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Resumo

Neste trabalho estudamos a existéncia e multiplicidade de solugoes nao
triviais para duas classes de problemas elipticos. O primeiro problema eliptico que
estudamos abrange uma classe geral de operadores com expoentes varidveis onde a nao
linearidade possui crescimento subcritico. O segundo problema trata de uma equagao
nao local envolvendo uma ampla classe de operadores onde a nao linearidade possui

crescimento sublinear/superlinear, mais um termo com crescimento critico.

O primeiro problema que estudamos é

—div(a(|VulP@)|Vuf®=2Vu) = Af(z,u) em Q,
u = 0 em OS2,

onde A > 0 é um parametro real, Q@ C RY, N > 3, ¢ um dominio limitado com fronteira
suave 09, p€ C(Q) e 1 < p(z) < N, para todo x € Q. Os resultados para este problema
foram demonstrados através do Teorema do Passo da Montanha, de uma versao simétrica
do Teorema do Passo da Montanha, do Teorema de Fountain, do Teorema de Dual
Fountain e da Teoria de Género introduzida por Krasnoselskii.

O segundo problema que estudamos ¢ modelado pelo problema eliptico

envolvendo nao linearidade com crescimento critico:

—M (o (u))div (a(\Vu]p(x))|Vu]p(x)_2Vu): M(x,u) + [ul® 2y em Q,
u=0em 0f,

onde Q C RY, N > 3, é um dominio limitado com fronteira suave 99, A\ > 0 é um
parametro real. Obtemos dois resultados de existéncia e multiplicidade de solucoes, que
foram provados através de uma versao do Teorema do Passo da Montanha e pela Teoria

de Género de Krasnoselskii.



Abstract

We study the existence and multiplicity of nontrivial solutions for two classes
of elliptic problems. The first problem covers a general class of operators with variables
exponents where the nonlinearity has subcritical growth. The second problem is a nonlocal
elliptic problem where the nonlinearity has critical growth.

The first problem is

— div(a(|Vu[P®)|Vu[P@)=2Vy) = Af(z,u) in Q,
u = 0 on 0f),

where A\ > 0 is a real parameter, Q@ ¢ RY, N > 3, is a bounded domain with smooth
boundary 99, p € C(Q), and 1 < p(z) < N, for all 2 € Q. In this first problem, we
proof some results about the existence and multiplicity of solutions. The results of this
problem was demonstrated by the Mountain Pass Theorem, symmetric Mountain Pass
Theorem, Fountain Theorem, Dual Fountain Theorem, and the Genus Theory introduced
by Krasnoselskii.

The second problem deals with the nonlocal elliptic problem with crititical

growth:

~ M (A (u)) div (a(\qu)\vu\m)—?vu): M (2, u) + |u*® 2y in Q,
u =0 on 02,

where Q C RV, N > 3, is a bounded domain with smooth boundary 0Q, A > 0 is a real
parameter. We obtain the existence and multiplicity of solutions by using the Mountain
Pass of Theorem without the condition of Palais-Smale and the Genus Theory introduced

by Krasnoselskii.
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Introducao

Esta tese ¢ dedicada ao estudo de uma ampla classe de problemas elipticos
quasilineares com expoentes varidveis.  Apresentaremos resultados de existéncia e
multiplicidade de solugoes, bem como de alguns aspectos qualitativos, para duas classes
de problemas elipticos envolvendo uma ampla classe de operadores diferenciais com
expoentes variaveis e outros operadores nao locais com expoentes varidveis. Os resultados
que apresentaremos serao demonstrados através da aplicacao de métodos variacionais e
topologicos. Estes métodos sao uma poderosa ferramenta para obter a multiplicidade de
solucoes e estabelecer resultados sobre o comportamento qualitativo das solugoes.

Recentemente, problemas elipticos nao locais e problemas com expoentes
varidveis tem atraido a atencao de muitos pesquisadores, devido aos interessantes
argumentos matematicos, tendo como marco natural os espagos de Sobolev com expoentes
variaveis W10 (Q), e sua aplicabilidade em diversos fenémenos fisicos, como por exemplo
em processamento de imagens, matematica biologica, fluidos electroreologicos, etc (veja
[1], [8], [13], [31], [47], [65], [68], [77] e suas referéncias).

Agora, vamos descrever brevemente os problemas estudados e os progressos
obtidos nos Capitulos 1, 2 e 3.

No Capitulo 1, estudamos a existéncia e multiplicidade de solugoes de
uma classe de problemas elipiticos com a condi¢ao de Dirichlet envolvendo um operador

do tipo p(z)—Laplaciano, a saber

{—div(a(|vu|p<w>)|vu|p<w>2vu) = M(z,u) emQ, "

u = 0 em 0f),

onde A > 0 é um parametro real , Q C RV, N > 3, ¢ um dominio limitado com fronteira
suave 0Q, p € C(Q) e 1 < p(x) < N, para todo = € Q. A funcdo a : RT — R satisfaz as

hipoteses:

(ap) a : RT — R & continua e a aplicacio T : RY — R, dada por Y(n) := A(|n[P@®), é



estritamente convexa, onde A é a primitiva de a, isto é A(t) = fg a(o) do;

(ay) existem constantes «, 5 > 0 com 0 < a < 3, tais que

para todo o > 0.

A nao linearidade f : Q@ x R — R é uma funcao de Carathéodory com

crescimento subcritico, isto é, n6s assumiremos que
(fo) |f(z,t)] < (14 [t]"@~1) para todo (x,t) € Q x R,

onde ¢; é uma constante positiva, v € C(Q) é a funcdo subecritica, no sentido que
v(z) < vt < p*(z) para todo x € Q e p*(z) = Np(z)/(N — p(x)) é o expoente critico
variavel.

Consideraremos, também, que a nao linearidade f possui as seguintes

condicoes de crescimento no zero e no infinito:

(f1) | ‘ % = o0 uniformemente para quase todo ponto (q.t.p.) x € €, isto &, f
t ~>

é pT-superlinear no infinito, a funcao F ¢é a funcao primitiva de f com respeito a
segunda variavel, isto &, F'(x,t) fo r,5)ds;

(f2) f(z,t) = o(|t]"" 1), quando t — 0, uniformemente em quase todo ponto z € Q;

(f3) Existem constantes positivas C, > 0 e w > 1 tal que
G(z,t) < G(x,s) + C,,

para qualquer x € Q, 0 <t < sou s <t <0, onde G(z,t) :=tf(z,t) — wF(z,t).

Com a finalidade de obtermos infinitas solucoes, alguns dos nosso resultados

assumirao a seguinte condicao de simetria:
(f1) f é impar em t, isto é, f(z,—t) = —f(x,t) para todo z € Q et € R.

Provaremos nossos resultados de existéncia e multiplicidade de solucoes,
bem como algumas propriedades qualitativas, combinando técnicas variacionais e

topologicas. Mais precisamente, usaremos o Teorema do Passo da Montanha, uma versao
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simétrica do Teorema do Passo da Montanha, o Teorema de Fountain, o Teorema do Dual
Fountain e a Teoria de Género de Krasnoselskii, para obter os pontos criticos do funcional

de Euler-Lagrange, ¥ : Wol’p(')(Q) — R, associado ao problema (1), sendo

1
W(u :/—A Vu[P@) dw—)\/Fu,:L' dx.
) = | ANV de x| P

Observamos que a condicdo (f3) é uma consequéncia da seguinte condigao
(f4), a qual foi introduzida por Miyagaki e Souto (|62]) quando p(z) = 2 e desenvolvido
por Li ([58]) no caso quando p(z) =p > 1:

(fi) Existe to tal que para todo x € Q,

[z, t)

|t|p+——2t ¢ nao decrescente em t > ty e nao crescente em t < —tg.
A fim de provar que o funcional de FEuler-Lagrange satisfaz a condicao de

Cerami ((C). condicao), assumimos que as fungoes a e A satisfazem a condicao:

(T) Para w > 1 como em (f3), temos que

T() = —— A(t) — ~a(t)t,

 pla) w
é nao decrescente para todo t > 0 e para todo = € ().

Em 1973, o Teorema do Passo da Montanha (veja [6]) foi proposto por
Ambrosetti e Rabinowitz, e eles introduziram pela primeira vez, a conhecida condicao de

Ambrosetti-Rabinowitz, a saber: existe 6§ > p tal que

0< 0F(z,1) — e/ot F@.s), ds < f(z, D1, @)

para todo x € Q et € R\{0}. Desde entao, o Teorema do Passo da Montanha passou a ser
uma eficiente ferramenta no estudo de existéncia de solucao para problemas superlineares
e a desigualdade ¢ uma condigao natural que garante a geometria do Teorema do Passo
da Montanha e da condi¢do de Palais-Smale. Note que, integrando a desigualdade (2),

obtemos o seguinte comportamento para a primitiva de f(z,-) : existem duas constantes
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positivas kq, ko tais que
F(x,t) > k|t — ko, V(z,t) € Q x R. (3)

Observamos ainda, que condicao (3 implica que

F
lim (z,1)

ltlo4o0  [t]P

= +00. (4)

Porém, a reciproca nao é verdadeira. No entanto, a condicao de Ambrosetti-Rabinowitz é
bem natural, no sentido de que existem exemplos basicos, como algumas nao linearidades
polinomiais, que a satisfazem. Mas, ressaltamos que se trata de uma condicao um pouco
restritiva e elimina muitas outras nao linearidades que, recentemente, tem atraido o
interesse de muitos pesquisadores, veja por exemplo [12], [23], [51], [56], [62], [58], [57],
[69], [78], e suas referéncias.

O principal objetivo do Capitulo 1 é desenvolver as idéias dadas por
Miyagaki e Souto (ver [62]) para a classe de problemas elipticos com expoentes variaveis
e sem a condi¢do de Ambrosetti-Rabinowitz dada pelo problema (1). Como nao
consideraremos a condi¢cao de Ambrosetti-Rabinowitz, teremos algumas dificuldades
adicionais para verificar as condi¢oes geométricas exigidas nos teoremas variacionais, e,
principalmente, no estudo da convergéncia da sequéncia minimizante. Devido a estas
dificuldades utilizaremos a sequéncia de Cerami ao contrario da usual sequéncia de Palais
Smale. Além disso, no estudo da sequéncia de Cerami, foi crucial a prova de que nosso
operador, ¥, satisfaz a propriedade (5) (Veja o Lema 4.7).

O operador p(z)—Laplaciano é um importante exemplo de operador
abordado pelos resultados que provaremos. Ele é obtido quando consideramos a(t) = 1.
Observamos, ainda, que esse operador coincide com o operador p—Laplaciano quando
p(z) = p e com o operador Laplaciano quando p(z) = 2. Além disso, por um simples
calculo, podemos verificar que a fungao T (t) = ﬁ — L.t € RY, z € Q, satisfaz a
hipotese (T) com @ = p*.

Destacamos que problemas envolvendo o operador p(x)—Laplaciano exige
uma formulacdo mais cuidadosa em virtude de termos que trabalhar em espagos com
expoentes varidveis e pelo fato de que estes operadores nao sao homogéneos. Em
particular, nao podemos utilizar, por exemplo, o Teorema de Multiplicadores de Lagrange

em varios problemas envolvendo este tipo de operador.
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Outro exemplo interessante, é a generalizacao do operador Capillary,

conhecido como p(z)-Laplacian like, a saber

p(z)
div| |1+ [Vl IVul[P@ 2V | .
V 1+ [Vu|?@

Obtemos este operador considerando a(t) = 1 + ﬁ, t € R*. Além disso, neste caso,
também temos que a func¢ao T satisfaz a hipotese (7)) com w = 2pT (Veja [12] e [78]).
Em particular, estes dois exemplos tém sido intensamente estudados nos
altimos anos, veja, por exemplo [3], [5], [12], [26], [51], [58], [57], [67] e [78], onde os
autores provaram resultados de existéncia e multiplicidade de solucoes, nos casos quando

p é constante e p(z) é uma fungao real.

Agora, enuciaremos os principais resultados do Capitulo 1.

Teorema 0.1 (Theorem 1.1). Suponha (ag), (a1), (T) e que f satisfaz (fo)—(f3). Entao

o problema (1) possui ao menos uma solugao fraca em Wol’p(’)(Q) para todo A > 0.

Teorema 0.2 (Theorem 1.2). Suponha (ag), (a1), (T) e que f satisfaz (fo) — (f1). Entao
o problema (1) tem infinitas solugdes em Wol’p(")(Q) para todo A > 0.

Teorema 0.3 (Theorem 1.3). Suponha (ag), (a1), (T) e que f satisfaz (fo), (f1), (f3) e
(f1). Entao, para cada \ € (O, I%) , 0 problema (1) tem infinitas solugoes fracas {uy, }nen

em Wol’p(')(Q) tais que Py (u,) — +oo quando n — +oo.

Teorema 0.4 (Theorem 1.4). Suponha (ag), (a1), (T) e que [ satisfaz (fo), (f1), (f3) e

(f1). Entao, para cada \ € (O, I%) , 0 problema (1) tem uma sequéncia de solugoes fracas

{vn}nen em Wol’p(')(Q) tais que Py (v,) <0 e ®y(v,) — 0 quando n — oo.

Teorema 0.5 (Theorem 1.5). Suponha (ag), (a1) e (T). Se f satisfaz (fo), (f1), (f3),
f(z,0) =0, f(z,t) >0 qtp. v €Q, etodot>0. Entdo existe uma constante positiva \
tal que o problema (1) possui ao menos uma solucio para todo \ € (0, ). Além disso

lim ||luy|| = 4o0.
A—0F

Teorema 0.6 (Theorem 1.6). Suponha (ap), (a1) e (fs). Além disso, vamos supor a

sequinte condicao:
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(fs) f: QxR — R € uma fungdo continua e existem constantes positivas Cy, Cy tais
que
Colt| ™1 < fla, 1) < Cift]* T,

para todo x € Q et >0, onde g € C(Q) € tal que 1 < q(z) < p*(z) para todo x € Q, com
gt < p~. Entao o problema (1) tem infinitas solugées em Wol’p(')(Q) para todo A > 0.

Estes resultados melhoram, estendem e complementam alguns resultados
obtidos em [12], [26], [34], [62], [58], [67], [72], [75] e [78], no sentido de que os autores
consideraram o caso quando p(z) é constante, e os operadores considerados estao incluidos
em nossa classe de operadores. Nos mostramos que os principais resultados de [12], [34],
[51], [62], [58], [67] e [78] permanecem validos para uma classe mais ampla de operadores
envolvendo a fungao real p(x).

No Teorema 0.1, melhoramos e estendemos alguns resultados recentes da
existéncia de solugbes para o problema (1). No caso em que p = 2, Miyagaki e Souto [62],
através da combinagao de alguns argumentos usados por Struwe e Tarantello (veja [71])
e Schechter e Zou (ver [69]), obtiveram a existéncia de pelo menos uma solugao usando o
Teorema do Passo da Montanha. No caso p(z) = p > 1, em [26] os autores com a condi¢ao
de Ambrosetti-Rabinowitz, provaram a existéncia e multiplicidade de solucoes usando o
Teorema do Passo da Montanha e o Principio Variacional de Ekeland.

No caso em que o expoente ¢é variavel, gostariamos de mencionar os recentes
trabalhos [34] e [67], em que os autores provaram a existéncia e multiplicidade solugoes
usando o Teorema do Passo da Montanha e o Teorema de Fountain, considerando a
condicao Ambrosetti-Rabinowitz.

Quando p(z) é uma fungao real, nas obras [12], [51], [58], [57], [72], [75] e
[78] os autores obtiveram a existéncia e multiplicidade de solugoes, usando o Teorema do
Passo da Montanha, Teorema de Fountain, uma variante do Teorema de Fountain, e Teoria
de Morse, com a condicao de Ambrosetti-Rabinowitz e as hipoteses de nao linearidade
ligeiramente diferentes das nossas.

No Teorema 0.2, usando a versao Z, simétrica do Teorema do Passo da
Montanha, obtemos um ntmero infinito de solucdes com algumas pequenas diferencas
nas hipoteses de nao linearidade f(z,-), em relagdo as consideradas em [62]. Além
disso, gostariamos de mencionar que em [58| e [62] os autores obtiveram resultados de
existéncia de pelo menos uma solucao para o p—Laplaciano sem a condicao de Ambrosetti-

Rabinowitz usando o Teorema do Passo da Montanha. Em [34] e [67] foi considerada uma
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nao linearidade que satisfaz a condicao de Ambrosetti-Rabinowitz nos casos superlinear
e sublinear, onde foi obtido resultados de existéncia e multiplicidade de solucoes usando
o Teorema do Passo da Montanha e o Teorema de Fountain. Em [12] e [78], os autores
obtiveram resultados de existéncia de solugbes para o p(z)—Laplaciano sem a condigao
de Ambrosetti-Rabinowitz usando o Teorema do Passo da Montanha.

No Teorema 0.3, complementamos e ampliamos alguns resultados obtidos
em [12], [34], [51], [62], [58], [67] e [78]. Usamos o Teorema de Fountain estabelecido
por T. Bartsch [11] e M. Willem 73], esta é uma poderosa ferramenta para o estudo da
existéncia de um ntmero infinito de pontos criticos, este teorema foi usado para estudar a
existéncia de infinitas solucoes com alta energia e nos fornece uma informacao qualitativa
do funcional de Euler-Lagrange.

No Teorema 0.4, complementamos alguns resultados dos trabalhos [12], [36],
[58], [62], |67], [73] e [78|, para uma ampla classe de operadores, utilizando o Teorema
de Dual Fountain. Provamos a existéncia de uma sequéncia de solucoes nao triviais com
valores criticos negativos e energia muito pequena.

No Teorema 0.5, fomos inspirados pelo trabalho [63]. Complementamos
alguns resultados para uma ampla classe de operadores, provando a existéncia de pelo
menos uma solucao nao trivial, usando o Teorema do Passo da Montanha. Além disso,
obtivemos informagcao sobre o comportamento assintotico da solucao; a norma Sobolev da
solucdo tende ao infinito quando o parametro A tende a 0.

Finalmente, no Teorema 0.6, complementamos o estudo para esta classe de
problemas com nao linearidade sublinear. Obtemos infinitas solugoes utilizando a Teoria
de Género de Krasnoselskii. Ao impor a condi¢ao (f5) sobre a nao-linearidade, provamos
que o funcional de Fuler-Lagrange, ®,, satisfaz a condicao de Palais-Smale.

Nos Capitulos 2 e 3, estudaremos o problema eliptico nao linear com nao

linearidade envolvendo o expoente critico

~ M (e (w)) div(a(|Vu|p(x))|Vu|p(“’)_2Vu>: A, 1) + [u* @2y em Q, 5
u =0 em 02,

onde Q ¢ RN, N > 3, & um dominio limitado com fronteira suave e com condicdes de
contorno de Dirichlet sobre 02, a nao linearidade f : 2 x R — R é uma func¢ao continua,
a : RT — R* é uma fungdo de classe C', M : R — R* ¢ uma fungio continua,

cujas propriedades serao introduzidas depois, e A é um parametro positivo. Suponha que
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¢ ={reQ:s(x)=~"(x)} #0, onde v*(x) = Ny(z)/(N — v(x)) é o expoente critico
de Sobolev. As funcoes p(z), q(), r(x) e s(x) sdo continuas em Q, e definimos a funcio

v(x) = (1 — H(rs))p(z) + H(k3)g(x), e o expoente variavel critico de Sobolev

Nv(z)
() = NGy Se v(x) < N,
+00, se y(z) = N,

para todo z € Q, onde H : R} — {0,1} ¢

1 0
7—[(/{):{ , se k>0,

0, se k=0.

O operador & : X — R é dado por

= [ A @) da
(W) = | S AGTuP)dr,

onde A(t) = fot a(k)dk, a fungao a(-) é de classe C', e X é o espago de Banach

X = WyPQ) nwy " (9),

munido da norma

[ull = IVullp) + Hms) [ Vullg. (6)

Consideramos a : Rt — R* satisfazendo as hipoteses:

(by) existem constantes positivas, kg, k1, k2 € um constante nao negativa k3, tais que

a(z)—p(x) q(z)—p(x)
ko + H(k3)koT @ <L a(r) < Ky + k3T 2@ |

para todo 7 > 0 e para todo = € Q.

(by) existe ¢ > 0 tais que

T T)—2
min {CL(TP(:E))T‘D(:B)Q, a(Tp(m)>7_p(:r)72 + Ta(a’(Tp(a))Tp( ) ) } > CTp(I)72,
-

para quase todo x € ) e para todo 7 > 0;

Sobre a fun¢ao continua M : Rj — R, vamos supor amplas condigdes de
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crescimento, a saber:
(M) existe mg > 0 tal que M(t) > mg = M(0) > 0 para todo t € R{;
(My) M & crescente em Ry .

Em virtude da presenca do termo M (<7(-)) o problema (5) é dito nao local,
uma vez que sua presenca implica que a equagao nao ¢ mais uma identidade pontual, e
por isso, serd necessirio um argumento de truncamento apropriado para o funcional de
Euler-Lagrange associado. Esse argumento foi inspirado no trabalho [37] e desempenha
um papel fundamental na prova do nossos resultados principais. Também, provaremos
que a solu¢ao do problema truncado é uma solugdo para o problema (5) fazendo algumas
estimativas para adequados valores de A.

