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Resumo

O presente trabalho aborda questoes de dualidade e aproximacao em espagos de Bergman,
com base em resultados recentes de Chakrabarti, Edholm e McNeal (2019), e inclui um estudo
complementar sobre espacos de Hardy no disco unitario. Sao explorados trés problemas centrais:
a caracterizacao do espaco dual, a aproximagao por funcoes holomorfas bem comportadas e a
construcao das funcoes analiticas mais proximas em LP. O trabalho concentra-se em dominios
limitados em C", com foco especial em dominios de Reinhardt, em particular os triangulos
generalizados de Hartogs, onde surgem projecoes do tipo sub-Bergman que ampliam a teoria

classica.

Palavras-chave: Espacos de Bergman, dualidade, aproximacao, dominios de Reinhardt, pro-

jecoes do tipo sub-Bergman.
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Abstract

The present work addresses issues of duality and approximation in Bergman spaces, based
on recent results by Chakrabarti, Edholm, and McNeal (2019), and includes a complementary
study on Hardy spaces in the unit disk. Three central problems are explored: the character-
ization of the dual space, the approximation by well-behaved holomorphic functions, and the
construction of the closest analytic functions in LP. The study focuses on bounded domains in
C™ with special emphasis on Reinhardt domains, particularly the generalized Hartogs triangles

where sub-Bergman projections arise, extending the classical theory.

Keywords: Bergman spaces, duality, approximation, Reinhardt domains, sub-Bergman pro-

jections.
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CHAPTER 1

Introduction

The study of Bergman spaces has evolved from several sources, with part of its development

inspired by the theory of Hardy spaces. For any 0 < p < oo, a function f analytic in the unit
2m
disk D is said to belong to the Hardy space H? if the integrals / | f(re®)[Pdf remain bounded
0

as r — 1. It belongs to the Bergman space AP if the area integral / |f(2)[Pdo is finite. It is
well known that H? C AP, and that H> consists of all bounded analg?tic functions.

The structural properties of functions in H? were actively studied between 1915 and 1930,
beginning with a classical paper by G. H. Hardy. With the rise of functional analysis in the
1930s, HP spaces came to be regarded as examples of Banach spaces for 1 < p < oco. This
fresh perspective not only introduced new challenges but also provided powerful techniques to
tackle classical problems. In Chapter 2, we explore the foundational concepts that lead to the
definition of Hardy spaces on the unit disk, including harmonic and subharmonic functions as
well as the factorization of holomorphic functions.

At the same time, Stefan Bergman [1| developed an elegant theory of Hilbert spaces of
analytic functions in planar domains and higher-dimensional complex spaces, relying heavily
on a reproducing kernel now known as the Bergman kernel. Bergman’s work focused on spaces
of analytic functions that are square-integrable over the given domain with respect to the
Lebesgue area or volume measure. This kernel, along with its properties and other key results
that underpin the theory of Bergman spaces, is studied in Chapter 3. As counterparts to Hardy
spaces, Bergman spaces raised analogous questions but proved, in many ways, more challenging.
In brief, although Hardy space problems were largely settled by the 1970s, their counterparts
for Bergman spaces were generally viewed as intractable.

The landscape shifted significantly in the 1990s, when problems previously considered in-
tractable began to be solved. Major breakthroughs attracted other workers to the field and
inspired a period of intense research on Bergman spaces and related topics — a line of investiga-

tion that remains active to this day. In this spirit, Chapters 4, 5, 6 and 7 of this work focus on



2 Chapter 1. Introduction

a study of the paper ‘duality and approximation of Bergman Spaces’ by Chakrabarti, Edholm,
and McNeal |2].
If Q@ € C"is a domain and p > 0, three basic questions about function theory on AP motivate

this paper:
(Q1) What is the dual space of AP(Q2)?

(Q2) Can an element in A?(Q2) be norm approximated by holomorphic functions with better

global behavior?

(Q3) For g € LP(£2), how does one construct G € AP(Q2) that is nearest to g?

The questions are stated broadly at this point. In Chapter 6 we shall see precise formulations,
accompanied by the results presented throughout the previous chapters.

At first glance (Q1-3) appear independent. One of the interesting points of this paper is
to show the questions are highly interconnected. On planar domains some connections were
shown in [6] and [14]. However, with support on the irregularity of the Bergman projection

described in [10], there are bounded pseudoconvex domains D C C? such that
(a) the dual space of AP(D) cannot be identified with A(D) where % = % =1,

(b) there are functions in AP(D), p < 2, that cannot be LP-approximated by functions in A?,

and
(c) the L2-nearest holomorphic function to a general g € LP(D) is not in AP(D).

The negative examples highlight the contrast with the positive answers to (()1-3) and are
demonstrated in Chapter 7. These results are called breakdowns of the function theory, to
indicate a break with expectations coming from previously studied special cases.

In Chapter 4, we state and demonstrate general results in the sense that they can be
formulated for arbitrary bounded domains 2 C C™. In particular, in Chapter 5, we narrow
the focus to Reinhardt domains, where the theory of holomorphic functions in several complex
variables plays a central role, supported by a rich framework that includes series representations.
This chapter also lays the groundwork for possible representations of the dual of Bergman
spaces.

Finally, in Chapter 6, we turn to the setting where ((1-3) begin to unfold — focusing espe-
cially on the generalized Hartogs triangles. The extra symmetries of this family of Reinhardt
domains allow precise descriptions of L? allowable monomials, orthogonality relations, and inte-
grability in general. The main results are Theorem 6.2 and 6.15, which construct sub-Bergman
projections that are LP bounded where the usual Bergman projection B is not. In fact, it is
on these domains that the breakdowns of Chapter 7 occur, highlighting the limitations of the

general theory.



CHAPTER 2

An Introduction to Hardy Spaces in One
Complex Variable

The main references for this chapter are [12] and [15].

2.1 Harmonic functions, Poisson representation

Definition 2.1. Let Q C R™ be a domain. A function v € C?(Q) is said to be harmonic if it

satisfies Laplace’s equation

Remark 2.2. We will be concerned with harmonic functions defined on a domain in the
complex plane. For the complex plane we shall use the complex coordinate z = x + 1y, with z

and y real.

There is a natural relation between harmonic and holomorphic functions in the complex

plane. The Laplacian operator can, in fact, be factored as

A (D 0N(D 0
~\dzx Oy) \ox oy’

Note that the equation %—5 + i%—i = 0 for a complex valued function F' = u + v, with v and v

real, is equivalent to

%_81}
or Oy’
o _ "o
or Oy’

which is called the Cauchy-Riemman system, whose solutions F' = u + v are precisely the

holomorphic functions. Any holomorphic function is, therefore, harmonic. In addition, if

3
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or

F = u +iv is holomorphic, taking complex conjugates in the identity -

—l—z’%—g =0, we get

OF OF OF OF

1 = — =

6_x+ oy <~ ox dy

It shows F' = u — iv is also harmonic. Consequently, both u = (F 4+ F)/2 and v = (F — F)/2i
are harmonic functions. In other words, the real and imaginary parts of a holomorphic function

are harmonic. On the other hand, consider the following results:

Lemma 2.3. Let u: Q C C — R be a function of class C*(Q). Then u is harmonic in Q if,

and only if, uy — tu, is holomorphic on .
Proof. Suppose u is harmonic in Q. Then u,,u, € C*(Q2) and
o (Ug)r = (—Uy)y,

o (ug)y = —(—uy)s.

The functions u, and —u, satisfy the Cauchy-Riemann system. Then u, — iu, is holomorphic

in 2. On the other hand, if u, — iu, is holomorphic then

o (Ug)r = (—uy)y,

o (ug)y = —(—uy)s
Consequently
Ugg + Uyy = —Uyy + Uy, = 0.
Thus, u is harmonic. O

Theorem 2.4. Let u be a real harmonic function on a simply connected domain Q C C.' Then

there is a harmonic conjugate® of u in €.

Proof. Let f = u, — tu, in 2. By Lemma 2.3, f is holomorphic on . Since ) is simply
connected, f has a primitive in Q [4, Chapter IV, Corollary 6.16], say F. Write F' = @ + 0.
Then

. , ~ .-~ ~ .~
Uy — WUy = [ = F = Uy + 10, = Uy — 1Uy.

'A domain Q C C is said to be simply connected if it is open, connected, and every closed curve in € can be
shrunk continuously to a point within . Intuitively, this means that € has no holes.

2Given a real harmonic function u defined on a simply connected domain Q C C, a function v: Q — R is
called a harmonic conjugate of u if the function f = u+ v is holomorphic on €. In this case, v is also harmonic
and satisfies the Cauchy—Riemann equations with w.
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Consequently, u, = @, and u, = u, in €2. Since (2 is connected, we see that @ — u is a real
constant. Let C' =@ —u € R. Thus, F' — C = u + v is holomorphic on €2 and ¢ is a harmonic

conjugate of u. O]

So, we have seen that a real function u defined on a simply connected domain of C is

harmonic if, and only if, it is the real part of some holomorphic function.

Suppose u is a real harmonic function on the disk
Dr(0) = {2z € C: |z| < R}.

Then we know u(z) = R(F(z)) for some holomorphic function F. Let

F(z) = Z cr2
k=0

be the power series representation of F. Note that we can write u(z) = (F(2) + F(z))/2 and
get a series representation for u. Let us do that using the polar form of z = re? with r = |2
and —7 < 0 < 7. We obtain:

1 0o oo oo
u(rew) _ 5 E :CkaGZke + § quefsz _ 2 akr\k\ezlw?
k=0 k=0

= k=—00

with ar = ¢/2 for k > 0, ag = R(cp) and a, = ¢—x/2 for k < 0. We conclude that any u

harmonic in Dk(0) has a series representation

u(re) = Z agr!Heth? (2.1)

k=—o00

converging uniformly on compact subsets of Dg(0).

Suppose R > 1. Since (2.1) converges uniformly for r = 1, we see that aj is the Fourier

coefficient, corresponding to the frequency k, of the function ¢ — u(e®), that is,

1 ™

ity —ikt
= — dt.
o | u(e™)e

ag

Substituting this integral for a; in (2.1), we get:

4 ) Y 4
u(re?) = 2—/ u(e) Z rlElekO=) gt
™ —T

k=—0o0
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For 0 < r < 1 the series converges uniformly, its sum being

Z rlklgikt _ + 2R (Z(reit)kz>
k=—o00 k=1
=itz (1—7"6“_1)
=1+2R ! 1
- (1 — rcos(t) — irsin(t) )
B ( 1 —rcos(t) + irsin(t) B 1)
1—2r Cos(t) + 12 cos?(t) + r2sin’(t)

1 —rcos(t
1+72—2r cos(t)

2R
( 1 —rcos(t 1+ 72 — 2rcos(t)
E )

1+72—2r cos(t) 1412 —2rcos(t)
—r? + 7 cos(t)
1+7r2—2r cos(t))
1+72—2rcos(t)  —2r%+ 2rcos(t)
T 14r2—2r cos(t) 1+ 12— 2rcos(t)
1—r?
1472 —2rcos(t)

=142

This function is the Poisson kernel for the unit disk and will be denoted by P,(t).

For a function w harmonic in Dg(0), R > 1, we have obtained the Poisson representation:

(re) 1 /7r 1—7r? (")t
u(re”) = — u(e
21 J_ 1412 —2rcos(d —t)

1 (7 .
= — P.(0 — t)u(e™)dt,
2 ),

(2.2)

where 0 <r < 1 and —7 < 6 < 7. Note that (2.2) exhibits the function u,(e) = u(re®) as the
convolution (on the torus group T = {e" : t € R} which we identify with the interval [—, 7])
of the functions u(e®) and P,.

Formula (2.2) provides the key to the solution of the Dirichlet problem for the disk. This
basic problem consists in finding a function u continuous on D = {z € C : |z| < 1} and
harmonic in D, whose restriction to the boundary of D, u(e), coincides with a previously given
continuous function f(¢) on [—m, 7| such that f(—=n) = f(7). The natural candidate for the
solution will be the integral in (2.2) with f(¢) in place of u(e®), that is, the function ¢t — u(re®)
for 0 < r < 1, is the convolution of f and the Poisson kernel P,. We write u(re®) = P, f(6) or
u = P(f) and say that u is the Poisson integral of f. That this function w is indeed a solution
will be seen shortly. First, we shall show that the Poisson representation (2.2) remains valid
for a much wider class of harmonic functions in the unit disk. One consequence will be the

uniqueness of the solution to the Dirichlet problem. We start with the following:
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Theorem 2.5. Let u be a harmonic function in D such that

sup / lu(re™)[Pdt < oo (2.3)

0<r<1J_—x
for some p > 1. Then there is a function f € LP([—m,w]) such that

1

— / " PO — 1) (). (2.4)

u(re”) = 5
m

That is: u is the Poisson integral of some LP function f.

Proof. Let r, T 1 (that is, r, is an increasing sequence converging to 1). Consider the functions

fn(t) = u(rye™).

From condition (2.3) {f,} is a bounded sequence in LP([—m, 7]) = Li([—7, 7])’, where I—lj—i-é =1
Thus, the sequence {f,} is in a closed ball of the normed dual to LY([—m,7]). The Banach-
Alaoglu theorem asserts that such ball is weak*-compact and therefore, since LI([—m,7]) is
separable, also metrizable [19, Theorems 3.15 and 3.16|. Tt follows that {f,} has a subsequence
converging in the weak*-topology to a certain f € LP(|—n,x]), that is: for every g € L([—m,7]),

/_7T g(t) fr(t)dt — /_7r gt)f(t)dt asn — oco. (2.5)

For each n, the function z = wu(r,z) is harmonic in D, -1(0), a disk of radius bigger than one.

Therefore, we have the Poisson representation:

ey = o [ el = o [ R0 50
u(rpre Tne = — — ) fn
27 1+ 72 —2rcos(f —t)
Letting n — oo, the left hand side tends to u(re?) while the right hand side tends to
— / f(t)dt, according to (2.5). This yields the Poisson representation (2.4). O

Let us observe that the theorem remains valid for p = oo substituting for (2.3) the condition:

sup |Ju, ||z~ < o0, (2.6)
0<r<1

where u, is the function ¢ — u(re). All one needs to realize is that still L>([—7, 71]) = L!([—m, 7])".
A relevant question at this point in whether condition (2.3) with p = 1 will imply a Poisson

representation. The proof of Theorem 2.5 does not extend to this case because L!([—m, 7]) is not

a dual space. However, L'([—m,7]) can be isometrically imbedded into the space M ([—,7])

of Borel measures on [—m, 7] by assigning to each f € L'([—x,7]), the measure du(t) = f(t)dt.

The space M([—m,]) is the dual of the space C([—m,7]) of continuous functions on [—m, 7]

with the supremum norm (see [11, Corollary 7.18|). Then we can repeat the argument used in

the proof of Theorem 2.5 and obtain:
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Theorem 2.6. Let u be a harmonic function in D, such that:

sup/ lu(re™)|dt < oco. (2.7)

0<r<1
Then, there is a Borel measure j on |—m, 7|, such that:

> | P.(0 — t)dp(t)

u(re®) =

In other words, u is the Poisson integral of the measure p (we shall write u = P(u)). The

functions u are often called Poisson-Stieltjes integrals.

Let us observe that condition (2.7) is automatically satisfied if « > 0. Indeed, in that case:

27 \( )|dt — —/ u(ret)dt = u(0).

The last identity is an instance of the mean value property of harmonic functions. We obtain,

therefore, the following:

Corollary 2.7. Any positive harmonic function in ID is the Poisson integral of some positive

measure on T.

The measure is positive because it is obtained as a weak*-limit of positive measures.

For p = oo, Theorem 2.5 and its proof imply that the solution u of the Dirichlet problem on
D with boundary function f is, if any, P(f), the Poisson integral of f. We shall presently see
that P(f) is indeed a solution. This will be based upon the fact that the Poisson kernel gives

rise to an approximate identity. To see what this means, we examine closely the Poisson kernel

[e.9]

1—7? ,
PT t — — |k‘| ikt
(t) 1412 — 2r cos(t) Z e

=—00

where 0 < r < 1 and t € R. It is obviously a 2m-periodic continuous function of ¢. It is also
positive, since
1—1r2 1=

P.(t) = = —.
(t) L+72—2rcos(t) |1—ret|?

Besides
1 i
— [ P.(t)dt / § riFletftds = 1. (2.8)

21

In fact, since [7_e™dt = 0 for all k # 0, it follows that

R T 1 [T 1
- || ikt gy — 1dt = —(m — (— =1.
2 kz_oor /ﬂe 2m /,r 27T(7T (=m))

And finally, for any 6 > 0is sup P,(t) — 0 as r — 1. Indeed, for § < |[¢t| < m, it holds that

s<t|<m

Pt < 1Ty s
(1) < < as r :
1+72—2rcos(d) — 1— cos?(d)
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The last inequality is due to the fact that the denominator is minimal for r = cos(9).
In general, an approximate identity on the torus T will be a family ¢, of 2w-periodic
functions in L'([—7,n]), with indices a ranging over a directed set and satisfying the following

three conditions:

1 ™
' — t)|dt =k :
i) sup o [ 16a(0ldt = < oo
N S o
i1) —/ Go(t)dt =1 for every «;
2m ) .

i17) / |pa(t)|dt — 0 for every § > 0.
o<|t|<m

Clearly, the Poisson kernel gives an approximate identity P,. In this case £ = 1 in i) and an
even stronger version of iii) holds as we have seen. The fact that the Poisson kernel is positive

and satisfies ii) gives converses to Theorems 2.5 and 2.6.

Theorem 2.8. Let f € LP([—m,7]), 1 < p < oo, and let uw = P(f) be its Poisson integral, that

187

u(re®) = / " P60t

2 J_,
where 0 <r <1 and —m <0 < m. Then u(z) is harmonic in D. Besides, if p < 0o, we have:
[ atretypa< [ irapa (29)

for every r < 1, and if p =00

u(2)] < (| fllz (2.10)
for every z € D.
Proof. 1f the Fourier series of f is Z are™ | then
k=—o00
u(re) = Z ayr!Fletko.
k=—00

In fact,

u(re?) = /7T P.(0—t)f(t)dt

Z r‘k‘eik(e_t)f(t)dt

1 ™
T k=—00

T o
- 17 k| ik(6—t)
= g — r'*le f(t)dt
2 J .

k=—oc0

oo
_ Z akr‘k‘elw,

k=—o00
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where ay, is the Fourier coefficient, corresponding to the frequency k, of the function t — f(¢),

that is,
L[ —ikt
= — t)e " dt.
- [ s

If f is real-valued, so is u, and, clearly,

u(z) =R (ao +2 Z akzk> ,
k=1

that is, u is the real part of a holomorphic function. Consequently, u is harmonic in D. (2.9)

can be obtained very easily by writing

ifﬁmm—Ma

u(rew) =3
T

and applying Minkowski’s inequality for integrals:

JutreHer = ( | |U(Tei9)|pd6> "

77: 1 n P 1/p
%/WPr(t)f(G—t)dt d@)

([ |
g(C(%/:R@W%%WQ%OM
s/i((%)p[]Pawvw—www)mﬁt
- WP,,(t) </ﬂ| (G—t)]pd9>1/pdt

=—/ O = Ot
= 1/l

The dot - stands for the variable with respect to which norms are taken. Finally, if p = oo:

)l = lutre)] < oo [~ P00l < 1l (5 [ 26 - 03t ) = 17

—T —Tr

]

Theorem 2.9. Let i be a complex Borel measure on [—m, 7] and u = P(u) its Poisson integral.

/ﬁwwmﬁs[ﬁwm (2.11)

(the last integral denotes the total variation of ).

Then u(z) is harmonic in D and
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(0.]
Proof. 1f the Fourier series of pu is Z ape™ . that is, if

k=—0o0
o= [ e au(t),
2 J_.
then
e.@)
u(re) = Z ayr!Fletko.
k=—0c0

As before, u is clearly harmonic. Besides
| utrenias < o [ [ o - vl = [ aulce
—m TJ-xd-n -7

by Fubini’s theorem. O

Thus, we have seen that, in the class of harmonic functions in D, conditions (2.3) for p > 1
characterizes those which are Poisson integrals of L? functions, and condition (2.3) for p = 1
characterizes those which are Poisson integrals of Borel measures of finite total variation.

We shall study next the boundary behavior of Poisson integrals. This will allow us to solve
the Dirichlet problem and several variants of it by means of Poisson integrals and will also
give us a better understanding of how u determines f in Theorem 2.5 or p in Theorem 2.6.
First we study the convergence in the L norm. We can state a general result valid for every

approximate identity ¢,.
Theorem 2.10. a) If f € LP([—m,7]) with 1 < p < oo and f, stands for the convolution
Full) = (£ 000 = 5 [ 110~ 6u(t)i
it follows that f, — f in LP, that is:

/ " falt) — FOPdE s 0.

b) If f is a continuous 2m-periodic function, we have f, — f uniformly on T.

Proof. Note
£a(0) — £(0) = / (F(6— ) — F(0))6u(t)dt

:% .

because of property ii) of the approximate identity. Then, Minkowski’s inequality for integrals
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implies that:

o Flle = ( | 10.6) - rieypas) "

<([ (% [ 100 sopaea) w)”
< [ (%) [ o0~ sopp.oras)

1 s
=57 | 19a®IIFC—1) = fllzrdt

1 J 1
=§;/J@ﬁmVC—w—ﬂmﬁ+§;6¢SJ%@muc—w—ﬂmﬁ

for an arbitrary 6 > 0. The first term in the sum is bounded by

(sup £~ - me) (w055 [ tentoie) = ksl =) = il

[t]<é

with k < oo (property i) of the approximate identity). But

sup [[f(- = 1) = fllze

[t|]<é

can be made small by taking § small. Indeed, it is clear that ||f(- —t) — f|lzr = 0 ast — 0
(note that we are taking f continuous when p = co. For p < 0o, we just need to approximate
f in the LP norm by continuous functions in order to justify the claim). The second term in

this sum is bounded by
1
e [ lato
m o< t|<m

which, according to property #ii) of the approximate identity, tends to zero as o moves in the
directed set of indices, no matter how small § is. Finally, given ¢ > 0, we first choose § > 0

small enough to have
1 €
— = 1) = fllloat)|dt < =
5= | 1560 = flslon(old < 5

independently of . Then, with this ¢ fixed, all we have to do is to take « far enough in the

order of the directed set of indices to render

1

27 Js<jp|<n

1f(- = 1) = fll|ga(t)|dt < g

This will be sufficient to have ||f, — f|lr» < €.

Taking as approximate identity the Poisson kernel P,., we obtain:

Corollary 2.11. Let f be a 2m-periodic function on R, and let u= P(f). Then:
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a) If f € LP([—m,7]) with 1 < p < oo, we have:

/7r lu(re®) — f(t)|Pdt — 0 asr — 1.

b) If f is continuous, then u(re®) — f(t) uniformly in t asr — 1.
Remark 2.12. Thus, in Theorem 2.5, the function f is the limit in LP(T) of the functions
u,(t) = u(re), 1 < p < co.

Remark 2.13. Part b) of the Corollary 2.11 implies that, for f continuous on T, u = P(f)
is, indeed, the solution of the classical Dirichlet problem. Of course, part a) implies that for

1 <p < oo, u= P(f) is the solution of an L? version of the Dirichlet problem.

Theorem 2.14. Let ¢, be an approximate identity on the torus T. Then:
a) If f € L>®([—7,x]) and f, = [ * ¢q, it follows that f, — f in the weak*-topology of L.
b) If p € M(T) and fo = p * ba, it follows that f, — p in the weak*-topology of M(T).

Proof.  a) We have to see that [ f,(0)1(0)df converges to [ f(0)y(0)d0 for every ¢ € L*([—m,n]).
But

/: fa(0)Y(0)do = /: (% /: F(t)pa(0 — t)dt) »(0)do
= [(wescnorma > [ v

since ¥ * ¢o(--) — ¢ in L' and f € L.
The proof of b) is entirely similar, only this time we take 1) continuous and apply part b) of

the theorem. 0

Corollary 2.15. a) If f € L>®([-7,7]) and u = P(f), we have u,.(t) = u(re®) — f(t) in
the weak*-topology of L.

b) If w € M(T) and uw = P(u), we have u,(t)dt — du(t) in the weak*-topology of M.

It should be noted that if an integrable function f or a complex Borel measure i has Fourier

oo
series Z are™ | then, the Poisson integral of f or p is the function u(re) = Z ayr!Fletk?

k=—o00 k=—o00
which, for each fixed r, can be viewed as an average of the partial sums

Sn(0) = Z ape™.
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In fact, note that

k=—n
n —n
= ag + g age'® + g aze™”
k=1 k=-—1
n n
= Qo + E akelke—l— E a_re iko
k=1 k=1
An(0) Bn(9)

Set Sp(0) = Ao(0) + Bo(0) = ag, where Ag(0) = ag and By(f) = 0. Then

o
u(re) = Z a,rmem?

= ap + i aprte™® + f a,r™em?

= ap+ i a,re™ + i a_,rte "m0

=ap + f:l r"(An(0) — A,—1(0)) + i r"(Bn(0) — By-1(0))

= ag + (i A, (0) — irmn_l(e)> + (i "B, (0) — i r"Bn_l(Q))

— ag — rAy(0) + (i A, (0) — f:l rn+lAn(9)> + ( Ool B,y (0) — f; r”“Bn(e))
=(1—-r)Ap(0)+ (1 —r) ir”An(Q) +(1—r) 3 " B, ()

o0

=(1=7)) r"(A.(0) +

n=0

=(1=r)> r"S,(0).

= (1 =7)A(0) + (1 —7) (Z r"(An(0) + Bn(9))>
B

The functions u,(f) = u(re®) are called the Abel means of (the Fourier series of) f or p.
Thus, every theorem about the boundary behaviour of the function u can be read as a theorem
on the Abel summability of the Fourier series of f or u. So far, we have established the Abel
summability in the L norm. Now we shall analize the problem of pointwise summability or,
in other words, we shall study the pointwise behaviour of a Poisson-Stieltjes integral. We shall

no longer obtain results for a general approximate identity. Now, the particular structure of
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the Poisson kernel (more specifically the fact that P,(t) is decreasing as a function of [¢]), will

be decisive.

Theorem 2.16 (Fatou’s Theorem). Let u be a Borel measure on T, and call

F9) = /O du(t).

We know that F is a function of bounded variation and, hence, it has a (finite) derivative at
almost every point 6 (see [11, Section 5.5]). Let 0; be one of those points at which F'(6,) exists
and is finite. Let u = P(u). Then u(z) converges to F'(01) as z tends to €' non-tangentially.
By this we mean that, for every ¢ > 0, u(z) — F'(01) as z = re tends to e remaining in
the region {re? : |0 — 01| < c¢(1 —r)}. We shall indicate this type of convergence by writing
w(z) = F'(6y) as z 255 i

Proof. First of all, just to simplify the writing, we may clearly assume that 6; = 0, and also
that F/(0) = 0. Otherwise we consider the measure dA(t) = du(t) — F'(0)dt, then

F(G):/Oed)\(t):/Oed,u(t)—/oeF’(O)dt:F(@)—F’(O)G

satisfies £7(0) = 0 and the result follows. Take ¢ > 0. We shall show that u(re?) can be made
small uniformly in 6 for |#] < ¢(1 — r), by just taking r close enough to 1. Let ¢ > 0. Take
§ > 0 such that |F(t)| < elt| every time that |t| < 6.3 Look only at 7’s so close to 1 that if re®
is in our region of approach, then |0| < §/4, in other words, let ¢(1 —r) < 6/4. Then, for re?

in our region,

T or

0 1 (7 1 — 72 1 B 1 5 -
u(re") / )du(t) /6<|t§7rPT(9 7f)d,u(t)+\2 / P.(0 —t)du(t).

s 14+r2—2rcos(6—t T or T J_s
) Y ’ M
For the first term in this sum, since |t| > § and |f| < §/4, we have
o 30 ¢
O—t|>|t|—10|>0—~-=—>—
ot > |t ~16] >0 -5 =2 >
and therefore
1 [" 1 [7
1< sup PO —1)- o [ dipl) = swp P o [l (212)
s<|t|<n T J_x |t|>6/2 2m ),
3Since F’(0) = 0, it means that
lim = () =0.
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Clearly, this tends to 0 as » — 1, and we just need to worry about the other term. Writing

du(t) = F'(t)dt and integrating the second term, J, by parts we get

I 1— 12
S du(t
2 J_s 1+ 712 —2rcos(f —t) u(t)
2 J 3 C2) e _
_ 1 1—r F(t) _l/ (1 —r?)rsin(f —t) F(t)dt
21 | 1412 — 2rcos(6 —t) s m™J s (1 +r2—=2rcos(d —1t))>

<K ( sup P,(t)) + 1/5 (L= rrsin = 0) gy

It|>5/2 7w J_s (L +72—2rcos(fd —t))?

