> =0.

From [4], we have the equations:

VxX = —vimy; Vyn = uy;
?XY =unp; ?an = —-ViX; (125)
VyX =—pY+un;;,  Vyn =—uX+Bony;
VyY = —pX —vamp. Vel = vaY + Bamy.
Thus,
o(X,X)=—-vim;, o(X,Y)=un; a(Y,Y)=—-vn,. (1.26)

The Gaussian curvature K, the curvature of the normal connection K-, and the mean curvature
vector field H of the general rotational surface M are expressed in terms of the geometric functions

V1, V2 and U as follows (see also Proposition 3.1 of [3]):

Vo —V
K=vins+p* K'=—p(vi+v); H= 22 .
We use the following notations:

(P2 fs! _ R2, !
_ g’f”—f’g”, vy — (6-fg’ —Bgf") :
(f2—g?)2’ V= g% (B2g2 — 6212)

! / 92 ! R2,4/
by OB —8f) . - fr'—B~gg ; (127

/f/z_g/2(B2g2_92f2) A /f/2_g/2(ﬁ2g2_92f2)

0B(ff' ~gs)
V7= g?(B%? — 6717)

p=

1.4.2 General rotational surfaces of hyperbolic type with plane meridians

Now we shall consider general rotational surfaces of hyperbolic type with plane meridians. Let
M, be the surface in E3 defined by

My z(u,v) = (f(u) cosh Ov, g(u) cosh Bv, f(u) sinh Ov, g(u) sinh Bv), (1.28)

where u € J C R, v €[0,27), 6 and B are positive constants and f(u), g(u) are smooth non-vanishing

functions satisfying
0212 (u) + Bg*(u) > 0 and f(u)+g"*(u) > 0. (1.29)
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The tangent frame field 7, M, is determined by the vector fields

zu = (f'(u) cosh Bv, g’ (u) cosh Bv, f'(u) sinh @v, g’ (u) sinh Bv)
zy = (0 f(u) sinh Ov, Bg(u) sinh Bv, O f (u) cosh Ov, Bg(u) cosh Bv)

The coefficients of the first fundamental form of M are expressed by

E = (zu,24) = 1™ (u) + 8" (u) > 0;
F = (zy,2y) = 0;
G = (zv,20) = —(0°f*(u) + B*g*(u)) <O.

So, M is a Lorentzian surface in E3.

We consider the following tangent frame fields

which satisfy (X,X) =1, (Y,Y) = —1 and (X,Y) = 0. Let n; and 1, be the normal vector fields
defined by

n = (g’ (u) cosh Ov, — f'(u) cosh Bv, g’ (u) sinh @v, — f'(u) sinh Bv);

Sl -

M= %G(Bg(u) sinh Ov, —0 f (u) sinh Bv, Bg(u) cosh Ov, — 0O f(u) cosh Bv).

;

Note that (n1,1m1) = 1, (N2,M2) = —1 and (N1, M2) =0.

From [4], we have the equations:

%XX =Vini; %xm = —viX;
% Y =— ; % =uyY;
~X umnz ~X712 u (1.30)
VyX =—pY—um; Vyni=wY—PBn;
VyY = —pX +Vvami; Vyma = —uX — Bomy.
Thus,
oX,X)=vin; aX,Y)=—un; a(Y,Y)=wn. (1.31)

The Gaussian curvature K, the curvature of the normal connection K-, and the mean curvature vector
field ‘H of the general rotational surface M, are expressed in terms of the geometric functions vy, v,

and u as follows:

Vi —V
K=—(vin+p?); K =pvi+wn); H= 12 z
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We use the following notations:

g1 S | el i 1A
LT (et VI 487021+ B2¢?)
0B(fs'—sf) . _ 02 ff + Bgs’

W et ) PO R (1.32)
By = — 0B (ff +gg) |
\/W(szerBzgz)

1.5 Lorentzian hypersurfaces in Lorentzian space forms with
type Il Weingarten operator

Let V be a vector space over R endowed with a nondegenerate inner product ( , ). We recall that an
endomorphism A of (V, (, )) is said to be self-adjoint if it satisfies (AX,Y) = (X, AY), forall X,Y € V.

It is well known that a self-adjoint endomorphism in a indefinite vector space (V,(, )) does not
need to be diagonalizable. In particular, we recall the following well known classification result for

self-adjoint endomorphisms in Lorentzian vector spaces (see for instance [62] or [65]):

Lemma 1.1. Let V be a n-dimensional real vector space with a Lorentzian inner product (). A

self-adjoint endomorphism A on'V can take only one of the following forms:

L 1.
a a 0
1 a
) a3 ,
an
111 an
a 00 JA%A
0 a1l a b
-1 0 a —b a
as ’ as ,b#0.
ap an

Forms I and 1V correspond to an orthonormal basis {E1, ... ,E,}, where (E\,E1) = —1, (E;,E;) =
ojjfori,j>2and (Ey,E;) =0 for i > 2. Forms Il and IlI correspond to a pseudo-orthonormal basis
{X,Y,E3,...,E,}, where (X,X) =(Y,Y) =0, (X,Y) =—1, (E,,Ej) = 0;j for i,j >3 and (X,E;) =
(Y,E;) =0 fori>3. Incases I, Il and 111, all the eigenvalues are real, while in case IV there are two

complex eigenvalues a+ bi and a — bi.
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It follows that the Weingarten operator of a Lorentzian hypersurface in a pseudo-Riemannian
space form Q'*!(c), s € {1,2}, must be of one of the forms in Lemma 1.1, at each point of the
hypersurface. In particular, form II will be important in our study of pseudo-parallel Lorentzian
hypersurfaces, especially when the minimal polynomial of the Weingarten operator is ¢> or (t —a)?,
a # 0, so we give in this section the fundamental examples of such hypersurfaces for the case where
the ambient space is also a Lorentzian space, i.e., when s = 1. In order to this, we need to present first
some concepts about null curves with an associated pseudo-orthonormal frame in @’f” ().

A null (lightlike) curve in a Lorentzian space form is a curve s — ¥(s) all of whose tangent vectors

are lightlike.

1.5.1 B-scrolls and generalized cylinders

d dT
Let ¥(s) a null curve in the Minkowski space E7 such that T'(s) = Z—(S) and T'(s) = % are
S S

never colinear. Since (T,T) = 0, it follows that (7, T’) = 0 and thus, T’ is everywhere spacelike.
Let C(s) be the unit spacelike vector field along ¥ satisfying 7" (s) = k(s)C(s), with k(s) = ||T(s)||.
Finally, for each s, consider the 2-dimensional subspace C(s)* of TY(S)E? orthogonal to C(s). Since
C(s)* is a Lorentzian plane, it contains a lightlike vector B(s) such that (T(s),B(s)) = —1. Let
7(s) = (B/(s),C(s)), we obtain that B'(s) = 7(s)C(s) and C'(s) = t(s)T(s) + k(s)B(s). Therefore,
{T(s),B(s),C(s)} is a Cartan frame for y(s). If in addition 7(s) = O, for all s, that is, B(s) is parallel,
then the null curve y(s) with the Cartan frame {7'(s),B(s),C(s)} is called a generalized cubic in this

particular case when the ambient space is E? With these notations, we have the following immersion:

Definition 1.2. The immersion given by the parametrization A(s,u) = y(s) + uB(s) is called B-scroll
associated to . Since A, <%> =T(s)4ut(s)C(s) and h, (%) = B(s), the metric of the B-scroll & is

Lorentzian.

It was proved in Theorem 3.10 of [34] that a B-scroll 4 is flat if and only if 7(s) = O for all 5. In
this case, 4 is an isometric immersion of IE% onto E% and we also have that C(s) is a unit normal vector
field to h. Since A, (a%) = T(s) and h, (%) = B(s), the Weingarten operator A = Ac(y) is given in

the frame {h* (a%) Dy ((%) } by
0 0
A= ( —x(s) 0 ) '

It was proved in Theorem 9.7 of [34] that the B-scroll immersions with 7(s) = 0 for all s are the
only isometric immersions of E% onto E% such that the Weingarten operator satisfies identity > = 0.
Moreover, when k(s) # 0, the minimal polynomial of the Weingarten operator is 12, that is, A takes

the form /7 in Lemma 1.1 with only O being eigenvalue.

It is known that the only parallel surfaces in the 3-dimensional Euclidean space E* are open

sets of planes, spheres or right circular cylinders. On the other hand, the next result provides a
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classification of parallel Lorentzian surfaces in ]E';’ given by Chen-Van der Veken in [18], where the

essential examples, other than totally umbilical surfaces and cylinders, are the B-scroll immersions.

Proposition 1.3 (Chen-Van der Veken). A non-degenerate parallel Lorentzian surface in E{’ is con-

gruent to an open part of one of the following five types of surfaces:
(i) a Lorentzian plane E3 in E3 given by L = (u,v,0);
(ii) a totally umbilical de Sitter space S% in ]E? given by

L = b(sinhu,coshucosv,coshusinv), with b > 0;

(iii) a flat cylinder E} x S! in IE? given by L = (u,acosv,asinv) with a > 0;
(iv) a flat cylinder S% x E! given by L = (asinhu,acoshu,v) with a > 0;

(v) a flat minimal Lorentzian surface in E? given by

Surfaces in (v) of Proposition 1.3 are precisely B-scroll immersions. After rejparametrizing,

we can write surface L in (v) as the B-scroll h(s,u) = y(s) + uB(s) with B = —(1,1,0) and

V)

1 /2 2
Y(s) = — <§s3 +5, §s3 —s, \/isz) , in this case we have x(s) = 2 (see Figure 1.1).

Figure 1.1: Two different views of the B-scroll immersion in (v) of Proposition 1.3

Now, to get higher dimensional examples of Lorentzian hypersurfaces whose Weingarten operator

has minimal polynomial 2, we simply consider the isometric immersion

f=hxl,_y:EIxE"2 5 E3xE"2
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where h : IE% — E{’ is a B-scroll immersion (see [34]). Such an isometric immersion is defined by
f(s,u,z) = y(s)+uB(s +ZZ1

where z = (z3,...,2,) and {7 (s),B(s),Z3(s),...,Z,(s),C(s)} is a pseudo-orthonormal frame of vector
fields of 7! along a null curve ¥, such that T (s), B(s) are lightlike vector fields with (T (s), B(s)) =
—1, T(s) = %}/(s) and %C(s) = k(s)B(s). f is called a generalized cylinder (see [55]) and if
k(s) # 0, then the minimal polynomial of f is #2. In fact, we have that f, <(%> =T(s)+ulB(s)+

33T ds Zi(s), f« ( ) B(s) and f ( ) = Zi(s). We note that C(s) is a unit spacelike normal vec-
tor field to f, since using that ;SC( ) = x(s)B(s) we obtain (%B(s),C(s)) = <%Z,~(s),C(s)) =0.
Then, for the Weingarten operator A = A, of f, using the Weingarten formula, we have that
Af, (ai) = —9C(s) = —k(s)B(s). Af. (ai) = —2C(s) = 0 and Af, (ai) = —-C(s) = 0, for

3 < i< n. Therefore, A takes the form

A=( a0 )0

expressed in the frame {f* (ai) s s (ai) s (%) yeeos Su (%) }

Now, we will show analogous examples to the generalized cylinders for ¢ # 0.

Example 1.4. For ¢ < 0, let (s) be a null curve in H?*!(c) € E4"2 with a pseudo-orthonormal frame
{T(s),B(5),Z3(s), ..., Zu(s),C(s)} of tangent vector fields of H""!(c) along ¥, such that T (s), B(s)
are lightlike vector fields with (T'(s),B(s)) = —1, jy y(s) = T(s) and %C(s) = Kk(s)B(s), where %
denote the ordinary derivation in Eg“. As in [80], we consider the Lorentzian hypersurface f: U —
H’f“ (c) C Eg“, with U an open neighborhood of 0 in R”, parameterized by

fls,u,z) = 1/1—c2zqf )+ uB(s —l—Zz, (1.33)

where z = (z3, -,Zn). If k(s) # 0, it follows from [80] that the minimal polynomial of f is #2. Indeed,

since LC(s K(s)B(s), it follows that the vector field f. i I—cY? z s)+ uiB(s +
ds oy i=3 ds

? 4 zi%Zi(s) does not contain terms with C(s), as fi (—u) B(s) and f <—) = iy(s) +

1-— cZi Zl-z
Zi(s) as well. This means that C(s) is a unit spacelike normal vector field to f in H"!(c). Then, for
the Weingarten operator A = Ac,) of f, we have that A f, ( Y) = —a%C(s) = —k(s)B(s), Afs ((%) =

—a—uC(s) =0and Af, (3_z,> = —a—ZiC(s) =0, for 3 < i < n. Therefore, A takes the form

A= ( _,?(S> 8 )@Onz,

expressed in the frame {f* (a@) e (ai) [ (%) e o (ai) }
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Example 1.5. For ¢ > 0, accordingly with [42], we consider this time a light cone curve in E’f*z,
that is, a parameterized curve p(¢), with ¢ € (a,b), satisfying (p(¢),p(¢)) =0, for all z. If p(¢) is
never colinear with £ p (), then p(t) is a spacelike curve, since (£p(t), £p(t)) > 0. We can assume
that 7 is the arc lenght parameter of p(¢). As in Lemma 6.1 of [42], we can associate to p a pseudo-
orthonormal frame {E|(¢),Ex(t) = p(t),E5(t),...,Ens2(t)} of vector fields of EI*? along p, such
that E (1), E2(t) are lightlike vector fields with (E(¢),E>(t)) = —1, and

=CE3+GEy+ -+ GiEya,

(1.34)
Ey=E3, Ey=E|+CE;, E;=CjE), ford<j<n+2,

where C1, .. .,C, are functions in the variable ¢ and E! = %Ei.

Let S"2(c) € R"~! the (n —2)-dimensional Euclidean sphere of constant curvature ¢ and denote
by S’jr_z(c) ={y=(3,..-,Yns1) € S"?(c) : y3 > 0}. We consider the Lorentzian hypersurface f :
Q= (a,b) x RxS$T% = S (c) C EI?, parameterized by

n+1
f(t,u,y) = y3E3(t) +uEs(t) + Z)’z

(1.35)

n+1 n+1
- Z YIE3(1)+uEs(1)+ Y yiEi(t)
i=4

From Theorem 6.4 of [42] and its proof, we have that M} = f(Q) is a Lorentzian hypersurface of
S’f“(c), E,;2(t) is a unit spacelike normal vector field to f and the minimal polynomial of the

Weingarten operator A of f is £, that is, A takes the form

1=( g o)oo

Note that if C; = 0, then \/%E3 is a null curve in S’f“ (¢) and (1.35) takes a form as (1.33).

1.5.2 Generalized umbilical hypersurfaces of degree 2

The notion of generalized umbilical hypersurfaces in Lorentz-Minkowski space E'f“ has been
introduced by Magid in [55], for some kind of hypersurfaces satisfying that all principal curvatures
are equal. Then, analogous hypersurfaces were given by Alias-Ferrdndez-Lucas in [5] for non-flat

Lorentzian space forms (see also [80], for the case ¢ < 0).

For c#0,let y:JCR = QM (c) CEE?, 6 =1+ C;lc‘, be a null curve with a pseudo-

orthonormal frame {7 (s), B(s), Z3(s),...,Zu(s),C(s)} of tangent vector fields of Q7! (c) along 7,
such that T (s), B(s) are lightlike vector fields with (T (s),B(s)) = —1, Ly(s) = T(s) and £C(s) =
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7T (s) + x(s)B(s), where % denote the ordinary derivation in E"2, with k(s) # 0 and 7 is a nonzero
constant. If ¢ + 7% # 0, then the map f:J x R x R"~2 — @’I‘H (¢) defined by

2
7% +cg(z) (1-8(2))
f(s,u,z) = (c-|-—172> )+ uB(s) + Zzl C-I-—’L'ZC(S)’ (1.36)
n
where z=(z2,...,2,) and g(z) = ([ 1 — (¢ + 72) Z 72, parameterizes, in a neighborhood of the origin,

i=3
a Lorentzian hypersurface M7 of Q7"(c).

A unit normal vector field to MY in Q’f“ (c) is given by

ct(1—g(z))

c—i—‘L’2

Lot 725(2)
c+ T2

n(s,u,z) =— Y(s) + utB(s —|—TZz, C(s).

If T = 4+/—c, with ¢ < 0, then we define the map f:J x R x R"~2 — H'{H (c) by

fls,u,2) = (1——Zz,> )+ uB(s +Zz, gi;z%c(s), (1.37)

which parameterizes, in a neighborhood of the origin, a Lorentzian hypersurface M{ in H'f“ (c). In

this case, a unit normal vector field to M? in H" "' (c) is given by

n(s,u,z) = —— (ZZ1> )+ utB(s —|—TZZ1 < 2i 2>C(s).
i=3

We have from [5] that the Weingarten operator A = Ay, of M7, given by (1.36) or (1.37), satisfies the
equation A? = —27A — 7°1,. Indeed, the minimal polynomial of M is (¢ + 7)* and

0 d 0
Afs <§> =5 N=-Th <§> —k(s)B(s),
d d d
an(3)=—5m=— ()

d 8 d
()= (3)

for 3 <i < n. From Proposition 4.2, we conclude that the hypersurface M} is y-pseudo-parallel with
v=c+12. M is called a generalized umbilical hypersurface of degree 2.

For ¢ = 0, we consider M} as the Lorentzian hypersurface f : J x R x R*™2 Eﬁ’“ , parameterized

by
f(s,u,z) = y(s) +uB(s +Zzl (1—,/1—r2izl2)c<s), (1.38)
i=3

where ¥ is a null curve in E?™! with a pseudo-orthonormal frame {T'(s), B(s),Z3(s), ..., Zu(s),C(s)}
of vector fields of E7*! along 7, such that T (s), B(s) are lightlike vector fields with (T (s), B(s)) = —1,
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%y(s) = T(s) and %C(s) = 1T (s) + x(s)B(s), where % denote the ordinary derivation in E}"!,

k(s) # 0 and 7 is a nonzero constant.

A unit normal vector field to M} in ]E’I’Jrl is given by

n(s,u,z) =utB(s)+ |1 — 12 Zn:zizC(s) + Tzn:ziZi(s).
i=3 i=3

We have from [55], that the minimal polynomial of the Weingarten operator of the hypersurface M}
given by (1.38), is (+ + 7)* and M} is a generalized umbilical hypersurface of IE’I’“. Again from
Proposition 4.2, we conclude that M7 is y-pseudo-parallel with y = ¢ + 72

Observation 1.6. Note that if X,Y are lightlike vectors with (X,Y) = —1, then rX, %Y satisfy the
same conditions for any real number r # 0. From here, we can see that a pseudo-orthonomal frame
associated to a null curve ¥ is not uniquely determined (after reparametrizing y), as well as the function
k(s) if x(s) # 0. Also, function C,(¢) in Example 1.4 is not uniquely determined. Thus, if the
Weingaten operator A of a Lorentzian hypersurface takes the form Il in Lemma 4.6, as it may happen
for the examples above of B-scrolls, generalized cylinders and generalized umbilical hypersurfaces of

degree 2, then the component under the diagonal of A can be changed to be any nonzero real number.

1.5.3 Lorentzian hypersurfaces with constant curvature in Q’f“ (¢)

Complete Lorentzian hypersurfaces of constant curvature in Lorentz-Minkowski space IE*YI’+1 and

in Lorentzian spheres S (c) are described in [6], as following

Proposition 1.7 (Al-shehri-Guediri). In S'IH'I (¢), n >3, a connected complete Lorentzian hypersur-

face of constant curvature is a small or a great hypersphere.

Proposition 1.8 (Al-shehri-Guediri). Let M}, n > 3, be a n-dimensional connected complete

Lorentzian hypersurface of constant curvature ¢ in E’f“. Then, necessarily ¢ > 0 and we have:
(a) If ¢ =0, MYy is isometric to R’} or to one of the following products:

(i) Erl‘_z x g(E?), where g(E?) is a Euclidean cylinder in a subspace B> of E’f“ orthogonal
to ]E’l’*z.
(ii) E"=2 x g(E?), where g(E2) is a Lorentzian cylinder or a B-scroll in a subspace E3 of E™!

-2
orthogonal to |~ ~.
1. If ¢ > 0, MY} is isometric to S (C).

For ¢ < 0, situation is more complicate due to the absence of any precise result which classifies
isometric immersions of H7(c) into H ™! (c) (see Remark 3.4 in [6]), so in this case we just can say

that
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Proposition 1.9 (Al-shehri-Guediri). Let M}, n > 3, be a n-dimensional connected complete

Lorentzian hypersurface of constant curvature ¢ in H’f” (¢). Then, either
(a) ¢ = c and the number type k(x) < 1, for all x € M, or
(b) ¢ > c and M7 is totally umbilical, with Weingarten operator Ay = /¢ — cl, for all x € M7.

For a classification of totally umbilical immersions in Hﬁ‘“ (c) we refer to [1] (see also [67]).

1.6 Some classification results for isoparametric hypersur-
faces in Q""!(c)

Let M" be a pseudo-Riemannian hypersurface in Q%*!(c) with a (local) unit normal vector field

N and consider the following possible conditions on M;":

(A) All the principal curvatures with their algebraic multiplicities are constant on M;".

(B) All the parallel hypersurfaces M, defined, at least locally and for sufficiently small r € R, by

Y, M — Qi (c), p— exp,(r1,), have constant mean curvature.

(C) The minimal polynomial of the Weingarten operator A = Ay, is constant on M;'.

Hypersurfaces in Riemannian space forms satisfying any of these conditions were firstly studied by
Cartan and Miinzner. Later, Nomizu in 1981 extended the study of these conditions to spacelike
hypersurfaces in Lorentzian space forms (see [60]). Hahn in 1984, with his work in [37], proved
that conditions (A) and (B) above are equivalents in the case of pseudo-Riemannian hypersurfaces of

Q"**1(c), so the next definition makes sense.

