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Ao meu orientador, agradeço pela inspiradora dedicação à matemática, pela paciência e
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Resumo

O objetivo principal desta tese é estudar o fluxo da curvatura média em uma variedade

diferenciável compacta ambiente M com bordo e com uma métrica Riemanniana que evolui por

uma solução autossimilar do fluxo de Ricci acoplado ao fluxo do calor de aplicações harmônicas

de uma aplicação de M para uma variedade Riemanniana N. Neste contexto, abordamos um

funcional associado ao fluxo de Ricci acoplado ao fluxo do calor de aplicações harmônicas e

calculamos a sua variação ao longo de parâmetros que preservam a medida do volume ponder-

ado. Assim, uma extensão da diferencial de Harnack-Hamilton aparece ao considerar o bordo

de M evoluindo pelo fluxo da curvatura média que deve se anular no caso de soliton gradiente

estável. Em seguida, obtemos uma fórmula do tipo monotonicidade de Huisken para o fluxo

da curvatura média no cenário proposto. Como aplicação, consideramos a famı́lia normalizada

associada ao fluxo da curvatura média para obter resultados de convergência no sentido de

Cheeger-Gromov nos casos compacto e não compacto. Além disso, mostramos como construir

uma famı́lia de sólitons da curvatura média e estabelecemos uma caracterização de tal famı́lia.

Palavras-chave: Fluxo de Ricci harmônico, fluxo da curvatura média, convergência de Cheeger-

Gromov.
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Abstract

The main objective of this thesis is to study the mean curvature flow into an ambient

compact smooth manifold M with boundary and with a Riemannian metric that evolves by a

self-similar solution of the Ricci flow coupled with the harmonic map heat flow of a map from M

to a Riemannian manifold N. In this context, we address a functional associated with the Ricci

flow coupled with the harmonic map heat flow and calculate its variation along parameters that

preserve the weighted volume measure. So, an extension of the Harnack-Hamilton differential

appears by considering the boundary of M evolving by mean curvature flow, which must vanish

on the gradient steady soliton case. Next, we obtain a Huisken monotonicity-type formula

for the mean curvature flow in the proposed background. As an application, we consider the

associated normalized family of the mean curvature flow to obtain results of convergence in

the Cheeger-Gromov sense in the compact and noncompact cases. Moreover, we show how to

construct a family of mean curvature solitons and we establish a characterization of such a

family.

Keywords: Ricci harmonic flow, mean curvature flow, Cheeger-Gromov convergence.

vii





Contents

Introduction 1

1 Preliminaries 11

1.1 Basic Riemannian geometry . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 11

1.2 Mean curvature flow . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 16

1.3 Basic analysis on smooth manifolds . . . . . . . . . . . . . . . . . . . . . . . . . 19

1.3.1 The compact-open Ck topology . . . . . . . . . . . . . . . . . . . . . . . 19

1.3.2 Sequence convergence of sections on a bundle . . . . . . . . . . . . . . . 20

1.3.3 Convergence of submanifolds . . . . . . . . . . . . . . . . . . . . . . . . . 22

1.3.4 The maximum principle . . . . . . . . . . . . . . . . . . . . . . . . . . . 23

1.4 Approximate isometries . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 23

2 The (RH)α flow, evolution equations and some applications 25

2.1 Evolution of Fα
∞ under the coupled system (RH)α flow . . . . . . . . . . . . . . 25

2.1.1 The modified (RH)α flow setting . . . . . . . . . . . . . . . . . . . . . . 29

2.2 Hypersurfaces in the (RH)α flow background . . . . . . . . . . . . . . . . . . . . 34

2.3 Characterization of mean curvature solitons . . . . . . . . . . . . . . . . . . . . 37

2.4 Extension of Hamilton’s differential Harnack expression . . . . . . . . . . . . . . 41

3 Applications of a Huisken monotonicity-type formula for MCF in the (RH)α

flow background 45

3.1 Bounded geometry in the (RH)α flow background . . . . . . . . . . . . . . . . . 46

3.2 The compact case . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 57

3.3 The noncompact case . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 59

Bibliography 61

Index 66

ix





List of Figures

1 Flowchart of the chronological development of referenced works. . . . . . . . . . 9

1.1 Sphere collapsed in finite time. . . . . . . . . . . . . . . . . . . . . . . . . . . . . 17

1.2 The Cylinder also collapsed in finite time. . . . . . . . . . . . . . . . . . . . . . 18





Introduction

In the last decades, a significant part of the research in Geometric Analysis has focused on

the study of intrinsic and extrinsic geometric flows. The most considered intrinsic geometric

flow is the Ricci flow, which Hamilton conceived as a tool to prove Thurston’s Geometrization

Conjecture, settled affirmatively by Perelman, that led to the proof of Poincaré’s Conjecture.

