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Resumo

Nos ultimos anos, o estudo de sistemas dinamicos suaves por partes avangou rapidamente. Um dos
problemas investigados nesta drea € o célculo de ciclos limites que bifurcam a partir da perturbagcao
de um foco fraco ou de uma 6rbita periddica. Nesta dissertacdo, apresentaremos dois métodos uti-
lizados para calcular o nimero de ciclos limites que bifurcam a partir da perturbacdo de um sistema,

nomeadamente o método das constantes de Lyapunov e o método da funcido de Melnikov.

Palavras-chave: Sistemas continuos por partes; bifurcac¢do; centro; constantes de Lyapunov; fung¢des
de Melnikov.
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Abstract

In recent years, the study of piecewise dynamical systems has advanced rapidly. One of the problems
investigated in this field is the calculation of limit cycles that bifurcate from the perturbation of a
weak focus or of a periodic orbit. In this dissertation, we will present two methods used to com-
pute the number of limit cycles that bifurcate from the perturbation of a system, namely Lyapunov

constants method and the Melnikov function method.

Keywords: Piecewise systems; bifurcation; center; Lyapunov constants; Melnikov functions.






Contents

[Introduction|

(1  Filippov Systems|

(1. Local trajectory| . . . . . . . . .. . ... .. ...

(1.2 Crtical points and tangency points| . . . . . . . . . . ... ... ....

(1.3 Separatrices, periodic orbits and cycles|. . . . . . ... ... ... ...

(1.4  Topological equivalence of Filippov Systems| . . . . . ... ... ...

2 Lyapunov coefficients for piecewise systems|

[2.1.1  Method for computation Lyapunov constants| . . . . ... . ..

2.2 Applications|. . . . . ... .. ...

2.2.1  Quadraticsystems| . . . . ... ... .. .. ..........

[2.2.2  Liénard equations|. . . . . . .. ... ... ... ... ...

3  Melnikov Function for piecewise systems|

[3.2 Applications|. . . . .. ...

[3.2.1 Polynomial systems| . . .. ... ... .. ...........

4__Conclusion|

A Results of Analysis, Calculus and Algebral

B~ Method of computation of the Lyapunov constants in Maple|

[C  Larger expressions of Proposition (3./) in Maple|

vii

17
19

21
21
33
35
35
37

41
42
54
54

67

69
69
69
70
71

73

75



Contents

78



List of Symbols

AK(V) : Set of alternating k-tensors on the finite-dimensional vector space V;
C*: Set of infinitely smooth functions;

C?: Set of analytic functions;

intX: Interior of the set X;

X: Closure of the set X;

dX: Boundary of the set X;

B(p,r): Open ball centered at p with radius r;

Df or f’: Derivative of the function f;

3%‘ f or fy,: Partial derivative of a function f(xi,...,x,) respect to x;;
V f: The gradient of a function f;

I1x: Poincaré or return map associated with a vector field X;

(-,-): Usual inner product in R";

AB: Arc from A to B;

14—B>: Oriented segment from A to B;

O(+): Big O function.






Introduction

In 1988, the Russian mathematician Aleksei F. Filippov published the book “Differential Equa-
tions with Discontinuous Right-Hand Sides” 9], which laid the groundwork for the theory of piece-
wise systems. In his work, Filippov defines the vector field of such systems using switching manifold
defined in an open set, which divides the phase space into distinct regions. Due to the importance of
this contribution, there exists a class of piecewise dynamical systems called Filippov systems, which
study Filippov vector fields.

Consider the following equation

x=F(x),

where F is a vector field on R?.

In the linear case, that is, when F(x) = Ax, with A € M>(R), the classification of phase portraits,
as saddles, nodes and centers, depends essentially on the trace and the determinant of the matrix A.
For nonlinear systems, if p € R? is an isolated singularity of F, the Hartman-Grobman Theorem
guarantees that, when the Jacobian matrix B = DF(p) is hyperbolic (that is, all eigenvalues with
real part nonzero), then the phase portrait of F is locally conjugate to the linear system X = Bx in
a neighborhood of p. However, if B is not hyperbolic, it is not possible to distinguish whether the
singularity corresponds to a center or a focus. This is precisely the center-focus problem.

This problem is related to Hilbert’s 16th problem, which concerns determining the number of limit
cycles. A limit cycle is an isolated periodic orbit within the set of all closed orbits of the system. In
the problem proposed by Hilbert, the question is: “what is the maximum number of limit cycles for
a planar smooth system with polynomials of degree n?”. This remains a famous open problem in the
qualitative theory of ordinary differential equations.

As in the theory of continuous dynamical systems, a central problem of piecewise systems is the
calculation of limit cycles and the classification of singularities as centers or focus. Currently, we
can use some methods to investigate the calculation of limit cycles such as: the averaging theory, the
Abelian integrals, the Melnikov function, or the Lyapunov constants. In this work, we will specifically
address the Lyapunov constants method and the Melnikov function method.

In the Lyapunov constants method, we study the article “Center-focus problem for discontinuous
planar differential equations” [13]. In this paper, Armengol Gasull and Joan Torregrosa study the

number of limit cycles which bifurcate from a weak focus at the origin in planar piecewise polynomial
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2 Introduction

systems. Their computations of Lyapunov constants, which coincide with some coefficients in the
series expansion of the Poincaré map, is based on a suitable decomposition of certain one-forms
associated with the expression of the system in polar coordinates. However, since the Lyapunov
constants provide only the conditions for the systems have a center at the origin, it is necessary
to verify whether the origin is a center for systems satisfying the conditions established by these
constants. One way to show this is proving that the system is reversible, either by a change of variables
or by finding the first integral associated with the system.

In addition, in the Melnikov function method, we study the article “Bifurcation of limit cycles
by perturbing piecewise Hamiltonian systems” [18]] by Xia Liu and Maoan Han. In this paper, the
authors consider a general perturbation of piecewise Hamiltonian systems on the plane. When the
unperturbed system has a family of periodic orbits, similar to the perturbations of smooth system, an
expression of the first order Melnikov function is obtained, which can be used to study the number of
limit cycles bifurcated from the periodic orbits.

From this, the dissertation is structured into four chapters. In Chapter[I} we will present the fun-
damental concepts and main results of Filippov’s Theory. In Chapter 2] we will explain the Lyapunov
constants method and illustrate its application with planar examples. In Chapter [3| dedicated to the
Melnikov function method, we will define this function for piecewise Hamiltonian systems and apply
the theory to planar examples. Finally, in Chapter | we conclude the principal ideas of this disserta-
tion. It is important to observe that, in both methods, we replicate the applications of the papers. And

these applications were the subject of oral presentations given at scientific events.



CHAPTER 1

Filippov Systems

In this chapter, we will present the main definitions related to Filippov systems. We begin by
defining what a Filippov system is. Then, we study the notions of trajectory and periodic orbit.
Next, we examine the critical points and tangency points of a Filippov system. Finally, we discuss

separatrices and the concept of topological equivalence for these systems.

1.1 Local trajectory

In this section, we will define the Filippov system and the local trajectory of an autonomous
Filippov vector field.

Consider the following example.

Example 1.1. Let X = 1 —2sgnx. Then,

e —1 ifx>0:x(t): 3t+c;  ifx>0,
3 ifx<0 —t+c ifx<O.

Thus, the differential equation x = f(t,x) is discontinuous in x, as we can see in Figure

N

TINTT

Figure 1.1: Phase portrait of equation x = 1 —2sgn(x).
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4 Chapter 1. Filippov Systems

From Example [I.T] we observe that there exist differential equations whose solutions may lose
certain properties — such as differentiability and or even uniqueness — at points of discontinuity in the
vector field. This motivates the study of piecewise systems.

Since we work with planar systems and the dynamics will occur around the origin, we consider
an open, bounded and connected set U C R? which contains the origin. Let f : R? — R be a function
of class C", where r > 1, which has 0 as a regular value, and £ = f -1 (0)NU is a submanifold of U

of codimension 1. Then, the curve X splits U into two open subsets:
Tr={(y)€U|f(xy)>0} and I ={(xy)€U]f(x,y) <0}

Now, consider the piecewise vector field:

Z(x,y) = {X(x,y), if (x,y) € X7, (1

Y(x,y), if (x,y) € X7,

where X and Y are C", for r > 1,in =+ and 2, respectively, and X is called the switching manifold
of (I.1). We will define the Filippov convention to define the Filippov vector field on R? based on [9,
page 50].

Let u € R?, I C R be an open interval and G C R? be an open subset. The solution ¢ : I — G of

the differential system i = Z(u) corresponds to the solution of the differential inclusion
ue Zz(u), uceaG, (1.2)

where .%7 : G — R? is a set-valued function given by

{X(u)}, if f(u) >0,
F7:6 =R =L {aX(u)+(1—a)Y ()| oe0,1]}, if f(u) =0,
{Y(u)}, if £(u) <O0.

Furthermore, the function ¢ : I — G is the solution of the differential inclusion (I.2)) if it is an

absolutely continuous set-valued function, which satisfies ¢(z) € Fz(¢(t)), forevery ¢ € I.

Definition 1.2. A Filippov vector field is a piecewise vector field of the form (1.1)) whose dynamics is
governed by the Filippov convention. That is, its trajectories are solutions of the differential inclusion

(L.2). Analogously, we refer to (1.1)) as a Filippov system.

Sometimes it is convenient to denote a Filippov vector field by Z = (X,Y) in order to clarify its
components, or by Z = (X,Y, f) to clearly state the dependence of ¥ on f. The space of all piecewise
smooth systems of the form (I.1) is denoted by 3" = X" x X" with the product topology, where X" is
a space of C" vector fields.

Now, we want to understand the geometric interpretation of the trajectory of a Filippov vector

field. To do this, we will define the following regions.



1.1. Local trajectory 5

Definition 1.3. (Guardia et al. [14], page 1970). The Lie derivative of [ with respect to the vector
field X is given by X f(p) = (X(p),Vf(p)) and X' f(p) = (VX"=' f(p),X(p)), for all integer i > 2.

Definition 1.4. (Guardia et al. [14], page 1970). Let Z = (X,Y, f) be a Filippov vector field and X
a switching manifold. We split ¥ into three parts depending on whether or not the vector field points

towards it:
(i) Crossing or Sewing region: X = {p € £ | X f(p)-Y f(p) > O} (see Figure[l.2d));
(ii) Sliding region: ¥* = {p € £ | X f(p) <0 andY f(p) > 0} (see Figure[I.2D));

(iii) Escaping region: ¢ = {p € £ | X f(p) > 0andY f(p) < 0} (see Figure[l.2d).

5 5 x x
\
Elpoml Z+\ - S S

(a) Crossing or Sewing region (b) Sliding region (c) Escaping region

Figure 1.2: Regions of X.

Observe that if p € X such that X f(p) > 0 or Xf(p) < 0, then by the continuity of Xf : X —
R, there exists an open set U C X containing p such that X f(g) > 0 or X f(gq) <0, for all ¢ € U,
respectively. So, X, X* and X are relatively open subsets of X, and each may have several connected

components.

We now define the sliding vector field Z*, which will be necessary for the definition of the local
trajectory. According to Filippov [9, page 51], the vectors of Z° are given by the convex combination
of the vectors of X and Y. In other words, given a Filippov vector field Z = (X,Y, f) and a point p € X,
there exists a € [0, 1] such that Z*(p) = aX(p) + (1 — &)Y (p). We will present here the method to
find o based on Buzzi et al. [2, page 3].

Let Z = (X,Y, f) be a Filippov vector field, and let p € £°. We can associate to the point p the
vectors X (p) and Y (p). The sliding vector field associated with the Filippov vector field Z at p is the
vector Z°(p), which is tangent to £* at p. Assume that the gradient of f is directed toward the domain
¥ *. Since the gradient vector V f(p) is perpendicular to the level curve f(x,y) = 0 at a point p, it
follows that V f(p) is orthogonal to Z*(p), that is, (Vf(p),Z*(p)) = 0.
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Then,
(Vf(p),Z’(p)) =0 = (Vf(p),aX(p)+ (1 - )Y (p)) =
= o(Vf(p),X(p)) +(1—a)(Vf(p),Y(p))=0
= o(Vf(p),X(p)) +(Vf(P).Y(p)) —a(Vf(p),Y(p)) =0
= a(Vf(p),X(p)—Y(p)) +(Vf(p),Y(p)) =0
\Y
= e st Xy TRy ™

{1_a:_ (Vf(p).X(p) — _ _ Xf(p) }
(VFf(p),Y(p)—X(p)) Yf(p)—Xf(p)

Consequently,

Z'(p) = V) X700 Y f(p)X(p) —Xf(P)Y (p)]. (1.3)

Furthermore, if p € X°, then p € X¢ for —Z, where —Z is the vector field whose vectors are
oriented in the opposite direction of those of Z. Thus, we can define the escaping vector field Z¢ on
¥¢ associated with Z by Z¢ = —(—Z*). We will denote by Z* both the sliding vector field Z* and the
escaping vector field Z¢ (see Figure [I.3)).

ZS

(a) Vector field Z°. (b) Vector field Z°.

Figure 1.3: Vector field Z*.

Now that we know what the structure of the vector field is like along our space with the switch-
ing manifold, we will define the concept of trajectory and orbit for a specific type of systems: the
autonomous systems.

Let p € R?, X,Y be smooth autonomous vector fields on open subsets U,V C R?, respectively.

We denote by @x (¢, p) and @y (2, p) as the flows associated with X and Y, respectively, such that

Sox(t,p) =X (ox(t,p)), i Sov(t,p) =Y (y(1,p)), (14)
(PX<O=p) =D, (Py((),p) =D, .

where it is defined in time for# € I C R and I = I(p,X) is a real interval which depends on the point
p € U and the vector fields X.
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The local trajectory or orbital solution of a Filippov vector field of the form (I.1]) through a point

p satisfying (1.4)) is the continuous concatenation curve described as follows:

(i) For p € X" and p € £~ such that X(p) # (0,0) and Y (p) # (0,0), respectively, the trajectory is
given by ¢z(t,p) = @x(t,p) and @z(t, p) = @y (¢, p), respectively, forr € I C R;

(ii) For p € X¢suchthat X f(p),Y f(p) > 0 and taking the origin of time at p, the trajectory is defined
as @oz(t,p) = @y (t,p), fort € IN{tr <0}, and @z(t,p) = @x(t,p), fort € IN{t > 0}. For the
case X f(p),Y f(p) <0, the definition is the same reversing time;

(iii) For p € X°, the trajectory is defined as @z(t,p) = @,x(t,p), for t <0, and @z(z, p) is either
ox(t,p) or @y(t,p) or @,s(t,p), fort > 0. For p € X%, the definition is the same reversing time;

(iv) For p € dX°UJL UL, the trajectory is defined as ¢z(¢,p) = @i (¢, p), fort <0, and @z(t, p) =
¢©2(t,p), for t > 0, where each @, @, is either @x or @y or @ x;

(v) For any other point, ¢z(¢,p) = p forall ¢ € I.

Note that by this description the local trajectory is uniquely determined by a suitable concatenation

of the local trajectories of X and Y at p.

Definition 1.5. (Guardia et al. [|14)], page 1971). The local orbit of a point p € U is the set

v(p) ={oz(t,p) |t €1}.

Definition 1.6. (Guardia et al. [[I4)], page 1972). Given a trajectory @z(t,q) € L™ UL~ and a point

p € X, we say that p is a departing point of ¢(t,q) if there exists to < 0 such that lim+ 0z(t,q) = p,
l“)lo

and that it is an arrival point of ¢z(t,q) if there exists ty > 0 such that lim @z(t,q) = p.
l—)la

Furthermore, if p € X¢, p is a departing point of ¢(t,q) for any g belonging to the forward orbit

Y (p)={ez(t.p) [t € IN{t = 0}},

and is an arrival point of @z(t,q) for any ¢ belonging to the backward orbit

v (p) ={ez(t,p) |t €IN{t <0}}.

1.2 Critical points and tangency points

In this section, we will study the definition of critical points and tangency points of Filippov
systems. Critical points are points p € £¥ UX¢ such that Z*(p) = (0,0). They can be classified
as stable pseudo-nodes, unstable pseudo-nodes, and saddle pseudo-nodes, which exhibit behavior

similar to that of stable nodes, unstable nodes, and saddles in smooth systems.
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In addition, if p € X and either X f(p) =0 or Y f(p) = 0, then p is called a tangency point, which
can be classified as either a singular tangency or a regular tangency. An interesting property of such
points is that the trajectory leaves one region (sliding, escaping or crossing) of X and enters another
region at the tangency point. This occurs because the sign of X f or ¥ f must change, and since these
functions are continuous, the change in trajectory occurs exactly at the tangency point, as we will see

later.

Definition 1.7. (Guardia et al. [14)], page 1971). The points p € £° UX¢ which satisfy Z=(p) = (0,0),
that is, the critical points of the ZF, will be called pseudo-equilibria of Z.

Observe that if p is a pseudo-equilibria of Z, then Z*(p) = (0,0), Xf(p) # 0 and Y f(p) # 0,
because p € X*UXF. Hence, Y f(p)X(p) — X f(p)Y (p) = (0,0), which implies that

X() =B V(o)

Thus, at this point the vector fields X and Y must be collinear.

Definition 1.8. (Guardia et al. [|14)], page 1971). Let p € £° UX.
(i) The point p € X’ is a stable pseudo-node if p is stable and Z*(p) = (0,0) (see Figure[I.4d));
(ii) The point p € ¢ is an unstable pseudo-node if p is unstable and Z°(p) = (0,0) (see Figure
[£.4D));

(iii) If either p € £, Z°(p) = (0,0) and p is unstable, or p € X°¢, Z°(p) = (0,0) and p is stable, then
p is a saddle pseudo-node (see Figure[l.4d).

X X

P

N

rt Tt

(a) Stable pseudo-node (b) Unstable pseudo-node (c) Saddle pseudo-node

Figure 1.4: Pseudo-nodes.