The constant K appears because the function F' has bounded variation and is bounded on the
interval [—¢,0]. This guarantees that the boundary terms F'(0) and F(—¢) are finite and can
be controlled by some constant depending on the total variation and the supremum norm of F

on [—4,6]. Moreover, since |0| < §/4,

> _ - —.
‘(9:*:5’ ) ‘9‘ > 1 > 5

It implies that P.(0 — d) and P.(6 + 6) can be uniformly bounded above by supj, s Pr(t).
Again we just need to study this last term. Suppose, just for definiteness, that 8 > 0. So we

1 1) 1 0 1 26 1 19
_/ :_/ +_/ +_/, (2.13)
T TJ-s T.Jo T J20

Now we look at each of the terms in this sum. On the first one we use that

can decompose the integral as

[F(@)] <elt] = e(=t) <e(0-1)
in such a way that, after changing 6 — t to ¢, we obtain
Lo 1 % (1—=r?)r|sin(t—0
w ) sl ~ m)_s (14+712—2rcos(d —t))?
1% (1—r¥rsin(t—0
__/ (1 —r*)rsin( ) (0 — 1)t
s (1 4+1r2—2rcos(d —t))?
s=9—t € /9 (1 —r?)rsin(—s)
T Jops (1412 — 21 cos(s))?

_ E/(,M ’ (1 — r?)rsin(s) ods

T + 72 — 2r cos(s))?

e [T (1—r?)rsin(s)
= _/0 (1+7r2—2r cos(s))QSdS

€ (1—1r?)s Tooe [T
__c = [ P(s)d
27 {1+r2—2rcos(s)}0+27r/o (s)ds

€ 1—7r +5
2\l 47 2

sds
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For the second term in (2.13) we use that |F(t)| < et and |# —t| < 0 (since 0 < t < 26). In this

1 20
-

way,

1 (2 (1 —7)%r|sin(t —0)|
< —/0 : (1)) dt

s 1+72—2rcos(f —1t))?
1 [ Y

< _/ (1 —r)%ro crdt
mJo (1+72—2rcos(d—1t))?

20 B

< f/ (I+7r)(1 r)r&tdt
T Jo (1 —r)t

< 2e0 ﬁ 20

“r(l-r)3 2],

4P

N m(l—r)3
4¢3

< —e¢.
T

As for the third and last term in (2.13), we use
|F(t)] <et=e(2t —t) <e(2t —20) = 2¢(t — 0)

and proceed exactly as with the first term.
Finally, we see that the integral in (2.13) can be made small arbitrarily by ¢ . It shows J < ¢

since r is close enough to 1. Because of this and by (2.12), we can conclude the theorem. [J

When du(t) = f(t)dt with f € L*([—7,7]), we know that for almost every 6 is

%/t|f(9+s)—f(9)\ds—>0 as t — 0. (2.14)
0

Those 6 for which this holds are called Lebesgue points for f (see [20, p. 138]) . Therefore we
get

Corollary 2.17. Let f € L'([-n,7]), and let w = P(f). Then, for every Lebesque point 0,

u(z) — f(0) as z 2T €0 In particular, this is true almost everywhere.
Proof. Write du(t) = f(t)dt and consider F' as in Theorem 2.16. If 0 is a Lebesgue point for f,
hence by definition (2.14) holds. Note that

F0) - 5(6) = lim | 1 (PO +0) - F0)| - 0

t—0

~ lim 2 [ :H F(s)ds — /Ot f(&)ds}

t—0 t
1 t
=i} Uﬂ FO+s) f(@)ds} |
Using (2.14) we see that F'(0) = f(0) at every Lebesgue point. By Theorem 2.16,
w(z) = F'(0) = f(0) as z ~Ty ¢

and whenever 6 is a Lebesgue point of f. O]
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Remark 2.18. When du(t) = f(t)dt + do(t), where f € L'([—n,n]) and o is singular, it is
known that F’'(6) = f(#) for almost everywhere 6 (see [20]), so that every Lebesgue-Stieltjes
integral has non-tangential boundary values almost everywhere. This applies in particular to
the harmonic functions in D satisfying any of the conditions (2.3), (2.6) or (2.7). This result
contains the classical theorem of Fatou stating that “any function holomorphic and bounded in

D has non-tangential boundary values almost everywhere.”.

The next result aims to provide a contrast with the previous theorem, particularly regarding
the notion of non-tangential limits. In this result, we will use the Blaschke product, which will
be defined later (see Theorems 2.54 and 2.55). It is recommended that the reader first consult
these theorems (only the statements) and then return here for a clearer understanding of the

result below.

Theorem 2.19. Let Cy be any simple closed curve passing through the point z = 1 situated,
except for that point, totally inside the circle |z| = 1, and tangent to the circle at that point.
Let Cy be the curve Cy rotated around z = 0 by an angle 0. Then there is a Blaschke product

B(z) which, for almost all 8y, does not tend to any limit as z — €% inside Cg,.

Proof. We may suppose that for r close to 1 the circle |z| = r < 1 meets Cj at exactly two points
(otherwise we replace the region bounded by Cj by a smaller having the required property).
Let [, denote the lenght of the arc of |z| = 1 — 1/n situated inside Cj, and let

2
mn—LWJ+1

Let S, be a set of m,, equally spaced points situated on |z] = 1 — 1/n. The circular distance
between any two consecutive points is less than [,,, so that every Cy contains in its interior a
point of S,,. The sum o,, of the distances of the points of S, from the circumference |z| = 1 is

Ma L+2n/l,  l,+2m
n - n i,

= o(1),

since the tangency of Cy to |z| = 1 implies that nl,, — co. Let us take nj increasing so rapidly

that
oo
Y 6, < oo,
k=1

and let B(z) be the Blaschke product with zeros at the points of S,,, U S,, ---. Note that we

are taking
Lk an — 2 |an|
H 1—za, a,
where k = 0 and {a,} is composed of all the points of S,,, US,,---. In fact,

o0

oo
Zl—|an| :ZUnk < 0.
n=1 k=1
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Finally, since B(z) has infinitely many zeros inside every Cp, the limit of B(2) as z — ¥ in
the interior of Cy must be zero if it exists at all. However, by the Theorem 2.55 such a limit

exists for almost no 6. O

Remark 2.20. Consider [,, defined as in the proof of the previous theorem. In addition,
define [, to be the lenght of the equivalent arc of |z| = 1 — 1/n, but now inside the region
{re? : 10 — ;| < c(1 —r)}. Exactly as in the proof of Fatou’s Theorem (Theorem 2.16), we

may assume 6; = 0. [t implies that

2(3)(-4)

Clearly there exists N; large enough such that Iy, > ly,, and therefore [,, > [, = 2c (%) (1 — %)
for all n > N;. Moreover, choose Ny such that 1 — % > % for all n > N, (for instance, Ny = 2
works). Given any M > 0, we can just take ¢ = M and define N = max{N;, No}. Then, for
all n > N, we have [,, > [, and nl,, > 2M (1 — %) > M for all n > N. In other words, nl,, — oo
as n — oo. This is essentially the justification for why the previous theorem fails if we work
with non-tangential convergence. In fact, we need that nl, — oo as n — oo in order to obtain

o, — 0, which does not happen in the non-tangential case (since nl, — 2¢).

When a harmonic function u satisfies condition (2.3) for some p > 1, then u can be recovered
from its boundary function f. Indeed, we know that u = P(f). However, if u just satisfies
(2.7) (that is, if p = 1), then it is no longer true that u is the Poisson integral of its boundary
function. For example, let

u(reit) _ Pr(t) _ Z rlklpikt

k=—00
This is, of course, a harmonic function, and it clearly satisfies (2.7). Its boundary function is
0. Indeed, P,(t) — 0 as r — 1 for every t # 0 in [—m, 7]. However, u > 0, and it cannot be
the Poisson integral of 0, which is identically 0. Actually, in this case u = P(d) where § is the
Diract delta or, in other words, the unit mass concentrated at 0 in [—7, 7]. This difference in
the behaviour of an LP-bounded harmonic function for p = 1 or p > 1 is a basic fact and, as

we shall see, is the natural starting point for the theory of Hardy spaces.

Theorem 2.21. Let u be a continuous function on a domain 2 C R™. Then u is harmonic in
Q if, and only if, u satisfies the following property (known as mean value property): For every

xo € Q and for every r > 0 such that B(xg,r) ={x € R" : |[x —xo| <1} C Q,
1
u(zg) = —/ u(zo + ro)do, (2.15)
’anl‘ Yn—1

where 3,1 = {x € R™ : |x| = 1} is the unit sphere in R, do is the Lebesgue measure on X,

S| = / do.
En—l

and
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Proof. Suppose that u is harmonic in €2, so that Au = 0 in Q. Let xg € 2 and r > 0 be such

that B(xg,r) C Q. For 0 < s <r, let f(s) stand for the average of u over the sphere of center

xo and radius s, that is,
1

u(zo + so)do.
|Zn_1| /Enl

Since u is continuous and continuously differentiable (u € C?(2)), then

fs) =

1 n
"(5) = —— Uy (To + so)o;do.
f( ) |En—1| Z ]( 0 ) J

En—l ]:1

Note that Zumj(xo + so)o; = Dyu(xo + so), which is the derivative of u in the direction of

j=1
the outer normal in the point xy + so. Then
1
f'(8) = oo Dyu(z)dos(r),
s 1|Z7L—1’ 0B(xo,s)

where o = *=", 9B(x0, s) is the boundary of the ball, that is, 0B(xo, s) = >_(zo, 5), the sphere

of center o and radius s; and doy is the natural Lebesgue measure on 0B(xg, s). By applying

1
F(s) = —/ Au=0.
$n71|27"b—1| B(zo,s)

Thus f(s) is constant for 0 < s < r. But clearly f(s) — u(xg) for s — 0 and f(s) — f(r) for

Green’s theorem we get

s — r. In fact,

17(5) — ulao)| = \ﬁ [ o+ s) — u(an)io

1
< —/ lu(xo + so) —u(zg)|do — 0 as s — 0,
|Zn—1’ Yn-1

since u is harmonic and then continuous. Moreover,

1
1) = 101 = s [ (ulia+-50) — utan + rseao
n—1 Yn—1
1
< |u(zog + so) —u(zg +ro)|dec -0 ass—r,
|En_1| Yn—1

since u is uniformly continuous (its derivative is bounded in the convex open set B(z,7)).
Therefore f(r) = u(x) and (2.15) is proved.

The converse is equally easy if we assume, to start with, that w is twice differentiable. If this
is the case and we assume that the mean value property holds, then, with the same notation
used above we have f(s) = u(xy) (remember that x, was taken arbitrarily), constant on [0, 7].
Suppose that Au Z 0, say Au(T) > 0 for some T € . From the fact that Au is continuous,
so we must have that Awu > 0 in some B(Z, ) C Q, 7' > 0. Then taking zo = 7 and r = 7/, we

see that

1
0=F"(s)= 35— el
9= T
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which is a absurd!

In case u is just a continuous function in €2 satisfying the mean value property, we shall show
u is harmonic by reducing the problem to the case of a smooth function considered previously.
Since the problem is local we can assume that 2 is bounded and w is bounded. We shall use a
C> function ¢ with support in B(0,1) and having / ¢ = 1 and the approximate identity in

R
R™, ¢., to which it gives rise:

b(x) = "p(s'x)  for e > 0.

It can be checked quite easily that ¢. is indeed an approximate identity in R™. The definition
is entirely similar to the one given for the torus T (right before Theorem 2.8). We shall also

require ¢ to be radial, that is: ¢(z) = ¢¥(]z|). We can now approximate u by the functions

wla) = (s 0)(@) = [ ule =)o)y = [ u(w)on(o— v)dy

(it is understood that u is extended to R™ by making it equal to 0 outside of ). We see in
the last integral that the smoothness of ¢ implies that u. is smooth too. Now observe that wu,

satisfies the mean value property in
Q. = {x € Q:dist(z,00) > £}.
Indeed if z € Q. and B(zg,7) C ., we have

1 1
> ue (o + ro)do = S / / u(zg + ro — y)o:(y)dydo
| TL—].‘ Enfl ‘ TL—1| n—1 n

1
= / —/ u(zg —y +ro)dod.(y)dy
R™ ’2n—1| En71

— [t - on(w)dy

= UE(.I()),

since u satisfies the mean value property in Q and B(xg,r +¢) C €. Consequently, u. is

harmonic in €2.. But on the other hand for x € €2, is:

wla) = [ ula =)o)y

— / / u(x — ro)p.(ro)dodr
_ / —1 /E Tklu(x—ra)daw(e_lr)dr

_ e / PSS ) (e ) dr
= u(zx) . ¢e(z)dx

= u(x).
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This ends the proof that v is harmonic because in a neighbourhood of a given = € €0, u coincides

with u. for € small enough and we already know that . is harmonic. O

Remark 2.22. It has to be observed that the mean value property in Theorem 2.21 is equivalent
to the fact that for every zy € Q and every r > 0 such that B(z,r) C Q,

u(zo) = / (2.16)
l‘o, ’ B(zo r)

Indeed if the first mean value holds and B(zo,r) C 2, we have:
1

|En 1| En 1

u(zg) = u(zo + so)do

for all 0 < s < r. Integrating both sides against s"~! from 0 to r, we get:

7’" 1 T _1/
T W) = s" u(xy + so)dods
n (o) ’an\/o .- (o )
1 /T 1 /
- s u(y)do,(y)ds
| Xn_1] sn—1 OB(x0.5)
: / /
- (4)do(y)ds
|Zn—1| 8B(x0 s
S o
= w(x)dz.
=l Lo
PN
Thus, since |B(xq,r)| = | 1’7’”,
n

n 1
— u(z)dr = —/ u(z)dz,
T”|En_1| B(xo,r) |B(£B0, T>| B(xzo,r)

which is exaclty (2.16). Conversely, if we assume the second mean value property and zy € €,

u(zo) =

we shall have, for all » in an interval to the right of 0:

n T
u(zg) = / w(z)dr = / st / u(zo + so)dods.
an ’ B(zo,r) n|2n_1| 0 Yn-1

The right hand side, as a function of r, will have derivative 0:

0 " / () + —— e / (20 + r0)d
== ulx )ax _— 7T ulx o )aoc
Tn+1 |E 1’ (zo,r) T”’anl‘ Sho1 0

n
= d:L‘—f-—Tn_l/ u(xg + ro)do
|B Zo, T |/x0r rn|2n—1| Yn-1 ( " )
n—1
_ - do.
. (m0)+ r”|2n_1|r /En 1U($0+7‘0) o

Thus
1

|En_1| Yn—1

u(wg) =

u(xo + ro)do,

which is (2.15).
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A consequence of the mean value property is the so called maximum principle for the

harmonic functions, which can be stated as follows:

Corollary 2.23. Let u be a real-valued harmonic function in a domain 2 C R™. Then u cannot

attain a mazrimum value unless it is constant.

Proof. Suppose that u does attain a maximum value, that is, there exists o €  such that

u(z) < wu(zg) = m for every x € Q. Take r > 0 such that B(xg,r) C 2. Then

1
. — do = =m.
| B(o,7)] /B@O,ﬂ ulw)de = ulz) =m

Since u(x) < m for every z and wu is continuous, if we had u(Z) < m for some T € B(xg,r),
then we would have u(x) < m for some B(Z,r") C B(zo,r) and the average of u over B(zg,)

would have to be < m. In fact,
m = u(zo)
e RICL
= — w(x)dx
|B(‘T07 T)l B(zo,r)
il fro22)
= w(x)dr — w(z)dz
| B(z0,7)] < B(zo,r)\B(Z,r') (@) B(z,r") (@)
1 / |B(z,1")] / )
- u(x)dr — ———— u(x)dx
| B(z0,7)] ( Bl(wo,r)\B@,) () |B(Z,7")| Jp@m ()

1 / — ! f—
< |B(x107r)|<|B<xo,r>\B<x,r )l -+ B, ) u(z))
< Be ] Bl PNBGE )+ B, ) m)
_ . (Bla, \B@, )| + B, )
Bz,
_IBlawr)
B(o,7)]

which is clearly a contradiction. Thus u(x) = m for every x € B(xq,r). This shows that the
set A of points of Q2 where u(x) = m is an open set. But B=Q — A = {x € Q : u(x) < m}
is also open because u is continuous. Since A is not empty and 2 is connected, B has to be

necessarily empty. Consequently u(z) = m for every x € Q. O
Here is an equivalent formulation of the maximum and minimum principles:

Corollary 2.24. Let u be a real-valued function, continuous on the closure Q of a bounded
domain Q C R", and harmonic in . Then u attains its maximum and its minimum at the

boundary of Q0 (only at the boundary if u is not a constant).
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From this we can derive a uniqueness result for the solution of the Dirichlet problem for a

bounded domain. Namely:

Corollary 2.25. Let u; and us be two functions continuous on the closure Q of a bounded
domain Q, harmonic in ) and such that ui(x) = us(x) for every x € L), the boundary of €.
Then uy(z) = uy(x) for every x € Q.

Proof. We may assume that u; and uy are real-valued. Consider the function v = u; —us, which
is harmonic in © and continuous on 2, with u(x) = 0 for every z € dQ. By the maximum
principle, u attains its maximum and minimum on the boundary, where it vanishes. Hence,

v =01in Q, and thus u; = us in Q. O

Now we shall briefly discuss the Dirichlet problem for a ball, say the unit ball B” of R",
that is:
B"=B(0,1) ={z e R" : |z| < 1}.

We have already solved this problem for n = 2. The solution u was the Poisson integral of the

boundary function f:

u(re®) = /WPT(H—t)f(t)dt

:% o
1 4 1—r2
2n ) 14712 —2rcos(d —t)

1 /7r 1 — |re|? ()t

T o2r ) |reif — eit]2

ft)dt

We shall see that for general n, the solution is given by:

1 1—|x|?

Bl s, e sl

u(x) f(s)ds. (2.17)

In addition, we shall write

= P(x,s),

the Poisson kernel for the ball. The fact that (2.17) is indeed the solution of the Dirichlet

problem for B™ depends upon the following properties of the Poisson kernel:

a) P(z,s) is harmonic in € B" for each fixed s € 3,,_;.

Proof. Let N =1— |z|* =|s|> — |z|? and S = |z — s|>. Then

We have
0;P(z,s) = (8;N)S™™? — g N(8,8)5~(/2+1)
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and

O} P(x

Then

S((”/z)ﬂ)@fP(

Furthermore,
e O;N = —2x;;
o ’N = -2,
e 025 =

Then

8) =

(82N)S‘”/2 — n(3;N)(8;5) S~ ((/2+1)

_ a2 (n/2+1) _ N (1 ((n/2)+2)
N(a $)S~ 2( 2+1> N(8,9)25~

— (8-2N)S M2 = n(9:N)(9;8) 5 (/A

x, 5)

5);

n(n + 2)

(825)5 (n/2)+1)+ ;

(8 S) S- n/2)+2)

n(n + 2)

N @SS

= (92N)S — n(BiN)(8;S) — gN@?S) +

.ZZ1ZN 211—2——2,
o > i (GiN)(0:5) =
o > O2S =" 2=2n

= > (2w — 5:))? =420 (v — ) = 4|z — s]* = 45,

d Zz 1 (0; S)? =

Consequently,

S/DHNAP(z, 5) =

Finally,

§((n/2)+1)
2n

=

S (=22 (2 — 8;)) =40 —at + wisi = —A|x|? + 4z, s);

1 =1

Z(a%v —nz (9:N)(:5) — —ZN 925) (”4+ 2 ZH:N(&-S)QS’l
i=1

—2nS + 4n|z|* — 4n(x, s) — n®N + n(n +2)N
= 2nN + 4n|z|* — 4n(z, s) — 2nS.

AP(x,s) = N + 2|z|* — 2(z,s) — S
=|s|* = |2* + 2|2 ]* - 2(z, s) + |z — s
= (s + |al? = 2(x, 5)) + |z — s
=z —s]® — |z — s|?
=0,

S(n/2)+1)

which implies AP(x, s) = 0, since — # 0. ]

n



26 Chapter 2. An Introduction to Hardy Spaces in One Complex Variable

1
b) P(z,s) >0 and ﬁ/ P(z,s)ds =1 for every z € B".
n—1 n—1

Proof. Clearly P(x,s) > 0 and, by a),

1 —10J?
O = P(0.5) =

1=
0 — s["

P(ra’, s)dz'
|2TL—1’ Yn—1

for every r with 0 < r < 1. Note that |rz’ — s| = |rs — 2|, since

Ira’ — s|? = |22 =2r (2, s) + |s|* = r?|s|* — 2r (2, s) + |2/* = |rs — 2|
—

—~—
=1 =1

Consequently,

P(ra’,s) = P(rs, o).
Thus

=l
1= P(rs,z")dz’

‘Enfly Yn—1

which is the equality in b). O

c¢) For every § > 0,
lim P(rz',s)ds =0

r—1 |[s—a'|>6

uniformly in 2’ € ¥,,_;.

Proof. Let € > 0 and 6 > 0 be chosen arbitrarily. Since |1 — r?| is continuous, it must
converge to zero as r — 1, then there exists 0, > 0 such that

eo”

r—1l<dh=1-77< ———0.
| 12, 12"
Note that if [/ — s| > § and |2/ — ra’| = |1 — r| < £, then

)
|7“m'—s|Z|x’—3|—|a:'—rm'|:]:v’—3|—|1—r|>5—§:§ for every 2’ € ¥, 1.

Setting dy = min{d,, 0/2}, for |r — 1| < dp, we have

1- 1
Ay
ls—a'|>5 |TT — s|" s—a/[>5 [T — s["

1
<(1- r2)/ ds
s—a|>s (0/2)"

n 2
cZi=r) / ds
0 IS 1]

2",
— ‘(5” 1|(1_,’,,2)

2" "
< S ——
5 1’yzn,1\2n
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We then prove that
lim P(ra!,s)ds = 0.

r—1 [s—a!|>6

With these three properties we can prove the following:

Theorem 2.26. Let f be a continuous function on X, 1. Then the function u, defined in
B(0,1) as

1 .
u(z) = 4 ] Js. . Pla,s)f(s)ds, if ] < 1,

is continuous in B(0,1) and harmonic in B(0,1). It is, therefore, the solution of the Dirichlet

problem in B"™ with boundary function f.

Proof. The harmonicity of u in B(0, 1) follows from the harmonicity of P(z,s) as a function of

x. In fact, first of all, note that
1
)= [ P fs)ds
|Zn*1’ Yn—1

is continuous, since the right side is continuous at variable x. Let zo € B(0,1). Taking r > 0

u(z

such that B(zo,7) C B(0,1), since P(z, s) is harmonic in = € B(0,1), it must satisfy the mean
value property. Then

u(to) =

|Zn 1| 5 IP(‘T07 )f(S)d

" 1\/n1<|3x0, il Pla.s)ir ) )i

= B, |/ (m 1, Floeis ”S)d“’
1

a | B(wo,7)| B(zo,r)
We then prove that u satisfies the mean value property, which implies that u is harmonic in
B(0,1) by Theorem 2.21.
For the continuity, we just need to show that u(rz’) — f(2') as r — 1 uniformly in 2’ € %,,_;.
We write

u(z)de.

ulra) = f) = o [ PO s)(7(0) — s

by using property b) of the Poisson kernel. Then

IU(rx’)—f(fv’)léﬁ [ P o11(s) = 1@

U o)
lzn—l‘ |s—a’|<d |s—z'|>6 '
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Since f is continuous, given € > 0, ¢ can be chosen in such a way that the first term in the sum

is 5 independently of 2. Then, with this choice of § > 0, r can be chosen so close to 1 that the

g

second term in the sum is also smaller than § independently of 2’ (by property c)). O

If we want to solve the Dirichlet problem for a ball centered at xy € R™ and having radius
R, all we have to do is to reduce the problem to the unit ball by translation and dilation. Let

f be the boundary function. Then consider for 2’ € ¥,,_; the function
g(z") = f(xo + Rx')

and solve the Dirichlet problem in the unit ball with boundary function g. The solution will be

1

- |En_1| Yn—1

v(x) P(z,s)g(s)ds.

€xr —

Then u(z) = v (

We can write

a:o) will be the solution of the original Dirichlet problem for B(xo, R).

T — To R"2 R* — |z — x|?
u(z) =v = zo + Rs)ds.
(@) ( R ) 1Bl S,y |7 — 20 — R5|nf( ° )

The existence of solution for the Dirichlet problem in a ball allows us to make the following

observation:

Theorem 2.27. Suppose that u is continuous in an open set ) and satisfies the following
seemingly weaker form of the mean value property: for each xoq € (Q, there is a sequence of

positive numbers r; | 0 (the 7’;5 depending possibly on the particular xo) such that for each r;:

1
u(xg) = —/ u(xg + rja’)dz’.
|En—1| Yn—1
Then u is harmonic in €.

Proof. Let zy € Q and suppose that m C Q. Let v be the solution of the Dirichlet
problem for B(xzg, R) with boundary function coinciding with u. We shall show that v = v in
B(zg, R). Since xy is arbitrary, this will end the proof of the theorem. Suppose that u —v > 0
for some points of B(zo, R), and let m = max{u(z) —v(z) : & € B(xo, R)} > 0. Since u—v =0
on the boundary of B(zg, R), the set of points of m where u — v attains the value m,
will be a compact subset K of B(xg, R). Let x1 be a point of this compact K having maximal
distance to zy. For each r > 0 small enough, at least half of the sphere 0B(z1,7) is not in K.
But then u(z;) — v(z1), which is the average of u — v over each of the spheres of center z; and

radius r; (each of the radius corresponding to z1) will have to be < m, which is a contradiction.



2.1. Harmonic functions, Poisson representation 29

In fact, since u(Z) — v(T) < m for some T € B(xy,r;) — K, then we must have u(z) —v(z) <m

for some B(7,r}) C B(x1,7;) and, consequently,

1 1
U(l’l) - U(l‘l) = |Z 1| g U(l’l + rjx')dzvl — m /B( )U(I)dl’
n— n—1 s 1y T1,Tj

1 / 1
= —— u(x)dx — —/ v(x)dx
|B(551a7"j)\ B(x1,7;) ]B(:Ul,rj)] B(z1,7;)

1
NECED] /B(m,f?.)(“(x) ~v(@)de
1

- |B(‘T17 TJ')‘ </B(w1,rj)\B(m,r;.)(U(x) B U(l‘))d:p * /B(x,r;)(U(:E) B U(‘T))dx>

N - u(x) —v(x))dx M () — ol da
|B(a, )] (/B(xl,rj)\B(x,r;)( (z) — olw))dw + |B(7,17)] /B(m;_)( () = v(w))d )
: 7,7 z,r T) —v(T
< —|B($1,7‘j)|(|B(I1’Tj)\B(x’Tj)|m+ |B(z,7)|(u(T) (7))
1 o, _
< [Blan, ) [P \B@ r)lm + | B(@, 1) [m)
(IB(z1,m;)\B(@, )| + | B(@, 7))
| B(1,75)]
_ |B(x1,75)|
|B(x1,75)|

=1m.

If we had v — v < 0 for some point in B(zg, R), we would proceed exactly in the same way but

using the minimum instead of the maximum. O

The previous theorem allows us to give a very simple proof of the following reflection prin-

ciple:

Theorem 2.28. Let Q) be a domain in R™, symmetric with respect to the hyperplane x,, = 0.
Suppose that w is a function continuous in S, harmonic in QT = {zx € Q : x, > 0} and odd in

the variable x,, that is:
U(l’l, <oy -1, _:Cn) = —U(.Tl, <y -1, xn)
for every x = (z1,...,x,) € Q. Then, u is harmonic in .

Proof. We just need to show that u satisfies the mean value property in the form appearing in

the Theorem 2.27. But this is obvious, because:

i) If g € Q1 we know that u is harmonic in Q" and, consequently, for those s such that

B(zg,7) C Q7F, u(zo) coincides with the average of u over the sphere 0B(zo, 7).
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it) Iffxg € Q- = {z € Q: x, <0}, we have the same situation because for x = (z1,...,z,) €
Q-
U(l‘l, cey Ip—1, _In) = —U((L’l, <oy Tp—1, In)
and this implies that Au(z) = 0 also in Q™.
i) If xg = (21,...,2,-1,0), we have u(zg) = 0 and also, the average of u over each sphere
centered at xq is necessarily 0 because u takes opposite values at a point and its symmetric

in the other halfspace.
m

As a last application of the mean value property we shall prove the following extension of a

classical theorem of Liouville:
Theorem 2.29. The only bounded harmonic functions in R™ are the constants.

