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Resumo

Nesta tese trabalhamos em dois temas diferentes. Por um lado, conseguimos construir uma
sequéncia espectral que calcula a cohomologia persistente de um espago a partir da cohomologia per-
sistente em cada aberto e suas interse¢oes de uma cobertura que € a pré-imagem por uma aplicacao,
de uma cobertura, de um espaco conhecido.

Por outro lado, obtivemos resultados de separacdo por aplicacdes de codimensdo-1 para var-
iedades generalizadas. Mais especificamente, provamos resultados que nos permitem estimar o nimero

de componentes do complemento da imagen de uma aplicagao.

Palavras-chave: Cohomologia persistente, aplicacdo de codimensao-1, separacdo, sequéncia espec-

tral, variedades generalizadas.

il






Abstract

In this thesis we work on two different topics. On the one hand, we manage to construct a spectral
sequence that calculates the persistent cohomology of a space from the persistent cohomology in each
open and its interceptions of a covering that is the pre-image by a function of a covering of a known
space.

On the other hand, we achieved separation results by codimension-1 maps to generalized mani-
fold. More specifically, we proved results that allow us to estimate the number of related components

of the image complement of the map.

Keywords: Codimension-1 maps, generalized manifold, persistent cohomology, separation, spectral

sequence.
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Introduction

In this thesis we focus on two different topics, one on the application of algebraic topology, which
is persistent cohomology, and the other on the separation property for generalized manifold.

Next we are going to tell a little about the evolution of the relationship between persistent homol-
ogy and spectral sequences, to motivate our approach. Given a filtration of a space, on the one hand
we have an spectral sequence associated and on the other hand we have the persistent homology asso-
ciated, in [33l], Zomorodian and Gunnar noted that these are related. In [[17]], Eldelsbrunner and Harer
developed an algorithm using this relation to calculate persistent homology called Spectral Sequence
Algorithm. In [1]], Bauer, Kerber and Reinnghaus implemented algorithm for computing persistent
homology in a distributed memory environment using the relation between spectral sequence and
persistent homology, that was faster of those already existing. After, in [31], Torras implemented an
algorithm using the Mayer-Vietoris spectral sequences to calculate persistent homology, this type of
spectral sequentral is constructed from a partition of space and the homology in each subset of this
partition.

On the other hand, persistent cohomology has been developed, with faster algorithms and obtain-
ing more information than persistent homology (see in [15]).

In the first part of this thesis we achieved to show that the persistent cohomology of a filtered fi-
nite dimensional simplicial complex is a graded module over a polynomial ring, like Zomorodian and
Gunnar had done to persistent homology in [33]], then applying the Leray’s spectral sequence to the

sheaf of this graded module over a cover of a known space, we get Leray’s Theorem for Persistence

Module (Theorem2.2.2)).

The second part of this thesis is focused on obtaining results for generalized manifold through
extension of the results obtained to smooth manifold and topological manifold. Given a continuous
map f : M — N between generalized manifolds, is often an important problem to study the topology
of the complement N — f(M) of f(M) in N. In this thesis, we consider the codimension 1 case; i.e.
the case where dim/N —dimM = 1, and study the number of connect components or path connect
components of N — f(M). Such a problem was first considered by Vaccaro in [32], who found a
PL-immersed S in R? whose complement is connected. On the other hand, it is known by Jordan-
Brouwer Theorem that the number of connected components of the complement of an embedded-

n — 1-sphere in R” is equal 2. An other important result in this way was obtained by Feighn in [19],

3



4 Introduction

taking that if Hy(N;Z,) = 0, then every proper C2-immersion f : M — N disconnect N where M and
N are smooth manifold.

For topological manifold there are many results with different approach. In [26], Nufio Ballesteros
and Romero Fuster showed that, if H(N;Z;) =0, then every f : M — N proper continuous map whose
A(f) ={xeM: f~!f(x) # x} the self-intersection set is not dense in any component connect of M,
the complement N — f(M) is disconnected. In [25]], Nufio Ballesteros with the same hypothesis as in
[26] and N — f(A) connected, gave a formula for the number of connect components of N — f(M) in
terms of the Cech cohomology. An other result in to estimate the number of connected components
in N — f(M) was given in [29] by Saeki, he showed that, if H;(N;Z) is a torsion group or f,[M] €
H,_1(N;Z) is a torsion element, then the connect component of N — f(M) is estimate for below
with the multiplicity of the normal crossing point. Other results using normal crossing point for
immersions was obtaining in [[7][8][9]. In [5], Biasi and Saeki got a result for smooth manifold using
normal crossing point and primary obstruction to topological embeddings.

In this second part of this thesis we present three results of separation by codimension-1 map in
generalized manifold. The first one, Theorem [3.2.1|1s an extension of the result of Ballesteros in [25]]
and as a result of this we got a version of Jordan-Brouwer Theorem to generalized manifold, Corol-
lary [3.2.1] The second one, Theorem [3.3.2] in this theorem we adapt the arguments in the proof of
Saeki in [29], obtaining a result similar to generalized manifold. And the third one, Theorem [3.4.2]
uses primary obstruction to topological embeddings, in this theorem we adapt the arguments in the

proof of Biasi and Saeki in [3], obtaining a result similar to generalized manifold.

This thesis has three chapters. The first is the background, where you will find the necessary
requirements to understand the other chapters. The other two chapters are completely independent.
The second is about persistent cohomology and persistent Leray’s spectral sequence. The third is

about separation properties for codimension-1 maps. In all this work map means continuous map.



CHAPTER 1

Background

In this first section we adapt what has been developed in [10] for differential forms to our needs.

1.1 Mayer-Vietoris Principle

1.1.1  Mayer-Vietoris Principle to countably many open sets

Instead of a cover with two open sets as in the usual Mayer-Vietoris sequence, consider the open
cover Z = {Uq}qes of the space M, where the index set J is a countable ordered set. Denote the

intersections Uy, NUg, N---NUq, by Ugyq,...a,- There 1s a sequence of inclusions of open sets

(01,95) (3i1<3f7<9k]_|
M |—|OC,' Uai |—|OCi<OCj U(X[(X' 0 <0Lj <0l Uaiajak T

where | | is disjoint union and d; is the inclusion with ignores” the ith open set; for example,
8() . Uaoalaz — Ua]az.

This sequence of inclusions of open sets induces a sequence of restrictions of cochain complexes

* _r > * (61’5]) % (6061'7805]',605 ) .
C (M) HC (UOC,‘) HOC,‘<OC]~C (U(Xiaj)ﬁﬁai<aj<akc (Uaiajak)ﬁ-..,

where 0, for instance, is induced from the inclusion

d : I_IUaO(xl...ocn — Uq...a,
Qo

and therefore is the restriction
8 : C*(Uey...0,) — [[C* Uopars...at,)-
o

We define the difference operator 0 : [[C*(Ugyqy...a, ) — [1C*(Ugyayy...cr,) to be the alternating
difference 8y — 8, + -+ -+ (—1)"5,.
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Definition 1.1.1. Ifw € [[C?(Uq,...a, ), then w has ”components” we,..a, € C4(Ug,...q,) and

p+1 .
— i R
(SW)OCO---%H - Z <_1) W(XQ...(Xi...(Xp+17
i=0
where on the right-hand side the restriction operation to Ug,..q,,, has been suppressed and caret

denotes omission.
Proposition 1.1.1. 6> =0

Proof. Basically this is true because in (52W)a0,..ap ., we omit two indices @;, a; twice with the

opposite signs. To be precise,
(8"W)apapes = X~ 1) (8W)ay. 0 =

Z(—l)l(_l)]w%djdlap+2 + Z(_l)l(_l)]_lw%&,(ﬁjap+2 = O

Jj<i Jj>i

]

Convention: Up until now the indices in Wa,...qp, A€ all in increasing order o < --- < @),. More
generally we will allow indices in any order, even with repetitions, subject to the convention that when

two indices are interchanged, the form becomes its negative:

W .a.B.= W.B.a.-

We need to check that this convention is consistent with the definition of the difference operator o

above, that is to say: (0w) _q,..a,... = —(0W) . .a.. . Basically this is true because: suppose r < s,
then Zi<r(_1>iW.‘.&i...oc,...(xs... = _Zi<r(_l)iW...ﬁci..,as..,oc,,.. because o and o are interchanged, the
same happens when r <i<sandi> s, w g .. = —W. g, a.. because & and o are inter-

changed, the same happens when we take out the indice .

Theorem 1.1.1 (The Generalized Mayer-Vietoris Sequence). The sequence

0 ——C*(M) ——=TIC*(Ug,) —=TIC (Ugay) —= T1C* (Ugyj0) — - -

is exact, in other words, the 8-cohomology of this complex vanishes identically.

