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Resumo

Este trabalho apresenta um estudo sobre uma certa classe de obstruções à existência de uma ho-

motopia própria entre uma aplicação contínua própria e um mergulho topológico próprio entre va-

riedades generalizadas, sem assumir qualquer estrutura diferenciável. Essa classe foi estudada por

Carlos Biasi, Janey Daccach e Osamu Saeki em [1], utilizando variedades generalizadas, e em [2],

assumindo uma estrutura suave. Considerando tal classe, obtemos algumas aplicações interessantes

envolvendo classes de Euler, obstrução de Haefliger, conjuntos de auto-interseção e espaços projetivos

reais.

Palavras-chave: dualidade de Poincaré; variedades generalizadas; obstruções; operações quadrado

de Steenrod; classes de Stiefel–Whitney, espaços projetivos reais
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Abstract

This work presents a study of a certain class of obstructions to the existence of a proper ho-

motopy between a proper continuous map and a proper topological embedding between generalized

manifolds, without assuming any smooth structure. Such a class was studied by Carlos Biasi, Janey

Daccach, and Osamu Saeki in [1] using generalized manifolds, and in [2] assuming a smooth struc-

ture. Using this class, we derive some interesting applications involving Euler classes, Haefliger’s

obstruction, self-intersection sets, and real projective spaces.

Keywords: Poincaré duality; generalized manifolds; obstructions, Steenrod squaring operations;

Stiefel-Whitney classes, real projective spaces.
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Introduction

The existence and classification of embeddings between topological manifolds is an important

topic in many areas of mathematics. A natural question arises: given a continuous map between two

topological manifolds, under what conditions can it be homotopic to an embedding? Classical tech-

niques that address this problem often rely on differential topology and the use of smooth structures.

However, many topological spaces of interest do not admit a differentiable structure, which motivates

the development of tools (here algebraic tools) that can be use in a more general topological setting.

This work presents a study of a certain class of obstruction to the existence of a proper homotopy

between a proper continuous map and a proper topological embedding between generalized mani-

folds, without assuming any smooth structure. Such a class of obstruction was first introduced by

Carlos Biasi, Janney Daccach, and Osamu Saeki in [2], under the assumption of smoothness. Later,

in [1], the authors generalized the construction to a more general class of spaces; known as generalized

manifolds; which have local homological properties similar to those of Euclidean spaces.

In Chapter 1 we present the basic definitions and algebraic tools needed throughout this work.

We recall the notions of direct and inverse limits in the category of Z2-modules and introduce the

definitions of singular homology with closed support and singular cohomology with compact support.

We also discuss the Steenrod squaring operations and some of their properties.

In Chapter 2 we provide a precise definition of generalized manifolds and explore their properties.

Using the Poincaré duality, we define the Wu classes and, subsequently, the Stiefel–Whitney classes.

In Chapter 3 we define an obstruction class θ f ∈ Ȟc
m−k(M;Z2) associated to a proper map f : M→

N between generalized manifolds with dimension m and m+ k, respectively, k > 0. We prove that if

this class does not vanish, then f cannot be properly homotopic to a topological embedding.

The Chapter 4 is dedicated to presenting some applications of the obstruction class defined in

Chapter 3. First, we study the relationship between the Euler normal class of a proper topological

embedding and its Stiefel–Whitney classes. We extend a classical result of Haefliger on the vanishing

of Stiefel–Whitney classes for proper embeddings to ENR Z2-homology manifolds. We also intro-

duce the notion of self-intersection set of a continuous map and investigate its connection with the

obstruction class θ f for compact generalized manifolds. Finally, we generalize the results given in

Section 4 of [1] to continuous maps between real projective spaces RPn and certain generalized mani-

folds, under the assumption that n is a power of 2. More specifically, the main result in the Section 4.4

(Lemma 4.19) is original and constitutes a generalization of the results given in [1] where the authors

1



2 Introduction

used n = 2 and X is a 3-dimensional generalized manifold.



CHAPTER 1

Foundational Concepts

This chapter presents some basics definitions and results that will be used throughout this work.

It is important to observe that we will assume some previous knowledge of singular homology and

singular cohomology, including some important properties of these modules.

1.1 Algebraic Limits for homology and cohomology

The main algebraic objects in this work are the singular homology with closed support and singu-

lar cohomology with compact support. In order to define these objects, we first introduce the notion

of algebraic limits considering systems of modules and homomorphisms.

1.1.1 Algebraic limits for modules

We will introduce the algebraic limits for direct systems and inverse systems, together with the

proof of their existence. Here I will always denote a quasi-ordered set. The following discussion can

be found in [12].

Definition 1.1. Let {Xi}i∈I be a collection of modules and let {ϕi′,i : Xi −→ Xi′}i,i′∈I be a family of

homomorphisms. We say that the family {Xi,ϕi′,i}i∈I is a direct system of modules if, for all i≤ i′ ≤ i′′

in I, the following conditions are satisfied:

• ϕi′′,i′ ◦ϕi′,i = ϕi′′,i ;

• ϕi,i = idXi ,

where idXi : Xi −→ Xi is the identity map.

Definition 1.2. Given a direct system of modules {Xi,ϕi′,i}i,i′∈I, we say that a module X together with

a family of homomorphism {ϕi : Xi −→ X}i∈I are a direct limit of modules if satisfies the following

conditions:

3



4 Chapter 1. Foundational Concepts

(i) for every i≤ i′ in I, ϕi′ ◦ϕi′,i = ϕi;

(ii) (Universal property) for any module Y and any family of homomorphisms {ψi : Xi −→ Y}i∈I,

satisfying the condition that, for all i ≤ i′ in I, ψi′ ◦ϕi′,i = ψi , there exists a unique homomor-

phism ψ : X −→ Y such that the following diagram commutes

Xi Xi′

X

Y

ϕi′,i

ϕi

ψi

ϕi′

ψi′

ψ

and we denote

ψ := lim
−→
i∈I

ψi.

Some natural questions arise from the definition of the direct limit of modules: Does every direct

system of modules admit a direct limit? If such a direct limit always exists, can we prove that it is

unique?

Proposition 1.3. Let {Xi,ϕi′,i}i,i′∈I be a direct system of modules. If its limit exists, it has to be unique

up to isomorphism.

Proof. Suppose that {M,ϕi : Xi −→ M}i∈I and {N,ψi : Xi −→ N}i∈I are two direct limits for the

same direct system {Xi,ϕi′,i}i,i′∈I. By Definition 1.2, we have that ψi′ ◦ϕi′,i = ψi. Using the universal

property, there exists a unique homomorphism ψ : M −→ N such that ψ ◦ϕi = ψi. In an analogous

way, there exists a unique homomorphism ψ ′ : N −→M such that ψ ′ ◦ψi = ϕi.

Observe that ψ is a isomorphism. In fact, for all i ∈ I,

ψi = ψ ◦ϕi = ψ ◦ψ
′ ◦ψi

and

ϕi = ψ
′ ◦ψi = ψ

′ ◦ψ ◦ϕi.

Using the universal property, idN and idM are the unique homomorphism such that idN ◦ψi = ψi and

idM ◦ϕi = ϕi. Then ψ and ψ ′ are isomorphism.
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Definition 1.4. Let {Xi,ϕi′,i}i,i′∈I be a direct system of modules and let {X ,ϕi : Xi −→ X}i∈I be its

direct limit. We denote

X := lim
−→
i∈I

Xi.

Proposition 1.5. The direct limit of a direct system {Mi,ϕi′,i}i,i′∈I always exists.

Proof. First, define

M′ =
⊕
i∈I

Mi

where
⊕

i∈I Mi is defined as the set of all functions

ϕ : I−→
⋃
i∈I

Mi

where ϕ(i) ̸= 0 for only a finite number of indices i ∈ I. For each i ∈ I, consider the homomorphism

φ ′i : Mi −→M′ defined by

φ
′
i : Mi −→ M′

x 7−→ φ
′
i (x)

where

φ
′
i (x) : I −→

⋃
i∈I

Mi

j 7−→
{

x se j = i
0 se j ̸= i.

In this way, for each i ∈ I, we identify φ ′i (x) ∈M′ as

(φ ′i (x)( j)) j∈I = (x j) j∈I

where x j is non zero just for j = i and xi = x. Observe that φ ′i is a monomorphism for all i ∈ I.

For each i≤ i′ in I consider the composition:

φ
′
i′ ◦ϕi′,i : Mi −→M′,

and defined the set

S = {(φ ′i′ ◦ϕi′,i(x)−φ
′
i (x),∀ i≤ i′,∀ x ∈Mi} ⊂

⊕
i∈I

Mi = M′.

Denote by [S] the submodule of M′ generated by S.

We want to prove that {M,ϕi : Mi −→M} is the direct limit of {Mi,ϕi′,i}i,i′∈I, where ϕi := π ◦φ ′i ,

M = M′/[S] and

π : M′ −→ M

x 7−→ x+[S]
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is the natural projection.

Observe that, for each x ∈Mi,

ϕi′ ◦ϕi′,i(x) = π ◦φ
′
i′ ◦ϕi”,i(x)

= φ
′
i′ ◦ϕi”,i(x)+ [S]

= φ
′
i (x)+ [S]

= π ◦φ
′
i (x)

= ϕi(x).

For a module N and a family of homomorphisms {ψi : Mi −→ N}i∈I where ψi′ ◦ϕi′,i = ψi, we

want to prove that there exists a unique homomorphism ψ : M −→ N such that ψ ◦ϕi′ = ψi′ .

For each xi ∈Mi, ψi(xi) ∈ N and (xi)i∈I ∈M′, consider

∑
i∈I

ψi(xi) ∈ N.

In this way, define ψ : M′ −→ N as

ψ((xi)i∈I) = ∑
i∈I

ψi(xi).

It can be easily been proved that [S]⊂ Ker(ψ) and there exists a unique homomorphism ψ̄ : M −→ N

such that ψ̄(x+[S]) = ψ(x) (see [15]).

Note that, for x ∈Mi,

ψ̄ ◦ϕi(x) = ψ̄(π ◦φ
′
i )(x)

= ψ̄(φ ′i (x)+ [S])

= ψ(φ ′i (x))

= ψi(x).

This prove that {M,ϕi}i∈I is the direct limit for the directed system {Mi,ϕi′,i}i,i′∈I.

The definition of the inverse system of a module and its inverse limit is similar to the definition of

direct system of module and its direct limit; all we need to do is reverse the arrows of the homomor-

phisms.

Definition 1.6. Let {Xi}i∈I be a collection of modules and let {ϕi,i′ : Xi′ −→ Xi}i,i′∈I be a family of

homomorphisms. We say that {Xi,ϕi,i′}i∈I is an inverse system of modules if, for all i ≤ i′ ≤ i′′ in I,

the following conditions are satisfied:

• ϕi,i′ ◦ϕi′,i′′ = ϕi,i′′;
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• ϕi,i = idXi .

Definition 1.7. Given an inverse system of modules {Xi,ϕi,i′}i,i′∈I, we say that a module X together

with a family of homomorphisms {ϕi,i′ : Xi′ −→ Xi}i∈I are an inverse limit of modules if satisfies the

following properties:

(i) for every i≤ i′ in I, ϕi,i′ ◦ϕi′ = ϕi;

(ii) (Universal property) for any module Y and any family of homomorphisms {ψi : Y −→ Xi}i∈I

satisfying the condition that, for all i ≤ i′ in I, ϕi,i′ ◦ψi′ = ψi, there exists a unique homomor-

phism ψ : Y −→ X such that following diagram commutes

Xi′ Xi

X

Y

ϕi,i′

ϕ ′i

ψi′

ϕi

ψi

ψ

and we denote

ψ := lim
←−
i∈I

ψi.

Using the same argumentation of Proposition 1.3 one can show that if the inverse limit of an

inverse system of modules exists, then it is unique up to isomorphism. Furthermore, the inverse limit

of an inverse system always exists.

Definition 1.8. Let {Xi,ϕi′,i}i,i′∈I be an inverse system of modules and let {X ,ϕi : X −→ Xi}i∈I be its

direct limit. We denote

X := lim
←−
i∈I

Xi.

Proposition 1.9. The inverse limit of an inverse system {Mi,ϕi,i′}i,i′∈I always exists.

Proof. Let us show that {M,ϕi}i∈I is the inverse limit for {Mi,ϕi,i′}i,i′∈I , where

M =

{
(mi)i∈I ∈∏

i∈I
Mi

∣∣∣∣∣ φi,i′(mi′) = mi for all i≤ i′ ∈ I

}

and

ϕk : M −→Mk
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is defined by ϕk((mi)i∈I) = mk.

In fact, for every i≤ i′ in I and each (mi)i∈I ∈M,

ϕi,i′ ◦ϕi′((mi)i∈I) = ϕi,i′(m
′
i) = mi = ϕi

(
(mi)i∈I

)
.

Now, for the universal property, suppose that there exists a family {N,ψi : Y −→ Xi}i∈I such that

ϕi,i′ ◦ψi′ = ψi. Define the homomorphism

ψ : N −→ M

y 7−→
(
ψi(y)

)
i∈I

as ψ(y) =
(
ψi(y)

)
i∈I. Note that ϕi ◦ψ = ψi for all i ∈ I. Moreover, if there exists another homomor-

phism ψ̃ : N −→M such that ϕi ◦ ψ̃ = ψi, its easy to see that ψ̃ = ψ .