Definition 1.10. A pseudo-Riemannian hypersurface in Q"*!(c) satisfying condition (A) or (B) is

called isoparametric.

Moreover, Hahn proved that conditions (A) and (B) are more general than condition (C), by show-
ing the existence of isoparametric pseudo-Riemannian hypersurfaces in pseudo-Riemannian space
forms which do not satisfy (C). Classification of isoparametric hypersurfaces in pseudo-Riemannian
space forms is an open problem in general. For the case of isoparametric Lorentzian hypersurfaces
in Lorentzian space forms, there are significant advances made by Magid, Abe-Koike, Xiao and Li in

[55], [1], [80] and [42], respectively, but the classification is not complete.

In 1985, Magid in [55] classified isoparametric Lorentzian hypersurfaces in Lorentz-Minkowski
space satisfying condition (C) (in fact, Magid used (C) as definition and so did Xiao and Li). Magid
proved that these particular isoparametric Lorentzian hypersurfaces in E’f“ are cylinders or umbilical

hypersurfaces when the Weingarten operator is diagonalizable or they are some kind of hypersurfaces
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with properties close to cylinders and umbilical hypersurfaces when the Weingarten operator is
non-diagonalizable and has constant minimal polynomial. In order to obtain this classification,
Magid proved that the Weingarten operator of any Lorentzian hypersurface with constant minimal
polynomial in E’f“ cannot have complex eigenvalues (Theorem 4.10 of [55]) and at most one real

eigenvalue is nonzero (Corollary 2.7 of [55]).

In particular, in Theorem 4.5 of [55], it was proved the next result which will be useful in our

study of pseudo-parallel Lorentzian hypersurfaces

Proposition 1.11 (Magid). If the Weingarten operator of a Lorentzian hypersurface M} of IE’I'H has
(t —a)?, with a # 0 constant, as its minimal polynomial, then in a neighborhood of any point, M is

a generalized umbilical hypersurface of degree 2 as in (1.38), with a = —7.

For ¢ # 0, an analogous result was proved by Alias-Ferrandez-Lucas in Theorem 5.5 of [5], which

we state below

Proposition 1.12 (Alias-Ferrandez-Lucas). Let M} be a Lorentzian hypersurface of Q’f“ (c) and let
(t —a)?, with a # 0 constant, be the minimal polynomial of its Weingarten operator. Then, in a
neighborhood of any point, M} is a generalized umbilical hypersurface of degree 2 as in (1.36) and
(1.37), witha = —7.

Result in Theorem 1.12 was also showed by Xiao in Theorem 4.1 and Theorem 4.2 of [80], for
the case ¢ < 0.

For an isometric immersion f : Ef — E’f“, Graves in [34] proved that the set W of non-geodesic
points of f is open and it is the union of a family of parallel (n — 1)-hyperplanes, where each hyper-
plane is a leaf of the relative nullity foliation. Thus, a metric is degenerate in all these hyperplanes or
it is non-degenerate in all of them. Since the points x € W with degenerate relative nullity are exactly
the points where the minimal polynomial is 7>, Graves gave in Theorem 9.8 the next classification

result:

Proposition 1.13 (Graves). Up to a proper motion of E'IZH, the isometric immersions f : E} — E’f“

with degenerate relative nullity have the form
hxl, o :E3IxE"™2 5 R xE"2,

where the factors in each product are orthogonal and h : E% — ]E? is a B-scroll immersion as in
Definition 1.2.

Thus, the only isometric immersions from [E7 into IE’{H whose minimal polynomial of the Wein-

garten operator is ¢ are the generalized cylinders over a B-scroll immersion, which are also defined
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by (1.33), associated to a generalized cubic y with k(s) # 0, for all s. We note, from the proof of
the degenerate case in [34], that if the generalized cubic y has x(s) = 0 for some s, then all points of
the hyperplane passing through that point of y and contained in the generalized cylinder & x Id are

geodesic points.

Observation 1.14. Analogously, it is known that the only Lorentzian hypersurfaces in Q’l‘“ (c),c#0,
with 72 as the minimal polynomial of the Weingarten operator are the parameterized hypersurfaces
given by 1.33 and 1.35. A proof of this can be found in Theorem 4.2 and case (2) in Theorem 4.1 of
[80], for ¢ < 0, and in Theorem 6.8 of [42] for the case ¢ > 0.

For a classification of isoparametric hypersurfaces in @'f“(c) with diagonalizable Weingarten
operator having only one or two distinct principal curvatures, we refer to [1]. There, Abe-Koike-
Yamaguchi in Theorem 5.1 proved that, locally, any such hypersurface is either a totally umbilical
hypersurface or it is isometric to the product of two real space forms of constant curvature, according
to the models presented there. In the same reference, a global classification result was obtained in

Theorem 5.2, but it is a partial result because some models are not simply connected.



CHAPTER 2

Pseudo-parallel Lorentzian surfaces in
pseudo-Riemannian space forms

In this chapter, we begin our study of pseudo-parallel Lorentzian surfaces in pseudo-Riemannian
space forms Q7 (c). In the first section we present some basic results about Lorentizan surfaces
involving their second fundamental form, their Gaussian curvature and their normal curvature ten-
sor, as well as the pseudo-parallelism condition. In the second section we characterize A-isotropic
Lorentzian surfaces by providing several equivalent conditions to A-isotropy. In particular, we study
the hyperbola of normal curvature of A-isotropic Lorentzian surfaces. In the third section, we prove
our principal theorem of characterization of pseudo-parallel Lorentzian surfaces with non flat normal
bundle in Q”'(¢) and in particular the non-existence of pseudo-parallel Lorentzian surfaces with non

flat normal bundle in Lorentzian space forms.

2.1 Lorentzian surfaces in Q”(c) and the pseudo-parallelism
condition

In this section we prove some auxiliary results concerning pseudo-parallel Lorentzian surfaces
in Q7(c), with 1 <s < m — 1, that will be useful later. Specifically, we determine whether the
normal bundle of a surface is non-flat depending on whether a particular subspace of the normal
space at each point on the surface, which is generated by two normal vectors related to the second
fundamental form «, is two-dimensional or not. Also, working with an orthonormal frame of
the tangent space to the Lorenzian surface, we reduce the pseudo-parallelism condition to few
equations involving the normal curvature tensor, the Gaussian curvature, the second fundamental
form o and the pseudo-parallelism function y. We explore some differences that these equations
imply with respect to the Riemannian case, due to the possible existence of lightlike vectors
in the normal space at each point of the surface when the metric of the ambient space is just

non-degenerate. Finally, we study how the pseudo-parallelism condition behaves with respect to

35
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the composition of immersions, which can be used to obtain examples of pseudo-parallel immersions.

Let f : M7 — Q"(c) be an isometric immersion. Let {ej,e,} be an orthonormal local frame for
Mlz, where €] = (e1,e1) =1, & = (ez,e2) = —1 and (e, ep) = 0.
It follows from the Ricci equation (1.17) that

R*(e1,e2)& € span{a(X,Y) : X,Y € TM}, forall & € NyMj.
For the mean curvature vector field, we have
H = Ltrace() = (01 — o)
= —trace(tt) = = — .
5 5 a1 — 02
Lemma 2.1. Let f: Ml2 — Q' (c) be an isometric immersion. We have the following equations:

K =c— (a1, 002) + (a2, 012), 2.1

R*(e1,e2)€ = (o1 + 0m2) N a2)E, (2.2)
for all & € NeM. Moreover, o1 + 0y and iy are linearly dependent if and only if f has vanishing

normal curvature.

Proof. For the Gaussian curvature K of M 2 we have

(R(€1,62)€2,61>

K= (e1,€1)(e2,2) — (e1,e2)

) = —<R(€1,€2)€2,€1>.
It follows from Gauss equation (1.15) that

K=—c{(ej Nep)er,er) — (a1, 002) + (12, 0t12)
= —c(ez,ez)(e1,e1) +cle,er){ea,e1) — (11, 002) + (Q12, 0412)

= c— (o1, 002) + (A2, 12).
Next, using Ricci equation (1.17) we get
Rt (ey,er)E = a(e1,Ager) — a(Ager,e)
—ZOC e1, &(Ager, ex)er) Z(X E(Ager,ex)er,e2)
—Zsk (e2,ex),&)a(er,er) Zek (e1,ex),E)a(er,er)

= (0‘12;@(0611 + 02) — (<0611,§> +(002,6)) 02
= (o2, &) (a1 + ) — (o1 + aa, &) ann

= ((o1 +a2) Nag2)é,

forall £ € NeM.
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Now, if 11 + 0 and o, are linearly dependent, then either ¢¢; = 0 or for some (t € R we have

R*(e1,e2)€ = (a1 + 02) Aai2)& = (fouz Aoua)é = 0.

Conversely, if R*(e1,e2)& = 0 for all & € NgM, it follows from (2.2) that

(a12,E) (a1 + 002) — (11 + 02, &) oty = 0.

If there exists & € NyM such that (ot2,&) # 0 or (o1 + 022,&) # 0, then @1 + 02 and @ are
linearly dependent. If (0t2,&) = (a1 + 022,8) =0, for all & € NyM, from non-degeneracy we have

that o2 = a1 + apy = 0. Therefore, o] + 02 and o7 are linearly dependent. O

Lemma 2.2. Let f: Ml2 — Q"(c) be an isometric immersion. f is y-pseudo-parallel if and only if

the following equations are satisfied:

Rt (e1,er) a1 = R (e, e0) 00 = 2(w — K)o, (2.3)

R*(er,e2)onn = (v —K)(ou1 + a2). (2.4)
Proof. In fact, equation (1.13) is equivalent to
RH(X,Y)a(Z,W) = a(R(X,Y)Z,W) + a(Z,R(X,Y)W)
—ya((XAY)Z,W)—vya(Z,(X NY)W).
Therefore, for the orthonormal frame {e;,e,}, we have
RL(el,ez)Oclz = a(R(ej,er)er,er) + at(er,R(er,e2)er)
—yoa((ej Nex)er,ex) —yal(er,(eg Nex)ea)
= & (R(e1,e2)er,e2)(er,e2) +€1(R(er,e2)er,er)0(er,er)
— Ylez,er)a(er,e2) +yler,er)a(er,er)
— ey, er)aer,er) + yler,er)a(er,er)
= —K(a(ez,e2) +ax(er,er)) +y(o(ea,e2) + ax(er,er))
= (y—K)(an+ain).
And for i = 1,2, we have
RY(er,e0)ai; = a(R(ey,ex)ei,e;) + at(ei, R(er, ea)e;)
—vya((e; Neyei,e) —wae;, (e; Nea)e;)
= (R(e1,e2)ez,e1) (e, e1) + (R(er,e2)ez,e1)(er, €2)
— ey, ea(er,e) +ylep,e)a(er,e)
— ez, ei)t(ei,er) + yler,er) (i, e2)
= —2Ka(e,e2) +2ya(er,er)
=2(—K+wy)a,.
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As a consequence of Lemma 2.2, we get:

Proposition 2.3. Let f : M12 — Q" (c) be an isometric immersion. If f has flat normal bundle, then
f is a y-pseudo-parallel immersion with w = K. Moreover, if f is totally umbilical, then f is a

W-pseudo parallel immersion for any Y.

Proof. If f has Rt = 0, taking y = K, we conclude from equations (2.3) and (2.4) that f is y-pseudo-
parallel. O

Observation 2.4. The converse of Proposition 2.3 is not true in general, because in the pseudo-
Riemannian case it is possible to have R (e1,e;)€ = 0 for all & € span{a(X,Y): X,Y € TM} and

R+ # 0, as we show in Example 2.5.

We consider the first normal spaces N'(x) := {N°(x)}* C NyM(x), x € M?, where N°(x) = {n €
N¢M(x) : Ay = 0}. Thus, N!(x) = span{a(X,Y) : X,Y € T.M}.

Example 2.5. Consider the isometric immersion f : E% — Eg, defined by

f(xlaXZ) = (eX1+xz7x%7xlax27x%7eXH_xz)'
We have that f is semi-parallel with K = 0, (H,H) = 0 and R+ # 0. In fact, we have

€)1 = df(a)Q) - (eXI+xz70703 1707ex1+x2)’
62 = df(axl) = (eXI+X272x17 17072x176)q+xz>7

with (e1,e1) =1, (e2,e2) = —1 and (e1,ez) = 0.
Also,

o = (eXIersz; 07 07 07 €XI+X2)7
Oy = (eXI+xz7 25 07 07 27 ex1+x2)’
app = (€1772,0,0,0,0,"1772),
Thus, a1 + 0, and ¢ are linearly independent, which means that Rt #0,H=-(0,1,0,0,1,0) is

lightlike and <0612, 0612> = <O£11 + 0o, 01 + 0622> = <O£11 + 0y, 0512> = 0. Then, for all x = (xl,XQ) €

E%, we have
]\71 (x) = SlC)ElII{Q(e)CHr)Cz7 1,0’0, l,exl+x2), (ex1+xz’0707070’ex1+x2)},

NO(x) = {N'(x)}* =N'(x),

and
NET(x) = N'(x) © span{ny,m2},
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where

1 1
+ 2 2
nm= (xleX1 xz7x1_va1707x1+Z7xle

1 1
m = —2771 + (_W707 17_1705W) )

with (n1,M1) = (N1, M2) = (M2, M2) = (o1 + G2, M2) = (2,M1) = 0 and (ot2,M2) = (o1 +
02,M1) = 1.

X1 +x2>

Y

Thus, for all § € span{o(X,Y) : X,Y € TM}, using Ricci equation (2.2) we obtain

Rt (e1,e2)& = (12, &) (01 + 022) — (011 + 022, ) at1p = 0.

Moreover, from Gauss equation (2.1) we get K = 0, then f satisfies equations (2.3) and (2.4) with

v = 0, thus f is a semi-parallel immersion.

In particular, we have

R*(e1,e2)n1 = (a2, m) (@1 + 022) — (01 + 022, M1) Q12 = — 012 # 0.

Observation 2.6. Isometric immersion f in Example 2.5 was obtain from Remark 3.4 in [14], where
Cabrerizo-Fernandez-Gomez gave examples of A-isotropic immersions in pseudo-Euclidean spaces
with isotropy function A = (#,H) = 0 which are not totally umbilical (see also Example 4.3 in [13]).

We will study A-isotropic immersions in Section 2.2.

Observation 2.7. Taking ¥ = 0 in equations (2.3) and (2.4), we get that any non-flat semi-parallel
Lorentzian surface Ml2 in Q™(c) with R+ = 0 is umbilical. Then, any non-flat and non-umbilical
surface with flat normal bundle is an example of a pseudo-parallel immersion which is not semi-

parallel.

Since any hypersurface has R+ = 0, it follows from Proposition 2.3 that
Corollary 2.8. Any isometric immersion f : M12 — Q?(c) is pseudo-parallel.
As another consequence of Lemma 2.2, we get

Lemma 2.9. Let f : M12 — Q¥ (c) be a pseudo-parallel isometric immersion. The mean curvature
vector field H satisfies R-(X,Y)H =0, for all X,Y € TM.

1
Proof. Since H = E(a” — 02), it follows from (2.3) and (2.4) that

1
Rl(el,ez)H = Q(Rl(el,ez)(xll —RL(el,ez)Otzz) =0.
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The following proposition is useful to construct examples of pseudo-parallel submanifolds.

Proposition 2.10. Let f : M" — QY (c) be a isometric immersion and h: QY (c) — Qéj (¢) be a totally
umbilical immersion. If f is y-pseudo-parallel, then ho f : Mj' — QISS’ (é) is y-pseudo-parallel.

Proof. We denote by o/, o and o/ the second fundamental forms of f, h and ho f, respectively.
In the same way, we denote by R% and Rﬁo 7 the normal curvature tensors of f and s o f, respectively.
Let R rand R r be the curvature tensors of the Var der Waerden-Bortolotti connections ?f and ?hof

of the respective bundles TM & NyM and TM & Ny, ¢M. Since h is a totally umbilical immersion, we

have the following relations:

ol (2, W) = (Z,W)H" +h.a! (Z,W),
Rjiy (X, Yoo/ (Z,W) = hR7 (X, V) (Z,W),
Rji (X, Y)H" =0.

Then, for X,Y,Z,W € TM, we get that the immersion Ao f satisfies pseudo-parallelism condition
(1.13), since

Ryof(X,Y)- 0" | (Z,W) = Ry (X, Y) "/ (2,W) — &/ (R(X,Y)Z,W)
—af(z, R(X,Y)W)
= h.Ry (X,Y)o/ (Z,W)+ (Z,W)R};, (X, Y)H"
—h.o! (R(X,Y)Z,W) — (R(X,Y)Z,W)H"
—h.a! (Z,R(X,Y)W) — (Z,R(X,Y)W)H"
= hoy[X AY -a/](Z,W)
=y {-ha/ (X AY)Z,W — o (Z,(X V)W)
~((XAY)Z W)~ (Z,(X AY)W)H}
- w{ah"f((X AY)Z,W) — ' (Z,(X A Y)W)}
= y[XAY-o")(Z,W).

In fact, let V, V and V be the Levi-Civita connections of M, Q¥ (c) and Q{g (¢é), respectively. We

have

o (Z,W) = Vih (W) — h(f VW)
=Vh (W) = VW +hoal (Z,W)
= d"(f.Z, W) +h.al (Z,W).

Now, let & € NyM and 1 € N,QY(c) be two normal vector fields of f and h, respectively. Note
that 1,& € Njo M and (1, &) = 0.
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The Weingarten operators of f,h and ho f are related in the following way:

<Ah°fX Y) = (0os(X,Y), &)

= (&"(f.X, Y), 1.8) + (heod (X,Y), &)
= (o (X,Y),8)

= (A

ALX,Y),
and

(ARTX,Y) = (o (X,Y),M)
< (f*va* )7n>+<h*af(X7Y)7n>
= (o"(£.X,£.Y),0)

=(A

WX LX),

Hence,

A’”gx Agx and f,AX = Al £.X, forall X € TM.

On the other hand, the normal connections of f, 4 and ko f satisfy the following relations:
V" h& = Vxh.& +h.f.Ay7]
= hVxE + (X, 6) +hfudy X
- —h*f*AfX +h Yy E+ o (f.X,E) + h. fiA h"fx
= —h*f*Ang Fh VY E (£ X, )+ hfLAL Ix
= Vi E+ on(f.X,8),

and

Vi 'n = h f AR TX + Vi
= f Ay X — AL X+ VD
=h Ahf*X hAb £ X+ Vi

In particular, if / is an umbilical immersion and " denotes the mean curvature vector of /4, then

we have

o (Z,W) = (Z,WYH" +h. ol (Z,W),

Vi & = n vyl E.
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Putting all this information together, including the hypothesis of /4 being umbilical, we conclude
that:

Rip f(X.Y)h.0/ (Z,W) = hRF (X.Y)a (Z,W),

and

Ripoy (X, Y)H" = Ry (£:X, fY)H" = 0.

2.2 The A-isotropy condition and the hyperbola of normal cur-
vature

In this section, we study A-isotropic Lorentzian surfaces in pseudo-Riemannian space forms and

their hyperbolas of curvature, obtaining conditions equivalent to A-isotropy.

First, we state the following lemma, which provide a characterization of A-isotropic Lorentzian
surfaces and is analogous to a result by O’Neill in [61] for the Riemannian case and extended by
Cabrerizo-Fernandez-G6émez in [13] for pseudo-Euclidean spaces. We prove this lemma with a tech-

nique analogous to the one used by Lobos-Tassi-Yucra Hancco in [50].

Lemma 2.11. Let f : M? — Q" (c) be an isometric immersion and let {ey,e;} be an orthonormal
frame of M3, with (e1,e1) = 1, {ez,e2) = —1 and (e1,e;) = 0. Then, the following conditions are

equivalent:
(a) f is A-isotropic.
(b) (aj,a12) =0 and (i, i) = —2(a12, A12) — (041, 0p2), where i =1,2.
(c) Qi1+ 02,001 + 0n) = —4(a2, 12) and {H, a1 + 02, 012} is an orthogonal set.
(d) ((X,X),a(X,X)) = (X,X)?A(x), for all X € T,M and for all x € M3.

1
Moreover, if f is A-isotropic, then A = (H, H) — (02, Q12) = E(C—K+3<H,H>), where K is the

Gaussian curvature of M 12 and H is the mean curvature vector field of f.

Proof. (a) = (b). Let us suppose that f : M? — Q™(c) is A-isotropic and fix an arbitrary point x € M?.
For X € T,M, such that X = coshte; + sinhze;, we have that | X|| = 1 for all # € R. Also,

o(X,X)= cosh’ra | + 2coshzsinhzoy, + sinh? fay,
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and we have
A = (a(X,X), (X, X))
— (cosh4t + sinh4t) A +4cosh?¢sinh?1{oty2, at12)
+4c0sh3tsinht(a11,oc12) —l—4coshtsinh3t<a12, 02)

+2cosh?t sinh2t<a11, 097).

Since A does not depend on 7, from the A-isotropy condition (1.10), taking the derivative with

respect to £, we get

0= %(a(X,X),a(X,X))

— 4(cosh’tsinhz -+ coshzsinh®£) A
+ 2(c0sh3 tsinhz + cosh? sinh? 1)(4(o2,a12)
+2{a1,002)) +4(cosh4t +3cosh?sinh® t){ou1, )
+4(3cosh? +¢sinh? ¢ 4 sinh* 1) (a2, 02

= sinh(41)(A + 2(02, a12) + (041, 092))
+2(cosh(2¢) +1)(2cosh(2t) — 1) {11, 0412)
+2(cosh(2¢) — 1)(2cosh(2t) + 1) {12, 2).

Then,
dAd d
0= — = —(o(X,X X. X —4 _
dt|,_, dt<a< X), (X, X)) o (o1, 002)
Now, for 7 # 0, we have
d d
dt s dr .

