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dizer “Minha neta está fazendo Matemática”, e que sempre rezaram por mim.

Ao meu namorado e companheiro de vida, Renan, pelos cafés, abraços, conversas, por secar
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Resumo

Nesta tese de doutorado investigamos estimativas do tipo divergente-rotacional (div-curl) associ-

adas a operadores diferenciais parciais lineares nos espaços de Hardy-Sobolev. O resultado princi-

pal apresenta uma extensão local, nos espaços localizáveis de Hardy-Sobolev, das estimativas div-

curl para operadores diferenciais parciais lineares homogêneos elı́pticos com coeficientes complexos

suaves inspiradas em um resultado clássico de Coifman, Lions, Meyer & Semmes. Essa versão re-

cupera resultados estabelecidos na literatura relativos a operadores de primeira ordem associados a

um sistema elı́ptico de campos vetoriais suaves complexos. Como ferramenta foram desenvolvidas

uma nova decomposição de Calderón-Zygmund e desigualdades do tipo Poincaré para espaços de

Hardy-Sobolev. Um segundo resultado principal apresenta uma versão global não homogênea para

estimativas do tipo div-curl nos espaços localizáveis de Hardy quando p = 1 associada a campos ve-

toriais complexos com coeficientes constantes. Como aplicação, uma nova caracterização do espaço

local bmo no espaço euclidiano associado aos operadores div-curl é estabelecida.

Palavras-chave: estimativas divergente-rotacional; espaços de Hardy-Sobolev; decomposição atômica;

espaço bmo; desigualdade de Poincaré; operadores elı́pticos; campos vetoriais complexos.
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Abstract

In this PhD thesis, we investigate div-curl type estimates associated with linear partial differential

operators on Hardy-Sobolev spaces. The main result establishes a local extension of div-curl esti-

mates for elliptic homogeneous linear partial differential operators with smooth complex coefficients

in localizable Hardy-Sobolev spaces, inspired by the classical result due to Coifman, Lions, Meyer

and Semmes. This version recovers known results in the literature concerning first-order operators

associated with elliptic systems of complex vector fields. As key tools, we develop a new Calderón-

Zygmund decomposition and a Poincaré-type inequality in localizable Hardy-Sobolev spaces. A

second main result presents a global nonhomogeneous version of div-curl type estimates in the local-

izable Hardy space for p = 1, associated with complex vector fields with constant coefficients. As an

application, we provide a new characterization of the local bmo space in Euclidean space associated

with div-curl terms.

Keywords: div-curl estimates; Hardy-Sobolev spaces; atomic decomposition; bmo space; Poincaré

inequality; elliptic operators; complex vector fields.
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Introduction

In the classical work due to Coifman, Lions, Meyer & Semmes in [13], some nonlinear inequalities

were studied, in particular the called div-curl estimates on Hardy space in RN , precisely: (Theorem

II.3) if
N

N +1
< p < ∞, 1 < q ≤ ∞ and

1
r

:=
1
p
+

1
q
< 1+

1
N

(1)

then there exists C > 0 such that

∥u · v∥Hr ≤C∥u∥H p∥v∥Hq, (2)

where u ∈ H p(RN ,RN) and v ∈ Hq(RN ,RN) satisfy curl u = 0 and div v = 0. We remark that, if

curl u = 0 then we may always write u = ∇φ and since divv = 0 we have u ·v = ∇φ ·v = div(φ v) and

the estimate (2) may be written equivalently as

∥∇φ · v∥Hr ≤C∥∇φ∥H p∥v∥Hq , (3)

under assumption divv = 0. Note that this restriction condition can be understood as v belonging to

the kernel of the formal adjoint of the gradient operator. We point out that in the particular case r = 1,

the previous inequalities substantially improve the information from Hölder’s inequality. We recall

that the Hardy space H1(RN) is a strict subspace of L1(RN). Estimates of this type have been the

object of extensions as nonhomogeneous version for local Hardy spaces and BMO ([11], [12], [14]),

paraproducts ([8], [9], [50]), Lipschitz domains in RN ([3], [33], [34]), weighted Hardy spaces and

the endpoint case (when q = ∞) in ([7]), and applications in the Navier-Stokes equation ([36]).

In [24] the authors obtained a local version of inequality (3) in the setting of systems and com-

plexes of vector fields with complex variable coefficients. Suppose that L := {L1, . . . ,Ln} is a system

of linearly independent vector fields with smooth complex coefficients defined on an open set Ω⊂RN

and consider the operators

∇L u := (L1u, . . . ,Lnu), for u ∈C∞(Ω)

and

divL ∗ v :=
n

∑
j=1

L∗
jv j, for v ∈C∞(Ω,Rn),

which are precisely the operators ∇ and div when n = N and L j = ∂x j for j = 1, . . . ,n. Here L∗
j = L j

denotes the vector field obtained from L j by conjugating its coefficients. Since the classical Hardy

1



2 Introduction

spaces H p(RN) are not closed by the multiplication by test functions and the related operators have

variable coefficient, it is appropriate to consider the nonhomogeneous version of Hardy spaces de-

noted by hp(RN), also called localizable Hardy spaces, introduced by Goldberg in [22]. [24, Theorem

A] asserts that if L is an elliptic system of complex vector fields defined on Ω ⊂ RN with N ≥ 2 and

r, p,q satisfying (1), then for every point x0 ∈ Ω there exist an open neighborhood x0 ∈ U ⊂ Ω and

C(U)> 0 such that

∥∇L φ · v∥hr ≤C∥∇L φ∥hp∥v∥hq (4)

holds for any φ ∈ C∞
c (U) and v ∈ C∞

c (U,Cn) satisfying divL ∗ v = 0. The ellipticity of the system

{L1, . . . ,Ln} means that for any real 1-form ω , satisfying
〈
ω,L j

〉
= 0 for all j = 1, . . . ,n implies

ω = 0, which is equivalent to saying that the second order operator

∆L := L∗
1L1 + · · ·+L∗

nLn

is elliptic in the classical sense, or even that the operator ∇L is elliptic in the classical sense. Exten-

sions of the inequality (4) for complexes associated to the system L , inspired in the global setting for

de Rham complex (see [13]), were also presented in [24].

A natural question arises on how to consider analogous inequalities when the gradient is replaced

by higher order linear differential operators with variable coefficients. Partial results were obtained

by Taylor [46, Chapter 8, Section 8] in the setting of pseudo-differential operators and by Kozono &

Yanagisawa in [32] on Lebesgue spaces, including first order linear differential operators with smooth

variable coefficients.

In the first half of this thesis, our main goal is to answer the question by presenting a type of div-

curl estimates for high order linear differential operators with variable coefficients in Hardy spaces

in the same spirit as (3). In order to obtain estimates analogous to (4), for operators with variable

coefficients one must deal with local estimates rather than global ones, thus the localizable version on

Hardy spaces is appropriate.

Let Ω ⊆ RN an open set and A(·,D) a homogeneous linear differential operator of order m with

smooth complex coefficients in Ω denoted by:

A(x,D) = ∑
|α|=m

aα(x)∂ α : C∞(Ω,E) 7→C∞(Ω,F),

where E is a complex vector space of finite dimension nE and F is a complex vector space of finite

dimension nF ≥ nE . The first result of this thesis is the following:
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Theorem A. Let A(·,D) an elliptic homogeneous linear differential operator as before on Ω ⊂ RN ,

with order m ≥ 1 and let r, p,q satisfying

N
N +m

< p ≤ N
m
, 1 < q ≤ ∞ and

1
r

:=
1
p
+

1
q
< 1+

m
N
.

Then for each x0 ∈ Ω there exists an open neighborhood x0 ∈U ⊂ Ω and C > 0 such that

∥A(·,D)φ ·F v∥hr ≤C∥A(·,D)φ∥hp ∥v∥W m−1,q (5)

for any φ ∈C∞
c (U,E) and v ∈C∞

c (U,F), satisfying A∗(·,D)v = 0.

We say that A(·,D) is elliptic in Ω if for each x0 ∈ Ω its principal symbol a(x0, ·) is injective, that

is,

a(x0,ξ ) := ∑
|α|=m

aα(x0)ξ
α ̸= 0, for all ξ ∈ RN ̸= 0.

Here ∥v∥W k,q := ∑
|γ|≤k

∥Dγv∥Lq is the nonhomogeneous Sobolev norm in Lq with order k ∈ N. We use

the notation A∗ := At where A denotes the operator obtained from A by conjugating its coefficients

and At is its formal transpose, meaning that for all smooth functions ϕ and ψ having compact support

in Ω and taking values in E and F respectively, we have:�
Ω

A(x,D)ϕ(x) ·F ψ(x) dx =
�

Ω

ϕ(x) ·E A∗(x,D)ψ(x) dx.

A nonhomogeneous version of the inequality (5) is stated at Theorem 3.6, where the condition

A∗(·,D)v = 0 is avoided. The proof of this result and some applications for first order operators

associated with the system of complex vector fields will be presented in Section 3.3. In Section

3.3.2 we will present in more detail the notations, the spaces of differential k-forms and how these

estimates can be obtained from the first result of this thesis. Note that the estimate (5) is exactly (4)

when A(·,D) = ∇L that implies m = 1 and A∗(·,D) = divL ∗ , recovering Theorem A.

We point out that the critical point N/(N +m) in Theorem A approaches 0 as the order of the

operator m gets higher. It is well known that in Hardy spaces some cancellation conditions are required

when p↘ 0 (see [15, 16] for more details), which means the necessity of new treatment in comparison

to the case m = 1. Moreover, it should be mentioned here that by allowing in (5) a much larger class

of higher order linear differential operators, the mechanism of proof has to be substantially refined.

The heart of the proof of Theorem A is given by a Poincaré type inequality for the localizable

Hardy-Sobolev spaces, namely: for each x ∈ RN , 0 < t < 1 and f ∈ C∞
c (RN) there exist a special

polynomial Px,t, f with degree less than m−1 and C a positive (universal) constant such that(�
RN

[
sup

0<t<1

 
Bt

x

{
1
tm | f (y)−Px,t, f (y)|

}α

dy
]p/α

dx

)1/p

≤C∥Dm f∥hp, (6)

where α ∈ [1, p∗) with p∗ = N p/(N −mp) and m, p as in the statement of Theorem A. Here Dm f :=

(∂ α f )|α|=m is the total derivative operator with order m. Lemma 3.1 is devoted to state the inequality
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(6) and its proof follows from reduction of uniform control for bounded atoms and a special smooth

atomic decomposition on localizable Hardy spaces.

To present the second part of this thesis, let us go back to the classical div-curl inequality (2) in

the particular case when r = 1, precisely: if V ∈ Lp(RN ,RN) and W ∈ Lp′(RN ,RN) are vector fields

satisfying div V = 0 and curl W = 0, in the sense of distributions, for some 1 < p < ∞ with 1
p +

1
p′ = 1,

then V ·W belongs to the Hardy space H1(RN) and moreover there exists a constant C > 0 such that

∥V ·W∥H1 ≤C∥V∥Lp∥W∥Lp′ . (7)

Note that div V = 0 and curl W = 0 imply that
�

V ·W = 0, which is a necessary condition for

V ·W to belong to H1(RN). A natural question arises about a version of the inequality (7) when div V

and curl W are not null. A first answer was presented in [13], namely: if V and W satisfy

V ∈ Lp
loc(R

N ,RN), W ∈ Lp′
loc(R

N ,RN), div V ∈W−1,r
loc and curl W ∈W−1,s

loc ,

for r > p and s > p′, then f := V ·W belongs to H 1
loc(R

N), i.e., f log f ∈ L1
loc(R

N). Afterwards, a

nonhomogeneous estimate was presented by Dafni in [14, Theorem 5] and we state as follows:

Theorem 0.1. Suppose V and W are vector fields on RN satisfying

V ∈ Lp(RN ,RN), W ∈ Lp′(RN ,RN), 1 < p < ∞ and
1
p
+

1
p′

= 1.

If there exists a function f ∈ Lp(RN) and a matrix-valued function A with components in Lp′(RN)

such that, in the sense of distributions,

div V = f , curl W = A,

then V ·W belongs to the local Hardy space h1(RN), with

∥V ·W∥h1 ≤C
(
∥V∥Lp ∥W∥Lp′ +∥ f∥Lp ∥W∥Lp′ +∥V∥Lp ∥A∥Lp′

)
(8)

Note that the estimate (7) implies (8) in the case div V = 0 and curl W = 0, since H1(RN) is

continuously embedded in h1(RN). The novelty here lies in considering the appropriate space h1(RN)

instead of H1(RN), since in the nonhomogeneous setting it is not guaranteed that
�
RN V ·W = 0.

Consider again L := {L1, . . . ,Ln} be a system of linearly independent vector fields with complex

coefficients defined on RN and the operators ∇L and divL ∗ as before. Naturally, we may also define

the curl operator associated with L given by the matrix

curlL v :=
(
Liv j −L jvi

)
i j , for v ∈C∞(RN ,Cn).

Note that when n = N and L j = ∂x j for j = 1, . . . ,n, we get curlL = curl .
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The next goal of this thesis will be to address the following question: for which systems of vector

fields L the global estimate

∥V ·W∥h1 ≤C
(
∥V∥Lp ∥W∥Lp′ +∥divL ∗ V∥Lp ∥W∥Lp′ +∥V∥Lp ∥curlL W∥Lp′

)
(9)

holds? The second result of this thesis is the following:

Theorem B. Let {L1, . . . ,Ln} be an elliptic system of complex vector fields on RN with constant

complex coefficients with n ≥ 2. If V ∈ Lp(RN ,Cn) and W ∈ Lp′(RN ,Cn) with 1 < p < ∞ satisfy

divL ∗ V ∈ Lp(RN) and curlL W ∈ Lp′(RN ,Cn×n),

then V ·W belongs to h1(RN). Moreover, there exists a constant C > 0 such that (9) holds.

Observe that the local version of inequality (9) is a direct consequence of Theorem A in its non-

homogeneous version, that it will be stated at Theorem 3.6 in Section 3.3. In particular, note that

the estimate (4), proved in [24, Theorem A], corresponds to the local version when W = ∇L φ and

divL ∗ v = 0, where L is an elliptic system of complex vector fields with smooth variable coefficients.

We remark that in this setting the operator curlL W is not necessary null. In fact,

curlL (∇L φ) =
(
[Li,L j]φ

)
i, j ,

where [Li,L j] := LiL j − L jLi is the commutator of the vector fields. Clearly, if the vector fields

{L1, . . . ,Ln} have constant coefficients then curlL W = curlL (∇L φ) = 0 and then (4) recover (9)

locally, assuming divL ∗ v = 0.

In the same spirit of [14, Theorem 5], the proof of Theorem B is simplified by reducing it to

two specific cases of the inequality (9), namely Theorems 4.2 and 4.3 stated in Chapter 4 . The first

case is a global nonhomogeneous version of the inequality (4), in which W = ∇L φ . The second

simplification is a reduction of the inequality (9) for general W ∈ Lp′(RN ,Cn) and divL ∗ V = 0. The

conclusion of (9) will follow by a Hodge type decomposition V = V1 +V2 given by Lemma 4.1 for

each V ∈ Lp(RN ,Cn), in which divL ∗ V1 = 0 and V2 = ∇L φ .

In the third part of this thesis, we are interested in applying the Theorem B in order to generate a

new decomposition of the bmo space, since it is the dual space of the local Hardy space h1(RN). In

[13], the authors proved a type of converse of inequality (7), called div-curl lemma, that asserts each

f ∈ H1(RN) can be written as

f =
∞

∑
j=1

λk fk

in the sense of distribution, where the sequence {λk}k ∈ ℓ1(R) and fk := Vk ·Wk with Wk,Vk ∈
L2(RN ,RN) satisfying divVk = 0 and curlWk = 0. This result is a direct consequence from the duality

BMO(RN) = (H1(RN))∗ and a characterization of the BMO norm given by

∥g∥BMO ≈ sup
V,W

�
RN

g(x)(V ·W )(x)dx,
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where the supremum is taken over all vector fields W,V ∈ L2(RN ,RN) satisfying divV= 0, curlW= 0

and ∥V∥L2,∥W∥L2 ≤ 1.

Now, let L = {L1, . . . ,Ln} as in the statement of Theorem B and denote by (DCL )p
0,1 the family

of all functions which can be written in the form V ·W , where V ∈ Lp(RN ,Cn) and W ∈ Lp′(RN ,Cn)

are vector fields satisfying ∥V∥Lp ,∥W∥Lp′ ≤ 1 with divL ∗ V = 0 and ∥curlL W∥Lp′ ≤ 1. Analogously,

we define (DCL )p
1,0 the family of all functions V ·W , where V ∈ Lp(RN ,Cn) and W ∈ Lp′(RN ,Cn)

are vector fields satisfying ∥V∥Lp ,∥W∥Lp′ ≤ 1 with ∥divL ∗ V∥Lp ≤ 1 and W := ∇L φ . The third result

of this thesis is the following:

Theorem C. Let L = {L1, ...,Ln} be an elliptic system of complex vector fields on RN with complex

constant coefficients with n ≥ 2. If g ∈ bmo(RN), then

∥g∥bmo ≃ sup
f∈(DCL )

p
1,0

∣∣∣∣�
RN

g(x) f (x)dx
∣∣∣∣ ≃ sup

f∈(DCL )
p
0,1

∣∣∣∣�
RN

g(x) f (x)dx
∣∣∣∣ ,

for any 1 < p < ∞.

We recall the dual of h1(RN) can be identified with the space bmo(RN) given by the set of locally

integrable functions f that satisfy

∥g∥bmo := sup
|B|≤1

 
B
|g(x)−gB|dx+ sup

|B|>1

 
B
|g(x)|dx < ∞, (10)

where gB :=
1
|B|

�
B

g(x)dx.

Finally, as a direct consequence of the previous characterization and duality, we announce the

following div-curl lemma associated with an elliptic system of complex vector fields.

Corollary D. Let L = {L1, ...,Ln} be an elliptic system of complex vector fields on RN with complex

constant coefficients with n ≥ 2 and 1 < p < ∞. For each f ∈ h1(RN) there exist a sequence {λk}k ∈
ℓ1(C) and a sequence { fk}k ∈ (DCL )p

1,0 such that

f =
∞

∑
k=1

λk fk, (11)

in the sense of distributions. The same decomposition holds replacing (DCL )p
1,0 by (DCL )p

0,1.

The organization of the thesis is as follows. In Chapter 1 we recall some basic definitions on Hardy

spaces, in addition to presenting some definitions and results about elliptic linear differential opera-

tors, pseudo-differential operators theory and Sobolev type inequalities on Lebesgue and localizable

Hardy spaces. The Sections 1.6 and 2.2 are devoted to a generalization of the Poincaré inequality

following the works due to Miyachi in [37, 38]. In Chapter 2 we introduce the Hardy-Sobolev spaces,

besides some elliptic estimates in Hardy norms. We also present a new smooth atomic decomposition

on Hardy-Sobolev spaces that it will be useful to prove the inequality (6). The proof of first main

result of this thesis, namely the Theorem A, is presented at the Chapter 3. Still in the same chapter,
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the Section 3.3 is destined for a nonhomogeneous version of Theorem A and two applications: local

estimates for first order differential operators associated with a system of complex vector fields and

for pseudo-complex operators also associated with a system of complex vector fields. From Chapter 4

onwards, the content covers the second part of the thesis. Initially we present a Hodge decomposition

associated with system of complex vector fields, followed by the proof of Theorem B and expected

future results. In the last chapter, we prove the Theorem C and consequently we present the proof of

Corollary D.





CHAPTER 1

Preliminaries

1.1 Notations

Consider RN = {(x1,x2, . . . ,xN) : x j ∈R, j = 1,2, . . .N} with the usual norm |x| :=
(

∑
N
j=1 x2

j

)1/2
.

Throughout the work, we will use the notation Ω ⊆RN for an open set and Bt
x for an open ball B(x, t)

centered at x and radius t > 0. For a generic ball we will use B, with |B| being its Lebesgue measure.

In a similar way, Q(x,r) denotes a cube centered at x and side ℓ(Q) = r. For each x ∈ RN , we denote

<x> :=
(
1+ |x|2

)1/2. If s ∈ R, we denote by ⌊s⌋ the largest integer less than s. The complex inner

product is denoted by z ·w = ∑
N
j=1 z jw j, with z,w ∈ CN , and the inner product on functions spaces is

given by ⟨ f ,g⟩=
�

f g.

By using the multi-index notation, ∂ α = ∂
α1
x1 ∂

α2
x2 ...∂

αN
xN and xα = xα1

1 xα2
2 ...xαN

N , where x ∈ RN and

α ∈ ZN
+, with the norm |α| := ∑

N
j=1 α j. Furthermore, we denote Dα = (−i)|α|∂ α . Let α,β ∈ ZN

+,

we say β ≤ α if β j ≤ α j for all j = 1,2, . . . ,N. In this case, we can use the following multi-index

operations:

α −β := (α1 −β1, . . . ,αN −βN) and
(

α

β

)
:=
(

αN

βN

)
. . .

(
αN

βN

)
.

Still with respect to multi-index notation, we point out the Leibniz formula, widely used throughout

this work to apply the product rule of higher-order derivatives:

∂
α( f g) = ∑

β≤α

(
α

β

)
∂

α−β f ∂
β g.

With respect to some function spaces and distribution spaces, we set C∞
c (RN) the space of all

smooth functions with compact support, also called test functions space, and D ′(RN) the distributions

space, i.e., the set of all continuous linear functionals u : C∞
c (RN) 7→ C. We set S(RN) the Schwartz

space and S′(RN) the tempered distributions set, while E ′(RN) denotes the set of distributions with

compact support. For each 1≤ p<∞, a measurable functions f on Ω belongs to Lp(Ω) if ∥ f∥Lp(Ω) :=(�
Ω
| f |p

) 1
p <∞ and f belongs to Lp

loc(Ω) if ∥ f∥Lp(K) <∞ for all K ⊂Ω compact. Moreover, f belongs

9
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to L∞(Ω) if

∥ f∥L∞(Ω) := esssup
x∈Ω

| f (x)|= inf{c ≥ 0 : |{x ∈ Ω : | f (x)|> c}|= 0 }< ∞.

When Ω =RN the domain will often be omitted from the notation. For each 0 < p < ∞, we denote

by p′ its conjugate exponent, that is, 1/p+ 1/p′ = 1. In particular, if p = 1 we consider p′ = ∞. A

basic tool we shall need is the Hölder inequality, which says that if f ∈ Lp and g ∈ Lp′ , for 1 ≤ p ≤ ∞,

then f .g ∈ L1 and

∥ f .g∥L1 ≤ ∥ f∥Lp ∥g∥Lp′ .

In order to simplify notation, if A is a matrix-valued function with components Ai j in Lp, we denote

∥A∥Lp := ∑
i, j

∥∥Ai j
∥∥

Lp .

We set Pk the space of polynomials of degree at most k from RN to complex values and W k,p(RN)

denotes the classical (nonhomogeneous) Sobolev space, with k∈N, p≥ 1 and ∥ f∥W k,p =∑|α|≤k ∥∂ α f ∥Lp .

The notation hp
c (B) and hk,p

c (B) will stand for hp(RN)∩E ′(B) and hk,p(RN)∩E ′(B), respectively, and

the definition of the spaces hp(RN) and hk,p(RN) will be presented on Sections 1.2 and 2.1. The clo-

sure of C∞
c (Ω) in W k,p(Ω) is denoted by W k,p

0 (Ω) and its dual space, i.e. the space of distributions in

which all derivatives with order less or equal than k belongs Lp′ , is denoted by W−k,p′(Ω).

Let f ,g measurable functions on RN , we denote by f ∗g its convolution, given by

f ∗g(x) :=
�
RN

f (x− y)g(y) dy,

when the integral is well-defined. In particular, if f ∈ Lp
loc for some p > 0 and g has compact support

the operator is well-defined. The definition of convolution can also be extended to distributions,

precisely: if u ∈ D ′ and ϕ ∈C∞
c or if u ∈ E ′ and ϕ ∈C∞, then

u∗ϕ(x) := ⟨u,ϕx
−⟩,

where ϕx
−(y) = ϕ(x− y). We will also frequently use the notation ϕt(x) = t−Nϕ(x/t).

The Fourier transform is given by

f̂ (ξ ) =
�
RN

e−ix·ξ f (x) dx

for f ∈L1(RN) and, in particular when f ∈ S(RN) its inverse is well-defined and is given by F−1u(x)=

(2π)−N �
RN eix·ξ u(ξ )dξ .

Let E a subset of RN , we define XE the characteristic function by

XE :=
{

1, if x ∈ E
0, otherwise.

If f is a measurable function, we say that the mean of f on a measurable set E with 0 < |E|< ∞, fE ,

is
�

E f := 1
|E|

�
E f . In particular when E = B(x, t) we can also denote fE as f t

x.
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A basic tool we shall need is the Hardy-Littlewood maximal operator M. For a function f ∈
L1

loc(R
N) we define

M f (x) := sup
r>0

 
B(x,r)

| f (y)|dy, a.e. x ∈ RN . (1)

It is well known that M : f 7→ M f is a bounded operator in Lp, for 1 < p ≤ ∞, and when f ∈ L∞ we

have the trivial estimate M f (x)≤ ∥ f∥∞, a.e. x ∈ RN .

In an analogous way, for each q > 0 we define the maximal operator Mq on Ω by

Mqg(x) := sup
t>0

(
1
tN

�
B(x,t)∩Ω

|g(y)|qdy

) 1
q

, a.e. x ∈ Ω, (2)

which is well-defined for all g ∈ Lq
loc(Ω) and is bounded in Lp(Ω), for all q < p ≤ ∞.

We denote by M the Grand Maximal Function associated to a collection S ⊂ S(RN) of rapidly

decreasing functions, that is

M f (x) = sup
φ∈S

Mφ f (x):= sup
φ∈S

[
sup
t>0

|(u∗φt)(x)|
]
,

where S = {φ ∈ S(RN) :
∥∥∥xα∂ β φ

∥∥∥
L∞

≤ 1, for all |α|, |β | ≤ C}. It is well known that for each

fixed N/(N − 1) < p ≤ 1 there is a appropriated constant C = CN,p (bigger than N/p) such that

∥ f∥hp ≃ ∥M f∥Lp (see [22, Theorem 1] for the details).

Let f : Ω 7→ C and g : Ω 7→ CN differentiable functions, we denote the gradient function of f by

∇ f (x) = (∂x1 f (x), . . . ,∂xN f (x)), and we denote the divergence and curl functions of g by, respectively,

div g(x) =
N

∑
j=1

∂x jg j(x) and curl g(x) =
[
(∂xig j(x)−∂x jgi(x))i j

]
N×N ,

for x ∈ Ω. The Laplace operator is given by ∆ f (x) = ∑
N
j=1 ∂ 2

x j
f (x).

A fundamental solution of ∆, i. e., ∆G = δ0, is the function G ∈ L1
loc(R

N) given by

G(x) =


ln |x|
2π

if N = 2;

|x|−N+2

(2−N)|SN−1|
if N ≥ 3.

(3)

Here |SN−1| denotes the surface measure (of the unit sphere in RN) and δ0 denotes the Dirac delta

distribution, given by ⟨δ0,φ⟩ := φ(0), for all φ ∈C∞
c (RN). For each fixed 1 < p < ∞ it is well known

that G ∗ f is well defined for all f ∈ Lp(RN) and also belongs to Lp(RN). Furthermore, D2G is

a bounded operator in Lp, in the sense of
∥∥∂xi∂x jG∗ f

∥∥
Lp ≲ ∥ f∥Lp , for all f ∈ Lp(RN) and for all

i, j ∈ {1, . . . ,N}.

We will denote by V = (V1, . . . ,VN) a vector field on Ω ⊂RN with locally integrable components,

that is, Vj ∈ L1
loc(Ω), for all j = 1, . . . ,N. Its divergence is defined, in the sense of distributions on Ω,

by

⟨div V,φ⟩ :=−
�

Ω

V ·∇φ ,
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and its curl is defined as the matrix distribution whose components are given by

⟨(curl V )i j,φ⟩ :=
�

Ω

Vj∂xiφ −Vi∂x jφ ,

for φ ∈C∞
c (Ω) and i, j ∈ {1,2, . . . ,N}.

Regarding vector function and distributions, let E be a complex vector space with finite dimen-

sion nE . We say that f = ( f1, ..., fnE ) : RN 7→ E belongs to vector spaces C∞
c (RN ;E), S(RN ;E) and

Lp(RN ;E) if each coordinate function fi belongs to C∞
c (RN), S(RN) and Lp(RN), respectively. In a

similar way we denote the E-valued distributions spaces D ′(RN ;E),S′(RN ;E) and E ′(RN ;E). We

set PE
k the space of polynomials P : RN 7→ E of degree at most k from RN to values of the complex

vector space E, in particular when E = C we return to the notation Pk.

1.2 Hardy spaces and localizable Hardy spaces

In this section, we will define Hardy spaces H p(RN) through maximal functions and present some

of their main properties. Our reference at this subject will be [44, Chapter 3]. Concurrently, we will

present the localizable Hardy spaces hp(RN), introduced by Goldberg in [22].

Fix, once for all, a radial non-negative function ϕ ∈ C∞
c (RN) supported in the unit ball B(0,1)

with
�

ϕ = 1, and denote ϕt(x) = t−Nϕ(x/t). For a tempered distribution u ∈ S′(RN), we will start

defining the maximal function Mϕu and the small maximal function mϕu given by, respectively,

Mϕu(x) := sup
t>0

|(u∗ϕt)(x)| and mϕu(x) := sup
0<t<1

|(u∗ϕt)(x)|.

Definition 1.1 (Hardy spaces and localizable Hardy spaces). Let 0 < p < ∞. We say that a tempered

distribution u ∈ S′(RN) belongs to the Hardy space H p(RN) when Mϕu ∈ Lp(RN), i.e. ∥u∥H p :=

∥Mϕu∥Lp < ∞. In the particular case p = ∞, we set H∞(RN) := L∞(RN). Analogously, we say that

a tempered distribution u ∈ S′(RN) belongs to the localizable Hardy space hp(RN) when mϕu ∈
Lp(RN), i.e. ∥u∥hp := ∥mϕu∥Lp < ∞. In the particular case p = ∞, we set h∞(RN) := L∞(RN).

In a more general way, the spaces H p(RN) and hp(RN) can be defined using any ϕ ∈ S(RN)

with
�
RN ϕ ̸= 0 and the spaces are independent of the choice of ϕ . When 0 < p ≤ 1, the spaces

H p(RN) and hp(RN) are complete metric spaces with the distances d(u1,u2) = ∥u1 − u2∥p
H p and

d′(v1,v2)= ∥v1−v2∥p
hp , for u1,u2 ∈H p(RN) and v1,v2 ∈ hp(RN) and when 1< p≤∞, the functionals

∥ · ∥H p and ∥ · ∥hp are norms and these spaces are complete normed spaces. Furthermore, H p(RN)

is continuously embedded in hp(RN), for all 0 < p ≤ ∞ and H p(RN) = hp(RN) = Lp(RN), for all

1 < p ≤ ∞, with comparable norms. In particular, when p = 1, the space h1(RN) is densely contained

in L1(RN) and H1(RN) ⊂ h1(RN) ⊂ L1(RN) strictly. Although hp(RN) is not locally convex for

0 < p < 1 and ∥ · ∥hp is truly a quasi-norm (see [49]), we will still refer to ∥ · ∥hp as a norm by

simplicity. We point out that ∥ · ∥hp is translation invariant.
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In contrast to Hardy space, the localizable version is closed under multiplication by test functions.