Definition 1.9. (Guardia et al. [14], page 1970). The point p € dX° U JX’ U JL® which satisfies
Xf(p)=0o0rYf(p)=0is called a tangency point.

Definition 1.10. (Perez [19], page 25). Let p € ¥ be a tangency point. If there exists an orbit Yy of
the vector field X (respectively, Y ) that passes through the point p after a finite time ty, such that y
remains in X~ (respectively, L¥), for all t € (tg — €,t9 + €), then p is called a visible tangency point.
Otherwise, if p is not visible, that is, Y C 1 (respectively, ¥~ ), for all t € (t) — €,to + €), it is an

invisible tangency point.
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Definition 1.11. (Guardia et al. [14)], page 1970). Let X be a smooth vector field and let ¥ be a
switching manifold. A point p € ¥ such that X f(p) = 0 and X°f(p) # 0 is a fold or quadratic
tangency of X. If X f(p) = X2 f(p) = 0 and X> f(p) # 0, then X has a cusp or cubic tangency.

Definition 1.12. (Buzzi et al. [2], page 4). Let p € ¥ be a tangency point. If p is an invisible tangency

point, then p is singular. On the other hand, the tangency point p is regular if its is not singular.

According to Guardia et al. [[14} page 1970], in more degenerate systems (of infinite codimension),
there may exist a continuum of tangency points. In contrast, for low-codimensional bifurcations in
planar Filippov systems, the tangency points are isolated in X. Thus, we will adopt this assumption
throughout the text.

Now, we look at some examples of regular tangent points. In all of them, we take p = (0,0) and
X ={(x,y) € U | y=0}. Since the switching manifold corresponds to the subset of axis x and let f

be the function associated with X, we can suppose without loss generality that Vf = (0, 1).

1
X1:(2>7 lfy>07
X
7 =

1
Then, for y > 0, we have that

x=1 [Sdt = [dt x=t+Cy x=t+Cy,
2 7, » = 2 — r? 2
y=x y =x y=[({t+Cy)=dt y=5+Cit-+Cit +C.

Example 1.13. Consider

And, fory <0
x=1 JEdr = [dr x=t+Cy,
{y‘:l — {f%dt = [dt — {y:t+C2.
Furthermore,
Xif(xy) = Xi(ny), Vi) = ((1,27),0,1) = x,
XPf(xy) = (Xi(oy),VXif(xy) = ((1,6),(2x5,0)) = 2x
Xl3f(x>y) = <X1(xvy>7VX12f(x7y)> = <(17x2)7<270)> = 2,
Nifey) = (M), VEixy) = ((1,1),(00,1)) = L

Hence, X, f(x,y) Y1 f(x,y) > 0, for all (x,y) € £\ {(0,0)}. In other words, £\ {(0,0)} = X, and
(0,0) is a cubic tangency of X (see Figure .

Example 1.14. Consider
1
Xy = ( > ’ lfy > 07
2x
Z) =

2
Y2:< )a lfy<0
Tx
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W
7

Figure 1.5: Phase portraits of the Filippov vector field Z;.

Then, for y > 0, we have that

. dx _ _ _
{x-l . {f&dt = [drt . {x-t—l—C1 . {x-t—l—Cl,

y=2x y = 2x y=[2(t+C)dt y=12+2C1t+C,.
And, fory <0
{x:z { degr = [2dr {x:ZH—ZCl {x:2t+2C1,
— — —
y="7x y =Tx y=[7(2t42C;)dt y=T7t>+14Cit +C,.
Furthermore,
X2f(xay) = <X2(x,y),Vf(x,y)> = <(172x>7(071)> = 2x,
X%f(x,y) = <X2(x,y),VX2f(x,y)> = ((1,2)6),(2,0)) = 2
Yzf(X,y) = <Y2(x,y),Vf(x,y)) = <(2’7x)7(071)> = x,
f(xy) = (Bxy),Vhaf(lny) = ((2,7x),(7,0) = 14.

Hence, X>f (x,y) - Yof(x,y) = 14x% > 0, for all (x,y) € £\ {(0,0)}. In other words, £\ {(0,0)} =
¥, and (0,0) is a visible fold tangency of X, and an invisible fold tangency of Y (see Figure .

Y/
N/

Figure 1.6: Phase portraits of the Filippov vector field Z,.

Example 1.15. Consider
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Then, for y > 0, we have that

x=1 J&dr = [dr x=t+C x=t+Cy,
- 2 T, 2 = 2 e A 2
y=—x y = —x y=—[(t+C))=dt y:—g—Clt —Cit+ (.

And, fory <0
k=1 J8dr = [dr _ Jx=tra
y=1 f‘é—fdt = [dt y=t+0C,.

Furthermore,
Xf(xy) = (X00y),Vf(xy) = ((1,—x),00,1)) = —x
X32f(xay) - <X3(x7y)7VX3f(x7y)> = ((1,—x2),(—2x,0)> = —2)6,
X3 f(xy) = (X306y),VX3f(x,y) = ((1,—x%),(=2,0)) = =2,
BfxY) = Gly)VkY) = (L10,01) = L

Hence, Xsf(x,y) - Y3f(x,y) = —x* < 0, for all (x,y) € £\ {(0,0)}. Thus, £\ {(0,0)} = X*, and
(0,0) is a cubic tangency of X3.

Moreover,

1

x2
75 (x,0) = m-(l(l,—xz)—(—xz)(l,l)) = (%%) = (1,0).

Therefore, the vector field Z* is made up of vectors parallel to (1,0), which implies that ¢z(t,p) =

(1,0)7 (see Figure[L7).
\
7

Figure 1.7: Phase portraits of the Filippov vector field Z5.

Example 1.16. Consider

1
X4:< >7 lfy>07
2x
Z4 =

-2
Yy= ( ) ’ lfy <0.
—Tx
Then, for y > 0, we have that

=1 J&dt = [dt x=t+C x=t+Cy,
y=2x y =2x y=[2(t+Cy)dt y=1t=+2Ct +C,.
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And, fory <0
{x =2 {x =220y,
_—
y=—Tx y=—Tt*—14Ci1 + C;.
Furthermore,
Xaf(xy) = Kalxy),Vilxy) = ((1,20,(0,1)) = 2x
Xff(x,y) = <X4<x7y)7VX4f(x7y)> - <(172x>7(270)> = 2,
Y4f(x7y) - <Y4(x,y),Vf(x,y)> <(_27_7x)7(071)> = —x,
Y42f(x7y) - <Y4(x,y),VY4f(x,y)> = <(_27_7x)7_770> = 14.

Hence, X4f (x,y) - Yaf (x,y) = —14x* < 0, for all (x,y) € £\ {(0,0)}. Thus, for x >0, (x,0) € X¢,
and for x < 0, (x,0) € X*. Since the lie derivatives X f and Y f are continuous functions, their signs
change exactly at the tangency point, which is (0,0). Moreover, (0,0) is a visible fold tangency of X4
and an invisible fold tangency of Y.

And,

75(x,0) = ﬁ-((—7x)(1,2x)—(2x)(—2,—7x)) _ (:—gi_%x) _ (%o)

Therefore, the vector field Z* is made up of vectors parallel to (1/3,0), which implies that

@z(t,p) = (t/3,0)7 (see Figure[l.8).

\\\\\\

Figure 1.8: Phase portraits of the Filippov vector field Z.

Now, let’s look at some examples of singular tangent points. As well as in previous examples, we
will take p = (0,0), X ={(x,y) €U |y=0},and Vf = (0,1).

Example 1.17. Consider

Then, for y > 0, we have that

. dx
{le . {fgdz =fdr _ {x:H-Cl . {x =1+Cy,

<
I
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And, fory <0
x=—1 . J&dt =—[dt _ Jx=—rra
y=—x+x* y = —x+x2 y=[—(—=t+C1)+ (=t +C))3dr
x=—t+C
y= [12+(=2C, + 1)t + (C} - Cy)dt
x:—t+C1,
= 3 12 2
y=5+(-2C1+1)5 +(C7 = C1)t +C,.
Furthermore,
XSf(x7y) = <X5(x,y),Vf(x,y)) = <(17_2x)7(071)> = —2)6,
YSf(xvy) = (Y5(x,y)7Vf(x,y)> = <(_1a_x+x2)7<071)> = _x+x2‘

Hence, Xsf(x,y) - Ysf(x,y) = —2x> +2x%, which is positive for x € (—0,0) U (0, 1) and negative
for x € (1,400), where Xsf(x,y) <0 and Ysf(x,y) > 0. Thus, (x,0) € X for x € (—0,0) U (0, 1),
and (x,0) € X for x € (1,+4o0). Since the lie derivatives X f and Y f are continuous functions, their
signs change exactly at the tangency point (1,0). And, the trajectories spiral around p = (0,0) as it
happens around a focus for smooth systems (see Figure[l.9).

Figure 1.9: Phase portraits of the Filippov vector field Zs.

Example 1.18. Consider

:l: x
Then, for y > 0, we have that
==l JSdt ==L [dr x=+t+Cy x =+t+Cy,
. — ] > — t2
y=x y =X y=[+t+Cdt y =x5+Cit+GC.
And, fory <0

=0 J :det:> x=0
= JQdr = [1de y=t+C
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Furthermore,

0,1)) = x

thf(X,y) = <X6i(xay)avf(xay)> = <( 1X), 1
)7(07 )> = L

Y6f(x7y) = <Y6<X,y),Vf(X,y)> = <(

Hence, X f(x,y) - Yo f(x,y) = x, which is negative for x € (—,0) and positive for x € (0,+o0),
where Xg f (x,y) < 0 and Y f (x,y) > 0 for x € (—0,0). Thus, (x,0) € £ for x € (0,+e0), and (x,0) €
Y for x € (—o0,0). Since the lie derivatives X f and Y f are continuous functions, their signs change

exactly at the tangency point, which is (0,0) (see Flgure-)

T AN

(0,0),

(0.0)A

(a) Phase portrait of Z". (b) Phase portrait of Z_ .
p 6 p 6

Figure 1.10: Phase portraits of the Filippov vector field Z6i.

Example 1.19. Consider

() o
X
»- ()

, ify<0.

Then, for y > 0, we have that

=1 fgm —fw x=t+C x =t+C,
. — — — [2
y=x y y=[t+Cdt y =5+Cr+G.

And, fory <0

{x:—l {fﬁm =—[dt x=—14+C {x — —14Cy,
— —— 2
y=x y y=[—t+Cdt y = —%+C1Z+C2.
Furthermore,
X7f(x,y) = <X7(x,y),Vf(x,y)> = < 1,)6 7(071)> = X,
Y7f(x7y) = <Y7(x,y),Vf(x,y)) = <(_17x)7< 71)> = X

Hence, X7f(x,y) - Y7f(x,y) = x%, which is positive for all x € R. Thus, (x,0) € ¢, for all x € R
(see Figure[l.T])).

Now, we will give a generalization of the definition of singularity. Roughly speaking, a singularity

can be characterized by being the zero of a suitable function.
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1 =)
A

Figure 1.11: Phase portraits of the Filippov vector field Z;.

Definition 1.20. (Guardia et al. [14], page 1972). The singularities of a Filippov vector field (1.1

are:

(i) p € XF such that p is an equilibrium of X or Y, that is X (p) = (0,0) or Y (p) = (0,0), respec-
tively;

(ii) p € ZSUX such that p is a pseudoequilibrium, that is, Z*(p) = (0,0);

(iii) p € IX°UIL UJIXE, that is, p is a (regular and singular) tangency point (i.e., X f(p) = 0 or
Yf(p) =0).

Any other point will be called regular point.

As noted by Guardia et al. [14} page 1972], in smooth dynamical systems, the singularities corre-
spond to the zeros of the vector field. This implies that the trajectory and, as consequence, the orbit
through these points is just the point itself. Nevertheless, in Filippov systems there exist singularities,
such as regular tangency points, which have as orbit such that y(p) # {p}. Thus, we will classify the

singularities as distinguished and non-distinguished.

Definition 1.21. (Guardia et al. [|14)], page 1972). Let p be a singularity of a Filippov vector field
(LI). If y(p) = {p}, then p is a distinguished singularity. If p is not a distinguished, then p is called

non-distinguished singularity.

In particular, we can observe that the non-distinguished singularity are the regular tangency points,

which although they are not regular points, their local orbit is homeomorphic to R.
Definition 1.22. (Guardia et al. [14l], page 1972). We can classify a distinguished singularity p as:

(i) p € X such that p is an equilibrium of X or Y, that is, X (p) = (0,0) or Y (p) = (0,0), respec-
tively;

(ii) p € £ UXE such that p is a pseudoequilibrium, that is, Z*(p) = (0,0);

(iii) p € X UJIL* UJL such that it is a singular tangency point.
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Definition 1.23. (Guardia et al. [14], page 1975). A (maximal) regular orbit of Z is a piecewise

smooth curve 7y such that:
(i) YNXT and yNX~ are a union of orbits of the smooth vector field X and Y, respectively;
(ii) The intersection YN X consists only of crossing points and regular tangency points in dX°;
(iii) 7y is maximal with respect to these conditions.
Note that a regular orbit never hits X* nor X°.

Definition 1.24. (Guardia et al. [14], page 1975). A (maximal) sliding orbit or singular orbit of Z

is a smooth curve Y C 5 UXe such that it is a maximal orbit of the smooth vector field Z*.

Furthermore, in the next chapter, we work with a specific type of singularity known as X-mono-

dromic singularity. Its definition requires the concept of a X-characteristic orbit.

Definition 1.25. (Buzzi et al. [3|], page 3). Let p be an isolated singularity point in ¥ of a piecewise
analytic vector field Z = (X,Y). We say that p has a L-characteristic orbit if one of the following

conditions holds:

(i) There exists a regular trajectory y of X (resp. Y), with p € y(ty), for to € R, and p € yNL+
(resp. p€ YyNYX—);

(ii) There exists a regular trajectory ¥y of X (resp. Y ) with tlirﬂl;l Y(t) = p and there exists a neigh-
—> 100
borhood V of p such that yN'V C NX" (resp. YNV CNZ™);

(iii) For all neighborhoodV of p, there exists g € VX such that X f(p)-Y f(p) <O.

Definition 1.26. (Buzzi et al. [3], page 3). A singularity point p € X is a X-monodromic singularity

point of Z if Z does not have X-characteristic orbits associated with p.
Definition 1.27. (Buzzi et al. [3], page 4). A X-monodromic singularity point p of Z is a
(i) center if there exists a neighborhood V of p such that V \ {p} is fulfilled of regular orbits of Z;

(ii) focus if there exists a neighborhood V of p such that for all orbits y of Z by points in V spirals
toward or backward p;

(iii) center-focus if there exists a sequence of regular orbits 7, of Z, with Y, in the interior of 7,
such that Y, — p as n — o and such that every trajectory between %, and Y, spirals toward v,

or Y,+1 as t increase or decrease.

By Definitions[I.25|and [I.27] a singularity point p € ¥ is a £-monodromic singularity point if and

only if it is a center, or focus, or center-focus.
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Proposition 1.28. (Buzzi et al. [3], page 9). Let Z = (X,Y) be a piecewise analytic vector filed and
po € X be a singularity point Without loss of generality we assume that pg is the origin and the orbits

of Z turn around the origin in counterclockwise sense. If the following conditions hold:

(i) there exists a continuous change of coordinate such that the switching manifold ¥ in these new

coordinates, is a subset of {y =0}, and

(ii) there are integers p,q,v and w such that in the wight polar coordinates (x,y) = (r cos 0,r'sinf)
in LUX and (x,y) = (r1cos 0,r"sin@) in LUX ™ the systems associated with the vector fields
X and Y are equivalent to differential equations
dr  F*(r,0
& % (1.5)
where F* and G* are analytic functions with F¥(0,0) =0, for all 8 € R, G*(0,p) # 0, for all
0 €[0,7x], and G—(0,0) #£0, for all 6 € [—x,0];

then Z has an isolated ¥-monodromic singularity at py.

See Buzzi et al. [3} page 9] for a proof of Proposition [I.2§]

1.3 Separatrices, periodic orbits and cycles

In this section, we will define the concepts of separatrix and periodic orbit for planar Filippov

systems.
Definition 1.29. (Guardia et al. [14], page 1975). An unstable separatrix is either:

(i) A regular orbit T which is the unstable invariant manifold of a regular saddle point p € L+ of X
or p EZ__on, that is,

I'= {q € U such that @z(t,q) is defined fort € (—o0,0) and tlim ©z(t,q) = p} :
—y—o0
We denote it by W"(p); or

(ii) A regular orbit which has a distinguished singularity p € X as a departing point. We denote it
by W (p), where the subscript & means that it leaves p from £*.

A stable separatrix is defined analogously. If a separatrix is simultaneously stable and unstable it

is a separatrix connection. If unstable separatrices arrive at the same point p they are related.

As observed by Guardia et al. [14, page 1975], the trajectory lying in the separatrix reaches p in
infinite time when the a-limit set is a regular saddle point (Case (i})) whereas in the second case, since
distinguished singularity is a point p such that y(p) = {p}, then the trajectory lying in the separatrix
may reach the singularity in finite time.

From now on, we will explore how we can generalize the concept of periodic orbits in Filippov

systems, which are divided into two cases. The first one is the regular periodic orbit.
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Definition 1.30. (Guardia et al. [14], page 1976). A regular periodic orbit is a regular orbit Y =
{oz(t,p) | t € R}, which therefore belongs to L+ UL~ UL’ and satisfies oz (t +T,p) = @z(t,p) for
some T > 0.

Furthermore, Guardia et al. [14, page 1976] adds that the second case is the sliding periodic orbit
when X is homeomorphic to T' = R/Z and £ = X or £ = X° in such a way that the sliding vector

field does not have critical points. Thus, the whole X is a periodic orbit.