The mean curvature flow is certainly the most studied in the class of extrinsic geometric flows

due to its many geometrical properties. The main feature of the Ricci and mean curvature

flows is that their analytical properties are similar to those of the heat flow, since the partial

differential equations associated with these geometric flows are parabolic.

This thesis concerns extrinsic flows in ambient Riemannian manifolds under intrinsic flows.

More precisely, we study mean curvature flow in Riemannian manifolds evolving by Ricci flow

coupled with harmonic map heat flow. Our approach is inspired by many works, as we shall

describe.

We begin with the work by Eells and Sampson [ES64], which pioneered the study of harmonic

maps that arise from the variation of the energy-type functional (a generalization of Dirichlet’s

energy functional). There, they aimed to establish existence of harmonic maps which are

homotopic to a given map ϕ : (M, g) → (N, γ), where (M, g) and (N, γ) are closed Riemannian

manifolds, i.e., compact and without boundary. For it, they considered the energy functional

E of ϕ as follows

E(ϕ) :=
1

2

∫
M

|∇ϕ|2dM,

and they showed that, for a smooth family of maps ϕt : (M, g) → (N, γ), with t ∈ (−ϵ, ϵ),
variational vector field V and ϕ0 = ϕ, the first variation formula of E is given by

d

dt

∣∣∣
t=0
E(ϕt) = −

∫
M

⟨V, τg,γϕ⟩dM,

where τg,γϕ denotes the tension field of ϕ, which depend on the Riemannian metrics g and γ.

In particular, a harmonic map ϕ (i.e., τg,γϕ = 0) is a critical point of E, see Section 1.1 for

more details.

The idea is to deform a given map ϕ ∈ C∞(M,N) along the flow given by τg,γϕt to obtain

a harmonic map free-homotopic to ϕ. When such a deformation is possible, its flow ϕt becomes

1



a solution of the system of parabolic partial differential equations

∂ϕt
∂t

= τg,γϕt, ϕ(0) = ϕ. (1)

System (1) is known as the harmonic map heat flow. For our context, we highlight the

following particular result by Eells and Sampson. We observe that they worked in a more

general setting by imposing some boundedness on the embedding of N in some Euclidean space

Rd; such conditions are automatically fulfilled if N is compact. Eells and Sampson’s theorem

reads as follows.

Theorem A (Eells and Sampson [ES64]). Let (M, g) and (N, γ) be closed Riemannian

manifolds, and let ϕ : (M, g) → (N, γ) be a smooth map. If (N, γ) has non-positive Riemannian

curvature, then there exists a unique global smooth solution of (1) which converges smoothly to

a harmonic map homotopic to ϕ.

One of the importance of harmonic maps is that they generalize the concept of harmonic

functions. In particular, closed geodesics and minimal surfaces are some examples. More

generally, when ϕ is an isometric immersion, the tension field has the simplified notation τgϕ

and coincides with the mean curvature H(ϕ). Hence, ϕ is harmonic if and only if it is minimal.

Moreover, any isometry of M is harmonic, and any covering map is harmonic.

Hamilton extended Eells and Sampson’s theorem for compact Riemannian manifolds with

boundary. He showed that the first variation formula of the energy functional E(ϕ) of a smooth

map ϕ : (M, g) → (N, γ), now between Riemannian manifolds with boundary, is given by

d

dt

∣∣∣∣
t=0

E(ϕt) = −
∫
M

⟨V, τg,γϕ⟩dM +

∫
∂M

⟨V,∇0ϕ⟩dA.

So, a harmonic map ϕ with Neumann boundary condition ∇0ϕ = 0 is a critical point of the

energy functional.

Hamilton noted that there are three natural boundary value problems to be addressed.