Using (2.5) and (2.6), we get

(A +2(0u2, 12) + (01, 022)) sinh4F = 202, 022 (1 — cosh 27) (1 +2 cosh 27)
= —(A +2(ou2, at12) + (0111, 02) ) sinh 47,

Since 7 # 0, we deduce that
(i, 0Gi) = A = =2(a2, 012) — (a1, 022),
and
{(apa,007) = 0.
So, we have (b). Also, it follows from (2.7) that
1

<7‘[,7‘l> = E()L — <0611,0622>) =1+ <0612,0612>.

(2.5)

(2.6)

2.7)

(2.8)

(2.9)
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Moreover, from (2.9) and Gauss equation (2.1), we get
3(H,H) =24 — (01,002) + (012, 0012) =24 + K —c.

(b) = (c). Let us assume that the isometric immersion f : M12 — QP (c) satisfies (04, 0t12) =0
and <OC,',', OCl'i> = —2<OC12, OC12> — <0611, OC22>, for i =1,2. We have that

2(H, 001+ 02) = (011 — 02, 01 + 02) = (01, 0t1) — (022, C22) =0,

2(H, a12) = (a1 — 02, 0t12) =0,

and
(o1 + a2, aq2) = 0.
Thus, {H, o1 + 02, @2 } is an orthogonal set. Also, we have that

(a1 + 0o, 01 + 02) = (A1, 001) +2{(04 1, C2) + (2, 02)

= —4(am2, 012),
and we have (c).

(c)=(a). LethMl2 be fixed. Forall X € T,M with (X, X) =1, thereexistst € Rand ¢; € {—1,1}
such that X = €| coshte + sinhfe,. Thus

o(X,X) = (el coshte + sinhtey, €] coshte) + sinhte)

= cosh? to1 + €12coshtsinhroyy + sinh? 10
B (cosh(Zt) +1

- 2 2

h(2t)—1
> o1 + €12coshtsinht oy + (&) 0

1 1 )

= 5(0611 — (122) + Ecosh(Zt)(om + azz) + € smh(2t)oc12
1 )

=H(x)+ 5 cosh(21)(ay1 + 02) + €1 sinh(21) oty 7. (2.10)

If X € M with (X,X) = —1, there exists t € R and € € {—1,1} such that X = sinhre; +

€ coshte,. Thus

o(X,X) = a(sinhte| + €] coshtey,sinhte; + € coshre;)

= sinh? to) 1 + €12coshtsinhry + cosh® 1oy

:(wmQU—I

h(2t)+1
5 ) 041+ €12coshtsinhtogy + (M) 0

2

1 1 )
= E(—OCH -+ 0622) + E COSh(Zl‘)(all + 0622)61 Slnh(2t)0612

1
=—H(x)+ 3 cosh(2f) (a1 + 02) + €1 sinh(2f) 2. (2.11)
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Hence, in both cases we have
1
OC(X,X) = <X,X>H(x) + E COSh(2l‘)(O£11 + 0622) + € Sinh(zt)alz. (2.12)

Now, if {H, a1 + a2, &2 } is an orthogonal set and (ot + @2, &1 + 2) = —4{Q2, ®y2), from
equation (2.12) follows that (a(X,X), (X, X)) = (H,H) — (042, 012) does not depend on 7 and f is
a A-isotropic surface with A = (H,H) — (@12, &t12), so we get (a).

(a) < (d). One of the implications is immediate. Next, if f is A-isotropic and || X|| # 0, we get
(d) by using ”i((—” It only remains to prove that (o (X,X),(X,X)) = 0 when f is A-isotropic and
X € TyM is lightlike, but this case follows by continuity, like in [13]. [

In the Riemannian case, for an isometric immersion f : M> — M™ of a surface M? in a Riemannian
manifold M™, the A-isotropy condition has a geometric interpretation in terms of the indicatrix of
normal curvature at each point x € M?, which is the set {a(X,X) : X € T,M with ||X|| = 1} contained
in the normal space to f at x. In this case, the indicatrix is an ellipse, maybe degenerate, with center
at the mean curvature vector H, so more precisely it is called ellipse of normal curvature. 1f f is
A-isotropic then, at each point x € M2, the ellipse of normal curvature is a circle orthogonal to the
mean curvature vector. In particular, if for x € M? this circle has radius 0, that is, when the ellipse
of normal curvature degenerates to a point, then x is a umbilical point, thus, A-isotropic immersions
generalize totally umbilical immersions. When the ellipse of normal curvature is a circle with positive
radius, then the A-isotropic immersion f has non flat normal bundle. Observe that at x € M 2 o (X,X)
is the normal curvature vector of the surface along a curve in M? whose speed vector at x is X. Thus,
in a way, the geometry of A-isotropic surfaces is the same regardless of direction. For instance, the

only A-isotropic surfaces in the Euclidean space [E3 are the totally umbilical ones (see Figure 2.1).

(X1, X)[| =1
lla(X2, X2)|| =0

R x S1(1)

$%(1)

Figure 2.1: Cylinder R x S!(1) is not a A-isotropic surface in E3, but sphere S?(1) is totally umbilical
and A-isotropic in E3 with 4 = 1.
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Now, for a Lorentzian surface f : M7 — Q" (c), we observe from the right side of equation (2.12),
that the image of the map X — (X, X) from the set of tangent unit vectors of M7 at x into NyM (x) is
composed by branches of hyperbolas with center at 7 (x) if (X,X) =1 and at —#H(x) if (X, X) = —1

(see Figure 2.2). Thus, for eachx € M 2 we consider the indicatrix of normal curvature of f as the set
6 ={X,X)a(X,X): X € M with (X,X) = +1}, (2.13)

which is an hyperbola in NyM(x) centered at H(x), so we refer to JZ; as the hyperbola of normal

curvature of f at x.

a1 + a2

Figure 2.2: Branches of hyperbolas as image of the map X — a(X,X) from the set of unit tangent
vectors of M7 at x into NyM (x).

Notice that in this definition, the hyperbola of normal curvature can also be degenerate, in the
sense that it can be contained in a right line or be a point. From here to the end of this section,
we study the geometric relation between the A-isotropy condition and the concept of hyperbola of

normal curvature for Lorentzian surfaces.

The frame {ej,e;} in Lemma 2.11 can be transformed according to

¢} = € coshte| + sinhte;,
e/z = g3 sinhte| + €1e3 coshtes,

where €1,e3 € {1,—1}. Let’s denote oci’j = a(eﬁ,e}), it follows from (2.10), (2.11) and analogous
calculations that

o, + o anto
—11’; 22 = cosh(2t) (%) + € sinh(27)ap,

a+ o
0, = € €35inh(2r) (%) + e3cosh(2t)oys.
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Thus, IrM 12 (x) :=span{ a1 + 022, @12 } is an invariant vector subspace of NyM(x) which contains

the hyperbola of normal curvature 7.

Proposition 2.12. Let f : M} — Q™ (c) be an isometric immersion with Gaussian curvature K. f is A-
isotropic with flat normal bundle if and only if, for each x € M?, either f is umbilical at x or I fM12 (x)
is 1-dimensional, lightlike and orthogonal to H(x). Moreover, we have that A = (H,H) = K —c.

Proof. Fix an arbitrary point x € Mlz. In fact, if R+ = 0 then {oq1 + oo, a2 } is linearly dependent.
If f is A-isotropic, for any orthonormal frame {e},e,} of M 12 nearly of x, it follows from Lemma 2.11
that (o1 + 0n, 0611 + 02) = —4{2, &t12) and {1 + 02, 12 } is orthogonal to H. If o + ay =0,
we have that —4 (02, 1) = (01 + 02, 041 + 0t22) = 0, thus, o2 =0 or a5 is lightlike. Analogously,
if a1p =0, then o1 + apy = 0 or o1 + ap is lightlike. If a1 + oy = poy with u # 0, we have
that u? (02, 0t12) = (01 + Gga, 01 4 002) = (1 + G2, atg2) = 0, then @iy and oy + @y, are zero or
lightlike. Now, if o1 + 02 = ;2 = 0 then f is umbilical. If o 4 0> is lightlike or o is lightlike,
hence fM12 (x) = span{ oy + 02, @12} is 1-dimensional and lightlike.

The converse is true from Ricci equation (2.2) and Lemma 2.11, since {H, o1 + 02, 0412} is
an orthogonal set and (@ + (2, 0411 + 0t2) = 0 = —4{tj2, 012). Also, from Lemma 2.11 we get
A=(H,H)=K—c. O

Proposition 2.13. Let f: M]2 — Q¥ (c) be an isometric immersion. f is A-isotropic with non-flat
normal bundle on any open subset of Ml2 if and only if. for each x € M?, the set #,, given by (2.13),
is a non-degenerate hyperbola with center at the mean curvature vector H(x), which lies in a 2-

dimensional affine subspace V of NyM(x) orthogonal to H(x), such that

(a) either V — H(x) is Lorentzian and 7 is an equilateral hyperbola satisfying that (W —
H(x),W —H(x)) = r(x) # O does not depend on W € 5. In this case, 2 < s < m—2,
r(x) = A(x) — (H(x),H(x)) and if m = 4, then s = 2 and f is extremal;

(b) or all non-zero vectors of V — H(x) are lightlike. In this case, 3 < s <m—3, A(x) =
(H(x),H(x)) and if m = 6, then s = 3 and A (x) = 0.

Proof. Let us suppose that f : M7 — Q™(c) is A-isotropic with R* # 0 and fix an arbitrary point
x € M. Let {e1,e2} be an orthonormal frame of M7, with (ej,e1) = 1, (e2,e2) = —1 and (e1,e2) = 0.
It follows from equation (2.12) that 5 = {H(x) + ey(¢) : 1 € R, e = £1}, where

1 .
y(t) = 5 cosh(21)(ay| + o) + sinh(2¢) .

Since R+ # 0, using Ricci equation (2.2), we obtain that {ot| + @2, 2} is linearly indepen-
dent, hence IfMl2 (x) = span{ oy + apa, 2 } is 2-dimensional and {y(¢),7 € R} is a branch of a non-

degenerate hyperbola, this means that it is not contained in a 1-dimensional space. Thus, J7; is a
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non-degenerate hyperbola with center 7 (x), which lies in the affine subspace V of NyM(x) generated
by {1 + 022, @12} and containing H(x).

From Lemma 2.11, we have that {#(x), a1 + 02, 012} is an orthogonal set and
(01 + an2, a1 + 0p2) = —4{a2, 012) = 4(A(x) — (H(x), H(x))).

Thus, we obtain that V' is orthogonal to H(x) and for W = H(x) + €2y(t), we have that (W —
H(x),W —H(x)) = (y(t),y(t)) = A(x) — (H(x), H(x)) = r(x) does not depend on ¢.

If r(x) # 0, then (01 + @2, @11 + 02) (012, 0412) < 0 and IfMlz(x) =Y —H(x) is Lorentzian, thus
2 <s<m—2and J% is a equilateral hyperbola. In particular, if m = 4, we have that N;M(x) =
ItM ]2 (x) and using that 7 (x) is orthogonal to @ + 0 and a;», we can conclude that H(x) = 0.

If r(x) = 0, then any non-zero vector in IzM?(x) =V — H(x) is lightlike and IzM?(x) C
{I;M2(x)}E. Since dimIpM2(x) +dim {I;M2(x)} ™ = dimN M (x), it follows that dimN,M (x) > 4
and 3 <s<m—3. If m=6, then {IfMlz(x)}L = I;M?(x) and using that 7(x) is orthogonal to
a1+ ax and o2, we can conclude that #(x) € IrM 12 (x).

Conversely, if for x € M7, the set /% is a non-degenerate hyperbola centered at # (x), which lies
in a 2-dimensional affine subspace V of NyM(x) orthogonal to H(x), from equation (2.12) we have
that 74 — H(x) = {exy(r) : t € R, e, = +1} is orthogonal to H(x), i.e., (H(x),y(¢)) =0, for all t € R,

where y(t) := 1 cosh(2t) (o1 + 0t22) + sinh(2¢) apo.

Also, for all X € T,M with (X,X) = e, = %1, there exists ¢ € R such that, using equation (2.12),
we can write (X, X) = eaH(x) + y(¢). Then

(a(X,X),0(X, X)) = (H(x), H(x)) + (¥(2),y(2))- (2.14)

Since #Z; is a non-degenerate hyperbola, we have that {o| + 02, 012} is linearly independent
and it follows from Ricci equation (1.17) that R+ # 0.

If all non-zero vectors of V — 7 (x) are lightlike, then (y(¢),y(f)) = 0 and f is A-isotropic with
A = (H(x),H(x)). On the other hand, if V — H(x) is Lorentzian and 7% is an equilateral hyperbola
in V such that (W — H(x),W — H(x)) = r(x) does not depend on W = H(x) + e2y(t) € .#;, we have
that (y(¢),y(¢)) does not depend on r. Therefore, we can conclude that f is A-isotropic with A =
(H(x), H(x)) + ((2),(1))- 0

2.3 Characterization of pseudo-parallel surfaces in Q”(c)

In this section we present our main result concerning pseudo-parallel Lorentzian surfaces in Q7 (c)
with nowhere vanishing normal curvature, which is stated below. As a consequence, we obtain a

characterization of this kind of Lorentzian surfaces in terms of the hyperbola of normal curvature.
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Theorem 2.14. An isometric immersion f : M12 — Q' (c) which has non-flat normal bundle on any
open subset of Ml2 is W-pseudo-parallel if and only if it is A-isotropic. Moreover, for such an immer-

sion we have that f is pseudo-umbilical and
(a) if y #K, then2 <s<m—2and

A =—3y—c+4Kk, (2.15)
(H,H) = =2y — c+3K; (2.16)

(b) ifw=K,then3<s<m—-3and A = (H,H)=K —c,

where K is the Gaussian curvature of M 12, H is the mean curvature vector field of f and A is a smooth

real-valued function on M 12

Observation 2.15. In particular, Theorem 2.14 states that there are no pseudo-parallel Lorentzian

surfaces with non-flat normal bundle in Lorentzian space forms.

Observation 2.16. Case (b) in Theorem 2.14 represents a significant difference with respect to the

Riemannian case. Example 2.5 shows that pseudo-parallel Lorentzian surfaces as in (b) actually exist.

The proof of the Theorem 2.14 will be carried out using techniques analogous to those used by

Asperti-Lobos-Mercuri in [9] and Lobos-Tassi-Yucra Hancco in [50]:

Proof of Theorem 2.14. Let us suppose that f : M12 — Q'(c) is pseudo-parallel with non-flat normal
bundle. For x € M7 and an orthonormal frame {e|,e2} of M7, with {(ej,e;) = 1, (ez,e2) = —1 and

(e1,e2) = 0, combining equations (2.2), (2.3) and (2.4), we get fori = 1,2

RL(el,ez)Oc,-i —2(1[/—[()0612 =0
(a2, 0y (01 + 02) — (01 + 02, i) 02 —2(W — K)oy =0

(o2, o) (o1 + a2) — ({01 + a2, i) +2(y — K)) ot = 0 (2.17)
and

RJ‘(el,ez)OCu — (l//—K)(OCU + 0622) =0
(o2, 02) (001 4+ 02) — (011 + 02, 012) 02 — (W — K) (a1 + 0t22) =0
0

(a1, 012) — (Y —K)) (a1 + ap2) — (a1 + 02, 012) Xy = (2.18)

Since f has non-flat normal bundle, from Ricci equation (2.2), we can conclude that ot + 02
and oy, are linearly independent, in particular a1 + a2 # 0 and a2 # 0. Using this and equations
(2.17) and (2.18), we get

(02, 001) = (@12,002) =0, (2.19)

(o1 + o, 04i) = —2(y — K), (2.20)
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<OC12,0C12> = l[/—K. (2.21)
From Gauss equation (2.1), we have

(aq1,002) = —K +c+ (02, 0p2)

(o1,02) = —2K +c+ vy, (2.22)

-2(y—K)
—2(y —K) — (02, 011)

(o1 + 02, 001

)=
(anr, o)
)
)

<0611,0611 :—Z(IV K) ( 2K+C—|—1I/>

(ai1,001) = -3y +4K —c, (2.23)
(o1 + 02, 002) = —2(y —K)

(2, 002) = —2(y—K) — (01, 022)

(02,002) = =2(y —K) — (—2K +c+ )

<(X22, 0622> = -3y +4K —c, (2.24)

(o1 + ap, 001 + 0p2) = —4(y — K), (2.25)

1
(H, M) = Z<Ot11 — 0, 0t — 002)

1
= Z(<a11;a11> —2(a1,002) + (022, 0022))
= Z(—3!//—|—4K—c—2(—2](—|—c—|— V) -3y +4K —c)
= Z(—SI//—40+ 12K)
= 2y —c+3K. (2.20)

In particular, from equations (2.19), (2.20) and (2.21), we have that o + o7 and @, are orthog-
onal, (a1 + 02,001 + 0p2) = —4(y — K) = —4(0y2, a2) and from equations (2.19) and (2.20) we
obtain that # is orthogonal to {0 + @2, 412 }. Also, for all X € TyM with || X || = 1, it follows from
equation (2.12) that

Ax)=(a(X,X),a(X,X))
=(H,H)+ %coshz(Zt)wn + o, 01 + 0p2) —|—Sinh2(2t)((x12,oc12>
= (H,H) — {ou2, 012)
=2y —c+3K—-(y—K)
= -3y —c+4K.
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Therefore, f is A-isotropic with A = =3y — ¢ + 4K and by Corollary 4.6 of [14], f is pseudo-

umbilical.

Also, we have that A — (H,H) = K — y. It follows from Proposition 2.13 that if y — K # 0, then
2<s<m—2,andif y —K=0,then3 <s<m—3.

Conversely, let us suppose that f is A-isotropic. From Lemma 2.11, we have that
<OC,',', 0612> =0 (2.27)
and
A = =2(at2,002) — (041, 002). (2.28)
Then, using Gauss equation (2.1), we get
1
<OC12, OC|2> = —g(c—l—l —K).
From Ricci equation (2.2), for i = 1,2, we obtain
R*(e1,e2) 06 = (a1 + 02) A @g2) i
= — (a1 + 02, i) 02
=—(A+ (o1, 002)) 002
=—(A =24 —=2(a12,012))012
=2(02,002) 012
2
= —g(c+7L — K)oy,
and
R*(e1,e2)ann = (o1 + o) A agn) oz
= (a2, 02) (011 + Q22)

1
= —3(c+A—K)(on + ).

1
Therefore, taking v = _§(C + A —4K), we conclude that f is y-pseudo-parallel according to
Lemma 2.2. L

Considering ¥ = 0 in Theorem 2.14 and equations (2.3), (2.4), we get the next corollary which is
a generalization of a result given by J. Deprez in [23]. Also, E. Safiulina in [72] obtained an analogous

result for semi-parallel spacelike surfaces in pseudo-Euclidean spaces.

Corollary 2.17. Let f : M12 — Q%(c) be an isometric immersion. f is semi-parallel if and only if

there exists an open and dense subset U of M?, such that the connected components of U are of the

following types:
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(a) Totally umbilical Lorentzian surfaces.

(b) Lorentzian surfaces with K =0 and R-(X,Y)(N'(x)) =0, for all X,Y € T,M and for all x € M3.
In this case, if R+ # 0, then 3 < s <m—3 and f is A-isotropic with A = —c = (H,H) and

pseudo-umbilical.

(¢) A-isotropic Lorentzian surfaces with non-flat normal bundle and A = —c+4K = (H,H) + K.

In this case, 2 < s <m—2 and f is pseudo-umbilical.

Here, K is the Gaussian curvature of M?, H is the mean curvature vector field of f, N'(x) is the

first normal space of f at x and A is a smooth real-valued function on M 12

Proof. First, let us assume that f is semi-parallel and fix an arbitrary point x € M 12 Let {e1,e2} be an
orthonormal frame of M12 atx. fFR-=0and K # 0, it follows from equations (2.3) and (2.4) that f
is umbilical. If R # 0, it follows from Theorem 2.14 by considering y = 0 that f is a A-isotropic
and pseudo-umbilical Lorentzian surface with A = —c+4K, (H,H) = —c+ 3K and if K # 0, then
2<s<m—2,if K=0,then3 <s<m-—3.

Now, consider the set U; = {x € M7 : K(x) # 0,(H,H) # —c+3K}. U is an open subset of
M12 and we have that f is umbilical in all x € U;. Then, K and (H,?) are constant in the con-
nected components of Uj. In fact, if f is umbilical, from Codazzi-Mainardi equation (1.16) we have
Vit =(ej,e;)VaH = e, ej>VeLj’H =0, with {7, j} = {1,2}, then (#, H) is constant and from Gauss
equation (2.1), we have that K = ¢+ (H, ) is constant. Thus, U is also closed in M 12 We can assume
that M12 is connected. Then, U; = M12 or U; = 0. In the first case, we get a). In the second case, let
Uy = {x € M? : K(x) # 0} and Uy = M? \ U,, where Uj is the closure of Uy, then U, and Us are open
subsets of M12 and U = U, UUs 1s an open and dense subset of Mlz. For all connected component Uy,
of U, we have that U, C U, and we have (c) or Uy, C Uz and from equations (2.3) and (2.4) we have
(b). This proves one of the implications. The converse follows from Theorem 2.14 and equations
(2.3) and (2.4). [

Observation 2.18. The semi-parallel Lorentzian surface in Example 2.5 shows that case (b) in Corol-

lary 2.17 with the non-flat normal bundle condition is not empty at least for ¢ = 0.

As another consequence of Theorem 2.14, we give below a geometric characterization of pseudo-
parallel Lorentzian surfaces with R # 0 in pseudo-Riemannian space forms in terms of their hyper-

bolas of normal curvature.

