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CAPÍTULO 1

1.1 O Ansatz de Bethe
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1.2 As equações de Bethe
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O Ansatz de Bethe





CAPÍTULO 2

2.1 O Modelo de Heisenberg em uma dimensão

L

H = H0 −
1

2

L∑

k=1

Jxσ
x
kσ

x
k+1 + Jyσ

y
kσ

y
k+1 + Jzσ

z
kσ

z
k+1,

H0 Jx Jy Jz

X Y Z

σx =
⎡⎢⎢⎢⎢⎣
0 1

1 0

⎤⎥⎥⎥⎥⎦ , σy =
⎡⎢⎢⎢⎢⎣
0 −i

i 0

⎤⎥⎥⎥⎥⎦ , σz =
⎡⎢⎢⎢⎢⎣
1 0

0 −1

⎤⎥⎥⎥⎥⎦ ,

σa
k = I1 ⊗ · · · ⊗ Ik−1 ⊗

{

σa}
k ⊗ Ik+1 ⊗ · · · ⊗ IL, a ∈ {x, y, z

}

,

(V1 ⊗ · · · ⊗ Vk ⊗ · · · ⊗ VL)

Vk

(V ⊗ V) V ⊗ V V
V



Hk,k+1 = −
1

2

(
Jxσ

x
kσ

x
k+1 + Jyσ

y
kσ

y
k+1 + Jzσ

z
kσ

z
k+1

)
,

H = H0 +
L∑

k=1

Hk,k+1.

XY Z

Jx = Jy X X Z

Z −
up down Jx = Jy = Jz X X X

X X Z

X X Z

HX X Z = H0 +
L∑

k=1

Hk,k+1 = H0 −
J
2
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σx
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x
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J
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x
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y
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y
k+1 +∆σz
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)
.

Pk,k+1 = σ
x
kσ

x
k+1 + σ

y
kσ

y
k+1, Qk,k+1 = σ

z
kσ

z
k+1,

P =
L∑

k=1

Pk,k+1, Q =
L∑

k=1

Qk,k+1,

Hk,k+1 = −
J
2
(Pk,k+1 +∆Qk,k+1) H = H0 −

J
2
(P +∆Q) .



2.2 O Ansatz de Bethe de coordenadas em ação: diagonalizando
o hamiltoniano

2.2.1 Estados de spins

up down |↑⟩ |↓⟩
up down

|↑⟩ =
⎡⎢⎢⎢⎢⎣
1

0

⎤⎥⎥⎥⎥⎦ , |↓⟩ =
⎡⎢⎢⎢⎢⎣
0

1

⎤⎥⎥⎥⎥⎦ ,
|↑⟩ |↓⟩ V

|↑⟩ |↓⟩

σx |↑⟩ = |↓⟩ ,
σy |↑⟩ = i |↓⟩ ,
σz |↑⟩ = |↑⟩ ,

σx |↓⟩ = |↑⟩ ,
σy |↓⟩ = −i |↑⟩ ,
σz |↓⟩ = − |↓⟩ .

Pk,k+1 Qk,k+1

xk xk+1

1 ≤ k ≤ L

|↑↑⟩k,k+1 = |↑⟩k ⊗ |↑⟩k+1 , |↑↓⟩k,k+1 = |↑⟩k ⊗ |↓⟩k+1 ,

|↓↑⟩k,k+1 = |↓⟩k ⊗ |↑⟩k+1 , |↓↓⟩k,k+1 = |↓⟩k ⊗ |↓⟩k+1 ,

Vk,k+1 = Vk ⊗ Vk+1

Pk,k+1 |↑↑⟩k,k+1 = 0 |↑↑⟩k,k+1 ,

Pk,k+1 |↑↓⟩k,k+1 = 2 |↓↑⟩k,k+1 ,

Pk,k+1 |↓↑⟩k,k+1 = 2 |↑↓⟩k,k+1 ,

Pk,k+1 |↓↓⟩k,k+1 = 0 |↓↓⟩k,k+1 ,

Qk,k+1 |↑↑⟩k,k+1 = + |↑↑⟩k,k+1 ,

Qk,k+1 |↑↓⟩k,k+1 = − |↑↓⟩k,k+1 ,

Qk,k+1 |↓↑⟩k,k+1 = − |↑↓⟩k,k+1 ,

Qk,k+1 |↓↓⟩k,k+1 = + |↓↓⟩k,k+1 ,



Z

Sz =
1

2

L∑

k=1

σz
k,

[Sx, Sy] = iSz

Z

down up

down up N down

N Z

Sz = L/2 − N .

2.2.2 O Estado de referência

up

Ψ0 = |↑⟩1 ⊗ · · · ⊗ |↑⟩L =
⎡⎢⎢⎢⎢⎣
1

0

⎤⎥⎥⎥⎥⎦1
⊗ ... ⊗

⎡⎢⎢⎢⎢⎣
1

0

⎤⎥⎥⎥⎥⎦ L

.

Ψ0

P Ψ0 Q L

HΨ0 =

(
H0 −

J
2
∆L

)
Ψ0.

H0 =
J
2∆L

2.2.3 Estados de um mágnon

down

φm(xm) ≡ φm

xm down

φm = |↑⟩1 ⊗ · · · ⊗ |↑⟩m−1 ⊗ |↓⟩m ⊗ |↑⟩m+1 ⊗ · · · ⊗ |↑⟩L .



P φm

φm Pk,k+1 1 ≤ k ≤ L

Pm−1,m Pm,m+1

Pm−1,mφm = 2φm−1, Pm,m+1φm = 2φm+1.

Pφm = 2φm−1 + 2φm+1.

Q φm

Qm−1,mφm = −φm, Qm,m+1φm = −φm,

Qk,k+1φm = φm, k ! {m − 1,m},

Qφm = (L − 2) φm − 2φm = (L − 4) φm.

Hφm = H0φm −
J
2
(P +∆Q) φm = −J (φm−1 + φm+1 − 2∆φm) .

Ψ1(x1, ..., xL) =
L∑

k=1

ak(xk)φk(xk),

am(xm) ≡ am

xm down

Ψ1(x1, ..., xL) φm(xm)

E1am = −J (am−1 + am+1 − 2∆am) .

am(xm) Ψ1(x1, ..., xL)

am(xm) = A1eik1xm,



k1

E1 = −2J ( k1 −∆)

eik1xm = eik1xm+L =

ei(k1+L)

eik1L = 1.

k1 kn = 2πn
L , 1 ≤ n ≤ L

X X Z

n

E1 Ψ1

2.2.4 Estados de dois mágnons
down

up φm,n(xm, xn) ≡ φm,n

xm xn

down

φm,n = |↑⟩1 ⊗ · · · ⊗ |↑⟩m−1 ⊗ |↓⟩m ⊗ |↑⟩m+1 ⊗ · · · ⊗ |↑⟩n−1 ⊗ |↓⟩n ⊗ |↑⟩n+1 ⊗ · · · ⊗ |↑⟩L .

H φm,n

xn = xm + 1 down

xn > xm + 1

H φm,n

P φm,n

Pm−1,mφm,n = 2φm−1,n, Pn−1,nφm,n = 2φm,n−1,

Pm,m+1φm,n = 2φm+1,n, Pn,n+1φm,n = 2φm,n+1,

P |xm, xn⟩ = (Pm−1,m + Pm,m+1 + Pn−1,n + Pn,n+1) φm,n

= 2φm−1,n + 2φm+1,n + 2φm,n−1 + 2φm,n+1,

(xn > xm + 1) .

xn > xm



Qm−1,mφm,n = −φm,n, Qn−1,nφm,n = −φm,n,

Qm,m+1φm,n = −φm,n, Qn,n+1φm,n = −φm,n,

Qk,k+1φm,n = φm,n

Qφm,n = (L − 4) φm,n − 4φm,n = (L − 8) φm,n, (xn > xm + 1) .

H |xm, xn⟩ = −J (φm−1,n + φm+1,n + φm,n−1 + φm,n+1 − 4∆φm,n)

(xn > xm + 1) ,

down φm,m+1

P φm,m+1

Pm−1,mφm,m+1 = 2φm−1,m+1, Pm+1,m+2φm,m+1 = 2φm,m+2,

Pφm,m+1 = 2φm−1,m+1 + 2φm,m+2.

Q Qk,k+1φm,m+1 = φm,m+1 k =

m − 1 k = m

Qm−1,mφm,m+1 = −φm,m+1, Qm,m+1φm,m+1 = −φm,m+1,

Qφm,m+1 = (L − 2) φm,m+1 − 2φm,m+1 = (L − 4) φm,m+1.

Hφm,m+1 = −J (φm−1,m+1 + φm,m+2 − 2∆φm,m+1) ,

H φm−1,m

Hφm−1,m = −J (φm−2,m + φm−1,m+1 − 2∆φm−1,m) .

Ψ2(x1, ..., xL) =
∑

1≤k<l≤L

ak,l(xk, xl)φk,l(xk, xl),



am,n(xm, xn) ≡ am,n Ψ2(x1, ..., xL)

φm,n(xm, xn)

−J (am−1,n + am,n−1 + am+1,n + am,n+1 − 4∆am,n) = am,nE2, (n > m + 1)

−J (am−1,m+1 + am,m+2 − 2∆am,m+1) = am,m+1E2, (n = m + 1) .

am,n

am,n(xm, xn) = A12eik1xm+ik2xn

A21(xm, xn)eik1xn+ik2xm

am,n(xm, xn) = A12eik1xm+ik2xn + A21eik1xn+ik2xm,

E2 = −2J ( k1 + k2 − 2∆) ,

A12

A21
= −ei(k1+k2) − 2∆eik1 + 1

ei(k1+k2) − 2∆eik2 + 1
.

xm xm+L

am,n an,m+L

A12 A21

A12 = A21eik1L, A21 = A12eik2L ei(k1+k2)L = 1.

eik1L = −ei(k1+k2) − 2∆eik1 + 1

ei(k1+k2) − 2∆eik2 + 1
, eik2L = −ei(k1+k2) − 2∆eik2 + 1

ei(k1+k2) − 2∆eik1 + 1
.

