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Resumo

Nesta tese de doutorado investigamos estimativas do tipo divergente-rotacional (div-curl) associ-
adas a operadores diferenciais parciais lineares nos espagos de Hardy-Sobolev. O resultado princi-
pal apresenta uma extensdo local, nos espacos localizaveis de Hardy-Sobolev, das estimativas div-
curl para operadores diferenciais parciais lineares homogéneos elipticos com coeficientes complexos
suaves inspiradas em um resultado cldssico de Coifman, Lions, Meyer & Semmes. Essa versao re-
cupera resultados estabelecidos na literatura relativos a operadores de primeira ordem associados a
um sistema eliptico de campos vetoriais suaves complexos. Como ferramenta foram desenvolvidas
uma nova decomposicdo de Calder6n-Zygmund e desigualdades do tipo Poincaré para espagos de
Hardy-Sobolev. Um segundo resultado principal apresenta uma versdao global nio homogénea para
estimativas do tipo div-curl nos espacos localizdveis de Hardy quando p = 1 associada a campos ve-
toriais complexos com coeficientes constantes. Como aplica¢do, uma nova caracterizacdo do espago

local bmo no espago euclidiano associado aos operadores div-curl € estabelecida.

Palavras-chave: estimativas divergente-rotacional; espacos de Hardy-Sobolev; decomposi¢io atdmica;

espaco bmo; desigualdade de Poincaré; operadores elipticos; campos vetoriais complexos.
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Abstract

In this PhD thesis, we investigate div-curl type estimates associated with linear partial differential
operators on Hardy-Sobolev spaces. The main result establishes a local extension of div-curl esti-
mates for elliptic homogeneous linear partial differential operators with smooth complex coefficients
in localizable Hardy-Sobolev spaces, inspired by the classical result due to Coifman, Lions, Meyer
and Semmes. This version recovers known results in the literature concerning first-order operators
associated with elliptic systems of complex vector fields. As key tools, we develop a new Calderén-
Zygmund decomposition and a Poincaré-type inequality in localizable Hardy-Sobolev spaces. A
second main result presents a global nonhomogeneous version of div-curl type estimates in the local-
izable Hardy space for p = 1, associated with complex vector fields with constant coefficients. As an
application, we provide a new characterization of the local bmo space in Euclidean space associated
with div-curl terms.

Keywords: div-curl estimates; Hardy-Sobolev spaces; atomic decomposition; bmo space; Poincaré

inequality; elliptic operators; complex vector fields.
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Introduction

In the classical work due to Coifman, Lions, Meyer & Semmes in [13]], some nonlinear inequalities
were studied, in particular the called div-curl estimates on Hardy space in RY, precisely: (Theorem
I1.3) if

N 1 1 1 1
—— < p<oo, 1<g<oo d —=—4+-<1+— 1
e gsee and Sn=odo <l y (1)
then there exists C > 0 such that
|- V|| < Cllul|me ||V ae, 2)

where u € H?(RY RY) and v € HY(RY  RV) satisfy curl u = 0 and div v = 0. We remark that, if
curl u = 0 then we may always write u = V¢ and since divv =0 we have u-v=V¢ -v=div(¢v) and

the estimate (2) may be written equivalently as

Ve - vl < CIVlar]vlaa, 3)

under assumption divv = 0. Note that this restriction condition can be understood as v belonging to
the kernel of the formal adjoint of the gradient operator. We point out that in the particular case r = 1,
the previous inequalities substantially improve the information from Holder’s inequality. We recall
that the Hardy space H'(R") is a strict subspace of L'(R"). Estimates of this type have been the
object of extensions as nonhomogeneous version for local Hardy spaces and BMO ([[11], [12], [14]),
paraproducts ([8], [9], [S0]), Lipschitz domains in RN ([31, 1331, [134]), weighted Hardy spaces and
the endpoint case (when g = o) in ([[7]), and applications in the Navier-Stokes equation ([36]).

In [24] the authors obtained a local version of inequality in the setting of systems and com-
plexes of vector fields with complex variable coefficients. Suppose that £ :={Ly,...,L,} is a system
of linearly independent vector fields with smooth complex coefficients defined on an open set Q C RY

and consider the operators
Vou:=(Lu,...,Lu), for uecC”(Q)

and .
div gy = Z Livj, for veC”(Q,R"),
j=1

which are precisely the operators V and div when n =N and L; = d,; for j = 1,...,n. Here L= Lj

denotes the vector field obtained from L; by conjugating its coefficients. Since the classical Hardy

1



2 Introduction

spaces HP (R") are not closed by the multiplication by test functions and the related operators have
variable coefficient, it is appropriate to consider the nonhomogeneous version of Hardy spaces de-
noted by A” (RN ), also called localizable Hardy spaces, introduced by Goldberg in [22]. [24, Theorem
A] asserts that if . is an elliptic system of complex vector fields defined on Q C R" with N > 2 and
r,p,q satisfying (]), then for every point xy € Q there exist an open neighborhood xp € U C Q and
C(U) > 0 such that

V29 - vl < CIV.2@lnr[V]lne (4)

holds for any ¢ € C°(U) and v € C°(U,C") satisfying div¢- v = 0. The ellipticity of the system
{Ly,...,L,} means that for any real 1-form @, satisfying <a),Lj> =0 for all j =1,...,n implies

o = 0, which is equivalent to saying that the second order operator
Ag = LTL] + .- —|—LZL,[

is elliptic in the classical sense, or even that the operator V ¢ is elliptic in the classical sense. Exten-
sions of the inequality (4] for complexes associated to the system .Z, inspired in the global setting for
de Rham complex (see [[13]]), were also presented in [24].

A natural question arises on how to consider analogous inequalities when the gradient is replaced
by higher order linear differential operators with variable coefficients. Partial results were obtained
by Taylor [46, Chapter 8, Section 8] in the setting of pseudo-differential operators and by Kozono &
Yanagisawa in [32] on Lebesgue spaces, including first order linear differential operators with smooth
variable coefficients.

In the first half of this thesis, our main goal is to answer the question by presenting a type of div-
curl estimates for high order linear differential operators with variable coefficients in Hardy spaces
in the same spirit as (3). In order to obtain estimates analogous to (), for operators with variable
coefficients one must deal with local estimates rather than global ones, thus the localizable version on
Hardy spaces is appropriate.

Let Q C RN an open set and A(-,D) a homogeneous linear differential operator of order m with

smooth complex coefficients in €2 denoted by:
A(x,D) =Y aq(x)0%:C*(Q,E)— C*(Q,F),
|ot|=m

where E is a complex vector space of finite dimension ng and F is a complex vector space of finite

dimension nr > ng. The first result of this thesis is the following:
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Theorem A. Let A(-,D) an elliptic homogeneous linear differential operator as before on Q C RV,
with order m > 1 and let r, p, q satisfying
N o op<¥ cgcmana b= 1o
—_— — oo and — 1= —+— —.
Ntm P> 1= r P q N

Then for each xo € Q there exists an open neighborhood xo € U C Q and C > 0 such that

IA(, D)@ £ vllr < CIAC, D) V] wn-14 (5)
forany ¢ € C2(U,E) and v € CZ(U,F), satisfying A*(-,D)v = 0.

We say that A(+, D) is elliptic in Q if for each xy € Q its principal symbol a(xo,-) is injective, that
is,
a(x0,8) =Y aa(x0)&* #0, forall & e RN #0.
|ot|=m

Here [|v]lyxq := Y [[D"V]|,4 is the nonhomogeneous Sobolev norm in L4 with order k € N. We use
(EI
the notation A* := A’ where A denotes the operator obtained from A by conjugating its coefficients

and A’ is its formal transpose, meaning that for all smooth functions ¢ and ¥ having compact support

in Q and taking values in E and F respectively, we have:

/ A(x.D)O(x) ¢ W(x) dx = / 0(x) £ A" (. D) (x) dx.
Q Q

A nonhomogeneous version of the inequality (5] is stated at Theorem where the condition
A*(-,D)v = 0 is avoided. The proof of this result and some applications for first order operators
associated with the system of complex vector fields will be presented in Section [3.3] In Section
[3.3.2] we will present in more detail the notations, the spaces of differential k-forms and how these
estimates can be obtained from the first result of this thesis. Note that the estimate (]) is exactly
when A(-,D) = V & that implies m = 1 and A*(-, D) = div &+, recovering Theorem A.

We point out that the critical point N/(N +m) in Theorem A approaches 0 as the order of the
operator m gets higher. It is well known that in Hardy spaces some cancellation conditions are required
when p \, 0 (see [15,!16] for more details), which means the necessity of new treatment in comparison
to the case m = 1. Moreover, it should be mentioned here that by allowing in (5]) a much larger class
of higher order linear differential operators, the mechanism of proof has to be substantially refined.

The heart of the proof of Theorem A is given by a Poincaré type inequality for the localizable
Hardy-Sobolev spaces, namely: for each x € RY, 0 < ¢ < 1 and f € C(RV) there exist a special

polynomial Py,  with degree less than m — 1 and C a positive (universal) constant such that

1 o p/a 1/p
( IRE Y RETCRI RN dx> <ClID" flie. ©
RN [0<r<1JBL

where a € [1, p*) with p* = Np/(N —mp) and m, p as in the statement of Theorem A. Here D" f :=
(9% f) || =m is the total derivative operator with order m. Lemma 3.1|is devoted to state the inequality
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(6) and its proof follows from reduction of uniform control for bounded atoms and a special smooth

atomic decomposition on localizable Hardy spaces.

To present the second part of this thesis, let us go back to the classical div-curl inequality (2) in
the particular case when r = 1, precisely: if V € LP(RN RV) and W € L” (R, RY) are vector fields
satisfying div V = 0 and curl W = 0, in the sense of distributions, for some 1 < p < oo with % + [% =1,

then V - W belongs to the Hardy space H' (RV) and moreover there exists a constant C > 0 such that
V- Wl < ClIVIIzo [IWI] - )

Note that div V = 0 and curl W = 0 imply that f V -W =0, which is a necessary condition for
V -W to belong to H'(R"). A natural question arises about a version of the inequality (7)) when div V
and curl W are not null. A first answer was presented in [13], namely: if V and W satisfy

(RY,RV), welLl

loc

vell

loc

(RVRY), divVew, " and culwew, !’

loc

for r > p and s > p/, then f:=V -W belongs to 5} (RV), i.e., flogf € L] (RV). Afterwards, a

loc

nonhomogeneous estimate was presented by Dafni in [14, Theorem 5] and we state as follows:

Theorem 0.1. Suppose V and W are vector fields on RN satisfying

, 11
VelP®RY,R), We Ll (RVRY), 1<p<owand —+— = 1.
pp

If there exists a function f € LP(RN) and a matrix-valued function A with components in LY (RM)

such that, in the sense of distributions,
divV=f cullW=A,
then'V -W belongs to the local Hardy space h' (RN), with
V- Wiy <CUVI WL+ 1A WL+ 1V Al ) ®)

Note that the estimate (7)) implies (§) in the case div V = 0 and curl W = 0, since H'(R") is
continuously embedded in 2! (RY). The novelty here lies in considering the appropriate space ' (R")
instead of H'(R"), since in the nonhomogeneous setting it is not guaranteed that f]RN V-W=0.

Consider again . :={Ly,...,L,} be a system of linearly independent vector fields with complex
coefficients defined on R" and the operators V & and div &+ as before. Naturally, we may also define

the curl operator associated with .’ given by the matrix

curly v:= (Liv; — Ljv;) for v e C(RN,C").

ij’

Note that whenn =N and L; = 8xj for j=1,...,n, we get curl ¢ =curl.
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The next goal of this thesis will be to address the following question: for which systems of vector
fields .Z the global estimate

V- Wil < C VIl Wl +Idivegs VI Wl + VI e lleurle Wi, ) ©)
holds? The second result of this thesis is the following:
Theorem B. Let {L,,...,L,} be an elliptic system of complex vector fields on RN with constant
complex coefficients withn > 2. IfV € LP(RN,C") and W € LPI(RN, C") with 1 < p < oo satisfy
divg- V € LP(RY) and curly W € L (RN, C™"),
then'V -W belongs to h' (RN). Moreover, there exists a constant C > 0 such that (9) holds.

Observe that the local version of inequality (9)) is a direct consequence of Theorem A in its non-
homogeneous version, that it will be stated at Theorem @] in Section @ In particular, note that
the estimate (), proved in [24, Theorem A], corresponds to the local version when W =V ¢ and
div ¢« v =0, where .Z is an elliptic system of complex vector fields with smooth variable coefficients.

We remark that in this setting the operator curl » W is not necessary null. In fact,

curly (Vo¢) = ([Li,L;]19)

where [L;,L;| :== L;L; — L;L; is the commutator of the vector fields. Clearly, if the vector fields
{Ly,...,L,} have constant coefficients then curly W = curl ¢ (V.¢¢) = 0 and then (4) recover (9)

i,j’

locally, assuming div ¢« v = 0.

In the same spirit of [14, Theorem 5], the proof of Theorem B is simplified by reducing it to
two specific cases of the inequality (9), namely Theorems [4.2] and [4.3] stated in Chapter [4]. The first
case is a global nonhomogeneous version of the inequality (), in which W = V »¢. The second
simplification is a reduction of the inequality (9) for general W € L (RN,C") and div.g+ V = 0. The
conclusion of (9) will follow by a Hodge type decomposition V = V; + V, given by Lemma for
each V € LP(RN,C"), in which div g+ V; =0 and V5 = V »¢.

In the third part of this thesis, we are interested in applying the Theorem B in order to generate a
new decomposition of the bmo space, since it is the dual space of the local Hardy space 4! (R"). In
[13]], the authors proved a type of converse of inequality (7)), called div-curl lemma, that asserts each
f € H'(RY) can be written as

f= i Micfi
=1

in the sense of distribution, where the sequence {A;};, € ¢ '(R) and f; := Vi - Wi with W,V €
L>(RN, RV) satisfying divV; = 0 and curl W, = 0. This result is a direct consequence from the duality
BMO(RN) = (H'(R"))* and a characterization of the BMO norm given by

lglismo ~ sup / ¢ (0) (V- W) (x)dx,
V.W JRN



6 Introduction

where the supremum is taken over all vector fields W,V € L?>(RY,RV) satisfying divV =0, curl W =0
and V|2, [Wilz < 1.

Now, let & = {Ly,...,Ly,} as in the statement of Theorem B and denote by (ZC 3)6’71 the family
of all functions which can be written in the form V - W, where V € LP(RY,C") and W € Lp/(RN ,C")
are vector fields satisfying ||V{[;,, [|[W||,,; <1 withdivg« V =0and |[curl ¢ W{|,,, < 1. Analogously,
we define (2C#)f  the family of all functions V - W, where V € LP(R",C") and W € LY (RN, C")
are vector fields satistying ||V ||, , [[W||,,» < 1 with [[div.g« V|;, <1and W := V »¢. The third result

of this thesis is the following:

Theorem C. Let £ = {Ly,...,L,} be an elliptic system of complex vector fields on RN with complex
constant coefficients with n > 2. If g € bmo(R"), then

Y

| g0

gl =~ sup /g<x>f<x>dx ~  sup
fe(@Cy)y 1VRY fe(2C2);,

forany 1 < p < oo,

We recall the dual of 4! (RY) can be identified with the space bmo(RY) given by the set of locally
integrable functions f that satisfy

lellomo = sup f|g<x> ~ galdx+ sup f|g<x>|dx < oo, (10)
B|<1/B B|>1JB

1
where gp 1= —/g(x)dx.
. Bl /5 . o .
Finally, as a direct consequence of the previous characterization and duality, we announce the

following div-curl lemma associated with an elliptic system of complex vector fields.

Corollary D. Let ¥ = {Ly,...,L,} be an elliptic system of complex vector fields on RN with complex
constant coefficients withn > 2 and 1 < p < o. For each f € h' (RN) there exist a sequence { X} }i €
(Y(C) and a sequence {fi}, € (ZCy)} , such that

=Y Mt (11)
k=1

in the sense of distributions. The same decomposition holds replacing (2C¢ )} , by (2C¢)8 .

The organization of the thesis is as follows. In Chapter[I] we recall some basic definitions on Hardy
spaces, in addition to presenting some definitions and results about elliptic linear differential opera-
tors, pseudo-differential operators theory and Sobolev type inequalities on Lebesgue and localizable
Hardy spaces. The Sections and are devoted to a generalization of the Poincaré inequality
following the works due to Miyachi in [37,38]]. In Chapter 2] we introduce the Hardy-Sobolev spaces,
besides some elliptic estimates in Hardy norms. We also present a new smooth atomic decomposition
on Hardy-Sobolev spaces that it will be useful to prove the inequality (6). The proof of first main
result of this thesis, namely the Theorem A, is presented at the Chapter (3| Still in the same chapter,
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the Section |3.3|is destined for a nonhomogeneous version of Theorem A and two applications: local
estimates for first order differential operators associated with a system of complex vector fields and
for pseudo-complex operators also associated with a system of complex vector fields. From Chapter 4]
onwards, the content covers the second part of the thesis. Initially we present a Hodge decomposition
associated with system of complex vector fields, followed by the proof of Theorem B and expected
future results. In the last chapter, we prove the Theorem C and consequently we present the proof of
Corollary D.






CHAPTER 1

Preliminaries

1.1 Notations

Consider RN = {(x1,x2,...,xy) : x; € R, j=1,2,...N} with the usual norm |x| := ( 721)(?)1/2.
Throughout the work, we will use the notation Q C R for an open set and B, for an open ball B(x, )
centered at x and radius ¢ > 0. For a generic ball we will use B, with |B| being its Lebesgue measure.
In a similar way, Q(x, ) denotes a cube centered at x and side £(Q) = r. For each x € R, we denote
<x> = (1+x]?) 2 s e R, we denote by |s| the largest integer less than s. The complex inner
product is denoted by z-w = 21}]:1 Zjwj, with z,w € CV, and the inner product on functions spaces is
given by (f,¢) = [ fg.

By using the multi-index notation, 9% = d;' dy,2...04" and x* = x{"x32...x3", where x € RY and
a € ZY, with the norm |a| := ZZJY:I «;. Furthermore, we denote D* = (—i)I*l9%. Let a, € ZY,

we say B < aif Bj < «j forall j=1,2,...,N. In this case, we can use the following multi-index

a—B:=(a;—Pi,...,0n—By) and (g) = (Zz) (ZZ)

Still with respect to multi-index notation, we point out the Leibniz formula, widely used throughout

operations:

this work to apply the product rule of higher-order derivatives:

I*(fe)= Y. (“)a“ﬁf g
B<a B

With respect to some function spaces and distribution spaces, we set C°(RV) the space of all

smooth functions with compact support, also called test functions space, and 2'(RY) the distributions

space, i.e., the set of all continuous linear functionals u : C2*(RY) — C. We set S(RV) the Schwartz

space and S'(RV) the tempered distributions set, while &”(R") denotes the set of distributions with

compact support. For each 1 < p < e, a measurable functions f on Q belongs to L”(Q) if || f| Q) =
1
(fo|fIP)? <eoand fbelongsto L7 (L) if 11l 1p (k) < oo for all K C Q compact. Moreover, f belongs

loc

9



10 Chapter 1. Preliminaries

to L=(Q) if

£l () s= esssup |f(x)| =inf{c > 0: [{x € Q: |f(x)[ > c}| =0} <ee.

xeQ

When Q = RY the domain will often be omitted from the notation. For each 0 < p < oo, we denote
by p’ its conjugate exponent, that is, 1/p+1/p’ = 1. In particular, if p = 1 we consider p’ = . A
basic tool we shall need is the Holder inequality, which says that if f € L and g € LY for1< p < oo,
then f.g € L' and

1F-gllzr < [1F Mz gl -
In order to simplify notation, if A is a matrix-valued function with components A;; in L”, we denote
1Al == Z HAUHL.»-
I,

We set tj@k the space of polynomials of degree at most k from RY to complex values and W7 (RN)
denotes the classical (nonhomogeneous) Sobolev space, withk € N, p > T and || flyxp = X<k |0%f |l o-
The notation 4% (B) and A" (B) will stand for h”(RN) N &’ (B) and h*?(RN) N &’ (B), respectively, and
the definition of the spaces 1”(R") and %7 (R") will be presented on Sections |1.2|and The clo-
sure of C(Q) in WhP(Q) is denoted by W(f P (Q) and its dual space, i.e. the space of distributions in
which all derivatives with order less or equal than k belongs L”', is denoted by W7 (Q).

Let f, g measurable functions on RY, we denote by f * g its convolution, given by
frglx) = /RN fx=y)g(y) dy,

when the integral is well-defined. In particular, if f € Lf’ »c for some p > 0 and g has compact support
the operator is well-defined. The definition of convolution can also be extended to distributions,

precisely: if u € 2" and ¢ € C orif u € & and ¢ € C~, then

ux @(x) == (u, ),

where ¢~ (y) = @(x —y). We will also frequently use the notation ¢, (x) =t N (x/t).

The Fourier transform is given by

f&)= [ e dx

for f € L'(RV) and, in particular when f € S(RV) its inverse is well-defined and is given by .% ~lu(x) =
1) fo @ Eu(E)E.

Let E a subset of RY, we define Xz the characteristic function by

K I, ifxek
E-=) 0, otherwise.

If f is a measurable function, we say that the mean of f on a measurable set E with 0 < |E| < oo, fg,

is fEf = ﬁ fE f- In particular when E = B(x,t) we can also denote fg as f1.
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A basic tool we shall need is the Hardy-Littlewood maximal operator M. For a function f €
L (RN) we define

loc

Mf(x):= sup]i( )]f(y)]dy, ae xRV (1)

r>0
It is well known that M : f — M f is a bounded operator in L?, for 1 < p < oo, and when f € L™ we

have the trivial estimate M f(x) < || ]|, a.6. x € RV,

In an analogous way, for each ¢ > 0 we define the maximal operator M, on Q by

1

1 q
Mg (x) := sup (W/B( o Ig(y)lqdy> , ae.x€Q, 2)
Xt

>0 \ 1
which is well-defined for all g € L! () and is bounded in LP(Q), for all g < p < o.
We denote by .# the Grand Maximal Function associated to a collection & C S(RY) of rapidly
decreasing functions, that is

A F(x) = sup My f(x)i= sup {supuu* ¢t><x>r]
(IS ¢S Lt>0

where & = {¢ € S(RV) : ‘xaa%Hm <1, forall |&|,|B| < C}. Tt is well known that for each
fixed N/(N —1) < p <1 there is a appropriated constant C = Cy,, (bigger than N/p) such that
| fllne = ||-# f||r (see [22, Theorem 1] for the details).

Let f:Q+ Cand g: Q+ CV differentiable functions, we denote the gradient function of f by

Vf(x) = (dy, f(x),...,0x, f(x)), and we denote the divergence and curl functions of g by, respectively,
N
divg(x) =) dg;(x) and curlg(x) = [(dyg;(x) — Ox;8i(x))ij] vy
j=1

for x € Q. The Laplace operator is given by Af(x) = Y2, 92 f(x).

