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RESUMO

TEH, L. R. Modelagem via redes neurais de dados de sobrevivéncia de longa duracao com
dispersao nao observada. 2023. 73 p. Dissertacdo (Mestrado em Estatistica — Programa Inte-
rinstitucional de Pés-Graduagdo em Estatistica) — Instituto de Ciéncias Matematicas e de Compu-
tacdo, Universidade de Sao Paulo, Sdo Carlos — SP, 2023.

Os modelos tradicionais na andlise de sobrevivéncia pressupdem que todos os sujeitos eventual-
mente experimentardo o evento de interesse do estudo, como a morte ou a recidiva de uma doenga,
de modo que a funcdo de sobrevivéncia € propria. O modelo de cura, proposto hd setenta anos, é
usado para incorporar uma fracdo de cura. Isso significa que existe uma fragcao de individuos que
nunca experimentarao o evento de interesse, que pode ser tratado imune ou curado no contexto
de tratamento oncoldgico. Na literatura, varios modelos de cura foram amplamente estudados
e geralmente foram aplicados aos dados estruturados com pouca quantidade de covaridveis.
O uso de rede neural convolucional, uma técnica poderosa de aprendizado profundo para o
processamento de imagens, tem crescido rapidamente na drea médica nos tltimos anos. Imagens
médicas, como imagens histologicas e ressonancias magnéticas (RMIs), estdo diretamente relaci-
onadas aos fatores progndsticos de um paciente, tornando razodvel introduzi-las como preditoras
no modelo de cura. Com base no artigo de Xie and Yu (2021b), no qual uma rede neural foi
usada para modelar os efeitos das preditoras nao estruturadas no modelo de tempo de promocao,
faremos uma expansao para casos em que os dados apresentam sobredispersao. Chamaremos
nossa extensao de modelo de cura de binomial negativa integrado, e a estimagdo dos parametros

serd realizada por meio do algoritmo de Expectativa-Maximizacao.

Palavras-chave: Analise de sobrevivéncia, Modelo de cura, Rede Neural Convolucional, Con-
junto de dados da doenga de Alzheimer OASIS-3.



ABSTRACT

TEH, L. R. Modeling of long-term survival data with unobserved dispersion via neural
network. 2023. 73 p. Dissertacdo (Mestrado em Estatistica — Programa Interinstitucional de P6s-
Graduacgdo em Estatistica) — Instituto de Ciéncias Matemaéticas e de Computacao, Universidade de
Sao Paulo, Sdo Carlos — SP, 2023.

Traditional models in survival analysis assume that every subject will eventually experience the
event of interest in the study, such as death or disease recurrence, so the survival function is said
to be proper. Cure rate model, which was first proposed seven decades ago, has since been used
to account for the presence of cure fraction, this means that a certain fraction of the individuals
will never experience the occurrence of an event of interest for which they can be treated as
immune or cured subjects in the context of cancer treatment. In the literature, various cure rate
models have been widely studied and commonly applied to structured data with small quantities
of covariates. The use of convolutional neural network, a powerful deep learning technique for
image processing problem, has become increasingly more common in the medical field in recent
years. Medical images such as histological slides and magnetic resonance images (MRIs) are
directly related to a patient’s prognostic factors, therefore, it is reasonable to introduce these
images as predictors in cure model. In this work, we extend upon the article of Xie and Yu
(2021b) in which a neural network was used to model the unstructured predictor’s effect in
the promotion time cure model’s setting to the cases of overdispersed data. We will call our
extension as integrated negative binomial cure rate model, and its parameters will be estimated

through the Expectation-Maximization algorithm.

Keywords: Survival analysis, Cure rate model, Convolutional Neural Network, OASIS-3

Alzheimer’s disease dataset.
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CHAPTER

INTRODUCTION

Survival analysis is a branch of statistics that deals with data modeling in which the
response variable is the period of time until the occurrence of a specific event of interest.
This can encompass various scenarios, such as the duration of time from the diagnosis of a
patient’s illness until its passing, the duration until cancer recurrence after initial treatment, the
lifespan of an equipment before failure, the number of days until a user discontinues its service
subscription, and more. In traditional survival analysis models, which account for censored data,
the assumption typically holds that all individuals in the study are equally susceptible to the
specified event. However, this assumption does not always hold true, particularly in healthcare.
Thanks to medical advancements, there are cases where individuals are not only able to prolong
their lives or have their illnesses brought under control, but they have also achieved complete
recovery. The presence of a proportion of individuals who are immune or not susceptible to
the event’s occurrence makes the use of the traditional model impractical. This proportion is

generally termed as the cure fraction or cure rate.

Models that incorporate the cure fraction in survival analysis are commonly referred
to as cure models. Amico and Keilegom (2018) extensively reviewed some principal models
proposed in the literature. This review delved into various aspects of these models, including their
construction, identifiability, inference, predictive capabilities, and the assessment of goodness
of fit. In summary, the reviewed models, based on the different techniques or approaches, can
be grouped into mixture models, promotion time models, and unified models. For a thorough
understanding of the decision-making process regarding the selection of an appropriate model, as
well as their interpretation and comparison of the advantages inherent in each approach, readers

are encouraged to refer to Legrand and Bertrand (2019, Chapter 4).

The mixture model proposed by Berkson and Gage (1952) contains a binary component
that represents the proportion of cured and uncured individuals in the survival function of
the entire population. Drawing inspiration from the biological processes that underlie tumor

recurrence, Yakovlev, Tsodikov and Asselain (1996) introduced the promotion time cure model



22 Chapter 1. Introduction

as an alternative to the mixture model. For a comprehensive understanding on how to apply this
modeling technique through parametric, non-parametric, and semi-parametric approaches, one
can refer to the thorough review article authored by Tsodikov, Ibrahim and Yakovlev (2003).
Furthermore, this model offers an advantage of being applicable in the Bayesian approach. The
unified model, initially presented by Yin and Ibrahim (2005), represents a more generalized
version as it encompasses both the mixture model and the promotion time model as specific

cases. Its construction is based on the Box-Cox transformation.

The models mentioned in the previous paragraphs have been commonly applied in the
field of healthcare and demonstrated good inferential and predictive capabilities. However, their
utility has been constrained to structured data and low-dimensional datasets featuring only a
limited number of covariates. With the development of powerful GPUs designed for processing
complex data, Convolutional Neural Networks (CNN), one of the deep learning techniques, have
been increasingly used in computer vision. Meyer et al. (2018) conducted research and proposed
procedures for integrating deep learning techniques into radiotherapy study, while Lundervold
and Lundervold (2019) compiled various CNN architectures specifically applied for Magnetic
Resonance Imaging (MRI) tasks.

Driven by the understanding that the quantity of cancerous cells appeared in histological
images and the condition of organs demonstrated in MRIs may hold relevance to the pathogenic
factors affecting oncology patients, these medical images can be introduced via CNN as predictors
into the promotion time model (XIE; YU, 2021b). Expanding upon this approach, where the
number of cancer cells is assumed to follow a Poisson distribution, we aim to extend it to
accommodate scenario of overdispersed data by considering the negative binomial distribution,
which is well-known in the literature for its effectiveness in modeling count data with greater
variability. The Poisson distribution is actually a limiting case when the dispersion parameter in

negative binomial approaches zero.

The organization of this work is described as follows: firstly, in Chapter 2, we will provide
a brief overview of the fundamental elements for survival analysis. Then, Chapter 3 covers a
simple understanding of neural networks, encompassing their structures, the back-propagation
algorithm employed for parameter estimation, some commonly used activation functions, a
concise introduction to the CNN and concluded with a brief exploration of the adaption of
machine learning and deep learning techniques for survival analysis. Chapter 4 delves into the
proposed cure model, namely the integrated two-stage cure rate model. The term “integrated”
represents the integration of CNN in the cure rate model in order to introduce the images as
predictors, while “two-stage” gives a more explicit idea on the model’s construction. We will
study the model’s construction, estimation procedures using the Expectation-Maximization
(EM) algorithm and the two resulting models based on different discrete distributions in this
chapter. Chapter 5 presents the results of simulation study. We will compare the performance of

the proposed model on simulated Poisson and negative binomial scenarios. We should expect



23

the proposed negative binomial model to give a more reasonable estimation result for the
overdispersed data. Finally, in Chapter 6, we will apply the integrated negative binomial cure
model to the OASIS-3 dataset, which is the same dataset employed by Xie and Yu (2021b); we

will then compare the outcomes achieved in our application to those presented in the referenced
article.
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CHAPTER

BASIC CONCEPTS

In this chapter, we will review some fundamental concepts used in survival analysis as
outlined in the book authored by Colosimo and Giolo (2006).

2.1 Censoring

What distinguishes survival analysis from other statistical models is the presence of
censored data. Censoring occurs when it becomes impossible to observe the exact failure times
for some individuals in a study. There can be various reasons causing the absence of an observed
event, such as the dropping out of a participant before the study ends or instances where the event
of interest did not occur because of the effectiveness of a treatment. Eventually, the observed
time for censored data is a partial or incomplete record because the exact failure time exceeds

the time range adopted in the study.