1.1.2 Homology with closed support and cohomology with compact support

Consider M a topological space and let IM be the quasi-ordered set of all compact subsets of M

where, for K,K′ ∈ IM, we have that K ≤ K′ if and only if K ⊂ K′.

For every K ≤ K′ in IM, the inclusion of pairs

i : (M,M−K′) ↪→ (M,M−K)

induces a homomorphism in singular homology

φK,K′ := i∗ : Hq(M,M−K′;Z2)−→ Hq(M,M−K;Z2)

for all q ∈ N. Moreover, for every K ≤ K′ ≤ K′′ in IM we have that φK,K = idHq(M,M−K;Z2) and

φK,K′ ◦φK′,K′′ = φK,K′′ . This provides that

{Hq(M,M−K;Z2),φK,K′}K,K′∈IM

is an inverse system of modules.

Definition 1.10. The algebraic limit of the inverse system {Hq(M,M−K;Z2),φK,K′}K,K′∈IM is called

the homology with closed support of M and it is denoted by

Hc
q(M) = lim←−

K∈IM

Hq(M,M−K;Z2).

In [22], a characterization for the homology with closed support is given by: Let M be a topolo-

gical space and consider the collection K = {K}K∈IM . A compatible family of K is a collection of

classes {zK ∈ Hq(M,M−K;Z2)}K∈K , for a natural number q, such that, if K,K′ ∈K then zK and

zK′ are identified under homomorphism induced by inclusion
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Hq(M,M−K,Z2)−→ Hq(M,M− (K∩K′),Z2)←− Hq(M,M−K′,Z2).

All the K compatible family form a module with the componentwise operations. Observe that

this characterization is equivalent to the one given in Definition1.10.

To define the cohomology with compact support we must do a similar construction. For every

K ≤ K′ in IM, consider the pair inclusion

i : (M,M−K′) ↪→ (M,M−K).

This induces a homomorphism in cohomology

ϕK′,K := i∗ : Hq(M,M−K;Z2)−→ Hq(M,M−K′;Z2)

for all q ∈ N. For K ≤ K′ in IM, it follows that ϕK,K = idHq(M,M−K;Z2) and ϕK′′,K′ ◦ϕK′,K = ϕK′′,K .

This asserts that

{Hq(M,M−K;Z2),ϕK′,K}K,K′∈IM

forms is a direct system of modules.

Definition 1.11. The algebraic limit of the direct system {Hq(M,M−K;Z2),ϕK′,K}K,K′∈IM is called

the cohomology with compact support of M and denoted by

Hq
c (M;Z2) = lim−→

K∈IM

Hq(M,M−K;Z2).

Remark 1.12. Let M be a compact topological space. Then

Hc
q(M;Z2)∼= Hq(M;Z2)

and

Hq
c (M;Z2)∼= Hq(M;Z2).

Suppose that f : M −→ N is a continuous map between topological spaces. Can we define an

induced homomorphism

f∗ : Hc
q(M;Z2)−→ Hc

q(N;Z2)

for all q∈N? If f is a proper continuous map, we guarantee that f induces a homomorphism using the

universal property as follows: for every K ⊂ N compact, the properness of f asserts that f−1(K)⊂M

is compact and f (M− f−1(K))⊂ N−K. For f−1(K)⊂M, consider the homomorphisms

φ f−1(K) : Hc
q(M;Z2)−→ Hq(M,M− f−1(K);Z2)

given by the inverse limit and the induced homomorphism

f∗ : Hq(M,M− f−1(K);Z2)−→ Hq(N,N−K;Z2)

Define the composition
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ψK := f∗ ◦φ f−1(K) : Hc
q(M;Z2)−→ Hq(N,N−K;Z2)

For all K ≤ K′ compact subsets of N, the following diagram commutes

(M,M− f−1(K′)) (N,M−K′)

(M,M− f−1(K)) (N,M−K)

i

f

i

f

where i denote the inclusions. We induce a commutative diagram

Hq(M,M− f−1(K′);Z2) Hq(N,N−K′;Z2)

Hq(M,M− f−1(K);Z2) Hq(N,N−K;Z2).

φ f−1(K), f−1(K′)

f∗

φ ′K,K′

f∗

Then,

φ
′
K,K′ ◦ψK′ = φ

′
K,K′ ◦ f∗ ◦φ f−1(K′)

= f∗ ◦φ f−1(K), f−1(K′) ◦φ f−1(K′)

= f∗ ◦φ f−1(K)

= ψK.

Using the universal property, exists a unique homomorphism

f∗ : Hc
q(M;Z2)−→ Hc

q(N;Z2)

such that φ ′K ◦ f∗ = ψK .

A similar argument can be used to show that every proper map f : M→ N between topological

spaces induces a homomorphism

f ∗ : Hq
c (N;Z2)→ Hq

c (M;Z2).

Proposition 1.13. Let f : M −→ N be a homeomorphism between topological spaces. Then

f∗ : Hc
q(M;Z2)−→ Hc

q(N;Z2)

and

f ∗ : Hq
c (N;Z2)−→ Hq

c (M;Z2)

are isomorphisms.

Proof. We will prove this proposition for homology, for cohomology you must turn around the ar-

rows.
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Note that f : M −→ N and f−1 : N −→M are proper maps. We induce the homomorphisms

f∗ : Hc
q(M;Z2)−→ Hc

q(N;Z2)

and

f−1
∗ : Hc

q(N;Z2)−→ Hc
q(M;Z2).

We will prove that ( f−1)∗ = ( f∗)−1.

Note that idHc
q(N;Z2) is the unique homomorphism that makes the following diagram commutes

Hq(N,N−K′;Z2) Hq(N,N−K;Z2)

Hc
q(N;Z2)

Hc
q(N;Z2),

φ ′K,K′

φ ′K′

φ ′K′

φ ′K

φ ′K

idHc
q(N;Z2)

where {Hc
q(N;Z2),φ

′
K}K∈IN is the inverse limit for the inverse system {Hq(N,N−K;Z2),φ

′
K,K′}K,K′∈IN .

Denote the inverse limit of {Hq(M,M− f−1(K);Z2),φ f−1(K), f−1(K′)}K,K′∈IN as

{Hc
q(M;Z2),φ f−1(K)}K∈IN .

For each compact K ⊂ N, consider

ψK := f∗ ◦φ f−1(K) : Hc
q(M;Z2)−→ Hq(N,N−K;Z2)

and

ψ
′
f−1(K)

:= ( f−1)∗ ◦φ
′
K : Hc

q(M;Z2)−→ Hq(N,N−K;Z2).

Using the discussion above, we have that ψK = φ ′K ◦ f∗ and ψ ′f−1(K)
= φ f−1(K) ◦ ( f−1)∗. Then

φ
′
K ◦ f∗ ◦ ( f−1)∗ = ψK ◦ ( f−1)∗

= f∗ ◦φ f−1(K) ◦ ( f−1)∗

= f∗ ◦ψ
′
f−1(K)

= f∗ ◦ ( f−1)∗ ◦φ
′
K

= φ
′
K.

A similar argument works to show that φ f−1(K) ◦ ( f−1)∗ ◦ f∗ = φ f−1(K). This prove that f∗ is an

isomorphism. To prove that f ∗ is an isomorphism turn around the arrows.
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Now, consider U an open subset of M and the inclusion i : U ↪→M. Since i is a proper map, for

every q ∈ N, there exists an induced homomorphism in cohomology

i∗ : Hq
c (M;Z2)−→ Hq

c (U ;Z2).

Furthermore, one can verify that there exists a natural homomorphism

i# : Hq
c (U ;Z)→ Hq

c (M;Z).

To define the homomorphism i# consider K ∈ IU . By the excision axiom in cohomology, the

inclusion of pairs i : (U,U−K)−→ (M,M−K) induces an isomorphism

i∗ : Hq(M,M−K;Z2)−→ Hq(U,U−K;Z2).

Denote {Hq
c (U ;Z2),ϕK}K∈IU the direct limit of the direct system {Hq(U,U −K;Z2),ϕK′,K}K,K′∈IU

and {Hq
c (M;Z2),φK}K∈IM the direct limit of the direct system {Hq(M,M−K;Z2),φK′,K}K,K′∈IM .

Define the composition

ψK := φK ◦ (i∗)−1 : Hq(U,U−K;Z2)−→ Hq
c (M;Z2).

Note that

ψK′ ◦ϕK′,K = φK′ ◦ i∗−1 ◦ϕK′,K

= φK′ ◦φK′,K ◦ i∗−1

= φK ◦ i∗−1

= φK

Using the universal property, there exists a unique homomorphism

i# : Hq
c (U ;Z2)−→ Hq

c (M;Z2)

such that i# ◦ϕK = ψK.

Using the definitions of homology with closed support and cohomology with compact support, by

[1], we can consider the cup product

⌣: H i(M;Z2)×H j(M;Z2)−→ H i+ j(M;Z2) or

⌣: H i
c(M;Z2)×H j(M;Z2)−→ H i+ j

c (M;Z2) or

⌣: H i
c(M;Z2)×H j

c (M;Z2)−→ H i+ j
c (M;Z2),

the cap product

⌢: H i(M;Z2)×H j(M;Z2)−→ H j−i(M;Z2) or

⌢: H i(M;Z2)×Hc
j (M;Z2)−→ Hc

j−i(M;Z2) or

⌢: H i
c(M;Z2)×H j

c (M;Z2)−→ H j−i(M;Z2)
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and the Kronecker index

⟨·, ·⟩ : H i
c(M;Z2)×Hc

i (M;Z2)−→ Z2 or

⟨·, ·⟩ : H i(M;Z2)×Hi(M;Z2)−→ Z2.

Since Z2 is a field, we can consider the simplified universal coefficient theorem:

Theorem 1.14. Let M be a topological space. The homomorphism

ψX : Hk(X ;Z2) −→ Hom(Hk(X ;Z2),Z2)

x 7−→ ψX(x) : Hk(X ;Z2)−→ Z2

is an isomorphism where, for all y ∈ Hk(X ;Z2)

ψX(x)(y) = ⟨x,y⟩.

Moreover, we have a version of the universal coefficient theorem for compact and closed supports:

Theorem 1.15 (Universal coefficient theorem). Let M be a topological space. The homomorphism

ψX : Hk
c (X ;Z2) −→ Hom(Hc

k (X ;Z2),Z2)

x 7−→ ψX(x) : Hc
k (X ;Z2)−→ Z2

is an isomorphism where, for all y ∈ Hc
k (X ;Z2)

ψX(x)(y) = ⟨x,y⟩.

There are some important properties of the cup product, the cap product and the kronecker index:

Proposition 1.16. Let f : M −→ N be a proper map between topological spaces and consider the

classes α ∈ H i(M;Z2),β ∈ H i(M;Z2),γ ∈ H j−i(M;Z2),γ
′ ∈ Hk(M;Z2) Then,

• ⟨α, f∗(β )⟩= ⟨ f ∗(α),β ⟩,

• ⟨α,β ⌢ γ⟩= ⟨β ⌣ α,γ⟩,

• α ⌢ (β ⌢ γ ′) = (α ⌣ β )⌢ γ ′,

• f∗( f ∗(α)⌢ β ) = α ⌢ f∗(β ).

Note that, we can consider homology with closed support and cohomology with compact support

in Proposition 1.16.
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1.2 Čech homology and Čech cohomology

In this section we will consider the definitions given in [18].

Let X a topological space and A ⊂ X . Consider α1 = {Xi}i an open cover of X , and α2 = {A j} j

an open cover of A. If α2 ⊂ α1, we say that α = (α1,α2) is an open cover for the pair (X ,A).

We want to define a directed set of all open covers of the pair (X ,A). For this, we say that an open

cover β = (β1,β2) of (X ,A) is finer than, or equal to, α = (α1,α2), denoted by α ≤ β , if and only

if for each open V ∈ β1 exists U ∈ α1 such that V ⊂U ; and if V ∈ β2, then U ∈ α2. We denote by

Ω(X ,A) the directed set of all open covers of the pair (X ,A).

For each α = (α1,α2) ∈ Ω(X ,A), let Kα1(X) and Kα2(A) be the simplicial complexes whose

vertices are elements of X and A, respectively. The quotient Kα(X ,A) := Kα1(X)/Kα2(A) is a chain

complex and for each q ∈N. We can consider Hq(Kα(X ,A);Z2) and Hq(Kα(X ,A);Z2). Furthermore,

for α ≤ β ∈Ω(X ,A), the identity map on the vertices induces a homomorphism

πβ ,α : Kβ (X ,A)−→ Kα(X ,A).

Hence {Hq(Kα(X ,A);Z2),πβ ,α∗}Ω(X ,A) is an inverse system of modules and we have the direct system

of modules {Hq(Kα(X ,A);Z2),π
∗
β ,α}Ω(X ,A).

Definition 1.17. Given the direct system {Hq(Kα(X ,A);Z2),π
∗
β ,α}Ω(X ,A), we define the Čech homo-

logy of the pair (X ,A) by the inverse limit

Ȟq(X ,A;Z2) = lim←−
Ω(X ,A)

Hq(Kα(X ,A);Z2).

Definition 1.18. Given the direct system {Hq(Kα(X ,A);Z2),π
∗
β ,α}Ω(X ,A), we define the Čech coho-

mology of the pair (X ,A) by the direct limit

Ȟq(X ,A;Z2) = lim−→
Ω(X ,A)

Hq(Kα(X ,A);Z2).