J=17%)
A fundamental solution of A, i. e., AG = 0y, is the function G € L}o C(RN ) given by

—lglj:’ if N =2;
G(x) = 3
O T ®

Here |SN _1\ denotes the surface measure (of the unit sphere in R") and & denotes the Dirac delta
distribution, given by (8, ¢) := ¢(0), for all ¢ € C(RN). For each fixed 1 < p < o it is well known
that G * f is well defined for all £ € LP(R") and also belongs to L”(RY). Furthermore, DG is
a bounded operator in L?, in the sense of ||0y,0y,G * f|,, < || fll»» for all £ € LP(RY) and for all
i,je{l,...,N}.

We will denote by V = (V1,...,Vy) a vector field on Q C R" with locally integrable components,
thatis, V; € Lllo C(Q), forall j=1,...,N. Its divergence is defined, in the sense of distributions on £,
by

(divV,9) := —/ V-Vo,

Q
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and its curl is defined as the matrix distribution whose components are given by

(el V)is0) = [ V0,0 ~Vid 0.

forp e C2(Q)andi,je{1,2,...,N}.

Regarding vector function and distributions, let E be a complex vector space with finite dimen-
sion ng. We say that f = (fi,..., fu;) : RY — E belongs to vector spaces C*(RY;E), S(RV;E) and
L?(RN;E) if each coordinate function f; belongs to C(RY), S(RV) and L”(RY), respectively. In a
similar way we denote the E-valued distributions spaces 2'(RY;E),S'(RV;E) and &' (RY;E). We
set 325 the space of polynomials P : RV — E of degree at most k from R" to values of the complex

vector space E, in particular when E = C we return to the notation &7,

1.2 Hardy spaces and localizable Hardy spaces

In this section, we will define Hardy spaces H” (R") through maximal functions and present some
of their main properties. Our reference at this subject will be [44, Chapter 3]. Concurrently, we will
present the localizable Hardy spaces #” (RY), introduced by Goldberg in [22].

Fix, once for all, a radial non-negative function ¢ € C*(R") supported in the unit ball B(0,1)
with [@ = 1, and denote ¢;(x) =7~ ¢@(x/t). For a tempered distribution u € S'(RY), we will start

defining the maximal function Myu and the small maximal function mgu given by, respectively,

Mou(x) :=sup|(u*@)(x)] and meu(x):= sup |(u*@;)(x)|.

>0 O<r<1

Definition 1.1 (Hardy spaces and localizable Hardy spaces). Let 0 < p < oo. We say that a tempered
distribution u € S'(RN) belongs to the Hardy space HP(RN) when Mou € LP(RV), ie. |u|pr :=
M| < oo. In the particular case p = oo, we set H*(RN) := L™(RV). Analogously, we say that
a tempered distribution u € S'(RV) belongs to the localizable Hardy space h”(RN) when mou €
LP(RN), ice. |lullp := ||meul|Lr < oo. In the particular case p = oo, we set h*(RN) := L=(RN).

In a more general way, the spaces H”(R") and #”(RY) can be defined using any ¢ € S(RV)
with fRN ¢ # 0 and the spaces are independent of the choice of @. When 0 < p < 1, the spaces
HP(RM) and hP(RM) are complete metric spaces with the distances d(uy,uz) = |lu1 — uz||};, and
d'(vi,v2) =|[vi —va||Ps. for uy,up € HP(RV) and vy, v5 € h”(RY) and when 1 < p < oo, the functionals
|- ||z» and || - ||z» are norms and these spaces are complete normed spaces. Furthermore, H”(RY)
is continuously embedded in 4P (RY), for all 0 < p < o0 and H?(R") = h?(RN) = LP(RV), for all
1 < p < oo, with comparable norms. In particular, when p = 1, the space ! (R") is densely contained
in L'(RY) and H'(RY) c h!(RY) c L'(RV) strictly. Although h”(RV) is not locally convex for
0<p<1and || is truly a quasi-norm (see [49]), we will still refer to || - ||;» as a norm by

simplicity. We point out that || - ||,» is translation invariant.
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In contrast to Hardy space, the localizable version is closed under multiplication by test functions.
Precisely, if ¢ € C*(RY), f € H?(RV) and g € h?(R") then in general ¢ f ¢ HP(RY) but ¢g €
h? (RN).

Next, we will describe the dual spaces of H”(RY) and 47 (RY), more details can be found in [20]
and [22]].

Definition 1.2 (Holder spaces). Let 0 < r < 1. A continuous function f belongs to the homogeneous
Holder (or Lipschitz) space AT(RYN) if there exists C > 0 such that

|f(x+h) — f(x)| <C|h|", foreveryx,heRN.
Forr=1, fe Al (RM) (also called Zygmund space) if there exists C > 0 such that for every x,h € RY
|f(x+h)+ flx—h) =2f(x)| < C|n|.

Ifr=k+sfork€Nand0<s <1, wesay that f € A"(RY) if all derivatives 0*f € A*(R") for
la| = k.

The homogeneous Holder space K’(RN ) is a locally convex topological vector space with the

semi-norms Ja ) 30
[flers =), sup| flxt )S_ Il gcset,
|ot|=k x,heRN A
h=0
or
e ¥ sup IO =200
|ot|=k x,hERN Al
h=£0

modulo the subspace of the functions satisfying [f], = 0, which are all polynomials of degree less
than or equal to %.

When 0 < p < 1, the dual space of H”(R") may be identified with the normed homogeneous
Holder space AT (RY) := A"(RN)/ P, withr =17, := N (% - 1) (see [20L Chapter III, Section 5] for
more details). When 0 < p < 1, the dual space of #”(R") may be identified with the nonhomogeneous
Holder space A"(RY) := A7(RN)NL=(RV), with r = y,, equipped with the norm || ||, = [£], + |||l =
(see [22, Theorem 5] for more details).

In the particular case when p = 1, the dual of H' (R") can be identified with the BMO(R") space,
that is, the space of functions of bounded mean oscillation, defined as the space of locally integrable

functions f which satisfy
| fllamo := sup [SUP][ |f—fQ\] < oo,
x€RN | 02xJ 0

where the inner supremum is taken over all cubes with sides parallel to the axes that contain x. The
dual of 4! (R") can be identified with the space bmo(R"), or local BMO(RY), defined as the space of
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locally integrable functions f which satisfy

Ul = sup o0 17—l + s 1o / Il <o

|Q’ 0>1

The proof of the duality of the previous spaces uses an important characterization of Hardy spaces,
their decomposition into well-behaved functions, called atoms, which will be the topic of the next

subsection.

1.2.1 Atomic decomposition

Since we have the equivalence of the spaces H?(RY), h?(R"Y) and LP(RY) for p > 1, in this

subsection we will always consider 0 < p < 1.

Definition 1.3. An H?-atom is a measurable function a(x) supported in some ball B = B(xy,r) satis-

fying the following properties:
(i) llallz= < [B]7'/7;
(ii) [xPa(x)dx =0, for all B € ZY satisfying |B| <N, := [N(p~' —1)|.
The propriety (i) concerns a size condition, while the propriety (ii) is a moment condition.

Definition 1.4. A bounded h” (RN )-atom, in the sense of Goldberg (see [22|], [44)]), is a measurable
function a(x) supported at some ball B = B(xy,r) satisfying the following properties:

(i) |lallz= < [B]7'/7;
(it) if r < 1 then fxﬁa dx =0, for all B € ZY satisfying |B| <N, = = [N(p~'—=1)|.

This type of bounded atom is usually called standard #”-atom or simply A”-atom. In contrast to
HP(RN)-atoms, the moment conditions are only required for atoms supported on balls with radius
r < 1. Atoms supported in balls with » > 1 without any moment condition as (i1) will be called rough
atoms and atoms with radius r < 1 will be called standard atoms (see [1]] for the terminology). For a
deep discussion on moment conditions of atoms in A” (RN ) we refer [[15] and [[16]. Note that an atom a
(both HP-atom and h”-atom) belongs to LI(RY), for all ¢ > 0, since ||a||,, < ||a||,;~ |B|'/? < |B|'/4~1/P
and, in particular, |ja|,, < 1. As expected, an HP-atom belongs to H?(RY) space. Moreover, H”-
atoms are uniformly bounded, i.e. there is a positive constant C = C(N, p) such that ||a||, < C, for
all a HP-atom. The same happens with standard /#”-atoms in localizable Hardy space h” (RY).

The next result is known as standard atomic decomposition theorem and its proof can be verified
in [44, p. 107].
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Theorem 1.5. Let 0 < p < 1, then every f € HP(RN) can be written as a sum of HP-atoms {a; },

ie., there is a sequence of complex numbers { A} € ¢P such that
=Y Mag
k

in HP norm. Moreover, there is a positive constant ¢ = c¢(N, p) such that ||[{ X}l o = (L |)Lk|p)l/p <

CHfHHp~

Note that the conclusion does not guarantee the uniqueness of the atomic decomposition of f. In

fact, it is true that

1l = inf Y |47,
k

in which the infimum is taken over all possible atomic decompositions.

In the same way, we have an atomic decomposition result for localizable Hardy spaces h” (R")
(see [22, Lemma 5]) which means: any f € h” can be written as an infinite linear combination of
hP-atoms, more precisely, there exist scalars A; and h”-atoms a; such that Y |A|P < oo and the
series Y Axax converges to f both in #”(RY) and consequently in S'(R"). Furthermore, ||f||?, ~
inf Y4 |A|”. Another useful fact is that the previous atoms may be assumed to be smooth functions,
in particular the inclusions C°(RV) c S(RV) c h?(RY) are dense (see the proofs in [27, p. 79] and
(22} p. 35], respectively).

The referred atomic decomposition of #”(RY) is very similar to the atomic decomposition of
HP(RY) in terms of HP-atoms, the change being that the notion of #”-atom is less restrictive than that
of HP-atom, since an H”-atom a(x) must satisfy (i) and a stronger form of (ii): condition moments
are required, regardless of the size of the radius. The next result is a technical tool due to Goldberg in

[22]] useful for establishing a connection between the H” (R") and h” (RN) spaces.

Lemma 1.6 (Lemma 4,[22]). Let 0 < p < 1 and ¢ € S(RY) satisfying [ ¢ =1 and [x*¢(x)dx =0
forall o0 #0, then || f — ¢ * fllg» < C||fllp- So, in particular if f € h?(RN) then f — ¢ * f belongs
to HP(RN),

As a consequence of the lemma, we can present such a connection as follows: let f € h”(RY),
for 0 < p < 1, then there exist u € H?(RY) and v € (C*Nh?)(RV) satisfying f = u+ v and there is a
constant C > 0 such that

lullzr + Vllne < CI1LF e - (1.2.1)

It is a direct consequence of previous lemma takingv=¢ * f and u = f —v.

Remark 1.7. We say that the linear operator T : CZ(RN) — 2'(RN) is weakly continuous if (¢;, y) —
(9, ), for all y € CZ(RYN), implies that (T ¢;, ) — (T, y), for all y € C(RN).

Finally, we observe that the decomposition of localizable Hardy spaces into atoms is not sufficient

to guarantee the extension of bounded linear operators on atoms into bounded operators on the whole
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space (see [[10, Theorem 2] for a famous counterexample). However, we will present a result that

gives us a condition of when such an extension is true.

Theorem 1.8. Let T : C2*(RYN) — 2/ (RN) be a weakly continuous linear operator. Given 0 < p; < 1
and p1 < py < oo, if there exists a positive constant C > 0 such that ||Ta||p» < C, for all smooth
hP'-atom a, then T can be extended as a bounded operator T : h?' (RN) — hP2(RN),

The most general proof can be found at [[10, p. 3540] and in this case precisely [24, p. 779].

1.3 Elliptic linear differential operators

Consider A(-,D) a linear differential operator of order m > 1 with smooth complex coefficients
given by
= ) aulx C*(Q,E) — C*(Q,F),

o <m
where aq(x) € Z(E,F) is a linear map for each x € Q and E and F are complex vector spaces of

finite dimensions (ng and nr respectively). We will denote by

D)= Z aq(x)0*
|ot|=m
the principal part of A(-,D) and when A(-,D) = A, (-,D) we say that A is a homogeneous operator.
The adjoint operator of A is denoted by

= ) dy(x)0%:C*(Q,F*) - C*(Q,E%),
la|<m
with aj (x) € Z(F*,E*) for each x € Q. Since the complex vector spaces E and F have finite dimen-
sion, to simplify the notation we write E* = E and F* = F as convenient. Since the complex vector
spaces have finite dimension, by simplicity. we may consider £ = C"& and F' = C"*F, and naturally

the inner products may be regarded as

ng nr
u-Ev:Zujv_j and w-pz:ijz_j,
j:l j:]

forall u= (uy,...,un; ) ,v= (Vi,.orsVny) €EE and w = (wy,...,wy,. ), 2= (21, ..., 2, ) € F, as well as the
complex conjugation.
We also use the notation A* = A’, where A denotes the operator obtained from A by conjugating

its coefficients and A’ is its formal transpose. It means that

/A(x,D)f(x) Fg(x)dx= / f(x) g A" (x,D)g(x) dx, (1.3.1)
Q Q

forall f € CZ(Q,E) and g € CZ°(Q,F).
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With respect to estimates for the product of functions, note that in the case where A(-,D) is a
homogeneous linear differential operator of order m > 1 with smooth complex coefficients, this holds

by the Leibniz rule:

A*(x,D)=(-1)" ) [ x)0%+ ) cplx 8B]
|ot|=m B<o
where a¥, := al, and cg € C*(Q,Z(F,E)) are given by cg(x) = <B)8a Baz (x). Moreover, let

g €Cr(Q,C) and h € C*(Q,F), so by the Leibniz rule and uniform boundedness in compact sets of

ay,, g and all theirs partial derivatives, there exists a positive constant C = C(A, g, m,ng,np) such that
A" (x,D)(gh)(x)| < C <|A*(x,D)h(X)| + Y [0Ph(x) |> :
0<|B|<m

for all x € supp(g).

Definition 1.9 (Elliptic operator). We say that A(-,D) is an elliptic linear differential operator in
xo € Q if its principal symbol

a(xo, &) : Z ag(x0)&

|ot[=m

is an injective matrix-valued function, that is, a(x0,§) # Oy xng, for all E€ RN £ 0. We say that
A(+,D) is an elliptic operator in Q if is elliptic for all xy € Q.

Below we present some examples of elliptic linear differential operators.

Example 1.10. The gradient operator V : C*(RY C) — C=(RY ,CN) given by V f(x) = (0, f(x), .-,

Oy f(x)) is an elliptic linear differential operator on RY, since for any xo € RY,

a(xg,E) =E #0, forall E € RN #£0.

Example 1.11. The Cauchy-Riemann operator A(D) : C*(R?) — C*(R?) given by A(D) = 5 (dx + idy)

is an elliptic linear differential operator on R?, since for each (xo,yo) € R?,

a((x0,0),(&1,82)) = 5 (&1 +i&) # 0, for all (§1,62) # (0,0).

N =

Example 1.12. The Laplace operator A : C*(RN) — C*(RN) given by Af(x) = Z}JV laxz f(x) is an

elliptic linear differential operator on RY, since for each xoy € R,

N
a(xo, & Z ag(xo) O‘:Z’lgf#O,forallé#O.
j:

|o]=2
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Example 1.13. The directional type operator A, : C°(RY) s C*(RN) of order m given by A,, f(x) =
Y& k- V)" f(x), in which yy are fixed vectors in RN called directions, is an elliptic linear differ-
ential operator on RN if m is even and {y1,...,yx} spans RY. Indeed, for each xy and & € RN, we

denote its symbol
K

a(x0,8) =Y (w-&)™.

k=1
If {y1,...,yx } does not span RY, there exists a point & # 0 orthogonal to all yy, then yi - & = 0 for
allk=1,...,K and a(xo,&y) = 0. Consider now {y1,...,yx } a generator of RN and m even. Note that
(y-&E)Y" >0 forall & and k € {1,...,K}. So, a(xp,&) = 0 implies that each (yy-E)™ is null. Since
{V1,...,yx} spans RN then & = 0, concluding the ellipticity of the operator A,,.

Example 1.14. Let A(-,D) : C2(R?,C?) - C*(R?,C?) the nonhomogeneous linear differential op-

erator of order 4 in R? given by

X0y, 1 (x) + X1 dy, 2 (x)

A(x,D)u(x) = (a;lul(x), > ,8;‘2u2(x)) ,

such that u(x) = (u(x),uz(x)). Note that A(x,D)u(x) can be also write as

0 0 0 0 10 ; 00 s
0 xi2| (2 (w2 o (Yo o). (%)+ (0 of. (%"
axluz %uz 0 0 8xlu2 0 1 8 un

0O O 0 O *2
and its symbol is given by
&} 0
a(x,8) = | x&/2 x1& /2
0 &

Thus, for each xo € R?, we have a(xg,&) # 03x2 for all & € R*> — {0} and therefore A(-,D) is an

elliptic operator.
Let us now look at the concept of ellipticity in the k-forms setting.
Example 1.15. Consider the de Rham complex given by the sequence of differential operators:
0— CRY) L c®RY A'RY) S - LRV AVRY)) Lo,

where C* (RN, AK(RN)) is the space of smooth differential forms of degree k in RN and d is the exterior

operator given by

N
dw = Z Z axjwi]...ikd-xj Ndxiy N+ Ndx;,

i1 <<ig j=1
and satisfying d*> = 0. Thus, the de Rham complex is elliptic, in the following sense. For any xo € RN,
we define the symbol a(xg,E) : AK(RN) — A*F1L(RN) as the exterior product:

a(xo,6)(w) = i& Aw.
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We also denote by i : A (RN 5 AK(RN) the inner contraction given by

ié (dxil JARER /\dxikﬂ) = Z(—l)’_lﬁirdxil AN--Ndxi V- /\dx,-kﬂ.

r

Suppose that E A\w = 0, for some & # 0, then by identity

ig(EAW)+E Nig(w) =[EPw

we get |EPw = E N ie (W) = 0, which implies that w = 0, since & # 0. Therefore, a(xo,§) is injective,
concluding the ellipticity of the de Rham complex.

Example 1.16. For each k € {1,...,N — 1} we define the second order operator
A(D) = (dd*,d*d) : C*(RY, AK(RY)) — (RN, AK(RN)) x C=(RN, AK(RY)),

in which d and d* are the exterior and co-exterior derivatives, respectively. Note that A*(D) =

dd* +d*d = A is an elliptic operator, then A(D) is also an elliptic operator.

Next, we will present an important class of elliptic homogeneous differential operators of order 1

that will be explored with special attention throughout this thesis.

1.3.1 Elliptic system of complex vector fields

Consider n complex vector fields Ly, ...,L,, n > 2, with smooth coefficients defined on Q C RN,

in which N > 2, i.e. foreach j=1,2,...n,

N
Lj = Z ajk()C)axk,
k=1

for each x € Q, with aj € C*(Q). We will always assume in this thesis that the system of vector
fields . :={Ly,...,L,} is linearly independent.

Remark 1.17. Let ¥ = {Ly,...,L,} be a system of vector fields with complex smooth coefficients
defined on Q. We remark that for each xo € Q there is a neighborhood Uy C Q such that, choosing

appropriate generators and reordering the coordinates {x,xz,...,xy }, we have

spancw(Uo){Ll,...,Ln} = spanCm(UO){lTl,...,le},
where
0

T (13.2)

~ 0 i
Lj:=—-—+ ajk

ox J k=1
for j=1,...n and m := N —n. As reference we cite the construction presented in the proof of [5)
Proposition 4.4]. In particular, when the coefficients are constant, this property holds globally. We

will be interested in systems of vector fields in which L; has representation as (1.3.2)) in the second

main result, in Chapter 4]
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Definition 1.18. Let ¥ = {L,,...,L,} be a system of vector fields with complex smooth coefficients
defined on Q. We define V. : C*(RN,C) s C*(RN,C") the gradient operator associated with £
givenby Vg := (Ly,...,Ly).

For each xg and & € RN and j € {1,...,n} we denote by ¢;(x0,&) := Y, ax(x0)& the symbol

associated with L;. Thus, the symbol associated with the operator V o can be write as

e(x()?é) = (4 (xo,ﬁ),...,ﬁn(xo,f)).

Definition 1.19. We say the system £ = {Ly,...,L,} is elliptic in Q if the operator V y is elliptic for
each xo € Q, that is, if its symbol £(xq,&) = (£1(x0,&), ..., 4n(x0,&)) is not null, for all & € RN —{0}.

Thus, the system being elliptic is equivalent to saying that the symbols of all vector fields do not
have a common zero. If the system .Z is elliptic, then the number n of vector fields must satisfy
N/2 < n <N and the justification can be consulted in [39, p. 1076].

Example 1.20. The Cauchy-Riemann system in C" =2 R*" is given by

d 0
Li=—+4i— i=1,...
J axj +laxr+jvf0r] ooy

where N = 2r, and defines an elliptic system.

Example 1.21. Consider the system £ given by

0 0 d
Li=2 4i=% forj=1,.. d Ly i=~2— forj=1,..,
] ax] +laxr+jﬂf0r.] s an 2r+j 8X2r+j7f0rj s

where N = 2r+s. Note that £ defines an elliptic system and, in particular, when s = 0 we obtain the

Cauchy-Riemann system above.

Example 1.22. Let ¥ = {L;,L,} be a system of vector fields with complex smooth coefficients defined
on R3 given by
L = 8xl —l—iax3 and L, = 8X2 +ixp 8x3.

Then £ is an elliptic system. Indeed, for each x € R>, the symbol

a(x,§) = (&1 +i&, & +ixy &)

is null if and only if & = &3 =0 and & = x283 = 0, since each &; is a real number. So, & =0,

regardless of the choice of x.

Example 1.23. Let £ = {L1, L} be a system of vector fields with complex smooth coefficients defined
on R? given by
Ly =0y, +ixp dy, and Ly = 0y,.
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Then & is not an elliptic system. Indeed, note that, for each x € R3, the symbol

ax,&)=(&1+in &, &)

is null if and only if & =x,83 =0 and &, =0, since each &j is a real number. In particular, a(x,§) =0,
forall & € RN — {0} and for all x belonging to the hyperplane M = {(x1,0,x3)}.

Definition 1.24. We say that the system £ is involutive if each commutator operator
[Lj,Lg] = LjoLg —Ly OLj
is a linear combination of Ly, ...,Ly, forall j, ¢ € {1,...,n}.

Clearly, if .Z is a system of vector fields with constant complex coefficients then [L;, L] = 0, for

all j,£e€{1,...,n}. Asa generalization of Example|l.22] we can also present the following example:

Example 1.25. Let ¥ = {Ly,...,Lnx_1} be a system of vector fields with complex smooth coefficients
defined on RV given by

Lj=0x,+i(x;) " gy, for j=1,..N—1.
Then £ is an elliptic and involutive system. Indeed, for each x € RY, the symbol

a(x,&)= (Ei+ily, &+ix by, ..., Evoi+i(v-1)" &)

is null ifand only if E; = En =0, & = x2En =0, ..., Ey_1 = (xy_1)V 2Ey = 0, since each &jisareal
number. This way, & =0, regardless of the choice of x. Furthermore, it is easy to see that [L;,L¢| =0,
forall j,Le{l,....N—1}.

Note that the ellipticity of the system .#” does not imply that each component L is elliptic. Indeed,
in the previous example, anyone L; is not elliptic at the origin, but the system .Z is elliptic at the

origin.

Remark 1.26. Let & = {Ly,...,L,} be an elliptic and involutive system of vector fields with smooth
complex coefficients defined on Q. A combination between Frobenius Theorem and Newlander-

Nirenberg Theorem shows that there exists a local coordinate

L S T o U U A ST

such that the system £ can be generated by the system defined on Example The details can be
verified in [29, Section 4.1].