In general, there are three types of censoring, classified based on the sequencing of

failure time occurrence and the observed time as explained below:

1. Left censoring: The exact failure time occurs prior to the commencement of the study. In

this context, the true failure time is shorter than the observed time.
2. Interval censoring: The failure time falls within a specified time range.

3. Right censoring: The exact failure time surpasses the observed time.

The presence of censored data poses a challenge for statistical modeling. The lack of
knowledge about the exact failure times of these data means that simply removing them from
the dataset could lead to valuable information being lost, which can potentially introduce bias
into the estimated survival times. Consequently, survival analysis seeks methods that take into
account the censored data to accurately estimate the distribution of failure time through statistical

modeling.
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Figure 1 — Types of censoring: (1) Left censoring; (2) No censoring; (3) Interval censoring and (4) Right

censoring.
Start End
e o
2 <
AN
3

90—
4 .---E]

. Censored X Event E] Unknown failure time

According to Cox D.R. (1984), the determination of failure time necessitates three crucial
elements: the precise definition of the initial time, the time measurement scale must be consistent
with the experimental context, and a clear definition of the event of interest (failure). To address
the challenge posed by censored data, the solution involves the introduction of a censoring
indicator variable (0). In a study with sample size of n, the i-th individual’s data is represented
by a triplet (Xj,y;, 0;), where

e X; € R'™P ig a vector of covariates,
e ¢; is an indicator variable, §; = 0 if it is a censored data and §; = 1 otherwise, and

e y, represents the observed time,
T, ifo=1
= 2.1
g {c,- if =0 @D

in which T; is the observed failure time and C; the censored time.

Note that for each individual i, either the failure time 7; or the censoring time C; can be observed.
Therefore, if the data is of the right-censoring type, which is more common in practice, it is easy
to see that y; = min(7;,G;).

2.2 The description of survival data

In survival analysis, the response variable is denoted as T and represents the time until
the event of interest or failure occurs, T is a non-negative, continuous variable. It is typically
characterized by two fundamental functions: the survival function and the hazard function (or

failure rate). The survival function, denoted as S, encapsulates the probability of an observation
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not experiencing the event until the time 7. This function exhibits a monotonically decreasing
behavior over time.
St)=P(T>1t), 0<S(t)<1 e t>0. (2.2)

At the initial time (r = 0), all individuals are alive, so S(¢) = 1 and the function will
decrease as t becomes larger, tli_>r£1° S(¢) = 0. Conversely, the cumulative distribution function
(cdf), denoted as F(t), represents the probability that an observation does not survive until time z.
Clearly, F is the complementary function of S, F(¢t) =1 — S().

One can obtain the probability density function (pdf) f by differentiating F', such that

f(t) = %F (1), which satisfies the normalization condition.

/0 " Fu)du=1. (2.3)

Then, Equation 2.2 can be expressed by
S(1) = / F(w)du. (2.4)
t

The failure rate within an interval [t,7 + Ar) is defined as the probability of an event
occurring within this interval, given that it did not occur before ¢, divided by the width of the
interval. As Ar — 0, the hazard function or failure rate becomes an instantaneous failure rate at
time ¢, conditioned on no failure occurring up to time ¢. Its mathematical expression is as follows:

Pr(t <T <t+At|T >1) F(t+At)—F(t) f(1)

Alr) = fim, At v VIV ST A SO

The A is a non-negative function and can exhibit various curve shapes. Typical shapes
include monotonically increasing (e.g., aging case) or decreasing (e.g., rejuvenation case),
constant, and U-shaped. The behavior of the A function can offer guidance in selecting an
appropriate parametric model. Models with an increasing A function are most frequently used in

cancer epidemiological studies. The cumulative hazard function is expressed as follows:

In short, the relationships between the characterization functions of 7 € [0,) are:

o f(t)=—55();

o A1) =51 = —4S(0) x 5y = — % [InS()];

o S(r)=exp{ —A(r)}.

Returning to the notation for observed time in Equation 2.1, let (Y;,§;),i = 1,...,n, be

independent and identically distributed (iid) from (Y, 8), the likelihood function for survival data
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is given by:

where f(Y;) = A (¥;)S(Y;). It is intuitive that uncensored observations will contribute to the
likelihood of incidence rates, while censored observations will contribute to the likelihood of
survival time distribution. In the case of the cure model, the likelihood retains the same form,
with the exception of the interpretation of the survival function, which becomes an improper
distribution.

2.3 Improper distribution

One of the assumptions in survival analysis is that all individuals in the study will
experience the event of interest given a sufficiently long follow-up time. However, there are
situations in which a proportion of individuals is immune or not susceptible to failure. These
individuals will never experience the failure event, leading to ,1590 S(¢) > 0. As per Yakovlev,
Tsodikov and Asselain (1996, Section 1.2), the cure model can be formulated from an improper

survival distribution and we present its mathematical meaning as follows.

Consider a relaxed normalization condition in Equation 2.3 with

/ Flu)du=A<1. 2.6)
0
Therefore the condition in terms of survival function is
lim S(r) = 1 — A. 2.7
t—vo0

And a more generalized version of Equation 2.4 is given by
S(t)=1—A+ / Flw)du, 1>0.
t

Mathematically, we say that the survival time distribution is improper whenever A < 1,1 —Aisa
constant value and is called the survival fraction. This fraction can be interpreted as a probability
of cure when examining tumor recurrence. It can also be interpreted as the expected proportion

of subjects that would remain tumor-free after being exposed to a chemical carcinogen.

The construction of the cure rate model will be studied with more details in Chapter 4.

2.4 Probability generating function

The probability generating function (pgf) is a mathematical function that can be used

as a technique for specifying the distribution of a discrete random variable and estimating its



2.4. Probability generating function 29

parameters. Below, we present its mathematical definition, key properties, and examples for the
Poisson and negative binomial distributions.

Definition 1. Let X be a random discrete variable of some non-negative integers {0,1,2,...}. A

pef of X is defined as
Gx(s) = E(s¥)
a : : (2.8)
=Y s P(X =x), Vs € R for which the sum will converge.
x=0
Some of its properties:
1.Gx(1)=1.
Proof. Gx(1)=)Y I"'P(X=x)=) P(X=x)=1 O
x=0 x=0

If X ~ Poisson(0) with probability mass function (pmf) P(X =x) = %!_9, x=0,1,2,---
then, its pgf is given by

') oo 0* -0
Gx(s)= Y s PX=x)= Y & ;
x=0 x=0 :
_ 0 i (6s)
x=0 x!
— efeees

<=

1
. . . . .. . . F(a‘i’x) ¢9 X 1
If X ~ negative binomial(¢, ) with pmfis in the form of P(X = x) = F( 1) T 760
6 x!

Y
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x=0,1,2,--- 06 >0e ¢ > —%,then, its pgf is given by

Gx(s) =) s"P(X =x)

x=0
- r($+x) 56 '/ 1\
:x;)sx FG) o (1+¢9) (1+¢6>

b (o) ()

2.5 Piecewise exponential distribution

In this work, we will consider the survival times of risk factors following the piecewise
exponential distribution as in Xie and Yu (2021b). The piecewise exponential distribution is
an extension of the exponential distribution. While the choice of the latter assumes a constant
failure rate for survival data, the piecewise exponential distribution allows for the varying of
the hazard curve over time. In this distribution, the observed times are partitioned into multiple
intervals, and the failure rate is assumed to remain constant within each interval but may vary

between intervals.

The construction of the distribution is as follows: we do a finite partition J on the

time axis, 0 < s1 < --- < s; such that s; > 1max (yi), then, there will be J time intervals
<i<n

(0,s1],(s1,82],--.,(ss—1,87] and a hazard rate for the j-th interval denoted as Ai,j=1,---,J,
Aj > 0. The cdf for the survival times is given by

j—1
F(t|X\)=1—exp {—lj (t—=sj-1) = Y Ag (sg—s56-1) } : (2.9)
g=1
When J = 1, the F(¢ | A) will reduce to a normal exponential distribution. Note that the degree of
the nonparametricity is controlled by J, the model tends to be more nonparametric if the values
of J are getting big. It is recommended to choose a small to moderate value for J, between 5 and
7, in cure rate modeling. Xie and Yu (2021b) adopted J = 5 in their work as instructed by Chen
and Ibrahim (2001).
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CHAPTER

NEURAL NETWORKS AND DEEP
LEARNING

The creation of Artificial Neural Networks (ANN), initially inspired by the learning
mechanism in biological organisms, can be traced back to the 1940s. The introduction of the
perceptron algorithm by Rosenblatt in the late 1950s sparked considerable excitement within the
field of Artificial Intelligence (AI). However, the single layer perceptron has its own constraints
due to the limited ability to model only linear separable problems and its inability to tackle
the XOR!, or “exclusive or”, problem. Moreover, the lack of computational infrastructure had
led to a decade-long period of stagnation in the exploration of this technique, often referred to
as the “winter era” in the annals of artificial intelligence. The resurgence of ANNs began in
the mid-1980s with the advent of the backpropagation algorithm and the development of the
Multilayer Perceptron (MLP). This breakthrough not only resolved the aforementioned XOR
problem but also made parameter estimation a feasible task. Subsequently, with the easy access
to data and the emergence of Graphics Processing Units (GPU) that facilitates parallel computing,
there has been a significant growth of network architectures with increased numbers of hidden

layers since 2012. Such networks are now commonly referred to as deep learning in the literature.