Proposition 1.19. Let f : (X ,A)−→ (Y,B) be a proper continuous map. There exist the induced maps

f∗ : Ȟc
q(X ,A;Z2)−→ Ȟc

q(Y,B;Z2)

and

f ∗ : Ȟq
c (Y,B;Z2)−→ Ȟq

c (X ,A;Z2).

Proposition 1.20. There exist natural homomorphisms

η(X ,A)∗ : Hq(X ,A;Z2)−→ Ȟq(X ,A;Z2)

and

η
∗
(X ,A) : Ȟq(X ,A;Z2)−→ Hq(X ,A;Z2)

which commute with the homomorphisms induced by any proper continuous map f : (X ,A)−→ (Y,B).
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Using [4], we can consider the following definitions:

Definition 1.21. The Čech homology with compact support is defined by the inverse limit

Ȟc
q(X ;Z2) = lim←−

K⊂X
Ȟq(X ,X−K;Z2).

Definition 1.22. The Čech cohomology with compact support is defined by the direct limit

Ȟq
c (X ;Z2) = lim−→

K⊂X
Ȟq(X ,X−K;Z2).

Consider the composition

Hc
q(X ;Z2) Hq(X ,X−K;Z2) Ȟq(X ,X−K;Z2)

φK

ψK

η(X ,X−K)

Note that the following diagram commutes

Hc
q(X ;Z2) Hq(X ,X−K′;Z2) Ȟq(X ,X−K′;Z2)

Hq(X ,X−K;Z2) Ȟq(X ,X−K;Z2).

φK′

φK

η(X ,X−K′)

φK,K′=i∗ φK,K′=i∗

η(X ,X−K)

Then φK,K′ ◦ψK′ = ψK .

By the universal property, there exists a unique homomorphism

ηX : Hc
q(X ;Z2)−→ Ȟc

q(X ;Z2).

Proposition 1.23. For a proper continuous map f : M −→ N, the following diagram is commutative

Hc
q(X ;Z2) Ȟc

q(X ;Z2)

Hc
q(Y ;Z2) Ȟc

q(Y ;Z2)

f∗

ηX

f∗

ηY

1.3 Steenrod squaring operations

This section aims to introduce an important family of additive cohomology operations: the Steen-

rod squaring operations in cohomology. Later, this family leads naturally to the definitions of Wu

classes and Stiefel–Whitney classes for generalized manifolds. Assuming the existence of Steenrod

squaring operations in cohomology, we will define the Steenrod squaring operation in homology.



16 Chapter 1. Foundational Concepts

1.3.1 Steenrod squaring operation in cohomology

Definition 1.24. For every every pair of topological spaces (X ,A) and m≥ 0, the Steenrod squaring

operation in cohomology is an addictive family of operations

{Sqk : Hm(X ,A;Z2)−→ Hm+k(X ,A;Z2)}k≥0

which satisfies the following properties:

1. for every continuous map f : (X ,A)−→ (Y,B) between pairs of topological spaces the following

diagram commutes

Hm(X ,A;Z2) Hm(Y,B;Z2)

Hm+k(X ,A;Z2) Hm+k(Y,B;Z2);

Sqk

f ∗

Sqk

f ∗

2. for every x ∈ Hm(X ,A;Z2), Sq0(x) = x, Sqm(x) = x ⌣ x and Sqk(x) = 0 for all k > m;

3. for every x ∈ Hm−q(X ,A;Z2) and y ∈ Hq(X ,A;Z2) we have that

Sqk(x ⌣ y) = ∑
i+ j=k

Sqi(x)⌣ Sq j(y).

It was proved in [11] that this family of operations in cohomology always exists and they are

unique. Using the existence of this family, for every m≥ 0, we consider the operation

Sq∗ : Hm(X ,A; ,Z2) −→ H∗(X ,A; ,Z2)

x 7−→
m⊕

i=0

Sqi(x)

Definition 1.25. The natural extension of Sq∗ to H∗(X ,A;Z2)

Sq : H∗(X ,A;Z2)−→ H∗(X ,A;Z2)

is called the the total Steenrod squaring operation in cohomology.

Remark 1.26. For x = x0⊕ x1 · · ·⊕ xα ∈ H∗(X ,A;Z2), it follows that

Sq(x) = Sq(x0⊕ x1⊕·· ·⊕ xα)

= Sq∗(x0)⊕Sq∗(x1)⊕·· ·⊕Sq∗(xα)

=
0

∑
i=0

Sqi(x0)⊕
1

∑
i=0

Sqi(x1)⊕·· ·⊕
α

∑
i=0

Sqi(xα)

= ∑
i+ j=0

Sqi(x j)⊕ ∑
i+ j=1

Sqi(x j)⊕·· ·⊕ ∑
i+ j=2α

Sqi(x j).
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By the characterization given in 1.26, the naturality of each Sqk implies the naturality of Sq.

Considering the properties of the Steenrod squaring operation for cohomology, we have this im-

portant result (see [19]):

Proposition 1.27. For every x,y∈H∗(X ,A;Z2), the total Steenrod squaring operation in cohomology

satisfies the following

• Sq(x ⌣ y) = Sq(x)⌣ Sq(y);

• Sq(x× y) = Sq(x)×Sq(y)

Remark 1.28. The total Steenrod squaring operation in cohomology is an automorphism (see [19]).

Denote Sq as the inverse of the automorphism Sq.

There are some interesting results about Sq.

Proposition 1.29. For all x,y ∈ H∗(X ,A;Z2),

Sq(y)⌣ Sq(x) = Sq(x ⌣ y).

Proof. Considering Proposition1.27, for every x,y ∈ H∗(X ,Y ;Z2), it follows that

Sq(Sq(x)⌣ Sq(y)) = Sq(Sq(x))⌣ Sq(Sq(y))

= x ⌣ y

= Sq(Sq(x ⌣ y)).

Since Sq is an automorphism we have that

Sq(y)⌣ Sq(x) = Sq(x ⌣ y).

Proposition 1.30. The naturality of Sq provides the naturality of Sq.

Proof. Let f : (X ,A) −→ (Y,B) be a continuous proper map between topological spaces. Using the

naturality of Sq,

f ∗ ◦Sq = Sq◦Sq◦ f ∗ ◦Sq

= Sq◦ f ∗ ◦Sq◦Sq

= Sq◦ f ∗.



18 Chapter 1. Foundational Concepts

1.3.2 Steenrod squaring operation in homology

We define the Steenrod squaring operation in homology considering a transpose operation for Sq

(see [19]).

Definition 1.31. For every every pair (X ,A) of topological spaces, the total Steenrod squaring oper-

ation in homology is an operation

S̃q : H∗(X ,A;Z2)−→ H∗(X ,A;Z2)

which is characterized by the following property

⟨x, S̃q(β )⟩= ⟨Sq(x),β ⟩

for x ∈ H∗(X ,A;Z2) and β ∈ H∗(X ,A;Z2)

Proposition 1.32. For each a ∈ H∗(X ,A;Z2) and β ∈ H∗(X ,A;Z2),

S̃q(a ⌢ β ) = Sq(a)⌢ S̃q(β ).

Proof. For all x ∈ H∗(X ,A;Z2):

⟨x, S̃q(a ⌢ β )⟩ = ⟨Sq(x),a ⌢ β ⟩

= ⟨Sq(x)⌣ a,β ⟩

= ⟨Sq(x ⌣ Sq(a)),β ⟩

= ⟨x ⌣ Sq(a), S̃q(β )⟩

= ⟨x,Sq(a)⌢ S̃q(β )⟩.

Using the universal coefficient Theorem, this proves that

S̃q(a ⌢ β ) = Sq(a)⌢ S̃q(β ).

Proposition 1.33. The total steenrod squaring operation in homology is natural.

Proof. For each proper continuous map f : (X ,A)−→ (Y,B) between topological spaces, x∈H∗(Y,B;Z2)

and β ∈ H∗(X ,A;Z2), we have that

⟨x, f∗(S̃q(β ))⟩ = ⟨ f ∗(x), S̃q(β )⟩

= ⟨Sq( f ∗(x)),β ⟩

= ⟨ f ∗(Sq(x)),β ⟩

= ⟨Sq(x), f∗(β )⟩

= ⟨x, S̃q( f∗(β ))⟩.
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Using the universal coefficient Theorem, this proves that

f∗ ◦ S̃q = S̃q◦ f∗.

The Steenrod squaring operations can be defined in homology with closed support and cohomol-

ogy with compact support. Therefore, all results extend to the compact and closed support setting.
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CHAPTER 2

Generalized manifolds and Stiefel-Whitney
Classes

In the paper "A Primary Obstruction to Topological Embeddings and Its Applications", Carlos

Biasi, Janney Daccach and Osamu Saeki defined a primary obstruction using the smooth structure

on topological manifolds (see [2]). Later, they extended their results to a more general class of

topological spaces, not necessarily with a differentiable structure (see [1]). These spaces are required

to have local homology at each point isomorphic to the local homology at each point of a euclidean

space.

In this chapter, we aim to define such spaces, known as generalized manifolds, and explore some

of their properties. Moreover, in order to define an analogous obstruction, we will need to study the

notion of Stiefel–Whitney classes for generalized manifolds.

2.1 Generalized manifolds

This section provides a rigorous definition of generalized manifolds, along with some illustrative

examples that will be important in this work. Throughout, topological manifolds are assumed to

be second-countable, Hausdorff, and locally Euclidean. The definitions and some of the properties

presented in this section can be found in [8], [14], [17], [20] and [22].

Definition 2.1. A topological space X is said to be a locally compact space if, for every x ∈ X , there

exists a neighborhood Vx ⊂ X and a compact K ⊂ X such that x ∈Vx ⊂ K.

Note that a locally compact Hausdorff space can be characterized as a topological space that

admits a basis of precompact open subsets.

Definition 2.2. Let M be a topological space, U ⊂M an open subset, and let U = {Uα ∈M}α∈A be

an open cover of U :

21
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• U is a locally finite cover of U if, for every x ∈U , there exists an open neighborhood Ax ⊂U

of x such that Ax intersects only finitely many elements of U ;

• an open cover V = {Vβ ∈M}β∈B of U is a refinement of U if, for every Vβ ∈ V , there exists

α ∈ A such that Vβ ⊂Uα ;

• U is a paracompact space if every open cover of U admits a locally finite refinement;

• M is hereditarily paracompact if every open subset of M is paracompact.

Remark 2.3. Every hereditarily paracompact space is paracompact.

Definition 2.4. A topological space M is said to be homologically locally connected (HLC∞
Z2

) if, for

every x ∈M and every open neighborhood Ux ∈M of x, there exists another neighborhood Vx ⊂Ux of

x such that the inclusion i : Vx ↪→Ux induces a trivial homomorphism in the reduced homology

i∗ : H̃q(Vx;Z2)−→ H̃q(Ux;Z2)

for every q ∈ N.

At this point, we can introduce the principal topological object that will play a central role in this

work.

Definition 2.5. A locally compact Hausdorff space M is said to be a generalized manifold of dimen-

sion m if:

(i) M is hereditarily paracompact;

(ii) for every open subset U ⊂M, there exists l ∈N such that H l+1
c (U,Z2)∼= 0, that is, dimZ2M <∞;

(iii) M is HLC∞
Z2

;

(iv) for every x ∈M and q ∈ N, we have that

Hq(M,M−{x};Z2)∼= Hq(Rm,Rm−{0};Z2).

Remark 2.6. The item (i) is important to establish that every open subset of a generalized manifold

is itself a generalized manifold. Observe that every open subset of a locally compact Hausdorff space

is also a locally compact Hausdorff space.

The items (i) and (iii) are important to show that the sheaf theoretic homologies and cohomologies

are equivalent to the singular homologies and cohomologies (see [1] and [8]). Using this, we may

consider the definitions of homology with closed support and cohomology with compact support

given in Section 1.1.2.

The item (iv) provides that the dimension of a generalized manifold is a topological invariant.
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Proposition 2.7. Let M be an m- dimensional generalized manifold. Then every open subset of M is

also an m-dimensional generalized manifold.

Proof. Let M be a generalized manifold and U ⊂M an open subset. Observe that every open subset

of U is an open subset of M. In this way, to prove that U is also a generalized manifold we proceed

as follows:

• since M is hereditarily paracompact, every open subset of U is also paracompact;

• for every open subset Ũ ⊂U , there exists l ∈ N such that H l+1
c (Ũ ;Z2) ∼= 0. This prove that

dimZ2M < ∞;

• let x ∈U and Ũx be a neighborhood for x. Since Ũx is also a neighborhood of x in M, there

exists another neighborhood Vx ⊂ Ũx of x such that the inclusion i : Vx ↪→ Ũx induces the zero

homomorphism in the reduced homology. Since Vx is also an open subset of U , it follows that

U is HLC∞
Z2

;

• for every open subset U ⊂ M, by the excision theorem, the inclusion i : U ↪→ M induces an

isomorphism

i∗ : Hq(U,U−{x};Z2)
∼=−→ Hq(M,M−{x};Z2)

for all x ∈U and

Hq(U,U−{x};Z2)∼= Hq(Rm,Rm−{0};Z2)

In Chapter 4, we shall study a specific class of topological spaces, the ENR Z2-homology spaces.