(a) Dirichlet Problem for a harmonic map from (M, g) to (N, γ) with given values on ∂M .

Let ϕ̂ : ∂M → N be a smooth map, and denote by Mϕ̂(M,N) the closed subspace of maps

ϕ : (M, g) → (N, γ) such that ϕ|∂M = ϕ̂, with the C∞-topology. A relative homotopy

class is a connected component of Mϕ̂(M,N). If there is a topological obstruction to

extending ϕ̂, then Mϕ̂(M,N) is empty and nothing more can be said. Otherwise, one has

the following result.

Theorem B (Hamilton [Ham75]). Let (M, g) and (N, γ) be compact Riemannian manifolds

with boundary. Suppose that N has non-positive Riemannian curvature and that ∂N is convex

(or empty). Then, the Dirichlet problem for ϕ : (M, g) → (N, γ){
τg,γϕ = 0 in M

ϕ = ϕ̂ on ∂M
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has a solution in every relative homotopy class.

(b) Neumann Problem. If the map ϕ is not specified on ∂M at all, he proved that it is enough

to impose the auxiliary condition that the normal derivative ∇0ϕ = 0 on ∂M .

Theorem C (Hamilton [Ham75]). Let (M, g) and (N, γ) be compact Riemannian manifolds

with boundary. Suppose that N has non-positive Riemannian curvature and that ∂N is convex

(or empty). Then, the Neumann problem{
τg,γϕ = 0 in M
∇0ϕ = 0 on ∂M

has a solution in every homotopy class.

(c) Mixed Problem. In contrast with the two above cases, this one considers ∂N . It is assumed

that ϕ maps ∂M into ∂N , but in an arbitrary form, and also that the normal derivative

∇0ϕ taken at a point in ∂M is normal to ∂N . This makes sense since ∇0ϕ ∈ TN . Let

M∂(M,N) denote the closed subspace of those ϕ ∈ M (M,N) such that ϕ(∂M) ⊆ ∂N ,

with the C∞-topology. A relative homotopy class will now mean a connected component

of M∂(M,N). In addition, it is assumed that ∂N is totally geodesic.

Theorem D (Hamilton [Ham75]). Let (M, g) and (N, γ) be compact Riemannian manifolds

with boundary. Suppose that N has non-positive Riemannian curvature and that ∂N is totally

geodesic. Then, the mixed problem
τg,γϕ = 0 in M

ϕ(∂M) ⊆ ∂N
∇0ϕ = 0 on ∂M

has a solution in every relative homotopy class.

Motivated by previously discussed theory coupled with the promising case of Ricci flow

introduced by Hamilton [Ham82], we consider a family of closed hypersurfaces Σt in (M, g(t))

and a family of smooth maps ϕt : (M, g(t)) → (N, γ) with Riemannian metrics g(t) envolving

by some geometric flow and Σt evolving by mean curvature flow. We now contextualize with

results and historical data (see Figure 1) our setting of study.

It is known that the Ricci flow was expected to have a gradient-like structure, as well as the

mean curvature flow case from the area functional. Indeed, this was one of Perelman’s contri-

butions when he modified the Hilbert-Einstein functional in the context of weighted compact

smooth manifolds. He defined the functional F(g, f) on the space of metrics and smooth func-

tions on a closed smooth manifold, whose variation δF(g, f) provides a gradient-like structure

to the Ricci flow with weighted measure-preserving, see [Per02].

Four years later, List [Lis06] presented a connection between Ricci flow on n−dimensional

closed Riemannian manifold M without boundary and Einstein’s static vacuum equations

3



through a coupled system of Ricci flow and heat equation with a coupling constant αn =

(n− 1)/(n− 2), with n ⩾ 3, and then he defined a functional F(g, f, w) on the space of metrics

and cartesian product of smooth functions on a closed smooth manifold without boundary,

whose variation δF(g, f, w) provides a gradient-like flow from this coupled system.