Proof. Clearly C*(M) is the kernel of the first d since an element of [JC*(Uy,) is a global cochain on
M if and only if its components agree on the overlaps.

Now let {py} be a partition of unity subordinate to the open cover % = {Uy}. Suppose w €
[1C*(Ug...a,,) is a p-cocycle. Define a (p — 1)-cochain 7 by

Tog...op—1 = Zpawaao.‘.ap,l .
o
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Then
(Sf)ao...ocp = Z(_l)ifao...&i...ocp = Z(_l)ipawaao...éc,-...ap-

i 60

Because w is a cocycle,

(6W>aao...ocp =Woy...qp +Z(_l>i+lwaa0...&,-...ap =0,
i

then
Way...op = Z(_l)iwaag...&i...ap-
i
So
(57)050...%, = ;Ptx Z(_l)iwaao...&,-..,a,, = za:PaWao...a,, =Way...q,-
i
This shows that every cocycle is a coboundary. [

In fact, the definition of 7 in this proof gives a homotopy operator on the complex. Write Kw for

(KW)oco.“ap,l = Zpawaao...(xpfl-
o

Then
(SKW)aO...a,, = Z(_l)i(KW)%A..&i...al, = Z(_l)ipawaao...&,-...ap7

i iLa

(Kow)gy...c, = Zpa(sw)aao...a,, =
o
(Zpa)wao...a,, +Z(_1>i+lpawaao...d,-.,.ap =Way..qp — (SKW)aO...a,,-
o 1,00
Therefore, K is an operator from HC*(Uaomap) to HC*(U%“,%A) such that
0K+Ké6=1.

Note that if ¢ is a cocycle, then K¢ = ¢. So on cocycles K is a rigth inverse to 6. Given such ¢, the
set of all solution 17 of 11 = ¢ consists of K¢ + d-coboundaries.

Now let KP4 = C{(% , C) =T1C}(Ua,...«;,) be the double complex consists of the ”p-cochains
of the cover % with values in the g-cochains”. The horizontal maps of the double complex are the
difference operators 0 and the vertical ones the coboundary morphisms d. The double complex may
be made into a single complex C"(% ) = @, ,—, C5(% CI) with the differential operator given by
D=D+D"=§+(-1)"d.

A D-cocicle is a string such as ¢ = ag+ - - - +a, withdag =0, ay = —D"ay,...,8a, 1 = —D"a,
and 6a, = 0.

A D-coboundary is a string such as ¢ =ag+---+a, =D(bo+ - +b,+1), where Dby =0, a; =
0by —I—D”bh. .., ap, = Ob, +D”bn+1 and 5bn+1 =0.
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Theorem 1.1.2 (Generalized Mayer-Vietoris Principle). The double complex C5(% , C;) =
D450 Cg (%, C3) computes the cohomology of M; more precisely, the restriction map r: Cij(M) —

Cs(% , C}) induces an isomorphism in cohomology:
r* tHy(M) — Hp{C5(% , Cy)}.

Proof. Since Dr = (8 +d)r = dr = rd, the following diagram is commutative

r is a chain map, and so it induces a map r* in cohomology.

Step 1. r* is surjective.

Let ¢ be a cocycle relative to D. By -exactness the lowest component of ¢ is 0 of something. By
subtracting D(something) from ¢, we can remove the lowest component of ¢ and still stay in the
same cohomology class as ¢. After interating this procedure enough times we can move ¢ in its
cohomology class to a cocycle ¢’ with only the top component. ¢’ is a global d-cocycle because
d¢’ =D¢ =0and §¢' = 0.

Step 2. r* is injective.

If r(w) = D¢, we can choose ¢’ in the same cohomology class of ¢, such that ¢’ consists of only top
component, we can do it for the §-exactness. Then because 8¢’ = 0, it is actually a global chain of
M. So w is a d-boundary. [

1.2 Cech Cohomology

In this section we follow [10] and [[16].

1.2.1 Presheaves

Definition 1.2.1. A presheaf .7 on a topological space X is a function that assigns to every open set U
in X an abelian group .7 (U) and to every inclusion of open sets i}/] :V — U a group homomorphism,
called the restriction, F (iy;) : F(U) — F (V) satisfying the following properties:

1. Z(iY,) = identity map
2. transitivity: F (il ).F (iY,) = F (i})).

The restriction .7 (if;) : 7 (U) — . (V) is often denoted pY . A homomorphism of two presheaves
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[+ F — ¥, is acollection of maps fy : .# (U) — ¢ (U) which commute wit the restrictions:

ZU) L9 )

fv

Let Open(X) be the category whose objects are the open sets in X an whose morphisms are
inclusions of open sets. In functorial language, a presheaf is simply a contravariant functor from
the category Open(X) to the category of Abelian groups, and a homomorphism of two presheaves,

f: ¥ — 9 is a natural transformation from the functor .# to the functor ¢.

Example 1.2.1. Let 7 : E — M be a map between topological spaces. Define a presheaf 74 on
M by s#9(U) = Hi(n'U), and if V C U is an inclusion, let pJ : HI(x~1U) — HY(n~'V) be the

natural restriction map.

1.2.2 Cech Cohomology

Let % = {Uq}acs be an open cover of the topological space X. The O-cochains on % with
values in the presheaf % are functions which assign to each open set Uy an element of % (Uy), i.e.,
CU U ,.7) =Tlges Z (Ug). Similarly the 1-cochains are the elements of C! (% ,.%) = [Ta<p F (UaN
Ug) and so on.

The sequence of inclusions

(9:,95) (9i,9;,9%)
U(Xi ;0 Ua,-ajock <~

gives rise to a sequence of group homomorphisms
Mo, 7 (Ua) — Togeoy  Uaay) —> -
We define § : CP(% ,.F) — CPT1(% ,.F) to be the alternating difference of the .7 (9;)’s
§=F(8)~ F(8)+-+ (- 1) F(5pu).

Explicitly, if w € CP(% ,.# ), then

p+1

(OW)og..cpr = Y, (=)' Way..y..p01
i=0

where on the right-hand side the restriction of wg, g,

,,,,,, ape1 10 Ugy..a,,, 18 suppressed. It follows from

the transitivity of the restriction homomorphism that 8% = 0 (proof as in Proposition].1.1). Thus

C*(% ,7) is a differential complex with differential operator . The cohomology of this complex,
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denoted by HsC*(% ,.7) or H*(% ,.F), is called the Cech cohomology of the cover % with values
in %.

The cover % = {Vp } gc; is a refinement of the cover % = {Uq } aes, Written % < %, if there is a
map ¢ : J — I such that Vg C Uy py. The map ¢ induces a map

o CUU ,F) — CI(B,F)
in the obvious manner: (¢#W)(VB0...Bq) =w(Us(py)...0(,))-

Lemma 1.2.1. ¢)# is a chain map, i.e., it commutes with §.

Proof. (6(¢#W))(Vﬁo...ﬁq+1) = Z(—l)i(¢#W))(Vﬁo,,_lgi_,,ﬁw) = Z(_1)iw(Uq)(ﬁo)...q)(B[)...q)(Bqﬂ))

(6*6W)(Vhy...5,..) = (8W) Ui (By)...0(8,1) = L= DWWy o-0(8,,1))
0

Lemma 1.2.2. Given % = {Uq}aer an open cover and % = {Vg}gc; a refinement, if ¢ and y are

two refinement maps : J — I, then there is a homotopy operator between ¢* and y*.

Proof. Define K : C4(% ,.F) — C1~1(B,.7) by

(Kw)(Vy...p,1) = (= D'WUp (By)...o8)w (B w(By 1)
and show that y* — ¢ = SK 4+ K§. O

A direct system of groups is a collection of groups {G;};c; indexed by a directed set I such that
for any pair a < b there is al group homomorphism f}' : G, — G, satisfying

1. f¢ = identity,
2. fi= fbofb,lfa<b<c

On the disjunt union | | G; we introduce an equivalence relation ~ by decreeing two elements g, € G,
and g;, € Gy, to be equivalent if for some upper bound c of a and b, we have f%(g,) = f’(g;) in G..
The direct limit of the direct system, denoted by liﬂGi is the quotient of | | G; by the equivalent rela-
tion ~. We make direct limit into a group by defining [g,] + [g»] = [f%(ga) + 2 (g5)] Where [g,] is the

equivalence class of g,.

It follows from the two lemmas above that if %7 < 2, then there is a well-defined map in coho-
mology H*(% ,.#) — H*(#,.%#) making {H* (% ,.7 ) }4 into a direct system of groups. The direct

limit of this direct

H*(X,.7) = inH* (U ,.F)
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is the Cech cohomology of X with values in presheaf F .
For more details you can look at [10] page 113.
If the space X is ENR (euclidean neighborhood retract) there is another way to define Cech Co-

homology when the preseaf is constant.