Note that, for a topological space X and a subset A⊂ X , we say that A is a retract of X if there exists

a continuous map r : X −→ A such that r ◦ i = idA, where i : A ↪→ X .

Definition 2.8. A topological space M is said to be a Euclidean neighborhood retract (ENR) if there

exists a positive integer n, an embedding φ : M −→ Rn and a neighborhood V ⊂ Rn of the image

φ(M) such that φ(M) is a retract of V .

Definition 2.9. We define an ENR Z2-homology manifold as a topological space M that is an ENR

space and satisfies the (iv) property in Definition 2.5

Note that, an ENR Z2-homology manifold is an important example of generalized manifold (see

[1]). Using this fact, since every topological manifold is an ENR Z2-homology manifold, we assert

that every topological manifold is a generalized manifold.

Another important class of topological spaces are the absolute neighborhood retracts (ANR).
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Definition 2.10. A topological space M is called an absolute neighborhood retract (ANR) if, for

every normal space X , every closed subset A ⊂ X , and every continuous map f : A −→ M, we can

extended this map over some neighborhood of A in X .

For normal spaces, there is an important characterization of ANR spaces (see [17]):

Proposition 2.11. A normal space X is an absolute neighborhood retract (ANR) if and only if, when-

ever X is embedded as a closed subset of a normal space Y , there exists a neighborhood of X in Y

that retracts onto X.

Note that, every paracompact Hausdorff space is a normal space and every generalized manifold

is paracompact. Therefore, we conclude that every ENR Z2- homology manifold is a normal space.

By Proposition 2.11, if a topological space M is an ENR Z2- homology manifold, then M is an ANR

space. Using this fact, the homomorphism given in Section 1.2

ηM : Hc
q(M;Z2)−→ Ȟc

q(M;Z2)

is an isomorphism.

2.2 Poincaré Duality

The work of Borel (see [5], [6]) and Bredon (see [7]), establishes that the Poincaré duality holds

for all generalized manifolds when we consider the coefficients in Z2. Based on this, for an m-

dimensional generalized manifold M, there exists a class [M] ∈ Hc
m(M;Z), called the fundamental

class of M, such that, by the Poincaré duality, the homomorphism

DM : H i(M;Z2) −→ Hc
m−i(M;Z2)

α 7−→ α ⌢ [M]

or

DM : H i
c(M;Z2) −→ Hm−i(M;Z2)

β 7−→ β ⌢ [M]

is an isomorphism for each α ∈ H i(M;Z2) and β ∈ H i
c(M;Z2).

Remark 2.12. If we consider M a connected generalized manifolds with dimension m, we have that

[M] is the generator of Hc
m(M;Z2).

Using the Poincaré duality, for each generalized manifold and its open subsets, we can show that:
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Proposition 2.13. Let M be an m-dimensional generalized manifold, U ⊂ M an open subset and

i : U ↪→M the inclusion map. The following diagram commutes:

Hq
c (M;Z2) Hm−q(M;Z2)

Hq
c (U ;Z2) Hm−q(U ;Z2)

DM

i#

DU

i∗

where i# : Hq
c (M;Z2)−→ Hq

c (U ;Z2) is given in Section 1.1.

Proof. See [12].

Corollary 2.14. Let N be an m+ k-dimensional generalized manifold, V ⊂ N an open subset and

i : V ↪→ N the inclusion. The dual diagram is commutative

Hom(Hq
c (N;Z2),Z2) Hom(Hm+k−q(N;Z2),Z2)

Hom(Hq
c (V ;Z2),Z2) Hom(Hc

m+k−q(V ;Z2),Z2)

i∗# (i∗)∗
(DN)

∗

(DV )
∗

where i∗#,(DN)
∗,(DV )

∗ and (i∗)∗ are the dual homomorphism for i#,DN ,DV and i∗, respectively .

Proof. For all α ∈ Hom(Hm+k−q(N;Z2),Z2),

(i∗# ◦ (DN)
∗)(α) = i∗#((DN)

∗(α))

= i∗#(α ◦DN)

= α ◦DN ◦ i#

and

((DV )
∗ ◦ (i∗)∗)(α) = (DV )

∗((i∗)∗(α))

= (DV )
∗(α ◦ i∗)

= α ◦ i∗ ◦DV .

By the Proposition 2.13,

α ◦DN ◦ i# = α ◦ i∗ ◦DV .

This prove that the diagram commutes.

2.3 Stiefel-Whitney class

In this section, we introduce the Wu classes for generalized manifolds, and use them to define the

Stiefel–Whitney classes of a generalized manifold.
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2.3.1 The Wu class of a generalized manifold

Let M be an m-generalized manifold. For all α ∈Hk(M;Z2) and β ∈Hm−k
c (M;Z2), we define the

homomorphism

φ : Hk(M;Z2)−→ Hom(Hm−k
c (M;Z2),Z2),

where φ(α) is the homomorphism given by

φ(α) : Hm−k
c (M;Z2) −→ Z2

β 7−→ ⟨α,β ⌢ [M]⟩= ⟨β ⌣ α, [M]⟩.

Let D∗M : Hom(Hk(M;Z2),Z2) −→ Hom(Hm−k
c (M;Z2),Z2) be the dual homomorphism of the

Poincaré duality in M and ψM(α) : Hk(M;Z2) −→ Hom(Hk(M;Z2),Z2) the isomorphism given by

the universal coefficient Theorem. Observe that

D∗M ◦ψM(α)(β ) = ψM(α)(DM(β ))

= ⟨α,β ⌢ [M]⟩

= ⟨β ⌣ α, [M⟩]

= φ(α)(β ).

This prove that φ is an isomorphism.

Consider the homomorphism

⟨Sqk(·), [M]⟩ : Hm−k
c (M;Z2) −→ Z2

x 7−→ ⟨Sqk(x), [M]⟩.

Using the fact that φ is an isomorphism, there exists a unique class vk ∈ Hk(M,Z2) such that

⟨x ⌣ vk, [M]⟩= ⟨Sqk(x), [M]⟩,

for all x ∈ Hm−k
c (M,Z2).

By definition 1.24, for each x∈Hm−k
c (M;Z2), we have that Sqk(x) = 0 for k > m−k. Then, vk = 0

for all
m
2
< k. Takes k = 0, then

⟨x ⌣ v0, [M]⟩ = ⟨Sq0(x), [M]⟩

= ⟨x, [M]⟩.

This ensures that v0 = 1.

Definition 2.15. Under the same hypotheses as in the discussion above, the element vk ∈Hk(M;Z) is

called the k-th Wu class of M . The total Wu class of M is then given by

v(M) = 1⊕ v1⊕·· ·⊕ vp,

where p is the smallest integer greater than
m
2

.
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It should be noted that we can consider [M] as an element of H∗(M;Z2). Given an element

x = x1⊕·· ·⊕ xn ∈ H∗(M;Z2) consider [M] = 0⊕·· ·⊕ [M]⊕·· ·⊕0 ∈ H∗(M;Z2), then

⟨x ⌣ v(M), [M]⟩ = ⟨ ∑
i+ j=m

xi ⌣ v j, [M]⟩

= ∑
i+ j=m

⟨xi ⌣ v j, [M]⟩

= ∑
i+ j=m

⟨Sq j(xi), [M]⟩

= ⟨ ∑
i+ j=m

Sq j(xi), [M]⟩

= ⟨Sq(x), [M]⟩.

2.3.2 The Stiefel-Whitney class of a generalized manifolds

Using the total Steenrod squaring operation in cohomology and the Wu classes of a generalized

manifolds, we define the Stiefel-Whitney class of a generalized manifold as follows:

Definition 2.16. Let M be an m-generalized manifold. The Stiefel-Whitney class of M is defined by

w(M) = Sq(v(M)).

By Remark 1.26 and the Definition 2.15, the k-th term of w(M) is characterized by

wk(M) = ∑
i+ j=k

Sqi(v j).

We call the class wk(M) as the k-th Stiefel-Whitney class of M.

Remark 2.17. The 0-th Stiefel-Whitney Class of a generalized manifolds M is w0(M) = 1.

We can see that w(M) ∈ H∗(M,Z2) admits an inverse element in the graded ring

(H∗(M;Z2),+,⌣)

and we denote

w(M) := w(M)−1.

The inverse element of w(M)= 1⊕w1⊕·· ·⊕wβ ∈H∗(M;Z2) is given by w(M)=w0⊕w1⊕·· ·⊕wβ ,

where

w0 = 1,

w1 = w1

· · ·

wp =
p−1

∑
i=1

wi ⌣ wp−i +wp f or p ∈ {2,3, · · · ,β}.

In fact, since we are considering coefficients in Z2, it follows that
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• the term of degree 0 of w(M)⌣ w(M) is

[w(M)⌣ w(M)]0 = 1 ⌣ w0

= 1 ⌣ 1

= 1;

• the term of degree 1 of w(M)⌣ w(M) is

[w(M)⌣ w(M)]1 = w0 ⌣ w1 +w1 ⌣ w0

= w1 +w1

= 0;

• the term of degree 2 of w(M)⌣ w(M) is

[w(M)⌣ w(M)]2 = 1 ⌣ w2 +w1 ⌣ w1 +w2 ⌣ w0

= (w1 ⌣ w1 +w2)+(w1 ⌣ w1 +w2 ⌣ 1)

= 0;

• for p > 1, the term p+1 of w(M)⌣ w(M) is

[w(M)⌣ w(M)]p+1 = wp+1 +
p+1

∑
j=1

w j ⌣ wp+1− j

= wp+1 +(
p

∑
j=1

w j ⌣ wp+1− j)+(wp+1 ⌣ w0)

= wp+1 +wp+1

= 0.

Since we are working with coefficients in Z2 it is not necessary to verify that w(M)⌣ w(M) = 1.

Now, we present some examples of Stiefel–Whitney classes that will be relevant for this work (see

[19]).

Exemple 2.18. Consider M =Rm with m > 0. For each k > 0, Hk(M;Z2)∼= {0} then v(M) = v0 = 1

and

w(M) = Sq(1)

= Sq0(1)⊕Sq1(1)⊕·· ·⊕Sqm(1).

Observe that, for each j > 0, we have that Sq j(1) = 0. This shows that w(Rm) = w(Rm) = 1.



2.3. Stiefel-Whitney class 29

Exemple 2.19. Consider M = RPn with n = 2k and k ≥ 0. Then

w(RPn) = 1⊕a1⊕an

and

w(RPn) = 1⊕a1⊕a2⊕·· ·⊕an−1,

where ak is the generator of Hk(RPn;Z2).

Exemple 2.20. For M = RPn, we have that w(RPn) = 1 if and only if (n+1) = 2k, for some k ≥ 0.

Let M be a generalized manifold. We can characterized the image of the fundamental class [M]

by the total Steenrod squaring operation in cohomology using the following proposition:

Proposition 2.21. For each generalized manifold M,

S̃q([M]) = w(M)⌢ [M].

Proof. By the characterization of w(M), for all x ∈ H∗(M;Z2),

⟨x ⌣ w(M), [M]⟩ = ⟨Sq◦Sq(x ⌣ w(M)), [M]⟩

= ⟨Sq(x ⌣ w(M))⌣ v(M), [M]⟩.

Since w(M) = Sq(v(M)), it follows that

v(M) = Sq(w(M))

and then

⟨x,w(M)⌢ [M]⟩ = ⟨x ⌣ w(M), [M]⟩

= ⟨Sq(x ⌣ w(M))⌣ v(M), [M]⟩

= ⟨Sq(x ⌣ w(M))⌣ Sq(w(M)), [M]⟩

= ⟨Sq(x ⌣ w(M)⌣ w(M)), [M]⟩

= ⟨Sq(x), [M]⟩

= ⟨x, S̃q[M]⟩.

Using the universal coefficient Theorem,

S̃q([M]) = w(M)⌢ [M].
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CHAPTER 3

The classes θ( f ) and θ f

In this chapter, we define the main algebraic object of this work. Given a proper continuous map

between generalized manifolds, we associate to it a Čech homology class with closed support that

become an obstruction to the existence of a homotopy between this map and a proper embedding.

In other words, if this class does not vanishes, the map cannot be proper homotopic to a proper

embedding. To consider this class associated with a proper continuous map between generalized

manifolds, we first introduce the following definitions:

Definition 3.1. Let f : M −→ N be a proper continuous map between generalized manifolds of di-

mensions m and m+ k, respectively, with k > 0. The total Stiefel-Whitney class of the stable normal

bundle of f is defined by the expression

w( f ) = f ∗(w(N))⌣ w(M) ∈ H∗(M;Z2).

The element of degree q of w( f ) can be expressed as

wq( f ) = ∑
i+ j=q

f ∗(wi(N))⌣ w j(M) ∈ Hq(M;Z2).

Definition 3.2. Consider f : M −→ N a proper continuous map between an m-generalized manifold

into an m+ k-generalized manifold, k > 0. Using the Poincaré duality, there exists a unique class

U f ∈ Hk(N) such that

U f ⌢ [N] = f∗([M]) ∈ Hc
m(N).

The class U f is called the Poincaré dual class of f∗([M]).

At this point, we have all the definitions required to define the obstruction, which was studied by

Carlos Biasi, Janney Daccach and Osamu Saeki in [1], and using the smooth structure in [2].

Definition 3.3. Let M be an m-generalized manifold and N an m+k-generalized manifold, k > 0. For

every proper continuous map f : M −→ N, we define the class

θ( f ) =
(

f ∗(U f )−wk( f )
)
⌢ [M] ∈ Hc

m−k(M,Z2).