Precisely, if φ ∈ C∞
c (RN), f ∈ H p(RN) and g ∈ hp(RN) then in general φ f /∈ H p(RN) but φg ∈

hp(RN).

Next, we will describe the dual spaces of H p(RN) and hp(RN), more details can be found in [20]

and [22].

Definition 1.2 (Hölder spaces). Let 0 < r < 1. A continuous function f belongs to the homogeneous

Hölder (or Lipschitz) space Λ̇r(RN) if there exists C > 0 such that

| f (x+h)− f (x)| ≤C|h|r, for every x,h ∈ RN .

For r = 1, f ∈ Λ̇1(RN) (also called Zygmund space) if there exists C > 0 such that for every x,h ∈RN

| f (x+h)+ f (x−h)−2 f (x)| ≤C|h|.

If r = k+ s for k ∈ N and 0 < s ≤ 1, we say that f ∈ Λ̇r(RN) if all derivatives ∂ α f ∈ Λ̇s(RN) for

|α|= k.

The homogeneous Hölder space ˜̇
Λr(RN) is a locally convex topological vector space with the

semi-norms

[ f ]k+s := ∑
|α|=k

sup
x,h∈RN

h̸=0

|∂ α f (x+h)−∂ α f (x)|
|h|s

, 0 < s < 1,

or

[ f ]k+s := ∑
|α|=k

sup
x,h∈RN

h̸=0

|∂ α f (x+h)+∂ α f (x−h)−2∂ α f (x)|
|h|

, s = 1,

modulo the subspace of the functions satisfying [ f ]r = 0, which are all polynomials of degree less

than or equal to k.

When 0 < p < 1, the dual space of H p(RN) may be identified with the normed homogeneous

Hölder space ˜̇
Λr(RN) := Λ̇r(RN)/Pk, with r = γp := N

(
1
p −1

)
(see [20, Chapter III, Section 5] for

more details). When 0< p< 1, the dual space of hp(RN) may be identified with the nonhomogeneous

Hölder space Λr(RN) := ˜̇
Λr(RN)∩L∞(RN), with r = γp, equipped with the norm ∥ f∥r = [ f ]r+∥ f∥L∞ ,

(see [22, Theorem 5] for more details).

In the particular case when p = 1, the dual of H1(RN) can be identified with the BMO(RN) space,

that is, the space of functions of bounded mean oscillation, defined as the space of locally integrable

functions f which satisfy

∥ f∥BMO := sup
x∈RN

[
sup
Q∋x

 
Q
| f − fQ|

]
< ∞,

where the inner supremum is taken over all cubes with sides parallel to the axes that contain x. The

dual of h1(RN) can be identified with the space bmo(RN), or local BMO(RN), defined as the space of



14 Chapter 1. Preliminaries

locally integrable functions f which satisfy

∥ f∥bmo := sup
|Q|<1

1
|Q|

�
Q
| f − fQ|+ sup

|Q|≥1

1
|Q|

�
Q
| f |< ∞.

The proof of the duality of the previous spaces uses an important characterization of Hardy spaces,

their decomposition into well-behaved functions, called atoms, which will be the topic of the next

subsection.

1.2.1 Atomic decomposition

Since we have the equivalence of the spaces H p(RN), hp(RN) and Lp(RN) for p > 1, in this

subsection we will always consider 0 < p ≤ 1.

Definition 1.3. An H p-atom is a measurable function a(x) supported in some ball B = B(x0,r) satis-

fying the following properties:

(i) ∥a∥L∞ ≤ |B|−1/p ;

(ii)
�

xβ a(x)dx = 0, for all β ∈ ZN
+ satisfying |β | ≤ Np := ⌊N(p−1 −1)⌋.

The propriety (i) concerns a size condition, while the propriety (ii) is a moment condition.

Definition 1.4. A bounded hp(RN)-atom, in the sense of Goldberg (see [22], [44]), is a measurable

function a(x) supported at some ball B = B(x0,r) satisfying the following properties:

(i) ∥a∥L∞ ≤ |B|−1/p;

(ii) if r < 1 then
�

xβ a(x)dx = 0, for all β ∈ ZN
+ satisfying |β | ≤ Np := ⌊N(p−1 −1)⌋.

This type of bounded atom is usually called standard hp-atom or simply hp-atom. In contrast to

H p(RN)-atoms, the moment conditions are only required for atoms supported on balls with radius

r < 1. Atoms supported in balls with r > 1 without any moment condition as (ii) will be called rough

atoms and atoms with radius r < 1 will be called standard atoms (see [1] for the terminology). For a

deep discussion on moment conditions of atoms in hp(RN) we refer [15] and [16]. Note that an atom a

(both H p-atom and hp-atom) belongs to Lq(RN), for all q> 0, since ∥a∥Lq ≤∥a∥L∞ |B|1/q ≤ |B|1/q−1/p

and, in particular, ∥a∥Lp ≤ 1. As expected, an H p-atom belongs to H p(RN) space. Moreover, H p-

atoms are uniformly bounded, i.e. there is a positive constant C = C(N, p) such that ∥a∥H p ≤ C, for

all a H p-atom. The same happens with standard hp-atoms in localizable Hardy space hp(RN).

The next result is known as standard atomic decomposition theorem and its proof can be verified

in [44, p. 107].
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Theorem 1.5. Let 0 < p ≤ 1, then every f ∈ H p(RN) can be written as a sum of H p-atoms {ak}k,

i.e., there is a sequence of complex numbers {λk}k ∈ ℓp such that

f = ∑
k

λkak

in H p norm. Moreover, there is a positive constant c = c(N, p) such that ∥{λk}k∥ℓp = (∑k |λk|p)1/p ≤
c∥ f∥H p .

Note that the conclusion does not guarantee the uniqueness of the atomic decomposition of f . In

fact, it is true that

∥ f∥p
H p ≃ inf ∑

k
|λk|p,

in which the infimum is taken over all possible atomic decompositions.

In the same way, we have an atomic decomposition result for localizable Hardy spaces hp(RN)

(see [22, Lemma 5]) which means: any f ∈ hp can be written as an infinite linear combination of

hp-atoms, more precisely, there exist scalars λk and hp-atoms ak such that ∑k |λk|p < ∞ and the

series ∑k λkak converges to f both in hp(RN) and consequently in S′(RN). Furthermore, ∥ f∥p
hp ≃

inf ∑k |λk|p. Another useful fact is that the previous atoms may be assumed to be smooth functions,

in particular the inclusions C∞
c (RN) ⊂ S(RN) ⊂ hp(RN) are dense (see the proofs in [27, p. 79] and

[22, p. 35], respectively).

The referred atomic decomposition of hp(RN) is very similar to the atomic decomposition of

H p(RN) in terms of H p-atoms, the change being that the notion of hp-atom is less restrictive than that

of H p-atom, since an H p-atom a(x) must satisfy (i) and a stronger form of (ii): condition moments

are required, regardless of the size of the radius. The next result is a technical tool due to Goldberg in

[22] useful for establishing a connection between the H p(RN) and hp(RN) spaces.

Lemma 1.6 (Lemma 4,[22]). Let 0 < p ≤ 1 and φ ∈ S(RN) satisfying
�

φ = 1 and
�

xαφ(x)dx = 0

for all α ̸= 0, then ∥ f −φ ∗ f∥H p ≤ C∥ f∥hp . So, in particular if f ∈ hp(RN) then f −φ ∗ f belongs

to H p(RN).

As a consequence of the lemma, we can present such a connection as follows: let f ∈ hp(RN),

for 0 < p ≤ 1, then there exist u ∈ H p(RN) and v ∈ (C∞ ∩hp)(RN) satisfying f = u+v and there is a

constant C > 0 such that

∥u∥H p +∥v∥hp ≤C∥ f∥hp . (1.2.1)

It is a direct consequence of previous lemma taking v = φ ∗ f and u = f − v.

Remark 1.7. We say that the linear operator T :C∞
c (RN) 7→D ′(RN) is weakly continuous if ⟨φ j,ψ⟩−→

⟨φ ,ψ⟩, for all ψ ∈C∞
c (RN), implies that ⟨T φ j,ψ⟩ −→ ⟨T φ ,ψ⟩, for all ψ ∈C∞

c (RN).

Finally, we observe that the decomposition of localizable Hardy spaces into atoms is not sufficient

to guarantee the extension of bounded linear operators on atoms into bounded operators on the whole
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space (see [10, Theorem 2] for a famous counterexample). However, we will present a result that

gives us a condition of when such an extension is true.

Theorem 1.8. Let T : C∞
c (RN) 7→ D ′(RN) be a weakly continuous linear operator. Given 0 < p1 ≤ 1

and p1 ≤ p2 ≤ ∞, if there exists a positive constant C > 0 such that ∥Ta∥hp2 ≤ C, for all smooth

hp1-atom a, then T can be extended as a bounded operator T : hp1(RN) 7→ hp2(RN).

The most general proof can be found at [10, p. 3540] and in this case precisely [24, p. 779].

1.3 Elliptic linear differential operators

Consider A(·,D) a linear differential operator of order m ≥ 1 with smooth complex coefficients

given by

A(x,D) = ∑
|α|≤m

aα(x)∂ α : C∞(Ω,E) 7→C∞(Ω,F),

where aα(x) ∈ L (E,F) is a linear map for each x ∈ Ω and E and F are complex vector spaces of

finite dimensions (nE and nF respectively). We will denote by

Aν(x,D) = ∑
|α|=m

aα(x)∂ α

the principal part of A(·,D) and when A(·,D) = Aν(·,D) we say that A is a homogeneous operator.

The adjoint operator of A is denoted by

A∗(x,D) = ∑
|α|≤m

a∗α(x)∂
α : C∞(Ω,F∗) 7→C∞(Ω,E∗),

with a∗α(x) ∈ L (F∗,E∗) for each x ∈ Ω. Since the complex vector spaces E and F have finite dimen-

sion, to simplify the notation we write E∗ = E and F∗ = F as convenient. Since the complex vector

spaces have finite dimension, by simplicity. we may consider E ∼= CnE and F ∼= CnF , and naturally

the inner products may be regarded as

u ·E v =
nE

∑
j=1

u jv j and w ·F z =
nF

∑
j=1

w jz j,

for all u = (u1, ...,unE ) ,v = (v1, ...,vnE ) ∈ E and w = (w1, ...,wnF ) ,z = (z1, ...,znF ) ∈ F , as well as the

complex conjugation.

We also use the notation A∗ = At , where A denotes the operator obtained from A by conjugating

its coefficients and At is its formal transpose. It means that
�

Ω

A(x,D) f (x) ·F g(x) dx =
�

Ω

f (x) ·E A∗(x,D)g(x) dx, (1.3.1)

for all f ∈C∞
c (Ω,E) and g ∈C∞

c (Ω,F).



1.3. Elliptic linear differential operators 17

With respect to estimates for the product of functions, note that in the case where A(·,D) is a

homogeneous linear differential operator of order m ≥ 1 with smooth complex coefficients, this holds

by the Leibniz rule:

A∗(x,D) = (−1)m
∑

|α|=m

[
a∗α(x)∂

α + ∑
β<α

cβ (x)∂
β

]
,

where a∗α := at
α and cβ ∈ C∞(Ω,L (F,E)) are given by cβ (x) =̇

(
α

β

)
∂

α−β a∗α(x). Moreover, let

g ∈C∞
c (Ω,C) and h ∈C∞(Ω,F), so by the Leibniz rule and uniform boundedness in compact sets of

a∗α ,g and all theirs partial derivatives, there exists a positive constant C =C(A,g,m,nE ,nF) such that

|A∗(x,D)(gh)(x)| ≤C

(
|A∗(x,D)h(x)|+ ∑

0≤|β |<m
|∂ β h(x)|

)
,

for all x ∈ supp(g).

Definition 1.9 (Elliptic operator). We say that A(·,D) is an elliptic linear differential operator in

x0 ∈ Ω if its principal symbol

a(x0,ξ ) := ∑
|α|=m

aα(x0)ξ
α

is an injective matrix-valued function, that is, a(x0,ξ ) ̸= 0nF×nE , for all ξ∈ RN ̸= 0. We say that

A(·,D) is an elliptic operator in Ω if is elliptic for all x0 ∈ Ω.

Below we present some examples of elliptic linear differential operators.

Example 1.10. The gradient operator ∇ : C∞(RN ,C) 7→C∞(RN ,CN) given by ∇ f (x) = (∂x1 f (x), . . . ,

∂xN f (x)) is an elliptic linear differential operator on RN , since for any x0 ∈ RN ,

a(x0,ξ ) = ξ ̸= 0, for all ξ ∈ RN ̸= 0.

Example 1.11. The Cauchy-Riemann operator A(D) :C∞(R2) 7→C∞(R2) given by A(D)= 1
2 (∂x + i∂y)

is an elliptic linear differential operator on R2, since for each (x0,y0) ∈ R2,

a((x0,y0),(ξ1,ξ2)) =
1
2
(ξ1 + iξ2) ̸= 0, for all (ξ1,ξ2) ̸= (0,0).

Example 1.12. The Laplace operator ∆ : C∞(RN) 7→ C∞(RN) given by ∆ f (x) = ∑
N
j=1 ∂ 2

x j
f (x) is an

elliptic linear differential operator on RN , since for each x0 ∈ RN ,

a(x0,ξ ) = ∑
|α|=2

aα(x0)ξ
α =

N

∑
j=1

ξ
2
j ̸= 0, for all ξ ̸= 0.
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Example 1.13. The directional type operator Am : C∞(RN) 7→C∞(RN) of order m given by Am f (x) =

∑
K
k=1(yk ·∇)m f (x), in which yk are fixed vectors in RN called directions, is an elliptic linear differ-

ential operator on RN if m is even and {y1, ...,yK} spans RN . Indeed, for each x0 and ξ ∈ RN , we

denote its symbol

a(x0,ξ ) =
K

∑
k=1

(yk ·ξ )m.

If {y1, ...,yK} does not span RN , there exists a point ξ0 ̸= 0 orthogonal to all yk, then yk · ξ0 = 0 for

all k = 1, ...,K and a(x0,ξ0) = 0. Consider now {y1, ...,yK} a generator of RN and m even. Note that

(yk · ξ )m ≥ 0 for all ξ and k ∈ {1, ...,K}. So, a(x0,ξ ) = 0 implies that each (yk · ξ )m is null. Since

{y1, ...,yK} spans RN then ξ = 0, concluding the ellipticity of the operator Am.

Example 1.14. Let A(·,D) : C∞
c (R2,C2) 7→ C∞

c (R2,C3) the nonhomogeneous linear differential op-

erator of order 4 in R2 given by

A(x,D)u(x) =
(

∂
3
x1

u1(x),
x2∂x2u1(x)+ x1∂x1u2(x)

2
,∂ 4

x2
u2(x)

)
,

such that u(x) = (u1(x),u2(x)). Note that A(x,D)u(x) can be also write as0 0
0 x1/2
0 0

 .

(
∂x1u1
∂x1u2

)
+

 0 0
x2/2 0

0 0

 .

(
∂x2u1
∂x2u2

)
+

1 0
0 0
0 0

 .

(
∂ 3

x1
u1

∂ 3
x1

u2

)
+

0 0
0 0
0 1

 .

(
∂ 4

x2
u1

∂ 4
x2

u2

)

and its symbol is given by

a(x,ξ ) =

 ξ 3
1 0

x2ξ2/2 x1ξ1/2
0 ξ 4

2

 .

Thus, for each x0 ∈ R2, we have a(x0,ξ ) ̸= 03×2 for all ξ ∈ R2 −{0} and therefore A(·,D) is an

elliptic operator.

Let us now look at the concept of ellipticity in the k-forms setting.

Example 1.15. Consider the de Rham complex given by the sequence of differential operators:

0 −→C∞(RN)
d−→C∞(RN ,Λ1(RN))

d−→ ·· · d−→C∞(RN ,ΛN(RN))
d−→ 0,

where C∞(RN ,Λk(RN)) is the space of smooth differential forms of degree k in RN and d is the exterior

operator given by

dw = ∑
i1<···<ik

N

∑
j=1

∂x jwi1...ikdx j ∧dxi1 ∧·· ·∧dxik

and satisfying d2 = 0. Thus, the de Rham complex is elliptic, in the following sense. For any x0 ∈RN ,

we define the symbol a(x0,ξ ) : Λk(RN) 7→ Λk+1(RN) as the exterior product:

a(x0,ξ )(w) = iξ ∧w.
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We also denote by iξ : Λk+1(RN) 7→ Λk(RN) the inner contraction given by

iξ (dxi1 ∧·· ·∧dxik+1) = ∑
r
(−1)r−1

ξirdxi1 ∧·· ·∨dxir ∨·· ·∧dxik+1.

Suppose that ξ ∧w = 0, for some ξ ̸= 0, then by identity

iξ (ξ ∧w)+ξ ∧ iξ (w) = |ξ |2w

we get |ξ |2w = ξ ∧ iξ (w) = 0, which implies that w = 0, since ξ ̸= 0. Therefore, a(x0,ξ ) is injective,

concluding the ellipticity of the de Rham complex.

Example 1.16. For each k ∈ {1, . . . ,N −1} we define the second order operator

A(D) = (dd∗,d∗d) : C∞(RN ,Λk(RN))→C∞(RN ,Λk(RN))×C∞(RN ,Λk(RN)),

in which d and d∗ are the exterior and co-exterior derivatives, respectively. Note that A∗(D) =

dd∗+d∗d = ∆ is an elliptic operator, then A(D) is also an elliptic operator.

Next, we will present an important class of elliptic homogeneous differential operators of order 1

that will be explored with special attention throughout this thesis.

1.3.1 Elliptic system of complex vector fields

Consider n complex vector fields L1, . . . ,Ln, n ≥ 2, with smooth coefficients defined on Ω ⊆ RN ,

in which N ≥ 2, i.e. for each j = 1,2, . . .n,

L j :=
N

∑
k=1

a jk(x)∂xk ,

for each x ∈ Ω, with a jk ∈ C∞(Ω). We will always assume in this thesis that the system of vector

fields L := {L1, . . . ,Ln} is linearly independent.

Remark 1.17. Let L = {L1, ...,Ln} be a system of vector fields with complex smooth coefficients

defined on Ω. We remark that for each x0 ∈ Ω there is a neighborhood U0 ⊂ Ω such that, choosing

appropriate generators and reordering the coordinates {x1,x2, ...,xN}, we have

spanC∞(U0)
{L1, ...,Ln}= spanC∞(U0)

{L̃1, ..., L̃n},

where

L̃ j :=
∂

∂x j
+

m

∑
k=1

a jk
∂

∂xn+k
, (1.3.2)

for j = 1, ...,n and m := N − n. As reference we cite the construction presented in the proof of [5,

Proposition 4.4]. In particular, when the coefficients are constant, this property holds globally. We

will be interested in systems of vector fields in which L j has representation as (1.3.2) in the second

main result, in Chapter 4.
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Definition 1.18. Let L = {L1, . . . ,Ln} be a system of vector fields with complex smooth coefficients

defined on Ω. We define ∇L : C∞(RN ,C) 7→ C∞(RN ,Cn) the gradient operator associated with L

given by ∇L := (L1, . . . ,Ln).

For each x0 and ξ ∈ RN and j ∈ {1, . . . ,n} we denote by ℓ j(x0,ξ ) := ∑
N
k=1 a jk(x0)ξk the symbol

associated with L j. Thus, the symbol associated with the operator ∇L can be write as

ℓ(x0,ξ ) := (ℓ1(x0,ξ ), . . . , ℓn(x0,ξ )).

Definition 1.19. We say the system L = {L1, . . . ,Ln} is elliptic in Ω if the operator ∇L is elliptic for

each x0 ∈ Ω, that is, if its symbol ℓ(x0,ξ ) = (ℓ1(x0,ξ ), . . . , ℓn(x0,ξ )) is not null, for all ξ ∈RN −{0}.

Thus, the system being elliptic is equivalent to saying that the symbols of all vector fields do not

have a common zero. If the system L is elliptic, then the number n of vector fields must satisfy

N/2 ≤ n ≤ N and the justification can be consulted in [39, p. 1076].

Example 1.20. The Cauchy-Riemann system in Cr ∼= R2r is given by

L j =
∂

∂x j
+ i

∂

∂xr+ j
, for j = 1, ...,r

where N = 2r, and defines an elliptic system.

Example 1.21. Consider the system L given by

L j =
∂

∂x j
+ i

∂

∂xr+ j
, for j = 1, ...,r and L2r+ j =

∂

∂x2r+ j
, for j = 1, ...,s

where N = 2r+ s. Note that L defines an elliptic system and, in particular, when s = 0 we obtain the

Cauchy-Riemann system above.

Example 1.22. Let L = {L1,L2} be a system of vector fields with complex smooth coefficients defined

on R3 given by

L1 = ∂x1 + i ∂x3 and L2 = ∂x2 + i x2 ∂x3.

Then L is an elliptic system. Indeed, for each x ∈ R3, the symbol

a(x,ξ ) = (ξ1 + i ξ3 , ξ2 + i x2 ξ3)

is null if and only if ξ1 = ξ3 = 0 and ξ2 = x2ξ3 = 0, since each ξ j is a real number. So, ξ = 0,

regardless of the choice of x.

Example 1.23. Let L = {L1,L2} be a system of vector fields with complex smooth coefficients defined

on R3 given by

L1 = ∂x1 + i x2 ∂x3 and L2 = ∂x2.
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Then L is not an elliptic system. Indeed, note that, for each x ∈ R3, the symbol

a(x,ξ ) = (ξ1 + i x2 ξ3 , ξ2)

is null if and only if ξ1 = x2ξ3 = 0 and ξ2 = 0, since each ξ j is a real number. In particular, a(x,ξ )= 0,

for all ξ ∈ RN −{0} and for all x belonging to the hyperplane M = {(x1,0,x3)}.

Definition 1.24. We say that the system L is involutive if each commutator operator

[L j,Lℓ] := L j ◦Lℓ−Lℓ ◦L j

is a linear combination of L1, . . . ,Ln, for all j, ℓ ∈ {1, . . . ,n}.

Clearly, if L is a system of vector fields with constant complex coefficients then [L j,Lℓ] = 0, for

all j, ℓ∈ {1, . . . ,n}. As a generalization of Example 1.22, we can also present the following example:

Example 1.25. Let L = {L1, ...,LN−1} be a system of vector fields with complex smooth coefficients

defined on RN given by

L j = ∂x j + i (x j)
j−1

∂xN , for j = 1, . . .N −1.

Then L is an elliptic and involutive system. Indeed, for each x ∈ RN , the symbol

a(x,ξ ) =
(
ξ1 + i ξN , ξ2 + i x2 ξN , . . . , ξN−1 + i (xN−1)

N−2
ξN
)

is null if and only if ξ1 = ξN = 0, ξ2 = x2ξN = 0, . . . , ξN−1 = (xN−1)
N−2ξN = 0, since each ξ j is a real

number. This way, ξ = 0, regardless of the choice of x. Furthermore, it is easy to see that [L j,Lℓ] = 0,

for all j, ℓ ∈ {1, . . . ,N −1}.

Note that the ellipticity of the system L does not imply that each component L j is elliptic. Indeed,

in the previous example, anyone L j is not elliptic at the origin, but the system L is elliptic at the

origin.

Remark 1.26. Let L = {L1, ...,Ln} be an elliptic and involutive system of vector fields with smooth

complex coefficients defined on Ω. A combination between Frobenius Theorem and Newlander-

Nirenberg Theorem shows that there exists a local coordinate

{x1, . . . ,xr,y1, . . . ,yr, t1, . . . , ts}

such that the system L can be generated by the system defined on Example 1.21. The details can be

verified in [29, Section 4.1].

The previous remark shows that in some situations studying local estimates for the operator ∇L ,

in the case of an elliptic and involutive system, is equivalent to considering a system of fields with
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constant coefficients (see [29]). The study in this particular case of constant vector fields will be

presented in Chapters 4 and 5, precisely in Theorems B and C.

Let L := {L1, . . . ,Ln} be a system of linearly independent vector fields with complex smooth

coefficients defined on Ω. The operator ∇L can be written as A(·,D) before for m = 1, E = C,

F = Cn and each aα : Ω 7→ L (C,Cn) can be written in the form aek(x) = (a1k(x), . . . ,ank(x)), for

k = 1,2, . . . ,N. Furthermore, note that its adjoint operator is the divergence operator associated with

L given by

divL ∗ g(x) :=
n

∑
j=1

L∗
jg j(x), for g ∈C∞(Ω,Cn)

and x ∈ Ω. Here L∗
j := Lt

j denotes the adjoint operator of L j, in the sense of
�

L j f g =
�

f L∗
jg. In

particular, if the coefficients of L j are constant then L∗
j :=−L j. This case where

A(·,D) = ∇L and A∗(·,D) = divL ∗ (1.3.3)

will be cited several times as applications of the results of this thesis.

We define the curl operator associated with L as the matrix given by

curlL g(x) :=
[(

Lig j(x)−L jgi(x)
)

i j

]
n×n

,

for g ∈C∞(Ω,Cn) and x ∈ Ω. We also define the operator

∆L := L∗
1L1 + · · ·+L∗

nLn.

The ellipticity of the system L (defined in 1.19) is equivalent to saying that the second order

operator ∆L is elliptic (defined in 1.9). In particular, when the coefficients are constant, it follows

from Remark 1.17 that the ellipticity of ∆L means that there exists C > 0 such that

n

∑
j=1

∣∣∣∣∣ξ j +
m

∑
k=1

a jkξn+k

∣∣∣∣∣
2

≥C|ξ |2, ∀ξ ∈ RN .

Note that, in the particular case of the system defined in Example 1.21, ∆L is a multiple of Laplacian

operator ∆ (see [5] for more details on this subject). Of course, if n = N and L j = ∂x j for all j =

1, . . . ,N, then ∇L = ∇, divL ∗ = div, curlL = curl and ∆L = ∆.

The next subsection will be devoted only to local and global estimates of the operator ∇L with

constant coefficients in Lp and W−1,p spaces. Such controls will be fundamental in the proof of

Theorem B, in Chapter 4.

1.3.2 Elliptic estimates in Sobolev spaces with constant coefficients

Consider an elliptic system of linearly independent complex vector fields L := {L1, ...,Ln} with

constant complex coefficients in RN for N ≥ 2, where L j := ∑
N
k=1 a jk∂xk and n ≤ N. Note that the
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operator ∆L = L∗
1L1 + · · ·+L∗

nLn is a slight variation of Laplacian operator and it has a fundamental

solution E(x), i.e. ∆L E = δ0, which is locally integrable tempered distribution homogeneous of

degree −N + 2 for N ≥ 3 and log |x| type for N = 2. In particular, ∂ 2E is a bounded operator from

Lp(RN) to itself for 1 < p < ∞.

Indeed, consider the symbol of the operator ∆L given by

δ (ξ ) =−
n

∑
j=1

N

∑
ℓ,i=1

a jℓa jiξℓξi.

We recall that, from [Definition 4.2, [17]], a distribution (or tempered distribution) T is homogeneous

of degree k if for every test function φ it satisfies ⟨T,φλ ⟩= λ k⟨T,φ⟩, in which φλ (x) := λ−Nφ
(
λ−1x

)
.

Thus, 1/δ (ξ ) is a smooth function in RN −{0} (since ∆L is elliptic) and homogeneous of degree −2.

Furthermore, it follows from [17, Proposition 4.3, p. 71] that its inverse Fourier transform, denoted

by E, is a locally integrable tempered distribution homogeneous of degree −N +2 and satisfies

(∆L E)̂= (F−1
δ ∗E )̂ = (F−1

δ )̂ Ê = δ Ê = 1 = δ̂0,

in the sense of

u(x) =
�
RN

E(x− y)∆L u(y)dy, for all u ∈C∞
c (RN).

In other words, if N ≥ 3, then E(x) :=C|x|2−N is a fundamental solution of ∆L , where C is a constant

depending only of N and the coefficients of L . In the case when N = 2 and n = 2, we can write

δ (ξ ) = |v|2, where v = M−1ξ and M is a change-of-variable matrix. By the linear independence of

the system L , M is invertible and hence a linear isomorphism. Consequently, E(x) := log|M−1x|.
We observe that E ∗ f belongs to Lp(RN), for all f ∈ Lp(RN), and that D2E is a bounded operator in

Lp, in the sense of ∥∥∂xi∂x jE ∗ f
∥∥

Lp ≲ ∥ f∥Lp , (1.3.4)

for all f ∈ Lp(RN) and i, j ∈ {1, . . . ,N}. The proof uses a detailed treatment of singular integral

operators with homogeneous Calderón–Zygmund kernels (including logarithmic terms), and can be

found, for instance, in [17], [44] and [45], in addition to [41, Chapter 3], where all calculations are

given explicitly. Moreover, if N = 2 we define g(w) := f (Mw), then

∥∂i∂ jE ∗ f∥Lp = |detM|1/p∥∂i∂ jG∗g∥Lp ≲ |detM|1/p∥g∥Lp = ∥ f∥Lp,

when G is the fundamental solution of ∆ defined in (3).

Next we will proof important a priori estimates of the operator ∇L on Lp and W−1,p spaces that

will be useful.

Proposition 1.27. Let L = {L1,L2, ...,Ln} be an elliptic system of complex vector fields on RN with

constant complex coefficients and 1 < p < ∞. Then there exists C > 0 such that

∥∇φ∥Lp ≤C∥∇L φ∥Lp, for all ∇φ ∈ Lp(RN).
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Proof. Consider first ∇φ ∈ S(RN). Using the fundamental solution of ∆L and that the vector fields

have constant coefficients, we may write

∇φ = ∇divL ∗ (E ∗∇L φ) = (∇divL ∗ E)∗∇L φ

and since D2E is a bounded operators on Lp(RN) for 1 < p < ∞, in the sense of (1.3.4), the estimate

follows for all ∇φ ∈ S(RN). Now, by density of the space, consider ∇φ ∈ Lp(RN) and {φ j} j ∈ S(RN)

such that ∥∂k(φ − φ j)∥Lp → 0, for all k ∈ {1, . . . ,N}. Since each L j is a combination of standard

derivatives (L j has constant coefficients) then ∥∇L φ j∥Lp →∥∇L φ∥Lp and therefore

∥∇φ∥Lp ≤ ∥∇(φ −φ j)∥Lp +∥∇L φ j∥Lp ≤ ∥∇L φ∥Lp.

Proposition 1.28. Consider L = {L1, ...,Ln} be a system of complex vector fields on RN with complex

constant coefficients and 1 < p < ∞. Then for each ball B ⊂RN , there is a constant C =C(B,L )> 0

such that

∥∇g∥W−1,p(B) ≤C
n

∑
j=1

∥∥L∗
jg
∥∥

W−1,p(B) .