Definition 1.2.2. Let Y C X C E, where E is ENR and Y,X locally compact. Let A = A(X,Y) be
the set of all pairs (V,W) of neighborhood of X,Y such that W D V. Under reversed inclusion A
is directed (V,W) < (V,W), if and only if, V. CV and W C W), and {H*(V,W;R)} together with
the restriction homomorphism is a direct system of graded abelian groups. We define H4 (X,Y;R) =
I'Q{H‘I(V, W:R)} the g-th Cech Cohomology group of X mod Y with coefficients in R.

With this last definition is easier to verify the Eilenberg-Steenrod axioms. For more details you
can look at [[16] page 281. A result important for us is the next proposition that you can fond the proof
in [16] Proposition 6.12.

Proposition 1.2.1. If Y C X is a pair of ENR’s then H*(X,Y) ~ H*(X,Y), i.e. for ENR’s Cech

cohomology coincides with ordinary cohomology.

Note 1.2.1. Oddly enough, the corresponding Cech homology groups defined using inverse limits are
not so well-behaved. This is because the exactness axiom fails due to the algebraic fact that an inverse
limit of exact sequences need not be exact, as a direct limit would be. However, there is a way around
this problem using a more refined definition. This is Steenrod homology theory, which you can learn
about in [124|].

1.3 Wu class and Stiefel-Whitney class

In this section we follow [23]].
To define Wu class, we first need to define the sequence of operations Sqg¥, that operations are

called Steenrod squares. The Steenrod squares, {Sq* }>0, are additive cohomology operations
Sq* : H™(X;Z,) — H™ (X Z,),
that are defined for all m and satisfies the following properties
1. If f: X — Y is a continuous function, then S¢f o f* = f* o S¢*.
2. If x € H™(X;7Z5), then S¢°(x) = x, S¢"™(x) = x — x and S¢*(x) = 0, for k > m.
3. If x,y € H*(X;Z,), the Cartan formula is true:

Sq*(x—y) =Y Sq'(x) — Sq'(y),
i+ j=k

where — is the cup product. The operation total square is given by

Sq(x) = x—I—Sql(x) +Sq2(x) +--- 4+ 8¢"(x).
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Note that using the operation fotal square, we have the Cartan formula, that is gives by the equa-
tion
Sq(x— y) = Sq(x) — Sq(y).
Let M be a closed, oriented and connected m-smooth manifold. Then the application

HY(M;Z,) — Hom(H™ (M 72,):Z5),

given by v — (v— ,[M]) is an isomorphism, where [M] is the fundamental class of M and (,) is the
Kronecker index. Consider the homomorphism 4 : H"K(M;Z,) — Z,, given by x — (Sq*(x), [M]).
Since the application above is an isomorphism, there is only one v; € H*(M;Z,) such that (v; —
x,[M]) = h(x). The class vy is called kth Wu class of M and v =1+ v +vy+ --- 4 v, is called the
total Wu class of M.

The Stiefel-Whitney classes are characterized by the next Theorem (Theorem 17 in [23]).

Theorem 1.3.1 (Wu). The total Stiefel-Whitney class of M satisfies w(M) = Sq(v), i.e., wy =
Yi+j—kSq'(v}), where v is the total Wu class of M.

Since w is thus defined entirely in terms of cohomology and homology operations, we have the

next result.

Corollary 1.3.1. The Stiefel-Whitney classes are invariantes of homotopy type.

1.4 Spectral sequences

In this section we follow [[10].

1.4.1 Exact Couples

An exact couple is an exact sequence of Abelian groups of the form

N A

B
where i, j and k are group homomorphisms. Define d : B— Bby d = jok. Thend” = j(kj)k =0,
so the homology group H(B) = (ker d)/(im d) is defined. Here A and B are assumed to be Abelian

so that the quotient H(B) is a group.

Out of a given exact couple we can construct a new exact couple, called the derived couple,

by making the following definitions:
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1. A =i(A);B'=H(B).
2. i is induced from i; to be precise, i’ (ia) = i(ia).

3. If d =iais in A’, with a in A, then j'd’ = [ja], where [ ] denotes the homology class in H(B).

To show that j’ is well-defined we have to check two things:

(a) jais acycle. This follows from d(ja) = j(kj)a = 0.

(b) The homology class [ja] is independent of the choice of a. Suppose a’ = ia for some
other @ in A. Then because 0 = i(a — a), we have a —a = kb for some b in B. Thus

ja— ja= jkb=db, so [ja] = [jal.

4. k' is induced from k. Let [b] be a homology class in H(B). Then jkb = 0 so that kb = ia for
some a in A. Define k'[b] = kb € A’.

Now we are going to show that with these definitions, the derived couple is an exact couple.
1. Exactness at B'.

(@) im j Ckerk': K'j(d)=Kj(ia) =k jla) =kj(a) =0.

(b) ker k' Cim j': since k'(b) = k(b) = 0, it follows that b = j(a) = j'(ia) € im j'.
2. imk =keri.

(a) im K C keri': i'K'[b] = i'k(b) = ik(b) = 0.

(b) ker i’ Cim k': 0=1i(d") = i(i(a)), then exist b € B such that k(b) = i(a) and d(b) =0
because d(b) = jk(b) = ji(a) =0. Then d’ = K'[b].

3. imi' =kerj.
(@) imi' Cker j j'i'(d) = ji(ia) = j'(iia) = [ji(a)] = [0].
(b) ker j/Cimi’: j'(d’) = 0], thenexista € A and b € B such thata’ = i(a) and j(a) =d(b) =

jk(b). For this exist a € A such that i(@) = a—k(b). Thend’' =i(a) = i(i(a) + k(b)) = i(ia).

1.4.2 The Spectral Sequence of a Filtered Complex

Let K be a differential complex with differential operator D. Usually K comes with a grading
K=&z Ck and D : CK — C**! increases the degree by 1. A subcomplex K' of K is a subgroup
such that DK’ C K'. A sequence of subcomplexes

K=KyDKi DKy D---
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is called a filtration on K. This makes K into a filtered complex, with associated graded complex

GK = P K,/Kpi1.
p=0
For notational reasons we usually extend the filtration to negative indices by defining K, = K for
p < 0. Let A be the group
A= @KP
PEZL

A is again a differential complex with operator D. Define i : A — A to be the inclusion K, | — K,
and define B the quotient

B= @KP/ Kp+1

PEZ

Then we have the next short exact sequence
J

0 A—oA B 0.

Then B is the associated graded complex GK of K. In the short exact sequence above each group is a
complex with the operator induced from D. In the graded case we get from this short exact sequence
a long exact sequence of cohomology groups

= HY(A) = HA(4) - Y (B) - Y (4) — -

which we may write as

H(A) n H(A)

N

H(B)

Define A| = H(A) and By = H(B), we have the next exact couple

Aq i Ar,

N

By

where the map i need no longer be an inclusion. We suppress de subscript of i; to avoid cumbersome
notation later. As we saw in the last section, the exact couple above gives rise to a sequence of exact
couples:
A LA
N
B,

each being the derived couple of its predecessor. For the sake of the exposition consider now the case

where the filtered complex terminates after K3:
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Then A is the direct sum of all the terms in the following sequence
<" H(K)<"—H(K) < H(K|) <— H(K;) <*— H(K3) <—0.

This is of course not an exact sequence. Next, A, by definition is the image of A; underiin A and so

is the direct sum of the groups in the sequence

~

H(K) H(K) <——iH(K}) < iH(Ky) <— iH (K3) <—0 .

Note that here the map iH (K;) < H(K) is an inclusion. Similarly A3 is the sum of

~

H(K) H(K) <—iH(K) < iiH (K,) < iiH(K3) <— 0

and A4 is the sum of
H(K) DiH(K;) D iiH(K>) D iiiH(K3) D 0.

Since all the maps became inclusions in Ay, all the A’s are stationary after the four derived couple and

we define A to be the stationary value:
Ay =As =Ag =" =Aw.

Furthermore, since

Ay ‘ A4
P
By

isexactand i: A4 —> Ay is the inclusion, the map k4 : B4 — A4 must be the zero map. Therefore, after

the fourth stage all the differentials of the exact couples are zero and the B's also became stationary,
By =Bs=Bg ="+ = Bw.

The exact couple
Ace = Aw

N
B..

A is the direct sum of the next filtration of H(K)

- =H(K) = H(K) D iH (K1) D iiH (Ky) D iiiH (K3) D 0

and the i 1s the inclusion. Since B.. is isomorphic to the quotient of i. (using the Five Lemma at

the short sequence 0 A5 A B 0 is exact), it is the direct sum of the successive

quotients in i, then B is the associated graded complex of the filtered complex H(K).

