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Resumo

Este trabalho apresenta um estudo sobre uma certa classe de obstrugdes a existéncia de uma ho-
motopia prépria entre uma aplicacdo continua prépria e um mergulho topolégico préprio entre va-
riedades generalizadas, sem assumir qualquer estrutura diferencidvel. Essa classe foi estudada por
Carlos Biasi, Janey Daccach e Osamu Saeki em [[1], utilizando variedades generalizadas, e em [2],
assumindo uma estrutura suave. Considerando tal classe, obtemos algumas aplicagdes interessantes
envolvendo classes de Euler, obstrucao de Haefliger, conjuntos de auto-intersecio e espacos projetivos

reais.

Palavras-chave: dualidade de Poincaré; variedades generalizadas; obstrucdes; operacdes quadrado

de Steenrod; classes de Stiefel-Whitney, espacos projetivos reais
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Abstract

This work presents a study of a certain class of obstructions to the existence of a proper ho-
motopy between a proper continuous map and a proper topological embedding between generalized
manifolds, without assuming any smooth structure. Such a class was studied by Carlos Biasi, Janey
Daccach, and Osamu Saeki in [1]] using generalized manifolds, and in [2]] assuming a smooth struc-
ture. Using this class, we derive some interesting applications involving Euler classes, Haefliger’s

obstruction, self-intersection sets, and real projective spaces.

Keywords: Poincaré duality; generalized manifolds; obstructions, Steenrod squaring operations;

Stiefel-Whitney classes, real projective spaces.
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Introduction

The existence and classification of embeddings between topological manifolds is an important
topic in many areas of mathematics. A natural question arises: given a continuous map between two
topological manifolds, under what conditions can it be homotopic to an embedding? Classical tech-
niques that address this problem often rely on differential topology and the use of smooth structures.
However, many topological spaces of interest do not admit a differentiable structure, which motivates
the development of tools (here algebraic tools) that can be use in a more general topological setting.

This work presents a study of a certain class of obstruction to the existence of a proper homotopy
between a proper continuous map and a proper topological embedding between generalized mani-
folds, without assuming any smooth structure. Such a class of obstruction was first introduced by
Carlos Biasi, Janney Daccach, and Osamu Saeki in [2]], under the assumption of smoothness. Later,
in [1]], the authors generalized the construction to a more general class of spaces; known as generalized
manifolds; which have local homological properties similar to those of Euclidean spaces.

In Chapter [1| we present the basic definitions and algebraic tools needed throughout this work.
We recall the notions of direct and inverse limits in the category of Zj;-modules and introduce the
definitions of singular homology with closed support and singular cohomology with compact support.
We also discuss the Steenrod squaring operations and some of their properties.

In Chapter 2] we provide a precise definition of generalized manifolds and explore their properties.
Using the Poincaré duality, we define the Wu classes and, subsequently, the Stiefel-Whitney classes.

In Chapterwe define an obstruction class 0y € fl;l_ (M Zy) associated to a proper map f: M —
N between generalized manifolds with dimension m and m + k, respectively, kK > 0. We prove that if
this class does not vanish, then f cannot be properly homotopic to a topological embedding.

The Chapter ] is dedicated to presenting some applications of the obstruction class defined in
Chapter [3] First, we study the relationship between the Euler normal class of a proper topological
embedding and its Stiefel-Whitney classes. We extend a classical result of Haefliger on the vanishing
of Stiefel-Whitney classes for proper embeddings to ENR Z;-homology manifolds. We also intro-
duce the notion of self-intersection set of a continuous map and investigate its connection with the
obstruction class 6y for compact generalized manifolds. Finally, we generalize the results given in
Section 4 of [1]] to continuous maps between real projective spaces RP" and certain generalized mani-
folds, under the assumption that  is a power of 2. More specifically, the main result in the Section4.4]

(Lemma{4.19) is original and constitutes a generalization of the results given in [1] where the authors

1



2 Introduction

used n = 2 and X is a 3-dimensional generalized manifold.



CHAPTER 1

Foundational Concepts

This chapter presents some basics definitions and results that will be used throughout this work.
It is important to observe that we will assume some previous knowledge of singular homology and

singular cohomology, including some important properties of these modules.

1.1 Algebraic Limits for homology and cohomology

The main algebraic objects in this work are the singular homology with closed support and singu-
lar cohomology with compact support. In order to define these objects, we first introduce the notion

of algebraic limits considering systems of modules and homomorphisms.

1.1.1 Algebraic limits for modules

We will introduce the algebraic limits for direct systems and inverse systems, together with the
proof of their existence. Here I will always denote a quasi-ordered set. The following discussion can
be found in [12].

Definition 1.1. Let {X;};cy be a collection of modules and let {@;; : X; — X;'}; 71 be a family of
homomorphisms. We say that the family {X;, @y ;}c1 is a direct system of modules if, for all i <i' <"

in I, the following conditions are satisfied:
* Qo Qpi= Qs
* @i =idx;,

where idy, : X; — X; is the identity map.

Definition 1.2. Given a direct system of modules {X;, ¢y ;}; 7c1, we say that a module X together with
a family of homomorphism {¢; : X; — X },cy are a direct limit of modules if satisfies the following

conditions:
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(i) forevery i <i'inX, @yo@y; = @;;

(ii) (Universal property) for any module ¥ and any family of homomorphisms {y; : X; — Y }c1,
satisfying the condition that, for all i < in I, yy o @y ; = ; , there exists a unique homomor-

phism y : X — Y such that the following diagram commutes

Xi

and we denote

y = lim v,

iel

Some natural questions arise from the definition of the direct limit of modules: Does every direct
system of modules admit a direct limit? If such a direct limit always exists, can we prove that it is

unique?

Proposition 1.3. Let {X;, ¢y ;}; 7cr be a direct system of modules. If its limit exists, it has to be unique

up to isomorphism.

Proof. Suppose that {M,¢; : X; — M};c1 and {N,y; : X; — N}y are two direct limits for the
same direct system {X;, ¢ ;}; 7c1. By Definition we have that y; o @y ; = ;. Using the universal
property, there exists a unique homomorphism y : M — N such that Yy o ¢; = ;. In an analogous
way, there exists a unique homomorphism ' : N — M such that ¥/ o y; = ¢;.

Observe that y is a isomorphism. In fact, for all i € I,

yi=yop=yoy oy

and
g =y oyi=yoyogq.
Using the universal property, idy and idy; are the unique homomorphism such that idy o y; = y; and

idy o @; = @;. Then v and Y’ are isomorphism.
]
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Definition 1.4. Let {X;, ¢y ;}; 7c1 be a direct system of modules and let {X, ¢; : X; —> X}y be its
direct limit. We denote
X :=1lim X;.
—
i€l

Proposition 1.5. The direct limit of a direct system {M;, @y ;}; 7y always exists.

Proof. First, define
M =EPM;
icl
where @,y M; is defined as the set of all functions
¢o:1— UM,‘
icl
where (i) # 0 for only a finite number of indices i € I. For each i € I, consider the homomorphism
¢! : M; — M’ defined by

(pi/:Mi — M/

x — ¢/(x)

where
o/(x): 1 — | JM;
i€l
SN x sej=i
J 0 sej#i.

In this way, for each i € I, we identify ¢/(x) € M’ as

(0] (x)(J)) jer = (x}) jer

where x; is non zero just for j =i and x; = x. Observe that ¢; is a monomorphism for all i € L.

For each i </’ in I consider the composition:
‘Pi// oQy;:M; — MI,
and defined the set

S={(@jopr;(x)—¢/(x),Vi<iVxeM}cPM=M.
icl
Denote by [S] the submodule of M’ generated by S.
We want to prove that {M, ¢; : M; — M} is the direct limit of {M;, @y ;}; 7c1, Where @; == wo ¢/,
M = M'/[S] and

M — M

x — x+[S]
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is the natural projection.
Observe that, for each x € M;,

@y oy i(x) = mod;o@ (x)
= ¢ro@; ;(x)+[S]
= ¢;(x)+[S]
= mo¢;(x)
= ¢i(x).

For a module N and a family of homomorphisms {y; : M; — N};cy where y; o @y ; = y;, we
want to prove that there exists a unique homomorphism y : M — N such that yo ¢y = ;.
For each x; € M;, y;(x;) € N and (x;);c; € M’, consider

Z l//i(xi) EN.
icl
In this way, define y : M’ — N as
v((xi)ier) = Y, Vilxi).
icl
It can be easily been proved that [S] C Ker(y) and there exists a unique homomorphism ¥ : M — N

such that ¥ (x + [S]) = y(x) (see [15]]).
Note that, for x € M;,

Vopi(x) = W(mog/)(x)

This prove that {M, ¢; }cy is the direct limit for the directed system {M;, @y ;}; 7cr.
]

The definition of the inverse system of a module and its inverse limit is similar to the definition of
direct system of module and its direct limit; all we need to do is reverse the arrows of the homomor-

phisms.

Definition 1.6. Let {X;};cy be a collection of modules and let {¢; 7 : Xy — X;}; 71 be a family of
homomorphisms. We say that {X;, ¢; s }ic1 is an inverse system of modules if, for all i <i' <" in 1,

the following conditions are satisfied:

¢ Qi oQy =@,
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* @ = idy,.

Definition 1.7. Given an inverse system of modules {X;, ¢; 7 }; 7c1, we say that a module X together
with a family of homomorphisms {@; 7 : Xy — X;}cx are an inverse limit of modules if satisfies the

following properties:
(i) forevery i <i'inl, @; 0 @y = @;;

(ii) (Universal property) for any module ¥ and any family of homomorphisms {y; : ¥ — X;}icy
satisfying the condition that, for all i < ¢ in I, ¢; 7 o yy = y;, there exists a unique homomor-

phism y : Y — X such that following diagram commutes

Xy

and we denote

yi=lim y;.

i€l

Using the same argumentation of Proposition [I.3] one can show that if the inverse limit of an
inverse system of modules exists, then it is unique up to isomorphism. Furthermore, the inverse limit

of an inverse system always exists.

Definition 1.8. Let {X;, ¢y ;}; 7c1 be an inverse system of modules and let {X, ¢; : X — X; };cg be its
direct limit. We denote
X =Ilim Xl'.
%

i€l

Proposition 1.9. The inverse limit of an inverse system {M;, ¢ y }; ycy always exists.