No melhor do nosso conhecimento, essa classe de problemas, conhecidas
como problemas do tipo Kirchhoff, foi motivada pela equacao hiperboélica introduzida em

1883 por Kirchhoff em [55], a saber,
2
0*u

0%u ( o E [
Esta equacao foi proposta como uma extensao da classica equacao de D’Alembert para

ou

Porr — \'n T 2L )y |ox

h 2L,

a vibracao das cordas elasticas. O modelo leva em conta as pequenas vibracoes verticais
de uma corda elastica esticada quando a tensao é variavel, mas as extremidades da corda
estao fixas, onde L é o comprimento da corda, h é a area da seccao transversal, £ é o
modulo de Young do material (também referido como o moédulo de elasticidade) que mede
a resisténcia das cordas a ser deformado elasticamente, p é a densidade da massa, e pg é
a tensao inicial.

Quase um século mais tarde, Jacques-Louis Lions [61] voltou para a equagao

e propos a equagao geral de Kirchhoff em dimensao arbitraria com forca externa, a saber

82U 2

-5 — la+b [ [Vul"de ) Au= f(z,u) em Q,
ot Q

uw =0 em 0.

Este problema é usado para introduzir modelos para fendémenos fisicos, como sistemas
biolégicos ou densidade populacional, onde u descreve um processo que depende da média
de si mesmo (ver [20], [28]).
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Considerando no problema (5) o caso particular em que
M(s) = as + mg, com a,mg = 0,

o problema ¢ dito degenerado se mg = 0 e a > 0, e nao degenerado quando my > 0 e
a > 0. Além disso, quando mg > 0 e a = 0, a funcao de Kirchhoff M é simplesmente uma
constante e o problema reduz-se a um problema eliptico quasilinear.

Para o caso particular M = 1, citamos o trabalhos [10], [15], [25], [39], [41],
[43], [49] e [60]; para problemas ndo locais envolvendo o operador de Laplace, podemos
citar [4], [2], [28], [37] e [40] para dominio limitado, e [27] e [74] em todo o espago RY;
e para problemas nao locais que envolvem o operador p—Laplaciano, citamos [17], [20],
[48] e suas referéncias. Além disso, também gostarfamos de mencionar os artigos [9], [21],
[22|, para equagbes nao degeneradas do tipo Kirchhoff, e os trabalhos [19], [48], e suas
referéncias, para as equacgoes do tipo Kirchhoff degeneradas.

Outro ponto interessante, ¢ a ampla classe de operadores elipticos com
expoentes variaveis abrangidos pelo problema (5). Em particular, nosso trabalho engloba,

os seguintes exemplos:

(i) Se a =1, temos o p(x)—Laplaciano:
—div(a(|VulP) | Vu PO 2 Vu) = —div(|VuP@2Vu),

o qual coincide com o conhecido operador p—Laplaciano quando p(z) = p, e com o
Laplaciano quando p(z) = 2.

a(z)—p(z)

(ii) Sea(r) =147 »@ | obtemos o p&g—Laplaciano:

—dz’v(a(\Vu\p(”‘”))\Vu\p(‘r)*QVu) = —Ap)t — Dyz)U.

(iii) Sea(r) =1+ 7= obtemos o conhecido operador p(z)—Laplacian like:

p(z)
—div(a(|VulP®) | VuPD V) = —div <(1 + [Vu ) ]Vu|p($)2Vu) :

1+ [VuP@

Nos tltimos anos, hd um crescente interesse nos problemas envolvendo o

operador p(x)—Laplaciano em dominio limitado, veja por exemplo [19], [21], [22], [42],
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[43] e [59], sendo que nos dois tltimos temos a nao linearidade com crescimento critico.
No caso, p(x) = p constante, citamos, por exemplo, [10], [37], [40], [48] e [49]. Em
particular, quando p(z) = 2, a(t) = 1, e com uma ligeira diferenca das nossas hipoteses
sobre M e sobre a nao linearidade, o autor em [37] provou a existéncia de uma solugao para,
o problema (5) usando o Teorema do Passo da Montanha sem a condicao de Palais-Smale.

O problema do tipo Kirchhoff envolvendo o operador p&g-Laplaciano e
nao linearidade com crescimento critico foi estudado, por exemplo, em [17]|, onde foi
demonstrado a existéncia de pelo menos uma solucao nao trivial através do Teorema do
Passo da Montanha Multidimensional. Também, gostariamos de citar [25] para o caso
p&g-Laplaciano em RY.

Ressaltamos, ainda, que uma novidade nesta tese é que englobamos
operadores do tipo p(z)—Laplaciano para p(z) > 1 para # € Q, embora, geralmente,
na literatura que conhecemos, os operadores do tipo p(z)—Laplaciano sdo considerados
apenas quando p(x) > 2 para todo z € Q, veja por exemplo, [38] e [67]. Conseguimos isto
impondo, no Capitulo 1, uma condicao de que o operador é estritamente convexo; e nos
Capitulos 2 e 3, impondo condigbes de crescimento na fungio a(-), as quais nos permitem
obter uma desigualdade muito importante no marco de equagoes nao lineares a qual nos
referimos como a "desigualdade do tipo Simon" (veja [70]) para expoentes variaveis.

Outra questao importante sobre o problema (5) é o crescimento critico da
nao linearidade. Como sabemos, problemas elipticos que envolvem nao linearidades com
crescimento critico atrai a atencao de muitos pesquisadores e um dos trabalhos pioneiros
sobre o assunto ¢ o conhecido artigo de Brezis e Nirenberg [15]. A principal dificuldade
decorre da falta de compacidade do mergulho Wol’p(')(Q) — LP"0)(Q), e para superarmos
esta dificuldade, usamos uma versao do principio de concentracao de compacidade para
espagos com expoentes variaveis provado por Bonder e Silva em [14], que é uma versao mais
geral do resultado provado em [42], no sentido de que a ideia de criticidade apresentada
por Bonder e Silva [14] é a de que o conjunto € = {z € Q : s(z) = v*(x)} é nao vazio.

Nos artigos [10], [25], [37], [40], [41], [48] e |60] foram estudados problemas
semelhantes ao problema (5), porém com as hipoteses ligeiramente diferentes das
consideradas em nosso trabalho. Nestes artigos foram combinados métodos variacionais
com o principio de concentracao e compacidade para estabelecer uma solucao.

Os resultados provados nos Capitulos 2 e 3 estendem e complementam

alguns dos artigos para problemas nao locais envolvendo uma classe geral de operadores
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com expoentes varidaveis e nao linearidade com crescimento critico. Em particular,
completamos o estudo de [67] no sentido de que nosso problema envolve um operador
nao local e nao linearidade com crescimento critico.

A fim de enunciarmos o resultado provado no Capitulo 2, vamos considerar,

alem das hipoteses ja apresentadas para o problema (5), as seguintes condigoes:

L<p™ <plz) <p" <q <q(x) <qg" <N,
(p1) _ + _ + - %
v L) <yt <r <r(z) <t <sT <s(o) < () < Foo,
para todo x € €, where p~ := minp(z), p* := maxp(z), e analogamente para 7,
€ e

rtg,at Tyt s e st
(bs) existem constantes positivas « e 6 tal que

q* 0
—Tsa<-—,

A(T) >
(7) p pt

a(t)T com 7" <fh<s e

Q|+

para todo 7 > 0.

Assumimos que a nao linearidade f : Q x R™ — R* ¢ uma funcao continua,
satisfazendo as seguintes propriedades:

f(z,t)

t|—o0 41

f(z,t)

[t| =400 7 1

(e1)

= 0 uniformemente em x € €);

(e2)

= 0 uniformemente em x € €);

(e3) para vt < 6 < s~ dado em (a3),

t
0<0F(z,t) = 9/ f(z,s)ds < tf(x,t),
0
para todo x € e para todo t > 0.

Observamos que em virtude das hipoteses (e1) e (ez), temos um crescimento
subcritico para f uma vez que r* < s~. A hipotese (e3) é conhecida como a condigao
superlinear de Ambrosetti-Rabinowitz (veja [6]). Além disso, a condigdo (e3) assegura que
o funcional de Euler-Lagrange associado ao problema (5) possui a geometria do Passo da
Montanha e, também, garante a limitacao das sequéncias de Palais-Smale correspondente

ao funcional de Euler-Lagrange.
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Um tipico exemplo de uma fungao que satisfaz as condigoes (eq1), (ea) e (e3)
é dada por
fla,t) =)t 7,

com <r<r,9e€ e Y(x) = 0 para todo x € €.
~t , 0 € C(2), ed(x) >0 para tod Q
O principal resultado do Capitulo 2 estabelece a existéncia de pelo menos

uma solu¢do para o problema (5) sob as hipdteses anteriores.

Teorema 0.7. (Theorem 2.1) Suponha as hipdteses (by) — (bs), (p1), (M1) — (Ms) e
(e1) — (es). Entdo, existe X > 0, tal que o problema (5) possui pelo menos uma solugcdao

fraca ndo trivial em X para cada X > . Além disso, a solucdo, uy, satisfaz

li = 0.
il =0
Em que a norma || - || é definida como em (6).

Agora, para podermos enunciar o principal resultado do Capitulo 3, vamos

supor que
1<r
(pz) {

para todo z € , onde p~ := minp(z), p* := maxp(zr), e analogamente para r—, 7,
€] €

¢, qt, v,y s esT

(by) existe uma constante positiva « tal que

para todo 7 > 0.
A ndo linearidade f: Q x R — R é uma funcdo continua satisfazendo:

(¢}) f é impar na segunda variavel, isto é,
f(z,—t) = —f(z,t) para todo (z,t) € Q x R;
(¢h) existe uma constante positiva ai, as e uma funcao r € C*(Q) tais que

art" @71 < f(a,t) < agt"™@ ! para todo (z,t) € Q x Ry
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Observe que a hipdtese (e]) implica que a fungdo u = 0 é uma solugao
do problema (£2,). Também, um simples exemplo para a nao linearidade f é f(x,t) =
() [t]"® =2, onde ¥ : @ — R & uma funcdo continua ndo negativa.

O principal resultado do Capitulo 3 demonstra a existéncia de um nimero
infinito de solugbes para o problema (7)) e a técnica usada se baseia na Teoria de Género

de Krasnoselski como em [10].

Teorema 0.8. (Theorem 3.1) Suponha que as funcoes a, M e [ satisfazem as condi¢des
(b1) — (by), (By), (p2), (My) — (My) e (e)) — (€)). Entdo, existe X > 0, tal que o problema
() possui infinitas solugdes fracas em X para cada X € (0,\). Além disso, se uy é uma

solu¢do do problema (7)) entdo

lim [juy|| = 0.
A—0*t
Em que a norma || - || é definida como em (6).

Por fim, no Apéndice, apresentamos alguns resultados e definicoes
importantes que utilizamos no decorrer deste trabalho.

Gostarfamos de esclarecer que a formtacao dos capitulos desta tese é baseada
nos artigos que escrevemos e que foram submetidos a publicacao. Os Capitulos 1, 2 e 3

estao distribuidos da seguinte forma:

Capitulo 1. Artigo [44]- Existence and multiplicity of solutions for a class of elliptic equations
without Ambrosetti-Rabinowitz type conditions, aceito para publicacao na revista

Journal of Dynamics and Differential Equations.

Capitulo 2. Artigo [45]- Ezistence and asymptotic behaviour of solution for a quasilinear
Kirchhoff type equation with wvariable critical growth exponent, submetido a

publicacao.

Capitulo 3. Artigo [46]- Ezistence of solutions for a class of nonlocal elliptic problems with

critical growth exponent, submetido a publicacao.

Por esse motivo, a identificacao das hipoteses em cada um dos capitulos é a descrita no

inicio do respectivo capitulo.



Chapter

1

Existence and multiplicity of solutions for a
class of elliptic equations without

Ambrosetti-Rabinowitz type conditions

The purpose of this chapter is to show the existence of infinitely many weak

solutions for the class of quasilinear elliptic problems

{ — div(a(|Vul@)|Vulf®@-2Vu) = Af(z,u) in €, 1)

u = 0 on 0,

where A > 0 is a real parameter, @ ¢ RY, N > 3, is a bounded domain with smooth
boundary 9Q, p € C(Q), 1 < p(z) < N, for all z € Q, and p~ := min,qp(z),
pT = max, o p(z).

We consider the function a : R — R satisfying the following hypotheses:

(ap) The function a : R* — R is continuous and the mapping T : R — R, given
by Y(n) = A(|n|P™) is strictly convex, where A is the primitive of a, that is

A(t) = [ a(s) ds;

(a1) There are constants «, > 0, 0 < a < (8 such that
a < a(o) < B,

for all o > 0.

We assume that f: ) x R — R is a Carathéodory function and satisfies:

22
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(fo) There exists a positive constant c¢; such that f satisfies the subcritical growth

condition
[f@ )] < ea(1+ [0,

for all (,t) € Ax R, where v € C(Q), 1 < p* < v~ < v(z) < vt <p*(z) forz € Q,
and p*(z) denote the critical variable exponent related to p(x), which is defined for

all z € Q by the pointwise relation

Np(x)
p(a) = 4 N for p(x) < N,
+oo  for p(z) = N;

(f1) limpysyeo %ﬁ = 400 uniformly for almost everywhere (a.e.) = € Q, that is, f is

pT-superlinear at infinity, the function F is the primitive of f with respect to the
second variable, that is, F(z,t) := fot f(x,s)ds;

(f2) f(z,t) =o(JtP"1), as t — 0, uniformly a.e. = € Q;

(f3) There are positive constants C, > 0 and @ > 0 such that
G(z,t) < G(z,s) + C,

forany x € Q, 0 <t <sors<t<0, where G(z,t) :=tf(z,t) — wF(z,t).

With the aim of finding infinitely many solutions is natural impose certain
symmetry condition on the nonlinearity. In the sequel we will assume the following

assumption on f :
(f1) fisoddin ¢, that is, f(z, —t) = —f(z,t) for all z € Q and ¢ € R.

Our main results are the following theorems.

Theorem 1.1. Assume (ay), (a1), (T), and f satisfies (fo) — (f3). Then problem (1.1)

has at least one nontrivial weak solution in Wol’p(')(Q) for all A > 0.

Theorem 1.2. Assume (ag), (a1), (T), and f satisfies (fo) — (fa). Then problem (1.1)
has infinitely many solutions in Wol’p(')(Q) for all X > 0.

Theorem 1.3. Assume (ag), (a1), (T), and that f satisfies (fo), (f1), (f3), and (fs).
Then, for each \ € (0, 1%) , the problem (1.1) has infinitely many weak solutions {u, }nen

n Wol’p(')(Q) such that ®y(u,) = 400 as n — +oo.
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Theorem 1.4. Assume (ap), (a1), (T), and that f satisifies (fo), (f1), (f3), and (fs).
Then, for each \ € (O, ﬁ) , the problem (1.1) has a sequence of weak solutions {v, }nen

in Wol’p(')(Q) such that ®(v,) <0, ®\(v,) = 0 as n — 0.

Theorem 1.5. Assume (ag), (a1), and (T). If f satisfies (fo), (f1), (f3), f(x,0) = 0,
f(z,t) >0 a.e. € Q, and allt > 0. Then there exists a positive constant X such that
problem (1.1) possesses at least one solution for all A € (0, ). Moreover

I = +00.
i ffux ) = 400

Where | - || is the norm in W, 7 (€).

Theorem 1.6. Assume (ag), (a1), and (fs). In addition we will assume the following

condition:

(fs) f: QxR = R is a continuous function and there exist positive constants Cy, Cy
such that
Colt|*™ ™1 < f(=,t) < Cyft] "™,

for all v € Q and t > 0, where ¢ € C(Q) such that 1 < q(z) < p*(x) for all x € Q, with
qt < p~. Then the problem (1.1) has infinitely many solutions in W, ?(Q) for all X > 0.

1.1 Variational framework

We start with the definition of the Lebesgue and Sobolev spaces with
variable exponent, LP()(€) and Wol’p(')(Q), and some properties of them, for more details,
see [32], [34], and [35].

Let © c RY be a bounded open domain of RY with smooth boundary 0.
We denote by || the Lebesgue measure of the set Q@ C RY. For each p € C(Q), we define

p*:=maxp(z), p~ = minp(z),
e zeQ

and
C(Q) = {p cC@):p > 1}.

Note that p~ < p* < +o0.
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Let p be a fixed function in C* (). The variable exponent Lebesgue space,
denoted by LPU)(Q), is the set of all measurable functions v : Q — R such that
Jo, lu(z)|P@) dz is finite, that is,

LPY(Q) = {u is a measurable real valued function with / Ju(z) P do < —i—oo} :
0

We consider this space endowed with the so-called Luxemburg norm:

p(z)
||| py = inf ,u>0:/ u(z) de <15.
ol H
Note that, if p is a constant function, the Luxemburg norm || - ||,y coincide with the

standard norm || - ||, of the Lebesgue space LP(€2).
The variable exponent Sobolev space W'P()(Q) is defined by

WPO(Q) = {u e LPO(Q) : |[Vul € L”(')(Q)}.
The corresponding norm for this space is
[ullipe) = llullpey + 1V ullpe-

The space Wy P (Q) is defined as the closure of C;>°(€2) in Wr0)(Q) with respect to the
norm |||y ().

From Proposition 4.2, the spaces LPO)(Q2), WO(Q), and Wy "(Q) are
separable and reflexive Banach spaces when p~ > 1. Moreover, the norms ||Vul|,.) and
|u|| are equivalents on Wol’p(')(Q). We will use ||[Vul|,) to replace [jul| in the following
discussions.

Now we introduce the Euler Lagrange functional &, : Wol’p(')(Q) —- R
associated to the problem (1.1) defined by

u) = 1 ulP@) da — u,x)dx
B) = [ S A(Tup) de =2 [ Fuz)d (1.2

for all w € WoPY(Q). The functional ®, is well defined on Wo*"(Q) and @, €
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C' Wy PY(Q),R) with Fréchet derivative given by

@)= |

a(| V) | Vu P2V - Vo d — )\/ fz,u)u-vdx,
0

Q

for all u,v € Wy (Q).
Definition 1.1. Let X be a real Banach space and ® € C'(X,R). We say that ® satisfies

the Cerami condition, denoted by (C). condition, if for every sequence {u,neny C X such

that ®(u,) — ¢ and || @' (uy,)||x+(1+]|unl|) — 0, as n — +o00, has a convergent subsequence
in X.

1.2 Proof of Theorems 1.1, 1.2, 1.3, 1.4, 1.5, and 1.6.

To prove Theorem 1.1 we need some Lemmas and results presented below.
Lemma 1.1. Assume that (fo)—(f2) are satisfied. Then, we have the following assertions:

(i) There exist ¢ € Wol’p(')(Q), ¢ >0, such that ®5(tp) — —o0 ast — +o0.

(11) There are r > 0 and R > 0 such that ®y(u) = R for any u € Wol’p(')(Q) with

[ul| = 7.
Proof.

(i) From (f1), given € > 0 there exist C. > 0 such that
F(z,t) > Mt — Cyy, Yo € Q, Vi eR. (1.3)

Take ¢ € WOI’I’(')(Q) with ¢ > 0, for t > 1, by 1) and (aq), we have

Ba(t9) = / LAV (t)r) dx — A / P, t) du

p(z) Q
i @) d — x x
</Qp($)\tv¢\ d )\/QF( o) d (1.4)

p(x)
< tp*(/ BV 4 - AM/ o dx) + ACw 9,
o D) Q
where || denotes the Lebesgue measure of Q. From (1.4) and taking M large enough

such that e
/M—AM/M@;@,
Q p(x) Q
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we have

lim @, (t¢) = —o0,

t—+o0
which completes the proof of (7).
Since the embeddings Wy"(Q) < L' (Q) and W "(Q) — LY@(Q) are

continuous (Proposition 4.2), there exist positive constants co, ¢35 such that

lullp+ < eallull and [lullye) < esllull, Yu € WHO(Q). (1.5)

Let 0 < e < /\O‘p+. From (fy) and (fs), it follows that, for all given € > 0, there
exists C. > 0, such that

E + v\x
F(z,t) < p—+\typ + Ot @, ¥Y(z,t) € Q@ x R. (1.6)

Thus, for u € Wol’p(')(Q) with ||u|| < 1 sufficiently small, we have, from 1} - 1}
and (ay), that

@A(u):/ﬂp(l) (|VulP@ )da:—/\/F(x u) dz
/%ywp dx——/ P dz — AC. /\u|’”” (1.7)
> “Q;Hf (a - Agcg*) NG

From (1.7) and since v~ > p*, we can choose R > 0 and r > 0 such that
Oy (u) = R > 0 for every u € Wol’p(')(Q) and ||u|| = r. This completes the proof of

(ii).

]

Lemma 1.2. Assume that (ag), (a1), (T) hold and f satisfies (fo), (f1), and (fs). Then
the functional ®y satisifies the (C). condition at any level ¢ > 0.