We now return to the general case. The sequence of subcomplexes

-=K=KDK|DK;DK3D:--.
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induces a sequence in cohomology

~

H(K) <" H(K\) <"~ H(K2) < H(K3) = -,

H(K)

where the maps i are of course no longer inclusions. Let F,, be the image of H(K,) in H(K). Then

there is a sequence of inclusions
HK)=FD>OFDFKLDODFD---,

making H(K) into a filtered complex; this filtration is called the induced filtration on H(K). A
filtration K, on the filtered complex K is said to have length | if K, # 0 and K, = 0 for p > [. By the
same argument as the special case above, we see that whenever the filtration on K has finite length,
then A, and B, are eventually stationary and the stationary value B.. is the associated graded complex
@ F,/F,1 of the filtered complex H(K).

It is customary to write E, for B,. Hence,
E| = H(B) with differential d| = jj ok,

E, = H(E]) with differential d, = jao ko,

E5 = H(E,) with differential d3 = j3 o ks,

A sequence of differential groups {E,,d,} with E, is the homology of its predecessor E,_ is called
a spectral sequence. 1f E, eventually became stationary, we denote the stationary value by E., and
if E. is equal to the associates graded group of some filtered group H, then we say that the spectral
sequence converges to H.

Now suppose the filtered complex K comes with a grading: K = €, <7 K". To distinguish the grading
degree n from the filtration degree p, we will often call n the dimension. The filtration {K,} on K

induces a filtration on K".

Theorem 1.4.1. Let K = @,,c7, K" be a graded filtered complex with filtration {K,} and let H},(K)
be the cohomology of K with the filtration {F,} where F, is the image of H(K),) in H(K). Suppose

for each dimension n the filtration {KZ} has a finite length. Then the short exact sequence

O_>®Kp+1 @Kp @Kp/KIH—l —0

induces a spectral sequence which converges to H},(K).

Proof. By treating the convergence question one dimension at a time, this proof reduces to the un-

graded situation. To be absolutely sure, we will write out the details. As before,

A= @i H(Ky);
PEZ
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ifr>p+1,theni"H(K,,1) = F, and
i:i"H(Kys) — 'H(K,)

is an inclusion. With a grading on each derived couple, i and j preserve the dimension, but k increases
the dimension by 1. Given n, let /(n) be the length of {K};} ,c7z and let r > I(n+ 1) + 1. Then for any
integer p,
and

iii"H"" (K1) — i'H"TN(K))
is an inclusion. It follows that

ARY. U Ll

1s an inclusion and

: 1
k,: B! —s A"t

is the zero map. Therefore, as r — oo, the group B! becomes stationary and we can define B, to be

this stationary value. Note that
n __ n
AL=DF

and that i., sends Flf ', into F) for every n. Because

i : P Fpr1 — EPFp

is an inclusion, B., is the associated graded complex @ F},/F), 11 of H}(K). O

1.4.3 The Spectral Sequence of a Double Complex

Let K = @ K?9 be a double complex, that is, a family of modules doubly indexed by the integers
with horizontal differential operator & : K”¢ — KP+1:9 and vertical differential operator d : KP4 —
KP4+1 such that §% = d*> = 0 and d§ = 8d. We can form a single complex out of it in the usual way,
by letting K = @ CK, where Ck = @ p+q—k K7, and defining the differential operator D : ck — ckt!

to be D = § + (—1)Pd. Then the sequence of subcomplexes indicated below is a filtration on K:

K, =D DK™

izp q>0

To show that D and K, are well-defined we have to check:
1. D? =0. This follow from D* = d?+ 8d —d& + 8% = 0.

2. DK, C K. This follow from DK*4 = §K'9 + (—1)'dK"9 Cc K" @ K4t C K, C K, for
i>p.
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The direct sum A = K, is also a double complex. Here, as always, we form a single complex
A = @ A* out of this double complex by summing de bidegrees: A* = CXN A consists of all elements
in A whose total degree is k. There is an inclusion i : A¥ — A% given by i : A¥N Ky — Ak K.
The single complex A inherits the differential operator D from K.

Similarly, B = @K, /K,+1 can be made into a single complex with operator D. Note that the differ-

ential operator D on B is (—1)?d; therefore,
E; = Hp(B) = Hy(K).

Recall that the coboundary operator k| : H(B) —> H(A) is the defined by de following diagram:

(k)

0——=AINK, | —= A NK, —= B*"'NK, /K, 1 —=0
D ()

0——=AFNK,1 AFnK, — L B K, /Ky ———0

Let b in A¥N Kp represent a cocycle [b] in BN K}, /K1, this corresponds to Step (*) in the diagram.
To get k1 ([b]), we compute Db (in Step (#x)) and take its inverse under i (in the Step (x **)). Since
b represents an element of E; = Hp(B) = Hy(K), db =0 and Db = 8b+ (—1)Pdb = db. Thus
Kk [b] = [6D]; so the differential d| = jik; on Ej is given by 8. Consequently

E, = HsHy(K).

Theorem 1.4.2. Given a double complex K =, ;> KP there is a spectral sequence {E;,d,} con-

verging to the total cohomology Hp(K) such that each E, has a bigrading with
dy: EPY —s Ef’“’q_”l
and
EPY = HI(K),
P4 _ P rd(r\-
Ey" = HgH,(K);

furthermore, the associated graded complex of the total cohomology is given by

GHj(K)= & ELY(K).
ptq=n

Note 1.4.1. Given two spectral sequences, {(E;”,d,)} and {(E}*,d,)}, a morphism of spectral se-

quences is a sequence of homomorphisms of bigraded modules, f, : (E;™,d,) — (Ef ’*,cfr), for all
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r, of bidegree (0,0), such that f, commutes with the differentials, that is, f,od, = dy o fy, and each
fr+1 is induced by f, on homology, that is,

H
frJrl :E*7* EH(E;-h*,dr) (f)

r+1 — H( A;k?*adz’)gEA‘*7>|<

r+1

One way to build a morphism of spectral sequences is to have a morphism in the initial page that
commute with the initial differential. Furthermore, such a morphism induces a mapping fw : Eco —>
E.. If we have graded filtered complexes K = Ky 2 K| O --- D K,, and K = I%o D Kl .- D kn and
a morphism f : K — K respect the filtration, that is, f (K;) C K; and commute with the differentials,

then this morphism induce a morphism of spectral sequences between the induced spectral sequences.
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CHAPTER 2

Persistence and Leray’s theorem

2.1 Persistence

The concept of persistence emerged independently in the work of Frosini, Ferri, and collaborators
in Bologna, Italy, in the doctoral work of Robins at Boulder, Colorado, and within the biogeometry

project of Edelsbrunner at Duke, North Carolina.

Persistent homology/cohomology is an algebraic method for measuring topological features of
shapes and of functions. In the last 20 years the research and application of persistent homol-

ogy/cohomology has been intense, for an introduction and survey you can read [20].

In this section we achieved to show that the persistent cohomology of a filtered finite dimensional
simplicial complex is a graded module over a polynomial ring, like Zomorodian and Gunnar had done

to persistent homology in [33]

2.1.1 Simplicial Complexes

A simplicial complex is a set K, together with a collection . of subsets of K called simplices
such that forallv € K, {v} € ., and if & C 6 € .7, then @ € .. We call the sets {v} the vertices of
K. When it is clear from the context what . is, we refer to the set K as a complex. We say ¢ € ./
is a k-simplex of dimension k if |6| =k+ 1. If & C 0, a is a face of ¢ and © is a coface of a.
An orientation of a simplex ¢ = {vg,...,v} is an equivalence class of orderings of the vertices of
o, where (vo, ..., Vi) ~ (V¢(0);- -, Ve(k)) if the sign of the permutation 7 is 1. We denote an oriented
simplex by [0]. A k-simplex may be realized geometrically as the convex hull of k + 1 affinelly
independent points in RY, d > k. A realization gives us the familiar low-dimensional simplices:
vertices, edges, triangles and tetrahedra, for 0 < k < 3. Within a realized complex, the simplices
must meet along common faces. A subcomplex of K is a subset L C K that also is a simplicial

complex.

21
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2.1.2 Chain Complex

The k-th chain group C; of K is the free Abelian group on its set of oriented k-simplices, where
[6] = —[t] if 6 = 7 and o and 7 are differently oriented. An element ¢ € Cy is a k-chain, ¢ =
Y.iniloi], o; € K with coefficients n; in a field F. The boundary operator 0y : C; — Cj_1 is a

homomorphism defined linearly on chain c¢ by its value on any simplex o = [vy, ..., v] € Cg,
8k(7 Z V(), ~,...,vk],

where ¥; means that v; is deleted from the sequence. The boundary operator connects the chain groups

into a chain complex

It 1 Ik
C,: - Cis1 Cy Crf — -

We may also define subgroups of Cj, using the boundary operator: the cycle group Z; = ker dj, and the
boundary group By = im 0 1.