Proof. Suppose u is harmonic in R™ and also |u(x)| < M < oo for every x € R™. Let 27 and

2o be two arbitrary points chosen in R™. Then, using the mean value property we have

1
u(zy) —u(zy) = / - —/ u(z)dz
.’,L'l, | :(;1 r |B('I27T)| B(CE27T’)

Let r be much larger than |z, — 22| = d. Then

1
lu(z1) — u(zr)| = '— u(r)dr — ——— u(z)dz
|B L1, T )| B(z1,r) |B(£L’2,’I")| B(z2,r)
o
= — u(z)dr — / u(z)dz
|B(0>T)| B(z1,r) B(z2,r)

u(z)dz

< ! ( / (x)dx| + )
< u(x)dx
™ B0, )| \ |/ B\ Basr) B(wa,r)\B(z1,r)
g-7rf——-</ﬂ hdxﬂdx+l/ |u@gux)
r !Enql B(z1,r)\B(z2,r) B(z2,r)\B(z1,r)

< <M / du + M / da:)
r |Zn71| B(z1,r)\B(z2,r) B(z2,m)\B(x1,r)

_ dz
rn|2n_1| / (z1,7)AB(z2,r)
Mn
= ———|B AB
Tn|2n 1|| (351, ) ($27 )|7

where B(x1,7)AB(x2,7) is the symmetric difference of the two balls. Then, since
(B(x1,7) \ B(xo,7)) C B(x1,7) \ B(xe,r —d),

it follows that
|B(x1,7) \ B(xa,7)| < |B(z1,7) \ B(w2,7 — d)|
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and, consequently,

(r—(—d)r" P+ r"2r—d)+ - +r@r—d)" 2+ (r—d)" ")

= ]En_l\rnfld,

from which we conclude that

Now just let r — oc. O]

2.2 Subharmonic functions

Definition 2.30. A subharmonic function on an open set {2 C R" is a function v defined on

Q, with values —oco < v(z) < oo and satisfying the following two conditions:
i) v is upper semicontinuous in €.

i1) For every z € €, there is a ball B(xg,r(x¢)) C Q, r(zg) > 0, such that for every r with

0<r<r(x),
1

v(xg) <
( 0) = |En—1|

/ v(xg + ro)do. (2.18)

Remark 2.31. To say that v is upper semicontinuous in {2 means that for every ¢ € R, the
set {x € Q : v(r) < t} is open. In fact, given 2o € {x € Q : v(z) < t} and choosing
e=t—uv(xg) > 0, it follows from definition that there is 6 > 0 such that

xr € B(xg,0) NQ = v(zr) <v(zg) +e=t.
This is, in turn, clearly equivalent to the following:
For every zp € Q : limsupv(z) < v(xp). (2.19)
Q>x—x0

In fact, given xq € €2, suppose that for all € > 0, there exists § > 0 such that

x € Blwo,8) NQ = v(z) < v(zo) + g
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We just have to observe that

limsupv(z) = inf < sup v(ac))

Q3x—x0 >0 z€B(x0,6)—{zo}

IN

sup v(x)
z€B(z0,0)—{z0}

€

S U(l’o) + 5

< v(zg) +e.

And since € > 0 is arbitrary, we can just take ¢ — 0. On the other hand, suppose that for
every xo € {2, it holds

limsup v(z) < v(zo).
Q3x—x0

Let

L =limsupv(x) = inf sup v(x) | .
z€B( —{zo}

Qox—2x0 6>0 z0,0)
By definition of infimum, given ¢ > 0, there is o9 > 0 such that

sup v(x) < L+e.
:EEB(.I(),&))—{:E()}

Then, for this dy, we have
x € B(xo,00) NQ = v(x) < L+ <wv(xg) +¢.

Like continuity, upper semicontinuity is a pointwise property. When the inequality in (2.19)

holds for a given xq € €2, it is said that v is upper semicontinuous at x;.

Lemma 2.32. Let K C R" be a compact subset. Let (K,,) be a sequence of non-empty closed
subsets of K with K;+1 C K; for each i. Then

A:ﬁmﬁé@.
n=1

Proof. Since K, is closed in the compact set K, each K, is compact. Pick a, € K, for all

n. The sequence {a,} lies in K3, so by compactness, it has a convergent subsequence {a,, }

with limit ¢ in K;. Now, observe that, except possibly for the first term, this subsequence

is also contained in Ks. Since Kj is closed, the limit ¢ must lie in K5. Continuing in this

fashion, for any m, the tail {a,, }x>m lies in K,,, and since K, is closed, so a € K,,,. Therefore,
o0

aeA:ﬂKn,andhenceA#Q. O
n=1

Remark 2.33. Observe that the upper semicontinuity of v, together with the fact that v(x) <

oo for every x € 2, imply that v is bounded above on every compact K C 2. Indeed, let
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Kj={r € K:v(x)>j}forj=1,2,.... These K}sare compact setsand K D K; D Ky D ---.

Since ﬂ K; ={r € K : v(z) = oo} = @ by assumption, we must have K; = @& for some j, by
j=1
Lemma 2.32. That is: v(z) < j for every x € K.

This is what allows us to assign a meaning to the integrals appearing in (2.18). Each of
these integrals is defined as the integral of the positive part of the function v(xy + 7o) minus
the integral of its negative part. This difference makes sense because the integral of the positive
part is finite, being the integral of a bounded function. A priori, the integrals in (2.18) can be
either a real number or —oo. Actually, we shall eventually show that, unless v is identically
equal to —oo, none of these integrals can be —oo, in such a way that v is integrable over the
corresponding spheres.

It has to be noted that, for v subharmonic, (2.18) implies that v(zy) < lim supov(z)

z—xo in Q

and, consequently, we actually have equality in (2.19). In fact, let g € Q and fix r(xzg) > 0 as
in part éi) of the Definition 2.30. If 0 < r < r(zy), then

/ v(y)dy:// v(y)dos(y)dd
B(zo,r) 0 J9OB(zo,d)

:/ ot (/ v(zo + (50)da) db
0 St

> / "1 |v (o) dS
0

T
= [T —,
| 1|U($0) n

which means that

n 1
v(xg) < —/ v(y)dy = —— v(y)dy.
‘Enflhm B(zo,r) |B(£L‘0,1")| B(zo,r)

Then we get:
(w0) < o [ (o)
v(xg) < 75— vly)ay
‘B(‘rO’r)‘ B(zo,r)
1

I oty +oten) [ o)
| B(zo,7)] </B<mo,r>—{xo} {io}
1
= sup  v(y) / dy
| B(x0,7)| ((yemo,r)—{wo} ) B(zo.r)—{z0}
_ ; sup v(y) / dy
| B(xg, )| y€B(xo,r)—{zo} B(zo,r)

1
B T I
yeB(zo,r)—{zo} | B(xo, )| B(zo,r)

= sup  w(y)
y€B(zo,r)—{z0}
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Since it holds for every 0 < r < r(xg), we can take r arbitrarily small and, finally,

v(zg) < lim sup v(y) | = inf sup v(y) | = limsup v(x).
r=0% \ yeB( >0\ yeB( z—z0 in Q

zo,r)—{x0} zo,r)—{zo}

Proposition 2.34. v is upper semicontinuous in € if, and only if, for every compact K C €,

v 18 the limit over K of a decreasing sequence of continuous functions.

Proof. First of all, let A be a directed set. We see that the infimum v of a family {vs}aea of

upper semicontinuous functions is itself upper semicontinuous. Indeed,

{z:v(@) <t} = J{z:vale) <t}
«
is an open set, since it is union of open sets. In particular, if v is the limit of a decreasing
sequence of continuous functions in K, v will be upper semicontinuous in K.
For the converse, suppose that v is upper semicontinuous in €2 and let K be a compact

subset of 2. Given
0 < e < dist(K, QF),

we know that
U. = U B(z,¢)
reK

defines an open covering of K, from which we can extract a finite subcovering, say
B(z1,¢€),...,B(zj,¢€)

(with zy € K and B(xg,e) C Q, k€ {1,...,75}). Now let ¢, > 0 be continuous, with support
contained in B(zy,¢) and such that Y7 ¢p(z) = 1 for every 2 € K. The ¢,s form what
is known as a partition of the unity in K subordinated to the covering U, (see [19, Theorem
6.20]).

Let m; = Bs(up)’u and consider the continuous function ¢ (z) = ij¢j (). We can do
Xj,€ -

this for a decreasing sequence €; > €5 > --- — 0, obtaining correspondijng functions ¢y, 1, . ...
Then inductively let uy = 1, us = min(¢o, u1),...,u; = min(¢h;,uj_1),.... In this way, we
obtain continuous functions u; > ug > - - -. Note that ¢, (z) > v(x) for all n € N, which implies
that u,(x) > v(x) for all n € N. In fact, the above construction provides, for each ¢; chosen, a

finite subcovering of open balls
Bl,....,B", 1eN,

Now let

mj, = supv.

Jl
Bl
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Since x € K, then x must be in at least one of these balls By, v € {1,...,j;}. We get the sup
of v over these balls and pick the minimum, say m,. All other balls, which do not contain z,

will make their respective ¢, vanishing. Then

vi(x) =) mudi(e) = my Y dn(x) > v(z).

We conclude that ¢;(z) > v(x) for all | € N and all z € K, which implies that u; > ug > --- > v
by construction.

Finally, it remains to show that u; — v as [ — co. We need to show that for each xy € K
and 0 > 0, there is [y € N such that

[ > 1y = w(xg) —v(zrg) < I < w(xg) < vy(zo) + 0.
Since v is upper semicontinuous in €2, by definition we have

limsup v(z) < v(xy) for all xy € ,

Qz—x0
or equivalently,
L = inf ( sup v(x)) < wv(zo).
>0\ zeB(zo,r)— {0}
For any 6 > 0, using the definition of infimum, it follows that there is 7’ > 0 such that

d J
sup v(z) < L+ = <wv(xg) + = < v(xg) + 9.
zE€B(z0,r") 2 2

So we just have to take [y such that

1
l>l():>€l<§7”/.

Thus, if I > I, for every ball BY, v € {1,...,7}, such that zo € B} we have that m, =

SUpgy U < SUPp(y, v U, from which we conclude that (zo) < v(zp) + 0 and then w(zo)

zo,r

<
v(zg) + 0. O

Of course, any real-valued harmonic function is subharmonic, since it is continuous and has
the mean value property, which is stronger than (2.18). However, the subharmonicity is all that

is needed for the maximum principle. We can state:

Theorem 2.35. Let v be a subharmonic function in a domain Q2 C R™. Then v cannot attain

a maximum value unless it is constant.

Proof. Suppose that v does attain a maximum value, that is, there exists x¢o € {2 such that
v(z) < v(zg) = m for every x € Q. Take 0 < r < r(zo), where r(xy) is the same that the

one in Definition 2.30. Since v(x) < m for every x and v is upper semicontinuous, if we had
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v(Z) < m for some T € B(z,r), then we would have v(z) < m for some B(Z,r") C B(xo,r)

and the average of u over B(x,r) would have to be < m. In fact,
m = v(zg)

1

: | B(zo,7)| /B(xo,r) via)dy
1

- |B(l’o, 7”)| (/B(xo,r)\B(x,r’) U(ZE)dZL’ N /]3(x7r/) U(x)dx)
1 B(z. '

~ [Blao, )| (/B@co,r)\B(x,r/) e - % /B(x,r’) U@)dx)

1 _ — —
< By B0 VB )l + B, o) ()
1 _ _
< By 1Bl PNBEE ) m + B r)m)

_ (B, )\B(@, )| + B, "))
Bo,7)
|Ban.7)
=" [B(wo,)|

which is clearly a contradiction. Thus v(z) = m for every x € B(xzo, 7). This shows that the
set A of points of Q where v(z) = m is an open set. But B=Q - A={z € Q:v(x) <m}is
also open because v is upper semicontinuous. Since A is not empty and €2 is connected, B has

to be necessarily empty. Consequently v(x) = m for every z € . O]
The maximum principle can also be given in this form:

Corollary 2.36. Let Q be a bounded domain in R™ and let v : Q — [—00,00) be upper
semicontinuous in Q and subharmonic in Q. Then v has a mazimum in  and attains it at the

boundary (only at the boundary if v is not a constant).

Proof. The fact that v has a maximum in Q follows simply from the upper semicontinuity

(exactly in the same way that the fact that it is bounded above). In fact, define
m = sup v(x).
zeQ
We already know that m < oo, by Remark 2.33. For all n € N, take z,, € Q such that
1
m—— <uv(z,) <m.
n

This gives rise to a sequence {x,} C Q with

lim v(z,) = m.
n—oo
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Since Q is compact, {z,,} admits a convergent subsequence, say T, — To € Q. Then, by the
upper semicontinuity of v,

m > v(xo) > limsup v(xy, )
k—o00

> lim v(x,,)
k—ro0

= 1m.

Thus v(zg) = m and, by definition, m < oco. Finally, we just need to apply the previous

theorem. Provided v is not constant, v does not attain its maximum value in €. O

The maximum principle can be used to establish the following characterization of subhar-

monic functions, which is the best justification for the name “subharmonic”.

Theorem 2.37. Let v : Q) — [—00,00) be upper semicontinuous in the open set Q). Then, the

following conditions are equivalent:

a) v is subharmonic in .

b) Whenever u is a real-valued continuous function in G, harmonic in G, G being an open
and bounded set with G C , and u satisfies v(z) < u(z) for every x € OG, then
v(x) <wulx) for every x € G.

Proof. Suppose a) holds and u satisfies the assumption made in b). We can assume G is
connected. Then the function v — u is upper semicontinuous in G, subharmonic in G and
v—u < 0in JG. It follows then from Corollary 2.36 that v — u < 0 also in G.

Conversely, assuming that b) holds, let us prove that v is subharmonic. Let 2o €  and
B(zg,7) C Q. We shall prove that

1
v(xg) <
|En_1| Yn—1

v(zg + ro)do

holds. Since v is upper semicontinuous, we know by Proposition 2.34 that there is a decreasing
sequence of functions u; > uy > -+ > u; > --- continuous in 0B(xg,r), converging to v in
0B(zg,7). Abusing the notation a little, let us denote also by u; the continuous function in
B(zo,7) and harmonic in B(x,r) which coincides with u; in dB(xg,r), that is, the solution of
the Dirichlet problem in B(zy, ) with boundary function u;. It follows from b) that v(z) < u;(z)
for every j and every x € B(zg,r). Moreover, the subharmonicity of u;;;, together with the
fact already proved that a) implies b) yield w;(x) > u;41(z) for every j and every x € B(zo, 7).
We can write:

1 1
v(z) < lim wj(zp) = lim / uj(xg +ro)do = / v(xg + ro)do.
J—00 J—00 ‘En71| St ’En,ﬂ Sh1

It proves what we wanted. The interchanging of the limit and the integral sign is justified by

the monotone convergence theorem (see |21, Corollary 1.9]). O
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Remark 2.38. Observe that in the course of proving Theorem 2.37 we have also proved that
if v is subharmonic in €2, then

v(zg) < !

< — v(zo + ro)do
|En_1| Yn-1

holds whenever B(xg,r) C Q. This is stronger than what we assumed in the definition of
subharmonicity.

Proposition 2.39. Let v be a subharmonic function in a domain 2 C R"™, and suppose that v

is not identically equal to —oco. Then, whenever B(zq, ) C Q, we have

1
/ v(xg + ro)do > —oo.
|E”—1| Yn—1
Proof. Let B(xo,r) C £, and let uy > up > ---u; > --- be a sequence of continuous functions in

0B (xo, ) converging to v in 0B(xg,r). As before, consider u; extended as a harmonic function
in B(xg,r), continuous in B(zg,r). Remember from Theorem 2.26 that
P2 r? — |z — z0|?

uj(x) = m g Uj(l'o + TS)dS,

e —xe —rslm
where x € B(xg,r) and u; is the boundary function, considering the same abuse of notation
made previously. Then, for every x € R" with |z| < 1 is:
v(zo +rz) < lim wj(xg + rz)
Jj—oo

rn—2 / r? — |zo + 1T — T0|?
s, |To+re —xzg—rsn

= lim

n—2 201 — (2
— lim — / Muj(:voers)ds
s

u;(zo + 75)ds

j=oo |Enoa| Jy, , T —s|®
1 1— |z
= lim w;(xg + rs)ds
j—o0 | X1 /En1 |z — s|” 3 (o ) (2.20)
1
= lim / P(x, s)uj(xo+ rs)ds
] |Zn_1‘ Yn—1
1
= / P(x,s) lim uj(xg + rs)ds
’Zn_l‘ E'nfl J—roo

1
= —/ P(z, s)v(xg + rs)ds,
|En_1‘ Yn—1

where we have used the monotone convergence theorem [21] (note that P(z,s) > 0). We claim
that

A={re: v(xz +ro)do = —oo for some r > 0 with B(z,r) C Q}
E'n.—l

is an open set. In fact, given zy € A, it follows that

/ v(zg + ro)do = —oo for some r > 0 with B(zg,7) C €,
Z'n,—l
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then also
/ P(z,s)v(zg + r5)ds = —o0,
Z'n, 1

because P(z,s) is positive and bounded as a function of s. It follows then from (2.20) that
v(x) = —oo for every x € B(x,7), which implies that A is open. But its complement B = Q—A
is also open. Indeed, if 2y € B, so for all r > 0 with B(z,r) C Q,

/ v(xg + ro)do > —o0.
Y1

Note that no point of A can belong to B(xg,r) because this would imply that

/ v(zo +1'o)do = —0
Enfl

for some ' < r, since v would be equal to —oo in a whole open subset of the sphere OB (xg, r’).
Therefore, either A = @ or A = (), and in this latter case v is identically —oo. Thus we get
A=0. O

Proposition 2.40. Let v be a subharmonic function in B(0, R) C R™. Then,

il
= v(ro)do
) Sl s (ro)

is an increasing function in the interval [0, R).

m(r

Proof. Let 1 <19 < R. Let uy > ug > --- > u; > --- be a sequence of functions in 9B(0, r3)
converging to v in 0B(0,rz). For each j, we also denote by w; the function continuous in

B(0,72) and harmonic in B(0,rs) coinciding with our original u; in 9B(0,r;). Then

mr 7"0
1) mn/nl '

uj(rio)do

|Zn 1| En 1

_U]

1

]*)OO

j(ra0)do —— / v(reo)do = m(rs).
’En 1’ /n 1 ’anl‘ 2n71

Thus m(ry) < m(re) and our statement is proved. O

Remark 2.41. It has to be observed that in the Definition 2.30 of a subharmonic function,
condition i) can be replace by: For every g € 2 and every r > 0 such that B(x,r) C €,

(20) < o
v(zg) < ———
|B(‘/L‘U7T)| B(zo,r)

v(z)dz.
In fact, let v be a subharmonic function on an open set 2 C R", with values —oo < v(x) < 0.
It follows from Remark 2.38 that

v(xg) < !

|En_1| Yn—1

v(zo + ro)do
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holds whenever B(zg,7) C 2. To conclude, we just observe that

/ v(y)dy = / / v(y)dos(y)dd
B(zo,r) 0 JOB(z0,9)

:/ g1 (/ U(xo +5a)da) do
0 En—l

> / 51150 1 [0(0)do
0

Tn
= \En—1|U($0)ga

which means that

n 1
v(z0) < —/ v(y)dy = v(y)dy.
|En—1|7ﬂn B(zo,r) |B((L’0,T’)| B(zo,r)

On the other hand, suppose that for every zy € Q and every r > 0 such that B(xg,r) C €2,

1

< —— v(x)d.
|B(§C0, T)| B(zo,r)

v(xg)
Suppose that v does attain a maximum value, that is, there exists o € Q such that v(z) <
v(zo) = m for every x € Q. Take r > 0 such that B(zg,7) C Q. Since v(x) < m for every
x and v is upper semicontinuous, if we had v(Z) < m for some T € B(xg,r), then we would
have v(z) < m for some B(Z,r") C B(xzo,r) and the average of v over B(zo,r) would have
to be < m (see the proof of Theorem 2.35). Thus v(z) = m for every © € B(xg,r). This
allows us to conclude that the set A of points of Q where v(z) = m is an open set. But
B=Q—-A={x € Q:v(xr) < m} is also open because v is upper semicontinuous. Since A
is not empty and € is connected, B has to be necessarily empty. Consequently v(z) = m for
every x € (). In other words, v satisfies the maximum principle. From this we can infer that v

satisfies the property b) in Theorem 2.37, which implies that v is subharmonic in 2.

Remark 2.42. For v € C?(2), the method of proof of Theorem 2.21 gives a necessary and
sufficient condition for v to be subharmonic in terms of Av, namely, we must have Av(z) >0
for every x € €). The proof of necessity uses also Proposition 2.40.

In fact, let v € C?(Q) and suppose that Av > 0 in Q. Let 2o € Q and r > 0 be such that
B(z,7) € Q. For 0 < s <, let f(s) stand for the average of v over the sphere of center z

and radius s, that is,
1

N |En_1| Yn—1

f(s)

v(xg + so)do.

Since v is continuous and continuously differentiable (v € C?(12)), then

f'(s) = ﬁ/z vaj (g + so)o;do.

n—1 ]:1
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Note that vaj (xo + so)oj = Dyv(xg + so), which is the derivative of w in the direction of

j=1
the outer normal in the point z¢ + so. And therefore
1
)= ooe— Dov(x)dos(x),
Sn_1|2n*1’ 0B(xo,s)

where o = #=", 9B(xo, s) is the boundary of the ball; and doy is the natural Lebesgue measure

on 0B(xg, s). By applying Green’s theorem we get
1
f'(s) = ——— Av > 0.

sl |En_1 | B(zo,s)

Then f(s) is non-decreasing for 0 < s < r. Now, it is clear that

lim £(5) = o)

Thus

|Zl v(zg +ro)do = f(r) > lim f(s) = v(zo).
n_1| - s—0

On the other hand, suppose that v is subharmonic. Let us suppose that Av(zg) < 0 for
some zo € Q. Consider 7 > 0 such that B(zo,7) C Q. If v € C%(Q), so Av is continuous in Q
and then there is a radius ro € (0, dist(xg, 7)) such that Av < 0 in B(zg, R) for all R € (0,79).
But then, we compute as above that the function f is decreasing and hence

1
T /En1 v(xg + ro)do,

which shows that v is not subharmonic in © (contradiction).

v(xg) >

Proposition 2.43. Suppose that v is a nonnegative continuous function on an open set €1 such
that v is of class C* on the open set Qg = {x € Q : v(x) > 0} and satisfies Nv > 0 on Q.

Then v is subharmonic in the whole set €.

Proof. We already know that v is subharmonic in )y, so that we only need to consider points
zo € Q such that v(zg) = 0. Let xy be one of such points, and suppose m C Q. Let us
prove that v satisfies the condition b) of Theorem 2.37 in order to show that v is subharmonic.

Let w be harmonic in B(xg,r) coinciding with v in the boundary of B(zg,7). Note that
u > 0, since it is harmonic and then satisfies the maximum principle. It is enough to show that
v(x) < u(zx) for every @ € B(xg,r). Suppose that v(x) — u(zx) > 0 for some x € B(zy, ), and
define then

max (v(z) —u(z)) =49 > 0.
x€B(xo,r)

Let A= {z € B(zo,r) : v(z) —u(z) = d}. If z € A, we have

v(z) =u(z)+d>9>0,
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so that A C Qy. On the other hand, A is non-empty closed subset of B(zg,r). It turns out
that A is also open. Indeed, let x € A and consider B(x,r") C B(xg,r) N Q. Then, since v —u

is subharmonic in {2y, we have

1
|En—1‘

5 = v(z) — u(z) < /E (v(z +'0) — u(z + o) )do < 6.

It follows that v — u = § all over B(x,r’). Since A is both open and closed, it must be
A = B(zg, ), but this is impossible because v(xy) — u(zg) = —u(xy) < 0. Then v(z) < u(z)

for every x € B(xg,r) and v is subharmonic by Theorem 2.37. O

Theorem 2.44. Let v be a subharmonic function in 2, and suppose ¢ is a function increasing
and conver® in R. Then the composite function ¢ ov is also subharmonic (define ¢(—o0) so

that ¢ becomes continuous at —oo. That way, the composition will always make sense).

Proof. First, we have to see that ¢ ov is upper semicontinuous, that is, that (¢ ov)~!([—o0,t))

is always open. But
(¢ ov) " ([—00,1)) = v (¢ ([~00,1))
and, since ¢ is increasing and continuous,

¢_1<[_OO7 t)) = [—OO, S)

unless it is empty (¢(s) = ¢). Since v is upper semicontinuous then v=!([—c0, s)) is open. Thus,
(¢ ov) Y ([—o0,t)) is always open. Now, let B(zg,r) C Q. Then

1 1
d(v(xo)) < ¢ ( / v(xg + ra)da) < / o(v(zg + 1o))do,
‘ETL71| Yn—1 ’277471‘ Sn—1
the last inequality being a consequence of convexity (Jensen’s inequality). O

We shall give now our main example of a subharmonic function, namely, In(|F(z)|) for F
holomorphic not identically 0 in a plane domain. The subharmonicity of this function will be
one of our main tools. If F'is never 0, then In(|F(z)|) = R(In(F(2))), where In(F(z)) can
be defined locally as a holomorphic function. It follows that for F' holomorphic without zeros
In(|F(z)|) is actually a harmonic function. In the general case, some work will be needed to

get rid of the zeros.

Lemma 2.45.

/ In(|1 — e"|)dt = 0.

—Tr

1A function f : R — R is convex if for all 2,y € R and ¢ € [0, 1], we have f(tz+(1—t)y) < tf(z)+(1—1t)f(y).
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Proof. First of all, exploring the 27-periodicity of the integrand, we can write:

™ 27
/1n(|1—e“])dt:/ In([1— e[)dt.
0

-

Now, since sin?(t) = (1 — cos(2t))/2, it follows that

|1 — €| = |(1 — cos(t)) + isin(t)]

_ \/ 12 — 2 cos(t) + cos2(t) + sin(t)
= /2(1 — cos(t))

= 1/2(2sin%(t/2))

= 2|sin(t/2)|.

Then

/_7r In(|1 — e*|)dt = /0 ﬂln(2| sin(t/2)])dt
Q/Tr In(2sin(0))do
:2/wm@)+2/wm@mw»%

=27 1n(2) + 2/7r In(sin(6))d6 .

-~

I

t/2=0

Let us calculate I:

/0 ’ In(sin(0))df = /0 /2 In(sin(6))df + /W ’ In(sin(6))d6.

/2

But

/ﬁ " In(sin(9))d6

/2
t=0—m/2

= / " (sin(t 1 m/2))dt
= /W2 In(cos(t))dt.
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Therefore, using that sin(260) = 2sin(#) cos(#), we get:
T w/2
/ In(sin (¢ n(sin(0 d@—l—/ In(cos(d))dd
0 0
n(sin(0) cos(6))do

0 o (QSln(H; cos(e)) 0

w/2
— /0 [In(2sin(#) cos(9)) — In(2)]dd

Il
\\\

— /O " In(sin(20))d6 — /0 " In(2)d¢

u=20 % (/07r In(sin(u))du — 7TIH(Q)) 7

In(sin(f))df = —m In(2).

which implies that
I =

S

Thus

/ﬂ In([1 — e[)dt = 27 n(2) — 27 In(2) = 0.

—T

[
Lemma 2.46. Let F' be holomorphic, not identically O on an open set 2 C C. Then the set
Z(F)={z€Q: F(z) =0} = F'({0})
1s a discrete and closed subset of §2.

Proof. 1t is clear that Z(F') is closed in €, since F' is continuous. If Z(F) = &, the result
is trivial. Let us suppose that Z(F) # @. Take zy € Z(F). Since F' is not identically 0,
there exists (see [4, Chapter IV, Corollary 3.9]) m € N and g : Q@ — C holomorphic satisfying

9(z0) # 0 and
F(z) = F(z0) + (2 = 20)"9(2) = (2 = 20)"9(2).

By continuity, there exists o > 0 such that
g(z) # 0 for all z € B(z,9).