Proof. Let us show that {M, ¢; }cy is the inverse limit for {M;, ; s }; 71 , Where

iel

¢;v(my) =m; foralli <i' € I}

M = {(mi)iel € HMi

and

(pkiM—>Mk
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is defined by @ ((m;)ier) = my.
In fact, for every i </ in I and each (m;);c € M,
@; i © Qi ((mi)icr) = @i ¢ (m§) =m; = (Pi((mi)iel)-

Now, for the universal property, suppose that there exists a family {N, y; : ¥ — X;};cy such that
¢; 7 © Yy = ;. Define the homomorphism

y:N — M
y I (ll/l(y>)lel

as y(y) = (l//,-(y))l. 1+ Note that ;o y = y; for all i € I. Moreover, if there exists another homomor-
phism ¥ : N — M such that @; o y = y;, its easy to see that [ = y.
0

1.1.2 Homology with closed support and cohomology with compact support

Consider M a topological space and let I, be the quasi-ordered set of all compact subsets of M
where, for K, K’ € I, we have that K < K’ if and only if K C K'.

For every K < K’ in I, the inclusion of pairs
i:(M,M—K')~ (M,M—K)
induces a homomorphism in singular homology
Ok k= is: Hy(M,M — K", Z) — Hy(M,M — K;Z5)

for all ¢ € N. Moreover, for every K < K’ < K” in Iy we have that ¢gx x = idp,(mm—k:z,) and

¢K,K, o ¢K/,K” = ¢K,KN' Thls prOVideS that

{H;(M,M — K;Zs), 0k k' } k K'ely
is an inverse system of modules.

Definition 1.10. The algebraic limit of the inverse system {H,(M,M — K;Z,), g ' } k k'c1,, is called
the homology with closed support of M and it is denoted by

Hy(M) = lim H,(M,M —K;7Z).
Kely
In [22], a characterization for the homology with closed support is given by: Let M be a topolo-
gical space and consider the collection .# = {K }kcy,,- A compatible family of .#" is a collection of

classes {zx € Hy(M,M — K;Z,)} ke, for a natural number g, such that, if K, K’ € J# then zx and

zg are identified under homomorphism induced by inclusion
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H,(M,M —K,7) — Hy,(M,M — (KNK'),Z3) +— Hy,(M,M — K', ;).

All the % compatible family form a module with the componentwise operations. Observe that
this characterization is equivalent to the one given in DefinitionT.10}
To define the cohomology with compact support we must do a similar construction. For every

K < K’ in I, consider the pair inclusion
i:(M,M—-K')— (M,M—K).
This induces a homomorphism in cohomology
gk =1 HI(MM—K;Z,) — HI(M,M —K';Z5)

for all g € N. For K < K’ in Iy, it follows that Qg x = idga(mm—k;7,) and Qgr g1 0 Q' xk = Pk k-
This asserts that
{HY(M,M —K;Zs),0g' k Yk K'cly

forms is a direct system of modules.

Definition 1.11. The algebraic limit of the direct system {HY(M,M — K;Z5), g’ k } k k'c1,, iS called
the cohomology with compact support of M and denoted by

HI(M;Z,) = lim HYM,M—K;Z3).
Kely

Remark 1.12. Let M be a compact topological space. Then
H;(M, Zz) = Hq(M; Zz)

and
Hg(M;Zz) qu(M;Zz).

Suppose that f : M — N is a continuous map between topological spaces. Can we define an
induced homomorphism
Je t Hy(M;Za) — Hy (N3 Z3)

for all g € N? If f is a proper continuous map, we guarantee that f induces a homomorphism using the
universal property as follows: for every K C N compact, the properness of f asserts that f~! (KycM
is compact and f(M — f~!(K)) € N—K. For f~!(K) C M, consider the homomorphisms

Or-1(x)  Hy (M 7o) — Hy(M,M — f~'(K); Zs)
given by the inverse limit and the induced homomorphism
feHy(M,M — £ (K);Zy) — Hy(N,N — K;Z3)

Define the composition
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Vg = fx Od)ffl(K) : H;(M;Zz) — Hq(N,N—K;Zz)
For all K < K’ compact subsets of N, the following diagram commutes

(M,M — f~1(K")) I, (N,M—K')

L lf

(M,M— f~Y(K)) —— (N,M—K)

where i denote the inclusions. We induce a commutative diagram

Hy (MM~ f~Y(K'"):Z2) —"— H,(N,N —K';Z5)

l(b_fq (K).f~ (K" l‘f’z@,m

Hy(M,M — £~V (K):Z2) —2— Hy(N,N —K:Zs).

Then,
OkkroVk = Ok 0 feodp (k)
= S0l ik 0 Op-rx)

= feodpx)

Using the universal property, exists a unique homomorphism
fe 1 Hy(M;Zs) — Hy(N;Zs)

such that ¢y o fi = yk.
A similar argument can be used to show that every proper map f : M — N between topological

spaces induces a homomorphism
f*HI(N;Zy) — HI(M; 7).

Proposition 1.13. Let f : M — N be a homeomorphism between topological spaces. Then
fe 1 Hy(M;Zn) — Hy (N Zo)

and
[ iHY(N;Zy) — HI(M;Z,)

are isomorphisms.

Proof. We will prove this proposition for homology, for cohomology you must turn around the ar-

rows.
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Note that f: M — N and f~! : N — M are proper maps. We induce the homomorphisms
fe 1 Hy(M;Zs) — Hy(N;Zs)

and
£ HS (N3 Zo) — HS (M Zs).
We will prove that (f~1), = (fi)~ L.

Note that ing( N:Z,) 18 the unique homomorphism that makes the following diagram commutes

/
(PK,K/

Hy(N,N —K';Z,) » Hy(N,N —K;Z5)
Ok
ol
HE¢(N;Z
qW:22) ok

Ors

) idpg (v:72,)
HS(N;Zz),

where {H((N;Z2), 9k } kely is the inverse limit for the inverse system {H,(N,N —K;Z2), O 1}k k'cly-
Denote the inverse limit of {H,(M,M — f~1(K);Z,), Or1(k), /1 (k") T K.K'ely @S

{Hy(M:;Z2), ¢ -1 (k) b Kely-
For each compact K C N, consider
Vk = fuo@p1 (k) Hy(M;Z) — Hy(N,N — K; Z5)
and
Vi) = (f "ok - Hy(M:Za) — Hy(N.N — K Zs).
Using the discussion above, we have that yx = ¢ o fi and l//}_, K) = Op1(x) © (f~1)4. Then

okofio(f s = wko(f N
= feodrago(f)x

= JoV
= fio(f sodx
= ¢

A similar argument works to show that @1k o (fDsofi= ¢¢-1(k)- This prove that f; is an

isomorphism. To prove that f* is an isomorphism turn around the arrows.
]
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Now, consider U an open subset of M and the inclusion i : U — M. Since i is a proper map, for

every g € N, there exists an induced homomorphism in cohomology
" HI(M;Zp) — HL(U; Zy).
Furthermore, one can verify that there exists a natural homomorphism
iy : HI(U;Z) — HI(M;Z).

To define the homomorphism iy consider K € I;. By the excision axiom in cohomology, the

inclusion of pairs i : (U,U —K) — (M,M — K) induces an isomorphism
i*: HI(M,M — K;Z,) — H(U,U — K Z,).

Denote {H{(U;Z,), @k }kery, the direct limit of the direct system {HY(U,U —K;Zy), Px' x }k K'cly,
and {H{ (M Z5), ¢k } ker,, the direct limit of the direct system {HY(M,M — K;Z), k' k } k k'c1,,-

Define the composition
vk =g o (i) HI(U,U — K;Zy) — HI(M; 7).
Note that

x—1
YgoPgx = Qgrol  oQyx g
= gxofggoi!

—1

= ¢Kol

= ¢k
Using the universal property, there exists a unique homomorphism
g Hé](U;Zz) — HCq(M;Zz)

such that iy o g = Yk.
Using the definitions of homology with closed support and cohomology with compact support, by

[L], we can consider the cup product
—: H{(M;Zy) x H (M;Z) — H'"/(M;Z5) or
—: H\(M;Z3) x HI(M;Zs) — H.™ (M Z) or
< HY (M 7o) X HI (M Zy) — HE (M3 Z),
the cap product
Y Hi(M;Zz) X Hj(M;ZQ) — Hj_i(M;Zz) or

~:H'(M;Z2) X HS (M Zy) — HS_;(M;Z) or
~:H{(M;Z) x HL(M; 7)) — Hj_i(M;Z,)
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and the Kronecker index

(- : H{(M;Zy) x H (M Zy) —> 7 or
() : H'(M; Zn) x Hi(M; Zp) — Zy.

Since Zj is a field, we can consider the simplified universal coefficient theorem:
Theorem 1.14. Let M be a topological space. The homomorphism

y/X:Hk(X;Zz) — Hom(Hy(X;Z),Z>)
x — yx(x): Hi(X;Zo) — Zo

is an isomorphism where, for all y € Hi(X;Z,)
vx () (y) = (x,3)-
Moreover, we have a version of the universal coefficient theorem for compact and closed supports:
Theorem 1.15 (Universal coefficient theorem). Let M be a topological space. The homomorphism

I/IX:HZ‘(X;ZZ) — Hom(H{(X;Z,),Z,)
X — Wx(x)ZHg(X;Zz)—)Zz

is an isomorphism where, for all y € H{ (X;Z,)
wx () (y) = (x,3)-
There are some important properties of the cup product, the cap product and the kronecker index:

Proposition 1.16. Let f : M — N be a proper map between topological spaces and consider the
classes a € H'(M;Z),B € H(M;Z,),y € Hj—i(M;Z,),Y € Hy(M;Z5) Then,

* (. fu(B)) = (f*(@), B),
* (B ~7)=(B— ),
ca~(~7)=(a—p)~Y,
Sl (@) ~ B)=a~ f(B).

Note that, we can consider homology with closed support and cohomology with compact support
in Proposition
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1.2 Cech homology and Cech cohomology

In this section we will consider the definitions given in [[18]].

Let X a topological space and A C X. Consider ¢ = {X;}; an open cover of X, and o = {A,};
an open cover of A. If o C ;, we say that @ = (&, ) is an open cover for the pair (X,A).

We want to define a directed set of all open covers of the pair (X,A). For this, we say that an open
cover B = (B1,B2) of (X,A) is finer than, or equal to, & = (0, 0%), denoted by o < B3, if and only
if for each open V € B exists U € o such that V C U; and if V € 3, then U € a;. We denote by
Q(X,A) the directed set of all open covers of the pair (X,A).