Corollary 2.19. Let f: M12 — Q¥ (c) be an isometric immersion with Gaussian curvature K. f is y-
pseudo-parallel with non-flat normal bundle on any open subset of M 12 if and only if, for each x € M?,
the set

G ={X,X)a(X,X): X € TM with (X,X) =+1}
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is a non-degenerate hyperbola with center at the mean curvature vector H(x), which lies in a 2-

dimensional affine subspace V of NyM(x) orthogonal to H(x), such that

(a) either V — H(x) is Lorentzian and 7, is an equilateral hyperbola satisfying that (W —
H(x),W —H(x)) = r(x) # O does not depend on W € 5. In this case, 2 < s < m—2,
r(x) =K—wyand ifm =4, then s =2 and f is extremal;

(b) or all non-zero vectors of ¥V — H(x) are lightlike. In this case, 3 < s <m—3, y =K and if
m =6, then s =3 and (H(x),H(x)) = 0.

Proof. From Theorem 2.14 we have that f is y-pseudo-parallel with R+ # 0 if and only if f is a

A-isotropic immersion with R # 0. Moreover, we have that K — w = A — (#, ). The result follows

from Proposition 2.13. U
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CHAPTER 3

Pseudo-parallel Lorentzian surfaces with
non flat normal bundile in low codimension

In this chapter, we present examples of pseudo-parallel Lorentzian surfaces with non-flat normal
bundle in a 4-dimensional or 5-dimensional pseudo-Riemannian space form. In the first section,
we study pseudo-parallel Lorentzian surfaces with R+ # 0 in Q? (¢) and we prove that these surfaces,
which are extremal and only exists for s = 2, also satisfy the condition of being isotropic with negative
spin immersions. As a consequence, we obtain that any pseudo-parallel Lorentzian surface with
R+ # 0 in a 4-dimensional pseudo-Riemannian space form with constant pseudo-parallelism function
v is locally congruent to a surface of Veronese type, which is only defined for ¢ # 0. In the second
section, we obtain examples of pseudo-parallel Lorentzian surfaces with non-flat normal bundle and
non-constant ¥ # 0, by studying general rotational surfaces with plane meridians in IE‘Z‘. Finally, in
the third section, we give an example of a flat and extremal pseudo-parallel Lorentzian surface with

Rt # 0 and constant y in S3(c) which is not semi-parallel.

3.1 Pseudo-parallel Lorentzian surfaces in Q3(c)

3.1.1 Lorentzian surface of Veronese type in Q3(c), ¢ # 0

Let f: M7 — Q5(c) be an isometric immersion such that M7 is oriented. Let {¢},¢2,€3,é4} be a
ocal) frame adapted to the orientation o c), such that {¢],e3} is a pseudo-orthonormal frame
(local) fi dapted to th tation of Q3 h that pseudo-orth 1 fi

that defines the orientation of M? and {&,,¢4} is a pseudo-orthonormal frame for N fM]Z. Setting for
i,j e 1,35,
0j = a(e;,e)) = Y. &ex.
k=24
We say that f is isotropic with negative spin at x € M12 if

&121(x) =0= 55?3(?5)7

55
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and we say that f is isotropic with positive spin at x € M 12 if it is isotropic with negative spin at x with

respect to the opposite orientation of Q3 (c) (see [39]).

We say that f is isotropic with negative (positive) spin if it is isotropic with negative (positive)

spin at every point of M 12

Example 3.1. K. Miura in [58] defined an extremal isometric immersion £ : S?(1) — S3(3) by

3 1
fx,y,2) = (xy,xz,yz, %(sz +y2+7%), E(y2 —7%)),

which corresponds to the Veronese immersion in Riemannian geometry (see also [11] and [57]). K.
Hasegawa in [38] proved that f is isotropic with negative spin. Also, composing with homotethies
and anti-homotethies of S%(l) and 83(3)’ Hasegawa obtained extremal and isotropic with negative

spin immersions of the Veronese type from QF($) to Q3(c), ¢ # 0.

Moreover, we have that f is a parallel immersion. Thus, f is y-pseudo-parallel with ¥ = 0 and

A-isotropic with A = 1.

In fact, let %(s) and ¥4 (s) be curves parameterized by arc length in S3(1), defined by

s s
Y(s) = (x7 Vx241cos <— ,V/x%2+1sin [ ———— | |, x constant.
Va2 +1 Va2 +1

Yo (s) = (sinh(s),cosh(s)cos 6,cosh(s)sin @), 6 constant.

I
1

/ 1
¢ I
—

1

i

B i e

Figure 3.1: Parameterized curves 7% (s) and ¥y (s) whose velocity vectors provide an orthonormal
frame of the tangent space to S%(l).
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Taking the derivative respect to s, we get the velocity vectors

1
'(s) = (cosh(s),sinh(s) cos 8, sinh(s)sin 8) = X+ 1,xy,x7),
Yo(s) = (cosh(s), sinh(s) (s)sin6) \/x2—+1( ¥, %2)

since 1 < cosh(s) = v/y?+2z2 = Vx2 + 1 and sinh(s) = x, cosh(s)cos @ =y, cosh(s)sin@ = z (see

Figure 3.1). Thus, we have that {7}, 7>} is an orthonormal frame of S?(1), where

1
i (x,y,z) = 0,—zy),
(x,,2) x2+1( y)
1 2
Ir(x,y,z) = X +1,X 1 XZ)
(x,3,2) x2+1( Y, 12)

with <T1,T1> =1, <T27T2> =—1land (Tl,T2> =0

Next, we apply the function f to obtain the following parameterized curves in 8‘2‘(3):

(00 = (/a7 Teos (2 ) x4 Toin (=)
(x22+ D gin <\/:2—Sﬁ) ,\/;(1 +3:),
()

F(7e(s) = (% sinh(2s) cos 0, % sinh(2s)sin 6, %coshz (5)sin(26),
\/?5(1 +3sinh2(s)),%cosh2(s) cos(29)> .

Taking the derivative respect to s, we get

pento= () o ()

2s 2s
\/x2+1cos<— 0,—vx%+1sin
Vxz+1 Y x2+1
1
= T (Y’ = 2,0, 2y2),
X

and

(fote)(s) = (cosh(Zs) cos 0,cosh(2s)sin 6, % sinh(2s)sin(20),

e L
5 sinh(2s), 5 sinh(2s) cos(29))

1
B ﬁ((zxz + 1)y, (26 + 1)z, 2xyz, V3x(x* + 1), x(y* — 2%)).
X
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Thus, we get the following tangent vector fields of £(S3(1))

€1 :df(Tl) = (_x27W7y2_Z2707_2yZ)7

f—

x2 4
1

x2+

er=df(Tr) =

(2% + 1)y, (22 + 1)z, 2xyz, V3x(5 + 1),x(3” — 2%)).

f—

We observe that {e], e, } define an orthonormal frame of £(S?(1)) with {ej,e1) =1, (ez,e2) = —1 and

(e1,e2) = 0. Thus, f is an isometric immersion.

Now, denoting by V the usual directional derivative in E%, we obtain

> Z > Z y y > Z y
Vi = ————V, (0,— ) + \% (0,— ) )
it Vx2+1 8y< Va2 +1 \/x2+1) VxZ+1 o V241 Va2+1
1
=— 0
x2+1( 7y7Z)7

v v z Xy o« z
VT2T1 =/ x2—1— 1Vax (0, Y ) Y 9 < , Y )

— , + Vo (0, — ,
V241 Va2+1 Va2 +1 V241 Va2 +1

)
x2+1 %\ V21 vVl
— (0,0,0).

A unit normal vector field to S3(1) in E3 is given by the position vector p = (x,y,z) and we have that

. 1 1
Vi, Ti,p) = — 0 =— 2412 =—1.
(VnTh,p) x2+1(( ,2)5 (%,,2)) sz(y +27)
Thus, for the Levi-Civita conection V of S%(l), we have that
1 ¥y ¥’z X
VT = — 0 = = T
T +1 )C2+1( ,y,z)+(X,y,z) (xvx2+1>x2+1) )C2+1 2,

VTZ Tl = 07
and considering immersion f, we write

Veer =df (V1) = \/ﬁdﬂﬁ)

1
T2 (2% + D)xy, (207 + D)xz, 2%z, V322 (22 + 1), 22 (* — 22)),
Vezel = df (VTle) =0.

2 2
Let x; = xy, xp = X2, X3 = yZ, X4 = \/Tg(3x2 +1) and x5 = *5*, then

2x
er=df(T) = | 55

- (—x2,x1,2x5,0, —2x3),
x]—x%—i—2x5( 2 )

2
R R ((x%—x%+x5)x1,(x%—x§+x5)x2,(x%—x%)x3,
x| — x5+ 2x5

V3 X2 —x2
- (L2 41) 0 ).

Ve] el -
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Next, let V be the usual directional derivative in Eg, we have that

. 1 . . . .
Ve el > <_X2V8xlel +x1Vy, e1+2x5V, er — 2X3Vax5€1>
%
ZX5 +1

X1X2 1 x%

2_2 2 3/2° _2 2 2 3
V2 41 2xs (xl 1) TRl (2 +1)

2
(

2
a1

_x2+1

) )3/27

2
X1X3 —1 X5 X1X2
O P2 3/2> T ( R - Pox? 3/2° X—x2
xs (T2 +1) Tl 2w (R 41) T 20 (B2

2

2
xl 7x2
2x5

x —X2X3
22 3% 22 3/2>+2x5 0,0,0,0,~
()™ )

2x5

+1

2

2

+1>3/2’

0,

2,2 22
_ oy (_ X (¥ —x) X1 (¥ —x3) z (] —x3)
4xs

) 3/2° ) 3/2° )
()™ w2 VT e

)
X5—x 3/2
22 (52 +1)

>3/2’

. —2X1X2X5 ZX%XQXS 2xpc5 4X1XQX§ —4X1XQX3X5
(3 —x3+2x5)2" (33 —x3+2x5)2 X3 —x3+2xs (X7 —x3+2x5)2 7 (xF —x3 +2x5)2
n —2X1X5 B 2x1x%x5 2x%x2x5 4x1xzx% —4x1x3Xx3X5
X —x3+2xs (3 —x3+2x5)% (¢ —x3+2x5)2 (¥ —x3 +2x5)2 7 (xF — x5+ 2x5)2
_{0.0.0.0 8x2 2x7x3 (x% x3) —2xx3(xf —x3)  —8xaxs
R R e (x? —x% +2x5)2" (x3 —x3 +2x5)2 " x7 —x3+2x
1 2 5 1 2 5 1 2 5 1 > 5
s (af —x3) 4x3 (xf —x3)
g2 g
2)C5
=—————(x1,X2,4x3,0,4x5).
x%—x%+2x5( 132,743 5)

N——

1
A normal vector field to S3(3) in E3 is given by f(p) = (x1,%x2,%3,%4,%s), with (f(p), f(p)) = 3

Then, we have that
—2x 5

m<(xlax274.x/'370,4x5), (x1,X2,_X37X4,x5)>

(Veer, f(p) =

and we obtain

A

a1 = Ve e1 —3(Veer, f(p) f(p) — Ve e1

= —1,

3(V,,e
(o (22) B 22 (3.
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Analogously, we obtain

2 2
x(y”—27) 2xyz
U2 = (_Z7y7 x2+1 ’0,_.X2—|—1) .

Since f is an extremal immersion, i.e., H = 0, we get that o = ;.
Also, we have that {1, a2} is an orthonormal frame of NfS}(1), with
(ai1,001) = 1,{a,012) = —1, and (a1, @12) = 0.
Then, there exists a 1-form P, such that
Vyo =®X)oyy and Vyogy = ®(X)oy.
Also, it follows from Ricci equation (2.2) that Rt £ 0.

Now, we have

— 2x
(Vel .oc)(el,el) = Vj‘l 11 —2OC(V€]€1,€1) = (q)(el) — XZ—_H) aio, (31)
(Vel . a)(€1,€2) = VeLl a2 — (X(Velel,ez) — OC(el,VeIEZ)
2x
= (Cb(el) B 1> aii, (3.2)
(Vez . a)(el,el) = VeiOCH — ZOC(VEZel,eI) = (1)(62)0612, (3.3)
(Ve2 . Ot)(el,ez) = VELZOQZ — OC(V6261,€2) — a(el,Vezez) = <I>(e2)a11. (3.4)
Also,
Aa — ( <A0611€17€1> <AOC11€27€1> ) — (1 0 )
! _<AO£11€17€2> _<A0611e2562> 0 —1)’
and
A(x — <AOC12€17€1> <A0612627€1> — 0 -1 )
12 —(Ag,e1,€2) —(Ag,e2,€2) 1 0
Therefore,

Ag, 61 =e1, Aqg,e2=—e2, Aqg,e1=e and Ag,er = —ey.

On the other hand, using that

2 2 2 2
Xy —x5—2x 3 /x7—Xx
o1 = <xlax23x3 (%),i( ! 2+l>,

Xy — x% + 2x5 2 2xs

x%—x%—sz
S\ 22592 ’
X{ — X5+ 2x5

2)65
2 2
X7 — X5 +2x5

€1 = (—X27X1,2X5,0,—2X3),
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we obtain that

~ 1 2 2 (x2-1 2yz(x2 —1
¥ o — (_xz’x%(y )( ) o 2z ))_

x24+1 x2+1 T x2+1
Next, for the Levi-Civita connection V of S‘Z‘(S), we have

2x

leall = %elan +Agy €1 = ﬁe10611 ter = x2—+1a12’
i (@ o1, f( )) =0. Thus, ®(e;) 2 It foll f tions (3.1) and (3.2)
since ,f(x,y,2)) =0. Thus, ®(e;) = . It follows from equations (3.1) and (3.
el 11 y 1 \/m q
that
(Ve, - a)(er,e1) = (Ve, - @) (e1,e2) =0
Analogously,

n ~
Ve20‘11 = Vezom +Aq,e2=e3—e=0.

Thus, ®(ey) = 0 and, from equations (3.3) and (3.4), we obtain

(Vez : (X)(e1,61) = (Ve2 : (X)(el,ez) =0.
Then, we conclude that f is a parallel immersion.

Also, we have that <O£11 + 0o, 011 +(X22> = 4(()611,()611) =4 = —4<OC12, 0612>, <O£11 + apo, OC12> =0

and H = 0. Therefore, from Lemma 2.11, f is a A-isotropic immersion with A = — (a2, @12) = 1.

3.1.2 Pseudo-parallel Lorentzian surfaces with constant pseudo-parallelism func-
tion y in Q}(c)

Hasegawa in [38], showed that an extremal and isotropic with negative spin Lorentzian surface
with constant Gaussian curvature in Q?(c} is congruent to a piece of a surface of the Veronese type
from Example 3.1. Also, isotropy with negative spin has an interpretation using the concept of hy-
perbola of curvature, but the plane of the hyperbola is not necessarily orthogonal to H (see [39]). We

use Hasegawa’s characterization to get the next result:

Corollary 3.2. Let f : M]2 — Q¥(c) be an isometric immersion with R+ # 0. f is y-pseudo-parallel

if and only if s =2 and f is an extremal and isotropic with negative spin immersion. Moreover, if Y is
c

constant, then K = 3 # 0 and locally f(M 12) is congruent to an open set of the Veronese type surface

given in Example 3.1.

Proof. If f: M} — Qf(c) is y-pseudo-parallel with R+ # 0, from Theorem 2.14 we have that f
is A-isotropic, s = 2 and from Corollary 2.19 f is extremal. For x € M?, let {¢,¢3} be a local

pseudo-orthonormal frame that defines the orientation of U, with x € U and U open in M 2 such that
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(e1,e1) = (e3,e3) =0 and (e,e3) = 1. Denote o;; = o.(e;,e;) for i, j € {1,3}, it follows from Ricci
equation that
RY(21,23)E = (@1, A:83) — a(Az21,83)
— (Ac83, &) + (Aed3,81) 3 — (Age1,63) 83 — (Age1, 1) a3
= (033, &) o1 + (a3, &) a3 — (a3, &) anz — (o1, §) a3
= (033, &) 01 — (a1, 8) 033
= (

5611 A 5633)5.

(04

Then, we have that &;; and &3 are linearly independent since R # 0. Moreover, from isotropy
condition and Lemma 2.11 we have that a;; and o33 are lightlike vectors. Thus, choosing conve-

niently the orientation in Q‘z‘(c), we conclude that f is isotropic with negative spin at x (see [39]).

Conversely, let f : M12 — Q‘Z‘(c) be an extremal and isotropic with negative spin isometric im-
mersion and R+ # 0. For x € M?, let {e1,¢3} be a local pseudo-orthonormal frame that defines the
orientation of U, with x € U and U open in M?, such that (¢},e1) = (¢3,e3) = 0 and (¢,e3) = 1.
Then,

H= %trace(a) = ;3. (3.5)

For any unit tangent vector X € T,M, there exists € R and €j,e3 € {—1,1} such that X =

1 . €3 . .
—(erte; + 7363). Since f is extremal, we have

\/§
) €1€3 2 11 2l2 33 2 11 2l'2 33. .

Since f is isotropic with negative spin we have that (a1, a11) = (033, 033) = 0 and we get

(a(X,X),a(X,X)) = %(&11,&33>. (3.7)

| SRS
Therefore, f is A-isotropic with A = 5(0611,0633> and by Theorem 2.14 f is y-pseudo-parallel,
since R # 0.
2y +c

If in addition y is constant, from Theorem 2.14, we have that K = is constant in M12 and

K # c since K # y. Then, the claim follows from Corollary 4 in [38]. [

3.2 Examples of pseudo-parallel Lorentzian surfaces in E with
non-constant v

For general rotational surfaces of elliptic type with plane meridians in E‘Z‘, defined by 1.23, we

are looking for those satisfying condition of being extremal and A-isotropic.
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Cabrerizo-Fernandez-Gémez in Corollary 6.3, Corollary 6.6 and Proposition 6.8 of [13], proved
that

* non-totally umbilical A-isotropic Lorentzian surfaces in IE‘Zt with constant Gaussian curvature
or constant A are O-isotropic surfaces with K = 0. Moreover, at each non-geodesic point, all
non-zero vectors in the first normal space Im(a) are lightlike vectors, thus, Im(c) is one-

dimensional in this case;

* any non-totally umbilical A-isotropic Lorentzian surface in IEI,‘Zl with A # 0 (or K # 0) every-

where, has H = 0 and Im(c) is all of the normal space to the surface. In this case, K = —2A.

Vo) —Vp

Note that the mean curvature vector field of M, given by H =
gously, o(X,Y) and (X, X) + a(Y,Y) are not lightlike. So, we get

1>, is never lightlike. Analo-

Proposition 3.3. Let M be a general rotational surface of elliptic type with plane meridians in ]Eg.
If M is a non-totally umbilical A-isotropic surface, then H = 0, K is non-constant with K = —2A

and in non-geodesic points the second fundamental form o is a surjective mapping.

If H =0 we have v| = v, = v and from [4] we have the next result for extremal general rotational

surfaces.

Theorem 3.4 (Aleksieva-Milousheva-Turgay [4]). Let M be a general rotational surface of elliptic
type in B3, defined by (1.23). Then M has H = 0 if and only if the meridian m is determined by one
of the following:

(i) f=cgr c+#0 constant, k = :I:% #+1;

(ii) arcsin(

10, Bs : .
> = iﬁ arcsin (ﬂ) +C; C constant, A > 0 constant, 6 # 3,

a(f — g)* +b, where a # 0 constant, b constant, 6 = .

SI2

(iii) (f+8)*

From [9], we have that a Lorentzian surface with R+ # 0 in IE‘Z¥ is y-pseudo-parallel if and only if
it is A-isotropic with H = 0. In this case, we have that y = —314 = %K . Moreover, condition R+ # 0
for M is equivalent to the fact that span{a(X,X) 4+ o(Y,Y),0(X,Y)} is all of the normal space to

the surface in E‘Z‘.

On the other hand, for each unit tangent vector Z of M, there existsz € R and ¢; € {—1,1}, such

that
o(X,X)+a(Y,Y)

2
Thus, if M is extremal, then it is also A-isotropic if and only if (ot(X,X)+ a(Y,Y),x(X,Y)) =0
and (o(X,X)+a(Y,Y),a(X,X)+a(Y,Y)) = —4(a(X,Y),a(X,Y)) (sce Lemma 8 in [9]).

(Z,2)0(Z,Z) = H+ (Z,Z)[cosh(2t) + € sinh(21) ot (X, Y)).
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Since {n1, M2} is an orthonormal frame, using equations (1.26), we have that M is extremal with
R+ #0if and only if v =v; = v, # 0 and u # 0. In this case, the A-isotropic condition for M is

equivalent to the following equation being satisfied:
—4v? = —(vi+v2)* = (a(X,X) + a(Y,Y),a(X,X)+ a(Y,Y)) = —4(a(X,Y),a(X,Y)) = —4u>.
This means that M is A-isotropic with H = 0 and R* # 0, and so it is pseudo-parallel, if and only

if vZ=pu?#£0, withv =v| = v,.

Now, we note from the proof of Theorem 3.4 in [4] that V2 #* ,uz in case (ii), thus, M is not
pseudo-parallel with R+ # 0 in this case. On the other hand, 8 = 3 in case (iii) and it follows from
(1.27) that u = —v, = —v. Finally, /.12 —v2 =01in case (i), but this case is empty. In fact, in (i), we
have that f/ = ic% gigf1 g'. Next, from conditions for f, g, f/ and g’ given in (1.24) we obtain

G = 02f2(u) — B2 (u) = 672" (1) — B¢ (u)
= gz(u) (92c2g2(ig_]> (I/t) —ﬁz) <0,

Then, we have a contradiction and (i) in Theorem 3.4 cannot happen.

Thus, for pseudo-parallel surfaces with R # 0, we obtain:

Theorem 3.5. Let M be a general rotational Lorentzian surface of elliptic type in E3, defined by
(1.23). Then M is pseudo-parallel with R~ # 0 if and only if the meridian m is determined by
(f+8)> =a(f —g)* +b, with fg' # gf" everywhere, a # 0 constant, b constant and 6 = B. In this
case, Y = 3K = 3u’.