The previous remark shows that in some situations studying local estimates for the operator V ¢,

in the case of an elliptic and involutive system, is equivalent to considering a system of fields with
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constant coefficients (see [29]). The study in this particular case of constant vector fields will be

presented in Chapters 4] and [5] precisely in Theorems B and C.

Let £ :={Ly,...,L,} be a system of linearly independent vector fields with complex smooth
coefficients defined on Q. The operator V¢ can be written as A(-,D) before for m = 1, E = C,
F = C" and each aq : Q — Z(C,C") can be written in the form a,, (x) = (a1x(x), ... ,ax(x)), for
k=1,2,...,N. Furthermore, note that its adjoint operator is the divergence operator associated with
Z given by

div g« g Zng, , for g € C*(Q,C")

and x € Q. Here L;f = 171 denotes the adjoint operator of Lj, in the sense of [L;fg= [ f lﬁ In

particular, if the coefficients of L; are constant then L} := —L ;. This case where
A(-,D) =V and A*(-,D) = div o+ (1.3.3)

will be cited several times as applications of the results of this thesis.
We define the curl operator associated with . as the matrix given by

curl y g(x) == [ (Lig;(v) — Ligi(x)),,|

I
nxn

for g € C*(Q,C") and x € Q. We also define the operator
Ay :=LLi+---+L,L,.

The ellipticity of the system £ (defined in [1.19)) is equivalent to saying that the second order
operator A ¢ is elliptic (defined in [I.9). In particular, when the coefficients are constant, it follows
from Remark that the ellipticity of A » means that there exists C > 0 such that

2

Ei+ Y ajbu >ClEf?, VEEeRN.

n
)
j=1

Note that, in the particular case of the system defined in Example|[1.21} A & is a multiple of Laplacian

operator A (see [S] for more details on this subject). Of course, if n =N and L; = 8xj for all j =
I,....,N,then Vo =V, dive: =div, curl ¢ = curl and Ay = A.

The next subsection will be devoted only to local and global estimates of the operator V & with
constant coefficients in L and W~1” spaces. Such controls will be fundamental in the proof of
Theorem B, in Chapter []

1.3.2 Elliptic estimates in Sobolev spaces with constant coefficients

Consider an elliptic system of linearly independent complex vector fields . := {Li,...,L,} with

constant complex coefficients in RY for N > 2, where L ji= ZQ’ZI ajidy, and n < N. Note that the
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operator Ay = LiL{ +---+ L, L, is a slight variation of Laplacian operator and it has a fundamental
solution E(x), i.e. AyE = &, which is locally integrable tempered distribution homogeneous of
degree —N +2 for N > 3 and log |x| type for N = 2. In particular, d2E is a bounded operator from
LP(RN) to itself for 1 < p < oo.

Indeed, consider the symbol of the operator A & given by

N

5(8) = — 21 X @bt

=
We recall that, from [Definition 4.2, [[1'7]]], a distribution (or tempered distribution) 7 is homogeneous
of degree k if for every test function ¢ it satisfies (T, ¢, ) = A¥(T, ¢), in which ¢, (x) := 2 V¢ (1~ 1x).
Thus, 1/8(&) is a smooth function in RY — {0} (since A ¢ is elliptic) and homogeneous of degree —2.
Furthermore, it follows from [[17, Proposition 4.3, p. 71] that its inverse Fourier transform, denoted

by E, is a locally integrable tempered distribution homogeneous of degree —N + 2 and satisfies

~

(AgE) =(F '8+E)=(F '6)E=8E=1=6,

in the sense of
u(x) = / E(x—y)Agu(y)dy, for all u € C>(RM).
RN

In other words, if N > 3, then E(x) := C|x|>~V is a fundamental solution of A &, where C is a constant
depending only of N and the coefficients of .Z. In the case when N =2 and n = 2, we can write
8(&) = |v|?, where v =M~'E and M is a change-of-variable matrix. By the linear independence of
the system ., M is invertible and hence a linear isomorphism. Consequently, E (x) := log|M~'x|.
We observe that E * f belongs to L”(RV), for all f € LP(R"), and that D?E is a bounded operator in

L?, in the sense of
1050, E * |, Sl (1.3.4)

for all f € LP(RY) and i,j € {1,...,N}. The proof uses a detailed treatment of singular integral
operators with homogeneous Calderon—Zygmund kernels (including logarithmic terms), and can be
found, for instance, in [17], [44] and [45], in addition to [41, Chapter 3], where all calculations are
given explicitly. Moreover, if N = 2 we define g(w) := f(Mw), then

19:i9E * fll» = | detM|"/7(|9:9;G+ glr < | detM| P lg]l o = | £llzr,

when G is the fundamental solution of A defined in (3).
Next we will proof important a priori estimates of the operator V ¢ on L? and W17 spaces that

will be useful.

Proposition 1.27. Let ¥ = {Ly,L,,...,L,} be an elliptic system of complex vector fields on RN with

constant complex coefficients and 1 < p < co. Then there exists C > 0 such that

IVO||r < C||Vgd||Lr, forall Vo € LP(RY).
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Proof. Consider first V¢ € S(RY). Using the fundamental solution of A & and that the vector fields

have constant coefficients, we may write
Vo =Vdivy: (ExVg@)=(Vdiveg: E)xV g¢

and since D’E is a bounded operators on L”(RY) for 1 < p < oo, in the sense of (1.3.4), the estimate
follows for all V¢ € S(RY). Now, by density of the space, consider V¢ € LP(R") and {¢;}; € S(R")
such that ||dx(¢ — ¢;)||r» — O, for all k € {1,...,N}. Since each L; is a combination of standard

derivatives (L; has constant coefficients) then ||V #¢;||r» — ||V.#¢||1» and therefore

IVollze < IV(9 —))llzr + V2 @illr < V20| Lr-
]

Proposition 1.28. Consider £ = {Ly,...,L,} be a system of complex vector fields on RN with complex
constant coefficients and 1 < p < oo. Then for each ball B C RY, there is a constant C = C(B,.£) >0
such that

n
IVellw-1r5) <C 21 HL}ngWfLP(B)
=

N
We recall that ||Vg||W71,p(B) = Z H&xngW,L,,(B), where
j=1

10x8llw-10my = sup  [(g:dxu)| = sup / 8(x) dyu(x)dx|. (1.3.5)
HMHW]A,])’(B)SI ”uHWl,p’(B)SI
ueC(B) ueC(B)

Proof. Using again the fundamental solution of A  and since the vector fields have constant coeffi-

cients, we may write, for all u € C;"(RN ),

n
axil/t = Z Ljh,'j, where h,’j = axiL;E *U.

j=1
Thus,
n n
/ ¢(x) Fpu()dx| < ¥ / Lihdx| = ¥ | (L. Xshiy)|
B j=11/B j=1
n
= Z HL*gHW Lr(B ”hij”ler’(B)
]:
N
As hjj = Z —ay; (BXZXkE *u) and noting that ||d ”kE *ull,» < Cillul|,», we have

k=1

/B (x) O u(x).

for all u € C°(B). Substituting in we conclude the result. O

n
; HL gHW Lr(B HuHWl.r’(B)
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1.4 Pseudo-differential operators

In this section, we recall the special class of Hormander symbols. After, we will present the
definition of operators associated with this class, called Pseudo-Differential Operators. Finally, we
will write such operators in terms of their kernel and present some results about the decay control of
these kernels. These estimates will be a very important tool in proving our Theorem A. Our main

references at this subject will be [2], [22] and [26]].

Definition 1.29 (Hormander’s class). Let Q C RN an open set, m € R and p, 8 € [0,1]. We define the
Hormander’s class S 5(Q X RN) the set of functions ¢ € C*(Q x RN) such that

sup (14 |&|)mrpiIBI=0. lal\a“aﬁ (x,&)| =C(K,a,B) < oo, (1.4.1)
ok
for all K C Q compact and o, € ZZX multi-indexes. The functions ¢ € Sg 5((2 x RN) are called

symbols of order m and type p, 0.

When the domain space is evident, it can be omitted, writing just ng 5 Symbols of type (1,0) will
be denoted by S”'. We also denote the sets

S5 5(QxRY) U bs(QxRY) and S F(QxRY)= ﬂ 0 s(QxRY).

Example 1.30. For each m € Z, define ¢ (x,&) = <E>" = (1 +|E[2)™2, thus ¢, € S™.
A trivial but useful property is that if ¢ € S7' 5 then 8)6“8?(]) C Sggp.|ﬁ|+6.|a| for all o, € ZY
multi-indexes. Moreover, if m < m’ then SZ’ 5 C Sglﬁ.

Definition 1.31. We define a pseudo-differential operator P(x,D) associated to symbol a € SZ’? 5 as

P(x,D)u(x) = / e™Sa(x,E)a(E)dE, (1.4.2)

with u € S(RN). We denote the class of operators as before associated with symbols in Sgﬁ sby OpSﬁ s

Example 1.32. Let A(D) a linear differential operator of order m with constant coefficients A(D) =
Z aq 0%, then A(D) is a pseudo-differential operator, associated to the symbol
lot|<m

1 o0 m
a(é):(Zﬂ:)N Y aqi®E*esm.

|a|<m

Indeed, by the inverse Fourier transform we may write

D) = oy [ ADIu(E)aE
- <2n>N/ o T ad g

|| <m
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Example 1.33. For each m € N, the operator associated to the symbol a,,(§) = <E>"":= (1+
|E|2)~™"/2 € S~ is called Bessel Potential Operator of order m, and denoted by J,,.

In general, by the Schwartz Kernel Theorem (see [48, Theorem 51.7] for the proof), every pseudo-
differential operator in OpSZ1 5 with0 < p <1,0< 6 < 1, can be written as

P(x.D)ux) = / K(x,y)u(y)dy,

where K is its kernel, given by K(x,y) = [ ¢/*)%a(x,&) d€. In the particular case, when a(x, &) =
a(&), the kernel is obtained through the inverse Fourier transform of the symbol, i.e. P(D)u = Ky * u,
where Ko = (27)¥.# ~'a and K (x,y) = Ko(x —y). The following result gives us important estimates

of the kernel of pseudo-differential operators.

Theorem 1.34. [2] Theorem 1.1] Let P(x,D) € OpSy 5 with0 <p <1,0< 8 <1 and K(x,&) its

respective kernel. Then, the following properties hold.

a) The distribution K is smooth outside the diagonal. Moreover, given o, € 7Y, there exists
no € N such that

sup x—y|" |9F I K (x,)| < e,
X7y

for all n > ny.

b) If suppa(x,-) is uniformly compact with respect to x, then K is smooth and, given o, € Zﬂvr
and n € N such that
0P K (x,y)| < C(1+]x—y|) ™"

c) Let j € N such that m+ j+ N < 0, then K is a bounded continuous function with bounded

continuous derivatives of order at most j.

d) Let j € N such that m+ j+ N = 0, then there is a constant C > 0 such that

sup  |9%9P K (x,y)| < Cllog|x—yl|,
lo+B|=j

for all x # y.

e) Let j € N such that m+ j+ N > O, then there is a constant C > 0 such that

sup |920PK (x,y)| < Clx—y|~(mHTNI/P,
ja+Bl=j

for all x # y.

Next, we will see the boundedness of pseudo-differential operators on Lebesgue spaces and local-

izable Hardy spaces, depending on their type and order.
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Theorem 1.35. [2| Theorem 3.4] Given 1 < p < oo and P(x,D) € OpS
if

ps,with0<p§1,0§5<1,

(6—p)
2

in which A = max {O, }, then P(x,D) is continuous from L? to itself.

Theorem 1.36. 22| Theorem 4] If P(x,D) € OpS° then ||T f||,» < C||f||,,»» for all f € hP(RN).
Remark 1.37. The operators in OpS i are bounded in h”-norm, for 0 < p < e and m > 0.

Indeed, for p > 1 this is a consequence of Theorem [1.35] for p = 1 and 6 = 0. Note that L =0

1 1
and —N [(1 —p)|-- 3 +7L] = 0. Consider now 0 < p < 1. The case m = 0 is the Theorem [1.36]
p

For any m > 0, it is enough to see that OpS, ' C OpS? 0-

For a deeper discussion see [28]], where the result is extended to 0 < 6 < 1.

Remember that the Bessel Potential operator J,, is associated to the symbol a,, (&) = <€>"",

with m € N. By an abuse of notation, we define

Sonf) = [ 6% <E>" )
that defines an operator in the class OpS™.
Proposition 1.38. Let 0 < p < oo, then ||[J_fl[; ~ X1 HDijh,,.

Proof. Firstly, note that

<> = (14+]EP) =1+f()|&|21

j=1
Thus, ) )
m_ <§>"" - (m\ IS]Y
<6>"= <E>m <éj>m+j_zl(j) <E>m
" EPIF(E)
1 2o (m Jf
<E>"f(E) = <E>nm 5)+j;<j>w~
For each j =1,...,m, let is write
N N N
e =Yy -y yere. e (1.4.3)

=1 i=li=1

and define the pseudo-differential operator P; € OpS{?)m associated to the symbol

N N N
R VE=DE L




28 Chapter 1. Preliminaries

Finally, as

I XYY 80, E
FE) + Z<) ,1 1 1<§>m ( e )(S)

j=1

<ESMP(E) = <§>m

then, by definition of pseudo-differential operator,
mf Jmf+ZP 11 12 f)

Now, it is enough we apply Remark [I.37|to conclude that

Mol S 1l + Z (e Z 177

115127 7
On the other hand, for each j =0,1,...,m, we have

DIf= (Do) odn(f),

with D/ 0J,, € OpS] ", Again, by Remark|1.37}

}Djf”hp S V=mf|l,» and therefore,

-l = YD || = 11 £l
j=0

Lastly, we will justify the identity (T.4.3). For j = I, it is clear that |E|* = ¥V . For j =2 we

11 1
have v N v N
= IEPIER = [z;g”zag]:z[za&] ¥y e
i1: i2:1 i2:1 i]:l lz 111 1

Since the indices of the sums are independent of each other, the identity extends to any j. 0

From here on, we will need to present some definitions and properties of special pseudo-differential

operators, called parametrices. The main reference used was [26]], in addition to [25, Chapter 3].

Definition 1.39. Let Q C RN an open subset, n € 7, § < p anda € Sy s(QXRN). We say that a(x, )
is an elliptic symbol of order m if, for all K C Q compact, there exist positive constants C e € such
that

la(x,&)| > C(1+|&|)™, forallx € K, |E| > €.

Furthermore, we say that P(x,D) € OpSI”;’é(Q x RN) is elliptic of order m if the principal part of its
associated symbol is elliptic of order m.
Example 1.40. Let A(x,D) Z ag(x)d%, with ag € C*(Q), then the principal part of its associ-

la|<m
ated symbol is

Z aa a&a
|ot|=m

and A(x,D) is an elliptic pseudo-differential operator if for each x € Q, ay(x,&) # 0, for all & # 0.

In other words, every elliptic linear differential operator is an elliptic pseudo-differential operator.
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Definition 1.41. Letr Q C RY an open subset, m € Z, § < p and P € OpSgB(Q x RN). We say that
the operator Q € OpSZ“:(S(Q x RN) is a parametrix of Pif PoQ = QoP =1 mod OpS—=(Q x RN).

Example 1.42. Let A(D) = 9% — 8y2 +1 € OpS*(R?,R?) and consider B the pseudo-differential op-
erator associated with the symbol b(E) = (&} + &5+ 1)1, then
BoAf(y) = [ o (O3 ) ()
Errgen o9

_ / I @ (P& — PEE+1)](E)de

= [ e =
for all f € S(R?). Thus, B is a parametrix of A.

Proposition 1.43 (Proposition 12.1, [26]). Let Q C RN an open subset, m € Z, § < p and P(x,D) €
OpS;’:’ 5(Qx RN). The following conditions are equivalent:

(i) P(x,D) is elliptic,
(ii) P(x,D) has a parametrix Q(x,D) € OpS;:’g (Q x RN);
(iii) There are Q(x,D) € opsS,)’ "(QxRY) and € > 0 such that Po Q € opS,;’ 5(QxRY).

Paraphrasing for the notation that will be used in the following chapters, for each P(-,D) €
OpSm S(Q x RN) elliptic, with 0 < p < 1,0 < § < 1 and m > 0, there exist pseudo-differential opera-
tors Q( ,D) € opsS, "(Q x RY) called parametrix and R(-,D) € OpS o, 2(Q x RY) called regularizing
such that

u(x) = Q(x,D) o P(x,D)u(x) 4+ R(x,D)u(x), (1.4.4)

forall u € C*(Q).

All the previous definitions and properties of pseudo-differential operators were presented in the
scalar setting. In what follows, we extend these frameworks to the vector-value case. Our reference
at this subject will be [47, Chapter 1 - Section 7 and Chapter 2 - Section 2].

Once for all, fix E7 and E, complex vector spaces of finite dimension, n; and ny, respectively. We
denote by Sy 5(Q x RN E|,E;) the set of functions a : Q x RY s Z(E}, E) of C™~class satisfying

sup (1-+ (&) P P31 9¢0 a(x, &) (g ) = C(K. 0, B) <

xekK
EcRN

Of course, since each a € S’”; 5(Q x RN ;E1,E>) can be represented by a n; X ny matrix whose entries

a;j are continuous linear mappings, then

ny nj

1/2
”8xaa§ﬁa( é)H.f (E1,E;) (Z Z <aa8ﬁau )) ) )

j=li=
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which is equivalent to the sum norm, a less than a constant depending only on the dimensions n; and
n. This way, we denote by OpS} 5(Q:E1, Er) the class of all pseudo-differential operator P(x,D)
associated with a symbol a(x, ) in SZ’S(Q x RN;E|,E,), defined as in (T.4.2)), with u € S(RY;Ey).
Note that now P(-,D)u : Q — Ej. In particular when E; = E;, we denote only by S”)”S(Q x RV E})
and OpSZ’ﬁ(Q;El).

The theory developed for scalar pseudo-differential operators extends almost unchanged to oper-

ators in OpSﬁ 5(Q:E1, E>), the only care required concerns matrix non-commutativity.

Definition 1.44. If E| and E, have the same dimension then we say that P € OpSg 5(Q;E1,E2) is
elliptic if the principal part of its associated symbol a(x, &) is a bijection of E| onto Ej.

Theorem 1.45 (Theorem 2.4, p. 101, [47]). Let P € OpSZ’, 5(Q;E1 ,E») an elliptic pseudo-differential

operator associated with the symbol a(x,&). There is an elliptic operator Q € OpS;:g(Q;Ez,E])

(called parametrix) associated with the symbol a(x,E)~" (the inverse a(x,&) in £ (Ey, E)) such that
QoP=1g, mod OpS;fg(Q;El) and PoQ=1Ig, mod OpS;;;(Q;Ez).

By the previous theorem, we can now conclude a vector-value version of (1.4.4): let E be a
complex vector spaces of finite dimension ng, for each P(-,D) € OpS;J” 5(Q: E) elliptic, with 0 <
p <1,0< 0 < 1and m > 0, there exist pseudo-differential operators Q(-,D) € OpS;’g(Q;E ) called
parametrix and R(-,D) € OpS;’g(Q;E ) called regularizing such that

u(x) = Q(x,D) o P(x,D)u(x)+ R(x,D)u(x),

for all x € Q and u € C*(RY; E).

1.4.1 Riesz potential operator

In this section we saw the Bessel Potential operator and its boundedness on the #” norm. Now we
will see another important potential operator, called the Riesz Potential, as well as a pointwise control

involving the Hardy-Littlewood Maximal Operator defined in (TJ).

Definition 1.46. Let 0 < y < N, the Riesz Potential I operator is defined by

Iyf(y) = l/ &dm

_Cy gy [y—nN=Y
vy L(¥/2)
where f € S(RY) and ¢ — gy N A
(K5) and ¢y MV -7)/2)

Note that I,f(y) can also be denoted as f |- |~(¥=7)(y). Let us write the Riesz Potential operator
through its multiplier m(x,&). For this we will use a well-known property of Fourier transform:
(|-1%) (&) = C|E|* N (for more details about the proof and the constant C see [23, Example 2.4.9]).
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As already discussed above Theorem|1.34, I, f = Ko * f, where Ko = (27)".% ~'m and Ko(x—y) =
1
c
Y

——————. Thus, by the Fourier transform
x —y[N=Y

el )
m(&) = (2m)™" <H+_y) (&) = m =&l

Note that the definition of ¢, was chosen precisely to cancel out with the constant C. This way,

unless a constant that depends only on the dimension N, the symbol of the Riesz Potential operator is
a(g) =187

. 1 1
Proposition 1.47. Let 0 <y <N and 1 < p,q < oo such that — = —
q9 P

I A1) < M) IFlL

, then

The proof can be found at [44), p. 354] and the inequality to be proved is the estimate (33). In an
even more general way, the Riesz operator is bounded in LY — LP-norm, i.e. for each 0 < ¥y < N and

1 1
1 < p < g < oosatisfying — = — — ]%, there is a constant C = C(p, ¢,N) such that
q P

HIYfHLq < C”fHLm

for all £ € LP(RY). The proof can be found at [44, p. 354] and now the inequality to be proved is the

estimate (31).

1.5 Sobolev inequalities on Lebesgue and Hardy spaces

In this section we present Sobolev type inequalities on Lebesgue and localizable Hardy spaces,
with bounded domain or in all RY. The next five results consider p > 1 and their proofs can be
consulted in [[18]], at Sections 5.6 and 5.8, while the last result consider 0 < p < 1, our reference for
this case will be [24].

Theorem 1.48 (Sobolev-Gagliardo-Nirenberg inequality). Let 1 < p < N. Then there exists a positive
constant C = C(p,N) such that

1Al vy < CIDS N oy »
Np_
N—p
The proof can be found in [[18} p. 263].

forall f € CH(RN), where p* =

Theorem 1.49 (Poincaré inequality). Let Q C RN bounded, connected and open subset and f €
WP(Q), for some 1 < p < oo, Then, there exists a positive constant C = C(p,N, Q) such that

1f = fall@) S CIDS ) -
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The proof can be found in [[18} p. 275].

Theorem 1.50 (Poincaré inequality for a ball). Let 1 < p < oo and f € W'P(B(xy,r)), then there
exists a positive constant C = C(N, p) such that

||f_fB||LP(B(xo,r)) < CrHDfHLP(B(on))'

The three previous theorems are well-known and their proof can be found in [18, pp. 263, 275

and 276], respectively.