We recall that ∥∇g∥W−1,p(B) :=
N

∑
j=1

∥∥∂x jg
∥∥

W−1,p(B), where

∥∂xig∥W−1,p(B) = sup
∥u∥

W1,p′ (B)
≤1

u∈C∞
c (B)

|⟨g,∂xiu⟩|= sup
∥u∥

W1,p′ (B)
≤1

u∈C∞
c (B)

∣∣∣∣� g(x) ∂xiu(x)dx
∣∣∣∣ . (1.3.5)

Proof. Using again the fundamental solution of ∆L and since the vector fields have constant coeffi-

cients, we may write, for all u ∈C∞
c (RN),

∂xiu =
n

∑
j=1

L jhi j, where hi j := ∂xiL
∗
jE ∗u.

Thus, ∣∣∣∣�
B

g(x) ∂xiu(x)dx
∣∣∣∣≤ n

∑
j=1

∣∣∣∣�
B

g L jhi j(x)dx
∣∣∣∣= n

∑
j=1

∣∣⟨L∗
jg,XBhi j⟩

∣∣
≤

n

∑
j=1

∥∥L∗
jg
∥∥

W−1,r(B)

∥∥hi j
∥∥

W 1,r′(B) .

As hi j =
N

∑
k=1

−ak j
(
∂

2
xixk

E ∗u
)

and noting that ∥∂ 2
xixk

E ∗u∥Lr′ ≤Cik∥u∥Lr′ , we have

∣∣∣∣�
B

g(x) ∂xiu(x)dx
∣∣∣∣≲ n

∑
j=1

∥∥L∗
jg
∥∥

W−1,r(B) ∥u∥W 1,r′(B)

for all u ∈C∞
c (B). Substituting in (1.3.5) we conclude the result.
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1.4 Pseudo-differential operators

In this section, we recall the special class of Hörmander symbols. After, we will present the

definition of operators associated with this class, called Pseudo-Differential Operators. Finally, we

will write such operators in terms of their kernel and present some results about the decay control of

these kernels. These estimates will be a very important tool in proving our Theorem A. Our main

references at this subject will be [2], [22] and [26].

Definition 1.29 (Hörmander’s class). Let Ω ⊂RN an open set, m ∈R and ρ,δ ∈ [0,1]. We define the

Hörmander’s class Sm
ρ,δ (Ω×RN) the set of functions φ ∈C∞(Ω×RN) such that

sup
x∈K

ξ∈RN

(1+ |ξ |)−m+ρ.|β |−δ .|α||∂ α
x ∂

β

ξ
φ(x,ξ )|=C(K,α,β )< ∞, (1.4.1)

for all K ⊂ Ω compact and α,β ∈ ZN
+ multi-indexes. The functions φ ∈ Sm

ρ,δ (Ω×RN) are called

symbols of order m and type ρ,δ .

When the domain space is evident, it can be omitted, writing just Sm
ρ,δ . Symbols of type (1,0) will

be denoted by Sm. We also denote the sets

S∞

ρ,δ (Ω×RN) =
⋃
m

Sm
ρ,δ (Ω×RN) and S−∞

ρ,δ (Ω×RN) =
⋂
m

Sm
ρ,δ (Ω×RN).

Example 1.30. For each m ∈ Z, define φm(x,ξ ) =<ξ>m = (1+ |ξ |2)m/2, thus φm ∈ Sm.

A trivial but useful property is that if φ ∈ Sm
ρ,δ then ∂ α

x ∂
β

ξ
φ ∈ Sm−ρ.|β |+δ .|α|

ρ,δ for all α,β ∈ ZN
+

multi-indexes. Moreover, if m < m′ then Sm
ρ,δ ⊂ Sm′

ρ,δ .

Definition 1.31. We define a pseudo-differential operator P(x,D) associated to symbol a ∈ Sm
ρ,δ as

P(x,D)u(x) =
�

eix·ξ a(x,ξ )û(ξ )dξ , (1.4.2)

with u∈ S(RN). We denote the class of operators as before associated with symbols in Sm
ρ,δ by OpSm

ρ,δ .

Example 1.32. Let A(D) a linear differential operator of order m with constant coefficients A(D) =

∑
|α|≤m

aα∂
α , then A(D) is a pseudo-differential operator, associated to the symbol

a(ξ ) =
1

(2π)N ∑
|α|≤m

aα iαξ
α ∈ Sm.

Indeed, by the inverse Fourier transform we may write

A(D)u(x) =
1

(2π)N

�
eix·ξ Â(D)u(ξ )dξ

=
1

(2π)N

�
eix·ξ

∑
|α|≤m

aα ∂̂ αu(ξ )dξ

=

�
eix·ξ

(
1

(2π)N ∑
|α|≤m

aα iαξ
α

)
û(ξ )dξ .
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Example 1.33. For each m ∈ N, the operator associated to the symbol am(ξ ) = <ξ>−m := (1+

|ξ |2)−m/2 ∈ S−m is called Bessel Potential Operator of order m, and denoted by Jm.

In general, by the Schwartz Kernel Theorem (see [48, Theorem 51.7] for the proof), every pseudo-

differential operator in OpSm
ρ,δ , with 0 < ρ ≤ 1,0 ≤ δ < 1, can be written as

P(x,D)u(x) =
�

K(x,y)u(y)dy,

where K is its kernel, given by K(x,y) =
�

ei(x−y)ξ a(x,ξ ) dξ . In the particular case, when a(x,ξ ) =

a(ξ ), the kernel is obtained through the inverse Fourier transform of the symbol, i.e. P(D)u = K0 ∗u,

where K0 = (2π)NF−1a and K(x,y) = K0(x− y). The following result gives us important estimates

of the kernel of pseudo-differential operators.

Theorem 1.34. [2, Theorem 1.1] Let P(x,D) ∈ OpSm
ρ,δ , with 0 < ρ ≤ 1,0 ≤ δ < 1 and K(x,ξ ) its

respective kernel. Then, the following properties hold.

a) The distribution K is smooth outside the diagonal. Moreover, given α,β ∈ ZN
+, there exists

n0 ∈ N such that

sup
x ̸=y

|x− y|n |∂ α
x ∂

β
x K(x,y)|< ∞,

for all n ≥ n0.

b) If suppa(x, ·) is uniformly compact with respect to x, then K is smooth and, given α,β ∈ ZN
+

and n ∈ N such that

|∂ α
x ∂

β
y K(x,y)| ≤C(1+ |x− y|)−n

c) Let j ∈ N such that m+ j +N < 0, then K is a bounded continuous function with bounded

continuous derivatives of order at most j.

d) Let j ∈ N such that m+ j+N = 0, then there is a constant C > 0 such that

sup
|α+β |= j

|∂ α
x ∂

β
y K(x,y)| ≤C |log |x− y|| ,

for all x ̸= y.

e) Let j ∈ N such that m+ j+N > 0, then there is a constant C > 0 such that

sup
|α+β |= j

|∂ α
x ∂

β
y K(x,y)| ≤C|x− y|−(m+ j+N)/ρ ,

for all x ̸= y.

Next, we will see the boundedness of pseudo-differential operators on Lebesgue spaces and local-

izable Hardy spaces, depending on their type and order.
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Theorem 1.35. [2, Theorem 3.4] Given 1 < p < ∞ and P(x,D) ∈ OpSm
ρ,δ , with 0 < ρ ≤ 1,0 ≤ δ < 1,

if

m ≤−N
[
(1−ρ)

∣∣∣∣1p − 1
2

∣∣∣∣+λ

]
,

in which λ = max
{

0,
(δ −ρ)

2

}
, then P(x,D) is continuous from Lp to itself.

Theorem 1.36. [22, Theorem 4] If P(x,D) ∈ OpS0 then ∥T f∥hp ≤C∥ f∥hp , for all f ∈ hp(RN).

Remark 1.37. The operators in OpS−m
1,0 are bounded in hp-norm, for 0 < p < ∞ and m ≥ 0.

Indeed, for p > 1 this is a consequence of Theorem 1.35, for ρ = 1 and δ = 0. Note that λ = 0

and −N
[
(1−ρ)

∣∣∣∣1p − 1
2

∣∣∣∣+λ

]
= 0. Consider now 0 < p ≤ 1. The case m = 0 is the Theorem 1.36.

For any m > 0, it is enough to see that OpS−m
1,0 ⊂ OpS0

1,0.

For a deeper discussion see [28], where the result is extended to 0 ≤ δ < 1.

Remember that the Bessel Potential operator Jm is associated to the symbol am(ξ ) = <ξ>−m,

with m ∈ N. By an abuse of notation, we define

J−m f (x) =
�
RN

eix·ξ <ξ>m f̂ (ξ )dξ ,

that defines an operator in the class OpSm.

Proposition 1.38. Let 0 < p < ∞, then ∥J−m f∥hp ≃ ∑
m
j=0

∥∥D j f
∥∥

hp .

Proof. Firstly, note that

<ξ>2m =
(
1+ |ξ |2

)m
= 1+

m

∑
j=1

(
m
j

)
|ξ |2 j.

Thus,

<ξ>m =
<ξ>2m

<ξ>m =
1

<ξ>m +
m

∑
j=1

(
m
j

)
|ξ |2 j

<ξ>m

and

<ξ>m f̂ (ξ ) =
1

<ξ>m f̂ (ξ )+
m

∑
j=1

(
m
j

)
|ξ |2 j f̂ (ξ )
<ξ>m .

For each j = 1, ...,m, let is write

|ξ |2 j =
N

∑
i j=1

· · ·
N

∑
i2=1

N

∑
i1=1

ξ
2
i1.ξ

2
i2 . . .ξ

2
i j

(1.4.3)

and define the pseudo-differential operator Pj ∈ OpS j−m
1,0 associated to the symbol

a j(ξ ) =

(
m
j

)
1

<ξ>m

N

∑
i j=1

· · ·
N

∑
i2=1

N

∑
i1=1

ξi1.ξi2 . . .ξi j .
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Finally, as

<ξ>m f̂ (ξ ) =
1

<ξ>m f̂ (ξ )+
m

∑
j=1

(
m
j

)
∑

N
i j=1 · · ·∑N

i2=1 ∑
N
i1=1 ξi1.ξi2 . . .ξi j(

̂
∂

j
i1,i2,...,i j

f )(ξ )

<ξ>m

then, by definition of pseudo-differential operator,

J−m f = Jm f +
m

∑
j=1

Pj(∂
j

i1,i2,...,i j
f ).

Now, it is enough we apply Remark 1.37 to conclude that

∥J−m f∥hp ≲ ∥ f∥hp +
m

∑
j=1

∥∥∥∂
j

i1,i2,...,i j
f
∥∥∥

hp
=

m

∑
j=0

∥∥D j f
∥∥

hp .

On the other hand, for each j = 0,1, ...,m, we have

D j f = (D j ◦ Jm)◦ J−m( f ),

with D j ◦ Jm ∈ OpS j−m
1,0 . Again, by Remark 1.37,

∥∥D j f
∥∥

hp ≲ ∥J−m f∥hp and therefore,

∥J−m f∥hp ≃
m

∑
j=0

∥∥D j f
∥∥

hp = ∥ f∥hm,p
<

.

Lastly, we will justify the identity (1.4.3). For j = 1, it is clear that |ξ |2 = ∑
N
i1=1 ξ 2

i1 . For j = 2 we

have

|ξ |4 = |ξ |2|ξ |2 =

[
N

∑
i1=1

ξ
2
i1

][
N

∑
i2=1

ξ
2
i2

]
=

N

∑
i2=1

[
N

∑
i1=1

ξ
2
i1

]
ξ

2
i2 =

N

∑
i2=1

N

∑
i1=1

ξ
2
i1ξ

2
i2.

Since the indices of the sums are independent of each other, the identity extends to any j.

From here on, we will need to present some definitions and properties of special pseudo-differential

operators, called parametrices. The main reference used was [26], in addition to [25, Chapter 3].

Definition 1.39. Let Ω⊂RN an open subset, m∈Z, δ < ρ and a∈ Sm
ρ,δ (Ω×RN). We say that a(x,ξ )

is an elliptic symbol of order m if, for all K ⊂ Ω compact, there exist positive constants C e ε such

that

|a(x,ξ )|>C(1+ |ξ |)m, for all x ∈ K, |ξ |> ε.

Furthermore, we say that P(x,D) ∈ OpSm
ρ,δ (Ω×RN) is elliptic of order m if the principal part of its

associated symbol is elliptic of order m.

Example 1.40. Let A(x,D) = ∑
|α|≤m

aα(x)∂ α , with aα ∈C∞(Ω), then the principal part of its associ-

ated symbol is

aν(x,ξ ) = ∑
|α|=m

aα(x)iαξ
α

and A(x,D) is an elliptic pseudo-differential operator if for each x ∈ Ω, aν(x,ξ ) ̸= 0, for all ξ ̸= 0.

In other words, every elliptic linear differential operator is an elliptic pseudo-differential operator.
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Definition 1.41. Let Ω ⊂ RN an open subset, m ∈ Z, δ < ρ and P ∈ OpSm
ρ,δ (Ω×RN). We say that

the operator Q ∈ OpSm′

ρ,δ (Ω×RN) is a parametrix of P if P◦Q ≡ Q◦P ≡ I mod OpS−∞(Ω×RN).

Example 1.42. Let A(D) = ∂ 4
x − ∂ 2

y +1 ∈ OpS4(R2,R2) and consider B the pseudo-differential op-

erator associated with the symbol b(ξ ) = (ξ 4
1 +ξ 2

2 +1)−1, then

B◦A f (x) =

�
eix·ξ 1

ξ 4
1 +ξ 2

2 +1
(∂ 4

x f −∂
2
y f + f )̂ (ξ )dξ

=

�
eix·ξ 1

ξ 4
1 +ξ 2

2 +1
(i4ξ

4
1 − i2ξ

2
2 +1) f̂ (ξ )dξ

=

�
eix·ξ f̂ (ξ )dξ = f (x),

for all f ∈ S(R2). Thus, B is a parametrix of A.

Proposition 1.43 (Proposition 12.1, [26]). Let Ω ⊂ RN an open subset, m ∈ Z, δ < ρ and P(x,D) ∈
OpSm

ρ,δ (Ω×RN). The following conditions are equivalent:

(i) P(x,D) is elliptic;

(ii) P(x,D) has a parametrix Q(x,D) ∈ OpS−m
ρ,δ (Ω×RN);

(iii) There are Q(x,D) ∈ OpS−m
ρ,δ (Ω×RN) and ε > 0 such that P◦Q ∈ OpS−ε

ρ,δ (Ω×RN).

Paraphrasing for the notation that will be used in the following chapters, for each P(·,D) ∈
OpSm

ρ,δ (Ω×RN) elliptic, with 0 < ρ ≤ 1,0 ≤ δ < 1 and m > 0, there exist pseudo-differential opera-

tors Q(·,D) ∈ OpS−m
ρ,δ (Ω×RN) called parametrix and R(·,D) ∈ OpS−∞

ρ,δ (Ω×RN) called regularizing

such that

u(x) = Q(x,D)◦P(x,D)u(x)+R(x,D)u(x), (1.4.4)

for all u ∈C∞(Ω).

All the previous definitions and properties of pseudo-differential operators were presented in the

scalar setting. In what follows, we extend these frameworks to the vector-value case. Our reference

at this subject will be [47, Chapter 1 - Section 7 and Chapter 2 - Section 2].

Once for all, fix E1 and E2 complex vector spaces of finite dimension, n1 and n2, respectively. We

denote by Sm
ρ,δ (Ω×RN ;E1,E2) the set of functions a : Ω×RN 7→ L (E1,E2) of C∞-class satisfying

sup
x∈K

ξ∈RN

(1+ |ξ |)−m+ρ.|β |−δ .|α|∥∂
α
x ∂

β

ξ
a(x,ξ )∥L (E1,E2) =C(K,α,β )< ∞.

Of course, since each a ∈ Sm
ρ,δ (Ω×RN ;E1,E2) can be represented by a n1 ×n2 matrix whose entries

ai j are continuous linear mappings, then

∥∂
α
x ∂

β

ξ
a(x,ξ )∥L (E1,E2) =

(
n2

∑
j=1

n1

∑
i=1

(
∂

α
x ∂

β

ξ
ai j(x,ξ )

)2
)1/2

,
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which is equivalent to the sum norm, a less than a constant depending only on the dimensions n1 and

n2. This way, we denote by OpSm
ρ,δ (Ω;E1,E2) the class of all pseudo-differential operator P(x,D)

associated with a symbol a(x,ξ ) in Sm
ρ,δ (Ω×RN ;E1,E2), defined as in (1.4.2), with u ∈ S(RN ;E1).

Note that now P(·,D)u : Ω 7→ E2. In particular when E1 = E2, we denote only by Sm
ρ,δ (Ω×RN ;E1)

and OpSm
ρ,δ (Ω;E1).

The theory developed for scalar pseudo-differential operators extends almost unchanged to oper-

ators in OpSm
ρ,δ (Ω;E1,E2), the only care required concerns matrix non-commutativity.

Definition 1.44. If E1 and E2 have the same dimension then we say that P ∈ OpSm
ρ,δ (Ω;E1,E2) is

elliptic if the principal part of its associated symbol a(x,ξ ) is a bijection of E1 onto E2.

Theorem 1.45 (Theorem 2.4, p. 101, [47]). Let P ∈ OpSm
ρ,δ (Ω;E1,E2) an elliptic pseudo-differential

operator associated with the symbol a(x,ξ ). There is an elliptic operator Q ∈ OpS−m
ρ,δ (Ω;E2,E1)

(called parametrix) associated with the symbol a(x,ξ )−1 (the inverse a(x,ξ ) in L (E1,E2)) such that

Q◦P ≡ IE1 mod OpS−∞

ρ,δ (Ω;E1) and P◦Q ≡ IE2 mod OpS−∞

ρ,δ (Ω;E2).

By the previous theorem, we can now conclude a vector-value version of (1.4.4): let E be a

complex vector spaces of finite dimension nE , for each P(·,D) ∈ OpSm
ρ,δ (Ω;E) elliptic, with 0 <

ρ ≤ 1,0 ≤ δ < 1 and m > 0, there exist pseudo-differential operators Q(·,D) ∈ OpS−m
ρ,δ (Ω;E) called

parametrix and R(·,D) ∈ OpS−∞

ρ,δ (Ω;E) called regularizing such that

u(x) = Q(x,D)◦P(x,D)u(x)+R(x,D)u(x),

for all x ∈ Ω and u ∈C∞(RN ;E).

1.4.1 Riesz potential operator

In this section we saw the Bessel Potential operator and its boundedness on the hp norm. Now we

will see another important potential operator, called the Riesz Potential, as well as a pointwise control

involving the Hardy-Littlewood Maximal Operator defined in (1).

Definition 1.46. Let 0 < γ < N, the Riesz Potential Iγ operator is defined by

Iγ f (y) =
1
cγ

�
RN

f (η)

|y−η |N−γ
dη ,

where f ∈ S(RN) and cγ = π
N
2 2γ−N Γ(γ/2)

Γ((N − γ)/2)
.

Note that Iγ f (y) can also be denoted as f ∗ | · |−(N−γ)(y). Let us write the Riesz Potential operator

through its multiplier m(x,ξ ). For this we will use a well-known property of Fourier transform:

(| · |α )̂ (ξ ) =C|ξ |α−N (for more details about the proof and the constant C see [23, Example 2.4.9]).
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As already discussed above Theorem 1.34, Iγ f = K0 ∗ f , where K0 = (2π)NF−1m and K0(x− y) =
c−1

γ

|x− y|N−γ
. Thus, by the Fourier transform

m(ξ ) = (2π)−N

(
c−1

γ

| · |N−γ

)̂
(ξ ) =

C
cγ(2π)N |ξ |γ

= |ξ |−γ .

Note that the definition of cγ was chosen precisely to cancel out with the constant C. This way,

unless a constant that depends only on the dimension N, the symbol of the Riesz Potential operator is

a(ξ ) = |ξ |−γ .

Proposition 1.47. Let 0 < γ < N and 1 < p,q < ∞ such that
1
q
=

1
p
− γ

N
, then

|Iγ f |(x)≲ [M f (x)]
p
q ∥ f∥

1− p
q

Lp .

The proof can be found at [44, p. 354] and the inequality to be proved is the estimate (33). In an

even more general way, the Riesz operator is bounded in Lq −Lp-norm, i.e. for each 0 < γ < N and

1 < p < q < ∞ satisfying
1
q
=

1
p
− γ

N
, there is a constant C =C(p,q,N) such that∥∥Iγ f

∥∥
Lq ≤C∥ f∥Lp ,

for all f ∈ Lp(RN). The proof can be found at [44, p. 354] and now the inequality to be proved is the

estimate (31).

1.5 Sobolev inequalities on Lebesgue and Hardy spaces

In this section we present Sobolev type inequalities on Lebesgue and localizable Hardy spaces,

with bounded domain or in all RN . The next five results consider p ≥ 1 and their proofs can be

consulted in [18], at Sections 5.6 and 5.8, while the last result consider 0 < p ≤ 1, our reference for

this case will be [24].

Theorem 1.48 (Sobolev-Gagliardo-Nirenberg inequality). Let 1≤ p<N. Then there exists a positive

constant C =C(p,N) such that

∥ f∥Lp∗(RN) ≤C∥D f∥Lp(RN) ,

for all f ∈C1
c (RN), where p∗ =

N p
N − p

.

The proof can be found in [18, p. 263].

Theorem 1.49 (Poincaré inequality). Let Ω ⊂ RN bounded, connected and open subset and f ∈
W 1,p(Ω), for some 1 ≤ p ≤ ∞. Then, there exists a positive constant C =C(p,N,Ω) such that

∥ f − fΩ∥Lp(Ω) ≤C∥D f∥Lp(Ω) .
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The proof can be found in [18, p. 275].

Theorem 1.50 (Poincaré inequality for a ball). Let 1 ≤ p ≤ ∞ and f ∈ W 1,p(B(x0,r)), then there

exists a positive constant C =C(N, p) such that

∥ f − fB∥Lp(B(x0,r)) ≤Cr∥D f∥Lp(B(x0,r)) .

The three previous theorems are well-known and their proof can be found in [18, pp. 263, 275

and 276], respectively.

Theorem 1.51. Let Ω ⊂RN bounded and open subset such that ∂Ω ∈C1 and f ∈W 1,p(Ω), for some

1 ≤ p < N. Then, there exists a positive constant C =C(p,N,Ω) such that

∥ f∥Lp∗(Ω) ≤C∥ f∥W 1,p(Ω) . (1.5.1)

The proof can be found in [18, p. 265]. Furthermore, it follows from (1.5.1) that, for each

1 ≤ q < p∗, there exists a positive constant C =C(p,q,N,Ω) such that

∥ f∥Lq(Ω) ≤C∥D f∥Lp(Ω) .

Indeed, as q < p∗ then we can apply the Hölder’s Inequality for γ = p∗
q , getting

�
Ω

| f (x)|qdx ≤
(�

Ω

| f (x)|q.γdx
) 1

γ

|Ω|
1
γ ′ =

(�
Ω

| f (x)|p
∗
dx
) q

p∗

|Ω|1−
q
p∗ = ∥ f∥q

Lp∗(Ω)
|Ω|1−

q
p∗ .

Thus,

∥ f∥Lq(Ω) ≤ ∥ f∥Lp∗(Ω) |Ω|
1
q−

1
p∗ .

By the Theorem 1.51, exists a constant c = c(p,N,Ω) such that ∥ f∥Lp∗(Ω) ≤ c∥D f∥Lp(Ω), so

∥ f∥Lq(Ω) ≤C∥D f∥Lp(Ω) ,

being C =C(p,q,N,Ω) = c|Ω|
1
q−

1
p∗ < ∞.

Proposition 1.52 (Poincaré inequality). If 1 ≤ p < N then for each u ∈ W 1,p(Bt
x) and 1 ≤ q ≤ p∗

there exists a positive constant C =C(N, p,q) such that

( 
B(x,t)

∣∣∣∣1t (u−ut
x
)∣∣∣∣q
) 1

q

≤C

( 
B(x,t)

|∇u|p
) 1

p

(1.5.2)

Proof. Indeed, by the Theorem 1.51, if U is a bounded, open subset of RN and v ∈W 1,p(U) for some

1 ≤ p < N, then ∥v∥Lq(U) ≤ C∥∇v∥Lp(U) for each 1 ≤ q ≤ p∗ and the constant C depends only on
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p,q,N and U . In particular, if U = B1
0 and v(y) = u(x+ ty), then

∥∥v− v1
0

∥∥
Lq(B1

0)
≤ C∥∇v∥Lp(B1

0)
and

C =C(p,q,N). However,

∥∥v− v1
0
∥∥

Lq(B1
0)

=

(�
B(0,1)

∣∣v(y)− v1
0
∣∣q dy

) 1
q

=

(�
B(0,1)

∣∣u(x+ ty)−ut
x
∣∣q dy

) 1
q

=

(�
B(x,t)

1
tN

∣∣u(z)−ut
x
∣∣q dz

) 1
q

=

( 
B(x,t)

∣∣u(z)−ut
x
∣∣q dz

) 1
q

and

∥∇v∥Lp(B1
0)

=

(�
B(0,1)

∣∣∇y[u(x+ ty)]
∣∣p dy

) 1
p

=

(�
B(0,1)

∣∣t ∇yu(x+ ty)
∣∣p dy

) 1
p

= t

(�
B(x,t)

1
tN |∇zu(z)|p dz

) 1
p

= t

( 
B(x,t)

|∇u(z)|p dz

) 1
p

.

Thus, ( 
B(x,t)

∣∣u−ut
x
∣∣q ) 1

q

≤Ct

( 
B(x,t)

|∇u|p
) 1

p

,

for each 1 ≤ q ≤ p∗.

Theorem 1.53. [24, Theorem 3.1] Let N ≥ 2,0 < p ≤ 1 and B = B(x,r) ⊂ RN an open ball, then

there is a continuous embedding

h1,p
c (B)⊂ hp∗

c (B).

The proof can be found in [24, p. 780]. In particular, this result guarantees us that there exists a

positive constant C =C(p,N,B) such that ∥ f∥hp∗ ≤C∥∇ f∥hp , for all f ∈ h1,p
c (B) and

∥ f∥hp ≤C′ ∥∇ f∥hp , for all f ∈C∞
c (B). (1.5.3)

Of course such estimates are also valid for E-valued vector functions f , computing the derivatives

of each component. As an example, let us show the vector version of the estimate (1.5.3): let g =

(g1, ...,gnE ) ∈C∞
c (B,E), then

∥g∥hp ≲
nE

∑
j=1

∥∥g j
∥∥

hp ≤C′
nE

∑
j=1

∥∥∇g j
∥∥

hp ≲ ∥Dg∥hp .

For the above inequalities, we use that the hp-norm of a vector function is bounded by the sum of the

hp-norm of each coordinate function. The omitted constants depend only on p and N.
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1.6 Hardy spaces on open sets and Poincaré inequality

The classical Poincaré inequality for balls on Sobolev spaces, stated in Theorem 1.50, establishes

this type of control �
B

∣∣∣∣1r ( f (x)− fB)

∣∣∣∣p dx ≤ CN,p

�
B
|D f (x)|p dx,

for f ∈ W 1,p(B) and 1 ≤ p ≤ ∞. Our interest is to study estimates of this type for higher order

derivatives, that is, we will subtract polynomials that depend on f instead of its mean fB, f belongs

to a Hardy-Sobolev space (to be defined in the next chapter) and the limiting term will depend on the

m-th order derivatives of f . The details of this result will be presented only in Section 2.2.

Before that, in this section we will do a study of Hardy spaces on an open domain Ω. We will

present a series of constructions and well-know results due to Miyachi in [37]. The observations

proved in this section will be used in Section 2.2 to conclude an extension of Poincaré’s inequality,

stated in the Theorem 2.2.

Definition 1.54 (Maximal functions on Ω). Let Ω an open set in RN and fix φ ∈ C∞
c (B(0,1)) with�

φ = 1. For each 0 < a ≤ ∞ and f ∈ D ′(Ω) we define the maximal functions

(i) f+
φ ,Ω(x) = sup

0<t<d(x,∂Ω)

|⟨ f ,φt(x−·)⟩|, for x ∈ Ω;

(ii) f+,a
φ ,Ω(x) = sup

0<t<min{a,d(x,∂Ω)}
|⟨ f ,φt(x−·)⟩|, for x ∈ Ω.

Furthermore, for each x ∈ RN , t > 0 and L ∈ N, we define

FL,Ω(x, t) = {φ ∈C∞
c (B(x, t)∩Ω),∥∂

α
φ∥

∞
≤ t−N−|α|, |α| ≤ L},

and the following function

(iii) f ∗L,Ω,a(x) = sup

{
|⟨ f ,φ⟩| ; φ ∈

⋃
0<t<a

FL,Ω(x, t)

}
.

When Ω = RN we simplify the notations f+
φ ,Ω, f+,a

φ ,Ω and f ∗L,Ω,a by respectively f+
φ
, f+,a

φ
and f ∗L,a.

The following definition was presented by Miyachi in [37, Section 2].

Definition 1.55. Let 0 < p < ∞ and f ∈ D ′(Ω). We say that f ∈ H p(Ω) (Hardy space) or f ∈ hp(Ω)

(nonhomogeneous Hardy space or localizable Hardy space) if f+
φ ,Ω ∈ Lp(Ω) or if f+,1

φ ,Ω ∈ Lp(Ω),

respectively. Furthermore, we say that f ∈ H p
loc(Ω) if, for each x ∈ Ω, exists an open neighborhood

Ux ⊂ Ω such that f
∣∣
Ux

∈ H p(Ux).

When Ω = RN then f+
φ ,RN = Mφ f and f+,1

φ ,RN = mφ f , thus we recover the classical Hardy spaces

H p(RN) and hp(RN), respectively.

Proposition 1.56. With respect to maximal functions, the following properties hold
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(i) If a ≤ b, then f ∗,aM,Ω(x)≤ f ∗,bM,Ω(x), for each x ∈ Ω;

(ii) f+,a
φ ,Ω(x)≤Cφ ,L f ∗L,Ω,a(x), for each x ∈ Ω;

(iii) If f ∈ L∞(Ω), then f ∗L,Ω,a(x)≤ ∥ f∥L∞(Ω);

(iv) For each 0 < γ < ∞, L > N
γ
−N and a > 0, we have

∥ f ∗L,Ω,a∥Lγ (Ω) ≤Cφ ,L,a∥ f+,1
φ ,Ω∥Lγ (Ω). (1.6.1)

Proof. The proof of items (i),(ii) and (iii) are trivial, since they come directly from the definition.

The property (iv) comes from a non trivial argument. By [38, Corollary 2], we have the pointwise

control

f ∗L,Ω,a(x)≤Cφ ,LM N
N+L

[
f+,a
φ ,Ω

]
(x),

for any x ∈ Ω and a,L > 0, where M N
N+L

is the fractional Maximal Operator defined in (2) with

q = N
N+L . Since Mq is bounded in Lp(Ω) for all p > q, then the inequality (1.6.1) holds for all L and

γ satisfying γ > N
N+L .

In particular, the properties (ii) and (iv) show that H p(Ω) or hp(Ω) does not depend on the choice

of φ , proving the good definition.

Remark 1.57. Note that Mq is bounded operator in Lp(Ω) for all p > q, even if both are less than 1.