Proof. Let ¢ € R and let {u, }nen C Wol’p(')(Q) be a (C.) sequence for ®,, that is,

@, (u,) — ¢ >0 and [|P) (u,)||x+(1+ ||unl]) = 0 as n — +o0. (1.8)

First of all, we prove that the sequence {u,},en is bounded in Wol’p(')(Q).
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Indeed, arguing by contradiction, up to a subsequence, still denoted by {uw,},en, We
suppose that {u, }nen is unbounded in Wol’p(')(Q). Define w,, := HZ_ZH’ for any n € N. Thus,
{wn }nen C Wol’p(') and ||w,|| = 1. By the Eberlein — Smulian Theorem ([16], Theorem
3.19), we can extract a subsequence, still denoted by {w, }nen, and w € Wol’p(')(Q) such
that w, — w weakly in Wol’p(')(Q). By the Sobolev’s embedding theorem (see Proposition

4.2), we have

wn(x) = w(x) a.e. in Q,w, — w strongly in LP"(Q), and w, — w strongly in L") ().

(1.9)
Let Q= {z € Q:w(x) # 0}. If x € Q, by (L.9), we have
[ty (2)| = |wn(2)|]|un]] = 400 a.e. in Q. as n — oo.
Therefore, from (f1), we have for each = € Q. that
Also, by (f1) there exists K > 0 such that
ﬁiﬁ;t) > 1, V(z,t) € Q x R with |t| > K. (1.11)

Since F(z,t) is continuous on Q x [~ K, K|, there exists a positive constant c3 such that
|F(z,t)] <3, V(x,t) € QA x [-K, K]. (1.12)
From and (L.12)), we see that there is a constant ¢, such that
F(z,t) > ¢y, Y(z,t) € QA xR,

which shows that

F n)
%20, Vz € Q, Vn €N,
that is P
Bl unle)) |~ S50, vreq, meN. (1.13)
|un(x)|P [ [P
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By (1.8) and (ay), we have

c = Dy(uy)+ o0,(1)
(8% _
>—unp—)\/Fx,unx + 0,(1).
p+\| | i (z, un(x)) (1)
So we see that

/QF(x,un(x)) o> ol =5 +on

3 (1) = 400 as n — +00. (1.14)

As before, we also have

c = Dy(uy) +on(1)
< pﬁuunup+ —A/QF(x,un)dHon(n.

Then, by using ((1.14)), we achieve

% + /\% F(z,u,)dx — 0,(1) >0, (1.15)

[
for n large enough.

We claim that || = 0. Indeed, if |2 # 0, then by (1.10), (1.13), (1.15)),
and Fatou’s Lemma, we have

o= [ it SR e = [ iy e

% Moo Huan+
F(z,u,
_ / lim inf (M\ wn ()P — C5p+> da
0, =0\ un ()] [t |
F(z, up
< liminf/ < (2, un()) -
n—+00 Q# ”un”p

’Un( )|p+ | n(x”p - ) dx
imin M T pt_ & T
<5H+oof/ﬂ( oy o) ||un|\p+) : (1.16)

F " _
:hmmf/ Fla, un(@)) oyt dx_hmsup/ 5y
notoo Jo o |un(z)[P n—+oo Jo [|unl?
F
zliminf/wdﬁ
n—-+o0o Q HunHP
n(z))d
< lim inf fQ T, U v

n——+o0 )\p fQ

2, tn(T ))d:z: —on(1)
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Therefore, by (1.15) and (1.16), we obtain that +oo < /\%, which is a contradiction. This
proves that |(2:] = 0 and thus w(z) =0 a.e. in Q.

As in [50], define the continuous function: k, : [0,1] — R, k,(t) =
O, (tuy,). Since k,(t) := Py(tu,) is continuous in [0, 1], we can say that for each n € N

there exists ¢, € [0, 1] such that

D, (thuy,) == tgl{g}f} Kn(t). (1.17)

(If, for n € N, ¢,, is not unique, we choose the smaller possible value). It is easily seen that
c
t, > 0 for all n € N. Indeed, passing to a subsequence if necessary, we have ®,(u,) > 27

for all n € N. So, if t,, = 0 for any n € N follows that
D)\ (thu,) = ©2(0) =0,

however

0< =< Py(uy,) < max Oy (tu,) = Pa(thuy),

t€[0,1]

N O

which is a contradicton.

If ¢, € (0,1), by (1.17), we have that

d

2 ®y(tu,) =0, ¥neN.
dt|t:tn ,\(u) n €

Moreover, if ¢, = 1, then, from (1.8) we have (®(u,), u,) = 0,(1). So we always have

(D (L), thun) = O, (tu,) = 0,(1).

=
dt |t:tn

Let {rg}ren be a positive sequence of real numbers such that r, > 1 and limg_,, o rp =
+00. Then ||rywy|| = 7% > 1 for any k and n. Fix k, since w,, — 0 strongly in L*)(Q) and
wp(x) = 0 a.e. x € Q, as n — +o00o, by using the condition (fy), there exists a constant
¢g such that

[P mn)| < eo (ribon(@)] + 7 @) (1.18)

Moreover, by (1.17) and the continuity of the function F, we get

F(z,rpwi(x)) = F(z,mw(x)) =0, a.e. © € Q, as n — oo, (1.19)
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for each k € N. Hence, by (1.18), (1.19), and the Dominated Convergence Theorem, we
obtain that
lim F(z,riw,) de =0, (1.20)

n——+00 Q
for any k£ € N.

Recall that ||u,| — +o00 as n — +o0. So, we have either ||u,| > 7y or
"t e (0,1) for n large enough. Hence, from (1.17), 1} and (a1), we deduce that

l[unl

r
(DA(tnun) 2 (D/\ (Hu—knun)

= )\ (rpw)
a (1.21)
> | —|V(rpw, p(x)dx—)\/F:c,'r’wn dx
| S5 9 [ Pla.nw)
ary,

>

—)\/Fa:,rwn dzx,
p* Q (& Thton)

for any n large enough. From (1.21)), letting n, k — +oo we have

lim sup @, (t,u,) = +o0. (1.22)

n—-+o00

On the other hand, we affirm that

lim sup (¢, u,) <9,

n—-+o0o

for a suitable positive constant ¢. Indeed, by the condition (f3), (7), (1.8), and all n large
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enough, we have

(I)A(tnun) = (I)A(tnun) - %<®i\((tnun))7tnun> + On(1>

- / LAVt P — iauwtnun)|p<z>>|v<tnun>|p<x>> dx
Q)\ p(x) w
+— G(z, tyuy) dx + o,(1)

TV (tpun(2))|P®)) do + g/g(G(x, tatiy)) dz + 0, (1)

J
< &T(Vun(x)p(x))dx—i— %/(G(x,un) + C.) dz + 0,(1)

A(|Vu, [P®) dx — A]F(x, Up) dx
Q

X
a9 T 2 [ o)) +
Q Q
, )\
= ) = @) ) 2

AC.
€2 + on(1)

w

1| + 0,(1),

so, we get

AC,
Py (tyu,) — ¢+ —1Q| as n — +o0. (1.23)
w

By (1.22) and we obtain a contradiction. Therefore the sequence
{t }nen is bounded in W, (€).

Now, with standard arguments, we prove that any (C). sequence has a
convergent subsequence. Since since Wol’p(')(Q) is a Banach reflexive space, by the
Eberlein — Smulian Theorem, there exists u € Wol’p(')(Q) such that, up to a subsequence
still denoted by {up }nen,

Un — u weakly in Wy (Q),

and by the Sobolev embedding theorem, we have
U (1) — u(x) ae. v € Q, u, = uin L*(Q), and u, — u in LPO(Q).
Hence, by the Holder inequality, we have
‘ /Qf(l“a wn) (= ) de| < O[T+ un "7y lun = ullu) = 0 as n = +oo.
Thus, by using (1.8), we have

(@) (up), up, — u) — 0,
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and, therefore
(0 ()t — 1) — )\/ F(@ 1) (1t — ) da+ (@ (1), 1 — 1) = 0 a8 1 — 400,
Q

Since the operator ¥’ is of type (S;) (see Lemma 4.7), we deduce that u, — u strongly
in Wy"") (). This proves that ®, satisfies the (C), condition on Wy (Q). The proof is
complete. O

1.2.1 Proof Theorem 1.1

Proof. By Lemma 1.1 and Lemma 1.2, the functional ®, satisfies the geometric conditions
the Mountain Pass Theorem. Therefore, by Lemma 4.4, the fucntional ®, has a critical
value ¢ > R > 0. Hence problem (1.1) has at least one nontrivial weak solution in
Wo"O(Q). O

To prove the Theorem 1.2, we need the following ”Zy — symmetric” version
(for even functionals) of the Mountain Pass Theorem (see Theorem 4.2). In order to prove

this result, we need of the following Lemmas.

Lemma 1.3. There exist r,p > 0 such that ®\(u) > p for every u € Wol’p(')(Q) with

[ull = r.
Proof. The proof is as in the Lemma 1.1. O]

Lemma 1.4. For every finite dimensional subspace X c Wol’p(')(Q) there exists Ry =

Ro(X) such that
®y(u) <0 for all u € X \ Br,(X),

where Bry(X) = {u € X : |jul| < Ro}.

Proof. Let A > 0 fixed. From (f;), it follows that for any M > 0 there exists a constant
Cuy > 0, such that
F(z,t) = M|tP" — Cy, V(z,t) € Q X R. (1.24)

Let X be a finite dimensional subspace of Wol’p(')(Q) and let u € X with |jul| = 1 fixed.
For all ¢ > 1 and by Proposition 4.3,

1 r
/ LAVt e < P
Q

/ ]Vu]p(z) dr < ﬁtp+,
p(x) P Ja
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we have, if M is large enough, by (a1) and (1.24), we have
1
Dy (tu) = /—A Vu[P@) dx—)\/F r,u)dr
) = [ AT de = [ Pl

< BT — MM — XCy|Q.
We have II(t) = ft?" — AMt?" — A\Cy|Q| — —oc as t — +o00. Therefore, we have
sup{®x(u) : u € X, ||lul| = R} = sup{®r(Ru) : u € X, |jul| =1} = —o0 as R — +o0.

Hence, there exists Ry > 0 sufficiently large such that ®,(u) < 0 for all u € X with
|lul| = R and R > Ro. O

1.2.2 Proof of Theorem 1.2

Proof. By using (f4), we obtain that ®, is even. Since ®,(0) = 0 and &, satisfies the
(C). condition, by the Lemma 1.3, Lemma 1.4, and Theorem 4.2 we deduce the existence

of an unbounded sequence of weak solutions to problem (1.1). O

In order to prove the Theorem 1.3 we will use the Fountain Theorem of
Bartsch ([11], [73]).

Let X be a real, reflexive, and separable Banach space, it is known (|33,
Chapter 4] or |76, Section 17|) that for a separable and reflexive Banach space there exist
{ej}jen C X and {e}}jen C X* such that

®

X =span{e; : j=1,2,...}, X" =span{ej: j= 1,2,...}w ,

and

. _{1 se i =,
ei?€j>_ . .
0 se i#j.

We denote

k 00
X; = span{e;}, Yy, = @Xj = spaniey, ..., e}, and Z; = @Xj = span{eg, i1 ..}

j=1 j=k
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Lemma 1.5. (/34, Lemma 4.9]) If v € C*T(Q), p™ < v(z) < (p*)~ for any x € Q, denote
o 1= suplluly : lull = 1, u € Ze},

then limy_, o Br = 0.

Lemma 1.6. ([36, Lemma 3.5]) Assume that = : X — R is weakly-strongly continuous
and Z(0) = 0. Then for each T > 0 and k € N there exists

ag = sup{|Z2(u)| : u € Z, ||ul] <7} < o0.
Moreover, limy_, o ap = 0.

To prove the Theorem 1.3 we will need of the following Lemma [1.7]

Lemma 1.7. Assume that (fy) and (f2) are satisfied. Then there exists py, > 1, > 0 such
that

(Ag) bg :=1inf{Py(u) : u € Z, ||u|| =} = +o00 as k — +o0.
(A3) ax := max{Py(u) : u € Yy, ||u| = pr} <O.
Proof. To prove (As), first, notice that by (fo) there exists ¢; > 0 such that

|[F(z,t)] < eaft] + [t1)

for all (z,t) € Q xR, p* < v(z) < (p*)~. Then, for any u € Z; with ||u]| > 1, by (a1)

and (fp), we have

Oy (u) = /QA(|Vu|p(I))dm - )\/F(x,u) dx

Q

WV

%/wuyp(w) dz — Aclf(\u] - Jul®) da (1.25)
pTJa Q
«Q p t ot
> FHUH = eS¢ lull” = Acs|lul],
where By := sup{||ul| v () : Jull =1, u € Zx}.

Note that, since p~ < p* < v', by using the Lemma it is easy see
1
that ry := (clﬂ,’f)ff*” — +00 as k — 400. Then, for k£ sufficiently large, u € Z; with
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|lu|| = rx > 1, and by (1.25), we get
« P ot
Dy (u) > j||U|| = A1 B [Jull” = Acsul|

« - vt 1
Tt (1B = AenBL (1) T — Aealn BT )7

— (p_+ — )\) — ACaT.

Therefore, since p~ > 1 and % > A, we obtain that by := inf{®(u) : u € Z, [jul| =
rL} — 400 as k — +o00.

Now, we will prove (A3). By (a1), for any ¢ € Yy, with ||| =1, ¢ > 1, and
(f1), we have

(1) < P — AM / tOP" da + ACh |

b 5 0 (1.26)

— (—_|r¢||p+ - [l dx) ACHI).
p Q

It is clear that we can choose M > 0 large enough such that

Syl = [ ot ds <o
p Q

So, we obtain by ((1.26]) that
lim ®,(ty) = —c0.

t——+o00
Hence, there exists tg > rp > 1 large enough such that ®,(tg1)) < 0 and thus, if set

pr = to, we conclude that

a == max{Py(u) : u € Yi; [lul| = pr} <0

1.2.3  Proof of Theorem 1.3

Proof. We have by (f;) that the Euler Lagrange functional ®) is an even, and by Lemma
1.2, ®, satisfies the (C'). condition for every ¢ > 0. By the Lemma 1.7 it was proven that
if k is large enough, there exists pr, > 7 > 0 such that (As) and (As) hold. This way, we

have satisfied all the conditions of the Fountain Theorem 4.3. Hence, we obtain a sequence
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of critical points {u, }nen in Wol’p(")(Q) such that ®,(u,) — +o0o0 as n — +o0. O
For the proof of Theorem 1.4, we need some definitions and results.

Definition 1.2. Let X be a separable and reflexive Banach space, ® € C1(X,R), c € R.
We say that ® satisfies the (C)% condition (with respect to (Y,,)), if any sequence {u, nen C
X for which u, € Yy, for any n € N, ®(u,) — ¢ and [[(®y,, ) (un)||x+(1 + ||un]]) — 0, as

n — 00, contain a subsequence converging to a critical point of ®.

Lemma 1.8. Suposse that the hypotheses in Theorem 1.4 hold, then ®, satisfied the (C)

condition.

Proof. Let ¢ € R and the sequence {u,}neny C Wol’p(')(Q) be such that u, € Y,, for all
neN, &,(u,) — c>0and ”(I)IM (un)]| (1 + ||un]]) — 0, as n — 4o00. Therefore, we have
Yn

¢ = Dy\(uy) + 0,(1) and (P (uy,), un) = 0,(1),

where 0,(1) — 0 as n — +o0.

Analogously to the proof of Lemma 1.2, we can prove that {u,},en is
bounded in Wy (). Since Wy (Q) is a reflexive space, by the Eberlein — Smulian
Theorem, we can extract a subsequence of {uy}nen, denoted for {u,, }ren, such that
Up, — u weakly in X,

On the other hand, as Wy ?"(Q) = U,Y, = span{e, : n > 1}, we can choose
v, € Yy, such that v, — u strongly in W, *)(Q). Hence, we obtain

<CI)/)\(U7L1C)7 Uny, — u> - <(I),/\(u”k)7 Upy, — U”k> + <(I)//\(unk>7 Uny, — U’)

Since ((I)Mynky(“nk) — 0 and u,, —v,, —0inY,, , as k — 400, see [16, Proposition 3.5],
we achieve

kgrfoo<q)l)\(unk)’ Uny, — U) =0.

Therefore, we get

(U’ (), Un,, — u) = )\/Qf(x,unk)(unk —u)dz + (P (up, ), un, —u) — 0 as k — +o0.

Since ¥’ is of type (S;), follows that u,, — u strongly in Wol’p(')(Q). Then, we conclude
that @, satisfies the (C)* condition. Furthermore, we have & (u,, ) — ®)(u) as k — +o0.
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Let us prove @) (u) = 0. Indeed, taking w; € Y}, notice that when n;, > j, we have

(Ph(u),w;) = (Ph(w) = Py (un,), wj) + (Ph(un,), wj)

s0, passing the limit on the right side of the equation above, as k — 400, we obtain
(P (u),w;) =0, for all w; € Y].

Thus ) (u) =0 in (Wol’p(')(Q))’, this show that ®, satisfies the (C)% condition for every
ceR. [

1.2.4 Proof of Theorem 1.4

Proof. From (f3) and Lemma 1.8, f it is odd in the second variable and ®, is even and
satisfies the (C)* condition for all ¢ € R.

Now, we will prove that the conditions (B;), (Bz), (Bs), and (By) of the

Dual Fountain Theorem are satisfied:

(B1) : Claim. There exist ky € N such that for each k € N, k > ko, there exists pp >, > 0
for which
ap = inf{®y(u) : v € Zy, ||u| = pr} = 0.

Indeed. Notice that, as A < z%’ we have

k—+o0 \ D

. « ph —2—
i, (_+ B )\> (C45k+)p - = +o0,
then, there exists kg € N such that

(% _p___
(F — )\) (C45Z+)P7—V+ — )\04’9’ = O, vk = ko.
Choosing p;, = (645{)1’*1”* for k > ko, it is clear that p, > 1 for all k € N, k > ko,

since limy_, o pr = +00.



39

As in Theorem 1.3, for all u € Zj, with |ju|| = pk, and (a1), we get

Baw) > S [ (Rupde = [ e (4 1) do
p Q 0
o} - TR
> FHUHP = AeaBy |lull” = Aea| Q|
@ vy o
g (F - A) (eaB )7 = Aeal®)
2 O;

S0, we obtain

inf{®,(u) : u € Z, ||u|| =pr} =0.
(By) : Claim. For each k € N there exists r, > 0 such that
max{®,(u) : u € Yy, ||ul]| =r} <O0.

Indeed. Since Y} is finite dimensional all the norms are equivalent, so there exists a

constant ¢ > 0 such that ||u||,+ > ¢||u|| for all u € Y;. Then, we have

Dy (u) < ﬁ_”u”er — AeMP |Jul|P” 4+ Aear|Q), for all u € Yiwith |jul| > 1.
p

lim A (t) = —oc.

t—+00

Therefore, exists ¢ € (1, +00) such that
A (t) <0, for all t € [T, 400).

Hence, ®,(u) < 0 for all u € Y, with |lul| = t.

Choosing r, =t for all k£ € N, we have

b := max{®,(u) : u € Yy, ||u| =rr} <O.

By changing ky by other more large, if necessary, we have p, > . > 0, for all k > k.

(Bs) : Claim. dy = inf{®y(u) : u € Z, |Ju|| < pr} — 0 as k — +o0.
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Indeed. Notice that Y, N Z, # 0 and 0 < 1, < pg, so, we have
dy = inf{Py(u) : u € Zy, ||ul]] < pr} < bp = max{P,(u):u €Yy, ||u|| =rc} <O.

By (fy), we obtain |F(z,u)] < C(lu| + |[u["®), forallz € Q, t € R. Consider
Ty W) - R and Ty : WP (Q) — R defined by

['(u) = / AC|u|"® dz and T'y(u) = / AC|u| dz. (1.27)
Q Q
We have I';(0) = 0, 7 = 1,2, and they are weakly-strongly continuous. Let us denote
ve = sup{|T'1(v)| : uw € Zg, |Ju|| <1} and 0 = sup{|[a(u)| : u € Z, |Ju|| < 1}.

As the embedding Wol’p(')(Q) — L*0)(Q) is compact and by Lemma 1.6, we get

Consider v € Z; with [jv]] =1 and 0 <t < pj. Then, by (a;) and (1.27), we have

v) = L v|P®)) d — x,tv) dx
By (t0) /Qp(x)A(|Vt| ) d )\/QF( to)d

> —)\/ F(a,tv) dz > —T4 (tv) — Da(tv),
Q
and since
I (tv) <tV T (v) and Ts(tv) = tTs(v),

we achieve
Oy(tv) = —pf T1(v) = pal2(v) = —p} Wi — padi,

for all t € (0, px) and v € Z;, with ||v|| = 1. Hence,

dy, = —pl v — ol

and as di < 0 for all k£ > kg, we have limy_, . dx = 0.