Theorem 1.51. Let Q C RN bounded and open subset such that 9Q € C' and f € WP (Q), for some
1 < p < N. Then, there exists a positive constant C = C(p,N,Q) such that

||fHLP*(Q) < C||f||wl~,p(g)~ (1.5.1)

The proof can be found in [18, p. 265]. Furthermore, it follows from (1.5.1) that, for each
1 < g < p*, there exists a positive constant C = C(p,q,N,Q) such that

1f o) < CIDS o) -

Indeed, as ¢ < p* then we can apply the Holder’s Inequality for y = %*, getting

Lirerax < ([ ireomra) 0 = ([ rera) " 10 F < 11, g 10

Thus,

1
r

-

1000y < 11l oy 12

By the Theorem exists a constant ¢ = c(p,N,€) such that || f[| ;,+ q) < ¢|[Df||1r(q)> s0

£ o) < DAl o

S I—

€
Pt < oo,

being C = C(p,¢,N,Q) = [

Proposition 1.52 (Poincaré inequality). If 1 < p < N then for each u € W'P(B.) and 1 < q < p*

there exists a positive constant C = C(N, p,q) such that
1
— (u—u)

N %
(]z )gc(][ ,w) (152)
B(xt) |t B(x,1)

Proof. Indeed, by the Theorem|1.51| if U is a bounded, open subset of RN and v € W!»(U) for some
1 < p <N, then ||v[| 4y < C|VV|[1p(y) for each 1 < g < p* and the constant C depends only on
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p,q,N and U. In particular, if U = B}, and v(y) = u(x+ty), then HV_V(I)”Lq(Bl) < C||Vv||Lp(B(1)) and
0
C =C(p,q,N). However,

1
q q
| _ 114 _ q
sy = ([, 0o ) = ([ bttt )
1 1
1 ‘14 ! ][ ‘14 !
(/B(x’t) i |u(z) — u| Z) ( e |u(z) — u| Z)

and
1 1
p P
IVl ety = (/ |Vylu(x+1y)]|” dy> =</ | Vyu(x+1y)|” dy)
B(0,1) B(0,1)
1 ; :
= o[ kwvara) =i({ wuera
B(xt) ! B(x,tr)
Thus,
; »
Foqumi) < f v
B(x,r) B(x,t)
foreach 1 < g < p*. O

Theorem 1.53. /24, Theorem 3.1] Let N > 2,0 < p <1 and B = B(x,r) C RN an open ball, then

there is a continuous embedding

hP(B) C hY (B).

The proof can be found in [24, p. 780]. In particular, this result guarantees us that there exists a
positive constant C = C(p,N, B) such that || f||,,+ < C||Vf]||,», forall f € heP(B) and

1/l < CNIVElyp s forall f € C2(B). (1.5.3)
Of course such estimates are also valid for E-valued vector functions f, computing the derivatives

of each component. As an example, let us show the vector version of the estimate (1.5.3): let g =
(gla---vgng) € CZ(B,E), then

ng ng
el < Y il <Y Vel S 1Dl -
= j=1

For the above inequalities, we use that the #”-norm of a vector function is bounded by the sum of the

hP-norm of each coordinate function. The omitted constants depend only on p and N.
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1.6 Hardy spaces on open sets and Poincaré inequality

The classical Poincaré inequality for balls on Sobolev spaces, stated in Theorem [1.50} establishes

J

for f € WIP(B) and 1 < p < e. Our interest is to study estimates of this type for higher order

this type of control

Lre) - fa)

7

p
dx < CN7P/|Df(x)|pdx,
B

derivatives, that is, we will subtract polynomials that depend on f instead of its mean fp, f belongs
to a Hardy-Sobolev space (to be defined in the next chapter) and the limiting term will depend on the
m-th order derivatives of f. The details of this result will be presented only in Section

Before that, in this section we will do a study of Hardy spaces on an open domain . We will
present a series of constructions and well-know results due to Miyachi in [37]. The observations
proved in this section will be used in Section [2.2]to conclude an extension of Poincaré’s inequality,
stated in the Theorem

Definition 1.54 (Maximal functions on Q). Let Q an open set in RN and fix ¢ € C(B(0,1)) with
[¢=1. Foreach0 < a<ooand f € 9'(Q) we define the maximal functions

(i) foo)=sup [(f,¢(x="))|, forxeQ;
0<t<d(x,0Q)
(ii) fo o) = sup [(f,9r(x—=-))], forxeQ.

0<t<min{a,d(x,0Q)}

Furthermore, for each x € RN t>0and L € N, we define
Frax,t) ={p € C2(B(x,1)NQ),[0%¢|., <t V1% |a| <L},

and the following function

(iii) fi‘,g,a(X)Zsup{|<f,¢>| e %,Q(x,t)}‘

O<t<a

When Q = RY we simplify the notations f(;r s f(; 5 and f; o , by respectively f; , f; “ and fi" a
The following definition was presented by Miyachi in [37, Section 2].

Definition 1.55. Ler 0 < p < w0 and f € 2'(Q). We say that f € HP(Q) (Hardy space) or f € h”(Q)
(nonhomogeneous Hardy space or localizable Hardy space) lffd;tg € LP(Q) or l]‘]‘(;’g]2 € LP(Q),
respectively. Furthermore, we say that [ € Hl’; () if, for each x € Q, exists an open neighborhood
U, C Q such that f|Ux € HP(Uy).

When Q = R" then f(;rsz =M, f and f(;_ié/v = my f, thus we recover the classical Hardy spaces
HP(RN) and h?(RY), respectively.

Proposition 1.56. With respect to maximal functions, the following properties hold



1.6. Hardy spaces on open sets and Poincaré inequality 35

(i) If a <b, then fy;(x) < f;[’g(x),for each x € Q;
(ii) f(;rs (x) < Co LfT q.q(%), for each x € Q;
(iii) If f € L™(Q), then [} g ,(x) <[ fll1=):

(iv) Foreach (O <y <oo L > %—Nanda > 0, we have
* )1
17 0.allre) < CorallFyollina): (1.6.1)

Proof. The proof of items (i), (if) and (iii) are trivial, since they come directly from the definition.
The property (iv) comes from a non trivial argument. By [38, Corollary 2], we have the pointwise

control
fi.0a) < CouM x| f38] (),

for any x € Q and a,L > 0, where M N is the fractional Maximal Operator defined in with
+

q= 1% Since M, is bounded in LP(Q) for all p > ¢, then the inequality (1.6.1) holds for all L and

Y satisfying y > NL—Q—L

]

In particular, the properties (ii) and (iv) show that H” (Q) or A’ () does not depend on the choice
of ¢, proving the good definition.

Remark 1.57. Note that M, is bounded operator in L (Q) for all p > q, even if both are less than 1.
1

Indeed, we can denote h = |g|? and M,g(x) = [Mh(x))4, in which M is the Hardy-Littlewood maximal

operator. Since M is bounded in LP for all 1 < p < oo then

- ()

Given f € 2'(Q) and x € Q, if the limit li\rr(l) f* ¢ (x) exists and does not depend of the choice of
t

NS
Q=

1 1 1
[My8ll,, = | (pan)o = [Innl] 5" < [l 2] = gl

¢ then we define

1160 := lim (2.

We point out that if f € L (RV) then [f] exists and [f] = f almost everywhere. The following

loc

construction is also due to Miyachi.

Lemma 1.58. [37) Lemma 4] Let m € N. Then for each cube Q C RYN there exists a function 0o on
RN x RN which has the following properties:

(i) ¢o € C=(RN x RN) and supp do(x,-) C O, for each x € RN. Here Q denotes the interior of Q.

(ii) For each f € 9'(Q), the function Py s : RN v C given by Py (x) = (f,do(x,-)) belongs to

Pu—1, Le. it is a polynomial of degree at most m — 1.
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(iti) P(x) = [P(y)¢o(x,y)dy, for all P € P,,_;.

(iv) Let a > 0 and x € aQ, then

1008 90(x,3)| < Cprg,a,p(Q) N1 1PL,
for all a, B multi-indexes.

Proof. Let Qp the unit cube centered at the origin in RY and fix n € C°(Qp) such that n > 0 and
f n = 1. Consider &Z,,_ the Hilbert space of the polynomials of degree at most m — 1 with inner
product

(p.ahu = / P()Z (@)dx

and {7;}; an orthonormal basis of (Z2,,_1, (-,-)a). For each cube Q C R", we define

ot =0 (£ (58 () | ()

that satisfies all the properties desired. [

In particular, if we take 11 = £, being { defined in [44] p. 102] as follows: Fix a positive smooth

function { that equals 1 in the cube of side length 1 centered at the origin and vanishes outside the

concentric cube of side length a. We set {(x) = ¢ <x [:" ) where x; is the center of the cube Q; and

Gk Mk
Z] C] (f r’k)

Then the orthonormal basis {e;} utilized in [44] p. 104] given by (e;,e;N;) = J;; can be rewritten

o= (1) (5%)

in which {m;} is the orthonormal basis defined in [37]. So, the polynomial created in [44] to prove

Yy is its side length. Write 1y =

J and 1 =

as

the generalized of Calderén-Zygmund decomposition (and consequently to prove a version of atomic
decomposition, with atoms having higher moment condition) is a particular case of the polynomial
Py, r defined in Lemma This relation will be fundamental in the proof of Theorem when we
will present a higher order version of the Calderén-Zygmund decomposition.

An important consequence of this lemma is the following result:

Proposition 1.59. Let 0 < p <1 and me N. If f € 2'(Q) such that 0*f € H], (Q) for all |ot] = m.
then for each Q C Q and L € N, there exist a polynomial Py y € &,,_1 and a positive constant
C = C(m,p,L) satisfying

/1) — o) < CUQ™ X (0%Piaal). a:= VNLQ), (1.62)

la[=m

for x € Q almost everywhere.
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The proof can be found at [37, p. 86 inequality (5.15)]. We are interested to use this result when

Q = R and for functions in (L}

loc

N AP)(RY). In order to do it, we present the following definition

presented in [37].

Definition 1.60. Let Q C RN an open subset, we say that Q satisfies the condition (%) if for each
x € Q such that d(x,0Q) <A™, there is a X' € Q€ such that

d(x,xX) <Ad(x,0Q) and d(x',Q)>A"1d(x,0Q),
where A is a positive constant bigger than 1.

Example 1.61. Any open ball on R satisfies the condition (x).

Indeed, let B(xo,r) € RN an open ball. We need to find a positive constant A > 1 such that, for
each x € B(xo,r) with d(x,dB) < A~!, there exists x’ € B¢ that satisfies

d(x,x') <Ad(x,0B) and d(x,B)>A"'d(x,dB).

For this, we denote r, = d(x,dB) and define x' = c(x — x¢) + x, Where
7T r 3
c=-————=
4d(x,xg) 4

i.e. X’ belongs to the line that passes through x and x. In particular, we can choose A = 2. Thus,

7 3 1
d(x,x') = 47 < 2re=Ar, and d(xX',B)= 27> 50 =A"lr,.

The picture below shows the idea of the choosing x’ for N = 2.

Proposition 1.62. With respect to relation between the spaces HP(Q), h?(Q) and H), (Q), the fol-
lowing properties hold:
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(i) hP(RY) ’Q = hP(Q) if Q satisfies the condition (*);
(ii) h?(Q) = HP(Q), if Q is a bounded set.

The details can be verified in Remarks (b) and (c), from [37, p. 77]. A complete characterization

of extension domains for H?” spaces can be also found in [43]].

Proposition 1.63. H?(RY) c h?(RN) c HY

loc

(RY).

Proof. Ttis clear that H?(RY) C h?(RN). Let f € h”(R") and for each x in R denote U, := B(x, 1).

Thus, by the previous proposition,

fl,, € PRY)| = hP(Ux) = HP(Uy)

Ux

and, by definition, f € H (RM).



CHAPTER 2

Hardy-Sobolev spaces: definitions,
extensions and refinements

In this chapter we are interested in studying properties of tempered distributions whose higher
order derivatives belong to localizable Hardy spaces. We will start by defining the Hardy-Sobolev
spaces and then we will present an extension of the Poincaré inequality, using notations and results
presented in Section[I.6] After that, we will see local estimates of elliptic linear differential operators
with smooth coefficients on Hardy-Sobolev spaces, to be used in the proof of Theorem A. Next, we
will present a new atomic decomposition. For that, a particular version of the Calder6n-Zygmund
Decomposition will be proved, with more rigorous controls for higher-order derivatives, and finally,

it will show that Hardy-Sobolev spaces can be approximated by a more refined sequence of atoms.

2.1 Hardy-Sobolev spaces

Let k € N, 0 < p < oo and consider on C°(RY) the functional
1Al @ry = ) 110% Fllw -
o=k
The completion of C=°(RY) for the functional || || sp(rY) May be identified with a subspace of S’ (RM)
denoted by hkﬂp(RN ) and called by us as the (homogeneous) Hardy-Sobolev space of order k. The
construction presented in this section is a generalization of the space identified as the homogeneous
localizable Hardy-Sobolev space 17 (RY) in [24]. We claim if f € ©*?(RV) then D*f € §'(R") and

1 vy = 1DF f -

for k < N. Indeed, suppose (f;) is a sequence of test functions which is a Cauchy sequence for the
functional || f;||,x, = ||D*fi|ln» and fix y € S(RY). The next result stated was proved in [45] and,

inspired by [6]], we will use it to generate the following decomposition of y:

yv= Y KoxD%, (2.1.1)
la|=k

39
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where Kg (x) = Con x*/|x|V.

Theorem 2.1 (Theorem 4.1, [45]). Suppose w € C is such that 0 < Re(w) < N and P(x) is a ho-

mogeneous harmonic polynomial of degree k on Ey (a N-dimensional real Euclidean space). If

P(x ~ P&) . . . w _
K(x) = MI\[(% then K(&) = Ckv“vN|§|(T)w’ in which ¢y g N =i kghN/2 F(HTW)/F(N—H; W).

In particular, for each o such that |¢t| = k, we consider Py(x) =c,,, ' x* and w = k. Thus,

<Z Ka*D“l//> ) = Y (KaxD%) (x)= Y Kqlx Dy (x)

|ot|=k |ot|=k |ot|=k
= Y o) = =5 ) = W),
la|=k

obtaining the decomposition Thus,

<fj’ ‘V> = <_1)k Z <Dafj7K06 * IV)

o=k

and Ky * Y is a smooth bounded function with bounded derivatives of all orders. This comes from the
fact that [Ky(x)| < |x[¥~N for any |a| = k and y € S(RV), so

IDP (Ko 5 yw)(x)] = \Ka*Dﬁw(x)y:’/RNKa(x—y)Dﬁq/(y)dy’
e—yl* o / Jc — y[F !
< LA T
/RN yx—y|N|D v(y)|dy < = IDPy(y)|dy

1
< oo o g <

That way, Ko * y € A"(RY) for any r > 0. If0 < p < 1 and ¥, := N(p~! — 1), hence by duality

[(fi— fiow)| < Z (D (fj— fi)s Kax W)| < |I.f = fillpes Z L CERIIN
o=k o=k
showing that {f;}; is a Cauchy sequence in §'(RY).

Summarizing, f € §'(RY) belongs to #XP(RV) if there exists a sequence f; € C°(RY) such that
{f;}; is a Cauchy sequence for the norm g — ||D¥g||;» and f; — f in §'(RV), exactly as shown. It
follows that if f € W5P(RN) then DFf € h?(RY) and we set || f||x» := |D*f]lnr. When p = 1 the
proof is similar by considering bmo(RY) instead of A" (RV).

We point out this is a Hausdorff topology, that means it is sufficient to show if a polynomial
0 € P, (the class of polynomials with order less than or equal to k — 1) belongs to 757 (RY) then
6 = 0. In fact, let (fj); € C(RY) be a Cauchy sequence with norm g + ||D¥g||;» that converges to 6
in §'(RY). Thus, (DX f;); is a Cauchy sequence in #7(R") and, in particular, | D*f;||,» — || D*6|» =

0. Now consider the alternate sequence (f1,0, f>,0,...), that is Cauchy sequence of test functions for
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the norm g — ||D¥g||;» that converges in §'(RV) to 0 and has a subsequence converging to 6, thus
showing that 8 = 0.

Alternatively, we may present another natural definition of Hardy-Sobolev spaces (see [31] for
the case k = 1). Consider the space of tempered distributions f € §'(R") such that D*f € h?(RV)
equipped with the seminorm ||D¥f||;,» and denote it by h*”(R¥). In order to turn it into a Hausdorff
space, we must take the quotient h*”(RVN)/{27,_}. Moreover, we have shown that there is exactly
one element of #%?(RY) in each equivalence class in h¥P(RY) /{7 _}, so we get the inclusion
hEP(RV) € h6P(RN) /{P_;}. The second inclusion follows using the same arguments from [31]
Remark 8]. In summary, any f € h*? (RY) can be it can be approximated by choose smooth convo-
lution approximations {f;}; such that | D*f; — D*f|| W (RN) < 27/ for all j > 1. So, we conclude the
isometry /57 (RN) ~ h*P(RN) /{ 2, _1}.

The Hardy-Sobolev spaces 457 (RY) defined here are the homogeneous localizable (also called lo-

cal or nonhomogeneous) Hardy-Sobolev spaces which in the literature are often denoted by /57 (RV).
k

Throughout this thesis we will denote [|-|| «, = Y Al -
< .
J=0

2.2 Extension of Poincaré inequality on Hardy-Sobolev spaces
for Q =RV

The goal of this section will be to apply the Proposition to functions in L}

Lo (RY) i (V).
with 0 < p < 1, in order to obtain a pointwise control to get our extension of the Poincaré inequality,
stated in Theorem

As seen in Proposition (RN) C H, l’; .
%f €H, l’; . for all || = m and in fact we can apply the Proposition in our case of interest.

Let 0 < p<1,meNand f €L} (R) such that 9P f € hP(RN) for all |B| = m. For each

B(x,t) C RYN with 0 < t < T for some fixed T > 0, there exists a polynomial Pr€ Pyu_qanda

(RM),soif fe L} (RV)NA™P(RN) then in particular

loc

constant Cy, y 7., > 0 satisfying

F0) = Pea O < Conrp ™ Y, (P Plya(y), a:=2VNt, (2.2.1)

|ot|=m
for y € B(x,t) almost everywhere.
In fact, for each open ball B(x,t) C RN and f € Lllo C(]RN ) we can consider the open cube Q :=
Q(x,2t) centered at x and side £(Q) = 2¢ (since B(x,t) C Q(x,2t)) and denote f = f XB(x,s)- Since
f e 2'(Q), Lemma ensures that there exits a test function ¢p such that Py, Jz.(y) = (f,00(y,")) is

a polynomial of degree at most m — 1. In particular,

Fo ;) = /Q F(@)o(y2)dz = /B F()o(y.2)dz.
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By simplicity, we denote Py; s := Py, 7 and we can apply Proposition for f € 2'(RN),
noting that [f] = f in B(x,t) almost everywhere, choosing L = N and getting the inequality (2.2.1).
Our second step will be to integrate inequality (2.2.1)) into the ball B(x,¢) for any o > 1, getting

(]i(m £ ) = Peay )| dy>é< (]i(m

1
a

CoNTpt™ Y, (3ﬁf)?§r,a(y)] dy)

|Bl=m
Thus,
1

(f L 0) = Py )] ady>a < Y @M

m Xt - 1 Nt
B(x,t) t ’B;’(x ‘m:m LO‘(BQ)

C 7\ *

< Pt Z <ach)zv,z\FT

|BL[ @ {[1g=m L%(BL)
C

< . Z NNNT ’
|BL ’y |=m LY(BL)

for any 7 satisfying y= o if o« > 1 and y > « if ov = 1. By the proof of inequality (1.6.1)),

<Corn ¥ HMI [8ﬁf)¢RN}

‘mB;)

Z (aﬁf)z*v,zﬁr

|Bl=m LY(B.) |Bl=m
< Gy, TN|ﬁZ_' ”Ml [ aﬁf>¢ RN:| LY(RV)
< Z H 8Bf¢RN N),sincel/2<}/
|Bl=m
< Z H&l;fH 7sincel<)/
|Bl=m
< 10" o

Summarizing, the result can be stated as follows

Theorem 2.2 (Extension of Poincaré inequality). Let f € L}, (RV) such that dBf e hP(RN) for all
\B| = m and for some 0 < p < 1. For each B(x,t) C RN with 0 <t < T, there exist a polynomial
P 5 € Py and a constant C = C(N,p,m,T, &) > 0 such that

(4

where y=0o>1lory>a=1.

1 1

1 @\ Y
dy) §C< g |D’"f(y)|7dy> : (2.2.2)

t_m[f (v) = Pes r(v)]
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2.3 Local estimates of elliptic linear differential operators in
Hardy-Sobolev spaces

The goal of this section is to show that if A(-, D) is an elliptic linear differential operator then for
each xp € Q there exist an open neighborhood U C Q and a positive constant C = C(p,N,m) such
that

lullyme = Y Mullpio = Y 0P ullar < CIA(D)ullar, Vu € CZ(U,E). (2.3.1)
J=0 |Bl<m

For that, suppose A(-,D) an elliptic operator, Ay its principal part and consider the order 2m
differential operator
Aq:=A(-,D)oAy(-,D),

which may be regarded as an elliptic pseudo-differential operator with symbol in the Hormander class
S%(Q x RN, E E*) (see Section|l.4|for more details). Thus, it follows by Theorem that there ex-
ist pseudo-differential operators ¢(-,D) € OpS;(Z)m(Q;E * E) (parametrix) and r(-,D) € OpS™ (4 E)

(regularizing) such that
u(x) = q(x,D)Apu(x) +r(x,D)u(x), YueC?(Q,E). (2.3.2)

Proposition 2.3. Assume N > 2, m > 1 and Ay(-,D) as before. Then, for every point xy € Q, there
exist an open ball B = B(xo,{) C Q and a constant C = C(B, p,N) > 0 such that

lull e < CllAY (-, D)ullyo, V€ CZ(B,E). (23.3)

Proof. Fixed xp € Q, let £ > 0 such that B = B(xp, /) C Q. Firstly, we will prove that, for each fixed
j=10,1,...,m}, there exists a constant C = C(p, N, j,¥) such that

[ullp < C||D7u,,, forall u € CZ(B,E). (2.3.4)

For each u € C°(B(xo,{)), it follows from Theorem and the proof of Theorem that ||ul|;, <
Co?||Dul|;,, for all p > 1 and it follows from (1.5.3)) that

u|l,,p < Col||Dul],,, forall 0 < p<1.
Bootstrapping this inequalities for all j € N we get
ull < Cot? HDjuth, forall 0 < p < oo,

and we just denote C = Cy//.
Now, by identity (2.3.2) we may write, for each 8 with |B| = j,

9P u(x) = G(x,D)[Ay (x,D)u(x)] + F(x,D)u(x)
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where G(x,D) := 9 o q(x,D) 0 A} (x,D) € OpS; o™/ (B) and F(x,D) := 9 o r(x,D) € OpS™(B).
Thus

0P ullnr < 11(-, D)AV (-, D)ulluo + (- D)ullaw S Av (-, D)l o + [l

since G(-,D),7(-,D) are bounded operators from A” to itself for 0 < p < o, by Remark
Using (2.3.4)) and shrinking ¢ to absorb the second term on the right-hand side, we conclude the

desired estimate. L]

Remark 2.4. Let A(-,D) as before and suppose that all coefficients ay are bounded at some neigh-
borhood of xg € Q, namely B = B(xo,¢) C Q, and consider C := Z laa =) For 0 < p < oo we

lot|<m
have, from (2.3.4),
1AV (. D)ullpr < [ACD)ullir +C Y, [10%ulnr

|| <m

SHACDyullar + Y 1B .
lot|<m
S A DYl + B[N ull -
Using (2.3.3) and absorbing the constant, decreasing the radius if necessary, we have
1Ay (-, D)ullpr < CllA(-, D)ullpr,  Vu e CZ(B,E), (2.3.5)

for0< p<oeand C=C(B,p) > 0.

By the inequality (2.3.5) and the Proposition [2.3| we conclude the control (2.3.T].