Indeed, we can denote h = |g|q and Mqg(x) = [Mh(x)]
1
q , in which M is the Hardy-Littlewood maximal

operator. Since M is bounded in Lp for all 1 < p ≤ ∞ then

∥∥Mqg
∥∥

Lp =
∥∥∥[Mh]

1
q

∥∥∥
Lp

=

(�
|Mh|

p
q

) q
p

1
q

=
[
∥Mh∥

L
p
q

] 1
q
≲
[
∥h∥

L
p
q

] 1
q
= ∥g∥Lp .

Given f ∈ D ′(Ω) and x ∈ Ω, if the limit lim
t↘0

f ∗φt(x) exists and does not depend of the choice of

φ then we define

[ f ](x) := lim
t↘0

f ∗φt(x).

We point out that if f ∈ L1
loc(R

N) then [ f ] exists and [ f ] = f almost everywhere. The following

construction is also due to Miyachi.

Lemma 1.58. [37, Lemma 4] Let m ∈ N. Then for each cube Q ⊂ RN there exists a function φQ on

RN ×RN which has the following properties:

(i) φQ ∈C∞(RN ×RN) and suppφQ(x, ·)⊂ Q̊, for each x ∈ RN . Here Q̊ denotes the interior of Q.

(ii) For each f ∈ D ′(Q̊), the function PQ, f : RN 7→ C given by PQ, f (x) = ⟨ f ,φQ(x, ·)⟩ belongs to

Pm−1, i.e. it is a polynomial of degree at most m−1.
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(iii) P(x) =
�

P(y)φQ(x,y)dy, for all P ∈ Pm−1.

(iv) Let a > 0 and x ∈ aQ, then

|∂ α
x ∂

β
y φQ(x,y)| ≤Cm,a,α,β ℓ(Q)−N−|α|−|β |,

for all α,β multi-indexes.

Proof. Let Q0 the unit cube centered at the origin in RN and fix η ∈ C∞
c (Q0) such that η ≥ 0 and�

η = 1. Consider Pm−1 the Hilbert space of the polynomials of degree at most m− 1 with inner

product

⟨p,q⟩M =

�
p(x)q̄(x)η(x)dx

and {πi}i an orthonormal basis of (Pm−1,⟨·, ·⟩M). For each cube Q ⊂ RN , we define

φQ(x,y) = ℓ(Q)−N

[
m

∑
i=1

πi

(
x− xQ

ℓ(Q)

)
πi

(
y− xQ

ℓ(Q)

) ]
η

(
y− xQ

ℓ(Q)

)
,

that satisfies all the properties desired.

In particular, if we take η = ζ , being ζ defined in [44, p. 102] as follows: Fix a positive smooth

function ζ that equals 1 in the cube of side length 1 centered at the origin and vanishes outside the

concentric cube of side length ã. We set ζk(x) = ζ

(
x−xk
ℓk

)
, where xk is the center of the cube Qk and

ℓk is its side length. Write ηk =
ζk

∑ j ζ j
[...] and η̃k =

ηk

(
�

ηk)
.

Then the orthonormal basis {ei} utilized in [44, p. 104] given by ⟨ei,e jη̃k⟩= δi j can be rewritten

as

ei(x) =
(�

ηk

ℓN
k

) 1
2

πi

(
x− xk

ℓk

)
,

in which {πi} is the orthonormal basis defined in [37]. So, the polynomial created in [44] to prove

the generalized of Calderón-Zygmund decomposition (and consequently to prove a version of atomic

decomposition, with atoms having higher moment condition) is a particular case of the polynomial

PQ, f defined in Lemma 1.58. This relation will be fundamental in the proof of Theorem 2.6, when we

will present a higher order version of the Calderón-Zygmund decomposition.

An important consequence of this lemma is the following result:

Proposition 1.59. Let 0 < p ≤ 1 and m ∈ N. If f ∈ D ′(Ω) such that ∂ α f ∈ H p
loc(Ω) for all |α|= m,

then for each Q ⊂ Ω and L ∈ N, there exist a polynomial PQ, f ∈ Pm−1 and a positive constant

C =C(m, p,L) satisfying

|[ f ](x)−PQ, f (x)| ≤Cℓ(Q)m
∑

|α|=m
(∂ α f )∗L,Ω,a(x), a :=

√
Nℓ(Q), (1.6.2)

for x ∈ Q almost everywhere.
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The proof can be found at [37, p. 86 inequality (5.15)]. We are interested to use this result when

Ω = RN and for functions in (L1
loc ∩ hp)(RN). In order to do it, we present the following definition

presented in [37].

Definition 1.60. Let Ω ⊂ RN an open subset, we say that Ω satisfies the condition (⋆) if for each

x ∈ Ω such that d(x,∂Ω)< A−1, there is a x′ ∈ Ωc such that

d(x,x′)< A d(x,∂Ω) and d(x′,Ω)> A−1 d(x,∂Ω),

where A is a positive constant bigger than 1.

Example 1.61. Any open ball on RN satisfies the condition (⋆).

Indeed, let B(x0,r) ∈ RN an open ball. We need to find a positive constant A > 1 such that, for

each x ∈ B(x0,r) with d(x,∂B)< A−1, there exists x′ ∈ Bc that satisfies

d(x,x′)< A d(x,∂B) and d(x′,B)> A−1 d(x,∂B).

For this, we denote rx = d(x,∂B) and define x′ = c(x− x0)+ x0, where

c =
7
4

r
d(x,x0)

− 3
4
,

i.e. x′ belongs to the line that passes through x and x0. In particular, we can choose A = 2. Thus,

d(x,x′) =
7
4

rx < 2rx = Arx and d(x′,B) =
3
4

rx >
1
2

rx = A−1rx.

The picture below shows the idea of the choosing x′ for N = 2.

Proposition 1.62. With respect to relation between the spaces H p(Ω), hp(Ω) and H p
loc(Ω), the fol-

lowing properties hold:
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(i) hp(RN)
∣∣

Ω
= hp(Ω) if Ω satisfies the condition (⋆);

(ii) hp(Ω) = H p(Ω), if Ω is a bounded set.

The details can be verified in Remarks (b) and (c), from [37, p. 77]. A complete characterization

of extension domains for H p spaces can be also found in [43].

Proposition 1.63. H p(RN)⊂ hp(RN)⊂ H p
loc(R

N).

Proof. It is clear that H p(RN)⊂ hp(RN). Let f ∈ hp(RN) and for each x in RN denote Ux := B(x,1).

Thus, by the previous proposition,

f |
Ux

∈ hp(RN)
∣∣

Ux
= hp(Ux) = H p(Ux)

and, by definition, f ∈ H p
loc(R

N).



CHAPTER 2

Hardy-Sobolev spaces: definitions,
extensions and refinements

In this chapter we are interested in studying properties of tempered distributions whose higher

order derivatives belong to localizable Hardy spaces. We will start by defining the Hardy-Sobolev

spaces and then we will present an extension of the Poincaré inequality, using notations and results

presented in Section 1.6. After that, we will see local estimates of elliptic linear differential operators

with smooth coefficients on Hardy-Sobolev spaces, to be used in the proof of Theorem A. Next, we

will present a new atomic decomposition. For that, a particular version of the Calderón-Zygmund

Decomposition will be proved, with more rigorous controls for higher-order derivatives, and finally,

it will show that Hardy-Sobolev spaces can be approximated by a more refined sequence of atoms.

2.1 Hardy-Sobolev spaces

Let k ∈ N, 0 < p < ∞ and consider on C∞
c (RN) the functional

∥ f∥hk,p(RN) := ∑
|α|=k

∥∂
α f∥hp(RN).

The completion of C∞
c (RN) for the functional ∥ f∥hk,p(RN) may be identified with a subspace of S′(RN)

denoted by hk,p(RN) and called by us as the (homogeneous) Hardy-Sobolev space of order k. The

construction presented in this section is a generalization of the space identified as the homogeneous

localizable Hardy-Sobolev space h1,p(RN) in [24]. We claim if f ∈ hk,p(RN) then Dk f ∈ S′(RN) and

∥ f∥hk,p(RN) = ∥Dk f∥hp .

for k < N. Indeed, suppose ( f j) is a sequence of test functions which is a Cauchy sequence for the

functional ∥ f j∥hk,p = ∥Dk f j∥hp and fix ψ ∈ S(RN). The next result stated was proved in [45] and,

inspired by [6], we will use it to generate the following decomposition of ψ:

ψ = ∑
|α|=k

Kα ∗Dα
ψ, (2.1.1)

39
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where Kα(x) =Cα,N xα/|x|N .

Theorem 2.1 (Theorem 4.1, [45]). Suppose w ∈ C is such that 0 < Re(w) < N and P(x) is a ho-

mogeneous harmonic polynomial of degree k on EN (a N-dimensional real Euclidean space). If

K(x) =
P(x)

|x|N+k−w then K̂(ξ ) = ck,α,N
P(ξ )
|ξ |k+w , in which ck,α,N = i−kπN/2−w Γ

(k+w
2

)/
Γ
(N+k−w

2

)
.

In particular, for each α such that |α|= k, we consider Pα(x) = ck,α,N
−1 xα and w = k. Thus,(

∑
|α|=k

Kα ∗Dα
ψ

)̂
(x) = ∑

|α|=k
(Kα ∗Dα

ψ )̂ (x) = ∑
|α|=k

K̂α(x)D̂αψ(x)

= ∑
|α|=k

xα

|x|2k xα
ψ̂(x) =

∑|α|=k x2α

|x|2k ψ̂(x) = ψ̂(x),

obtaining the decomposition 2.1.1. Thus,

⟨ f j,ψ⟩= (−1)k
∑

|α|=k
⟨Dα f j,Kα ∗ψ⟩

and Kα ∗ψ is a smooth bounded function with bounded derivatives of all orders. This comes from the

fact that |Kα(x)|≲ |x|k−N for any |α|= k and ψ ∈ S(RN), so

|Dβ (Kα ∗ψ)(x)| = |Kα ∗Dβ
ψ(x)|=

∣∣∣∣�
RN

Kα(x− y)Dβ
ψ(y)dy

∣∣∣∣
≤

�
RN

|x− y|k

|x− y|N
|Dβ

ψ(y)|dy ≤
�
RN

|x− y|k+1

|x− y|N+1 |D
β

ψ(y)|dy

≤ ck,β ,ψ

�
RN

1
|x− y|N+1 dy < ∞.

That way, Kα ∗ψ ∈ Λr(RN) for any r > 0. If 0 < p < 1 and γp := N(p−1 −1), hence by duality

|⟨ f j − fk,ψ⟩| ≤ ∑
|α|=k

|⟨Dα( f j − fk),Kα ∗ψ⟩| ≤ ∥ f j − fk∥hk,p ∑
|α|=k

∥Kα ∗ψ∥Λ
γp

showing that { f j} j is a Cauchy sequence in S′(RN).

Summarizing, f ∈ S′(RN) belongs to hk,p(RN) if there exists a sequence f j ∈ C∞
c (RN) such that

{ f j} j is a Cauchy sequence for the norm g 7→ ∥Dkg∥hp and f j → f in S′(RN), exactly as shown. It

follows that if f ∈ hk,p(RN) then Dk f ∈ hp(RN) and we set ∥ f∥hk,p := ∥Dk f∥hp . When p = 1 the

proof is similar by considering bmo(RN) instead of Λr(RN).

We point out this is a Hausdorff topology, that means it is sufficient to show if a polynomial

θ ∈ Pk−1 (the class of polynomials with order less than or equal to k−1) belongs to hk,p(RN) then

θ = 0. In fact, let ( f j) j ∈C∞
c (RN) be a Cauchy sequence with norm g 7→ ∥Dkg∥hp that converges to θ

in S′(RN). Thus, (Dk f j) j is a Cauchy sequence in hp(RN) and, in particular, ∥Dk f j∥hp →∥Dkθ∥hp =

0. Now consider the alternate sequence ( f1,0, f2,0, . . .), that is Cauchy sequence of test functions for
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the norm g 7→ ∥Dkg∥hp that converges in S′(RN) to 0 and has a subsequence converging to θ , thus

showing that θ = 0.

Alternatively, we may present another natural definition of Hardy-Sobolev spaces (see [31] for

the case k = 1). Consider the space of tempered distributions f ∈ S′(RN) such that Dk f ∈ hp(RN)

equipped with the seminorm ∥Dk f∥hp and denote it by hk,p(RN). In order to turn it into a Hausdorff

space, we must take the quotient hk,p(RN)/{Pk−1}. Moreover, we have shown that there is exactly

one element of hk,p(RN) in each equivalence class in hk,p(RN)/{Pk−1}, so we get the inclusion

hk,p(RN) ⊂ hk,p(RN)/{Pk−1}. The second inclusion follows using the same arguments from [31,

Remark 8]. In summary, any f ∈ hk,p(RN) can be it can be approximated by choose smooth convo-

lution approximations { f j} j such that ∥Dk f j −Dk f∥hp(RN) ≤ 2− j for all j ≥ 1. So, we conclude the

isometry hk,p(RN)≃ hk,p(RN)/{Pk−1}.

The Hardy-Sobolev spaces hk,p(RN) defined here are the homogeneous localizable (also called lo-

cal or nonhomogeneous) Hardy-Sobolev spaces which in the literature are often denoted by ḣk,p(RN).

Throughout this thesis we will denote ∥·∥hk,p
<

=
k

∑
j=0

∥·∥h j,p .

2.2 Extension of Poincaré inequality on Hardy-Sobolev spaces
for Ω = RN

The goal of this section will be to apply the Proposition 1.59 to functions in L1
loc(R

N)∩hm,p(RN),

with 0 < p ≤ 1, in order to obtain a pointwise control to get our extension of the Poincaré inequality,

stated in Theorem 2.2.

As seen in Proposition 1.63, hp(RN)⊂ H p
loc(R

N), so if f ∈ L1
loc(R

N)∩hm,p(RN) then in particular

∂ α f ∈ H p
loc for all |α|= m and in fact we can apply the Proposition 1.59 in our case of interest.

Let 0 < p ≤ 1, m ∈ N and f ∈ L1
loc(R

N) such that ∂ β f ∈ hp(RN) for all |β | = m. For each

B(x, t) ⊂ RN with 0 < t < T for some fixed T > 0, there exists a polynomial Px,t, f ∈ Pm−1 and a

constant Cm,N,T,p > 0 satisfying

| f (y)−Px,t, f (y)| ≤Cm,N,T,p tm
∑

|α|=m
(∂ β f )∗N,a(y), a := 2

√
Nt, (2.2.1)

for y ∈ B(x, t) almost everywhere.

In fact, for each open ball B(x, t) ⊂ RN and f ∈ L1
loc(R

N) we can consider the open cube Q :=

Q(x,2t) centered at x and side ℓ(Q) = 2t (since B(x, t) ⊂ Q(x,2t)) and denote f̃ = f XB(x,t). Since

f̃ ∈ D ′(Q), Lemma 1.58 ensures that there exits a test function φQ such that PQ, f̃ (y) = ⟨ f̃ ,φQ(y, ·)⟩ is

a polynomial of degree at most m−1. In particular,

PQ, f̃ (y) =
�

Q
f̃ (z)φQ(y,z)dz =

�
Bt

x

f (z)φQ(y,z)dz.
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By simplicity, we denote Px,t, f := PQ(x,2t), f̃ and we can apply Proposition 1.59 for f̃ ∈ D ′(RN),

noting that [ f̃ ] = f in B(x, t) almost everywhere, choosing L = N and getting the inequality (2.2.1).

Our second step will be to integrate inequality (2.2.1) into the ball B(x, t) for any α ≥ 1, getting

( 
B(x,t)

∣∣ f (y)−Px,t, f (y)
∣∣α dy

) 1
α

≤

( 
B(x,t)

[
Cm,N,T,p tm

∑
|β |=m

(∂ β f )∗N,a(y)

]α

dy

) 1
α

.

Thus,

( 
B(x,t)

∣∣∣∣ 1
tm

[
f (y)−Px,t, f (y)

]∣∣∣∣α dy

) 1
α

≤ C

|Bt
x|

1
α

∥∥∥∥∥ ∑
|β |=m

(∂ β f̃ )∗N,2
√

Nt

∥∥∥∥∥
Lα (Bt

x)

≤ C

|Bt
x|

1
α

∥∥∥∥∥ ∑
|β |=m

(∂ α f̃ )∗N,2
√

NT

∥∥∥∥∥
Lα (Bt

x)

≤ C

|Bt
x|

1
γ

∥∥∥∥∥ ∑
|β |=m

(∂ β f̃ )∗N,2
√

NT

∥∥∥∥∥
Lγ (Bt

x)

,

for any γ satisfying γ = α if α > 1 and γ > α if α = 1. By the proof of inequality (1.6.1),

∥∥∥∥∥ ∑
|β |=m

(∂ β f̃ )∗N,2
√

NT

∥∥∥∥∥
Lγ (Bt

x)

≤Cφ ,T,N ∑
|β |=m

∥∥∥M1
2

[
(∂ β f̃ )+,1

φ ,RN

]∥∥∥
Lγ (Bt

x)

≤Cφ ,T,N ∑
|β |=m

∥∥∥M1
2

[
(∂ β f̃ )+,1

φ ,RN

]∥∥∥
Lγ (RN)

≲ ∑
|β |=m

∥∥∥(∂ β f̃ )+,1
φ ,RN

∥∥∥
Lγ (RN)

, since 1/2 < γ

≲ ∑
|β |=m

∥∥∥∂
β f̃
∥∥∥

Lγ (RN)
, since 1 < γ

≲ ∥Dm f∥Lγ (Bt
x)
,

Summarizing, the result can be stated as follows

Theorem 2.2 (Extension of Poincaré inequality). Let f ∈ L1
loc(R

N) such that ∂ β f ∈ hp(RN) for all

|β | = m and for some 0 < p ≤ 1. For each B(x, t) ⊂ RN with 0 < t < T , there exist a polynomial

Px,t, f ∈ Pm−1 and a constant C =C(N, p,m,T,α)> 0 such that

( 
Bt

x

∣∣∣∣ 1
tm [ f (y)−Px,t, f (y)]

∣∣∣∣α dy

) 1
α

≤C

( 
Bt

x

|Dm f (y)|γdy

) 1
γ

, (2.2.2)

where γ = α > 1 or γ > α = 1.
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2.3 Local estimates of elliptic linear differential operators in
Hardy-Sobolev spaces

The goal of this section is to show that if A(·,D) is an elliptic linear differential operator then for

each x0 ∈ Ω there exist an open neighborhood U ⊂ Ω and a positive constant C = C(p,N,m) such

that

∥u∥hm,p
<

:=
m

∑
j=0

∥u∥h j,p = ∑
|β |≤m

∥∂
β u∥hp ≤C∥A(·,D)u∥hp, ∀u ∈C∞

c (U,E). (2.3.1)

For that, suppose A(·,D) an elliptic operator, Aν its principal part and consider the order 2m

differential operator

∆A := A∗
ν(·,D)◦Aν(·,D),

which may be regarded as an elliptic pseudo-differential operator with symbol in the Hörmander class

S2m
1,0(Ω×RN ;E,E∗) (see Section 1.4 for more details). Thus, it follows by Theorem 1.45 that there ex-

ist pseudo-differential operators q(·,D)∈OpS−2m
1,0 (Ω;E∗,E) (parametrix) and r(·,D)∈OpS−∞(Ω;E)

(regularizing) such that

u(x) = q(x,D)∆Au(x)+ r(x,D)u(x), ∀ u ∈C∞(Ω,E). (2.3.2)

Proposition 2.3. Assume N ≥ 2, m ≥ 1 and Aν(·,D) as before. Then, for every point x0 ∈ Ω, there

exist an open ball B = B(x0, ℓ)⊂ Ω and a constant C =C(B, p,N)> 0 such that

∥u∥hm,p
<

≤C∥Aν(·,D)u∥hp, ∀u ∈C∞
c (B,E). (2.3.3)

Proof. Fixed x0 ∈ Ω, let ℓ > 0 such that B = B(x0, ℓ)⊂ Ω. Firstly, we will prove that, for each fixed

j = {0,1, . . . ,m}, there exists a constant C =C(p,N, j, ℓ) such that

∥u∥hp ≤C
∥∥D ju

∥∥
hp , for all u ∈C∞

c (B,E). (2.3.4)

For each u ∈C∞
c (B(x0, ℓ)), it follows from Theorem 1.50 and the proof of Theorem 1.51 that ∥u∥Lp ≤

C0ℓ∥Du∥Lp , for all p > 1 and it follows from (1.5.3) that

∥u∥hp ≤C0ℓ∥Du∥hp , for all 0 < p ≤ 1.

Bootstrapping this inequalities for all j ∈ N we get

∥u∥hp ≤C0ℓ
j ∥∥D ju

∥∥
hp , for all 0 < p < ∞,

and we just denote C =C0ℓ
j.

Now, by identity (2.3.2) we may write, for each β with |β |= j,

∂
β u(x) = q̃(x,D)[Aν(x,D)u(x)]+ r̃(x,D)u(x)
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where q̃(x,D) := ∂ β ◦ q(x,D) ◦ A∗
ν(x,D) ∈ OpS−m+ j

1,0 (B) and r̃(x,D) := ∂ β ◦ r(x,D) ∈ OpS−∞(B).

Thus

∥∂
β u∥hp ≤ ∥q̃(·,D)Aν(·,D)u∥hp +∥r̃(·,D)u∥hp ≲ ∥Aν(·,D)u∥hp +∥u∥hp,

since q̃(·,D), r̃(·,D) are bounded operators from hp to itself for 0 < p < ∞, by Remark 1.37.

Using (2.3.4) and shrinking ℓ to absorb the second term on the right-hand side, we conclude the

desired estimate.

Remark 2.4. Let A(·,D) as before and suppose that all coefficients aα are bounded at some neigh-

borhood of x0 ∈ Ω, namely B = B(x0, ℓ)⊆ Ω, and consider C := ∑
|α|<m

∥aα∥L∞(B). For 0 < p < ∞ we

have, from (2.3.4),

∥Aν(·,D)u∥hp ≤ ∥A(·,D)u∥hp +C ∑
|α|<m

∥∂
αu∥hp

≲ ∥A(·,D)u∥hp + ∑
|α|<m

|B|(m−|α|)/N∥u∥hm,p.

≲ ∥A(·,D)u∥hp + |B|1/N∥u∥hm,p .

Using (2.3.3) and absorbing the constant, decreasing the radius if necessary, we have

∥Aν(·,D)u∥hp ≤C∥A(·,D)u∥hp , ∀u ∈C∞
c (B,E), (2.3.5)

for 0 < p < ∞ and C =C(B, p)> 0.

By the inequality (2.3.5) and the Proposition 2.3 we conclude the control (2.3.1).

2.4 New smooth atomic decomposition on Hardy-Sobolev spaces

2.4.1 Relation between the atomic decompositions of H p and hp

Let us first recall the standard atomic decomposition on hp(RN) due to Goldberg in ([22, Lemmas

4 and 5]). By inequality (1.2.1) any f ∈ hp(RN) can be decompose as f = f1 + f2 so that

∥ f1∥H p +∥ f2∥hp ≤C∥ f∥hp ,

with C > 0 independent of f . The choice of f1 and f2 is relatively simple: we can fix ϕ ∈ C∞
c (RN)

satisfying
�

ϕ(x)dx = 1 and
�

xαϕ(x)dx = 0 for all 0 < |α| ≤ L(p) sufficiently large (bigger than

Np = ⌊N
(

p−1 −1
)
⌋) and write f1 := f − ϕ ∗ f ∈ H p(RN) and f2 := ϕ ∗ f ∈ hp(RN). Thus, the

atomic decomposition of f is obtained by choosing an H p-atomic decomposition of f1 and an hp-

atomic decomposition of f2, which will be discussed next.
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Choose 0 ≤ ψ(x) ≤ 1 ∈C∞
c (RN) supported in the cube Q2

0 := Q(0,2) centered at the origin with

side length 2 such that ∑
k∈ZN

ψ(x− k) = 1 for all x ∈ RN . Writing ψk(x) := ψ(x− k) ∈ C∞
c (Q

2
k), we

may define

µk := |Q2
k |1/p∥ψk f2∥L∞(Q2

k)

and

ak :=
ψk f2

µk
, for ψk f2 ̸= 0,

obtaining the following decomposition

f2 = ∑
k

ψk f2 = ∑
k

µkak.

Clearly ψk f2 ∈C∞
c (Q

2
k) and ak is a rough atom, since ∥ak∥L∞ ≤ |Q2

k |−1/p. We claim that

∑
k
|µk|p ≤C∥ f∥p

hp. (2.4.1)

To show this control, we recall that given R > 0 there exists C > 0 such that |ϕ ∗ f (x)| ≤CM f (y),

for |x− y| ≤ R, where M denotes the Grand Maximal Function and then

sup
Q2

k

|ϕ ∗ f (x)|p ≤C
1

|Q2
k |

�
Q2

k

[M f (y)]p dy,

that implies ∑
k
|Q2

k |sup
Q2

k

|ϕ ∗ f (x)|p ≤ C∥M f∥p
Lp ≃ ∥ f∥p

hp , because the family of cubes {Q2
k} has the

bounded intersection property. This concludes (2.4.1).

In the previous proof, we should simplify taking ψ := XB(0,1). The advantage of using a cut-off

function is the following: for f ∈ C∞
c (RN) we may conclude ak ∈ C∞

c (Q
2
k) and the series ∑k µkak

reduces to a finite sum. In this particular setting, we may obtain also a finite atomic decomposition

for bounded atoms for f1 in H p (see [35, Theorem 3.1 and Remarks 3.2 and 3.3] for more details).

Invoking the atomic decomposition on H p we may write

f = ∑
k

µ1,ka1,k +∑
k

µ2,ka2,k, (2.4.2)

where a1,k are H p-atoms, a2,k are rough atoms and

∑
k

(
|µ1,k|p + |µ2,k|p

)
≤C∥ f∥p

hp.

Additionally, we may take an atomic decomposition where the sum (2.4.2) is finite assuming, for

instance, f ∈ (hp ∩C∞
c )(RN).

Remark 2.5. If f ∈ S(RN) then clearly f2 := ϕ ∗ f ∈ S(RN) and the partial sums ∑
|k|≤M

µkak converge

to f2 in S(RN) and a fortiori in Λr(RN) for any r > 0. In fact, first we claim ∑
|k|≤ j

ψk f2 converges to
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f2 when j → ∞ in S(RN), where ψk was given previously, i.e. for each α,β ∈ ZN
+, the sequence

xα
∂

β

(
∑
|k|≤ j

ψk(x) f2(x)

)

converges uniformly to xα∂ β f2(x) when j → ∞. We point out that, by the compact support of ψ , for

each x ∈ RN there are at most 2N indexes k ∈ ZN such that ψk(x) := ψ(x− k) ̸= 0. Thus, the sum

∑k∈ZN ψ(x− k) = 1 is always finite and for each γ ∈ ZN −{0} we have

∑
k∈ZN

∂
γ
ψk(x) = ∑

k∈ZN

∂
γ
ψ(x− k) = ∂

γ

(
∑

k∈ZN

ψ(x− k)

)
= 0.

The conclusion of the uniform convergence follows by the identity

∂
β

(
∑
|k|≤ j

ψk(x) f2(x)

)
=

(
∑
|k|≤ j

ψk(x)

)
∂

β f2(x)+ ∑
0<γ≤β

(
β

γ

)(
∑
|k|≤ j

∂
γ
ψk(x)

)
∂

β−γ f2(x).

The second claim follows by canonical embedding, for instance if 0 < r < 1 then for any δ > 0 we

have

[ f ]r = sup
x,h∈RN

h̸=0

| f (x+h)− f (x)|
|h|r

≤ sup
x∈RN

h∈B(0,δ )−{0}

| f (x+h)− f (x)|
|h|r

+ sup
x∈RN

h∈B(0,δ )c

| f (x+h)− f (x)|
|h|r

≤ ∥D f∥L∞ sup
x∈RN

h∈B(0,δ )−{0}

|h|1−r + δ
−r sup

x∈RN

h∈B(0,δ )c

| f (x+h)|+ | f (x)|

≤ δ
1−r∥D f∥L∞ +2δ

−r∥ f∥L∞ . (2.4.3)

In particular, if we take δ = 1 then

[ f ]r ≤ ∥D f∥L∞ +2∥ f∥L∞ ≤ 4(∥D f∥L∞ +∥ f∥L∞) .

In a similar way,

[ f ]1 = sup
x,h∈RN

h̸=0

| f (x+h)+ f (x−h)−2 f (x)|
|h|

≤ 2 sup
x,h∈RN

h̸=0

| f (x+h)− f (x)|
|h|

≤ 2

 sup
x∈RN

h∈B(0,1)−{0}

| f (x+h)− f (x)|
|h|

+ sup
x∈RN

h∈B(0,1)c

| f (x+h)− f (x)|
|h|


≤ 2

∥D f∥L∞ + sup
x∈RN

h∈B(0,1)c

| f (x+h)|+ | f (x)|


≤ 4(∥D f∥L∞ +∥ f∥L∞) .
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Furthermore, if r > 1, then we may write r = k+ s, for some k ∈ N and 0 < s ≤ 1 and

[ f ]r = ∑
|α|=k

[∂ α f ]s ≤ 4
(∥∥∥Dk+1 f

∥∥∥
L∞

+
∥∥∥Dk f

∥∥∥
L∞

)
.

Summarizing, if f and D f ∈L∞(RN) then f ∈Λr(RN) for all 0< r ≤ 1, and if f ,D f , ...,Dk f ∈L∞(RN)

then f ∈ Λr(RN) for all r > 1, in which

k =
{

⌊r⌋, if r > ⌊r⌋,
r−1, if r = ⌊r⌋.

Returning to the proof, denote R j(x) := ∑|k|≤ j ψk(x) f2(x)− f2(x). Thus, by the uniform conver-

gence of (xα∂ β R j) j to zero for all α,β ∈ ZN
+, we have that∥∥R j

∥∥
Λr =

[
R j
]

Λr +
∥∥R j
∥∥

L∞ ≤ 4
(∥∥∥Dk+1 f

∥∥∥
L∞

+
∥∥∥Dk f

∥∥∥
L∞

)
+
∥∥R j
∥∥

L∞

converge to zero when j → ∞, for all r > 0.

2.4.2 A generalized Calderón-Zygmund decomposition

Consider m ∈ N and N/(N +m)< p < 1, we denote

γp := N
(

1
p
−1
)
, Np := ⌊γp⌋ and rp := γp −Np.

Note that 0 < γp < m, Np ≤ m−1 and 0 ≤ rp < 1. We recall that if Np < γp then f ∈ Λγp(RN) means

∂ α f ∈ Λrp(RN) for all |α|= Np, and if Np = γp then ∂ α f ∈ Λ1(RN) for all |α|= γp−1. Furthermore,

when p = 1 we consider bmo(RN) instead of Λγp(RN), (for more details, see Section 1.2 of Chapter

1).

Next, we will announce the goal of this section: a particular version of the Calderón-Zygmund

decomposition, which establishes controls for higher-order derivatives of the so-called “bad part” of

the decomposition. But first, let us fix some notations in the spirit of Stein’s book [44, Chapter III,

Section 2], that is: M0 = Mϕ is the maximal function associated to a single function ϕ ∈ S(RN) with�
ϕ ̸= 0, i.e. Mϕ f (x) = supt>0 | f ∗ϕt(x)|, while M denotes the Grand Maximal Function associated

to collection S⊂ S(RN) of rapidly decreasing functions:

M f (x) = sup
φ∈S

Mφ f (x)

and S = {φ ∈ S(RN) :
∥∥∥xα∂ β φ

∥∥∥
L∞

≤ 1, for all |α|, |β | ≤ CN,p}, for some CN,p sufficiently large

(bigger than N/p). We may assume without loss of generality that S is a bounded subset of L1(RN),

in particular, if u ∈ L∞(RN) then M u ∈ L∞(RN).