X X Z



2.2.5 Estados de três mágnons

down xm xn xo

xm < xn < xo φm,n,o(xm, xn, xo) ≡ φm,n,o

Ψ3 (x1, ..., xL) =
∑

1≤i< j<k≤L

ai, j,k(xi, x j, xk)φi, j,k(xi, x j, xk),

ai, j,k(xi, x j, xk) ≡ ai, j,k .

H φm,n,o down

xn − xm > 1 xo − xn > 1

− J (am−1,n,o + am+1,n,o + am,n−1,o + am,n+1,o + am,n,o−1 + am,n,o+1)

+ 6J∆am,n,o = am,n,oE3.

xn = xm+1 xo − xn > 1 xn − xm > 1

xo = xn+1

−J (am−1,m+1,o + am,m+2,o + am−1,n+1,o−1 + am,m+1,o+1 − 4∆am,m+1,o) = am,m+1,oE3,

−J (am−1,n,n+1 + am+1,n,n+1 + am,n−1,n+1 + am,n,n+2 − 4∆am,n,n+1) = am,n,n+1E3,

down xo = xm+2 xn = xm+1

−J (am−1,m+1,m+2 + am,m+1,m+3 − 2∆am,m+1,m+2) = am,m+1,m+2E3.

am,n,o(xm, xn, xo) = A123eik1xm+ik2xn+ik3xo + A132eik1xm+ik3xn+ik2xo

+ A213eik2xm+ik1xn+ik3xo + A231eik2xm+ik3xn+ik1xo

+ A312eik3xm+ik1xn+ik2xo + A321eik3xm+ik2xn+ik1xo .

E3 = −2J ( k1 + k2 + k3 − 3∆) ,



A312

A321
= −s12,

A213

A231
= −s13,

A123

A132
= −s23,

si j =
ei(ki+k j) − 2∆eiki + 1

ei(k j+ki) − 2∆eik j + 1
,

am,n,o an,o,m+L

Ai jk

A123

A231
=

A132

A321
= eik1L,

A231

A312
=

A213

A132
= eik2L,

A312

A123
=

A321

A213
= eik3L,

ei(k1+k2+k3)L = 1.

k1 k2 k3

eik1L = '
(

ei(k1+k2) − 2∆eik1 + 1

ei(k1+k2) − 2∆eik2 + 1
)
*
'
(

ei(k1+k3) − 2∆eik1 + 1

ei(k1+k3) − 2∆eik3 + 1
)
* ,

eik2L = '
(

ei(k1+k2) − 2∆eik2 + 1

ei(k1+k2) − 2∆eik1 + 1
)
*
'
(

ei(k2+k3) − 2∆eik2 + 1

ei(k2+k3) − 2∆eik3 + 1
)
* ,

eik3L = '
(

ei(k1+k3) − 2∆eik3 + 1

ei(k1+k3) − 2∆eik1 + 1
)
*
'
(

ei(k2+k3) − 2∆eik3 + 1

ei(k2+k3) − 2∆eik2 + 1
)
* .

2.2.6 Estados de N mágnons
N

L ≥ N

down

L ≥ 2N

N xm1, ..., xmN

down N

φm1,...,mN (xm1, ..., xmN ) ≡ φm1,...,mN



N

ΨN (x1, ..., xL) =
∑

1≤k1<k2<...<kN≤L

ak1,...,kN (xk1, ..., xkN ) φk1,...,kN (xk1, ..., xkN ) ,

ak1,...,kN (xk1, ..., xkN ) ≡ ak1,...,kN

down H φm1,...,mN

− J
(
am1−1,m2,...,mN + am1+1,m2,...,mN + ... + am1,m2,...,mN+1 + am1,m2,...,mN−1

)

+ 2N J∆am1,m2,...,mN = am1,m2,...,mN EN,

xm1 xm1+1 = xm + 1

− J
(
am1−1,m1+1,m3,...,mN + am1,m1+2,m3,...,mN + ... + am1,m1+1,...,mN+1 + am1,m1+1,...,mN−1

)

+ 2J(N − 1)∆am1,m1+1,...,mN = am1,m1+1,...,mN EN,

x j x j+1 1 ≤ j ≤ L

down

am1···mN (xm1, ..., xmN ) =
∑

pi∈Sn

Ap1...pN eikp1 xm1+...+ikpN xmN .

EN = −2J
N∑

j=1

(
k j −∆

)
,

EN

Ak1,...,kN

Ap1...pj pj+1...pN

Ap1...pj+1pj ...pN

= −spj,pj+1, ∀pj ∈ Sn,

si j =
ei(ki+k j) − 2∆eiki + 1

ei(k j+ki) − 2∆eik j + 1
.

Ap1p2...pN−1pN

Ap2p3...pN p1
= eikp1L, ∀pj ∈ Sn,



ei(k1+...+kN ) = 1.

Ak1...kN

A12...N

(−1)N−1sm,1...sm,N = eikmL, 1 ≤ m ≤ N,

k1, ..., kN

eikmL = (−1)N−1
N∏

j=1
n!m

'
(

ei(km+k j) − 2∆eikm + 1

ei(km+k j) − 2∆eik j + 1
)
* , 1 ≤ m ≤ N,

N X X Z

k1, ..., kN .



CAPÍTULO 3

3.1 O modelo de seis vértices

−



24 = 16

6

S = kB λN λ =
(
4
3

) 3
2

3.1.1 A mecânica estatística do modelo de seis vértices

L N

(i + L, j + N)



(i, j) λ

Ei j(λ)

Ri j(λ) =
(
−Ei j(λ)/kBT

)

kB T

E(λ) =
N∑

i=1

L∑

j=1

Ei j(λ),

E(λ)

R(λ) =

(
−E(λ)

kBT

)
= '+

(
− 1

kBT

N∑

i=1

L∑

j=1

Ei j(λ)
),
*

=
N∏

i=1

L∏

j=1

(
−Ei j(λ)

kBT

)
=

N∏

i=1

L∏

j=1

Ri j(λ),

Z =
∑

λ

R(λ) =
∑

λi j

'+
(

N∏

i=1

L∏

j=1

Ri j(λ)
),
*
.

i = a

λ µ ν

i = a

Ea(µ, ν) = Ea1(µ, ν) + ... + EaL(µ, ν),

Ma(µ, ν) =
'+
(
− 1

kBT

L∑

j=1

Ea j(µ, ν)
),
*
=

L∏

j=1

(
−Ea j(µ, ν)

kBT

)
=

L∏

j=1

Ra j(µ, ν).

λ



i = a

L

Ea1 (λ) Ea2 (λ) Ea3 (λ) Ea4 (λ) EaL (λ)

λ

a

Ta(ν) =
∑

µ

Ma(µ, ν) =
∑

µ

'+
(

L∏

j=1

Ra j(µ, ν)
),
*
.

Z

Z =
∑

ν

'
(

N∏

a=1

Ta(ν))* .

3.1.2 Representação matricial para a função de monodromia e de transfe-
rência

4 × 4

4

H = H ⊗ V H V

C2

a b

Rab(λ) 4 × 4 (Ha ⊗ Vb)

λ −
R(λ) Rj1 j2

i1i2
(λ) (i1, j1)

Ha (i2, j2) Vb



R

−

R(λ)

R(λ)

R

R(λ) =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

a(λ) 0 0 0

0 b(λ) c(λ) 0

0 c(λ) b(λ) 0

0 0 0 d(λ)

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
,

a(λ) b(λ) c(λ)

i = a

V = Va1 ⊗ Va2 ⊗ · · · ⊗ VaL .

(Ha ⊗ V)

Ma(λ) = Ra1(λ)Ra2(λ) · · · RaL(λ),

Ra j(λ) 1 ≤ j ≤ L (Ha ⊗ Va1 ⊗ · · · ⊗ VaL)

R(λ) Ha ⊗ Vj

Ha

Ta(λ) = a Ma(λ) = a (Ra1(λ)Ra2(λ) · · · RaL(λ)) ,

Z = (T1(λ)T2(λ) · · ·TN(λ)) .

Ti i

Z = (T(λ))N ,

{1, 6} {2, 4} {3, 5}



T(λ)

3.1.3 A equação de Yang-Baxter

R12(λ − µ)R13(λ)R23(µ) = R23(µ)R13(λ)R12(λ − µ).

(V1 ⊗ V2 ⊗ V3) Ri j(λ)

R(λ) Vi j ≡ Vi ⊗ Vj Vk

R23

R12

R13

R12

R23

R13



R(λ)

R(λ)

x(λ) y(λ) z(λ) R(λ)

x(λ) y(λ) z(λ)

x(λ)z(µ)x(λ − µ) = y(λ)z(µ)y(λ − µ) + z(λ)x(µ)z(λ − µ),
x(λ)y(µ)z(λ − µ) = y(λ)x(µ)z(λ − µ) + z(λ)z(µ)y(λ − µ),
z(λ)y(µ)x(λ − µ) = z(λ)x(µ)y(λ − µ) + y(λ)z(µ)z(λ − µ).