Note that, for example, functions g(u) =u and f(u) =1 —u?,ucJ= (Lf, 1), satisfy conditions

in Theorem 3.5 fora = —1, b =2, 6 = = 1 and satisfy constraints in (1.24).

Observation 3.6. Since fg’' # gf’, we have that u # 0 everywhere and all the surfaces in Theorem
3.5 are not semi-parallel (see also Corollary 13 in [9]). From Proposition 3.3, we have that K is

non-constant.
For extremal general rotational surfaces of hyperbolic type, we have from [4] the next result
Theorem 3.7 (Aleksieva-Milousheva-Turgay, [4]). Let My be a general rotational surface of hyper-

bolic type in B3, defined by (1.28). Then My has H = 0 if and only if the meridian m is determined
by one of the following:
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(i) f=-cgk c#0 constant, k = i% #* +1;

+ 6
(ii) 0f++/0%2f2—A=C (ﬁg—l— \/ﬁzgz—#A) P C constant, A constant AC #0,0#£B;

(iii) arctan (?) — —arctan (Jé) + b, where b constant, 6 = B.

We observe that, in Theorem 3.7, case (i) is not empty, since the conditions in (1.29) only require
that at least one of f or g is non-zero and that at least one of f’ or g’ is non-zero, thus, g(«) = u and
f(u) = u? satisfy equation in case (i), with =2, c = 1 and u > 0. Also, g(u) = u and f(u) = %
satisfy equation in case (iii) with b = 0 and u > 0. An analysis analogous to that for Theorem 3.5

leads to the next result:

Theorem 3.8. Let M, be a general rotational surface of hyperbolic type in B3, defined by (1.28).
Then M, is pseudo-parallel with R # 0 if and only if the meridian m is determined by

(i) f=-cgk c#0 constant, k = :l:% %+ +1;
(ii) arctan (?) = —arctan <i> +b, fg' # gf’ everywhere, b constant, 0 = J3.

8

For any of these cases, we have Yy = %K =—3u>.

Observation 3.9. Note that an analogous result to Proposition 3.3 can be obtained for general rota-
tional surfaces of hyperbolic type with plane meridians. Thus, we have that for a surface M, as in

Theorem 3.8, K is non-constant. Moreover, M is not semi-parallel since u # 0 everywhere.

3.3 A extiremal and flat pseudo-parallel Lorentzian surface in
S3(c) which is not semi-parallel

In [9], Asperti-Lobos-Mercuri gave an example of a pseudo-parallel surface in a 5-dimensional
Riemannian space form, which is not semi-parallel, namely the standard flat tori. Now, we give an
analogous example in the pseudo-Riemannian case which was used by L. Vrancken in [77], for the

study of Lagrangian submanifolds in indefinite complex space forms.
Example 3.10. Consider the immersion T : E2 — S3(c) C (ES, (—, —, +,+,+,+)), defined by

2 2
T(x,y) = ——=(cosusinhv, sinusinhv, cosucoshv, sinucoshv, £ cos2u, —\/—_ sin2u),
V6c 2 2
where u = \/gxm = @y. From [77], we have that T is a flat and extremal Lorentzian surface. A
direct calculation shows that T is y-pseudo-parallel and A-isotropic with y = —A = —g # 0 and
R 0. Thus, T is not a semi-parallel immersion. Composing 7 with anti-homotethies of S3(c), we

obtain pseudo-parallel immersions with non-flat normal bundle and constant ¥ in Hg (—c).
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In fact,
2 ) 2 ) 2 2 s 2
(T(x,y),T(x,y)) = 3—(—smh v(cos” u+ sin” u) + cosh” v(cos” u + sin“ u)
c
1 1
+ E(COSZ 2u+sin®2u)) = =
1
e1 =dT(dy) = ﬁ(_ sinusinhv, cosusinhv, — sinucosh v, cos ucoshv,
—V/2sin2u, —v/2cos2u),
er = dT (dy) = (cosucoshv,sinucoshv,cosusinhv,sinusinhv,0,0)
and (ej,e1) = 1, {ez,e2) = —1, {e1,e2) = 0. Thus, T is a Lorentzian surface in S3(c) and {e},e2} is

an orthonormal frame of 7.

Now, setting

. ) ) 2
x| = ——=cosusinhv, x, = ——=sinusinhv, x3 = ——cosucoshv
V6c ’ v bc ’ Vv 6c ’
. 1 |
X4 = ——=sinucoshv, xs = ——=cos2u and xg = ————=sin2u
vV 6c ’ V3¢ V3¢ ’
we have
c
€1 = E(_-Xerla_x47x372x67_2x5)7
v/ 6¢C
er = T(X3,X4,x1,x2,0,0),
and

g +d g
3x3 +3x¢ = l
c

Let V be the usual directional derivative in Eg. We have

YA7ele1 = —%(xl,xz,x3,x4,4x5,4x6).
and
<@e,€1,€1> = (@elel,eﬁ =0
Thus,
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and

o1 = %6’1‘21 - c<@ele1,T(x,y)>T(x,y)

C
= _E(x17x2ax3ax474x574x6) +c(x1,x2,X3,X4,X5,X6)

C
= E(xlax27x37x47 —2X5, —2X6)

c . . .
= \/g (cosusinhv,sinusinhv,

cosucoshv,sinucoshv, —V/2cos 2u, V2sin 2u).

Analogously,

A 3c
VezeZ - ?(XI,XQ,X:),,)M,0,0),

Vezel - VeleZ - TC(_X47-X37 _x27x1a070)'

Thus,
Ve,e0 =0,Ve,e1 =V, e =0

and

(X1,X2,X37X4, —2xs, _2x6) =01,

N o

O =

o2 = ——c(—x4,x3, —x2,x1,0,0)

>[5

c, . . .
= \/;(— sinucoshv,cosucoshv, —sinusinhv, cosusinhv,0,0),

. c c
with (o1, 001) = =, (041, 0t12) =0, (042, 0t12) = —5-

57
Then, we have that R+ # 0 since Q] + 02 = 201 and o, are linearly independent. Also,
V. e1=Veer =V, e =V, e, =0means that T is flat, i.e., K = 0.

1 1
Moreover, H = 5(0611 — 0622) = 5(0611 — OCH) =0, 1i.e., T is extremal, {H, o1+ 0y, 0612} is an

orthogonal set and
(o1 + o2, 011+ 02) = 41, 01) = 2¢ = —4{0u2, 2).

Thus, from Lemma 2.11 we have that T is A-isotropic with A = — (012, &12) = 5. Finally, using Ricci

equation (2.2) we get

R'(e1,e2) 001 =R (e1,e2) 000 = —coua, (3.8)
i C
R~ (e1,e2)002 = —5(0611 + ap2). (3.9)
It follows from Lemma 2.2 that 7' is y-pseudo-parallel with y = —7, that is, T is not a semi-

parallel surface.



68 Chapter 3. Pseudo-parallel Lorentzian surfaces with non flat normal bundle in low codimension

Example 3.11. Let £ : Q3(c) — Q3(3¢), ¢ # 0 be an immersion of the Veronese type of Example

3.1, if i : Q3(3¢c) — B3, 4,

have from Proposition 2.10 that io f is a pseudo-parallel Lorentzian surface of E

o= C;lc‘, and j : Qé(?w) — Q‘Z‘“Lm(?)c), m > 1, are the inclusions, we

5
240

and jofisa

pseudo-parallel Lorentzian surface of Qg*m(%).

Observation 3.12. Classification of y-pseudo-parallel Lorentzian surfaces with non-flat normal bun-
dle in Q) (c), with s = 2,3, is still an open problem. Even in the case of constant y, the question still
remains as to whether there are other surfaces of this type apart from those presented in Example 3.10

and jo f with m = 1 in Example 3.11.



CHAPTER 4

Pseudo-parallel Lorentzian hypersurfaces in
pseudo-Riemannian space forms

In this chapter, we study pseudo-parallel hypersurfaces in pseudo-Riemannian space forms, espe-
cially when the hypersurface and the ambient space both have metric of index 1. Then, we consider
the case where the pseudo-parallelism function is constant and different from the curvature of the
ambient space and give the classification of such hypersurfaces under the hypothesis of being good
in the sense of Ryan. We also give a classification of the complete semi-parallel Lorentzian hyper-
surfaces in the Minkowski space and of the pseudo-parallel Lorentzian hypersurfaces with constant

pseudo-parallelism function and constant mean curvature in Lorentzian space forms.

4.1 Pseudo-parallel hypersurfaces in pseudo-Riemannian
space forms

For the case of hypersurfaces, the pseudo-parallel condition (1.13) can be stated in terms of the
Weingarten operator A in the locally unique, up a sign, normal 1n-direction. We say that a hypersurface

f:M!"— Q" 1(c) is y-pseudo-parallel if it satisfies the condition:
RU,V)-A=w(UAV)-A, 4.1)
forall U,V € TM, where

(R(U,V)-A)Z=R(U,V)AZ—AR(U,V)Z,
(UAV)-A)Z = (UAV)AZ—A(UAV)Z,

69
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forall U,V,Z € TM. Next, using Gauss Equation (1.18), we observe that:

(R(U,V)-A)Z—y((UAV)-A)Z
=R(U,V)AZ—AR(U,V)Z—y((UAV)AZ—-A(U AV)Z)
= c((V,AZ)U — (U,AZ)V) +&((AV,AZ)AU — (AU,AZ)AV)
—A(c((V,Z)U — (U, Z)V) + &((AV, Z)AU — (AU, Z)AV))
—w((V,AZ)U — (U,AZ)V —A({V,Z)U — (U,Z)V))
=—(c—y)(U,AZ)V + (c — y)(V,AZ)U — (¢(AU,AZ) — (c — y)(U,Z)) AV
+ (€(AV,AZ) — (¢ — w)(V,Z)) AU + (AU, Z)A>V — £(AV, Z)A*U. 4.2)

Thus, from (4.1) and (4.2) we conclude that the hypersurface f is pseudo-parallel if and only if it

satisfies
0=—(c—yw){(U,AZ)V + (c — y)(V,AZ)U — (¢(AU,AZ) — (c — y)(U,Z)) AV

(4.3)
+ (€(AV,AZ) — (c — w)(V,Z)) AU + (AU, Z)A’V — £(AV, Z)AU,
forall U,V e TM.

As pointed out in the Introduction, we recall some results given in [44].

Proposition 4.1 (Lobos, [44]). Let f: M" — Q*"1(c), n > 2, be a pseudo-parallel hypersurface.

Then, the Weingarten operator A satisfies the polynomial equation:
€ trace(A)A% + (n(c—y)—e¢ trace(Az)) A—(c—y)trace(A)l, =0, 4.4)
where 1, is the identity operator in TM.

Proof. The Weingarten operator A can be expressed in an (local) orthonormal frame {E,...,E,} on

M. Letus € = (E;,E;). Using (4.2), for all W € TM we have

Z(&-(R(W»Ei) A)E; — &y((WAE) Zel J(W,AE)E; + (c — W)(Ei,AE)W
— (E(AW,AE;) — (c — y)(W,E;))AE; + (& (AE,-,AEi) — (c—W)(Ei, E;)) AW
+8<AW E~>A2E- — e(AE;,E)A*W)

_Zsl (AW, E)E; + (c — W)(AE, E)W — €A ((A*W,E)E;) + (c — W)A ((W, E})E;)
+ €(A%E;, ENAW — (c — W)A((E;, E)W) +€A*((AW, E))E;) — € (AE;, E))A*W))

= —(c— Y)AW + (c — ) trace(A)W — AW + (c — w)AW + ¢ trace(A?)AW — n(c — y)AW
+eA%w — € trace(A)A%W

— (e trace(A)A% + (n(c — w) — & trace(A%))A — (c — ) trace(A)I) W,

and from pseudo-parallelism condition (4.1) we obtain the polynomial equation (4.4). 0
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Proposition 4.2 (Lobos, [44]). Let f : M]' — @?“ (¢), n > 2, be a hypersurface. If for a point x € M}!
there exist real numbers A, 1L such that A> = AA + ul, at x, where I, denotes the identity operator,
then f satisfies the pseudo-parallelism condition at x with y(x) = ¢ — €LL.

Proof. Using Gauss equation, for U,V,Z € T.M we have that

(R(U,V)-A)Z=R(U,V)(AZ) —A(R(U,V)Z)
=c(UANV)AZ +€(AU NAV)AZ — A(c(U ANV)Z+ (AU NAV)Z)
=c(U ANV)AZ+£({AV,AZ)AU — (AU, AZ)AV )
—cA((UAV)Z) — e((AV,Z2)A*U — (AU, Z)A*V)
=c(UNV)AZ +e((V,AAZ + uZ)AU — (U, AAZ + uZ)AV)
—cA((UAV)Z) — e((AV, Z)(AAU + uU) — (AU, Z)(AAV + V)
=c(UAV)AZ+eu(V,Z)AU — eu(U,Z)AV
— cA((UAV)Z) — eu(V,AZ)U) + eu((U,AZ)V)
=(c—eu)(UNV)AZ—A(U AV)Z))
—(c—en)((UAV)-A)Z.

Therefore, f satisfies the pseudo-parallelism condition (4.1) at x with y(x) = c —epu. [

Observation 4.3. If f(M") is totally umbilical, it can be seen from (4.1) that f is pseudo-parallel

with any smooth function y.
We recall that a manifold M} is pseudo-symmetric if there exist a real valued smooth function y
on M/, such that
RU,V)-R=y(UAV)-R, 4.5)

forall U,V € TM, where

(R(U,V)-R)(X,Y,Z) =R(U,V)(R(X,Y)Z)—R(R(U,V)X,Y)Z—R(X,R(U,V)Y)Z
—R(X,Y)R(U,V)Z,

(UAV)-R)(X,Y,Z) = (UAV)R(X,Y)Z—R((UAV)X,Y)Z—R(X,(UAV)Y)Z
—R(X,Y)(UAV)Z.

As in the Riemannian case (see [8]), pseudo-parallel Lorentzian hypersurfaces are intrinsically

characterized by the next result:

Proposition 4.4 (Lobos, [44]). Let f : M — Q"*(c), n > 2, be a y-pseudo-parallel hypersurface,

then M}' is a y-pseudo-symmetric manifold.
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Proof. Using Gauss Equation (1.18) in the definition of (R(U,V)-R)(X,Y,Z), for all X,Y,Z € TM}',

we have that

(R(U,V)-R)(X,Y,Z)
R(U,V)(R(X,Y)Z) —R(R(U,V)X,Y)Z—R(X,R(U,V)Y)Z—R(X,Y)R(U,V)Z
R(U,V)(c(X NY)Z+€(AX AAY)Z) — c(R(U,V)X NY)Z — €(AR(U,V)X NAY)Z
— (X AR(U,V)Y)Z—€(AX NAR(U,V)Y)Z — (X NY)R(U,V)Z — e(AX NAY)R(U,V)Z
=c(RWU,V)(XAY)Z—((R(U,V)X)AY)Z— (X AR(U,V)Y)Z— (X NY)R(U,V)Z)
+€&R(U,V)(AX NAY)Z — €(AR(U,V)X NAY)Z — e(AX AAR(U,V)Y)Z — e(AX NAY)R(U,V)Z
—&(AY,Z)R(U,V)AX — €(AX,Z)R(U,V)AY
— e(AY,Z)AR(U,V)X + €(AR(U,V )X, Z)AY
—e(AR(U,V)Y,Z)AX +&(AX,Z)AR(U,V)Y
— e(AY,R(U,V)Z)AX + €(AX,R(U,V)Z)AY
—&(AY,Z)(R(U,V)AX —AR(U,V)X) — £(AX,Z)(R(U,V)AY — AR(U,V)Y)
—&(R(U,V)AX —AR(U,V)X,Z)AY +£(R(U,V)AY —AR(U,V)Y,Z)AX,

since R(U,V)(XAY)Z—((R(U,V)X)\Y)Z—(XAR(U,V)Y)Z— (X ANY)R(U,V)Z = 0. Next, using

pseudo-parallelism condition (4.1) and Gauss equation once more, we obtain

(RWU,V)-R)(X,Y,Z)
=ey(AY,Z)(UNV(AX)—A(UANV(X))) —ey(AX,Z)(UAV(AY) —A(U AV(Y)))
—ey(UNV(AX)—-A(UAV(X)),Z)AY +ey(UAV(AY)—A(UAV(Y)),Z)AX
—ey(AY,Z)U NV (AX) — ey (AX,Z)U NV (AY)
—ey(AY,Z) A(UNV (X)) +ey(A(UNV(X)),Z)AY
—ey(A(UAV(Y)),Z)AX + ey (AX,Z)A(U AV (Y))
—ey((UAV)Z,AY)AX + ey ((U AV)Z,AX)AY
=yU AV (e(AX NAY)Z) — ey (A(U AV (X)) ANAY)Z — ew(AX NA(U AV (Y)))Z
—eY(AX NAY)((UANV)Z)
=y((UAV)R(X,Y)Z—R((UAV)X,Y)Z—R(X,(UAV)Y)Z—R(X,Y)(UAV)Z)
—cy(UAVI(XAY)Z)—(UAV)XNY)Z—(XNUAV)Y)Z—(XAY)((UAV)Z))
=y((UAV)-R)(X,Y,Z),

since (UAV)((XAY)Z)) = (UAV)XAY)Z— (X A(UAV)Y)Z— (X AY)((U AV)Z) = 0. Thus, M?

is Y-pseudo-symmetric. 0
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4.2 Reduction of the pseudo-parallelism condition for
Lorentzian hypersurfaces in Q""!(c)

Considering the classification of Weingarten operator types for Lorentzian manifolds, provided
by Lemma 1.1, we study the pseudo-parallelism condition for Lorentzian hypersurfaces in Q"+!(c)

according to each case.
Observation 4.5. From Corollary 2.8, any Lorentzian surface in Q3(c), s € {1,2}, is pseudo-parallel.

For n-dimensional Lorentzian hypersurfaces in pseudo-Riemannian space forms, with n > 3, we

complete a partial result from [44].

Proposition 4.6. Let f: M} — Q**1(c) be a pseudo-parallel Lorentzian hypersurface, with n > 3
and s € {1,2}. Then, at each point x € MY,

(i) eitherthe Weingarten operator A is diagonalizable with principal curvature functions ay, . . . ,ay,

and in this case:
(c—y+eaaj)(aj—a;) =0, foralli+# j. (4.6)
Consequently f has at most two distinct principal curvatures at x and, if it has exactly two,
their product is €(y —¢);
(ii) or the Weingarten operator A has the form:
a 0
1 a

A= a

with a> = e(y —c).
Proof. Since f is pseudo-parallel in Q"*1(c), it satisfies
(RWU,V)-A)Z—w(UAV-A)Z=0, forall U,V,Z € TM.

Let x be a fixed point of M}. The proof will be separated in four cases, corresponding to the four

possible forms 1, 11, 111 and IV for the Weingarten operator A at x, given in Lemma 1.1.

Case 1: In the case where A is diagonalizable, we have AE; = q;E;, for all i = 1,2,...,n. Then,
forU=Z=E;andV = Ej, i # j, from pseudo-parallelism condition (4.3), it follows that:
0=—(c—y)ai(E, E)Ej+ (c — W)ai(Ej, E)E;
— (ea}(Ei, Ei) — (c — W)(Ei,Ei))ajEj + (eajai(Ej, Ei) — (¢ — W)(E}, Ey) )aiE;
+eai(Ei, E;)ajE; — €a;(E;, E;)al E;
= (—(c—W)aj—eajaj+(c — y)a; + eaia; ) (E;, E;)E;.
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Since (E;, E;) # 0, we obtain identity (4.6), that is
(c—y+ eaiaj)(aj —a;))=0,i# .

If there exists distinct a;,a;, ax, we can assume a; # 0. Then, cyclic permuting the indices in (4.6)
and adding the results, we have a;(a; — ax) = 0, which is a contradiction, so at most two of the a;’s

are distinct.

If there exists exactly two unequal eigenvalues a;,a; of A, that is, M has two unequal principal
curvatures, then ¥ = ¢ + €a;a;. If all eigenvalues of A are equal, then M} is umbilical and v is

arbitrary.

Case 2: If A takes the form 11, in a pseudo-orthonormal basis {X,Y,E3,...,E,} at x, for i > 3 we
have
AE; =aiE;, AX =aX+Y, AY = daY,
A’E; = a?E;, A’X = a®X +2aY, A%Y = a°Y.
ifU=Z72=X,V =E; (since n > 3), from pseudo-parallelism condition (4.3), it follows that:

0=—(c—y)(X,aX+Y)Y+ (c—y){Y,aX +Y)X
—(e(aX +Y,aX+Y)— (c—y)(X,X))aY + (e(aY,aX +Y) — (c—y)(Y,X))(aX +7)
+&(aX +Y,X)a’Y —e(aY,X)(a*X +2aY)
= (c— Y)Y — (c— y)aX +2ea’Y — (ea* — (c— y))(aX +Y) — €a®Y + ea(a*X +2aY)
=2(c—y+ed)Y.
Thus, we have
c—y=—¢ed® (4.7)

Now, if U =X,V =Z =E;, i > 3, from pseudo-parallelism condition (4.3), it follows that:

0=—(c—y)(X,aE)Ei+ (c— y)a;(Ei,E)X
— (eaX +Y,aiE;) — (¢ — W)(X, E}))a;E; + (e} (E;, E;) — (c — W) (Ei, E;))(aX +Y)
+&(aX +Y,E)a’E; — €a;(E;, E;)(a*X +2aY)
= ((c— W)a; +€eata— (c— y)a— eaia®)X + (ea? — (c — y) — 2&a;a)Y
= (c— W +eaa)(a;—a)X + (ea? — (c— W) — 2ea;a))Y
Thus,
c—y= sal-z —2€&aq;a. 4.8)
Combining (4.7) with (4.8), we obtain

8a,2 —2ea,a = —€d°,
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which is equivalent to
(a—a;)*=0. (4.9)
Thus, we have a = q;, for all i > 3, and A has the form

a 0
1 a

with w = ¢ + ea?.