Thus, by Theorem 4.4, there exists a sequence of negative critical values

converging to 0, which concludes the proof of Theorem 1.4. O

The proof of Theorem 1.5 is obtained as a result of the following two lemmas
with the hypotheses (ag), (a1), (fo), and (f1).
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Lemma 1.9. There exist positive constants Sy and py such that limy_o+ Sy = 400 and

Oy (u) > Sy > 0 whenever ||u|| = p,.

Proof. Let u € Wol’p(')(Q) with |lu|| > 1. From (a;) and (fy), we have

Dy(u) > %/ |VulP@) dx—Ac4/(|u\”+1)dx
P Ja Q

o _
> Sl = Al ~ el

Consider v € (O 1 ,) and u € Wol’p(')(Q) such that [Jul| = A™7. We define p) := A7

Y= —p
and we remark that py > 1 for A small enough. Thus we obtain

Oy (u) > ]%AW‘ S Lt AN VN o1}
1

vt—p—
as A — 0T. Hence, there exists A > 0 small enough such that Sy > 0 for all A € (0, ).

Since v < and —yp~ < 1—7v", we get Sy := AT — AT = ey Q| — 400

Therefore, we have
CI)A(U) = S>\ >0= CI))\(O),

for all u € Wol’p(')(Q) with [ju|| = px = A~ and X € (0, ). Thus, Sy verifies the assertion
of the Lemma. ]

Lemma 1.10. Let w € Wy "(Q) \ {0}. Then

lim @, (tw) = —oc.
t—+o00

Proof. By the hypothesis (f1) and (a), for ¢ > 1, we estimate

1
D, (tw) = / —A(\Vtw\p(x))dac—)\/F(x,tw) dx
< Dt JwllP =AMt w7 — A9,
b

It is clear that we can choose M > 0 large enough such that

B wlPt = AeMwlP <o,
p
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hence, it follows from (1.28) that

lim <I>,\(tw) = —0OQ.
t——+o00

1.2.5 Proof of Theorem 1.5

Proof. The hypothesis (ao), (a1), (fo), (f1), (fs), (T), and the Lemma 1.2 imply that the
functional ®, satisfy the (C'). condition. As a result of Lemma 1.9, Lemma 1.10, and
Mountain Pass Theorem, we find that there is a nontrivial critical point uy for ®, such
that

@y (uy) = c > Sy.

Moreover from (ay), (fo), we have

By (uy) < ﬁ_/ Yy P dx+/\c4/ ") da + AC|Q)
P Ja Q

g (1.29)
< = manel a7 P} + A mase{ | |7 + ACI
Taking A — 07 in (1.29) as S, — 400, then we obtain
lim |ju,| = +o0.
A—=0t
]

1.2.6 Proof of Theorem 1.6

The proof of the Theorem 1.6 is obtained as a consequence of the following

lemma.

Lemma 1.11. Suppose (fs) and ¢ < p~.
(i) @, is bounded from below;
(ii) ®, satisfied the (PS) condition.

Proof.
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(i) By (fs), (a1), and ||u|| > 1, for each A > 0, we have

Dy (u) > —/]Vu|p dx—)\—cl/|u|q

)\Cl - +
> mindul” el = max{llul, ully )
C*
>l — =l
p q

Since g7 < p~, follows that ®, is coercive. Therefore, ®, is bounded from below.

(ii) Let {tntnen be a sequence in W (Q) such that
Oy (un) — ¢ and ) (u,) — 0 in (WP (Q)), as n — +oo.

Since @, is coercive, we have {u, } bounded in Wol’p(')(Q). Hence, by the Eberlein —
Smulian Theorem, up to a subsequence, still denoted by {tn}nen, we have u €
WaY(Q) such that u, — u weakly in Wo*") (). Moreover, we have

U — win WP(Q), u, — win L9O(Q), and u, — u a.e. in €, as n — +oo.

Since @) (u,) — 0 in (Wol’p(')(Q))’, as n — 400, and {uy,}nen is bounded in
Wol’p(')(Q), we obtain

(@) (up,), up, —u) — 0 as n — 400,
that is,
(@ (1), — 1) = /Q (V") Vet POV ) (Vi — Vo) dt
—)\/Qf(x,un)(un —u)dr — 0 as n — +00.
On the other hand, by (f;) and Holder inequality, we get

|1 | 7@ (10, — ) d

’un’q(w)fl

q(") Hun - quI()’
q()—1
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so, taking into account that u, — u in L) (), we achieve
/ f(x, up) (U, — u) de — 0 as n — +o0.
Q
Hence,

/ (a(|Vun]”(”))|Vun|p(f”)_2Vun) (Vu, — Vu)dr — 0 as n — +00.
Q

Since V' is of type (S4) (see Lemma 4.7), we obtain u,, — u strongly in Wol’p(')(Q)

as n — 400, concluding the proof of the Palais Smale condition.

1.2.7 Proof of Theorem 1.6

Proof. Since Wol’p(')(Q) is a reflexive and separable Banach space, for each k£ € N, consider
a k-dimensional linear subspace X, C C§°(Q2) of Wol’p(’)(Q). Note that, the embedding
X, — L1O(Q) is continuous (Proposition 4.2). Thus, the norms of W, *"(Q2) and L) ()
are equivalent in Xj.

By (a1) and (fs), we have
Py(u) < ﬁ_/ |Vu|P® dSC—)\CO/ |u[?®) dz.
b Q Q

From Proposition 4.3, if [jul| < 1, we have py)(|Vu]) < |lul|P and pg)(u) > HUHZ:) for
every u € VVO1 P (')(Q). Also, by the equivalence of norms in X, there exist a constant
C(k) > 0 such that C(k)|jul|?" < [, [u[?®) dz for every u € WP (Q). Therefore, we get

Da(u) < p’i_uuup‘ CAC(R)Collul*
< Jlufl* (p’i_uuupq* - Ac<k>co) |

for every u € Wol’p(')(Q) with |lu|| < 1. Let R € (0, 1) such that

p‘i_Rp‘ﬁ < XC(k)Cy.
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Thus, for all 0 < Ry < R, we achieve

dy(u) < RY (]éngq* - )\C’(k)C(])

< 0=3,(0),
for all u € S, = {u € X : [Ju]| = Ro}. So, we conclude that

sup @, (u) < 0 = @,(0).

Sk
Ro

Since X;, and RF are isomorphic and S is homeomorphic to (k — 1)
dimensional sphere S~ in R*. Then, we have v(S§, ) = k.

By using the Lemma 1.11, we obtain that the Euler Lagrange functional
®, satisfies the Palais Smale condition and @) is bounded from below. Also, by (f4), it
follows that @, is an even functional. Then, due to the Theorem 4.6, ®, possesses at least
k pairs of different critical points. Since k is arbitrary, we obtain infinitely many critical

points of ®,. O



Chapter

2

Existence and asymptotic behaviour of
solution for a quasilinear Kirchhoff type
equation with variable critical growth

exponent

The aim of this chapter is to prove the existence of nontrivial weak solution
for a class of nonlocal problems involving a superlinear nonlinearity with critical growth.

We consider the nonlinear elliptic equation:

{M(d(u)) div (aqvu\p(w))|Vu\p<w>—2vu): A (2, u) + |u*®2y in Q, )
A

u =0 on 0f),

where Q ¢ RV, N > 3, is a bounded domain with smooth boundary 9Q, A > 0 is a real
parameter. We consider the set € := {x € Q : s(x) = v*(x)} # 0. Moreover, let p(z),

q(), r(z), and s(x) be continuous functions on Q verifying the inequalities

L<p™ <plx) <p" <q <q@) <qg" <N,
and (2.1)
YL (r) Kyt <rT <r(r) <t <sT <s(r) < () < Foo,
for all z € Q, where p~ := minp(x), p* := max p(z), and analogously to r—, r~, ¢~, ¢*,

e e

v, vt s7, and s, with y(z) = (1 — H(ks))p(x) + H(ks)q(x), and the variable critical

46
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Sobolev exponent v*(z) defined by

Noy(z)
+o00,  sey(z) = N,

for all z € Q, where H : Rj — {0,1} is given by

1, if k>0,

HW_{ 0, if x=0.

The operator .« : X — R is defined by
o (u) = / L A(|VulP®)) d,
o p(z)

t
where A(:) is the function A(t) :/ a(k)dk and the function a(-) is described in the

0
hypothesis (ag). The Banach space X will be described in Section 2.1.

In this chapter, we consider the function a : Rt — R* verifying the

hypotheses:
(ao) a(-) is of the class C*;

(a1) There are positive constants, kg, k1, Ko, and k3 is a nonnegative constant such that

a(z)—p(z) 9(z)—p(z) —

Ko+ H(ks)kor *@ <L a(T) < Ky + K37 *@ | ¥V7r >0, Vrel

(ag) There is ¢ > 0 such that

T T)—2
min {G(Tp(x))Tp(x)_Q, a(Tp(ac))Tp(;r)—Q + 7_8((1(7-1’(8))7‘1’( ) )} > CTP(JJ)—Q,
T

for almost everywhere x € € and for all 7 > 0;

(az) There are positive constants o and 6 such that

+

1 o _ q 4
A(T))Ea(T)T with 77 <6 <s and E<a<F,

for all 7 > 0.
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In terms of the Kirchhoft’s function, we will assume a general structure over

M : R{ — R. We suppose that M is a continuous function verifying the conditions:
(M;) There is my > 0 such that M (t) > my = M(0) > 0 for all t € Ry;
(My) The function M is increasing in Ry .

From now on, we will denote .2 (t) := [ M(7)dr for all t € Ry,

0
We suppose that the nonlinearity f : Q2 x R™ — R is a continuous function

satisfying the properties:

t
(f1) |l‘im0 {fgf’l) = 0 uniformly in x € Q;
t]—
(f2) " m J;(?’ 1) = 0 uniformly in x € ;
t|—+oco 7 T

(f3) for vT < 0 < s~ given in (a3),

t
0<9F(m,t):9/ flz,s)ds < tf(xz,t), VYreQ, Vt>DO0.
0

Our main result establishes the existence of at least one solution to the

problem (£2,) under the previous hypotheses.

Theorem 2.1. Assume the hypotheses (ag) — (a3), (2.1), (Msz) — (Ms), and (f1) — (f3).
Then, there exists X > 0, such that the problem (Z)) has at least one nontrivial weak

solution in X for each X\ > . Moreover, if uy is a solution to the problem (), then

il =0

2.1 Variational framework
Let us considerthe variable exponent Sobolev space W) () is defined by
WO (Q) = {u e L"O(Q) : |Vu| € Lh(‘)(Q)}.
The corresponding norm for this space is

ull1ney = llullae) + [Vl
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We define the space Wol’h(')(Q) as the closure of C*°(Q) in W'*()(Q) with respect to the
norm [u[n().

By Proposition 4.2, the spaces L"")(Q), W1")(Q) and Wol’h(')(Q) are
separable and reflexive Banach spaces when h~™ > 1, and |[Vu||n.) and |Juljyne) are
equivalent norms on Wol’h(')(Q). We will use || Vul|n.) to replace ||ul|1 () in the following

discussions.

We define the reflexive Banach space
X =Wy (@) n w7 (Q),
endowed with the norm
lull := I Vullpe) +Hws)[[Vullge)-

The weak solutions of (Z2)) coincide with the critical points of the Euler-

Lagrange functional &, : X — R given by

Bau) = (/) - ) [

1
F(z,u)dx — / ——|u*® d.
Q Q

s(x)

Note that the functional ®, is Fréchet differentiable in v € X and
(P (u), vy = M (A (u)) / a(|Vu|p(m))|Vu\p(‘”)_2Vqudx—)\/ f(x,u)vdx—/ |u|* @ 2uvda
Q Q Q

for all v € X.

Definition 2.1. We say that {u,}nen C X is a Palais-Smale sequence for the functional
D, at the level cy if
Q) (uy) — ¢y and @\ (u,) — 0 in X' (2.2)

Moreover, if all Palais-Smale sequence at the level c) possesses a convergent subsequence

in X, we say that @) satisfies the Palais-Smale condition at the level cy.

2.2 The auxiliary problem (.Z))

We only know, by (M) and (My), that the function M is bounded from
below, which makes difficult prove that the functional &, has the geometry of the
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Mountain Pass Theorem and that the sequence of Palais-Smale is bounded in X. Hence,
we will introduce the auxiliary problem by defining the auxiliary functional @, ».

We will do a truncation of the function M and we will study the truncated
problem. Let € be as in (f3) and w € R such that my < w < 9m0 . Moreover, by (M) and
(M) there exists tg > 0 such that M (tg) = w. Thus, we deﬁne

M(t) if 0 <t to,
M.(t) = { t>t

w if to.

So, we introduce the auxiliary problem

M (o (1)) div(a(|Vu|p(“))|Vu|p(“)’2Vu>: M () + [u)*® 2y in Q,

(A))
u =0 on 0f),
where a, f, and A defined as in problem (Z2,). Note that
< M) <w< 20y 2

Now, the next step is proof that the auxiliary problem (.Z,)) admits a

nontrivial solution. But for that, we need some technical results.

Theorem 2.2. Assume (ag), (a1), (M1), (M2), and (fo) — (f3). Then there exists A > 0
such that the problem (#)) has a nontrivial weak solution, for each X\ > A.

2.2.1 Technical lemmas for the problem (.Z))

We observe that the Euler-Lagrange functional, @, ) : X — R, associated
to the auxiliary problem (.#)) is given by

By (1) ://lw(@/(u))—)\/QF(x,t) da:—/9$yu\s<x> da,

where ., (t) = fot M, (s) ds. Moreover, the Fréchet derivative of @, ) in v € X is

(D, (1), v) :Mw(d(u))/Qa(|Vu|p(”))|Vu|p(x)_2Vqud:E—)\/ f(z,u)vdz

@ (2.4)
- / Jul* @2y du,
Q
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for all v € X.
Now, we will verify that @, , has the geometric features required by the

Mountain Pass Theorem.

Lemma 2.1. Suppose that (ag) — (as), (f1), (f2), (My), and (My) are hold. Then, there
are R,p > 0 such that
Py (u) 2R >0,

for any u € X with ||u|| = p.
Proof. Claim. Let us fix A > 0. By using (f;) and (f2), for any € > 0, we obtain C(g) > 0

such that
C(e)

Pl < ™ + S50, V) €O xR (25)

Indeed, by (f1), given £ > 0, there exist 6 > 0 such that
(2, )] < eft]T (2.6)
for all 0 < [t| < 4. Also, by (f2), given € > 0 there exists #Z > 0 such that

D) < et 2.7)

for all |t| > Z.
Note that 5@2
a constant C > 0 such that

is continuous in the compact interval [0, #]. Thus, there is

@t < Ol 2.8)

always that 0 < [t| < Z. Then, by (2.6), (2.7), and (2.8]), we have

-1

|z t)] < elt]” et T+ T !
< elt|”" T e+ Ot Y,

that is
(@, t)] <elt]” T+ Ot

where C(e) = ¢ 4+ C. Therefore, we achieve

C(e)

e + -
F(z,t)] < —[t|T + —=t|",
(w0l < F* + ==l
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so, we conclude the proof of the Claim.

From (My), (a1), and (2.5), we achieve

Dy, (u) = my {/ o )|Vu|p @ dz + H(ks)k /q( )\Vu|q }

e ey N AL

Consider 0 < |lul| = [[Vullp)y + H(k3)||Vulqy = p < 1. By Propositon 4.3, and
Proposition 4.2, there are positive constants C;, Cs, C3, and C}y such that

AE
Dya(u) = (HVUHq +H(/€3)\|W!Iq() /IU|q+ dx

d:c——_/|u]“" dx

)\86’ o
>(c 2)!\ o~ 240y o,

moko Mmok2
p+ ’ q+

Let us fix € > 0, small enough, such that C5 := C} — A;f3 > 0. Then there

exist positive constants C5, Cg, and C7 such that

where | = min

By (u) > Csllull ™ = ACllul™ — Crllull”

Let L(t) = Cst" — Cgt™ — Crt* , since ¢+ < 1~ < 57, then it is easy to see
that we can choose p > 0 small enough there is R > 0 such that

D, (u) >R >0 as |jul| =p.
Indeed, let p > 0 to be determined later. Let u € X with ||u|| = p, we have
B (u) > Csp? = ACop™ — Cop™
We showed that there exists p > 0 such

R =Csp” —ACop" — Crp* >0,
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or equivalently

- C AC
p’ ( 75+— 6—07)>0.
ps —q ps —r
We know that p > 0, then it is sufficient to have
C AC
,5+— ,67—C7>0,
ps —q ps —r
or equivalently
Cs AC
—__ T - > O7a
ps q ps r
that is c
1
— < - —AC6) > Cf.
pS T pr —q

Since ¢ < r~ < s, we have

1 C
P (pTE)‘ﬁ - AC@) — 400, as p — 0.

Hence, as ¢© < r~ < s, follows that there are 0 < p < 1, small enough,t
and R > 0 such that
D, (u) >R >0 as ||ul| =p.

]

Lemma 2.2. Suppose (ag) — (as), (Ms), and (f3) hold. Then, for each X\ > 0, there is a
nonnegative function e € X, independent of A, such that |le]| > r and @, x(e) < 0.

Proof. Fix X\ > 0. We have, by (f3), positive constants ki, ks satisfying

F(I,t) 2 klta — ]{?2,
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for all ¢ > 0 and = € Q. Note that, from (a,) and (2.3), we obtain

(S (tug)) = /0 L0y de
Sw (tug)

w( ]% (V( tu0)|p(x)da:>

W/sz—m.) V (tug) [P™ M{Wtuo)\q@)) dx

ky -
(p ax { [ Vtuo ) [ tus 2, }

=

—|——maX{HVtuqu vao”q })

Then, choosing a nonnegative function ug € Cy > (2)\{0} with |lug| = 1 and up > 0 in

QQ, we have

k . Lk . g
O, (tug) < w (p—i max{uvmoug(.),vaoug(,)}+q—fmax{nwuoug(,),kuoug(,)})

1 : s S
_At%l/ﬂugdx+Ak2|Q| —;m1n{||tu0||s(,),||tu0||szr,)}.

Thus, by (2.1), and 77 < 0 < s7, we get D, (tug) — —o0 as t — +o00. Then, the lemma,
is proved by taking e = t,ug with ¢, > 0 large enough. O]

From Lemma 2.1, Lemma 2.2, and of the Mountain Pass Theorem without
Palais-Smale condition (see [15], Theorem 2.2), we obtain a sequence {u,}neny C X such
that
P\ (uy) = c,n and @’w,/\(un) — 0,

where

Co = Inf max @, A(y(1)) >0

and
I':={yeC(0,1],X):7(0) =0, ®,1(7(1)) <0}.

Now, to overcome the lack of compactness due to the presence of a critical

term, we will introduce an asymptotic condition for the level ¢, y and the boundedness of
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the sequence {uy, }nen in X.

Lemma 2.3. Suppose (ag), (a1), (M), (Ms), and (f1) — (fs). Then

lim ¢, = 0.
A—~400

Proof. Let e € X be as in Lemma 2.2, thus tliin D, \(te) = —oo, for each A > 0. So,
—+o0
there is ¢, > 0 such that

D, A (tre) = max D, 1\ (te).

Hence, we get
<(I):u7)\(t)\€),t)\€> =0.

Therefore, from (2.4) follows that

Mo (t2e) [

a(|(V(t,\e))]p(””))|V(t>\e)|p($)dx:)\t,\/f(x,t,\e)edx—i—/ |t,\e|s(x)dx.
Q Q Q

(2.9)
By construction e > 0 a.e. in Q. Therefore, by (f;) and (2.9)), we get

M, (o (tx¢)) / [V (£€) POV (tre) ) das > / (bre) ") da (2.10)
Q Q
On the other hand, by (2.3), (a1), and Proposition 4.3, we obtain
M (60) [ al(F e T 00 ds <o [ a(V(tse) POV tne) o
Q Q

<w (kl / IV (tae) Ptk / Vitre) |q<x)d$)
Q Q
<o (ks {I9sel 1900l )

_ +
+ k3 max {HVU@HZW HVMHZ(-)} ) '
(2.11)
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Thus, by (2.10), (2.11), and Proposition 4.3, we achieve

- + - +
W <k1 max{uvmeng(,), vaeng(,)} Vs maX{HVtAeHZ(_), vaeug(,)})
>/|t,\e|s(x)dx (2.12)
Q

. s 8+
Z min {Ht)\eHs()v ||t>\eHs()} :

Claim. The sequence {t,} is bounded in R. Indeed, supposing that {¢,}

is unbounded, there is a subsequence with t), — 400 as n — 400. Then, we obtain by

[E12) that

whilefl1p() =gt
tq+—_p+p +whsllellig =6, llells,
An

so, taking into account (2.1), and taking the limit as n — +o00, we have a contradiction.
Hence, {t,} is bounded in R. The Claim is proved.