λ − µ

x(λ)2 + y(λ)2 − z(λ)2

x(λ)y(λ)
=

x(µ)2 + y(µ)2 − z(µ)2

x(µ)y(µ)
.

x(λ)2 + y(λ)2 − z(λ)2

x(λ)y(λ)
= ∆.

x(λ) y(λ) z(λ)

X X Z

x(λ) = (λ + η), y(λ) = λ, z(λ) = η,

∆ = η.

η



3.1.4 A integrabilidade do modelo de seis vértices

− Rab(λ)

a k 2 × 2

Ha Vb

R(λ) =
⎡⎢⎢⎢⎢⎣
L1
1(λ) L2

1(λ)

L1
2(λ) L2

2(λ)

⎤⎥⎥⎥⎥⎦ ,

L1
1(λ) =

[
x(λ) 0
0 y(λ)

]
, L2

1(λ) =
[

0 0
z(λ) 0

]
, L1

2(λ) =
[
0 z(λ)
0 0

]
, L2

2(λ) =
[
y(λ) 0
0 x(λ)

]
.

2 × 2 Ha V ≡
V1 ⊗ ... ⊗ VL

M(λ) =
⎡⎢⎢⎢⎢⎣
M1

1 (λ) M2
1 (λ)

M1
2 (λ) M2

2 (λ)

⎤⎥⎥⎥⎥⎦ ≡
⎡⎢⎢⎢⎢⎣
A(λ) B(λ)

C(λ) D(λ)

⎤⎥⎥⎥⎥⎦ .

M(λ)

M j
i (λ) =

2∑

{k1,...,kL−1}=1

Lk1
i (λ) ⊗ Lk2

k1
(λ) ⊗ Lk3

k2
(λ) ⊗ ... ⊗ L j

kL−1
(λ).

L

1 2

T(λ) = A(λ) + D(λ).

L = 3

M1
1 (λ) = L1

1(λ)⊗L1
1(λ)⊗L1

1(λ)+L1
1(λ)⊗L2

1(λ)⊗L1
2(λ)+L2

1(λ)⊗L1
2(λ)⊗L1

1(λ)+L2
1(λ)⊗L2

2(λ)⊗L1
2(λ),

M1
2 (λ) = L1

2(λ)⊗L1
1(λ)⊗L1

1(λ)+L1
2(λ)⊗L2

1(λ)⊗L1
2(λ)+L2

2(λ)⊗L1
2(λ)⊗L1

1(λ)+L2
2(λ)⊗L2

2(λ)⊗L1
2(λ),

M2
1 (λ) = L1

1(λ)⊗L1
1(λ)⊗L2

1(λ)+L1
1(λ)⊗L2

1(λ)⊗L2
2(λ)+L2

1(λ)⊗L1
2(λ)⊗L2

1(λ)+L2
1(λ)⊗L2

2(λ)⊗L2
2(λ),

M2
2 (λ) = L1

2(λ)⊗L1
1(λ)⊗L2

1(λ)+L1
2(λ)⊗L2

1(λ)⊗L2
2(λ)+L2

2(λ)⊗L1
2(λ)⊗L2

1(λ)+L2
2(λ)⊗L2

2(λ)⊗L2
2(λ).



S(λ − µ) {M(λ) ⊗ M(µ)
}

=
{

M(µ) ⊗ M(λ)
}

S(λ − µ).

(Ha ⊗ V) V = V1 ⊗ · · · ⊗ VL

S(λ) =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

x(λ) 0 0 0

0 z(λ) y(λ) 0

0 y(λ) z(λ) 0

0 0 0 x(λ)

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
,

− R(λ) S(λ) =

PR(λ) P P (A ⊗ B) P = B ⊗ A

A B (V1 ⊗ V2) M

Ha

a
{

S(λ − µ)M(λ) ⊗ M(µ)
}

= a
{

M(µ) ⊗ M(λ)S(λ − µ)} ,

a
{

M(λ) ⊗ M(µ)
}

= a
{

S(λ − µ)−1M(µ) ⊗ M(λ)S(λ − µ)
}

,

a
{

M(λ) ⊗ M(µ)
}

= a
{

S(λ − µ)S(λ − µ)−1M(µ) ⊗ M(λ)
}

,

a
{

M(λ) ⊗ M(µ)
}

= a
{

M(µ) ⊗ M(λ)
}

,

a M(λ) a M(µ) = a M(µ) a M(λ),

T(λ) = a M(λ)

[T(λ),T(µ)] = 0.

λ µ T

3.2 O Ansatz de Bethe algébrico em ação: diagonalizando da
matriz de transferência



3.2.1 As relações de comutação

B(λ1) B(λ2)

T(λ) =

A(λ) + D(λ) A(λ) D(λ)

B(λ1) B(λ2)

A, B C D

B(λ)B(µ) = B(µ)B(λ),

A(λ)B(µ) = a(µ − λ)B(µ)A(λ) − b(µ − λ)B(λ)A(µ),

D(λ)B(µ) = a(λ − µ)B(µ)D(λ) − b(λ − µ)B(λ)D(µ),

a(λ) =
x(λ)
y(λ)

=
(λ + η)

(λ)
, b(λ) =

z(λ)
y(λ)

=
(η)

(λ)
.

3.2.2 O estado de referência

|0⟩ =
⎡⎢⎢⎢⎢⎣
1

0

⎤⎥⎥⎥⎥⎦ ⊗ ... ⊗
⎡⎢⎢⎢⎢⎣
1

0

⎤⎥⎥⎥⎥⎦ =
L⊗

k=1

⎡⎢⎢⎢⎢⎣
1

0

⎤⎥⎥⎥⎥⎦ ,
T(λ) = A(λ) + D(λ)

T(λ) |0⟩ =
(
x(λ)L + y(λ)L

)
|0⟩ .

A(λ) D(λ) |0⟩

A(λ) |0⟩ = x(λ)L |0⟩ , B(λ) |0⟩ ̸∝ |0⟩ , C(λ) |0⟩ = 0 |0⟩ , D(λ) |0⟩ = y(λ)L |0⟩ .



R

|0⟩

L1
1(λ) |0⟩ = x(λ) |0⟩ , L2

1(λ) |0⟩ ̸∝ |0⟩ , L1
2(λ) |0⟩ = 0 |0⟩ , L2

2(λ) |0⟩ = y(λ) |0⟩ ,

A(λ)

L1
2(λ) 1

L1
1(λ) ⊗ ... ⊗ L1

1(λ) |0⟩ x(λ)L |0⟩

D(λ) L1
2(λ)

2 L2
2(λ)⊗ ...⊗L2

2(λ) |0⟩ y(λ)L |0⟩

B(λ) |0⟩
|0⟩ L2

1(λ)

L1
2(λ) C(λ) |0⟩ = 0 |0⟩ C(λ)

L1
2(λ)

!

|0⟩ = [ 10 ]⊗ ... ⊗ [ 10 ]

τ0(λ) = x(λ)L + y(λ)L = (λ + η)L + (λ)L .

3.2.3 Estados de um mágnon

C

B

B

|0⟩

|λ1⟩ = B(λ1) |0⟩ .

B λ1 λ

λ1 |λ1⟩
λ1



|λ1⟩

T(λ) |λ1⟩ = A(λ)B(λ1) |0⟩+ D(λ)B(λ1) |0⟩ ,

B |0⟩
A(λ) D(λ) B(µ)

A(λ)B(λ1) |0⟩ = a(λ1 − λ)B(λ1)A(λ) |0⟩ − b(λ1 − λ)B(λ)A(λ1) |0⟩ ,
D(λ)B(λ1) |0⟩ = a(λ − λ1)B(λ1)D(λ) |0⟩ − b(λ − λ1)B(λ)D(λ1) |0⟩ .

A D |0⟩

A(λ)B(λ1) |0⟩ = x(λ)La(λ1 − λ)B(λ1) |0⟩ − x(λ1)Lb(λ1 − λ)B(λ) |0⟩ ,
D(λ)B(λ1) |0⟩ = y(λ)La(λ − λ1)B(λ1) |0⟩ − y(λ1)

Lb(λ − λ1)B(λ) |0⟩ .

|λ1⟩

T(λ) |λ1⟩ =
(
x(λ)La(λ1 − λ) + y(λ)La(λ − λ1)

)
|λ1⟩

−
(
x(λ1)Lb(λ1 − λ) + y(λ1)

Lb(λ − λ1)
)
|λ⟩ .

|λ1⟩ T(λ)

|λ1⟩ λ

x(λ1)L

y(λ1)L = −b(λ − λ1)
b(λ1 − λ)

= 1,

(
(λ1 + η)

λ1

)L

= 1.

λ1 |λ1⟩ T(λ)

τ1(λ |λ1) = a(λ1 − λ)x(λ)L + a(λ − λ1)y(λ)L

=
(λ1 − λ + η)
(λ1 − λ)

(λ + η)L +
(λ − λ1 + η)
(λ − λ1)

(λ)L



3.2.4 Estados de dois mágnons
B

|0⟩

|λ1, λ2⟩ = B(λ1)B(λ2) |0⟩ ,

λ1 λ2 |λ1, λ2⟩
T(λ)

T(λ) |λ1, λ2⟩

T(λ) |λ1, λ2⟩ = A(λ)B(λ1)B(λ2) |0⟩+ D(λ)B(λ1)B(λ2) |0⟩ .