Case 3: If A takes the form /11, in a pseudo-ortonormal basis {X,Y,Es, ... ,E,} at x, for i > 4 we

have
AE; = aiE;, AX =aX —E3, AY =aY, AEz =Y +akE3,

A’E; = @’E;, A’X = a®X —Y —2aE3, A’Y = %Y, A’E3 = 2aY + a*Es.
Now, choosing U = Z = X and V = E3, from pseudo-parallelism condition (4.3) it follows that:

0= —(C— l[/)<X,aX—E3>E3 + (C— l//)<E3,aX —E3>X
— (e(aX —E3,aX —E3) — (c— y¥)(X,X))(Y +aE3) + (&(Y +aE3,aX — E3) — (¢ — ¥)(E3,X) ) (aX — E3)

+&(aX — E3,X)(2aY 4 a*E;3) — €(Y +aE3,X)(a*X — Y — 2akE3)
= —(c—y)X —&(Y +akE3) —2¢ea(aX — E3) + &(a*X — Y — 2aE;3)
= (—&a* — c+ ¥)X —2&Y — eaEs,

which is a contradiction since € # 0. Thus, A can not take the form I11.

Case 4: If A takes the form IV, with two complex conjugate eigenvalues, for i > 3 we have
AE; = a;E;, AE\ = aE| — bEy, AE, = DE| + aFE>,
A’E; = a’E;, A’E| = (a* — b*)E| — 2abE,, A’E, = 2abE, + (a* — b*)E;.

IfU =Z7Z=E,,V = E,, from pseudo-parallelism condition (4.3) it follows that:

—(c— W) (E1,aE) — bEy)Ey + (¢ — W) (Ey,aE) — bE>)E,
— (€(aE| —bEy,aE| — bEy) — (c — W)(E1,E))(PE| +aE»)
(c —w)(Ea, E1))(aE| — DEy)
)E>) — €(bE| 4+ aEy,E;)((a* — b*)E| — 2abE,)
2—b2))E1

+ (¢(bE| +aE,,aE| — bE,) —

+ &(aE| — bE», E\)(2abE| + (a* — b*)E

= (—(c—y)b+eb(a* —b*) —b(c — y) —2ea*b — 2ea*b+ eb(a

+((c — w)a+ea(a® —b*) — (c — W)a+2eab® — ea(a® — b*) — 2eab*)E,
= —2b(c—w+e(a®+b?))E;.
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Thus, b # 0 implies
c—y=—e(a®+b%). (4.10)

On the other hand, since n > 3,if U = E|,V =Z = E;, i > 3, from pseudo-parallelism condition (4.3),
it follows that:

0=—(c—vy)a;(E,E)E;+ (c — W)a,{E;,E;)E;
— (e(aEy — bEy,aiE;) — (¢ — W)(E\, E)))a;E; + (ea? (Ei, E;) — (¢ — W) (E;, E;)) (aEy — bEy)
+&(aE| — bEy, E)a’E; — €a;(E;, E;) ((a*> — b*)E| — 2abE;)
= ((c—y)a; + €aa? — (c — W)a — ea;(a®> — b*))E| + (—€ba? + (¢ — w)b + 2ea;ab)E,
= ((c — y+¢€aa;)(a; —a) + ea;b*)Ey + b(—€a? + (c — y) + 2€a,a) E>

Using that b # 0, we obtain
c—y=—¢&(2aa—a?) 4.11)
Next, from (4.10) and (4.11), we obtain that
a*+b* =2a;a—al <= a* —2aa;+a; +b* =0 <= (a—a;)* +b* =0,

which is not possible, since b # 0. Thus, A can not have a complex eigenvalue. [

4.3 Pseudo-parallel Lorentzian hypersurfaces in Q'"!(c) with
constant y

Now, we focus on the case where the ambient space form is Lorentzian, i.e., s = 1. The following

results are consequences of Proposition 4.6.

Lemma 4.7. Let f : M} — Q’f“(c), n > 3, be a pseudo-parallel Lorentzian hypersurface. Then, at
each point x € M}, either

(i) the Weingarten operator A, is diagonalizable and the principal curvatures a; of M}, 1 <i <n,

satisfy the identity:
(c—wy+aaj)(a;—a;) =0, foralli # j. (4.12)

Consequently, in an orthonormal basis at x, either

* Ay,=al,, acR, or

* Ay, =aly®bl, i, where 1 <k <n-—1,ab=y—canda#b.
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(ii) or Y = c and for a pseudo-orthonormal basis at x

00
1 0
Ay = 0 :
0
(iii) or ¥ > c and for a pseudo-orthonormal basis at x
a 0
1 a
A, = a , wherea2:1//—c>0.

a

Corollary 4.8. Let f: M} — Q’f“ (¢), n >3, be a y-pseudo-parallel Lorentzian hypersurface. Then,
for any x € My such that y(x) # ¢, we have that k(x) = 0 or k(x) = n. If k(x) = n, then A, has at most

two distinct eigenvalues.

Proof. 1f A, is diagonalizable, we assume to the contrary that 1 < k(x) < n— 1, Let @; be a nonzero

eigenvalue of A,, from Lemma 4.7, with a; = 0, it follows that a;(c — y(x)) = 0, which is a

contradiction. Thus, k(x) = 0 or k(x) = n. If k(x) = n, we have that (c — y(x) +a;a;)(a; —a;) =0,
_ Yx)—c

forany i # j, then a; = a; or a; = ——>— # 0. It follows that at most two eigenvalues of A, are distinct.
y J J a g
J

If A, is non-diagonalizable, then the proposition follows from (7ii) in Lemma 4.7. U
Corollary 4.9. Let f : M| — Q’f“ (c), n > 3, be a Lorentzian hypersurface and let x € Mj.
(i) If k(x) <1, we have that R(X,Y)-A = cX \Y -A, forall X,Y € T,M].

(ii) If k(x) >2and R(X,Y)-A=cX NY -A, forall XY € T\MY, then A, is diagonalizable and the

nonzero principal curvatures are equal.

Proof. First, suppose that A, is diagonalizable. If k(x) < 1, that is, if at most one of g;’s is nonzero,
say a, then we have that A2 — aA, = 0 and it follows from Proposition 4.2 that the pseudo-parallelism
condition is satisfied at x with y(x) = c. If k(x) > 2, then for any i # j, such that a;a; # 0, it follows

from the identity (4.12) that a; —a; = 0, if the pseudo-parallelism condition is satisfied in x with

y(x) =c.

Now, suppose that A, is non-diagonalizable. It follows from Lemma 4.7 that if the pseudo-
parallelism condition is satisfied at x with y = ¢, then k(x) = 1. Conversely, if k(x) = 1, since A,
only can take the form II in Lemma 1.1, with a = a3 = --- = a, = 0, we have that A;‘; =0 and it

follows from Proposition 4.2 that the pseudo-parallelism condition is satisfied at x with y = c. 0
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For the case ¥ = ¢ = 0, we obtain the next result.

Theorem 4.10. Let f: M} — E’f“ be a connected and complete semi-parallel Lorentzian hypersur-

face in IE’I'H, withn > 3. Then, f(M?) is congruent to one of the following Lorentzian submanifolds:

(i) Bt = {x e B! 1 x, 1 = 0},

n+1 1
(ii) St(a?) = {x eRIT gxl.z = E} with a # 0;
1=

k+2 1
(iii) Sk(az) XE’{‘_k: {)CG]ETrl : lez = ;}, witha#0and2 <k<n-—1;
i=2

k+1

1
(iv) SK(a*) x E"F = {)CE]E'I’+1 L—x] le?: 67}, witha#0and2 <k<n-—1;
i=2

(v) ]E'll_2 x h(E?), where h(E?) is a Euclidean cylinder in a subspace E> of E’f“ orthogonal to
E’f’z; or E""2 x h(E?), where h(E?) is a Lorentzian cylinder or a B-scroll in a subspace E3 of
E’f“ orthogonal to E" 2.

Proof. First, consider the case where k(xg) > 2 for some point xy € M}. Note that the proof of Theo-
rem 2 of [75] can be carried out without major changes for the weaker condition k(x) > 2, provided
that the Weingarten operator at any point x € M{ with k(x) > 2 takes the form Ay = a(x)Iy(x) 0, _g(x)»

with a(x) # 0, which is the case, from Lemma 4.7.

Then, if k(xp) > 2 at some point xy € Mi,let 7 : M? — M7 be the universal covering of M} and
consider the immersion f: fom. Proceeding for fas in [75, 59], as we show in Proposition A.1
in the Appendix A, we obtain that k(x) and the nonzero eigenvalue a(x) are constant, say k(x) = k,
a(x) = a, and VE M{‘ — IE’{“ is a surjective map onto either a totally umbilical S}(a?), with a # 0,
or a product as in (iii) and (iv). Note that if f(ﬂi’) is also simply connected, we can deduce that 7 is
one-to-one, thus, f is an isometry and M7 is simply connected as well. If f(Mi’) = S3(a?) x E"2,
then f: fomis just a surjective map and 7 is not necessarily one-to-one, so MY is not necessarily

simply connected in this case, but still we have f(M}) = S3(a®) x E"2.

On the other hand, if k(x) < I for all x € M}, we have that M} has constant curvature 0. From
Corollary 4.9, we know that any such hypersurface in E'{H is always semi-parallel. It follows from
the classification of connected complete Lorentzian hypersuperfaces with constant curvature of E’f“
in Theorem 3.5 of [6] that f(M7) is a totally geodesic Ef or has one of the forms in (v) (in this case,
the subset of geodesic points of f(M7) is not necessarily empty). This completes the proof of the

theorem. L]
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4.4 Good pseudo-parallel Lorentzian hypersurfaces with con-
stant v # ¢

From here, we will study y-pseudo-parallel Lorentzian hypersurfaces in Q’f“ (c¢) with constant

v using the techniques in [6, 66] to obtain analogous classification results when y # c.

Let f: M} — Q’f“ (c) be a Lorentzian hypersurface, with n > 3. In the sense of Ryan [66], we
say that a point x € M is bad if A, is non-singular and has at least one eigenvalue of multiplicity one.

Otherwise, x is said to be good. If all points of M12 are good, then we say that f is a good hypersurface.

Observation 4.11. Let f: M} — @’f“ (¢) be a y-pseudo-parallel Lorentzian hypersurface, with n > 3
and constant y # c¢. From Lemma 4.7, we have shown that at each point x € M} the Weingarten

operator A, can be one of the following.

1. Ay =al, #0,

3. A, is diagonalizable and has two unequal nonzero eigenvalues a, b, each of multiplicity greater

than 1. In this case, we have ab = y —c.

4. A, is diagonalizable and has two unequal nonzero eigenvalues a, b, of multiplicity 1 and n — 1.

In this case, we have ab = vy —c.

5. Ay is non-diagonalizable and has only one eigenvalue @ which is nonzero. In this case, we have

that w — ¢ = a®> > 0 and the minimal polynomial of A, is (t —a)?.

Definition 4.12. We say that x € M7 is a point of type 1,2,...,5 whenever A, has, respectively, the
form 1,2,...,5 in the list in Remark 4.11. The set of points of type i will be denoted by C;.

Observation 4.13. If £ : M7 — Q7*!(c) is a y-pseudo-parallel Lorentzian hypersurface, with n > 3
and ¥ # c, the set of bad points of M7 is precisely Cj.

Proposition 4.14. Let f: M} — Q’f“ (¢) be a y-pseudo-parallel Lorentzian hypersurface, withn >3
and y # c. Then, Cy is open.

Proof. Assume without loss of generality that M7 is orientable. Since f is y-pseudo-parallel with
V # ¢, from Lemma 4.7, all eigenvalues of A are real numbers. Therefore, we may define n principal
curvature functions {ay,...,a,} as done in Lemma 2.1 of [66] and using the same arguments there,

we conclude that the a;’s are continuous functions.
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Note that, also from Lemma 4.7, only two eigenvalues of A can be distinct. Let xo be a bad
point such that (without loss of generality) a(x) = a;(x0) > ax(x0) = az(xp) = --- = an(x0) = b(x).
By continuity, there is an open neighborhood U of xo, in which we have a = a; > aj, for all j €
{2,3,...,n}. We conclude that ay = a3 = --- = a, = b in U, thus, the multiplicities of eigenvalues a,
b are constant in U. Moreover, U can be chosen so that a; # 0 in U since a;(xg) # 0 forall 1 <i <n.

Then, by checking the list in Remark 4.11, we conclude that U consists entirely of type 4 points. [

Observation 4.15. The same argument above shows that the set of type 3 points is open and the

multiplicities remain constant in a sufficiently small neighborhood of a point of that type.

Proposition 4.16. Let f : M} — Q'{H (¢) be a y-pseudo-parallel Lorentzian hypersurface, withn > 3
and constant Y < c. Then, the set of bad points is closed.

Proof. Let {x;} be a sequence of bad points converging to some point x € M}. For any i > 1, A,
is diagonalizable and has two unequal eigenvalues a(x;), b(x;), such that a(x;)b(x;) = w —c. By
continuity, we have a(x)b(x) = y — c. Since v is constant and ¥ — ¢ < 0 < a*(x), we have a(x) # b(x)
and a(x)b(x) # 0. It follows that A, is diagonalizable with two unequal nonzero eigenvalues. Thus, x
is type 3 or type 4. Since the set of type 3 points is open, it follows that x must be of type 4, i.e., x is
a bad point. [

Proposition 4.17. Let f : M — Q’f“ (¢) be a connected good y-pseudo-parallel Lorentzian hyper-
surface, with n > 3 and constant y # c. Then, either k(x) = 0 for all x € M}, or k(x) = n for all
x € Mj.

Proof. A) If y < c, the argument is analogous to that in Proposition 4.7 of [66]. In fact, from the list
in Remark 4.11, we can define W = {x € M} : k(x) =0} = {x € M} : det(A;) = 0}. We have that W is
closed. Since M7 is connected, it will be sufficient to show that W is open. First consider a sequence
of points {y;} of type 3 converging to some point yg. Since the principal curvatures are continuous
and satisfy a(y;)b(yi) = y — ¢ < 0, for all i, it follows that a(yo)b(yo) # 0. Thus, yp can not lie in
W. Then, for a given xo € W, we can choose a connected neighborhood U of x¢ which contains no
points of type 3. We will now show that U has no points of type 1. Suppose there is a point y of type
linU. Let V ={x € U : det(A,) = det(A,)}. We have that V is closed in U. Choose an arbitrary
z € V. Since A, is non-singular, z has a (connected) neighborhood U’ C U where A is non-singular.
U’ consists entirely of umbilical poits. By Proposition D.4 of [41], the principal curvature function a
of A is constant in U’ and is equal to a(z), thus U’ C U. This shows that V is open and hence V = U.
This can not happen since xp belongs to W. We conclude that there are no type 1 points in U. Thus,

from the list in Remark 4.11 and since M7 is good, we have that U C W and W is open.

B) If v > ¢, the argument is analogous to that in Proposition 5.7 in [6]. As above, the subset
W ={xeM]:k(x) =0} ={xeM]:det(A,) =0} is closed. It remains to show that W is also open.
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Analogously to the case ¥ < ¢, we have that W NC3 = 0, where C3 denotes the closure of C3. Then,
for each xog € W, we can choose a connected neighborhood U of x¢ which contains no points of type
3. We claim that UNC; = UNCs = 0. Indeed, let x; € UN(C; UCs), and set Vy, = {x € U : det(A,) =
det(Ay,) = (a(x1))"}, which is a closed subset of U. Choose an arbitrary z € Vy,. Since Ay, is non-
singular, z has a (connected) neighborhood U’ C U where A is non-singular. If {y;} is a sequence
in Cs converging to z, since the principal curvature a satisfies a(y;)> = y — c for all i, then we get
by continuity that a(z) = /¥ —c. Since z is arbitrary, we may assume that either U’ C Cj or else
a=/y—cinU'. If U' C Cy, then U’ is totally umbilical. By Proposition D.4 of [41], the principal
curvature function a of A is constant in U’ and is equal to a(z), thus U’ C U. This shows that V;, is
open and hence V,, = U. This is a contradiction since xo € W. Hence, we conclude in this case that
UN(CiUCs) =0 as claimed. If a = \/y—cin U’, then a(w) = a(z) = /¥y —c, forall w € U’, and
we have that det(A,,) = det(A;) = det(Ay, ), for all w € U’, consequently, U’ C V,,. This also shows
that Vy, is open and hence V,, = U. This is a contradiction since xo € W. We therefore conclude
in this case that U N (C; UCs) = 0. Hence, U C W and W is open. The proof of the proposition is

complete. [

Proposition 4.18. Let f: M} — @’f“ (¢) be a connected y-pseudo-parallel Lorentzian hypersurface,
with n > 3 and constant y < c. If M} has at least one good point, then either f(M?) is totally

geodesic, totally umbilical or M} consists entirely of points of type 3.

Proof. Since MY has at least one good point, it follows from Proposition 4.14, Proposition 4.16 and
the connectedness of M} that f is a good hypersurface. If k(x) = 0 for all x € M}, then f(M7) is totally
geodesic. On the other hand, suppose that k(xo) > 1, for some xo € M7, it follows from Proposition
4.17 that k(x) = n for all x € M}. Note that M} does not contain type 5 points, since ¥ — ¢ < 0. Thus,
in this case, M| only can contain type 3 points or totally umbilical points. Since Cj3 is closed and

open, the proposition follows again by the connectedness of M. [

Theorem 4.19. Let f: M{ — Q'{H (¢) be a y-pseudo-parallel Lorentzian hypersurface, with n > 3
and constant Y < c. Then f(MY}) is locally congruent to either a good hypersurface which is one of
the following

. 1 1
(i) Sj(a*+c) = {xeS’{“(c) CEM2:ixy0 = e

}withaER ifc>0;

n+1 1
(ii) B = {x e Bl : x4y =0} or SHa?) = {x cEM: x4 Zéx,z = E} witha # 0, if c=0;
=

1 1
(iii) H(a*+c) = {x cHI (e) CRI txyin =/ — — 2——|—C}’ with |a| < /—c, or S}(a® +¢) =

C a

1 1
{x € H’f“(c) C E’f’z DX = T —}, with a®> > —c. In this case ¢ < 0;
Va2+c ¢
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(iv) a flat totally umbilical hypersurface of the form {y € H’f“(c) : (y,X) = a}, where a = ++/—c
and X is a parallel vector field in ]Eg“, which satisfies (X,X) = 0. In this case ¢ < 0;

k+1 1 n+2 1
k(2 k(P2 ) — +1 +2._ 2 2 _ 2 _
(v) Si(a”+¢) xS (b +c) = {x €S (¢) CEY '_x1+,z§xi B a2+c’i—§l2Xi a b2+c}’

wherec >0, Y =ab+c=0and 1 <k<n-—1;
or else, f(MY7) is locally congruent to a bad hypersurface foliated either by (n — 1)-dimensional
Riemannian spaces of constant curvature greater than c or by (n — 1)-dimensional Lorentzian spaces

of constant curvature greater than c.

Proof. We can assume that M{ is connected. First, suppose that M} contains at least one good
point. It follows from Proposition 4.18 that M7 is either totally geodesic, totally umbilical or else M}
consists entirely of points of type 3 and the two unequal nonzero eigenvalues a, b of the Weingarten
operator A satisfy ab = y — ¢ < 0. If M{ consists entirely of points of type 3, then the eigenvalues
a, b have constant multiplicities. We deduce from Proposition D.4 of [41], that the eigenspace
distributions 7, and 7T}, given by T, = {X € TM : AX =aX} and T, = {X € TM : AX = bX}, are
differentiable and integrable with a and b constant on each leaf of the corresponding eigenspace
distribution. Since ab = y — ¢ is constant and a,b are nonzero, it follows that a is constant if
and only if b is constant, thus a,b are constant everywhere in M{. Therefore, f is isoparametric
with diagonalizable Weingarten operator and (i), (ii), (iii), (iv) and (v) follow from Theorem 5.1
of [1] combined with Theorem 3.1 of [80]. In particular, from Theorem 3.5 of [1] we have that
Yy = ab+c = 0 if all point of M} are type 3 points.

On the other hand, if all the points of M} are bad points, as in Theorem 5.10 of [36], let a and
b the two distinct nonzero eigenvalues of A, with constant multiplicities » — 1 and 1, respectively.
Then, by Proposition D.4 of [41], we have that the distribution 7}, is differentiable and integrable with
a constant on each leaf of 7,. Moreover, each integral manifold M, of T, is a non-degenerate totally
geodesic hypersurface of M7, thus the curvature tensor R, of M, coincides with the restriction of R to
M, This means that for any X,Y € T,, we have that R,(X,Y) = R(X,Y) = (a* +c)X AY. It follows
that M, is a (n — 1)-dimensional space of constant curvature a> + c. This completes the proof of the
theorem, since the metric of M, can be Riemannian or Lorentzian and all the leaves must have the

same metric. O]

Observation 4.20. The immersion f : Ef — H{(c), x — (v/—c(x,x) + %,x,\/—c(x,@ +
ﬁjc) is totally umbilical, with Weingarten operator A = 4++/—cl,, and the vector field X =
(£2¢,0,...,0,42c) € E satisfies conditions in (iv) of Theorem 4.19.

Corollary 4.21. Let f : M} — Q’I’“(c) be a connected complete y-pseudo-parallel Lorentzian hy-
persurface, withn > 3, ¢ > 0 and constant ¥ < c, containing at least one good point. Then, f(MY}) is

congruent to one of the hypersurfaces described in (i), (ii), (iii), (iv) and (v) of Theorem 4.19.
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Proof. Since MY has at least one good point, we have that f is isoparametric with diagonalizable
Weingarten operator and f(M7) is locally congruent to one of the models in Theorem 4.19. If M7 is
not locally congruent with H’ (a? + ¢) or S(a* 4 ¢) x §""%(b* + ¢), the result follows from Theorem
5.2 of [1].