Consequently,
F(z) = (2 —20)"g(z) # 0 for all z € B*(2,0).

Therefore, zy is isolated in Z(F'), and since zy was arbitrary, Z(F) is discrete. O
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Theorem 2.47 (Jensen’s formula). Let F' be holomorphic in Dgr(0) and suppose that F(0) #
0. Let 0 < r < R and call z,29,...,2, the zeros of F in D,.(0) listed according to their

multiplicities. Then:

1 T :
In |F(0 |+Zln(| |)—%/ In |F(re')|dt.
] —T

Proof. Let us enumerate the zeros of F' such that z1, ..., 2z, € D,.(0) and |z 41]| = -+ = |z, = 7.
Define
e Zj z Z;
Z)H'r(z—z) z— 2z
j=1 I/ j=m1 J

Note that G is holomorphic and nowhere zero in D, .(0) for some ¢ > 0. Otherwise for every
n € N sufficiently large and defining €, = 7 + 1/n < R, we construct a sequence {z,} of zeros
in D., (0) € Dg(0), which would imply the existence of a convergent subsequence. But we know
from Lemma 2.46 that the set of zeros of a holomorphic function not identically 0 must be a
discrete and closed subset. It shows In |G(z)| is harmonic in D,;.(0). We shall have:

1 4 -
In|G(0)| = o / In|G(ret)|dt.

But
In|G(0)| = In|F(0 |+Zln( ‘) In|F(0 |—|—Zln( ) .
Since
r?—relz | |r—e'z
r(reit — z;) lreit — 2
B e(re " —z;)
a rett — z
[re”" — 7|
re — 2|
=1
and
z _ retti _ 1
reit — zj r(eit _ ez’tj) o |1 _ ei(t—tj)|’

we finally obtain

" r 1 1 (7 i
1nF(0)+;1n<|Zj|>_%/ In | F(rei)|dt + Z /W1n< — t])|>dt_27r/ﬂln|F(re )|t

Jj= m+1

by Lemma 2.45 [

Corollary 2.48. Let I’ be holomorphic, not identically O on an open set 2 C C. Then, the
functions In|F(z2)|, In" |F(z)] = max(In|F(2)],0) and |F(2)|* for every 0 < a < oo, are all

subharmonic in Q.
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Proof. First of all, let us see that the function In(|F'(z)|) is subharmonic. It is a continuous

function with values in [—00, 00). Besides, if D,.(z9) C 2, we have:

™

In(|F(z)]) < % / In(|F (2 + re')])dt.

—Tr

This is clear if F(zg) = 0. If this is not the case, it follows from Theorem 2.47 applied to the
function z — F(zy + z) which is holomorphic in D, ;.(0) for some € > 0 and does not vanish at
0.

As for the functions In* (| F(2)|) and |F(2)|*, a > 0, they result from composition In(|F(z)])
with the functions ¢(t) = max(¢,0) and ¢(t) = e* respectively, which are increasing and

convex. The subharmonicity follows from Theorem 2.44. O]

Theorem 2.49. For '€ O(D) and 0 <r < 1, we define:

o mo(F,7) = exp (% /ﬂ 1n+(|F(re“)])dt).

—Tr

1 s ) 1/])
o m,(F,r)= (%/ |F(re’t)|pdt> , 0 <p<oo.

o Mmoo (F,7r) = sup |F(re™)|.
¢

Then, for each F' € O(D) and each 0 < p < oo, m,(F,r) is an increasing function of r in [0,1).
Proof. This is just a consequence of Colorollary 2.48 and Proposition 2.40. [

Definition 2.50. For 0 < p < oo, we shall define the Hardy space H?(D) (also denoted simply

by HP when the context is clear) to be the following class of functions:

HP(D) ={F € OD) : ||F||lg»r = sup m,(F,r) < oo}.

0<r<1

For p = 0, we have the Nevanlinna class N, defined by:

N ={F € O(D): sup mo(F,r) < oco}.

0<r<1

Remark 2.51. If 0 < p < ¢ < oo, we clearly have H* C H? C H? C N. In fact, the first

inclusion is trivial, since F' € H* implies that
sup <Sup]F(reit)]> < 00.
0<r<1 t

Then |F(re®)| < M for some positive constant M independent of r and ¢ and, consequently,
|F(re)|? < M? < oo, from which we conclude that

1 ™ " 1/q
su — F(re™)|dt < 00,
09«51 (27T /ﬂ| re®) )
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that is, F' € HI(D).

For the second inclusion, we just apply Hdélder’s inequality for the exponent conjugates
q L)
p’q-p)’

/W F(re)|Pdt = /W(|F(re”)|p )t

—T —T

< ( / :(|F<re“>|p)q/i’dt>p/q ( / 1dt)1_p/q
( / : |F (re“)|‘1dt> e (2m) 1P/

-7

1 T . 1/p 1 ™ ., 1/q
— it) |p < (=— )adt) .
<2W /_W\F(re ) dt) < (% /_ﬂ|F(re ) )

1 m ) 1/p 1 ™ ' 1/q
sup (—/ |F(7"e’t)|pdt) < sup (—/ ]F(re”)]th) < 00,
o<r<1 \ 27 J_, o<r<1 \ 2T J_,

since F' € HI(D).
Finally, we observe that In™ ¢ < Cpt?, t > 0. Then,

1 ™ ) 1 n .
e (3 [ PGepar) <ew (3 [ CReepar) <o

since I’ € HP(D). Thus F € N.

which implies that

Then

Proposition 2.52. Let F € N be such that F(0) # 0. Then

1 - .
sup — | In(|F(re™)|)|dt < oc.
0<r<1 27T J.
Proof. Note that
o0 < In(|F(0)]) < i/ﬂ In(|F(rei)|)dt = i/ﬂ In* (|F(rei)|)dt — - /W In~ (|F(re)|)dt
~ 2 27 21 ). '

Then
%/ﬂ In™(|F(re")[)dt < %/ﬂ In*(|F(re')|)dt — In(|F(0)])

and, consequently,
i/ﬂ ]ln(]F(re”)\)\dt:i/ﬂ 1n+(]F(re"t)])dt+i/ﬂ I~ (|F(re)|)dt
2 ), 2 ), 2 ) .
1 [ )
<! / In+(|F(re™) )t — In(|F(0)]).
T

—Tr
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From this inequality, our claim follows immediately since

1 [" -
sup mo(F,r) = sup exp (2—/ 1n+(|F(re’t)|)dt> < 00

0<r<1 0<r<1 ™) _x
]

Next, we shall use Jensen’s formula to derive a basic fact, namely: that the zeros of F' € N

can not be too far from the boundary.

Theorem 2.53. Suppose F' € N and F is not identically 0. Let z; be the zeros of F' listed

according to their multiplicities. Then:
> (1= z)) < o (2.21)
J

Proof. We may assume |z;| < |z3| < ... and F(0) # 0. Applying Jensen’s formula, we get, for
every 0 <r <1,

|ZJ‘<T
1 K
< — Int (|F(re™)|)dt
2 ) .
<M< o0

with M independent of r. Given n, we just need to take r < 1 close enough to 1, to have

|2,| < r and, consequently |z;| < for j =1,2,...,n. Then, for n fixed,

>t (1) < 81 = aintr) = FO))

is true for all r bigger than certain r(n) which depends on n. Letting r tend to 1 we obtain

Zln (i27) < -0,

Since this is true for every n, we have

Zm(, =) < M- o)) <.

1
Now, observing that 1 — |z;| < In (’ ‘), we get (2.21).5 O
]

°In fact, if f(¢)

=1-—t + 1n( ), with 0 < t < 1, we get f'(t) > 0, which implies that f is increasing and,
consequently, f)y < f(1) =
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Theorem 2.54. Let (z;) be a sequence of complex numbers 0 < |z;| < 1, such that (2.21)
holds. Let k be a non-negative integer. Then the “Blaschke product”

oo
zj — 2z |z
B(z) =] 21222
(=) H 1—27 2
7j=1
converges uniformly on each compact subset of the unit disk, to a function B € H*>® whose zeros

are precisely the zis plus a zero of order k at 0 if k > 0.

Proof. All we need to prove is that the series

o0

>l

=1

2~z |4l

1 — 2%z z;

converges uniformly on compact subsets of D (see |20, Theorem 15.4]). But for |z| <r <1 we

have the estimate:

e 11 zj — 2l = (2 — 2)|%]
1 — 2% z; z; — z|2;]?
z; + 2| %]
= 1=z | —%
zj — 2|z
147
< fhit

so that (2.21) is sufficient for our purposes. In fact, (2.21) implies the convergence of the above

series in |z| < r. Since r < 1 is arbitrary, the result follows. H

Since B € H*, Fatou’s Theorem (Theorem 2.16) implies that B has non-tangential limits

at almost every boundary point. We shall write
B(e') = lim B(z) as z ~5 ',

In general, if for some function F' in D, the non-tangential boundary value of F' is known to
exist at e we shall denote it by F(e®). If F € HP with p > 1, we know that F(e) exists
almost everywhere, since F' is a Poisson (or Poisson-Stieltjes) integral according to Theorems

2.5 and 2.6. In the next section we shall extend this result to any p > 0.

Theorem 2.55. Let B the Blaschke product appearing in Theorem 2.54. Then |B(e")| = 1
for almost everywhere t and
1 T ,
lim — / In(|B(re™)|)dt = 0.

r—1 27

Proof. We know that the limit exists because the integral is an increasing (and bounded, since
B € H*) function of r. Also |B(z)| < 1. In fact, note that

Zj—

1 — 27

z

<1,
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since

Zj—
1— 2%

<l1& |z — 22 < |1 -2z
& (5= 2)(5 —2) < (1 - 275)(1 - =)
& g + 12 < 1+ 2Pz
& |z (1= o) <1,

and the last inequality is true for all |z;| < 1 and |z| < 1. Then for all n € N:

’ZJ‘
1 — 2Zj %j

Zj—Z

1 — 27

which implies that |B(2)| = lim |B,(z)| < 1. We conclude that
n—oo

()

and Fatou’s Lemma [20] can be used to obtain:

i 1 i 1
1 dt < li 1 — | dt
/ “(|B< “)!) =5 _w“(|B<fre“>r) !

m ™

lim ln(]B(re“)])dtﬁ/ In(|B(e")))dt < 0.

or equivalently,

r—=1 [ .

If we prove that this limit is also > 0, we shall be done. Note that
| By, Zt|—|€Zt|k1_[ H A_elt| =1ae
(o7 g e

and also | B, (re)| — 1 uniformly as r — 1, since B, is holomorphic in a neighbourhood of D.

Then: 1 /" 1 (7 B(re”)
. ot i L[ (] B
1 [T B(re")
%/_WIH(‘W)dt>ln( ) Zln |251)-

n+1
Thus, for every n:
o 1T it
> tnll) < iy / In(|B(re))dr

c e
ezt
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Now we realize that
Zln<| ) ZC “lab
J

for a C' depending on how small is the smallest zj. It follows that

Zln(|zj|) —0asn— o0
n+1

and, consequently,

1
0< 11m2—/ In(| B(re')|)dt.

r—1 27

2.3 Factorization of holomorphic functions

Theorem 2.56. Let FF € HP, 1 < p < oo. Then:
(a) For almost t, the limit
F(e™) = lim F(z) when z 21 ¢t

exists. The function f(t) = F(e") is in L? and F = P(f).

(0)
/2 [F(ret) — FO)Pdt 2250, if p < oo.
0

If p = oo, F(re®) — f(t), in the weak*-topology of L™=, when r tends to 1. For each
1 < p < oo, we have | F||ge = || f]| -

(c) F is the Cauchy’s integral of its boundary function, that is,

1 F 1 [ F(eit)e
F(z)z—./ ﬁdg:—/ %dt.
210 Jig=1 §— 2 2 J_ . et —z
Proof. (a) Theorem 2.5 implies that F' = P(f) for some f € LP. Applying Corollary 2.17,
we have f(t) = F(e") for almost t.

(b) The convergence follows immediately from Corollary 2.11 for p < co and from Corollary
2.15 for p = co. Fatou’s Lemma [20] implies that || f| > < ||F||g». The opposite inequality
follows from (2.9).

(¢) For r < 1, we can use Cauchy’s formula [4]:

_ 1 F(r¢)
F(Tz)—% G €2

d¢.

So we just take r — 1 and use (b).
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Theorem 2.57. Let F' € N not identically 0 and let B be the Blaschke product formed by the
zeros of F'. Then F(z) = B(2)G(z), with G € N and G(z) # 0 in D. Moreover, |G|y = ||F |5
and if ' € H?, we also have G € H? and |G||gr = || F||u»-

Proof. Note that G is well-defined, by Theorems 2.53 and 2.54. From the inequality
Int(a-b) <Inta+In"b,
we have

—Tr

w ' ™ ' ™ 1
+ it + it +
Remember that [B(re”)| < 1, which implies that

1 1
Int ———— =In————
CIBlren] T Blre)
and then the last integral on RHS tends to zero, by Theorem 2.55. So ||G||y < || F||n. But also
|F(z)] <|G(2)], since |B(z)| < 1, which implies that || F||x < ||G||y. Hence |G||x = || F||x-

Suppose now that F' € HP. Let B,(z) the partial finite product of B(z) and

For each n, |B,(re®)| — 1, uniformly in ¢, when r — 1, since B, is holomorphic in a neigh-

bourhood of D. If p < oo,

1 F( ) P
p _
F C|F(ret)P ) dt + | F
r—>1 27T 7’6“ Hr
P

If p = o0,

F(re')

|Gl = }}Eisgp (‘W

)

F(re") it
= }grisgp (’ B.ret)| F(re™) ) + || F| mee
= [1F[[ =

But [F(2)] < |Gu(2)| and then [|G,||g» = ||[F'||g» for all p and for all n. Fixed r and taking

n — oo, we have |G, (re™)[P 7 |G(re™)P for all p. If p < oo, we apply the monotone convergence
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theorem [21, Corollary 1.9] to get:

my(Gr) = 5 [ 16

:—/ lim |G, (re™) P
= lim mb(Gp,7)

n—o0

< lim (hm mb (G, 7“))

n—oo \r—1

= lim [|Gallys
= |15
Then |G||gr < || F||ge for all p. The other inequality follows from |F(z)| < |G(z)| and hence
|G llr = | F|| v
For p = oo, we just note that
Moo (G, 1) = sup |G (re™)]
—sup(hm |G (re’ |>

n—oo

= sup sup |G, (reé’ \)

[
_ <5up|G re )
v

<su llmsup|G re' )|)
= Jim (lim (G )
= lim [|G,| g

n—oo

= [1F[[ e
[l

We will study now the boundary properties of a function F' € HP, 0 < p < 1, with F'(z) # 0
in |z| < 1. Suppose F' € H?, 0 < p < 1, and also that F' has no zeros in D. Since D is simply
connected, F(z) = [G(2)]" for some G € O(D), with 1 < np. Since |G(2)|"? = |F(2)|P, we have
that G € H™ | with ||G(2)||%mr = ||F(2)||gp. We know from Theorem 2.56 that

G(e") = lim G(z) when z ML it
exists almost everywhere and the function G(e*) € L™. So

F(e") = lim F(z) when z ML it
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also exists almost everywhere and the function F(e) € LP.
Conclusion: Every F' € HP, 0 < p < 1 that does not vanish has non-tangential boundary
function F'(e) belonging to LP.

We also have the following result for H?, 0 < p < 1:
Statement: Every ' € H?, 0 < p < 1, with no zeros in D, satisfies

/ |F(re™) — F(e™)|Pdt =25 0.

The proof of this fact is by induction, that is, we show that if it is is true for 2p, it is also
true for p. Indeed, let F' € H? with no zeros in D and write F'(z) = [G(2)]? (here we are using
the fact that D is simply connected), with ||G(2) |32, = [|F(2)||ge. Then

/ " |F(ret) - P(ét)pdt = / TGP (et — GA(eM) Pt

- —

_ / " |Gty + Gl PIG (ret) — G(e) Pt

—T

i /2 - p/2p
< (52 [ rewenwaenpa) (32 [ iate) — cieprar)

21 —r —T

T 1/2
S CPHGHZQP (%/ ’G(r@it) _ G<€it)‘2p> ’

—T

which tends to zero when r tends to 1. We use this to prove the following theorem:
Theorem 2.58. Let F'€ H?, 0 < p < oco. Then:

(a) The non-tangential limit
F(e") = lim F(z) when z ML it
exists for almost every t, and the function

fit— F(e") € LP([—m, 7).

o) ]
/ |F(re™) — f(t)|Pdt — 0 when r — 1.

() [1E e = NI fllzr-

Proof.  (a) By Theorem 2.56, we just consider the case 0 < p < 1. Suppose f is not identically
0. Let B be the Blaschke product formed by the zeros of F. Write F(z) = B(z)G(z). By
Theorem 2.57, || F||g» = ||G||g» and G has no zeros. Since B and G have non-tangential

limit almost everywhere, the same is true for F', that is, for almost every t,

F(e") = B(e")G(e") = lim F(z) when z ML it
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Moreover, since |B(e™)| = 1 almost everywhere, we have that |F(e")| = |G(e™)| almost
everywhere and, consequently, F(e*) € LP, once G(e') is in LP by the above conclusion.

It shows (a).
We observe that
/ Foet) —sopa = [ [B(re®)G(re") = B(e")G(e)|dt
< ([ 1BoenGet - BoenGpars [ IBreG - BEGE P
< /_7; |G(re™) — G(e™)|P + /_7; IB(re't) — B(eit)P|G(eit)|Pdt,

and the last expression tends to zero as r tends to 1. Indeed, by the above statement, the
first integral tends to zero, since G € HP and has no zeros, and the second goes to zero

by the dominated convergence theorem (see [20]).
If p <1, we note that
|[F(re)]P = [F(re") = f(t)+ f(O)] < (|F(re") = fOI+If N < [F(re™) = fOP+IF P,

which implies that
[F(re")I” = [f(OF < |[F(re") = f(OF.

But we also have that

[fOF = [Fre®)P < |[F(re") — (O
just interchanging F(re') and f(t). Therefore

|1Ere)F = [fOF] < [F(re) = f(O)"

and the result follows from (b).
[

Corollary 2.59. Let F € H?, 0 < p < oo, and suppose that its boundary function F(e") € L9,
Then F € H1.

Proof. For ¢ < p, we already know that F' € HY since HP C HY. Suppose ¢ > p. If

p > 1, the result follows from Theorem 2.56, since F' is the Poisson’s integral of its boundary
function which are in L7 For the case p < 1, we use that F(z) = B(z)G(z), where B is the
Blaschke product formed by the zeros of F' and G is a function in H? which has no zeros, with
|G||zr» = || F||zr»- Let n be an integer such that 1 < np and write G(z) = [H(2)]". So H € H"?
and ||H (/% = ||G|lg» = || F||g». The boundary function satisfies

[H(e")" = [G(e")] = [F(e")].

Using that F(e) € L9, we have that H(e") € L™, from which we conclude that H € H™ (by
the first part of the proof) and then F' € H. ]
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Corollary 2.60. Every F' € H' is the Poisson’s integral and the Cauchy’s integral of its

boundary function.

Proof. Let F' € H! and take 0 < s < 1. We have for z = re' in D,

P = g | T s OO0
sre’) = — se')dt.
2 J_. 1+ 12— 2rcos(f —t)

Taking s — 1, we see the LHS of the above equation tends to F(re'), while, by the Theorem
2.58, we have

" 1—r? . A 7T , A .
F it - F it dt| < F it B it dt S— '
‘/W1+T2—2rcos(9—t)[ (se") (e™) ‘—CT/J (se”) (e")|dt — 0
Thus o
~ I —r .
Fre") = o F(e")dt.
(re”) 2 /_7r 1472 —2rcos(d —t) (%)

The representation of Cauchy is obtained in a similar way, considering
1 F
F(sz) = — / ﬁdﬁ :
21 Jig=1 § — =
O

Remark 2.61. A good question is if the previous result remains true for p < 1. The answer is

no and we support this by an example: let
14z
C1-2

F(re?) = P.(0) +iQ,(0)
then I € H?(D) for all p < 1 and

lim F(z)=1iQ:(0) a.e.,
P N.T. 0i0

but F(re) # 21/ P.(0 — t)Q1(t)dt = 0. In fact, note that

™

1—r? 27 sin(6)

= d +(0) = .
1+ 72— 2rcos(f) and G (6) 1+ 72— 2rcos(f)

P.(0)
So

™

[ reenpa= [ ino +iaapac< |

—T —T —T

|P,(t)[Pdt + /_7r |Q(t)|Pdt. (2.22)

For the first integral, we just apply Holder’s inequality for the exponent conjugates (%, 1%p):

/ " P (t)Pdt = / (PP 1de

—T —T

= (/_:(‘P’"(tﬂp)”pdt)p (/_: 1dt>1—p
- (/’; |P7‘(t)|dt)p (27)
_ (% /_:!Pr(t)ydt)p(%)’
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o7

which implies that

1 s p
lim |P.(t)[Pdt < lim (—/ |Pr(t)|dt) (27) < oo,
r—1- r—1- 2w -
since we already know, by (2.8), that
1 s
— |P.(t)|dt = 1.
2 ) .
It remains to investigate the convergence of the second integral. First, remember that

cos(2z) = 1 — 2sin*(x),

which implies that 14 72 — 27 cos(t) = (1 — r)? + 47 sin?(¢/2). Then

i o |7 2rsin(t)
/_W|Qr(t)| dt—/ﬁ 1+ 72 — 27 cos(t)

/” 4rsin(t/2) cos(t/2)

o | (1 =7)2 + 4rsin?(t/2)
</7r 4r sin(t/2) cos(t/2) [

- 4r sin®(t/2)

:/’r cos(t/2)|”
sin(t/2)

p

p
dt

dt

[ [
= [ |ty

w/2 p
ey,
0 sin(u)
Now, using that sin(z) > (2/7)z for all 0 < z < 7/2, we obtain:
T /2 p
/ Q. (H)Fdt < 4 / (Cf’S(“)) du
- o \sin(u)
/2 1 p
A )
o \(2/m)u

/2
= 227 PyP / u Pdu
0

w/2
=0, u Pdu,
0

which converges for all p < 1. So

lim |QT( )[Pdt < oo for all p < 1.

r—1-

Finally, we conclude by (2.22) that F' € H?(D) for all p < 1.
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Corollary 2.62. If F' ¢ H', so for every z € D,

Flz) = - /W (R () dt + IS (F(0)).

= — 7
2 J_ et —z

Proof. If z =re", then

it 1.2
ifﬁ(e +z>_ 1— 7| _ P01,

eit — - |€it _ z|2

Moreover,

Gz) = /W R (et

21 ) et — 2

is a holomorphic function®, whose real part coincides with the real part of F. So F(z) — G(z)

is constant. Since

6o -5 | " R(F(e))dt = R(F(0)).

—T

we have F(z) = G(z) + iS(F(0)). O

2.3.1 An application

o0

Theorem 2.63. Let F(z) = Zanzn € H', and let {c,} be the Fourier coefficients of its
n=0

boundary function F(e"). Then ¢, = a, for alln >0 and ¢, = 0 for all n < 0.

6To prove that

G(2) = o /ﬂ CER(E () dt

2w J_, et —z

is holomorphic in the unit disk D, we use Morera’s theorem (see [4]). Let v be any closed triangular path in D.

Then,
1 T et 4 2 it
[yG(z) dz = Py : </_7r T Z%(F(e ))dt) dz.

By the integrability of R(F(e®)) (since F' € H!, its boundary values satisfy R(F (e®)) € L([-m,n])), and the
continuity and boundedness of the kernel

elt+z

et — z

K(z,1) :=

for z in the compact path v (as the denominator never vanishes for |z| < 1), the function (z,t) —
K(z,t)R(F(e')) is integrable on v x [—m,7|. Therefore, by Fubini’s theorem, the order of integration can

be interchanged:
1 (" ,
/ G(z)dz = — (/ K(z,t) dz) R(F(e™)) dt.
v 2m Jx \Jy
Since for each fixed t, z — K(z,t) is holomorphic in D, Cauchy’s theorem implies
/K(z,t)dz =0.
.

Hence,

/G(z) dz =0,

for every closed triangular path « in . By Morera’s theorem, this shows that G is holomorphic in D.
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Proof. Let F.(e") := F(re"). For n > 0, Cauchy’s integral formula yields

_ L/ @df - 2i /7r F,(e")e ™ dt.

n = 27_‘_2 £|:1 $n+1 T o
But
1 4 ) )
Cp = — F(eMe ™ dt.
27

—T

Therefore, for n > 0,

[T a, — cn| =

1 / " et (B (1) — F(e) db

or ),
1 " it it
= | |E(t) — F(e')| dt

2 J_,

<||F. = Fllpp — 0 asr —1,

IA

by Theorem 2.58. Therefore r"a,, — ¢,, and since r — 1, we conclude a,, = ¢, for all n > 0.

Now fix n < 0. Note that each function
FT.(eit) _ Z akrkeikt
k=0

has a Fourier series supported only on nonnegative integers, so its n-th Fourier coefficient is
7ero:

cn(F) =0 forallre(0,1).

As F, — F in L'([-7,7]), and the Fourier coefficient map
e U
cn(f) = — e
2 J_.
is a continuous linear functional on L', we obtain:

Cn = u(F) = lim ¢, (F,) = 0.

r—1

Therefore, ¢, = 0 for all n < 0.
O

In fact, the previous result can be extended to a larger class of holomorphic functions. But

first consider the following characterization theorem:

Theorem 2.64 (Continuity Criterion). Let u be a linear functional over C®(T) then u is
continuous if and only if there are C' > 0 and N € N such that

[(u, §)| < C max || D¢~ for all g € C*(T). (2.23)

0<j<N
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Remark 2.65. We may rewrite the above inequality as

[(u, 9)| < C- pn(9),

in which py(¢) = maxo<j<n [[D?¢||1=. In fact, this is precisely the seminorm estimate charac-
terizing continuity of the linear functional u : C*°(T) — C (see |19, Section 1.46] for a detailed
discussion of the space C*(T)).

Proof. Let u be a continuous linear functional and suppose that the inequality (2.23) does not
hold for any choice of C' and N. Taking C' = N = n, n € N, we see that there is a function
¢n € C°°(T) such that

On = |(u; $n)| > n max || D7, . (2.24)

OSJS)%
In particular, d,, > 0 and ¢,, is not identically zero. Define 1, = ?—Z and observe that ¢, — 0
in C>(T).” In fact, let m be a nonnegative integer and n € N such that n > m, then, it follows
from (2.24) that

. 1
m J —
| D™y || e < Oréljaé)%HD U= < ~
But
[(w, ¥n)| = [0, (u, ¢n)| = 1 for all n € N,

which contradicts the continuity of u. For the converse, suppose that ¢, — 0 in C*°(T), that
is,

max [|D76 - = 0,
since the derivatives of all orders of ¢; tend uniformly to zero on T. Then, using (2.23), it
follows that

<U, ¢l> - 07
which shows the continuity of .
- 1—r
1472 —2rcos(t)
IDIP.(0 — )|z <C;(1—7)771,  0<r<1.

Lemma 2.66. Let P,(t) be the Poisson kernel, with 0 <r < 1. Then

Proof. In fact, let g be defined on a neighborhood of 2° and have derivatives up to order n at
2% let f be defined on a neighborhood of 3° = g(2°) and have derivatives up to order n at y°.
Then the j-th derivative of the composition h(z) = f(g(x)) at 2° is given by the formula of
Faa di Bruno [3]:
J J g/\i
R 1 L B
=2 02 M e
k=1 p(jk) i=1

in which

"Remember that a sequence {¢;} of functions in C°°(T) converges to zero in C°°(T) if for all positive integer
m, the derivatives of order m of functions ¢; converges uniformly to zero in T when j — oo.
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d’h
® Iy @(l‘o),
dr f
* fi d—yk(yo);
dig
® 9= dxi(xo)’
o p(7, k) ={(A,...,Aj) : Ay € N, )\szllz)\ =j}

1+0r? —2rcos(9—t)

1
Taking f(t) = n and g(t) = , one follows that

1 —1r?
, ! 2r
() I ()
O] = 2o and |g(0)] < .
Note that ) 01 2
1+7r*—2rcos(f0 —t 1—r 1—r
g(t) = 5 > = -
1—r 1—r 147
Then
[DIB(0 —1)] = |hy]
J
o S BF) | (e i
k=1 pGk) =1
J j ,
K1+ )kt , QN
<3 MU S T
—= k+1 N1 = r2) N
1 J .
- 19k+1 il
S(l_TJ-HZkQ Z H le_Tz))A
k=1 p(j5,k) i=1
= Cj(l - T) —i= 1.
Taking the sup on both sides we get the desired estimate. O]

Theorem 2.67. Let F(z) be holomorphic in D. The following conditions are equivalent:

(i) For every ¢ € C™(T) there exists the limit

(f,6) =l / Fre®)p(8)do. (2.25)
(13) There is a distribution f € D'(T) so that F is the Poisson integral of f
F(re) = -{7(t), Py(6 ~ 1) (2.26)
T

(1ii) There are constants C' > 0, a > 0, such that

|F(re?)| < 0<r<l. (2.27)

(1—r)e’
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Proof. Recall that
D(T)={¢:T—=C:¢ecC™(T)}.
We define a distribution to be a continuous linear functional u : D(T) — C. The space of all

distributions on T is denoted by D'(T).