Definition 1.31. (Guardia et al. [14], page 1976). A periodic cycle is the closure of a finite set of
pieces of orbits Y1, ..., Y, such that y is a piece of sliding orbit, Vi1 is a maximal regular orbit and

the departing and arrival points of Y11 belong to Yor and Yoy, respectively (see Figure[I.12)).

N

Y

Figure 1.12: Example of a cycle.

Besides cycles and periodic orbits, there exists another distinguished geometric object which is

important when one studies topological equivalence and bifurcations in Filippov Systems.

Definition 1.32. (Guardia et al. [|I14)], page 1976). A pseudocycle is the closure of a set of regular
orbits V1,. .., %Y, such that their edges, that is the arrival and departing points, of any v;, coincide with
one of the edges of Y,—1 and one of the edges of Vi1 (and also between 7y, and %,) forming a curve

homeomorphic to T' =R /Z, in such a way that in some point coincide two departing or two arrival

points (see Figure[l.13).

N

Figure 1.13: Example of a pseudocycle.
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1.4 Topological equivalence of Filippov Systems

In this section, we will define topological equivalence and X-equivalence, under which objects

such as periodic orbits, cycles and pseudo-cycles are preserved.

Definition 1.33. (Guardia et al. [14)], page 1977). Two Filippov vector fields Z and V4 of 3" defined
in open sets U and U and with switching manifolds ¥ C U and YcU respectively are X-equivalent
if there exists an orientation preserving homeomorphism h : U — U which sends ¥ to ¥ and sends

orbits of Z to orbits on

It follows from the definition of X-equivalence that regular orbits are taken to regular orbits and
distinguished singularities to distinguished singularities. Moreover, since it sends arrival and de-
parting points to arrival and departing points, the sets X¢,X5 and X¢ are preserved. Consequently, it
also sends sliding orbits to sliding orbits and preserves separatrices, separatrix connections, periodic
orbits, cycles and pseudocycles.

The definition of X-equivalence is strict, as it requires the preservation of the switching manifold.
Nevertheless, topologically, for Z and Zto display similar qualitative behavior, it is not necessary to
preserve the crossing region X¢. The flow near a point in the crossing region is the same as the flow
near a regular point in X or X~ where the vector field is smooth. Thus, we will consider also the

classical concept of topological equivalence.

Definition 1.34. (Guardia et al. [14], page 1977). Two Filippov vector fields Z and Z of 3" defined
in open sets U and U and with switching manifolds ¥. C U and YcU respectively are topologically
equivalent if there exists an orientation preserving homeomorphism h : U — U which sends orbits of

Z to orbits on

From these definitions, we conclude that if two vector fields are X-equivalent, then they are also
topologically equivalent but the reciprocal is not true. For an example of the non-validity of the re-
ciprocal we refer to Section 9 of [14], on page 1998. And, analogously to X-equivalences, topological
equivalences preserve X and ¢, which implies that they preserve ™ UX ™~ UZX¢, regular orbits, slid-
ing orbits, distinguished singularities, separatrices, separatrix connections, periodic orbits, cycles and

pseudocycles.

Definition 1.35. (Guardia et al. [14)], page 1977). Let X and X be smooth vector fields, and @ (t,x)
and @z (t,x) their corresponding flows. We say that they are C"-conjugated if there exists a C" home-
omorphism h such that h(@x (t,x)) = @z (t,h(x)).

According to Perez [19, page 34], since & is a smooth homeomorphism, then it follows that

hox(1,x) = og(t,h(x) =

& Uox (1) = Lo (1.h(x) =

Dh(px(t,%) & (px(1,0) = S(pg(t,h(x))) —

Dh(px(t,%) ) = X(pg(t,h(x) ==
)

)X (ex (1,
Dh(p)X

X ( )
(p) = X(h(p)),
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where Dh denotes the differential of 4. From the bijectivity of A, there exists a point p in the domain
of h such that

Dh(h™ ! (p))X (k™" (p)) = X (p)-
Thus, 7.X = X, where h,X (p) = Dh(h~(p))X (h~"(P)) (see Figure .

P [ ) Z+ /h\‘ h(p). i+
Y \./ > wo
q=ox(t(p),p) h(q) = @5 (t(h(p)),h(p))
Y- b

Figure 1.14: C"-conjugation h.

Proposition 1.36. (Guardia et al. [I4|], page 1978). We consider any diffeomorphism h : U — U
which conjugates on one hand, X in ¥™ C U and XinrcU and, in the other hand, Y in X~ C U
andY in X C U. Then, it also conjugates the sliding vector fields Z* and 7% and therefore h gives a
topological equivalence between Z = (X,Y) and Z = (X, Y).

See Perez [[19] page 34] for a proof of Proposition [I.36]

Now that we have studied some of the main concepts of piecewise systems, we will study Lya-
punov constants and Melnikov functions for the computation of limit cycles. We will then apply
these methods to examples of planar systems. In all cases we consider, the switching manifold will
correspond either to the subset of x-axis or to the subset of y-axis. Consequently, we will adjust the

notation for a Filippov systems to Z = (X*,X ") or Z = (Y,Y ™), respectively.



CHAPTER 2

Lyapunov coefficients for piecewise
systems

In this chapter, we will study a perturbation problem involving perturbations of a weak focus.

In particular, consider the following class of discontinuous planar systems of ordinary differential

equations
_ Pt
X+ = er+Q+((x’y)) . ify >0,
Z= * Px’y @2.1)
x—= (TP <o
x40~ (x,y)

where PT,Q0",P~,Q" are analytic functions starting at least with second order terms. The above
system has the origin as a critical point. We are interested in the following two problems:

(Q1) The center-focus problem, that is, to determine if the origin of system (2.1)) is either a center,
or an attractor, or a repeller.

(Q2) The cyclicity problem, that is, fix a class of systems of type (2.1) and determine the max-
imum number of limit cycles which bifurcate from the origin under the variation of the parameters
inside this class of systems.

Furthermore, if any linear term is added to system in X' and X, then the linear parts of the
vector fields X and X~ at the singular point (0,0), given by DX ((0,0)) and DX~ ((0,0)) respec-
tively, can have zero trace and positive determinant. In this case, the origin can be a X-monodromic
singularity of the system (2.1)), that is, the origin can be a center, a focus, or a center-focus. In

particular, if origin is a center, then one more limit cycle can appear.

2.1 Definitions and main results

In this section we will see the method to compute the Lyapunov constants. Consider the piecewise

system (2. 1J).

21



22 Chapter 2. Lyapunov coefficients for piecewise systems

Note that the origin is a critical point. By applying a polar coordinate transformation to (2.1]), with

x =rcos 0 and y = rsinf, we have that:

Wyt =12 G +y?) =5 () 2k + 2yy = 2rF
{ﬁ:tan@ — {%(%) :%(tane) — yxx_zyx:seczeé
r,:fo—yy . xi+yy
ro. . r= )
= 06— yx_yxl — O'Zyxr_yx_
r2cos? @ oy r2

For y > 0, we have that 0 € [0, 7] and

(. [rcosO(—rsin® + Pt (rcos@,rsin®))] + [rsinf(rcos 6 + Q" (rcos(0,rsind)))]
r
_ [rcos6+ Q" (rcos6,rsin®)rcos 0] — |rsinf (—rsin 4+ P (rcos @,rsin@))] —
- 2
\ r
( i rlcos OP T (rcos 6, rsinB) +sin@ Q™ (rcos 6, rsind) )]
r
b r2[sin?8 + cos’ 6] | reos Q7 (rcos0,rsinB) — rsin@P* (rcos 6, rsin6)] —
L r r?
i =cosOP T (rcos0,rsinB) +sinf Q" (rcos 6, rsind))
=1+ . [cos 00T (rcos ,rsin@) —sin@P " (rcos 6, rsinf)]
F=R"(r,0),
6=1+0%(r0),
where
R"(r,0) =cosOP " (rcos 8, rsin@) +sin@Q ™ (rcos 0, rsindh)),
1
O1(r,0) = —[cos Q" (rcos 0, rsinf) —sin@P* (rcos 6, rsind)].
r
Applying the same idea to the case y < 0, we have that 6 € [r,27| and
F=R(r,0),
6=1+0(r,0).
So, the expression of (2.1)) in polar coordinates is given by
—~ R*(r,0
X+ = (r.0) ., ife 0,7,
- 1107 (1,0)
7— R (09 2.2)
X- = (r . if 6 € [1,27],
1+0(r,0)

where R™, R~, ®" and @ are analytic functions in 7, sin@ and cos 6.
As Chicone [3, page 508] observes, ®" and ®~ have a removable singularity at » = 0. By the
change to polar coordinates, the singularity at the origin in the plane has been blow-up to the cir-

cle {0} x S! on the phase cylinder R x S'. In this case, the singularity at the origin corresponds to the
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family of the periodic orbits on the cylinder given by the solutions () =0 and 6(r) =t + 6. Tak-
ing this into account, unless stated otherwise, from now on we will assume that 8y = 0. In addition,
the Poincaré section 8 = 0 corresponds to the Poincaré section {y = 0} of the family (2.1). Thus,
there is a correspondence between the returns maps and the displacement function associated with
this respective Poincaré section.

Since 8 = 1+0"(r,0), for 6 € [0,7]), and § = 1+ O (r,0), for 6 € [r,27], are not vanishing for
t =0, then 0 is local invertible on some bounded time interval, by the Inverse Function Theorem (see

Theorem[A.4). So, we can remove the dependence on time ¢ from the equation (2.2)), thus obtaining

R (r,0)
— - if0e|0
&r | Trerrey 100, 03
do ) R (r0) : '
—_— fo 2m|.
o (g 0€lm2
By Proposition [I.28] we have that the origin is X-monodromic singularity of Z.
Now, consider the following initial value problems
R+(l”,9) . R_(I”,e) :
d —_— foe0,x d —_— fO e |x2x|.
G310 (e 0.7, =y 1+ve(ne) =27 (2.4)
r+(p70):p7 r+(p70):p,

We will find the systems of differential one-forms with the initial condition equivalent to these

systems. By Cartan [4, page 88], the equation (2.3) is often written in the form

R (r,0)

————d0, if6e|0,rx
i 1+0+(r,0) ' 0, 7],
' (r,6) do, if6 € [rn,2x]
1+0-(r,0) ’ ’ '

The solution is the function r(8) which annihilate the differential forms

R*(r,6) R (r,0)
dr— ——— dr — ———————-do
"Tirerrne) T YTire-re)
which is equivalent to annihilate the differentials forms
R™(r,6) R™(r,6)
—|r—= —\r—= . 2.
rdr (r 1+®+(r’9))d9, rd,r (r (16 (1.0) do (2.5)

Let H(r) = r?/2, then dH = rdr, and we have that [r- R*(r,0)]/[1 + ®*(r,0)]d6 are analytic
one-forms, 27-periodic in 6 and polynomial in r. Thus, the solution curves of system (2.2) can be

obtained as solutions of the next system of differential one-forms:

dH+ Y o' =0, if6e[0,7], dH+Y o7 =0, if6 € [r,2x],
i>1 i>1 (2.6)
r*(p,0) =p, r(p,m) =p.
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Let rt(p,0) (respectively, r~(p, 0)) be the solution of the initial value problems. Since dr/d@ is
a quotient of the analytic functions R*,R~,@",®~, then r*(p, 8) admit power series expansions for

p > 0O sufficiently small, given by
rF(p,8)=p+Y p(8)p, if6 €0,
i=2
r(p,8)=p+Y p; (6)p', if6e[n2q7],
i=2

where p;(0) =0 and p; (x) =0, forall i > 1.
Definition 2.1. (Gasull and Torregrosa [13], page 1756). The positive half-return (or half-Poincaré)
map and the negative half-return (or half-Poincaré) map are functions such that

It (p) =rt(p,m)=p+ ) pif (m)p’,

i>2

IT(p) = r(p.27) = p+ Y. py (2m)p".

i>2
Definition 2.2. (Gasull and Torregrosa [13], page 1756). The complete return map or complete

Poincaré map associated with system (2.1) — or equivalently to system (2.6) — is given by the com-

position of these two maps:

(p) =11" (IT*(p)) :=p + }_ pi(6)p", 2.7)
i>2
as depicted in Figure[2.1]
I+
I(p)
0 p
-

Figure 2.1: The return map of system (2. 1])

Since IT", IT~ and IT depend on r* or r~, then they are analytic maps. If a return of a half-return

map [T+ is associated with a vector field X, then we write ITy or I'I?

Definition 2.3. (Gasull and Torregrosa [13], page 1756). The first nonzero py(0) is called the kth-
Lyapunov constant of system (2.1), and is denoted by V.

This definition implies that V| = --- = V;,_; = 0. Furthermore, in these cases, if there exists k > 2
such that Vj, # 0, then the origin of system is a weak focus of order k. Otherwise, the origin is a center.

In addition, the weak focus is an attractor, if V; < 0, and it is a repeller, if V; > 0.
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According to Gasull and Torregrosa [13), page 1756], a main difference between the smooth case
and the general system (2.1) is that while in the first case the first nonzero Vi occurs always for odd
k, for the second case k can be any natural number greater than 1.

In view of this, we need a method to compute ITt and IT~, and then compose them for to obtain
these constants. The next Lemma shows a way to simplify both problems, but before we state and

prove it, we need the following result.

Lemma 2.4. (Coll et al. [I6], page 1756). Let f(x) = x+ Zf,-xi and g(x) = x+ Zgixi be the power
i>2 i>2
series expansion of f and g, respectively, defined on a real domain containing x = 0. Then, the
following statements are equivalent
(i) There exista € R, a# 0 and j € N such that (go f)(x) = x +ax/ +O(x/1);
(ii) There exista € R, a # 0 and j € N such that f(x) — g~ (x) = ax/ + O(x/*1).
See Coll et al. [6, page 1756] for a proof of the Lemma[2.4]

Lemma 2.5. (Gasull and Torregrosa [l13|], page 1757). The first nonzero term of the map I1z(p) — p
defined in 2.7) (see Figure[2.2) coincides with the first nonzero term of the map

M. (p) — (M)~ (p) =TI (p) —TT7y, (P).

I, (p)

Figure 2.2: Half-return maps IT* and (H*)_1 of system (2.1))

Proof. Consider the change variables (X,,7) : (x,y,t) — (x,—y, —t) in the differential equation asso-
ciated with X —, then

. d
X= Ex(—t) = —x(-1),
5= &0 =3(-)
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Now, consider
x(—t)=r(—t)cosO(—t) and y(—t)=r(—t)sinO(—t).

Since 6(¢) € [m,2x] in X, it follows that sinf () < 0. Consequently, —y(—t) = —sin6(—z¢) >0
and 6(—1) € [0, 7.

Furthermore,

y(—t) =r(—t)sinO(—1) (1) =tan0(—r1)
Ht) = X(=0)x(=t) +y(=1)y(=1)
r(—t) ’
) oy DD 0
(r(=1))?

Let 7 = r(—t) and 6 = 6(—1). We have that

— (H_(W))1 =10,

{7 cos@ S~ (rcos 5,?sin5) —sin@ Q (rcos 5,7sin5))
—-X (xvfy),

S 1 . ~ o~ . ~ o~
O(—t)=1+= (Q_(rcos 0,7sin@) + S~ (rcos 9,rsin9)>
r
that is, the inverse of the map II, (xy) COMES from the fact that r and 6 are functions depending
on —t.

Now, consider f(p) =TI} (p) and g(p) =TI _(p). Then, f and g are analytic functions vanish-
ing at zero and such that f'(0) = g’(0) = 1. Furthermore,

Mx(p) —p =11, (i, (p)) —p = g(f(p)) — p-

If there are no nonzero terms in IIx(p) — p, then the origin is a singularity of center type. Oth-
erwise, if there exists a nonzero term in the map Iy (p) — p defined in (2.7)), then by Lemma [2.4|the

first nonzero term of the map Iy (p) — p coincides with the first nonzero term of the map

F(p) =& (p) =T (p) — ()~ (p) =TIy (p) —TLY,_  (p).



2.1. Definitions and main results 27

By this lemma, when V;, # 0, the weak focus is an attractor, if V; > 0, and a repeller, if V; < 0.

Regarding the study of limit cycles in this context, we define the displacement function.

Definition 2.6. The displacement function is the analytic function defined by

Alp) =TI}, (p) — ()~ (p).

In particular, as noted by Gasull and Torregrosa [13, page 1757], this lemma reduces the com-

putation of H; (resp. (IT,, ~1) to the study of the half-positive return map of a smooth planar

x-)
differential equation of the form:

dH + ) o; =0,

i>1
associated with X (x,y) (respectively, —X ~(x, —)).
The following result reduces this problem to the study of a perturbation of the Hamiltonian system
dH =0, where H(r) = r?/2.

Lemma 2.7. (Gasull and Torregrosa [13|], page 1757). Let
I (p)=p+Y. pi(n)p'
i>2
be the positive half-return map associated with the polar expression of a smooth system of type (2.1]),

written as
dH + ) o; =0. (2.8)

i>1
Let r(0,€,p) = Y 7i(0,p)€' be the solution of the initial value problem
dH+ Y e'wf =0,
i>1 2.9)
r(0,e,p) =p.
Then, the half-return map is given by I (ep) = er(x,€,p). Consequently, for i > 2, the coefficients
are determined by pi () =ri_1(m,p)/p’.

Proof. For each fixed € and p, let ry(0) be the trajectory such that rs(0) = €p and ry () =
[Tt (ep). Let 7(0) = rs1(0) /€. 1t follows that:

N r501(0) _ &P _
(0) = e —?—P-

Next, we derive the ordinary differential equation satisfied by 7(0). Substituting ry, into (2.8)) and
noting that H(r) = r*/2 implies dH = rdr, we have:

r— rso = €F = dr — d(rs)) = d(€7) = € dr.
Consequently,

dH (rgo1) = reo drol = (€7) (€ dF) = €2(7 dF) = € dH (7).
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Furthermore, the analytic one-forms @; are derived from the polynomial terms of system (2.T)).
Since P*(x,y) and Q* (x,y) start with terms of degree 2 or higher, each @; is a homogeneous polyno-

mial in r of degree i 4 1. Thus, we obtain:
@i(rso1, 0) = w;(€7,0) = €y (7, 0).