If M7 is locally congruent to S (a”+¢) x "~ 2(b* +¢), with a, b constant, we have that ab+c =0
from Theorem 4.19. Then, let 7 : ]\Z’f — M7 be its universal covering, we have the immersion
f=form: 1\2’11 — S’f“(c). In this case, the unit normal vector field 1) to f and the distribution T,
and 7}, are globally defined with dimensions greater than 1. It follows from Wu’s extension of the de
Rham decomposition theorem to pseudo-Riemannian manifolds in [78] that 1\7{’ is congruent to the
simply connected product S?(a® + ¢) x S"2(b* + ¢), where 7 : g%(az +¢) — S3(a® +¢) is the uni-
versal covering. Then, consider m : S?(a® + ¢) x ST2(b* 4 ¢) — ST(a* +¢) x S (b* + ¢),

given by m = (m,id). Note that the inclusion i of S}(a®> + ¢) x S"2(b* + ¢) =
1 1 .
{(y1>y27Y3>Z47~--7Zn+2) € E'f” L=y Y5y = Zrc 2?2421,2 = b2—|—c} mto S’f“(‘f) does

1 1 1 1
R + Prc == Note that S3(a® + ¢) x S"2(h? +¢) is connected
and complete. Consider then f =iom,. Since k(x) = n everywhere (because all points are type 3

points), we can apply Theorem 1.3 of [66] to deduce that f = f. Thus, f (M}) = f(ﬁf) is congruent
to S*(a® +¢) x SI%(h* +¢) and we obtain the missing case k = 2, in ().

in fact exist, since

Now, suppose that ¢ < 0. If f(M7) is a totally geodesic hypersurface of H’f“(c), then it is
congruent to the standard imbedding of H”(c) into H™'(c), given in (iii) of Theorem 4.19 with
a =0 (in fact, f(M?) is totally umbilical in E?? with codimension two). If MY is locally congruent
to IHI’ll(a2 +c¢), with a # 0, let 7 : M{l — MY be its universal covering. Then, A7I’f 1s a connected
complete simply connected space of constant curvature a” 4 ¢, and hence congruent to fPV]I’l’ (a2 +c),

where 7 : ]ﬁl’f(az +¢) — H?(a® +¢) is the universal covering. Note that k(x) = n everywhere. Since

we have the inclusion i : HY(a? +¢) — H'"'(c) C E4"2, given by x — (x, 1 a21+c>, it follows

from Theorem 1.3 of [66] that (M) = f o (M) is congruent to i o T(M}') = i(H"(a> +¢)). This

completes the proof of the corollary. 0
Now, for ¥ > ¢ we have the next result.

Theorem 4.22. Let f: M} — Q'I’H(c) be a good y-pseudo-parallel Lorentzian hypersurface, with
n > 3 and constant y > c. Then, for each connected component C of M} containing at least some

point x such that k(x) > 1, we have that f is isoparametric and either
(i) totally umbilical,

(ii) locally congruent to a product of two spaces each of constant curvature greater than c. In this

case, the ambient space is H*!(c).
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(iii) or the open subset of non umbilical points of C consists entirely of points of type 5.

Proof. Let C be a connected component of M7, which contains at least one point x such that k(x) > 1.
It follows from Proposition 4.17 that k(x) = n everywhere in C. Since f is pseudo-parallel and y > c,
according to Lemma 4.7, we conclude that A has at most two unequal eigenvalues, which are real

nonzero, and if at some point y € MY exactly two are distinct then Ay is diagonalizable.

Suppose first that there is a type 3 point xg in C. Define two continuous functions a = a; and

b = a, (the largest and smallest eigenvalues respectively), and note that a > b. Let
W3 ={x € C:a(x) =a(xy) and b(x) = b(xo)}.

We have that W3 is a closed subset in C. By continuity, xo has a neighborhood U consisting of points
of type 3 (C5 is open). Indeed, by applying an analogous argument of that in Proposition 2.2 of
[66], we have that a and b are differentiable and have constant multiplicities, say k and n —k, in U,

where 1 < k < n— 1 since all points are good. Thus, U consists entirely of points of type 3, as desired.

Letay =ay=---=ay=aand ay| = ag4» = -+ = a, = b. From proposition D.4 of [41] and
Y—c

a

since a, b satisfy b = in U, it follows that a = a(xp) and b = b(xp) near xq. Observe that xy could

have been any point in W3, thus, W3 is also open and hence is all of C. Thus, f is then isoparametric in
C with A diagonalizable and the unequal principal curvatures satisfy ab > 0. Assertion (ii) of the the-

orem follows from Theorem 5.1 of [1], including the fact that y = c4ab = 0. Thus, ¢ < 0 in this case.

Suppose now that C does not contains points of type 3. Since MY is a good hypersurface, we see
that C consists entirely of umbilical points and type 5 points. Let a # 0 be the unique eigenvalue of
A in C. By Proposition D.4 of [41], we have that a is constant in C, say a(x) = ag, thus we obtain
that f is isoparametric in C. Since a point x of type 5 must satisfy the equation a*(x) = ¥ —c > 0, we
get that C consists entirely of umbilical points if ag # £,/ — c. On the other hand, if ay = /Y —c,

consider the subsets

U={xeC:A,=Vy—cl,},

V:{xeC:Ax:<@ \/%)@mln_z}.

We have that U and V are complementary with U closed. Thus, the open set V of type 5 points of C,

which can be empty, is open. This proves assertions (i) and (iii) of the theorem. 0

Theorem 4.23. Let f: M} — Q'I’H(c) be a good y-pseudo-parallel Lorentzian hypersurface, with
n > 3 and constant W > c. Then, f(M?) is locally congruent to one of the following Lorentzian

hypersurfaces:

(i) A totally geodesic or totally umbilical hypersurface as described in parts (i), (ii), (iii) and (iv)
of Theorem 4.19.
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(ii) Hi(a®+c)xS"™ k< +c> :{xEH’}“ ) C EAt2:

2
(iii) SK(a®+c) xH"~ k( +c) {xGH’{H( ) CEF2: xl—l—Zx =

Zer

n—1.

k+1 1 n+2 2
Yo=Y =
2 i T 2 2 (’
= a’+c’ P cc+ca
n+2 2
2 2 a
X+ Z i 2 2 (7
i=k+3 ¢+tca

(iv) A generalized umbilical hypersurface of degree 2 as in (1.36), (1.37) or (1.38), in the open

subset of non-umbilical points.

Proof. We can assume that M{ is connected. We observe first that if there exists a point x € M} with

k(x) > 1, then f is necessarily isoparametric, according to each possibility in Theorem 4.22, that is,

either the Weingarten operator is diagonalizable with two unequal nonzero eigenvalues everywhere,

f is totally umbilical or all the non umbilical points are type 5 points. In other case, f(M7) is a totally

geodesic hypersurface. Thus, the result follows from Theorem 5.1 of [1], combined with Theorem
4.5 of [55], Theorem 5.5 of [5] and Theorem 3.1 and Theorem 4.2 of [80].

]

In the last part of Corollary 4.23, we were forced to omit the presence of umbilical points, due

to the possible existence of pseudo-parallel Lorentzian hypersurfaces containing type 5 points which

converge to umbilical points, as shown by the following example, at least for the case ¢ = 0.

Example 4.24. Consider the matrix

0 0 -1
M(is)=1 0 0 =
s —1 0
We denote
X1 X) X3
X)) =1y » y [,
21 2 23
and let us solve the initial value problem
X'(s) =X(s)M(s), X(0)=L.
We have that
x'2 = —X3, x'3 = —X1 + SXx2,
Yo = —y3, Y3 = —y1+5y2,
% = —z3, 5 =—z1+522,

x| = sx3,
/o

Y1 = 8Y3,
/

Zl = 573.

(4.13)

We affirm that there is a matrix X (s) which is a solution of the initial value problem (4.13) in a
neighborhood of s = 0. Let T'(s),B(s),C(s) be the vector fields given by the columns of X (s) in a
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pseudo-orthonormal frame {e},e;,e3,e4} of IE‘I‘, where ¢] and e; are lightlike vector fields, that is,
T(S) = x1€] —f—ylgz +z1€3, B(S) = x2€] +y252 + z7e3 and C(S) = x3€] +y3?2 + z3e3. We have that
these vector fields satisfy 7/(s) = sC(s), B'(s) = —C(s) and C'(s) = —T(s) + sB(s), with T'(s) and
B(s) lightlike, so the curve y(s) = [y 7T (¢)dt is a null curve and {7 (s),B(s),C(s),es} is a pseudo-
orthonormal frame associated to y, with T = —1 and k(s) = s. In fact, using Mathematica [79] to
solve (4.13), we obtain explicit expressions for 7' (s), B(s) and C(s) and we also obtain that the null
curve Y is given in terms of the hypergeometric oF} function as follows.

1 A 1§ 4 9 4 £\
—sd20F (2 =) 4aoF (o =S ) oR (2 S ) 48R (2, -2 ) Vg
v(s) 6S{01<’3’ 18>+01<3 18>‘”<3 18)“‘“(3 18) °
2§ 2 2§ 5 4 5 5 2
+{80F; <;,—) ~80F <;,—) oF <;,—)+s3oF1 <;,—> &
{ 3718 37718 3718 37718 “.14)
1 1§ 1§ 4
320 (32— ) 120 (53— ) +570F (53, -
+6{ 01(3 18>[°1<3 18)“‘”(3 18”
1 $3 4 53 5 §3
3 ~
Filic =S VroRm (2 -S| oR (225
+S |:0 1<’37 18>+O 1<737 18>:| 0 1<’37 18>}e37

where we can choose ] = (%, %,0,0), e) = (%, —\%,0,0), e3=(0,0,1,0) and e4 = (0,0,0,1),

given in the standard coordinates of E{.

Then, we consider f: U — IE‘It with U a neighborhood of 0 in R3, given by
f(s,u,z) = v(s) +uB(s) +zea + C(s) — \/1——Z2C(s). (4.15)
A unit normal vector field 1) to f is given by
1(s,u,2) = —uB(s) + /1 — 22C(s) — zy.

Considering the frame f, (%), S« (%), S+ (a%), and using again Mathematica, we obtain that the

first fundamental form of f is
wH+2s(1—22—V1-22) —V/1-72 — at

1
I(s,u,z) = —Vl-z 0 (1) ,
uz

V1-72 1-22

and the Weingarten operator A = Ay takes the form

]

1
A(s,u,z2) = | —s
0

S = O
—_ o O

Observe that the determinant of /(s,u,z) is —1 and f, (a%) is spacelike for small z, thus, f(U)
is a Lorentzian hypersurface in E}, even for s = 0. We note that f(U) is a generalized umbilical
hypersurface of degree 2 for s # 0, such that the Weingarten operator has minimal polynomial (r —1)2,
but all the points of f(U) at the slice with s = 0 are umbilical points and the minimal polynomial is
t — 1. Using Mathematica [79], we draw the slice z = 0 of the immersion f that we show in Figure
4.1.
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Figure 4.1: Slice z = 0 of the hypersurface f of IE‘]t given by (4.15) from Example 4.24.

4.5 Classification of y-pseudo-parallel Lorentzian hyper-
surfaces with constant y and constant mean curvature in
Lorentzian space forms

Let f: M} — Q’f“ (c) be a Lorentzian hypersurface. We consider the mean curvature function H
of M}, defined by

1 n
Zsl ElaE > :;lzei<AEi7Ei>7
i=1

where {E|,...,E,} is an orthonormal frame in TM with & = (E;,E;) and 7 is a unit (spacelike)
normal vector field. For a pseudo-orthonormal frame {X,Y, E3, ... ,E,}, where (X,Y) = —1, (X,X) =
(Y,Y) =(X,E;) = (Y,E;) =0, and (E;,E;) = 6;j, 3 < i, j < n, we have that

o <_2<AX,Y> + i<AEi>Ei>> :

n i=3

Theorem 4.25. Let f: M} — Q’f“(c) be a y-pseudo-parallel Lorentzian hypersurface, with n > 3
and constant ¥ = c. If f has nonzero constant mean curvature, then f(M?) is locally congruent to

one of the following Lorentzian hypersurfaces:

n+1
(i) A totally umbilical S} (a*) = {XEE”+1 xl—i—Zx } a=H#0,ifc=0.
1 1
(ii) A totally umbilical S7(a® +c) = {x €SI e) CEM? i xyin = P az—%—c} witha=H #

0, if ¢ > 0.
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1 1
(iii) A totally umbilical H} (a® +c) = {x e T (c) CEAT? i xypn = i 612—+C}’ with 0 < |a| <
1 1
V—c orS¥(a*+c) = {x cHI (¢) CEA? i x; = o Z} with a*> > —c. In this case

a=H#0andc<0.

(iv) A totally umbilical hypersurface of the form {y € H?H (¢): (v,X)=a}, wherea=+/—c=H
and X is a parallel vector field in ]Eg”, which satisfies (X,X) = 0. In this case ¢ < 0.

k42—
k(2 o ok iy ey 2 A, _nH
(v) A cylinder S7(a”) x E]_L = x € E[7 : Z x; + Z X=_g(a= #0and 1 <
i=2-1 i=2 a

k <n-—1. In this case c = 0.

Proof. We can assume that MY is connected. Since f is pseudo-parallel, it follows from Lemma 4.7
that A, has at most one nonzero eigenvalue a(x), for x € M}. Thus, we have that k(x)a(x) = nH # 0
and so a(x) # 0 with 1 < k(x) < n. Then, again from Lemma 4.7, we have that A, is diagonalizable
and takes the form Ay = a(x)l(x) © 0,_g()- As in [59] (or [66]), we can show that k(x) is a locally
constant function and, since M7 is connected, we have that k(x) is constant in all of MY, say k(x) = k.
Again, using that k(x)a(x) = nH is constant, we have that a(x) is constant in all of M}, say a(x) = a.
This means that f is isoparametric. The theorem follows from the classification of isoparametric

hypersurfaces with diagonalizable Weingarten operator in Theorem 5.1 of [1]. 0
In the case of Y = ¢ and degenerate relative nullity, we have the following result:

Theorem 4.26. Let f : M| — Q’f“(c) be a y-pseudo-parallel Lorentzian hypersurface, with n > 3
and constant ¥ = c. If f has mean curvature H = 0, then f(M}) is either totally geodesic or

(i) ¢ =0and f(M?) is a generalized cylinder given by E"~% x h(E?), where h(E?) is a B-scroll in
a subspace E? of E’I’H orthogonal to B2, that is, locally, the hypersurface f : U — E’f“, U
a neighborhood of 0 in R", parameterized by

f(S>y7Z37--->Zn): +yB +ZZ1

where 7y is a null curve in E’f“ with an associated pseudo-orthonormal frame

{T(5),B(5),Z3(s), ...,Zu(s),C(s)} of vector fields of E1*" along vy, such that T(S) and B(s)
are lightlike vector fields with (T (S),B(S)) = —1, T (s) = <L y(s) and dsC( s) = Kk(s)B(s).

(ii) ¢ # 0 and at the open subset of non-geodesic points, locally f(M}) is an open piece of a
hypersurface as described in Example 1.4 or Example 1.5.

Proof. Under the assumptions of the theorem, it follows from Lemma 4.7 that the Weingarten operator
A only have one eigenvalue 0 and f is isoparametric with minimal polynomial ¢ or ¢2. In fact, as

in the proof of Theorem 4.25, if A, has one nonzero eigenvalue a(x), for x € M}, we have that
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k(x)a(x) = nH = 0, which is a contradiction and A, = 0, or A, takes the form in (ii) of Lemma
4.7. Thus, for ¢ = 0, the results follows from Theorem 9.8 of [34] (see also the observation after the
proof of Theorem 4.4 of [55]). For ¢ # 0, the result about the open subset of non-geodesic points
follows from the classification of isoparametric Lorentzian hypersurfaces in Theorem 4.2 and case
(2) in Theorem 4.1 of [80], for ¢ < 0, and in Theorem 6.8 of [42] for the case ¢ > 0. O

Note that in (i) of Theorem 4.26, k(s) can be zero. The next example shows that B-scrolls con-
taining non-geodesic points which converge to geodesic points indeed exists, at least for the case
c=0.

Example 4.27. Consider the matrix

000
M(is)=[ 0 0 =
s 00
We denote
X1 X2 X3
X(s)=1 y1 » » |,
21 2 3

We have that
xh =0, Xy = sx2, x| = sx3,
!/ / /
y2 =0, Y3 =8y2, Y1 = 8y3,
/ / /
7 =0, 73 = 822, 7] = $73.

We obtain: x; = ¢ constant, then x; = ¢s and we have x3 = %clsz +a. It follows that x| = %c1s3 +as

and we obtain x| = %cls4 + %as2 + K. Using that M(0) = I3, it follows that c; =0,a =0 and K = 1.
Thus, x; =1, x, =0 and x3 = 0.

1

Analogously, we obtain y; = %s“, yv=1y3= zsz and z; = %sz

,z2:0andz3:1.

Now, let A(s) =xj1e1 +yier+z1e3 =+ %s422 + %szé} in a pseudo-ortonormal frame {e7, e, €3}
of E3, where (¢1,¢1) = (¢2,62) =0, (¢1,é2) = —1, (¢1,¢3) = (€2,€3) =0 and (e3,¢3) = 1. We can see
that A(s) satisfies (A(s),A(s)) = —2x1y1 +z7 = 0. So the curve

l s

s 1 1 !
¥(s) :/0 A(t)dt = (574—0S ,6S3) =se1+ ESS’JQ—I— 8s3'é3,
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is a null curve with k(s) = s (in fact y and the columns of X (s) define a generalized null cubic) and
f(s,u) = y(s) +uB(s) is a B-scroll, where B(s) = xy€] + y2€2 + z2€3 = € is a parallel lightlike vector
field in E? and C(s,u) = C(s) =x3ze1 +y3er+z3€3 = %szgz + €3 is a unit spacelike normal vector field
to f. Note that f. (g) = A(s), f. (ai) — B(s) and (A(s),B(s)) = (¢1,és) = —1, for all s € R. Thus,

the metric of f is Lorentzian even for s = 0, that is, s can be zero, and note that the points at the image

of f with s = 0 are geodesic points, since the Weingarten operator A takes the form

aa=( 2 0 ):

Figure 4.2: B-scroll with geodesic points from Example 4.27

If v < c and H constant, we have the following classification result:

Theorem 4.28. Let f: M} — Q’f“(c) be a y-pseudo-parallel Lorentzian hypersurface, with n > 3
and constant ¥ < c. If f has constant mean curvature, then f(M7) is locally congruent to one of the

following Lorentzian hypersurfaces:

(i) A totally geodesic or totally umbilical hypersurface as described in parts (i), (ii), (iii) and (iv)
of Theorem 4.19, with a = H.

k+2 2
(ii) SK(a® +c) x S"7* i—l—c ={xe S e) Cc B2 ixz - —x7 + ni’ X7 = L
1 a - 1 1 "4 i = a2+ca 1 i = ’
i=2 i=k+3

H + 2H? +4k(n—k
wherec>0,l//:0,a:n \/n 2k+ (n )candlgkgn—l.

Proof. We can assume that M} is connected. First, suppose that there exists at least one good point
x € My. 1t follows from Proposition 4.14 and Proposition 4.16 that the set of bad points is open
and closed, thus, f is a good hypersurface because of the connectedness of M{. Then, it follows

from Theorem 4.19 that f(M?) is locally congruent either to a totally geodesic or totally umbilical
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hypersurface as described in parts (i), (ii), (iii) and (iv) of that same theorem, with a = H in this case,
or else f(M7}) is locally a product of two spaces each of constant curvature as in (v) of the same
theorem, for 1 < k < n—1, and the Weingarten operator has two nonzero eigenvalues a and —2,
nH + \/n2H? + 4k(n—k)c

2k ’

which satisfy ka — (n — k)E =nH. Thus, a =
a

On the other hand, if all the points of M} are bad, without loss of generality, let a and b be the two
distinct nonzero eigenvalues of the Weingarten operator with multiplicities 1 and n — 1, which satisfy
v—c v—c
b= =nH.
a a
H+\/n?H? —4(n—1 —
Thus, a = " v . (n—1)(y—c)

y are constant and MY is connected. From the classification of isoparametric hypersurfaces with

from Lemma 4.7. Since we have that a+ (n— 1)b =nH, we obtaina+ (n— 1)

is constant in M} and so also b is constant, because H and

diagonalizable Weingarten operator and at most two real principal curvatures in Theorem 5.1 of [1],
we have that f(M7) is locally congruent to a hypersurface as in (ii) of this theorem for k = 1 or

k =n— 1. It follows from this classification that y = 0 in this case. [l

Now, if ¥ < ¢, to obtain a classification of pseudo-parallel Lorentzian hypersurfaces with constant

v and constant H, we prove first the next result:

Proposition 4.29. Let f: M{ — @’f“ (¢) be a connected y-pseudo-parallel Lorentzian hypersurface,
with n > 3 and constant ¢ > c. If f has constant mean curvature and contains at least one bad point,

then all points of My are bad points.