In the boundary case, Ecker [Eck07] defined a version of Perelman’s W-functional for the

Ricci flow on bounded Euclidean domains with smooth boundary. Curiously, Hamilton’s dif-

ferential Harnack expression (see [Ham95b]) on the boundary integrand appears in its time-

derivative formula. Based on Ecker’s work, Lott [Lot12] defined the functional I∞(g, f) on the

space of metrics and smooth functions on a compact smooth manifold with boundary to be a

weighted version of the Gibbons-Hawking-York action (see [Yor72, GH77]) from which he found

an extension of Hamilton’s differential Harnack expression on the boundary integrad. Magni,

Mantegazza and Tsatis [MMT13] found a Huisken monotonicity-type formula (see [Hui90]) for

the mean curvature flow in an ambient smooth manifold with Riemannian metric that evolves

by a self-similar solution to the Ricci flow.

More recently, Gomes and Hudson [GH23] considered Lott’s program in the context of mean

curvature flow in an extended Ricci flow background. They studied variational properties of

an appropriate extended version of Lott’s functional in the context of List’s work, namely, the

extended weighted Gibbons-Hawking-York action Iαn
∞ (g, f, w) on a compact smooth manifold

with boundary. They obtained evolution equations for the second fundamental form and the

mean curvature in an extended Ricci flow background, and then an extension of Hamilton’s

differential Harnack expression appears as well as a Huisken monotonicity-type formula for the

mean curvature solitons in this background.

In a more general context, Müller [Mü09, Mül12] worked on a new geometric flow which

consists of a coupled system of the Ricci flow on a closed Riemannian manifold (M, g) with the

harmonic map heat flow of a map ϕ : (M, g) → (N, γ), where (N, γ) is a closed Riemannian

manifold. Precisely, he considered a family of Riemannian metrics g(t) on M and a family of

smooth maps ϕ(t) from M to N to define (g(t), ϕ(t))t∈[0,T ) as a solution to the coupled system

of Ricci flow and harmonic map heat flow ((RH)α flow, for short), namely

{
∂
∂t
g(t) = −2Ricg(t) +2α(t)∇ϕ(t)⊗∇ϕ(t),

∂
∂t
ϕ(t) = τg(t),γϕ(t),

(2)

where α(t) is a nonnegative coupling constant. For an account of (RH)α flow, including proof

of short-time existence and uniqueness of solutions to (2), see [Mül12, Sect. 4.2].

Müller realized that this coupled system may behave less singularly than the Ricci flow or

the standard harmonic map flow alone. In order to interpret system (2) as a gradient flow by

means a functional Fα(g, f, ϕ) for a fixed measure, he worked with the heat operator□ = ∂
∂t
−∆g

4



whose formal adjoint □∗ is given by

□∗ = − ∂

∂t
−∆g +Rg − α|∇ϕ|2 (3)

along the (RH)α flow.

Müller’s approach motivated the first theorem of this thesis. Next, we continue to establish

our study context more precisely.

A gradient soliton to the (RH)α flow is a self-similar solution
(
g(t), ϕ(t)

)
of (2) given by{

g(t) = σ(t)ψ∗
t g,

ϕ(t) = ψ∗
t ϕ,

for some initial value (g, ϕ), where ψt is a smooth one-parameter family of diffeomorphisms of

M generated from the flow of ∇gf/σ(t), f ∈ C∞(M), and σ(t) is a positive smooth function

on t. By setting f(t) = ψ∗
t f , from (2) we can obtain{
Ricg +∇2

g f − α∇ϕ⊗∇ϕ =
c

2(T − t)
g,

τg,γϕ = ⟨∇gϕ,∇gf⟩,

where c = 0 in the steady case (for t ∈ R and ψ0 = Id), c = 1 in the shrinking case (for

t ∈ (−∞, T ) and ψT−1 = Id) and c = 1 in the expanding case (for t ∈ (T,∞) and ψT+1 = Id).

Moreover,

∂

∂t
f = |∇gf |2g .

The function f is called the potential function.

As in [GH23], we consider mean curvature flow in the following context: let (g(t), ϕ(t)) be

an (RH)α flow in M × I. Given an (n − 1)-dimensional compact smooth manifold Σ without

boundary, and let {x(·, t); t ∈ [0, T )} be a smooth one-parameter family of immersions of Σ in

M . For each t ∈ [0, T ), set xt = x(·, t) and Σt for the hypersurface xt(Σ) of (M, g(t)), which we

can write as Σt :=
(
Σ, x∗tg(t)

)
. Suppose that the family F := {Σt ; t ∈ [0, T )} evolves under

mean curvature flow, MCF for short,
∂

∂t
x(p, t) = H(p, t)e(p, t),

x(p, 0) = x0(p),

whereH(p, t) and e(p, t) are the mean curvature and the unit normal of Σt at p ∈ Σ, respectively.