2.4 New smooth atomic decomposition on Hardy-Sobolev spaces

2.4.1 Relation between the atomic decompositions of H? and h?

Let us first recall the standard atomic decomposition on 47 (R") due to Goldberg in ([22, Lemmas
4 and 5]). By inequality (T.2.1)) any f € #”(R") can be decompose as f = fi + f> so that

1Al zzr + 12 llpe < CHLf o

with C > 0 independent of f. The choice of f; and f; is relatively simple: we can fix ¢ € C2*(R")
satisfying [ @(x)dx =1 and [x%@(x)dx = 0 for all 0 < |et| < L(p) sufficiently large (bigger than
N, = |N(p~'—1)]) and write f1 := f— @« f € H'(RV) and f, := @« f € h?(R"). Thus, the
atomic decomposition of f is obtained by choosing an H”-atomic decomposition of f; and an h”-

atomic decomposition of f,, which will be discussed next.
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Choose 0 < y(x) < 1 € CZ(RY) supported in the cube Q3 := Q(0,2) centered at the origin with

side length 2 such that Y w(x—k) =1 for all x € RY. Writing yi(x) := w(x —k) € CZ(Q), we
kezZN
may define

k= |Q%|l/pHka2”L°°(Q%)

and

aj = Yil2 , for yi fo #0,
My

obtaining the following decomposition
=Y wifa =) war.
k k
Clearly W f> € CZ(Q7) and a is a rough atom, since ||ag||~ < |Q,%|’1/1’. We claim that
2 lkl” < Cl £l (2.4.1)
k

To show this control, we recall that given R > 0 there exists C > 0 such that |@ * f(x)| < C.Z f(y),
for |x — y| < R, where .# denotes the Grand Maximal Function and then

supl + f(2)|" < C - / WP dy,
Qk |Qk| Q

that implies Z 0% sup |@ * f(x)|P < C||4f|]}, =~ || f||7,, because the family of cubes {Q?} has the
k Q2
bounded intersection property. This concludes (2.4.1)).

In the previous proof, we should simplify taking ¥ := Xp g 1). The advantage of using a cut-off
function is the following: for f € CZ°(RY) we may conclude a; € C(Q7) and the series Y tay
reduces to a finite sum. In this particular setting, we may obtain also a finite atomic decomposition
for bounded atoms for f in H? (see [35, Theorem 3.1 and Remarks 3.2 and 3.3] for more details).

Invoking the atomic decomposition on H” we may write
f=Y migarc+ Y o an g, (24.2)
k k

where a; ; are HP-atoms, a j are rough atoms and

Y (Ial” + 2 l”) < CIFIIR

k
Additionally, we may take an atomic decomposition where the sum (2.4.2)) is finite assuming, for
instance, f € (h»NCZ) (RV).

Remark 2.5. If f € S(RN) then clearly f, :== @ * f € S(RY) and the partial sums Z Weay converge
|k|<M
to f> in S(RY) and a fortiori in A"(RN) for any r > 0. In fact, first we claim Z V. fr converges to
k|<j
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f>» when j — o in S(RN), where yy, was given previously, i.e. for each a, B € ZI, the sequence
x*oP < Y ‘I/k(x)fz(X))
lk|<j

converges uniformly to x*dP f;(x) when j — oo. We point out that, by the compact support of W, for
each x € RN there are at most 2V indexes k € ZV such that W (x) := y(x—k) # 0. Thus, the sum
Yieon W(x —k) = 1 is always finite and for each 'y € ZN — {0} we have

Y 0= Y Mylx—k) =" ( y w(x—k)) ~o0.
keZN kezZN kezZN
The conclusion of the uniform convergence follows by the identity
W(zwvmm>=:(Zwvﬂﬁﬁw+zjcv(zawmvﬁﬂmn
e, K< 0<y=p \V/ \|kI<)

The second claim follows by canonical embedding, for instance if 0 < r < 1 then for any é > 0 we

have
x+h)—f(x
= p ORI SG)
x,heRN ]
h£0
c o RS A~ f)
xRN ||" xeRN "
heB(0,6)—{0} heB(0,5)°
< |IDfll= sup BT+ 877 sup  [f(x+h)|+[f(x)]
xeRN xeRN
heB(0,6)—{0} heB(0,8)¢
< VDS =+ 287" f || - (2.4.3)

In particular, if we take 8 = 1 then

[f1r < IDfllz=+2[ fllz= < 4 (IDf|z= 4 Lfll=) -
In a similar way,

[f(x+h)+ flx—h) =27 ()| b [fx+h) = f()]

fli = sup < 2 su
[ ] x,heRY |h| x,heRN ’h‘
h£0 h£0
oy MEN—sWIL e = )
x€RN || x€RN 7|
heB(0,1)—{0} heB(0,1)°
< 2| IDfll=+ sup [ f(x+R)|+[F(0)]
HEB(0.1)¢
< AUDAl=+ 1 le=) -
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Furthermore, if r > 1, then we may write r = k+s, for some k € N and 0 < s < 1 and

- Lo <a(lo], < l,)
o=k

Summarizing, if f and Df € L*(RN) then f € A" (RV) forall 0 < r <1, and if f,Df,...,DFf € L™ (R")

then f € A"(RN) for all r > 1, in which

_ L], ifr>|[r],
k_{ r—1, ifr=1r|.

Returning to the proof, denote Rj(x) := ¥y <; Wk(x)f2(x) — f2(x). Thus, by the uniform conver-
gence of (x“&BRj)j to zero for all o, B € ZY, we have that

IRj]

v = R Ry < (|00 ]+ 0] )+ DR

converge to zero when j — oo, for all r > 0.

2.4.2 A generalized Calderon-Zygmund decomposition

Consider m € Nand N/(N+m) < p < 1, we denote
1
Yp: =N (; — 1) ,Ny:= |y, andr, := ¥, —N,.

Note that 0 < 7, < m, N, <m—1and 0 < r, < 1. We recall that if N, < ¥, then f € A% (R") means
9%f € A7 (RN) for all |t| = Ny, and if N, = 7, then 9% f € A!(RN) for all |t| = ¥, — 1. Furthermore,
when p = 1 we consider bmo(R") instead of A% (R"), (for more details, see Section |I.2|of Chapter
D).

Next, we will announce the goal of this section: a particular version of the Calderén-Zygmund
decomposition, which establishes controls for higher-order derivatives of the so-called “bad part” of
the decomposition. But first, let us fix some notations in the spirit of Stein’s book [44, Chapter IlI,
Section 2], that is: .# = My, is the maximal function associated to a single function ¢ € § (RV) with
[ @ #0,i.e. Myf(x) =sup,-q|f *¢/(x)], while .# denotes the Grand Maximal Function associated
to collection & C S(RV) of rapidly decreasing functions:

A f(x) = sup My f(x)
06
and & = {¢ € S(RV) : Hx“&la(pHLm <1, forall ||, |B] < Cn,p}, for some Cy,, sufficiently large
(bigger than N/p). We may assume without loss of generality that & is a bounded subset of L' (RY),
in particular, if u € L*(R") then .#u € L*(R").

Theorem 2.6 (Higher order Calderén-Zygmund decomposition). Letm € Nand N/(N+m) < p < 1.
For each f € (C"NHP) (RY) and a > 0 there exist a decomposition f =g+b, b := Y5 By and a
collection of cubes {Q} } i with sides of length {; parallel to the axes such that
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(i) |g(x)| < ca almost everywhere;

(ii) Each By € C'(Qy) satisfies the following properties:

DBl < e Y e D,y Vie{0,1,..m—1}, (2.4.4)
j=0

ID'Bell= < ¢ |[|[D'f]| o, ViE{1,2,...,m}, (2.4.5)

| aporas<e [ appax 2.4.6)
RN o
k

/xyﬁk(x)dx =0, V]yl<m-1. (2.4.7)

(iii) the {Q}} have the bounded intersection property and

O :={x: Mf(x)>a}=|]0.
k

Proof. We define b = Y B; and g = f — b analogously as in the generalized Calderén-Zygmund
decomposition [44, p. 101]. Thus, fix 0 < M (x) < 1 a partition of unity for &' subordinated for the
covering {Qj } satisfying suppn, C Q; and 108 < Cﬁﬁg‘m and define

Br(x) := (f(x) — Pra(x)) i (x), (2.4.8)

where Py i (x) = / f(»)9o, (x,y)dy is the polynomial with degree at most m — 1 given by Lemma|1.58

and

b0, (x.3) = " [i m (52 )5 (50) ] ) = [i ei(v)e <y>] ).

Here 1 := mi ([ nkdx)fl and e;(x) := ([ Mdx) E,:N/zm (x;kx"> and then {ey,...,e,} defines an

orthonormal basis of (2,,_1, (-,-)s), where

(P,q)s = /pc?ﬁk-

The conclusion of the claims (i), (iii) and of the inequality (2.4.6) follows is bis idem as in the
[44] and will be omitted. The property follows directly from (2.4.8)), precisely

/ Py Mex)ei(x) dx = / ( / £6) [iexx)e—xy)] ) dy) 2R (x) dx

I
—
=
=
=

~
=
NgE

&) ([ewmtemtar) | a

~.

i) ([ &m0 ax) [ ay

I
—
=
=
=

~
=
NgE

1

~.

= / FO)MG)es () dy,
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for each jo € {1,...,m}, thus [ Bi(x)g(x)dx =0 for all g € F,,_;. Since N, < m—1 we get the
desired property.

It follows from inequality and the uniform control f} ,(x) < C(N)||f||r= forall f € L” (RM)
that

Be(x)| < |f = Pral () < Conp & Y, (9“F)] g @) S G ID" f 1=,

|ot|=m
proving the inequality (2.4.4) for i = 0.
For each fixed k € N and j € {1,2,...,m}, the Taylor polynomial of f centered at x; with degree
Jj — 1 will denote by ij_fl' Remember that

) = P ()] S b=l sup 97 (%)
YI=J

for some X} € [x,x;]. In particular, ‘ flx)— P){k fl (x )‘ < £,]<|| D/ f|| 1= for each x € Q}. It follows from the
Leibniz rule that, for each o € Z% with || = j,

109Bc()| < Y |07(F = Pra) (%)% Tmi(x) |+ Y 197 (x) e (x)]

0<y<a I¥l=J
< Y 4197~ Pra) )|+ 1D f
0<y<o

S Y G070 R )]+ 197(PL P ()] | + Dl (2:49)
0<y<a ~ ~~ ~ ~

(4) (B)

Before we estimate (A), remember that 87P] fl = PJ ah;‘f ! for all |7| < j. Indeed,

aOt
<|a|<j

aaf(xk) oY
o!

[(x—x)?]
0<|a|<j—1

= ) 9% fer) (3) P (x—x) %7

|
o<laj<j-1 &

r<a
— aaf(Xk) -
: O<|O<|Z<j—1 (a— )!(x )
<o

oa—y

_ Z %17 f () (x—x)° — pi1- W\( ).

! xkvayf
0<|6|<j—1-y 0!

Thus,

(A) = [97f(x) — PL T @) < e DI @Y = 6 DT f e



50 Chapter 2. Hardy-Sobolev spaces: definitions, extensions and refinements

On the other hand, it follows from (iii) of Lemma[I.58] that
1
P)Zkvf( ) /Q Xk, f ( )(PQk(x }’) dy’ f0r allx & Qk

This way,
P P = [ [PL10)-70)] g0u(ry)

and

B) = 10 =] = | [ (P 0= 1) o, (x) |

S DI fl= N = d D g -

~Y

Replacing in (2.4.9)), we obtain

9B S X 4D e + 6D e | 4 I

0<y<a

getting (2.4.5).

Let us now prove the inequality (2.4.4)). For each o € Zﬁ with |a| =i € {1,2,...,m— 1}, we have
by the Leibniz rule that

0B S Y |07 —Pro@a* ()] S Y 47107 (x) = 97Pri(x)]. (2:4.10)
0<y<a 0<y<oa
Since 0Py x(x) = Pyy s x(x) + (II), in which
(D] < Gy 7Y (P 1); e ) S 6D e,
|B|=m
(see [37, p. 87] for more details of this (II)’s pointwise control), we get

7F() = P < 1071~ Porga)l+1UD] S 6 X 0% ||+ Dl
|6]=m

Plugging it at inequality (2.4.10) we have

GRS W [ﬁm Y ||ot ||+ 'V'anfHPI

0<y<a |6|=m

< Y QTR D] e+ G D f )
0<y<a
ly|=Jj

and therefore

1Dl < Zﬁmﬂ D"
fart

concluding the proof with the inequality (2.4.4). [
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Corollary 2.7. Given o > 0 and € > 0, there is a decomposition f = g+ b* + p from Theorem
where b* =Y . By for some finite set F C N so that ||p||a» < € when N/(N+m) < p < 1, and
10 lpmo < € when p = 1.

Proof. Let F be the set of indices k € Z such that £;, > 0 where 0 < é < 1 is a number to be determined.
Note that F is finite because & = {x: . f(x) > o} has compact closure. Set p := b — b* and

¢f = max HDi il - < oo, since f € C/'(RY). As the cubes {Q;} that contain supp f have the
<i<m

bounded intersection property then the number of cubes with side ¢; < § is finite (and the number
does not depend on ).
Since N, + 1 < m, it follows from the inequality (2.4.5) that

1D pllp= = || Y DY B Sey
keZ/
£k<6 Loo

and it from (2.44) that ||D'p||;= < ¢p6™ ', for all i € {0, 1,...,m — 1}. In particular,
IDYpll- 8™ <& and lp|l S 8" S S

because

l—r, < (l_rp)+7p: I+N, <m.
Note that, by inequality (2.4.3)) from the Remark [2.5|and the previous estimate, we have
lplan = [DYplaw < DV pl|r=8" " 4 | DYrp| =877 S 8170

Thus, ||pllan = [p]an + |ollz= < 8'7'» = €, chosen an appropriated 8. For the case p = 1, it is

enough to note that ||p||pme < 3||p|l~ < €. O

2.4.3 Special approximation method: atom refinement

Our interest in this section is to prove the following result:

Proposition 2.8. Let m,p and 7y, as before. Given f € (C""NhP)(RN) there exists a sequence of
functions f, € C™(RN) having the following properties

(i) there exists C > 0 such that || f,||pr < C|| fllne;
(i) 1 [\~ fullon = O, when N/(N -+ m) < p < 1and lim Lf ~ full,y = O, when p=1;
n—o0 n—yoo

The proof of this proposition will heavily utilize the results obtained in the previous subsection.
It is from these results that we will obtain a more refined sequence of atoms, which we will use in the

proof of Theorem A, specifically the Lemma 3.3
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Proof. The proof is reduced for the case that f € (H? NC™)(RY). In fact, using the decomposition
of inequality (T.2.T)) we may split f = f; + f> with fi € (H? NC™)(RY) and for f» € CZ(R") the
conclusion follows by Remark [2.5] To simplify the notation, we write f instead of fj.

Let f € (HPNC™)(RY) and fix a small number & > 0. For each i € N, we pick a decomposition
f=gi+bi=g+ b? + p; with the properties granted by the Theorem and Corollary for o = 2!
and g = €2!, i.e.

X ﬁi C ﬁi—l—l;
- gi(x)| < 2%
- pillan < €27 (or ||pillbmo < €27, when p = 1);

' b# - Z ﬁik: in which 6i = (821)1—17”,

keZ
>0

Given two consecutive values of i and the corresponding decompositions f = gj+1 + bﬁr 1 HPiv1 =

gi+ b? + p; and look at the difference b; — b;;1 = gij+1 — gi we see that

16i = bisill= < llgitllz=+ gille= S 2"

On the other hand, it follows from (2.4.5) and the bounded intersection property of {Q7,} that
|D/b;|| = < C, with C independent of i, for all j € {1,2,...,m}, which implies that

IDYP (b — big) |- < C.
To estimate D™» (b; — b; 1), note that §; < &1, this way

bi=Y Bu= Y But Y Ba=0bln+ Y B

keZ kEeZ kEeZ keZ
0e>6; 0> 6 <lx <0y 0 <lx <8y

Thus, it follows from (2.4.4) that

DY (bi =bis1)| - < 1DV (pi = pivt) || + || D (B = bE 1) |-

m—N, N
5 5;' "+ \|Dr Z Bik
keZ
G <l <6it1 I

m—N, m—N,

for all i < 0. Again, by inequality (2.4.3) from the Remark 2.5 we have

1— _
16 — bt || am < |bi — bist|l= + | DY (b = by 1) =M, " + | DVP (b — byt || =M 7,
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for any M; > 0. In particular, we can choose M; = §;. By the previous inequalities

b — bist|[an <2487+ 88 " ~2 4 g2,

~

for all i < 0. Thus, we see that

lgi+1 = gillam = [16i = bisil|an <2,

implying that the sum Y'X_(g;,1 — g;) converges to 0 in A% (R) as L — —oo.
For the case p =1,
lgi+1 = &illomo < llgiv1 — gillee S 2°
and the sum Y'©__(g;11 — &) converges to 0 also in bmo(RY) as L — —os.

Since f is bounded, . f is also bounded and there is Ny € Z such that g; 1| = g; for all i > N.

Therefore, we may write

L No
f=Y (gr1—g)+ Y (gi1—8)

L¥1
. & =

= Y (BF =l )+ Y, (pi—pir1)+ Y, (8ir1—2i)
i=L+1 i=L+1 -
No L

= Z (Zﬁi,k— Z ﬁi+1,l)+2(gi+1—gi)
i=L+1 \keF; I€F; —oo

= fb~|—R,

where ||R|| 7 (or ||R||pmo» for p = 1) can be made arbitrary small by taking € small and L close enough

to —oo. The next step is to write fb as a finite sum

No No
fi= ) (Zﬁi,k— ) BH—I,Z) = Y Y Airaix
%

i=L+1 \keF; I€F i=L+1

where {a;;} . are HP-atoms and {A; },, satisfy Y |A; x|” < C||f||%,. It is convenient to redefine the
’ ’ ik

functions f; x by setting f; x = 0 if k ¢ F; for each fixed i, so the approximation f' > of f may be written

now as
No No
=Y (Z(f—Pf,,-,k)ni,k—Z(f—Pf,l-H,g)n,-ﬂ,z) = Y YAy (2.4.11)

i=L+1 \'k 7 i=L+1 k
where

Aij=(f=PrioMik — Y (f = Priv1,0)Mict,Mik + Y Of ke Mit 1.4

/ 7

with

Qrke(®) = Piuniv1,e and  hi=f—Priy,
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and it is understood that Py ; ; =0 and Qs ¢ = 0if k ¢ F; or £ ¢ Fiy1. However, in order to prove that
(2.4.17])) holds one needs to assume that

Z Nix = 1 on the support of 1,441 whenever £ € Fi. (2.4.12)
kEF;

This can be achieved inductively, by adding to Fy, a finite number of extra indexes to obtain
(2.4.12)) when i = Np, then finitely many additional indexes to Fy,—_1 so (2.4.12)) holds for i = Ny — 1,
etc. Note that the additional terms f;x added to f” in this way do not increase the norm ||R|| 5%, which
remains at least as small as in its original definition.

Let B; x be the smallest ball containing Qj.:k. Exactly the same arguments on pages 108 and 109
of [44] used to deal with an infinite decomposition show now, in the finite decomposition case, that
setting

aig=c 27 |Big|TVPA;  and A = 2|By |V

Thus, we have f” = Z?EL +1 Lk Aixai k- Furthermore,
Yl = L2710ul < [ () dx < Clflf.
ik ik

Finally, for each n € N we may take f; as the function f’ > in the previous construction where R satisfies
the estimative ||R||5» < 1/n. Then, the sequence (f,), satisfies the properties (i) and (ii) required in

the Proposition 2.8 0



CHAPTER 3

The proof of Theorem A and consequences

At the beginning of this chapter we will proof Theorem A, stated in the introduction (Theorem [I)).
The first section corresponds to the primary estimates of the term A(-,D)¢ - v and in the statement of a
fundamental lemma (Lemma [3.1)) and the second section continues the proof of the lemma, reducing
it to the uniform control of a sublinear operator for atoms. The third section states and demonstrates
a nonhomogeneous version of Theorem A, where the hypothesis A*(-, D)v = 0 is removed. Next, two
applications of the result are presented and lastly, an expected global version of the theorem is stated

in the case where the operator A(-, D) has constant coefficients.

3.1 Proof of Theorem A

Let y € C2(B(0,1)) with [y =1and y;(x) := Ny(x/t),0 <t < 1. By simplicity we consider

xo =0, U = B(0,p) with radius p < 1/2 to be chosen later. Indeed, suppose that
IA(D)¢ -F V][ S CIAC D)l Vllwm-14
forany ¢ € C°(B(0,p),E) andv € CZ(B(0,p), F), satisfying A*(-,D)v =0. Let now ¢ € C°(B(xo,p),E)
and w € CZ(B(xo,p),F), satisfying A*(-,D)w = 0. We will denote @y, (x) := @(x —xq), wy,(x) :=
w(x—Xx0), Ay, (x,D) := A(x —xo,D) and A} (x,D) := A*(x — xo, D). Note that A*(-,D)w = 0 is equiv-
alent to A% (-, D)wy, = 0. Due to translation invariance in #” and Sobolev norm, we obtain
IAC,D) Fwilpr = [[Ax (D) Py F Wi [l

CllAx, (-, D) @x, [l o [Weo llwm-14
= ClACD)ollp Iwllwn-1a-

Let P: Q — E a polynomial of degree at most m — 1 such that A(-,D)P = 0 on U, also to be

IN

adjusted later. In fact, by the homogeneity hypothesis, A(-,D)P = 0 for all P € Z£_|. Then, we may

write

v AGDI I = [ 40D W3] - (6 - Py

B(x,t)

55
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Indeed, by definition of convolution,

Vs AGD)D + () = wixlyrA(D)] ()
- / (= y()] -+ A D)o (v)dy

= [ =) -+ AD)(O ~ PY0)dy
— tiN A*(y,D) {y/ (?) v(y)} £ (¢ —P)(y)dy.