For each o = (0, 00) € Q(X,A), let K4 (X) and Kq,(A) be the simplicial complexes whose
vertices are elements of X and A, respectively. The quotient Ky (X,A) := K¢, (X)/Kq,(A) is a chain
complex and for each ¢ € N. We can consider H,(Kq(X,A);Z,) and H4(K(X,A);Z,). Furthermore,

for o < B € Q(X,A), the identity map on the vertices induces a homomorphism

750 - Kg(X,A) — Ko(X,A).
Hence {H,(Ka(X,A);Z2), g o+ }o(x,4) IS an inverse system of modules and we have the direct system
of modules {H?(Ky, (X,A);ZZ)JIE a}g(xm.

Definition 1.17. Given the direct system {H, (K (X,A);Z>), g wJQ(x 4)> We define the Cech homo-
logy of the pair (X,A) by the inverse limit

Hy(X,A;Z) = lim Hy(Ko(X,A);Zo).
Q(X A)

Definition 1.18. Given the direct system {H?(Ky(X,A);7Z), 4 «JQ(x,4), We define the Cech coho-
mology of the pair (X,A) by the direct limit

HY(X,AsZy) = lim HY(Kq(X,A);Zo).
Q(X.A)

Proposition 1.19. Let f: (X,A) — (Y, B) be a proper continuous map. There exist the induced maps
fe 1 HS(X A3 Zy) — HS (Y, By Zy)

and
f HYY,B;7y) — HI(X,A; 7).

Proposition 1.20. There exist natural homomorphisms
Nixay : Hy(X A Zy) — Hy(X A3 Zy)

and
Nix )t HI(X,A;Zs) — HY(X, A3 Z5)

which commute with the homomorphisms induced by any proper continuous map f : (X,A) — (Y, B).
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Using [4]], we can consider the following definitions:
Definition 1.21. The Cech homology with compact support is defined by the inverse limit

Hy(X;Z2) = lim Hy(X,X — K; Z2).
Kcx

Definition 1.22. The Cech cohomology with compact support is defined by the direct limit

H{(X;Zo) = lim HY(X,X —K;Z5).
KcX

Consider the composition

HE(X:Z0) —" Hy(X,X — K:Zo) 8 Hy(X, X — K Z,)

W

Note that the following diagram commutes

Pxr Nix x-k')

HS(X:Zy) —— Hy(X,X —K';Zy) —— Hy(X,X —K';Zs)

\ lq)[( K/ =ix lq),( K =lx

(X, X — Kzz)ﬂufl(xx K:7Z5).

Then ¢k k' o Yg' = Yk.
By the universal property, there exists a unique homomorphism

Nx : Hy(X;Zs) —>I—VIqC(X;Zz).
Proposition 1.23. For a proper continuous map f : M — N, the following diagram is commutative

HC(X Zz) —> HC(X Zz)

lf* lf*

HC(Y Zz) —> HC(Y Zz)

1.3 Steenrod squaring operations

This section aims to introduce an important family of additive cohomology operations: the Steen-
rod squaring operations in cohomology. Later, this family leads naturally to the definitions of Wu
classes and Stiefel-Whitney classes for generalized manifolds. Assuming the existence of Steenrod

squaring operations in cohomology, we will define the Steenrod squaring operation in homology.
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1.3.1 Steenrod squaring operation in cohomology

Definition 1.24. For every every pair of topological spaces (X,A) and m > 0, the Steenrod squaring

operation in cohomology is an addictive family of operations
{8qF: H™(X,A;Zy) — H™M(X,A;75) Y0
which satisfies the following properties:

1. forevery continuous map f: (X,A) — (¥, B) between pairs of topological spaces the following
diagram commutes

H" (XA L) ¢ H"(Y,B:Z)

s s
H"™ k(X A7) e H"k(Y B, Z,);
2. for every x € H™(X,A;75), S¢°(x) = x, S¢"(x) = x — x and S¢*(x) = O for all k > m;

3. forevery x € H" 9(X,A;Z;) and y € HY(X,A;7Z;) we have that

Sq*(x—y) =Y Sq'(x) — S¢’(y).
i+ j—k

It was proved in [11]] that this family of operations in cohomology always exists and they are
unique. Using the existence of this family, for every m > 0, we consider the operation
Sq¢* :H"(X,A;,7;) — H'(X,A;,7;)

X — éSqi(x)

i=0

Definition 1.25. The natural extension of Sq¢* to H*(X,A;Z,)
Sq:H*(X,A;Zy) — H*(X,A;Z,)
is called the the total Steenrod squaring operation in cohomology.

Remark 1.26. For x =xo@x; -+ xq € H (X,A;Z,), it follows that

Sq(x) = Sqxo®x1 DB Bxq)
= 8¢ (x0) ®Sq"(x1) & -+ S Sq" (xa)
0 1 o
= ZSqi(xo)GBZSqi(Xl)EB"'EBZSqi(xa>

i=0 i=0 i=0

= ) Sd)e Y Sd(xp)e-a ), Sq'(x).

i+j=0 i+j=1 i+j=2a
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By the characterization given in the naturality of each S¢* implies the naturality of Sq.
Considering the properties of the Steenrod squaring operation for cohomology, we have this im-

portant result (see [19]):

Proposition 1.27. For every x,y € H*(X,A;Z;), the total Steenrod squaring operation in cohomology
satisfies the following

* Sq(x —y) =Sq(x) — Sq(y);
* Sq(xxy) = Sq(x) x Sq(y)

Remark 1.28. The total Steenrod squaring operation in cohomology is an automorphism (see [[19]]).

Denote Sq as the inverse of the automorphism Sg.

There are some interesting results about Sg.

Proposition 1.29. For all x,y € H*(X,A;7Z,),
Sq(y) — Sq(x) = Sq(x — y).

Proof. Considering Propositionl1.27| for every x,y € H*(X,Y;Z,), it follows that

Sq(Sq(x) — Sq(y)) = Sq(Sq(x)) — Sq(Sq(y))
= X—Yy

= 8q(Sq(x—y)).

Since Sq is an automorphism we have that

Sq(y) — Sq(x) = Sq(x —y).

Proposition 1.30. The naturality of Sq provides the naturality of Sq.

Proof. Let f: (X,A) — (Y,B) be a continuous proper map between topological spaces. Using the
naturality of Sg,

[ oSq = SqoSqof*oSq
= Sqof*oSqoSq
= S_qof*.
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1.3.2 Steenrod squaring operation in homology

We define the Steenrod squaring operation in homology considering a transpose operation for Sg
(see [19])).

Definition 1.31. For every every pair (X,A) of topological spaces, the total Steenrod squaring oper-

ation in homology 1s an operation
Sq: Ho(X,AiZ) — H.(X, A7)

which is characterized by the following property

(x,Sq(B)) = (Sq(x), B)
forx € H*(X,A;Z>) and B € H.(X,A;Z>)
Proposition 1.32. For each a € H*(X,A;Z,) and B € H.(X,A;7Z,),
Sq(a ~ B) = Sq(a) ~ Sq(B).
Proof. Forallx € H*(X,A;7Z):

(x.Sq(a~ B)) =

Using the universal coefficient Theorem, this proves that

Sq(a ~ B) = Sq(a) ~ Sq(B).

Proposition 1.33. The total steenrod squaring operation in homology is natural.

Proof. For each proper continuous map f : (X,A) — (¥, B) between topological spaces, x € H*(Y,B;Z,)
and B € H.(X,A;Z,), we have that

(x.f(Sa(B))) =
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Using the universal coefficient Theorem, this proves that

f*ogé:géof*.
O]

The Steenrod squaring operations can be defined in homology with closed support and cohomol-

ogy with compact support. Therefore, all results extend to the compact and closed support setting.



20

Chapter 1. Foundational Concepts




CHAPTER 2

Generalized manifolds and Stiefel-Whitney
Classes

In the paper "A Primary Obstruction to Topological Embeddings and Its Applications", Carlos
Biasi, Janney Daccach and Osamu Saeki defined a primary obstruction using the smooth structure
on topological manifolds (see [2l]). Later, they extended their results to a more general class of
topological spaces, not necessarily with a differentiable structure (see [[1]). These spaces are required
to have local homology at each point isomorphic to the local homology at each point of a euclidean
space.

In this chapter, we aim to define such spaces, known as generalized manifolds, and explore some
of their properties. Moreover, in order to define an analogous obstruction, we will need to study the

notion of Stiefel-Whitney classes for generalized manifolds.

2.1 Generalized manifolds

This section provides a rigorous definition of generalized manifolds, along with some illustrative
examples that will be important in this work. Throughout, topological manifolds are assumed to
be second-countable, Hausdorff, and locally Euclidean. The definitions and some of the properties
presented in this section can be found in [8], [[14], [17], [20] and [22].

Definition 2.1. A topological space X is said to be a locally compact space if, for every x € X, there

exists a neighborhood V, C X and a compact K C X such thatx € V, C K.

Note that a locally compact Hausdorff space can be characterized as a topological space that

admits a basis of precompact open subsets.

Definition 2.2. Let M be a topological space, U C M an open subset, and let ZZ = {Uy € M} yca be

an open cover of U:

21
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*  is a locally finite cover of U if, for every x € U, there exists an open neighborhood A, C U

of x such that A, intersects only finitely many elements of %/ ;

* an open cover ¥ = {Vg € M}gcp of U is a refinement of 7 if, for every Vg € 7/, there exists
o € A such that Vg CUq;

* U is a paracompact space if every open cover of U admits a locally finite refinement;
* M is hereditarily paracompact if every open subset of M is paracompact.
Remark 2.3. Every hereditarily paracompact space is paracompact.

Definition 2.4. A topological space M is said to be homologically locally connected (HLCZ) if, for
every x € M and every open neighborhood U, € M of x, there exists another neighborhood V, C U, of

x such that the inclusion i : V, — U, induces a trivial homomorphism in the reduced homology
i Hy(Va; Za) — Hy(Uy; Zo)
for every g € N.

At this point, we can introduce the principal topological object that will play a central role in this

work.