A D B

A(λ)B(λ1)B(λ2) |0⟩ = a(λ1 − λ)B(λ1)A(λ)B(λ2) |0⟩ − b(λ1 − λ)B(λ)A(λ1)B(λ2) |0⟩ ,
D(λ)B(λ1)B(λ2) |0⟩ = a(λ − λ1)B(λ1)D(λ)B(λ2) |0⟩ − b(λ − λ1)B(λ)D(λ1)B(λ2) |0⟩ ,

A(λ) |λ1, λ2⟩ = a(λ1 − λ)a(λ2 − λ)x(λ)L |λ1, λ2⟩
+ (b(λ1 − λ)b(λ2 − λ1) − a(λ1 − λ)b(λ2 − λ)) x(λ2)L |λ1, λ⟩
− b(λ1 − λ)a(λ2 − λ1)x(λ1)L |λ, λ2⟩ ,

D(λ) |λ1, λ2⟩ = a(λ − λ1)a(λ − λ2)y(λ)L |λ1, λ2⟩
+ (b(λ − λ1)b(λ1 − λ2) − a(λ − λ1)b(λ − λ2)) y(λ2)L |λ1, λ⟩
− b(λ − λ1)a(λ1 − λ2)y(λ1)L |λ, λ2⟩ ,

A D |0⟩

|λ1, λ⟩ = B(λ1)B(λ) |0⟩ |λ, λ2⟩ = B(λ)B(λ2) |0⟩ .

|λ1, λ2⟩

T(λ) |λ2, λ1⟩ =
(
a(λ1 − λ)a(λ2 − λ)x(λ)L + a(λ − λ1)a(λ − λ2)y(λ)L

)
|λ1, λ2⟩

+ (b(λ1 − λ)b(λ2 − λ1) − a(λ1 − λ)b(λ2 − λ)) x(λ2)L |λ1, λ⟩
+ (b(λ − λ1)b(λ1 − λ2) − a(λ − λ1)b(λ − λ2)) y(λ2)L |λ1, λ⟩
−

(
b(λ1 − λ)a(λ2 − λ1)x(λ1)L + b(λ − λ1)a(λ1 − λ2)y(λ1)L

)
|λ, λ2⟩



|λ1, λ2⟩
|λ1, λ⟩ |λ, λ2⟩

b(λ1 − λ)a(λ2 − λ1)x(λ1)L + b(λ − λ1)a(λ1 − λ2)y(λ1)L = 0

(b(λ1 − λ)b(λ2 − λ1) − a(λ1 − λ)b(λ2 − λ)) x(λ2)L +

(b(λ − λ1)b(λ1 − λ2) − a(λ − λ1)b(λ − λ2)) y(λ2)L = 0.

a(λ1 − λ)b(λ2 − λ) − b(λ1 − λ)b(λ2 − λ1) = b(λ2 − λ)a(λ1 − λ2),
a(λ − λ1)b(λ − λ2) − b(λ − λ1)b(λ1 − λ2) = b(λ − λ2)a(λ2 − λ1),

(λ − λ1 + η) (η)

(λ − λ1) (λ − λ2)
− (η)2

(λ − λ1) (λ2 − λ1)
=

(η) (λ2 − λ1 + η)
(λ − λ2) (λ2 − λ1)

.

b(λ1 − λ)a(λ2 − λ1)x(λ1)L + b(λ − λ1)a(λ1 − λ2)y(λ1)L = 0,

b(λ2 − λ)a(λ1 − λ2)x(λ1)L + b(λ − λ2)a(λ2 − λ1)y(λ2)L = 0.

x(λ1)L

y(λ1)L =
a (λ1 − λ2)
a (λ2 − λ1)

,
x(λ2)L

y(λ2)L =
a (λ2 − λ1)
a (λ1 − λ2)

,

(
(λ1 + η)

(λ1)

)L

=
(λ1 − λ2 + η)
(λ1 − λ2 − η)

,

(
(λ2 + η)

(λ2)

)L

=
(λ2 − λ1 + η)
(λ2 − λ1 − η)

.

B(λ1) B(λ2)
|λ1, λ2⟩ |λ2, λ1⟩

λ1 λ2 λ2
λ1

R



λ

λ

|λ2, λ1⟩

τ2(λ |λ1, λ2) = a(λ1 − λ)a(λ2 − λ)x(λ)L + a(λ − λ1)a(λ − λ2)y(λ)L,

τ2(λ |λ1, λ2) =
(λ1 − λ + η)
(λ1 − λ)

(λ2 − λ + η)
(λ2 − λ)

(λ + η)L

+
(λ − λ1 + η)
(λ − λ1)

(λ − λ2 + η)
(λ − λ2)

(λ)L .

3.2.5 Estados de N mágnons

N N

|0⟩
|λ1, ..., λN⟩ = B(λ1)...B(λN) |0⟩ .

{λ1, ..., λN} |λ1, ..., λN⟩
|λN, ..., λ1⟩

T(λ) |λ1, ..., λN⟩ = A(λ)B(λ1)...B(λN) |0⟩+ D(λ)B(λ1)...B(λN) |0⟩ .

N

T(λ) = A(λ) + D(λ) N

|λ1, ..., λN ⟩ = B(λ1)...B(λN) |0⟩

T(λ) |λ1, ..., λN ⟩ = '
(x(λ)L

N∏

k=1

a(λk − λ) + y(λ)L
N∏

k=1

a(λ − λk))* |λ1, ..., λN ⟩ ,

x(λ j)
L

N∏

k=1
k! j

a(λk − λ j) − y(λ j)
L

N∏

k=1
k! j

a(λ j − λk) = 0, 1 ≤ j ≤ N,

!



A(λ) D(λ)
∏N

k=1 B(λk)

A(λ)
N∏

k=1

B(λk) =
N∏

k=1

a(λk − λ)B(λk)A(λ)

−
N∑

j=1

b(λ j − λ)B(λ)
N∏

k=1
k! j

a(λk − λ j)B(λk)A(λ j),

D(λ)
N∏

k=1

B(λk) =
N∏

k=1

a(λ − λk)B(λk)D(λ)

−
N∑

j=1

b(λ − λ j)B(λ)
N∏

k=1
k! j

a(λ j − λk)B(λk)D(λ j).

N = 1

N = n

N = n + 1

B(λ1) B(λ2)

B(λn+1) A(λ) B(λn+1)

A(λ)B(λn+1)
n∏

k=1

B(λk) = a(λn+1 − λ)B(λn+1)A(λ)
n∏

k=1

B(λk)

− b(λn+1 − λ)B(λ)A(λn+1)
n∏

k=1

B(λk).

N = n

A(λ)
n+1∏

k=1

B(λk) =
n+1∏

k=1

a(λk − λ)B(λk)A(λ)

− a(λn+1 − λ)B(λn+1)
n∑

j=1

b(λ j − λ)B(λ)
n∏

k=1
k! j

a(λk − λ j)B(λk)A(λ j)

+ b(λn+1 − λ)B(λ)
n∏

k=1

a(λk − λn+1)B(λk)A(λn+1)

− b(λn+1 − λ)B(λ)
n∑

j=1

b(λ j − λn+1)B(λn+1)
n∏

k=1
k! j

a(λk − λ j)B(λk)A(λ j).



n∑

j=1

{

a(λn+1 − λ)b(λ j − λ) − b(λn+1 − λ)b(λ j − λn+1)
}

× B(λ)B(λn+1)
n∏

k=1
k! j

a(λk − λ j)B(λk)A(λ j),

a(λn+1 − λ)b(λ j − λ) − b(λn+1 − λ)b(λ j − λn+1) = b(λ j − λ)a(λn+1 − λ j),

n∑

j=1

b(λ j − λ)B(λ)
n+1∏

k=1
k! j

a(λk − λ j)B(λk)A(λ j).

N = n + 1

A(λ)
n+1∏

k=1

B(λk) =
n+1∏

k=1

a(λk − λ)B(λk)A(λ)

−
n+1∑

j=1

b(λ j − λ)B(λ)
N∏

k=1
k! j

a(λk − λ j)B(λk)A(λ j),

A(λ)
∏N

k=1 B(λk)

D(λ)
∏N

k=1 B(λk)

D(λ)
N∏

k=1

B(λk) =
N∏

k=1

a(λ − λk)B(λk)D(λ)

−
N∑

j=1

b(λ − λ j)B(λ)
N∏

k=1
k! j

a(λ j − λk)B(λk)D(λ j),



A D

T(λ) |λ1, ..., λN⟩ = '
(

N∏

k=1

a(λk − λ)x(λ)L +
N∏

k=1

a(λ − λk)y(λ)
L)
* |λ1, ..., λN ⟩

−
N∑

j=1

b(λ j − λ)x(λ j)
L

N∏

k=1
k! j

a(λk − λ j)
111λ1, ..., λ̇ j, ..., λN

〉
,

−
N∑

j=1

b(λ − λ j)y(λ j)
L

N∏

k=1
k! j

a(λ j − λk)
111λ1, ..., λ̇ j, ..., λN

〉
,

111λ1, ..., λ̇ j, ..., λN
〉
= B(λ)

N∏

k=1
k! j

B(λk).

|λ1, ..., λN ⟩111λ1, ..., λ̇ j, ..., λN
〉

j 1 N

τN(λ |λ1, ..., λN) = x(λ)L
N∏

k=1

a(λk − λ) + y(λ)L
N∏

k=1

a(λ − λk),

|λ1, ..., λN ⟩

y(λ j)
L

N∏

k=1
k! j

a(λ j − λk) − x(λ j)
L

N∏

k=1
k! j

a(λk − λ j) = 0 1 ≤ j ≤ N .

!