Figure 2 illustrates succinctly the evolution of Al, starting from the early attempts to
train a machine to play checkers in the 1950s up until the early 2010s when machine learning
(ML) with its series of algorithmic developments for classification tasks, could distinguish spams
from regular emails for example. The deep learning (DL) techniques have demonstrated their
ability to successfully solving numerous challenging tasks and through varying their architecture
structures, they can achieve levels of performance almost comparable to tasks executed by
humans, like image classification, text analysis, speech recognition, and so on. The techniques
are also particularly useful when applied to high-dimensional data where traditional statistical

methods fall short in producing the desired results.

' <https://www.educative.io/answers/xor-problem-in-neural-network>
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Figure 2 — The evolution of Al for the last five decades. Source: blog nvidia.
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Since an early flush of optimism in the 1950s, smaller subsets of artificial intelligence - first machine learning, then
deep learning, a subset of machine learning - have created ever larger disruptions.

In the following sections, we will briefly examine the structure of a neural netwrok, the
application of the backpropagation algorithm in parameter estimation, various network tuning
parameters, and provide a simple description of CNN’s layers. The contents is drawn from
Efron and Hastie (2016, Chapter 18) and Roberts, Yaida and Hanin (2022, Chapter 2.2). We will
conclude this chapter by exploring the recent adaption of deep learning methods for survival

analysis.

3.1 Structure of a neural network

A neural network is a profoundly parameterized model and is used as a function ap-
proximator. The process of fitting the model’s parameters is commonly denoted as a learning
algorithm. Figure 3 gives an example of a fully connected feed-forward neural network. This net-
work consists of an input layer containing two predictors, x| and x;, and an intermediate hidden
layer with two neurons. In this hidden layer, each neuron al(l) can be expressed mathematically
by

2
al') = ¢V (Zwl(})ijrb,(”) =12, 3.1)
j=1
where the super-scripted (1) means that the component belongs to layer 1. Each neuron is
connected to the neurons of the input layer through some weight parameters (w(D)) and bias
(b1)). The index notation used in Equation 3.1 follows the opposite direction to the layer order.
In this context, w;; represents the weight connecting the j-th neuron of the preceding layer to the

[-th neuron of the current layer. While this order may initially seem confusing, it becomes more


https://blogs.nvidia.com/blog/2016/07/29/whats-difference-artificial-intelligence-machine-learning-deep-learning-ai/
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Figure 3 — Diagram of a neural network containing only one hidden layer.
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intuitive when represented in matrix form. We can simply say that index / denotes neurons in the
outgoing layer and the index j refers to neurons in the incoming layer. After weighing the values
received from the preceding layer, it is applied to a non-linear function denoted as o), this

operation is also known as activation. A very commonly used activation function is the sigmoid

function, defined as o (x) = = The output layer contains only one neuron, denoted as agz).
—e
1 2 2 1 2
It is obtained through a similar operation as in ag ), 1.e., a( ) — c? Z wi ja§- ) + bg ) . Note
j=1

that the activation function ¢(?) can be a different non-linear function.

In their work, Hornik, Stinchcombe and White (1989) introduced the Universal Approxi-
mation Theorem in which they claim that even with just one hidden layer and the use of arbitrary
squashing functions, standard multilayer feedforward networks can approximate any function, as
long as a sufficient number of hidden units are available. In this context, multilayer feedforward
networks can be considered as universal approximators. When dealing with high-dimensional
data, multiple layers are often employed, and there are numerous ways to combine the number of
layers and the quantity of neurons in each layer. These two hyper-parameters - depth and width -
determine a network’s architecture. However, increased flexibility in network architecture can
lead to issues like over-fitting, prompting the adoption of various regularization techniques to

enhance generalization capacity.

A neural network can be succinctly described as a complex function, denoted as f(x, W),
where W encompasses the complete set of weights. With a training dataset at hand and a chosen
loss function, the network proceeds to learn the mapping from inputs to outputs. This process
represents an optimization problem, as it searches for an appropriate set of weights W that can
effectively make predictions using the function f on the test dataset. For regression problems,

mean squared error can be used as the loss function accompanied by a linear activation function
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at the output layer. Conversely, for classification problems, sigmoid or softmax functions can be

chosen as activation functions and cross-entropy utilized as the loss function.

3.2 Parameter estimation (backpropagation)

As previously mentioned, a neural network can be described as a complex function
f(x, W), where x represents the covariate vector and W is the collection of weights. Typically, a
differentiable activation function is chosen. In the context of supervised learning, with a training

dataset and a loss function L, the goal is to find the solution that minimizes the loss:

argmm{ ZLy,, (xis W) + AJ(W )} (3.2)

where J(W) stands for the regularization or penalty term, with A serving as a non-negative
tuning parameter. The network is trained via the backpropagation algorithm, utilizing gradient
descent to seek the optimal values for W in order to minimize L. The computation of the gradient
of L with respect to the elements of W employs the chain rule, since the neurons in each layer
encapsulate functions of the previous layer.

Algorithm 1 outlines the steps for computing gradients of the first term in Equation 3.2

(k)

for the i-th observation. The idea is to compute J,

contributes to the prediction of y. The 55(1()

which measures the error of each neuron
values in the last layer can be easily obtained because

(K)

the chain rule can be applied directly to @, . In the intermediate layers, 5K(k) becomes a weighted
(k)

sum of errors from neurons that take @, as inputs in layer k + 1.

Using matrix notation, the Equation 3.3 becomes
§® =v,Loo (), (3.6)

the Equation 3.4 becomes

s — ((wk+l>T6k+1) oy (zl> ’ 3.7)

and the Equation 3.5 becomes

ILD, fFEs W) _ siiert) by
OW®) ’
in which ® denotes the Hadamard product. During the iterative process, the gradient descent

(3.8)

updates

wh Wk _p (AW<’<>+/1W<’<>> k=1, K—1, (3.9)
1 Z IL [y, f (xi; W]
n = dWK)

large, it is computationally more economical to use Stochastic Gradient Descent (SGQ). Instead

with AWK = and 1 denotes the learning rate, 1 € (0, 1]. When n becomes

of processing every observation in the dataset to update the estimated W, the SGQ approach

calculates AW®) using batches, which are subsets of the complete dataset.
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Algorithm 1 — Backpropagation algorithm

1: Given a pair of (x,y), calculates agk) of each layer, k = 2,--- ,K.

2: For every neuron in the output layer K, calculates

5K _ ILD, f(x, W]
¢ (K)
dz
y (3.3)
_ LS e (00
8a§K) !
3: For every neuron ¢ in the hidden layers k =K — 1, K —2,--- .2, do
Pk+1
k k) o (k+1 k
5@( ) _ (Z«l Wﬁ'ﬁ)éjg )) ) (Zg )) _
j:
(3.4)
4: Calculates the gradients
L SEW)] _ 00 sle) (3.5)

8wg;) Y

3.3 Other tuning parameters

There are other important aspects to consider beyond the parameters W. Below, we will
briefly discuss some parameters that contribute to improve the quality of an artificial neural

network.

Number of hidden layers and their widths

The number of neurons used in a layer determines its width and can be regarded as
a tuning parameter. The greater the quantity, the higher the complexity. Research indicates
that using a greater number of neurons while controlling over-fitting through regularization is
a preferable approach. The number of layers defines a network’s depth and is related to the
objectives of the task. For image classification problems, the number of layers is related to the

extent of feature extraction and pattern recognition.

The functions of activation

Table 1 presents several primary activation functions commonly employed in neural
networks. These functions are represented as ¢ (z), which applies a nonlinear transformation to
the pre-activation z. Pre-activation is computed as a dot product of the weights and the neuron

vector from the preceding layer.
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Regularization, early stopping and drop-out

Neural networks often comprise a vast number of parameters, which can lead to the risk
of over-fitting. To mitigate this, several techniques have been proposed to enhance the model’s
generalization ability. Similar to its application in regression, Lasso regularization, commonly
denoted as L, has the effect of ignoring irrelevant features, while Ridge regularization, denoted
as L, aims to reduce collinearity among parameters. The “early stopping” technique, as its name
suggests, prematurely terminates the training process when it exhibits no improvement in quality
as the number of iterations increases. Typically, the stopping criterion involves the continuous
monitoring of the loss function across both the training and testing datasets with a predefined
tolerance of ¢ steps or epochs. If the loss starts to rise beyond ¢ steps in the testing dataset, the

training process stops earlier at ¢ steps.
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Table 1 — Some primary activation functions, graphs were created using R.

Perceptron
1, z>0,
o(s) = {0, 2<0.

It is a step, binary function of 0 or 1, and only gives signals whenever z is greater and equal to
zero. It is very restrictive and not used in deep neural network.