31
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The homology class given in Definition 3.3 is invariant under proper homotopies.

Remark 3.4. We say that two proper continuous maps f : M −→ N and g : M −→ N are properly

homotopic if there exists a homotopy F : M× [0,1] −→ N between f and g, such that F a proper

continuous map.

Proposition 3.5. Let f : M −→ N be a proper continuous map between an m-generalized manifold

into an m+ k-generalized manifold, k > 0. The class θ( f ) ∈ Hc
m−k(M;Z2) is invariant under proper

homotopies.

Proof. Suppose that g : M −→ N is a proper continuous map in the same way of f . If g is properly

homotopic to f we have that f ∗ = g∗. Then

wk(g) = ∑
i+ j=q

g∗(wi(N))⌣ w j(M)

= ∑
i+ j=q

f ∗(wi(N))⌣ w j(M)

= wk( f ).

Furthermore, U f ,Ug ∈ Hk(N;Z2) are the only classes such that

U f ⌢ [N] = f∗([M])

= g∗([M])

= Ug ⌢ [N]

By the Poincaré duality, U f =Ug. It follows that

θ( f ) =
(

f ∗(U f )−wk( f )
)
⌢ [M]

=
(
g∗(Ug)−wk(g)

)
⌢ [M]

= θ(g).

For every proper continuous map between generalized manifolds, we can discuss some interesting

results using the class introduced in Definition 3.3.

Theorem 3.6. Let f : M −→ N be a proper continuous map between an m-dimensional generalized

manifold into a m+ k-dimensional generalized manifold, with k > 0. Then f∗(θ( f )) ∈ Hc
m−k(N;Z2)

always vanishes.
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Proof. By the definition of θ( f ) given in 3.3, we note that

f∗(θ( f )) = f∗
(
( f ∗(U f )−wk( f ))⌢ [M]

)
= f∗

(
( f ∗(U f )⌢ [M])− (wk( f )⌢ [M])

)
= f∗( f ∗(U f )⌢ [M])− f∗(wk( f )⌢ [M])

= U f ⌢ f∗([M])︸ ︷︷ ︸
1

− f∗(wk( f )⌢ [M])︸ ︷︷ ︸
2

.

If we prove that 1 = 2 , then f∗(θ( f )) = 0.

Analyzing 1 , we observe that

U f ⌢ f∗([M]) =U f ⌢ (U f ⌢ [N]) = (U f ⌣U f )⌢ [N].

The term of degree m− k in f∗(w( f )⌢ [M]) is precisely the element represented by 2 . There-

fore, we have to show that (U f ⌣U f )⌢ [N] is equal to the m− k-term of f∗(w( f )⌢ [M]).

Since w( f ) = f ∗(w(N))⌣ w(M), it follows that

f∗(w( f )⌢ [M]) = f∗
(
( f ∗(w(N))⌣ w(M))⌢ [M]

)
= f∗

(
f ∗(w(N))⌢ (w(M)⌢ [M])

)
= w(N)⌢ f∗(w(M)⌢ [M])

= w(N)⌢ f∗ ◦ S̃q([M])

= Sq(v(N))⌢ S̃q◦ f∗([M])

= S̃q(v(N)⌢ f∗([M]))

= S̃q(v(N)⌢ (U f ⌢ [N]))

= S̃q
(
(v(N)⌣U f )⌢ [N]

)
.

Using the universal coefficient theorem, for all ε ∈ Hm−k
c (N;Z2), we have to show that

⟨ε,∆⟩= ⟨ε,(U f ⌣U f )⌢ [N]⟩= ⟨ε ⌣ (U f ⌣U f ), [N]⟩,

where ∆ denotes the m− k-term of

f∗(w( f )⌢ [M]) = S̃q
(
(v(N)⌣U f )⌢ [N]

)
.

Observe that,

⟨ε, S̃q((v(N)⌣U f )⌢ [N])⟩ = ⟨Sq(ε),(v(N)⌣U f )⌢ [N]⟩

= ⟨Sq(ε)⌣ (v(N)⌣U f ), [N])⟩

= ⟨(Sq(ε)⌣U f )⌣ v(N), [N⟩]

= ⟨Sq(Sq(ε)⌣U f ), [N]⟩

= ⟨ε ⌣ Sq(U f ), [N]⟩
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Recall that, in order to compute the Kronecker index ⟨ε ⌣ Sq(U f ), [N]⟩, we need the 2k-term of

Sq(U f ). The 2k-term of Sq(U f ) is precisely

[Sq(U f )]2k =U f ⌣U f .

It follows that

⟨ε,∆⟩= ⟨ε ⌣ (U f ⌣U f ), [N]⟩

and this prove the equality f∗(θ( f )) = 0.

For each proper continuous map f : M −→ N between generalized manifolds, we aim to study the

relation between θ( f ) and θ( fV ), where fV : M −→V denotes the restriction of the map f to an open

V ⊂ N which contains f (M).

Lemma 3.7. Let f : M −→ N be a proper continuous map between an m-dimensional generalized

manifold into a (m+ k)-dimensional manifold, k > 0, and let V ⊂ N be an open subset such that

f (M)⊂V . Then

θ( f ) = θ( fV ) ∈ Hc
m−k(M,Z2),

where fV : M
f−→V .

Proof. Under the hypothesis of Lemma 3.7, since V is an open subset of a generalized manifold with

dimension m+ k, then V is itself a generalized manifold with dimension m+ k.

Consider the natural homomorphism induced in cohomology by the inclusion i : V ↪→ N (see

Section 1.1.2),

i# : Hm
c (V ;Z2)−→ Hm

c (N;Z2).

Let

i∗# : Hom(Hm
c (N;Z2),Z2)−→ Hom(Hm

c (V ;Z2),Z2)

be the dual homomorphism of i#.

Define the isomorphisms

ϕN := (DN)
∗ ◦ψN ◦D−1

N : Hc
m+k−q(N;Z2)−→ Hom(Hm+k−q

c (N;Z2),Z2)

and

ϕV := (DV )
∗ ◦ψV ◦D−1

V : Hc
m+k−q(V ;Z2)−→ Hom(Hm+k−q

c (V ;Z2),Z2).

The following diagram is commutative (see Corollary 2.14 and Remark 3.8)

Hc
m+k−q(N;Z2) Hom(Hm+k−q

c (N;Z2),Z2) Hom(Hq(N;Z2)Z2) Hq(N;Z2)

Hc
m+k−q(M;Z2)

Hc
m+k−q(V ;Z2) Hom(Hm+k−q

c (V ;Z2),Z2) Hom(Hq(V ;Z2),Z2) Hq(N;Z2)

ϕN (D−1
N )∗

i∗# (i∗)∗

ψ
−1
N

i∗

f∗

fV ∗

i∗

ϕV (D−1
V )∗ ψ

−1
V
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where

ψN : Hq(N;Z2)−→ Hom(Hq(N;Z2),Z2)

and

ψV : Hq(V ;Z2)−→ Hom(Hq(V ;Z2),Z2)

are the isomorphism defined by universal coefficient Theorem in 1.14.

From the commutative diagram, we obtain that

ϕV ◦ fV ∗([M]) = i∗# ◦ϕN ◦ f∗([M])

= i∗# ◦ϕN ◦DN(U f )

= i∗# ◦ (DN)
∗ ◦ψN(U f )

= (DV )
∗ ◦ψV ◦ i∗(U f )

= ϕV ◦DV ◦ i∗(U f )

= ϕV (i∗(U f )⌢ [V ]).

Since ϕV is an isomorphism, we conclude that

fV ∗([M]) = i∗(U f )⌢ [N]

and

U fV = i∗(U f ).

Moreover, we will prove that, for each q ≤ m + k, the term of degree q of v(V ), denoted by

[v(V )]q = v′q, is equal to the term of degree q of i∗(v(N)) denoted by [i∗(v(N))]q = i∗(vq).

For each α ∈ Hq(N;Z2) we have that ψN(α) is the homomorphism

α
∗ : Hq(N;Z2)−→ Z2

such that α∗(γ) = ⟨α,γ⟩ for all γ ∈ Hq(N;Z2).

By the Corollary 2.14, we have that

α
∗ ◦DN ◦ i# = α

∗ ◦ i∗ ◦DV .

Using this identity, for all x ∈ Hm+k−q
c (N;Z2) and α ∈ Hq(N;Z2), we obtain

⟨i#(x)⌣ α, [N]⟩ = ⟨α, i#(x)⌢ [N]⟩

= ⟨α,DN ◦ i#(x)⟩

= ⟨α, i∗ ◦DV (x)⟩

= ⟨i∗(α),DV (x)⟩

= ⟨i∗(α),x ⌢ [V ]⟩

= ⟨x ⌣ i∗(α), [V ]⟩.
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This prove that

⟨i#(x)⌣ α, [N]⟩︸ ︷︷ ︸
I

= ⟨x ⌣ i∗(α), [V ]⟩︸ ︷︷ ︸
II

Now, by the definition of vq ∈ Hq(N;Z2), we have that

⟨i#(y)⌣ vq, [N]⟩︸ ︷︷ ︸
III

= ⟨Sqq(i#(y)), [N]⟩︸ ︷︷ ︸
VI

.

Considering equation I with x = y ∈ Hm+k−q
c (N;Z2) and α = vq, we have

⟨i#(y)⌣ vq, [N]⟩= ⟨y ⌣ i∗(vq), [V ]⟩.

Considering equation I with x = Sqq(y) ∈ Hm+k
c (N;Z2) and α = 1 ∈ H0(N;Z2), we obtain

⟨Sqq(i#(y)), [N]⟩ = ⟨i#(Sqq(y))⌣ 1, [N]⟩

= ⟨Sqq(y)⌣ i∗(1), [V ]⟩

= ⟨Sqq(y)⌣ 1, [V ]⟩

= ⟨Sqq(y), [V ]⟩.

Since III = VI , this prove that v′q = i∗(vq).

Therefore

w(V ) = Sq(v(V ))

= Sq◦ i∗(v(N))

= i∗ ◦Sq(v(N))

= i∗(w(N)).

Finally, observe that f ∗V ◦ i∗ = f ∗. By Definition 3.3, it follows that

θ( f ) =
[
( f ∗(U f )−wk( f ))

]
⌢ [M]

=
[

f ∗(U f )−
(

∑
i+ j=k

f ∗(wi(N))⌣ w j(M)−1)]⌢ [M]

=
[

f ∗V (U fV )−
(

∑
i+ j=k

f ∗V ◦ i∗(wi(N))⌣ w j(M)−1)]⌢ [M]

=
[

f ∗V (U fV )−
(

∑
i+ j=k

f ∗V (wi(V ))⌣ w j(M)−1)]⌢ [M]

= θ( fV ).

Remark 3.8. Prove that the following diagram commutes
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Hc
m+k−q(N;Z2) Hom(Hm+k−q

c (N;Z2),Z2)

Hc
m+k−q(V ;Z2) Hom(Hm+k−q

c (V ;Z2),Z2)

ϕN

i∗#i∗

ϕV

is equivalent to prove that this diagram commutes

Hc
m+k−q(N;Z2) Hq(N;Z2) Hom(Hq(N;Z2),Z2) Hom(Hm+k−q

c (N;Z2),Z2)

Hc
m+k−q(V ;Z2) Hq(V ;Z2) Hom(Hq(V ;Z2)Z2) Hom(Hm+k−q

c (V ;Z2),Z2)

D−1
N

i∗

ψN

(i∗)∗

(DN)
∗

i∗#i∗

D−1
V ψV (DV )

∗

Note that, we just have to prove that the first and the second rectangles commute.

For each x ∈ Hq(N;Z2)

i∗ ◦DV ◦ i∗(x) = i∗(i∗(x)⌢ [V ])

= x ⌢ i∗([V ])

= x ⌢ [N]

= DN(x).

For each α ∈ Hq(N;Z2) and γ ∈ Hq(V ;Z2)

((i∗)∗ ◦ψN)(α)(γ) = (i∗)∗(ψN(α))(γ)

= ψN(α)(i∗(γ))

= ⟨α, i∗(γ)⟩

= ⟨i∗(α),γ⟩

= ψV (i∗(α))(γ)

= (ψV ◦ i∗)(α)(γ).

In Section 1.2, for every generalized manifold M, we introduced a natural homomorphism

ηM : Hc
m−k(M;Z2)−→ Ȟc

m−k(M;Z2).

In this way, for every proper continuous map f : M −→ N between generalized manifolds with di-

mension m and m+ k, respectively, k > 0, we can consider

ηM(θ( f )) = θ f ∈ Ȟc
m−k(M;Z2).

If M is a compact generalized manifold or if it is an ENR Z2-homology manifold, it can be shown

that ηM is an isomorphism (see [8], [18] and [22]. Using this fact, for those spaces, every time θ f

vanishes as an element of Ȟc
m−k(M;Z2), then θ( f ) vanishes as an element of Hc

m−k(M;Z2).

Exists an equivalent definition to the Čech homology with compact support every time we consider

a closed subset of a generalized manifold.
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Lemma 3.9. Let f : M −→ N be a proper map between generalized manifolds. Then f (M) is closed.

Proof. Suppose that f : M −→ N is a proper continuous map between generalized manifolds. Since

every generalized manifold is a locally compact Hausdorff space we may admits that N has a basis of

precompact open subsets (see [17]).