τN(λ |λ1, ..., λN) = (λ + η)L
N∏

k=1

(λk − λ + η)
(λk − λ)

+ (λ)L
N∏

k=1

(λ − λk + η)

(λ − λk)
,

(λ j + η)L

(λ j)L =
N∏

k=1
k! j

(λ j − λk + η)

(λ j − λk − η)
1 ≤ j ≤ N .



3.2.6 O Ansatz de Bethe algébrico visto como um problema combinatorial

A(λ) D(λ)

B(µ)

A(λ) B(λ1)B(λ2)

A(λ)B(λ1)B(λ2) = a(λ1 − λ)B(λ1)A(λ)B(λ2) − b(λ1 − λ)B(λ)A(λ1)B(λ2).

A B

(+) a(λ1 − λ)
A(λ) B(λ2) (−)

−b(λ1 − λ) A(λ1) B(λ2)

N A B

A(λ)B(λ1)...B(λN) 2N

(p1, p2, ..., pN) pi = ±1 1 ≤ i ≤ N i

(+) (−)
(p1, p2, ..., pN)

N = 3

(+,+,+) B(λ1)B(λ2)B(λ3)A(λ)

{λ1, λ2, λ3} |λ1, λ2, λ3⟩
(+)

(−)
(−,+,+) B(λ)B(λ2)B(λ3)A(λ1)

λ1 λ

D B,

D(λ)B(λ1)B(λ2) = a(λ − λ1)B(λ1)D(λ)B(λ2) − b(λ − λ1)B(λ)D(λ1)B(λ2),

(+) a(λ − λ1)
(−) −b(λ − λ1)

T(λ)



(λλ1)λ2λ3

+
λ1(λλ2)λ3

++
λ1λ2(λλ3)

+ + +
λ1λ2λ3λ

++ −
λ1λ2λλ3

+−
λ1λ(λ2λ3)

+ −+
λ1λλ2λ3

+ − −
λ1λλ3λ2

−
λ(λ1λ2)λ3

−+
λλ2(λ1λ3)

−++
λλ2λ3λ1

−+ −
λλ2λ1λ3

−−
λλ1(λ2λ3)

− −+
λλ1λ3λ2

− − −
λλ1λ2λ3

|λ1, ..., λN ⟩ = B(λ1)...B(λN) |0⟩
|λN, ..., λ1⟩

|λN, ..., λ1⟩

B(λ1)...B(λN)

(+, ...,+)

λ

A D B

T(λ) |λ1, ..., λN ⟩ = '
(x(λ)L

N∏

k=1

a (λk − λ) + y(λ)L
N∏

k=1

a (λ − λk))* |λ1, ..., λN⟩ .

A(λ) D(λ) |0⟩

λ j111λ1, ..., λ̇ j, ..., λN
〉

λ j

λ1 (− + ...+) λ1

λ1

A D B

x(λ1)Lb(λ1 − λ)
N∏

k=2

a(λk − λ1) + y(λ1)
Lb(λ − λ1)

N∏

k=2

a(λ1 − λk) = 0,



b(λ − λ1) = −b(λ1 − λ)

x(λ1)L
N∏

k=2

a(λk − λ1) − y(λ1)
L

N∏

k=2

a(λ1 − λk) = 0.

λ j

λ j

λ j

λ1 1 N j

B

(λ j, λ2, ..., λ1, ..., λN) (λ1, λ2, ..., λ j, ..., λN)

λ j λ1 λ j

(−,+, ...,+)

λ1 λ j j 1 N

x(λ j)
L

N∏

k=1
k! j

a(λk − λ j) − y(λ j)
L

N∏

k=1
k! j

a(λ j − λk) = 0, 1 ≤ j ≤ N .





Parte II

As equações de Bethe
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down up



E

ϱ =
1

Z

(
− E

kBT

)
,

Z kB T

E H H

ρ

ρ =
1

Z

(
− H

kBT

)
.

ρ ρ = 1

Z =

{ (
− H

kBT

)}
.

H

−
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(
(λm + η)

λm

)L

=
N∏

j=1
j!m

(
λm − λ j + η

)

(
λm − λ j − η

) , 1 ≤ m ≤ N,

λ1, ..., λN

eikmL =
N∏

j=1
j!m

ei(km+k j) − 2∆eikm + 1

ei(km+k j) − 2∆eik j + 1
, 1 ≤ m ≤ N .

k1, ..., kN

λ1, , ...λN

λ1, , ...λN



N∏

m=1

(
(λm + η)

(λm)

)L

= 1.

(λ1 + η)

(λ1)
= c1,

(λ2 + η)

(λ2)
= c2, . . .

(λN + η)

(λN)
= cN .

cL
1 cL

2 ...c
L
N = 1.

c1, ...cN

λm =

(
η

cm − η

)
=

1

2

(
e−η − cm

eη − cm

)
, 1 ≤ m ≤ N .

(x) (x)

iπ

cm .→ λm 1 ≤ m ≤ N

η η

U = {z ∈ C : |z | = 1}

x = −|η |/2 η U y = −|η |/2
y = −|η + iπ |/2

∆ = 2/3 |z | = 1
y = −|η |/2 y = −|η + iπ |/2

∆ = 3/2 |z | = 1 x = −|η |/2



c1, ..., cN

λ1, ...λN

( (x)) =
x√

1 − x2
,

(x) + (y) =

(
x + y

1 − xy

)
,

c1, ..., cN

cL
m = (−1)N−1

N∏

j=1
j!2

cmcj − 2∆cm + 1

cmcj − 2∆cj + 1
, 1 ≤ m ≤ N .

∆ = η cm = eikm 1 ≤ m ≤ N

eikmL =
N∏

j=1
j!n

ei(km+k j) − 2∆eikm + 1

ei(km+k j) − 2∆eik j + 1
, 1 ≤ m ≤ N .

{ξ1, ..., ξN
}

N

N

{ξ1, ..., ξN
}

ξi N

ξi

L > 2N

N



L ≤ 2N

ξi ξi = ±η

L > 2N

L
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N = 1

(
(λ1 + η)

λ1

)L

= 1.

(λ1 + η)

λ1
= c1.

λ1 c1

λ1 =

(
η

c1 − η

)
=

1

2

(
e−η − c1
eη − c1

)
.

λ1

cL
1 = 1,

c(k)
1 = e

2iπk
L , 1 ≤ k < L,

L L L

λ
(k)
1 = '

(
η

e
2iπk
L − η

)
* =

1

2
'
(

e−η − e
2iπk
L

eη − e
2iπk
L

)
* , 1 ≤ k < L.

iπ
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7.1 A forma polinomial das equações de Bethe

N = 2

(
(λ1 + η)

λ1

)L

=
(λ1 − λ2 + η)
(λ1 − λ2 − η)

(
(λ2 + η)

λ2

)L

=
(λ2 − λ1 + η)
(λ2 − λ1 − η)

.

λ1 =
1

2

(
e−η − c1
eη − c1

)
,

1

2

(
e−η − c2
eη − c2

)
.

c1 c2

cL
1 (1 + c1c2 − 2∆c2) + (1 + c1c2 − 2∆c1) = 0,

cL
2 (1 + c1c2 − 2∆c1) + (1 + c1c2 − 2∆c2) = 0.

1

cL
1 cL

2 = 1.



ωa =

(
2iπa

L

)
, 1 ≤ a < L,

c2

c2 =
ωa

c1
, 1 ≤ a ≤ L.

Pa(c1) = 0,
Pa(c1)

cL
1

= 0,

Pa(z) = (ωa + 1) zL − 2∆ωazL−1 − 2∆z + (ωa + 1), 1 ≤ a ≤ L.

c1
Pa(x)

Pa(z)

Pa(z) = zL Pa

(ωa

z

)
, 0 ≤ a ≤ L,

c1 c2 = ωa/c1

{c1, c2} =

{

ξb,
ωa

ξb

}

, 1 ≤ a, b ≤ L,

ξb Pa(z)

c2 = c1
c1 c2

c1 = ±∞
a = L/2 ω = −1

N = 2 ∆

Pa(x) c2 = c1

Pa(z) a = L

ω = 1 PL(z)

T(z)

Tn

(
z + z−1

2

)
=

zn + z−n

2
.



PL(x) xL/2

Pa(z) = 0

TL
2
(ϑ) − TL−2

2
(ϑ)∆ = 0, ϑ =

z + z−1

2
.

7.2 Polinômios auto-inversivos
Pa(z)

Pa(z)

p(z) = a0 + a1z + ... + an−1zn−1 + anzn,

C an ! 0 n

p(z) = ωznp
(1

z

)
, |ω | = 1,

p(z) p(z)

ω = 1 p(z)

1 ξ p(z) ξ∗ = 1/ξ

p(z) = p(z)

p∗(z) = ωznp
(1

z

)
= ωan + ωan−1z1 + ... + ωa1zn−1 + ωa0zn,

p(z) = p∗(z)

ak = ωan−k, 0 ≤ k ≤ n.

Pa(z)

Pa(z)

Pa(ωaz) = ωaPa(z), ωa =

(
2iπa

L

)
, 1 ≤ a ≤ L.



7.3 Teoremas sobre o número de raízes de um polinômio auto-
inversivo sobre o círculo complexo unitário

p(z) n

|an−l | >
1

2

( n
n − 2l

) n∑

k=0
k!{l,n−l}

|ak | , l < n/2,

p(z) n − 2l 1 U = {z ∈ C : |z | = 1}

n l = n/2 p(z) U

111an/2
111 > 2

n∑

k=0
k!n/2

|ak |

p(z)

U

q(z) = zn−1 p′
(1

z

)

p(z) p′(z)

U f (z) g(z)

γ γ 11 f (z)11 >11g(z)11 γ f (z) h(z) = f (z)+g(z)

γ

p(z) n

q(z)

q(z) = nān + (n − 1)ān−1z + (n − 2)ān−2z2 + ... + 2ā2zn−2 + ā1zn−1.

an−l ! 0 l < n/2

f (z) = (n − l)ān−l zl,



g(z) = q(z) − f (z),

= nān + ... + (n − l + 1)ān−l+1zl−1 + (n − l − 1)ān−l−1zl+1 + ... + ā1zn−1.