B(x,t)

Applying the product rule under assumption A*(-,D)v = 0 and using the uniform local boundedness

of the functions 9%a}, and 9%y for 0 < |@| < m, and taking 0 < t < 1 we may estimate

Wi ACD)O ]| () S /B( 3 |ayv<y>|> 6() — PUY)]dy:

0<]yl<m

where

Cly)i= max sup { (14197} |,-)0°wi(2) }.
al<m cRrN
0<y,6<a
Now, fixed p,q and r satisfying the hypotheses, take 1 < 8 < gand 1 < 8’ < p* satisfying B’ < 8

and 1/B+1/B’ =1, where p* := Np/(N — mp). Thus, by Holder inequality

€
7

pow
* [A(x ‘F V| (X ! v — B '
@ +[ACe.D)O P V()| S /B . (0<;<m|ay (y)l) dy [ /B (m|¢(y) P()| dy] :

Since /N = |B.|'/B|B.|'/F'|B}| " we can write

1

B B
[+ [AC. D) -5 ]| () £ f( L va) . [][

0<|y|<m

which implies that sup |y;*A(-,D)¢ -v|" (x) is bounded by

O<r<1

b 5 B
Cly) | M ( y |mv|> (%) [sup f dy] ,
0<|y|<m 0<t<1J B

where M is the Hardy-Littlewood maximal operator defined in (I). Integrating on R" and using

L [0 (y) —P(y)]

tm

Holder inequality for gr—! and pr—! (since gr—!, pr~! > 1 and 1/r = 1/p+1/4), we have the control

(3.1.1)

r 5 1
IACDYG il <MD F, / supf
LB \ JRN |o<t<1JB [T
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B
WhereDﬁv::< ) |87v|> . Indeed,

0<|y|<m

D)0 ol 5 | [ Brom) i ]
L/ RN

_ 1 B\ B
/RN (Oi?glji; t—m[¢(y)—P(y)] dy) dx

. [M(Dﬁv)(x)]gdx]"
LJRN

L] s f
RN | 0<t<1J B

Now, we will use the boundedness of M in L%, since 1 < B < ¢. The first term on the right-hand

SIS
hSTh

1 B’ B’ g
Lo —P(yn\ dy] dx)

tm

side of inequality (3.1.1)) without the exponent r can be estimated by

BI|F
< ( ) Wvl) =
0<|y|<m L%

In order to conclude the proof of Theorem A, we need to estimate the second term on the right-hand

| —

1 (D2v) |I”
L

Y, |on|

0<|yl<m

S Vllym-14 (3.1.2)
L4

u\e

side of (3.1.1). This follows from a fundamental inequality that holds for scalar local Hardy-Sobolev

spaces and is an ersatz for [13, Lemma II.2]:

Lemma 3.1 (Fundamental Lemma). Let m € N <p<¥ o and o € [1,p*). Then, there exist a

’ N+m
constant C > 0 and a polynomial Py; y € &1 such that the estimate
@ 1%
[ Lo £ {0 -rasol} o] as<cir., (313)
RN 0<t<1 t

holds for every f € C=(RM).

For now, let us assume this lemma and conclude the proof of Theorem A. Using Remark
stated next (for @ = 8’ and a = p/B’) and the fact that the supremum of the sum loses to the sum of

the supremum, we obtain

L] s f
RN | 0<t<1J B

s

B’ B’ "E | B’
tz[fb(y)—P(y)]‘ dy] dx < /RN _oilzlgl]{erj):ltm [0;()—Pi(y)]| dy| dx

[\
=fs

_nE ﬁ/
/RN Y sup ]ﬁl tim[fl)j(y)—l’j(y)} dy| dx

_j:10<t<1

X

=fs

1 B
S Z - qu]ﬁl t—m[fl)j(y)—l’j(y)} dy| dx.

X
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Now we can apply Lemma@ for each component in the previous sum, choosing Pj = Py, ¢,. Thus,

ng
y / sup ][
j=1JRN [0<t<1/B;

By the inequality (2.3.1)) proved in the previous chapter, there exist a ball BS = B(0,p) for p
sufficiently small and a constant C = C(B, p,N,m) > 0 such that

= 10,00 -] dy] dx < CY 10515 < 191
j=

1
)4

/ [pf {1001~ Pusl} dy] ar| <ClACDYlw, G4
RN B

O<r<1

for all ¢ € C;"(Bg,E). Plugging the inequalities (3.1.4) and (3.1.2)) at (3.1.1)) we conclude the proof
of Theorem A.

]

Remark 3.2. Let h € C°(Q,E) and a > 0, then there exists a positive constant Cy ., independent of
h, such that

ng
[A(x)|* < Camg Y ()"
j=1

Note that this is a simple but technical remark. In fact, it follows by Holder inequality that

b ng
< Chng Z |Wj|b7
=1

ng
v
=1

for all w = (wy,...,wn,) € E and b > 0, in which ¢, = 1if 0 < b < 1 and ¢p,, = (ng)?~1if b > 1.
For each a > 0 we denote b = a/2, then

a/2

ng ng
R (x)|* = < Cpp Y )P = cang Y 1R (011
j=1 j=1

Y ()2
=1

The remainder of this chapter is devoted to proving Lemma 3.1]

Proof. For each f € C2(RY), x € RY and 0 <t < 1 consider Py, (y) := (f, Po(x20)(¥,*)) the poly-

nomial of degree at most m — 1 given by the Lemma|[I.58| and define the sublinear operator
1

o o
1) = sup ¢ dyy
O<r<1 B(x,t)

for fixed 1 < o < p*. Rewriting the inequality (3.1.3)), it is sufficient to prove that

tim [FO) = Pes f ()]

| TP dx <Clf g Vo € CTRY), (3.15)
]RN
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Firstly, let us consider m < N, 1 < p < ¥ and denote = p— | p|. Since f € L} .(RV) and 9P f € h?,
for all |B| = m, it follows from the Theorem[2.2] with T = 1 that

« \h ;
0 ) (1),
B(x,t) B()C,l‘)

for any 1 < y < p. Applying the supremum for all 0 < ¢ < 1 we get the pointwise control

L) = Poa s )]

tm

TF(x) < [M(D" ") (x)]7 .

Thus, using the boundedness of M in L% (]RN )s

Ty % || AR, = I AD" AN,
< D" A1 gy = 107y
obtaining (3.1.5).
For the second and more extensive part of the proof, we need to prove for the case . < p <

min { I, %} Note that this case includes both N < m and m < N. Consider J,,, the Bessel potenual op-
erator defined in Example and denote the sublinear operator 77 := T oJ,,. Writing the identities
f=Jngand D" f = (D" oJ,)g, by Proposition we have

1F llpme = Z 1D £l = =Sl = (=m0 Tl < gl

since pseudo—differential operators of order zero are bounded from 47 (RY) to itself for 0 < p < 1.
Thus, to obtain it is enough to prove the existence of (uniform) C > 0 such that for every

compact subset K C ]RN the control
[ITsl av<clglf, veecs@ 5.16)
K

holds. Indeed, suppose that (3.1.6) holds for all K CC RY, denote & (x) := |T'g(x)|” and hy,(x) :=
h(x) Zp(o,n (x) for each n € N. Thus, by Fatou Lemma, we have

/ ‘T’g(x)‘pdx:/ h(x)dxglimsup/ hy(x)dx < C|\g||}»
RN RN RN

n

and then
[ rseras= [ |1'st0) dx < Clislfy < 11
proving (3.1.5).

The proof of (3.1.6) follows by two fundamental steps. The first is the reduction of the estimate

to the case in which g is a bounded h”-atom, i.e. there exists a uniform constant C > 0 such that

/\T’a(x)\”dxga (3.1.7)
K
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for all a h”-atom (see Sections|1.2.1}and [2.4.3]).

This point is crucial, since there is an example of a linear operator uniformly bounded on standard

atoms but that cannot be extended for Hardy spaces (see [[10]). In the same spirit presented at [24,

Appendix Al] we state the following result:

Lemma 3.3. Given f € C(RY) there exist a sequence of functions f, € (C" N h?) (RY) and a uniform
constant C > 0 such that

(D) | fullw < ClLfllae:
(ii) i \[T"(fu = f)|| ) = 0. for all K CC RY;
(iii) |T" full oy < C UL N

The estimate (3.1.6) follows directly from (ii) and (iii). Indeed, assuming the previous lemma,
given g € C° there is a sequence {g, }, in C/* N A? such that

/K Tg()Pdx < /K 17" (g0 — ) ()| P+ /K I7'(g) ()| dx
/ 17" (g0— ) ()| dx + / IT'(g) ()| dx
K RN

< ||T/(gn —-g) Hip(]() +C “gHZp .

IN

Applying the limit n — oo, we obtain [, |7"g(x)|” dx < C||g||7».

Let us prove Lemma 3.3
Proof. It follows from Proposition that given f € C°(RY) there exists a sequence of functions

fu € (C™ N AP) (RN) such that (i) holds and lim || f — f||a%» = 0. We also claim that
n—oo
lim 7'(f, — £)(x) = 0 (3.1.8)
n—oo

uniformly over compact subsets K C RV that implies directly (ii). In order to prove (3.1.8), it is

enough to show that the sublinear operator

7= g (f, (s rol o)

satisfies sup 7’ f(x) < C|| f|| - By the inequality (2.2.2) applied for J,, f and the boundedness of the
K

1/a

pseudo-differential operators D™ o J,,, of order zero on Holder spaces (see [4]]), we get
T'f(x) < D" 0 dnflle= < ID™ 0 T fl[ar < C|lfllaw

for all x € K CC RY. For a moment, we assume the validity of (3.1.7) in order to prove (iii). Since

fn € C™(RY), we can decompose f, as a finite sum of smooth bounded h”-atoms, namely f, =
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):’,z”: | Menti p satisfying Yy [Ag o7 < C|| f||n» with C > 0 independent of k and n (see the discussion in

Section [2)). Thus,
k

1T fullZr < Y 1A
k=1

N7 an

1 <C Il

]

Hence, the last step to complete the proof of Lemma [3.1]is to show the inequality (3.1.7). This

uniform control, however, will be proved in the next section.

3.2 Uniform control of 7’ on atoms

Let a an h”-atom compactly supported in a ball B = B(xo, r) defined in Section[2.4.3| which means
that a follows the standard Definition but it has more moment conditions, that is, if » < 1 then

xPa(x)dx=0,
RN

for all B € ZY satistying || < m — 1, instead of || <N, = [N(p~! —1)], since N, <m— 1.

Without loss of generality, we may assume xy = 0. Indeed, suppose that
/ |T'a(x)|"dx < C, (3.2.1)
RN

for all a h”-atom supported in ball B(0,r). Given b an hP-atom supported in ball B(xp, ), we denote
d(x) := b(x —xp). Clearly a is also an h”-atom satisfying (3.2.1)) (due to translation invariance) and,
therefore, the uniform boundedness holds for all #”-atoms supported in ball B(xy, 7).

Let us prove the inequality (3.2.1)). Consider first |x| < 10r and set b := J,a. It follows from the

inequality (2.2.2) that
1 1
o o a
dy> < (f |D'"b<y>|ady> ,
B,

(4

forall 1 < a < p*. Taking the supremum for all 0 <7 < 1, we get

tim [6(y) = Py p(v)]

1
T'a(x) < [M(|D"b|%)(x)] .
Hence, if @ < B < o then we have

1 ] 1 1
D™ )] s = IMOD"B*)|1% S [1D" B 5%,

= [1D"Imalls < llalle

1 1_1
< -ty < A6,
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where the second inequality follows from the fact that D™ o J,, is a pseudo-differential operator of
order zero and, by Remark , it is bounded in LP for any 1 < B < co. Thus,

1/p L 1/B
/ Tarax | <~G5) / T a(x)Pdx
|x|<10r |x|<10r

N(Ll_1 "
<G8 ooy e, < 1,

uniformly for any an A”-atom. We point out that only the size condition of the atom is required in the

previous control.

Moving on for the set |x| > 10r, we will distinguish atoms according to the support B(0, r), since

atoms with r < 1 are HP-atoms, thus satisfy moment conditions, and atoms with r > 1 do not.

Recall that the kernel of Bessel potential K, (y,z) € S'(R") is smooth off the diagonal and, by

Theorem [1.34] satisfies estimates

sup |DEDEK, (1,2)| < Cogly—2 MM,y o2z (322)
lae|+[Bl=M

for all M > m — N and

DEDP K (v,2)| < Copors (3.2.3)

sup [y —z|*
ly—z|>1/2

for any o, f € ZY and L > Ny g € N. If an hP-atom a(z) is supported in B(0,r) with r > 1, a
consequence from (3.2.3)) is that there exists N,, € N such that, for any L > N,,, there exists a constant
CNm,L > 0 such that

sup |D"b(w)| < Cymz r 7 N ™L, VO <1< 1and |x| > 10r. (3.2.4)
WEB!,

Indeed, let us prove that affirmation: for y € B(x,#) and 0 <7 < 1 we have
=l <1 <1< ol = bl > — =] > o
y—x Sr<ioh V> =le=y> 5l

and, for |w| < r, it follows

y—wl > = W] > x| — > 2]
y—w| =y w 1Ox r 5x.
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Thus, we can apply the control (3.2.3) and

ID"b(y)| =

/ D" Ky, (y,w)a(w)dw
B(0,r)

IA

| i Ka(wiatn)a
B(0,r)

IN

lall,- / DKo (o)
r

)

AN

1B(0,r)[ 7 / DKo (o) dw

)

1 1
CrmlB(O,r)| 77 / ————dw
B(0,r) y—w|

5C 1 1
L \B(0, )| / L
B

4 (0,r) ’x’L
i AN(1-5)
N CL7m|B(O,")| ”W =CNm.L T7

A

IN

for all y € B!, proving the inequality (3.2.4).
Applying again the inequality (2.2.2)), by the previous affirmation we have
T'a(x) = | sup ][
|0<t<1 | /B(x1)

1
o ]
- i N
R
o r’
sup ][ ID"b(y)|"dy o | S
[0<r<1 | /B(x) x|

/ T a(x)|Pdx < r(N_L)p/ Lde
lx[>10r x=10 [X|"7

where the estimate is uniformly bounded for r > 1 choosing L > max{N + m,N,,}. Indeed, since

1

2 [D0) = Perp(v)]

AN

that implies

p> ]\%,ifwe take L > N +m we have L > N/p. So N —Lp < 0 and p(N —L) < 0, because

L>N+m=L>N=N-L<0=p(N—-L)<O.

Then,
1
T'(a)(x)[Pdx < rN(pl)/ —— dx
[, @t o T
S rN(pfl) |SN71| Ooprlprdp
10r
N-L
= A= gN-1y _(aon)™
N—-Lp
< rN(p—l)-i—N—Lp

= WL <,
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Continuing, assume now that a(z) is an hP-atom supported in B(0,r) with r < 1 that satisfies
the moment condition [y a(z)zPdz =0, for all |B| < m — 1. Fix wy and denote P, k,, the Taylor

polynomial of degree m — 1 of K, centered at wy, thus

| Kin(w) = Py, (W) S [w —wo|” ‘S‘up |07 Kn(wo)|,
Yl=m

for some wy € [w,wy]. For each y € B(0,10r)¢, we consider wy :=y and w := y — z with z € B(0,r)
then by (3.2.2) taking M = m and reproducing (3.2.4) we have

~NiN+m
r pr
o) < / @ s Rz $ T (3.2.5)

wely—zy]
: ~NiN+m —-N
for all [y| > 10r. More than that, next we will prove that |b(y)| Sr » ly|~", for all |y| > 5r.

Let us prove the inequality (3.2.5)), for all |y| > 5r. First, note that if y € B(0,5r)¢ and z €
supp(a) C B(0,r) then

5
ly| < Z\w\, forallw € [y —z,y]. (3.2.6)

Indeed, if w € [y — z,y] then there is a s € [0,1] such that w = sy+ (1 —s)(y —z) =y — (1 —s)z and,
by the triangular inequality,

v _ 4+s 4
wl > y|=[(1=5)z] > [y|—=(1—=s5)r > b"—(l—s)? > >

By the moment condition of a,

1
/B (OJ)Py,Km(y—ZM(Z)dZ = /B o (ﬂ;_lﬁaw(m(y)(_z)y) a(z)dz

-1
= Y —!87’Km(y) < /B o) (Z)”a(Z)dZ)

ly|<m—1

= Y _—'1(97Km(y)0 =0.

ly|<m—1
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This way,

Kn(y—2)a(z)dz

=
S
<
-
I
o
=
=

I
SN

Ky — 2)a(z)dz— / o P a2

(0,r)

a(z) (K(y—2) =Pk, (y—2))dz

I
o
=
<

la(2)| [K(y—2z) — Pyk,, (y — 2)|dz

—~
o
S
N

Y LR (v (-2 ez

17y, Km
yi=m 7*

la(z)]

—~
=
S
N

sup {|D"K(w)|}dz
WE[y—z,y]

~ 1
0 la(2)| Gnl2™ es[up } {—|W|m+Nm } dz, by the control (3.2.2)
, wely—z,y

1
W@ sup {W}dz.

(0,r) we[y—z,]

IN

12

IA
S — 5 — 5 5
=l
s
&
o
3
2
e

And, by the estimate (3.2.6),

rm

1
b(y)| < / a(z)||z]" —<dz < —= ||al|;~ |B(0,r
| ()| BmJﬂ ()H ||ﬂN |ﬂN HHL |( )

N
m—=5+N

r’m -1 r
— IBO,r)] P S ——,
[V y|N

concluding the inequality (3.2.5)), for all |y| > 5r.

Similarly, we will prove that for each j € N

N
r—;+N+m

for all [y| > 10r. (3.2.7)



66 Chapter 3. The proof of Theorem A and consequences

Indeed,
Dib(y)| = /B DIy (y—n)a(n) dn
= o, PRty miatmian [ R (5 mjatm)
= /B ) (D'K(y—n) =P, pig, (y—1)) dn
< [ LK) = P )
< [, il e s (DK ()]} dn
B(0 we[y—1,y]
S/ m)|.n[".cm.  sup {%} dn, by Theorem |1.34
wely—ny] Lt
1
~ n|™. sup { }dn
/ k- wely—na) LW
m 1
N / m|-In| HNﬂdn
< ||N+, lall = [B(O,r)]
< g BN
- rm—;-i—N
~ N

Next, our goal will be to prove the following global estimate
b(y)| = [Ima(y)| < r_T“m, for all y € RY. (3.2.8)

In a first case, we will consider m < N. The control (3.2.2)) for M = 0 implies that |J,a(y)| < Lnlal(y),
for all y € RV, where Iyf = f* |y|’(N ~7) is the Riesz Potential (see Section . We apply Propo-

N
sition|1.47|for B > 1 and ﬁ*:ﬁ—,then
N—mp
B
ma)| < n(la)3)] S Mlal(y)]F all,
B 0B No_B
< lallf2 afl = 3 0E)
= Jall- " < r7?+m, for all y € RV,

Now, we consider the case N < m. Applying the Theorem[[.50] j times for p = 1, where j =m—N +
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1 > 1, and applying the item (e) of the Theorem we get

)| <

o
S
<

| |Kin(y,2)a(z)|dz

/ Kon(3,2) 2
B(0,r)

P / \D/Kon(y,2)|dz
B(0,r)

rj_lf\”/ ! dz
B(0,r) \y—z|

N
= Iy 1(Xpo,)()-

Sz

S

AN

A

Again, by the Proposition|1.47, we have |Iy_1(Xg(0,1) ()| < [Xp(,)llz= 7. Thus,
b(y)| < PN f%er, for all y € RV,

concluding the inequality (3.2.8).

Next, we can see that the estimate (3.2.8)) may be combined with (3.2.5)) to yield a new global

estimate, getting

r—%—FN—b—m N
b <C—— for all R™. 3.2.9
b(y)| < e orall y € ( )
Indeed, for y € B(0,10r)¢, we have
1
>10r = < —
y| > 10r r< g ||
S r <k
’/‘ R
N 1 < 11 1
ly[ ~ 10 r+|y|

R (11>N 1
yM = N10) 0 (e DY
Thus, by the estimate (3.2.5)),

1\ rm7%+N
1_0) (r+1y)N’

()] < ( € B(O, 10r)".

Now, to the other case when y € B(0, 10r), we have

y| <10r = r+y| <I1lr
1 r

<
11~ r+|y|

= I r
LIN = (r4[y)V

=
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By the inequality (3.2.§),
N
) < M
v 11V
= r R
11V
S Rt .
(r+1[y[)
N rmf%+N .
= 11 W, lfyGB(O,l()r)
and we conclude that
rm—%—i—N
b(y)| < c—-, forallyeR",
PO G
proving the inequality (3.2.9). Finally, we can also conclude that
r7%+m
b(ry)| < C——x, yERY, (3.2.10)
(1+ DN

After all these estimates, let us go back to the proof that |, B(0,107)¢ |T'(a)|P < 1. For this, consider
now |x| > 10, thus

1

« o
T'(a)(rx) = Sup ]i — Pt ()] dy”]
<t< rxt
1
o o
= Osupl ]i Prx,t.,b(ry)] dy]
<t<
41
1 o a
< sup f ()~ By ()| dy
O<t<")‘| |/B(x.})
)
_ o 1
1 a
b 3 b0) < Pagsl)]| dy
il op | L/B(E)
(1)
Analogously to the previous arguments, we get
_N
<L 32.11
OB e (3.2.11)

reinforcing that y € B(x,/r) implies that ry € B(0,5r)¢, so we need to apply the estimate (3.2.5) for
all B(0,5r)¢ to conclude (3.2.11)). Indeed, we are in the case where |x| > 10 and ¢ < % SO

= ==y = ==y = !x!—- [x !— =5 25 (3.2.12)
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Thus, we can apply the inequality (3.2.7)) for j = m, getting

Mzw)

1 1

o o B o
dy] < Cp ][ ID’"b(ry)I“dy]
B(x’

Bx,t) | lry[Nm

[0

S B(r) ~ Bres (1)

o o

A
{3

RI—

N

oo
Blxt) [V

A
{3

< Cur 7 ][ Ll
< rov. —| dy| .
" B(xL) | Y[V T
Note that, by inequality (3.2.12), |y| > |x|/2, so
. 1%
1 o
(1) = sup [][ o Nz (b(ry) = P (1)) dy]
0<t< B(x.})
N 1 o é ri%
S ororoosup ][ (Tm) dy = e
0<t<Hl B(xt) \ [ x|

concluding (3.2.T1).

To estimate (II), note that

(II) = r ™ sup [][
x| B(x,t)

1
ISy
1

< |x|s<u£1{;m+2ﬁ (Hb(r')||L°‘(B(xJ))+HP’xv"tvb(r')HLO‘(B(XJ))>}.

()~ Preye ()]

We will prove that

. N
@ Mb)@y ST 7

N
m—N
ror

MN(=5)

G ([P, (r) | ey [1+logz].
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Indeed, it follows from the inequality (3.2.10) that

1
1O ey = (/ |b(TY)|adY>
B(x,t)
m—-Y 4N o
< / AR RN
B(x,t) (r+ ’ry|)N

5 (o Gom) )

RI—

IN

Since o > 1 then

Lo () @ = g i Lo, g
ry \ (14 Y)Y B(0rg) (1+[y[)Ne B(0,r)c (1 [y[)Ne
1
< 15O+

—_dy
B(0.rg)c (14 [y)N*
= pN-I

< |B(0,r9)] —|—cm./ o dp < oo,

ro (1 _i_p)N(X

proving (i).

Since P00 %

|f(w)|dw, for all y € B(z,s), and / v dw < logs then
0(z,2s)

B(zs) (1+[w])
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1

||Prxrtb HL“ B(x,1)) = /B(xr)lprx,rt,b(ry)’ady>

1 / ’
= |5 [P p ()% d5
v B(rx,rt) e

a @
L N
< | = b(z)|dz | dy
N B(rx,rt)( Q(rx72rt)| ()| ) )
1
B(rx,rt)|a
- Ble=plt N” L. o
rx2rt
|th
|Q rx, 2rt | rx2rt ’dz
BOlE /
_— b(rz)ldz
002" Jouan P9
=1
~ b(rz)|dz
N-%) Q(x,2t)|( )
<1 / LA
S NGD) Jopa (Il
7 |
- dz
tN('—éJ/(xzt (14 [z[)¥
m N
< P / 1
 NO=2) SN (1+|Z|)
m_N
<
< tN(lié)log[(N-l—l)t]
m_N
= " 4 10gd]

proving (ii).