Theorem 2.6 (Higher order Calderón-Zygmund decomposition). Let m ∈N and N/(N+m)< p < 1.

For each f ∈ (Cm
c ∩H p)(RN) and α > 0 there exist a decomposition f = g+b, b := ∑

∞
k=1 βk and a

collection of cubes {Q∗
k}k with sides of length ℓk parallel to the axes such that
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(i) |g(x)| ≤ cα almost everywhere;

(ii) Each βk ∈Cm
c (Q

∗
k) satisfies the following properties:

∥Di
βk∥L∞ ≤ c

i

∑
j=0

ℓ
m+ j−i
k

∥∥Dm+ j f
∥∥

L∞ , ∀ i ∈ {0,1, ...,m−1}, (2.4.4)

∥Di
βk∥L∞ ≤ c

∥∥Di f
∥∥

L∞ , ∀ i ∈ {1,2, ...,m}, (2.4.5)�
RN

M0(βk)
p dx ≤ c

�
Q∗

k

M ( f )p dx, (2.4.6)
�

xγ
βk(x)dx = 0, ∀|γ| ≤ m−1. (2.4.7)

(iii) the {Q∗
k} have the bounded intersection property and

O := {x : M f (x)> α}=
⋃
k

Q∗
k .

Proof. We define b = ∑k βk and g = f − b analogously as in the generalized Calderón-Zygmund

decomposition [44, p. 101]. Thus, fix 0 ≤ ηk(x) ≤ 1 a partition of unity for O subordinated for the

covering {Q∗
k} satisfying suppηk ⊂ Q∗

k and |∂ β ηk| ≤Cβ ℓ
−|β |
k and define

βk(x) := ( f (x)−Pf ,k(x))ηk(x), (2.4.8)

where Pf ,k(x) =
�

f (y)φQk(x,y)dy is the polynomial with degree at most m−1 given by Lemma 1.58

and

φQk(x,y) = ℓ−N
k

[
m

∑
i=1

πi

(
x− xk

ℓk

)
πi

(
y− xk

ℓk

) ]
ηk(y) =

[
m

∑
i=1

ei (x)ei (y)

]
η̃k(y).

Here η̃k := ηk
(�

ηkdx
)−1 and ei(x) :=

(�
ηkdx

)
ℓ
−N/2
k πi

(
x−xk
ℓk

)
and then {e1, ...,em} defines an

orthonormal basis of (Pm−1,⟨·, ·⟩S), where

⟨p,q⟩S :=
�

pq̄η̃k.

The conclusion of the claims (i), (iii) and of the inequality (2.4.6) follows is bis idem as in the

[44] and will be omitted. The property (2.4.7) follows directly from (2.4.8), precisely
�

Pf ,k(x)ηk(x)e j0(x) dx =

� (�
f (y)

[
m

∑
i=1

ei (x)ei (y)

]
η̃k(y) dy

)
ηk(x)e j0(x) dx

=

�
f (y)η̃k(y)

[
m

∑
i=1

ei (y)
(�

ei (x)ηk(x)e j0(x) dx
)]

dy

=

�
f (y)ηk(y)

[
m

∑
i=1

ei (y)
(�

ei (x) η̃k(x)e j0(x) dx
)]

dy

=

�
f (y)ηk(y)e j0(y) dy,
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for each j0 ∈ {1, ...,m}, thus
�

βk(x)q(x)dx = 0 for all q ∈ Pm−1. Since Np ≤ m− 1 we get the

desired property.

It follows from inequality (1.6.2) and the uniform control f ∗L,a(x)≤C(N)∥ f∥L∞ for all f ∈ L∞(RN)

that

|βk(x)| ≤ | f −Pf ,k|(x)≤Cm,p,L ℓm
k ∑
|α|=m

(∂ α f )∗L,
√

Nℓk
(x)≲ ℓm

k ∥Dm f∥L∞ ,

proving the inequality (2.4.4) for i = 0.

For each fixed k ∈ N and j ∈ {1,2, ...,m}, the Taylor polynomial of f centered at xk with degree

j−1 will denote by P j−1
xk, f

. Remember that∣∣∣ f (x)−P j−1
xk, f

(x)
∣∣∣≲ |x− xk| j sup

|γ|= j
|∂ γ f (x̃k)| ,

for some x̃k ∈ [x,xk]. In particular,
∣∣∣ f (x)−P j−1

xk, f
(x)
∣∣∣≲ ℓ

j
k∥D j f∥L∞ for each x ∈ Q∗

k . It follows from the

Leibniz rule that, for each α ∈ ZN
+ with |α|= j,

|∂ α
βk(x)|≲ ∑

0≤γ<α

∣∣∂ γ( f −Pf ,k)(x)∂ α−γ
ηk(x)

∣∣+ ∑
|γ|= j

|∂ γ f (x)ηk(x)|

≲ ∑
0≤γ<α

ℓ
|γ|− j
k |∂ γ( f −Pf ,k)(x)|+∥D j f∥L∞

≲ ∑
0≤γ<α

ℓ
|γ|− j
k

|∂ γ f (x)−∂
γP j−1

xk, f
(x)|︸ ︷︷ ︸

(A)

+ |∂ γ(P j−1
xk, f

−Pf ,k)(x)|︸ ︷︷ ︸
(B)

+∥D j f∥L∞. (2.4.9)

Before we estimate (A), remember that ∂ γP j−1
xk, f

= P j−|γ|−1
xk,∂ γ f , for all |γ|< j. Indeed,

∂
γP j−1

xk, f
(x) = ∂

γ

[
∑

0≤|α|≤ j−1

∂ α f (xk)

α!
(x− xk)

α

]

= ∑
0≤|α|≤ j−1

∂ α f (xk)

α!
∂

γ [(x− xk)
α ]

= ∑
0≤|α|≤ j−1

γ<α

∂ α f (xk)

α!

(
α

γ

)
γ!(x− xk)

α−γ

= ∑
0≤|α|≤ j−1

γ<α

∂ α f (xk)

(α − γ)!
(x− xk)

α−γ

= ∑
0≤|θ |≤ j−1−γ

∂ θ+γ f (xk)

θ !
(x− xk)

θ = P j−1−|γ|
xk,∂ γ f (x).

Thus,

(A) = |∂ γ f (x)−P j−|γ|−1
xk,∂ γ f (x)| ≲ ℓ

j−|γ|
k ∥D j−|γ|(∂ γ f )∥L∞ ≃ ℓ

j−|γ|
k ∥D j f∥L∞ .
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On the other hand, it follows from (iii) of Lemma 1.58 that

P j−1
xk, f

(x) =
�

Qk

P j−1
xk, f

(y)φQk(x,y) dy, for all x ∈ Qk.

This way,

P j−1
xk, f

(x)−Pf ,k(x) =
�

Qk

[
P j−1

xk, f
(y)− f (y)

]
φQk(x,y) dy

and

(B) = |∂ γ(P j−1
xk, f

−Pf ,k)(x)| =
∣∣∣∣�

Qk

(
P j−1

xk, f
(y)− f (y)

)
∂

γ
x φQk(x,y) dy

∣∣∣∣
≲ ℓ

j
k∥D j f∥L∞ℓ

−N−|γ|
k ℓN

k = ℓ
j−|γ|
k ∥D j f∥L∞

Replacing in (2.4.9), we obtain

|∂ α
βk(x)| ≲ ∑

0≤γ<α

ℓ
|γ|− j
k

[
ℓ

j−|γ|
k ∥D j f∥L∞ + ℓ

j−|γ|
k ∥D j f∥L∞

]
+∥D j f∥L∞ ,

getting (2.4.5).

Let us now prove the inequality (2.4.4). For each α ∈ ZN
+ with |α|= i ∈ {1,2, ...,m−1}, we have

by the Leibniz rule that

|∂ α
βk(x)|≲ ∑

0≤γ≤α

∣∣∂ γ( f −Pf ,k)(x)∂ α−γ
ηk(x)

∣∣≲ ∑
0≤γ≤α

ℓ
|γ|−i
k |∂ γ f (x)−∂

γPf ,k(x)|. (2.4.10)

Since ∂ γPf ,k(x) = P∂ γ f ,k(x)+(II), in which

|(II)| ≤ Cm,L,γ ℓ
m−|γ|
k ∑

|β |=m
(∂ β f )∗L,

√
Nℓk

(x)≲ ℓ
m−|γ|
k ∥Dm f∥L∞ ,

(see [37, p. 87] for more details of this (II)’s pointwise control), we get

|∂ γ f (x)−∂
γPf ,k(x)| ≤ |∂ γ f (x)−P∂ γ f ,k(x)|+ |(II)| ≲ ℓm

k ∑
|θ |=m

∥∥∥∂
θ+γ f

∥∥∥
L∞

+ ℓ
m−|γ|
k ∥Dm f∥L∞.

Plugging it at inequality (2.4.10) we have

|∂ α
βk(x)| ≲ ∑

0≤γ≤α

ℓ
|γ|−i
k

[
ℓm

k ∑
|θ |=m

∥∥∥∂
θ+γ f

∥∥∥
L∞

+ ℓ
m−|γ|
k ∥Dm f∥L∞

]
≤ ∑

0≤γ≤α

|γ|= j

ℓ
m+ j−i
k ℓm

k

∥∥Dm+ j f
∥∥

L∞ + ℓm−i
k ∥Dm f∥L∞

and therefore

∥Di
βk∥L∞ ≲

i

∑
j=0

ℓ
m+ j−i
k

∥∥Dm+ j f
∥∥

L∞ ,

concluding the proof with the inequality (2.4.4).
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Corollary 2.7. Given α > 0 and ε > 0, there is a decomposition f = g+ b# +ρ from Theorem 2.6

where b# = ∑k∈F βk for some finite set F ⊂ N so that ∥ρ∥Λ
γp ≤ ε , when N/(N +m) < p < 1, and

∥ρ∥bmo ≤ ε , when p = 1.

Proof. Let F be the set of indices k∈Z such that ℓk ≥ δ where 0< δ < 1 is a number to be determined.

Note that F is finite because O = {x : M f (x) > α} has compact closure. Set ρ := b− b# and

c f := max
0≤i≤m

∥∥Di f
∥∥

L∞ < ∞, since f ∈ Cm
c (RN). As the cubes {Q∗

k} that contain suppβk have the

bounded intersection property then the number of cubes with side ℓk < δ is finite (and the number

does not depend on α).

Since Np +1 ≤ m, it follows from the inequality (2.4.5) that

∥DNp+1
ρ∥L∞ =

∥∥∥∥∥∥∥∥ ∑
k∈Z/
ℓk<δ

DNp+1
βk

∥∥∥∥∥∥∥∥
L∞

≲ c f

and it from (2.4.4) that ∥Diρ∥L∞ ≲ c f δ m−i, for all i ∈ {0,1, ...,m−1}. In particular,

∥DNpρ∥L∞ ≲ δ
m−Np ≲ δ and ∥ρ∥L∞ ≲ δ

m ≲ δ
1−rp,

because

1− rp ≤ (1− rp)+ γp = 1+Np ≤ m.

Note that, by inequality (2.4.3) from the Remark 2.5 and the previous estimate, we have

[ρ]Λγp = [DNpρ]Λrp ≤ ∥DNp+1
ρ∥L∞δ

1−rp +∥DNpρ∥L∞δ
−rp ≲ δ

1−rp.

Thus, ∥ρ∥Λ
γp = [ρ]Λγp + ∥ρ∥L∞ ≲ δ 1−rp = ε , chosen an appropriated δ . For the case p = 1, it is

enough to note that ∥ρ∥bmo ≤ 3∥ρ∥L∞ ≲ ε .

2.4.3 Special approximation method: atom refinement

Our interest in this section is to prove the following result:

Proposition 2.8. Let m, p and γp as before. Given f ∈ (Cm
c ∩hp)(RN) there exists a sequence of

functions fn ∈Cm
c (RN) having the following properties

(i) there exists C > 0 such that ∥ fn∥hp ≤C∥ f∥hp;

(ii) lim
n→∞

∥ f − fn∥Λ
γp = 0, when N/(N +m)< p < 1 and lim

n→∞
∥ f − fn∥bmo = 0, when p = 1;

The proof of this proposition will heavily utilize the results obtained in the previous subsection.

It is from these results that we will obtain a more refined sequence of atoms, which we will use in the

proof of Theorem A, specifically the Lemma 3.3.
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Proof. The proof is reduced for the case that f ∈ (H p ∩Cm
c )(RN). In fact, using the decomposition

of inequality (1.2.1) we may split f = f1 + f2 with f1 ∈ (H p ∩Cm
c )(RN) and for f2 ∈ C∞

c (RN) the

conclusion follows by Remark 2.5. To simplify the notation, we write f instead of f1.

Let f ∈ (H p ∩Cm
c )(RN) and fix a small number ε > 0. For each i ∈ N, we pick a decomposition

f = gi+bi = gi+b#
i +ρi with the properties granted by the Theorem 2.6 and Corollary 2.7, for αi = 2i

and εi = ε2i, i.e.

· O i ⊆ O i+1;

· |gi(x)| ≤ c2i;

· ∥ρi∥Λ
γp ≤ ε2i (or ∥ρi∥bmo ≤ ε2i, when p = 1);

· b#
i = ∑

k∈Z
ℓk≥δi

βik, in which δi =
(
ε2i) 1

1−rp .

Given two consecutive values of i and the corresponding decompositions f = gi+1+b#
i+1+ρi+1 =

gi +b#
i +ρi and look at the difference bi −bi+1 = gi+1 −gi we see that

∥bi −bi+1∥L∞ ≤ ∥gi+1∥L∞ +∥gi∥L∞ ≲ 2i.

On the other hand, it follows from (2.4.5) and the bounded intersection property of {Q∗
i,k} that

∥D jbi∥L∞ ≤C, with C independent of i, for all j ∈ {1,2, ...,m}, which implies that

∥DNp+1(bi −bi+1)∥L∞ ≤C.

To estimate DNp(bi −bi+1), note that δi < δi+1, this way

b#
i = ∑

k∈Z
ℓk≥δi

βik = ∑
k∈Z

ℓk≥δi+1

βik + ∑
k∈Z

δi≤ℓk<δi+1

βik = b#
i+1 + ∑

k∈Z
δi≤ℓk<δi+1

βik.

Thus, it follows from (2.4.4) that∥∥DNp(bi −bi+1)
∥∥

L∞ ≤
∥∥DNp(ρi −ρi+1)

∥∥
L∞ +

∥∥DNp(b#
i −b#

i+1)
∥∥

L∞

≲ δ
m−Np
i +

∥∥∥∥∥∥∥DNp

 ∑
k∈Z

δi≤ℓk<δi+1

βik


∥∥∥∥∥∥∥

L∞

≲ δ
m−Np
i +δ

m−Np
i+1 ≲ crp δi,

for all i ≤ 0. Again, by inequality (2.4.3) from the Remark 2.5, we have

∥bi −bi+1∥Λ
γp ≤ ∥bi −bi+1∥L∞ +∥DNp+1(bi −bi+1)∥L∞M1−rp

i +∥DNp(bi −bi+1)∥L∞M−rp
i ,
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for any Mi > 0. In particular, we can choose Mi = δi. By the previous inequalities

∥bi −bi+1∥Λ
γp ≲ 2i +δ

1−rp
i +δiδ

−rp
i ≃ 2i + ε2i,

for all i ≤ 0. Thus, we see that

∥gi+1 −gi∥Λ
γp = ∥bi −bi+1∥Λ

γp ≤ c2i,

implying that the sum ∑
L
−∞(gi+1 −gi) converges to 0 in Λγp(RN) as L →−∞.

For the case p = 1,

∥gi+1 −gi∥bmo ≲ ∥gi+1 −gi∥L∞ ≲ 2i

and the sum ∑
L
−∞(gi+1 −gi) converges to 0 also in bmo(RN) as L →−∞.

Since f is bounded, M f is also bounded and there is N0 ∈ Z such that gi+1 ≡ gi for all i ≥ N0.

Therefore, we may write

f =
L

∑
−∞

(gi+1 −gi)+
N0

∑
L+1

(gi+1 −gi)

=
N0

∑
i=L+1

(b#
i −b#

i+1)+
N0

∑
i=L+1

(ρi −ρi+1)+
L

∑
−∞

(gi+1 −gi)

=
N0

∑
i=L+1

(
∑

k∈Fi

βi,k − ∑
l∈Fi+1

βi+1,l

)
+

L

∑
−∞

(gi+1 −gi)

:= f ♭+R,

where ∥R∥Λ
γp (or ∥R∥bmo, for p= 1) can be made arbitrary small by taking ε small and L close enough

to −∞. The next step is to write f ♭ as a finite sum

f ♭ :=
N0

∑
i=L+1

(
∑

k∈Fi

βi,k − ∑
l∈Fi+1

βi+1,l

)
=

N0

∑
i=L+1

∑
k

λi,k ai,k

where
{

ai,k
}

i,k are H p-atoms and
{

λi,k
}

i,k satisfy ∑
i,k

|λi,k|p ≤C∥ f∥p
H p . It is convenient to redefine the

functions βi,k by setting βi,k ≡ 0 if k /∈ Fi for each fixed i, so the approximation f ♭ of f may be written

now as

f ♭ =
N0

∑
i=L+1

(
∑
k
( f −Pf ,i,k)ηi,k −∑

ℓ

( f −Pf ,i+1,ℓ)ηi+1,ℓ

)
=

N0

∑
i=L+1

∑
k

Ai,k (2.4.11)

where

Ai,k = ( f −Pf ,i,k)ηi,k − ∑
l
( f −Pf ,i+1,ℓ)ηi+1,ℓηi,k + ∑

ℓ

Q f ,k,ℓηi+1,ℓ,

with

Q f ,k,ℓ(x) = P(h ηi,k),i+1,ℓ and h := f −Pf ,i+1,ℓ,
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and it is understood that Pf ,i,k = 0 and Q f ,k,ℓ = 0 if k /∈ Fi or ℓ /∈ Fi+1. However, in order to prove that

(2.4.11) holds one needs to assume that

∑
k∈Fi

ηi,k ≡ 1 on the support of ηℓ,k+1 whenever ℓ ∈ Fi+1. (2.4.12)

This can be achieved inductively, by adding to FN0 a finite number of extra indexes to obtain

(2.4.12) when i = N0, then finitely many additional indexes to FN0−1 so (2.4.12) holds for i = N0 −1,

etc. Note that the additional terms βi,k added to f ♭ in this way do not increase the norm ∥R∥Λ
γp , which

remains at least as small as in its original definition.

Let Bi,k be the smallest ball containing Q∗
i,k. Exactly the same arguments on pages 108 and 109

of [44] used to deal with an infinite decomposition show now, in the finite decomposition case, that

setting

ai,k = c−12−i|Bi,k|−1/pAi,k and λi,k = c2i|Bi,k|1/p.

Thus, we have f ♭ = ∑
N0
i=L+1 ∑k λi,kai,k. Furthermore,

∑
i,k

|λi,k|p = c∑
i,k

2ip|Qi,k| ≤ c′
�
(M f )p(x)dx ≤C∥ f∥p

H p.

Finally, for each n∈N we may take fn as the function f ♭ in the previous construction where R satisfies

the estimative ∥R∥Λ
γp < 1/n. Then, the sequence ( fn)n satisfies the properties (i) and (ii) required in

the Proposition 2.8.



CHAPTER 3

The proof of Theorem A and consequences

At the beginning of this chapter we will proof Theorem A, stated in the introduction (Theorem 1).

The first section corresponds to the primary estimates of the term A(·,D)φ ·v and in the statement of a

fundamental lemma (Lemma 3.1) and the second section continues the proof of the lemma, reducing

it to the uniform control of a sublinear operator for atoms. The third section states and demonstrates

a nonhomogeneous version of Theorem A, where the hypothesis A∗(·,D)v = 0 is removed. Next, two

applications of the result are presented and lastly, an expected global version of the theorem is stated

in the case where the operator A(·,D) has constant coefficients.

3.1 Proof of Theorem A

Let ψ ∈C∞
c (B(0,1)) with

�
ψ = 1 and ψt(x) := t−Nψ(x/t), 0 < t < 1. By simplicity we consider

x0 = 0, U = B(0,ρ) with radius ρ < 1/2 to be chosen later. Indeed, suppose that

∥A(·,D)φ ·F v∥hr ≤C∥A(·,D)φ∥hp ∥v∥W m−1,q

for any φ ∈C∞
c (B(0,ρ),E) and v∈C∞

c (B(0,ρ),F), satisfying A∗(·,D)v= 0. Let now ϕ ∈C∞
c (B(x0,ρ),E)

and w ∈ C∞
c (B(x0,ρ),F), satisfying A∗(·,D)w = 0. We will denote ϕx0(x) := ϕ(x− x0), wx0(x) :=

w(x−x0), Ax0(x,D) := A(x−x0,D) and A∗
x0
(x,D) := A∗(x−x0,D). Note that A∗(·,D)w = 0 is equiv-

alent to A∗
x0
(·,D)wx0 = 0. Due to translation invariance in hp and Sobolev norm, we obtain

∥A(·,D)ϕ ·F w∥hr = ∥Ax0(·,D)ϕx0 ·F wx0∥hr

≤ C∥Ax0(·,D)ϕx0∥hp ∥wx0∥W m−1,q

= C∥A(·,D)ϕ∥hp ∥w∥W m−1,q .

Let P : Ω 7→ E a polynomial of degree at most m− 1 such that A(·,D)P = 0 on U , also to be

adjusted later. In fact, by the homogeneity hypothesis, A(·,D)P = 0 for all P ∈ PE
m−1. Then, we may

write

ψt ∗ [A(x,D)φ ·F v] (x) =
�

B(x,t)
A∗(y,D) [ψt (x− y)v(y)] ·E (φ −P)(y)dy.

55
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Indeed, by definition of convolution,

ψt ∗ [A(x,D)φ ·F v] (x) = ψt ∗ [v ·F A(x,D)φ ] (x)

=

�
[ψt(x− y)v(y)] ·F A(y,D)φ(y)dy

=

�
[ψt(x− y)v(y)] ·F A(y,D)(φ −P)(y)dy

=
1
tN

�
B(x,t)

A∗(y,D)

[
ψ

(
x− y

t

)
v(y)

]
·E (φ −P)(y)dy.

Applying the product rule under assumption A∗(·,D)v = 0 and using the uniform local boundedness

of the functions ∂ θ a∗α and ∂ θ ψ for 0 ≤ |θ | ≤ m, and taking 0 < t ≤ 1 we may estimate

|ψt ∗ [A(·,D)φ ·F v]|(x)≲ C(ψ)

tN+m

�
Bt

x

(
∑

0≤|γ|<m
|∂ γv(y)|

)
|φ(y)−P(y)|dy,

where

C(ψ) := max
|α|≤m

0≤γ,θ≤α

sup
z∈RN

{
(1+∥∂

γa∗α∥L∞) |∂ θ
ψ|(z)

}
.

Now, fixed p,q and r satisfying the hypotheses, take 1 < β < q and 1 < β ′ < p∗ satisfying β ′ < β

and 1/β +1/β ′ = 1, where p∗ := N p/(N −mp). Thus, by Hölder inequality

|ϕt ∗ [A(x,D)φ ·F v] (x)|≲ 1
tN+m

�
B(x,t)

(
∑

0≤|γ|<m
|∂ γv(y)|

)β

dy

 1
β
[�

B(x,t)
|φ(y)−P(y)|β

′
dy

] 1
β ′

.

Since tN = |Bt
x|1/β |Bt

x|1/β ′|B1
0|−1 we can write

|ψt ∗ [A(·,D)φ ·F v]|(x)≲

 
Bt

x

(
∑

0≤|γ|<m
|∂ γv(y)|

)β

dy

 1
β
[ 

Bt
x

∣∣∣∣ 1
tm (φ(y)−P(y))

∣∣∣∣β ′

dy

] 1
β ′

which implies that sup
0<t<1

|ψt ∗A(·,D)φ · v|r (x) is bounded by

C(ψ)

M

( ∑
0≤|γ|<m

|∂ γv|
)β
(x)

 r
β
[

sup
0<t<1

 
Bt

x

∣∣∣∣ 1
tm [φ(y)−P(y)]

∣∣∣∣β ′

dy

] r
β ′

,

where M is the Hardy-Littlewood maximal operator defined in (1). Integrating on RN and using

Hölder inequality for qr−1 and pr−1 (since qr−1, pr−1 > 1 and 1/r = 1/p+1/q), we have the control

(3.1.1)

∥A(·,D)φ ·F v∥r
hr ≲ ∥M (Dm

<v)∥
r
β

L
q
β

(�
RN

[
sup

0<t<1

 
Bt

x

∣∣∣∣ 1
tm [φ(y)−P(y)]

∣∣∣∣β ′

dy

] p
β ′

dx

) r
p

,



3.1. Proof of Theorem A 57

where Dm
<v :=

(
∑

0≤|γ|<m
|∂ γv|

)β

. Indeed,

∥A(·,D)φ ·F v∥r
hr ≲

[�
RN

[M (Dm
<v)(x)]

r
β
. q

r dx
] r

q

.

�
RN

(
sup

0<t<1

 
Bt

x

∣∣∣∣ 1
tm [φ(y)−P(y)]

∣∣∣∣β ′

dy

) r
β ′ .

p
r

dx

 r
p

=

[�
RN

[M (Dm
<v)(x)]

q
β dx

] r
q

.

(�
RN

[
sup

0<t<1

 
Bt

x

∣∣∣∣ 1
tm [φ(y)−P(y)]

∣∣∣∣β ′

dy

] p
β ′

dx

) r
p

.

Now, we will use the boundedness of M in L
q
β , since 1 < β < q. The first term on the right-hand

side of inequality (3.1.1) without the exponent r can be estimated by

∥M (Dm
<v)∥

1
β

L
q
β

≤

∥∥∥∥∥∥
(

∑
0≤|γ|<m

|∂ γv|
)β
∥∥∥∥∥∥

1
β

L
q
β

=

∥∥∥∥∥ ∑
0≤|γ|<m

|∂ γv|

∥∥∥∥∥
Lq

≲ ∥v∥W m−1,q (3.1.2)

In order to conclude the proof of Theorem A, we need to estimate the second term on the right-hand

side of (3.1.1). This follows from a fundamental inequality that holds for scalar local Hardy-Sobolev

spaces and is an ersatz for [13, Lemma II.2]:

Lemma 3.1 (Fundamental Lemma). Let m ∈ N, N
N+m < p ≤ N

m and α ∈ [1, p∗). Then, there exist a

constant C > 0 and a polynomial Px,t, f ∈ Pm−1 such that the estimate

�
RN

[
sup

0<t<1

 
Bt

x

{
1
tm | f (y)−Px,t, f (y)|

}α

dy
] p

α

dx ≤C∥ f∥p
hm,p (3.1.3)

holds for every f ∈C∞
c (RN).

For now, let us assume this lemma and conclude the proof of Theorem A. Using Remark 3.2

stated next (for a = β ′ and a = p/β ′) and the fact that the supremum of the sum loses to the sum of

the supremum, we obtain

�
RN

[
sup

0<t<1

 
Bt

x

∣∣∣∣ 1
tm [φ(y)−P(y)]

∣∣∣∣β ′

dy

] p
β ′

dx ≲
�
RN

[
sup

0<t<1

 
Bt

x

nE

∑
j=1

∣∣∣∣ 1
tm

[
φ j(y)−Pj(y)

]∣∣∣∣β ′

dy

] p
β ′

dx

≤
�
RN

[
nE

∑
j=1

sup
0<t<1

 
Bt

x

∣∣∣∣ 1
tm

[
φ j(y)−Pj(y)

]∣∣∣∣β ′

dy

] p
β ′

dx

≲
nE

∑
j=1

�
RN

[
sup

0<t<1

 
Bt

x

∣∣∣∣ 1
tm

[
φ j(y)−Pj(y)

]∣∣∣∣β ′

dy

] p
β ′

dx.
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Now we can apply Lemma 3.1 for each component in the previous sum, choosing Pj = Px,t,φ j . Thus,

nE

∑
j=1

�
RN

[
sup

0<t<1

 
Bt

x

∣∣∣∣ 1
tm

[
φ j(y)−Pj(y)

]∣∣∣∣β ′

dy

] p
β ′

dx ≤C
nE

∑
j=1

∥φ j∥p
hm,p ≤ ∥φ∥p

hm,p.

By the inequality (2.3.1) proved in the previous chapter, there exist a ball Bρ

0 = B(0,ρ) for ρ

sufficiently small and a constant C =C(B, p,N,m)> 0 such that

�
RN

[
sup

0<t<1

 
Bt

x

{
1
tm

∣∣φ(y)−Px,t,φ (y)
∣∣}α

dy

] p
α

dx

 1
p

≤C∥A(·,D)φ∥hp, (3.1.4)

for all φ ∈ C∞
c (B

ρ

0 ,E). Plugging the inequalities (3.1.4) and (3.1.2) at (3.1.1) we conclude the proof

of Theorem A.

Remark 3.2. Let h ∈C∞
c (Ω,E) and a > 0, then there exists a positive constant Ca,nE , independent of

h, such that

|h(x)|a ≤Ca,nE

nE

∑
j=1

|h j(x)|a.

Note that this is a simple but technical remark. In fact, it follows by Hölder inequality that∣∣∣∣∣ nE

∑
j=1

w j

∣∣∣∣∣
b

≤ cb,nE

nE

∑
j=1

|w j|b,

for all w = (w1, ...,wnE ) ∈ E and b > 0, in which cb,nE = 1 if 0 < b ≤ 1 and cb,nE = (nE)
b−1 if b ≥ 1.

For each a > 0 we denote b = a/2, then

|h(x)|a =

∣∣∣∣∣ nE

∑
j=1

|h j(x)|2
∣∣∣∣∣
a/2

≤ cb,nE

nE

∑
j=1

|h j(x)|2b = ca,nE

nE

∑
j=1

|h j(x)|a.

The remainder of this chapter is devoted to proving Lemma 3.1.

Proof. For each f ∈ C∞
c (RN), x ∈ RN and 0 < t < 1 consider Px,t, f (y) := ⟨ f ,φQ(x,2t)(y, ·)⟩ the poly-

nomial of degree at most m−1 given by the Lemma 1.58 and define the sublinear operator

T f (x) = sup
0<t<1

{ 
B(x,t)

∣∣∣∣ 1
tm

[
f (y)−Px,t, f (y)

]∣∣∣∣α dy

} 1
α

,

for fixed 1 ≤ α < p∗. Rewriting the inequality (3.1.3), it is sufficient to prove that
�
RN

|T f (x)|p dx ≤C∥ f∥p
hm,p , ∀ f ∈C∞

c (RN). (3.1.5)
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Firstly, let us consider m < N, 1 < p ≤ N
m and denote p̃ = p−⌊p⌋. Since f ∈ L1

loc(R
N) and ∂ β f ∈ hp̃,

for all |β |= m, it follows from the Theorem 2.2 with T = 1 that( 
B(x,t)

∣∣∣∣ 1
tm

[
f (y)−Px,t, f (y)

]∣∣∣∣α dy

) 1
α

≤CN,p̃,m,α

( 
B(x,t)

|Dm f |γ dy

) 1
γ

,

for any 1 < γ < p. Applying the supremum for all 0 < t < 1 we get the pointwise control

T f (x)≲ [M (|Dm f |γ)(x)]
1
γ .