Sigmoid

1 1 Z
o(z) = re =2 + 5 tanh (5) ,
o :R — (0,1) is a logistic function which is smooth and differentiable. o(z) =1 as z — o
and o(z) =0 as z — —oo. In statistical modeling, this function is frequently used in logistic
regression to predict the probability of a binary class because the coefficients can be interpreted
as odd ratios in a logarithmic scale. Its derivation is simple, if p = (1 +¢7%)~!, then, ¢’ =
p(1-p).
However, the function is not practical to use for deep networks because of the vanishing gradient
problem. This occurs when the output of sigmoid function saturates, i.e., the curve tends to reach
plateau and becomes parallel to the the z-axis for extreme values resulting in decreased gradient
in these regions and contributes nothing to learning algorithm.

Tanh

e—e? X1
0(z) = tanh(z) = et T
The hyperbolic tangent is a shifted and scaled version of the sigmoid function, tanh(z) =2 -
sigmoid(2z) — 1. It is mapped from real domain to the range of (-1, 1) and is preferred over the

-1 I_1_ 2
ez:ﬂ,thenc_l p-.

sigmoid function as 6(0) = 0. If p =

Scale-invariant

0(Az) = A6(z), VA > 0. Any scaling done — Az can be undone by
applying the inverse function ¢(z) — A~ 'o(z) where o(z) is of the
following form

o oz20000 o F
G(Z) _ {a+z yars

a—z, z<0. /

linear: ay =a_ =a;
ReLU:ay =1,a_ =0;
leaky ReLU: a4 =1,a_ =a.

ReLU-like

These functions were proposed in order to introduce smoothness to the
Rectified Linear Unit (ReLU):

Softplus: 6(z) =log(1+¢%)

z
SWISH: = ;
O 2
GELU: 6(z) = {5 +3 erf (%)] x z, where erf(z) = = jbzdte*t2
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3.4 Deep learning

CNN are the primary architecture for deep learning in image analysis. In this process,
each image is converted into a matrix with elements representing pixel intensity values. The
CNN architecture is designed to efficiently process data with spatial structures, a characteristic
often found in medical images. The inputs initially pass through several successive layers of
convolution and pooling with the goal of extracting representative features, and are then processed

in a fully connected layer to generate an output.

Let elements of an input matrix of size k x k be denoted as {x; ;}. In the convolutional
layer, a set of filters represented as f, is applied by sliding across the entire input matrix to
capture distinctive features. These filters are typically square matrices of size g X g, often with
q = 3. They act as detectors for specific features in the image, such as horizontal, vertical,
diagonal lines, and more. The output will be a convoluted image, also called a feature map with

g9 4
elements X; ; = Z Z Xigo,j+0 S0
(=10=1

A pooling layer reduces the dimension of the convolutional layer it follows. The max-
pooling operation is the most common technique in which the maximum value is selected for
each non-overlapping block. If the input is a matrix containing 16 x 16 pixels, by using a block
size of 2 x 2 and a stride of 2, the input matrix would be reduced to 2 x 2. The reason for applying
the maximum function in pooling is that after convolution, the convoluted image, denoted as
{%i j}, contains elements with high values in regions where the applied filter captures specific
patterns in the input image. Max-pooling retains the most prominent feature detected by the
filters. This property is sometimes referred to as “local translation invariance” because it ensures
that the network can recognize features even if they are shifted slightly within a local region of

the input.

Figure 4 — The convolutional neural network architecture used to estimate 0 in the survival cure model
applied to OASIS-3 data.
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We refer to the work of Meyer ef al. (2018, pages 130-133), in which they showed
visualization of the convolutional and pooling computing details. Figure 4 illustrates the CNN
architecture applied to the OASIS-3 data discussed in Chapter 6. The inputs are MRI images
with dimensions of 160 x 200 pixels. The images pass through three convolutional and max-
pooling layers before being fed into a fully connected layer. The network’s output provides an
estimate for the mean number of risk factors, denoted as 6 in the survival cure model. The ReL.U
function is chosen as the activation function in the convolutional layers because of its improved

computational efficiency.

3.5 Deep learning techniques in survival analysis

In this section, we aim to provide a brief and simple review of recently published
articles that focus on applying machine learning or deep learning methods in survival analysis,

particularly in cure models.

P and C (2022) conducted a systematic review of 37 articles to assess the utility of
machine learning and deep learning techniques in cancer survival prediction. These techniques
distinguish themselves from traditional statistical survival models by their ability to handle
high-dimensional data and capture non-linear associations between features and outcomes. In
contrast, statistical models face challenges in this aspect. While these advantages can result in
improved predictive performance, it comes with a drawback - the lack of interpretability for
clinicians. Consequently, this challenge has driven the development of explainable Al methods.
Examples of several techniques listed in the review are:

1. Machine learning: Random forest, support vector machine (SVM), support vector regres-
sion (SVR), Extreme Gradient Boosting (XGBoost), MLP, and more.

2. Deep learning: Deep neural networks (DNN), autoencoders, recurrent neural networks
(RNN), CNN, and more.

When there is a potential cure fraction, Ezquerro, Cancela and Lépez-Cheda (2023)
investigated the reliable use of machine learning models with a focus on the mixture cure model
approach. They categorized the deep learning approaches for classical survival analysis into

three groups:

1. Neural networks where the output corresponds to the survival status of a subject.

2. Neural networks based on a Cox Proportional-Hazards model with the output representing

the survival time: Faraggi—Simon network, DeepSurv (CoxPH), CoxTime and CoxCC.

3. Neural networks based on the discrete time survival likelihood, with the output representing

discrete survival time: DeepHit, Nnet-survival and Deep Survival Machines.
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In their simulation study evaluating the reliability of the mentioned techniques for estimating
cure probabilities, they made an interesting discovery. While the existing literature indicates that
Deep Survival Machines, Random Survival Forests, and DeepHit perform well in classic survival
analysis, especially in terms of the concordance index, these methods show poor performance
when tested against a known survival distribution that contains a cure fraction. Ezquerro, Cancela
and Lopez-Cheda (2023) concluded that nonparametric mixture cure model and deep learning
Cox-based approaches provide the best approximation for the cure rate distribution in terms of

mean squared error (MSE).

In Table 2, we provide a brief summary of a few recent articles that explore the integra-
tion of machine learning and deep learning techniques with mixture cure model (MCM) and

promotion time cure model (PCM).

Table 2 — Integration of machine learning and deep learning techniques with cure models

Cure

model Reference =~ ML/DL Latency part Description
Li et al SVM Cox PH/ AFT These studies integrated a ML classifier, referred to
(2020) as g(x), as an alternative to the logistic link func-
tion typically employed in the mixture cure model.
The primary advantage of employing an ML clas-
sifier lies in its ability to model the incidence part
7 () more accurately by effectively capturing non-
linear boundaries that separate cured and non-cured
patients based on covariates. The output of the clas-
MCM Pal and Decision Cox PH sifier is a binary response variable, serving as a
Aselisewine  trees latent indicator for cured status. The probability of
(2023b) incidence is determined through the Platt scaling
method: w(x) = (1 +exp (Ag(x) +B))_1.
Xie and Yo CNN Cox PH TFhi.s study integrated a CNN in order. to model the
incident 7() from unstructured predictors.
(2021a)
This study is similar to Li er al. (2020) but has
been adapted to the PCM framework. The classi-
Pal and SVM non parametric fier models the probability of incidence 7(x) and
Aselisewine the mean number of competing risk is then obtained
(2023a) by 6(x) = —log(1 — 7 (x)).
PCM This study integrated a CNN in order to model the
Xieand Yu CNN Piecewise expo- mean number of competing risk from unstructured
(2021b) nential predictors.

The studies listed in Table 2 adopt a similar EM algorithm-based estimation procedure.
The fundamental step involves defining an unobserved latent variable, which is the latent cured
status indicator in MCM and the number of competing risks in PCM, respectively. Subsequently,
the complete data log likelihood function can be derived. This complete data log likelihood
is decomposed into two components. The first component involves parameters related to the
incident part only, and the second component involves parameters related to the latency part only.

The E-step of the EM algorithm computes the conditional expectation of the complete data log
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likelihood function given the observed data and the current parameter values. It is necessary
to deduce the conditional expectation of the latent variable in this step. In the M-step of the
EM algorithm, the complete data log-likelihood is maximized in order to update the parameter

estimates in the current iteration.