We want to prove that N− f (M) is an open subset of N. For every y ∈ N− f (M), exists an open

neighborhood Vy of y where Vy is compact. Since Vy is compact in a Hausdorff space, we assert that

Vy is a closed subset in N. By the properness of f , we have that f−1(Vy) is a compact subset of M.

Note that

f ( f−1(Vy)) = f (M∩ f−1(Vy))

= f (M)∩Vy

is a compact subset. This show that f (M)∩Vy is a closed subset of N. Observe that

Uy := Vy∩
[
N− ( f (M)∩Vy)

]
= Vy∩

[
(N− f (M))∪ (N−Vy)

]
= Vy∩ (N− f (M))

is an open neighborhood of y where Uy ⊂ N− f (M). This shows that f (M) is a closed subset of N.

Remark 3.10. Suppose that f : M −→ N is a topological embedding between generalized manifolds

and f (M) is closed. Let V be a compact subset of N. Since M ≈ f (M),

V ∩ f (M) ≈ f−1(V )∩M

≈ f−1(V ).

Observe that V ∩ f (M) is compact because it is closed in a compact. This implies that f−1(V ) is

compact in M, and then f is a proper topological embedding.

Corollary 3.11. Let f : M −→ N be a topological embedding between generalized manifolds. Then

f is a proper continuous map if and only if f (M) is closed is a subset of N.

Let f : M −→ N a proper continuous map between generalized manifolds. By Lemma 3.7, f (M)

is a closed subspace of N. Consider the collection I = {V ⊂ N} of all open neighborhoods of f (M),

with the following partial relation: V ≤V ′ if and only if V ′ ⊂V .

For every V ≤V ′ ≤V ′′ in I, the inclusion i : V ′ ↪→V induces a homomorphism

φV,V ′ := i∗ : Hc
q(V

′;Z2)−→ Hc
q(V ;Z2),

where φV,V = idHc
q(V ;Z2) and φV,V ′ ◦φV ′,V ′′ = φV,V ′′ . This ensures that the family

{Hc
q(V ;Z2),φV,V ′}V,V ′∈I

is an inverse system.



39

Definition 3.12. For the inverse system {Hc
q(V ;Z2),φV,V ′}V,V ′∈I let {Ȟc

m−k( f (M);Z2),φV}V∈I be its

inverse limit. We denote

Ȟc
q( f (M);Z2) = lim

←−
V∈I

Hc
q(V ;Z2).

Remark 3.13. Using the Proposition 1.23, we can consider the commutative diagram

Hc
m−k(M;Z2) Hc

m−k( f (M);Z2)

Ȟc
m−k(M;Z2) Ȟc

m−k( f (M);Z2)

f̄∗

ηM η f (M)

f̄∗

where η f (M) is the only homomorphism such that, for every V ∈ I, φV ◦η f (M) = iV ∗, that means

η f (M) = lim
←−
V∈I

iV ∗.

There are some immediate corollaries of Theorem 3.6 and Lemma 3.7.

Corollary 3.14. Let f : M−→N be a proper continuous map between an m- dimensional generalized

manifold into an (m+ k)- dimensional generalized manifold, k > 0. Considering the restriction map

f̄ := M
f−→ f (M), then f̄∗(θ f ) ∈ Ȟc

m−k( f (M);Z2) vanishes.

Proof. Let I = {V ⊂N} the collection of open neighborhoods of f (M) in N. For each V ∈ I consider

the proper continuous map fV ∗ := M
f−→ V . Since V is open, we can apply the Theorem 3.6 and

conclude that fV ∗(θ( fV )) = 0. Using Lemma 3.7 we have that fV ∗(θ( f )) = fV ∗(θ( fv)) = 0. By the

inclusion iV : f (M) ↪→V , we obtain

iV ∗ ◦ f̄∗(θ( f )) = fV ∗(θ( f )) = 0.

Using the definition of Hc
m−k( f (M);Z2) we have that

lim
←−
V∈I

iV ∗ ◦ f̄∗ = η f (M) ◦ f̄∗.

Then

0 = lim
←−
V∈I

(iV ∗ ◦ f̄∗)(θ( f ))

= lim
←−
V∈I

iV ∗ ◦ f̄∗(θ( f ))

= η f (M) ◦ f̄∗(θ( f ))

= f̄∗ ◦ηM(θ( f ))

= f̄∗(θ f ).
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Corollary 3.15. Let f : M−→N be a proper continuous map between an m- dimensional generalized

manifold into an (m+ k)-dimensional generalized manifold, k > 0. If

f̄∗ : Ȟc
m−k(M;Z2)−→ Ȟc

m−k( f (M);Z2)

is a monomorphism , then θ f ∈ Ȟc
m−k(M;Z2) vanishes.

Proof. If

f̄∗ : Ȟc
m−k(M;Z2)−→ Ȟc

m−k( f (M);Z2)

is a monomorphism, using Corollary 3.14, we obtain that θ f = 0.

Corollary 3.16. Let f : M −→ N be a proper topological embedding between an m-dimensional gen-

eralized manifold into an (m+ k)-dimensional generalized manifold, k > 0. Then θ f ∈ Ȟc
m−k(M;Z2)

vanishes.

Proof. Suppose that f : M −→ N is a proper topological embedding. Then fv : M
f−→ f (M) is an

homeomorphism. This implies that

f̄∗ : Ȟc
m−k(M;Z2)−→ Ȟc

m−k( f (M);Z2)

is a monomorphism. Using Corolarry 3.15, we conclude that θ f = 0.

For every proper continuous map f : M→ N between ENR-Z2-homology manifolds, if θ f does

not vanish, then θ( f ) does not vanish either. Therefore, by Corollary 3.16, f cannot be properly

homotopic to a proper topological embedding.
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Applications

In order to conclude our work, we present some applications of the results established in Chap-

ter 3, using the properties of the classes θ( f ) ∈ Hc
m−k(M;Z2) and θ f ∈ Ȟc

m−k(M;Z2) considering

a continuous proper map f : M −→ N between generalized manifolds with dimension n and n+ k,

respectively.

4.1 The normal Euler class of a proper topological embedding

The goal of this section is to establish a relation between the Stiefel-Whitney class of the stable

normal bundle of a proper topological embedding between ENR Z2-homology manifolds and its

normal Euler class. For this, we need the definition of the Thom Class for a proper topological

embedding. To define this class, we will consider an analogous construction used in [9] and [12].

Let M and N be ENR Z2-homology manifolds with dimension m and m+ k, respectively, k > 0.

Let f : M −→ N be a proper topological embedding. Define the class τ( f ) ∈Hk(N,N− f (M);Z2) as

follows:

Since f is a proper topological embedding, f (M) is a closed subset of N and we may consider the

closed inclusion e : f (M) ↪→ N. Observe that f (M) is also an ENR Z2-homology manifold and, for

natural numbers 0≤ q≤ m− k, the natural homomorphism given in 1.2.

η f (M) : Ȟm+k−q
c ( f (M);Z2)−→ Hm+k−q

c ( f (M);Z2)

is an isomorphism. Also, consider the isomorphisms of the Alexander Duality given in [9]

D̃N : Ȟm+k−q
c ( f (M);Z2)−→ Hq(N,N− f (M);Z2)

and

D̃ f (M) : Ȟm+k−q
c ( f (M);Z2)−→ Hq−k( f (M);Z2).

Define the isomorphism

e! := D̃ f (M) ◦ D̃−1
N : Hq(N,N− f (M);Z2)−→ Hq−k( f (M);Z2).

41
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For q = k,

Hk(N,N− f (M);Z2) ∼= H0( f (M);Z2)

∼=
⊕

λ

H0(Nλ ;Z2)

∼=
⊕

λ

Z2

where each Nλ is a connected component of f (M). Denote vλ the generator of Hk(N,N− f (M);Z2)

which corresponds with the generator 1λ of H0( f (M);Z2) related with the λ -component. By the

universal coefficient Theorem, it follows that

Hk(N,N− f (M);Z2) ∼= Hom(Hk(N,N− f (M);Z2),Z2)

∼= Hom(H0( f (M);Z2),Z2).

We assert that there exists a unique τ ∈ Hk(N,N− f (M);Z2) such that ⟨τ,vλ ⟩= 1λ . This means that

we can define the class τ in terms of the generators of Hk(N,N− f (M);Z2). The class τ is called the

Thom class.

Now, considering the restriction f̄ : M
f−→ f (M) and the inclusion i : N ↪→ (N,N− f (M)), we

have the composition

M f (M) N (N,N− f (M))
f̄

f

e i

i.e. i◦ f = i◦ e◦ f̄ .

The image of τ by the homomorphism

(i◦ e)∗ := e∗ ◦ i∗ : Hk(N,N− f (M);Z2)−→ Hk( f (M),Z2)

is called normal Euler class and denoted by χ .

For the proper embedding f : M −→ N, the Thom Class of f is defined by τ f := τ . The normal

Euler class of f is define by χ f = f ∗ ◦ i∗(τ).

Note that

χ f = f ∗ ◦ i∗(τ)

= f̄ ∗ ◦ e∗ ◦ i∗(τ)

= f̄ ∗(χ).

Using [9], we consider the following proposition:

Proposition 4.1. Let e : f (M) ↪→ N be a closed inclusion and consider the composition

Hq( f (M);Z2) Hq(N,N− f (M);Z2) Hq−k( f (M);Z2).
(i∗◦e∗) e!
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Then,

e! ◦ (i∗ ◦ e∗)(ε) = χ ⌢ ε

for all ε ∈ Hq( f (M);Z2).

The cap product considered in Proposition 4.1 is

⌢: Hk(M;Z2)×Hq( f (M);Z2)−→ Hq−k( f (M);Z2).

If we consider the homomorphism e! as the composition

Hc
q(N,N− f (M);Z2)

D̃−1
N−→ Ȟm+k−q( f (M);Z2)

D̃ f (M)−→ Hc
q−k( f (M);Z2),

we have a similar result of Proposition 4.1 for the cap product

⌢: Hk(M;Z2)×Hc
q( f (M);Z2)−→ Hc

q−k( f (M);Z2).

Proposition 4.2. Let e : f (M) ↪→ N be a closed inclusion as in the previous discussion and consider

the composition

Hc
q( f (M);Z2) Hc

q(N,N− f (M);Z2) Hc
q−k( f (M);Z2).

(i∗◦e∗) e!

Then,

e! ◦ (i∗ ◦ e∗)(ε) = χ ⌢ ε

for all ε ∈ Hc
q( f (M);Z2).

The following lemma can be found in [3]:

Lemma 4.3. Let f : M −→ N be a proper embedding between ENR Z2-homology manifolds with

dimension m and m+ k, respectively, k > 0. Then, the diagram commutes

Hk(N;Z2) Hk( f (M),Z2)

Ȟk( f (M);Z2)

Hc
m(N;Z2) Hc

m(N,N− f (M),Z2)

DN

e∗

η
−1
f (M)

D̃N

i∗

where i : N −→ (N,N− f (M)) and e : f (M) ↪→ N are the inclusion.

Remark 4.4. The Poincaré duality is a particular case of Alexander duality. When we consider ENR

Z2-homology manifolds the following diagram is commutative
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Ȟk( f (M);Z2) Hc
m−k( f (M),Z2)

Ȟk( f (M);Z2)

D̃ f (M)

η
−1
f (M)

D f (M)

for η f (M) given in Section 1.2 and the Poincaré Duality D f (M) for f (M).

Finally, we have the result that relates the Stiefel-Whitney of the stable normal bundle of a proper

topological embedding between ENR Z2-homology manifolds and its normal Euler class.

Proposition 4.5. Consider M an m-dimensional ENR Z2-homology manifold and N an m+k-dimensional

ENR Z2-homology manifold, with k > 0. For a proper topological embedding f : M −→ N it follows

that

wk( f ) = f ∗(U f ) = χ f .

Proof. Using the previous discussion,

f̄∗(χ f ⌢ [M]) = f̄∗( f̄ ∗(χ)⌢ [M])

= χ ⌢ f̄∗([M])

= e! ◦ (i∗ ◦ e∗)◦ f̄∗([M])

= e! ◦ i∗ ◦ f∗([M])

= e! ◦ i∗(U f ⌢ [N])

= e! ◦ i∗ ◦DN(U f )

= e! ◦ D̃N ◦η
−1
f (M) ◦ e∗(U f )

= D̃ f (M) ◦ D̃−1
N ◦ D̃N ◦η

−1
f (M) ◦ e∗(U f )

= D̃ f (M) ◦η
−1
f (M) ◦ e∗(U f )

= D f (M) ◦ e∗(U f )

= e∗(U f )⌢ [ f (M)]

= e∗(U f )⌢ f̄∗[M]

= f̄∗( f̄ ∗ ◦ e∗(U f )⌢ [M])

= f̄∗( f ∗(U f )⌢ [M]).

Since f̄∗ is an isomorphism, it follows that χ f ⌢ [M] = f ∗(U f )⌢ [M]. The Poincaré duality provides

that χ f = f ∗(U f ). By the Corollary 3.16, we have that θ f = 0 and then θ( f ) = 0. This proves that

0 =
(

f ∗(U f )−wk( f )
)
⌢ [M];

Finally χ f = f ∗(U f ) = wk( f ).
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4.2 The Haefliger obstruction

In [13], Haefliger proved that, for all compact topological manifolds M and N of dimensions m

and m+ k, respectively, with k > 0, if f : M→ N is a topological embedding, then wi( f ) = 0, for all

i > k. In this section, we will prove a similar result considering ENR Z2-homology manifolds.