Definition 2.5. A locally compact Hausdorff space M is said to be a generalized manifold of dimen-

sion m if:
(1) M is hereditarily paracompact;
(ii) for every open subset U C M, there exists / € N such that H'1 (U, Z,) 220, that is, dimz,M < oo,
(iii) M is HLC7;
(iv) for every x € M and g € N, we have that

Hy(M,M — {x};Z,) = H,(R",R"™ — {0};Zy).

Remark 2.6. The item (i) is important to establish that every open subset of a generalized manifold
is itself a generalized manifold. Observe that every open subset of a locally compact Hausdorff space
is also a locally compact Hausdorff space.

The items (i) and (ii1) are important to show that the sheaf theoretic homologies and cohomologies
are equivalent to the singular homologies and cohomologies (see [[1] and [[8]). Using this, we may
consider the definitions of homology with closed support and cohomology with compact support

given in Section[I.1.2]
The item (iv) provides that the dimension of a generalized manifold is a topological invariant.



2.1. Generalized manifolds 23

Proposition 2.7. Let M be an m- dimensional generalized manifold. Then every open subset of M is

also an m-dimensional generalized manifold.

Proof. Let M be a generalized manifold and U C M an open subset. Observe that every open subset
of U is an open subset of M. In this way, to prove that U is also a generalized manifold we proceed

as follows:

* since M is hereditarily paracompact, every open subset of U is also paracompact;

» for every open subset U C U, there exists [ € N such that H*1(U;7Z,) = 0. This prove that
dimzzM < oo

e let x € U and U, be a neighborhood for x. Since U, is also a neighborhood of x in M, there
exists another neighborhood V, C U, of x such that the inclusion i : V, < U, induces the zero
homomorphism in the reduced homology. Since V, is also an open subset of U, it follows that
U is HLC%’Z;

* for every open subset U C M, by the excision theorem, the inclusion i : U < M induces an
isomorphism

i Hy(U,U — {x}:Z) — Hy(M,M — {x}Z,)

for all x € U and
Hy(U,U —{x};Z7) = Hy(R",R" —{0};Z)

]

In Chapter 4, we shall study a specific class of topological spaces, the ENR Z,-homology spaces.
Note that, for a topological space X and a subset A C X, we say that A is a retract of X if there exists
a continuous map r : X —> A such that roi = ids, where i : A — X.

Definition 2.8. A topological space M is said to be a Euclidean neighborhood retract (ENR) if there
exists a positive integer n, an embedding ¢ : M — R" and a neighborhood V C R" of the image
¢ (M) such that ¢ (M) is a retract of V.

Definition 2.9. We define an ENR Z;-homology manifold as a topological space M that is an ENR
space and satisfies the (iv) property in Definition [2.5]

Note that, an ENR Z;-homology manifold is an important example of generalized manifold (see
[1]]). Using this fact, since every topological manifold is an ENR Z,-homology manifold, we assert
that every topological manifold is a generalized manifold.

Another important class of topological spaces are the absolute neighborhood retracts (ANR).
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Definition 2.10. A topological space M is called an absolute neighborhood retract (ANR) if, for
every normal space X, every closed subset A C X, and every continuous map f : A — M, we can

extended this map over some neighborhood of A in X.
For normal spaces, there is an important characterization of ANR spaces (see [17]):

Proposition 2.11. A normal space X is an absolute neighborhood retract (ANR) if and only if, when-
ever X is embedded as a closed subset of a normal space Y, there exists a neighborhood of X in' Y

that retracts onto X.

Note that, every paracompact Hausdorff space is a normal space and every generalized manifold
is paracompact. Therefore, we conclude that every ENR 7Z;- homology manifold is a normal space.
By Proposition [2.11] if a topological space M is an ENR Z,- homology manifold, then M is an ANR

space. Using this fact, the homomorphism given in Section [[.2]
Nm - Hg(M;Zz) — ]‘vlg(M,Zz)

is an isomorphism.

2.2 Poincaré Duality

The work of Borel (see [3], [6]) and Bredon (see [7]]), establishes that the Poincaré duality holds
for all generalized manifolds when we consider the coefficients in Z;. Based on this, for an m-
dimensional generalized manifold M, there exists a class [M]| € HS,(M;Z), called the fundamental

class of M, such that, by the Poincaré duality, the homomorphism

Dy : H'(M;Z5) H,,_(M;Zs)

—
o — o~ [M]
or

Dy :H\(M;Zy) — Hy i(M;Z)
B — B~I[M]
is an isomorphism for each « € H'(M;Z,) and B € H.(M;Z>).

Remark 2.12. If we consider M a connected generalized manifolds with dimension m, we have that
[M] is the generator of HS, (M;Z,).

Using the Poincaré duality, for each generalized manifold and its open subsets, we can show that:
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Proposition 2.13. Let M be an m-dimensional generalized manifold, U C M an open subset and

i: U < M the inclusion map. The following diagram commutes:

D
HI(M;Z2) — Hp—q(M;Z5)

J J

D
HI(U;Zy) —— Hpy—y(U;Z)

where iy : HI(M;Zy) — H{(U;7Z,) is given in Section

Proof. See [12]].
[

Corollary 2.14. Let N be an m + k-dimensional generalized manifold, V C N an open subset and

i:V < N the inclusion. The dual diagram is commutative

Hom(H{ (N;75),75) B Hom(H,, 1x—¢(N;Z2),Z>)

! o
Hom(H{(V;Z,),Z,) W Hom(H,flJrk_q(V;Zz),Zz)
where iy, (Dn)*, (Dy)* and (i)* are the dual homomorphism for iy, Dy, Dy and i,, respectively .
Proof. For all o € Hom(H,,1x—4(N;Z2),Z2),
(igo (Dn)")(a) = ix((Dw)"(@))
= ig(aoDy)

= aoDyois
and
((Dy) o (ix)") (@) = (Dv)"((ix)"(ax))

= (Dv)"(aci)

- aoi*ODV.

By the Proposition [2.13]

(XODNOi#:(XOi*ODV.

This prove that the diagram commutes.

2.3 Stiefel-Whitney class

In this section, we introduce the Wu classes for generalized manifolds, and use them to define the

Stiefel-Whitney classes of a generalized manifold.
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2.3.1 The Wu class of a generalized manifold

Let M be an m-generalized manifold. For all « € H*(M;Z,) and B € H" *(M;Z,), we define the
homomorphism
¢ : H(M;Z:) — Hom(H™ X (M;7Z,),Z,),

where ¢ (o) is the homomorphism given by
(])(OC) 2H£n_k(M;Zz) — 7
ﬁ — <OC7BA[M]>:<BVOC7[M]>

Let D}, : Hom(Hy(M;Z5),7,) — Hom(H"™ *(M;Z,),Z,) be the dual homomorphism of the
Poincaré duality in M and () : H*(M;Z,) — Hom(H;(M;Z,),Z>) the isomorphism given by

the universal coefficient Theorem. Observe that

Dyoym(a)(B) = wm(a)(Du(B))
= (o, ~ [M])
= (B~ a,[M)]

= 9()(B).

This prove that ¢ is an isomorphism.

Consider the homomorphism

(Sq" (). [M]) : HI *(M:Zo) — Iy
x o (Sq"(x), [M]).

Using the fact that ¢ is an isomorphism, there exists a unique class vy € H*(M, Z,) such that
(x— v, [M]) = (S¢"(x). [M)),

for all x € H"K(M, 7).
By definition|1.24] for each x € H” (M Z,), we have that S¢*(x) = 0 for k > m— k. Then, v, = 0
for all % < k. Takes k = 0, then

(r—vo.[M)) = (S¢°(x),[M])

This ensures that vy = 1.

Definition 2.15. Under the same hypotheses as in the discussion above, the element v, € H*(M;Z) is
called the k-th Wu class of M . The total Wu class of M is then given by

VM) =1®vi®---Dvp,

. . m
where p is the smallest integer greater than >
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It should be noted that we can consider [M] as an element of H*(M;Z,). Given an element
x=x1 D ®x, € H(M;Z;) consider M| =0®---®[M]D---®0 € H*(M;Z,), then

(x—v(M), M) = (Y xi—v;[M])

= L i)
= X (st )
- (Y st )
— {5yt )

2.3.2 The Stiefel-Whitney class of a generalized manifolds

Using the total Steenrod squaring operation in cohomology and the Wu classes of a generalized

manifolds, we define the Stiefel-Whitney class of a generalized manifold as follows:

Definition 2.16. Let M be an m-generalized manifold. The Stiefel-Whitney class of M is defined by
w(M) = Sq(v(M)).
By Remark and the Definition [2.15] the k-th term of w(M) is characterized by

we(M) =} 54'(v;).
i+j=k

We call the class wy (M) as the k-th Stiefel-Whitney class of M.
Remark 2.17. The 0-th Stiefel-Whitney Class of a generalized manifolds M is wo(M) = 1.

We can see that w(M) € H*(M,Z,) admits an inverse element in the graded ring
(H"(M;Z2),+,—)

and we denote
Ww(M) = w(M)".

The inverse element of w(M) = 1©w ©---Owg € H*(M;Z,) is given by w(M) =wo ®w &+ - - ©Wg,

where
wyg = 1,
wr = w
p—1
w, = Wi~ Wp_i+w, forpe {2,3,--- B}
i=1

In fact, since we are considering coefficients in Z, it follows that
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* the term of degree 0 of w(M) — w(M) is

wM) —wM)lo = 1—wo

= 1—1
¢ the term of degree 1 of w(M) — w(M) is
W(M) — w(M)]1 = wo—Wi+wi—Wo
= wi;+wp
* the term of degree 2 of w(M) — w(M) is
WM) —w(M)ly, = 1—wr+w —Ww+wy — Wy

= (wi—wi+w2)+(wi —wi+wr—1)

e for p > 1, the term p+ 1 of w(M) — wW(M) is

p+1
WM) — w(M)]pr1 = Wpri4 Y, wj— Wpr1-j
=

P
= Wps1 + (Y wj = Wps1-j) + (Wps1 — Wo)
=1

= 0.

Since we are working with coefficients in Zj it is not necessary to verify that w(M) — w(M) = 1.
Now, we present some examples of Stiefel-Whitney classes that will be relevant for this work (see

[19]).

Exemple 2.18. Consider M = R with m > 0. For each k > 0, H*(M;Z,) = {0} then v(M) = v = 1

and

w(M) = Sq(1)
= SN @Sq' () @---®Sg™(1).