Finally, we came across an arXiv preprint that proposed a novel approach using DNN
with PCM (Medina-Olivares; Lessmann; Klein, 2023). The authors named their method as “Deep
Promotion Time Cure Model”. They reformulated the PCM and placed a strong focus on its
application in credit risk management. The model they have developed is an end-to-end DNN that
directly integrates all parameters associated with incidence or latency distribution, eliminating
the need for considering latent variables as seen in EM algorithm-based estimation methods.
This results in a significant reduction in execution time. Another interesting aspect of their work
is the introduction of an orthogonalization layer within the framework which addresses the
identifiability issue. To demonstrate the model’s scalability, the authors applied their framework
to a large US mortgage portfolio which contains approximately 200,000 loans. It is worth noting
that the authors have made their framework available as an open-source Python package, named
deepcure. This provides a valuable resource to the research community and practitioners in the
field.
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CHAPTER

INTEGRATED TWO-STAGE CURE RATE
MODEL

As Tsodikov, Ibrahim and Yakovlev (2003, Section 3.1) had pointed out, a cure model
could be formulated as a two-stage model based on tumor recurrence mechanistic reasoning. At
the first stage, one assumes there is an unobservable discrete random variable M which represents
a number of risk factors such as surviving carcinogenic cells after an initial treatment, where M is
characterized by distribution P(M|/3,x) that depends on a vector of covariates & and a vector of
regression coefficients 3. The first stage can be interpreted as a latent tumor generating process
where each remaining clonogen is associated with a latent progression time during which it will
develop into a detectable tumor. At the second stage, the observed failure time 7 is generated
when one of the risk factors is activated and the observed survival function can be obtained by
Sy(t|B,x) =E [S(I)M\x}.

As mentioned earlier, our goal is to integrate CNN with cure model in order to introduce
medical images as predictors of the cure probability on overdispersed data. The two-stage,
long-term survival model mentioned above is actually a unified long-term survival model as
described in Rodrigues et al. (2009). In this chapter, we propose an integrated two-stage cure
rate model combines with CNN to relate clinical images to the latent number of risk factors at

the first stage.

4.1 An integrated two-stage cure rate model

4.1.1 First stage

Let M be a discrete random variable denoting the number of risk factors or damaged

cells with probability mass function

pm:P®(M:m)7
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where 6 = E(M). Since the parameter 6 is positive!, we consider the following parametrization
0(x)=e"@), (4.1)
in which € R? is a vector of covariates with p dimensions. From the probabilistic view

(RODRIGUES et al., 2009, Section 2), the first stage can be characterized by the probability

generating function of M given by

Au()=E[s"] =Y s"pm. (4.2)
m=0

4.1.2 The convolutional neural network link function

The exponent 1 () in Equation 4.1 is modelled after CNN and we followed the example
provided by Xie and Yu (2021b) for explication purpose. The model of a fully connected neural
network with two hidden layers can be shown as

n(x) = act (act (BzT act (BlTa:i + bl)t + b2>t ,83) , (4.3)

in which

e x; € R? is an input vector of covariates.

e B € RP*k s the weight matrix of the first hidden layer containing k neurons.

e b; € R¥ is the bias vector of the first hidden layer.

e B, € R js the weight matrix of the second hidden layer containing  neurons.
e b, € R is the bias vector of the second hidden layer.

e act(-) denotes activation function, eg: ReLU and tanh.

B3 € R™ denotes the weight vector of the output layer.

Note that the output layer does not include the intercept term (bias) due to the identifiability
issue as mentioned by Li et al. (2001). For simpler notation, we use w to denote all the weights
as in w = (by, By, by, By, 83). The output of integrated neural network gives estimates of the

mean number of risk factors in logarithmic scale.

' Depends on the assumed distribution for M
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4.1.3 Second stage

Let Z;,k =1,...,M be the unobservable progression time for kth latent risk factor where
all Z;, are iid with a distribution function F'(-) and survival function S(-) = 1 — F(-). Also, Z; are
independent of M. Thus, the observable lifetime 7T is defined by

T = min{Zl, cen ,ZM}. (4.4)

The susceptible individuals are the observations with M > 1, and the cured individuals
are those with M = 0, P(Zp = =) = 1. As in Rodrigues et al. (2009), we can obtain the long-term
survival model by

Sp(t) = Au(S(). 45)
Proof.

S,(t) = P(No cancer by time )
=P(T >1)

i P(T >t|M=m)P(M=m)
m=0

PM=0)+ ) P(T>t|M=m)P(M=m)

I
il ok

—_

=P(M =0)+P(min{Z,...,Zy} >t | M =m)P(M =m)
=PM=0)+P(Z, >t,....2y >t | M =m)P(M =m)
=PM=0)+ i [P(Zy > 1)]"P(M = m) (Z L M and Zs are iid | M)
m=1
—PM=0)+ Y S()"P(M =m)
m=1

]

In Equation 4.5, note that the latency part S(z) is a proper survival function while the
populational survival function S, (¢) is improper. The cure probability is defined as the limit as ¢

approaches infinity, tl;m Sp (t) =P(M = 0) = po.

4.2 Estimation procedures

The estimation method for the proposed integrated two-stage cure rate models is based

on the frequentist approach. The EM algorithm has been widely implemented in the literature of
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cure model for finding the Maximum Likelihood Estimator (MLE) of the parameters. Gallardo
et al. (2016) proposed a simplified estimation procedure for the power series cure rate model
by maximizing the likelihood function of the complete data instead of the observed likelihood
function, this approach requires the computation of the expected values of latent variable M

which will facilitate the maximization step to be discussed next.

For a sample of size n, the complete data are Deomp = (t,8,@, M) where t = (11, ,1,)",
§=(8,--,8) &= (x1,---,x,)" and M = (M,,--- ,M,)T, for the ith individual,

e 1; is the survival time.
e J; is the censoring indicator, 6; = 1 if ¢; is a failure time, otherwise it is right censored.
e x;is a p x 1 covariate vector.

e M; denotes the number of latent risk factors or competing causes which is unobservable.

The observed data are defined as Dgys = (t,8, ). Let ¢ = (w, ) denotes the set of
parameters in which w is related to the weights of the neural network and « corresponds to the
parameters associated with the cdf F(¢) of the latent progression times of clonogenic cells. With
the assumption of Z | M and Z; L Z; | M for k # [, the complete likelihood function is defined
as

n

L (; Deomp) = [ ] P (¢, 8; | mi) Po, (M; = m;)

=[1{f t: )} {S(ti:x >}1‘5fP@,-<Mz-=m>

LZ(Q;Dcomp) LL(W;Dcomp)

=1 ('w;Dcomp)LZ(a;Dcomp) (4.6)

where 6; € O depends on some covariates in a relationship of 0 (w,x;) = e"W:Zi) The assump-
tions of Z L M and Z; L Z; | M are crucial to the factorization in 4.6 which allows a direct
integration of the CNN, via L; (w; Dcomp), to obtain the MLE of w. Hence, the complete log

likelihood can be written as a decomposition

l(¢;Dcomp) =1 ('w§Dcomp) "‘IZ(Q;Dcomp)a

where /1 (w; Dcomp) only depends on the parameters related to the mean number of risk factors

(1st stage) and I»(cv; Dcomp) involves only parameters related to the distribution of the risk factor



4.3. Some integrated models 47

lifetime (2nd stage) when m; is given. This complete log likelihood can also be maximized
independently and separately. Prompted by the work of Xie and Yu (2021b), we present in the
next paragraph a modified EM algorithm to accommodate CNN as an integrated component for

unstructured data processing.

Let 9% = (a®) w®)) be the estimate of 4 at the kth iteration of the EM algorithm. At
the (k+ 1)th iteration, we perform:

e E-step: Compute the conditional expected value of M given Dy and the current parameter

estimates, fori=1,--- ,n,

ml(kﬂ) E[M; + ; | Dops, (k ),'w(k)].

o M-step:

— Find w**1) that maximizes /; (w; Deomp) via CNN where

Ii (w; Deomp) = ZlogP = (kH)),

— Find a**1 that maximizes

M:

ti o)
L (o; Deomp) = {6 logm(kH) + 5ilog%

+m (k“)logS(t,, ())}‘
1 1>

~.

We repeat the iterations until [|w*+) —w®)|3 < & and |[a* 1) —a®|} < ¢, where €

is a defined tolerance and ||-|| a Ly norm.

4.3 Some integrated models

In this section, we consider two distributions for M—Poisson and negative binomial—
which will result in an integrated promotion time cure rate model (IPCM) and integrated negative

binomial cure rate model (INBCM) respectively.

We consider a piecewise exponential distribution for 7 with time partitioned into G
intervals, 0 < 51 < --- < s¢, With s¢ > max;<;<, (#;). We also assume a constant hazard O in
the gth interval, (0,s1], (s1,52],- -, (sg—1,5¢|. Therefore, the cdf for the lifetime of risk factors is
given by

F(t;a):l—exp{— — S 1 Zocj —5j-1 } 4.7)
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in which 7 € (sy_1,5,] and S(¢;a) = 1 — F(t; ). As shown in Equation 4.6, the factorization of

the complete likelihood function for ¥ = (o, w) is given by

L ('Qb;Dcomp) =L (w; Dcomp)LZ(a;Dcomp)
n (4.8)

= {7, 8= m) H{ Tt 0] [s0ce0]" .

i=1
The term of L; (w; Dcomp) varies according to its assumed distribution for risk factors and the
formulas are organized in Table 3. The L, (c; Dcomp) term is the same for both models. Using

Table 3 — Formulas for the first component of likelihood, L; (w; Dcomp), and log likelihood, /; (w; Deomp),
related to the weights of the convolutional neural network. C denotes a constant independent of

V.