Thus, using the boundedness of M in L
p
γ (RN),

∥T∥p
Lp(RN)

≲
∥∥∥[M (|Dm f |γ)]

1
γ

∥∥∥p

Lp(RN)
= ∥M (|Dm f |γ)∥p/γ

Lp/γ (RN)

≲ ∥|Dm f |γ∥p/γ

Lp/γ (RN)
= ∥Dm f∥p

Lp(RN)
,

obtaining (3.1.5).

For the second and more extensive part of the proof, we need to prove for the case N
N+m < p ≤

min
{

1, N
m

}
. Note that this case includes both N ≤ m and m < N. Consider Jm the Bessel potential op-

erator defined in Example 1.33 and denote the sublinear operator T ′ := T ◦ Jm. Writing the identities

f = Jmg and Dm f = (Dm ◦ Jm)g, by Proposition 1.38 we have

∥ f∥hm,p
<

:=
m

∑
j=0

∥∥D j f
∥∥

hp ≃ ∥J−m f∥hp = ∥(J−m ◦ Jm)g∥hp ≲ ∥g∥hp,

since pseudo-differential operators of order zero are bounded from hp(RN) to itself for 0 < p ≤ 1.

Thus, to obtain (3.1.5) it is enough to prove the existence of (uniform) C > 0 such that for every

compact subset K ⊂ RN the control
�

K

∣∣T ′g(x)
∣∣p dx ≤C∥g∥p

hp, ∀g ∈C∞
c (RN) (3.1.6)

holds. Indeed, suppose that (3.1.6) holds for all K ⊂⊂ RN , denote h(x) := |T ′g(x)|p and hn(x) :=

h(x)XB[0,n](x) for each n ∈ N. Thus, by Fatou Lemma, we have
�
RN

∣∣T ′g(x)
∣∣p dx =

�
RN

h(x)dx ≤ limsup
n

�
RN

hn(x)dx ≤C∥g∥p
hp

and then �
RN

|T f (x)|p dx =
�
RN

∣∣T ′g(x)
∣∣p dx ≤C∥g∥p

hp ≲ ∥ f∥p
hm,p

proving (3.1.5).

The proof of (3.1.6) follows by two fundamental steps. The first is the reduction of the estimate

to the case in which g is a bounded hp-atom, i.e. there exists a uniform constant C > 0 such that�
K

∣∣T ′a(x)
∣∣p dx ≤C, (3.1.7)
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for all a hp-atom (see Sections 1.2.1 and 2.4.3).

This point is crucial, since there is an example of a linear operator uniformly bounded on standard

atoms but that cannot be extended for Hardy spaces (see [10]). In the same spirit presented at [24,

Appendix A1] we state the following result:

Lemma 3.3. Given f ∈C∞
c (RN) there exist a sequence of functions fn ∈ (Cm

c ∩hp)(RN) and a uniform

constant C > 0 such that

(i) ∥ fn∥hp ≤C∥ f∥hp;

(ii) lim
n→∞

∥∥T ′( fn − f )
∥∥

Lp(K)
= 0, for all K ⊂⊂ RN;

(iii) ∥T ′ fn∥Lp(RN) ≤C∥ f∥hp .

The estimate (3.1.6) follows directly from (ii) and (iii). Indeed, assuming the previous lemma,

given g ∈C∞
c there is a sequence {gn}n in Cm

c ∩hp such that

�
K

∣∣T ′g(x)
∣∣p dx ≤

�
K

∣∣T ′(gn −g)(x)
∣∣p dx+

�
K

∣∣T ′(g)(x)
∣∣p dx

≤
�

K

∣∣T ′(gn −g)(x)
∣∣p dx+

�
RN

∣∣T ′(g)(x)
∣∣p dx

≤
∥∥T ′(gn −g)

∥∥p
Lp(K)

+C∥g∥p
hp .

Applying the limit n → ∞, we obtain
�

K |T ′g(x)|p dx ≤C∥g∥p
hp .

Let us prove Lemma 3.3.
Proof. It follows from Proposition 2.8 that given f ∈ C∞

c (RN) there exists a sequence of functions

fn ∈ (Cm
c ∩hp)(RN) such that (i) holds and lim

n→∞
∥ f − fn∥Λ

γp = 0. We also claim that

lim
n→∞

T ′( fn − f )(x) = 0 (3.1.8)

uniformly over compact subsets K ⊂ RN that implies directly (ii). In order to prove (3.1.8), it is

enough to show that the sublinear operator

T ′ f (x) = sup
0<t<1

( 
Bt

x

{
1
tm

∣∣Jm f (y)−Px,t,Jm f (y)
∣∣}α

dy

)1/α

satisfies sup
K

T ′ f (x)≤C∥ f∥Λ
γp . By the inequality (2.2.2) applied for Jm f and the boundedness of the

pseudo-differential operators Dm ◦ Jm of order zero on Hölder spaces (see [4]), we get

T ′ f (x)≤ ∥Dm ◦ Jm f∥L∞ ≤ ∥Dm ◦ Jm f∥Λ
γp ≤C∥ f∥Λ

γp

for all x ∈ K ⊂⊂ RN . For a moment, we assume the validity of (3.1.7) in order to prove (iii). Since

fn ∈ Cm
c (RN), we can decompose fn as a finite sum of smooth bounded hp-atoms, namely fn =
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∑
kn
k=1 λk,nak,n satisfying ∑k |λk,n|p ≤C∥ f∥hp with C > 0 independent of k and n (see the discussion in

Section 2). Thus,

∥T ′ fn∥p
Lp ≤

kn

∑
k=1

|λk,n|p∥T ′ak,n∥p
Lp ≤C ∥ f∥p

hp .

Hence, the last step to complete the proof of Lemma 3.1 is to show the inequality (3.1.7). This

uniform control, however, will be proved in the next section.

3.2 Uniform control of T ′ on atoms

Let a an hp-atom compactly supported in a ball B= B(x0,r) defined in Section 2.4.3, which means

that a follows the standard Definition 1.4, but it has more moment conditions, that is, if r < 1 then
�
RN

xβ a(x)dx = 0,

for all β ∈ ZN
+ satisfying |β | ≤ m−1, instead of |β | ≤ Np = ⌊N(p−1 −1)⌋, since Np ≤ m−1.

Without loss of generality, we may assume x0 = 0. Indeed, suppose that
�
RN

∣∣T ′a(x)
∣∣p dx ≤C, (3.2.1)

for all a hp-atom supported in ball B(0,r). Given b an hp-atom supported in ball B(x0,r), we denote

ã(x) := b(x− x0). Clearly ã is also an hp-atom satisfying (3.2.1) (due to translation invariance) and,

therefore, the uniform boundedness holds for all hp-atoms supported in ball B(x0,r).

Let us prove the inequality (3.2.1). Consider first |x| ≤ 10r and set b := Jma. It follows from the

inequality (2.2.2) that

( 
Bt

x

∣∣∣∣ 1
tm

[
b(y)−Px,t,b(y)

]∣∣∣∣α dy

) 1
α

≲

( 
Bt

x

|Dmb(y)|αdy

) 1
α

,

for all 1 < α < p∗. Taking the supremum for all 0 < t < 1, we get

T ′a(x)≲ [M(|Dmb|α)(x)]
1
α .

Hence, if α < β < ∞ then we have

∥
[
M (|Dmb|α)

]1/α∥Lβ = ∥M(|Dmb|α)∥1/α

Lβ/α
≲ ∥|Dmb|α∥1/α

Lβ/α

= ∥DmJma∥Lβ ≲ ∥a∥Lβ

≲ ∥a∥L∞|Br
0|

1
β ≲ rN

(
1
β
− 1

p

)
,
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where the second inequality follows from the fact that Dm ◦ Jm is a pseudo-differential operator of

order zero and, by Remark 1.37, it is bounded in Lβ for any 1 < β < ∞. Thus,

(�
|x|≤10r

|T ′a(x)|pdx

)1/p

≲ rN
(

1
p−

1
β

)(�
|x|≤10r

|T ′a(x)|β dx

)1/β

≲ rN
(

1
p−

1
β

)
∥M(|Dmb|α)1/α∥Lβ ≲ 1,

uniformly for any an hp-atom. We point out that only the size condition of the atom is required in the

previous control.

Moving on for the set |x| ≥ 10r, we will distinguish atoms according to the support B(0,r), since

atoms with r ≤ 1 are H p-atoms, thus satisfy moment conditions, and atoms with r > 1 do not.

Recall that the kernel of Bessel potential Km(y,z) ∈ S′(RN) is smooth off the diagonal and, by

Theorem 1.34, satisfies estimates

sup
|α|+|β |=M

∣∣∣Dα
y Dβ

z Km(y,z)
∣∣∣≤Cα,β |y− z|−(M+N−m), y ̸= z (3.2.2)

for all M > m−N and

sup
|y−z|≥1/2

|y− z|L
∣∣∣Dα

x Dβ
y Km(y,z)

∣∣∣≤Cα,β ,L, (3.2.3)

for any α,β ∈ ZN
+ and L ≥ Nα,β ∈ N. If an hp-atom a(z) is supported in B(0,r) with r ≥ 1, a

consequence from (3.2.3) is that there exists Nm ∈N such that, for any L ≥ Nm, there exists a constant

CN,m,L > 0 such that

sup
w∈Bt

x

|Dmb(w)| ≤CN,m,L r−
N
p +N |x|−L, ∀ 0 < t < 1 and |x|> 10r. (3.2.4)

Indeed, let us prove that affirmation: for y ∈ B(x, t) and 0 < t < 1 we have

|y− x|< t < 1 ≤ r <
1

10
|x|=⇒ |y|> |x|− |x− y|> 9

10
|x|

and, for |w|< r, it follows

|y−w| ≥ |y|− |w|> 9
10

|x|− r >
4
5
|x|.
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Thus, we can apply the control (3.2.3) and

|Dmb(y)| =

∣∣∣∣∣
�

B(0,r)
DmKm(y,w)a(w)dw

∣∣∣∣∣
≤

�
B(0,r)

|DmKm(y,w)a(w)|dw

≤ ∥a∥L∞

�
B(0,r)

|DmKm(y,w)|dw

≲ |B(0,r)|−
1
p

�
B(0,r)

|DmKm(y,w)|dw

≲ CL,m|B(0,r)|−
1
p

�
B(0,r)

1
|y−w|L

dw

≤
5CL,m

4
|B(0,r)|−

1
p

�
B(0,r)

1
|x|L

dw

≲ CL,m|B(0,r)|1−
1
p

1
|x|L

=CN,m,L
rN.
(

1− 1
p

)
|x|L

,

for all y ∈ Bt
x, proving the inequality (3.2.4).

Applying again the inequality (2.2.2), by the previous affirmation we have

T ′a(x) =

[
sup

0<t<1

{ 
B(x,t)

∣∣∣∣ 1
tm

[
b(y)−Px,t,b(y)

]∣∣∣∣α dy

}] 1
α

≲

[
sup

0<t<1

{ 
B(x,t)

|Dmb(y)|α dy

}] 1
α

≲
r−

N
p +N

|x|L
,

that implies �
|x|≥10r

|T ′a(x)|pdx ≲ r(N−L)p
�
|x|≥10

1
|x|Lp dx

where the estimate is uniformly bounded for r ≥ 1 choosing L > max{N +m,Nm}. Indeed, since

p > N
N+m , if we take L > N +m we have L > N/p. So N −Lp < 0 and p(N −L)< 0, because

L > N +m ⇒ L > N ⇒ N −L < 0 ⇒ p(N −L)< 0.

Then, �
|x|≥10r

|T ′(a)(x)|pdx ≲ rN(p−1)
�
|x|≥10r

1
|x|Lp dx

≲ rN(p−1) |SN−1|
�

∞

10r
ρ

N−1−Lpdρ

= rN(p−1) |SN−1|
[
−(10r)N−Lp

N −Lp

]
≲ rN(p−1)+N−Lp

= rp(N−L) ≤ 1.
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Continuing, assume now that a(z) is an hp-atom supported in B(0,r) with r < 1 that satisfies

the moment condition
�
RN a(z)zβ dz = 0, for all |β | ≤ m− 1. Fix w0 and denote Pw0,Km the Taylor

polynomial of degree m−1 of Km centered at w0, thus

|Km(w)−Pw0,Km(w)|≲ |w−w0|m sup
|γ|=m

|∂ γKm(w̃0)| ,

for some w̃0 ∈ [w,w0]. For each y ∈ B(0,10r)c, we consider w0 := y and w := y− z with z ∈ B(0,r)

then by (3.2.2) taking M = m and reproducing (3.2.4) we have

|b(y)|≲
�

B(0,r)
|a(z)|z|m sup

w∈[y−z,y]
|Dm

y Km(w)|dz ≲
r−

N
p +N+m

|y|N
, (3.2.5)

for all |y|> 10r. More than that, next we will prove that |b(y)|≲ r−
N
p +N+m|y|−N , for all |y| ≥ 5r.

Let us prove the inequality (3.2.5), for all |y| ≥ 5r. First, note that if y ∈ B(0,5r)c and z ∈
supp(a)⊂ B(0,r) then

|y| ≤ 5
4
|w|, for all w ∈ [y− z,y]. (3.2.6)

Indeed, if w ∈ [y− z,y] then there is a s ∈ [0,1] such that w = sy+(1− s)(y− z) = y− (1− s)z and,

by the triangular inequality,

|w| ≥ |y|− |(1− s)z| ≥ |y|− (1− s)r ≥ |y|− (1− s)
|y|
5

≥ 4+ s
5

|y| ≥ 4
5
|y|.

By the moment condition of a,

�
B(0,r)

Py,Km(y− z)a(z)dz =

�
B(0,r)

(
∑

|γ|≤m−1

1
γ!

∂
γKm(y)(−z)γ

)
a(z)dz

= ∑
|γ|≤m−1

−1
γ!

∂
γKm(y)

(�
B(0,r)

(z)γa(z)dz

)

= ∑
|γ|≤m−1

−1
γ!

∂
γKm(y)0 = 0.
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This way,

|b(y)| =

∣∣∣∣∣
�

B(0,r)
Km(y− z)a(z)dz

∣∣∣∣∣
=

∣∣∣∣∣
�

B(0,r)
Km(y− z)a(z)dz−

�
B(0,r)

Py,Km(y− z)a(z)dz

∣∣∣∣∣
=

∣∣∣∣∣
�

B(0,r)
a(z)(K(y− z)−Py,Km(y− z))dz

∣∣∣∣∣
≤

�
B(0,r)

|a(z)| |K(y− z)−Py,Km(y− z)|dz

=

�
B(0,r)

|a(z)|

∣∣∣∣∣ ∑
|γ|=m

1
γ!

Rγ

y,Km
(y− z)(−z)γ

∣∣∣∣∣dz

≤
�

B(0,r)
|a(z)| cm|z|m sup

w∈[y−z,y]
{|DmKm(w)|}dz

≤
�

B(0,r)
|a(z)| c̃m|z|m sup

w∈[y−z,y]

{
1

|w|m+N−m

}
dz, by the control (3.2.2)

≃
�

B(0,r)
|a(z)||z|m sup

w∈[y−z,y]

{
1

|w|N

}
dz.

And, by the estimate (3.2.6),

|b(y)| ≲
�

B(0,r)
|a(z)||z|m 1

|y|N
dz ≤ rm

|y|N
∥a∥L∞ |B(0,r)|

≤ rm

|y|N
|B(0,r)|1−

1
p ≲

rm−N
p +N

|y|N
,

concluding the inequality (3.2.5), for all |y| ≥ 5r.

Similarly, we will prove that for each j ∈ N

|D jb(y)| ≤C
r−

N
p +N+m

|y|N+ j , for all |y| ≥ 10r. (3.2.7)
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Indeed,

|D jb(y)| =

∣∣∣∣∣
�

B(0,r)
D jKm(y−η)a(η) dη

∣∣∣∣∣
=

∣∣∣∣∣
�

B(0,r)
D jKm(y−η)a(η)dη −

�
B(0,r)

Py,D jKm
(y−η)a(η) dη

∣∣∣∣∣
=

∣∣∣∣∣
�

B(0,r)
a(η)

(
D jK(y−η)−Py,D jKm

(y−η)
)

dη

∣∣∣∣∣
≤

�
B(0,r)

|a(η)|.|D jK(y−η)−Py,D jKm
(y−η)| dη

≤
�

B(0,r)
|a(η)|.|η |m.cm. sup

w∈[y−η ,y]
{|Dm+ jKm(w)|} dη

≤
�

B(0,r)
|a(η)|.|η |m.c̃m. sup

w∈[y−η ,y]

{
1

|w|m+ j+N−m

}
dη , by Theorem 1.34

≃
�

B(0,r)
|a(η)|.|η |m. sup

w∈[y−η ,y]

{
1

|w|N+ j

}
dη

≲
�

B(0,r)
|a(η)|.|η |m 1

|y|N+ j dη

≤ rm

|y|N+ j ∥a∥L∞ |B(0,r)|

≤ rm

|y|N+ j |B(0,r)|
1− 1

p

≲
rm−N

p +N

|y|N+ j .

Next, our goal will be to prove the following global estimate

|b(y)|= |Jma(y)|≲ r−
N
p +m, for all y ∈ RN . (3.2.8)

In a first case, we will consider m < N. The control (3.2.2) for M = 0 implies that |Jma(y)|≲ Im|a|(y),
for all y ∈ RN , where Iγ f = f ∗ |y|−(N−γ) is the Riesz Potential (see Section 1.4.1). We apply Propo-

sition 1.47 for β > 1 and β ∗ =
βN

N −mβ
, then

|Jma(y)| ≲ |Im(|a|)(y)| ≲ [M|a|(y)]
β

β∗ ∥a∥
1− β

β∗

Lβ

≤ ∥a∥
β

β∗
L∞ ∥a∥

1− β

β∗
L∞ r

N
β
(1− β

β∗ )

= ∥a∥L∞ rγ ≲ r−
N
p +m, for all y ∈ RN .

Now, we consider the case N ≤ m. Applying the Theorem 1.50 j times for p = 1, where j = m−N +
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1 ≥ 1, and applying the item (e) of the Theorem 1.34 we get

|b(y)| ≤
�

B(0,r)
|Km(y,z)a(z)|dz

≲ r−
N
p

�
B(0,r)

|Km(y,z)|dz

≲ r j−N
p

�
B(0,r)

|D jKm(y,z)|dz

≲ r j−N
p

�
B(0,r)

1
|y− z|

dz

= r j−N
p IN−1(XB(0,r))(y).

Again, by the Proposition 1.47, we have |IN−1(XB(0,r))(y)|≲ ∥XB(0,r)∥L∞ rN−1. Thus,

|b(y)|≲ r j−N
p +N−1 = r−

N
p +m, for all y ∈ RN ,

concluding the inequality (3.2.8).

Next, we can see that the estimate (3.2.8) may be combined with (3.2.5) to yield a new global

estimate, getting

|b(y)| ≤C
r−

N
p +N+m

(r+ |y|)N , for all y ∈ RN . (3.2.9)

Indeed, for y ∈ B(0,10r)c, we have

|y| ≥ 10r ⇒ r ≤ 1
10

|y|

⇒ r+ |y| ≤ 11
10

|y|

⇒ 1
|y|

≤ 11
10

1
r+ |y|

⇒ 1
|y|N

≤
(

11
10

)N 1
(r+ |y|)N

Thus, by the estimate (3.2.5),

|b(y)|≲
(

11
10

)N rm−N
p +N

(r+ |y|)N , y ∈ B(0,10r)c.

Now, to the other case when y ∈ B(0,10r), we have

|y| ≤ 10r ⇒ r+ |y| ≤ 11r

⇒ 1
11

≤ r
r+ |y|

⇒ 1
11N ≤ rN

(r+ |y|)N .
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By the inequality (3.2.8),

|b(y)| ≲ rm−N
p

= rm−N
p .

11N

11N

≤ rm−N
p 11N rN

(r+ |y|)N

= 11N rm−N
p +N

(r+ |y|)N , if y ∈ B(0,10r)

and we conclude that

|b(y)| ≤ c
rm−N

p +N

(r+ |y|)N , for all y ∈ RN ,

proving the inequality (3.2.9). Finally, we can also conclude that

|b(ry)| ≤C
r−

N
p +m

(1+ |y|)N , y ∈ RN . (3.2.10)

After all these estimates, let us go back to the proof that
�

B(0,10r)c |T ′(a)|p ≲ 1. For this, consider

now |x| ≥ 10, thus

T ′(a)(rx) = sup
0<t<1


[ 

B(rx,t)

∣∣∣∣ 1
tm [b(ỹ)−Prx,t,b(ỹ)]

∣∣∣∣α dỹ

] 1
α


= sup

0<t<1


[ 

B(x, t
r)

∣∣∣∣ 1
tm [b(ry)−Prx,t,b(ry)]

∣∣∣∣α dy

] 1
α


≤ sup

0<t< r|x|
2


[ 

B(x, t
r)

∣∣∣∣ 1
tm [b(ry)−Prx,t,b(ry)]

∣∣∣∣α dy

] 1
α

︸ ︷︷ ︸
(I)

+ sup
r|x|
2 <t<1


[ 

B(x, t
r)

∣∣∣∣ 1
tm [b(ry)−Prx,t,b(ry)]

∣∣∣∣α dy

] 1
α

︸ ︷︷ ︸
(II)

.

Analogously to the previous arguments, we get

(I)≲
r−

N
p

|x|N+m , (3.2.11)

reinforcing that y ∈ B(x, t/r) implies that ry ∈ B(0,5r)c, so we need to apply the estimate (3.2.5) for

all B(0,5r)c to conclude (3.2.11). Indeed, we are in the case where |x| ≥ 10 and t ≤ r|x|
2 , so

|y| = |x− (x− y)| ≥ |x|− |x− y| ≥ |x|− t
r
≥ |x|− |x|

2
=

|x|
2

≥ 5. (3.2.12)
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Thus, we can apply the inequality (3.2.7) for j = m, getting

[ 
B(x, t

r)

∣∣∣∣ 1
tm (b(ry)−Prx,t,b(ry))

∣∣∣∣α dy

] 1
α

≤ Cm

[ 
B(x, t

r)
|Dmb(ry)|αdy

] 1
α

≤ Cm

 
B(x, t

r)

∣∣∣∣∣rm−N
p +N

|ry|N+m

∣∣∣∣∣
α

dy

 1
α

≤ Cm

 
B(x, t

r)

∣∣∣∣∣ r−
N
p

|y|N+m

∣∣∣∣∣
α

dy

 1
α

≤ Cmr−
N
p .

[ 
B(x, t

r)

∣∣∣∣ 1
|y|N+m

∣∣∣∣α dy

] 1
α

.

Note that, by inequality (3.2.12), |y| ≥ |x|/2, so

(I) = sup
0<t< r|x|

2


[ 

B(x, t
r)

∣∣∣∣ 1
tm (b(ry)−Prx,t,b(ry))

∣∣∣∣α dy

] 1
α


≲ r−

N
p sup

0<t< r|x|
2


[ 

B(x, t
r)

(
1

|x|N+m

)α

dy

] 1
α

 =
r−

N
p

|x|N+m .

concluding (3.2.11).

To estimate (II), note that

(II) = r−m sup
|x|
2 <t< 1

r


[ 

B(x,t)

∣∣∣∣ 1
tm [b(ry)−Prx,rt,b(ry)]

∣∣∣∣α dy

] 1
α


≲ r−m sup

|x|
2 <t< 1

r

{
1

tm+N
α

(
∥b(r·)∥Lα (B(x,t))+

∥∥Prx,rt,b(r·)
∥∥

Lα (B(x,t))

)}
.

We will prove that

(i) ∥(b(r·)∥Lα (B(x,t)) ≲ rm−N
p ;

(ii)
∥∥Prx,rt,b(r·)

∥∥
Lα (B(x,t)) ≲

rm−N
p

tN(1− 1
α
)
[1+ log t].
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Indeed, it follows from the inequality (3.2.10) that

∥(b(r·)∥Lα (B(x,t)) =

(�
B(x,t)

|b(ry)|αdy

) 1
α

≲

�
B(x,t)

(
rm−N

p +N

(r+ |ry|)N

)α

dy

 1
α

≤ rm−N
p

(�
RN

(
1

(1+ |y|)N

)α

dy
) 1

α

.

Since α > 1 then

�
RN

(
1

(1+ |y|)N

)α

dy =

�
B(0,r0)

1
(1+ |y|)Nα

dy+
�

B(0,r0)c

1
(1+ |y|)Nα

dy

≤ |B(0,r0)|+
�

B(0,r0)c

1
(1+ |y|)Nα

dy

≤ |B(0,r0)|+ cm.

�
∞

r0

ρN−1

(1+ρ)Nα
dρ < ∞,

proving (i).

Since |Pz,s, f (y)|≲
 

Q(z,2s)
| f (w)|dw, for all y ∈ B(z,s), and

�
B(z,s)

1
(1+ |w|)N dw ≲ logs then
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∥∥Prx,rt,b(r·)
∥∥

Lα (B(x,t)) =

(�
B(x,t)

|Prx,rt,b(ry)|αdy

) 1
α

=

(
1
rN

�
B(rx,rt)

|Prx,rt,b(ỹ)|αdỹ

) 1
α

≲

(
1
rN

�
B(rx,rt)

( 
Q(rx,2rt)

|b(z̃)|dz̃

)α

dỹ

) 1
α

=
|B(rx,rt)| 1

α

r
N
α

 
Q(rx,2rt)

|b(z̃)|dz̃

=
|B(x, t)| 1

α

|Q(rx,2rt)|

�
Q(rx,2rt)

|b(z̃)|dz̃

=
|B(x, t)| 1

α

|Q(rx,2rt)|
rN
�

Q(x,2t)
|b(rz)|dz

≃ 1

tN(1− 1
α
)

�
Q(x,2t)

|b(rz)|dz

≲
1

tN(1− 1
α
)

�
Q(x,2t)

rm−N
p +N

(r+ |rz|)N dz

=
rm−N

p

tN(1− 1
α
)

�
Q(x,2t)

1
(1+ |z|)N dz

≤ rm−N
p

tN(1− 1
α
)

�
B(x,(N+1)t)

1
(1+ |z|)N dz

≲
rm−N

p

tN(1− 1
α
)

log[(N +1)t]

=
rm−N

p

tN(1− 1
α
)
[1+ log t],

proving (ii).

The estimates (i) and (ii) imply

(II) ≲ r−m sup
|x|
2 <t< 1

r

{
1

tm+N
α

(
rm−N

p +
rm−N

p

tN(1− 1
α
)
[1+ log t]

)}

= r−
N
p sup

|x|
2 <t< 1

r

{
1

tm+N
α

+
1+ log t

tN+m

}

and, therefore

(II)≲ r−
N
p

[
1

|x|m+N
α

+
1+ log |x|
|x|m+N

]
. (3.2.13)
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This way, by the inequalities (3.2.11) and (3.2.13), we have

�
|x|≥10r

|T ′(a)(x)|pdx = rN
�
|x|≥10

|T ′(a)(rx)|pdx

≲
�
|x|≥10

(
1+ log |x|
|x|N+m +

1

|x|m+N
α

)p

dx < ∞,

since the hypotheses N/(N +m)< p and α < p∗ imply and (N +m)p > N and
(

m+
N
α

)
p > N.

Lastly, for α = 1 we may choose γ > 1 and then by the inequality (2.2.2) we have

T ′(a)(x)≲ [M(|Dmb|γ)(x)]
1
γ .

and the proof follows is bis idem except now we will have

(iii) ∥(b(r·)∥L1(B(x,t)) ≲ rm−N
p log t ;

(iv)
∥∥Prx,rt,b(r·)

∥∥
L1(B(x,t)) ≲ rm−N

p [1+ log t].

Indeed, it again follows from the inequality (3.2.10) that

∥(b(r·)∥L1(B(x,t)) =

�
B(x,t)

|b(ry)|dy ≲
�

B(x,t)

rm−N
p +N

(r+ |ry|)N dy ≤ rm−N
p

�
B(x,t)

1
(1+ |y|)N dy.

Since
�

B(x,s)
1

(1+|z|)N dz ≲ logs, then ∥(b(r·)∥L1(B(x,t)) ≲ rm−N
p log t, proving (iii).

As before, since |Pz,s, f (y)|≲
 

Q(z,2s)
| f (w)|dw, for all y ∈ B(z,s) then
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∥∥Prx,rt,b(r·)
∥∥

L1(B(x,t)) =

�
B(x,t)

|Prx,rt,b(ry)|α dy

=
1
rN

�
B(rx,rt)

|Prx,rt,b(ỹ)| dỹ

≲
1
rN

�
B(rx,rt)

( 
Q(rx,2rt)

|b(z̃)| dz̃

)
dỹ

=
|B(rx,rt)|

rN

 
Q(rx,2rt)

|b(z̃)|dz̃

=
|B(x, t)|

|Q(rx,2rt)|

�
Q(rx,2rt)

|b(z̃)|dz̃

≃ 1
rN rN

�
Q(x,2t)

|b(rz)|dz

≃
�

Q(x,2t)
|b(rz)|dz

≲
�

Q(x,2t)

rm−N
p +N

(r+ |rz|)N dz

= rm−N
p

�
Q(x,2t)

1
(1+ |z|)N dz

≤ rm−N
p

�
B(x,(N+1)t)

1
(1+ |z|)N dz

≲ rm−N
p log[(N +1)t]

= rm−N
p [1+ log t],

proving (iv). Now we have

(II) ≲ r−m sup
|x|
2 <t< 1

r

{
1

tm+N

(
rm−N

p log t + rm−N
p [1+ log t]

)}

= r−
N
p sup

|x|
2 <t< 1

r

{
1+2log t

tN+m

}

= r−
N
p

(
1+2log |x|
|x|m+N

)
and, therefore

�
|x|≥10r

|T ′(a)(x)|pdx = rN
�
|x|≥10

|T ′(a)(rx)|pdx

≲
�
|x|≥10

(
1+ log |x|
|x|N+m

)p

dx < ∞,

by hypothesis N/(N +m)< p.
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Remark 3.4. An observation to be made is that the hypotheses required about β and β ′ throughout

the proof still assure us that the exponents p and q satisfy the hypotheses of the Theorem A.

In fact, throughout the proofs we assume that β ,β ′ > 1, β < q, 1 ≤ β ′ < p∗ = N p
N−mp , β ′ < β and

1
β
+ 1

β ′ = 1. We need that 1
p +

1
q < 1+ m

N , N
N+m < p ≤ N

m and q ≥ 1.

(i) Since β ′ < p∗ then 1
β ′ − 1

p∗ > 0 and

1
q
<

1
β
<

1
β
+

(
1
β ′ −

1
p∗

)
= 1− 1

p∗
= 1−

(
1
p
− m

N

)
= 1+

m
N
− 1

p
.

Then, 1
p +

1
q < 1+ m

N .