Consider a sequence {\,},eny with A\, — 400 and let ¢, > 0 be such that
ty, — t as n — +oo. From continuity of M,,, we have { M, (< (tx, €))}nen bounded, and
so, there is C' > 0 such that

M, (< (ty,€)) / a(|V(ty,e)|")|V(tr,e)|Pde < C for all n € N,
Q
which implies, due to (2.9), that
Antr, / Flx, ty, e)eds + / 57 e[*@dz < C for all n € N. (2.13)
Q Q

We claim that ¢ = 0. Indeed. If ¢ > 0, then, as f is continuous, by (/f1),
(f2), and by the Lebesgue Dominated Convergence Theorem, we get

/ f(x, ty, e(x))tr, e(r)de — / f(x,tze(x))te(x)dx > 0, n — +oo,
Q Q
S0, we obtain
Antx, / f(z,ty,e)edr + / tf\(nx)|e|5(”")dx — 400, asn — 400,
0 Q

which contradicts (2.13). Thus, we conclude that £ = 0.
Consider the path ~,(t) = te for t € [0, 1]. Note that ~, € T', then, by (f3),
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we have

0< Ch, < m[a}lc] CI)W)\ (’y*(t)) = <I>w7>\n(t,\ne) < %w(@{@)\ne)). (214)

On the other hand, as M, is continuous and ¢t = 0, we obtain

lim (< (tr,€)) =0,

n—-4o00

so, by (2.14), follows that

lim ¢, ), =0.
n—-+00

Moreover, due to (fs), we get that {c, }a is a monotone sequence. Hence, we conclude
that

lim ¢, = 0.
A——+o00

]

Lemma 2.4. Suppose (M), (Ms), (f1), and (f2). Let {un}nen be a sequence in X such
that
Dy (tn) = cop and O, \(u,) = 0 in X', (2.15)

Then {up}nen is bounded in X.

Proof. From (a3), (M), (f3), (2.3), and (2.15), we have

O+ lnl) > Bua i) = 5 (00, 5 (0n), 1)
— (A () — )\/F(a: un)d:c—/ (1 ")

_%( /fxun undx—/|un| d:v)

> M (1) - gMMwn» [ a1V, ) 7,

mo

> 10 [ AT de~ 2 [ a9 V)
p+ Q 9 o)

my @ w
> (-2 - = p(z) p(z) g
(p+a 0)/{)@(|Vun| )|V, x

Then, by (ay), there exist positive constants Cs and Cy such that

C(1+ |Jual) = (/ |V, [P da;> + CoH (k3) (/ |V, |9 dw). (2.16)
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Suppose, by contradiction, that there is a subsequence, still denoted by
{tn }nen, with |Ju,| — +oo.

If k3 =0, we have
C(1+ [lunll) = Cslunll”

which is a contradiction because p~ > 1. Thus, we conclude that {u,},en is bounded in
X.

On the other hand, if k3 > 0, we will analyze the cases:

(@) [[Vup|[pey = 400 and [V, [|q.) = +00 as n — 4-00;
(“) ”vuan(j — 400 and ||Vun||q(.) is bounded,;

(ii1) ||Vl [p) is bounded and ||V,||q¢) — +00.

In the case (7), for n large enough, ||Vun||gg) > ||Vun||sg). Hence, by (2.16),

we get

CL+ llunl) > CallVunll + Cob(sa) IVl
2 Cs|Vunl[5 ) + 097{(/43)||Vun||§€)
> Cuo (IVaallpy + H(ks) [ Vaullo))”

= Chollual”,

(
(

which is on absurd.

In the case (ii), by (2.16), we have

C(1+ [[Vunllpey + H(ks) [ Vunllgey) = C(1+ Junl)
P CllHVUnHzE)a

then, we get

1 1 Vg ||q
C( . +HUHM>>CH>Q

IVualZey Va2 IVl

Hence, as p~— — 1 > 0, taking the limit as n — +o00, we obtain a contradiction.
The case (i) is similar to case (i7).

Hence, we conclude that {u,},en is bounded in X. O



29

2.2.2 Proof of Theorem 2.2

Proof. From Lemma 2.1 and Lemma 2.2, the Euler-Lagrange functional ®,,  associated to
the problem (.#)) verifies the geometric structure of the Mountain Pass Theorem. Then,
there is a Palais-Smale sequence {u, },en C X at the level ¢, ». Moreover, the Lemma 2.3

implies that there exists A > 0 such that

1

1
0< Cux < (5 — 3_> (m_()K/S)N, (217)

1

for all A > A, where Mgk = min {(m()(/i()(l —H(k3)) +H(ksz)k2)) 7, (mo(ko(1 —H(k3)) +

7-[(/{3)%2))71*}7 and S the best positive constant of the Gagliardo-Nirenberg-Sobolev

embedding (see 4.1).

Lemma 2.4 implies that {u,},en is bounded in X. Thus, by the Eberlein-
Smulian Theorem ([16, Theorem 3.19]), there is a subsequence, still denoted by {uy, }nen,
and u € X, such that

U, — u weakly in X
U, — uin LO(Q), for all 1 <t~ < t(z) < t+ < v%(x), (2.18)

U, — u a.e. in Q.

Claim 1. We affirm that u,, — u strongly in L*)(Q) as n — +oo. Indeed.
We have {u, }nen bounded in X, then, there are two nonnegative measures u, v € #(52)

such that
]VujP(x) — o (weak*-sense of measures) in .Z (),

lu; 5™ — v (weak*-sense of measures) in . (Q).

By the concentration compactness lemma of Lions for variable exponents (see Theorem

4.5), we have there is a countable set J, points {z,};ey C € C €, and sequences
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{1;}ier.{vi}jeq C [0,4+00), satisfying
v = |u|8(x) + Zyjdxj . v; >0,
JET

1> | V'@ + Zujézj .y >0, (2.19)
JET

1 1
) @)\
Sy, " < Ve d,

where J,, is the Dirac’s delta measure supported on z; € € and S the best positive
constant of the Gagliardo-Nirenberg-Sobolev embedding ( see 4.1). Note that, if J is
empty, then wu, — u strongly in L*)(Q).

Suppose, by contradiction, that J is nonempty and fix j € J. We consider
Y € CF (RN, [0,1]) with V)]s < 2 and

1, if |z <1,

0, if |z| > 2.

Let us define, for any € > 0, the cutoff function

T

Ve () =1 < _g%> , Vo e RY,
We have ¢ ; € CF*(RY, [0,1]), [Vt jlo < 2, and

1, z¢€ B(.Z‘j,&?),

e i(x) =
0, RM\B(xzj,2¢).

Since that @, ,(u,) — 0 in X’ and {t. jun fnen is bounded in X, we obtain

@ZJ,A(%), Ve jun) — 0 as n — 400,
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that is,
Mw(%(un))/a(|Vun]p(m))|Vun|p(x)_2unVunV¢€7jdm
Q
:—Mw(%(un))/a(]Vun|p(I))\Vun]p(”)wajd:l:+)\/f(a:,un)unwsyjdx (2.20)
0 0

—i—/ |un\s(x)¢€7jdx+0n(1).
Q

Now, we will prove that

lim {limsup M, (< (uy,)) / a( |V, [P Vi, [P 20, Vu, Vi, dx} = 0. (2.21)
Q

e=0 | notoo

By hypotheses (a1), (M), and (2.3), it is sufficient that

lim {lim sup ‘/ |Vun]p(m)72unVunV¢5,j dx
Q

=0 | n—s4oo

} —0 (2.22)

and

/Q |V, | "2, Vu, Vi, ; da } = 0. (2.23)

€20 [ no4oo

lim {lim sup
We get, by Holder’s inequality, that

< Ol Vuna 71

/Q IV, [P 20, Vu, Vi, j do

p0)[[tn Ve sl -

p(-)—1

Thence, since that {u, },en is bounded in Wol’p(')(Q), there exists a positive constant, C,
such that

‘ /Q |Vun|p(x)72unvunvwe,j dz| < C”unvd}aij(')'

By Proposition 4.3, we have

1

< C'max { (/ |unv¢€’j’p(m)dx> "
Q
p%
( / yunwg,ﬂp(m)dx) .
Q

’/Q|Vun|p(x)_2unVunV1/zaﬁjdx

(2.24)
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Moreover, since that u,, — u strongly in LP®)(Q), there is h € L'(£2) such that
un(z) = u(z) and |u,(z)| < h(z), ae. x € Q.
Thus, as . ; € C5 (), we have
|un Vpo ;[P — [uV, ;P ae. x € Q, as n — +oo,
and there is C' > 0 such that
U, Vo ;[P < Clh(z) @) ae. x € Q.
Therefore, by using the Lebesgue Dominated Convergence Theorem, we achieve
/Q () Vo ()P i — /Q () Vi ()P di.

Thus, by (2.24), we get

1

< C'max { (/ |uV¢€7j’p(a:)) "
Q
([ were)” } .
0

From Holder’s inequality (Lemma 4.1) and the Proposition 4.2, we have

lim sup
n—-+o0o

/Q|Vun|p(””)unVunV¢€vj dx

(2.25)

/|uv¢g7j|p<x>da: < 6|||u|p<w>||Lp*<‘) ))|||v¢€7j|p<m)||
Q

5T (Bl 2¢ L7 (B, 22))
ClfufP] (2.26)
L () (B(zj,2€))

_ +
< Cmax { 1l By 20)) ”“||§p*<->(3(mj,2s>>} ’

N

and, by Lebesgue Dominated Convergence Theorem, it follows that

P'@) gy = 0. (2.27)

lim lu
e—=0 B(CC] ,26)
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Then, from (2.25), (2.26), and (2.27), we get

lim {lim sup ‘/ |V, [P, Vu, V. ; da
Q

=0 [ notoo

b-o

which proves (2.22). Analogously, we verify (2.23). Hence, we conclude the prove of
(2.21).

We obtain, by (f1), (f2), (2.18), and Lebesgue Dominated Convergence
Theorem, that

nl_i}riloo/gf(x,un)unwg,jdx:/Qf(a:,u)uws,j dx (2.28)
and
lii%/gf(a:,u)uwg,jd:v = 0. (2.29)

Thence, taking the limit in (2.20), as n — o0, and by using (2.19) and

BZ5), we get

lim sup <Mw(,@7(un)) / a(yvunw@)|vun|p<w>unvunwe,jdx>
Q

n—-+o0o

= — lim sup <Mw(%(un))/a(|Vun|p($))|Vun|p($)¢57jdx> +)\/ f(z, w)urp, jdx
Q Q

n——+00
+/ |uyS<$>¢€,jdx+/¢€,jdy.
Q Q
(2.30)

Note that, by Lebesgue Dominated Convergence Theorem, we obtain
; s o)y dp —
ll_r}(l)/g \u|* ), jdz = 0.

Then, taking ¢ — 0 in (2.30)) and by using (a1), (M), (2.21), (2.29)), we achieve

0 = —lim [limsup (Mw(gf(un))/a(|Vun\P(x))\Vun|p(x)¢a7j da:)] +v;
Q

=0 | potoo

/A

n—-+oo [9)

_moli_r:% lim sup /a(|Vun|p(x))|Vun|p(x)w€Jd:c)} +v; (2.31)

N

—my ll_I)I[l) lim sup /(&0|Vun\p(x) + H (k) k| Vi, |1 )ep, dx)] + ;.

n—-+00 Q

When k3 = 0, we have y(x) = p(z). Thus, follows from (2.19) and ([2.31))
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that

0 gljj — Moko ll_g%/gwg,]dﬂ
<v; — Mokoft; — MoK lim/ |Vu|p(x)¢57jd,u (2.32)
e—0 Q

=Vj — Mokoly,

because, by Lebesgue Dominated Convergence Theorem, we have

m/ V[P @y, sdp = 0.
Q

li
e—0

On the other hand, when k3 > 0, we have v(x) = ¢(x). Then, it follows
from (2.19) and (2.31) that

0 <v; — mp lim [lim sup (/ H(rs) o Vit | 1P, da:)]
Q

e=0 | nostoo

<v; — ' '
<v; moH(/ig)/@ll_f}%/Qqﬁwd“ (2.33)

<vj — moH(Ks)kapt; — Mok lim/ |VulP e jdp
e—0 Q
=v; — moH(K3)Katj,

because, by Lebesgue Dominated Convergence Theorem, we have

hm/ﬂvmm%%ﬂﬂzo

e—0 0

Hence, by combining (2.32) and (£2.33)), we get
mo((1 — H(ks))ko + H(ks)r2)p; < vj.

Thence, by (2.19), we conclude that

(morS)N < vj, (2.34)
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where
oK = mm{ (ma((1 = () + H(s)ra)) 7 (mo((1 = H(o) o + Hlra ) }

Now, we will prove that the inequality (2.34) cannot occur and,

consequently, that J is empty. From (a3), (My), and (2.3), we see that

A (A (un)) = 1Mw(«@7(un))/Qa(IVunlp(”““))IVun!p(m) dx

0

- / Mo(t) dt — M, / o[V [P [V [P di
0 Q

0 w
> (=2 = p(z) p(z) g
(p+a 9)/Qa(|Vun] )|V, x

(2.35)

Then, by combining (f3), (2.19), (2.34), and ([2.35)), we obtain

ton = lim {cpm(un) - %(@f\(un),un)}

n—-4o00
1 1
> lim = —— ) Jun*® da
n—+oo [o 0 S(:E)

1 1
> lim (— - —) |1, |*®) de
n—+oo [o 0 S

1 1
— _ s(z) A
(5= (o o)
JjET
1 1
o)
1 1
2 <5 - S—_) (MoraS)™,

which contradicts (2.17). Thence J is empty, which implies that pg.y(un) = psey(u) as

n — 4o00. Hence, by using the Lemma 4.3 and the Proposition 4.3, we conclude that
u, — u strongly in L*()(Q2) as n — +oo. This concludes the proof of the Claim 1.
Claim 2. We affirm that w,, — u strongly in X as n — +o0.
Indeed. From (f1), (f2), (2.18), the Claim 1, and Lebesgue Dominated
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Convergence Theorem, we have

lim / f(z, uy)(u, —u)dxr =0 and lim / || ¥ @ 20, (1, — w)da = 0. (2.36)
0 Q

n—-+00 n—-+0o

Then, as {u, }neny C X is a bounded Palais-Smale sequence, we get

0= lim (P, (un), up —u)

n—-+00

n—-+o0o

= lim {Mw(sz%(un))/a(]Vun|p(””))|Vun|p(m)_2VunV(un—u)dm :
Q
Thence, by (2.3), we obtain

lim a( |V [P |V, [P 2V, V (u,, — u)da = 0,
n—-+0o00 Q
and, consequently, by Lemma 4.9, it follows that u, — wu strongly in Wol’p(')(Q) as
n — o0, that is,

lim ||V, — Va0 = 0. (2.37)

n—-+00

We point out that by the Holder’s inequality (Lemma 4.1) and ([2.37)) follows that

lim / |V, [P ~2Vu, V (u, — u)dz = 0. (2.38)
n—-+o0o Q

If k3 = 0, we get from (2.37) that u,, — u strongly in X as n — +o00. On
the other hand, let us consider the case k3 > 0. Since that {u,},en € X is a bounded
Palais-Smale sequence and by using (ay), (2.3), (2.36), (2.37), and (2.38), we obtain

on(1) = <(I);,A<un)vun_u>

= M,( (u,)) / a(|Vun|p(x))|Vun|p(x)_2VunV(un —u)dz + o0,(1)
Q

> C'/ a( |V [P |Vt [P 2V 0, V (1, — 1) di + 0,,(1)
> C'f |V, PO 2V, V (ty, — 1) + |V, |19 72V, V (1, — u) dz 4 0,(1)
= C/Q |V, |92V, V (1, — u) dx + 0,(1),

Q

so, we have

lim sup/ IV, | " =2V, V (u, — u) dz <0,
Q

n—-+00
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and, therefeore, by Theorem 4.1, we obtain w, — wu strongly in ng’q(')(Q) as n — 400,
that is,
lim ||Vu, — Vullyy = 0. (2.39)

n—-+o0o
Thus, we conclude, by (2.37) and (2.39), that w, — u strongly in X as n — +oo. This
concludes the proof of the Claim 2.
Hence, by the Claim 2, we get that ®, x(u) = c,x > 0 and & \(u) =0 in
X', that is, u € X is a weak solution of the problem (.#Z)). Moreover, as @, \(u) = ¢, >
0 = ®,,(0), we obtain that u # 0. Thus, we conclude the proof of the Theorem 2.2. [

2.3  Proof of Theorem 2.1

Proof. Let A be as in the Theorem 2.2. From Theorem 2.2, we have a nontrivial weak
solution, uy € X, of the problem (.#)), for each A > A

Claim 3. We affirm that exists A* > A such that
o (uy) < tg, YA = N,

where t; is defined at the beginning of Section 2.2.
Indeed. Suppose, by contradiction, that there exists {\, },eny C R such that
An — +00 and o (uy,) > to, as n — +o0.

From &7 (u,,) >ty and (a1), we get
/ (k1 |V, [P® + s Vi, |79 di > to. (2.40)
Q

Since that w,, is a critical point of the functional @, ), , we obtain, by using (M), (2.3),

n?
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(a1), (as), and (f3), that

1
CLU,)\n - ¢W7>\n (u>\n> - 5(@;7)\71 (u)\n)7 uAn)

1
> M (uy,)) — ng(JZ{(UAn))/CL(’VUAn’p(I))’VUAn’P(I) 0
Q
A (ux,) 1
2/ M,(t) dt—ng(eQ/(un))/a(!VuAnyp(m))’vuAn’p(w) de (2.41)
0 Q
mo w
> | — == p(z) p(x)
- (p*a 9)/{2@(|Vuz\n| WVuy, [P dx
my w
z (pT((J)c B 5) /Q(/io]Vu,\n]p(m) + H(k3) o Vun, | ) da.

If k3 = 0, by (2.40), we obtain

t
/ Vuy, [P@) de > 2
Q

)
R1

then, by (2.41]), follows that

myo w Ko
cor > (20 2 (20 4 >0,
wz () ()

which is a contradiction, because lim,,, 1o ¢, 2, = 0 (see Lemma 2.3). On the other hand,

if k3 > 0, multiplying (2.41) by k1 - k3 > 0 and by using (2.40), we obtain

Fakiston, > (e — = ) K / (ia [V, [P6) + bV, |7 o
’ pta 0 Q
mo w
> | — — = | Kty >0,
<p+oz 9> 0

where X' = min {KJO - K3, K1 - KQ} > 0, which is contradiction, because lim,_, o ¢y, =0
(see Lemma 2.3). Hence, in both cases, there exists A* > A such that o7 (uy) < ty, for all
A > A*. Thus, the Claim 3 is proved.

Thence, we have M, (o7 (uy)) = M(</(uy)) for all A > A*, which implies
that @, (uy,) = @y, (uy,) and @, (uy,) = @) (uy,), that is, uy, is a nontrivial weak

solution of the problem (£2,), for any A > A*. Moreover, note that, for each A > \*, from
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(My), (2.3), (a1), (a3), (f3), and Proposition 4.3, we have

Cx = Cy )\
mo w
> — - = p(x) k a(®)y 4
(p+a 9)/9(’*@0|VUA| + H(ks) k| Vun|") dz
m, w . + - . - +
> (ﬁ - 5) comin { [V 20, [Vl } 4+ s min {[Vasllf ), [IVanllg }] -

Hence, by using the Lemma 2.3, we get
Jim el = Tim (V0 + M) [ Fuslly) = 0.

Thus, we conclude the proof of the Theorem 2.1.



Chapter

3

Existence of solutions to a class elliptic

nonlocal problems with critical growth

The present chapter deals with the existence and multiplicity of weak
solutions of the nonlocal elliptic problems involving variable exponents and nonlinearity
with critical growth. More precisely, we study the following variable exponent nonlocal

elliptic problem:

—M (< (u)))div (a(\VuP”(I))\Vu]p(“"’)*QVu): Mz, u) + [ul*® 2y in Q, ()
A

u =0 on 0f),

where QO C RY, N > 3, is a bounded domain with smooth boundary 09, and A > 0 is
a real parameter, p(x), g(x), r(x), and s(z) are continuous function on Q satisfying the

folllowing inequalities

L<r=<r(r) <rt <p <plr) <p' <q¢ <qlz) <qg" <N,
and (3.1)
L<r <r(x) <rt <y <) <9t <s <s(r) <v*(x) < +oo,

for all z € Q, where p~ := minp(x), p* := max p(z), and analogously to r—, r~, ¢~, ¢*,
RISy zeN
v, T, s, and s, with y(z) = (1 — H(ks))p(z) + H(ks)q(z), and the variable critical

exponent v*(x) defined by

70
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for all z € Q, where H : Rj — {0,1} is given by

H(r) 1, if k>0,
K) =
0, if x=0.