Proposition 2.1.1. d;d;,1 =0
Proof. The same idea that in|1.1.1 [

This fact, along with the definitions, implies that the defined subgroups are nested, By C Z; C Cy.

For generality, we often define null boundary operators in dimensions where Cy, is empty.

Definition 2.1.1. The k-th homology group is H, = Zy/By. Its elements are classes of homologous
cycles. The rank By of the free submodule of Hy, is Betti number of the module Hy.

2.1.3 Cochain complex

The k-th cochain group C* of the complex K is {¢ € Hom(Cy,TF) : P(Ve(0)s - -+ Ve(k)) = sign(7)
¢©(vo,...,vi)} where IF is a field and 7 is a permutation. Thus a k-cochain is an F-homomorphism
Y : Cy — . The boundary operator d; : Cy — C;_1 induces a unique homomorphism in the cochains
8k k=1 — €k called coboundary operator that satisfies y(dy([z])) = 8%(y)([z]) for all k-chains z
and (k — 1)-cochains 7, such that

k+1

8 () ([x0r- - 5i]) = X (=1 W([0r- o Biy 58]

i=0

The coboundary operator connects the cochain groups into a cochain complex

k+1 k
Ck+1 0 Ck 0 Ck*l

C*: [P,

We may also define subgroups of C¥ using the coboudary operator: the cocycle group Z¥ = ker §*
and the coboudary group B* = im 81

Proposition 2.1.2. 561 =0



2.1. Persistence 23

Proof. Because dydis1 = 0. H
This fact implies: Bk C 7k C C*,

Definition 2.1.2. The k-th cohomology group is H* = Z¥ | B*. Its elements are classes of homologous

cocycles.

2.1.4 Persistent Cohomology

Given a filtered complex
0CK,CKy—1 C---CKI CKo=K,

the i-th complex K; has associated the coboundary operator 51-" and groups C{‘, Zlk, Bi.‘ and Hik for

i,k > 0, and we have the homomorphism restrictions vik : Hl.k — Hik+1- Then we have the sequence

*

% \Y
) -1
" H | -H 0.

n

*
Vi

Hy
Definition 2.1.3. The p-persistent k-th cohomology group is

H;

=2/ (Bl ,NZf).

Note 2.1.1. If we define v}, the homomorpism restriction from H;" to H

. .
ip then H  is the image of

Vi
Definition 2.1.4. A persistence module .# is a family of R-modules M;, together with homomorphisms
Qi M; — M.

For example, the sequence of cohomology of the filtration is a persistence module, where ¢; are

the restrictions.

Definition 2.1.5. A persistence module {M;, @;} is of finite type if each component module is a finitely
generated R-module, and if the maps @; are isomorphisms for i > m and i < n for some integers m

and n.

If we have a filtration of a finite K, then the cohomology of the filtration is a persistence module
A of finite type.
2.1.5 Correspondence

Suppose we have a persistence module .# = {M;, ¢;},cz over a ring R. We now equip R[t] with

the standard grading and define a graded module over R[t] by

OC(,%) = @Mi,

i€Z
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where the R-module structure is simply the sum of the structures on the individual components, and

where the action of 7 is given by

t- (oo ymo,my,my, ) = (-, @o(mo), @1(mi), @2(ma), ).

That is, ¢ simply shifts elements of the module up in the graduation.

In the case of the persistence module coming from a cohomology of the filtration of a complex K,

we use the follow notation PH(K) to &¢(K) and we can write
n
PH*(K) = P H;
i=0

where n is the size of the filtration of K.

Theorem 2.1.1. The correspondence  defines an equivalence of categories between the category of
persistence modules of finite type over R and the category of finitely generated graded modules over
R]t].

The proof is the Artin-Rees theory in commutative algebra [18].

2.2 Leray’s theorem

Alvaro Torras Casas in his doctoral thesis [31] explored Mayer-Vietoris spectral sequence associ-
ated to filtered covers on filtered complexes. From this study, he managed to create an algorithm to
calculate persistent homology.

In this section we will explore Leray’s spectral sequence associated to filtered covers on filtered
complexes. The difference between Mayer-Vietoris spectral sequences and Leray’s spectral sequence
is while Mayer-Vietoris spectral sequence works on the homology of the open cover of the space,
Leray’s spectral sequence works on the cohomology of preimage of a map of an open cover of a
known space. There are at least two advantages in working with Leray’s spectral sequence instead of
Mayer-Vietoris spectral sequence, the first is that the algorithms to calculate persistent cohomology
are faster and the second is that it works with open cover of known spaces.

Consider f : X — Y a map from one space to another, we want to study how the cohomology
groups of X relate to those of Y. Let % be any cover of Y such that =% is a locally finite cover of
X. By Generalized Mayer-Vietoris principle

H;(X) ~ Hp{C3(f ' % .C))}.

By spectral sequence of double complex, if K is the double complex Cj(f 1y ,C) on X, then by
Theorem the spectral sequence of K converges to

Hp{C5(f~'% ,C)}
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and

EyY = H{H{{C5(f ' % ,Cy)}-
Thus we have the next version of Leray’s theorem.

Theorem 2.2.1 (Leray’s Theorem). Let X and Y be spaces, let % be a cover of Y such that f~'U is
a cover for X locally finite and let f : X — Y be a map. Then there is a spectral sequence converging
to H}(X) and ES = HYHI{C3(f~'% ,.C})}.

Another way to prove the Theorem[2.2.1]is to take the vertical filtration, since the construction was
done using horizontal filtration and the page two of spectral sequence of double complex to vertical

filtration stabilizes.

Example 2.2.1. Consider the vertical projection of a circle S' onto a segment I. Cover I with three

open sets Uy, Uy ,U, as shown in figure 2.1|

U,

Figure 2.1:

H)(f' (Vo)) =~ Hy(f'(Ua)) =~ K, HY(f'(Uh)) = HY(f ' (Uo1)) = Hy(f ' (Un2)) =~ K* and
HZJ =0foralli > 0. Then the page E is

KoK2pK -2 >K2qpK2

with 8 given by (b, (c1,¢2),d) — ((c1 —b,ca—Db),(d —c1,d —¢3)). Thus ker 8 = {(b,(b,b),b)} and
HgHg ~ K. Since im § is 3-dimensional, H(%Hg ~ K. So the page E; is

K K.

In this case, then, Ey = E...
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Note that H?(f~1%) is a presheaf on Y, we will use the notation .7 for this presheaf. Then in
the Leray’s theorem, EJY = HE (% , ) is the Cech cohomology of the cover % with values in 2.

Now we are in a condition to state the most important theorem of this section.

Theorem 2.2.2 (Leray’s Theorem for Persistence Module). Let X and Y be topological spaces, let
f:X =Y be amap, let % be a cover of Y such that f~'% is a cover for X locally finite and a

filtration X = Ky D K| 2 --- 2 Ky = 0. Then there is a spectral sequence converging to PH*(X) and
EP? = HE(% ,PHI(f'U)).

Proof. Let X =Ky D K| O --- D Ky = 0 be a filtration of X, then for the presheaf qu(Ki Nnf=1(U)),
we will use the notation ? and the notation EJ for Hi (% ,7"). As the Leray’s theorem is true
for the restriction of the map f to each subspace K;, we have a spectral sequence converging to H}; (K;)
whose page E is E2 If we consider €p; Eflq @D Hf (% , ") = H (% ,@®,; 7). For the other
side the direct limit commute with the direct sum, then we have a spectral sequence converging to
;H;(K;) = PH(X) whose page E, is HY (% ,@; #%) = HY (% ,PH(f~'U)).

Now we will to show that the restriction homomorphism 71;* : C; — C;, | induces a homomorphism
on the direct sum of Leray’s sequence of filtration, for this we need to show:

q+1

1. do nq =1, od. That is the same that next diagram is commutative

Cl(f Uspay) — = CH (7 (Usy..ry)

n?] n,‘”l]

CHf Ua..a) —2 CH (F Ung..a,)-
Let T € C?(f’l(Uaomap)) and z = (20,...,2¢+1) € C;ill (f*I(UaO._‘ap)), then
n{od(1)(2) =d(7) (1] (2)),

where l;fl C(’;Lll (f ' (Uap..a,)) — CqH(f_l(UaO,_,ap)) is the inclusion, then
neod(t)(2) = if—l) U (o B zgi),
=
and for the other side
don!(t)(z) = rt‘*l(i)(—l)i(z(),...,2,-,...,zq+1)) = i)( Dt (20,05 2g01)-

Then d o _nqu d.