Observe that, for each j > 0, we have that S¢/(1) = 0. This shows that w(R™) = w(R™) = 1.
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Exemple 2.19. Consider M = RP" with n = 2k and k > 0. Then
w(RP") =1®a' ®a"

and
WRPY) =1@d ®edl® - ®d !,

where a* is the generator of H*(RP";7Z,).

Exemple 2.20. For M = RP", we have that w(RP") = 1 if and only if (n+ 1) = 2*, for some k > 0.

Let M be a generalized manifold. We can characterized the image of the fundamental class [M]

by the total Steenrod squaring operation in cohomology using the following proposition:

Proposition 2.21. For each generalized manifold M,
Sq([M]) =w(M) ~ [M].
Proof. By the characterization of w(M), for all x € H*(M;Z,),

(x —Ww(M),[M]) = (SqoSq(x—w(M)),[M])
= (Sqlx —w(M)) —v(M),[M]).

Since w(M) = Sq(v(M)), it follows that

and then

Using the universal coefficient Theorem,

Sq([M]) = w(M) ~ [M].
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CHAPTER 3

The classes 0(f) and 6,

In this chapter, we define the main algebraic object of this work. Given a proper continuous map
between generalized manifolds, we associate to it a Cech homology class with closed support that
become an obstruction to the existence of a homotopy between this map and a proper embedding.
In other words, if this class does not vanishes, the map cannot be proper homotopic to a proper
embedding. To consider this class associated with a proper continuous map between generalized

manifolds, we first introduce the following definitions:

Definition 3.1. Let f: M — N be a proper continuous map between generalized manifolds of di-
mensions m and m + k, respectively, with k > 0. The total Stiefel-Whitney class of the stable normal
bundle of f is defined by the expression

w(f) = f*(w(N)) — W(M) € H*(M:Zs).
The element of degree g of w(f) can be expressed as

wo(f)= X FH(wilN)) — (M) € HI(M; Zs).
i+j=q
Definition 3.2. Consider f : M — N a proper continuous map between an m-generalized manifold
into an m + k-generalized manifold, k > 0. Using the Poincaré duality, there exists a unique class
U; € H*(N) such that
Uy ~ [N) = f.([M]) € HS(N).
The class Uy is called the Poincaré dual class of f.([M]).

At this point, we have all the definitions required to define the obstruction, which was studied by

Carlos Biasi, Janney Daccach and Osamu Saeki in [1]], and using the smooth structure in [2].

Definition 3.3. Let M be an m-generalized manifold and N an m -+ k-generalized manifold, k£ > 0. For

every proper continuous map f : M —» N, we define the class
0(f) = (f"(Uy) —wi(f)) ~ [M] € Hy, (M, Z5).
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The homology class given in Definition [3.3]is invariant under proper homotopies.

Remark 3.4. We say that two proper continuous maps f : M — N and g : M — N are properly
homotopic if there exists a homotopy F : M x [0,1] — N between f and g, such that F' a proper

continuous map.

Proposition 3.5. Let f : M — N be a proper continuous map between an m-generalized manifold
into an m+ k-generalized manifold, k > 0. The class 0(f) € H\, _,(M;Z) is invariant under proper

homotopies.

Proof. Suppose that g : M — N is a proper continuous map in the same way of f. If g is properly
homotopic to f we have that f* = g*. Then

wi(g) = Y, & wi(N)) — w;(M)

i+j=q

= ) fwiN) —w;(M)
i+j=q

= wi(f).

Furthermore, Uy, U, € H (N;Zj) are the only classes such that

Ur~IN] = fu([M])

By the Poincaré duality, Uy = Us,. It follows that

0(f) = (f"Up)—w(f)) —~ M]
(g% (Ug) —wi(g)) — [M]
= 0(g)

For every proper continuous map between generalized manifolds, we can discuss some interesting

results using the class introduced in Definition [3.3]

Theorem 3.6. Let f : M — N be a proper continuous map between an m-dimensional generalized
manifold into a m+ k-dimensional generalized manifold, with k > 0. Then f.(0(f)) € HS,_,(N;Z)

always vanishes.
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Proof. By the definition of 0(f) given in[3.3] we note that

F(8() = f((f*(Up) =milf)) ~ [M])
= £ (£ (Up) ~ [M]) = (wi(f) ~ [M]))
= f(f*(Up) ~ M) = fe(wi(f) ~ [M])
= Us ~ fu(IM)) = £ (wi(f) ~ [M)).

-~

@ @

If we prove that @ = @, then f,.(0(f)) = 0.
Analyzing @, we observe that

Ur ~ f([M]) =Uy ~ (Us ~ [N]) = (Us — Uy) ~ [N].

The term of degree m — k in fi.(w(f) — [M]) is precisely the element represented by @ There-
fore, we have to show that (U; — Uy) —~ [N] is equal to the m — k-term of f.(w(f) —~ [M]).
Since w(f) = f*(w(N)) — w(M), it follows that

few(f) ~M]) = f

Using the universal coefficient theorem, for all € € Hé"_k(N ;Z3), we have to show that
(e,A) = (&,(Us — Us) ~ [N]) = (e — (Uy — Uy),[N]),
where A denotes the m — k-term of
Fr(w(f) ~ [M]) = Sq((v(N) — Uy) ~ [N]).
Observe that,

(e,Sq((v(N) — Up) ~ [N])) =

m

(

0]
£
=
=
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Recall that, in order to compute the Kronecker index (¢ — Sq(Uy), [N]), we need the 2k-term of
Sq(Uy). The 2k-term of Sq(Uy) is precisely

[Sq(Up)]ok = Uy — Uy.

It follows that

and this prove the equality f,.(6(f)) =0.
[

For each proper continuous map f : M — N between generalized manifolds, we aim to study the
relation between 6(f) and 6(fy), where fy : M — V denotes the restriction of the map f to an open
V C N which contains f(M).

Lemma 3.7. Let f: M — N be a proper continuous map between an m-dimensional generalized
manifold into a (m + k)-dimensional manifold, k > 0, and let V.C N be an open subset such that
f(M) CV. Then

6(f) =0(fv) € Hy (M, Z2),

where fy : M i) V.

Proof. Under the hypothesis of Lemma[3.7] since V' is an open subset of a generalized manifold with
dimension m + k, then V is itself a generalized manifold with dimension m + k.

Consider the natural homomorphism induced in cohomology by the inclusion i : V — N (see
Section [I.1.2)),

iy H'(V;Zy) — H"(N;Z3).
Let
iy : Hom(H!"(N;Z3),7Z,) — Hom(H (V;Z3),Z,)

be the dual homomorphism of i4.

Define the isomorphisms
oy = (Dn)*oyyoDy' : Hy o y(N3Zo) — Hom(H™*49(NZ,),Z5)
and
oy = (Dy)"oyy oD;1 tHy i g(ViZa) — Hom(HC’,”Jrk_q(V;Zz),Zz).
The following diagram is commutative (see Corollary [2.14]and Remark [3.8))

(D}TJI)* v 1

/ HY, (N2 Z) =2 Hom(HI"™ (N1 25),Z) —— Hom(Hy(N:Z2)Z) —— H(N:Zy)

H (M3 Z2) i i (i2)" P

e
HL

. (o) v
m+k—q

(ViZa) —2— Hom(HI9(V2,),Z) —— Hom(H,(V:Zs),Zy) —— H4(N;Zy)
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where
wy 1 HY(N;Z,) — Hom(H,(N;Z2),Zs)

and
Yy . Hq(V;ZZ) — Hom(Hq(V;Z2)7ZZ)

are the isomorphism defined by universal coefficient Theorem in[I.14]

From the commutative diagram, we obtain that

pvofy.([M]) = izopnofi([M])
= iyoqyoDy(Uy)
= igo(Dn)" oyn(Uy)
= (Dv)"oyyoi*(Uy)
= @voDyoi*(Uy)
= ov(i*(Uy) ~[V]).

Since @y is an isomorphism, we conclude that

fvi([M]) =i*(Uy) ~ [N]

and
Uy, =i (Uy).
Moreover, we will prove that, for each ¢ < m+k, the term of degree ¢ of v(V), denoted by
[v(V)]4 = Vi, is equal to the term of degree g of i*(v(N)) denoted by [i*(v(N))], = i*(vy).
For each oo € HY(N;Z,) we have that yy(a) is the homomorphism

o Hq(N;Zz) — Zz

such that o*(y) = (e, y) for all y € Hy(N;Z>).
By the Corollary [2.14] we have that

o oDyoiy =" oi,oDy.
Using this identity, for all x € H,' +k_q(N ;Zs) and o € HY(N;Z,), we obtain

(ig(x) — o, [N]) =
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This prove that

Now, by the definition of v, € HY(N;Z,), we have that

(i8(y) = v, [N]) = (Sq (ix(v)), [N]).

(. v
v~

O w

Considering equation @ withx=ye H" +k7q(N ;7o) and o0 = V4, we have

(ig(y) = vg, IN) = {y — i"(vg), [V])-

Considering equation (T) with x = S¢?(y) € H"**(N;7Z,) and o = 1 € H°(N;Z,), we obtain

(Sq?(ix(v), IN]) = (in(Sq ())vly[ND
(Sq

= <Sqq() L[V])
(Sq

Since @ = @, this prove that v, = i*(v,).

Therefore

w(V) = Sq(v(V))
= Sqoi*(v(N))
— *oSq(v(N))
= i"(w(N)).

Finally, observe that f;; oi* = f*. By Definition[3.3] it follows that

0(f) = [(f"(WUp)—wi(f))] ~ [M]
= [FU)=( Y FmiN) —wiM) )] ~[M]

l-‘rj k

= [WUsp) - Zkfvol (Wi(N)) — w;(M)~")] ~ [M]
1+]

= KW= (Y FmV) —wim))] ~[M]
i+j=k

= 0(fv).

Remark 3.8. Prove that the following diagram commutes
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HE, (N2 Zo) —2 Hom(H!* (N Z,),Z)

al s

HE ) (ViZa) =2 Hom(H! (V1 2,), 2s)

is equivalent to prove that this diagram commutes

Dy! Y (Dn)* m
HY (N3 Zo) — HI(N;Zp) — Hom(Hy(N:Z2),Zs) ~—— Hom(H{"""(N:Z,),Zy)

Tk o )
D71

(Dy)*

HE o (ViZa) —— H(V:Zy) —— Hom(Hy(V:Z2)Zs) —— Hom(H. (V1 2,),25)

Note that, we just have to prove that the first and the second rectangles commute.
For each x € HY(N;Z,)

ixoDyoi*(x) = i.(i"(x) ~[V])
= x~i([V])
= x~[N]
= Dn(x).
For each a € HY(N;Z,) and y € Hy(V;Z,)

(@) ewn)()(y) = () (ww(a))(7)
= ww(a)(ix(7))
= (@,i(7))
= ("(@),7)
= w( () (v
= (ywoi)(a)(y)
In Section[I.2] for every generalized manifold M, we introduced a natural homomorphism
Mt : Hy_ (M3 Z2) — Hy, (M3 Z5).