Lemma 4.6. Let f : M −→ N a proper continuous map between generalized manifolds with dimen-

sions m and m+ k, respectively, k > 0 . For each i > k, define

f̃i : M −→ N×Ri−k

x 7−→ f̃i(x) = ( f (x),0).

Then

w( f ) = w( f̃i).

Proof. Observe that, the composition of inclusions

N
id
↪→ N×{0} i

↪→ N×Ri−k

induces an isomorphism in cohomology

ϕ := id∗ ◦ i∗ : Hq(N×Ri−k;Z2)−→ Hq(N;Z2).

Note that

f̃i := i◦ id ◦ f : M −→ N×Ri−k

induced a homomorphism in cohomology

f̃ ∗i := f ∗ ◦ id∗ ◦ i∗ : Hq(N×Ri−k;Z2)−→ Hq(M;Z2)

and

f̃i ◦ϕ
−1 = f ∗ ◦ id∗ ◦ i∗ ◦ (i∗)−1 ◦ (id∗)−1

= f ∗.

If we prove that ϕ−1(v(N)) = v(N×Ri−k), then

ϕ
−1(w(N)) = ϕ

−1(Sq(v(N)))

= Sq(ϕ−1(v(N)))

= Sq(v(N×Ri−k))

= w(N×Ri−k)
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and

w( f̃i) = f̃ ∗i (w(N×Ri−k))⌣ w(M)

= f̃ ∗i ◦ϕ
−1(w(N))⌣ w(M)

= f ∗(w(N))⌣ w(M)

= w( f ).

For each j ∈ N, consider x ∈ Hm+i− j
c (N×Ri−k;Z2). Then

⟨x ⌣ ṽ j, [N×Ri−k]⟩= ⟨Sq j(x), [N×Ri−k]⟩,

where ṽ j is the j-th Wu classe of N×Ri−k. Let v j be the j-th Wu class of N and consider

v′j = ϕ
−1(v j),

if we prove that

⟨x ⌣ v′j, [N×Ri−k]⟩= ⟨Sq j(x), [N×Ri−k]⟩,

then ṽ j = v′j. This implies that v(N) = ϕ(v(N×Ri−k).

Using the isomorphism i∗ ◦ id∗ : H j(N;Z2)−→ H j(N×Ri−k;Z2), it follows that

Hm+i− j
c (N×Ri−k;Z2) ∼= H j(N×Ri−k;Z2)

∼= H j(N;Z2)

∼= H j(N;Z2)⊗Z2

∼= H j(N;Z2)⊗H0(Ri−k;Z2)

∼= Hm+k− j
c (N;Z2)⊗Hm+k− j

c (N;Z2).

For each x ∈ Hm+i− j
c (N×Ri−k;Z2), assume that x = x′× ε for x′ ∈ Hm+k− j

c (N;Z2) and ε the gen-

erator of Hm+k− j
c (N;Z2). Furthermore, we can consider v′j = v j × 1, where 1 is the generator of

H0(Ri−k;Z2). Then

⟨(x′× ε)⌣ (v j×1), [N]× [Ri−k]⟩ = ⟨(x′⌣ v j)× (ε ⌣ 1), [N]× [Ri−k]⟩

= ⟨x′⌣ v j, [N]⟩⟨ε, [Ri−k]⟩

= ⟨Sq j(x′), [N]⟩⟨ε, [Ri−k]⟩

= ⟨Sq j(x′)× ε, [N]× [Ri−k]⟩

= ⟨Sq j(x′× ε), [N]× [Ri−k]⟩.

This implies that

⟨x ⌣ v′j, [N×Ri−k]⟩= ⟨Sq j(x), [N×Ri−k]⟩

and v j = ϕ(ṽ j).
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Remark 4.7. For each x ∈ Hk(X ;Z2), we denote |x|= k. We have the following properties:

• ⟨x× y,a×b⟩= (−1)|x||y|⟨x,a⟩⟨y,b⟩

• (x1× y1)⌣ (x2× y2) = (−1)|y1||x2|(x1 ⌣ x2)× (y1 ⌣ y2)

For each generalized manifold N with dimension m+ k, using the homomorphism ϕ given in

Lemma 4.6 and the Poincaré duality, we obtain that

Hc
m(N×Ri−k;Z2) ∼= H i(N×Ri−k;Z2)

∼= H i(N;Z2)

∼= Hc
m−(i−k)(N;Z2)

∼= Hc
m−(i−k)(N;Z2)⊗Z2.

Proposition 4.8. Let M and N be ENR Z2-homology manifolds, with dimension m and m+k, respec-

tively, k > 0. For each proper topological embedding f : M −→ N, if i > k, then wi( f ) ∈ H i(M;Z2)

vanishes.

Proof. For i > k, using the proper continuous map f : M −→ N, we have the following proper con-

tinuous map

f̃i : M −→ N×Ri−k

x 7−→ f̃i(x) = ( f (x),0).

Note that f̃i([M]) ∈ Hc
m(N×Ri−k;Z2) can be seem as an element µ×1 ∈ Hc

m−(i−k)(N;Z2)⊗Z2.

Then µ = 0 and the Poincaré dual class of f̃i([M]) must be U f̃i = 0. Since f̃i is a proper topological

embedding, we can apply Corollary 3.16 and ηM(θ( f̃i)) = 0, where ηM : Hc
m(M;Z2)−→ Ȟc

m(M;Z2)

is an isomorphism. Then

θ( f̃i) =
(

f̃i(U f̃i)−wi( f̃i)
)
⌢ [M]

= −wi( f̃i)⌢ [M]

= 0.

Using the Poincaré duality, we conclude that wi( f̃i) = 0. By the Lemma 4.6,

wi( f ) = wi( f̃i) = 0.

A direct application of Proposition 4.8 is exhibit a sufficient condition under which Euclidean

spaces cannot be embedded as closed subsets of an ENR Z2-homology manifold.

Corollary 4.9. Let M be an ENR Z2-homology manifold with dimension m and wi(M) ̸= 0, for some

i > 0. Then M cannot be embedded as a closed subset of Rm+ j, for j ≤ i.
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Proof. Suppose that M can be embedded as a closed subset of Rm+ j, for j ≤ i. Then, for each j ≤ i,

there exists a proper embedding f : M −→ Rm+ j.

If j < i, using the definition of the i-th Stiefel-Whitney Class of the stable normal bundle of f , it

follows that

wi( f ) = ∑
α+β=i

f ∗(wα(Rm+ j))⌣ wβ (M)

= f ∗(w0(Rm+ j)⌣ wi(M))

= 1 ⌣ wi(M)

= wi(M)

̸= 0.

Note that Proposition 4.8 provides that wi( f ) = 0.

If j = i, using the Poincaré duality and U f ∈ H j(Rm+ j;Z2)∼= {0}, it follows that

θ( f ) = [ f ∗(U f )−w j(M)]⌢ [M]

= −w j(M)⌢ [M]

̸= 0.

Corollary 3.16 guarantee that θ( f ) = 0.

Then M cannot be embedded as a closed subset of Rm+ j for j ≤ i.

4.3 The self-intersection set of a proper continuous map

In this section, we define the self-intersection set of a continuous map. Using this, we will discuss

the relation of the class θ f , defined in Chapter 3, and the image of the induced homomorphism given

by inclusion considering the closure of the self-intersection set as a subset of a compact subset.

Definition 4.10. Let f : M −→ N a continuous map between topological spaces. The set

M( f ) = {x ∈M| f−1( f (x)) ̸= {x}}

is called the self-intersection set of f.

Note that the self-intersection set of a continuous map is set of the elements in the source in which

the map is not injective.

Lemma 4.11. Consider the diagram of modules and homomorphisms
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· · · Ci+1 Ai Bi Ci · · ·

· · · C′i+1 A′i B′i C′i · · ·

fi+1

γi+1

gi

αi βi

hi

γi

f ′i+1 g′i h′i

where each row is a exact sequence and each rectangle commutes. Suppose that, for k ∈ N, each

γk : Ck −→C′k is an isomorphism. Then, for all i≥ 0, there exist homomorphisms

ϕi : Ai −→ A′i⊕Bi

a 7−→ ϕ(a) = (αi(a),gi(a));

ψi : A′i⊕Bi −→ B′i

(b,c) 7−→ ψ(b,c) = βi(c)−g′i(b)

and

ηi : B′i −→ Ai−1

d 7−→ ηi(d) = fi ◦ γ
−1
i ◦h′i(d),

such that the following sequence is an exact sequence

· · · Ai A′i
⊕

Bi B′i Ai−1 · · · .ϕi ψi ηi

Proof. See [12]

Considering the closure of the self-intersection of a map, we have the following:

Proposition 4.12. Let M be a compact m-dimensional generalized manifold and N an m+k-dimensional

generalized manifold, k > 0. For each proper continuous map f : M−→N, consider A=M( f ). Then,

there exists an element µ ∈ Ȟm−k(A;Z2) such that

j∗(µ) = θ f ∈ Ȟm−k(M;Z2)

and

( f|A)∗(µ) = 0 ∈ Ȟm−k( f (A);Z2),

where j : A ↪→M and f|A : A
f−→ N.

Proof. If A = /0, we have that f̄ : M
f−→ f (M) is an embedding and f̄∗ is a monomorphism. Takes

µ = 0.

Observes that (M,A) and ( f (M), f (A)) are compact pairs. Then, we have commutative a diagram
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Ȟi+1(M;Z2) Ȟi+1(M,A;Z2) Ȟi(A;Z2) Ȟi(M;Z2)

Ȟi+1( f (M);Z2) Ȟi+1( f (M), f (A);Z2) Ȟi( f (A);Z2) Ȟi( f (M);Z2)

f̄∗ f̄∗

j∗

( f̄|A)∗ f̄∗

j′∗

where each row an exact sequence (see [10]).

Since f|M−A : M−A−→ f (M)− f (A) is a homeomorphism, we say that f : (M,A)−→ ( f (M), f (A))

is a relative homeomorphism. In [10], Eilenberg and Steenrod guarantee that the Čech homology is

invariant under relative homeomorphism for compact pairs, this mean that

f̄∗ : Ȟi(M,A;Z2)−→ Ȟi( f (M), f (A);Z2)

is an isomorphism for each i≥ 0.

Using Lemma 4.11, there exists an exact sequence

· · · Ȟm−k(A;Z2) Ȟm−k( f (A);Z2)
⊕

Ȟm−h(M;Z2) Ȟm−k( f (M);Z2) · · ·ϕ ψ

where j : A ↪→M, j′ : f (A) ↪→ f (M), ϕ = (( f|A)∗, j∗) and ψ(b,c) = f̄∗(c)+ j′∗(b). Observe that

ψ(0,θ( f )) = f̄∗(θ f )+ j′∗(0).

Corollary 3.14 provides that f̄∗(θ f ) = 0.

By the exactness of the above sequence, there exists µ ∈ Ȟm−k(A;Z2) such that

ϕ(µ) = (( f̄|A)∗(µ), j∗(µ))

= (0,θ f )

Then j∗(µ) = θ f and ( f̄|A)∗(µ) = 0.

Using the same idea of Proposition 4.12, if v ∈ Ȟm−k( f (A);Z2) satisfies j′∗(v) = 0, we can apply

the exactness property and there exists µv such that j∗(µv) = θ f and ( f̄|A)∗(µv) = v.

Using Proposition 4.12 we cannot guarantee that µ ̸= 0. In [21], Ronga gives some additional

hypothesis in which µ ̸= 0 when A ̸= /0.

To the next corollary, we need the definition of topological dimension for a topological space (see

[16]).

Definition 4.13. The topological dimension of a topological space X at a point x ∈ X is defined

inductively, for n≥ 0:

• we say that X has dimension 0 at x ∈ X if, for each neighborhood U of x, there exists a neigh-

borhood V of x with V ⊂U and ∂V =∅;
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• we say that X has dimension less than or equal to n at x ∈ X if, for each neighborhood U of x,

there exists a neighborhood V of x such that V ⊂U and ∂V has dimension less than or equal to

n−1.

By convention, the empty set has dimension −1.

Definition 4.14. A topological space X has dimension less than or equal to n if has dimension less

than or equal to n at each of its points.

Lemma 4.15. Let X be a compact topological space with topological dimension less than or equal to

n. Then, given any closed C ⊂ X, Hn+1(X ,C;Z2)∼= {0}.

Proof. See [16].

Corollary 4.16. Let f : M−→N be a continuous map between a compact m-dimensional generalized

manifold into an m+ k- generalized manifold, k > 0. If the topological dimension of M( f ) is strictly

less than m− k, then θ( f ) ∈ Hm−k(M;Z2) vanishes.

Proof. Since the topological dimension of A = M( f ) is less than m− k and A is compact, by Lemma

4.15, we have that

Ȟm−k(A;Z2)∼= {0}.

Then Ȟm−k(A;Z2)∼= {0} and using Proposition 4.12 it follows that µ = 0. Hence θ( f ) = 0.