The estimates (i) and (ii) imply

(I < r™m s : g i [1+41log!]
r u r
~ 4l pl Yy AN(=2) &
2

and, therefore

(3.2.13)

1 1 +log|x]|
e ey
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This way, by the inequalities (3.2.11)) and (3.2.13)), we have

/>10 ‘T/(a)(xﬂpdx =/ |T/(a>(rx)‘pdx

|x|>10

P
1 +log |x| 1
+ dx < oo,
/leo ( N

N
since the hypotheses N/(N+m) < p and a < p* imply and (N +m)p > N and (m—i— a) p>N.

Lastly, for ¢ = 1 we may choose y > 1 and then by the inequality (2.2.2)) we have
/ 1
T'(a)(x) < M(ID"b]") (x)]7
and the proof follows is bis idem except now we will have

m_N
(i) [[(B(r )l By S 7 7 logt;

m

(IV) ||P”x7”7b<r')HLI(B(XJ)) 5 r _% [1 +10gt]

Indeed, it again follows from the inequality (3.2.10)) that

rm—%—O—N N 1
b(r- . :/ b(r d§/ ———d grmp/ ——=dy.
H( ( >||L1(B( 1)) B(x) | ( y)| Y B(x,) (V—|— \ry!)N Y B(x,t) (1 + ’yDN g

)

. m— .
Since fB(m) Wdz S logs, then [[(b(r)[| 11 (p(sy) S 7 logt, proving (iii).

As before, since |P, ¢ (y)| < ][ | f(w)|dw, for all y € B(z,s) then

0(z,2s)
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”Prxrtb HLI B(x1)) /B(x’t)|Prx7rt,b(7y)|ady

1 Al g
- N | Prare b (F)| dF

B(rx,rt)

< —/ (f b <~>rdz> d
B(rx,rt) (rx,2rt)
(rx,rt) |][ (2)|dz
= <
(rx,2rt)

\th (2)[dz
= Z
’Q rx, 2” ’ O(rx,2rt)

—rN/ b(rz)|dz
N Q(x72t)| (rz)]
/ |b(rz)|dz
0O(x,2r)
m—=—+N
< / RANARY
o) (r+1rz|)
m_N/ 1
= r p —_—
0(x.21) (1+|Z|)

r _/ L dz
Blx(N+1)) (1412

"0 log[(N +1)1]

= rm_%[l—l—logt],

12

12

=

IN
hS]

N

proving (iv). Now we have

< o L (Y g
) < r SUp ¢ g 7 rlogr+r" r[l+logi]
IXI

<t<
-8 o {1+210gt}
= r u —_—
m<t<l tN+m
2 r

N (14 2log|x]|
= r P _—
‘x|m+N

and, therefore

/||>10 ]T/(a)(x)‘l’dx = & |T/(Cl)(rx)]pdx

|x|>10

1+1lo p
(et e
[x|>10 x|

by hypothesis N/(N +m) < p.
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Remark 3.4. An observation to be made is that the hypotheses required about B and B’ throughout
the proof still assure us that the exponents p and g satisfy the hypotheses of the Theorem A.

In fact, throughout the proofs we assume that §,5' > 1,8 < ¢, 1 <’ < p* = Nﬁ’f;p, B’ < B and

l%%—ﬁ:l.Weneedthatl—lj—f—%]<1+]mV,NL+m<p§1n—\;andq21.

(i) Since B/ < p* then ﬁ — ¢ >0and

1<1<1+<1 1)_1 L, (1 m>_1+m 1

g B B \B p p* p N N p
1 1

Then,[;—|—5<l—l—1"—\}.

(i1) Since %I > 0 then, by the previous item,

This way, p > NLM
(iii) Now suppose by absurdity that ¢ < 1, then B < ¢ < 1 implies that [13 > 1. Furthermore, ' >
1>0= g >0. So,
1 1
=+=>14+0=1,
BB

and it is an absurd. Therefore, g > 1.

Remark 3.5. After finishing the proof, it is worth noting that in the case where 1 < g < N, it follows

Jfrom Poincaré inequality and Theorem A that the estimate
IAC,D)¢ -v]lr < ClIA( D)4 [ID™ V]| 1o

holds for any ¢ € C>°(U,E) and v € C*(U,F), satisfying A*(-,D)v = 0, in the sense of distributions.

3.3 Nonhomogeneous estimate of Theorem A and applications

We start presenting a nonhomogeneous version of Theorem A where the assumption A*(-,D)v =0

(in the sense of distributions) is removed.

Theorem 3.6. Let A(-,D) an elliptic homogeneous linear differential operator as before on Q C RV,
with order m > 0 and let r, p,q satisfying

L<p§]l,, 1 <g<o and l = l—f—l<1—|—@.

N+m m r P q N

Then for each xo € Q there exist an open neighborhood xy € U C Q and C > 0 such that
JAC, D) £ vl < CIAC D)l (IVllwm-14 + [|A"(-, D)V 1)

forany ¢ € C2(U,E) andv € CZ(U,F).
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Proof. As in the previous case, let y € C2(B(0,1)) with [y =1and y;(x) := t Ny (x/1),0<r < 1.

Following the notation of Theorem A, we may write

VA0 )W = [ 40D) [y =) V0] £ (0~ PO)a

B(x,t)

where P is a polynomial of degree at most m — 1. By the uniform local boundedness of the functions

89a:‘x and 9%y for 0 < |0| < m, and taking 0 < ¢ < 1 we have

WA D)o ) 5 50 [ ( ) |ayv<y>|+|A*<y,D>v<y>|> 9() — PO,

0<|y|<m

and the conclusion follows is bis idem as before. O
In the next two subsections, we will see that the Theorems A and extend two particular cases:
(i) Whenm =1 and A(-,D) = V ¢, as in the Example|1.3.3| extending [24, Theorem Al;

(ii)) When A(-,D) = (dg x,d’% ;_,), where {d ¢ ; } is the pseudo-complex associated with ., ex-
tending [24, Theorem B and C].

3.3.1 Application 1: elliptic systems of complex vector fields

Let £ :={Ly,...,L,} be an elliptic system of linearly independent complex vector fields with
complex smooth coefficients defined on Q for N > 2. As already seen in Example [[.3.3] the gradient
operator associated with . given by V. = (Ly,...,L,) is an example of an elliptic linear differential
operator A(-,D), form =1, E = C and F = C". Furthermore, its formal complex adjoint operator,
defined for v € C*(Q,C"), is given by:

divg-v:=Livi+Lvo+ ...+ Lv,.

As a direct consequence of the previous nonhomogeneous version we extend the [24, Theorem

Al], stated as follows:

Corollary 3.7. Assume that the system of complex vector fields {L1,...,L,} is elliptic on Q C RN
and let p,q satisfy

N <p< 1l<g< 1'_1+1<1‘|‘1
N+1 p ’ 4= r’p g N’

Then for every point xog € € there exist an open neighborhood xo € U C Q and a positive constant
C > 0 such that

V29 -viiw <CIV.20lnr ([V]lne + l[divgviin), (3.3.1)

holds for any ¢ € C*(U) and v € C(U,C").
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3.3.2 Application 2: pseudo-complexes associated with vector fields

First, let us present the basic notation used in the subject of pseudo-complexes associated to the
system .Z. Denote by C*(Q, A*R") the space of k-forms on R” with smooth complex coefficients
defined on Q and 0 < k < n. Each f € C”(Q,AkR”) may be written as

f=Y fdx;, withdx;:=dxj A-- Ndx;,
|T|=k

where f; € C*(Q) and I = {iy,...,ix} is a set of strictly increasing indices with iy € {1,...,n}, for

0=1,..,k

Fixed a system of complex vector fields ¥ = {Ly,...,L,}, consider the differential operators
dg i C*(Q,ARY) s C(Q, AFTIRY)

defined by
n
dyof =Y (Ljf)dx;,
j=1

for f € C*(Q) and foreach 1 <k <n—1

doif:=Y, dyofr)dxr="Y Y (Ljfr)dx;Ndxp,

|T|=k [I|=k j=1

for f= Y fidx; € C*(Q,A'R").
1=k
We also define the dual pseudo-complex d*%, , : C=(Q, A¥TIR") i C=(Q, AFR"), for 0 <k <n-—1,

determined by the following relation for any u € C°(Q, AKR") and v € C°(Q, AFFIR™):

/dg}ku-\_z :/u-d}kv,

where the dot indicates the standard pairing on forms of the same degree. This is to say that given

f= Z fydx;, one has:
\J|=k

dyf =Y, Y Lifidx;Vdxy,
|J|=kjeJ

where, for each j, € J = {ji,..., jx} and £ € {1,...,k}, dx;, V dx; is defined by:
dx;, Vdxy = (—1)Fdxy Ao Adxj, | Ndxj, A ... A\dx;,.

Now, suppose that the system .Z is involutive, then the chain {d ¢ s }, defines a complex of differ-
ential operators associated to the system .Z, which is precisely the de Rham complex when n = N and
L= 8xj (see [S] for more details). In the non-involutive situation, we do not get a complex in gen-

eral, and the fundamental complex property d ¢ ;41 0d ¢ = 0 might not hold. On the other hand, this
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chain still satisfies a “pseudo-complex™ property in the sense that d ¢ x| od ¢  1s a differential of op-
erator of order one rather than two, as it is generically expected. We will refer to (d ¢ x,C* (£, AFR™))
as the pseudo-complex {d »} associated with .Z on Q.

Furthermore, we can also define the operator A; : C(RY, AKR") s C= (RN A¥R") given by

A=dgr1dy+dydey,

with 0 < k < n and considering dj‘g _1 =dg, =0 for the case k =0 and k = n. Note that if f €
C= (RN, AFR™), then Ay f also belongs to C**(RY, A¥R") and can be written as

Acf =Y, (Acf)idx;.

|=k

Lemma 3.8 (Lemma 3.1, [30)). Let f = Y fidx; € C™(RY,A*R"), then
|I|=k

(A )1 =Dz (f1)+ Y, YL L] fropu—gh-

jel el

In particular, if . is a system with complex constant coefficients then [L;,L;] =0, for all j,{ €

I and (Avf)r = Ag(f7), for all |I| = k. Thus, by denoting Ay f = Z Ay (f1)dx;, where f €
=k
C= (RN, A*R"), we conclude A o f = Arf.

Proposition 3.9 (Hodge decomposition). Let .Z be a system with complex constant coefficients and
f € C(RN,AKR™), then there are g,h k-forms satisfying dy g =0and dy, h =0 such that f =
g+h.

Proof. Consider the operator Ay = d o j_1dy | +d do ) as before. By the previous Lemma,

since the coefficients are constant we get A f = A ¢ f, for all f k-form. Thus,

f = O*xf=AgExf=Ag(Exf)=ME=xf)
= dypdyi (Exf)+dydy (Ex*f)
= g+h,

where FE is the fundamental solution of A . Furthermore, note that

der8=dyidgiildy (Exf)]=0

and

Ay h= dy; 1dylde i (Ex[f)]=0.
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In particular, passing through an isomorphism, we can see d » g as V ¢ and d’ , as div ¢+ . Thus,

all f 1-form can be written as f = g+ h, in which

g§=dgoldyo(Exf)]=Veldy (Exf)]

and

div g+h = d}ph = djgpdjim [d.,iﬂ,l (Exf)]=0.

Therefore, each f vector fields can be written as f = h+V ¢, in which divg«h =0 and ¢ €
C=(RY). We will return to this discussion in Section

Now, let £ := {Ly,...,L,} be an elliptic system of linearly independent complex vector fields

with complex smooth coefficients defined on Q. Consider the operator
A(+,D) = (dg 1, dp s 1) : CT(QAR") — CZ(QATRY) x €7 (Q, AR,

for 0 < k < n. Here the operatord ¢ _1 = d} _, 1s understood to be zero. From [30, Lemma 3.1] the
operator A(-, D) is elliptic. It is clear that for (u,v) € C2(Q, A 1R") x C2(Q, A*~'R") we have

A*(',D)(M,V) = djf,ku—i-df,kflv'
As a direct consequence of the previous nonhomogeneous version, we have:

Corollary 3.10. Assume that the system of vector fields £ = {L1,...,Ly,} is elliptic and 0 < k < n,
and p,q,r are as in Theorem A. Then every point xo € L is contained in an open neighborhood U C

such that the estimate
lde 19 -vi+dz i -valw <C(ldg xdllw +1ds j_19ln) ([Vlin+ | de illn +lde x—1vallna) -
holds for some C > 0 and for every ¢ € C>(U,A*R"), vi € C2(U,AM'R") and v, € C2(U, A*~'R").
In particular taking v = 0 and v = v; we have
ld.z kvl < C(lldz k@ llww + ds 1@ llr) (IVllne + 1% vl1ne)

for all ¢ € C(U,A*R") and v € C(U, AK*'R"), recovering the Theorems B and C in [24]], where in

the second we assume that the system .Z is involutive.

3.4 Additional remarks

In a natural way, we may expect a global version of the Theorem A in Hardy space in the case

where the homogeneous linear differential operator has constant coefficients. We expect the validity
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of the following result: let A(D) an elliptic homogeneous linear differential operator with constant

complex coefficients in R with order m < N and let r, p, g satisfying

N <1 l<g<oand L= Lyl oy
— o and — (= —+— —.
N+m P=70 154= r’p g N

Then for any ¢ € C°(RY,E) and v € C2*(RN, F), satisfying A*(-,D)v = 0, in the sense of distributions,

there exists C > 0 such that holds

IA(D)¢ £ vl gr < CIAD)Y g [IVllwm-1-

Besides the formal formulation is expected, it is not clear if the proof is a consequence of the
tools presented in the local case. Global controls requires a more sophisticated machinery, with a new

version of Fundamental Lemma in H? (R").
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CHAPTER 4

The proof of Theorem B

In this chapter we will proof Theorem B, the second main result of the thesis stated in the intro-
duction (Theorem [2). The first section briefly highlights how vector fields in L? can be decomposed
into terms that relate to the operators div ¢« and V ¢, defined in Example Next, Theorem B is
proved, assuming two particular cases stated as Theorems and and the next two sections are
dedicated to proving such cases, the first when W =V ¢ ¢ and the second when div ¢+ V = 0.

4.1 Hodge decomposition on div-curl terms

Here we will present a Hodge decomposition for vector fields in the div-curl setting. The more
general case has already been introduced in the context of pseudo-complexes associated with systems

of vector fields, in Proposition 3.9

Lemma 4.1. Let ¥ = {Ly,L,,...,L,} be an elliptic system of complex vector fields on RN with con-
stant complex coefficients. Each'V € LP (RN, C") for 1 < p < oo can be decomposed as

V=V +V27
with V1, V; satisfying div ¢+«V1 = 0 and Vo =V ¢ @2. Moreover
Villee SV Ize, fori=1,2. 4.1.1)

Proof. Using the fundamental solution of A &, we may define V, :=V 4@, with ¢, = E xdiv ¢~V and
Vi :=V —V,. Clearly

div ¢+Vy = divag*Vg(pz = Ag(pz = div o4V,
thus div ¢+V; = 0. The estimate (#.1.1)) follows directly from the boundedness of 9?E from L”(R")

to itself for 1 < p < oo, [

81
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4.2 Proof of Theorem B

In the same spirit of [14, Theorem 5], the proof of Theorem B is simplified by reducing it to
two specific cases of the inequality (9). The first case is a global nonhomogeneous version of the

inequality (4)), namely:

Theorem 4.2 (Case W =V »@). Let & = {Ly,...,L,} be an elliptic system of complex vector fields
on RN with complex constant coefficients with n > 2. If V. € LP(RN ,C") and div o+ V € LP(RN) with
1 < p < oo, then the inequality

IV-Veollm <CUVIp+ldive: Vi) IV29ol
holds for all function ¢ such that V ¢ € LY (RN, C").

The second simplification is a reduction of the inequality (9) for general W € LI’/(]RN ,C") and
div ¢+V = 0, being stated as:

Theorem 4.3 (Case div o+ V =0). Let £ ={Ly,...,L,} be an elliptic system of complex vector fields
on RN with complex constant coefficients with n > 2. If W € LV (RN, C™) and curly W € LY (RM)
with 1 < p < oo, then the inequality

V- Wiy < ClIVIl (Wl + lleurl 2 Wil )
holds for all V € LP (RN C") which satisfies div.¢+V = 0.

In order to obtain the proof of Theorem B, we assume the validity of Theorems4.2]and[4.3] Using
the Hodge decomposition from Lemma4.1| we may write V =V; +V, and W = W; + W, with

div eV = div Wy = 0 and Vo = V 00, Wy = V 01
in the sense of distributions, for some ¢, € L” (RY) and ¢, € L?(RN). Then,
V-W=V-W+Vo - W) +V5-Ws,
and from Theorem 4.3 we have

Vi Wi < Vil (Wl + lleurle W, )
S WVl (Wl +lleurle Wl ,)

since div ¢+V; = 0. By Theorem [4.2] we have

V2 Wil < (Wil (IV2ll e + [ldive Vall1p)
= Wil (IVallpy + ldive VL)
S Wy (VI +ldive Vi)
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since W) =V ¢ ¢; and

Vo Wall S IVall (IWally + ldivg-Wal| 1)
S AVallpe W2l
<

IVl Wl

since Vo =V ¢ @ and div ¢«W, = 0. Combining the previous estimates, we obtain

IV-Wilp < [IVe- Wi+ [1V2- Wil +[[Va- Wal|
S VI (Wl + lleurl e Wil ) + dive. Vi W
= WVl Wl + Ve llcurle Wy + ldive. Vi Wil

getting the desired estimate.

Next we will define a local maximal function on Wl;CI’S(RN ) that we will use in the proof of the
Theorems and Fixed ¢ € CZ(B(0,1)) with ¢ > 0 and [ ¢ = 1, denote for each x € RY and
1 _
t > 0 the function @} (y) := N (2). Given1 <s<ocoand f € WZOCI’S(RN), we define by M{;ﬁl,sf(x)
a local maximal operator as the smaller constant C > 0 which satisfies

7

[(f, 07 (0 — gpr))| <C (7{3( t)!v¢|s'> ,

forall0 <t < 1land ¢ € Wllo’cs/(]RN ). The boundedness of Mé[‘,’i’m on L”(RY) was proved by Dafni in

[14], precisely:
Lemmadd4. If1 <s<p*for1 <p<Norl<s<ooforp>N then there exists C =C(p,s,N) >0

such that ‘Mégil,sfHU < C||f|lyn for all f € LP(RV).

We recall that for each u € W1 (RV) with 1 < p < N there exists a constant C = C(N, p) > 0 such

that
* L* 1
p p P
flnl ) sc(fye)
B B

for any ball B where rp is its radius. This inequality is known as the Sobolev-Poincaré inequality (see

1
E(M_MB)

Proposition [I.52] for a quick proof).

4.3 Proof of Theorem 4.2 (case W =V «0)

Let ¢ be a function such that V ¢ € LY (RN) which is equivalent to V¢ € L (RM) by Proposition
For each x € R and 0 < 1 < 1 we define

D7 (y) == o () (9 (y) — ¢p)
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that is supported on B(x,#). From the definition of div o+ V, we have

n n
(divg-V,®F) =Y (L;V; @) Z/ Vij(CI);“):/ V.V, ®F
j=1 j=17/B(x1) B(x;)

and taking the product

V@i (y) =V [0/ () (90) - 9p,)]

X —

= |0 (1) 00) - )+ 50) V200

that implies

i V.0 = i [ ve[Tee (N 000 om) >

- v [vgq)( ‘y) <¢<y>—¢B;>]dy+<p,*W-
then

o (V-Vgd)(x) = (divg V. @) (4.3.1)
v [ (7o (50)] P00 - 9]

1 1 1
Letl <a<p, 1< <p satisfying P + 5 = I—I—N. Note that B* = a’ and B < N. We point out
that ¢ € L7 ' (RM). In fact, if 1 < p’ < N and V¢ € L” (RV) then by Sobolev-Gagliardo-Nirenberg

inequality ¢ € LP+(RY) with
11111

/

— = = - = =
P o N B N o
that implies o < p, and consequently ¢ € LY. ' (RM). Otherwise, if p’ > N then ¢ € Ll (RY) for any
1 < g < . Applying the Holder inequality and the Sobolev-Poincaré inequality, the second term in

(4.3.1)) can be controlled by
1 o i
(f 00)—0w) dy)
B(xp) | T

HquDIILm/
tN+1 B(xt)
1 B* B*
F o lem-om)| @
B(xp) | T

’
1

I~

V() (0) —op)|dy S

f V()% dy
B(x,t)

SIE

- woro
B(x,t)

B
f oWl (f \w(y)\ﬁdy)
B(x,) B(x,t)

< MV @)= [M(991P) )]

SIE

AN
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where M denotes the Hardy-Littlewood maximal function. From the definition of Mé[‘," 1 (diveg V),
the first term (4.3.1) is controlled by

1

s

|(divg- V,®))| < My°, (divg- V )()(J[ |V¢(y)!s/dy>
B(

s
7

x,t)
SMYE, (divg V) (x )[ (’Vm >( )]

for some 1 < s < oo to be chosen later. Taking the supremum for 0 < ¢ < 1 we have

\‘._.

+ (VI )= M99 )]
(4.3.2)

and to compute the norm ||V -V ¢@||,1 it is sufficient estimate each term in the right side hand in L!

mo(V -V 29)(x) S My, (divse- V)() [M (1V6]) (x)]

norm. Using the Holder’s inequality for the first term, we have

L
7

||M10cls(dw$* )|:M<|V¢’S)i| HLI < ||M10cls(dlv$* )”LI’H[ <|V¢‘ )] H
= g (div V)l I (19017 115,
< Mg (divg: V)l IVl

=

where in the last inequality we used the boundedness of Hardy-Littlewood maximal function since
p’ > s’ that is equivalent to p < s. Note that if 1 < p < N then we may choose some p < s < p*,
otherwise if p > N we choose any 1 < s < p. Thus from Lemma 4.4| we have

1
v (divg V) [ (1Y )] lls S 1ML v V) e V01,
S ldives VI [V0 .

For the second term, we use the Holder’s inequality and the boundedness of maximal operator M

again to conclude that

! 1
3 B 1 1
| (VI = [M(V6IA)| Tl S MOV IV MV 0PI Ey S VI IVl
Combining the previous control in norm L' and using the Proposition we have

IV-Vgolum S lldive- VIwlVolly + VIVl < (Ve + lldiveg: Ve [V2 el

as desired. O]

4.4 Proof of Theorem 4.3/ (case divy+« V =0)

Let V := (V,Va,...,V,) and U; := —E xV;, where E is the fundamental solution of A . Clearly
—Ay U;=V; and Ho'?zUiHU, < C||Vil|;p, for any 1 < p < oo and for each i = 1,...,n. Note that U :=
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(U1,Ua,...,U,) satisfies divys U = divg« V =0. Consider now B := curly U = (Bjj)1<i, j<n With
Bij := L;jU;— L;U; and denote B; := (Blj Byj ... an) the j-th column of the (symmetric) matrix B.
Thus

n
i=1

This way,
n n
= Z divys Bj = Z(legB Wi
: j:]
n o n -
= =Y divey (BjW;)+ Y. BiLi(W;)
Jj=1 i,j=1

(BjWj)+ ) Bij (LW, — L;W;)

I
|
=
S
<
AN

j=1 i<j
n
= =Y divy (BjW;)+ Y Bij(curly W);j.
j=1 i<j

Now, let B the symmetric matrix given by E,-j := Bjj— (Bjj)p. that satisfies div o+ BJ- =divy«Bj=V,.
It is clear that

. _
VW ==Y divy (BjW))+Y Bij(curly W);;.
j=1

i<j

Let ¢ € C°(B(0,1)) with ¢ > 0 and [ @ = 1, then we may write

Y ((curly W)y, @'By) = Y, / (curl W);;(y) @F(y)Bij(y) dy
i<jB(x;t)

i<j

-/ 80 L) e W) dy

i<j

= / o (y) (i divy (E‘Wj)(yHV-—(y)) dy
B(x,t) j=1

— Zn: e dwg( Wi)(y) dy+ @V -W(x)

_ /tvgwt (B (y) dy+ @ VW ().

that implies

(VW) < F [(eurte Wy 0B |+ T8 [ (8700 a
i<j x,t
1

K;Mlocls((curlf W)ij)(x) (]i(m) ‘Vgij(y”s,dy) S
o [

AN
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where in the first inequality we used the definition of the operator M‘l;," 1.+ to some s to be chosen later.