M ~ Poisson

<6n<w,mi>>’"l‘ o—enwe)

n
L (W;Dcomp) g m;!
n
l] (’w, DCOmp) Z min (’UJ, ~’13i) — el (w,x;) +C
i=1
M ~ Negative binomial
mj —1
. I (¢~ —|—m,) pel(wTi) 1 ¢
L (w, DcOmP) I:—[ mz' 1+ ¢en(w,x;) 1+ ¢en(w,a:,-)
n
Iy (w; Deomp) Zm,-n(w,zc,-) —m;log <1 + (Z)e"(w’m")) — ¢ log (1 + ¢en(w’xi)> +C

Equation 4.7, we can write the second component of the complete log likelihood as follow:

[l o)
S(t;; )

{5,~10gmi+6,~10gocg—m,~{ocg(t—sg 1 Z(X, —S5j— 1 } 4.9)

+m;logS(t;; o )}

D=

lz(a;Dcomp) = {6 logm; + &;log

1

~.

I
™=

N
I
—_

For each model, we first present the long-term survival representation based on Equa-
tion 4.5; a proposition followed by a corollary and using this corollary, we replace the values of
the unobservable variable with its conditional expected values at the E-step of the estimation

procedures; we then finalize each subsection with the integrated EM algorithm steps.

4.3.1 Integrated promotion cure rate model (IPCM)
If M ~ Poisson(0) with P(M = m) = (31_”!’6—97 m=0,1,2,..., then

Sp(t) = Au ((S(t)) = 0 (1=50)) _ o), (4.10)
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and py = e 9.

Proposition 1. If M; ~ Poisson(6;), then M; | Dys;1p ~ Poisson (8; + 6;S (t;;x)).
See proof in Appendix A.

Corollary 1. E (M; | Dobs; %) = i+ 6;S (1 x), fori=1,--- ,n.

Algorithm 2 — Integrated promotion cure rate model

while [pX) — =] < £ do
E step: calculates fori =1,--- ,n,

kD) = w2 g1 00) 1 5,

1 g_]
where S(1;; V) = exp{ ok )(t—sg 1) — Z Ocj(.k) (sj—sj_l)}

J=1

M step:
n
w* ) = argmax {Znﬁfkﬂ)n(w(l‘),m,’) - e"(w(k)””")}
w i=1
L 4
a(k+l) _ Sg—1<ti<sg
g Z nAil(kH) (li—qu) + Z nAing) (Sg —ngl)
Sg—1<ti<sg ti>58g
end while

4.3.2 Integrated negative binomial cure rate model (INBCM)

If M ~ Negative Blnomlal(% l—) with
P(M =m) ( )< >’"( ! )JD m=0,1,2 (4.11)
e (5) () oo e
for & >0and ¢ > —1/0 such that E(M) = 6 e V(M) = 6 + ¢ 6, then
S =Ap((S = ! ' 4.12

1
and pp = (14+¢0) 9. As stated in Rodrigues et al. (2009), the Equation 4.11 contains a
dispersion parameter ¢, where ¢ > 0 indicates over dispersion and under dispersion when ¢ < 0.

More interestingly, Equation 4.12 is a flexible model because:

e it converges to the IPCM when ¢ — O;

e it becomes the mixture cure model proposed by Berkson and Gage (1952) when ¢ = —1.

Proposition 2. If M; ~ Negative binomial(%, 0 +l¢ g )» then

. . . 1 14+ ¢6,F (t,-;a)
;| D~ Negative binomial (| 1, 1907 6500
i | Dobs; ¥ egative binomia P + 0; T 06,

See proof in Appendix B.
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Corollary 2. The conditional expectation of M; given the observed data and parameter values is

(1 + ¢5,)91S (t,-;a)

E(Mi ‘ Dobs;w) = 1+ ¢6;F (l‘,';Ol)

,fori=1,---,n.

Algorithm 3 — Integrated negative binomial cure rate model
g g
while | —p*-1| < ¢, do
E step: calculates fori=1,--- ,n,
ey (14 98) "V #5(1:00)
m. =
! 1+ ¢e’7(“’(k)vxi)F(t,~; a®) ’

g—1
where S(t;; V) = exp{ ok )(t —Sg-1)— 3, Ocj(-k) (s —sj,l)}
j=1

M step:

n 71 ) s Lj 1 P’
w1 = argmax (k1) {(P}lo 14 genw® @)
g l; 1 4 ¢pen(w® .z o] g( ge )
Y s

(k+1) Sg—1<ti<sg

O
Z ml(k-i-l _Sg 1 + Z k+1 _ngl)

Sg—1<ti<sg 1i>5g

end while
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CHAPTER

SIMULATION STUDY

In this chapter, we aim to assess the performance of our proposed method through
simulations. We explore two scenarios for the number of competing risks: one where M follows
a Poisson distribution, and another where it follows a negative binomial distribution. Our

implementation procedure closely aligns with the methodology outlined in Xie and Yu (2021b).

We implemented the methodology outlined in Chapter 4 by using Python within the
Google Colab Pro environment. The key advantage of utilizing Google Colab Pro is its access to
GPU resources which significantly accelerates the execution of deep neural networks. The CNN
model was developed using the TensorFlow library (v2.9.2). Our approach involved running 30
iterations of the EM algorithm as it reached reasonable tolerance. The image predictors x are
samples taken from the Fashion-MNIST dataset, with each entry being a grayscale image with
a dimension of 2828 and associated with one of the 10 clothing classes labeled from O to 9.
These image predictors, denoted as x, will be linked to the mean parameter through a neural
network, defined as 6 () = €"(®). In our simulation study, we only consider the first five classes

as shown in Figure 5, and each labeled class is then assigned a fixed numeric value for 6 (x).

The convolutional network model is the same as the one used in the application of Xie
and Yu (2021b). We followed the authors’ recommendations regarding the determination of

network architecture. Among three different network structures, we selected the one that yielded

Figure 5 — The first five clothing classes corresponding to labels O through 4, O - T-shirt/top, 1 - Trousers,
2 - Pullover, 3 - Dress and 4 - Coat.

il



https://github.com/zalandoresearch/fashion-mnist
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the highest likelihood value of /; (w;Dcomp), as shown in Table 3. The details of the model’s

architecture are presented in Table 4.

Table 4 — Architecture of the convolutional network model applied on the Fashion-MNIST sample images

Layer Dimension Activation & Number of parameters
Convolution 1 (28, 28, 4) ReLU 104
Pooling 1 (14, 14, 4) max -
Convolution 2 (14, 14, 12) RelLU 1212
Pooling 2 (7,7,12) max -
Convolution 3 (7,7, 32) ReLU 9632
Pooling 3 3,3,32) max -
Flatten (288) - -
Fully connected (128) tanh 36992
Output @) - 128
Total - - 48068
The lifetimes for the latent risk factors Zy,--- ,Z), are generated from an exponential

distribution characterized by a constant hazard rate of 1, leading to the survival function of the
form S| (z) = e~". For the estimation of the latency part, we consider a piecewise exponential
distribution and employ G = 5 for partitioning the observed times. Intervals are determined
to ensure approximately equal numbers of events in each partition. In all of the scenarios,
we maintain the average cure rate and overall censoring rate at approximately 40% and 45%,
respectively. To explore the impact of varying sample sizes, we utilize three distinct training set
sizes (Nyain): 500, 1000, and 5000. And the corresponding test set sizes (1) are fixed at 125,
250, and 1250, respectively.

To evaluate the estimation accuracy, we follow the methodology outlined in the referenced
paper by performing 100 replications on the estimations and calculate the following mean

differences on the test sets:

e The mean squared error for the populational survival function

B 1 R niest R 0 2
AS,(1) = W; Z] (sp (1) — S0 (ti)>

e The mean squared error for the competing risk survival lifetime function

1 R yest

850 = —— % ¥ (510 -0 )’

R X nes /51 i 5

e The mean squared error for the cure rate
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e The mean squared error for the mean risk factors in logarithm scale

R Nyest

AT‘[( R X Pgest Z Z ZB,’))Z

r=1 i=

e The mean absolute error for the number of risk factors

R niest

Rxntestrzl Z|ml m |

=

Am =

where R represents the number of replicates and the superscripted O represents the true measures.

To evaluate the predictive capacity of the studied models in terms of the cure fraction, we
adopt the Area Under the ROC Curve (AUC) metric as employed in the referenced paper. This
AUC, as introduced by Asano and Hirakawa (2017, Section 2.2), is specifically tailored for cure
models. The construction of the Receiver Operating Characteristic Curve (ROC) curve involves
an imputation method that incorporates the cure fraction estimator pg in the computation of the
True Positive Rate (TPR) and False Positive Rate (FPR) for a given threshold ¢, 0 < ¢ < 1.

n

Zl pO wl (l_pO(wl))

TPR(c) = = :
Zl—ﬁo (i)
i=1
z": 1(po < ¢) po (x:)
FPR(c) = =

These rates are commonly referred to as sensitivity and 1 - specificity, respectively. Once these
rates are calculated, and the ROC curve is constructed, the AUC can be determined using the
trapezoidal method.