In this way, for every proper continuous map f : M — N between generalized manifolds with di-

mension m and m + k, respectively, k > 0, we can consider

M (0(f)) = 6y € Hy, ((M:Zs).

If M is a compact generalized manifold or if it is an ENR Z;-homology manifold, it can be shown
that 1/ is an isomorphism (see [8], [18] and [22]. Using this fact, for those spaces, every time 6y
vanishes as an element of H¢_, (M;Z5), then 6(f) vanishes as an element of H _, (M;Z5).

Exists an equivalent definition to the Cech homology with compact support every time we consider

a closed subset of a generalized manifold.
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Lemma 3.9. Let f : M — N be a proper map between generalized manifolds. Then f(M) is closed.

Proof. Suppose that f : M — N is a proper continuous map between generalized manifolds. Since
every generalized manifold is a locally compact Hausdorff space we may admits that N has a basis of
precompact open subsets (see [17]).

We want to prove that N — f(M) is an open subset of N. For every y € N — f(M), exists an open
neighborhood V, of y where V;, is compact. Since V, is compact in a Hausdorff space, we assert that
Vy is a closed subset in N. By the properness of f, we have that f -1 (Vy) is a compact subset of M.
Note that

W) = fMnf (W)
= f(M)NVy

is a compact subset. This show that f(M)NVj is a closed subset of N. Observe that

is an open neighborhood of y where U, C N — f(M). This shows that f(M) is a closed subset of N.
0

Remark 3.10. Suppose that f : M — N is a topological embedding between generalized manifolds
and f(M) is closed. Let V be a compact subset of N. Since M ~ f(M),

vafm) ~ i vinm
~ V).

Observe that V N f(M) is compact because it is closed in a compact. This implies that f~1(V) is

compact in M, and then f is a proper topological embedding.

Corollary 3.11. Let f : M — N be a topological embedding between generalized manifolds. Then
f is a proper continuous map if and only if f(M) is closed is a subset of N.

Let f: M — N a proper continuous map between generalized manifolds. By Lemma f(M)
is a closed subspace of N. Consider the collection I = {V C N} of all open neighborhoods of (M),
with the following partial relation: V <V’ if and only if V/ C V.

For every V <V’ < V" in1, the inclusion i : V/ < V induces a homomorphism
Gvyr = ix: Hy (V' Z0) — HG (V3 Z),
where ¢y y = ing(v;Zz) and @y v o ¢yr yr = @y yr. This ensures that the family
{H;(ViZa),dvv tvvier

1S an inverse system.
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Definition 3.12. For the inverse system {H{(V;Z2), ¢y v fy,yier let {HS (f(M);Z), v }ver be its

inverse limit. We denote

H (f(M):Zo) = lim Hg (V: Zo).

Vel

Remark 3.13. Using the Proposition [1.23} we can consider the commutative diagram

H (M3Z2) —L HE (F(M);Z,)

lﬂM lnf (M)

. AN
Hy (M;Zy) —— Hy (f(M);Zs)

where 1 7(M) is the only homomorphism such that, for every V € L, ¢y o 1¢(3y) = iv ., that means

Ny() = lim iy,
Vel

There are some immediate corollaries of Theorem and Lemma[3.7]

Corollary 3.14. Let f : M — N be a proper continuous map between an m- dimensional generalized
manifold into an (m+ k)- dimensional generalized manifold, k > 0. Considering the restriction map
f=M N (M), then f.(8f) € HS,_,(f(M);Z,) vanishes.

Proof. LetI={V C N} the collection of open neighborhoods of f(M) in N. For each V € I consider
the proper continuous map fy, =M L> V. Since V is open, we can apply the Theorem and

conclude that fy,(6(fy)) = 0. Using Lemma 3.7 we have that fy,(6(f)) = fv.(6(fy)) =0. By the
inclusion iy : f(M) — V, we obtain

iv.o fo(8(f)) = fv.(6(f)) =0.

Using the definition of HS , (f(M);Z,) we have that

limiy,ofi = MNpapofs
Vel

Then

0 = tim (iv. o f)(0(/)

Vel

Vel
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Corollary 3.15. Let f : M — N be a proper continuous map between an m- dimensional generalized

manifold into an (m+ k)-dimensional generalized manifold, k > 0. If
fe i Hy (M3 Z2) — Hy,_((f(M);22)
is a monomorphism , then 0y € Pvlril_k(M ;Zs) vanishes.

Proof. If
fet By (M Zo) — Hy, ((f(M);Z2)
is a monomorphism, using Corollary [3.14] we obtain that 6, = 0.
]

Corollary 3.16. Let f : M — N be a proper topological embedding between an m-dimensional gen-
eralized manifold into an (m+ k)-dimensional generalized manifold, k > 0. Then 6y € I-Vllj;f (M Zs)

vanishes.

Proof. Suppose that f : M — N is a proper topological embedding. Then f, : M i> f(M) is an

homeomorphism. This implies that
forHy ((MiZo) — Hy, ((f(M);Zo)

is a monomorphism. Using Corolarry [3.15} we conclude that 67 = 0.
0

For every proper continuous map f : M — N between ENR-Z,-homology manifolds, if 6y does
not vanish, then 6(f) does not vanish either. Therefore, by Corollary [3.16, f cannot be properly

homotopic to a proper topological embedding.



CHAPTER 4

Applications

In order to conclude our work, we present some applications of the results established in Chap-
ter [3| using the properties of the classes 0(f) € H (M;Z,) and 6y € HS _,(M;Z,) considering
a continuous proper map f : M — N between generalized manifolds with dimension n and n + &,

respectively.

4.1 The normal Euler class of a proper topological embedding

The goal of this section is to establish a relation between the Stiefel-Whitney class of the stable
normal bundle of a proper topological embedding between ENR Z,-homology manifolds and its
normal Euler class. For this, we need the definition of the Thom Class for a proper topological
embedding. To define this class, we will consider an analogous construction used in [9]] and [12].

Let M and N be ENR Z,-homology manifolds with dimension m and m + k, respectively, k > 0.
Let f : M — N be a proper topological embedding. Define the class (f) € H*(N,N — f(M);Z,) as
follows:

Since f is a proper topological embedding, f(M) is a closed subset of N and we may consider the
closed inclusion e : f(M) < N. Observe that f(M) is also an ENR Z;-homology manifold and, for

natural numbers 0 < g < m — k, the natural homomorphism given in|1.2,
My HE A (f(M)3 Za) — HIH9(f(M): Z2)

is an isomorphism. Also, consider the isomorphisms of the Alexander Duality given in [9]
Dy : H"4(f(M); Z2) — Hy(N.N — f(M); Zo)

and
Dyt I 9(F(M): Z0) — Hyoi(f(M); Zs).

Define the isomorphism

el:=DypyoDy' : Hy(N,N — f(M): Z2) — Hy i (f(M); Zs).

41
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For g =k,

Hi(N.N - f(M);Z2) = Ho(f(M):Z)
P Ho(Ny: Z,)
A

P
A

112

I

where each N, is a connected component of f(M). Denote v, the generator of Hy(N,N — f(M);7Z;)
which corresponds with the generator 1, of Hy(f(M);Z,) related with the A-component. By the

universal coefficient Theorem, it follows that

HY(N,N — f(M);Z,) = Hom(Hy(N,N — f(M);Z),Z5)
HOID(Ho(f(M);Zz),Zz).

I

We assert that there exists a unique T € H*(N,N — f(M);Z,) such that (t,v;) = 1;. This means that
we can define the class 7 in terms of the generators of Hy(N,N — f(M);Z,). The class 7 is called the
Thom class.

Now, considering the restriction f : M N f(M) and the inclusion i : N — (N,N — f(M)), we

have the composition

M f(M) —— N —— (N,N— f(M))

W

ie. iof =ioeof.

The image of 7 by the homomorphism
(ioe)* :=e*oi* : H(N,N — f(M);Zs) — H*(f(M),Z,)

is called normal Euler class and denoted by %.

For the proper embedding f: M — N, the Thom Class of f is defined by 77 := 7. The normal
Euler class of f is define by xr = f* oi* (7).

Note that

xr = froil(7)
= Jroetoir(n)
= )
Using [9]], we consider the following proposition:

Proposition 4.1. Let e : f(M) < N be a closed inclusion and consider the composition

Hy(F(M):Z2) 4 By (NN — f(M):Zo) —— Hy (f(M): ).
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Then,

ero(ivoe.)(e) =x ~¢€
forall e € Hy(f(M);Z).
The cap product considered in Proposition @.1]is
2 HN(M Zo) x Hy(f (M) Z2) — Hy(f(M); Z2).
If we consider the homomorphism e; as the composition

HEN.N — F(M);0) 255 B0 (p(M);20) 2% Be_(F(M);2),

we have a similar result of Proposition .| for the cap product
~:H (M Zo) x HY(f(M): Zy) — HS_ (f(M): Zs).

Proposition 4.2. Let e : f(M) < N be a closed inclusion as in the previous discussion and consider

the composition

HE(F(M): ) b HEN.N — (M) ) — HE(F(M):Z2).

Then,
eo(ioes)(e)=x ~¢

forall e € Hi(f(M);Zs).
The following lemma can be found in [3]]:

Lemma 4.3. Let f : M — N be a proper embedding between ENR Z,-homology manifolds with

dimension m and m—+ k, respectively, k > 0. Then, the diagram commutes

HM(N;Zy) ——— HM(f(M),Z)

-1
lnf(M)

Dy HY(f(M): )

b

Hiy(N:Z2) —"— Hi(N.N = f(M),Z2)
wherei: N — (N,N — f(M)) and e : f(M) < N are the inclusion.