Furthermore, we consider the set ¥ = {z € Q : s(x) = v*(x)} # 0. The
operator &7 : X — R is defined by

o = [ Al @) de
(w) = [ = A(vuP)ds,

where A(-) is the function A(t) = [

o @(0)do and the function a(-) is described in the

hypothesis (ag).
We assume that the function a : Rf — R{ verify the following hypotheses:
(ag) The function a(-) is of class C*;
(a1) There exist positive constants, kg, k1, and kg, and a nonnegative constant ks, such
that

a(z)—p(x) a(z)—p(x)
Ko+ H(kg)kaT @ < a(T) < Ky + k3T 2@

for all 7 > 0 and for all x € ﬁ;

(az) There exists ¢ > 0 such that

B a(r?@)rr@)-2)

min {a(r )02, (5702 4 7 b3 e,

or
for almost every x €  and for all 7 > 0;
(az) There is a positive constant a such that
1 Lot AT s~
A(r) > ECL(T)T with o < pey <a< e

for all 7 > 0.

In terms of Kirchhoff’s function, we assume general conditions on M : R —

R. We consider that M is a continuous function that satisfies the conditions:

(M) There exists mgy > 0 such that M (t) = mo = M(0) > 0 for all t € R™;
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(M3) The function M is increasing.

Moreover, we define . (t) := [; M(r)dr for all t € R{.
We assume that the nonlinearity f : Q@ x R — R is a continuous function

satisfying:

(f1) fis odd in the second variable, that is,

f(z,—t) = —f(x,t) for any (z,t) € Q x R;

(f2) There exist positive constant a,, as and a function » € C*(Q) such that

art" 7 < [, 1) < aot™@ ! for all (2,) € O x Ry

The main result in this work establishes the existence of infinitely many

solutions to problem (Z2y).

Theorem 3.1. Assume that the functions a, M, and f satisfy the conditions (ag) — (as),
(M) — (Ms), and (f1) — (f2). Then, there exists X > 0, such that problem (2)) has
infinitely many weak solutions for each X € (0, X). Moreover, if uy is a solution of problem
() then

lim ||uy|| = 0.
A—0*t

We will proof the Theorem following the main ideas of [37], [38],
[40], and [43]|. Since the hypothesis (M) provides only a positive lower bounded for
M near zero, this creates serious technical difficulties. We will need to do a truncation
on the function M to obtain priori estimates of the boundedness from above. After
that, we do another truncation to control the Euler-Lagrange’s functional associated with
the auxiliary problem. Note that there are serious difficulties to prove the existence of
solutions by canonical variational methods. For instance, a difficulty that arises is to
prove the Palais-Smale condition due to the lack of compactness of the embedding of
Wol’p(')(Q) into LP"()(2), and, to overcome this difficulty we will use the concentration
compactness principle (see [14]). Then, we will obtain infinitely many solutions to the
auxiliary problem for any A sufficiently small by using genus theory as in [10], and,
afterwards some estimatives, we concluded that there are infinitely many solutions to
problem (2,).
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3.1 Variational framework

The problem (£?,) has a variational structure and the natural space to look

for solutions are variable exponent Sobolev spaces. Let us consider the Banach space
X =W @) nwy (@),
endowed with the norm
[ull = [IVullpy + Hrs) [ Vullge.

We note that the weak solutions of (2,) coincides with the critical points
of the C'- functional ®) : X — R given by

O\ (u) = A (A (u)) — )\/ F(z,u)dr — /Q $|u|5(m) dz,

for all u € X. Note that the functional ®, is Fréchet differentiable in u € X with Fréchet

derivative

(@ (1), v) = M (A () /

Q

a(|Vu|p(x))|Vu|p(x)_2Vqudx—)\/f(x,u)vdx—/ |ul* @2 yuda,
Q Q

for all v € X.

Definition 3.1. We say that a sequence {u,}nen C X is a Palais-Smale sequence for the

functional ®, at level ¢ if
) (u,) — ¢ and D\ (u,) — 0 in X', as n — +o0. (3.2)

If (3.2) implies the existence of a subsequence of {un}nen which converges in X, we
say that @, satisfies the Palais-Smale condition. Moreover, if this subsequence strongly
convergent exits only for some c wvalues, we say that ®, satisfies a local Palais-Smale

condition.
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3.2 The auxiliary problem

Due to presence of the critical term in the nonlinearity of the problem (£2,),
is difficult prove that the functional ®, verifies the Palais-Samle condition. Moreover, the
Krasnoselskii’s genus theory requires the functional bounded from below. So, we only
have the information of that M is an increasing function bounded from below, we will
make a truncation in the function M and get a truncated problem (.Z)).

Since 4T < s7, there exists o € R such that o € (yT,s7). Furthermore, by
(My), exist to > 0 such that mg = M(0) < w = M(ty) < 22

pta

M(t) it 0 <t <,
M,(t) = { @) 1 0 (3.3)
w if t >ty
We define the auxiliary truncated problem by
~M(H (w)) div <a(\vu\p<w>)\vuw—?vu): M (2, u) + |u*®) 2y in Q,
(25)
u =0 on 0f),
with a, f, and X\ defined as in problem (£2)). Note that, due to (3.3)), we have
M,(t) <wforallt>0. (3.4)

Theorem 3.2. Assume (ag)—(as), (M1)—(My), and (f1)—(f2). Then, there exists X > 0,
such that Problem (.#,) has infinitely many weak solutions in X for each X € (0, ).

3.2.1 Variational formulation of the auxiliary problem

We consider the Euler-Lagrange functional @, ) : X — R associated with

problem (.#)), which is given by

Do () = My () — A /

1
F(z,u) dx—/—]u\s(x) dx
Q Q

s(x)

where ,(t) = fot M, (s)ds. Moreover, by standard arguments the functional @, €
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—~
4
,g =
>

—~
<
~—
i~
~
I

Mo( () / o(|VuP®) Va2V uVodz
Q
—)\/f(x,u)vdx—/ |ul* @~ 2ypd,
Q Q

We will study convergence of the Palais-Smale sequence by using the

u € X and for any v € X.

compactness principle of variable exponent Sobolev spaces (see Proposition 4.5). However,
we will see that this occurs just below an adequate level, which depends on the best

constant in the inequality Gagliardo-Nirenberg-Sobolev for exponents variables, namely,

S =25,(2)= inf m

veCg @) |vllgc)

(3.5)

Lemma 3.1. Let {u, }nen C X be a Palais-Smale sequence for @, 5, with energy level c,
then {uy, fnen s bounded in X.

Proof. Fix A > 0. Let {u, }neny C X be a Palais-Smale sequence with energy level ¢, (see
(3.2)). Hence, there exists C' > 0 such that ‘é[)w,\ Up,)
(M), (as), (3.4), and remembering that mop < w < %22, we obtain

< C for any n € N. Therefore, by

C 1+ ) > Bup o) = (0L (1), )

> M (1)) — M () / 0| V11 [P [V, [P

>0 / AV, W) a2 / o[V, ) Vit ) d
YL /| '@

myo w
> — np(:v) np d >\ - / Unp,
(m 0)/Qa<\w| I, d + u,

Then, we have

C (14 [Jun]]) + A <7“_2 - %) /Q lu|"® de > (ﬂ _ f) /Qa(|vun|p(x))|vun|p(x) do.

pta o
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Furthermore, by (a;), there are positive constants C7, Cs, and Cy such that
Ou+mmw+@mw{wmﬁw%w}>@(/nmmwmg
Q

Q

Suppose, by contradiction, that up to subsequence ||u,| — +oo.

If k3 = 0, we get from ({3.6) that

(3.6)

rt -
CA + [lunl)) + Crlluall™ > Csllunll”

which is a contradiction, because 1 < r* < p~. We conclude that {u,}nen is bounded in
X.

If k3 > 0. Then, we will analyze the following cases:
(@) [|Vtg|lp) = 400 and ||Vuy|lq¢) = +00 as n — +00;
(i1) || Vun|lp) = 400 and [[Vug|4.) is bounded;
(ii1) || Vnl[p) is bounded and ||V, q¢) — +00.

In the case (i), for n large enough, HVunHZ;)_p_ > 1, this is HVuan;) > ||Vun||§;). Hence,
follows from (3.6) that

C1 + [Jun) + Collun|” = Cs|| Vunl? ) + CoH (k) [ Vunlll
> Csl|Vunll} .y + CoH(ks)|[ V7

> Cho (I[Vtallye) + H (k)| Vallge)”

= Cyollun|?

therefore, taking the limit, as n — +oo, we obtain an absurd.

In the case (i7), we achieve by (3.6) that

C+ unll) + K|Vl + Hks)[Vualliy) = C1 A+ luall) + Crllun|™
Z CnHVUan;)’
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so, it follows

+
1 1 V|4 1 Vn||g.

C’( —+ T+ [Vu HZ“) +K< P | H;”) > Cy > 0.
”Vuan(.) ||vun”p(.) ||vun||p(.) Hvuan(.) ||Vun||p(.)

Since p~ > rt > 1, taking the limit, as n — +o00, we obtain a contradiction.

The case (i4i) is similar to case (i7).

Then, we conclude that {u, },en is bounded in X. O

Lemma 3.2. Assume (ag), (a1), (a2), (a3), (My), (Ma), (f1), and (f2). Let {u,}nen be

a Palais-Smale sequence at level c) with

11 (3)” ()*
ox < (_ - —) (MoRS)™ — Kmin § A" AT 5, (3.7)

where

1

Mok = min { [mo((1 — H(ks))kopj + H(ks)kap)] 7~ ,
[mo((1 = H(ks))ropt; + H(’f?,)/@/tj)]# }

and K is a positive constant independent of X. Then, up to subsequence, {u, }nen is strongly

convergent in X.

Proof. We have by Lemma 3.1 that the sequence {u,}nen is bounded in X. Thus, as X
is reflexive, by Eberlein — Smulian Theorem ([16], Theorem 3.19), up to a subsequence,

still denoted by {u,}nen, there is u € X, such that

U, — u weakly in X,
u, — win L'O(Q), for all 1 <t~ < t(z) <tt < ~*(z),

U, — u a.e. in Q.

From the concentration compactness principle of Lions for variable
exponents (see Proposition 4.5), we have that there exist two nonnegative measures p, v €

A (), a countable set J, points {z;};ey C € C Q and sequences {yu;}jcr,{v;}jes C
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[0, 4+00), such that

|V, "™ — i (weak*-sense of measures ) in .#(9),

un|*® — v (weak*-sense of measures) in .# (1),

v = |u|8(x) + Zyj(ij , v >0, (3.8)
JjeJ
2 P |VU‘V(I) + Zﬂjéxj ) Mg > 07
JjET

where 0, is the Dirac’s delta measure supported on x; € 2 and

1 1
)

S <] Vi e g, (3.9)

J

where S is the best positive constant of the Gagliardo-Nirenberg-Sobolev embedding (3.5).
Claim 1. We claim that the set J is empty. Consequently, {u, },en converge strongly
to u in L) ().

Indeed. Arguing by contradiction, suppose J # 0. Fix j € J. First, we will
prove that

v; > (morS)"N.

We consider a cutoff function ¢ € C5°(€2, [0, 1]) such that ¢ = 1 in B(0,1)
and ¢ =0 in RV \ B(0,2), and |Vt|s < 2. We define, for all € > 0, the function

wm@wzw(x‘%),

€

thus ¢, ; € CF°(RY), 0 < ¢ j(z) < 1, for all z € RY | |Vt ;|0 < 2, and

1 if z € B(zy,¢),
@ZJEJ(I') = . N ’
0 ifx e RY\ B(xj,2e).

Clearly by Lemma 4.1, Proposition 4.3, and Lemma 4.2 the sequence

{®z jun}tnen is bounded in X. Thus, as {u,}ren is a Palais-Smale sequence, it follows
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that (@, \(un), Ve jun) — 0 as n — +oo, that is,

My (o (uy)) / (V[P Vi P2V i, Vs dt
Q
:—Mw(%(un))/a(|Vun|p($))|Vun|p(”)¢g7jdx
@ (3.10)
+>\/f(x,un)unw€,j dzx
Q

+ / 1/)57j|un|s(m) dx + o,(1),
Q

where 0,(1) — 0 as n — +oc.
We obtain by (a1), (M), and (3.10)) that

Mo (A(un)) / (V[P Vi P2V, Vi dt
Q

<—my (/ /io\Vun]”(x)wE,j dx+H(/€3)/i2/ \Vun]q(x)wm d:zc) (3.11)
Q Q
2 [ g det [ bl de o+ o).
Q Q
Since that the sequence {u,},eny is bounded in X, we have, up to
subsequence, that {u,},en converges strongly to u in L™)(Q) and that there exists

h € L"0(Q) such that |u,(r)| < h(z) and u,(z) — u(z), for a.e. in  (see [30], Proposition
2.67). From (fy) we get

|f (@, un)unthe ;| < as|h(2)|"™ € LN(Q).

Hence, applying the Lebesgue Dominated Convergence Theorem, we obtain

lim )\/Qf(:v,un(x))un(x)zbej(m) dx:)\/Qf(x,u(x))u(x)z/)&j(x) dx. (3.12)

n—-+o0o

Using the Lebesgue Dominated Convergence Theorem, again, we get

im w(z)|P@ e, (x) de = im z,u(z))u(z () dx =
iy [ (Vo)) do =0, Y [ o ute)ute)i () do =0,

=07 (3.13)
lim / Vi edp = pp(0), and lim Vi edv = v;9(0).
Q Q

e—0t e—0t
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Futhermore, we achieve by (3.8) that

im w (2)F D). () de = (x)dv. .
1 /Q|n< )@ () d /Qm ) (3.14)

n——+0o

From (a;), and since M, (+) is bounded, arguing as in [10] to obtain that

lim [nmsup (Mw(af(un) / (| V[P |Vt PO 2V 010, Vi dx)} —0.  (3.15)
Q

e—0t n——+00

Now, we will use the expressions (3.11), (3.12), (3.13), (3.14), and (3.15) to

analyze the cases k3 = 0 and k3 > 0.

(I) When k3 = 0, we have

0 < lim /wa,jdl/—mo%o/@/)e,jdlﬁ]
e—0t Q Q

< lim / e ;dv — mgﬁo/ e sdp
e—0% | / B(z;,2¢) B(x;,2¢)

KVj — Mokolj,

then, we achieve

mokolt; < vj. (316)

(IT) When k3 > 0, we have

e—0t

< hHl / w&jdl/ — moﬂQ/ wmd,u
e=0" | JB(x;.2) B(z;,2€)

<vj — moH(k3)katt,

0 < lim /¢E7jdl/—m07'[(/€3)/€2/w57jdu>]
| Ja Q

thus, we obtain
moH(k3)kaptj < vj. (3.17)

Consequently, by combining (3.16) and (3.17)), we get

mo((1 — H(ks))kop; + H(ks)rap;) < v;. (3.18)
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Therefore, by using (3.9) and (3.18), we obtain
(morS)N < vj, (3.19)

where

1

R = m{ (ma((1 = H{ra))wa -+ H(ss)a)) 7 (mo((1 = B o + Hlra) )" }

Now, we claim that the inequality (3.19) cannot hold, and hence the set J
is empty. Indeed, remembering that my < M, (t) < e, for all t € R, we get

1
ex =P (un) — ;(q)zu,)\mn)v Up) + 0n(1)

1 1
>mo/ ——A(|Vu, P dx — )\/ F(z,u,)dx — / —— |un|*@ da
o p(7) Q o s(z)
mo (@) @ g 4+ 2 1 (@)
— — [ a(|Vu, [P Vu, [P de + = | f(z,up)upde + = [ |u,|”™ dx + 0,(1).
prajo g Ja o Ja

However, by (a3), we have

1 1
/ ——A(|Vu, P de — — / a(| Vi [P |V, [P@) da > 0,
o p(z) praJq

for all n € N. Hence, since 0 < 9. ; < 1 and by using (f1) and (f2), we obtain

1 1 1 1
Cy = —Aas (— + —) / \un\r(x) dx + (— — —) / | |*®) da + on(1)
ag T Q ag S Q
1 1 1 1
> —\ay (— + —_> / |t |"@) da: + (— - —_) / Ve j|un|*® da + 0, (1).
ag T Q g S Q

Taking limit in (3.20) as n — +oo and by using (3.8) and Lebesgue

Dominated Convergence Theorem, we get

1 1 1 1
¢y = lim —Adag | — + — |un|”(x) de + | = — — ¢aj|un|8(w) dr
n——+oo o r— Q o s~ Q )
1 1 1 1 1 1
> — Aap (— + —) / Ju|") dz + <— - —) / e jlul*® d + (— - —> vj-
g r Q g S Q g S

(3.20)
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On the other hand, observe that
|u(z)[* @, ;(x )X B(z;,2¢) — |u( )*@) as € — 400, a.e. in Q,

and
()" (X)X By 20) < [u(2)]*™ ace. in O,

thus, by applying the Lebesgue Dominated Convergence Theorem, as ¢ — 0, we obtain

—Aag ( ) / lu|"®) dx + (— - —) / Jul*@ dzx + (— — —) vj.
Then, by using (3.19) and Hélder inequality (Lemma 4.1), we achieve
1 1 1 1 1
Cx } — )\ag (— + —) / |U|T(z) dx + <— - —) / |u|s(x) dx + (— -
o r Q g S Q o S
1 1 1 1 1 1
o (24 (e + e @l o+ (5 - &) [
oo () (=) ORI OET O o s Q

+ (% - Si_) (morS)"

\|H
\/

3‘

o

=

2]

(3.21)
Now, we will examine the possible cases:
(i) If |[|u|"® |« > 1, by Proposition 4.3, we have
()

Il =15 < [l ao < praren G (3.22)

Hence, by (3.21)) and (3.22)), we get

o 2 all @I = Aol @ + s,
r(-) (A

where ¢; = (% — 8%), Co = Qs (% —I—T%) <# + (sf )HlH EONE and c3 =

(5 — ) (mors)”
Defining the function & : Rt — R given by &£,(t) = c1t(+)”" — eyt (observe that
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(2)” > 1), attains its absolute minimum at the point

= (—/\02 >(S/T)l__1 > 0.
ci(s/r)~

Moreover, note that r~ < r(z) < rt < s~ and we have

(s/m)—

= (aerr) (-0

(s/r)~
= —)\(S/T)__IIC

where K is a positive constant independent of .

If {[]uf ")

sy < 1, by Proposition 4.3, we obtain
)

s (). 502) s
Il MQ < | 1@ dr < |l n&3' (3.23)
Q

Then, by combining (3.21) and (3.23]), we achieve

+
o 2 alllal @ = Acalllul @y + e
) nC
where o = (2=1). @ = ar(b+ ) (e + ) . and o -
(}f — si) (mol-@S) . Therefore, defining the function & : RT™ — R given by
E(t) = 1t — et (observe that (2)" > 1), admits absolute minimum at the
point

1
A (s/m)FT—1
t, = (—S © ) > 0.
()t

Furthermore, analogously to the previous case (i), we get
(s/r)*
Es(t) = —AGTIK,

where K is a positive constant independent of .
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Therefore, by using (i) and (i7), we get

11 - )"
Cx 2 (— - —) (MoRS)N — Kmin { AG) =1 A1 &

g S

Then, due to (3.7), we obtain that J is empty, and consequently py.)(un) — ps)(u) as
n — +oo. Thus, from Lemma 4.3 and Proposition 4.3, we conclude that the sequence
{t, }nen converges strongly to u in L**)(Q2) as n — +oo. Thus, we conclude the proof of
Claim 1.

Claim 2. We affirm that u,, — u strongly in X as n — 4o00.

In fact. We have that ® ,(u,) — 0in X', as n — 400, and the sequence
{tn }nen is bounded in X then

0= lim (@, ,(un),un — u)

n—-4o00

= lim {Mw(%(un))/a(]Vun\p(x))\Vun]p(m)2Vun(Vun—Vu) dx
Q

n——+00

(3.24)
— )\/Qf(m, Up ) (Uy, — u) dox — /Q || ¥ 2, (1, — ) dx}.

But, as {u, }nen is bounded in X, by (aq), we have that {7 (u,) } nen is bounded in R. Thus,
applying the Bolzano-Weierstrass Theorem, there exists t € RT such that &7 (un) — t as
n — 400, and, as M is continuous,

lim M, (< (u,)) = M,(t) > my.

n—-+00

By (f2) and the Lebesgue Dominated Convergence Theorem, we get

lim 'A/Qf(x,un(x))(un(x)—u(x))dg; ~ 0.

n—-4o0o

Also, using the Hélder’s inequality and since u,, — u in L*0)(Q) as n — 400, we achieve

lim = 0.
n—-+oo

/ i ()92 () (11 () — ()
Q
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Therefore, follows from (3.24) that

lim a(| Vi [P |V, [P 2V, (Vu, — Vu) dz = 0.
n—+o0o Q
Consequently, it follows from Lemma 4.9 that u,, — u strongly in Wol’p(')(Q) as n — +00,
that is,

nl_l)r_{loo HVun — VUHP(') = 0. (325)

In particular, we point out that by the Holder’s inequality and ({3.25) follows that

lim / |V, [P ~2Vu, V (u, —u)dz = 0. (3.26)
Q

n—-+o0o

Note that, if k3 = 0, we get from (3.25) that u, — u strongly in X as
n — +00. Now, considering 3 > 0. Then, since that {u, },en is a bounded Palais-Smale
sequence, by using (a1), (M), (3.24), (3.25), and (3.26), we obtain

on(1) = (D \(un), tn —u)
= M,( (uy,)) /Q a( |V [P Vit [P 2V 0, V (1, — ) dz + 0, (1)
> C’/ a( |V [P |Vt [P 2V 0, V (1, — 00) di + 0,,(1)
> C'f |V, PO =2V, V (1, — 1) + |V, |19 72V, V (1, — u) dz 4 0,(1)
= C/Z |V, | "D 2V, V (1, — u) dx + 0,(1),

so, we get
lim sup/ |V, |12V, V (u,, — 1) dz < 0,
Q

n——+o0o
Therefeore, by Theorem 4.1, we obtain u,, — u strongly in WOI’Q(')(Q) as n — +o00, that
is,
nl_lgloo HVun — VUH(](.) =0. (3.27)
Then, we conclude, by (3.25) and (3.27)), that u,, — u strongly in X as n — +o0.
This concludes the proof of the Claim 2. O
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3.2.2 A second auxiliary truncation argument

We will prove in the next lemma that the Euler-Lagrange functional ®,, »

is unbounded from below in X.