Moreover, since RT and @ start at least with terms of second and first order in r, respectively,
the term [r-R*(r,0)]/[1 +©®*(r, )] in equation (2.5) starts with second order in r. Thus, the @; are
polynomial functions in r of order i + 1. Consequently, w;(€7,0) are polynomial functions where €

has order i + 1, which implies:
@;(rso1, 0) = w;(€7,0) = € w; (7, 0).
Therefore, ry, satisfies:

dH (rso) + Y 0 (rs01,0) =0 => €?dH(F)+ Y e/ (7,6) =0
i>1 i>1

= dH(F)+ ) €'wf (7,6) =0.
i>1

Hence, 7 = ryo1 /€ is the solution of (2.9). It follows that ITT (€p) = ryo1(7) = €7(7). As a conse-

quence, for i > 2 and setting pf“(?t) =1, we have:

T (ep) = ep+ Y pj (W)elp’ = er(me.p)=¢ <p ¥ Zp,-wr)e“pf)

i>2 i>2

= r(m,e,p)=p+) pf(m)e'p’

i>2
= Y ri(m,p)e' =Y pi (m)e”
i>0 i>1
:>Z”11717Pll sz zll
i>1 izl
= ri1(m,p) = p; (M)p'
r'—l(n7p>
= pi ()= ZT
Finally, we conclude that IT" (¢p) = er(x,€,p) and, for i > 2, p; (7)) = ri_1(7,p)/p". O

The proof of our main result also relies on the following technical lemma regarding the decom-
position of arbitrary one-forms. Such a decomposition is reminiscent of the methods employed by
Francoise [10, (11} [12].

Lemma 2.8. Let Q = o (r,0)dr+ B(r,0)d0 be an arbitrary analytic one-form, 2x-periodic in 0, and
H(r) = r?/2. Then there exist functions h(r,0), S(r,0), and F(r), also 27-periodic in 0, defined by

o(r,0)—dS(r,0)/dr

1 2w 0
Blry)ay, S(:0)= ["Blry)ay —F(6, h(r0) =TI TR

27 Jo

F(r)=
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such that
Q=0+0!

where Q¥ = hdH +dS and Q' = F(r) d®, satisfying

/ QO:O,/ Q‘:/ Q.
H=p H=p H=p

Proof. In fact, we can write:

=0(r,0) dr+f(r,6) d6

=ao(r,0

oL Fhon - poner)
s il (ol o))

)

(r,0)dr d9+{ /B 1//——/ B(r, dl//} deo
=o(r,0) dr

=o(r, 0)

0

=o(r,0) dr+ d (% OMB(r,I//) dl//> 61
S ([ pewav— (5 [TBuwav)e)]| a
1 2
+ E/ B(r,l//)dl//) do

r), S(r,0), and h(r, ) as in the statement, we obtain:

Q=hdH+dS+F(r)do =Q°+ Q.
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Furthermore, let D = B((0,0),p). By Stokes’s Theorem (see Theorem|A.11)), we have:

H:pQOZ /D do’
_ / d(hdH) +d (dS)
D
:/ [(dh AdH) + (h d (dH))] +0

/ [(dh AdH) +0]

_ (( h(r, ) dr+%h(r 0) de) (rdr))
:/r 2 n(r,0) d6 Adr

27r
_/ / r—hre 46 dr

(r,2m) — h(r,0)] dr

:/ r-0dr
0
=0

\

Consequently,
Q= ol.
H=p H=p
[
Theorem 2.9. Let r(0,€,p) be the solution of the initial value problem
dH+ Y51 €', =0
+21218 ; ) (210)
I"(O, g, p) =P,

where H(r) = r*/2 and the one-forms @; = ;(r,0) are 2x-periodic in 0. Then, for any n € N, the

solution r(0, €, p) satisfies the implicit equation

HOEDIP oty = Yol [ rirtwe. o siotven) ).

where the one-forms Q; and the functions F;(r), hi(r,0), and S;(r, 0) are defined inductively as follows:
let ho = 1 and set
i
—Q; = — Z O)jh,'_j = h;dH +dS; + F;d6,
j=1
fori=1,2,... n, where each —Q; is decomposed according to Lemma

Proof. Denote by 7 = yg(G p) the curve {r(y,e,p),y €0, 9]} the solution of (2.10). Consider the
one-forms —Q; fori = 1,...,n and their decompositions given in Lemma. Smce dH+Y ;> €'0; =
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0, we have:

(1 +ieihi> <dH+i§i£iwi>]

(dH+Zew,+Zsh dH+Zeh st,)
Y

i>1 i=1 i=1 i>1

-/ dH+<i{e(o+0 e ) ieh dH+<i;€i”hiwj>
:/%{dH+§ie"(a)i+hidH) (];2 Z - ,coj> o(e"h) +0(e”+1)}
_/ye{dH+lZn‘iei(a)i+hi dH) + <é£k<2hk 0 — a)kh())) +0(e") +0(€”“)}
_/yg{dH+gei(co,-+h,- dH) + <§‘z£k Q — - )>+0(8"“) +0(8"“)}

dH+Z£ @; + h; dH) +Ze (Q— o) +0 (")
i=1 k=2

Il
=

n

dH—‘rS((O] + dH)+Z£’(w1—a)1+Q,+h, dH)—i—O(SnJrl)]
=2

Il
=

dH +&(Q+h dH)+ Y &' (Q +hy dH) + 0 (¢")
=2

1
=

I
T

(dH—i— zn:sl (Q+h dH) + 0 (s”*l))

=1

I
T

(dH— Y €l (Fi(r) d6 +dsz(r,6)>+0(8”+‘)>

Fi(r)de+ [ dS( 9)> +0 (")

Ye

I
—

o

Sy

|
—
M-

mN

m 7N

=

[zgl ([ twep) av-+ 510,200 510,00 )| +0 (&)

[=

n+1
o +0(e"),

1
- [Heep=r) Liel ([ twepnavsiomen. )

r2(9,872p)_P ey ie’ [/ r(y,€,p))dy +Si(r (w,g,pw)(:j}

0
Corollary 2.10. Let r(6,€,p) = Y,~ri(0,p)€" be the solution of the initial value problem (2.10).

Assume that the functions ro(0,p) = p,r1(0,p),...,rn—1(0,p) are known. Then, r,(0,p) can be ob-
tained by equating the €"-terms in the implicit expression of r(0,€,p) given in Theorem Specifi-
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cally, the equation takes the form

prn(97p) = ‘g\n(eapvrl?"'vrn—l)a
where %, depends on the one-forms ®y,®,,...,®, through the corresponding functions F;,S;, and
ri=ri(0,p) fori=1,2,...,n. In particular, we have F, = Fy(p)0 +S1(p,0) —S1(p,0) and

— 0
Fr=F(p)o+ {Sz(p v)+ a;: (p,wm(w,p)] \Zzz—%r1(97p)2+F{(p)/o ri(y,p)dy.

Proof. Letr(0,€,p) =Y,;>0ri(6,p)€". Then, we have:

2 2
r2(0,e,p) = (Zr,ep ) :<p+zr,-(9,p)gi>

i>0 i>1

=p>+2pY ri(6,p)e'+ Y ( ) rifj(&P)) e,

i>1 k>2 \i+j>k
which implies

r(0,¢e,p

2 _er,GpeJr Z(Z r,-rj(e,p))gk

i>1 25 i+j>k

:prl(e,p)E—FZ (prk—l—% Z I”ﬂ‘j(@,[))) ek

k>2 i+j>k

Since F; and S; are analytic, they admit power series representations. Using r(0,€,p) — p =

Yi>17x(0,p)€" and fixing y, we expand F; around p:

F(r(y,e.p)) = F(p)+F (p)(r p)+%f}”(p)<r—p)2+---

1
=F(p)+F(p)(ne+ne’+. )+ F (p)(ne+..) +...

= F(p) + [ ()rle + [F (p)ra-+ 3 F'(p) e + O(&).

Similarly, fixing y, the Taylor expansion for S; is:

dS; 192S; 2
Si(r(w.€.p),¥) =Si(p, W) + 52 (p.¥)(r=p) + 555 (P W)(r—p)~+...

=Si(p,y) + {%(p,w)rl(w,p)} €
. 2¢.
* {%(P’W’?(‘%P)%%(p,w)r%(w,p)} £+ 0(&).

By Theorem [2.9] substituting these expansions into the implicit equation:

pr18+2 (prk+ ) rlrj>e —zn: {/ r)dy +Si(r, ll,))"’—(‘j.

i+j=k =
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Equating the coefficients of €", we obtain the recursive relation:

pr,,(@,p) = ﬁn(e,p,rl,...,rn_l),

where .%, depends on the one-forms @y, @, ..., ®,, by the corresponding F;, S;, and r; = r;(0,p), for
i=1,2,...,n
Specifically, for £

0 y=0
%zpme,p):/o F1<p>dw+sl<p,w>\w — Fi(p)6 +51(p.8) — S1(p.0).

For €2, collecting terms from the expansion of Fi, S| and F>», S5:

dS, y=0

1 7]
Py = Fy(p)0+ [Sz<p,w>+$<p,w>n} AR E) [ nv.pay.

y=0

2.1.1  Method for computation Lyapunov constants

Based on Andronov et al. [1, page 250] and on Gasull and Torregrosa [13, page 1758], for the

computation of the Lyapunov constants, we proceed as follows:
1. Write system (2.1)) in the polar form (2.3]), which can be expressed as:

{dHJrZilej:o, if 6 € [0, 7], 2.11)

dH+ZlZl (Di_:(), if 0 € [7[,275]

2. Consider the expression of (Z.11) in the upper half-plane and denote by X its associated vector
field.

3. Associate with this vector field the initial value problem (2.10) and calculate r(6, €, p) by using
Corollary

4. Use Lemma|2.8|to obtain IT} (p) from r(7, €, p).

5. Consider the expression (2.11)) in the lower half-plane and denote by X its associated vector
. — . +
field. Take the transformation —X ~ (x, —y) and repeat steps andto obtain IT", (x,—y) (p).

6. Compute the difference H;g+ (p)— HfX,(x ) (p). According to Lemma its series expan-
sion yields the Lyapunov constants for system (2.1)).

In practice, let r*(p,0) and r~(p,0) be the solutions of the following initial value problems,

respectively:
dr dr
&gt — =R~
ag ~F PO g e, a6 K PO ipgeinom, (2.12)

I’+(p,0):p, r(p, ) =p,
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where
RY(p,0) =R} (8)p +RI(8)p>+---, if6el0,n], o)
R™(p,0) =Ry (0)p+R, (8)p>+---, if6 € m,2n], '
Recall that the solutions can be expressed as power series in p:
rH(0,p) = p{ (O)p+p5 (0)p” +--+,  if 6 €[0,7], o
r(0.0) = p (0)p+py ()P +--, ifO€[z2m], |
where, according to the initial conditions in (2.12), the functions p;~(8) must satisfy:
pi(0)=1, py(0)=p;(0)=-:-=0,
(2.15)
pi(m) =1, py(n)=ps(m)=--=0.

Substituting the expressions (2.13) and (2.14) into (2.12), and equating the coefficients of cor-
responding powers of p, we obtain the following recursive differential equations for the functions
p(0),i=1,23,...

((p7)(6) =Ry (6)p}(0),
(pf)'(G) =R{(0)p3(8)+R; (6)(p](6))?, it 0 [0.7]
(P3+)’(9) = R{(0)p3(0)+2R; (6)p; (6)p; (6)+R3(6)(p} (6))?,
(2.16)
((py)'(6) =R (8)p (6),
(p7)'(8) =Ry (8)p; (8) +R; (8)(py (6))?, 6 e r.2m
(p3)(0) =Ry (8)p5 (8)+2R; (8)p; (6)p; (0)+R3(0)(py (6))?, T

The condition (Z.13)) may be considered as the initial conditions for the functions p7~(8) satisfying
differential equations (2.16). Using these initial conditions and successively integrating equations

(2.15) as linear differential equations for the corresponding functions, we obtain

(i (6) =ex [foems)ds}
p3(6)=pi(6 >f09R+<> [ (s)ds it 6 e [0, 7],
p3(6)=pi(6) 5 [2Ra(s )pi( )+ Rals )(pi (5))?] ds,
\ (2.17)
(17(8) =exp [ Ry (s)ds]
Pz_(e): 1 (6 )fn: 2 ($)py (s)ds if 6 € [m,27).
Py (6)=py(6)f7 [2R2(S)p£( )+R3( )(py ())?] ds,
Hence, the half-return maps IT}, (p) and (IT,_) ! (p) are given by:
My (p) = r*(z,p) = pi (m)p +p3 (w)p* + -+, 218

(H);_ (p))il - Hi—X*(x,—y) :ﬁl_(n-)p +ﬁ2_(ﬂ’.)p2+ )
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where the coefficients p; (1) are determined by the system:

Finally, the k-th Lyapunov constant V} is derived from the expansion of the full displacement map

as:
Vi = p; (m) — py (7).

For a detailed implementation of this algorithm in Maple, see Appendix

2.2 Applications

In this section, we apply the method described above to solve the center-focus problem and to
obtain small-amplitude limit cycles for two cases of discontinuous differential systems: quadratic
systems and Liénard equations.

2.2.1 Quadratic systems

In this example, we classify the centers of a family of discontinuous quadratic system. For this

family, we also find an example with five limit cycles.

Proposition 2.11. Consider the system

X+ — —y+ P20X* + p11xy + pozy? y>0
. X+ q0x” + quxy+ 90y’ ) 0
X = —y) , y<0.

X

Then, the origin is a center for this system if one of the following conditions holds:
(i) pi1=¢q20=q02=0;
(ii) p20 = p11+q20=po2+qi1=q0n=0;
(iii) 2p20+q11 = p11+2q02 = q20 =0;
(iv) p20=—pi1+q20 =q02+q20 = pon=0;

(v) 2p11920 +3P30 — 2030 = 2411 + 520 = 8P02q30 — 3P30 + 8P20430 = 4402G20 — 3P30 + 4430 = 0.
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Proof. To show that there are no additional centers within this family, we compute several Lyapunov
constants by using the Appendix [B| Since the system has six parameters, Maple may not simplify
the expressions for the Lyapunov constants. If this happen, the reader should employ to use the
Grobner basis techniques to manually simplify the constants. To perform this simplification, replace
the sections “Calculation of simplified Lp[j] and Lm[j] coefficients” and ‘“Calculation of Lyapunov

coefficients”, in the code with the following:

#Calculation of simplified Lp[]j] and Lm[]j] coefficients

vars:=[pll, gll, p02, g02, p20, g20]:

ord := tdeg(op(vars)): #we are defining an order for the Groebner
basis

#Positive case

Vlip := 0:

V2p := factor (NormalForm(Lp[2], Basis([V1p], ord), ord)):

V3p := factor (NormalForm(Lp[3], Basis([V1p, V2pl, ord), ord)):

Vidp := factor (NormalForm(Lp[4], Basis([V1p, V2p, V3pl, ord), ord)):

Vbp := factor (NormalForm(Lp[5], Basis ([V1p, V2p, V3p, Vi4dp], ord),
ord)) :

Vé6p := factor (NormalForm(Lp[6], Basis([V1p, V2p, V3p, V4p, V5p], ord
), ord)):

V7p := factor (NormalForm(Lp[7], Basis([V1p, V2p, V3p, V4p, V5p, V6p
], ord), ord)):

#Negative case

Vim := 0:

V2m := factor (NormalForm(Lm[2], Basis ([V1im], ord), ord)):

V3m := factor (NormalForm(Lm[3], Basis([Vlim, V2m], ord), ord)):

V4m := factor (NormalForm(Lm([4], Basis([Vlim, V2m, V3m], ord), ord)):

Vbm := factor (NormalForm(Lm([5], Basis([Vlim, V2m, V3m, V4m], ord),
ord)) :

Vom := factor (NormalForm (Lm[6], Basis ([Vlm, V2m, V3m, V4m, V5m], ord
), ord)):

Vim := factor (NormalForm(Lm([7], Basis([Vlim, V2m, V3m, V4m, Vb5m, Voém

], ord), ord)):

#Calculation of Lyapunov coefficients

#If N>7, then add V8:=V8p+V8m, and so on...
V1:=Vlp+Vlim;

V2 :=V2p+V2m;

V3:=V3p+V3m;

V4 :=V4p+Vim;

V5:=V5p+Vbm;

V6 :=V6p+Vom;

V7:=VT7p+Vim;
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Using this procedure, we obtain the following Lyapunov constants:

2
Vs 2=3 (P11 +q20+2902),

V3= ~3 (21?20902 + 02911 + 320920 + 411920 + P02920) »
:is (2920 (6p20P02 + 3P50 — 445> — 4902420) ) »

Vs = 614612010207r (P30 —2P20411 — 8402920 — 843

Vo =17z 16p20430 (2P02420 — P20402 + 420P20) ,

V7 =0.

Solving the nonlinear system {V, =V3 =V, =Vs = Vg, =V; =0}:
solve ({V2 = 0, V3 =0, V4 =0, V5 =0, V6 =0, VI = 0});
yields exactly the families stated in the theorem, which completes the proof. [

During the development of this research, item (v)) of Proposition 2.11] was corrected. However,
in order to prove the converse of the result, it would be necessary to find a first integral associated
with system under the conditions given in item (v]). Since we are still working on obtaining this first

integral, we decided to present only the direct implication of the proposition.