Remark 4.4. The Poincaré duality is a particular case of Alexander duality. When we consider ENR

Z»-homology manifolds the following diagram is commutative
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—1
M (m)

H (f(M);Z2)
for 17y given in Sectlon u and the Poincaré Duality Dy for f(M).
Finally, we have the result that relates the Stiefel-Whitney of the stable normal bundle of a proper

topological embedding between ENR Z;-homology manifolds and its normal Euler class.

Proposition 4.5. Consider M an m-dimensional ENR Z;-homology manifold and N an m+ k-dimensional
ENR Z;-homology manifold, with k > 0. For a proper topological embedding f : M — N it follows
that

wi(f) = f*(Ur) = x-

Proof. Using the previous discussion,

Fr~ M) = flF(x) ~ [M])

= X~ f([M])

— eolivoe)of (M)

— eroiio fu([M)

= eoi.(Ur ~[N])

= eoi,oDy(Uy)

= eyoﬁNoan(}W)oe*(Uf)

= BjueBi'eByeml o ()

= ~( )Onf( yoe(Ur)

= myoe (Uy)
( 1)~ f(M)]
(Us) ~ f+[M]
= flfroe’(Us) ~M])

= f(f7(Uf) ~ [M)).

Since f; is an isomorphism, it follows that x; —~ [M] = f*(Us) —~ [M]. The Poincaré duality provides
that yr = f*(Uy). By the Corollary we have that 6 = 0 and then 0(f) = 0. This proves that

= e*

0= (f*Up) —wi(f)) ~ [M];

Finally y; = f*(Ur) = wi(f).
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4.2 The Haefliger obstruction

In [13]], Haefliger proved that, for all compact topological manifolds M and N of dimensions m
and m + k, respectively, with k > 0, if f : M — N is a topological embedding, then w;(f) = 0, for all

i > k. In this section, we will prove a similar result considering ENR Z;-homology manifolds.

Lemma 4.6. Let f : M — N a proper continuous map between generalized manifolds with dimen-

sions m and m+k, respectively, k > 0. For each i > k, define

fitM — N xR+
x — filx) = (f(x),0).

Then
w(f) =w(fi).

Proof. Observe that, the composition of inclusions
N N x {0} <5 N x Rk
induces an isomorphism in cohomology
@ :=id*oi* : HI(N x R"%,Zy) — HY(N;Z,).

Note that
fi=ioidof:M— NxRI~*

induced a homomorphism in cohomology
fi=froid* oi* : HI(N x R™%Zy) — HY(M;Z,)
and

ﬁo¢—l — f*oid*oi*o(i*)—lo(id*)—l
= f*
If we prove that @ ' (v(N)) = v(N x R=%), then
o' (w(N) = ¢~ (Sq(v(N)))
= Sq(e~'(v(V)))

= Sq(v(N xR7*Y)
= w(N xR
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and

= [T(W(N)) — w(M)
= w(f)-
For each j € N, consider x € Hcmﬂ;j (N x Ri_k;Zz). Then
(x — 77, IV xR = (¢! (x), [V x R™H]),
where v; is the j-th Wu classe of N x RI=*. Letv ; be the j-th Wu class of N and consider
vi=07'(v)),
if we prove that
(5 Vi, [N X R = (Sq (x), [N x RIH]),
then v; = /. This implies that v(N) = @(v(N x Ri—F),
Using the isomorphism i, oid, : Hj(N;Z,) — H;(N x Ri_k;Zz), it follows that

H"™I(NxR™57Zy) = H;(NxR57,)
= Hj(N;Zz)
= Hj(N; Zz) ® 2oy

=~ Hj(N; Zz) & H()(Riik; Zz)
H™ (N Zy) @ H" (N3 Zy).

I

For each x € Hé"“fj(N x RI7%;Z,), assume that x = x’ x € for x' € HZHI‘*J.(N; Zy) and € the gen-
erator of H,"' k=) (N;Z3). Furthermore, we can consider v} =v; x 1, where 1 is the generator of
H(Ri=%;Z,). Then

(¢ x€) — (v x 1),[N] x [RT]) =

This implies that

and V= (p(VJ)
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Remark 4.7. For each x € H¥(X;Z,), we denote |x| = k. We have the following properties:
* (exyaxb)= (=1 {x,a)(y,b)

o (x1xy1) = (2 x y2) = (=PIl (e — xp) x (y1 — y2)

For each generalized manifold N with dimension m + k, using the homomorphism ¢ given in

Lemma4.6|and the Poincaré duality, we obtain that

HS(N xRKZy) = HI(NxRK7,)

o Hi(N;Zz)
Hr(';zf(ifk) (N:Zy)
H1$17(i7k) (N’ ZZ) ®ZZ

I

I

Proposition 4.8. Let M and N be ENR 7.,-homology manifolds, with dimension m and m+ k, respec-
tively, k > 0. For each proper topological embedding f : M — N, if i > k, then w;(f) € H'(M;Z>)

vanishes.

Proof. For i > k, using the proper continuous map f : M — N, we have the following proper con-
tinuous map
fitM — Nx R
x — filx) = (f(x),0).
Note that f;([M]) € HS(N x R"=*;Z,) can be seem as an element p x 1 € Hy i (N3 Zs) @Zy.
Then u = 0 and the Poincaré dual class of f;([M]) must be Uz = 0. Since fi is a proper topological
embedding, we can apply Corollary and My (0(f;)) = 0, where ny : HS,(M;Zy) — HS(M;Z5)

is an isomorphism. Then

0(f) = (filUz)—wi(f)) ~ M]
= —wi(fi) ~ [M]
= 0.

Using the Poincaré duality, we conclude that w;(f;) = 0. By the Lemma

]

A direct application of Proposition [4.§] is exhibit a sufficient condition under which Euclidean

spaces cannot be embedded as closed subsets of an ENR Z,-homology manifold.

Corollary 4.9. Let M be an ENR 7Z,-homology manifold with dimension m and w;(M) # 0, for some
i > 0. Then M cannot be embedded as a closed subset of R™J, for j <.i.
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Proof. Suppose that M can be embedded as a closed subset of R”*/, for j < i. Then, for each j < i,
there exists a proper embedding f : M — R/,

If j < i, using the definition of the i-th Stiefel-Whitney Class of the stable normal bundle of f, it
follows that

wilf) = Y fwa(R™)) —wp(M)

a+p=i
= fr(wo(R™) — wi(M))
= 1 —w;(M)
= wi(M)
£ 0.

Note that Proposition [4.8|provides that w;(f) = 0.
If j =i, using the Poincaré duality and Uy € H/(R™/;Z) = {0}, it follows that

0(f) = [ WUy)—w;(M)] ~ [M]
= —w;(M) ~ [M]
0.

Corollary guarantee that 0(f) = 0.
Then M cannot be embedded as a closed subset of R/ for j < i.

4.3 The self-intersection set of a proper continuous map

In this section, we define the self-intersection set of a continuous map. Using this, we will discuss
the relation of the class 6y, defined in Chapter and the image of the induced homomorphism given

by inclusion considering the closure of the self-intersection set as a subset of a compact subset.
Definition 4.10. Let f : M — N a continuous map between topological spaces. The set

M(f) = {xeM|f~(f(x) # {x}}
is called the self-intersection set of f.

Note that the self-intersection set of a continuous map is set of the elements in the source in which

the map is not injective.

Lemma 4.11. Consider the diagram of modules and homomorphisms
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Sirt

8
> Ci+1 > A,' L B; > C; >
l%drl lai lﬁi l%
! ! !
e A VI A T B .
7 Ci+1 4 Ai 4 Bl' 7 Ci 4

where each row is a exact sequence and each rectangle commutes. Suppose that, for k € N, each

Y : Cx — Cy is an isomorphism. Then, for all i > 0, there exist homomorphisms
¢ A — A; @ B;
a — ¢(a) = (ai(a),gi(a));
Vi IA; ®B; — B;
(b,c) V> y(b,c) = Pi(c) —&i(D)
and

T]iZB; — A
d — 1Mi(d) = fioy ' ohi(d),

such that the following sequence is an exact sequence

v A — s APB; —L s B s A ——

Proof. See [12]]

Considering the closure of the self-intersection of a map, we have the following:

Proposition 4.12. Let M be a compact m-dimensional generalized manifold and N an m—+ k-dimensional

generalized manifold, k > 0. For each proper continuous map f: M — N, consider A= M(f). Then,
there exists an element 1 € H,,_(A;Zy) such that

Jje(1) = 0r € Hy (M Z)

and

(fia)« (W) = 0 € Hy 1 (f(A); Z2),
where j: A — M and f5 : A i>N.
Proof. If A = 0, we have that f : M L> f(M) is an embedding and f, is a monomorphism. Takes

u=0.
Observes that (M,A) and (f(M), f(A)) are compact pairs. Then, we have commutative a diagram
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Hi+1<M;Z2) e FIH.I(M,A;Zz) e Hi(A;Zz) #) FI,‘(M;ZQ)

|7 |7 |G |7
Hi1(f(M):Z0) —— Hip1(f(M), f(A): Z2) —— Hi(f(A):Z2) —"— Hi(f(M):Z2)
where each row an exact sequence (see [10]).
Since fiyy—a : M —A — f(M)— f(A) is ahomeomorphism, we say that f: (M,A) — (f(M), f(A))
is a relative homeomorphism. In [10], Eilenberg and Steenrod guarantee that the Cech homology is

invariant under relative homeomorphism for compact pairs, this mean that
fer Hi(M A Zo) — Hi(f(M), f(A): Z2)

is an isomorphism for each i > 0.

Using Lemma.T1] there exists an exact sequence

s Hy 1 (A3Z0) —2 Hyy 1(F(A); Z0) D Hyp (M3 Z2) —Y— Hyy (f(M);Z5) — ---

where j: A =M, j': f(A) = f(M), ® = ((fia)« j») and y(b,c) = fi(c) + j.(b). Observe that
w(0,0(f)) = fu(6r)+j.(0).

Corollary provides that f,(6¢) = 0.
By the exactness of the above sequence, there exists y € H,,_;(A;Z,) such that

o) = ((fla)«(u), (1))
= (0’9f>

Then j. (i) = 67 and (fj5)+(1) =0.
O

Using the same idea of Proposition if ve Hy, 1 (f(A);Z,) satisfies j,(v) = 0, we can apply
the exactness property and there exists u, such that j,(i,) = 67 and ( ﬁ A)x () = v.

Using Proposition we cannot guarantee that u # 0. In [21]], Ronga gives some additional
hypothesis in which u # 0 when A # 0.