5.1 Case where M follows the Poisson distribution

We first study the integrated promotion cure model case in which the competing risk
variable M follows the Poisson distribution. In this case, we set 8(x) =0.1,0.8,1.5,2,2.5 and
then we generate m; first for each observation i, - - - ,n according to the given value of 0 (x;). For
cases where m; = 0, we assign an infinite lifetime y; = co. When m; > 0, we proceed to generate
the promotion time of each risk factors zj,---,z;,;, and the corresponding lifetime would be
yi =min{zy, -,z }. Next, we generate the censoring time ¢; from a uniform distribution, the
observed lifetime is then obtained from #; = min (y;,¢;) . If #; < ¢;, we would set the censoring

indicator variable §; = 1, otherwise, §; = 0.
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Table 5 — Estimation accuracy of both models presented as the mean errors calculated from the test set.

Model time Nurain - ASp(t) ASi(t) AT (x) Apo Am
23min 34s 500 0.031885 0.001125 0.811638 0.042243 0.713748
IPCM 22min 30s 1000 0.023671 0.000319 0.592476 0.031686 0.629459

58min 47s 5000 0.017309 0.000123 0.436762 0.023141 0.567622

28min7s 500 0.034323 0.001741 0.923800 0.043460 0.797420
31min 34s 1000 0.026620 0.000755 0.676092 0.033795 0.706891
63min 9s 5000 0.018399 0.000172 0.461016 0.023513 0.600151

INBCM with
fixed ¢

The results of estimation accuracy are displayed in Table 5. When the proposed integrated
negative binomial model is applied to this dataset, the dispersion parameter is set at a fixed value
of 0.1. This choice is made because the model converges to the IPCM for small value of ¢. It is
noteworthy that the outcomes from both models exhibit a high degree of similarity across all
sample sizes. The results align consistently with the estimated S (¢), which can be visualized in
Figure 6. The true S (¢) curves are depicted by solid red lines, while the estimated curves and
their corresponding empirical 95% confidence interval are represented by solid and dotted blue
lines respectively. In both models, the confidence band narrows as the sample size increases. The
estimated AUC values for both models demonstrate exceptional predictive capability as shown
in Table 6, with the integrated negative model surpassing 85%. The reason for the slight decrease
in AUC with an increased sample size in both models is unclear, it may be linked to the presence
of censored data. In the case of INBCM, the inclusion of the dispersion parameter might have

introduced minor interference.

Table 6 — AUC of both models for three different sample sizes.

Model Nerain Lrain set Test set
500 0.862100 0.844204
IPCM 1000 0.848263 0.839596

5000 0.833405 0.830950

500 0.868450 0.852270
INBCM with fixed ¢ 1000 0.868474 0.859518
5000 0.855207 0.852680
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Figure 6 — Estimated curves of S| (¢), assuming that the competing risk variable follows a Poisson distri-
bution in the generated dataset. (a) Results obtained from the integrated promotion cure model
and (b) Results obtained from the integrated negative binomial model.
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5.2 Case where M follows the negative binomial distribu-
tion

When we assume that the competing risk variable M follows a negative binomial distri-
bution, we explore three distinct values for the dispersion parameter ¢, 0.1, 1 and 2. The data

generation process is analogous to the one described in the Poisson scenario.

From Table 7, it is convincing to show that the integrated promotion cure model does
not yield satisfactory results when applied to the overdispersed dataset. For datasets generated
with a low dispersion value, @ = 0.1, the estimation accuracy obtained by the integrated negative
binomial model is slightly lower, but the difference is relatively small. For datasets generated with
¢ equal to 1 and 2, the model, which does not account for the overdispersion parameter, produces
larger mean differences on AS,(t), Apg, AT)(x) and AS; (). This is evident in Figure 7, where the
estimated S (¢) curves and their confidence intervals appear shifted to the left from the true curve,
indicating that the model overestimates hazard rates. In contrast, the estimated S; () curves
and their confidence intervals stay closer to the true curve when using the integrated negative
binomial model, as demonstrated in Figure 8. As ¢ increases, the estimated mean absolute errors
Am also increase. However, both models exhibit similar accuracy in this measurement. Lastly,

the AUC values obtained from the integrated negative binomial model consistently surpass those
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Table 7 — Estimation accuracy of both models, presented as the mean errors calculated from the test set.

Model i) time Nyrain - ASp(t) AS (1) AT (x) Apo A

25min29s 500 0.029124 0.000988 0.826139 0.039508 0.711111
0.1 26min 19s 1000 0.022288 0.000480 0.616062 0.031316 0.647315
59min 57s 5000 0.016053 0.000356 0.437020 0.022225 0.587356

21min 10s 500 0.018581 0.003541 0.625853 0.031741 0.959991
I 20min54s 1000 0.016349 0.004146 0.586346 0.028994 0.977712
32min 30s 5000 0.008335 0.004666 0.295462 0.016766 0.874762

17min43s 500 0.020738 0.014814 1.234360 0.041123 1.736038
2 18min39s 1000 0.019442 0.015617 1.175383 0.039116 1.881228
27min 32s 5000 0.018116 0.016917 1.109764 0.037153 1.839809

26min 05s 500 0.032145 0.001381 0.930052 0.041554 0.788707
0.1 36min 10s 1000 0.025263 0.000635 0.707812 0.033504 0.702467
77min 17s 5000 0.017001 0.000083 0.451592 0.022220 0.603041

INBCM with 21min 11s 500 0.019935 0.001490 0.610912 0.026581 1.076470
fixed ¢ 1 30min46s 1000 0.016274 0.000740 0.496323 0.020851 1.045644
29min 32s 5000 0.004367 0.000086 0.102307 0.005509 0.837149

20min 33s 500 0.015165 0.001373 0.668547 0.019151 1.734697
2 26min40s 1000 0.008824 0.000585 0.362249 0.010266 1.750102
44min 30s 5000 0.002831 0.000092 0.106550 0.003175 1.550582

IPCM

from the integrated promotion cure model. This suggests that the proposed model is better in
predictive capacity particularly as the level of overdispersion intensifies. We observe a trend
where the AUC tends to decrease as ¢ increases. This may be associated with the presence
of heterogeneity or clustering, given that the dataset was generated under a negative binomial

scenario which might have introduced some degree of uncertainty.

Table 8 — AUC of both models applied to overdispersed data for three different sample sizes

IPCM INBCM with fixed ¢

O  Myain  Train set Test set Train set Test set

500 0.839108 0.823816 0.848120 0.833626
0.1 1000 0.826987 0.819386 0.847051 0.838269
5000 0.806683 0.804761 0.829856 0.827632

500 0.684517 0.662885 0.740800 0.714441
1 1000 0.638764 0.629546 0.702033 0.689066
5000 0.578341 0.576895 0.628346  0.625909

500 0.594320 0.580597 0.671367 0.650770
2 1000 0.578684 0.570287 0.633805 0.623909
5000 0.536130 0.535386 0.579396 0.578014




5.2. Case where M follows the negative binomial distribution 57

Figure 7 — Estimated curves of S;(¢), assuming that the competing risk variable follows a negative
binomial distribution in the generated dataset. All results are obtained from the IPCM applied
to data generated with (a) ¢ = 0.1 (b)p =1 and (c) ¢ = 2.
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Figure 8 — Estimated curves of S;(¢), assuming that the competing risk variable follows a negative
binomial distribution in the generated dataset. All results are obtained from the INBCM applied
to data generated with (a) ¢ = 0.1 (b)p =1 and (c) ¢ = 2.
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5.3 Conclusion on simulation results

In this chapter, we have presented simulation results for our proposed model under two
scenarios of datasets: one with the presence of overdispersion and the other without it. The
outcomes aligned with our expectations. When the number of competing risk factors follows
a Poisson distribution, both the integrated promotion cure model and the integrated negative
binomial model demonstrate good fits. The dispersion parameter ¢ in the latter model was set as

fixed value because we couldn’t find a closed-form solution for it.

In conclusion, the integrated negative binomial model takes longer execution times.
However, our simulation results consistently indicate that this model outperforms the integrated
promotion cure model when handling overdispersed data. When considering the presence of
overdispersion, the negative binomial model consistently delivers better estimation accuracy and
predictive ability, as evidenced by the higher AUC values. These results suggest that in scenarios
involving overdispersion, the integrated negative binomial model is a more robust and accurate

choice for modeling over the integrated promotion cure model.
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APPLICATION

6.1 OASIS-3 dataset

In this chapter, we will implement the proposed integrated negative binomial model using
the OASIS-3 dataset. OASIS-3 is an open source dataset available at <www.oasis-brains.org>.
The resource comprises a collection of MRI and clinical data spanning over 15 years, collected
from various studies conducted at the University of Washington Alzheimer’s Disease Research
Center. The data used in this application were sourced from the supplementary material made
available by Xie and Yu (2021b). The sample consists of 352 individuals with the maximum

observed time of 12.2 years.