2.2.2 Liénard equations

In this section, we study the center-focus problem for Liénard discontinuous systems of the form

x+_ [T ELax . ify>0,
Z= y " (2.19)
- — [ YT Limbi . ify<o0.
X

According to Coll et al. [6, page 1752], the following families of systems of this type have a center

at the origin for
(1) axk+1 = bog+1 =05 0r
(i) ag +by =0;

for all k € N. Also, the authors try to prove that the above families are the only centers inside (2.19).

In particular, they show that for the following particular systems

_ 2j+1 4y 2(k—J)
xt— YTy ) ify >0,
X

Z= _y— 20t
X = , if y <0,
X
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for 1 < j <k, the Lyapunov constant V5, = C; ; is not zero, and then indeed the above families are
the only centers for system (2.19). With this aim they compute some Cy ; for k < 6, obtaining in all
cases a number different from zero. The methods of Gasull and Torregrosa [13]] allow to compute
these values for larger values of k. In particular in Table the values of Cy ; for 1 < j <k <10

are given. To calculate these constants, in the section “Non-linear part of system” and “Variables” of

Appendix B] replace them with:

#Non-linear part of system

k := ; #Enter a number greater than or equal to 2 here.
j := ; #Enter a number here that is greater than or equal to 1 and
less than k.
N := 2xk;
Ap := x" (23 + 1) + x*(2x(k = J));
Bp := 0;
Am := —-x*(2x] + 1);
Bm := 0;
#Variables
Xp = -y + Ap;
yp := X + Bp;
xm := -y + Am;
ym := X + Bm;
Table 2.1: The values of Cy ; for 1 < j <k < 10.
k\j 1 2 3 4 5 6 7 8
14
2 15
58 26
3 525 21
4 _ 102 578 38
1225 945 27
5 __ 84806 1774 446 50
72765 24255 495 33
6 _ 2516806 381454 20506 2338 62
1486485 945945 45045 2145 39
7 _ 10882038 _ 5201926 22138 17746 3578 74
5010005 6243237 405405 25025 2925 45
8 _ 390159442 _ 80616454 _ 1571630 1388402 20666 562 86
149324175 65702637 5054049 3828825 23205 425 51
9 _ 123363871018 3311635214 809489458 6970394 3868322 174142 6778 98
40811445675 2080583505 1248350103 160044885 6613425 169575 4845 57
10 36344996758 788914022 2575685746 58491854 13153354 1609546 89678 8738 110

~ 10667118605

4134146445 2675035935 231175945 43648605 2136645 79135 5985 63
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Proposition 2.12. For n =7 the only centers of system (2.19)) are the ones satisfying
(i) either a3 =by =as5=bs=a7; =b7;=0; or
(ii) ai+b;=0,i=2,...,7.

Proof. By the results of Coll et al. [6, page 1752], we know that both families have a center at the
origin. We have to prove that there are no additional centers. So, we need to calculate the Lyapunov

constants. Thus, in the section “Non-linear part of system” and “Variables” of Appendix [B| replace

them with:

#Non-linear part of system
M :=7;
N := 12;
Ap := sum(al[il*x"1i, i =2 .. M);
Bp := 0;
Am := sum(b[i]#*x"i, 1 =2 .. M);
Bm := 0;

#Variables
Xp = -y + Ap;
yp = Xj;
xm := -y + Am;
ym := X;

Thus, we obtain

Vs =0,
V3=§7'L'(a3—|—b3),
4
V4:E(a2a3 +b2b3),
5
V5=1—67T(05+b5)
Vo= 20 (azaq+ bba) + 22 (azas + babs)
6 = 5y (4304 +b3ba) + 57 (a2ds + Dabs),
35
Vi = ﬁﬂ(éﬁ +b7)
8 2 578
Vi byb bs3b — bab
8= 55 — (axa7 +bab7) — 1555 (azag + b3 6)+945 (asas + babs),
Vo =0,
1774 446
Vio= bsb — bab
10= 5755 (asag + bs 6)+495 (asaz +bsb7),
Vit =0,
20506
beb
127 15045 ———— (aga7 +beb7) .
Now, we need to solve the system {V, = V3 =--- =V}; =V}, = 0}. For that, we will use the code:
solve ({V[3] = 0, V[4] = 0, V[5] = 0, V[6] = 0, V[7] = 0, V[8] = O,
V[9] = 0, V[10] = 0, V[11] = 0, V[12] = 0});
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whose solution is

{ay = az,a3 = 0,a4 = ay4,a5 = 0,a¢ = ag,a7 = 0,by = by, b3 = 0,by = by,bs = 0,bs = bg,b7 =0},
{a2 = by,a3 = —b3,a4 = by,as = —bs,as = bg,a7 = —b7,by = by, b3 = b3,by = by,bs = bs,
be = b, b7 = b7}

This concludes the proof of the proposition. Note that the rational numbers involved in the even

Lyapunov constants are the ones given in Table [2.1] 0



CHAPTER 3

Melnikov Function for piecewise systems

In this chapter, we study a perturbation of a periodic annulus. In such systems, limit cycles can
bifurcate either from the boundary or from the interior of the annulus. According to Han and Yu
[15 page 261], in both cases, the limit cycles under consideration correspond to fixed points of the

Poincaré return map, which is an analytic function near any periodic orbit in the period annulus.

Thus, the perturbation problem can be reduced to the analysis of an analytic near-Hamiltonian
system H. For this class of systems, the first order Melnikov function can be employed to determine
the number of bifurcated limit cycles. Consider the general form of the near-Hamiltonian system on

the plane

{x:Hy(x,y)+8f(x,y>, 3.1)

y = _Hx(xay) +8g(x7y>7

where H, f, and g are C™ functions, and € > 0 is a small real parameter. Suppose that for € = 0, there
exists a family of periodic orbits L, surrounding the origin, defined by H(x,y) = h, for h > 0. As is

well known, the function

W) = fgdr—fdy

Lh

is called the first order Melnikov function of system (3.1)). This function plays an important role in
the study of the bifurcations of limit cycles. For instance, if M(h) has an isolated zero hy with odd

multiplicity, then system (3.1)) has a limit cycle near Ly,,.
Therefore, in this chapter, we seek to answer the following questions:

(Q1) Given a piecewise perturbed Hamiltonian system, how many limit cycles can we obtain

from it?

(Q2) Can we determine the exact, maximum, or minimum number of limit cycles?

41
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3.1 Definitions and main results

In this section, we derive the general expression of a Melnikov function M (%) applied to perturbed
piecewise Hamiltonian systems and show how it can be applied to compute limit cycles.

Consider the piecewise Hamiltonian system:

H+
p+— [ H®Y) . ifx>0,
_Hj(x7y)
Z= o (3.2)
N {@” . ifx <0,
_Hx (x,y)

where H* € C* and with the piecewise Hamiltonian function:

H"(x,y), ifx>0,
H™ (x,y), ifx<0,

H@WZ{

with H*(0,0) = 0.
Now, consider the perturbed piecewise Hamiltonian system:
Hf eft
Y = y+(x7y)+ f+(x,y) . ifx>0,
_Hx (X,y) +E€g (X,y)

7. = (3.3)

H_ —

_Hx_(x7y) + sg_(x,y)
where f+, g% € C™.
We will suppose that (3.2) has a family of periodic orbits near the origin, and we will study the

bifurcation problem of limit cycles of (3.3)). For system (3.2), we make the following assumptions:

(I) There exist an interval J = (o, ), and two points A(h) = (0,a(h)) and A (h) = (0,a;(h)) such
that for h € J,

where a(h) # a;(h).

(II) If x > 0, then the system Y has an orbital arc L, starting from A(h) and ending at A;(h)
defined by L : H" (x,y) = h. If x < 0, then the system ¥~ has an orbital arc L, starting from
Aj(h) and ending at A(h) defined by L, : H™ (x,y) = H™ (A1 (h)).

Similarly to the continuous case, for x > 0, L;l“ approaches an elementary center point, denoted
by Ly, as h — «, and an invariant curve, denoted by LE, as h — B. Analogously, for x <0, L,
approaches an elementary center point Ly, as H (A;(h)) — a, and an invariant curve, denoted by
Lg.asH™ (A1(h)) — B (see Figure .
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Figure 3.1: Example of a phase portrait.

Lg

Under the above assumptions (I) and (), system (3:2) has a family of periodic orbits L, = L, U
L, , for h € J. Since H* € C*, then H™ are continuous, which implies that L;" = (H*)~1({0}) are
closed. Consequently, L is a closed curve. In general, L, is piecewise smooth. Further, without loss

of generality, suppose that L, has a clockwise orientation (see Figure [3.2).

y
A(h) = (0,a(h))
Lh Lh+
=x
Ay (h) = (0,a1(h))

Figure 3.2: The closed orbits of (3.2)).

Furthermore, consider an open set G such that G = U L,. We want to study the number of
_oc<h<[3
limit cycles of (3.3) in a neighborhood of the closure G of G, for € > 0 small. According to Han

and Yu [[15] page 263], if (3.3)) has a limit cycle L(¢) for € > 0 sufficiently small, then as € — 0 the
limit cycle tends either to the center L, or to a periodic orbit L, with h € (o, 3), or to the boundary
Lg =LgULg, thatis
gi_r%L(e) = Ly, hela,pBl.

In this case, it is said that the limit cycle L(€) is generated from L. Thus, in order to study the
number of limit cycles, we first need to study the number of limit cycles generated from each Lj,.

Now, we define the bifurcation function F (h, €) of system (3-3) as follows (see Figure[3.3). Con-
sider the orbit of system Y,", starting from A(h), and denote by Ag its first intersection point with the
negative y-axis. Next, let B¢ denote the first intersection point of the orbit starting from A, of system
Y, , with the positive y-axis. Writing A¢ = (0,a¢(h)) and Be = (0,b¢(h)), we define:

HY(Be) —H" (A) = €F(h,¢). (3.4)
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Figure 3.3: The Poincaré map related to the section x = 0.

Note that both A¢ and B, are smooth in (€,/4) which implies that the function F in (3.4) is also

smooth. Moreover, since £ = {x € U | x = 0}, the Poincaré function of the system (3.3)) is given by
Iy, = H;g, on;;+ DI

where Iz, (A) = Be.

Hence, system has a periodic orbit near Ly, for hg € J, if and only if B, = A, for (h, €) near
(ho,0). The stability of a limit cycle in this case can be defined in the same way as for the smooth
case. Moreover, from (3.4)), under assumptions () and (II), one can see that a zero (an isolated zero,
respectively) of F corresponds to a periodic orbit (a limit cycle, respectively) of (3.3). Therefore, we

obtain the following lemma.

Lemma 3.1. (Liu and Han [18], page 1381). For |€| small fixed and h € J, then F € C*. The system
(3.3) has a periodic orbit (a limit cycle, respectively) near Ly, for hy € J if and only if the equation
F(h,€) =0 has a root in h near hy.

Proof. Since F(h,e) = [H"(Bg) —H"(A)]/e and HT € C*, then F € C*, for |¢| small.
In addition, let Ay € Ly,, where hg € (o, ). Consider £ = {x € U | x = 0} the Poincaré section
that passes through A, and define

ni = (Hy (Ao),—H, (A0)),  no = (Hy (Ao),Hy (Ao)).

Since (%,y) = (H," (x,y),—H, (x,y)), then the vector n; is tangent to Ly, and ny is the gradient
vector normal to Ly, at Ag. Let ny denote a unit vector parallel to X, as shown in Figure @ Hence,
ng - ny, # 0, because y-axis is a Poincaré section.

And we can write

L ={Ao+uns,u€R, for |u| small}.
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X

Figure 3.4: The Poincaré section.

Consider the function G(h,u) = H* (Ao + uns) — h. Since Ag € Ly, then H" (Ag) = ho. Hence,

G(hy,0) = H" (Ag) — ho = ho —hy =0,

Ple; OH* oh
= (ho,0) = = —(Ao) - a—; — (DH" (Ag) nz) —0 = ng-ny #0.

By the Implicit Function Theorem (see Theorem [A.5)), the equation G(h,u) = 0 defines a unique
function u = a(h), with a(h) € C* and a(hg) = 0. Let

A(h) =Ap+a(h)ng, for |h — ho| small.

Then, A(h) = L, N € C*, with A(hg) = Ao.
For |g| small, let ¢(z,A, €) denote the solution of (3.3)) satisfying ¢(0,A,€) = A. This solution is
C* in its variables. Let T = T'(h) denote the period of Lj,. It follows that

¢(0,A,0) = ¢(T,A,0) = A.

Now, consider the function Gy(t,h,€) = (¢(t,A(h),€) —A(h)) - ny-, where ny # 0 is a vector

normal to ny. Observe that

Gi(T (ho),ho,0) = (@(0,40,0) = A(ho)) -ng = (A(ho) = A(ho)) - = (0,0)-n =0,
2T (0. 50,0) = ( T () A0,0) = 57 ) ) = (), A (o) = (0.0))

=ny-ny #0.

Using the Implicit Function Theorem (see Theorem [A.5) again, we know that there exists ¢ =
t(h,e) =T (ho)+ O(|€| +|h — ho|) € C*, such that

Gi(t,h,€) =0o0r (¢(7,A,€)—A)-ny =0.

This shows that the vector ¢(7,A,€) — A is parallel to ny. Since A € £, it follows that ¢(7,A,€) €
L. Moreover, T'(h) = ©(h,0) is a C* function. Let B, denote the first intersection point of the orbit
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starting from A of system Y,~ with X, that is, B = ¢(7,A,€). We can write B; = A+ b(h)nz. Then,
by the Mean Value Theorem (see Theorem[A.2)), we obtain

HY(B;) —H"(A)

DH(C) = =,

where C=A+ O(B; —A) and B, —A = (0,0(¢)).
Since H* € C* and A = Ag + a(h)ns, for |h — ho| small, we can expand DH around Ay, that is

H"(Be)—H"(A)=DH"(A+O(Bs —A))- (B¢ —A)
=DH " (A+(0,0(¢))) - (Be —A)

A+ (0,0(¢)) — Ao’
1

- (DH+<A0> T (DH(Ag) -

Lo (lA+(0.0(e) —Aon)) (Be—A)
_ (DH* (A0) + Ol Ao + alhns + (0,0(€)) — Aoll)) - (Be — A)
— (DH"* (o) + O([la(hyns + (0,0(€))])) - (Be ).

Since (0,0(¢g)) € Z, then (0,0(¢€)) and a(h)ny have the same direction. As a consequence,

HY(Be) — = (DH " (Ao) + O(J|a(h)nz +(0,0(€)) 1)) - (Be — A)
= (DH* (Ag) + O(la(h)|[nz|| +110(0,0(e))))) - (Be —A)
= (DH " (Ag) + O(lh — ho| - 1+ O([g]))) - (Be — A)
= (DH"(Ag) + O(|h— ho| + |€])) - (B¢ —A)
= (no+O(|h—ho| +€])) - (Ao + b(h)ng — (Ao — a(h)nz))
= (no+O(|lh—ho| +€|)) - (b(h) — a(h))nz
= [no - ng +nzO(|h— ho| + [€])] - (b(h) —a(h))
= [no-ny +O(|h —ho| +[€|)] - (b(h) — a(h)).

Recall that O(|i — hg| + |€|) is a function such that the coefficients are (DH)?(Ag), (DHT)?(Ay),
., which are vectors. Then, (DH")?(Ag) - ng, (DH")3(Ag) - ng, ... are numbers. In this sense, we

committed an abuse of language in the last equality. Finally, since ng - ny # 0, we obtain that
A=B; < a(h)=b(h) < H"(B;)=H"(A),
which occur if and only if (3.3) has a periodic orbit near Ly, for kg € J. U

The previous lemma also applies to F, f*, g € C®.

As in the smooth case, let M (k) be the first order Melnikov function. We define M (h) := F (h,0).

We now present some theorems concerning the Melnikov function. Theorem [3.2] gives a general
expression of M(h), Theorem 3.3 gives a formal development of M (k) at h = 0, and Theorem

provides a condition for limit cycle bifurcation of a class of perturbed piecewise Hamiltonian systems.
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Note that the expansion given by Theorem [3.3|is expressed in terms of powers of v/A. This is due
to the study of limit cycles for sufficiently small £, and because the result will be applied to systems

that require such an expansion.

Theorem 3.2. (Liu and Han [[I8], page 1381). Under the conditions () and (W), for the first order
Melnikov function of system (3.3), we have

Hy (A)
Hy (A)

Hy (A1)

M(h) = Y /A g dv—fHdy+ /A g dx—f~ dy] . (3.5)
AlA

H;F(Al) AA|

Further, if M(ho) = 0 and M (ho) # 0 for some ho € J, then for |&| small (33) has a unique limit
cycle near Ly,. If hy is a zero of M(h) having odd multiplicity, then for |€| small (3.3) has at least one

limit cycle near Ly,

Proof. Adding zeros, we have that

HY(Be) —H"(A) =[H"(Be) —H (Be)| +[H (Be) —H (Ag)]+ [H (Ag) —H " (Ag)]
+[H" (Ae) —H " (A)].

Now, let y = H"(Be) —H (Be), b, = H (Bg) —H (Ag), Is = H (A¢) — H'(Ag), and Iy =
H"(Ag) —HT(A).