(1) = (di). Consider a sequence 7, 1 and write
f1(0) = F(rye™).

Then f, € D'(T) and (fx, ) — (f,¢) for every ¢ € C(T), by item (i). By the Continuity
Criterion (Theorem 2.64), for each f, there are Cy > 0 and Ny € N such that

[{fr, $)| < Cx max [[D7¢l|r~ for all ¢ € C*(T),

0<j<Ng
which means that {fi : k¥ € N} is pointwise bounded on C'*°(T). By the uniform boundedness
principle [19] in C*°(T), we obtain that the same set is also strongly bounded, which implies
that the constants Cy and the order Ny are uniformly bounded (with respect to k), say by C

and N, respectively. Hence we obtain

[{fr, )] < C max || D76]|

0<j<N

and the same estimate holds for f in the place of f, that is,

[(f.0)] < C max || D76||, (2.28)

0<j<N
proving that f is a distribution of order N. The Poisson formula applied to z — F(rz) which

is in H>°(D) can be written as
) 1 .
F(rrie’) = 2—<F(rke’t), P.(0 —1)).
m

Therefore, taking k — oo and using (2.25), we obtain (2.26).

(17) = (uii). Suppose that (2.26) holds with f € D'(T). Of course f satisfies (2.28) for
convenient C' and N, by the Continuity Criterion. Applying this estimate to ¢(t) = P,.(6 —t)
and using the Lemma 2.66, we easily obtain (2.27).

(1i1) = (¢). Suppose first that 0 < o < 1 in (2.27). Adding a constant to F' the same
estimate (with another C') still holds and there is no loss of generality in assuming that F'(0) = 0.
In fact, if we take G(z) = F(z) — F'(0) and the estimate holds for G, then

|E(2)] < |G(2)] + |F(0)]

C
< a—re + [F(0)]
1 [0
= (1_T)Q(C+<1—r> [F'(0)])
Cl
< (1_T)Q(C+F(0>> T



2.3. Factorization of holomorphic functions 63

in which C" = C + F(0). Write

/—Fse

using the Cauchy-Riemman equations® for F' and integration by parts we have, for each ¢ €

C>(T),

3

[(F(re’) — F(r'e"), ¢(t))| =

—
k>
—
3
D
),
fes)
N——

— F(r'e")) ¢(0) de‘

([ ey as) ooy o

Y (0) db ds

|
3

|
3

= =
%\ﬁ\ﬁ/x\
3
Pl
T
o
9

<

3

3

(
(F<sei9>¢<e>\9:” - [ reenGiwan) as
(

~

3

Wl Wl Wk ®|kF

I

<

8Here we are using the Cauchy-Riemman equations in polar coordinates:

ou_1on
ds  s08’
ov 10u

0s 500
Calculating the derivative of F' with respect to s:

OF Ou Ov 10v 18u

9s 0s '0s 508 'so6
On the other hand,
OF  Ou i Ov
960~ 96 " o8’

and multiplying by E, we get
’ iOF idu 10w
s00  s00 500
Therefore,
oF i OF

s 500
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Assuming that 7,7’ > 1, then s > £ and 1 < 2. So using (2.27):

ety = Fre o)l =| [ [ Ftse o o)asas
<21/ﬂ/r o 8_¢ i

< C(9) / | st (2.29)
_ o) (—_(11__21_a )
_ o) (“ o0 _L) |

The right hand side converges to 0 when r, " — 1 since a < 1, showing that the limit

11}1% B F(re®)o(0)do
exists in this case. In fact, let r, A~ 1 and take r = r,,» = r,,, we just verified that the
sequence of complex numbers is Cauchy, and therefore convergent. The estimate (2.29) also
shows that the limit is independent of the sequence r,, 1.
If 1 < a < 2, let us assume that F'(0) = F'(0) = 0. In fact, if we take G(z) = F(z) — F(0) — zF'(0)
and the estimate holds for GG, then

[F(2)] < |G(2) + F(O)] + [=2]| F"(0)]
< |GG+ [FO)] + [F(0)]
5 T IFO)]+[F(0)]

= 73O+ Q=) EO)] + (L =) E(0)])

5 (O T IEO)+[F(0)])
< ¢
—(1=r)

in which C" = C + |F(0)| + |F'(0)|. Writing

y 0
/ 5/ 902
we can proceed as before:
i@ 19
F(re”) r / / 802 Ndods.
So for all ¢ € C*°(T),

[(F(re') — F(r'e™) I—‘/ (// 802 dads) ¢(9)d9‘

$(0) df do ds| .

=5 (
Waa
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But 2 )
PF, . 1 (PF  OF\, .
(90'2 (06 ) 2 (W + Z%) (0'6 )7

so we obtain

TOE e 0*F | OF\,
| Ggrloe)o(0)db = 02/ ((%2 H@) (56%)0(6) .

We now integrate each term by parts on the circle. First, for the second-order term:
™ 82F 0 ™ 0 a2¢
/_ﬂ— W(O’G )¢(9) df = /_7r F(O'€ )w(e) de,
where we used the smoothness and 27-periodicity of F' and ¢. Likewise, for the first-order term,

T OF

| ™ 0 0
[ Saleeoeyan = [ Foe 30w,

—T

Combining both,

T O2F 0 _ 1 7 o 82¢ a¢
- W(ae )p(0) db = F/—w F(oe™) (ﬁ — %) () do.
Substituting this into the previous expression, we find
' ¢ 0
1t / 2t . L)
|(F(re") — F(r'e ONES 02 (892 Z@@) (0) d6 do ds
0y, |90 .00
< - 19
- /r/ /0 o2 - |F<Ue 062 (6) 89 (9)’ df do ds.

Since ¢ € C*°(T), the derivatives of ¢ are bounded, and we obtain

r s 0'7“610
0e) = rrety o) < ) [ [0 Mg as

To estimate this integral, we split it at a fixed § € (0,1) (say § = 3):

/ |F ore'? / |F ore' d +/ |F (oret?

Since F' vanishes to second order at z = 0, there exists M > 0 such that
€ (0,0). Therefore, the first integral is

4 0 é
F
/ Mdag/ Mdo = M) < oo,
0 o 0

|[F(oe”)]

5 < M for all

g

and so

r pd i0 r’
F
//Mdag/ Ms=(r—rYM§—0 asrr —1.
r Jo o !
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1
For the second, we use the information on item (i7i) and the fact that — <5

52
*|F(oe®)| C/S 1
————do< = [ ——d
/5 o? 7= 5 s (L—o)e 7
l—o=u C 1= —a
= ﬁ/ls u “du
CA=6)t—1—s)t™ |
ﬁln<1_ ),1fozz
Therefore, for 1 < a < 2,
|F 0.619)| C /T/ 11—« 11—«
L Sl | < _ (11—
// dnds < o [ =0y = (1
co-o
- 7 _ - = 1 — o
21 —a) ") 52(1—a)[,( s)"ds
. 11—« - 2—a _ N\2—a
:M(r—r’)— ¢ (1—r) (1—r") 7
21— «) (1 —a) 2 —«

which converges to zero as r,r’" — 1. Similarly, if a = 1,

10 r _
//|F0€)|dd<0/ln15ds
02 1—s5

and

/

/T In(l—s)ds=—1-r)In(1—r)+ 1 —=7)+ (1 —7")In(1 —7") — (1 =7,

which also tends to zero as r,r" — 1. Therefore, the full double integral satisfies

r s F 10
/ / Mdads—ﬂ) asr,r’ 1.
r’ JO 9

Taking a convenient number of derivatives, we can adapt the argument for any o > 0. O

Remark 2.68. If a function F' € O(D) satisfies the equivalent properties in Theorem 2.67 we
say that F'is of tempered growth at the boundary.

Corollary 2.69. The functions in H?(D), 0 < p < oo are of tempered growth at the boundary.

In particular, they admit the Poisson representation in the sense of distributions.

Proof. Let F' € HP, we will prove that F' satisfies (2.27). It is enough to prove the case p < oc.

Fix z € D and consider the mean value inequality for the subharmonic function |F|P (see
Corollary 2.48):

1 [ . 1 —
[F(2)]" < —/ |F(z + se™)|Pdt, 0 < s < p:= -l
2 2

—Tr
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Integrating this inequality with respect to sds we obtain

/ s|F(z |pds<—/ / F(z + se™)|Psdtds < |F(2) |p<—// Q)|PdA(Q),
Dp(z

in which D,(2) is the disc centered in z with radius p and dA is the area element. We can use

polar coordinates re centered at the origin and include D,(z) in the annulus |z|—p < r < |z|+p.

Then
FEIP < = / /D | IFQpaA)

|z]+p
/ |pd0dr
lz|—p

27| F|| 5y
—'/');'H (20)
AF|2
P
S|F.
ACEE)
B C
TEEl

in which C' = 8||F||%,. Therefore we proved (2.27) with a = 1/p. O

I/\

IN

Remark 2.70. The space of holomorphic functions with tempered growth is strictly bigger than

Upso HP(D), actually for any a > 0 there is a holomorphic function on I that satisfies (2.27)

while its radial limit lin} F(re") does not exist for almost every 6, in particular, F' ¢ H?(ID) for
r—

any p > 0. The construction of such a function can be found in |6, Chapter 5].

Definition 2.71. The space of functions which are boundary values of functions in H?(ID) in
the sense of Fatou’s Theorem (pointwise radial limits) will be denoted by H?(T). The space of
distributions which are boundary values of function in H?(D) in the weak sense will be denoted
by HY(T).
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CHAPTER 3

Preliminaries

In this chapter, we will present some basic results that we will use throughout the work.

The main references for this chapter are [16] and [17].

3.1 Representation of holomorphic functions in several com-

plex variables

Definition 3.1. Let 2 C C" be a domain. A function f : Q — C is holomorphic if for each

Jj=1,...,n and each fixed z,...,2;_1, 241, ..., 2, the function
C —> f(Zl, R ,Zj,l,c, ZjJrl, ce 7Zn)
is holomorphic, in the classical one-variable sense (see [4]), on the set

Q(Zh ceey Bl Rl - >Zn) = {C e C: (Zla s 7Zj—1><-7 Zj+1,

oy Zn) € Q)

In other words, we require that f be holomorphic in each variable separately. Define O(f2) to

be the set of all holomorphic functions on 2. Functions holomorphic on C" are called entire

holomorphic functions.

Definition 3.2. A domain R C C"is called Reinhardt if (21, ..., 2,) € R implies (e 2, ...

for all (0y,...,0,) € R". Additionally, denote by |R| the subset of (Rso U {0})" defined

IRl =A{(|z1],.--,|2a]) : 2= (21,...,20) € R},

and call this set the Reinhardt shadow of R.

Remark 3.3. The unit disk, polydisks, and balls in C" are classical examples of Reinhardt

domains. Later on, we will introduce a nontrivial example of such a

an important role in addressing (Q1-3).

69

domain, which will play

enz) ER
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Proposition 3.4. Let R C C" be a Reinhardt domain and let f € O(R). Define

ao(f,r) = / f(odg, aecZ", re RNRY,.

(2mi)™ Jpgy ¢

Then:

1) For any o € Z, the number a,(f,r) is independent of r € R N RY,. In particular, we
(1) y >0
define ao(f) = ao(f, 7).

(2) Consequently, R C Dy, where Dy denotes the domain of convergence of the Laurent series

Zann aq(f)z®.

(3)
f(z) = Z ao(f)z%, z€TR. (3.1)

aEeZ™

4) IfRNV; # @, j=1,...,n (in particular, if 0 € R), then ao(f) =0 for all o € Z"\ZT}.
Proof. The proof can be found in [16, p. 51]. ]

Remark 3.5. The Laurent series (3.1) converges uniformly on compact subsets of R. For more
details, see [16, p. 43].

3.2 Introduction to the Bergman kernel

Definition 3.6. Let Q2 C C" be a domain and p > 0. The Bergman space AP(2) is defined by
AP(Q) = O() N LP(Q).

Whenever it is clear from the context, we may simply write AP.

Remark 3.7. For p > 1, AP(Q)) is a normed space, with the norm inherited from LP(Q). If
0 < p < 1, the space AP(Q2) is no longer a normed space in the traditional sense. In this case,
the triangle inequality is replaced by the inequality ||f + g[[5 < [ f|[Z + [lg][5. In particular,

AP(Q) is always a linear metric space.

To begin the discussion, we first consider the special case p = 2.

Lemma 3.8. Let K C Q be compact. There is a constant Ci > 0, depending on K and on n,
such that

Sg}glf(ZH < Cilflla@ VfeA Q) (3.2)
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Proof. Since K is compact, there is an r(K) = r > 0 so that for any z € K, B(z,7r) C
Q.! Therefore, for each z € K and f € A%(Q), it follows from the mean value property for

holomorphic functions and Hélder’s inequality that

S o () )

< ST / v

< m ( /B o 1dV(w))1/2 ( /B . |f(w)\2dv(w>>l/2
= vol(B(z,7) || fll L2y

< Cm)r | fllaz) = Ckll fll a2)-

[F(z)] =

Lemma 3.9. The space A%*(Q) is a Hilbert space with the inner product

(f,g) = / F(2)gDdV(2).

Proof. We only need to establish completeness, as all other properties are automatically inher-
ited from L?(Q). Let {f;} C A%(Q2) be a sequence that is Cauchy in the L2-norm. Since L?(2)
is complete, there exists a limit function f € L*(2) such that f; — f in the L*-norm. We need

to see that f is holomorphic. Fix a compact set K C ). From Lemma 3.8, we see that
Sup 1/5(z) = fe(@)| < Ckllf; = full .-
zE€

This implies that {f;} is a Cauchy sequence with respect to the sup norm on K. Since the
space of continuous functions C'(K), endowed with the sup norm, is complete, there exists a

continuous function gx such that

sup | f5(z) — gk (2)| = 0.
z€EK

Moreover, if K; C K, the restrictions of gk, and gg, to K; coincide, since both are uniform

limits of {f;} on K. This allows us to define a function g : Q — C by

g(z) = gk (z) for any compact K 3> z.

'For each z € K C , since () is open, there exists r, > 0 such that B(z,7.,) C Q. Then {B(z,7./2)}.cx
defines an open covering of K. By compactness of K, we can extract a finite subcovering {B(z;,r;)} where
r; =1, /2 for each j. Now set

N
j:17

r = min r; > 0.
1<j<N

If z € K, then z € B(zj,r;) for some j, hence B(z,r) C B(z;,2r;) = B(zj,r.,) C Q. Thus, B(z,r) C Q for all
z€ K.
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The definition is well-defined since the functions gx agree on the intersection of any two compact
sets. By a classical result (see [18, p. 10]), holomorphic functions are closed under locally
uniform convergence, and thus ¢ is holomorphic. It remains to show f = g almost everywhere.
Indeed, since f; — f in L?, there exists a subsequence {f;, } that converges pointwise almost
everywhere to f. On the other hand, since f; — g uniformly on every compact subset of €2, in

particular over the singleton {z} for any point z € Q, it follows that
fi(2) = g(z)  for every z € Q.

Therefore, at every point where the pointwise convergence limit of the subsequence exists —
which holds almost everywhere — we must have f(z) = g(z). Hence, f = g almost everywhere.
Since ¢ is holomorphic and f coincides with ¢ almost everywhere in the L?-sense, it follows
that f is holomorphic as well, and therefore f € A%(9).

O

Remark 3.10. The proof of Lemma 3.9 shows that L2-convergence of holomorphic functions

implies uniform convergence on compact subsets (and hence pointwise convergence).

Remark 3.11. Lemma 3.9 says that A%(Q) is a closed subspace of L?(2), since it is a Hilbert
space. For p # 2, p > 1, AP(Q) is a Banach space, since it is closed?, but is no longer Hilbert.

Lemma 3.12. For each fixed z € S, the functional
©.: f f2),  feANQ)
is a continuous linear functional on A%(Q).
Proof. This is immediate from Lemma 3.8 if we take K to be the singleton {z}. O

We can now invoke the Riesz representation theorem to guarantee the existence of a unique
function b, € A%(Q) such that

®.(f) = f(z) = (f,b2).

Definition 3.13. The Bergman kernel is the function Bg(z, w) = b,(w), z,w € Q. It has the
reproducing property

f(2) = / Bo(zw) f(w)dV (w), Vf € A(Q).

Whenever it is clear from the context, we may simply write B(z, w).

Proposition 3.14. The Bergman kernel Bo(z,w) is conjugate symmetric:

Bo(z, w) = B (w, 2).

2This follows from the Cauchy estimates in several complex variables, which provide bounds on holomorphic
functions in terms of their values on compact subsets of the domain. These estimates imply that AP(Q2) is a
closed subspace of the Banach space LP(2). See [18, p. 11] for a more detailed exposition.
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Proof. Taking f(z) = b,(2) = Bo(w, 2) for some w € , we conclude that

Bo(w,z) =

—~
N
~—

Ba(z, O)bw (€)dV(C)

&
o

S 55— 5— S

i
F <
w &
£

as we wanted to prove. O

Proposition 3.15. The Bergman kernel is uniquely determined by the properties that it is an

element of A%2(Q) in z, is conjugate symmetric, and reproduces A*(Q2).
Proof. Let K(z,w) be another such kernel. Then

Bo(z,w) = Bg(w, z)

:AK@M%WOW@

ZKFMMOK@OW«)

]

Theorem 3.16. Suppose that {f;} is a sequence of holomorphic functions on 0 and that
| fillk == sup.,ck | fi(2)] is bounded (independently of j) for each compact subset K of ). Then

there is a subsequence {f;,} that converges uniformly on each compact subset of ).
Proof. The proof can be found in [5, p. 7] O

Lemma 3.17. Let Q0 C C" be a domain, and let f, : Q& — C be a sequence of holomorphic
functions converging pointwise to a function f : Q — C. Suppose that { f,,} is uniformly bounded

on every compact subset K C Q. Then f, — f uniformly on compact subsets of €.

Proof. Let K C € be a compact subset. Let {f,, } be a subsequence of {f,}. Since {f,} is
uniformly bounded on K, so must be {f,, }. By Theorem 3.16, every subsequence of {f,}



74 Chapter 3. Preliminaries

admits a subsequence converging uniformly on each compact subset of €). Therefore, there
exists a subsequence {f,, } of {f,.} such that f,, — g uniformly on K for some g. However,
since f, — f pointwise, we must have ¢ = f by uniqueness. Thus fnkl — f uniformly on K.
Now, to prove that f, — f uniformly on K, we argue by contradiction and assume the
opposite. Then there exists ¢y > 0 such that for every M € N, there exists an index ny; > M
and a point zy € K satistfying |fn,,(z2m) — f(2a)| > €o. By construction, {f,,,} defines a
subsequence of { f,,} which does not converge uniformly to f on K. This would mean that {f,,, }
could not have a subsequence converging uniformly to f, which leads us to a contradiction.
Hence f,, — f uniformly on K. And since K C {2 was taken arbitrarily, f, — f uniformly on
compact subsets of (2. O

Since L%() is a separable Hilbert space, its closed subspace A%() is also separable, as any
closed subspace of a separable Hilbert space is separable. Therefore, there exists a complete
orthonormal basis {¢,}52, for A%(Q).

Jj=1

Proposition 3.18. Let K be a compact subset of Q2. Then the series

> 0i(2)8;(w) (3:3)

converges uniformly on K x K to the Bergman kernel Bq(z, w).

Proof. Since Bg(z,w) € A?(Q) as a function of z, it admits an expansion in terms of the

orthonormal basis, that is,

M

BQ('vw) = <BQ(7w)7¢J>¢]<)

1

J

By Lemma 3.15, we have

Ba(-w), ¢5) = (¢5, Bal(-, w)) = ¢;(w).

Thus
Bo(-,w) = Z%’(')W

for fixed w € 2 and so Bq(-,w) converges in the norm. Recall that pointwise convergence is

dominated by L?(2) convergence in A?(Q) (see Remark 3.10). Therefore B (-, w) converges

pointwise to >, ¢;(-)¢;(w).
Now, let K C €2 be a compact subset. By the Riesz-Fischer and Riesz representation
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theorems, we obtain

o 1/2
sup (Z |¢j(2>|2) = sup [{6;(2)} 52 e
j=1

zeK

[e.9]

> a;0(2)

Jj=1

=sup sup
z€K ||{a;}[,2=1

=sup sup |f(2)]
2€K ] 42=1
< Ck.

In the last inequality we have used Lemma 3.8. Therefore,

00 00 172 /s 1/2
< Z |6;(2)0;(w)] < (Z |¢j(2)|2) <Z !¢j(w)|2)

Z i(2)d;(w)

and the convergence is uniform over z,w € K. In fact, set Q := {Z : z € Q} and for each m € N
define f,, : Q2 x Q — C by

~—

fu(z,0) = 05(2);(w).

Then { f,,} is a sequence of holomorphic functions that is uniformly bounded on compact subsets
of Q0 x  and converges pointwise to Bq(z,w) by the arguments presented above. Therefore,
by Lemma 3.17, { f,,} must converge uniformly on compact subsets of Q x Q. Finally, let K be
a compact subset of (2. For all (z,w) € K x K and for each m € N,

> 651,00 = fl ),

which converges uniformly to Bo(z,w) = Bq(z, w). Hence Z ¢;(2)¢;(w) converges uniformly
j=1

to Bo(z,w) on K x K. O

Remark 3.19. It is important to highlight that the proof of Proposition 3.18 shows that

> 0i(2)6;(w)

equals the Bergman kernel Bg(z, w) no matter what the choice of complete orthonormal basis
[6;} for 4%(9).

Now, since A%(Q) is a closed subspace, we have L?(Q) = A%(Q) @ A%(Q)* and there exists an
orthogonal projection onto A%(Q) (see |21, pp. 177-178]). This is called the Bergman projection,
which we will denote by B. In the following, we will show that the integral operator defined by

the Bergman kernel is equal to the Bergman projection.
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Proposition 3.20. Let (2 C C" be a domain, then the mapping
Pifr [ Balow)fw)aviv)
is the Hilbert space orthogonal projection of L*(2,dV') onto A%(Q).
Proof. Given f € L*(Q), we apply the reproducing kernel to Bf € A?(Q2), giving
Bf(z) = (Bf,Ba(:, 2)).

Since B is self-adjoint and Bg(-, 2) € A%(Q), we obtain

Bf(z) = (BfBa(, 2)) = (f,Bal(:, 2))-

Remark 3.21. The Bergman projection is, therefore, given by
Bf(z) = /Q Bo(z,w)f(w)dV(w), fe IXQ). (3.5)
Proposition 3.22. For z € Q CC C", it holds that Bg(z,z) > 0.
Proof. We have N
Bo(z2) = 3 165(2) > 0.
j=1

If, in fact, Bo(z,2) = 0 for some z, then ¢;(z) = 0 for all j. This would imply that f(z) =0
for every f € A?(QQ), which is absurd, since there exist functions in A%(Q2) that do not vanish
at z; for example f = 1. ]

3.2.1 Bergman Kernel on the unit disk
Let us now calculate the Bergman kernel of the unit disk. For this, let 2 = D, where
D={zeC:|z| <1}

The following theorem gives us equivalent ways to recognize an orthonormal basis in a

Hilbert space.

Theorem 3.23. Let H be a Hilbert space. The following properties of an orthonormal set {¢,}

are equivalent:

(1) Finite linear combinations of elements in {¢,} are dense in H.

(16) If f € H and (f,pn) =0 for all n >0, then f =0.
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N
(2ii) If f € H and Sy(f) = Zan¢n, where a, = (f, ¢n), then Sy(f) — f as N — oo in the

n=0
norm.

(i) If an = (f, ¢n), then || f]* = 32020 lan|*.
Proof. The proof can be found in [21, p. 165] ]

In this section, let us write A%(D) = A2

1
Lemma 3.24. Let ¢,(z) = ”n+ 2" for alln > 0. Then {¢p,}2, is an orthonormal basis
T
for A2,

Proof. First of all, we observe that the monomials 1, z, 22, ... form an orthogonal set in A% In

fact, an easy computation gives

2 ] 2 ) 1 It
/ STV (2 / / iy ey gy ) — / im0 gg / prim gy = 25
D 0 0 n + m _'_ 2

where 9,,, is the Kronecker delta. This shows that the functions

1
bu(z) = /=2, m=0,1,2,...,
T

form an orthonormal set in A2. It remains to show that they form a basis. Let f € A? and
o

suppose {f, ¢,) = 0 for all n > 0. Since each f € A? is holomorphic in D, then f(z) = Z a2
k=0
for |z] < 1. Fix n € Ny. Then, by converting to polar coordinates and using Fubini’s theorem,

we obtain
0= (f,én)
- [ 1)

:/ / f(re®) o, (re®)rdodr
/ / ( air elk‘)) < ntl ! r" _Z"9> rdfdr
V =
27
_ L +1 / Zakrn+k+1 (/ ez(kn)d9> dr (36)
T Jo o 0
1 oo
— 4/ ntl Z apr™ TN (276, ) dr
T

U—

1 !
=4/ i / 2ma, > dr
™ Jo
n+1 =
= ap\/ .
T n+1
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It implies a, = 0. And since n € Ny was arbitrary, it follows from (3.6) that a, = 0 for all
n > 0. That is, f = 0. Thus by Theorem 3.23 (i7), {¢,}°, forms an orthonormal basis for
A2, O

is holomorphic and has power series

1
We recall that for |z| < 1, the function f(z) = .

representation

Y= (3.7)

n=0

- 1
Lemma 3.25. If |z| < 1, then ;(n +1)2" = TR
Proof. First of all, note that
Z(n +1)2" = Z nz" + Z 2" (3.8)
n=0 n=1 n=0

Writing S(z) = > 07 nz™ = 24 222 + 32% + - - - | it follows that

S(z) —28(2)=8(2) (1 —2) =2+ 22+ 2>+ ---
=—1+(Q4+z+22+22+--+)

— g
B 1—-=2
_z
S 1-2z
Then S(z) = (1_—ZZ>2 By (3.8) we conclude that
i(n +1)2" = ‘T _ S
ot (1—2)2 1—2 (1—2)%
as we wanted to show. ]

We are now ready to calculate the Bergman kernel on D by means of Theorem 3.18. Using

the orthonormal basis found in Lemma 3.24 we see that

Bp(z,w) = Z Gn(2)Pn(w)

Therefore, by Lemma 3.25, we have precisely that
1 1

Bp(z,w) = el

(3.10)



3.2. Introduction to the Bergman kernel 79

3.2.2 Bergman Kernel on the polydisk

Theorem 3.26. Suppose D; CC C", j = 1,2, are bounded domains with Bergman kernels
Bp, and Bp,. Then the Bergman kernel Bp, «p, for the product domain D = Dy x Dy is given
by

Bp, xp,((21, 22), (w1, ws)) = Bp, (21, w1)Bp, (22, ws)

for all (z1, z2), (w1, wy) € Dy X Ds.

Proof. Define
G((Zb 2’2)7 (ala GQ)) = BDl(Zla al)BDg(ZQa Cl2)-

We want to show that G is the Bergman kernel of D = D; x Ds,. First, fix (a1, a2) € D. Since
Bp,(-,a1) € A%(D;) and Bp, (-, a2) € A%(D,), it follows that G(-, (a1,as)) € A*(D). Now, for
any f € A%(D), using Fubini’s theorem and the reproducing properties of Bp, and Bp,, we
compute:

/ f 21,22 ((21,22) (al,ag))dV Z1,Z2 / f Zl,Zg)Bpl (zl,al)BD2 (ZQ,GQ)dV(ZQ)dV(21>
:/ BDl (al,zl) ( f(Zl,ZQ)BDQ (GQ,ZQ)dV(22)> dV(Zl)
D,

/BDl a1, 21)f(z1,a2)dV (1)

= f(a1,a2).
Thus, by the uniqueness property of the Bergman kernel, we conclude that G = Bp. O

Corollary 3.27. The Bergman kernel Bpn for the unit polydisk D™ in C™ is given by
Bpn (2, w) L | |
pr(z,w) = — | | ————.
T 2 (1 = z5w5)?