In this setting, we say that F is a MCF in the (g(t), ϕ(t)) − (RH)α flow background. In the

particular case
(
g(t), ϕ(t)

)
=
(
g(t), ϕ(t)

)
is a self-similar solution to the (RH)α flow on M with

potential function f , a hypersurface Σt ∈ F is a mean curvature soliton, if

H(p, t) + e(p, t)f = 0 on Σ.

5



Here, e( · , t) must be the inward unit normal vector field on Σt.

Now, we consider an n-dimensional compact smooth manifold M with boundary ∂M . Let

met(M) be the set of all Riemannian metrics g on M. We define the functional Fα
∞ on the

product P(M,N) := met(M)× C∞(M)× C∞(M,N) as

Fα
∞(g, f, ϕ) :=

∫
M

(
R∞ − α|∇ϕ|2

)
e−fdM + 2

∫
∂M

H∞e
−fdA,

where R∞ := Rg + 2∆gf − |∇f |2g is the weighted scalar curvature of g, the function H∞ :=

Hg + e0f is the weighted mean curvature with respect to the inward unit normal vector field e0

on ∂M , the forms dM and dA are the n-dimensional Riemannian measure of (M, g), and the

(n− 1)-dimensional Riemannian measure of (∂M, g), respectively.

We observe that Fα
∞ is the proper extension for our context of the energy functionals E,

F(g, f), F(g, f, w), I∞, I
αn
∞ and Fα previously mentioned. Furthermore, it is already clear

that R∞ arises quite naturally, as observed by Perelman [Per02, Sect. 1.3], and H∞ is in fact

the appropriate geometric object when we are using a weighted measure (see, e.g., [Gro03,

Sect. 9.4.E]).

Our first main result is a variational formula for Fα
∞ from which we obtain a gradient-like

structure for (RH)α flow and an extension of Hamilton’s differential Harnack expression of

the mean curvature flow in Euclidean space. It reads as follows (see Sections 1.1 and 2.1 for

definitions and notations).

Theorem 1. Let M be an n-dimensional compact smooth manifold with boundary ∂M, and let

F be the MCF of ∂M in the
(
g(t), ϕ(t)

)
− (RH)α flow background with Neumann boundary

condition ∇0ϕ = 0. If u := e−f is a solution to the conjugate heat equation

□∗u = 0 in M × [0, T )

with e0u = Hu on ∂M , then

d

dt
Fα

∞ = 2

∫
M

(
|Ric +∇2f − α∇ϕ⊗∇ϕ|2 + α|τg,γϕ− ⟨∇ϕ,∇f⟩|2

)
e−fdM

+ 2

∫
∂M

(∂H
∂t

− 2⟨∇̂f, ∇̂H⟩+A(∇̂f, ∇̂f) + 2R0i∇̂if − 1

2
∇0R−HR00

+ αA(∇̂ϕ, ∇̂ϕ)
)
e−fdA,

where A is the second fundamental form of ∂M, and ∇̂ denotes the gradient on ∂M.

For the proof of Theorem 1, we first study the MCF in an extended Ricci flow background ,

and then “translate” the results for the context of the (RH)α flow. We also obtain an extension

of the Hamilton’s differential Harnack expression from the mean curvature flow in Euclidean

space, but now, to the more general context of MCF in the (RH)α flow which must vanishes on

6



the gradient steady soliton to this flow, see Corollary 2.24. In particular, when ϕ is a real-valued

smooth function on M , we recover [GH23, Cor. 4].

Our second main result is a Huisken monotonicity-type formula for the MCF in an (RH)α

flow background.