Observe that, by the Fundamental Theorem of Calculus (see Theorem and since H*, f*,g*:
R? — R, we have

ly=H"(Ae)—H (A)= | __dH" = / Hfdx+H/dy
AA;
@ H+ H+ =+ H+ _H+ d
A/X[x(y+8f)+ [ (—H +eg")] dr
- /@ [H Hf +eH] f* — HYHY +eH; g*] di
p; / (HF f+ 4+ H g™ dr
dx
o Cares ) (@)oo
dr
/ [— /T dy+g"dx]
- /A gtdv— frdy,
AAg
Moreover, since Ag = (0,a¢) = A1+ (0,0(€)), we have
= H(4e)—H"(A) = [ _g"dr—rdy
AA¢

=€ [/A g*dx—f*derO(e)] ,
AAy
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which implies

ol
a—“ = [ gtdx— ftay. (3.6)
€ le—0 AA,

On the other hand, using Iy = H"(A¢) — H(A) and A¢ = (0,a¢(h)) = (0,a;(h) + O(€)), we get

| HN(A)|  HN(A)|  IH (0,a(h)+0(e)|  IH'(0,ai(h))
de e=0 a de e=0 de e=0 B de e=0 de e=0
da da
_ gt vHre _0=HTt vHe
_Hy (0,a;(h)) e . 0 Hy (Ar) Je 820,
and, hence, . .
—ordx— f"d
dae| - _ I T il (3.7)
de e=0 Hy (Al)

Similarly, for B¢ = (0,b¢) = A+ (0,0(g)), we have

b= [H™(Be) —H™(A)] = /A dH —¢ {

g dx—fdy+ 0(8)} :
AeBe A

Ay
and

ol / _ _
—=| = dx — fdy. 3.8
Je .o =8 fdy (3.8)

Proceeding in a similar way for I3 = H™ (A¢) — H" (A¢), Ae = (0,a¢) and (3.7), we get
dl d H (A
3 Qe :< y (A _1) | gTdx—fTay. (3.9)
e=0

e | = Hy A -Hi @] 52 HE ) ) Ja

Similarly, from I, = H™ (Bg) — H (Ag¢), Ae = (0,a¢) and Be = (0,b¢), we obtain

alz . _ abg _ aag
£ A T AP T
It follows from and that
de| 1 an| H(A)da
€ e=0 Hy_(A) de e=0 Hy_(A) de e=0
1 an Hy (Ar) [ Jgr g dx—fTdy 510
Hy (A) 9€ |.—o  Hy (A) Hy' (A1) '
Hy (Ay)
= [ gde iy | gtdx—rtay
H, (A)/41Ag POt = nr ) & Y
Then, using Iy = H"(Be) — H™ (B¢) and (3.10)), we have
all o + — abg
e~ [H (A)—H (A)] F
Hy (Ay)
= [Hf(A)—H, (A —/ “dx—fd - / Tdx—ftd
H, (A) Hy (A)Hy (A1) Hy (A1)
| /A Tde— fdy+ | 2 = -2 /A Tdx— frdy.
<Hy_(A) ) s S <Hy_(A)Hy+(A1) aray ) Jw® Y

(3.11)
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Hence, from (3.4)), we obtain

H'(Bg) —H"(A) = €F(h,e) = £(F(h,0) +0(¢)) = e(M(h) + 0(¢)),

de
H, (A) H, (A)H, (A1) H, (Ar)
(Hi (A)—1> /Al g dx—f~ dy+<Hy (A)H}(Al)—H}(Al)>/ﬁlg+dx—f+dy]
+ {/A/;‘g_dx—f_dy} + (Zy;g: ; — 1) /@g+M—f+dy + {/@gﬂix_]&dy}
<H+(A>H_<Al)> / ghdr— frdy| + (Z—;Eg) /AAAg_dx—f_d)’]

y 1
.

Hy (A)H," (Ay)
H, A1) [ /AAAg‘dx—f‘dy] .

_HJ (4)
Hy (A) | Hy (A1) Jaa,

In addition, by Lemma there is no limit cycle near Ly, for |&’| small, if M(hg) # 0. Then,
by the contrapositive, if M(hg) = O for |&;| small, then there exist a limit cycle near L;,. Moreover,
since M’ (hg) # 0, the Inverse Function Theorem (see Theorem implies that M is a local diffeo-
morphism. Hence, there is &, such that there exists a unique kg satisfying M(hy) = 0, for |&| small.
Setting € = min{ &}, &}, we obtain the uniqueness.

Finally, let iy be a multiple zero of M(h) with odd multiplicity. Then, for & > 0 small, we have
M(ho — &) -M(ho+ &) <0,
since M(h) = F(h,0) and F (h,e) = F(h,0) + O(¢), then
F(hy—€y,€)-F(hy+ €,€) <0,

for 0 < € < g, with g is sufficiently small.
Thus, the function F (h,€) = 0 has a root h* € (hy — &y,ho+ €). O

By the Green formula (see Theorem [A.12), we also have

/AA| Tdx - f+dy+/42g+dx frdy= // i (fs +g)) dxdy,

which implies that

/Ax ghax—fray= | /immm (f +g )dr dy - /_Ag+dx—f+dy
g e [[ga e
- /im@umﬁff e ardr o [ray
= /inqmm)(f; +gf)drdy+ /mﬁ(o,y)dy
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Hence,

|t de—rtay= | /mmum(f; tg)dedyt [ Oy =Mt R G

Similarly,
g dx— d:/ - —|—dxd—|—/ “(0,y)dy=M"(h). 3.13
Jog = [ ) a0 =M e G1)

Thus, the expression of M(h) can be rewritten as

Hy (A1)

MWZ%@J%W)

M™*(h) +M‘(h)] . (3.14)

For the next theorems, we suppose that the piecewise Hamiltonian system (3.2)) has an elementary
center at the origin. Since (0,0) is a singularity point, then H;*(0,0) = H;(0,0) = 0. Furthermore,
system (3.2) is given by A = (Hy*, —H) forx>0,0rA= (Hy_, —H,) for x <0. Because H* € C™,

it follows that there exists

([ oHS oH}
Bx (070) (); (070) if
OHF IH ;o ifx>0,
—=x (0,0) =55-(0,0)
DA(0,0) = OH; OH,
OH- OH ;o WX U
L _a_;(ovo) - a; (030>

Since (0,0) is an elementary center, the matrix DA(0,0) is either similar to the matrix

B" = (_g+ ﬁ(:),

w(3 %)

for x < 0. In any case, the eigenvalues of DA(0,0) are purely imaginary and non-vanishing (see
Dumortier et al. [8] page 15]). Then, det(DA(0,0)) = det(B) > 0. In other words, H* (x,y) satisfy

for x > 0, or similar to the matrix

H(0,0) = H;7(0,0) =0,

(3.15)
det(DA(0,0)) > 0.

We now state the second theorem.

Theorem 3.3. (Liu and Han [18], page 1381). Let f*(0,0) = g=(0,0) = 0. Under the conditions (),
(M), and (B.15) with J = (0,B), B > 0O, there exists a C* function N(r) = rO(r) for 0 < r << 1
such that M(h) = N(\/h). Therefore, we have formally M(h) = \/EZ bih2, where b; are coefficients

i>1
independent of h.
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Proof. Let A(h) = (0,a(h)) = (0,y9), where yg > 0. From (3.15) and J = (0,f3), we can suppose,
without loss of generality, that H;},(0,0) >0, H,;(0,0) > 0, and H,,(0,0) = 0. Since H,| is continuous,
then there exists € > 0 such that, for every & € (ho — &, ho +€), H,(x,y) > 0. So, we can expand H™
at the origin and evaluate it at A(h), that is

H*(0,y0) =H"(0,0) +% [H,7(0,0)(0—0)+H,"(0,0)(yo — 0)] +

+21' [H5(0,0)(0—0)* +2H,5,(0,0) (0 — 0) (yo — 0) +Hy},(0,0) (yo — 0)*] +---

0+0+H,(0,0)(y—y0)° | 0040+ Hyy (0,0)(y0 ~ 0’

=0+ [0+0] + 51 3 +o
H,(0,0) 15(0,0)

_ W\ 2 yyy

T R

Setting b= H,(0,0)/2!, we have that b > 0.
From (3.13)) and H" (A(h)) = h, we have that

HT(0,y0) =by5+ ¥ hOJyO =h,
j>3

which implies

h % h
]>3 ]>3
1
2
2020, h
]>3 b

1/2
Consider G(y,v) =y <1+ 1/b) Zhojyo ) —+/v/b. Then,

j>3

]>3

1
oG : 1\/%

(o, 1+-Yn = /= 40.
ay(yo ( ,;3010) Yo b#

Hence, by the Implicit Function Theorem (see Theorem |A.3), there exists a C* function ¢y(v) =

(v/v/b) + Z e;v' such that

i>2

1
2
h
G(yo,h) = <1+ Zhojo > — 5:0,

Yo=0o(Vh \[+Zeh (3.16)

i>2
where the coefficients e; depend on hgj and b.

By the definition of the points A¢ (/) and Bg(h), under conditions in (3.15)), there exist C* func-
tions @(yo,€) and y(yp,€) such that, if (3.16) holds, then as(h) = ¢(yo,€) and be(h) = w(yo,€).
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Furthermore, note that y/(yo,0) = yo, since a¢(h)|,_o = a(h) + O(€) = a(h). Therefore, for system

(3.3), we introduce a displacement function as follows

d(y0,€) = ¥(y0,€) — W(3,0) = ¥(y0,€) —yo = &d(yo, &),

where d is C* in (yo, €), for || + |yo| small.
Now, consider the auxiliary function g(r) = H*(0,t). Then,

g'(t)=H;(0,1)-1=H;(0,1).

By the Fundamental Theorem of Calculus (see Theorem [A.3)),

N n v(v0.€) n
H (07 ll/<y078)) —-H (Ovy()) = / Hy (Ovt) dz.
Y

0

Now, consider the change of coordinates ¢ = yo + s(y¥(yo,€) — yo), where s € [0,1]. Notice that
when s = 0, then t = yg, and when s = 1, then t = y(yo, €). Furthermore, dt = (y(yo,€) —yo) ds =
ed(yo, €) ds. Hence,

1 —
H (0.9 00.8) —H(0.30) = [ (B (0.30+ sed(v0.€))) - (€
By (3.4), under (3.16) we obtain

eF(h,€) = /01 (H, (0,y0+s€d(yo,€))) - (ed(y0,€)) ds =

1 — _
F(he) = /0 (H, (0,y0 +s€d(yo,€))) - (d(vo,€)) ds
= F(y(), 8).
Observe that £ is C* in (yo,€) near (yp,€) = (0,0). In addition, it follows from (3:4) and (3.17)
that

d(yo,e)) ds.

(3.17)

M(h) = F(h,0) = F(y0,0) = H, (y0,0)d(y0,0) = ¢ (0)- (3.18)
So, ¢ € C* with ¢(0) = 0.
Now, consider N(v) = ¢(¢o(v)). Then, N € C* and we can expand N at the origin
N(v) = N(0) +N'(0)v+0(+?).

Observe that
$0(0)=0 —

N(O) = o(¢(0)) "= " ¢(0) "= 0,
VO = 000 = 70005 50
AL % [H,5,(0,0)-d(0, 0)+H+(0 0) - dy,(0,0)]
Hy (00)=0 % [H;;(0,0) . ( ) }
v09=0 \}E [H,(0,0)-0+0-dy,(0,0)]

=0.
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Since N(0) = N’(0) = 0, the expansion of N start with v2, that is, N(v) = O(v?). So,
2
N(Vh) =0(Vh) = 0(h) = VhO(V]).

For h is small, it is sufficient to take » = v/A such that M(h) = N(v/h). Therefore, M(h) =

Vh Z bihi/ 2 where b; are coefficients independent of . O
i>1

Now, we consider the nonsmooth system with multiple parameters

Y+_ H;L(x,y)+£f+(x,y,3)

= , if x>0,
d _H;(xvy)+8g+(x7y76)
Zs = i i (3.19)
Y(s_ — Hy ('x7y) +8f <x7y?5) , lf.x S O,
_H)c_<x7y)+8g_(x7Y76)

where f* and gt are C* functions, € > 0 is small and § € R”, with m > 1. By (3.5), the first order
Melnikov function also depends on &, and we denote it by M(h, 8). Further, by Theoremwe have

M(h,8) =Vh (i Bkl(a)h§+0(th“>>, (3.20)
k=1

for any integer N > 1. We have the following theorem.

Theorem 3.4. (Liu and Han [[18], page 1381). Let f*+(0,0,8) = g*(0,0,8) = 0. Under the conditions
(D, (M), and B.15) with J = (0, B), if there exist an integer k > 1 and & € R™ such that

B](60):07 J:077k_17 Bk(é())?éoa

and

d(Bo,..-,Br_1) B
rank( PTG (60)> =k, (3.21)

where & = (8, ..,0p), m >k, then system (3.19)) has at most k limit cycles in a neighborhood of the
origin for all (€,0) near (0,0y), and k limit cycles appear for some (€,0) near (0, ).

Proof. For system (3.19), the function F in (3.4) depends on &, and we denote it by F(h,€,0).

Then, by (3.17)) we have
F(h7875) :F(y()?ev(s);

where F' is C* function of (y,€,8). Substituting (3.16)) into £ yields

F(y078,6) :\/E<Z akl(e,é)h§> , (3.22)

k>1
where by M (h,8) = F(h,0,8) and by (3.20), we have a;(€,0) = Br(6) + O(¢), for k > 0.
Since (3.21)) holds and m > k, the Jacobian matrix d(By,...,Bx_1)/d(81,...,0)(0p) has k linearly
independent columns. Consequently, its leading k X k submatrix invertible. As a consequence,

det (ag?(gl‘?: ..,.179(1;;)1) (50)) £0.
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By the Inverse Function Theorem (see Theorem[A.4)), the change of parameters
bj:aj(€75), j:(),...,k—l,

has the inverse §; = 8;(bo, ..., bx—1,0k+1,---,0m), Where j =1,2,... k. Then, setting » = h, and by
(3.17) and (3.22)), we have

F(yo,8,8) =r (bt +bi 1A 4Bt +0 (#411))
= rf(r,s,bo,...,bk_1,5k+1,...,6m),

where by = B(&) #0as e =by=---=b;_; =0 and 0j=20jfor j=k+1,...,m.

Since r = v/h > 0, the zeros of F' coincide with the zeros of bo+ - - + by ¥ 1 + bk + 0 (FFF1).
Let G(t) = by + -+ by_t* 1 + bt* + O(t**1). Assuming G is a polynomial function of at least
degree k, then G possesses at least k zeros. If G were to have more than k zeros, then by Rolle’s
Theorem (see Theorem , it follows that G’ has at least k zeros, G has at least k — 1 zeros, and,
proceeding by induction, G®) must have at least one zero. However,

d‘G

'EFW)ZHBk#O

which implies that GW% () # 0 for ¢ sufficiently close to 0. This contradicts the previous assertion.
Thus, G has at most k zeros for ¢ near t = 0. Consequently, £ has at most k zeros in the variable r

near r = 0, which implies that F has at most k zeros in & near h = 0. [

3.2 Applications

In this section, we apply the Melnikov function to compute the number of limit cycles.

3.2.1 Polynomial systems

Proposition 3.5. (Liu and Han [lI8|], page 1384) Consider a piecewise polynomial system of the form

e n .
b*y-i—s‘ Z a;;x’y/
. Ay . ifx>0,
—btx+e Z a;;x’y/
7= =0 (3.23)
b-y+¢ | Z a;ix'y!
Y= e . ifx<0,
—b x+e Z al-_jx’yj
\ i+=0

where b* > 0. Then, the maximal number of isolated zeros of the first order Melnikov function M(h)

Is n.
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Proof. For € = 0, note that the Hamiltonian function associated with system (3.23) is given by

1
H(x,y) = §b+(x2—|—y2), for x > 0,
H(x,y) =

1
H™ (x,y) = Eb’(xz—i—yz), for x < 0.

Under assumption (II), let A(k) = (0,a(h)) and A;(h) = (0,a;(h)) be the points where the orbit with
energy h intersects the switching line. It follows that

H*(A(h))=h = H"(0,a(h)) =h = B0+ ) = n L2 a(h) = \/Z:-hF

2
2
b™ (02+ \/gjﬁ > o ,
H(A(R) = H (Ay(h)) — g ) O )
ay(h)<0 al(h):— Z_J]/:

Hence, A(h) = (0,+/2h/b*) and Ay (h) = (0,—+/2h/bT).

By Theorem (3.2)), we have that:
M(h) = //\ Z b+xlyfdx Z al]x iyidy
b < %) bt (_ 2_h) AAL \i+j=0 i+j=0

a

—|——/A Z bfjxiyjdx— Z ai;xiyjdy
b—( 2h> AlA

20 i+j=0 i+j=0

AA1 ( Z buxyfdx Z al]xyfdy>

i+j=0 i+j=0

<Z+)/A]A< Y byxylde— Z al,xy’dy”

i+j=0 i+j=0
Setting x = \/2h/b* cos 0 and y = \/2h/b*sinh, then
dx = —+/2h/b*sin6 d6, dy=+/2h/b*cos6 d6.