2. 8on! =nlo048. Thatis the same that next diagram is commutative

_ 0 —

n?] n?T

Ha0<-~-<a,, Cl-q(ffl(Uao...a,,)) — 2 Ha0<~-<a,,+1 Czq(fil(UOto--AO‘pﬂ))'
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Let 7 € [Tgy<..ca, Cf (f ' (Ugy...a,)) and z € C/(f ! (Uay..a.,))- then

pl ) p+l1 o
5onlq(r)(z) = Z()(_l)l(nzq(f))aoﬁclocpﬂ (Z) = ;)(_1)I(Tlcl]+l)0£0...ﬁci‘..ap+1 (Z)a

and for the other side

p+1

n708(7)(z) = 8(0) (K (2) = ;)(—l)ifao...di...apH(léﬂ(z))?

as (T4 gy iy, (2) = Tag. . (1571 (2), we have Somf =nf 0 5.

3. m respects the filtration (horizontal filtration of the double complex). This is true because the

restriction acting in the index of the summation, not in index p or gq.

We will call n?4 . Eﬁ 4 EP f:]ul the homomorphism induced by 1, and we define

ni D EN = D E

p+q=n ptq=n

as m,; = @p+q:n7‘lfl~’q. Now we can define an action on the spectral sequence @, ,—, @iEg ’l.q =

DB+ gnHy (% ,B; ;") given by
(ool ) = o ), 2 ) s o))

n __ Pq
where m;; = Dptg=nity; -

Then this action define an action on the limit of the spectral sequence, the limit is @, H*(K;),
we can show that it homomorphism is isomorphic to the restriction n;* : H(K;) — H;(Ki41) taking
the vertical filtration on the double complex. Then we conclude that the spectral sequence @iEg ’l.q

converge to o/({H;(K;),n;}). Then we have the theorem. O

Example 2.2.2. Consider the projection of the torus T onto the circle S' as shown in figure and
take the filtration T = Ko O K1 D Ky D K3 D K4 = 0 as shown in figure
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~
~
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-~
f
L |
1 1
0 1
Figure 2.2:

Y

/]

Y

Figure 2.3: Filtration of torus.

For an analytical illustration take the torus as [0,1]?/ ~ and the circle [0,1]/ ~ and consider the
cover of S': Uy = (%,%),Ul = (%,‘5—1) and Uy = (%,%)
In the filtration K3 = {(0,0), (0, %), (0, %), (%,O), (%, %), (%, %), (%,O), (%,%), (%, %)} (the vertices), K,
is the complex formed by the horizontal and vertical edges between the vertices of K3, K1 is the com-
plex formed by K> union the anti-diagonal edges and Ky is the torus.
Then H*(K3) = {K°,0,0}, H*(K;) = {K,K', 0}, H*(K;) = {K,K!°,0} and H*(Kp) = {K,K? K},
H*(K3N f~Y(U)) = {KS5,0,0}, H* (K, N f~1(U;)) = {K,K2,0}, H* (K, N f~1(U)) = {K,K’,0},
H* (Ko 0 £ (U) = {K,K,0}, H*(K3 N £~ (Uy)) = {K,0,0}, H*(Ka 1 £~ (Uy) = {K.K, 0},
H*(Ki 1 £~ (Uy) = {KK,0}, H*(Kon ) (Uy)) = {K. K. O},
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Ei3=

Erp =

Eip=

K6@K6@K6LK3 @K3 @K3

K° 0
KKK 2~ KKK
KaKeK —-KaKaK

K° 0

K K
KoK oK 2 ~KepKaK
KeKeK —>KoKaK

K18 0

K K
KoKaK—>KeKaoK
KoKaK—>KeKaoK

K K
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CHAPTER 3

Separation Property for Generalized
Manifold

3.1 Generalized Manifold

Definition 3.1.1. A locally compact space X is a generalized m-manifold if the following conditions

are satisfied:

1. X is an ENR (Euclidean Neighborhood Retract), if there exist a subspace Y of some R" home-
omorphic to X, a neighborhood V of Y and a retractionr:V — Y

2. H(X,X —{x};R) ~ H.(R",R™ — {0};R) for every x € X, where R is Z or Z,.

The space X is a generalized m-manifold with boundary if the condition 2 is replaced by Hy, (X, X —
{x};R) ~Ror0, and if bd(X) = {x € X : Hy(X,X — {x};R) ~ 0} is a generalized (m — 1)-manifold
embedded in X

Such manifolds have been studied throughout the second half of the twentieth century, for exam-
ple, it is a known fact that there are generalized manifold that are not homeomorphic to topological

manifold(see [12][13]). Another known fact is that the following dualities apply (see [11] [21]).

Theorem 3.1.1 (Poincaré’s Duality Theorem for Generalized Manifold). The duality map
Dy : HY(M;R) — H,_i(M;R) given by Dy/(a) = o ~ [M], is an isomorphism for all k whenever M

is an R-oriented generalized n-manifold.

Theorem 3.1.2 (Alexander’s Duality Theorem for Generalized Manifold). Let X be a oriented gen-
eralized n-manifold. If B is a closed subset of X, then H"~'(B;R) ~ H;(X,X — B;R) for each integer

i, where I-VIC* represent Cech cohomology with support compact.

Now we will present the most important results concerning the topology of generalized manifold.

These results are obtained assuming basically two conditions that we will define below.

31
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Definition 3.1.2. A generalized n-manifold, n > 5, has the disjoint disks property (DDP) if given € >0
and a pair of maps f,g : D* — X, there are a pair of maps f',g' : D* — X such that d(f, f') < &,
d(g,¢') < € and f'(D*)Ng'(D*) = 0.

Definition 3.1.3. A resolution for a generalized n-manifold X is a map ¢ : M — X such that ¢ | o1 (U)
¢~ (U) — U is an homotopic equivalence for all open U D X, where M is a topological manifold. If

X admits a resolution, we say that X is resolvable.
Now we are in a condition to state one of the most important theorems for generalized manifold.

Theorem 3.1.3 (Edwards’s approximation theorem). Let X be a generalized n-manifold with DDP. If

¢ : M — X is a resolution for X, then ¢ is limit of a sequence of homeomorphisms h; : M — X.

Corollary 3.1.1. Let X be a generalized n-manifold resolvable, n > 5. X is a topological manifold if,
and only if, X have the DDP.

In this way, the corollary provides a criterion to characterize topological manifolds based on
the generalized manifolds. In [27][28]], F. Quinn associates to any connect generalized n-manifold,
n >4, alocal index 1(X) € 1+ 8Z and he shows that 1(X) = 1 if, and only if, X is resolvable.
Combining it with Edwards’s approximation theorem we have the next theorem of characterization to

topological manifold.
Theorem 3.1.4 (Edwards-Quinn). If n > 5, a generalized n-manifold X with DDP is a topological
manifold if, and only if, 1(X) = 1.

This characterization open the question: Are there generalized manifold X with 1(X) # 1? The

next theorem that appeared in [12][[13]] answer this question.

Theorem 3.1.5 (Bryant, Ferry, Mio, Weinberger). Let M be a closed simply-connected topological
n-manifold and ¢ € 87+ 1. There is an generalized n-manifold X homotopy equivalent to M with
1(X)=o0.

3.2 Separation by codimension-1 map depending on the self-
intersection set

In this section we will see the first result of separation by codimension-1 map to generalized
manifold, Theorem [3.2.1] which is an extension of Theorem 2.2 in [25]], from topological manifold to

generalized manifold.

Lemma 3.2.1. Consider the following commutative diagram of R-modules, where the rows are exact

and g is an isomorphism
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Then, ker(h) ~ coker(f + L), where f + A : A® D — A’ is the induced map.

Proof. We apply the ker-coker lemma to the following diagram, which is obtained in a natural way

from the above

0 —— coker(A) —= B —— ('

getting the exact sequence:

ker(f) — ker(g) — ker(h) — coker(f) — coker(g) — coker(h).

Since ker(g) = coker(g) = 0, we have that ker(h) ~ coker(f) and the lemma follows from the iso-

morphism

. A JIm(A) N A
coker(f) = TP ImQ) JIm(A) = Tm(F) £ Im(a) ~ ok +4).

]

Theorem 3.2.1. Let f : X — Y be a proper map from a connected generalized n-manifold to a
connected generalized (n+ 1)-manifold with H\(Y;Z,) = 0 and let A be the closure of the self-
intersection set A(f) = {x € X : f~1f(x) # x}. Suppose that A # X and Y — f(A) is connected.
Then Bo(Y — £(X)) = 2+ dimg,coker(i* + f|}), where i* + f|}; : H* 1(X;Z2) @ H* 1 (f(A); Z2) —
H'"Y(A;7Z,) is the induced map.