(ii) Since 1
q > 0 then, by the previous item,

1
p
< 1+

m
N
− 1

q
< 1+

m
N

=
N +m

N
.

This way, p > N
N+m .

(iii) Now suppose by absurdity that q < 1, then β < q < 1 implies that 1
β
> 1. Furthermore, β ′ ≥

1 > 0 ⇒ 1
β ′ > 0. So,

1
β
+

1
β ′ > 1+0 = 1,

and it is an absurd. Therefore, q ≥ 1.

Remark 3.5. After finishing the proof, it is worth noting that in the case where 1 < q < N, it follows

from Poincaré inequality and Theorem A that the estimate

∥A(·,D)φ · v∥hr ≤C∥A(·,D)φ∥hp ∥Dm−1v∥Lq

holds for any φ ∈C∞
c (U,E) and v ∈C∞

c (U,F), satisfying A∗(·,D)v = 0, in the sense of distributions.

3.3 Nonhomogeneous estimate of Theorem A and applications

We start presenting a nonhomogeneous version of Theorem A where the assumption A∗(·,D)v= 0

(in the sense of distributions) is removed.

Theorem 3.6. Let A(·,D) an elliptic homogeneous linear differential operator as before on Ω ⊂ RN ,

with order m > 0 and let r, p,q satisfying

N
N +m

< p ≤ N
m
, 1 < q ≤ ∞ and

1
r

:=
1
p
+

1
q
< 1+

m
N
.

Then for each x0 ∈ Ω there exist an open neighborhood x0 ∈U ⊂ Ω and C > 0 such that

∥A(·,D)φ ·F v∥hr ≤C∥A(·,D)φ∥hp (∥v∥W m−1,q +∥A∗(·,D)v∥Lq)

for any φ ∈C∞
c (U,E) and v ∈C∞

c (U,F).
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Proof. As in the previous case, let ψ ∈C∞
c (B(0,1)) with

�
ψ = 1 and ψt(x) := t−Nψ(x/t), 0 < t < 1.

Following the notation of Theorem A, we may write

ψt ∗ [A(·,D)φ ·F v] (x) =
�

B(x,t)
A∗(y,D)

[
ψt (x− y)v(y)

]
·E (φ −P)(y)dy,

where P is a polynomial of degree at most m−1. By the uniform local boundedness of the functions

∂ θ a∗α and ∂ θ ψ for 0 ≤ |θ | ≤ m, and taking 0 < t ≤ 1 we have

|ψt ∗A(·,D)φ ·F v|(x)≲ C(ψ)

tN+m

�
Bt

x

(
∑

0≤|γ|<m
|∂ γv(y)|+ |A∗(y,D)v(y)|

)
|φ(y)−P(y)|dy,

and the conclusion follows is bis idem as before.

In the next two subsections, we will see that the Theorems A and 3.6 extend two particular cases:

(i) When m = 1 and A(·,D) = ∇L , as in the Example 1.3.3, extending [24, Theorem A];

(ii) When A(·,D) = (dL ,k,d∗
L ,k−1), where {dL ,k}k is the pseudo-complex associated with L , ex-

tending [24, Theorem B and C].

3.3.1 Application 1: elliptic systems of complex vector fields

Let L := {L1, ...,Ln} be an elliptic system of linearly independent complex vector fields with

complex smooth coefficients defined on Ω for N ≥ 2. As already seen in Example 1.3.3, the gradient

operator associated with L given by ∇L = (L1, . . . ,Ln) is an example of an elliptic linear differential

operator A(·,D), for m = 1, E = C and F = Cn. Furthermore, its formal complex adjoint operator,

defined for v ∈C∞(Ω,Cn), is given by:

divL ∗ v := L∗
1v1 +L∗

2v2 + ...+L∗
nvn.

As a direct consequence of the previous nonhomogeneous version we extend the [24, Theorem

A], stated as follows:

Corollary 3.7. Assume that the system of complex vector fields {L1, . . . ,Ln} is elliptic on Ω ⊂ RN

and let p,q satisfy

N
N +1

< p < ∞, 1 < q ≤ ∞,
1
r

:=
1
p
+

1
q
< 1+

1
N
.

Then for every point x0 ∈ Ω there exist an open neighborhood x0 ∈ U ⊂ Ω and a positive constant

C > 0 such that

∥∇L φ · v∥hr ≤C∥∇L φ∥hp (∥v∥hq +∥divL ∗v∥hq) , (3.3.1)

holds for any φ ∈C∞
c (U) and v ∈C∞

c (U,Cn).



76 Chapter 3. The proof of Theorem A and consequences

3.3.2 Application 2: pseudo-complexes associated with vector fields

First, let us present the basic notation used in the subject of pseudo-complexes associated to the

system L . Denote by C∞(Ω,ΛkRn) the space of k-forms on Rn with smooth complex coefficients

defined on Ω and 0 ≤ k ≤ n. Each f ∈C∞(Ω,ΛkRn) may be written as

f = ∑
|I|=k

fIdxI, with dxI := dxi1 ∧·· ·∧dxik ,

where fI ∈ C∞(Ω) and I = {i1, ..., ik} is a set of strictly increasing indices with iℓ ∈ {1, ...,n}, for

ℓ= 1, ...,k.

Fixed a system of complex vector fields L = {L1, . . . ,Ln}, consider the differential operators

dL ,k : C∞(Ω,ΛkRn) 7→C∞(Ω,Λk+1Rn)

defined by

dL ,0 f :=
n

∑
j=1

(L j f )dx j,

for f ∈C∞(Ω) and for each 1 ≤ k ≤ n−1

dL ,k f := ∑
|I|=k

(dL ,0 fI)dxI = ∑
|I|=k

n

∑
j=1

(L j fI) dx j ∧dxI,

for f = ∑
|I|=k

fIdxI ∈C∞(Ω,ΛkRn).

We also define the dual pseudo-complex d∗
L ,k :C∞(Ω,Λk+1Rn) 7→C∞(Ω,ΛkRn), for 0≤ k ≤ n−1,

determined by the following relation for any u ∈C∞
c (Ω,ΛkRn) and v ∈C∞

c (Ω,Λk+1Rn):
�

dL ,ku · v =

�
u ·d∗

L ,kv,

where the dot indicates the standard pairing on forms of the same degree. This is to say that given

f = ∑
|J|=k

fJdxJ , one has:

d∗
L ,k f = ∑

|J|=k
∑
j∈J

L∗
j fJdx j ∨dxJ,

where, for each jℓ ∈ J = { j1, ..., jk} and ℓ ∈ {1, ...,k}, dx jℓ ∨dxJ is defined by:

dx jℓ ∨dxJ := (−1)ℓ+1dx1 ∧ ...∧dx jℓ−1 ∧dx jℓ+1 ∧ ...∧dx jk .

Now, suppose that the system L is involutive, then the chain {dL ,k}k defines a complex of differ-

ential operators associated to the system L , which is precisely the de Rham complex when n = N and

L j = ∂x j (see [5] for more details). In the non-involutive situation, we do not get a complex in gen-

eral, and the fundamental complex property dL ,k+1 ◦dL ,k = 0 might not hold. On the other hand, this
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chain still satisfies a “pseudo-complex” property in the sense that dL ,k+1 ◦dL ,k is a differential of op-

erator of order one rather than two, as it is generically expected. We will refer to (dL ,k,C∞(Ω,ΛkRn))

as the pseudo-complex {dL } associated with L on Ω.

Furthermore, we can also define the operator ∆k : C∞(RN ,ΛkRn) 7→C∞(RN ,ΛkRn) given by

∆k = dL ,k−1d∗
L ,k−1 +d∗

L ,kdL ,k,

with 0 ≤ k ≤ n and considering d∗
L ,−1 = dL ,n = 0 for the case k = 0 and k = n. Note that if f ∈

C∞(RN ,ΛkRn), then ∆k f also belongs to C∞(RN ,ΛkRn) and can be written as

∆k f = ∑
|I|=k

(∆k f )IdxI.

Lemma 3.8 (Lemma 3.1, [30]). Let f = ∑
|I|=k

fIdxI ∈C∞(RN ,ΛkRn), then

(∆k f )I = ∆L ( fI)+∑
j∈I

∑
ℓ∈I

[L j,L∗
ℓ ] f{ℓ}∪I−{ j}.

In particular, if L is a system with complex constant coefficients then [L j,L∗
ℓ ] = 0, for all j, ℓ ∈

I and (∆k f )I = ∆L ( fI), for all |I| = k. Thus, by denoting ∆L f = ∑
|I|=k

∆L ( fI)dxI , where f ∈

C∞(RN ,ΛkRn), we conclude ∆L f = ∆k f .

Proposition 3.9 (Hodge decomposition). Let L be a system with complex constant coefficients and

f ∈ C∞(RN ,ΛkRn), then there are g,h k-forms satisfying dL ,kg = 0 and d∗
L ,k−1h = 0 such that f =

g+h.

Proof. Consider the operator ∆k = dL ,k−1d∗
L ,k−1 + d∗

L ,kdL ,k as before. By the previous Lemma,

since the coefficients are constant we get ∆k f = ∆L f , for all f k-form. Thus,

f = δ0 ∗ f = ∆L E ∗ f = ∆L (E ∗ f ) = ∆k(E ∗ f )

= dL ,k−1d∗
L ,k−1(E ∗ f )+d∗

L ,kdL ,k(E ∗ f )

:= g+h,

where E is the fundamental solution of ∆L . Furthermore, note that

dL ,k g = dL ,kdL ,k−1[d∗
L ,k−1(E ∗ f )] = 0

and

d∗
L ,k−1 h = d∗

L ,k−1d∗
L ,k[dL ,k(E ∗ f )] = 0.
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In particular, passing through an isomorphism, we can see dL ,0 as ∇L and d∗
L ,0 as divL ∗ . Thus,

all f 1-form can be written as f = g+h, in which

g = dL ,0[d∗
L ,0(E ∗ f )] = ∇L [d∗

L ,0(E ∗ f )]

and

divL ∗h = d∗
L ,0h = d∗

L ,0d∗
L ,1[dL ,1(E ∗ f )] = 0.

Therefore, each f vector fields can be written as f = h+∇L φ , in which divL ∗h = 0 and φ ∈
C∞(RN). We will return to this discussion in Section 4.1.

Now, let L := {L1, ...,Ln} be an elliptic system of linearly independent complex vector fields

with complex smooth coefficients defined on Ω. Consider the operator

A( · ,D) = (dL ,k,d∗
L ,k−1) : C∞

c (Ω,ΛkRn)→C∞
c (Ω,Λk+1Rn)×C∞

c (Ω,Λk−1Rn),

for 0 ≤ k ≤ n. Here the operator dL ,−1 = d∗
L ,−1 is understood to be zero. From [30, Lemma 3.1] the

operator A(·,D) is elliptic. It is clear that for (u,v) ∈C∞
c (Ω,Λk+1Rn)×C∞

c (Ω,Λk−1Rn) we have

A∗(·,D)(u,v) = d∗
L ,ku+dL ,k−1v.

As a direct consequence of the previous nonhomogeneous version, we have:

Corollary 3.10. Assume that the system of vector fields L = {L1, . . . ,Ln} is elliptic and 0 ≤ k ≤ n,

and p,q,r are as in Theorem A. Then every point x0 ∈ Ω is contained in an open neighborhood U ⊂ Ω

such that the estimate

∥dL ,kφ · v1 +dL ,kφ · v2∥hr ≤C
(
∥dL ,kφ∥hp +∥d∗

L ,k−1φ∥hp
)(

∥v∥hq +∥d∗
L ,kv1∥hq +∥dL ,k−1v2∥hq

)
.

holds for some C > 0 and for every φ ∈C∞
c (U,ΛkRn), v1 ∈C∞

c (U,Λk+1Rn) and v2 ∈C∞
c (U,Λk−1Rn).

In particular taking v2 = 0 and v = v1 we have

∥dL ,kφ · v∥hr ≤C
(
∥dL ,kφ∥hp +∥d∗

L ,k−1φ∥hp
)(

∥v∥hq +∥d∗
L ,kv∥hq

)
for all φ ∈C∞

c (U,ΛkRn) and v ∈C∞
c (U,Λk+1Rn), recovering the Theorems B and C in [24], where in

the second we assume that the system L is involutive.

3.4 Additional remarks

In a natural way, we may expect a global version of the Theorem A in Hardy space in the case

where the homogeneous linear differential operator has constant coefficients. We expect the validity
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of the following result: let A(D) an elliptic homogeneous linear differential operator with constant

complex coefficients in RN with order m < N and let r, p,q satisfying

N
N +m

< p ≤ 1, 1 < q ≤ ∞ and
1
r

:=
1
p
+

1
q
< 1+

m
N
.

Then for any φ ∈C∞
c (RN ,E) and v∈C∞

c (RN ,F), satisfying A∗(·,D)v= 0, in the sense of distributions,

there exists C > 0 such that holds

∥A(D)φ ·F v∥Hr ≤C∥A(D)φ∥H p ∥v∥W m−1,q .

Besides the formal formulation is expected, it is not clear if the proof is a consequence of the

tools presented in the local case. Global controls requires a more sophisticated machinery, with a new

version of Fundamental Lemma in H p(RN).
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CHAPTER 4

The proof of Theorem B

In this chapter we will proof Theorem B, the second main result of the thesis stated in the intro-

duction (Theorem 2). The first section briefly highlights how vector fields in Lp can be decomposed

into terms that relate to the operators divL ∗ and ∇L , defined in Example 1.3.3. Next, Theorem B is

proved, assuming two particular cases stated as Theorems 4.2 and 4.3 and the next two sections are

dedicated to proving such cases, the first when W = ∇L φ and the second when divL ∗ V = 0.

4.1 Hodge decomposition on div-curl terms

Here we will present a Hodge decomposition for vector fields in the div-curl setting. The more

general case has already been introduced in the context of pseudo-complexes associated with systems

of vector fields, in Proposition 3.9.

Lemma 4.1. Let L = {L1,L2, ...,Ln} be an elliptic system of complex vector fields on RN with con-

stant complex coefficients. Each V ∈ Lp(RN ,Cn) for 1 < p < ∞ can be decomposed as

V =V1 +V2,

with V1,V2 satisfying divL ∗V1 = 0 and V2 = ∇L ϕ2. Moreover

∥Vi∥Lp ≲ ∥V∥Lp, for i = 1,2. (4.1.1)

Proof. Using the fundamental solution of ∆L , we may define V2 := ∇L ϕ2 with ϕ2 = E ∗divL ∗V and

V1 :=V −V2. Clearly

divL ∗V2 = divL ∗∇L ϕ2 = ∆L ϕ2 = divL ∗V,

thus divL ∗V1 = 0. The estimate (4.1.1) follows directly from the boundedness of ∂ 2E from Lp(RN)

to itself for 1 < p < ∞.

81
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4.2 Proof of Theorem B

In the same spirit of [14, Theorem 5], the proof of Theorem B is simplified by reducing it to

two specific cases of the inequality (9). The first case is a global nonhomogeneous version of the

inequality (4), namely:

Theorem 4.2 (Case W = ∇L φ ). Let L = {L1, ...,Ln} be an elliptic system of complex vector fields

on RN with complex constant coefficients with n ≥ 2. If V ∈ Lp(RN ,Cn) and divL ∗ V ∈ Lp(RN) with

1 < p < ∞, then the inequality

∥V ·∇L φ∥h1 ≤C (∥V∥Lp +∥divL ∗ V∥Lp)∥∇L φ∥Lp′

holds for all function φ such that ∇L φ ∈ Lp′(RN ,Cn).

The second simplification is a reduction of the inequality (9) for general W ∈ Lp′(RN ,Cn) and

divL ∗V = 0, being stated as:

Theorem 4.3 (Case divL ∗ V = 0). Let L = {L1, ...,Ln} be an elliptic system of complex vector fields

on RN with complex constant coefficients with n ≥ 2. If W ∈ Lp′(RN ,Cn) and curlL W ∈ Lp′(RN)

with 1 < p < ∞, then the inequality

∥V ·W∥h1 ≤C∥V∥Lp

(
∥W∥Lp′ +∥curlL W∥Lp′

)
holds for all V ∈ Lp(RN ,Cn) which satisfies divL ∗V = 0.

In order to obtain the proof of Theorem B, we assume the validity of Theorems 4.2 and 4.3. Using

the Hodge decomposition from Lemma 4.1, we may write V =V1 +V2 and W =W1 +W2 with

divL ∗V1 = divL ∗W2 = 0 and V2 = ∇L φ2,W1 = ∇L φ1,

in the sense of distributions, for some φ1 ∈ Lp′(RN) and φ2 ∈ Lp(RN). Then,

V ·W =V1 ·W +V2 ·W1 +V2 ·W2,

and from Theorem 4.3 we have

∥V1 ·W∥h1 ≲ ∥V1∥Lp

(
∥W∥Lp′ +∥curlL W∥Lp′

)
≲ ∥V∥Lp

(
∥W∥Lp′ +∥curlL W∥Lp′

)
since divL ∗V1 = 0. By Theorem 4.2 we have

∥V2 ·W1∥h1 ≲ ∥W1∥Lp′ (∥V2∥Lp +∥divL V2∥Lp)

= ∥W1∥Lp′ (∥V2∥Lp +∥divL V∥Lp)

≲ ∥W∥Lp′ (∥V∥Lp +∥divL V∥Lp)
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since W1 = ∇L φ1 and

∥V2 ·W2∥h1 ≲ ∥V2∥Lp

(
∥W2∥Lp′ +∥divL ∗W2∥Lp

)
≲ ∥V2∥Lp ∥W2∥Lp′

≲ ∥V∥Lp ∥W∥Lp′

since V2 = ∇L φ2 and divL ∗W2 = 0. Combining the previous estimates, we obtain

∥V ·W∥h1 ≤ ∥V1 ·W∥h1 +∥V2 ·W1∥h1 +∥V2 ·W2∥h1

≲ ∥V∥Lp

(
∥W∥Lp′ +∥curlL W∥Lp′

)
+∥divL ∗ V∥Lp ∥W∥Lp′

= ∥V∥Lp ∥W∥Lp′ +∥V∥Lp ∥curlL W∥Lp′ +∥divL ∗ V∥Lp ∥W∥Lp′ ,

getting the desired estimate.

Next we will define a local maximal function on W−1,s
loc (RN) that we will use in the proof of the

Theorems 4.2 and 4.3. Fixed ϕ ∈ C∞
c (B(0,1)) with ϕ ≥ 0 and

�
ϕ = 1, denote for each x ∈ RN and

t > 0 the function ϕx
t (y) :=

1
tN ϕ

(x−y
t

)
. Given 1< s≤∞ and f ∈W−1,s

loc (RN), we define by Mloc
W−1,s f (x)

a local maximal operator as the smaller constant C > 0 which satisfies

|⟨ f ,ϕx
t (φ −φBx

t
)⟩| ≤C

( 
B(x,t)

|▽φ |s
′

) 1
s′

,

for all 0 < t < 1 and φ ∈W 1,s′
loc (R

N). The boundedness of Mloc
W−1,s on Lp(RN) was proved by Dafni in

[14], precisely:

Lemma 4.4. If 1 < s < p∗ for 1 < p < N or 1 < s < ∞ for p ≥ N then there exists C =C(p,s,N)> 0

such that
∥∥∥Mloc

W−1,s f
∥∥∥

Lp
≤C∥ f∥Lp , for all f ∈ Lp(RN).

We recall that for each u ∈W 1,p(RN) with 1 ≤ p < N there exists a constant C =C(N, p)> 0 such

that ( 
B

∣∣∣∣ 1
rB

(u−uB)

∣∣∣∣p∗
) 1

p∗

≤C
( 

B
|∇u|p

) 1
p

for any ball B where rB is its radius. This inequality is known as the Sobolev-Poincaré inequality (see

Proposition 1.52 for a quick proof).

4.3 Proof of Theorem 4.2 (case W = ∇L φ )

Let φ be a function such that ∇L φ ∈ Lp′(RN) which is equivalent to ∇φ ∈ Lp′(RN) by Proposition

1.27. For each x ∈ RN and 0 < t < 1 we define

Φ
x
t (y) := ϕ

x
t (y)(φ(y)−φBt

x
)
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that is supported on B(x, t). From the definition of divL ∗ V , we have

⟨divL ∗ V,Φx
t ⟩=

n

∑
j=1

⟨L∗
jVj Φx

t ⟩=
n

∑
j=1

�
B(x,t)

VjL j(Φ
x
t ) =

�
B(x,t)

V ·∇L Φx
t

and taking the product

∇L Φ
x
t (y) = ∇L

[
ϕ

x
t (y)(φ(y)−φBt

x
)
]

=

[
− 1

tN+1 ∇L ϕ

(
x− y

t

)
.(φ(y)−φBt

x
)+ϕ

x
t (y) ∇L φ(y)

]
that implies

⟨divL ∗ V,Φx
t ⟩ = − 1

tN+1

�
B(x,t)

V ·
[

∇L ϕ

(
x− y

t

)
(φ(y)−φBt

x
)

]
dy

+

�
B(x,t)

ϕ
x
t (y)(V ·∇L φ)(y) dy

= − 1
tN+1

�
B(x,t)

V ·
[

∇L ϕ

(
x− y

t

)
(φ(y)−φBt

x
)

]
dy+ϕt ∗ (V ·∇L φ)(x).

then

ϕt ∗ (V ·∇L φ)(x) = ⟨divL ∗ V,Φx
t ⟩ (4.3.1)

+
1

tN+1

�
B(x,t)

[
∇L ϕ

(
x− y

t

)]
·
[
V (y)(φ(y)−φBt

x
)
]

dy.

Let 1 < α < p, 1 < β < p′ satisfying
1
α
+

1
β

= 1+
1
N

. Note that β ∗ = α ′ and β < N. We point out

that φ ∈ Lα ′
loc(R

N). In fact, if 1 < p′ < N and ∇φ ∈ Lp′(RN) then by Sobolev-Gagliardo-Nirenberg

inequality φ ∈ Lp′∗(RN) with
1
p′∗

:=
1
p′
− 1

N
<

1
β
− 1

N
=

1
α ′

that implies α ′ < p
′
∗ and consequently φ ∈ Lα ′

loc(R
N). Otherwise, if p′ ≥ N then φ ∈ Lq

loc(R
N) for any

1 ≤ q < ∞. Applying the Hölder inequality and the Sobolev-Poincaré inequality, the second term in

(4.3.1) can be controlled by

∥∇L ϕ∥L∞

tN+1

�
B(x,t)

∣∣∣V (y)(φ(y)−φBt
x
)
∣∣∣dy ≲

( 
B(x,t)

|V (y)|α dy

) 1
α
( 

B(x,t)

∣∣∣∣1t (φ(y)−φBt
x
)

∣∣∣∣α ′

dy

) 1
α ′

=

( 
B(x,t)

|V (y)|α dy

) 1
α
( 

B(x,t)

∣∣∣∣1t (φ(y)−φBt
x
)

∣∣∣∣β ∗

dy

) 1
β∗

≲

( 
B(x,t)

|V (y)|α dy

) 1
α
( 

B(x,t)
|∇φ(y)|β dy

) 1
β

≲
[
M(|V |α)(x)

] 1
α

[
M(|∇φ |β )(x)

] 1
β

,
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where M denotes the Hardy-Littlewood maximal function. From the definition of Mloc
W−1,s(divL ∗ V ),

the first term (4.3.1) is controlled by

|⟨divL ∗ V,Φx
t ⟩| ≤ Mloc

W−1,s(divL ∗ V )(x)

( 
B(x,t)

|∇φ(y)|s
′
dy

) 1
s′

≲ Mloc
W−1,s(divL ∗ V )(x)

[
M
(
|∇φ |s

′
)
(x)
] 1

s′
,

for some 1 < s < ∞ to be chosen later. Taking the supremum for 0 < t < 1 we have

mϕ(V ·∇L φ)(x)≲ Mloc
W−1,s(divL ∗ V )(x)

[
M
(
|∇φ |s

′
)
(x)
] 1

s′
+
[
M(|V |α)(x)

] 1
α

[
M(|∇φ |β )(x)

] 1
β

,

(4.3.2)

and to compute the norm ∥V ·∇L φ∥h1 it is sufficient estimate each term in the right side hand in L1

norm. Using the Hölder’s inequality for the first term, we have

∥Mloc
W−1,s(divL ∗ V )

[
M
(
|∇φ |s

′
)] 1

s′ ∥L1 ≤ ∥Mloc
W−1,s(divL ∗ V )∥Lp∥

[
M
(
|∇φ |s

′
)] 1

s′ ∥Lp′

= ∥Mloc
W−1,s(divL ∗ V )∥Lp∥M

(
|∇φ |s

′
)
∥1/s′

Lp′/s′

≤ ∥Mloc
W−1,s(divL ∗ V )∥Lp∥∇φ∥Lp′ ,

where in the last inequality we used the boundedness of Hardy-Littlewood maximal function since

p′ > s′ that is equivalent to p < s. Note that if 1 < p < N then we may choose some p < s < p∗,

otherwise if p ≥ N we choose any 1 < s < p. Thus from Lemma 4.4 we have

∥Mloc
W−1,s(divL ∗ V )

[
M
(
|∇φ |s

′
)] 1

s′ ∥L1 ≲ ∥Mloc
W−1,s(divL ∗ V )∥Lp∥∇φ∥Lp′

≲ ∥divL ∗ V∥Lp∥∇φ∥Lp′ .

For the second term, we use the Hölder’s inequality and the boundedness of maximal operator M

again to conclude that

∥
[
M(|V |α)

] 1
α

[
M(|∇φ |β )

] 1
β ∥L1 ≲ ∥M(|V |α)∥1/α

Lp/α
∥M(|∇φ |β )∥1/β

Lp′/β
≲ ∥V∥Lp∥∇φ∥Lp′ .

Combining the previous control in norm L1 and using the Proposition 1.27 we have

∥V ·∇L φ∥h1 ≲ ∥divL ∗ V∥Lp∥∇φ∥Lp′ +∥V∥Lp∥∇φ∥Lp′ ≲ (∥V∥Lp +∥divL ∗ V∥Lp∥)∥∇L φ∥Lp′ ,

as desired.

4.4 Proof of Theorem 4.3 (case divL ∗ V = 0)

Let V := (V1,V2, ...,Vn) and Ui := −E ∗Vi, where E is the fundamental solution of ∆L . Clearly

−∆L Ui = Vi and
∥∥∂ 2Ui

∥∥
Lp ≤ C∥Vi∥Lp , for any 1 < p < ∞ and for each i = 1, ...,n. Note that U :=
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(U1,U2, ...,Un) satisfies divL ∗ U = divL ∗ V = 0. Consider now B := curlL U = (Bi j)1≤i, j≤n with

Bi j := L jUi −LiU j and denote B j := (B1 j B2 j ... Bn j) the j-th column of the (symmetric) matrix B.

Thus

divL ∗ B j =
n

∑
i=1

L∗
i Bi j = L j(divL ∗ U)−∆L U j =Vj.

This way,

V ·W =
n

∑
j=1

(divL ∗ B j)Wj = −
n

∑
j=1

(divL B j)Wj

= −
n

∑
j=1

divL (B jWj)+
n

∑
i, j=1

Bi jLi(Wj)

= −
n

∑
j=1

divL (B jWj)+∑
i< j

Bi j
(
LiWj −L jWi

)
= −

n

∑
j=1

divL (B jWj)+∑
i< j

Bi j(curlL W )i j.

Now, let B̃ the symmetric matrix given by B̃i j := Bi j−(Bi j)Bt
x

that satisfies divL ∗ B̃ j = divL ∗ B j =Vj.

It is clear that

V ·W =−
n

∑
j=1

divL (B̃ jWj)+∑
i< j

B̃i j(curlL W )i j.

Let ϕ ∈C∞
c (B(0,1)) with ϕ ≥ 0 and

�
ϕ = 1, then we may write

∑
i< j

⟨(curlL W )i j,ϕ
x
t B̃i j⟩ = ∑

i< j

�
B(x,t)

(curlL W )i j(y) ϕx
t (y)B̃i j(y) dy

=

�
B(x,t)

ϕ
x
t (y)∑

i< j
B̃i j(y)(curlL W )i j(y) dy

=

�
B(x,t)

ϕ
x
t (y)

(
n

∑
j=1

divL (B̃ jWj)(y)+V ·W (y)

)
dy

=
n

∑
j=1

�
B(x,t)

ϕ
x
t (y) divL (B̃ jWj)(y) dy+ϕt ∗V ·W (x)

= −
n

∑
j=1

�
B(x,t)

∇L ϕ
x
t (y) · (B̃ jWj)(y) dy+ϕt ∗V ·W (x).

that implies

|(ϕt ∗V ·W )(x)| ≤ ∑
i< j

∣∣∣⟨(curlL W )i j,ϕ
x
t B̃i j⟩

∣∣∣+ ∥∇L ϕ∥L∞

tN+1

�
B(x,t)

∣∣(B̃ jWj)(y)
∣∣dy

≲ ∑
i< j

Mloc
W−1,s((curlL W )i j)(x)

( 
B(x,t)

|∇B̃i j(y)|s
′
dy

) 1
s′

+
1
t

 
B(x,t)

∣∣(B̃ jWj)(y)
∣∣dy,
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where in the first inequality we used the definition of the operator Mloc
W−1,s to some s to be chosen later.

Consider 1<α < p and 1< β < p′, analogous in the proof of Theorem 4.2. Applying the Hölder’s

inequality and the Sobolev-Poincaré inequality where β ′ = α∗ we have

1
t

 
B(x,t)

∣∣(B̃ jWj)(y)
∣∣dy ≲

( 
B(x,t)

∣∣Wj(y)
∣∣β dy

) 1
β

( 
B(x,t)

∣∣∣∣1t (Bi j(y)− (Bi j)Bt
x

)∣∣∣∣β ′

dy

) 1
β ′

=

( 
B(x,t)

∣∣Wj(y)
∣∣β dy

) 1
β

( 
B(x,t)

∣∣∣∣1t (Bi j(y)− (Bi j)Bt
x
)

∣∣∣∣α∗

dy

) 1
α∗

≲

( 
B(x,t)

∣∣Wj(y)
∣∣β dy

) 1
β

( 
B(x,t)

∣∣∇Bi j(y)
∣∣α dy

) 1
α

.

Plugging this inequality in the previous control and taking the supremum for 0 < t < 1 we have

mϕ(V ·W )(x)≲ ∑
i< j

Mloc
W−1,s((curlL W )i j)(x)

(
M
(
|∇B̃i j|s

′
)
(x)
) 1

s′

+
n

∑
i, j=1

(
M(
∣∣Wj
∣∣β )(x)) 1

β

(
M(
∣∣∇Bi j

∣∣α)(x)) 1
α

.

Taking the same choice of s in the previous theorem (in fact, just replace p by p′ in the mentioned

calculations) and using the Hölder’s inequality, we may conclude

∥V ·W∥h1 ≲
n

∑
i, j=1

(∥∥∥Mloc
W−1,s((curlL W )i j)

∥∥∥
Lp′

+
∥∥Wj

∥∥
Lp′

)∥∥∇Bi j
∥∥

Lp

≲
n

∑
i, j=1

(
∥curlL W )i j∥Lp′ +

∥∥Wj
∥∥

Lp′
)∥∥∇Bi j

∥∥
Lp .