3.2.3 Bergman Kernel on the unit ball

Theorem 3.28. The Bergman kernel for the unit ball
B"={zeC":|z| <1}

18 given by

n!
(1 — (z,w))"*+V

Bgn(z,w) =
where (z,W) = 21W1 + * ++ + 2,W,.

Proof. See [17, pp. 60-63, Chapter 1| or [18, Chapter 4, Section 4.4]. ]
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CHAPTER 4

General Domains

Throughout this chapter, unless otherwise stated, we assume that Q C C" is a domain.

Definition 4.1. The Hartogs triangle is
H = {(z1,22) € C*: |21 < |22| < 1}.
Moreover, for v > 0, the power-generalized Hartogs triangle of expoent 7 is
H, = {(21,22) € C*: |21]" < |29| < 1}.

| 2] |22] |22
1/2 H,

1 1 1

|Zl|

|
|
|
|
|
|
|
|
!
|
|
Z 1
B 1

1

Figure 4.1: Hartogs triangle HL, for v = %, 1 and 2.

4.1 Two auxiliary operators

We recall now that the Bergman projection is given by
BI(:) = [ B w)fw)dv(w).  f e @),
Let P: L*(Q2) — A%(Q) be a bounded operator given by an integral formula
PIE) = [ Plew)fw)av()
For p > 0 fixed, consider the conditions

81

(4.1)

(4.2)

(4.3)
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(H1) 3C > 0 such that |Pf||, < C|fll, Vf e LP(Q). (P is bounded on LP)
(H2) Ph=h Vhe AP(Q). (P reproduces AP)
Let us define two auxiliary operators related to P. The operator |P| is defined by
PIEG) = [ [P w)lfw)av(o) (1.4

where |P(z,w)| denotes absolute value. The triangle inequality shows that if |P| satisfies (H1),

then P does as well. In fact,

0<|Pf(z)] =

/Q P(z,w>f<w>dv<w>\ < / Pz, w)|f(w)|dV(w) = [PI(1)(2).

Then

(/ rPf<z>|pdv<z>)l/p <(/ HPI(IfI)(Z)]”dV(Z))Up

<o/ |(|f|)(2>|”dV(Z)>1/p
— CIfll

since f € LP(Q) = [f[ € LP(Q) and || f[|, = [[(|/1)()]p-
The operator P! is defined by

PTf(w) :/QIP’(z,w)f(z)dV(z). (4.5)

Note that (Pf,g) = (f, P'g) holds when Fubini’s theorem can be applied, so P is the formal
adjoint of P.

4.2 Extending the Bergman projection

If @ ¢ C" is bounded, LY(Q) C L5(Q2) for any 1 < s < t. Thus for p > 2, f € LP(Q)
implies that Bf € A%(Q) and is given by the integral (4.2). Moreover, / B(z,w)f(w)dV (w) is
taken as the definition of Bf, whenever the integral converges (even if ? ¢ L*(Q)). Forp <2
and f € LP(Q), this integral does not necessarily converges. Even when it converges, directly

determining the size of the integral is difficult — it is therefore desirable to evaluate Bf as a

limit.
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4.2.1 Boundedness of the Bergman Kernel

Various hypotheses on {2 guarantee convergence of (4.2) for f € LP(Q2), p < 2. For example,
let D be the unit disk in the complex plane and fix z € D. Then for f € L'(D),

/ Bn(z,w)f(w)dV(w)‘ _

1 1
1 / T )V (w

T 1 —zw)?
<c. / |F(w)]dV (w)
< Q.

Here C, = sup,cp |Bp(z, w)| < 0o, since z € D is fixed. In fact,
11— zw| > |1 —|zw||=1—|2|][w] > 1~ |z| = |1 — 2w 2 < (1 - |2])72

But this argument fails for the domains H, (see Definition 4.1). Consider Hy, for k € Z*
with &£ > 1 to illustrate. Let B(z,w) = By, (21, 22, w1, ws) denote the Bergman kernel. Theorem
1.2 of [8] says
pe(2101) - [(20W3)° + (21W07)¥] + 20103 - i (2107)

km2(1 — 29w3)% (20w — (2107)")? ’

B(z,w) =

for explicit polynomials pi(s), qx(s) of the complex variable s. Two crucial facts are that
pr(0) = k — 1 and ¢x(0) = 1. Let z = (z1,22) € Hy be a fixed point (note zo # 0) and
ws = (0,0), 0 > 0, be a point in Hy on the z5 axis. Then

(k — 1)(225)2 + 225 ~ 1

B = ~N .
(2w08) = T )2~ 5

Letting § — 0 shows that B(z,-) ¢ L*°(Hy).
Other arguments are required to show B is defined on L” for p < 2 on domains like H,,,. In
[10], estimates on [B,,/,(z,w)| and a variant of Schur’s test show |B| is defined (and bounded)

on LP(H,,/,) for an interval of p < 2; see Theorem 6.1.

4.2.2 Limits of exhaustions

If |B| is bounded on LP(2), the integral (4.2) is finite. Computing Bf can be done as a

principal value, a consequence of the folowing fact:

Proposition 4.2. Let Q be a domain in C". Suppose P is an operator of the form (4.3) such
that |P| is bounded on LP(Q2) for a given 1 < p < co. Fort € (0,1), let Q; C Q such that if
t<t, then Qup C Qy, and Ute(O,l) Q= Q.Y Then if f € LP(Q), for almost every z € Q) we have

Pf(z) =lim | P(z,w)f(w)dV(w).

t—0 Q
f C"\Q # @, take Q; = {z € Q : dist(z,C"\Q) > t}. Otherwise, if 2 = C", take Q; = B(0,log(1/t)).
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Proof. Let f € LP(Q). Because |P| is bounded, we obtain

/W [P(=, w)|LF(w)]dV (w)

-~

=IPISDIR

bave iy

In particular, for a.e. z € €, the quantity {-} above is < co. Thus |P(z,-)||f(-)| € L'(Q) for
a.e. z € (L.

Let x; be the indicator function on €);. Note that

Xt (w)P(z, w)[|f(w)] < |P(z, w)||f(w)]
for any 2z € Q. Fix z such that |P(z,-)||f(-)] € L'(Q). The dominated convergence theorem

implies

lim [ P(z,w)f(w)dV(w) = lim g Xe(w)P(w, 2) f(w)dV (w)

t—0 Q t—0

_ /Q lim ()PP (1w, 2)  (w)dV ()

_ /Q P(w, ) f(w)dV (w)
= Pf(z2),

as claimed. n

4.3 Consequences of (H1)

Two functional analysis results are derived from assumptions about LP boundedness of
the Bergman projection. Conditions (H1) and (H2) enter the hypotheses and conclusions

respectively.

4.3.1 (H2) and density

Lemma 4.3. Let Q be a domain in C". Assume B is bounded on LP(S2) for a given 1 < p < oc.

The following statements are equivalent:
(i) A%(Q) N AP(Q) is dense in AP(Q).
(i) Bh=h Yh € AP(Q).

Proof. Assume (i). Then for each h € AP(Q), there is a sequence {h,} C A%*(Q) N AP(Q)
such that h, — h in AP(Q2). Since B is assumed continuous on LP(2), Bh, — Bh. However,
Bh, = h,, since h, € A%(Q?). Then Bh = h.
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Assume (i7). Let h € AP(Q). Since L?(Q) N LP(Q) is dense in LP(2) [21], there exist a
sequence {g,} C L*(Q)NLP(2) such that g, — hin LP. Set h, = Bg,. Then h, € A?(Q)NAP(Q)

and

h, — Bh,

since B is L” bounded. As Bh = h by assumption, (i) holds. ]

4.3.2 Generalized self-adjointness

The Bergman projection B is self-adjoint on A*(Q): (Bf,q) = (f,Bg) if f,g € L*(Q).
This does not automatically imply that (Bf,g) = (f, Bg) if f € L?(Q), g € L1(Q2) for general

conjugate exponents p and q.

However this relation holds when |B| satisfies (H 1), a consequence of the following general

result.

Proposition 4.4. Let Q0 C C" be a domain. Assume there exists an operator P of the form

(4.3) and that |P| is bounded on LP(Q) for a given 1 < p < co. Let q be conjugate to p. Then
(i) |PT| is bounded on Li(S2).
(it) (Pf,g) = (f,Plg) VfeLPQ),VgeL(Q).

Proof. Let f € LP(Q), g € LY(2). Tonelli’s theorem implies

1P Ia = [ ([ el ) sl e)

= [1r) ([ P wllslav ) ) aviw

= (/1 1P"(Ig]))-

Holder’s inequality and boundedness of |P| on L? yield

(71, 1P (1aD)

(PIASD gl < MPIADIplglle < ClA gl

Taking the supremum over | f||, = 1 shows |||PT[(|g])|l, < Cl|lgl|, as claimed.
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Fubini’s theorem? now applies to give (ii):

1= [ ([ PG wswarw ) s e
= [ s ([ #ewigEaves) ) aviw

Remark 4.5. The Bergman kernel is conjugate symmetric, that is, B(z, w) = B(w, z). Thus if
|B| is L? bounded, (ii) says (Bf,g) = (f,Bg) for f € LP(Q2), g € LY(2).
4.4 Representing A?(Q))' by A%(()).

The sought for representation is through L? pairing. For 1 < p < oo define the conjugate-

linear map
b)) = [ fadV. gear fe . (46)

Hoélder’s inequality implies @, maps A9(2) continuously into AP(2)'.
Remark 4.6. ®, is a bounded antilinear operator.

The goal is to understand when @, is surjective. The preliminary results hold generally.

4.4.1 General behavior
Proposition 4.7. Let Q2 C C" be a bounded domain and 1 < p < 0.
(¢) If p <2, then @, is injective.

(17) If p> 2, then ®, has dense image in AP(SY)'.

| [ pewlswlaaveave = [ o ( / IIP’(zyw)lf(w)dV(w)) av(2)

_ / 9PV (2)
Q

< lglla 12T LDI
< Cllgllgll fllp < oo
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Proof. Let q be the conjugate exponent of p.

For part (i), suppose that g € ker(®,). Note in particular that g € A9(€2). Since p < 2, it
follows that p < 2 < ¢, which implies A7(Q) C A%(Q2) C AP(2). Therefore g € A%(Q2) C AP(Q)
and ®,(g) can act on ¢:

0=2,(9)(9) = llgll2 = 9 =0.

Consider part (iz). Since p > 2, so necessarily ¢ < 2. By part (i), the map &, : A?(Q) —
A9(Q) is injective. Define AP(Q)# = {f : f € AP(Q)'}, the space of all bounded antilinear
functionals on AP(Q). Define the transpose @, : (A7(Q2)") — AP(Q)# of &, by

M) =MD f), A e (AUQ)), e AP (Q).

Since ®, is injective, the transposed map ®; has dense image.?
Now recall L(Q) is reflexive. Since A9(Q2) C L9(Q2) is closed, then A?((2) is also reflexive.
Thus the evaluation map € : A%(Q2) — (A%(R2)") defined by

e(9)(9) = olg), ¢ € ANQ), g€ AYQ),

is an isometric isomorphism. Let C : AP(Q)# — AP(Q2) be the conjugation map defined by

(CoX)(g) = A(g). C is an antilinear isometric isomorphism between AP(2)# and AP(Q)". To

complete the proof of part (ii) it suffices to show
®,=Co®,oc¢, (4.7)

since € and C are isometric isomorphism and ®; has dense image. In fact, assume (4.7). Let
f € AP(Q). Of course f € AP(Q)#. Since @, has dense image, there exists a sequence
{gn} C (A%(Q)") such that @ (g,) — f. But € is also an isometric isomorphism, which
means that for each g, there exists h, € A%(Q) such that (h,) = g,. Thus, we have that
@/ (e(hy)) — f, which implies that

®,(hy,) = C((I);(g(hn)) — C(?) =f.

*Note that ker(®,) = Ran(®,)*, where

Ran(®))* = {f € AP(Q) : (f) = 0 for all ¢ € Ran(®)} = {f € AP(Q) : A(D,f) = 0 for all A € (A%(Q)")'}.

Since @, is injective, we have {0} = ker(®,) = Ran(®/)*, which implies that Ran(®)) is dense in AP(Q)#. In

fact, if it is not dense, then there exists some ¢ € AP(Q)#\Ran(®,). By the Hahn-Banach theorem, we can

find a bounded linear functional F on AP(Q)# such that F(¢) # 0 and F' = 0 on Ran(®,). Consequently,
F(1) = 0 for all ¢ € Ran(®),), which implies by reflexivity (AP(Q) = (AP(Q)#)’) that there is f € AP(Q) such
that 1(f) = 0 for all ¢ € Ran(®y,). In particular, ¢ (f) = 0 for all i) € Ran(®j), or equivalently, A(®,f) = 0 for
all A € (A7(Q)')'. This shows that f € Ran(®})*. However, we know that F(¢) = ¢(f) # 0, which leads to a

contradiction, since it implies that f # 0 and Ran(®))* = {0}.
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Let us prove (4.7). For f € AP(Q)), g € A%(Q),

(Co®,0e)(g)(f) = D(e(9))(f)

= £(9)(®yf)

= (®4f)(9)
—/g?d‘/
Q
:/Qfng
_(I)P(g)(f)7

which establishes (4.7). O

Remark 4.8. Proposition 4.7 shows ®,, is generally almost surjective if p > 2. To show it is
actually surjective would require establishing closed range. This is equivalent to an estimate of

the form
1@yl ary 2 dist(g, ker(P,)),

for all g € AP(Q2), where ker(®,) denotes the null space of ®,. In fact, this estimate implies
that the induced map

U AYQ)/ ker(d,) — Ran(®,),

given by ¥([g]) = ®,(¢9), is a topological isomorphism. Consequently, Ran(®,) is Banach,
hence closed. On the other hand, if Ran(®,) C AP(€2) is closed, then it is a Banach space. The
induced map

U A%(Q)/ ker(®,) — Ran(®,)

is a topological isomorphism, in view of the open mapping theorem [19], which implies the

estimate above.

Corollary 4.9. Let Q C C" be a bounded domain. Suppose the map ®, : A7 — AP(Q) is
surjective for a given 1 < p < oo. Let q be conjugate to p. Then there is a natural identification

A1(Q)

Anqy = ker(®,)

FPurthermore, the map

D, AP(Q) — A1)
18 injective and has closed range.

A1(Q)
ker(®,)

Proof. Let ¥ : — AP(Q2)" be defined by
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It is well-defined. In fact, if g1, g2 € A9(Q2) and g1 — g2 € ker(®,), then g; = g» + m for some
m € ker(®,) and

U([g1]) = q)p(gl) = q)p(92 +m) = Ppy(g2) = ([ga])-

It is straightforward to verify that it is antilinear. Let g € ker(¥). Then 0 = ¥([g]) = ®,(g),
that is, g € ker(®,). Thus, [g] = 0 and it shows that U is injective. Surjectivity of ¥ follows
easily from the assumption that @, is surjective. We now show that ¥ is continuous. For all
f e AP(Q) and g € [g] = g + ker(®,), we have that

V(gD (N = 12p() (N = [2p(D)(H] < I Fll v [lgl] 20()-

Taking the supremum over all f € AP(Q) with || f|lar@) = 1, we get

N (D) < gl aae)-

And since it holds for all g € [g], it follows that
1 ({gDllary < Inf [1G]laue) = lllg]ll 402 vercey)

To conclude, the continuity of the inverse W~! follows from the open mapping theorem [19],

A1(Q)
ker(®,)
Now let us check that @, is injective and has closed image. Let f € ker(®,). Then f € AP(Q)

and

since and AP(Q)" are Banach spaces.

(®,f)(9) = /ngd‘/ =0 for all g € A1(Q).

If f# 0, we can find a bounded linear functional F' € AP(Q2)’ such that F(f) # 0. Since ®, is
surjective, it must exist g € A?(Q2) such that ®,(g) = F, that is,

which is a contradiction. Thus f = 0 and ®, is injective.
Finally, since @, is surjective and both C and ¢ are isomorphisms, it follows from (4.7) that
@}, must also be surjective. It implies that ®, has closed range (see [19, p. 101]).
]

4.4.2 Surjectivity of ®,,

Surjectivity of ®, follows from existence of an operator satisfying (H1) and (H2) whose

formal adjoint maps into O(€2).

Theorem 4.10. Let Q0 C C" be a bounded domain. Let 1 < p < oo be given and q be the
conjugate exponent of p. Suppose there exists P of the form (4.3) and G C AP(Q) such that

(1) |P| is bounded on LP(S),
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(i) PF=F VFeg,

(4i1) Ran(PT) C A9(Q).

Then @, : A%(Q) — G’ is surjective.

Remark 4.11. (a) The case G = AP(Q) is included in Theorem 4.10.
(b) If P = B, hypothesis (iii) is a consequence of (i) by Proposition 4.4.

Proof. Let A € G’. We want to find a h € A%(2), such that A = ®,(h). Extend A by the
Hahn-Banach theorem to a functional on LP(€2), still denoted A, with the same norm. Then

there is a g € L9(R2), with ||g||re = |[Al|(zry, such that

Af) = [ 190V = (f.g) foral € (@),
Q
Let h = PTg. By (iii), h € A%(Q). Then for F € G we have

®,(h)(F) = (F,h)
= (F, P'g)
= <PF7 g>
= (F,9)
— \(F).

The third equality follows from Proposition 4.4, the fourth follows from (7). ]
An elementary necessary condition for surjectivity of ®, is worth recording.

Proposition 4.12. Let 2 C C" be a bounded domain. Suppose that for some p, 1 < p < 2,
A%(Q) N AP(Q) is not dense in AP(Q). Then @, is not surjective.

Proof. Since € is bounded, A?(Q2) C AP(f2). The hypothesis thus says that A?(£2) is not dense
in AP(Q2). By the Hahn-Banach theorem, there exists a non-trivial ¢ € AP(Q2)" which vanishes
on A%(Q)). Let g be the conjugate exponent of p. Suppose there were a non-trivial function
g € A%(Q) such that o (h) = [, hgdV for all h € AP(Q). Since ¢ > 2, g € A*(Q2) and ¢ acts on
g. But then 0 = ¢(g) = [, [¢|>dV, contradicting the fact g is not identically zero. O

4.5 Approximation on A?(())

Functions in AP(Q), 1 < p < 2, can be approximated by functions in A?(Q) if (H1) and
(H2) hold.

Theorem 4.13. Let Q C C" be a domain. For a given 1 < p < 2, suppose there exists an
operator P of the form (4.3) and G C AP(2) such that
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(1) P is bounded on LP(S).
(i) Ph=h Vheg.
Then every f € G can be approzimated in the LP norm by a sequence {f,} C A%().

Proof. Since f € G C LP(2), there exists a sequence ¢,, € C2°(2) such that ||¢,, — f||, — 0 as
n — oo. Letting f,, := P¢,, hypotheses (i) and (i7) give

1 = fllp = [1P(&n = Hllp S on = fllp-

Since P : L*(Q) — A?%(Q), the claimed result holds. O

Remark 4.14. Q) is not assumed to be bounded in Theorem 4.13.
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CHAPTER 5

Reinhardt Domains

Throughout this section, let R C C" be a bounded Reinhardt domain (see Definition
3.2). But why focus on such a special class of domains? Reinhardt domains, characterized by
their invariance under rotations in each complex coordinate separately, provide a particularly
convenient setting for the study of holomorphic functions in several complex variables. A key
property is that any holomorphic function defined on a Reinhardt domain admits a power series
expansion in terms of monomials, which converge normally in the interior of the domain. This
allows a natural and effective use of multi-index notation and enables explicit computations in
terms of monomial coefficients.

This structure greatly facilitates the analysis of function spaces such as AP, especially when
studying objects like the Bergman kernel and the Bergman projection. In L?-type settings,
monomials form an orthogonal and complete system, enabling explicit series representations.
In such settings, monomials are orthogonal to each other, meaning that their pairwise inner
products vanish. This independence simplifies computations and makes it possible to express
functions as sums of monomials. Consequently, both the Bergman kernel and the Bergman
projection become more transparent and easier to handle.

Moreover, many classical and instructive domains — such as the polydisc and the Hartogs
triangle — are Reinhardt. These domains balance analytical tractability with geometric richness,
providing a fertile ground for both explicit computation and theoretical development in several

complex variables. For further details, see Chapter 1 of [16].

5.1 Integration on Reinhardt domains

For r € |R| and f a continuous function on R, let f, be the function on the unit torus
T ={|z;| =1, for j =1,...,n} C C" defined by

fr(e®, ey = flre®, L e,

93
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Abbreviate this relation by
Fo(€®) = flrie®, et (5.1)

using vector notation on r and #. Fubini’s theorem implies

11y = /R PV (2)

_ / / F(re®)[Prors .. vdrdd
m JIR]

- / ( |f(rei9)|pd9) T1Tg ... Tpdr
iRl \JTn

_ / A T
=)

a form of polar coordinate integration on R.

5.2 Holomorphic monomials

For a multi-index o € Z", let e, denote the monomial function of exponent a:
ea(z) =2 =2 z0m zeC

n

If f € O(R), then f has a unique Laurent series expansion

f=73 aalf)ea (5.3)
converging uniformly on compact subsets of R. The map

ag : O(R) = C (5.4)

will be called the a-th coefficient functional. The uniqueness of the Laurent expansion shows

the map a, is well-defined (see Proposition 3.4).

5.3 The coefficient functionals

In this section, expansion (5.3) of an f € AP(R) is shown to consist only of monomials in
AP(R). For 1 < p < oo, define the set S(R, L?) of LP-allowable multi-indices for R by

SR, LP) ={a €Z": e, € AP(R)}. (5.5)
Since R is bounded, for p; < p, it holds that S(R, LP?) C S(R, L™).
Proposition 5.1. For each o € S(R, LP) and 1 < p < oo, the coefficient functional

ao : AP(R) —» C
1

is bounded. Moreover ||aq | ar(ry = ——
leallzrr)
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Proof. Let T(r) = {|z;| =r; : j =1,...,n} C R be a torus. For f € AP(R), it follows from
Proposition 3.4 that

1 f(Q) d¢  déa
D=y ey ¢ GG
1 f(re?y irie®do,  irpedo,
T @m)? Jpe (re®)e ety eifn
1 1

= Gy o e

where df = df,df, . .. d#, is the volume element of the unit torus. Holder’s inequality implies

1 1
|(Ia(f)| < (27-‘—)71 . r_aHfTHLP(T")HlHLQ(Tn)
1 1 n
— W . _HfTHLP(’]I‘n)(27T)q (56)
(27 )75

= | frll Ty,

using that % =1- ]l). When p = oo, interpret (271) 7 as 1.
For 1 < p < o0, it follows from (5.6) that

|aa ()P - 2m)" (r*)” < [ fell o).

So if « € S(R, LP),

a0 (A lealpmy = laa(f / PV (2)

= laa(f / / Vry, ..., radrdd
p .

= |aq r)Pry . orpdr (5.7)
aa( ) - (27" /W( )
/ HfT”Lp('[rn .TndT

= ||fHLp(R)
If o € S(R, L*™), the trivial estimate |a,(f)| < inf e Ifllee I/ leo holds. This
relRl T super |2 [leallo

estimate and (5.7) imply that for all 1 < p < oo,

1
laallar@ry <
= Teallrm
€a 1
Since e, € AP(R) and aq(e,) =1 = M in fact |aq||ar(ry = 77— O
leallr ) leall e

Proposition 5.1 implies that Laurent expansions of functions in AP only have monomials
that belong to LP:
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Corollary 5.2. Let R be a bounded Reinhardt domain and 1 < p < co. Let f € AP(R), with
Laurent expansion given by (5.3). Then if « & S(R, LP), ao(f) =0. Thus

)= Y aalfeal2).

a€S(R,LP)

Proof. Assume a,(f) # 0. Choose a decreasing family of relatively compact Reinhardt domains
R. C R such that R, — R as ¢ — 0.! It follows from Proposition 5.1 that

laa(F)IPleallfor.y < 1A IoR.)-

As € — 0, the right hand side tends to || f||z»r) < 00, but the left hand side tends to oo, since
leallLr(r.) — 00. This contradiction proves the result. O
Remark 5.3. Take n = 1, let U* = {0 < |z| < 1} be the punctured disc and p = co. Clear
S(U*, L) = Ny. Corollary 5.2 thus says every f € A®(U*) is of the form f(z) = Z a,z", and

consequently f extends holomorphically to the unit disc. This recaptures Riemman’s removable

singularity theorem. A similar argument holds on A?(U*) for any p > 2.

5.4 Norm convergence of Laurent series

If R is a bounded Reinhardt domain, f € AP(R) and p € [1, o], Corollary 5.2 says

= 3 afealz), (5.8)

a€S(R,LP)

with uniform convergence on compact subsets of R. The goal of this section is to show the

series also converges in the AP norm if p € (1, 00).

Let R. = {# € R : dist(z,C"\R) > ¢}. For each € > 0, R, is Reinhardt. In fact, first observe that C"\R is
Reinhardt: if z € C*\R and w = ¢z € R, then by the Reinhardt property of R, we must have z = e %w € R,
a contradiction. Now let z € R.. To prove that ¢’z € R., take any w € C"\R. Since C"\R is Reinhardt, it
follows that e~*w € C"\R. Then

ez — w|| = €]z — e w| = ||z — e~ w]|| > dist(z,C"\R) > e.
Therefore, dist(ez, C*\R) > ¢, that is, ¢’z € R.. Note also that R. is open: let z € R.. Then
dist(z,C"\R) > e. Set § = dist(z,C"\R) —e¢ > 0. If 2/ € B(z,0), then for all w € C™"\R, the triangle

inequality gives
12" = wll > |z = wll = [[2" = z]I.

In particular, since ||z’ — z|| < J, we obtain
12" = wl| > ||z — w]| — 4.
Taking the infimum over w € C™"\R, we get
dist(z/,C"\R) > ¢,

which shows 2z’ € R.. Thus B(z,d) C Re..
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Since the index set of the series is a subset of an n-dimensional lattice, a choice of truncation
is required. If o = (aq,...,q,) € Z" is a multi-index, let |a|, = max{|a;|,j =1,...,n}. For

a formal series g(z) = Z bata(2z) and a positive integer N, let
aEZL™

Sng = Z boo,.

lafoc <N

Call this the “square partial sum” of the series defining g.

Theorem 5.4. Let R be a bounded Reinhardt domain in C", 1 < p < oo and f € AP(R).
Then

|Snf—fll, >0 as N — oc.

The proof of Theorem 5.4 is broken into parts.

5.4.1 Reduction and estimate

The following fact reduces matters to an estimate plus a simpler density result.

Lemma 5.5. Let T}, k = 1,2,..., be a sequence of bounded linear operators from a Banach
space X to a Banach space Y. Suppose that there is a dense subset D of X, so that for each

x €D, Tyx — 0 in the norm of Y as k — co. Then the following are equivalent:
(1) klim |Txx|| = 0 for each x € X.
—00
(2) There is a C > 0 such that for each k, we have || Ty||op < C.

Proof. Assume (1). Then (2) holds by the uniform boundedness principle [19].
Assume (2). Fix z € X and € > 0. Since D is dense in X, there exists p € D such that
|z —pllx < % Therefore

£
|Tizlly < 1 Tkz = Tiplly + [ Taplly < 5 + [ Teplly-
Choosing k so large that ||Typ|ly < g yields (1). O

The estimate for Theorem 5.4 is

Lemma 5.6. Let R be a bounded Reinhardt domain. For each 1 < p < oo, there exists a

constant C,, such that

ISxflly < Collfll, ~ for all N € ZT, f € AP(R).
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Proof. Denote the unit torus by T" = {z € C" : |z;] =1, for j = 1,...,n}. If g € LP(T"), let
ong denote the square partial sum of its Fourier series,
ONg = Z jq\(y)eiVH?
[V <N

where g(v an )e~9dh. According to [13]%, for each 1 < p < oo, there exists a
constant C, such that

longll, < Cyllgll,  for all N € Z*, g € LP(T™).