To the next corollary, we need the definition of topological dimension for a topological space (see

[16]).

Definition 4.13. The topological dimension of a topological space X at a point x € X is defined
inductively, for n > 0:

* we say that X has dimension 0 at x € X if, for each neighborhood U of x, there exists a neigh-
borhood V of x with V C U and 9V = &;
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* we say that X has dimension less than or equal to n at x € X if, for each neighborhood U of x,
there exists a neighborhood V of x such that V C U and dV has dimension less than or equal to

n—1.
By convention, the empty set has dimension —1.

Definition 4.14. A topological space X has dimension less than or equal to » if has dimension less

than or equal to » at each of its points.

Lemma 4.15. Let X be a compact topological space with topological dimension less than or equal to
n. Then, given any closed C C X, H,+1(X,C;Z,) = {0}.

Proof. See [16].
]

Corollary 4.16. Let f: M — N be a continuous map between a compact m-dimensional generalized

manifold into an m+ k- generalized manifold, k > 0. If the topological dimension of M(f) is strictly
less than m — k, then 6(f) € H,,_(M;Z,) vanishes.

Proof. Since the topological dimension of A = M(f) is less than m — k and A is compact, by Lemma
4.15] we have that
H,_1(A:Z,) = {0}.

Then H,,_(A;Z,) = {0} and using Proposition it follows that u = 0. Hence 6(f) = 0.

4.4 Applications on Real Projective Spaces

To conclude our work, we apply the results from Chapter [3] to continuous maps between real
projective spaces RP" and certain generalized manifolds. Here n is always a power of 2. The main
result of this section is original and constitutes a generalization of the results given in [1] where the
authors used n = 2 and X is a 3-dimensional generalized manifold.

Note that, RP" is an n-dimensional compact connected generalized manifold. Then, for 0 < g <n,

HS(RP":Z,) = HS(RP":Zy)
>~ Hy(RP":Z)
=/

Moreover, a continuous map f : RP" — X into a generalized manifold is always a proper map
(RP" is compact and X is Hausdorff).
The following lemmas only require the structure of RP" as a topological space. Assume that X is

an arbitrary Hausdorff topological space.
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Lemma 4.17. Consider f : RP" — X a continuous map. Denote by
(f«)" : Hom(H(X;Z2),Z,) — Hom(Hy(RP";7Z5),Z5)
the dual of the induced homomorphism
fe t Hy(RP",Zy) — Hi(X;Zo).

Let
v HY(X;Z,) — Hom(Hy(X;Z),Z5)

and
¢ : HY(RP"; Zy) — Hom(Hy(RP"; Z5),Zy)

be the isomorphisms given by the universal coefficient Theorem. Then, the following diagram is

commutative

<

H¥(X:Z,) ——— Hom(H(X),Z,)

| l(f*)*

H*(RP";Z,) —— Hom(H(RP"),Z,)

HZ‘%

Proof. For every x € H(X;7Z,) and y € Hi(RP";Z,), it follows that

(f) o)) = (f) (wH)(©)
= y()(f()
= (%f0))
= (f"(x),»)
= ( () ()
= 9o f (x)().

This prove that the diagram commutes.
]

Lemma 4.18. Let f : RP" — X be a continuous map. Then, for 0 < k < n, the induced homomor-
phism
fe i Hil(RP"; Zy) — Hy(X ;7o)

is injective if and only if the induced homomorphism
i HYX;Zo) — HYN(RP",Z,)

is surjective.
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Proof. First, observe that, for 0 < k < n, H,(RP";Z,) = Z,. Using the universal coefficient Theorem,
it follows that

H*Y(RP";Zy) = Hom(Hy(RP";Z,),Z)
Hom(Zz,Zz)
Z».

I

I

Suppose that f is an injective homomorphism and f* is not surjective. Since f* is not surjective
we assert that f* is the trivial homomorphism. Using the Lemmal4.17| for all x € Hom(Hy(X;7Z2), Z2),

(f)*x) =¢of oy (x)=0

and (f,)" is the trivial homomorphism.
Consider € the generator of Hy(RP";Z). Observe that f.(€) # 0. Since Hy(X;Z) is a vector
space and f.(€) # 0, we can choose a basis (f.(€),x1,...,x;) for Hy(X;Z), where each x; € Hy(X;Z),

i=1,...,j. Define the linear functional
o:H (X;Zy) — Zo
such that a(x;) = 0 and o (f.(€)) #0,fori=1,---,j. Then
0=(f2)"(a)(g) = axo fi(g) # 0.

This is a contradiction. This prove that f* has to be a surjective homomorphism.

Now, suppose that f* is a surjective homomorphism and f, is not injective. Since f, is not
injective and Hy(RP";7Z,) = 7Z,, we conclude that f; is the trivial homomorphism. There exists a
class x € H*(X;Z,) such that f*(x) is the generator of H*(RP"), this means that

¢ (f*(x)) = idy, (rpryz,) : He(RP"; Z2) — H(RP"; Zy).
Using the commutative diagram

(fe) owlx) = ¢of(x)

ide (RP" ;Zz)

and

(f) owlx) = wix)of.
= 0.

This is a contradiction and it proves that f, has to be an injective homomorphism.
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Now, considering the fundamental class [RP"] € H,(RP";Z,), we have the following:

Lemma 4.19. Let f : RP" — X be a continuous map into a Hausdorff space X. Suppose that
f«([RP"]) € Hy(X;Zy) is the trivial class. Then f, : H (RP",Z,) — H\(X;Z,) is the trivial homo-

morphism.

Proof. Suppose that f, : H (RP";Z,) — H(X;Z;) is not the trivial homomorphism, then f is
injective. Using Lemma 4.18] we have that f* is surjective. There exists a class € € H'(X;Z,) such
that f*(¢) generates H' (RP";Z;). Using the properties of the cup product considering RP"

&) —f(e)—...—f(e)=r(e")#0

~~
n—times

This prove that f*(€") generates H"(RP";7Z;) and f* : H"(X;Z,) — H"(RP";Z,) is surjective.
Since f* is surjective, f; is injective. But fi([RP"]) = 0 and we have a contradiction. This proves
that f. : H (RP";Z,) — H(X;Z;) is the trivial homomorphism.
]

A direct consequence of the Lemma 4.19]is a generalization of the results given in [I]] where the

authors used n = 2 and X a 3-dimensional generalized manifold.

Proposition 4.20. Let f : RP" — X be a continuous map into an n+ 1-dimensional generalized
manifold. Suppose that f*(1) € H*(RP";Z,) is nonzero and f.([RP"]) = 0. Then, the induced ho-
momorphism

fe: Hy 1 (RP" Zy) — Hy 1 (f(RP"); Zs)

is trivial for f : RP" N f(RP™).
Proof. By Lemma4.19} f, : H(RP";Z,) — H{(X;Z) is the trivial homomorphism. In this case,
f*:H'(X;Z,) — H'(RP";7Z,) is also the trivial homomorphism and

0(f) = [f'(Uy)— X frwilX)—wi(RP")] ~[RP"]

i+j=1
= (1) = m(EPY) ~ [P

= —W(RP") ~ [RP"].

By Example 2.19] we have that w;(RP") # 0 and then 6(f) # 0.
Mepn
Since H,—1 (RP";7Z;) ~ H,_1(RP";7Z,) and O(f) # 0, we have that 6 # 0. This shows that 0y is
the generator of H,_(RP";Z,). By Corollary 3.2, fe 0y = 0 and then f+ is the trivial homomorphism.
O

We can generalize the results in Proposition [4.20|to continuous maps between RP" and an n + 2-

dimensional generalized manifolds, for n > 2.
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Lemma 4.21. Let f : RP" — X be a continuous map into a Hausdorff space. Suppose that the
induced homomorphism f, : H"(X;Z,) — H"(RP";Z,) is trivial, n > 2. Then, the homomorphism
fo : H*(X;Zy) — H*(RP";Zy) is trivial.

Proof. If f. : H*(RP";Z,) — H*(X;Z,) is non trivial, there exists € € H*(X;Z,) such that f*(¢) is
the generator of H 2 (RP";7Z5). Since n is even, exists @ € N such that n = 2a. Then

o—times

Observe that f, : H"(X;Z,) — H"(RP";Z;) is the zero homomorphism and we have a contradiction.
This proves that f* : H*(RP";Z,) — H*(X;Z>) is the zero homomorphism.
O

Proposition 4.22. Let f: RP" — X be a continuous map into an n+ 2-dimensional generalized
manifold, n > 2. Suppose that *(1) € H(RP";Z,) is nonzero and f.([RP"]) = 0. Then, the induced

homomorphism

f* . Hn_z(RPn;Zz) — I:In_z(f(RPn);Zz)
is trivial, for f : RP" N f(RP™).

Proof. By Lemma and Lemma (4.21] fi : H(RP";Z,) — H(X;Zy) is the trivial homomor-
phism for k = 1,2. In this case, f* : H¥(X;Z,) — H*(RP";7Z,) is also the zero homomorphism

and

0(f) = [f"(Up)— X f(wilX)) —wj(RP")] ~ [RP"]

i+j=2
= (7 () = mEPY) ~ [RP

= —wy(RP") ~ [RP"]

By Example 2.19] we have that w;(RP") # 0 and then 0(f) # 0.

L
Since H,_»(RP";7Z;) 4 H,_>(RP";7Z,) and 0(f) # 0, we have that 6 # 0. This shows that 0y is
the generator of H,,_»(RP";Z,). By Corollary 3.2, f. 6y = 0 and then f+ is the trivial homomorphism.
]

Remark 4.23. Observe that the hypothesis that n is a power of 2 is essential to guarantee that
wi(RP™) #£0.

Corollary 4.24. Let f : RP" — X be a continuous map into an n+ k-dimensional generalized man-
ifold X, with k = 1,2 and n > 2. If f.([RP"]) =0, then f cannot be a topological embedding.
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Proof. Suppose that f : RP" — X is a topological embedding. Then f : RP" — f(RP") is a home-

omorphism and
fe: Hy ((RP"; Zo) — Hy_(f(RP"); Zy)

is an isomorphism. Observe that, by Proposition and Proposition 4.22, f. = 0. We have a
contradiction and f : RP" — X cannot be a proper topological embedding.
]

Remark 4.25. Note that Corollary is also true for n =2 when k = 1.
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