γ = {z ∈ C : z = eiy, y ∈ R}

11 f (z)11γ = (n − l) |an−l | ,

11g(z)11γ = 111nān + (n − 1)ān−1eiy + ... + (n − l + 1)ān−l+1eiy(l−1)

+ (n − l − 1)ān−l−1eiy(l+1) + ... + 2ā2eiy(n−2) + ā1eiy(n−1)111 .

11g(z)11γ ≤ n |an | + ... + (n − l + 1) 11an−l+1
11+ (n − l − 1) |an−l−1 | + ... + |a1 | ,

(n − l) |an−l | > n |an | + ... + (n − l + 1) 11an−l+1
11+ (n − l − 1) |an−l−1 | + ... + |a1 | .

p(z)

k |ak | + (n − k) |an−k | = n |ak | =
n
2
(|ak | + |an−k |) ,

(n − l) |an−l | > l |an−l | +
n
2

n∑

k=0
k!{l,n−l}

|ak | .

|an−l | >
1

2

( n
n − 2l

) n∑

k=0
k!{l,n−l}

|ak |

f (z) q(z) = f (z) + g(z)

f (z)

l U q(z)

p(z) l U p(z)

l U

p(z) n − 2l

f (z) = (n/2) ān/2zn/2 g(z) = q(z)− f (z)

!



p(z) n

p(z) U

p(z) q(z)

p′(z) = a1 + 2a2z + ... + (n − 2)an−2zn−3 + (n − 1)an−1zn−2 + nanzn−1.

q′(z) U

f (z) = (n − l)an−l zn−l−1 g(z) = p′(z) − f (z).

γ

11 f (z)11γ = (n − l) |an−l |

11g(z)11γ ≤ |a1 | + 2 |a2 | + ...+ (n − l − 1) |an−l−1 | + (n − l + 1) 11an−l+1
11+ ...+ n |an | .

11 f (z)11γ > 11g(z)11γ

(n − l) |an−l | > l |an−l | +
n
2

n∑

k=0
k!{l,n−l}

|ak | ,

|an−l | >
1

2

( n
n − 2l

) n∑

k=0
k!{l,n−l}

|ak | .

p′(z) f (z)

γ n − l − 1 U

p′(z) l |z | ≥ 1

q(z)

l U, p′(z)

|z | > 1 q′(z) U .

p(z) U

p′(x) !



p(z) n−2l U

7.4 Localização e distribuição das raízes de Pa(z)

Pa(z)

Pa(z) ∆.

∆1 =
1111
ωa + 1

2

1111 ∆2 =
L

L − 2
1111
ωa + 1

2

1111 .

|∆| < ∆1 Pa(x)

U = {z ∈ C : |z | = 1}

n U

|an | >
1

2

n−1∑

k=1

|ak | ,

l = 0

Pa(z)

|ωa + 1| > 1

2
(|−2∆| + |−2∆ωa |) = 2 |∆| ,

|∆| < 1111
ωa + 1

2

1111 .
!

l = 0
U

|an | >
1

2

n−1∑

k=1

|ak | .

p(z)



Pa(x) L = 6 ∆ = 2/3 a = {1, 5, 6} |∆| ≤ ∆1

Pa(x) U a = {2, 4} ∆1 <
|∆| < ∆2 a U

a = 3 |∆| > ∆2 U
−∞

|∆| > ∆2 s ωa/s Pa(a) U

l = 1

|an−1 | >
1

2

( n
n − 2

) n∑

k=0
k!{1,n−1}

|ak | .

Pa(x)

|−2∆ωa | >
1

2
(|ωa + 1| + |ωa + 1|) ,

|∆| > L
L − 2

1111
ωa + 1

2

1111 .
!



Pa(x) L = 6 ∆ = 3/2 a |∆| ≥ ∆2

a = 6 P6(c)
a U

Pa(z)
x = ∆

∆1 ≤ |∆| ≤ ∆2

|∆| = ∆1 Pa(z) U

Pa(z)

Pa(z)

L (L = 2k) a ! k Pa(x)

Pa(x) = (1+ωa)(x−ωb)2Ra(x) a ωb

Ra(x) L (L = 2k + 1) Pa(x)

a a ≤ k a a > k Pa(x)

a = k Pa(z)

!



|∆| = ∆2 Pa(z) U

Pa(z) |∆| = ∆2 L (L = 2k) a ! k

Pa(x) Pa(x) = (x − ωb)3 R̃a(x) a

a L (L = 2k + 1) Pa(x) a a < k

a a ≥ k Pa(x) !

p(z) n

l p(z) l + 2

U

l = 0 p(z)

l = 1, p(z) U

p(z) l l + 2 l = 0

∆1 < |∆| < ∆2 Pa(z)

L a

Pa(z) U L

a L a a ! (L ± 1) /2 a = (L ± 1) /2 Pa(z)

U L ≡ (3 4) Pa(z) ξ ωa/ξ U

a Pa(z)

Pa(z) Pb(z) b ! a 1 ≤ a, b ≤ L

ra rb Pa(z) Pb(z)

sa = ωa/ra sb = ωb/rb Pa(z)

Pb(z) rb = ra sb = sa

sb sa rb ra

ωb = ωa b = a !



7.5 Polinômios de Salem

Pa(z)

U

−
U

Pa(z)

∆

U

Pa(z)

s 1/s

U

Pa(z) a = L ∆

|∆| > ∆2 a ! L Pa(z)

U

−

(−2, 3, 7)

U

r > 1



n

M(p(z)) =
n∏

k=0

(1, |ξk |) ,

ξk 1 ≤ k ≤ n p(z)

p(z)

Pa(x) L = 6 ∆ = 3/2 a = 6



x3 − x − 1 1, 324

−

1, 176

L(x) = x10 + x9 − x7 − x6 − x5 − x4 − x3 + x + 1.

1.3

−
∆ L

7.5.1 Um novo algoritmo para procurar por números de Salem pequenos

U

n

n − 2 U

−

U

l = 1

|an−1 | >
1

2

( n
n − 2

) n∑

k=0
k!{1,n−1}

|ak |

an−1



p(z) n S(z)

S(z) =
{

p0(z), p1(z), p2(z), ..., pn(z)
}

,

p0(z) = p(z), p1(z) = p′(z), pj(z) = −
(
pj−2(z), pj−1(z)

)
, 2 ≤ j ≤ n,

p′(z) p(z) (p(z), q(z)) p(z)

q(z) p(z)

(a, b)

[S(a)] − [S(b)] ,

[S(z)] S(z)

U z .→ µ(z)
p(z) U R

µ(z) =
z − i
z + i
,

q(z) = (z + i)n p
(

z − i
z + i

)
.

p(z) q(z)

n/2 z2 q(z)

r(z) =
(√

z + i
)n

p
(√

z − i√
z + i

)
.

p(z) r(z) n/2 − 1
r(z) p(z)

p(z)

(1, 1.3)

p(z)



p(z) (1, 1.3)

r(z)

r(z)

n/2− 1 n p(z) p(z) n− 2
p(z) 1

p(z) 0

p(z)

p(z) n

p(z)

p(z)

n := (p(z))

p(1)p(1.3) < 0

r(z) := (
√

z + i)np(
√

z−i√
z+i )

(r(z)) = n/2 − 1



{−2,−1, 0, 1, 2}

7.6 Distribuição das raízes de Bethe − A hipótese de strings
c1 c2 Pa(z)

λ1 λ2

c2 = ωa/c1 a 1 L

λ2 λ1

λ2(η) = −η − λ1
(
η − 2iπa

L

)
, ( iπ) ,

a 1 L λ1 λ2 η

η ∆ > 1 ∆ < 1

η U

x = −|η |/2 η U y = −|η |/2
y = −|η + iπ |/2

Pa(z) U

(L ≫ 1)

∆ = 1

n

n n N

n

λ(n) = ξ + iζ (n), ζ (n) = ζ (1) + ϵn,

ϵ

Pa(z) η

(∆ < 1) a 1 L Pa(x)

N = 2



U

2

U

η (∆ > 1)

n

Pa(z)

U 1

2

L

Pa(z)

x = ∆



L = 6 ∆ = 2/3 Pa(x)
U y = − |η | /2 y = − |η + iπ | /2

∆ = 3/2 Pa(x) U
x = − |η | /2 Pa(x) U

1 U



7.7 A completeza do Ansatz de Bethe para N = 2

−

{λ1, ..., λN}

Pa(z) λ2 ! λ1 |∆| ! ∆1

|∆| ! ∆2 Pa(z)

Pa(z)

a 1 ≤ a ≤ L

Pa(z)

L

L

Pa(z)

Pa(z) = (x + ωb)Qa(z),

2b ≡ a L) Qa(z) L − 1

x = −ωb c2 = c1 λ2 = λ1

N = 2 Qa(z)

L (L − 1)
c1 c2

L (L − 1) /2

L (L = 2k)

cL
1 (1 + c1c2 − 2∆c2) + (1 + c1c2 − 2∆c1) = 0,

cL
2 (1 + c1c2 − 2∆c1) + (1 + c1c2 − 2∆c2) = 0,

{c1, c2} = {0,−∞} {c1, c2} = {−∞, 0}



cL
1 cL

2 = 1 c2 = ωa/c1 ωa

L

Pa(c1) = 0,
Pa(c1)

cL
1

= 0,

Pa(z) = (ωa + 1) zL − 2∆ωazL−1 − 2∆z + (ωa + 1), 1 ≤ a ≤ L.

c1 = 0 c2 = ±∞ z = 0 Pa(z)

ωa = −1 L a = k

{c1, c2} = {0,−∞} c1
c2 {c1, c2} = {−∞, 0}

λ1 λ2

λ1 = 0, λ2 = −η, λ1 = −η, λ2 = 0,

Pa(z) L a = k Pa(z)

Pk(z) = 2∆z(zL−2 − 1) = 0.

z = 0

L − 2

z j =

(
2πi

L − 2 j
)
, 1 ≤ j ≤ L − 2,

λ
( j)
1 =

1

2

(
z j − −η

z j − η

)
, λ

( j)
2 =

1

2

(
z j
−η + 1

z j η + 1

)
, 1 ≤ j ≤ L − 2.