Theorem 2. Let (M, g) be an n-dimensional Riemannian manifold, and let Σ be an (n − 1)-

dimensional compact smooth manifold without boundary. Consider F the MCF of Σ in the

(g, ϕ)−(RH)α flow background with potential function f . Denote by dAg the (n−1)-dimensional

Riemannian measure on Σ and set Areaf (Σt) :=
∫
Σ
e−fdAg. Under these conditions, the func-

tion Φ(t) given by:

(i) R ∋ t 7→ Areaf (Σt) in the steady case,

(ii) (−∞, T ) ∋ t 7→ [4π(T − t)]−(n−1)/2Areaf (Σt) in the shrinking case, and

(iii) (T,∞) ∋ t 7→ [4π(t− T )]−(n−1)/2Areaf (Σt) in the expanding case,

is non-increasing. Moreover, Φ(t) is constant if and only if F is a family of mean curvature

solitons.

In Section 2.3 we address the construction of a family G of mean curvature solitons in a

(RH)α flow background, and we establish a characterization of such a family, as follows.

Theorem 3. If Σ is an f -minimal hypersurface of (M, g), then G is a family of mean curvature

solitons in the (g, ϕ)−(RH)α flow background onM . Moreover, any family F of mean curvature

solitons in the (g, ϕ)− (RH)α flow background on M is given by G up to reparametrization.

Coming back to talk about Theorem 2, we observe that it is a useful tool for studying

an analogous result to Huisken’s work on mean curvature solitons in the (g, ϕ) − (RH)α flow

background. It is important to mention that such a result provides a fundamental insight into

the behavior of the MCF in Euclidean space, showing that shrinking self-similar solutions are

intrinsically linked to singularities of type-I. These solutions emerge as critical points of the

Gaussian area-type functional, see [Hui90] for details.

The MCF in a shrinking
(
g(t), ϕ(t)

)
− (RH)α flow background develops a singularity of

type-I when there exists a constant C > 1 such that

max
p∈Σ

|A(p, t)| ⩽ C√
T − t

,

where A(·, t) stands for the second fundamental form of Σt.

The most appropriate setting to give an application of Theorem 2 is to consider the family

F and its associated normalized family F̃ as follows.
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Let F = {Σt; t ∈ [0, T )} be the MCF in the shrinking
(
g, ϕ
)
− (RH)α flow background with

potential function f(t) and g(t) = (T − t)ψ∗
t g, for t ∈ (−∞, T ). Setting s = − log(T − t) and

Σ̃s = (Σ, x̃∗sg), where x̃s = ψt ◦ xt, we have

∂x̃s
∂s

=
(
∇gf +Hg

)
(x̃s) on Σ× [− log T,∞).

We call the family F̃ := {Σ̃s; s ∈ [− log T,∞)} the normalized MCF in (M, g).

Our next main result is a convergence theorem for F̃ in the C∞ Cheeger-Gromov sense.

Theorem 4. Assume that (M, g) is an n-dimensional compact Riemannian manifold, and let

(g(t), ϕ(t)) be a shrinking self-similar solution to the (RH)α flow on M with potential function

f and initial value (g, ϕ). Given an (n− 1)−dimensional compact smooth manifold Σ without

boundary, and let F be the MCF of Σ in the shrinking (g, ϕ)− (RH)α flow background which

develops a singularity of type-I. Consider the associate normalized MCF F̃ in (M, g). Then, for

any increasing sequence {sj}∞j=1 and points {pj}∞j=1 in Σ, there exist subsequences sjk and pjk in

Σ, such that the family of immersion maps x̃sjk : Σ → (M, g) from pointed manifolds (Σ, pjk)

converges to an immersion map x∞ : Σ∞ → (M, g) from an (n − 1)−dimensional complete

pointed Riemannian manifold (Σ∞, x
∗
∞g, p∞) in the C∞ Cheeger–Gromov sense. Furthermore,

(Σ∞, x
∗
∞g) is a f∞-minimal hypersurface of (M, g), where f∞ = f ◦ x∞.

The proof of Theorem 4 is based on the Arzelà–Ascoli theorem in the context of Riemannian

manifolds which provides a sequence of isometric immersions on an exhaustion of Σ∞ converging

to a limiting global solution which is f∞-minimal hypersurface of (M, g). We prove global

supremum estimates depending only on the initial bounds on Riemann tensor Rmg and Hessian

operator ∇2
gϕ, whereas the interior estimates depend on the full C∞ norm of g (see Chapter 3).

This is possible since the estimates for the derivatives of g and ϕ can be combined in the right

way.