For r € |[R| and f € AP(R), set f.(e?) as in (5.1). Since

fE) =) aalfeal2),

a€eS(R,LP)
with uniform convergence on compact subsets of R, we may write
f(e®) = fre") = D an(f)re”) = Y, aa(firoe”.

a€S(R,LP) a€S(R,LP)

Additionally,
Snf(re?) = Z ao(f)(re)> = Z ao(f)ree?.
|l <N oo <N

The Fourier coefficients of f,. are given by:
~ 1

o 0\ —iv-0
frv) = G jrnfr(e Je " db
1 . .
= (27T)n/ Z a@(f)raewue e—zu-Gde
" \aeS(R,LP)
1 .

= Y aa(f)ra( - / e“a—V)'@d@)

a€S(R,LP) (2m) "
= Z o (f)r* 0o

a€S(R,LP)
:al/(f)ryv

where d,, is the Kronecker delta. The interchange between the sum and the integral is justified

by the uniform convergence of the Laurent series on the compact torus
{zE(C”‘ —rj i, 0; €10,2m), 1§j§n}CR,
for fixed r € |R|. Therefore,

onfr(e®) = D L™’ = > a,(f)rre™? = Sy f(re?).

Vleo<N Vo <N

2See Chapter 4 of [13], specifically Corollary 4.1.3 and Theorem 4.1.8
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From this and from (5.2), we conclude that

HSNfHZ = / / ‘SNf(T’ew)’pderng e T’nd?”
IR| /T

:/ / lon fr(e)|PdOr 7y . . . rypdr
IR| JT™

_ / o Foll7 172 - P
=]

< Cp [ illuyrira- - radr
IR
=Gl

as we wanted to prove. O

5.4.2 Series expansion of functionals

The dense set D needed in Lemma 5.5 is found by duality. Given a functional A € AP(R)’,

consider the finite sum

SNA= D Aea)aa, (5.9)

lajec <N

where a,, are the coefficient functionals in Proposition 5.1.

Proposition 5.7. For each \ € AP(R),
|SVA = Allary = 0 as N — oo. (5.10)

Proof. For f € AP(R)

SN = D Meaaa(f) =2 D aalflea | = MSnS).

lafoo <N lafeo <N

It follows from Lemma 5.6 that

ISNAD = IMSN AT < [ M[ary 1S3 fllp < ClIATary | £l
Thus ||Sy|lop < C where S is viewed as an operator on the Banach space AP(R)".

Claim: The span of {a, : @ € S(R,LP)} is dense in AP(R)’.

To prove the claim, let © € (AP(R)’)" be an element of the double dual of AP(R) such that
p(f) = 0 for each f in the span of {a, : @ € S(R,LP)}. By the Hahn-Banach theorem, it
suffices to show that =0 on AP(R)’.

Since AP(R) is closed in LP(R), AP(R) is reflexive. Therefore there exists a g € A?(R) such
that pu(f) = f(g) for all f € AP(R)". Taking f = a,, it follows that a,(g) = 0, that is, the a-th
coefficient of the Laurent expansion of the holomorphic function g vanishes for each a. This

implies g = 0, which shows ;. = 0 and establishes the claim.
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To complete the proof, in Lemma 5.5 let X =Y = AP(R)', Ty = S — id and D be the
linear span of {a, : @ € S(R, L?)}. Note that for each element A € D, there is an N, such that
TyA =0 for N > Ny. In fact, let A€ D C AP(R)’. Then

A= Z Caly.

oo <M
For f € AP(R), we have A\(f) = Z Cato(f) and
lafoo <M
SNA) = ASNS) = Y cata(Snf)-
laloo <M

Now remember that Sy f = 2, <y @a(f)ea and as(Sy f) represents the coefficient of e, in

the expansion of Sy f, that is,

(S f) = {aam, if o] < N,

0, if |aoe > N.
Then
INA(Sf) = SyA(S) = A(f)
= Y calSvf) = Y catalf)
|orloo <M o oo <M
= D caltalSnf) = aalf)):
o oo <M
Taking N > M, we have TyA(f) = 0 for all f, which implies that Ty A = 0. The hypotheses of
Lemma 5.4 are thus satisfied, which implies (5.10) O

5.4.3 Proof of Theorem 5.4

In Lemma 5.5, take X =Y = AP(R), and Ty = Sy — id. For each Laurent polynomial p,
note that Typ = 0 for large enough N. The result will follow from Lemma 5.5 provided it is
shown that D := {Laurent polynomials € AP(R)} is a dense subspace of AP(R).

By Corollary 5.2, D is the linear span of {e,, : &« € S(R, L?)}. To show this last set is dense,
suppose A € AP(R) satisfies A(e,) = 0 for all @ € S(R, LP?). Definition (5.9) shows Sy = 0 for
each N. However Proposition 5.7 implies A = lim S\ A = 0. Thus, the Hahn-Banach theorem
implies span{e, : @« € S(R, LP)} is dense in AP(R).

5.5 Computing the projection term-by-term

If O C C" is a bounded domain and p > 2, Bh = h for all h € AP(Q) since AP(Q)) C A%(Q).
For 1 < p < 2, this generally fails, even if B is L” bounded.
However on a bounded Reinhardt domain, if |B| satisfies (H1) and h is in the form (5.8),

Bh can be computed merely by discarding monomials.
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Proposition 5.8. Let R be a bounded Reinhardt domain. For given 1 < p < 2, suppose |B| is
bounded on LP(R).

(1) If v € S(R,LP)\S(R, L?), then e., € ker(B).
(13) If f € AP(R) has expansion (5.8), then

Bf= Y aa(f)ea

a€S(R,L?)
The square partial sums of the series in (it) converge in LP(R).

Proof. To see (i), choose a decreasing family {R; : 0 <t < 1} of relatively compact Reinhardt
subdomains of R whose union is R.? Since e, € AP(R), then e, € O(R) and e, is continuous
on R. Of course e, is bounded on the compact subset R, C R, which allows us to conclude that
e, € L*(R;). For each 8 € S(R, L?), orthogonality implies (e., eg)z, = 0 since v ¢ S(R, L?).
In fact, by Fubini’s theorem,

(e5,03)ms = /R e5(2)er (2)dV(2)

= / LAV (2)
R

7=1
:/ (H(Tjewj)ﬁj (Tje_iej)7j> [ rsdrsas;
"R \j=1 j=1
_ (/ H 6i(5J v5) ]de > </ Hrﬁri‘%-i-l )
T~ j=1 Rt j=1
n 2T
= </ ' (Bi=5) 7d9> (/ H /37+77+1 >
=1 \Jo Rel G0
_ o, it B #
- n n 2 j 1 .
(2m) fIRt\ i1 jﬁ Hdry, it B =1.

Let B(z,w) denote the Bergman kernel of R (see Definition 3.13 and Proposition 3.18).

Since B(z,w) = es(z)es(w)

5— it follows that
o el

/R B(z, w)e- (w)dV (w) = /R s elsl) ).

tﬁES(R,L2) Heﬁ”Z

3Let Ry = {z € R : dist(z,C"\R) > t}.
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Since the sum converges uniformly on compact subsets of R and R, CC R, we can interchange

the sum and the integral:

[ Bewearw = ¥ e e =0

2
o2 Teal?

Proposition 4.2 thus yields
Be, = 0. (5.11)

To see (ii), let f € AP(R). From Theorem 5.4, f = lim Sy f with convergence in LP(R).
Since B is continuous on LP(R) (|B| is L*(R) bounded by assumption),

Bf = lim B(Syf) = lim B > aa(f)ea | = lim aa(f)Bley),
oo <N lo|oo <N
all limits taken in L. Thus (5.11) and the fact that B(e,) = e, if e, € L*(R) yields (i7). [

Remark 5.9. Proposition 5.8 does not assert that Bf € A*(R) for general f € AP(R) when
1 < p < 2. Note that when 1 < p < 2,

Z aneq € AP(R) # Z aneq € A*(R),

a€S(R,LP) a€S(R,L2)

though each of the monomials in the right sum is in A%(R).

5.6 Sub-Bergman projections
Throughout the section, assume p > 2. If 2 C C" is a bounded domain, let
G*P(Q) = Span 42 A7 (). (5.12)

G*P(Q) C L*(Q) is a closed subspace. The LP sub-Bergman projection is defined as the
orthogonal projection
B L*(Q) — G*P(Q).
The representing kernel

Bif = | Bhzvw) f(w)aV(w) (5.13)

is the LP sub-Bergman kernel. The same arguments used in Proposition 3.20 yield formula
(5.13). Subscripts are dropped when the domain is unambigous. Since AP(Q) C G*P(Q), it
follows that B, f = f for all f € AP(Q).

On a Reinhardt domain, the sub-Bergman projection assumes a concrete form.

Proposition 5.10. Let R be a bounded Reinhardt domain in C" and p > 2. Then
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(Z) GQ,P(R) = WAz(R){ea Qo E S(R, Lp)}

() Beu) = Y ele)
a€S(R,LP) 12

Proof. This follows from Corollary 5.2 and Theorem 5.4. Since two norms are involved, de-
tails are given for clarity. Note that Spai g (F) C 5pan 4o(z)(F) for any F C A*(R), since
p > 2 and R is bounded. Let g € G*?(R) and € > 0. Definition (5.12) says there exists
g € AP(R) such that [jg — ¢|l2 < e. Corollary 5.2 and Theorem 5.4 imply there exists
g" € span{e, : @ € S(R, L?)} such that ||¢ — ¢"|l2 < C|l¢' — ¢"|l, < ¢, C depending on the
diameter of R. Conversely, each monomial e, with a € S(R, L?) belongs to A?(Q2) C G*P(R),
hence 5pai y2(zy{ea : @ € S(R, LP)} C G*P(R). Thus (i) holds.

For (ii), since B orthogonally projects onto G*P(R) and {ea/|leall2}acs(r,Lr) is a complete
orthonormal basis for G*?(R) (by item (7)), it follows that for any f € G*(R),

f=Bf= % Mea. (5.14)
a€S(R,LP) lealls
The series converges in A*(R). The kernel representation (i7) now follows as in ordinary
Bergman theory. In fact, for fixed w € R, the function ]@5(2, w) € G*P(R) as a function of z,
and applying (5.14) to f(z) = @(z,w) we obtain

ﬁ(-,w) = Z Mea(~) = Z Mea(,> — Z €a(+)ea(w)

) 2 2
a€S(R,LP) leall3 a€S(R,LP) leallz a€S(R,LP) leall:

with convergence in A?(R), and hence also pointwise, which completes the proof of (i7). ]

Let ¢ be conjugate to p. Note that ¢ < 2. Subspaces of AP(R) and A(R) enter the next
result, and also appear in the description of dual spaces in the next section. Generalizing (5.12),
define the subspace of A4(R)

GP(R) = span yo(g){€a : @ € S(R, LP)}. (5.15)
Extending Proposition 5.8 (), define the subspace of A%(R)
NPP(R) = Span 4o(g){€a : @ € S(R, LY\S(R, L*)}. (5.16)
BP is not necessarily bounded on LP(R). When |va| is L? bounded, the following holds:

Proposition 5.11. Let R be a bounded Reinhardt domain in C". Let p > 2 and q be the
conjugate to p. Suppose ]25’\5] is bounded on LP(R). Then

(i) B is a projection from LP(R) onto AP(R).
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(i1) Let EI/’T be the formal adjoint defined by (4.5). Then B;T is bounded on LY(R). For
f e L(R),
Blr= % fa), (5.17)

2
a€S(R,LP) leallz

The square partial sums of the series converge in AY(R).
(i13) Consider B restricted to AYR). Then ker(BVPT) = N?P(R), Ran(i)’\?) = G9"(R), and
BY'h = h for all h € G (R).

Proof. The proof of (i) follows directly from definition of Bp (IB?| bounded on LP(R) implies
Br bounded on LP(R)) and the fact that the intersection G*P(R) N LP(R) = AP(R).

The first statement in (i7) follows from Proposition 4.4 (7). Representation (5.17) follows
from Proposition 5.10 (ii). Convergence of the series in A9(R) follows from Theorem 5.4. In

fact, since BP is conjugate symmetric and B is bounded on LP (R), Proposition 4.4 yields
(Brf,g) = (f,Brg) forall f € L"(R), g € L'(R).

Since LP(R) C L*(R) C L(R), it follows that for every f € L*(R)N LY(R), we have

Blf=Bf= > <f’€T2> Cas

acsman 1%l

with the square partial sums converging in A9(R), since Eﬁf € G**(R) C A%(R) C AY(R).

Now recall that L?(R)NLY(R) is dense in LY(R). Given f € LY(R), let {f,} C L*(R) N LY(R)
be such that f, — f in the L%-norm. Since B\ET is bounded on L4, we have BVPTfn — EETf
in LY(R). Moreover, since AY(R) is closed and each B fn lies in AY(R), it follows that
B\ET f € AYR). Consequently, ZS\I/’T f admits a unique expansion

ZAS';Tf: Z ao(f)eq-

a€S(R,LP)
For each n, recall that
Bl= Y Ul
a€S(R,LP) lealls
Ifa e S(R,L?) C S(R, L), Proposition 5.1 implies that the coefficient functional a,, : AY(R) — C
is continuous. Therefore,

lim aa(ﬁTfn) = &a(gﬁf)-

n—o0

But

lim aa(B fn) = lim (s €a) _ = s 6a>.

n—oo n—00 ||€a||2 HeaH%

By the uniqueness of the series expansion, we conclude that

51 <f7 ea>
(B ) = .
B = e
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Moreover, if « € S(R, L9)\ S(R, LP), then clearly aa(ZS’;Tfn) = 0 for all n. By continuity of a,,
we have

4B f) = Tim an(B'f,) =0,
which establishes (5.17).

For (iii), let a € S(R, LY)\S(R, LP). Then (5.17) shows E;T(ea) =0. If f € N*P(R), then
there exists a sequence {f,} in the span{e, : @ € S(R,LY)\S(R, LP)} such that f, — f in
A9(R) and B f, = 0 for all n. Consequently, B? f, — B? f in A%(R), which implies B? f — 0.
On the other hand, if f € AY(R)\N??(R), the Laurent series expansion of f must contain a
nonzero coefficient of a monomial ez with § € S(R, LP). Formula (5.17) shows EET(f) # 0.
Thus ker B? = N9?(R).

Finally, (5.17) shows that the range of B’;T is the closure of the linear span of the family
{ea : a € S(R, L?)}, that is, the subspace G9P(R). Clearly Ran(ZS’\;T) C G?P(R). To prove the
reverse inclusion, let e, with a € S(R,LP). Taking f = e, € LP(R) C L*(R) C LY(R), we

have
EETf = Z <ﬁz’ ig>65 = Z 5a565 = €q-
Bl2
)

BES(R,LP) BES(R,LP

It shows that e, € Ran(ZS’VPT). If f € G?P(R), then there exists a sequence {g, } in span{e, : « € S(R, L)}
such that g, — f in A9(R). For each n, there exists f, € LY(R) such that E;rfn = gn, since
Ran(BVPT) must contain all finite linear combinations of such e,. Since B is bounded on L7

and idempotent?, we have
~t, ot i,
Br f, =B (Br f,) — BP fin AY(R).
But also Eﬁfn — f in A%(R), which implies f = ZSVPTf S Ran(i)’\ﬁ). It also shows that ZS’VPT

restricts to the identity on G9P(R). O

5.7 Representation of A?(R)’

Proposition 5.12. Let R be a bounded Reinhardt domain in C". Let p > 2 and q be conjugate
to p. Suppose |B| is bounded on LP(R).

4The idempotency of the operator lf’)’\;T follows directly from its formal definition: for f € L?(R), we have

B\;’Tf _ Z <fa ea2> Cars

a€S(R,LP) lleall3

where the series converges in A9(R). Applying the operator again, we obtain

- o' Br _
B‘;T(E;Tf) _ Z <B [rea) o = Z <f7B €a) o = Z <f7 ea>ea _ BpTﬁ

2 2 2
wesmrn leallz wesm i el wesm e leallz

since each e, € AP(R) C G*P(R) and Brey = eq.
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(i) The map ®,: AY(R) — AP(R)' is surjective and ker(®,) = N9P(R).
(13) There is an explicit linear homeomorphism of Banach spaces

AP(R) = G4 (R). (5.18)

(1i1) There is a topological direct sum representation

AYR) = B, (AP(R)) & SPAT () {0 : S(R, L\S(R, L7)}. (5.19)

Proof. Let P = E% for notational economy.

To see (i), check the hypotheses of Theorem 4.10. Hypothesis (i) of Theorem 4.10 is satisfied
by assumption. Hypothesis (i) of the same theorem holds since A?(R) C G*P(R). Proposition
4.4 implies P' is LY bounded. Using the same argument as in the proof of Proposition 5.11, we
see hypothesis (i77) is satisfied. Theorem 4.10 thus says @, is surjective. To determine ker ®,,

direct computation gives

B, (ca)(es) = /R es2adV = [les]26as,

where d,p is the Kronecker symbol. Thus N%?(R) C ker ®,. On the other hand, if f € AY(R)\N??(R),
there exists 8 € S(R, LP) such that in the expansion (5.8) ag # 0. Then @,(f)(eg) = aglles||3 #
0, showing ker @, = N9?(R).

For (i), first note the direct sum representation
AYR) = N"P(R) & G""(R). (5.20)

In fact, N9?(R) N G??(R) = {0} holds since the sets are spanned by independent sets of
monomials. If f € AY(R), write

f=(f-Pf)+Pf.

Proposition 5.11 (4ii) implies ker PT = N%P(R) and Ran PT = G%P(R). Therefore (5.20) holds.
By (i), ®, : AY(R) — AP(R) is surjective and ker &, = N%P(R). Thus (5.20) and Corollary

4.9 give
AlR) _ AYR)
ker(®,) N@r(R)

I

AP(R)

= G'(R),

as claimed.
For (iii), let N%?(R)° be the annihilator of N*P(R):

NTP(R)° = A€ AYR) : A(f) =0 Vfe N®(R)}.



5.7. Representation of AP(R) 107

The decomposition (5.20) implies a natural isomorphism N%P(R)° = G%(R).> Proposition
5.7 implies that N9?(R)° can be identified with A\ € A%(R)’ of the form

A= > Mea)da, (5.21)

a€eS(R,LP)

the square partial sums of the series converging in A9(R)’. Then
N9P(R)° C span yogy{aa : @ € S(R, LP)}.

On the other hand, if A € 5pan 4zy{aa : @ € S(R, LP)}, we have

A= Z Co O,

a€S(R,LP)

for complex ¢,. Of course A € AY(R)’". Since for f € N9?(R) we have
f= > ka€a
a€S(R,LI)\S(R,LP)

for complex k,, it follows from linearity and continuity of the coefficient functional a, (see
Proposition 5.1) that

M) = Y. catalf) =0,

a€S(R,LP)
which implies A € N%?(R)°. Thus,
NIP(R)® = span gg(gy{da : @ € S(R, L) }. (5.22)
The same analysis shows
GIP(R)° = span ye(gy{aa : @ € S(R, LY)\S(R, L*)}. (5.23)

(5.20) yields a direct sum decomposition of the dual spaces
AYR) = NTP(R)° & GIP(R)°.

Of course N7P(R)° N G (R)° = {0} by (5.22) and (5.23). Now let A € A?(R)’. Proposition
5.7 implies that

A= Z Aeq)a, = Z Aeq)an + Z Aeq)aq, (5.24)

a€S(R,LI) a€S(R,LI\S(R,LP) a€S(R,LP)

®The isomorphism between N9?(R)° and G*(R)’ is induced by the restriction map ¥(A) = A|ga.»(r), where
A € N%P(R)°. This map is well-defined, linear, continuous, injective and surjective (since every functional on
G?P(R) can be extended to zero on N%P(R)). Hence, ¥ defines a topological isomorphism between N?P(R)°
and G?P(R)’, based on the open mapping theorem [19].
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the square partial sums of the series converging in A(R)’. The final step is to show the identity
P, (AP(R)) = NP(R)°. However if « € S(R, L?), a direct computation yields

1

(o = —5 °
T lleall3

®q(ea). (5.25)

In fact, since ®,(e,) € AY(R)’, Proposition 5.7 implies

Qylea) = D Pylea)eslag= ) (/RG,B(Z)%(Z)W(Z)) as = |leall2aa.

BES(R,LY) BES(R,LY)

If f € AP(R), then by (5.8) we have the expansion

f= Z aa(f>ea-

a€S(R,LP)

Similarly, for all g € N%?(R) C A(R), we have the expansion

9= Z aa(g)ea-

a€S(R,LI)\S(R,LP)

Therefore ®,(f)(g) = 0, which shows ®,(AP(R)) C N9?(R)°. On the other hand, by (5.22)

and (5.25) we can rewrite

1

leall3

Nq,p(R)O = WA‘I(R)/ { @q(ea) OAS S(R7 Lp)} .

Let A € N%P(R)°. Then
Ca
A=) m®alea),

P
acamrr leall
with convergence in AY(R)’. In other words, setting

Ca
2 Pa(€a);

oy lleall?

SN>\ =

we have SyA — A in A9(R)" as N — oo. Since each Sy lies in ®,(AP(R)) and ®, has closed
range (see Corollary 4.9), we conclude that A € ®,(AP(R)). It shows N¥?(R)° C ®,(AP(R)).
Thus, ®,(A?(R)) = N?(R)° and this implies (5.19). O



CHAPTER 6

Generalized Hartogs Triangles

The main result in [10] is that the Bergman projection By, = B, is “defective” as an L?
operator and, moreover, whether v € QQ or not determines the extent of its deficiency. The

precise result is
Theorem 6.1 ([10]). Let H., be given by (4.1).

(1) Let~ = T, where m,n € Z* with ged(m,n) = 1.
n

Then B, : LP(H,) — AP(HL,) boundedly if and only if p € (

2m+2n  2m+2n
m4+n+1"m+n—-1)"

(ii) Let ~y be irrational.
Then B., : LP(H,) — AP(H,) boundedly if and only if p = 2.

Focus on H,,/,, ™ € Q, and integrability exponents p > 2. The proof of (i) in Theorem
6.1 actually shows more: the Bergman projection on H,,, fails to generate A” functions from
L? data for certain p. To apply Theorems 4.10 and 4.13, operators are needed that create AP
functions for p outside the range in Theorem 6.1 (7).

The sub-Bergman projections defined in Section 5.6 are such operators. Verification of this

is done over several sections, leading to

Theorem 6.2. Let H,,,, where m,n € Z* with gcd(m,n) = 1, be given by (4.1). For each
p > 2, the sub-Bergman projection Br LP(Hoppm) — AP(H,y, ) satisfies

(i) |BP| is bounded on LP(Hym)-
(ii) BPh=h Yh e AP(H,,p).

Theorem 6.2 is proved in Section 6.3. If ¢ is conjugate to p, |Z§VP| also maps L?(H,,/»)
into A(H.,,/,) boundedly, but the map is no longer surjective, see Remark 6.17. An explicit
description of the set of LP-allowable multi-indices plays a crucial role in the proof of Theorem
6.2.

109
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6.1 Integrability and orthogonality

6.1.1  Holomorphic monomials in LP(H,, ;)

Let H,,/n, m,n € Z* with ged(m,n) = 1, be a fixed power-generalized Hartogs triangle

throughout the section.

Lemma 6.3. Let p € [1,00). The set of LP-allowable multi-indices is

S(H,/n, LP) = {a = (a1, ) : a1 > 0, nag +mag > L—%(m +n)+ 1J } ) (6.1)
For o € S(H,/, LP),
2
HGO‘HZ’(Hm/n) - n(paq + 2)%? + :17807;1 +2)(pag +2)° (62)
Proof. Recall from Definition 4.1 that
Hyjn = {(21,22) € C*: |21 ™™ < 2o < 1} = {(21,22) € C? 1 |z1| < |2o|V™ < 1}.
Note there are points in H,,,, where 2, = 0, which forces a; > 0. Computing in polar

coordinates

lealli,,y = | 1PaVE)

m/n

= / / ’Zlypal‘ZQ’pOQdA(Zl)dA(ZQ).
|z2|<1 ‘Z1|<‘22|"/m<1

For z; = riet and z, = e, we have |z [P% = 7], |2|P*2 = r}*?, dA(z) = ridridf; and

dA(ZQ) = ?"2d7"2d92. Then

leallzr g, ) / / / / PO P02 A dByrodradfs
2
_47r/ §a2+1 </ r1a1+1dr1> drs
0 0

(pal +2)

1
T
:471'2/ Tgaerl 2 dT’Q
0 poy + 2

2.

_ 47T2 /1 rpag—&-l—&- (pa1+2)d,r
paq + 2 2

This integral converges if and only if the exponent pas + 1 + (pay +2) > —1. From here,
(6.2) easily follows:

472 !
) paz+1+2 (pai+2)
HeaHLP(Hm/n) poy + 2 / " "

B 472 1
Cpar+2 pas+ 2+ (poy +2)
2

dmm
n(pay +2)2 + m(pay + 1)(pag + 2)°
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To see (6.1), notice that since ay, ag, m,n € Z,

pa2+2+%(pa1+2) >0 < m(pag +2) + n(pag +2) >0
& mpas + 2m + npaq + 2n > 0
< p(nag + masz) +2(m+n) >0
& p(nay + mag) > —2(m +n)

2
& nag +mag > ——(m+n)
p

2
S nag + mog > {——(m—l—n) + 1J )
p
]

Let us examine the sets S(H,,/,, L?) as functions of p € [1,00). The floor function in (6.1)
shows that
S(Hipjny L7) = S(Hypjm, L)
if € > 0 is small, unless —%(m +n) + 1 € Z. The lattice points in S(H,,/,, L?) are therefore
stable except for certain exceptional p. Call these exceptional values thresholds. Note that
S(H,/n, L) C S(Hynym, L*) if s < t, so S(H,,/,, LP) jumps to a smaller set of lattice points as

p increases past a threshold value.

Example 6.4. For m = n = 1, consider the function

C(p) = L—% +1J |

The following table lists some values of C'(p):

A
p —4+1 C(p)
p

1 -3 -3
5/4 —22 =3
4/3 =2 —2

2 ~1 ~1

3 ~-0333 -1

1 0 0

5 0.2 0

Table 6.1: Values of C(p) for selected p € [1,5].

Note that the value of C(p) changes discretely whenever —% + 1 crosses an integer. As p in-
creases, C'(p) approaches zero from below, making the condition oy +ay > C(p) more restrictive.

The thresholds here occur at p =1, p=4/3, p=2 and p = 4.

!Intuitively, a threshold can be thought of as a doorway between two rooms. Crossing it signifies the
transition from one room (set) to another, much like how a threshold marks the point at which a set changes
from one condition to another.
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The next result makes this stabilization precise and shows there are only a finite number of

thresholds for a given H,, .

Proposition 6.5. There are exactly 2m + 2n thresholds associated to H,,,,. They occur when

2 2
P = T;knforke {1-2m—2n,2—2m—2n,...,—1,0}.
Consider the corresponding partition of [1,00)

0 _2m+2n

[1,00) = U [Pk, Pret1),  Pr = 1k (6.3)
k=1-2m—2n
Then for any p € [pk, Pr+1),
S Hynym, LP) = {(on, 2) a1 2 0, noy + mag > k} = S(Hy,n, LP*), (6.4)
and
Sy, L) = {(a1,a2) : 0 >0, nay +may > 0} = S(Hm/n,L2m+2n). (6.5)
Proof. Define £, ,(p) = —%(m +n)+ 1, p € [1,00). The function ¢, ,(p) is increasing and

. . _ . . _ 2m—+2n
takes values in the interval [1 — 2m — 2n,1). Note ly,»(p) = k € Z if and only if p = =221,

Rewrite the partition in (6.3):
2m+2n 2m + 2n
1 = =\ |J
[1,00) L,;J[ [ — ) Lka

where the union is taken over k € {1 —2m — 2n,2 — 2m — 2n,...,—1,0}. Suppose p,p’ € Jy

for some J;. Since

2m +2n 2m + 2n
Jk = 1— k ) —k = [pkupk—i-l)

and 0y, , is (strictly) increasing, we get

gm,n(p>7 Em,n(p/> S wm,n(pk>7 Em,n(pk—l—l) - [/{Z, k + 1)7

which in turn implies |4, ,(p)| =k = [Lmn(p')], and shows (6.4) holds (just take p’ = py).
To see (6.5), let a = (a1, 0) € S(Hym, L*"). Equation (6.1) says that oy > 0 and
noy + mag > 0. Since [21]™ < |2|" < 1if z € H,,/p, it follows that

[e5]
|Z2|na1+ma2 < 17

i

n
2

2527 =

which says a € S(H,y,/n, L™). O

Example 6.6. Consider the domain H,. Proposition 6.5 says there are 6 thresholds associated
to HQZ
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(07 O) (17 O) aq
(()’ —1) ° ° ° ° ° ° ° °
. ° ° ° ° °
° ° ° °
(6D) )
L' s 3 L[ L3 L[S=L~

Figure 6.1: Thresholds associated to H.