From the definition of Bi j we have
∥∥∇Bi j

∥∥
Lp ≲ ∥U∥W 2,p ≲ ∥V∥Lp , thus

∥V ·W∥h1 ≲

(
∥W∥Lp′ +∑

i, j

∥∥(curlL W )i j
∥∥

Lp′

)
∥V∥Lp ,

as desired.

4.5 Additional remarks

It is natural and in our interest to prove a local version of Theorem B when L = {L1, ...,Ln} is an

elliptic system of complex vector fields on Ω with smooth complex coefficients. Note firstly that the

local version of Theorem 4.2 can be stated as

Theorem 4.5. Let L = {L1, ...,Ln} be a system of complex vector fields on Ω ⊂ RN and suppose V

a vector field on Ω ⊂ RN satisfying

V and divL ∗ V ∈ Lp(Ω,Cn),
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for some 1 < p < ∞. For each point x0 ∈ Ω there exists an open neighborhood U0 ⊂ Ω of x0 such that,

V ·∇L φ belongs to the local Hardy space h1, with

∥V ·∇L φ∥h1 ≤C (∥V∥Lp +∥divL ∗ V∥Lp)∥∇L φ∥Lp′ ,

for all φ ∈C∞
c (U0) satisfying ∇L φ ∈ Lp′(Ω,Cn), in which

1
p
+

1
p′

= 1.

The proof follows as usual. Instead of inequality (4.3.1) we have

ϕt ∗ (V ·W )(x) = ⟨ f ,Φx
t ⟩ (4.5.1)

+
1

tN+1

�
B(x,t)

[
∇L x,t ϕ

(
x− y

t

)]
·
[
V (y)(φ(y)−φBt

x
)
]

dy,

where L x,t denotes the translated system given by Lx,t
j (y,D) :=

N

∑
k=1

a jk(x−ty)∂xk for each fixed x∈RN

and 0 < t < 1. Thus,

1
tN+1

�
B(x,t)

∣∣∣∣[∇L x,t ϕ

(
x− y

t

)]
·
[
V (y)(φ(y)−φBt

x
)
]∣∣∣∣dy ≲

[
M(|V |α)(x)

] 1
α

[
M(|∇φ |β )(x)

] 1
β

and the proof follows the same.

As for the local case of Theorem 4.3, the proof remains open. In this case, since the operators L∗
i

and L j do not commute, we lose the identity divL ∗ B j =Vj.



CHAPTER 5

The proof of Theorem C and consequences

In this chapter we show a proof of Theorem C, which decomposes the bmo space by a family

of functions written in divL ∗ − curlL -terms. The second section proves, as a consequence of the

previous result, a div-curl lemma, which characterizes the h1(RN) space, through its duality. Finally,

in the last section we comment on future results, which extend Theorem C to elliptic complexes.

5.1 Proof of Theorem C

Let g ∈ bmo(RN) and assume f ∈ (DCL )p
1,0 ∪ (DCL )p

0,1 ⊂ h1(RN) from Theorem B. By the

duality bmo(RN) = (h1(RN))∗ it follows∣∣∣∣�
RN

g(x) f (x)dx
∣∣∣∣≤C∥g∥bmo , ∀ f ∈ (DCL )p

1,0 ∪ (DCL )p
0,1.

So now, it is sufficient to prove that

∥g∥bmo ≤C sup
f∈X

∣∣∣∣�
RN

g(x) f (x)dx
∣∣∣∣

for X = (DCL )p
1,0 or X = (DCL )p

0,1. In order to estimate ∥g∥bmo, from the definition in (10), we split

in two cases : balls B := B(x0,R) with R ≤ 1 and R > 1.

Let B∗ := B(x0,2R). The Theorem III.2 in [13] asserts that( 
B
|g(x)−gB|2dx

) 1
2

≤C sup
V,W

∣∣∣∣� g(x)(V ·W )(x)dx
∣∣∣∣ ,

where the supremum is taken over all real vector fields V,W in C∞
c (B

∗), with ∥V∥L2 ,∥W∥L2 ≤ 1,

satisfying div V = 0 and curl W = 0. We will adapt this argument in our setting. It follows from [21,

Corollary 2.1, p. 20] and Proposition 1.28 that

∥g−gB∥L2(B) ≲ ∥∇g∥W−1,2(B) ≲
n

∑
i=1

∥L∗
i g∥W−1,2(B) = sup

∥∇u∥L2(B)≤1
u∈C∞

c (B)

∣∣∣∣� g(x) Liu(x)dx
∣∣∣∣ . (5.1.1)

89
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We claim that for each u ∈C∞
c (B) with ∥∇u∥L2(B) ≤ 1 and 1 < p < ∞ there exist vector fields V,W

satisfying divL ∗ V = 0 with ∥V∥Lp ≤ 1 and curlL W = 0 with ∥W∥Lp′ ≤ 1 such that

V ·W =C|B|−
1
2 Liu, (5.1.2)

for some constant C > 0. Plugging into (5.1.1) we have( 
B
|g(x)−gB|2dx

) 1
2

≲
n

∑
i=1

∥L∗
i g∥W−1,2(B) ≲ sup

f∈(DCL )
p
1,0∩(DCL )

p
0,1

∣∣∣∣� g(x) f (x)dx
∣∣∣∣. (5.1.3)

Consider a function u ∈C∞
c (B) with ∥∇u∥L2(B) ≤ 1 and η ∈C∞

c (B(0,2)) such that η ≡ 1 in B(0,1)

and ∥η∥L∞(B(0,2)) ≤ 1. Denote ηB(w) := η

(
w−w0

R

)
and define the vector fields

V :=
|B|

1
2−

1
p

2C

(
Liu e j −L ju ei

)
and W := γ|B|−

1
p′ ∇L

((
x j − x0

j
)

ηB(x)
)
, (5.1.4)

for i, j ∈ {1, ...,n} with i ̸= j, where {e1, . . . ,en} denotes de canonical basis of Rn and C,γ are appro-

priate positive constants to be chosen later. We claim that

V ·W =
γ

2C
|B|−

1
2 Liu,

where divL ∗ V = 0 with ∥V∥Lp ≤ 1 and curlL W = 0 with ∥W∥Lp′ ≤ 1, for 1 < p ≤ 2. Clearly

divL ∗ V = L∗
jVj +L∗

i Vi =
|B|

1
2−

1
p

2C

[
L∗

i ,L
∗
j
]

u = 0

and |V | ≤ |B|
1
2−

1
p |∇u| choosing C := max

1≤k≤m
1≤ j≤n

{
1, |a jk|

}
. Since supp(V ) ⊆ B follows from Hölder’s

inequality that ∥V∥Lp(B) ≤ |B|
1
p−

1
2 ∥V∥L2(B) ≤ |B|

1
p−

1
2 |B|

1
2−

1
p ∥∇u∥L2(B) ≤ 1. It is easy to see that

curlL W = γ|B|−
1
p′ curlL (∇L ϕ) = γ|B|−

1
p′
(
[Li,L j]ϕ

)
i j = 0. Note that supp(W ) ⊆ supp(ηB) ⊆ B∗

and Lℓ

(
x j − x0

j

)
= δℓ j. Furthermore, for each x ∈ B∗ we have

n

∑
k=1

∣∣Lk
((

x j − x0
j
)

ηB(x)
)∣∣ =

n

∑
k=1

∣∣δk jηB(x)+
(
x j − x0

j
)

LkηB(x)
∣∣

≤ nC|ηB(x)|+2R
n

∑
k=1

1
R

∣∣∣∣Lkη

(
x− x0

R

)∣∣∣∣
= nC+2

n

∑
k=1

∣∣∣∣Lkη

(
x− x0

R

)∣∣∣∣
and choosing γ := 2−

N
p′ (2∥∇L η∥L∞ +nC)−1, follows |W | ≤ 2−

N
p′ |B|−

1
p′ that implies

∥W∥Lp′ ≤ |B∗|
1
p′ ∥W∥L∞(B∗) = 2

N
p′ |B|

1
p′ ∥W∥L∞(B∗) ≤ 2

N
p′ |B|

1
p′ 2−

N
p′ |B|−

1
p′ = 1.
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Lastly, we point out that V ·W =ViWi +VjWj and Vi =Vj = 0 on RN\B. Furthermore, as ηB ≡ 1 in B

then for each x ∈ B we have

Wk(x) = γ|B|−
1
p′
(
δk jηB(x)+(x j − x0

j)LkηB(x)
)
= γ|B|−

1
p′ δk j

for k = i, j. In particular, as we are assuming L as in (1.3.2) thus Wi = 0 and Wj = γ|B|−
1
p′ on B.

Therefore,

V ·W = Vj Wj =
|B|

1
2−

1
p

2C
Liu γ|B|−

1
p′ =

γ

2C
|B|−

1
2 Liu.

Now we adapt the previous construction to attend p > 2. Consider the vector fields

V = γ
′|B|−

1
p
[
L∗

i
(
ηB(x)

(
x j − x0

j
))

e j −L∗
j
(
ηB(x)

(
x j − x0

j
))

ei
]

and W =
|B|

1
2−

1
p′

C
∇L u, (5.1.5)

with γ ′,C are appropriate constants to be chosen. Analogously as proved before, we have divL ∗ V =

curlL W = 0. Clearly, supp(V )⊂ B∗ and since

L∗
ℓ

(
ηB(x)

(
x j − x0

j
))

=
(
x j − x0

j
)

L∗
ℓηB(x)+ηB(x)L∗

ℓ

(
x j − x0

j
)

=

(
x j − x0

j

)
R

(L∗
ℓηB)

(
x− x0

R

)
−ηB(x)δℓ j

that implies |V | ≤ γ ′|B|−
1
p ( 1+4∥∇L ∗η∥L∞) = 2−

N
p |B|−

1
p = |B∗|−

1
p and then ∥V∥Lp ≤ 1. Since

supp(W ) ⊆ B and 1 < p′ < 2 follows from Hölder’s inequality that ∥W∥Lp′ ≤ C−1|B|
1
p−

1
2 ∥W∥L2 ≤

C−1|B|
1
p−

1
2 |B|

1
2−

1
p ∥∇L u∥L2 ≤ 1, where C > 0 is the constant from the control ∥∇L u∥L2 ≤C∥∇u∥L2

given by C := N
√

n max
1≤k≤m
1≤ j≤n

{
1, |a jk|

}
. In the same way,

V ·W = γ
′C−1|B|−

1
2 Liu.

Indeed, V ·W =ViWi +VjWj and now Wi =Wj = 0 on RN\B. As ηB ≡ 1 in B then for each x ∈ B we

have

Vk(x) = γ
′|B|−

1
p
(
δkiηB(x)δ j j −δk jηB(x)δi j

)
= γ

′|B|−
1
p δki

and Wk =C−1|B|
1
2−

1
p′ Lku, for k = i, j. Therefore,

V ·W = ViWi = γ
′|B|−

1
pC−1|B|

1
2−

1
p′ Liu =

γ ′

C
|B|−

1
2 Liu.

We conclude the identity (5.1.2) taking C := max{γ,γ ′}. We remark that (5.1.3) holds for any ball
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B. Denote CN,p,η :=C|B| 1
2 max{2γ−1,γ ′−1}. Thus, for any 1 < p < ∞, we get

∥L∗
i g∥W−1,2(B) = sup

∥u∥W1,2(B)≤1
|⟨L∗

i g,u⟩|= sup
∥∇u∥L2(B)≤1

|⟨g,Liu⟩|

= sup
∥∇u∥L2(B)≤1

u∈C∞
c (B)

∣∣∣∣� g Liu
∣∣∣∣

≤ CN,p,η sup
∥∇u∥L2(B)≤1

u∈C∞
c (B)

∣∣∣∣� g V ·W
∣∣∣∣ (5.1.6)

≤ CN,p,η sup
V ·W∈(DCL )

p
1,0∩(DCL )

p
0,1

∣∣∣∣� g V ·W
∣∣∣∣ .

In equation (5.1.6), we use V and W to denote the vector fields defined on (5.1.4) and (5.1.5), which

depend of p.

Now let us move on assuming R ≥ 1. We claim that( 
B(x0,R)

|g(w)|pdw

) 1
p

≤C sup
f∈(DCL )

p
0,1

∣∣∣∣� g(x) f (x)dx
∣∣∣∣ . (5.1.7)

Firstly, we will prove the control (5.1.7) when B = B(0,1), denoted by B1. It follows from [40,

Theorem 1, p. 108] that the inequality

∥g∥Lr(B1)
≤C

[
∥g∥W−1,r(B1)

+
n

∑
i=1

∥L∗
i g∥W−1,r(B1)

]
, (5.1.8)

holds for any 1 < r < ∞. The estimates for ∥L∗
i g∥W−1,p(B1)

are analogous to those presented in (5.1.3)

replacing W−1,2(B1) by W−1,p(B1). In fact, we claim that for each u ∈C∞
c (B1) with ∥∇u∥Lp′(B1)

≤ 1

and 1 < p′ < ∞ there exist vector fields V,W satisfying divL ∗ V = 0 with ∥V∥Lp ≤ 1 and curlL W = 0

with ∥W∥Lp′ ≤ 1 such that

V ·W = C̃|B1|−
1
p Liu, (5.1.9)

for some constant C̃ > 0 and then
n

∑
i=1

∥L∗
i g∥W−1,p(B1)

≲ sup
f∈(DCL )

p
1,0∩(DCL )

p
0,1

∣∣∣∣� g(x) f (x)dx
∣∣∣∣ . (5.1.10)

As before, consider a function u ∈C∞
c (B1) with ∥∇u∥Lp′(B1)

≤ 1 and η ∈C∞
c (B

∗
1) such that η ≡ 1 in

B1 and ∥η∥L∞(B∗
1)
≤ 1. Define the vector fields

V = γ
′|B1|−

1
p
[
L∗

i
(
η(x)x j

)
e j −L∗

j
(
η(x)x j

)
ei
]

and W =C−1
∇L u, (5.1.11)

for i, j ∈ {1, ...,n} with i ̸= j, and C,γ ′ are appropriate positive constants to be chosen later. Analo-

gously as proved before, we have divL ∗ V = curlL W = 0. Clearly, supp(V )⊂ B∗
1 and since

L∗
ℓ

(
η(x)x j

)
= x jL∗

ℓη(x)+η(x)L∗
ℓx j = x jL∗

ℓη(x)−η(x)δℓ j
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we have |V | ≤ γ ′|B1|−
1
p ( 1+4∥∇L ∗η∥L∞) = |B∗

1|
− 1

p , choosing γ ′ = 2−
N
p (1+ 4∥∇L η∥L∞)−1, that

implies ∥V∥Lp ≤ 1. Taking the constant from the control ∥∇L u∥Lp′ ≤C∥∇u∥Lp′ given by

C := N
√

n max
1≤k≤m
1≤ j≤n

{
1, |a jk|

}
,

then ∥W∥Lp′ ≤C−1 ∥∇L u∥Lp′ ≤ 1.

To prove V ·W = γ ′C−1|B1|−
1
p Liu, note that V ·W =ViWi +VjWj and Wi =Wj = 0 on RN\B1. As

η ≡ 1 in B1 then for each x ∈ B1 we have

Vk(x) = γ
′|B1|−

1
p
(
δkiη(x)δ j j −δk jη(x)δi j

)
= γ

′|B1|−
1
p δki

and Wk =C−1Lku, for k = i, j. Therefore,

V ·W = ViWi = γ
′|B|−

1
pC−1Liu =

γ ′

C
|B|−

1
p Liu.

We conclude the identity (5.1.9) taking C̃ :=
γ ′

C
|B|−

1
p .

Lemma 5.1. If φ ∈C∞
c (B(0,1)) then we can write φ =V1 ·W1, where V1,W1 are smooth vector fields

satisfying the following properties:

(i) suppV1 ⊂ B(0,1) and suppW1 ⊂ B(0,2);

(ii) curlL W1 = 0 and ∥W1∥Lp′ ≤C1, for some C1 > 0 independent of φ ;

(iii) ∥V1∥Lp = ∥φ∥Lp with ∥divL ∗ V1∥Lp ≤ ∥∇L ∗φ∥Lp .

Analogously, we may write φ =V2 ·W2, where V2,W2 are smooth vector fields satisfying:

(iv) suppW2 ⊂ B(0,1) and suppV2 ⊂ B(0,2);

(v) divL ∗ V2 = 0 and ∥V2∥Lp ≤C2, for some C2 > 0 independent of φ ;

(vi) ∥W2∥Lp′ = ∥φ∥Lp′ with ∥curlL W2∥Lp′ ≤ 2∥∇L φ∥Lp′ ;

A direct consequence of the previous lemma shows that for each φ ∈C∞
c (B(0,1)) with ∥φ∥W 1,p′ ≤

1, there exists a constant C2 > 0 independent of φ such that C2φ =V2 ·W2 ∈ (DCL )p
0,1 for 1 < p < ∞.

Then for B1 := B(0,1) we have

∥g∥W−1,p(B1)
= sup

∥φ∥
W1,p′ (B1)

≤1

φ∈C∞
c (B1)

∣∣∣∣� g(x) φ(x)dx
∣∣∣∣ = (C2)

−1 sup
∥φ∥

W1,p′ (B1)
≤1

φ∈C∞
c (B1)

∣∣∣∣� g(x) (V2 ·W2)(x)dx
∣∣∣∣

≤ (C2)
−1 sup

f∈(DCL )
p
0,1

∣∣∣∣� g(x) f (x)dx
∣∣∣∣ . (5.1.12)

Using the first part of the lemma, the previous control follows the same replacing (DCL )p
0,1 by

(DCL )p
1,0, that is,

∥g∥W−1,p′(B1)
≤ (C1)

−1 sup
f∈(DCL )

p
1,0

∣∣∣∣� g(x) f (x)dx
∣∣∣∣ . (5.1.13)
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Proof. Fix φ ∈C∞
c (B1) and η ∈C∞

c (B
∗
1) such that η ≡ 1 in B1 and ∥η∥L∞(B∗

1)
≤ 1. We define V1(x) :=

φ(x)e1 and W1(x) := ∇L (x1η(x)). Clearly curlL W1 = 0, ∥V1∥Lp = ∥φ∥Lp and ∥divL ∗ V1∥Lp =

∥L∗
1φ∥Lp ≤ ∥∇L ∗φ∥Lp . Note that for x ∈ B1 we have

L1[x1η(x)] = η(x)+ x1[L1η ](x) = 1,

since suppV1 ⊂ B1 we have (V1 ·W1)(x) = φ(x)L1[x1η(x)] = φ(x). Moreover

|W1(x)|=
n

∑
j=1

|L j(x1η(x))| ≤ |L jx1||η |+ |x1|
n

∑
j=1

|L jη(x)|≲ |η(x)|+ |x1||∇L η(x)|

and as suppW1 ⊂ B∗
1, we have

∥W1∥Lp′ ≤ |B∗
1|

1
p′ ∥W1∥L∞ ≤ |B∗

1|
1
p′ (1+2∥∇L η∥L∞)

For the second part we define V2(x) = L∗
1 (x1η(x))e2 −L∗

2 (x1η(x))e1, W2(x) = φ(x)e2 that satisfies

(by definition) ∥W2∥Lp′ = ∥φ∥Lp′ , ∥curlL W2∥Lp′ ≤ 2∥∇L φ∥Lp′ and divL ∗ V2 = 0. Since

L∗
ℓ [x1η(x)] = δℓ1(x)η(x)+ x1[L∗

ℓη ](x)

we have |V2(x)| ≤ |x1|(|L∗
1η(x)|+ |L∗

2η(x)|)+ |η(x)| and suppV2 ⊂ B∗
1 that implies

∥V2∥Lp ≤ (2∥∇L ∗η∥L∞ +1) |B∗
1|

1
p .

Note that suppW2 ⊂ B1 and since L∗
ℓ [x1η(x)] = 1 for x ∈ B1 we have φ =V2 ·W2.

Now, we move on for a ball B(x0,R), with R ≥ 1. For each φ ∈ C∞
c (B(x0,R)) we may define

φ̃ ∈C∞
c (B(0,1)) given by φ̃(y) := φ (x0 + yR) and applying Lemma 5.1 there exist vector fields Ṽi,W̃i

for i = 1,2 satisfying (i)-(vi) above such that φ̃ = Ṽi ·W̃i. Defining Vi(x) := R−N
p Ṽi
(x−x0

R

)
and Wi(x) :=

R− N
p′ W̃i

(x−x0
R

)
we have that there exist constants Ci > 0 independent of φ such that C1φ = V1 ·W1 ∈

(DCL )p
1,0 and C2φ =V2 ·W2 ∈ (DCL )p

0,1.

For each g ∈ L1
loc(R

N), we define g̃(y) = g(x0 +Ry) and then
�

B(x0,R)
g(x)(Vi ·Wi)(x) dx =

�
B(0,1)

g̃(y)(Ṽi ·W̃i)(y) dy. (5.1.14)

Furthermore, using change of variables and the inequality (5.1.8) for B1 := B(0,1) we have( 
B(x0,R)

|g(x)|pdx

) 1
p

=

( 
B1

|g̃(y)|pdy
) 1

p

=CN ∥g̃∥Lp(B1)

≤C

[
∥g̃∥W−1,p(B1)

+
n

∑
i=1

∥L∗
i g̃∥W−1,p(B1)

]
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From (5.1.12) and the identity (5.1.14) we have

∥g̃∥W−1,p(B1)
≲ sup

f∈(DCL )
p
0,1

∣∣∣∣� g(x) f (x)dx
∣∣∣∣ (5.1.15)

and by the inequality (5.1.10) we have
n

∑
i=1

∥L∗
i g̃∥W−1,p(B1)

≲ sup
f∈(DCL )

p
1,0∩(DCL )

p
0,1

∣∣∣∣� g(x) f (x)dx
∣∣∣∣ . (5.1.16)

Combining the previous estimate, we may conclude

∥g∥bmo ≤ sup
|B(x0,R)|≤1

( 
B(x0,R)

|g(x)−gB|2dx

) 1
2

+ sup
|B(x0,R)|>1

( 
B(x0,R)

|g(x)|pdx

) 1
p

≲

 sup
f∈(DCL )

p
0,1∩(DCL )

p
1,0

∣∣∣∣� g(x) f (x)dx
∣∣∣∣+ sup

f∈(DCL )
p
0,1

∣∣∣∣� g(x) f (x)dx
∣∣∣∣


≲ sup
f∈(DCL )

p
0,1

∣∣∣∣�
RN

g(x) f (x)dx
∣∣∣∣ .

The same arguments hold replacing (DCL )p
0,1 by (DCL )p

1,0, by taking p′ instead of p in (5.1.8).

In more detail, when we take the vector fields

V := (2C)−1 (Liu e j −L ju ei
)

and W := γ∇L

((
x j − x0

j
)

ηB(x)
)
,

with γ := |B∗|−
1
p′ (2∥∇L η∥L∞ +nC)−1 and C as before, we prove that

n

∑
i=1

∥L∗
i g∥W−1,p′(B) ≲ sup

f∈(DCL )
p
1,0∩(DCL )

p
0,1

∣∣∣∣� g(x) f (x)dx
∣∣∣∣ .

Replacing the above inequality and the inequality (5.1.13) into the inequality (5.1.8) for r = p′, we

obtain

∥g∥bmo ≲ sup
f∈(DCL )

p
1,0

∣∣∣∣�
RN

g(x) f (x)dx
∣∣∣∣ . (5.1.17)

Indeed, we claim that for each u ∈ C∞
c (B1) with ∥∇u∥Lp(B1)

≤ 1 and 1 < p < ∞ there exist vector

fields V,W satisfying divL ∗ V = 0 with ∥V∥Lp ≤ 1 and curlL W = 0 with ∥W∥Lp′ ≤ 1 such that

V ·W =C|B1|
− 1

p′ Liu, (5.1.18)

for some constant C > 0. Obtaining

1

|B1|
1
p′

n

∑
i=1

∥L∗
i g∥W−1,p′(B1)

≲ sup
f∈(DCL )

p
1,0∩(DCL )

p
0,1

∣∣∣∣� g(x) f (x)dx
∣∣∣∣ . (5.1.19)

As before, consider a function u ∈C∞
c (B1) with ∥∇u∥Lp(B1)

≤ 1 and η ∈C∞
c (B(0,2)) such that η ≡ 1

in B(0,1) and ∥η∥L∞(B(0,2)) ≤ 1. Define the vector fields

V := (2C)−1 (Liu e j −L ju ei
)

and W := γ|B1|
− 1

p′ ∇L

(
x jη(x)

)
,
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for i, j ∈ {1, ...,n} with i ̸= j, where {e1, . . . ,en} denotes de canonical basis of Rn and C,γ are appro-

priate positive constants to be chosen later. Clearly divL ∗ V = L∗
jVj +L∗

i Vi = 0 and |V | ≤ |∇u| choos-

ing as always C := N max
1≤k≤m
1≤ j≤n

{
1, |a jk|

}
. Since supp(V ) ⊆ B, it follows that ∥V∥Lp(B) ≤ ∥∇u∥Lp(B) ≤

1. It is easy to see that curlL W = γ|B|−
1
p′ curlL (∇L ϕ) = γ|B|−

1
p′
(
[Li,L j]ϕ

)
i j = 0. Note that

supp(W )⊆ supp(η)⊆ B∗ and Lℓ

(
x j
)
= δℓ j. Furthermore, for each x ∈ B∗ we have

n

∑
k=1

∣∣Lk
(
x jη(x)

)∣∣= n

∑
k=1

∣∣δk jη(x)+ x jLkη(x)
∣∣≤ n+2

n

∑
k=1

|Lkη (x)|

and choosing γ := 2−
N
p′ (2∥∇L η∥L∞ +n)−1, follows |W | ≤ 2−

N
p′ |B|−

1
p′ that implies

∥W∥Lp′ ≤ |B∗|
1
p′ ∥W∥L∞(B∗) ≤ 1.

Lastly, we point out that V ·W =ViWi +VjWj and Vi =Vj = 0 on RN\B. Furthermore, as η ≡ 1 in B

then for each x ∈ B we have

Wk(x) = γ|B|−
1
p′
(
δk jη(x)+ x jLkη(x)

)
= γ|B|−

1
p′ δk j

for k = i, j. In particular, as we are assuming L as in (1.3.2) thus Wi = 0 and Wj = γ|B|−
1
p′ on B.

Therefore,

V ·W = Vj Wj =
γ

2C
|B|−

1
p′ Liu.

We conclude the identity (5.1.18) taking C := max{γ,γ ′}. Thus, replacing the inequality (5.1.19) and

the inequality (5.1.13) into the inequality (5.1.8) for r = p′, we conclude (5.1.17).

5.2 Proof of Corollary D (divL ∗ − curlL lemma)

Let us prove Corollary 4. To simplify the notation, consider V := (DCL )p
1,0 and F := h1(RN). A

direct consequence of Theorem A implies that V is a bounded symmetric (i.e. h ∈ V then −h ∈ V )

subset of F. If we prove that the closure of V in the norm F , denoted by V , contains the unit ball of F,

it follows from Lemma III.1 in [13], each ∥ f∥h1 ≤ 1 can be decomposed by

f =
∞

∑
k=1

2−k fk, fk ∈V, (5.2.1)

with convergence in F. Now, from Lemma III.2 in [13], the closed convex hull Ṽ contains the unit ball

of F if and only if ∥g∥(h1)∗ is equivalent to the functional

sup
f∈V

∣∣∣∣�
RN

g(x) f (x)dx
∣∣∣∣ ,

that is exactly the conclusion of Theorem B, since (h1(RN))∗ = bmo(RN). The decomposition (11)

follows taking λk := 2−k∥ f∥h1 ∈ ℓ1(C), for every f ∈ h1(RN). Clearly ∥λ∥ℓ1 ≤ ∥ f∥h1 and the con-

vergence in (11) holds also in the sense of tempered distributions. The same conclusion holds for

V = (DCL )p
0,1.
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5.3 Additional remarks

Similarly to Application 2 (Section 3.3.2), it is natural to try to apply the result to differential

forms instead of vector fields. Again, consider the operator

A( · ,D) = (dL ,k,d∗
L ,k−1) : C∞

c (Ω,ΛkRn)→C∞
c (Ω,Λk+1Rn)×C∞

c (Ω,Λk−1Rn),

for 0 ≤ k ≤ n. In particular, since A( · ,D) is elliptic and canceling operator for k /∈ {1,n− 1}, it

follows from [30, Theorem B] that for each x0 ∈ Ω there exist an neighborhood U ⊂ Ω of x0 and

C > 0 such that the inequality

∥u∥LN/N−1 ≤C(∥dL ,ku∥L1 +∥d∗
L ,k−1u∥L1),

holds for any u ∈C∞
c (U,ΛkRn). As an extension of such inequality, it is expected to obtain a general-

ization of inequality (9) to k-forms, stated below

Corollary 5.2. Let 0 ≤ k ≤ n and L = {L1, . . . ,Ln} an elliptic system of complex vector fields on

Ω with smooth complex coefficients. Then every point x0 ∈ Ω is contained in an open neighborhood

U ⊂ Ω such that the estimate

∥dL ,kφ · v1 +dL ,kφ · v2∥hr ≤C
(
∥dL ,kφ∥hp +∥d∗

L ,k−1φ∥hp
)(

∥v∥hq +∥d∗
L ,kv1∥hq +∥dL ,k−1v2∥hq

)
.

holds for some C > 0 and for every φ ∈C∞
c (U,ΛkRn), v1 ∈C∞

c (U,Λk+1Rn) and v2 ∈C∞
c (U,Λk−1Rn).

In particular taking v2 = 0 and v = v1 we have

∥dL ,kφ · v∥hr ≤C
(
∥dL ,kφ∥hp +∥d∗

L ,k−1φ∥hp
)(

∥v∥hq +∥d∗
L ,kv∥hq

)
for all φ ∈C∞

c (U,ΛkRn) and v ∈C∞
c (U,Λk+1Rn), recovering the Theorems B and C in [24], where in

the second we assume that the system L is involutive.
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Rio de Janeiro (1979).

[28] J. Hounie and R. Kapp, Pseudodifferential operators on local Hardy spaces, J. Fourier Anal.
Appl. 15 (2009), pp. 153–178.

[29] J. Hounie and T. Picon, Local Gagliardo-Nirenberg estimates for elliptic vector fields, Math.
Res. Lett. 18 (2011), no. 04, pp. 1–14.

[30] J. Hounie and T. Picon, Local L1 estimates for elliptic systems of complex vector fields, Proc.
Amer. Math. Soc. 143 (2015), pp. 1501–1514.

[31] P. Koskela and E. Saksman, Pointwise characterization of Hardy-Sobolev functions, Math. Res.
Lett. 15 (2008), no. 4, pp. 727–744.

[32] H. Kozono and T. Yanagisawa, Global compensated compactness theorem for general differen-
tial operators of first order, (English summary) Arch. Ration. Mech. Anal. 207 (2013), no.3, pp.
879-905.



Bibliography 101

[33] Z. Lou and A. McIntosh, Hardy spaces of exact forms on RN , Trans. Amer. Math. Soc. 357
(2005), no. 4, pp. 1469–1496.

[34] Z. Lou and A. McIntosh, Hardy spaces of exact forms on Lipschitz domains in RN , Indiana Univ.
Math. J. 53 (2004), no. 4, pp. 583–611.
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