λ2 = λ1 j = (k − 1)/2 j = 3(k − 1)/2

k a = k 2(k −
1) + 2 k 2(k − 2) + 2 k

a ! k Pa(z) =(
x2 − ωa

)
Qa(z) a a Qa(z)

L − 2 k k − 1



a k a (k − 1)(2k)+ (k)(2k − 2)
k k − 1 a k − 1 a

(k)(2k)+(k−1)(2k−2) a = k

[(k − 1)(2k) + (k)(2k − 2)] + [2(k − 1) + 2] = 2k(2k − 1), k ,

[(k)(2k) + (k − 1)(2k − 2)] + [2(k − 2) + 2] = 2k(2k − 1), k .

c1 c2
k(2k − 1) = L(L − 1)/2

(L
2) = L(L − 1)/2

L

7.7.1 A questão da completeza para valores críticos de ∆
|∆|

|∆|

|∆| = ∆a
1 =

1111
1 + ωa

2

1111 |∆| = ∆a
2 =

L
L − 2

1111
1 + ωa

2

1111 .
Pa(z)

λ2 = λ1

|∆| = ∆a
1 L (L = 2k) a ! k

Pa(x) Pa(z) = (1 + ωa)(z − ωb)2Ra(z) a

ωb L L = 2k + 1 Pa(z)

a a ≤ k a a > k Pa(z)

k − 1 L

k L k k + 1 L k

|∆| = ∆a
2 L (L = 2k) a ! k Pa(z)

a Pa(z) = (x − ωb)3 R̃a(z) a L

(L = 2k + 1) Pa(z) a a < k a

a ≥ k Pa(z) k

L k − 1 L



λ2 ! λ1
λ2 = λ1

∆ =

1
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N = 3

N = 2 c1c2c3 = ±1
ω

N = 3

λ1 λ2 λ3
(

(λ1 + η)

λ1

)L

=
(λ1 − λ2 + η)
(λ1 − λ2 − η)

(λ1 − λ3 + η)
(λ1 − λ3 − η)

,

(
(λ2 + η)

λ2

)L

=
(λ2 − λ1 + η)
(λ2 − λ1 − η)

(λ2 − λ3 + η)
(λ2 − λ3 − η)

,

(
(λ3 + η)

λ3

)L

=
(λ3 − λ1 + η)
(λ3 − λ1 − η)

(λ3 − λ2 + η)
(λ3 − λ2 − η)

.

(
(λ1 + η)

λ1

(λ2 + η)

λ2

(λ3 + η)

λ3

)L

= 1,

(λ1 + η)

λ1
= c1,

(λ2 + η)

λ2
= c2,

(λ3 + η)

λ3
= c3.

cL
1 cL

2 cL
3 = 1, , c1c2c3 = ωa,



ωa =
(
2iπ

a
L

)
, 1 ≤ a ≤ L.

λ1 λ2 λ3 c1 c2 c3

λ1 =

(
η

c1 − η

)
=

1

2

(
e−η − c1
e+η − c1

)
,

λ2 =

(
η

c2 − η

)
=

1

2

(
e−η − c2
e+η − c2

)
,

λ3 =

(
η

c3 − η

)
=

1

2

(
e−η − c3
e+η − c3

)
,

iπ λ1 λ2 λ3

c1 c2 c3

cL
1 (1 + c1c2 − 2∆c2) (1 + c1c3 − 2∆c3) − (1 + c1c2 − 2∆c1) (1 + c1c3 − 2∆c1) = 0,

cL
2 (1 + c2c1 − 2∆c1) (1 + c2c3 − 2∆c3) − (1 + c2c1 − 2∆c2) (1 + c2c3 − 2∆c2) = 0,

cL
3 (1 + c3c1 − 2∆c1) (1 + c3c2 − 2∆c2) − (1 + c3c1 − 2∆c3) (1 + c3c2 − 2∆c3) = 0.

c1c2c3 = ε = ±1, ω

c3 =
ε

c2c1
.

(c1 − ε) f (c1, c2) = 0, (c2 − ε) f (c2, c1) = 0, (c1c2 − 1) g(c1, c2) = 0.

f (c1, c2) g(c1, c2) c1 c2
c2 = 1/c1 c3 = 1

c1

Pε(z) = zL+1
1 −(3ε∆ − 1) zL+ε∆ (2ε∆ − 1) zL−1−∆ (2ε∆ − 1) z2+(3ε∆ − 1) z−ε.

Pε(z) Pa(x)

1

∆

N = 2

∆

Pa(x)



ω 3

(L
3) =

1
6L(L − 1)(L − 2) ∆

N = 3

c1 = c2 = c3 = ωa

a 1 L

c2 = c1 c3 = ωa/c21
(
c21 − 2∆c1 + 1

)
Qa(c1) = 0,

Qa(z)

Qa(z) = zL+1+ωazL−2ωa∆zL−1+2∆z2−z−ωa, ωa = e2iπ a
L , 1 ≤ a ≤ L.

c21 − 2∆c1 + 1 = 0

Qa(c1) = 0 Qa(z)

a = L ∆

QL(z)

L
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Pa(z)

N = 2 ∆

Pa(z)

Pa(z)

U

Pa(z) U

Pa(z)
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APÊNDICE A

N = 2 N = 3

L L

∆

L < 2N

A.1 Soluções explícitas das equações de Bethe para N = 2

A.1.1 Soluções explícitas para L = 1

L = 1 ω = 1

(c1 + 1) (∆ − 1) = 0.

∆ = 1

∆ ! 1 c1 = −1
λ1 = λ2

λ1 = λ2 =
1

2

(
e−η + 1

eη + 1

)
.

L = 1



A.1.2 Soluções explícitas para L = 2

L = 2 a = 1 a = 2

ω = −1 ω = 1

P1(c1) = 0

c2 = −1/c1
c1

λ1 =
1

2

(
e−η − c1
eη − c1

)
, λ2 =

1

2

(
e−ηc1 + 1

eηc1 + 1

)
,

c1

P2(c1) = 0

c21 − 2∆c1 + 1 = 0,

c1 = eη, c1 = e−η,

∆ = η

λ1 λ2

N = 2 L = 2

A.1.3 Soluções explícitas para L = 3

ω

ω1 = −
1

2
+

i
2

√
3, ω2 = −

1

2
− i
2

√
3 ω3 = 1.

ω = 1

(c1 + 1)
[
c21 − (∆+ 1) c1 + 1

]
= 0,

c1 = −1 c21 − (∆+ 1) c1 + 1 = 0

λ1 = λ2

c1 =
(∆+ 1)

2
±

√
(∆+ 1)2

4
− 1,



λ±1 =
1

2
'
(

(eη + 3) ±
√

e2η + 6eη + 1

− (3eη + 1) ±
√

e2η + 6eη + 1
)
* ,

λ±2 = −λ±1 − η.

ω ! 1

(c1 + ω∗)
[
ωc21 + (2∆ − 1) c1 + ω∗

]
= 0,

ω∗ ω c1 = −ω∗

λ1 = λ2

c1 = −
(2∆ − 1)

2ω
±

√
(2∆ − 1)2 − 4

2ω
,

λ±1 =
1

2
'+
(

(
eη − e2η − 2ω − 1

)
±

√
(e2η + eη + 1) (e2η − 3eη + 1)

(eη − e2η − 2ωe2η − 1) ±
√
(e2η + eη + 1) (e2η − 3eη + 1)

),
*
,

λ±2 = −λ±1 − η.

iπ.

A.2 Soluções explícitas das equações de Bethe para N = 3.

A.2.1 Soluções explícitas para L = 1

L = 1 ω = 1

(2∆+ 1) (c1 − 1)
[
c1c22 + c1c2 + c2 + 1 − 2∆c2 (c1 − 1)

]
= 0,

(2∆+ 1) (c2 − 1)
[
c2c21 + c2c1 + c1 + 1 − 2∆c1 (c2 − 1)

]
= 0,

(2∆+ 1) (c1c2 − 1) [2∆ (c1c2 + 1) − c1c2 − c1 − c2 − 1] = 0.

∆ = −1/2
∆ ! −1/2

c2 = 1/c1
(2∆+ 1) (∆ − 1)

(
c21 − 1

)
= 0

∆ = 1 c1 = ±1
∆ 1 1/2 c1

λ±1 = λ±2 =
1

2

(
e−η ∓ 1
e+η ∓ 1

)
, λ±3 =

1

2

(
e−η − 1
e+η − 1

)
.