Proof. To simplify the notation, we shall omit the coefficient group Z, in all homology and cohomol-

ogy groups.

Since f is proper (and hence closed), f(A), f(X) are closed and we can consider the Cech coho-
mology of the pairs (X,A), (f(X),f(A)) and get the following commutative diagram, where the rows

are exact:

171(A)

.

—— H(f(X)) — H!(f(A)) —= HI T (f(X), f(A) —=

(f(A)
l<4> L<s> l<6>
17(A)

— H(X) H!(X,A)

But some of these cohomology groups are computed using the Alexander’s duality:
H'(X) ~ Hy(X) ~ 7,
H'(f(X)) ~ H,(Y,Y — f(X)) ~ Ho(Y — f(X)), where the last isomorphism comes from the exact
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sequence of the pair (Y,Y — f(X)):

0=H(Y) —=Hi(Y,Y - f(X)) — Ho(Y — f(X)) —= Ho(Y) = 0.

This gives a formula for the number of connected components of ¥ — f(X):
Po(Y — f(X)) = 1 +dimz, H (f(X)). (3.1)

We apply also the Alexander’s duality to A and f(A):
H(A) ~ Hy(X,X —A) =0,
H'(f(A)) ~ H(Y,Y — f(A)) = 0, where the last equality comes from the exact sequence of the pair
(Y, Y — f(A)):
0=Hi(Y) —H (V.Y — f(A)) —= Ho(Y — f(4)) =0.

On the other hand, for the Theorem 5 in [30] pag. 318, the maps (3) and (6) in the above diagram
are isomorphisms. Then we can apply the Five Lemma to the maps (2),...,(6) and deduce that
f*H'(f(X)) — H*(X) is an epimorphism. Therefore dimz, H"(f(X)) = 1+ dimz,ker(f*).

But the above lemma implies that ker(f*) = coker(i* + f}), then Bo(Y — f(X)) =2+
dimz, coker(i* + f|}).
]

Now we are going to see some particular results according to the closure of the self-intersection

set A. If A = 0 we have the next version of Jordan-Brouwer Theorem.

Corollary 3.2.1 (Jordan-Brouwer Theorem to generalized manifold). Let f : X — Y be a proper
embedding from a connected generalized n-manifold to a connected generalized (n+ 1)-manifold
with H,(Y;Z,) = 0. Then the number of connect components of Y — f(X) is 2.

Proof. The self-intersection set A is empty, then X # A, Y — f(A) is connect, H"'(A;Z,) = 0 and
dimg, coker(i* + f|};) = 0. O

An other result is in the case where dim A < n and A compact.

Proposition 3.2.1. Let f : X — Y be a proper map from a connected generalized n-manifold to a
connected generalized (n+ 1)-manifold with Hy(Y;Z,) = 0 and let A be the closure of the selfinter-
section set A(f) = {x € X : f~1 f(x) # x}. Suppose that dim A < n and A compact, then Y — f(X) is

disconnected.
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Proof. Asdim A < nand A compact we have that H"(A) = H"(A) = H"(A) = 0, and hence (5) in the
diagram
—— H!7N(f(X)) — HI 7 (f(A) —= H(f(X), f(A)) —

Jl e

%

—>H”( H' (X, A)
is an epimorphism. Then the Five Lemma again to the maps (2),...,(6) implies that (4) is an epi-
morphism. Then we have that H"(f(X)) # 0 and by equation Bo(Y — f(X)) > 2. O

3.3 Separation by codimension-1 map depending on the nor-
mal crossing point

In this section we will show the second result on separation by codimension-1 map to generalized
manifold, Theorem[3.3.2] in this theorem we adapt the arguments of the Saeki’s proof of the Theorem

2.2 in [29]], obtaining a similar result to generalized manifold. In the following of this section R = Z.

Definition 3.3.1. A subset A of X is locally n-co-connect (n-LCC) in X if for each x € A and neigh-
borhood U of x, there is a neighborhood V of x in X lying in U such that the inclusion induced
homomorphism m;(V — A) — m;(U — A) is trivial for all i < n.

Definition 3.3.2. Let f : M — N be a map from a generalized (n — 1)-manifold into a generalized
n-manifold. A point g € N is called a normal crossing point if there exist a neighborhood U of q and
an integer m (0 < m < n) such that f~'(q) consists of m distinct points q; (1 < i < m) and that there
are pairwise disjunt neighborhood W; in M of q; such that f|w, : W; — N are proper embedding and
UNnf(M)=UN (UL, f(W;)) corresponds to union of m distinct subspaces in general position. We
call m the multiplicity of q. Here, m distinct subspaces H; (1 <i < m) are in general position if for
every sequence of integers i(1),...,i(s) with 1 <i(1) < --- <i(s) < m we have codim(H;yN---N
Hj(s)) = codim(Hj(1)) +- - - +codim(H;(5)) and H; separate any other Hj in two connected components.

Definition 3.3.3. By a pseudo-isotopy of a space M, we mean a homotopy H, : M — M, t € [0,1],
such that H; is a homeomorphism for 0 <t < 1.

The following result was proven in [22]] as Theorem 2.4.9.

Theorem 3.3.1. Let X be a generalized n-manifold, n > 3, and F a closed subset of X with dimension
n—1. Then for all map f : 1 — X can be g-approximated by a 0-LCC embedding f' : 1 — X such that
f'(I)NF have dimension 0.
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Proposition 3.3.1. Suppose that X is a simply-connected generalized n-manifold, n > 3. Let M be
a compact arc and let Q be a closed submanifold of X with dimension n — 1. Then there exist an
pseudo-isotopy H; of X such that H\ (M) N H,(Q) is a point.

Proof. For Theorem [3.3.1| we can assume that F = M N Q have dimension 0 and is 0-LCC. Let A be
a compact arc in M such that F C A and let B be a compact arc in Q such that ¥ C B. Then AUB
is union of arcs and cicles, how X is simply-connected, there exist a pseudo-isotopy H; such that
H(AUB) = {x} apointin F. Then H(M) NH,(Q) = {x}. O

Definition 3.3.4. Let f : X — Y be a map. We said that f is an immersion, if for each x € X there is
a neighborhood B of x that f|p : B—Y is an embedding.

The next idea we take from [14].

Note 3.3.1. Suppose that X is an oriented generalized n-manifold, n > 5, and that M is a closed
oriented topological m-dimensional submanifold of X. Let V.C M be an open m-ball neighborhood
of a point x € M and let U be an open set in X such that U "M =V. Then for Alexander’s Duality,
we have

] Z lfp - m7
Hn_p(U7U —V)=HE(V) = {0 otherwise

Suppose g = n—m and that Q is a closed oriented g-dimensional submanifold of X such that QNV =
{x}. Let W =QNU, then H(W,W — {x}) =~ Z. Thus, the inclusion Hy(W,W —{x}) — H,(U,U —V)
is multiplication by an integer k, with we define intersection number of M and Q at x (I,(M,Q)).
If M N Q is a finite set F, define the intersection number of M and Q (I(M,Q)) to be the sum over
F of the intersection numbers at x € F or zero if F =0 . If f : Y — X is a immersion map from
a closed generalized manifold, for all p € F(Y), f~'(p) = {p1,...,ps} and there are U, Uy, ... Uy
disjunt neighborhood of p, p1, . .., ps respectively such that f|y, : U; — X is an embedding and flu=
U;Ui. IfVNf(Y) = {x} we can define intersection number of M and f(Y) at x as [,(M,f(Y)) =

LM f(Uy). If MO f(Y) is a finite set F, define the intersection number of M and f(Y)
(I(M, f(Y)) to be the sum over f of the intersection number at x € F or zero if F = 0.

Note 3.3.2. Since intersection number is thus defined in terms of homology, it is homotopy type in-

variant .

Definition 3.3.5. A polyhedron P in a generalized manifold M is tame in M, if, for every point x € P
there is a triangulation of P containing x as a vertex and a triangulation of a neighborhood of x in M

containing the star of x in P as a subcomplex.

The proof of the next proposition is part of the Theorem 5.3 in [[14]
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Proposition 3.3.2. Let X be an oriented generalized n-manifold, n > 5 with DDP. Let M be a closed
oriented topological 1-dimensional submanifold of X and let Q be an tame closed oriented n — 1-
dimensional PL submanifold of X such that M N\ Q = {x}. Then the intersection number of M and Q

atxis +1 or —1.

Theorem 3.3.2. Let f : M — N be an PL immersion map from a closed oriented connected PL (n—1)-
manifold M into an oriented simply-connected generalized n-manifold N, with DDP and n > 5, such
that f(M) is tame in N. If f has a normal crossing point of multiplicity 2, then the number of path

connected components of N — f(M) is greater than or equal to 3.