Lemma 3.3. The Euler-Lagrange functional @, associated with () is not bounded

from below in X.

Proof. Let us take v € X \ {0}. Then, by using (a1), (f2) and (3.4), we have for each
t > 1 that

o (tv)
D, 5 (tv) g/ Mw(t)dt—)\/F(x tv)da:—/ e )\t v|*@ dx
0
“”“/\v (t0)]P@ dz +“’€3/yv (t0)]7@) dz

+—/|tv|r$)dx——/]tv|sr dx

<°"—’“tp /|vu|p dx+—tq /|w|q<w

rt r(z) s~ s(x)
+r_+t /Q\v\ dx—8—+t /Q|v| dx

Therefore, since 1 < r~ < r(x) <rt <4~ < v(z) <7t < s~ forall v € Q, we get

lim @, ,(tv) = —o0. O

t—4o00

Now, following the ideas of Alonso and Azorero (see [10]), we will obtain a
second auxiliary functional that will be bounded from below.

Remark that, by (a1), (M), (f2), and Proposition 4.3, we have

Do () =, (F () — A / (o, u)da — / L

:/Oﬂ(u) Mw(t)dt—/\/F(x,u)dx—/ﬂ%@ﬁ“”dm
om [ (56 >‘V M) ) e 2 [ e

- [ s
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Also, note that

: - + : -
min{|[ Va5, [[Vullpe)} + Hks) mind[| Vel [Vallf,} > minf|[Val ], [Val 2}

v()’

Moreover, by applying the Gagliardo-Nirenberg-Sobolev inequality (3.5), we have

r(x r— rt
/QM @ dz < fullyey + lulliey, Nl Se < IVl

/ lu|"® da <
0

Considering ||Vu||,) < 1, we achieve

and

T 1 rt
20 T g IVl

Dya(u) > mMIIVUIIV — 2= IVully — = Vully,

5= IVull3e ||VUHS+

Ss s Ss+

Moreover, there is a positive constant C. such that

Vullyy + = 1Vullyy < CollVullyey + I1Vall),

= =
S~ Srt
and, since ||Vu||,.) < 1, we have that ||Vu||§J(r) < [[Vull%.) and ||Vu||i?) < [[Vulls, thus

m()%

Dy (u) = IVullZe = ACH IVl = Tl Vully,

(3.28)
= ([ Vull,)),

where ¥, : [0, +00[— R is given by

G\(t) = m“‘%/ﬂ* —AC T — Ot
q*

Now, we will show that there is A* > 0 such that ¢4, assumes positive values

for each A € (0, \*). Indeed, since y© < s~, we can take ¢ small enough such that

e%/ - =S
Mot o+ _ c,t7 >0,
q+
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and, we define

o L1 (mOf‘/W —68#‘) |
q

Thus, for each 0 < A < A, follows that %, (f) > %.-(f) > 0, this is, %, assumes positive

values.

N B o
On the other hand, taking t < (%) 777 we obtain m;fng“r —\C, 1" <

0, for all 0 < ¢ < ¢. Since Cyt* > 0, we have

0% _
G\(t) < m; 7 AT <0

for all t < t. Then, as ¢\ assumes positive and negative values and lim;_,, ., %\ (t) = —oo0,
we conclude, by the Rolle’s Theorem, that the function ¥, has exactly two roots(see

Proposition 4.1). We will denote this roots by 0 < Zy(\) < Z1(N).

The following lemma is fundamental to build our truncated functional.

Lemma 3.4. Assume (M), (M), (f1), (f2), (a0), (a1), and (3.1). Then

A—0t

Proof. Since 9\(Zy(N\)) = 0 and 4 (Zo(\)) > 0, we have

A 1
m;’f/ = L0 O (3.20)

and e
% S NCZ T O (3.30)

for all A € (0, \*). Hence, combining (3.29)) and (3.30]), we get

(@—@) =

Therefore, as s~ > r~, taking limit as A — 0", we obtain

0<%, < )\s*ir*

A—0t
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Remark 3.1. Due to Lemma 3.4, we can choose \* € (0, \) such that

1 1 ) ()"
<___) (m5S)" — Kmin { AT 1 AT {5

o s
and Xo(\) < min{1,to}, for each A € (0, \*). In particular Zo(N) < min{Z1(\), to, 1}.

We define the function 7 : Rj — [0, 1] given by

T(t) =

1 ift < Zo(N),
0 if ¢t > min{Z(N), 1}.

Note that 7 € Cf (R, [0, 1]) and it is nonincreasing.

We define the second auxiliary truncated functional 5@ A+ X — R given by

— 1
By (1) = Moo (1)) — )\/ Fla, ) dz — T(Huu)/ L@ g
Q o s(z)
0(A), then ||Vull,) < Zo()), and, consequently
[Vl .y = max{Z:1()), 1}, then

for all A € (0, ). Observe that if ||ul|

< X,
wa(u) = @, \(u). Moreover, if |lul| >

O, \(u) = M, (A (u)) — )\/QF(x, w) dz.

Lemma 3.5. The functional ®,  is bounded from below in X.

Proof. Consider ||ul| > ||Vul|,) = 1. Following as in (3.28) and observing that the norms

| - |l and || - ||, are equivalent in X, there are positive constants %], J#5 such that

O, (u) = M, (A (v)) — )\/ F(z,u)dx

Q

> Hlull” = Al

and, consequently, as 1 < r* < ~7, it follows that lim,|— oo @, \(u) = +00. Then, we
have 5w7>\ bounded from below in X. O

Now, we will prove a local Palais-Smale condition and a topological result

for the truncated functional 5w7 A-
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Lemma 3.6. If ®,(u) < 0, then ||Vull,) < %o and P, \(v) = Py (v) for all v in a
small enough neighborhood of u. Moreover, ®,, \ verifies a local Palais-Smale condition

for cx <0, for each X € (0, \*).

Proof. Let us consider @, ,(u) < 0. Supposing by contradiction that ||Vull,.) > Z,,
we obtain by the construction of the second truncated functional that 0 > &, ,(u) >
9\(IVul|yy) = 0, which is a contradiction. Therefore, we conclude that ||Vul|,.) < %
and @, ) (u) = P, ,(u). Since that the norms [|-||) and ||-|| are equivalent, we get, for each
u € B(0,%,), that there exists ¢ > 0 such that B(u,e) C B(0, %) and @, ,(v) = @, (v)
for all v € B(u,¢) once that ||Vul|,) < Zo.

Now, we will prove a local Palais-Smale condition for 5@ » at level ¢y, < 0.
We consider {u, },en a Palais-Smale sequence at level ¢y < 0. Then, we obtain ®,, (u,) =
@, 5 (u,) — ¢y < 0 and D, A (un) = @', \(u,) = 0 in X. Moreover, as ®,, is coercive, we
get {un tnen bounded in X. Also, by Remark 3.1, we have

11 (%) Gyt

o S

for each A € (0, \*). Therefore, from Lemma 3.2, up to a subsequence, {u, },en is strongly

convergent in X. O

We will construct an appropriate minimax sequence of negative critical

values for the functional 5% A-
Lemma 3.7. For every k € N\ {0} there exists ¢(k) > 0 such that
Y(®,0) 2k,

where X € (0, \¥), 6;; ={u € X :®,,(u) < —¢}, and 7 is Krasnoselskii’s genus.

Proof. Fixed k € N, since Cy*(2) C X has infinite dimension, we can consider Xj
(X C CF>*(Q)) a k-linear subspace of X. Then, as %y < min{Z%;(\),ty, 1}, for any
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u € X with |Ju]| =1 and 0 < t < Xy, we get
B\ (tu) <L / IVu|P® dz + —tq / |Vl
p Q

+ +
alt’" r(x ts
A [ e = 5 [ oo

- A
<Py | Y84 ﬂtr -
p- q- rt
WK1 WK Aa
< (—1+ 3)#’ — Sy,
p q rt
where
= inf {/ lu|"® dx : u € Xy, ||ul| = 1} > 0.
Q
Note that the norms || - || and || - ||,(,) are equivalent on X}, once that X, is

k-dimensional. Then, there is a positive constant p; such that

-
Aaiayg po-r

0 < prp <min{ %, | ———— . (3.31)
@ ()
We define
Spe = {u € Xy [|ull = pr},

which is homeomorphic to S*~'. Therefore, by Corollary 4.1, we have (S,,) = k. Also,
as rT < p~, for any u € S,, x and by (3.31)), we obtain

U
(I)(U)w,,\ :‘bw,x(pkm)

WK1 WK3 - ay .+
<(p—+q—)ﬂi _)‘T_erk Qg

WK WK - Aa

o [(E2 ) - 2 <o
p q r

Thus, we conclude that there exists a positive constant € such that

D, \(u) < —¢ for any u € S,,.

Hence, we achieve S,, C @, and v(®,) = 7(S,,) = k. O
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We define, for any k£ € N\ {0}, the set
Iy ={C c X \{0}: Cisclosed, C = —C and v(C) > k},

and the number

A\ .

cp = inf sup @, (u).

k w,A
Cel'y yeC

Lemma 3.8. For all k € N\ {0} and X € (0,\*), the number ¢, is negative.

Proof. Let A € (0,\*) and k& € N. Due to Lemma 3.7, for each k € N, there exists ¢ > 0

such that 7(5;6) > k. Since @, is continuous and even, we have 5;3 € I'y and

sup D, (u) < —¢.
ug@@i

From Lemma 3.5, Ew)\ is bounded from below, consequently

—00 < cp = inf sup @y \(u) < sup D, (u) < —& < 0.

Cely, ueC u€676)\
OJ,

]

We will proof in the following lemma the existence of critical points for the

functional 5“,, A

Lemma 3.9. Let k € N\ {0} and X € (0,X*). If cx = cp = cpyy = ... = Cpyy, for some
[ € N, then
Y(Key) =1+ 1,

where K., == {u € X : ®,,(u) = c, 5;7/\(15) = 0}. In particular, each ¢ is a critical value
Of va)\'

Proof. Let XA € (0, \*) and k, ! € N. We claim that K, is compact. In fact. Let us consider
{tn}nen a sequence in K.,. From Lemma , we have ¢y = ¢ = 4 = ... = Chyy
negative, and, by Lemma 3.6, we have the sequence {u,},en is bounded in X and
EM,A(un) = &, ,(uy,), for all n € N. By Lemma 3.2, the functional @, , = P, \ at level
cx < 0 satisfies the Palais-Smale condition in K, . Hence, it follows that K., is compact.

Furthermore, since @, is even, K., = —K_,.
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Suppose, by contradiction, that (K., ) < [. Since K., is compact, by using
the Proposition 4.7, there exists a closed and symmetric set U, with K., C U such that
v(U) = v(K.,) < l. Note that we can choose U C 627/\, since ¢y < 0, K., C ESM.
Since 5%)\ = &, ) at any level ¢, < 0, by the Deformation Lemma 4.5, we obtain an odd

homeomorphism 7 : X — X such that

n(@ - U) C By, (3.52)
for some § € (0, —c,). Note that 6 4+ ¢) < 0, which implies 53;5 C 6{;’/\. By definition of
cy = cgﬂ = cérF{H iggEM,,\(u), there exists A € I'y4; such that sup,c4 Ew,,\(u) < cy+0,

so A C 53;5. Therefore, by (3.32), we achieve

—c)\+0 —c)\—0

n(A—=U) cn(@\" —U)c " (3.33)
We have A C m U U. Then, by the Proposition 4.7, we have
VA=U) 2 y(A) —1(U) = (k+1) -1 =k
Thus, as n is odd, by Proposition 4.7, we obtain
T(A=T)) 21(A-T) > k.

Note that n(A — U) is closed and symmetrical, then n(A — U) € 'y, Hence, we achieve

sup Dy (u) = cp = e (3.34)
uen(A=0)

. —en—6 . . .
On the other hand, since (Ifka is closed and 7 is a homeomorphism, by

(B:33), we get
nA—T)c 3’

WA )

which is a contradiction with (3.34). Hence, we conclude
V(K. ) =1+ 1.

In particular, we obtain K., # 0, that is, ¢, is a critical value of 5M. O
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3.2.3 Proof of Theorem 3.2

Proof. Let A € (0, \*). Note that, from Lemma 3.8, we have

<< << D,,(0)=0.

We will consider two possible cases.

Firstly, if ¢} # c;\ for all j,j' € N, j # j/, that is, —co < ¢} <) < ... <
cp < ... < ®,,(0) = 0. Moreover, by Lemma 3.9, each ¢} is a critical value of @, .
Consequently, we obtain infinitely many critical points for @, . Hence, observing Lemma
3.6, the problem (.#)) has infinitely many solutions.

Now, suppose that, for some k € N\ {0}, there is | € N\ {0} such that
& =l 50

D S A

Then, from Lemma 3.9, we get

(K

CX

)=l+1>2.

Thus, from Proposition 4.6 the compact set K., has infinitely many points, which are
critical points for @, . Hence, observing Lemma 3.6, the problem (.#,) has infinitely

many solutions. O]

3.3 Proof of Theorem 3.1

Proof. Let A € (0,\*) and wu, a nontrivial solution of Problem (.#),) (see Theorem 3.2).

From Lemma 3.6, we have
HVU,\HW() < %0 < to and 5w,A<UA) = q)w,)\(U)\) < 0.

We will analyze the cases k3 = 0 and k3 > 0.

(i) If k3 =0, by Lemma 3.4, we have limy_,+ || Vua||p() = 0. Thus, by (a;) and changing

A* by other smaller, if necessary, we obtain

o (1) < TEIVusll < to, YA€ (0,X°).
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(ii) If k3 > 0, by Lemma 3.4, we obtain lim, o+ ||Vuly) = 0. Thus, by (a1),
WOI’Q(')(Q) C Wol’p(')(Q), p~ < ¢, and changing \* by other smaller, if necessary,

there is a positive constant C', such that

/{:1 — I{S _

A (u) < ];HVUAH&.) + q__HVUAHZ(.)
K1 - K3 _
< = ClVllgey + =1 Velly

< (§C+ ;—3) IVusll? ) < to, VA € (0,A%).

Therefore, by (i) and (ii), we conclude that
M, (o (u)) = M (< (u)), YA € (0,\%).

Consequently, we concluded that u, is solution of the problem (£2)) for each (0, \*).
Moreover, since the problem (.#,) has infinite many solutions for each A € (0,)), it

follows that the problem (£2)) has infinite many solutions for each A € (0, \).

Now, we will study the asymptotic behaviour of solutions to problem ().
Remember that
[uxll = [[Vusllpey + H(x3) [ Vurllge- (3.35)

We will analyze the cases k3 = 0 and k3 > 0.

(ili) If k3 =0, we get from Lemma 3.4 and (3.35)) that
li = li \Y% y=0.
Jim flus]] = L [Vl
(iv) If k3 > 0, we obtain by the Sobolev embedding Wy (Q) ¢ W *") () and by (3.35)
that

urll = [[Vuxllpey + IVullge)
< (CH D)|[Vullge-

Thus, follows from Lemma 3.4 that

I = 0.
m i
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Hence, by (iii) and (iv), we conclude that

lim [Juy| = 0.
A—=0t



Chapter

4

Appendix

Proposition 4.1. Consider ay,as, . ..,a, € R\ {0} and o, ..., o, such that o; # o for
i # j. Then the equation

alxo‘l + CLQI‘OQ 4o+ anxa'” = 0, x € (07 OO),

has a most n — 1 roots in (0, c0).

The proof follows by induction and by the Rolle’s Theorem.

4.1 Variable exponent Lebesgue and Sobolev spaces

Lemma 4.1. (/34, Proposition 2.1])

(i) The space (LPO(Q), || - |lp()) is a separable, uniformly convez Banach space, and its
dual space is L) (Q), where - ) +m = 1. For any u € LPY)(Q) and v € LP'O(Q),
we have

1 1 /
| [wode] < (o= + ) Tl el Y€ 220(@), 0 € /0@,
0 (P

(i3) If p1,p2 € CH(Q), pi(x) < po(w) for all x € Q, then LP2)(Q) < LPO)(Q), and the

embedding is continuous.

Proposition 4.2. (/34, Proposition 2.5]) Let @ C RN be a bounded domain with smooth
boundary 92 and p € C(Q) with p(z) < N for all v € Q.

(i) W)(Q) and Wol’p(')(Q) are separable and reflexive Banach spaces;

97
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(i) if ¢ € CHQ) and q(z) < p*(z) for any x € Q, then the embedding from
Wirh)(Q) «— L1O(Q) is continuous and compact;

(iii) There is a constant C > 0, such that

lullpey < ClIVullyey, Yu € Wy ().

Lemma 4.2. (/32, Lemma 2.1]) Let h € L>(Q) be such that 1 < h(z)p(z) < 400 for
a.e. # € Q. Let u € LPY(Q), u 2 0. Then

[ullyoy <
<

[l lpy <
+
HUHZp(.) <

+ .
| lullipcys if lellnpey > 1,
lal™ ey < Nl o Nllpey < 1.

In particular, if h is a constant function, then
Hul* 1oy = llullip)-

The following lemma is a version of the well-known Brezis-Lieb Lemma for
variable exponents, the proof is similar to the constant case, the reader can see for instance
[42].

Lemma 4.3. Suppose {uy }nen bounded in L") (Q) and u,(r) — u(z) a.e. in Q. Then,
u € L"(Q) and

lim (/\Unlh(x)dfﬁ—/ ]un—uyh(x)dac :/|u’h(x) dr.
n—+oo Q Q o

Theorem 4.1. ([34, Theorem 3.1]) Consider the mapping L : W&’Q(')(Q) — (Wol’q(')(Q))’
defined by
(L(u),v) = / V| "2V uVudz,
Q

Then, the mapping L is of the type (S.), that is, if u, — u weakly in Wol’q(')(Q) and
lim sup(L(uy), u, —u) <0, it follow that u, — u strongly in Wol’q(')(Q).

n—oo

An important function in manipulating of the generalized Lebesgue-Sobolev

spaces is the p(-)-modular function of the LP()(Q) space, which is the convex function
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Pp(y + LPO(2) — R defined by
o) = [ )P o, v € 2O(@),
Q

Proposition 4.3. (/34, Proposition 2.3]) Let u € LP)(Q), then, we have
(1) llullpey < 1=1>1) & pyy(u) < 1(=1;>1);
(i6) 1f Ty > 1 then [fullye) < ppiy(w) < [lullyy

(i) If Nullpey < 1 then [[ullZ) < ppy () < Il

(iv) [lullpty = 0 & pp(y (1) = 0 and [Jullp) = 00 & ppiy(u) = oo

Proposition 4.4. ([84, Proposition 2.4]) Let u,u, € LP)(Q), n = 1,2,..., then the

following statements are equivalent:
(i) T =l = 0;
(i) 1m pyey(un —u) = 0;

(1ii) u, — u in measure in Q and n1—1>r-|I—loo o) (Un) = ppry ().

In particular, pyy is continuous in LPO)(Q). Moreover, if p € CT(Q), then py() is weakly

lower semicontinuous.

4.2 Variational theorems

Lemma 4.4. (Mountain Pass Theorem [23, Theorem I]) Let X be a real Banach space,
let ® : X — R be a functional of class C'(X,R) that satisfies the (C). condition for any
¢ >0, ®(0) =0, and the following conditions hold:

(i) There ezist positive constants p and R such that ®(u) = R for any v € X with
[ull = p;

(ii) There exists a function e € X such that ||le|| > p and ®)(e) < 0.

Then, the functional ® has a critical value ¢ > R, that is, there exists u € X such that
O(u) =c and ®'(u) =0 in X'
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Theorem 4.2. ([64], Theorem 9.12). Assume that X has infinite dimension and let
¢ € CYX;R) be a functional satisfying the (C). condition as well as the following

properties:
(i) ®(0) = 0 and there exist two constants r,p > 0 such that ®|,, > p;
(ii) P is even;

(iii) for all finite dimensional subspace X C X there exists R = R(X) > 0 such that
®(u) <0 for all u € X\Br(X),

where Br(X) = {u e X : |jul| < R}.

Then ® possesses an unbounded sequence of critical values characterized by a minimax

argument.