Proof. Consider the set Cy4 of bad points of M{, which is open from Proposition 4.14. Let C be a
connected component of C4, we have that C is open because M7 is locally connected. Since M7 is
connected, we just need to prove that C is also closed and the proposition follows. In fact, let {x;} be
a sequence of bad points in C converging to some point x € M{. From Lemma 4.7, A is diagonalizable
and has two unequal eigenvalues a, b, such that ab = y — c on C. Using an argument as in Proposition
2.2 of [66], we can show that the multiplicities of a and b are locally constant functions near non-
umbilical points and, thus, we have that a and b have constant multiplicities in C. We can assume
that 1 and n — 1 are the multiplicities of a and b, respectively. Since y is constant, H is constant and
a+(n—1)b=nH and b = L nHj:\/n2H2—24(n—1)(l//—c)

in C and so also b is constant in C, because C is connected. By continuity, we have that a(x) = q,

c. .
in C, we have that a = 1s constant
b(x) = b and also the multiplicities of @ and b at x are 1 and n — 1, respectively. Therefore, x is also a

bad point and C is also closed. 0

Theorem 4.30. Let f: M} — Q’f“ (¢) be a y-pseudo-parallel Lorentzian hypersurface, with n > 3
and constant y > c. If f has constant mean curvature, then f(M7) is locally congruent to one of the

following Lorentzian hypersurfaces:

(i) A totally geodesic or totally umbilical hypersurface as described in parts (i), (ii), (iii) and (iv)
of Theorem 4.19, with a = H.
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(i) B (@4c) x§* (S te) = dx e HF (o) € B3 zx Sy LY el @
: i=3 (12-1-6' i=k+2 l C2+CCI2 ’

_ nH% \/n2H2+4k(n—k)

and 1 <k<n-—1.

2k
2 k+2 1 n+2
(iii) SK(a® + ¢) x H"~ k( —|—c> =<x e M () C BAT2: —xF + Zx,Z = — ,—X3 + Z X =
i=3 as+c i=k13
2 H+\/n?H? +4k(n—k
T , where ¢ <0, |a|>\/—c,l//:0,a:n \/n +4k(n )Candlgkgn—l.
2 +ca? 2k

(iv) A generalized umbilical hypersurface of degree 2 as in (1.36), (1.37) or (1.38), where Yy =

c+a®, T =a=H #0, in the open subset of non-umbilical points.

Proof. We can assume that M7 is connected. From Proposition 4.29, we have that either M7 is a good
hypersurface or else all the points of M7 are bad points. Thus, using an analogous argument as in the

proof of Theorem 4.28, we can deduce the result from Theorem 4.23 and Theorem 5.1 of [1]. O

Observation 4.31. The classification of y-pseudo-parallel Lorentzian hypersurfaces in Q’l‘“ (c), with

constant Y = ¢ # 0 is still an open problem.

From the remark after the models of isoparametric hypersurfaces with diagonalizable Weingarten
operator with at most two unequal eigenvalues in [1] and Theorem 5.2 of the same reference,
we have that any such Lorentzian hypersurface M7 either is totally umbilical or the two dis-
tinct eigenvalues a,b satisfy ab = —c. If in addition, M} is a y-pseudo-parallel hypersurface,
from Lemma 4.7, we have necessarily that ab = v — ¢ and so y = 0. Then, we cannot have two

distinct constant eigenvalues if y = ¢ # 0. Therefore, it is reasonable to state the following conjecture:

Conjecture 4.32. Any connected y-pseudo-parallel Lorentzian hypersurface f : M} — Q’f“ (¢), with
n >3 and y = ¢ # 0, is congruent to a totally umbilical hypersurface of(@’fﬂ (c) or k(x) < 1 every-

where on M{.



APPENDIX A

Semi-parallel hypersurfaces in E”"' with
rank of the Weingarten operator > 2

We will prove here the following proposition, which is part of the classification of connected and

complete semi-parallel Lorentzian hypersurfaces of the Minkowski space given in Theorem 4.10.

Proposition A.1. Let MY, n > 3, be a connected complete Lorentzian manifold and let f : M} — E’f“
be an isometric immersion. Suppose that the type number k(x) > 2 at least at one point x € M. Then

[ is semi-parallel if and only if f is either an isometry and MY is congruent to
(i) S x B K 2<k<n—1,
(i) SK(a®) x Bk 3 <k <n,

for some a,k constants, a # 0, or else f(MY) is congruent to S% (a®) x "2,

The proof of Proposition A.1 can be carried out practically without changes from that by Van de
Woestijne, Verstraelen and Nomizu in [75, 59]. Without loss of generality, we may suppose that M}
is simply connected and thus a unit normal vector field 1) to f can be globally defined, since in case
that M7 is not simply connected we can always work with the universal covering instead. Note that f

is not necessarily an injective map.

First, we will prove Proposition A.1 under the assumption that k(x) > 2 for all x € M}. Suppose
that f is semi-parallel. It follows from Corollary 4.7, that the Weingarten operator takes the form
Ay = a(x)I(x) © 0,_g(x), for all x € M7. Since all eigenvalues of A are real numbers, we may define n
principal curvature functions {ay,...,a,} as done in Lemma 2.1 of [66] and using the same arguments
there, we conclude that the a;’s are continuous functions. We have that k(x) is locally constant in M.
In fact, if k(y) = n for some y € M}, since a(y) # 0, we have that a;(x) = a(x) #0, forall 1 <i <n,
and k(x) = n on some neighborhood of y. If 2 < k(y) < n— 1, we have that a(y) = a(y) = - =
ax(y) (V) > ag(y)+1(y) =+ = an(y) = 0. By continuity, there is an open neighborhood U of y, on which

93
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k(y) principal curvatures have absolute value greater than %\a(y)] and n — k(y) principal curvatures
have absolute value smaller than 3 |a(y)|. It follows that k(x) > k(y) > 2 for all x € U, and since all the
nonzero principal curvatures are equal, we have that the n — k(y) principal curvatures with absolute
value smaller than %|a(y)| are 0. Thus, k(x) = k(y) constant on U. By the connectedness of M7, it
follows that k(x) is constant in M}, say, k(x) = k, and the only nonzero eigenvalue a(x) of Ay, defines
a differentiable function a(x) = ¢ trace(A,) on M7. Now, we consider the distributions Ty and T

which are defined by

To(x) = {X € TM!" : AX =0},
Ti(x) ={X e LM} : AX =aX}.

If 2 <k <n-—1, as in Proposition 2.3 of [66], we can prove that these distributions on MY}
are differentiable and involutive (i.e., integrable). This is also true if kK = n, since in this case
T (x) = T:M{. From Proposition D.4 of [41], since dimension of 77 (x) is greater than 1, it follows
that X(a) = 0 for all X € Ty, i.e., a is constant on each maximal integral manifold of 7j. Also,
we have that TM}] = To(x) ® Ti(x), for all x € M{. For any Z € TMY{, (Z)o and (Z); denote the

component of Z in Ty(x) and Tj(x), respectively).

We will prove that a is also constant on each maximal integral manifold of 7j and so it is constant
on M{. Asin [59], it follows that:

Lemma A.2. (i) If X € T\,Y € Ty, then A(VxY) = —Y (a)X.
(ii) IfY € T, then Vy(Ty) C Tj.
(iii) IfY € Tp, then Vy(Ty) C Tp.
(iv) IfY € To, X € Ty and [X,Y] =0, then VxY € Tj.
Proof. Let X € T1, Y € Ty and compute both sides of the Codazzi equation:

—A(ny) = —a(VXY>1,
Vy<aX) —A(VyX) = Y(Cl)X —f—a(VyX) —a(VyX)1
Y(a)X +a(VyX)o.

(VxA)Y
(VyA)X

Thus, we obtain
(Vyx)() =0, thatis, VyX € T}

and also
Y(a)X = —a(VXY)1 = —A(ny).
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Then, we have (i) and (ii).

Now, (iii) follows from (ii), since (Tp)* = Ti. In fact, since (Z,X) = 1(Z,AX) = 1(AZ,X) =0
for Z € Ty, we have that (VyZ . X) = —(Z,VyX) =0, for all X € Tj.
Finally, (iv) follows from VxY = VyX + [X,Y]| = VyX € T1. O

Also, as in [59], we have the following result.
Lemma A.3. IfY(a) =0 forallY € Ty, then VxTy C To and Vx T\ C T for all vector X € TM.

Proof. Under the assumption, (i) of Lemma A.2 implies that A(VxY) =0, thatis VxY € T for X € T}
and Y € Ty. Thus, Vx(Ty) C Ty for X € T;. Since (Ty)* = T, analogously to (iii) of Lemma A.2, we
also have that Vx (Ty) C Tj. O

The next lemma is essential and its proof use strongly that the ambient space has zero curvature.

Lemma A.4. LetY,Z vector fields in Ty, such that VyZ =VzY = 0. If there is a non-vanishing vector
field X belonging to Ty, such that [X,Y| = [X,Z] =0, then (YZ) (é) =0.

Proof. Since AY =0, we have that R(X,Y) = AX AAY = 0. On the other hand, using that VyZ =0 and
[X,Y] =0, we have that 0 = R(X,Y)Z = Vx(VyZ) — Vy(VxZ) — Vix y)Z = —Vy(VxZ). From (i) of
Lemma A.2, we have that —Z(a)X = A(VxZ). From (iv) of Lemma A.2, we have A(VxZ) = a(VxZ).
Thus, we obtain that VxZ = —@X .

Hence, we have Vy (@X ) = 0, which implies
YZ(a)—-Y(a)Z Z
W2 V@) | Aa)g
a a

Since [X,Y] =0, we have that Vy X = VxY = _Ya)y (in the same way as for VxZ = —@X.). Then,

a

the equation above reduces to
(aYZ(a) —2Y(a)Z(a))X = 0.

Since X is non-vanishing, we obtain that
aYZ(a)—2Y(a)Z(a) = 0.

Therefore,

(A.1)

vy (1 ) __arz(@) - (a)z@) _,

a Cl3

]

We will denote by My(x) and M;(x) the maximal integral submanifolds of M{ corresponding
respectively to 7y and 77, passing through the point x. Then, as in [75, 59], we have the following

result.
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Proposition A.5. (i) My(x) is complete and totally geodesic in M.

(ii)

Proof.

(ii)

The restriction to My(x) of the isometrical immersion f of M in E’f“, is an isometry of My(x)
to E"*(x) or to B ¥ (x).

(i) From (iii) of Lemma A.2, we have that Vy(Ty) C Tp for all Y € Tp. This means that
My(x) is totally geodesic (that is, Q) (Y,Z) = (VyZ)*+ =0 for Z € Ty, since TMy(x) = Tp).
Mj(x) is complete as a maximal integral submanifold which is totally geodesic. Indeed, let
y(s) be a geodesic in My(x). As a geodesic in M7, y(s) it is infinitely extendible. Denote
so = sup{s : y(t) € Mop(x) for s < s1}. Choosing local coordinates {x',... x* k1 . ¥}
with origin y(sp), such that {% ey %} e {% ey %} are local frames for 77 and 7p. Since
y(s), s < so is a geodesic lying in the Tp-direction, we have y'(s) = ¢' constant, 1 < i <k, for
50— & < s < 59, with § > 0. Since in y(sq) all coordinates are 0, it follows that y'(s) — 0 as
s — 8o, and since all ¢'’s are constants in this interval, we obtain that ¢! = -+ = ¢k = 0, that is,
y(s) = (0,...,0,y¥1(s),...,y"*(s)), for so — & < s < 5o, and the tangent vector to y(s) in s is

still in the Tp-direction. Therefore, the geodesic continues to lie in My(x).

Note that f(Mp(x)), which is (n — k)-dimensional, is also a totally geodesic submanifold of
the Minkowski space E?"!, since at(X,Y) = (AX,Y)n = 0, for all X,Y € Ty(X) = TMp(x).
Consequently, every geodesic of My(x) is mapped under the immersion f to a straight line in
E’f“. The restriction of the metric on My(x) is Euclidean or Lorentzian. Accordingly, by the
completeness of Mo(x), we have that f(My(x)) = E"*(x) or f(My(x)) = E’f‘k(x). It follows
that f is a covering map (see Corollary 29 in p. 202 of [62]) and so it is an isometry of My(x)
to E"*(x) or E? ¥ (x).

]
We now come to the crucial step of the proof.
Proposition A.6. For anyY € Ty, we have Y (a) = 0.
Proof. For a point x € M?, Let {y',...,y¥,y**1 ... y"} be a coordinate system with origin x in a
neighborhood U of x, such that {aiy1 ey aiyk} and {% ey aiyn} are local bases for 77 and Ty. Fol-

lowing Proposition A.5, we have to consider two cases:

A)

If My (x) is isometric to E" ¥ (x), we may assume that the restriction of {y*, ..., y**1} to Mo (x) N

U is rectangular, that is

J 0
(57 305 ) = aps Tk 1< @p <

We will show that the restriction of {y*,...,y**1} a My(y) N U, for any y € M;(x) NU, is also
rectangular. Denote functions 8op = <aaW’ ﬁ>, k+1<a,pB <n,wehave

98ap 0 P P 9
=(V, |=—|,— — .V, (=—]).
dyi < $(aya)’ayﬁ>+<aya’ aif(ayﬁ>>
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Now, Lemma A.2, (iv), implies that V 5 (%) € T, para 1 <i <k. Thus,
ayt

d d
v, (- Z). -2 V=0
< aayf(ay“>’8yﬁ>

d, similarly, { =2V, (<2-) ) =0. Th have that 2578 _ 0 k4 1< o B < . that
and, similarly, { 5%,V o { 575 = 0. Thus, we have tha =0,k+1<a,B <n, tha

J
oyt 8y,-
is, functions 8o p are constant respect to variables y1 yen ,yk, thus
k
gap (s V) = 2ap (0, 08y = 8ap.
Now, let Y = %, where k+1 < a <n,and X = Qiyi’ where 1 < i < k. Since {y**!,...,y"}

is rectangular in each My(y) NU (thus, for each y, @yY = 0, where V is the connection on
My(y) NU), which is totally geodesic in M}, we have that VyY = 0 (these vector fields are
parallel in My (y), since My(y) is Euclidean, so they are also parallel in M}). Applying Lemma
A4toX,Y and Z=Y, ([X,Y] = O for the rectangular coordinates), we obtain that ¥ (1) = 0.

If L is a straight line in My(x) (i.e., a geodesic), let Y be the parallel vector field in the direction
of L on the Euclidean space My(x). For any point of L, we may choose suitable local coordinates
{y!',...,y"} and show by the argument above that ¥ (é) = 0. This means that if s is the length
parameter of L, which can take any real value by the completeness of My(x), then j—; (%) =0.
Thus, é =us+v, for all s € R, where u,v are constant. If u = 0, then é will be O for s = —5,
which is a contradiction. We have thus shown that a is constant in L. Since L is an arbitrary
straight line in My(x) starting from x, we can conclude that a is constant in My(x). Therefore,

Y(a) =0, forany Y € Tp.

B) If My(x) is isometric to the Minkowski space E’f’k(x), we may assume that the restriction of

{yk ..., y¥* 1} to My(x) NU is rectangular in the Lorentzian sense, i.e.,

9 9
<8_y°"ﬁ> = €a8yp, fork+1<a,f <n,

where &, =1, for y€ {k+2,...,n} and &, = —1. As in case A), we can obtain that > (%) =0,
forany Y = 887

Consequently, a is constant on all straight lines in My (x), which pass through x but do not lye
on the null cone through x. Considering this and the fact that a is continuous on M7 (even

differenciable), it follows that a is a constant function on the whole of My(x).

[
Observation A.7. Since X (a) = 0 for all X € T, it follows that Z(a) = 0 for any tangent vector Z of

Mj. Thus, a is constant in M7, which means that M7 is isoparametric with diagonalizable Weingarten

operator.
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Proposition A.8. Let My(x) and M;(x) be the maximal integral submanifolds of Ty and Ty, respec-
tively, through x € M.

(i) Mi(x) is complete and totally geodesic in My for any x € M.
(ii) For any pointw € M}, let My = Mo(w) and My = My (w). Then M} is isometric to Mo < M.

(iii) For all x € M\, the spaces f(Mo(x)) = E"*(x), respectively, f(Mo(x)) = El*(x), given in

Proposition A.5, are all parallel.

(iv) In case My is isometric to B" K, the restriction fi of f to My, is a covering map of My onto

Slf C EIIH, which is an isometry if k > 3, where IE]{H is orthogonal to " * in E’f“.

(v) In case My is isometric to ]E’l‘*k, the restriction fi of f to My, is a covering map of M| onto

Sk € EFY, which is an isometry, where EF1 is orthogonal to B % in 1.

(vi) If fo is the restriction of f to My, then f = fy x fi, that is, f(y,x) = (fo(y), f1(x)), for every
point (y,x) € My x My = M7

Proof. (i) By Proposition A.6 and Lemma A.3, we know that Vx(7y) C T, for any vector field X
belonging to 7. This means that M (x) is totally geodesic. The completeness can be proved in the

same way as for Mo(x).

(ii) Lemma A.2 and Lemma A.3 together imply that 75 and 77 are parallel. Since M{ is
simply connected and complete and the restrictions of the metric on T,,M to Tp(w) and T;(w) are
non-degenerate, by Wu’s extension of the de Rham decomposition theorem to pseudo-Riemannian

manifolds in [78], we can conclude that M7 is isometric to Mo x M.

(iii) Let Y € Tp(w) and let Y; be the family of tangent vectors parallel to Y along a curve x(¢) in M;.
By (ii), we have that ¥, € Ty(x(¢)). Let V the ordinary derivation in E7*! and considering f locally,

we get (denoting by X; the tangent vector of the curve x(r))
V(0 = (VoY) + (AY, T =0,

since VY = 0 and (AIG,?;) = 0 (in fact AY; = 0). Thus, f.(Y;) is parallel in E’f“. Since the flat
subspaces E~ % (x) = f(My(x)), o € {0,1}, have f(Ty(x)) as the tangent space at f(x), we conclude
that all E%+H! (x), x € My, are parallel.

(iv) Consider the E’f“ -valued vector function x — 1, + af(x) on M;. For any tangent vector X to

M, we have
Vi (M +af) = fu(~AX +aX) =0,
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which shows that 11 +af is a constant vector v in IE’IZ+1 and f(M;) lies in the hypersphere S7(a?)
with center 1v and radius |1|. Since f(M)) is orthogonal to f(My(x)) = E"*(x), x € My, at each
point of f(M;), and E"*(x) are all parallel to E"~*. It follows that f(M;) is also contained in the
linear subspace E’f“ of E/"! which passes through f(w) and is orthogonal to E"~*. Hence, f(M;)
lies in the sphere S¥(a?) = S"(a®) NEXT!. Since M, is complete, it follows that fi : M; — SK(a?) is
a covering map of M; onto S¥(a?) (see p. 202 of [62]). Particularly, if k > 3, then Sk(a?) is simply

connected and f7 is one-to-one, thus, f] is an isometry in this case.
(v) This proof is similar to the one in (iv).

(vi) Let (y,x) € My x M. Let y = exp,,sYy, where ¥j is a unit vector in To(w). Then, the point
(y,x) is equal to exp,sY, where Y is the unit vector in Tp(x), which is parallel to ¥y. By (iii), we
know that f.Yy and f.Y are parallel in IE’f“. Since f maps every geodesic in My(x) onto a straight
line in EZ K (x), we see that f(y,x) = expy, ()8f<Y and this is equal to (fo(y), f1(x)), since fo(y) =
€XP £ () Sf+Yo. We have thus shown that f(y,x) = (fo(y), f1(x)). O

So far, we proved Proposition A.l1 under the assumption that the type number k(x) of the

Weingarten operator is greater than 1 at every point of the Lorentzian hypersurface M.

The proof under the weaker assumption that there exists a point x € M} where k(x) > 2, can be
adapted from [59] using arguments similar to those given above, as follows. Let W = {x : k(x) > 2},
which is an open set (multiplicities are locally constant for k(x) > 1). Let x( be a point with k(xp) > 2
and let W, be the connected component of xy in W. We have that k(x) is constant in W, a(x) is a
differentiable function, and the distributions 7 and 77 defined in Wy are differentiable and involutive.

Lemmas above are valid. Then, we can prove the following result:

Proposition A.9. Let My and M| be the maximal integral submanifolds of Ty and Ty, respectively,
through xy.

(i) My is totally geodesic in My and locally flat.

1

(ii) On a geodesic L(s) in Mo with arc length parameter s, we have a(s) = .

(iii) My is complete and a is constant in M.
(iv) k(x) > 2 for all x € M}.

Proof. (i) My is totally geodesic by (iii) in Lemma A.2. Hence the curvature tensor of My is the
restriction of the curvature tensor R of M} to M. Since we have R(X,Y) = AX AAY = 0 for any X
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and Y tangents to M), it follows that M is locally flat.

(ii) For any geodesic L(s) in My with arc length parameter s, we may show that % (}1) =0 by

using the essentially same argument as for Proposition A.6.

(iii) Let L(s) be a geodesic in M starting from xo. As a geodesic in M7, it is infinitely extendible.
If this entire geodesic does not lie in Wy, let 5o be such that L(s) € Wy (and from the argument in the
proof of (i) of Proposition A.5, L(s) € My) for s < sq, but L(sg) ¢ Wp. The characteristic polynomial
of Ain L(s), s < s, is (t —a(s))*t" k. Setting s — 59, we obtain that the characteristic polynomial of

can not be 0. This shows

Ain sy is (t —a(so)) " ~*. On the other hand, a(sp) = lim a(s) = lim
S—+80 s—so US + v

that k(L(so)) > 2. It follows that L(so) € Wy and, again as in the proof that My(x) is complete when

k > 2 everywhere in (i) of Proposition A.5, we have that L(s) € My. Thus, My is complete. Also,

as in the proof of Proposition A.6, we can prove that constant u has to be 0, that is, a is constant in M.

(iv) Since a is constant on any maximal integral manifold of 7 (defined on W), we have that
Y(a)=0forall Y € Tj. Since we also have that X (a) = 0 for all X € T}, hence a is a constant function
on Wy. We now show that W, is actually equal to M}. Suppose Wy # M7 and let {y;} be a sequence
of points in W, converging to some point y € M{. By the continuity argument for the characteristic
polynomial of A and using that a(y;) = a # 0 constant, we can show that k(y) > 2. Thus, W is open
and closed so that Wy = M}, completing the proof of the proposition. [

Proposition A.9 shows that the assumption that k(x) > 2 for some point x in M} actually implies
that k(x) > 2 everywhere in M, with k(x) = k and a # O constants in M. Thus, Proposition A.1 has

been proved.
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