Proof. Let g € N be a normal crossing point of multiplicity m, U an open neighborhood of g in N and
W; neighborhood of g; for each i, as in the definition of normal crossing point.

For x and y in U — f(M) we define x ~ y if x and y are connected by a path in N — f(M).

We want to show that the number [ of elements of (U — f(M))/ ~ is greater than or equal to m+ 1.

First suppose m = 1. We can apply the Corollary for f |%l : W; — U, this map is a proper
embedding, then the number of connected components of U — f(M) is 2. Suppose [ = 1, then any two
points x and y of different components are connected by an arc @ in N — f(M) and for Proposition
there exist an arc 3 in U that join x and y and intercept f(M) in one point z. Then U f is
a cycle that (o« U )N f(M) = {z}, then the intersection number of o« U3 and f(M) is 1 or —1, but
oU B is contractible because N is simply-connected, then the intersection number of ¢ U8 and f(M)
is zero. That 1s absurd, then [ > 2.

Now suppose m = 2, for definition f(W)) separate f(W>) in two connect components and for
Corollary f(Wy) separate U in two connect components that we call U™ and U~. Take ¢, €
FfW2)NU™ and g, € f(W2)NU ™. Note that ¢ and g, are normal crossing points with multiplicity
one, then the number of elements of (U — f(M))/ ~ is greater or equal to 2, similarly we see that the
number of elements in (U~ — f(M))/ ~ is also greater or equal 2. Suppose [ < 2, then every point in
UT — f(M) is connected by a path in N — f(M) to a pointin U~ — f(M). Take apointz; € UT — f(M),
then take a path o in N — f(M) which connect z; with z; € U~ — f(M). There exist an arc o in U
with intercepts f(M) in one point x; and with connect z} with a point z, € U™ — f(M). If we repeat
this procedure inductively to obtain z;, &, z},x; and ¢ such that I, (&/(I), f(M)) = L, (a{(I), f(M))
(we can do this because it always crosses f(W)) on the same side) for all i. Then z; and z; belong to the
same connected component of U — (M) for some s < t, since the number of connected components
of U — f(M) is finite. Connect z; and 7, by apath &” in U™ — f(M) and let f = o, Ut} U---U o1 U
o ;U0 be the resulting closed path in N with is a cycle and I(B(I), f(M)) = £(t —s) # 0. But 8
is contractible because N is simply-connected, then /(B (1), f(M)) = 0. That is absurd, then [ > 3

Since the number of path connect components of N — f(M) is greater or equal to the number of
elements of (U — f(M))/ ~, we have the result. O

Note 3.3.3. It should be noted that the generalized manifold constructed in [12][13|] for any index,
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are simply-connected, then we can apply the Theorem for this generalized manifolds.

3.4 Separation by codimension-1 map depending on the pri-
mary obstruction to topological embedding

In this section we will show the third result on separation by codimention-1 map to generalized
manifold, Theorem [3.4.2] in which we use the concept of primary obstruction to topological em-
bedding that has been defined and studied in [2][3][4][S][6]. In this theorem we adapt the arguments
used in [5] to prove the Proposition 6.4 for smooth manifold that is about separation by codimension-1
map.

In the following of this section R = Z,, let M and N be generalized manifolds of dimensions m
and n, respectively, such that k =n—m > 0and f : M — N is a proper map. Let A be the closure of
the self-intersection set A(f) = {x € M : f~! f(x) # x}. Let denote by Uy € H*(N) the Poincaré dual
of f.[M] € Hf,(N); in other words f.[M] = Uy —~ [N]. Note that f.[M] is well-defined, since f is a
proper map.

Let the total Stiefel-Whitney class of M and N denoted by w(M) € H*(M) and w(N) € H*(N)
respectively and let w(M) € H*(M); i.e. w(M) = w(M)~!.

Definition 3.4.1. w(f) = (f*(W(N)) — w(M) is called total Stiefel-Whitney class of the stable normal
bundle of f. We denote by wi(f) € H*(M) the degree k term of w(f), with is the k-th Stiefel-Witney
class of stable normal bundle of f.

Definition 3.4.2. 0(f) = (f*Ur —wi(f)) — [M] € HS,_, (M) is called primary obstruction to topo-
logical embedding.

Note 3.4.1. This homology class is a proper homotopy invariant of f and has the property that, when
M and N are generalized manifolds, if f is properly homotopic to a embedding, then 0(f) vanishes,

this was showed in [2]].

Note that when M is compact, 6(f) € H,,_(M), since we have H,, (M) ~ HS ,(M).
Next three results are Theorem 3.1, Corollary 3.15 and Corollary 3.17 in [2].

Theorem 3.4.1. Let f : M — N be a proper map of an generalized m-manifold M into an generalized
m+ k-manifold N with k > 0. Then f,0(f) € H _,(N) always vanishes.

Corollary 3.4.1. Let f : M — N be a map from an compact generalized m-manifold M into an gen-
eralized m + k-manifold N with k > 0. Set B = f(A). Then there exists an element | € H,,_;(A)
such that j.uu = 0(f) € Hy (M) = Hy,_1 (M) and (f|a), (1) =0 € H,,_1(B), where j: A — M is
the inclusion map. (When A = ¢, we regard H,,_(A) =0 = H,,_(B) )
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Corollary 3.4.2. Let f : M — N be a map from an compact generalized m-manifold M into an gener-
alized (m+ k)-manifold with k > 0. If the topological dimension of A is strictly less than m — k, then
0(f) € Hy—r(M) vanishes.

Lemma 3.4.1. Let f : M — N be a map from an compact generalized m-manifold M into an gener-
alized (m+ k)-manifold with k > 0. Suppose that u € H,,_(A) is not zero. Then if 8(f) vanishes,
fo i Hy_ g1 (M) = Hyy_io1(f(M)) is not subjective.

Proof. Suppose that f is not an embedding; i.e., A # 0. Consider the following diagram of Cech

homologies with exact rows:

<

.

- —— Hi(A) —— Hi(M) H{(M,A)——H;_1(A) — -+

. | |

~

:(B) — H;(f(M)) — H;(f(M),B) — H;_{(B) — - --

<

e —

~

where the vertical homomorphisms are induced by f. Note that the homomorphism f, : H;(M,A) —
H;(f(M),B) is an isomorphism by excision. Then it is not difficult to extract the following exact
sequence:

i1 (A) % F ot (BY @ Fypgos M) 5 11 (M)

_>Flm—k(A) ﬂ} [:Im—k(B> @Hm—k(M)

where j” : B— f(M) is the inclusion map, & = ((f]a)«,ix) where i : A — M is the inclusion map. By
corollary and O(f) = 0, then ker(a) # 0. Therefore f, : Hy,_1(M) — H,_iy1(f(M)) can not
be subjective. [

Theorem 3.4.2. Let f : M — N be a map from a compact generalized m-manifold M into a generalized
(m+1)-manifold N with Hi(N) =0. If A # M, u # 0 and wi(f) = 0, then the number of connected
components of N — f(M) is greater than or equal to three.

Proof. By hypothesis A # M, then 0 = Hy(M,M — A), by Alexander’s duality H"(A) ~ 0, how M
is compact hence A compact, H"(A) = H"(A) = H"(A) = 0 and by universal coefficient theorem
0= H,(A) = Hy(A).

Consider the following exact sequence of the pair (N,N — f(M))

H\(N) — H{(N,N — f(M)) = Ho(N — f(M)) — Ho(N)

by hypothesis H;(N) = 0 = Hy(N), then H,(N,N — f(M)) is isomorphic to Hy(N — f(M)). On the
other hand H{(N,N — f(M)) is isomorphic to H™(f(M)) by Alexander’s Duality. Thus we see that
H™(f(M)) ~ H"(f(M)) (because f(M) is compact) which is isomorphic to H,,(f(M)) by universal
coefficient theorem, then By(N — f(M)) = dimH,,(f(M)) + 1.
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On the other hand we have the following exact sequence

Fin(A) S (B @ Fu(M) V5 11, (p (M)

where j” : B— f(M) is the inclusion map, & = ((f]a)«,ix) where i : A — M is the inclusion map.

As H,,(A) =0, then f, : H,,(M) — H,,(f(M)) is a monomorphism. By our hypothesis w1 (f) = 0
and f*Uy = 0 because H;(N) = 0 then 6(f) = 0 and by hypothesis u # 0. Therefore for lemma
fi : Hy(M) — H,,(f(M)) is not subjective , then dim H,,,(f(M)) > dimH,,(M) + 1 = 2, consequently
Po(N - f(M)) =3 [
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