Consider 1 < a < pand 1 < 8 < p/, analogous in the proof of Theorem[4.2] Applying the Holder’s
ﬁ/
dy
. L
o o*
dy>
][ ‘VBij(y)’ad)’> .
B(x,t)

Plugging this inequality in the previous control and taking the supremum for 0 < ¢ < 1 we have

inequality and the Sobolev-Poincaré inequality where B’ = o* we have

1
1 B

1
R B 1
i Emwla s (£ wola) (£ 5600~ Gm)
L JB(x1) B(x,t) B(xp) | T

— f W, )[P dy
B(x,t)

< f W;()|? dy
B(x,t)

==

f L Biy) — Bij))
B(x,t)

t

1

==

e

9 S LMy (el W) (3 (V51 ) ()

+i< (W) (4985 |)0) "

ij=1
Taking the same choice of s in the previous theorem (in fact, just replace p by p’ in the mentioned

calculations) and using the Holder’s inequality, we may conclude

n
Wvewly s X (Mg eunse wip|+ (Will, ) 1984l
i,j=1

S L, Ueurlz Wil + W) 1V -

From the definition of B;; we have HVBi ]‘

1 SIUllwzs S1VI e, thus

VWi < (nwnm + ¥ [ (curl W>,~,-||U,/) Vi
i,j
as desired. O]

4.5 Additional remarks

It is natural and in our interest to prove a local version of Theorem B when .¥ = {L,,...,L, } is an
elliptic system of complex vector fields on Q with smooth complex coefficients. Note firstly that the

local version of Theorem can be stated as

Theorem 4.5. Let & = {Li,...,L,} be a system of complex vector fields on Q C RN and suppose V
a vector field on Q C RY satisfying

V and divy+ V € LP(Q,C"),
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for some 1 < p < oo, For each point xq € Q there exists an open neighborhood Uy C Q of x such that,
V -V 20 belongs to the local Hardy space h', with

V-9 201 <Vl + i V) IV 20
/ I 1

forall ¢ € CZ(Up) satisfying Vo € LV (Q,C"), in which —+ — = 1.

p P

The proof follows as usual. Instead of inequality (4.3.1]) we have

o VW) = (F.0) wsh
o, {Vﬂw(’c,yﬂ V) @0) ~ )] .

)

where .£*! denotes the translated system given by L Z aji(x—1y)dy, for each fixed x € RN

and 0 <t < 1. Thus,

s [ ||V () 0160 a5 vy (vo ) )

and the proof follows the same.

As for the local case of Theorem the proof remains open. In this case, since the operators L}

and L; do not commute, we lose the identity div.g+ B; = V.



CHAPTER 5

The proof of Theorem C and consequences

In this chapter we show a proof of Theorem C, which decomposes the bmo space by a family
of functions written in div.¢« — curl » -terms. The second section proves, as a consequence of the
previous result, a div-curl lemma, which characterizes the 1! (RY) space, through its duality. Finally,

in the last section we comment on future results, which extend Theorem C to elliptic complexes.

5.1 Proof of Theorem C

Let g € bmo(RY) and assume f € (2Cy)} U (2Cx)h, C h'(RY) from Theorem B. By the
duality bmo(RV) = (k! (RV))* it follows

/R N g(x) f(x)dx

<Cllgllpmor VfE(PC2)]gU(ZCep)s ;-

So now, it is sufficient to prove that

/R g f(@)dx

1&llpmo < Csup
fex

for X = (2Cy)} ,or X = (2Cx)} ;. In order to estimate |g||,,,,» from the definition in (T0), we split
in two cases : balls B := B(xg,R) withR<1and R > 1.
Let B* := B(xg,2R). The Theorem IIL.2 in [13]] asserts that

1

2
(f rg<x>—ggrzdx) < C sup
B VW

where the supremum is taken over all real vector fields V,W in C°(B*), with ||V ||,2,||W|,2 < 1,

Y

[ e W)@

satisfying div V = 0 and curl W = 0. We will adapt this argument in our setting. It follows from [21,
Corollary 2.1, p. 20] and Proposition that

g — g8llr2m) S IVellw-125) S X ILiglw-1205) =  sup /g(X) Liu(x)dx|.  (5.1.1)
i=1 HVMHL2(B)§1
ueC(B)

89
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We claim that for each u € C7”(B) with [|Vul[ ;25 < 1 and 1 < p < oo there exist vector fields V,W
satisfying div ¢+« V = 0 with ||V ||, <1 and curly W = 0 with [[W||,; < 1 such that

V.-W =C|B| Lu, (5.1.2)

for some constant C > 0. Plugging into (5.1.1]) we have

(]ﬁ |g<x>—g3|2dx) <Y Il o < sup (T, (5.13)
i=1

fe(ZCe)] N (2Ce )5,

Consider a function u € CZ(B) with [|Vul| ;25 < 1 and 1 € CZ(B(0,2)) such that 1 = 1 in B(0, 1)

W
and ||17HL°°(B(072)) < 1. Denote ng(w) :=1 ( 0

) and define the vector fields

<=

(Liwej—Ljue;) and W := A ((xj—x9) ns(x)), (5.1.4)

2C

fori,j€{1,...,n} with i # j, where {ey,...,e,} denotes de canonical basis of R" and C, y are appro-

priate positive constants to be chosen later. We claim that
Y ipi—t7—
V.-W=_—|B| 2

where div g« V = 0 with [|[V||;, <1 and curly W = 0 with [[W][,; <1, for 1 < p <2. Clearly

<=

1
B2
2C

divy-V =LiV;+LV; = [L;,Li]u=0

1 1
and |V| < |B|27 7 |Vu| choosing C := max. {1,lay|}. Since supp(V) C B follows from Holder’s
1<j<n

1_1 1_1
ncaqualty that V155 < 8154 1Vl < 8721812 [Vilagp < 1. s casy 10 see tha
1
curly W =y|B| ¥ curly (V@) =y|B| ¥ ([L,-,L~](p).. = 0. Note that supp (W) C supp (ng) C B*

and Ly (x =X J> 0¢;. Furthermore, for each x € B* we have

Y- m)] = X [8umst) + (- L)

< nC|np(x y+2RZ

= nC—{—ZZ
k=

 fun (x;’”)i

N
(2|IV.2n|| = +nC) 1, follows |[W| <277 |B|” ¥ that implies

==

and choosing y:=2

1 N Y
Wl < 1B Wllpggey = 20 |B]7 (Wl p=gey < 20 [B|" 2 #'[B] 7 = 1.
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Lastly, we point out that V - W = V;W; +V,W; and V; = V; = 0 on RN\ B. Furthermore, as = 1 in B

then for each x € B we have

_1 _1
Wi(x) = 71B"7 (8 (x) + (x; =) Linp(x)) = VIB| ™7 &;

_ 1
7

for k =i, j. In particular, as we are assuming .Z as in (I.3.2)) thus W; = 0 and W; = y|B| /" on B.

Therefore,

<=

B p— oy

Now we adapt the previous construction to attend p > 2. Consider the vector fields

B>

C

~

vV =Y|B7 [L} (ns(x) (x;— ) e; — L (15(x) (x;— 1)) ei] and W = Vu, (5.15)

with ¥/, C are appropriate constants to be chosen. Analogously as proved before, we have div ¢+ V =

curl o W = 0. Clearly, supp (V) C B* and since
Li (ns(x) (x; = 7)) = (xj —27) Lins(x) + ns(x)L; (x; —x7)

xi—x°
= (JRJ (Lins) (x ;x()) — N (x)8;

that implies |V| < ¥|B| 7 (1+4|[Vgn||,~) =2 7|B| » = [B*| 7 and then ||V];» < 1. Since
supp (W) € B and 1 < p’ < 2 follows from Holder’s inequality that W], < C_I\Bﬁ*% W2 <
c! ]B|%_%|B\%_% IV.2ul|;2 <1, where C > 0 is the constant from the control ||V yul/;2» < C||Vu||;2
given by C := Ny/n max {1, |ajk|}. In the same way,

12

V-W =yC B *Tu.

Indeed, V- W = V;W; +V;W; and now W; = W; = 0 on RV\B. As 1 = 1 in B then for each x € B we

have

Vi(x) = V1Bl (8 ()8 — 6ms(x)8j) = ¥ |B| 7 8

1
7

? Liu, for k =i, j. Therefore,

1
and W, = C~!|B|?

1

1
7

—_— 7l _1 =
V.-W = VW, =v7|B| »C'|B]> "Lu=

A=

|B| L.

We conclude the identity (5.1.2)) taking C := max{y,y'}. We remark that (5.1.3)) holds for any ball
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B. Denote Cy p n := C|B|% max {2y~ !, ¥~ !}. Thus, for any 1 < p < o, we get

1L gllw-12 = sup [{Lig,u)|= sup |{g,Liu)|
Huuwl,Z(B)Sl ”VMHLZ(B)Sl

/gm

/gV-W‘ (5.1.6)

/gV-W‘.

In equation (5.1.6), we use V and W to denote the vector fields defined on (5.1.4) and (5.1.5)), which
depend of p.

== sup
HVMHLZ(B)Sl
ueC(B)

< Cnpn _ sup
HVMHL2(B)§1
ueC(B)

< Cnpn sup
V-WE(2C2)] (N(2C2)g

Now let us move on assuming R > 1. We claim that

1

P
(f rg<w>\"dw> <C  sup
B(x0.R) fe(2Ce),

Firstly, we will prove the control (5.1.7) when B = B(0,1), denoted by B;. It follows from [40,
Theorem 1, p. 108] that the inequality

(5.1.7)

/ g(x)f(x)dx|.

Igllzrp,) <€

||g||W—|J(Bl)+Z||L;'kgHWl,r(Bl)] s (518)
i=1

holds for any 1 < r < co. The estimates for ||Lg||,, -1, (8,) are analogous to those presented in
replacing W —12(B;) by W~'7(B,). In fact, we claim that for each u € CZ(By) with ||Vul|,/ ) <1
and 1 < p’ < e there exist vector fields V, W satisfying div ¢« V =0 with ||V||,, < 1 and curl oy W =0
with [[W]|,; <1 such that

~ 1
V-W =C|By| ?Lju, (5.1.9)
for some constant C > 0 and then
n [
IL7gllw-1r8) S sup /g(x)f(x)dx : (5.1.10)
i=1 Fe(PCo) N ZC2)5,

As before, consider a function u € C;°(B;) with HVu||L,,/(Bl) <1landn € C7(B}) such that n = 1 in
Bj and ||n|| =gt < 1. Define the vector fields

V=YIBi| 7 [L} (n(x)x)) e;— L} (n(x)x;) ei] and W = C'V u, 5.1.11)

fori,j € {1,....n} with i # j, and C,y are appropriate positive constants to be chosen later. Analo-

gously as proved before, we have div ¢+« V = curl ¢ W = 0. Clearly, supp (V) C B} and since

Ly ((x)xj) = x;L;m (x) 4+ 1 (x)Ljx; = x;L;n (x) — 1(x) &
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N
P

_1 _1 . _
we have |V| < Y|B1| 7 (1+4||V.gn|~) = |Bi| 7, choosing ¥ =27 (1 +4|Vgnl,~)"", that
implies ||V||» < 1. Taking the constant from the control ||V wul|, ; < C|[Vul|,, given by

C::N\/ﬁlglkegm{l,lajk|},
1<j<n

then ||W||L1’/ < Cil ||V$MHLP/ <.
1 — —
To prove V-W = YC~1By|” 7L, note that V- W = V;W; + V,;W; and W; = W; = 0 on R¥\By. As
N =1 in By then for each x € By we have
_1 _1
Vi(x) =V [B1| 7 (8um (x)8; — &;n(x)8;j) = V' [B1| 7 &
and Wy, = C~'Lu, for k = i, j. Therefore,

N 1 —_ 1
V-W = ViWi:}/|B|PC_1L,-u:%|B|PL,~u.

~ 1
We conclude the identity (5.1.9) taking C := %]B|P.

Lemma 5.1. If ¢ € C(B(0,1)) then we can write ¢ = V) - Wy, where Vi, W are smooth vector fields
satisfying the following properties:

(i) suppVy, C B(0,1) and suppW, C B(0,2);
(ii) curly Wy =0 and ||Wi||,,» < Cy, for some C1 > 0 independent of ¢;

(iii) [Villpp = 9 llze with ||[divg Vil < IV.2+ 9]l

Analogously, we may write ¢ =V, -W,, where Vo, W> are smooth vector fields satisfying:
(iv) suppW, C B(0,1) and suppV, C B(0,2);
(v) divg- Vo =0and ||Va|;, < Cy, for some Cy > 0 independent of ¢;

(vi) [Wallpy = 191l with [lcurle Wally <2|[V2 @]l

A direct consequence of the previous lemma shows that for each ¢ € C°(B(0, 1)) with [|@]];,1,» <
1, there exists a constant C, > 0 independent of ¢ such that C,¢ =V, -W, € (2C g)g (for 1 < p <eo
Then for B; := B(0,1) we have

gl 1os) = sup / ¢ dWdx| = (€)' sup / ¢(x) (V2 Wa) (x)dx
9l <1 191,17 <1
9eC(By) 0cCy(By)

< (Cz)*1 sup
fe(gcf)g_l

(5.1.12)

/ g(x) f(x)dx]|.

Using the first part of the lemma, the previous control follows the same replacing (2C g)g,l by
(2C»)! . that is,

lglly-1 5,y < (C1)™"  sup . (5.1.13)

fe(2C2)

[ st T
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Proof. Fix ¢ € C’(B;) and ) € CZ°(B7) such that = 1in By and ||n||Lw(BT) < 1. We define Vi (x) :=
gb(x)el and Wi (x) = Vg (xl’r](x)). Clearly curlg W =0, HVlHLp = H(PHLP and Hdi\{g* VIHU’ =
ILi||r < ||V.2+9||,». Note that for x € B; we have

Lilan(x)] = 0(x) +x [Lin)(x) = 1,

since supp V| C By we have (Vi -W)) (x) = ¢(x)L1[x11(x)] = ¢(x). Moreover
Wi (x)| = Zl L aim ()] < [Ljxr|[n ]+ x| 2’1 ILin ()| S @)+ xal[Ven )|
= =

and as suppW; C Bj, we have
L 1
Wil < IBTIY Wil < [BY|7 (1 +2]IV.2nll;-)

For the second part we define V,(x) = L] (xn(x))e2 — L (x1n(x)) e1, Wa(x) = ¢(x)ey that satisfies
(by definition) [|[Wa||,» = [[® ]|,

curly Wal|;» <2||V£0||,, and div.y- V5 = 0. Since
Lyein (x)] = 61 (x) 1 (x) +x1 [Lyn] (x)
we have [Va(x)| < |x1| (ILin(x)| + |L5n (x)]) + |n(x)| and supp V> C Bj that implies
ol
Vallpy < QUIVzenll =+ 1) By

Note that suppW> C By and since Lj[x;n(x)] = 1 for x € B; we have ¢ =V, -W,.
O

Now, we move on for a ball B(xg,R), with R > 1. For each ¢ € C°(B(xo,R)) we may define
Y= C>(B(0,1)) given by #(y) := ¢ (xo+ yR) and applying Lemmathere exist vector fields V;, W;
for i = 1,2 satisfying (i)-(vi) above such that ¢ = V;-W;. Defining V;(x) := RJTY\Z (*%2) and W;(x) :=
R_gﬁfi (x}xo) we have that there exist constants C; > 0 independent of ¢ such that C;¢ =V, - W, €
(Z2C2){gand C2¢ =V2- W2 € (ZC2)q ;.-

For each g € L} (RY), we define g(y) = g(xo + Ry) and then

loc

/ (Vi W) dx = / 50V V- W) dy. (5.1.14)
B(xQ,R) B(O,l)

Furthermore, using change of variables and the inequality (5.1.8) for B} := B(0, 1) we have

1 1
p _ 7 ~
<][ Ig(X)|”dX) =( !g(y)|"dy) =Cv |8l o5y
B(x07R) B

n
< C [ &lw-1oga) + Y NEE - 10s,)

i=1
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From (5.1.12) and the identity (5.1.14) we have

By S sup | [ o) Fjas (5.1.15)
f€(@C$)§,1
and by the inequality (5.1.10) we have
n —
Y igly oy S s | [ e 5116

fG(@Cg)f_oﬂ(.@Cg)g,l

Combining the previous estimate, we may conclude

1

1

2 p

lelomo < sup (f |g<x>—g3|2dx) +sup (f |g<x>|de)
|B(xo,R)|<1 \ Y B(xo,R) |B(x0,R)|>1 \ /B(x0,R)

S sup eFax|+ sup | [ g
fe(gcﬁ)ng(-@CﬂZ’)lf_o fG(QCz)g,l

S s | sitdy.
fe(7Cy)f, 1/ RY

The same arguments hold replacing (ZC¢)j | by (ZC«)f ., by taking p’ instead of p in (5.1.8).

In more detail, when we take the vector fields

V:=(2C)"" (Liue;—Ljue;) and W :=yV ¢ ((x; —x)) na(x))

\\H

with y:= |B*| ¥ (2||V.¢n||~ +nC)~! and C as before, we prove that

g(x) f(x)dx|.

n
YL gl -1 5y S sup
i=1 TE(PC2)] oN(ZC2)

Replacing the above inequality and the inequality (5.1.13)) into the inequality (5.1.8) for r = p/, we

obtain

&llpmo S sup (5.1.17)

fe(2ce )
Indeed, we claim that for each u € CZ(B1) with |[Vu[;,,) <1 and 1 < p < oo there exist vector
fields V, W satisfying div o+ V = 0 with ||V|;, < 1 and curly W = 0 with ||W||,,» <1 such that

/R Ng(x)mdx .

_ 1
7

V-W =C|By| VLu, (5.1.18)
for some constant C > 0. Obtaining
1 . S
ZHL 8llw-1r(5,) S sup g(x) f(x)dx|. (5.1.19)
|By | b= fe(2C2)] o (2C2)5

As before, consider a function u € C7(B1) with |[Vu|[;»,) < 1 and 1 € CZ(B(0,2)) such that = 1
in B(0,1) and [|1||;=(p(2)) < 1. Define the vector fields

- <2c>-1 (Lt e~ Lyue;) and W i=IB1| 7' V. (x;n(x)),
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fori,j€{1,...,n} with i # j, where {ey,...,e,} denotes de canonical basis of R" and C, y are appro-

priate positive constants to be chosen later. Clearly div.g+ V =L3V;+L;V; =0 and [V| < [Vu| choos-

ing as always C := Nlrgcegim{l, |lajx|}. Since supp (V) C B, it follows that Ve < [Vullpp@) <
1<j<n

1. It is easy to see that curly W = y|B]7§curlg(Vg(p) = y]B\fﬁ ([Li,Lj]@).. = 0. Note that

ij
supp (W) C supp(n) C B* and Ly (x;) = &;. Furthermore, for each x € B* we have

kil L (0 (0)| =§1 8,10+ L @] <n 42 Y 1L ()

k=1

'E\‘ =

_ v
and choosing y:=2 7 (2||V.gn||;- +n)_1, follows |[W| <2 7 |B|”#' that implies
1
Wl < IB*|7 [[W |y < 1.

Lastly, we point out that V-W = V;W;+ V;W; and V; = V; = 0 on RN\ B. Furthermore, as ) = 1 in B

then for each x € B we have

3=

_ _1
Wi(x) = YIB]7 (81(x) +x;Ln (x)) = VIB| 7 8,

_ 1
7

for k =i, j. In particular, as we are assuming .Z as in (.3.2)) thus W; = 0 and W; = y|B| /" on B.

Therefore,
Viplv1o
V-wW = Vjo:%|B| P Liu
We conclude the identity (5.1.18) taking C := max{7,7'}. Thus, replacing the inequality (5.1.19) and
the inequality (5.1.13)) into the inequality (5.1.8)) for r = p’, we conclude (5.1.17). O

5.2 Proof of Corollary D (divy+ —curl» lemma)

Let us prove Corollary @ To simplify the notation, consider V := (ZC¢)] , and F := hY(RN). A
direct consequence of Theorem A implies that V is a bounded symmetric (i.e. h € V then —h € V)
subset of F. If we prove that the closure of V in the norm F, denoted by V, contains the unit ball of F,

it follows from Lemma III.1 in [13], each || f||,; < 1 can be decomposed by
f=Y 2" fiev. (5.2.1)
k=1

with convergence in F. Now, from Lemma III.2 in [13]], the closed convex hull V contains the unit ball

of F if and only if |g[[ (1)~ is equivalent to the functional

[ s

sup
fev

Y

that is exactly the conclusion of Theorem B, since (A'(RV))* = bmo(R"). The decomposition (TT)
follows taking Ay := 27X|| f||,1 € £}(C), for every f € h!'(RM). Clearly ||A|[,1 < ||f||: and the con-
vergence in (IT)) holds also in the sense of tempered distributions. The same conclusion holds for
V=(2C),.
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5.3 Additional remarks

Similarly to Application 2 (Section [3.3.2)), it is natural to try to apply the result to differential

forms instead of vector fields. Again, consider the operator
A(+,D) = (dy g, dy ;) : CT(QAR") = CZ(QATR") x C7(Q, AR,

for 0 < k < n. In particular, since A(-,D) is elliptic and canceling operator for k ¢ {1,n— 1}, it
follows from [30, Theorem B] that for each xy € Q there exist an neighborhood U C Q of xp and
C > 0 such that the inequality

[l pyw-1 < Clldg gullr + ld'p g yull1),

holds for any u € C*(U, AKR™). As an extension of such inequality, it is expected to obtain a general-

ization of inequality (9] to k-forms, stated below

Corollary 5.2. Let 0 < k <nand £ = {Ly,...,L,} an elliptic system of complex vector fields on
Q with smooth complex coefficients. Then every point xy € Q is contained in an open neighborhood

U C Q such that the estimate
ldzxt -vi+dgsd-valw < C(ldzublliw + 115 10lw) (Ml + 1% 01l + ldz-1v2ll)
holds for some C > 0 and for every ¢ € C(U,A*R"), vi € C2(U, A 'R") and vo € C2(U,AF1R™).
In particular taking v, = 0 and v = v| we have

ld k@ vl <C(lde il + de i 10ln) (IVIlne + [|d% 1v]ina)

for all ¢ € C(U,A*R") and v € C(U, A¥*'R"), recovering the Theorems B and C in [24]], where in

the second we assume that the system .Z is involutive.
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