+

Furthermore,
2h
=tcosO =0 =
i eS8 =0 T ok ke
g—ﬁsine = g_ﬁ sinf = 1 2
2h
£LcosB =0 0=0
b — —o0=——"40r 1cum
g—fsme - E_ﬁ sinf = —1 2
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Hence,
n N b+
M(h)=[__ Z b; x’y’dx Z al]xy]dy + < >/ Z buxyjdx Z auxyfdy
AL\ i1+j=0 i+j=0 A4\ i1 j=0 i+j=0
x i J
e [2h [2h [2h
= Z b —cos 0 —sinf —sinf
/§ LJ—O ”( bt ) ( bt ) ( bt
2h " 2n

|
M=
o
Q\
\/ /\
@‘ [\
+
(@)
Q
2}
(So)
N——
Pd /\
~- %“l\)
+| S
2.
=
D>
N—
<
~~
%“l\)
+
(@)
]
2}

(So)
N——
| I
[}

(ea)

no 2R\ 2 3 ,
= Z oE [ﬁz —btcos' 0sin/ 10 — a cos’™! 9s1n19} de
i17=0 3
i+j+l i
n 2h D) b+ — 5 . . . .
+ Z <b> [b— /77r ’ —bi_jcoslesin”le —ai_jcos”rl Qsin]9] de
=0 i
n 2h i+_£+1 -
O =b+m Z b) [ﬁ ’ —b;;cosiesinjHO—a;;cos“rl 9sinj9} de
i+j=0 2

b+7%—i/ s J+1l/n’ — it/ s Jirn! /
[b/’z‘ —b;;cos'(8" —m)sin/" (8" — ) —a;; cos'™ (6" — m)sin/ (6" — ) | dO

A i+£+1
L)
i+j=0
+

= Z < > [/2 b*,cos fsin/t1o — ajcos”rl Qsmje} do
3

i+j=0

< 2h =2 bt =3 Nif wiophj+l _ — Ii+1 '
+ Z — i/ —b;;(—cos0')'(—sin6")’"" —a;;(—cos0')" (— sinf’)’ | dO
o \b b= Js
+]

n —_
= Z ( > {/ ’ —l)l-+]-cos’65inf'Jr19—a$cos”rl Osinje} do
2

i+j=0

it j+l
2

- bt\ [ 2 P , o 4
+ Z ( ) [(b—)ﬁ 2 _(_b;j)(_l)l+jcosl 9/sin"+19’+a;j(—1)‘+Jcosl+1 9’sin<’9’} 46’
i+j=0 7
i+j+l i+j+1
Y (ﬂ) J (‘@ ] bt -
=) ) K—bf%-(—l)lﬂb-_-)/ cos' Osin/™'0 d6
| o i+j+1 ij b i x
i+j=0 <\/bi+> z
+ i-&-'+lbJr — -3 i+1 .
—|a;+ (=)™ 5% ﬁ cos'" @sin’Q dO
2
i+ j+1 i+
o (v2) (Vi)

bt -3 . .
:\/ﬁ[ Z ity <<—bi+j+ (—1)lﬂbij)/ " cos' @sin’t1 0 do
i+7=0 <,/b+) b z

- (a*- + (1)i+j+1b+a7> /75 cos

=vh (BO+BM/E+BQ (\/E)2+~-+Bn (x/E)n> :

T

+1gsin/ 0 deﬂ

(3.24)
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where

+

I+1
( ) {(—b;}-k(—l)lﬂz—bi_j)ﬁ " cosi Bsin/ T 0dO
2

= < \/F> 111

bt -5 .
—(a;;+(—1)l+j+lb—ai_j)-[r zcos’HOSinJQdG}, 0<I<n.
- 2

B =

Since \/E = 0 and By +B1\/E+ e +Bn(\/ﬁ)” is a polynomial in Vh of degree n, it follows
that (3:24) has at most n zeros for h > 0, provided that M (h) is not identically zero by Theorem 3.4]
To show that n zeros can indeed appear, we consider a particular case by letting a;; = b?; =0and

b = 1. Since the sine function is odd and the cosine function is even, we have
cos 1 (—8)sin/(—0) = (cos(—0)) ! (sin(—8)) = (—1) cos™! Bsin’@.

If j is even, the function f(8) = cos'"! Bsin’@ is even, whereas if j is odd, f(8) is odd. Since the

integral of an odd function over an interval symmetric about the origin vanishes, it follows that

(S

cos' ™! @sin’6d6 =0 if jis odd.

o

Conversely, if j is even, the symmetry of the integrand implies that

2 cos'1 9sin/0dO = —2/2 cos’1 9sin/6 d6.

0

e

Hence, we obtain
n z
M) =2 Y a4 [ cos bsin* oo
it2k 0
=2r(Co+Cir+---+Cpr'"),

where r = v/2h and the coefficients are given by

T
T i
C = Z “;sz/ cos™1 0sin?*0do, for0<!<n.
it2k=1 70

By fixing al.+2k for k£ > 0 and treating the remaining a;ro, fori=0,...,n, as free parameters, we
can ensure that the coefficients C; are independent. Consequently, these parameters can be chosen to

produce n simple zeros of M(h) in a neighborhood of r = 0. U

Proposition 3.6. (Liu and Han [18], page 1384). Consider a concrete piecewise system with piecewise-

linear perturbation:
&
Yt = y+epi(x) ,  ifx>0,
—X
7= (o) (3.25)
y-= YT rx <o,

—X
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where

5x, x € (0,1],
p = p =2—x.
1) {5x—4, x € (1,+00), 2(x) *

Then, system admits three limit cycles for € > 0 small.

Proof. For € =0, observe that the Hamiltonian function of system (3.6)) is H(x,y) = (x> +y?)/2, for

all x. So, we obtain

0%+ (a(h))?

HY(0,a(h)) =h = 5 —h = a(h) = V2h,
H™(0,a1(h)) = H (0,a(h)) = OZHC;(h))Z - 02;% — ai(h) = —V2h.

Hence, A = (0,v/2h) and A} = (0, —+/2h). For v/2h < 1, using
x=+v2hcos0, y = V2hsin0,

since v2hcos 0 < v2h < 1, we have that

V2h | —V2h
M(h) = N [_—m A?Tlde_pl(x) dy-l-/fm()dx—l?z(x) d)’]

— _/A/A\l p1(x) dy— /A/;‘PZ(X) dy

—V2h V2h
- Sd—/ 2-x)d
/ﬁh x dy 7\@( x) dy

VI VI
— _1\2 _ I )
/_msx/zh V2 dy /—m<2 (~v2h—?)) dy
VI VI
— 2 _ 2
/\/2715\/% V2 dy /m<2+\/2h ) dy
— 5mh — (4V2h+ mh)
= 4(mh—/2h).

(3.26)

For v2h > 1,1et 0; € (0,7/2) satisfying cos 6; = 1/+/2h. Since the cosine function is decreasing
in (0,7/2), then

V2hcos@ > 1,if 6 € (0,6;),

V2hcos 6 < V2 :1,ifee<el,f).

1
V2h 2
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Hence,

V2h | —V2h
M(h) =/ [_—m A?l()dx—m(x) dyﬂL/A?Xde—Pz(X) dy]

:_/mpl(x) dy—/mpz(x) dy

%pl(\/ﬂcos 6)(v/2hcos 0) d6 —/2 p2(V2hcos0)(V/2hcos ) dO

I
|
_—

)|
(S|

)

—2 [ " \/2hcos 6p1(V2hcos 0) dO —/2 2v/2hcos @ —2hcos’ 6 dO
0

(S E]

:2/03 NGTI epl(\/ﬂcos 0) do— [2@ (Sin <E> —sin <_E>>

2 2

T T . .

op(2_ "2 sin(7)  sin(—7)
h(z 2 T4 4

=2 -/02 (\/ﬂcos 6p1(V2hcos 9)) del —4\/2h —mh (3.27)

- 0 z
) / V2heos6 ((5v2¢0s0) —4) d0+5 [ * (2hcos 6) de} — h—4v/2h
L/0 6,

S o,
=2 5/22h00529d9—4/ v2hcosed9}—ﬂh—4v2h
L J0 0

=20 E + @ —~ g + S'irlélﬂ] — 8+/2h[sin(6,) — sin(0)] — wh — 4/2h

1
=5mh — 8V 2hsin (arccos <—) ) —rmh—4v2h
v/ 2h

Vamf1- (L) -avan
—47h —8\/2h 1_<E> —4V2h
:4(7z:h—2\/2hi——\/2_h).

For the geometrical aspect on the deduction of M (h), see Figure

N
N

Figure 3.5: The geometric aspect on the deduction of M(h).
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From (3.26) and (3.27)), we have
" ):{4(7:}1—@), %f0<h§%,
4(mh—2v2h—1-+2h), ifh> 3.
With the help of Maple software, we find that the function M (%) in (3.28)) has three positive zeros
hy € (0,1/2) and hy,h3 € (1/2,40) with

(3.28)

2
hy = = ~ 0.2026423672, hy ~0.5623206104, h3 ~ 1.359655126.

See Figure [3.6] for the graphic of the piecewise function M (h).

Furthermore, observe that

M’(hl)Z%?—i—gﬂ'#O, M,(hz):\/Zhii—l_f/\;l_f—i_gn#O,
N 2v2
M(h3)—\/2h37_1—\/h_3+8757§0.

Hence, system (3.25)) admits three limit cycles.

I
oMk !
|

hy

Figure 3.6: The graph of the piecewise function M(h) in (3.28).

]

In the following, we consider the quadratic and cubic polynomials perturbation of a nonlinear

center.

Proposition 3.7. (Liu and Han [18)], page 1386). Consider the piecewise system

.

n
y+e€ a;jx'y’
vt = ,-+]Z_o L x>0,
2
—X+x
7= . (3.29)
y+E bjix'y’
Yy~ = ,-+]Z_o L ifx<o,
—x—x>—x
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for € > 0 small. Then, for n =2 or 3, system (3.29) can have respectively at most six or nine limit

cycles near the origin.

Proof. For € = 0, the Hamiltonian function associated with system (3.29) is defined piecewise as
1 1,

H+(x,y):§(x2+y2)—§x ) for x > 0,
H(x,y) =
1 1
H™ (x,y) = §(x2+y2)+ §x3 —|—Zx4, for x <0.

According to assumption (TI), let A(h) = (0,a(h)) and A (h) = (0,a; (h)) be the points where the orbit
with energy A intersects the switching line X = {x = 0}. It follows that

HY(A(h))=h = M:h — a(h) = V2h,

2
H- i) = B () — OOy - v,

So, A= (0,v2h) and A} = (0,—+/2h). According to formula (3.14), we have

M) = ([f e [ o) )
(//lnt(AlAUAAI Jy dedy+ /H (0,y) dy)
(//mt AA UAA) a dXdy) <~/mtA1AuAA1 Jx dXdy> o

(om0 w)
A A
=hL+hL+1h,

_|_

where

1://A ;dxd,lz/ dxdy, I / (0 0,y) dy.
1 im(AAlum)f y, b intAlAUAAl)f y, L= [_.f"(0,y)—f (0,y)dy

To describe the integration regions, we introduce the polar coordinate transformation x = rcos 6 and

y = rsin@. Thus, the level curves H*(x,y) = h can be expressed as

2 3 0
D25 oh cosf>0, (3.31)
2 3
and ) 39 49
% _ COS3 4+ COZ *=h, cos6<0. (3.32)

Statement 1. For & > 0 sufficiently small, equation (3.31)) has a unique positive solution r = (6, h)
foreach 0 € (—n/2,7/2).

In fact, let p(r) = —r’cos® 0 /3 +r>/2 —h, where h > 0 and cos@ > 0. By Descartes’ Rule
of Signs (see Theorem [A.13), the sequence of coefficients of p(r), which is (—,+,—), has two sign
changes. Thus, p(r) has either two or zero positive roots. For the negative roots, we examine p(—r) =
r3cos® @ /3 +r% /2 — h; the sequence (+, +, —) has exactly one sign change, implying p(r) has exactly

one negative root. Consequently, the following cases for the roots of p(r) are possible:
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(i) One negative real root and two complex conjugate roots;
(i) One negative real root and two positive real roots.

If case () were to occur, the discriminant Ay = & (1 — 6/ cos® 8) /2 of the cubic equation p(r) =
—r3cos30/3 +r?/2 —h = 0 would be negative. If A; < 0, then since 4 > 0, we must have 1 —
6hcos® @ < 0, which implies 2 > 1/(6cos® ). This contradicts the assumption that / is a small
positive parameter. Thus, Ay > 0 for & sufficiently small, ensuring the existence of two distinct
positive roots as described in case (ii).

Furthermore, the critical points of p(r) are determined by

P(r)=0 <= r—r’cos’@ =0 < r(1—rcos’0) =0
1
< r=0 or r:cos39'

Evaluating the second derivative, we find p”(r) = 1 — 2rcos’ 8, which implies

1
"(0)=1>0 and p" =—1<0.
p(0)=1>0 and p (COS39> <

Hence, r = 0 is a local minimum and r = 1/cos’ 8 is a local maximum of p. Since p(r) has two
positive roots for / sufficiently small, at least one of them must lie in the interval (0, 1/cos® 8]. This
interval is closed on the right to account for the case where the two positive roots coincide (which
occurs exactly when the discriminant A; vanishes).

From this, and applying the algorithm described in Appendix [C] the positive solution r can be

expressed as a power series in m = \/2h:
r=m+ey(0)m*+e3(0)m> + -+ er(0)m* 4 - 2 D1 (0,m), (3.33)

where the first coefficients are given by

5

1
er(0) = §0053 0, e3(0) = 1—800s69, eq(0) = ﬁcos9 0,
77 112 2431
e5(9):mcos129, ed@)zﬁcosls@, e7(0) = 3338 cos!®,
935 1062347
es(0) = qoagcos” 0. eo(8) = g cos”

Statement 2. For i > 0 sufficiently small, equation (3.32)) has a unique positive solution r = r(60,h)
for each 0 € /2,37 /2].

In fact, let p(r) = r*cos* 8 /4 +r3cos® 8 /34-r? /2 —h, where h > 0 and cos @ < 0. Since cos 8 <0,
let ¢ = cos @ < 0. The sequence of coefficients for p(r) is (c*/4,¢3/3,1/2,—h). Note that:

, 1/2>0, —h<0.

The sequence of signs is (+,—,+,—), which presents exactly three sign changes. By Descartes’

Rule of Signs (see Theorem [A.13), p(r) has either three or one positive real roots. For negative
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roots, p(—r) has signs (+, +, +, —), yielding exactly one sign change and thus one negative real root.

Consequently, the following cases for the roots of p(r) are possible:
(i) One negative root and three positive roots;
(i) One negative root, one positive root and two complex roots.

Furthermore, observe that the derivative of p(r) is given by

3 2

pPir)y=r cos*O+r*cos’ O +r= r(r cos49+r00539+1).

Let g(r) = r?>cos* @ + rcos® 6 + 1 and let A, denote its discriminant. We find that
Ay = (cos® 0)* —4(cos* 8)(1) = cos* 8 (cos* 6 — 4).

Since cos? @ < 1 and cos* 6 > 0 for 8 # 1t/2,37/2, it follows that Ay < 0. Consequently, the quadratic
function ¢(r) has no real roots, implying that » = 0 is the unique real critical point of p(r). Since
p(0) =—h < 0and p(r) — oo as r — too, it follows from the monotonicity of p on (0, o) and (—oo,0)
that p has exactly one positive real root and one negative real root. Thus, case (1)) is established.

From this, and applying the algorithm described in Appendix [C| the positive solution r for the

region x < 0 can be expressed as a power series in m = v/ 2h:
r=m+s5:(0)m> +s3(0)m> + -+ s5(0)mF + .- £ D3 (6,m), (3.34)

where the first coefficients are given by:

1

52(0) = §cos3 0,
5 1y,
53(0) = Thed 9—4c0s 0,
8 9, I 4
S4(9)—ECOS 0 5 cos 0,
77 7 7
S5(6):2—16005126—§cos]06—|—3—200380,
112 40 5
56(0) = Ecos15 0 — Ecos13 0+ gcos11 0,
2431 g TI5 . 143, 33
= 05189 — 2 05100+~ cos4 0 — o cos!2 @
7(0) 3338 °°° >gg €08 + <1 08 158 s €
640 5 112 o 140 ., 35 s
Sg(G)—729005 ] 57 Cos 0+ 57 €os 0 54 €08 0,
1062347 5, - 323323 o, 230945 o, 12155 . 715
B i LA 0520+ 2 05209 - 2 o189 1 L2 o516 g,
9(0) = Z30808 °°° 46656 20736 2304 % ¥ 2008 °°
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When n = 3, according to (3.30) and (3.31]), the first integral is given by

3
L = ia--// . xiflyj dx dy
i+j—21,i>l . int(AAIUm)

_ i N I e I R I B
= iaj | |r|-r'~"cos' " O-rsin/6 dr| d6
i+j=1,i>1 -7 /O
3 5[ mem
= Y iay [ coslesinie { [ dr} d6
i+j=1,i>1 -2 0

A
2

pid o) 7
:%/i (0, m) d9+—‘;2°/ﬂcose¢?(m,9) dGJr%/2 sinfd7 (6,m) do
_7 I -

2

7 2
n ‘%2/27[ sin20%(6,m) d6 + —‘fl /

SE

i
2

cos Bsinf D (6, m) dO

SE

3(130 %

S cos> 0D} (6,m) de.

e

Since ®;(0,m) is an even function with respect to 6, it follows that &3 (6,m) and cos 0D} (6,m) are
also even. Consequently, the functions sin@®3 (6, m) and cos 8sin@®}(6,m) are odd. Their integrals

over the symmetric interval [—m /2, 7/2] vanish, leading to

z 2 z
I = a_;o/zﬂ cp%(e,m)ngr%/zn cos 0®3(6,m)de
-3

2

T 3 7
+ 22 [ sint0at(0,m)d0+ 220 [ cos?00t(0,m)do.