L = 1 ∆ = −1/2
∆ = 1

A.2.2 Soluções explícitas para L = 2

L = 2 ω = 1 ω = −1

(c1 − ε) F(c1, c2) = 0, (c2 − ε) F(c1, c2) = 0, (c1c2 − 1) F(c1, c2) = 0,

ε = ±1 F(c1, c2)

F(c1, c2) = c21c22 + εc
2
1c2 + εc1c22 − 2

(
2∆2 − 2∆ε + 1

)
c1c2 + εc1 + εc2 + 1.

F(c1, c2) =

0

F(c1, c2) ! 0 c2 = 1/c1

(c1 − ε)
[
c21 − 2ε

(
∆2 + ε∆ − 1

)
c1 + 1

]
= 0,

c1 = ε

c1 ε
(
∆2 + ε∆ − 1

)
±

√
ε (∆2 + ε∆ − 1)2 − 1.

λ1 = λ2 = λ3 =
1

2

(
e−η ∓ 1
e+η ∓ 1

)
,

λ±1 =
1

2

⎡⎢⎢⎢⎢⎢⎣

(
e2η + 2εeη − 1

)
±

√
(e2η + 1) (e2η + 4εeη + 1)

(e2η − 2εeη − 1) ±
√
(e2η + 1) (e2η + 4εeη + 1)

⎤⎥⎥⎥⎥⎥⎦
,

λ±2 = −η − λ±1,

λ±3 =
1

2

(
e−η − ε
e+η − ε

)
.

A.2.3 Soluções explícitas para L = 3

ω

ω1 = −
1

2
+

√
−3
2
, ω2 = −

1

2
+

√
−3
2
, ω3 = 1.



a = 3 ω = 1

(c1 − 1) f (c1, c2) = 0, (c2 − 1) f (c2, c1) = 0, (c1c2 − 1) g(c1, c2) = 0.

f (c1, c2) = (1 − 2∆)
(
c21c22 + 2c21c2 + 2c1c2 + c1

)

+ c31c22 + c31c2 + c21 + c1c22 + c2 + 1,

g(c1, c2) = (1 − 2∆)
(
2c21c22 + c21c2 + c1c22

)

+ c31c32 + c31c22 ++c21c32 + c1 + c2 + 1.

c2 = 1/c1

(
c21 − 1

) [
c21 − (3∆ − 1) c1 + 1

]
= 0.

c1 = ±1

c1 =
3∆ − 1

2
±

√
(3∆ − 1)2

4
− 1,

λ±1 =
1

2

⎡⎢⎢⎢⎢⎢⎢⎣
− (3eη + 1) ± 3

√
e2η + 2

3eη + 1

(eη + 3) ± 3
√

e2η + 2
3eη + 1

⎤⎥⎥⎥⎥⎥⎥⎦
,

λ±2 = −η − λ±1,

λ±3 =
1

2

(
e−η − 1
eη − 1

)
.

f (c1, c2) = 0, f (c2, c1) = 0, g(c1, c2) = 0.

c1 = c2 = c3 = ωa

a = 3 a = 1 a = 2 ω



A.2.4 Soluções explícitas para L = 4

a = {1, 2, 3, 4} ω {1,−1, i,−i}

ω c3 = ε/ (c1c2) ε = ±1

(
c21 − 2∆c1 + 1

)
(c1 − ε) f (c1, c2) = 0,

(
c22 − 2∆c2 + 1

)
(c2 − ε) f (c1, c2) = 0,

(
c21c22 − 2∆c1c2 + 1

)
(c1c2 − 1) f (c1, c2) = 0,

f (c1, c2) = (c1c2 + 1)2 + ε [(c1c2 + 1) (c1 + c2) − 2∆c1c2] .

c1 = eη, c2 = eη, c3 = εe−2η,

c1 = e−η, c2 = e−η, c3 = εe2η,

c1 = eη, c2 = e−η, c3 = ε,

c1 = e−η, c2 = eη, c3 = ε.

f (c1, c2) = 0

c2 = 1/c1

(
c21 − 2∆c1 + 1

)
(c1 − ε)

[
c21 − (ε∆ − 2) c1 + 1

]
= 0.

c±1 =
(2 − ε∆)

2
±

√
(2 − ε∆)2

4
− 1,

λ±1 =
1

2

⎡⎢⎢⎢⎢⎢⎣

(
e2η − 4εeη − 3

)
±

√
(e2η + 1) (e2η − 8εeη + 1)

(−3e2η − 4εeη + 1) ±
√
(e2η + 1) (e2η − 8εeη + 1)

⎤⎥⎥⎥⎥⎥⎦
,

λ±2 = −η − λ±1,

λ±3 =
1

2

(
e−η − ε
eη − ε

)
.



ω

ω ω = ±i

c1 = eη, c2 = e−η, c3 = ±i,





Zeit. Phys.

Z. Phys.

Exactly solved models in statistical mechanics, Ann. Academic Press

Phys. Rev.

Phys. Rev.

Phys. Rev.
Lett.

Phys. Rev. Lett.

Phys.
Rev. Lett.,

Phys. Rev.

Annals of Physics



Phys. Rev. B

Phys. Rev. Lett.

Journ. of Phys. A: Math. and Gen.

Russ. Math. Surv.

Theor. Math. Phys.

Integrable models in (1+1)-dimensional quantum field theory

J. Soviet
Math.

Quantum inverse scattering method
and correlation functions

Nuclear Physics B

Journ. of
Stat. Mech.: Theory and Exp.

Yang-Baxter equation in integrable systems.

Enc. of Math. Phys.

N J. Math. Phys.

Phys. Rev. Lett.

S N

δ Phys. Rev



Ann. Phys.

Ann. Phys. Phil. Trans.
Royal Soc. London

Phys. Rev. Lett.

Int. J. Mod. Phys. A

Physics Today

The Bethe wavefunction.

Physics Uspekhi,

Acta
Applicandae Mathematicae,

Journal
of Stat. Phys.

J. Stat. Mech.

arXiv:1411.5839

arXiv:1501.07801

Prog. Theor.
Phys.

1/2 X X X J. Phys. A: Math. Gen.

Phys. Lett. B



Phys. Rev. B

J. Statis.
Phys.

arXiv:cond-mat/9804210

Phys. A,

J. Phys. A: Math. Theor.

Phys. Rev. E,

J. Stat. Mech.

J. Phys. A: Math. Theor.

J. Phys. A,

1/2 X X X 1958

Prog. Math. Phys.

X X Z arXiv:math-ph/0306002

X X Z

arXiv:1210.2315

Strings and Symmetries



Adv.
in Math. Sciences: CRM’s 25 years

Proc. of the Int. Cong. of
Math. Phys.

Physics Letters A,

arXiv:1504.00615

The Feynman Lectures on Physics

J. Am. Chem. Soc.

Chebyshev Polynomials.

Geometry of polynomials,

Math. Zeit.

Proc. Amer. Math. Soc.,

Proc. Amer. Math. Soc.,

J. École Polytech.

Publ. Math. Debrecen,

Pisot and Salem numbers,

arXiv:1408.0195

Duke Math. J.



Math. Comput.

Duke Math. J.

Ann. Math.

Not. Amer. Math. Soc.

Serdica J. Computing,

Compositio Math.


	Folha de rosto
	Dedicatória
	Agradecimentos
	Epígrafe
	Resumo
	Abstract
	Sumário
	Introdução
	O Ansatz de Bethe
	As equações de Bethe

	O Ansatz de Bethe
	O Ansatz de Bethe de coordenadas
	O Modelo de Heisenberg em uma dimensão
	O Ansatz de Bethe de coordenadas em ação: diagonalizando o hamiltoniano
	Estados de spins
	O Estado de referência
	Estados de um mágnon
	Estados de dois mágnons
	Estados de três mágnons
	Estados de N mágnons


	O Ansatz de Bethe algébrico
	O modelo de seis vértices
	A mecânica estatística do modelo de seis vértices
	Representação matricial para a função de monodromia e de transferência
	A equação de Yang-Baxter
	A integrabilidade do modelo de seis vértices

	O Ansatz de Bethe algébrico em ação: diagonalizando da matriz de transferência
	As relações de comutação
	O estado de referência 
	Estados de um mágnon 
	Estados de dois mágnons
	Estados de N mágnons
	O Ansatz de Bethe algébrico visto como um problema combinatorial



	As equações de Bethe
	Relação entre os Ansätze de Bethe algébrico e de coordenadas
	Comparação entre as duas formas das equações de Bethe
	Soluções das equações de Bethe para os estados de um mágnon
	Soluções das equações de Bethe para os estados de dois mágnons
	A forma polinomial das equações de Bethe
	Polinômios auto-inversivos
	Teoremas sobre o número de raízes de um polinômio auto-inversivo sobre o círculo complexo unitário 
	Localização e distribuição das raízes de Pa(z)
	Polinômios de Salem
	Um novo algoritmo para procurar por números de Salem pequenos

	Distribuição das raízes de Bethe - A hipótese de strings
	A completeza do Ansatz de Bethe para N=2
	A questão da completeza para valores críticos de 


	Soluções das equações de Bethe para os estados de três mágnons
	Conclusão e Perspectivas
	Soluções explícitas das equações de Bethe para N=2 e N=3
	Soluções explícitas das equações de Bethe para N=2
	Soluções explícitas para L=1
	Soluções explícitas para L=2
	Soluções explícitas para L=3

	Soluções explícitas das equações de Bethe para N=3.
	Soluções explícitas para L=1 
	Soluções explícitas para L=2 
	Soluções explícitas para L=3 
	Soluções explícitas para L=4 


	Referências Bibliográficas