The lines come from (6.4). The lattice points on the first five lines represent LP-integrable
monomials for all p up to but not including the p value of the next line, while the lattice points
on and above the p = 6 line correspond to bounded monomials on H.

Choose 5 € § (HQ,L%> and § € S(H,, L?) with 3 # 6. The first observation is that the
L? pairing

{es, €5)m, (6.6)
is defined. Note that g and 2 are not conjugate. If 3 also belonged to S(H,, L?), Hélder’s
inequality would imply (6.6) is finite. Thus assume f lies on the line L% in the diagram.
Proposition (6.5) says ez € L'(H,) for all <t < 2 and that es € L°(H,) for all 2 < s < 3.
There are infinitely many pairs of conjugate exponents in these two intervals?, so once again
Holder’s inequality shows (6.6) is defined. The second observation is that (6.6) equals 0. This

follows since § # § and the monomials {e,} are orthogonal on Hj.
6
The same conclusion holds for any multi-indices 5 # o chosen with § € S (Hg, L5) (respec-

tively 3 € S(Hy, L')) and § € S(H,, L?) (respectively § € S(Hsy, L°)). The following corollary

of Proposition 6.5 gives the general version:

Corollary 6.7. Let y =", ke {1l —-2m—2n,2 —-2m —2n,...,—1,0}, and define
j(k) =1—k —2m —2n. Set

_2m—|—2n _2m—|—2n 2m 4+ 2n
1k POTTTw) T 2marontk

DPr =

Then for any choice of multi-indices § € S(H,,, LP*) and 6 € S(H.,, LPi®) with 8 # 0, the inner
product
<€5, €5>Hﬂ, =0.

2Examples of conjugate exponent pairs (p,q) with p < 2 and ¢ < 3: (%, g), (%, %), and (%, %) In each case,
the relation % + % =1 holds.
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Proof. First, observe that

1 . 1-k 2m+2n+k
p_k pj(k)_2m+2n+ 2m + 2n
~_ 2m+2n+1
- 2m+2n

1
=14 —>1.
+2m—|—2n

However, Proposition (6.5) says € S(H,, L") for all ¢ < py4; and that § € S(H,, L) for all

5 < Pj(k—1)- Since

1 n r —k 2m+2n+k—1
Pr+1  DPjk—1) C2m+2n 2m + 2n
_2m—i—2n—1
 2m+2n
1
=1—-— 7 <1,
2m + 2n

there are ¢, s with ¢ € [py, pes1) and s € [pj), pjk—1)) such that + + 2 = 1. The remainder of

the proof follows from the same argument given above. O

Remark 6.8. Corollary 6.7 is nontrivial only because pj and pj() are not conjugate: indeed,

L+ -L > 1. No analogue of Corollary 6.7 exists for H,, v € Q.
Pk Pj(k)

6.2 Constructing A? fuctions

Construction of the sub-Bergman kernels and projection operators is based on the decom-

position of monomials in Proposition 6.5.

6.2.1 Type-A operators on H,, ,

A lemma from [10] is recalled that relates estimates on a class of kernels defined on H,,,,, x H,,, ,,
to mapping properties of the associated integral operators. If 2 C C" is a domain and K is an
almost everywhere positive, measurable function on 2 x €2, let K denote the integral operator

associated to K:

KFC) = [ Kevw) fl)av o)
Definition 6.9. For A € R, call K an operator of type-A on H,,, if its kernel satisfies

|Zzw2|A

K <
(21722771)1,1,02) ~ ’1 — 22w_2|2|23w_2,n — zinw_1m|27

for a constant independent of (z,w) € Hiy,/n X Hipy /.

The basic LP? mapping result is
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Proposition 6.10 ([10]). If KC is an operator of type-A on H,y, p, then K : LP(H,, /) — LP(H,, /)
boundedly if

2m + 2n 2n 4 2m
Am—i—2n—i—2m—2nm<p<m7 (6:7)
whenever
n2-m*)—1<A<2n. (6.8)

Remark 6.11. The range of LP boundedness as A tends to the upper and lower bounds in
(6.8) is significant. As A — 2n, the interval in (6.7) increases to (1,00). Thus, an operator
of type-2n on H,,/, is L? bounded for all 1 < p < oo. In the other direction, note the left
endpoint n(2 —m~') — 1 > 0 for all choices of m,n € Z*. As A decreases to this endpoint, the
interval in (6.7) collapses towards the point {2}. However an operator of type n(2 —m™") — 1

is not necessarily bounded on any L? space, including L2
6.2.2 Splitting monomials by integrability class
Abbreviate the LP-allowable multi-indices given by Proposition 6.5:
S(Hyn, L*) = {(a1,2) 1 a1 > 0, noy + may > k} = Sy,
2m + 2n

T % and k€ {1—2m —2n,2 —2m —2n,...,—1,0}.
The LP sub-Bergman kernels for p > 2 are defined

where p, =

Bz = 3 el e ). (6.9

22 el

The stabilization in Proposition 6.5 accounts for the identical definition of I@i/’(z,w) for all
P € [Pk, Pr+1). Note that only S, for k € [1 —m — n, 0] occurs in any of the kernels (6.9), since
p > 2. Proposition 6.5 also says Sy = S(H,,,/n, L>°). Consequently, denote the sum

3 calz)eal) _ g, ) (6.10)

24 eal?

and call IBEZO(Z,w) the L sub-Bergman kernel on H,,/,. The sum definig Ié:o(z,w) consists
only of L* monomials.

As an aid to calculating the sums (6.9) and (6.10), define
sp={a:a; >0, nog + mag =k}, (6.11)

and consider the functions

Pe(zw) = Y €al2)ea(w) (6.12)

2 eal?
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Orthogonality of {e,} yields the decomposition

_prj(z,w) + B>(z, w) = BPr (2, w) (6.13)

j=k

for negative integers k > 1 —m — n.?

6.2.3 Analyzing the sub-Bergman kernels

The first step is to obtain an upper bound on b* connected to Definition 6.9.

Proposition 6.12. The following estimate holds for all z,w € H,,,,:

‘Z w—‘2n+%
7 (2, 0)] S —e s (6.14)
|23w2" — 27w ™|
Recall k < 0in (6.14), ke {1—-m—-n,2—m—n,...,—1}.

Proof. Since ged(m,n) = 1, there is a unique pair (f1,32) with 0 < 5 < m — 1 and
nBi +mpPs = k.* Notice that the subsequent lattice points on this line are of the form (3, +

3Note that BP is the sub-Bergman kernel associated to the sub-Bergman projection Bpx from LQ(Hm/n)
onto

Span sz, ){€a t @ € Sk}

Set G; = spanAQ(Hm/n){ea ca€sjtforje{k,...,—1} and Gy = spanAg(Hm/n){ea : v € Sp}. Since the index
set S decomposes as a disjoint union
S =spU---Us_q1 USp,

we can write
Span 42y, ) {€a 0 € Sk} =G @ - ®G_1 @ Go.

Each G; is a closed subspace of AQ(Hm/n), hence a Hilbert space. Therefore, the orthogonal projection

L?(H,, /n) — Gj is well-defined and represented by integration against the kernel b?7. In particular, b"° = Be>.
Orthogonality of {e,} implies the subspaces G; are pairwise orthogonal, from which it follows that

I@’Jk(z,w) =bP*(z,w) 4+ -+ + P (z,w).

This establishes the decomposition (6.13).
4Since ged(m,n) = 1 and k € Z, the equation

nBi+mpBs =k
admits integer solutions. Considering the equation modulo m, we have
nBr =k (mod m).
Furthermore, n admits a multiplicative inverse modulo m, denoted n~!. Multiplying both sides by n~! yields
B =n"tk (modm).
This means 3; differs from n~'%k by a multiple of m, which can be written as

By =n"tk+tm, teZ.
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jm, Ba — jn). Equation (6.2) says for all & € S(H,,/n, L?),

Amm?

2
eall5 =
leallz n(2aq +2)2 + m(2aq + 2)(2an + 2)

m7r2

~n(ar +1)2+m(ar +1)(as + 1)

mm?

(a1 + D) (n(ag + 1) + m(ag + 1))

m7r2

(a1 + 1)(nay + mas +m+n)

(6.15)

In what follows, let s := z;w7 and ¢ := z9w;. Definition (6.12) and (6.15) imply

m+n+k

= D (s

mm?
aESsg

oo

m+n-+k

= W Z(ﬁl +]m + 1)851+jmt52—jn (616)
=0

m+n+k k/m ~ . Bi+im (g—n/m\B1+im
= e ! ;(ﬁﬁymH)s”(t L

k o |
= MR S (B m A u

mm? ,
Jj=0

By the division algorithm,
nk=gm+r, 0<r<m.

Choosing t = —q gives
ﬁl =T,
which is the unique integer in [0, m — 1] satisfying the congruence. This choice ensures

k —mnp

m

P2 =

is an integer, completing the unique integer solution (31, 82) of the original equation.
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n/m

where u == st™™"™. Writing this series in closed form yields

[ee] [ee]

7=0 7=0
k = =
_ m+n2+ _tk/muﬁl (ﬂl + 1)Zu3m + ijujTﬂ
mm = =
m+n+k

— L $k/m, B . 1 . 7um
T mm? u ((51 +1) 1—um> + (m (1 —um)2>

_mAntk ms Brt1)+(m—F—1u”
mm? (1 —um)?
_m +n+k -tk/m(st_n/m)ﬁl ) (51 + 1) + (m — 61— 1)(8t—n/m)m
(= G-y
m-+n-—+ k ) SﬂltBQ ) (51 + 1)t2" + (m _ 61 _ 1)Smtn
ma2 (tn _ 5m)2 :

mm2

Noting that |s|™ < [t|", the bound (6.14) follows:

. m+n-+k B+ 1[t]*" + |m — By — 1[s|™[t]"
0P (2, w)] < |————| - |s|™[t]* - n am|2
mm |t s
< 2 ’ | | ’ ‘ ’ n _ oml|2
mm |t s™|
m+n+k m B+ 1+ |m — By = 1)J¢*"
< |1 |t| .
m7T2 |tn _ Sm|2
’t|2n+k/m
< Chpnk—
.k ’tn _ Sm’Q
k
B |Z2w—2|2n+m
- m,n,k n—n masT—m|2°
|28w5™ — 2wy
O
Let BP* be the integral operator
BPx(f)(2) ::/ W (z,w) f(w)dV (w). (6.17)
H

m/n

The operator BP* is the orthogonal projection from L2(Hm/n) — spanj:{e, : @ € s;}. Note

that each sj is a set of points in the lattice point diagram lying on a single line.

Corollary 6.13. Let p, = % for each integer 1 —m —n < k < —1 and q, be conjugate to
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pr.> The projection BP* is an operator of type-A for A = 2n + % Thus, BP is LP-bounded for

2n +2m 2n + 2m
P on+2m+k°  —k

) = (C]k+17pk+1)- (6-18)

Proof. Set A =2n+ % in Proposition 6.10. ]

The second step is to show the kernel IBf%\go(z,w) satisfies bounds related to Definition 6.9

and is more involved.

Proposition 6.14. The L* sub-Bergman kernel on H,,,, satisfies

|Z2w—2|2’n

< :
S mk i e

IB>(z, w) (6.19)

Proof. Recall the description of S(H.,,/,, L>) given by (6.5) and let » € {0,1,...,m—1}. Since
ged(m,n) = 1, there is a unique (ay, ap) with both na; +mas = r and 0 < oy < m — 1. Set

this oy = o(r). The function o is a permutation of the set {0,1,...,m — 1} with ¢(0) = 0.

Each o € S(H,/n, L™) = {(a1,a2) : a1 > 0, nog + may > 0} can be uniquely described
by a line of the form na; + may = k and an oy value. Again letting » € {0,1,...,m — 1},

parametrize k and «; by

noay +mas =md+r, d=0,1,...

ag=mj+o(r), j=01,...

5Since pk:%,we want to find ¢ such thatpik:qikzl. We have:
1 1 1-k 1
—t—=le =1
Pk Gk 2m+2n gk
1 1-k
& —=1-—
QK 2m + 2n
1 2m+2n-1+k
a 2m + 2n
2m + 2n
< Gk

T Om+2m—1+k
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For ease of notation set s = 2wy, t = 20ws. From equations (6.10) and (6.15),

Iﬁ%go(z,w) = Z M

1
= — Z (aq + 1)(nay + mag + m + n)s*1¢*?
g acS(H m/n> ,L>°)
m—1 oo . o
= mﬂ2 Z Z mj +o(r) + 1) (md +r +m +n)s™ TR 90)
=0 d
1 -1 - 00 00
= 5 utm (Z(mj +o(r)+ 1)um]> <Z(md +r+m+ n)td)
mm r=0 j=0 d=0
m—1
1 ag\r
=— Z O I, (w) J, (t),

where we have introduced the new variable u = st~"/™. Note both || < 1 and |u| < 1 on H,,,.

For fixed r, estimate the sums I,.(u) and J,.(t) given in (6.20):

o0
1. (u)] = Z mj + Du™ + o(r Zumj
7=0
< ijumj mj T)Zumj
j=0 j=0
_ mu™ 1 o(r)
S T T ]
L _m 1—u™  (m—1)]1—u"| (6.21)
[T—wm? 1 —um? 1 —umf?
< m+2+2(m—1)
- 11— um|?
1
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and

[T ()] = |m> (d+ 1)t + (r+n) Yt
d=0 d=0

< |m dtt| + im Y et | (r ) Y ot
d=0 d=0 d=0
_ mlt| L™ (r+mn)
=t 1=t |1—t¢ (6.22)
m m|l—t  (r+n)|l—t
< +
=z 1=t 1=z
m+2m+2(m—1+n)
- |1 —¢|?
< 1 .
ST

Note both bounds hold for all » € {0,1,...,m — 1}. Combining (6.21) and (6.22) with (6.20)

gives the result:

B> (2, w)| < U\”)|t| m |1 (w)][J(2)]
r=0
1 m—1
<3 £ (w)[]J:(2)]
r=0
’t‘Qn
= = tpfr =P

’Z2w—2‘2n

T = o wm P —

6.3 Proof of Theorem 6.2

For p € [2,00), the LP sub-Bergman projection is

B = [ Bew)fwav ()

m/n

with kernel given by (6.9). Notice the identical kernels in definition (6.9) imply Br = B for all
P, 0" € [Pk, Prr1). Similarly, B> denotes the L™ sub-Bergman projection on H,,/,, the operator
whose kernel is defined by (6.10).

Proposition 6.15. Let p, = 2’"”” yforke{l—-m—-n,2—m—n, —1}, and let g denote

the conjugate exponent of py. Interpret p1 =00 and ¢ = 1.

Let p € [pr, prs1)- The following hold:
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(1) \23\5| is L' bounded for all p' € (qui1, Pri1)-
(17) |l§;°| is a bounded operator on LP for all p € (1,00).

Proof. Estimate (6.19) shows that B> is a type-A operator with A = 2n. Proposition 6.10 then
implies (iz). For 1 —m —n < k < —1, apply the triangle inequality to equation (6.13) together
with estimates (6.14) and (6.19) to see that |B\7’;| is a type-A operator with A = 2n + £, In
fact,

B (2, w)| < <Z|bpf Z,w ) + |B>(z, w)|

J

Z |z2w2| | 205 |*"
el R T 11 — 295 |?| 255" — 21w ™ |?
| 25| 2"t e | 203]2"
= My m|2 Z |Z2w2’ m + |2 s ma—m|2
et — 2™ = |1 — 2ow3|?|20Ww5" — 2w ™|
|22w—2|2n+% —1-k |22w—2|2n
— Z |z0w2]" | + —
|z2w2 — 2w W—/ |1 — zows|?|20ws™ — 2w ™|?
C’k|22w_2|2n+5 | 295 |2

I e T N e I L E TP ST

&k k Kk
Oyl — 2032|205 | i 4 |29t i | 2015 | m
m|2

1 — 20w 25705" — 2wy

k k
Cill — 205 |% + |29705| " m | 29705
|1 — 203?25 w2" — 2w ™2
k
[4C), + 1]| 205" T m
|1 — 20w |*|23ws" — "™
k
|Z2w—2’2n+E
A T P R b
Proposition 6.10 then implies (7). O
Remark 6.16. Note that if p € [pg,prs1) with & € {1 — m — n,..., —1}, then necessarily

P € (Qr+1,Pr+1)- Since the function p — ¢, where ¢ is the conjugate exponent of p, is (strictly)
decreasing, it follows that gx > q¢ > qx41, which implies gxy1 < ¢ < p < P41

To complete the proof of Theorem 6.2, recall that BP is defined as the orthogonal pro-
jection from L*(H,,;,) onto G*P(H,,,,), the target space given by equation (5.12). Since
AP(H,n) C G*P(H,, ), reproduction property (ii) of Theorem 4.10 holds.
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Remark 6.17. Again let p > 2 with p € [pg, pr+1). If P € (qr+1,Pr+1), then its conjugate
q € (qry1,Prs1)-® Proposition 6.15 shows |EE| is both L” and L7 bounded. In particular, \EE\
is bounded on L(H,,,), where ¢ is conjugate to p.

On the other hand, reproduction of the space A7 fails for all ¢ < 2. Indeed, a slight
modification of the proof Proposition 5.8 shows: if f € A7 (Hy /), then

Br(f)z) = Y aalfeal2).

0‘G’s(Hm/n ,Lp>

Lemma 6.3 implies S(H,,/,, L?) is a strict superset of S(H,,/,, L?) which in turn contains
SH,y,/n, LP). Thus non-trivial elements in A7 are mapped to 0. Ramifications of this are seen

in the next subsection.

6.4 Duality, approximation and minimization

The sub-Bergman projection give precise answers to version of (Q1-3) on the domains H,, ,,.

6.4.1 Duality

The dual space of AP(H,,,) for all 1 < p < oo can be concretely described. The represen-

tation is particularly cogent when p > 2.

Proposition 6.18. Let p > 2 with conjugate q. The dual space AP(H,, /)" can be identified
with a proper subset of AY(H,, ). Namely,

AP ( ) =S f € AW Hypn) s f= Y dalf)ea g (6.23)
a€S(H,y, /y,LP)

Additionally,
AN(H,y, ) = @y (AP(Hyy m)) @ SpanAq(Hm/n),{aa cov € S(Hi /i, LY)\S (Hypy s LP) } (6.24)

Proof. Since |BVP\ is bounded on LP, Proposition 5.12 applies. Equation (6.23) follows from part
(i) of Proposition 5.12, noting the right hand side of (6.23) is G9?(H,,;,). Equation (6.24)

follows from part (7i7) of the same proposition. ]

6.4.2 Approximation of AP functions

The form of (Q2) addressed is the following: given p € (1,00) and r > p, when can
[ € AP(H,,/,) be approximated by A"(H,,/,) functions in the L” norm? As in Proposition

6.18, the answer is most appealing when p > 2.

SLet p’ € (qry1,prs1). Its conjugate exponent is given by ¢ = p,p_/l. Since the map p’ — ¢ = p,p_/l is

Pk+1 qr+1

(strictly) decreasing, it follows that ¢’ € (pk+171, T

) = (Qh+1, Pkt1)-
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Proposition 6.19. Let p > 2 be given and r > p. Then f € AP(H,,/,) can be approzimated by
A"(H,y,/n) functions in the LP norm if and only if gf = f.7

Proof. Suppose f € AP(H,,,) and Brf = f. Since f € LP(H,,/n), there is a sequence
{on} C CF(H,yn) satisfying ||¢, — f|l, = 0 as n — oo. Set f, = Bré,. Note f, € A" (Hi /)
by Proposition 6.15. Since r > p > 2, then r € [pg, pr+1) for some k. Of course p < py41. Let ¢
be the conjugate exponent of p. It follows that ¢ < 2 < p < prs1 and therefore ¢ > g1, which
implies

k+1 <P < Pr41-

Thus, by Proposition 6.15, |l§;| is bounded on LP, and hence

1= £l = B 60 = £ S 6= 7l

so f is approximable as claimed.

For the converse, let f € AP(H,,/,), and suppose there exists a sequence {g,} C A"(H,,/»)
such that g, — f in AP(H,,;,). Assume, for contradiction, E;f # f. Then, by Proposition
5.11, there exists

B € S(Him/m, LP)\S (Him, L)

such that ag(f) # 0. Since g, € A"(H,,;,), we have ag(g,) = 0 for all n. By Proposition 5.1,

the coeflicient functional ag is continuous on AP(H,,/,), which implies

lag(f)l = lasg(gn — ) S llgn — fllar =0 asn — oo,
a contradiction. ]

For 1 < p < 2, the results are more complicated. In the first case, the sub-Bergman
projections Br are only defined if r > 2; consequently no approximation theorem for the range
1 < p <r <2 follows from results in this paper. Additionally, the approximation result that
does follows — for the range 1 < p < 2 < r — requires consideration of the partition (6.3) in

Proposition 6.5.

Proposition 6.20. Let 1 < p < 2 and p' be conjugate to p. In the partition (6.3), choose k so

that p' < pri1 = %
Fiz r € [pg,pes1). Then f € AP(H,,/,) can be approzimated by A" (H,,)n) functions in the

L? norm if and only if /Bv7f = f.

Proof. Since p' < pri1, simple algebra shows that ¢r,1 < p, where ¢y 1 is the conjugate
exponent to pry1. And since p € (qxs1,Pr+1), Proposition 6.15 implies Br is bounded on L?.

The rest of the proof is the same as for Proposition 6.19. n

"Note that although f may belong to f € AP(H,,,,)\A” (H,,/,), the boundedness of Br on LP ensures that
we can apply B" f for any f € AP(H,, /).
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6.5 L>’-nearest approximant in A?

Question (Q3) can be cast as a broad minimization problem. Suppose || - || x is an auxiliary
norm on the space LP(Q2), Q C C" fixed.
Problem: Given g € LP(Q), find G € AP(Q) so

lg — Glix < llg — hllx (6.25)

for all h € AP(Q).

For general || - || x, techniques needed for this problem mostly await development. But when
X = L?(Q) the sub-Begman operators give results. Recall that for p > 2, BP is the orthogonal
projection from L? onto G*P?, the latter space is given in Proposition 5.10. If € is bounded, the

diagram
LP(Q) — L3*(Q)
L7 |5
AP(Q) — G*P(Q)
summarizes relations between the function spaces, with — denoting injection. Consider “clos-
est” to mean closest measured by the L? norm in the following. If g € L*(f2), the unique closest
element in G*P(Q) is Brg. However when Q = H,,/n, Theorem 6.2 says that BP restricts to a

bounded operator on LP(H,,/,). It follows that Brg is also the closest element in AP(Q) to g.
Thus,

Proposition 6.21. Let p > 2 and g € LP(H,,/n). The function Egg satisfies
lg = Brgllr> < llg — hllr>

for all h € AP(Hl,,,,), with equality if and only if h = Egg.
/
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CHAPTER 7

Breakdown on the Hartogs Triangle

The breakdowns of function theory can be observed on the Hartogs triangle, using results
established in the previous sections and in [10].

Since H is Reinhardt, every f € O(H) has a unique Laurent expansion, written
f(z) = Z anz®, 2= (21,2) € H.
a€Z?

Since z # 0 on H but there are points in H where z; = 0, the summation is taken over the set
{a = (a1,a3) € Z* : oy > 0}. If f € AP(H), results in Chapter 5 show the Laurent expansion
of f need only be summed over the smaller set of LP-allowable multi-indices, see (5.5). Corollay
5.2 implies

fz)= Y anz® if f e A’(H). (7.1)

a€eS(H,LP)

A special case of [10, Theorem 1.1 and Remark 4.9] is

Theorem 7.1. The absolute value of the Bergman projection |B| on H is bounded from LP(H)
to AP(H)) if and only if p € (%,4).

7.1 Failure of representation

The dual space AP(H) is not isomorphic to A?(H) for p € (%, 2) and ¢ conjugate to p. This
is illustrated with the pair p = g and ¢ = g The argument works with minor changes for any
pe (3,2).

Before defining a functional on A%®(H), a computation is useful:

Example 7.2. The holomorphic function h(z, 2z5) = 2, 2(= 202, %) satisfies

(1) h € A%3(H) and h ¢ A?(H).
(77) Bh is well-defined and Bh = 0.

127
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Proof. Lemma 6.3 shows that (0, —2) € S(H, L) and (0, —2) ¢ S(H, L?)." Thus (4) holds.

Since 3 € (3,4), Theorem 7.1 says |B] is bounded on L>3(H). It follows from Proposition

5.8 that Bh is well-defined and Bh = 0. O
A non-representable functional is now given using the coefficients in (7.1).
Example 7.3. The coefficient functional
a(,~2) : AY3(H) — C

assigning to f € A%3(H) the coefficient of 2z, ? in its Laurent expansion is bounded on A%/3(H).
However, there does not exist ¢ € A%2(H) such that

a(0,72)(f) = <f7 ¢>H-

Proof. Uniqueness of the Laurent expansion shows the functional a( _s) is well-defined. Bound-
edness of a(o,—z) follows from Proposition 5.1.

To prove non-representability, let h(z) = z;2 € O(H) as above. Example 7.2 says h €
A>3(H) but h ¢ A%2(H). Since (0, —2) ¢ S(H, L?), Corollary 6.7 shows that for all g € A2(H)

(h,g)m = 0. (7.2)

The fact that a(,_2) cannot be represented by (-, ¢)u for some ¢ € A%2(H) is now straight-
forward. Suppose such a representation held. Note a( _2)(h) = 1 by definition. Since
AS2(H) C A%(H), (7.2) implies (h, ¢)i = 0 for all ¢ € A%2(H), a contradiction. O

7.2 Failure of approximation on A”

There are functions f € A%3(H) for which no sequence of functions f, € A?(H) converges
to f in the L3 norm. As in the previous subsection, minor changes in the argument give an

analogous result for any p € (3,2).
Proposition 7.4. A%(H) is not dense in A>3 (H).

Proof. Let a2 € AY3(H)' and h € A%3(H)\A?(H) be as in the previous section. By Corol-
lary 5.2, since (0,—2) ¢ S(H, L?), a(,—2) vanishes on the linear subspace A*(H) of A>/3(H).
If A%(H) were dense in A%3(H), continuity would imply a2 = 0 on A*3(H). However,
a(,—2)(h) = 1, which contradicts this vanishing. O

Let C(p) == {—%(m+n) + 1J. Consider m =n = 1. For p = 3, we get C(p) = —2; for p =2, C(p) = —1.

Now compare this with Lemma 6.3.
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In fact a stronger statement is true: there are functions in A%3(H) that cannont be approx-
imated uniformly on compact subsets of H by functions in A?(H). To see this, suppose that
{f.} is a sequence in A*(H) such that f, — h uniformly on compact subsets of H. Recall the

Cauchy representation of a coefficient of a Laurent series:

L1 (1O dade
w0 =G G G G

where T is a torus contained in H, for example {(z1, 22) : |z1] = 1, |22| = 35} C H. Since f,, = h

uniformly on 7" as n — oo, it follows that a2 (fn) = 1 = aq@,—2(h) as n — oo. This is a

contradiction, since Corollary 5.2 implies a(,—2)(f,) = 0 for each n.

7.3 Failure of approximation on L”

For p > 4, there are explicit functions ¢ € LP(H) such that Bg ¢ AP(H). Note that
LP(H) C L*(H) for this range of p, so Bg is well-defined. As g — Bg associates the L?-nearest
holomorphic function to a general g, this is a different failure of approximation than in the
previous section.

Since Theorem 7.1 says there does not exist C' such that |Bf|, < C||f||, for all f € L?,
the uniform boundedness principle [19] implies the existence of such g. But the explicit form
of such “extremal functions” (though non-unique) is useful for other purposes. The proofs in
[9, 10] actually show

Example 7.5. On H, let 1(z1, 25) = Z3. Then By ¢ LP(H) for any p > 4.

Proof. The proof of Proposition 5.1 in [10] shows that By = Cz, ', for a constant C' # 0. An

elementary computation in polar coordinates (see Lemma 6.3) shows z,' & LP(H) if p > 4. O

Since ¥ € L*°(H), thus in LP(H) for all p > 0, Example 7.5 demonstrates the breakdown

mentioned above.
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