The dependent variable is defined as the time until the onset of Alzheimer’s disease from

Figure 9 — Estimated Kaplan-Meier survival curve for the OASIS-3 data.

Kaplan Meier survival estimates

0.0
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Time (year)
KM_estimate
Atrisk 352 325 242 176 106 38 3
Censored 0 12 74 125 185 248 283
Events 0 15 36 51 61 66 66
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the date each individual is enrolled in the study. Event confirmation is determined by the Clinical
Dementia Rating (CDR) scale, where an event is defined as CDR > 0. The event proportion
corresponds to approximately one-fifth of the samples. From the fitted Kaplan-Meier survival
curve in Figure 9, there is strong evidence of the presence of a non-susceptible group, as the
plateau begins at around 9 years. The graph was plotted in Python using the KaplanMeierFitter
function from the 1ifetimes package. Our interest lies in predicting the cure rate using MRI
data, as described in Chapter 4. The MRIs are in grayscale with dimensions of 160 x 200, and

the pixels are normalized to the range [0, 1] before being fed into the network.

The division of the training and testing sets and the percentage of censoring are shown in
Table 9. A moderate choice (G = 5) was adopted for the interval division of observed times and

the number of events is approximately equal in each sub-interval, as presented in Table 10.

Table 9 — Data set partition and censoring percentage

Data Size Observed events Number of censored data % Censoring
Training 280 52 228 81,43

Test 72 14 58 80,56

Total 352 66 286 81,25

Table 10 — Partition of time

g 0, 2,062] (2,062,3,360] (3,360, 4,495] (4,495,6,320] (6,320, 12,2]
Number of events 11 10 10 10 11

Table 11 presents the architecture of the applied CNN and the numbers of parameters
are over 2 million units in total. The visualization of the architecture is shown in Figure 4. The

architecture is the same as being used in the referenced article.

Table 11 — Architecture of the convolutional network applied to the MRIs in the OASIS-3 dataset

Layer Dimension Activation ¢ Number of parameters
Convolution 1 (160, 200, 4) ReLU 104
Pooling 1 (80, 100, 4) max -
Convolution 2 (80, 100, 12) ReLU 1212
Pooling 2 (40, 50, 12) max -
Convolution 3 (40, 50, 32) ReLLU 9632
Pooling 3 (20, 25, 32) max -
Flatten (16000) - -
Fully connected (128) tanh 2048128
Output @) - 128

Total - - 2,059,204
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6.2 Results

The estimation of the overdispersion parameter is based on the profile log-likelihood
technique. By choosing a predefined range of fixed values for ¢, we search for the ¢’ within
this set that maximizes the observed log-likelihood function. Initially, we conducted a search
within the set of {0.1,0.2,---,1.4,1.5}, which resulted in ¢’ = 0.1. Subsequently, we performed
a further second search within the set of {0.01,0.02,---,0.1}, leading to the determination of
¢’ =0.01. So it is expected that the model will produce similar results to those obtained from
IPCM.

In Figure 10, the graph on the left illustrates the progression of the loss function presented
in Table 3 across epochs during the estimation of @ while the graph on the right displays the
estimated AUC values at the conclusion of each iteration in EM algorithm. The blue and orange
curves represent the training and test sets respectively. At the end of this iterative process, we
attained an AUC of 0.858 for the training set and 0.814 for the test set.

Figure 10 — (left) Loss function monitoring across epochs. (right) AUC values increase with the progres-
sion of iterations.
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Alzheimer’s disease is known to lead to the degeneration of brain cells and the impairment
of mental functions, often affecting older people. Clinically, this neurodegeneration manifests as
cerebral atrophy. A recent study conducted by Inglese et al. (2022) suggests that Alzheimer’s
disease may potentially be detectable and diagnosed through a single magnetic resonance imaging
examination. Also, AlSaeed and Omar (2022) stated that CNN have increasingly been used in the
diagnosis and prediction of Alzheimer’s disease from MRI images. This technique automatically
extracts accurate features to measure the brain’s size and the number of its cells, thus detecting

atrophy areas in the temporal and parietal lobes.

Figure 11 illustrates varying patterns in MRI scans at different levels of py and é(x) =
1) Since these two quantities are inversely proportional, we can observe noticeable enlarge-
ment of the cerebral ventricles, which are the chambers within the brain containing cerebrospinal
fluid, when 6 (x) increases or po decreases. Simultaneously, the sulci which are the grooves or

furrows in the brain tend to deepen and widen.! These observations align with clinical evidence.

' https://www.brightfocus.org/alzheimers/infographic/brain-alzheimers-disease
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Figure 11 — MRIs (160 x 200 pixels) at different quantiles of py and 6 (x) from the test set, from left to
right: 0%, 25%, 50%, 75% and 100%.
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We anticipate that the proposed integrated negative binomial model will exhibit a good
fit similar to the integrated promotion time model when ¢ approaches zero. To assess the model
performances, we will conduct estimations based on 100 bootstrapped samples and compare the
results of the two models. This comparison will involve an examination of the estimated survival
curves S () along with their corresponding pointwise 95% confidence intervals and the AUC
values. Figure 12 illustrates that the two curves are nearly overlapping. Notably, the confidence
intervals of the integrated negative binomial model, represented by the red dotted lines, are
slightly narrower than those of the integrated promotion time model, depicted by the blue dotted
lines. Also, the distributions of AUC of the models are almost identical as demonstrated in
Figure 13. The numeric descriptive statistics of the calculated AUCs and the estimated o are

presented in Table 12.

Figure 12 — Comparison of estimated S;(¢) curves from the two models. The dotted lines represent
estimated pointwise 95% confidence intervals obtained from 100 bootstrapped samples.
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Based on the aforementioned results, we can conclude that the proposed integrated
negative binomial model produces satisfactory outcomes when applied to the OASIS-3 dataset.
These results closely align with those presented in the referenced paper, where the model used is

an integrated promotion time model.
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Figure 13 — Comparison of AUC values of the two models. AUC values are obtained from the results
based on 100 bootstrapped samples.
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Table 12 — Descriptive summary of AUCs and estimated parameters of survival curves S (¢).

Integrated negative binomial model
AUCtrain AUCtest dl dz dB &4 ds

mean 0.832066 0.781006 0.048659 0.070641 0.133353 0.181767 0.588516
std deviation  0.059323  0.049832 0.023333  0.029389 0.058779 0.057860 0.201634
Ist quartile  0.709700 0.680361 0.017370 0.027592 0.052378 0.084563 0.321970
2nd quartile  0.850377 0.792656 0.046545 0.064515 0.118985 0.188655 0.542635
3rd quartile  0.895008 0.844128 0.111836 0.130714 0.277550 0.304864 1.079108

Integrated promotion time model
AUCtrain AUClest &1 d2 &3 664 &5

mean 0.831481 0.783034 0.050816 0.073376 0.135361 0.184000 0.589287
std deviation  0.063529  0.049128 0.025328 0.037387 0.059180 0.059353 0.202318
Ist quartile  0.667735 0.660349 0.016570 0.029967 0.049733 0.083310 0.287260
2nd quartile  0.848589 0.792627 0.047271 0.065014 0.123469 0.187220 0.572247
3rd quartile  0.898700 0.845525 0.115514 0.175137 0.293136 0.301436 1.065154
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CHAPTER

DISCUSSION AND CONCLUSION

In this work, we explore the possibility of modeling long-term survival data with unob-
served dispersion using unstructured predictors. Taking inspiration from the work of Xie and
Yu (2021b), where medical images were utilized to model the effect in the promotion time cure
model, we chose to employ the negative binomial distribution to account for the presence of
overdispersion in the data. Since all cure models can be represented as a two-stage model, we
proposed the term “integrated two-stage cure rate model” to convey the notion of integrating
CNN within the cure rate model. Consequently, our model can be referred to as the “integrated
negative binomial cure rate model”. The formulation of the proposed integrated two-stage cure
rate model was presented in Chapter 4. To investigate the usefulness of our proposed model, we
executed a simulation study, detailed in Chapter 5. The results affirm that our model is a better
choice as it can accommodate both scenarios with and without overdispersion. Concluding our
work, we applied the proposed model to the OASIS-3 dataset, and the obtained results closely

align with those presented in the referenced paper.

Two principal aspects need to be considered and improved. First, in application chapter,
we adopted the time-consuming profiling likelihood method for estimating the dispersion param-
eter. As the log likelihood function L (w; Dcomp), Which deals with the mean number of risk
factors and dispersion in the EM algorithm, involves a significant number of parameters, it is
desirable to find a more efficient method for estimating the dispersion parameter. Second, it is
not feasible to use traditional statistical inference methods to calculate the estimated parameter’s

standard error.

On top of these, for the purpose of enhancing the clarity and interpretability of the
application context, it is advisable to apply the proposed model in future studies on medical

images associated with cancer diagnosis.
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APPENDIX

PROOF OF PROPOSITION 1
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APPENDIX

PROOF OF PROPOSITION 2
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APPENDIX B. Proof of Proposition 2

Now, we wish to identify the conditional probability distribution:
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