_r _r
2 2

Similarly, according to (3.30) and (3.32)), we obtain

L=

i / " cos™ ! 0sin/ 0@, 1 (0,m) do
it jors it 1Js

bio (¥ 2by [T
:%[zz qnﬁ(e,m)d9+%ﬁ2 cos 0D3(6,m) 6
2

b, & 3by (7
Hop f sin0wd(0,ma0 + T |7 cos? 00, m)ao,
z 2

where we have again applied the parity properties of ®,(60,m) and the trigonometric functions over
the symmetric interval [/2,37 /2] with respect to the horizontal axis.
Furthermore, the line integral I3 along the switching line segment A A is given by
3 " gy B il = (D

13 = Z(aoj—boj)/ yjdy: Z ; mj+] :2C0m+—2m )
=0 - = AN 3

where c¢; = ag; — bo; and m = /2h represents the intersection points a(/) and a; (h).
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Hence, by applying the algorithm described in Appendix |C|and taking m = +/2h, the Melnikov
function M (h, §) is expanded as:

M(h,8) =Vh {30(5) +B1(8)Vh+---+By(8) (\/E)g + 0((\/5)10)} . 0<h<<1, (3.35)

where the coefficients By (9) are given by:
By(8) =2v2¢y,
B1(6) =(aio+b1o)7,

By(8) =2v2 [g(mo —bio) + 5 (a0 — b)) + —02] :

W &~
W

5 1 1 1 3
B3<5) =4 {&aloﬂfﬁ- Z(azo —l—bzo)ﬂ?—l— 9—6b107r+ g(alz —|—b12)71'+ g(ag,() —I—b3o)7r} ,

128 32 4 16 88 8
B4(8) =4V2 | — — — —b — —b —big— —b
4(9) \/_[405a10+45a20+45 (a12 —b12) + 15(6130 30)+405 T 20] ,

Bs(5) =8 385 T+ 35 T— 1295 T— 35b T+ > 7r+35 T+ 1b s
SNO) =0 3456 H10M T 144 4207 T 13804 7107 T 5gg P20M T g 12t T 30N T 55 P12
25
+@b3047

512 512 208 272 128 256 88 64
Bs(0) _8\/5[1215‘“0 t 56790+ 1ay5P10 T 205020+ 3535412 T g9 @0+ 235012 T 135 b3°} )

B(6) :16{ 85085 5005 o 129745, 855, 0 385
497664 13824 3981312 55296 27648
5005 1295 13055
T 92160 T 110592127 T 36864b30n] ’
32768 16384 512 8192 85216
By(8) =16v2 {45927“10 T 10935 T 1093512 3645 % 22963510
8608, 208 26176,
76545 2" 10935 12 " 25515 )’
By(5) =3 2{ 746420 30333 A7017 o 30333
23887872 497664 995328 331776
51352301 1082081 25949 25949 35035

D ek o e o o 2200
382205952107 1 39813127207 T 7081312727 T 79626247 12" ~ 2654208 7 |

For the parameter vector 8 = (a19,b10, @20, b20,a12,b12,a30,b30, o, c2) € R, we verify that:
a(B()aBl7B27B3aB47357BG7B7aBS) o
rank =9.
d(a10,b10,a20,b20,a12,b12,a30,b30, o, ¢2)
Thus, by Theorem the Melnikov function M(h,d) can have at most nine simple zeros for

0 < h < 1 given an appropriate choice of d near the origin.

Specifically, in the case where n = 2, we consider the parameter vector 8 = (a9, b10,a20,b20, 0, ¢2).
In this setting, direct computation yields:

d(Bo,B1,B2,B3,B4,Bs) \
rank =6.
d(ai0,b10,a20,b20,¢0,¢2)
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Therefore, by Theorem [3.4] system (3.29) can undergo a bifurcation of at most six limit cycles from

the period annulus in a neighborhood of the origin. [



CHAPTER 4

Conclusion

Throughout this dissertation, we have seen that some concepts and results from piecewise systems
are similar to those of continuous dynamical systems. Likewise, the two methods studied for com-
puting limit cycles, the Lyapunov constants and the Melnikov functions, also have similarities when
applied to continuous systems.

Lyapunov constants are applied to perturbed systems that have a weak focus. Since we want to
verify the existence of limit cycles, first we applied the blow-up method to the singularity. After that,
we analyze the coefficients associated with the series expansion of the first return map, or Poincaré
map. Moreover, we saw that Lyapunov constants provide an upper bound for the number of limit
cycles that can bifurcate from a weak focus, making it necessary to verify the fixed points of the first
return map.

Similarly, Melnikov functions are used to obtain an upper bound on the number of limit cycles.
One way to verify the exact number of limit cycles is to check whether a zero of the Melnikov
function is simple, that is, whether its first derivative does not vanish at that zero. In addition, there
is an interesting difference compared to the previous method: this method is applied, in particular, to
perturbations of periodic orbits in dynamical systems.

Therefore, the two methods have both similarities and differences and should be applied depend-
ing on the system under consideration. Although we were unable to find the first integral of one of the
cases, we believe that the results developed and the algorithm implemented in Maple were of great

value to this dissertation.
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Chapter 4. Conclusion




APPENDIX A

Results of Analysis, Calculus and Algebra

In this appendix, we compile the essential mathematical definitions and theorems presented through-
out this work. As these are standard results in the literature, we shall omit their proofs, limiting

ourselves to precise statements and providing the corresponding references for the interested reader.

A.1 Basic Analysis and Calculus

Theorem A.l. (Lima [17], page 185) (Rolle’s Theorem). Let f : [a,b] — R continuous, such that
f(a) = f(D). If f is differentiable at (a,b), then there exists a point ¢ € (a,b) where f'(c) = 0.

Theorem A.2. (Rudin [20], page 108) (Mean Value Theorem). If f is a real continuous function on
[a, D] which is differentiable in (a,b), then there is a point x € (a,b) at which

f() = fla) = (b—a)f'(x).

Theorem A.3. (Rudin [20], page 134) (Fundamental Theorem of Calculus). If a function f : R — R
is Riemann integrable on [a,b] and if there is a differentiable function F on [a,b] such that F' = f,
then

[ 100 ac=F )~ F (@),

A.2 Multivariable Calculus

Theorem A.4. (Spivak [21l], page 35) (Inverse Function Theorem). Suppose that f : R" — R" is
continuously differentiable in an open set containing xo, and det f'(xo) # 0. Then, there are an open
set U containing xo and an open set V containing f(xo) such that f : U — V has a continuous inverse
f~':V — U which is differentiable, and for all y € V satisfies

Y=o

69
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Theorem A.5. (Spivak [21I], page 42) (Implicit Function Theorem). Let f : RK@&R™ — R™ a function
of class k. If xo € RF and yo € R™, suppose that f(xq,v0) = 0 and det[f'(xo,y0)] # 0. Then, there

exist an open set U € R¥ containing xo, an open set V € R™ containing yo and a function g : U —V

of class C* such that
(i) For all xy € W, there exists a unique y = g(x) such that f(x,g(x)) =0, forall x e W;
(ii) The function g is differentiable.

Theorem A.6. (Spivak [21|], page 59) (Fubini’s Theorem). Let U C R" and V C R™ be closed
rectangles, and let f : U XV — R be integrable. Forx € U, let g, :V — R be defined by g,(y) = f(x,y)
and let

L(x) = _/Vgx: _/Vf(x,y) dy,
R(x) = /;gx: /;f(xyy) dy.

Then L and R are integrable on U and

/vaf:/UL:/U (_/Yf(x,y) dy) dx,
/vaf:/UR:/U(/Vf(x,y) dy) dx,

Theorem A.7. (Spivak [21], page 67) (Change Variable Theorem). Let U C R" be an open set and
g : U — R" a bijective and continuously differentiable function such that detg’(x) # 0, for all x € U.
If f: g(U) — R is integrable, then

/gw)f(y ) dv= /U (fog(x))|detg'(x)| dx.

A.3 Differential forms and integration on manifolds

Proposition A.8. (Properties of the Wedge Product on R"). Let ®,®' € AK(R"), n,n" € A'(R") and
a,d € R.

(i) (aw+wd)An=a(®An)+d (0 AN);
nao+do’)=anro)+dnrae’);

(ii) oA = (—1)"nAo.

Proof. See Lee [16], page 357] and apply the Theorem to the case V = (R",+,-), where V is a finite-

dimension vector field.
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Definition A.9. Let ® € A¥(R"), then

-----

<<y
The differential of ® is a k+ 1-form dw given by
do= Y doj,.jAdx" A Adxt

i <<y
n
= Y Y Dulwy. i) dx*Adx" A--- Adx
i <-<ip a=1
Proposition A.10. (Spivak [21], page 92) (Properties of the Exterior Derivative on R"). Let @ €
AK(R™) and let n € AL(R™).

(i) dis linear over R;
(ii) dl@An) =doAn+(—1) o Adn;
(iii) dod =0.

Theorem A.11. (Lee [l16)], page 412) (Stokes’s Theorem). Let M be an oriented smooth n-manifold
with boundary, and let ® be a compactly supported smooth (n— 1)-form on M. Then

/da):/ .
M oM

Theorem A.12. (Lee [16], page 415) (Green’s Theorem). Suppose that D is a compact regular

domain in R?, and P,Q are smooth real-valued functions on D. Then

/(3_Q_3_P) dxdy:/ Pdx+0 dy.
p\dx dy oD

A.4 Miscellaneous results

Theorem A.13. (Wang [22]], page 526) (Descarte’s Rule of Signs). Let p(x) = agx? 4+ajx? +--- +
apxPn denote a polynomial with nonzero real coefficients a;, where b; are integers satisfying 0 < bg <
by < by < --- < by. Then the number of positive real zeros of p(x) (counted with multiplicities) is
either equal to the number of variations in sing in the sequence ay, ... ,a, of the coefficients or less
than that by an even whole number. The number of negative zeros of p(x) (counted with multiplicities)
is either equal to the number of variations in sign in the sequence of the coefficients of p(—x) or less

than that by an even whole number.

Definition A.14. (Conway [[7], page 103). A function f has an isolated singularity at 7 = x if there
is an r > 0 such that f is defined and analytic in B(xy,r) — {xo} but not in B(xo,r). The point xy is
called a removable singularity if there is an analytic function g : B(xo,r) — R such that g(z) = f(z),
for0 <|z—xp| <r.



72

Appendix A. Results of Analysis, Calculus and Algebra




20

APPENDIX B

Method of computation of the Lyapunov
constants in Maple

restart

with (Groebner) :
with (combinat) :

#Non-linear part of system

N := 7;

Ap := p02xy"2 + pllxxxy + p20*xx"2;
Bp := g02+xy"2 + gllxxxy + g20xx"2;
Am := 0;

Bm := 0;

#Variables

Xp = -y + Ap;

yp := X + Bp;

xm := -y + Am;

ym := X + Bm;

#Polar coordinate change

#The positive system in polar coordinates
:= simplify(subs([x = r*cos(theta),

#The negative system in polar coordinates
:= simplify(subs([x = r*cos(theta),

Rp
r)):

Tp
r*2)):

Rm
r)):

Tm
r*2)):

:= simplify (subs([x = r*cos(theta),

:= simplify(subs([x = r*cos(theta),

#Removing the dependence on t

dRpdTp
dRmdTm

#Series of r(theta) with coefficient pl

73

Yy

Yy

y

Yy

= convert (simplify (series (Rp/Tp,
convert (simplify (series (Rm/Tm,

1].

#Package for calculating Grdbner bases
#Package contains combinatorial functions

= r*sin(theta)],

= r*sin(theta)],

r*sin (theta)],

r+«sin (theta)],

(x*xp

(x*yp

(x*xXm

(x*ym

r, N+ 1)), polynom):
r, N+ 1)), polynom):

.pIN+1]

y*yp) /

xp*y) /

y*ym) /

xmxy) /
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44

45

46

47

48

49

50

51

53

54

56

58

59

60

61

62

78

79

80

81

#Positive serie
#In this case,
fp :=
dfp :=

we will denote p”+[i]

diff (fp, theta)
for j to N do
print (j);
simplify (coeff (dfp, rho,
subs (diff (ppl[j] (theta),
pplJj]l :=
theta) ;
Iplj] :=
end do:

3))
theta) =
unapply (subs (s = theta,

ppljl (P1);

#Negative serie
#In this case,
fm :=
dfm :=

we will denote p”-[i]

diff (fm, theta)
for j to N do
print (J);
simplify (coeff (dfm, rho,
subs (diff (pm[]j] (theta),
pm[j] := unapply (subs(s =
theta);
Im[J]
end do:

3));
theta) =
theta,

i= pm([j] (P1);

#Calculation of simplified Lpl[j]
#Positive case
Vpl:=Lp[l]:
Vp2:=simplify (Lp[2], [Vpl]) :
for 1 from 3 to N do

Vp[l] := simplify(Lp[l],
of vpI[2], Vp[3], ..., Vp[l-1]

end do:

#Negative case
Vml:=Lm[1]:
Vm2:=simplify(Lm[2], [Vml]) :
for 1 from 3 to N do
Vm[l] := simplify(Lm[1l],
of vm([2], Vm[3], ..., Vm[1l-1]
end do:

#Calculation of Lyapunov coefficients

vVl := 0;

V2 := 0;

for 1 from 3 to N do
V[1] := Vp[l] + Vvm[1l];

end do;

rho + sum(pp[i] (theta)*rho”i, i
- mtaylor (subs (r = fp,

dpp,
int (solve (%,

rho + sum(pm[i] (theta) *rho”™i, i
- mtaylor (subs (r

dpm,
int (solve (%,

and Lm[7j]

[seq(Vp[k],

[seq(Vm[k],

by ppli]

2 .. N+ 1):

dRpdTp), rho, N + 1):

%) i

dpp), theta = 0

by pm[i]

2 .. N+ 1):

= fm, dRmdTm), rho, N + 1):

%)

dpm), theta = 0

coefficients

k =2..1-1)]): # Vp[l] depends

k =2..1-1)]1): # Vm[l] depends
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APPENDIX C

Larger expressions of Proposition (3./)) in
Maple

#To calculate the coefficients e_i (theta)
restart
with (Linear Algebra):

n := 10:

H := r*"2/2 - cos(theta)”3/3*xr"3 - m"2/2:
phi := m:

for 1 from 2 to n do

phi := phi + e[i]*m"i:

od:

temp := subs(r = phi, H):

for 1 from 3 to n do

templ := subs(m = 0, diff(temp, m $ 1i)/i!):
el[i - 1] := solve(templ, e[i - 1]):
print(i - 1, e[i - 11);

od:

#To calculate the coefficients s_1i (theta)
restart
with (Linear Algebra):

n := 10:

H := r*"2/2 - cos(theta)”3/3%xr"3 + cos(theta)”4/4xr"4d - m"2/2:
phi := m:

for i from 2 to n do

phi := phi + s[i]l*m"i:

od:

temp := subs(r = phi, H):

for i from 3 to n do

templ := subs(m = 0, diff(temp, m $ i)/4i!):
s[i - 1] := solve(templ, s[i - 117):

print(i - 1, s[i - 11);

od:

#Values of sin and cos

75
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IS}

sin((3*pi)/2) := -1;
sin(pi/2) := 1;
cos(pi/2) := 0;
cos ((3*pi)/2) := 0;

#To calculate the constants c

f := m"9%e[9] + m"8%e[8] + m"7xe[7] + m*6*xe[6] + m*"5xe[5] + m™4xe[4] + m
"3*xe[3] + m"2%e[2] + m:

gl := simplify(al0/2+int (£°2, theta = -pi/2 pi/2))

g3 := simplify ((2+xa20)/3+int (cos (theta)+f~3, theta = -pi/2 pi/2)):

g4 := simplify(al2/4+int (sin(theta)"2+xf"4, theta = -pi/2 pi/2)

g6 := simplify((3*a30)/4*int(cos(theta)AZ*fA4, theta = -pi/2 p1/2))

cl := coeff(gl, m"2) + coeff(g m”~2) + coeff (g4, m"2) + coeff(g m"2) :

c2 := coeff(gl, m"3) + coeff(g m”~3) + coeff (g4, m"3) + coeff(g6 m*3) :

c3 := coeff(gl, m*4) + coeff (g m*4) + coeff (g4, m*4) + coeff (g6, m"4):

c4 := coeff(gl, m"5) + coeff(g m*5) + coeff (g4, m"5) + coeff (g6, m"5):

c5 := coeff(gl, m"6) + coeff (g m~6) + coeff (g4, m"6) + coeff (g6, m"6):

c6 := coeff(gl, m"7) + coeff(g m~7) + coeff (g4, m"7) + coeff(g6, m"7):

c7 := coeff(gl, m"8) + coeff(g m”~8) + coeff (g4, m"8) + coeff (g6, m"8):

c8 := coeff(gl, m"9) + coeff (g m*9) + coeff (g4, m*9) + coeff (g6, m"9):

c9 := coeff(gl, m*10) + coeff(g3, m*10) + coeff (g4, m*10) + coeff (g6, m
~10) :

#To calculate the constants d

fl := m"9*%s[9] + m"8xs[8] + m"7*s[7] + m"6*s[6] + m"5xs[5] + m™4*xs[4] + m
"3xs[3] + m"2xs[2] + m:

hl := simplify (b10/2xint (£f17°2, theta = pi/2 (3xpi)/2))

h3 := simplify ((2+xb20)/3+int (cos (theta)*f173, theta = pi/2 (3*pi)/2))

h4 := simplify(bl2/4xint (sin(theta)”2+xf1%4, theta = pi/2 (3*%pi)/2))

hé6 := simplify((3+«b30)/4xint (cos(theta)~2+«f174, theta = pi/2 (3*pi)/2))

dl := coeff (hl, m*2) + coeff(h3, m*2) + coeff(h4, m*2) + coeff (h6 2)

d2 := coeff(hl, m*"3) + coeff(h3, m"3) + coeff(h4, m"3) + coeff (ho, 3)

d3 := coeff(hl, m*4) + coeff(h3, m*"4) + coeff(h4, m"4) + coeff (ho, 4)

d4 := coeff(hl, m"5) + coeff(h3, m"5) + coeff(h4, m"5) + coeff (ho6 5)

d5 := coeff(hl, m"6) + coeff(h3, m"6) + coeff(hd4, m"6) + coeff (ho6 B) s

do := coeff(hl, m"7) + coeff(h3, m"7) + coeff(hd4d, m*7) + coeff (h6 7)

d7 := coeff (hl, m"8) + coeff(h3, m"8) + coeff(h4, m"8) + coeff (h6 8) :

d8 := coeff(hl, m*9) + coeff (h3, m"9) + coeff(h4, m"9) + coeff (ho, 9)

d9 := coeff(hl, m*10) + coeff(h3, m*10) + coeff(h4, m~10) + coeff(h6 m
~10) :

factor (cl+dl);

factor (c2+d2) ;

factor (c3+d3) ;

factor (c4+d4);

factor (c5+d5) ;

factor (c6+do6) ;

factor (c7+d7) ;

factor (c8+d8) ;

factor (c9+d9) ;
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