4.4 Applications on Real Projective Spaces

To conclude our work, we apply the results from Chapter 3 to continuous maps between real

projective spaces RPn and certain generalized manifolds. Here n is always a power of 2. The main

result of this section is original and constitutes a generalization of the results given in [1] where the

authors used n = 2 and X is a 3-dimensional generalized manifold.

Note that, RPn is an n-dimensional compact connected generalized manifold. Then, for 0≤ q≤ n,

Ȟc
q(RPn;Z2) ∼= Hc

q(RPn;Z2)

∼= Hq(RPn;Z2)

∼= Z2.

Moreover, a continuous map f : RPn → X into a generalized manifold is always a proper map

(RPn is compact and X is Hausdorff).

The following lemmas only require the structure of RPn as a topological space. Assume that X is

an arbitrary Hausdorff topological space.
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Lemma 4.17. Consider f : RPn −→ X a continuous map. Denote by

( f∗)∗ : Hom(Hk(X ;Z2),Z2)−→ Hom(Hk(RPn;Z2),Z2)

the dual of the induced homomorphism

f∗ : Hk(RPn;Z2)−→ Hk(X ;Z2).

Let

ψ : Hk(X ;Z2)−→ Hom(Hk(X ;Z2),Z2)

and

φ : Hk(RPn;Z2)−→ Hom(Hk(RPn;Z2),Z2)

be the isomorphisms given by the universal coefficient Theorem. Then, the following diagram is

commutative

Hk(X ;Z2) Hom(Hk(X),Z2)

Hk(RPn;Z2) Hom(Hk(RPn),Z2)

f ∗

ψ
∼=

( f∗)∗
φ
∼=

Proof. For every x ∈ Hk(X ;Z2) and y ∈ Hk(RPn;Z2), it follows that

( f∗)∗ ◦ψ(x)(y) = ( f∗)∗(ψ(x))(y)

= ψ(x)( f∗(y))

= ⟨x, f∗(y)⟩

= ⟨ f ∗(x),y⟩

= φ( f ∗(x))(y)

= φ ◦ f ∗(x)(y).

This prove that the diagram commutes.

Lemma 4.18. Let f : RPn −→ X be a continuous map. Then, for 0 ≤ k ≤ n, the induced homomor-

phism

f∗ : Hk(RPn;Z2)−→ Hk(X ;Z2)

is injective if and only if the induced homomorphism

f ∗ : Hk(X ;Z2)−→ Hk(RPn;Z2)

is surjective.
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Proof. First, observe that, for 0≤ k≤ n, Hk(RPn;Z2)∼=Z2. Using the universal coefficient Theorem,

it follows that

Hk(RPn;Z2) ∼= Hom(Hk(RPn;Z2),Z2)

∼= Hom(Z2,Z2)

∼= Z2.

Suppose that f∗ is an injective homomorphism and f ∗ is not surjective. Since f ∗ is not surjective

we assert that f ∗ is the trivial homomorphism. Using the Lemma 4.17, for all x∈Hom(Hk(X ;Z2),Z2),

( f∗)∗(x) = φ ◦ f ∗ ◦ψ
−1(x) = 0

and ( f∗)∗ is the trivial homomorphism.

Consider ε the generator of Hk(RPn;Z). Observe that f∗(ε) ̸= 0. Since Hk(X ;Z) is a vector

space and f∗(ε) ̸= 0, we can choose a basis ( f∗(ε),x1, . . . ,x j) for Hk(X ;Z), where each xi ∈Hk(X ;Z),
i = 1, . . . , j. Define the linear functional

α : Hk(X ;Z2)−→ Z2

such that α(xi) = 0 and α( f∗(ε)) ̸= 0, for i = 1, · · · , j. Then

0 = ( f∗)∗(α)(ε) = α ◦ f∗(ε) ̸= 0.

This is a contradiction. This prove that f ∗ has to be a surjective homomorphism.

Now, suppose that f ∗ is a surjective homomorphism and f∗ is not injective. Since f∗ is not

injective and Hk(RPn;Z2) ∼= Z2, we conclude that f∗ is the trivial homomorphism. There exists a

class x ∈ Hk(X ;Z2) such that f ∗(x) is the generator of Hk(RPn), this means that

φ( f ∗(x)) = idHk(RPn;Z2) : Hk(RPn;Z2)−→ Hk(RPn;Z2).

Using the commutative diagram

( f∗)∗ ◦ψ(x) = φ ◦ f ∗(x)

= idHk(RPn;Z2)

and

( f∗)∗ ◦ψ(x) = ψ(x)◦ f∗

= 0.

This is a contradiction and it proves that f∗ has to be an injective homomorphism.
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Now, considering the fundamental class [RPn] ∈ Hn(RPn;Z2), we have the following:

Lemma 4.19. Let f : RPn −→ X be a continuous map into a Hausdorff space X. Suppose that

f∗([RPn]) ∈ Hn(X ;Z2) is the trivial class. Then f∗ : H1(RPn;Z2)−→ H1(X ;Z2) is the trivial homo-

morphism.

Proof. Suppose that f∗ : H1(RPn;Z2) −→ H1(X ;Z2) is not the trivial homomorphism, then f∗ is

injective. Using Lemma 4.18, we have that f ∗ is surjective. There exists a class ε ∈ H1(X ;Z2) such

that f ∗(ε) generates H1(RPn;Z2). Using the properties of the cup product considering RPn

f ∗(ε)⌣ f ∗(ε)⌣ ... ⌣ f ∗(ε)︸ ︷︷ ︸
n−times

= f ∗(εn) ̸= 0

This prove that f ∗(εn) generates Hn(RPn;Z2) and f ∗ : Hn(X ;Z2)−→ Hn(RPn;Z2) is surjective.

Since f ∗ is surjective, f∗ is injective. But f∗([RPn]) = 0 and we have a contradiction. This proves

that f∗ : H1(RPn;Z2)−→ H1(X ;Z2) is the trivial homomorphism.

A direct consequence of the Lemma 4.19 is a generalization of the results given in [1] where the

authors used n = 2 and X a 3-dimensional generalized manifold.

Proposition 4.20. Let f : RPn −→ X be a continuous map into an n+ 1-dimensional generalized

manifold. Suppose that f ∗(1) ∈ H0(RPn;Z2) is nonzero and f∗([RPn]) = 0. Then, the induced ho-

momorphism

f̄∗ : Hn−1(RPn;Z2)−→ Ȟn−1( f (RPn);Z2)

is trivial for f̄ : RPn f−→ f (RPn).

Proof. By Lemma 4.19, f∗ : H1(RPn;Z2) −→ H1(X ;Z2) is the trivial homomorphism. In this case,

f ∗ : H1(X ;Z2)−→ H1(RPn;Z2) is also the trivial homomorphism and

θ( f ) =
[

f ∗(U f )− ∑
i+ j=1

f ∗(wi(X)⌣ w̄ j(RPn)
]
⌢ [RPn]

= −
(

f ∗(1)⌣ w1(RPn)
)
⌢ [RPn]

= −w1(RPn)⌢ [RPn].

By Example 2.19, we have that wk(RPn) ̸= 0 and then θ( f ) ̸= 0.

Since Hn−1(RPn;Z2)
ηRPn∼= Ȟn−1(RPn;Z2) and θ( f ) ̸= 0, we have that θ f ̸= 0. This shows that θ f is

the generator of Hn−1(RPn;Z2). By Corollary 3.2, f̄∗θ f = 0 and then f̄∗ is the trivial homomorphism.

We can generalize the results in Proposition 4.20 to continuous maps between RPn and an n+2-

dimensional generalized manifolds, for n > 2.
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Lemma 4.21. Let f : RPn −→ X be a continuous map into a Hausdorff space. Suppose that the

induced homomorphism f∗ : Hn(X ;Z2) −→ Hn(RPn;Z2) is trivial, n > 2. Then, the homomorphism

f∗ : H2(X ;Z2)−→ H2(RPn;Z2) is trivial.

Proof. If f∗ : H2(RPn;Z2)−→H2(X ;Z2) is non trivial, there exists ε ∈H2(X ;Z2) such that f ∗(ε) is

the generator of H2(RPn;Z2). Since n is even, exists α ∈ N such that n = 2α . Then

f ∗(ε)⌣ · · ·⌣ f ∗(ε)︸ ︷︷ ︸
α−times

= f ∗(εα) ̸= 0.

Observe that f∗ : Hn(X ;Z2)−→Hn(RPn;Z2) is the zero homomorphism and we have a contradiction.

This proves that f ∗ : H2(RPn;Z2)−→ H2(X ;Z2) is the zero homomorphism.

Proposition 4.22. Let f : RPn −→ X be a continuous map into an n+ 2-dimensional generalized

manifold, n > 2. Suppose that f ∗(1) ∈H0(RPn;Z2) is nonzero and f∗([RPn]) = 0. Then, the induced

homomorphism

f̄∗ : Hn−2(RPn;Z2)−→ Ȟn−2( f (RPn);Z2)

is trivial, for f̄ : RPn f−→ f (RPn).

Proof. By Lemma 4.19 and Lemma 4.21, f∗ : Hk(RPn;Z2) −→ Hk(X ;Z2) is the trivial homomor-

phism for k = 1,2. In this case, f ∗ : Hk(X ;Z2) −→ Hk(RPn;Z2) is also the zero homomorphism

and

θ( f ) =
[

f ∗(U f )− ∑
i+ j=2

f ∗(wi(X))⌣ w j(RPn)
]
⌢ [RPn]

= −
(

f ∗(1)⌣ w2(RPn)
)
⌢ [RPn]

= −w2(RPn)⌢ [RPn]

By Example 2.19, we have that wk(RPn) ̸= 0 and then θ( f ) ̸= 0.

Since Hn−2(RPn;Z2)
ηRPn∼= Ȟn−2(RPn;Z2) and θ( f ) ̸= 0, we have that θ f ̸= 0. This shows that θ f is

the generator of Hn−2(RPn;Z2). By Corollary 3.2, f̄∗θ f = 0 and then f̄∗ is the trivial homomorphism.

Remark 4.23. Observe that the hypothesis that n is a power of 2 is essential to guarantee that

wk(RPn) ̸= 0.

Corollary 4.24. Let f : RPn −→ X be a continuous map into an n+k-dimensional generalized man-

ifold X, with k = 1,2 and n > 2. If f∗([RPn]) = 0, then f cannot be a topological embedding.
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Proof. Suppose that f : RPn −→ X is a topological embedding. Then f̄ : RPn −→ f (RPn) is a home-

omorphism and

f̄∗ : Hn−k(RPn;Z2)−→ Ȟn−k( f (RPn);Z2)

is an isomorphism. Observe that, by Proposition 4.20 and Proposition 4.22, f̄∗ = 0. We have a

contradiction and f : RPn −→ X cannot be a proper topological embedding.

Remark 4.25. Note that Corollary 4.24 is also true for n = 2 when k = 1.



Bibliography

[1] C. Biasi, J. Daccach and O. Saeki, A primary obstruction to topological embeddings for maps
between generalized manifolds, Pacific J. Math., Vol. 197, no. 2, 2001, 275–289.

[2] C. Biasi, J. Daccach and O. Saeki, A primary obstruction to topological embeddings and its
applications, Manuscripta Math. 104 (2001), no. 1, 97–110.

[3] C. Biasi, J. Daccach and O. Saeki, On the self-intersection set and the image of a generic map,
Math. Scand. 80 (1997), no. 1, 5–24.

[4] C. Biasi, J. Daccach and O. Saeki, On the Betti number of the image of a generic map, Comment.
Math. Helv., 72 (1997), 72–83.

[5] A. Borel, The Poincaré duality in generalized manifolds, Mich. Math. J., 4 (1957), 227–239.

[6] A. Borel et al., Seminar on Transformation Groups, Ann. of Math. Studies, Vol. 46, Princeton
Univ. Press, Princeton, N. J., 1960.

[7] G.E. Bredon, Wilder manifolds are locally orientable, Proc. Nat. Acad. Sci. U.S.A., 63 (1969),
1079–1081.

[8] G.E. Bredon, Sheaf Theory, second edition, Graduate Texts in Math., Vol. 170, Springer-Verlag,
New York, 1997.

[9] A. Dold, Lectures on Algebraic Topology, Die Grundlehren der math. Wissenschaften, Band
200, Springer-Verlag, Berlin, Heidelberg, New York, 1972.

[10] S. Eilenberg and N. Steenrod, Foundations of Algebraic Topology, Princeton Univ. Press,
Princeton, N. J., 1952.

[11] D. Epstein and N. Steenrod, Cohomology Operations, Annals of Math. Studies 50, Princeton
Univ. Press, 1962.

[12] M.J. Greenberg, Algebraic Topology: A First Course, Mathematics Lecture Note Series, W. A.
Benjamin, Inc., New York, 1967.

[13] A. Haefliger, Points multiples d’une application et produit cyclique reduit, Amer. J. Math., 83
(1961), 57–70.

[14] A. Hatcher, Algebraic Topology, Cambridge University Press, Cambridge, 2002.

[15] T.W. Hungerford, Algebra, Graduate Texts in Mathematics 73, Springer-Verlag, New York,
1974.

57



58 Bibliography

[16] W. Hurewicz and H. Wallman, Dimension Theory, Princeton Math. Series, Vol. 4, Princeton
Univ. Press, Princeton, 1948.

[17] J. M. Lee, Introduction to Smooth Manifolds, 2nd ed., Graduate Texts in Mathematics, Vol. 218,
Springer-Verlag, New York, 2013.
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