Theorem 4.3. (Fountain Theorem [57, Theorem 2.9]) Assume

(A1) X is a Banach space, ® € C'(X,R) is an even functional.
If for every k € N there exit pp > rp > 0 such that

(Ag) by :=1inf{P(u) : u € Zy, ||u|]| = rr} — +o0 as k — +oo.

(A3) ap ;== max{P(u) : u € Yy, ||u|| = pr} < 0.

(Ay) @ satisfies the (C). condition for every ¢ > 0.

Then ® has an unbounded sequence of critical points such that ®(u,) — +o0.

Theorem 4.4. (Dual Fountain Theorem [713, Theorem 3.18]) Suppose (A1). If for each
k > ko there exist pp > 1, > 0 such that

(B1) ar = inf{®(u) : u € Zg, ||u|| = pr} = 0.

(B2) by = max{®(u) : u € Yy, [Jul| =7} <0

(B;) dp = inf{®(u) : v € Zy, ||ul]| < pr} — 0, as k — +o0.
(By) @ satisfies the (C)% condition for every ¢ € [dy,,0].

C

Then ® has a sequence of negative critical values converging to 0.
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Lemma 4.5. (Deformation Lemma [6, Lemma 1.8]) Let X be a Banach space, ¢ €
CHX,R) and satisfy the (PS) condition. Let ¢ € R and N be any neighborhood of
K. :={ue X :pu)=c ¢(u) =0} Then there exists n(t,z) = m(x) € C([0,1] x X, X)

and positive constants € > € such that:
(1) no(x) =z for all x € X;
(2) ni(x) =z for allx & o~ c—€,c—€] and all t € [0, 1];
(8) ny is a homeomorphism of X onto X for allt € [0, 1];
(4) p(n(x)) < p(z) for allz € X, t €[0,1];
(5) m(Aecre — N) C Ace, where A ={x € X : p(x) < ¢} for any c € R;
(6) if Ke=0, m(Acie) C Ace;
(7) if ¢ is even, n, is odd in .

Remark 4.1. In [23] and [24] the Mountain Pass Theorem is established under the Palais-
Smale (PS) condition, and, in [73] the Fountain Theorem and Dual Fountain Theorem
are established under Palais-Smale (PS) and (PS)* condition. The Cerami condition (C.)
is more weaker than the known condition of Palais-Smale (PS).. Since the Deformation
Theorem s still valid under the Cerami condition, we see that many critical point theorems
like the Mountain Pass Theorem, Fountain Theorem, and Dual Fountain Theorem hold

under the Cerami condition.

Proposition 4.5. (Concentration compactness lemma of Lions [14]) Let p(z), q(x) be

two continuous functions such that

1< ingf)p(x) <supp(x) < N and 1 < q(x) < p*(z) in Q.
ze e

Let {u, bnen be a weakly convergent sequence in WYPO)(Q) with weak limit u and such
that:

|V, [P@ — 1 weakly-* in the sense of measures.

| |9®) — v weakly-* in the sense of measures.
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In addition we assume that € := {x € Q : q(z) = p*(x)} is nomempty. Then, for some

countable index set J, we have:

v=1ul" + b, v; >0,
jeq

M > ’VU|p(x) + Z,ujéxj? Hj > 07
JET
1 1

) @)
Sv; <), Ve d.

Where {z;}jeq C € and S is the best constant in the Gagliardo-Nirenberg-Sobolev

wnequality for variable exponents, namely

q : EETETe—

. (4.1)
veed= @) [|vllq)

4.3 Krasnoselskii’s genus

We will present some basic notions on Krasnoselskii’s genus and, for more
information about this subject, we refer 7], [6], [18], [24], [29], [53], and [64].

Let E be a real Banach space and let us denote by 2l the class of all closed
subsets A C E '\ {0} that are symmetric with respect to the origin, that is, u € A implies
—u € A. Let A € 2. The Krasnoselskii’s genus v(A) of A is defined as being the least
positive integer k such that there is an odd mapping ¢ € C(A,R¥) such that ¢(x) # 0 for
every z € A. If such a k does not exist, we set y(A) = +o00. Furthermore, we set v()) = 0.

Theorem 4.5. Let E = R* and 09) be the boundary of an open, symmetric and bounded
subset Q0 C RF with 0 € Q. Then y(09) = k.

Corolllary 4.1. v(Sk¥=1) = k where S¥=1 is a unit sphere of R.
Proposition 4.6. If K € i, 0 € K, and v(K) > 2, then K has infinitely many points.

Theorem 4.6. (Clark’s Theorem) Let ® € C'(X,R) be a functional satisfying the Palais-

Smale condition. Suppose that:

(i) ® is bounded from below and even;

(11) there is a compact set K € Y such that v(K) =k and sup,cx ®(z) < ©(0).
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Then, ® possesses at least k pairs of distinct critical points and their corresponding critical

values are less than ©(0).

Proposition 4.7. ([64, Proposition 7.5] and [7, Lemma 10.4]) Let A, B € A. Then
(1) Mapping property: If there exists ¢ € C(A, B), odd, then v(A) < v(B);
(2) If there exists an odd homeomorphism between A and B, then v(A) = v(B);
(3) Monotonicity property: If A C B, then v(A) < v(B);
(4) Subadditivity: If v(AU B) < vy(A) + v(B);
(5) If 7(B) < +o00, then y(A\ B) = ~7(A) —v(B);

(6) Continuity property: If A is compact, then v(A) < oo, and there exists 6 > 0 such
that y(A) = v(Ns(A)) where Ns(A) = {x € X : d(z,A) <}

(7) ifn € C(A,E) is odd then v(A) < v(n(A)).

4.4 The (S;) condition

Lemma 4.6. Suposse that the function a satisfies the hypotheses (ag), (a1), and let
{00 }nen, 0 be in RY such that

(alloal”)oal" 0, — a(|ol"™)) [0V %0) (0n — 0) — 0 as n — +o, (4.2)

for each x € Q. Then, {0, }nen converges to o.

Proof. Fixed z € Q. We affirm that the sequence {9, }nen is bounded in RY. Indeed,
suppose, by contradction, that {g,},en is unbounded, that is, up to a subsequence, still
denoted by {0, }nen, we have |o,| converging to +oo. Then, by (ag), we obtain that Y’
is strictly monotone that is equivalent to say that T is strictly convex (see [52, Lemma
15.4]) and due to (4.2)), there exists C' > 0 such that for all n € N,

0 < (a(|onl™)]0n "™ 20, — a(|o”™)|0P™)~20) (0, — 0) < C.

So, we get

a(|0al"™)|0al +a(| o) o] < C +a(| o) |ol"™ 20+ 0n + alloa) ltenl"* P 0+ 00
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Then, by (a;) and Cauchy inequality, we obtain
a (JoaP™ +10"™) < C+ B (|0l on] + [enl”e]) -
Therefore, we have
|o["™) ) C < o7t o] )
all+ < + 0 + . 4.3
(1105 < e 2 (s * 1o 4

Since we have assumed that |g,| — +00 as n — +oo, taking limit in (4.3)), we obtain

a < 0 which is a contradiction with (a;). Therefore {0, }nen is bounded in RY.
Thus, by Bolzano-Weierstrass Theorem exists a subsequence, still denoted

by {0n }nen, that converges to ¥ € RY. So, by (4.2) we obtain

0 = lim (a(|ea"™)|0n"™ 20, — a(|0]"™)]0"~0) (0n — 0)

n—+400

= (a(|ZPE))[ZPE728 — a(| P |02 0) (£ — o).

From the strict monotonicity V', we have to ¥ = p. H

Lemma 4.7. Suppose (ag) and (ay). Then the functional W : Wol’p(')(Q) — R defined by

1
i — p(x) L,p()
(u) /Qp—(x)A(Wu] )dx, Yu e Wy (Q),

has a following properties:

(i) The functional ¥ is well defined on Wol’p(')(Q) and is convez.

(1)) The functional V is of class C’l(Wol’p(')(Q),R) and weakly lower semicontinuous on
Wol’p(')(Q) with the derivative given by

(' (u),v) = / a(|Vu[P™) | VuP® 2Ty - Vo dz,
Q

for all u,v € WoPY ().

Moreover, ¥ : Wol’p(')(Q) — (W&’p(')(Q))’ is strictly monotone and verifies the (S)

condition, that is, for every sequence {u,} C Wol’p(')(Q) such that w, — u weakly in
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Wo(Q) and

lim sup/ a(|VulP@ | VulP @ =2Vu) (Vu, — Vu) dr < 0,
0

n——+0o00
we have, passing to a subsequence if necessary, u, — u strongly in Wol’p(')(Q).

Proof. (i) Let u € Wy""(Q), we have
U(u) < — <2 P! i +00
(u) < —pp)(u) < p= ax{[|ul[5, [[ullyy} < :

By condition (ag) is easy to see that U is convex.

(ii) The proof that the functional W is of class C' follows by standards arguments.
Also, VU is weakly lower semicontinuous in Wol’p(')(Q) (see [16, Corollary 3.9]). The
operator ¥’ is strictly monotone, this follows from the fact that T is strictly convex
(see |52, Lemma 15.4]). Hence W is strictly convex and, therefore, ¥ is strictly

monotone.
Now we will prove that the operator ¥ satisfies the condition (S ).

Let {u,}nen be a sequence in Wol’p(')(Q) such that u, — u weakly in
WoY(Q) and

lim sup/ a(|Vu [P )| Vu, [P 2V, (Vu, — Vu) de < 0.
0

n—-+o0o

Hence, we obtain

lim sup (¥’ (u,,) — V' (), u, — u) < 0. (4.4)

n—-+00

On the other hand, by the convexity of T, we have

(a(| V[P |Vt PO 2V, — a(|Vu|P) [ VulPD2Vu)) (Vu, — Vu) > 0,
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so, we obtain

lim inf (V' (u,,) — V'(u), u, — )

n—-+0o

=liminf [ (a(|Vu,[P®)|Vu, |2V, — a(|Vul[r™)|Vu /@ 2Vu) (Vu, — Vu) dz

n——+o0o Q

> 0.
(4.5)

Therefore, by (4.4) and (4.5]), we conclude

hgl (a(]Vun\p(x))\Vun|p(m)’2Vun — a(|Vu\p(”‘"))\Vu\p(x)’2Vu) (Vu,, — Vu)dr =0,
n—-+0oo O

(4.6)
which implies that there is a subsequence of {uy, }nen, still denoted by itself, such that

(a(|Vtn [P |Vt [P 2V, — a(|VulP@)| VP D2V u)) (Vu, — Vi) — 0 as n — 400,

for a.e. x € Q. Hence, by Lemma 4.6, we have Vu,, — Vu a.e. x € 0, as n — +00. Thus,
since a € C(R™,R), by using the Lebesgue Dominated Convergence Theorem, it is proved
that
/ (| V") — a(| VD)) [V PO 2V (Vi — Va)de — 0. (4.7)
Q

By (4.6), (4.7), and a < a(n), we obtain
(U () — V' (u), up, — u) = / (a(|Vun [P®) — a(|VulP) | Vi, P92 Vu, (Vu, — Vu) de
Q
+ / a(|VuP®) (| Vu, P =2V, — | Vu [P D 2 V) (Vu, —Vu)de
Q

>0,(1) + / (|Vun P2V, — [VulP@=2Vu)(Vu, — Vu) dz.
Q
Therefore, defining S, = (|Vu, |[P®~2Vu, — |Vu[P®~2Vu)(Vu, — Vu), we have

lim sup/ Sp(z) dz =lim sup / (|Vu, P2V, — [VulP@=2Vu)(Vau, — Vu) dx
n—-+4oo [9) n—-+4o0o 9]

(4.8)
<0.
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Let us remember the following inequality, for all z,y € RY,

z—y|? s

(P22 — [y ?y, oz — y)| >
23-P
p

|z —ylP if p=2.

Then, we obtain

— Vg —Vul? .
() ("~ Dimursmae i 1<) <2,
Sy(z) >

23-p"

——|Vu, — VulP@ if pz) > 2.

Consider the following sets
Qp={zeQ:plz)>22tand Q_={r e Q:1<p(z) <2}
(i) If p(z) > 2, we have

Sn(x) = C, Vi, — Vu|''® dz > 0,

Q4
therefore, follows from (4.8) that
lim / 'V, — Vul|P'® dz = 0. (4.9)
n—-+00 Q4

(ii) If 1 < p(z) < 2, by Holder inequality, we obtain

Uy — Vu|P(®) (@)@=p(x)
/ [V, — VP de = / N Vp(L)(z_puc)) ((|Vun| + |VU|)p o ) dx
Q_ Q_ ( -2

[Vun|+Vul)

n n
< Oz 31 2.,
(4.10)
where C' is a positive constant,
|V, — Vu|P®) p(@) 2—p(x))
I{L = - p(2)2—p(@)) and Ig = (|vun| + |VU|) 2 .

(V| + [Vul)=

Since u, — u weakly in W, *(Q), it follows that {u, }ney is bounded in Wy (Q).



Hence, we have

0<p25(E) = / 12700 da < K
2-p(- o

for some positive constant K. We also have that

0<pa (I7) = / 7767 da < C’/QSn(:z:)dx,

therefore, by using (4.8) and (4.10), we get

lim 'V, — VulP™ dz = 0. (4.11)

n——+o0o O_

Thus, from (4.9) and 1} we achieve that u,, — u strongly in Wg") ()

as n — +oo.

4.5 Properties of &7

The Lemma |4.8) was motivated by [54] and [66].
Lemma 4.8. The operator &/’ : X — X' is monotone.

Proof. First of all, we will prove the following claim.

Claim 1. We have for all o, € RY, with (o,¢) # (0,0), that

(2)

pT—2
(ol ~ PGP 20) (0= 2 (1)l o,

where p(x) > 2 and z € Q.
(b)
(a(lol"™)[oP =20 — a(|¢[*) ¢ 2¢) (0 =€) = e(l¢] + )™ 2o — ¢

where 1 < p(z) < 2 and z € Q.

Indeed. Let o,¢ € RN with (o,¢) # (0,0) and suppose, without loss of
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generality, that |o| < |¢|. Then, we obtain

(a(|oP™)) 0P 20 —a(|CP™)[¢PW%C) (0 — €)
(a(lolP“ ) o™ 2 0; — a(I¢[PW) P3G ) (05 — i)

Il
.MZ

— (4.12)
N
= (gilx, 0) = wilz, )0 — G),
i=1
where @;(x,w) = a(|w|P@)|w|P® 2w, for i = 1,..., N, for all w € RY. Moreover, note
that
Opi(z, z)
pi(z,0) — pi(x,¢) = Z/ 0j — ) dt, (4.13)
82]
where z = ( + t(o — (). Therefore, by (4.12]) and (4.13)), we have
x z)— . z)— &pl T, z)
(0[]l 20 — a(|[") [ -y [ 22452 -y - G
2,7=1 J
(4.14)

Let us fix w € RY \ {0} and define 7 := |z|. Then, as in [39], we achieve

Al (z,2) al
M D iy = (p(x) — 27O (7). sz
ig=1 0z ig=1
N
+ a(rP@)P@)=2 wa + p(x)d (rP@))72P@)= Z ZW0;2W;
=1 4,7=1

== ( ( 8) ) E ZiW; ZW; +(I(7’p(x))7'p(x)_2 E w? (4.15)
T T

i,j=1 i=1

18 (a(+7@))p@)-2
— ; ( ( 87)— )<w72>2 +a(Tp(x))Tp(x)—2|w|2

x x)—2 2
= |wl]? (Tﬁ (a(rp(a))fp( ) )<|w_|’ 3> n a<7p(x))7p(x)_2> .
T w| T
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2
Setting A\ = <%, E> and by using (ay), we have
w|’ T

\ (Ta(a(TP(I))TP(z)2)) b a(r )2 (1~ X)a(sre))grle)-2

or
a(a(Tp(w))q—p(w)—Z) 9
2T = + a(Tp(r))Tp(w)—

> P72,

(4.16)
Thus, by (4.15) and (4.16)), we get
N
8 P\
Z %wiwj > erP@ =2y, (4.17)
i,j=1 J

Then, as z = ( + t(0 — ¢) and by considering w = ¢ — {, we obtain from

(4.14) and (4.17) that

1
(a(|o"™)| 0P 20 — a(|¢[PU) [P 2¢) (0= ¢) > ¢ /O ¢+ t(o — QP20 — ¢|*dt.
(4.18)

(a) Assume p(z) > 2. Thus, since that |g| < [(], for all ¢ € [0, 1/4], we get

C—el S lc—al

y y (4.19)

[C+tle—Ql = I¢l -

Then, by (4.18) and (4.19)), we deduce that

(allelP) o™ 20 —a(I¢[")[¢IP72¢) (0 — ¢)

1

g 6/04 ¢+ tlo— QP2 o — (| dt

1\* 2
20(1) o — ¢[P.

(b) Assume 1 < p(z) < 2. Note that [to+ (1 —1))(| < |o|+](|, for all ¢ € [0, 1], it follows
that

€+ t(o = QP72 = Jto + (1= )2 > (Jof + [¢])"=) 2. (4.20)
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Therefore, by (4.18) and (4.20), we obtain

(a(]oP))|o|P ™20 —a(|¢[P)|¢[P™)72¢) (0 — ()
1
>0 / ¢+ t(o — OP@-2|g — 2t
0
> c(|¢] + o))" 20 — ¢

Thus, we conclude the prove of Claim 1.

Let us consider o = Vu and ¢ = Vv. We obtain of the Claim 1 that

(' (u) — " (v),u—v) = / (a(|VulP@) | VulPDVu — a(|Vo[P®) | VoPDVe) (Vu — Vo) de
Q
> 0.
O]

Lemma 4.9. Assume (ag) — (az). Then, the operator o' : X — X' verifies the following
condition: for every sequence {uytnen in X such that u, — u weakly as n — 400 in X

and
lim sup(«’ (uy,), u, — u) <0, (4.21)

n—+4o0o

we have u, — u strongly in Wol’p(')(Q) as n — +o0.

Proof. We have that <7’(u) is a continuous linear functional, so, it follows that

lim (o' (u),u, —u) = 0.

n—+0o00

Therefore, by (4.21)), we obtain

lim sup(e?’(u,,) — &' (u), u, — u) < 0. (4.22)

n—-+0o00

Then, by using the Lemma 4.8 and (4.22)), we obtain

lim (o' (u,) — " (u),u, —u) =0,

n—-+oo
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that is,

hI_’I_l (a(|Vun D) Vun P2V, — a(|Vul[P™)|Vu[PD"2Vu) (Vu, — Vu)dz = 0.
(4.23)
Claim I. We affirm that

lim / |V, — VulP™ dz =0,
0

n—-+0o00

which implies that {u, },en converges stronlgy to u in Wol’p(')(ﬂ).
In fact. Note that

/ |V, — Vu|''™ de = / |V, — VulP™ de + / |V, — VulP™ da,
0 o ar

+

where O ={r € Q:p(x) >2} and Q* ={z € Q:1<p(x) < 2}.
If p(x) > 2, for all x € Q, then, by Claim 1 (a) of the Lemma 4.8, we have

/ (a(|Vun|p(x))|Vun|p(“‘)_2Vun —a(|Vu|p($))|Vu|p(x)_2Vu) (Vu,, — Vu)dz
Q

> C/ \Va, — VulP™ dz.
Q

3
Therefore, by (4.23)), we conclude that
lim 'V, — VulP'™ dz = 0. (4.24)

n——+o00o D
Q+

On the other hand, if 1 < p(x) < 2, for all x € Q, then, by Claim 1 (b) of the Lemma
4.8, we get

/ (a(\Vun|p(x))|Vun|p(x)’2Vun —a(|Vu|p(x))|Vu|p(x)’2Vu) (Vu, — Vu) dx
Q
Z / 0" @2V, — Vu|* dz,
Q>
where o(z) = C (|Vu,(x)| + |Vu(x)|) . Hence, by (4.23), we obtain

lim 0@ 2|V, — Vul*dz = 0. (4.25)

n—-+4oo QP
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But, by the Holder’s inequality (Lemma 4.1) and by the Lemma 4.2, we get

p(@)2=p(x)) [ pl)(p)-2)
/ |V, — Vu|''® de = / o 2 (U 2 \Vu, — Vu|p(x)) dx
QP QP

< OHOP(I)@;P(Z)) H , HOP(I)(Z(I)*?) |V'LLn . Vu’p(x)H .
L5500 (02 L0 (@)
[P(I>(2;P(I))]_ [P(E)(QZ*P(I))]J"
<cm ol ol | )

y

max </ o2V, — Vu\%ix) )
QF
(/ 0P @27y, — Vul? da:)
or

Therefore, since {u, },en is bounded in Wol’p(')(Q) and by using (4.25), we achieve

S

n—-+00

lim 'V, — VulP™ dz = 0. (4.26)
Qr
Thus, by (4.24), (4.26)), we get

lim / |V, — Vul|P'® dz = 0,
Q

n—-+o0o

which concludes the Claim I.

Note that, by the Proposition 4.3 and Claim I, we have

lim ||Vu, — Vul[,) = 0.

n—-+o0o
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