This thesis is structured as follows. We begin in Chapter 1 with some definitions and basic

concepts about Riemannian geometry and maps between Riemannian manifolds. In Chapter 2

we obtain the variational formula for the functional Fα
∞, and an extension of Hamilton’s dif-

ferential Harnack expression for our context. Moreover, we provide the proof of Theorems 1,

2 and 3. In Chapter 3 we proceed with proofs of preliminary results which are formulated in

the more general context of complete Riemannian manifolds with bounded geometry, and then

we prove Theorem 4. This chapter ends with the proof of this latter theorem for the case of a

complete noncompact Riemannian manifold with some additional uniformity conditions.
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of Poincaré’s conjecture

Ecker (2007)

”A formula relating entropy mono-
tonicity to Harnack inequalities”

Contribution: Entropy and
Harnack type formulas to Eu-
clidean domains with boundary.

York (1972)

”Role of conformal three-geometry
in the dynamics of gravitation”

Contribution: Conformal
geometry and gravitation.

List (2008)

”Evolution of an ex-
tended Ricci flow system”

Contribution: Presented a gener-
alization of Ricci flow as connection

between Ricci flow on compact smooth
manifold M without boundary and
Einstein’s static vacuum equations.

Yamamoto (2018/20)

”Ricci-mean curvature flows in
gradient shrinking Ricci solitons”

Contribution: Study a coupled flow
with a mean curvature flow and a Ricci
flow and showed a convergence result.

Gibbons and Hawking (1978)

”Action integrals and partition
functions in quantum gravity”

Contribution: Discusses action
integrals and partition functions.

Lott (2012)

”Mean Curvature Flow in
a Ricci Flow Background”

Contribution: An extension of
Hamilton’s differential Harnack ex-
pression on the boundary integrad.

Gomes and Hudson (2023)

”Mean Curvature Flow in an
Extended Ricci Flow Background”

Contribution: Characterization of
mean curvature solitons in this setting.

Müller (2012)

”Ricci flow coupled with
harmonic map flow”

Contribution: Combines Ricci
flow with harmonic map flow.

Our case

Figure 1: Flowchart of the chronological development of referenced works.

Each arrow connects earlier works (tail) to later publications (head), showing how research

evolved over time until reaching this thesis (our case).

9



10



CHAPTER 1

Preliminaries

We begin with some definitions and basic concepts about Riemannian geometry and maps

between Riemannian manifolds.

1.1 Basic Riemannian geometry

Throughout this text, all manifolds are assumed to be orientable and connected. Consider

a smooth map ϕ : (Mn, g) → (Nm, γ) between Riemannian manifolds (Mn, g) and (Nm, γ)

with boundaries ∂M and ∂N , respectively. We shall denote the local coordinates at p ∈ M

by {xi}, the local coordinate basis by {∂i} and the local dual coordinate basis by {dxi}. Near
∂M , we take x0 to be a local defining function for ∂M . We denote the local coordinates for

∂M by {xî}. We choose these coordinates near a point at ∂M so that ∂0
∣∣
∂M

coincides with the

inward-pointing unit normal field e0 along the boundary. For N we shall denote by {yα} the

local coordinate at ϕ(p), the local coordinate basis by {∂α} and ϕα := yα ◦ ϕ. We shall use the

convention that repeated Latin indices are summed over from 0 to n − 1 and repeated Greek

indices are summed over from 0 to m− 1. In general, we are using the Einstein convention of

summing over repeated indices. In dealing with flows, we shall usually simplify the notation

by suppressing the parameter t.

The metric on M is denoted by g = ⟨, ⟩ and ⟨∂i, ∂j⟩ = gij, and its inverse is denoted by

gij so that gijg
jk = δki . The forms dM and dA are the n-dimensional Riemannian measure of

(M, g), and the (n− 1)-dimensional Riemannian measure of (∂M, g|∂M), respectively. We also

use the classical notation hij = gikgjlhkl, for any 2-tensor field h on M .

We denote the Levi-Civita connection on TM by ∇ and on T∂M by ∇̂. By simplicity, we

also denote ∇i := ∇∂i , ∇i := gij∇j and X
i = gijXj, where Xj = ⟨X, ∂j⟩.

In what concerns ∂M, we write Aîĵ := ⟨∇∂î
∂ĵ, e0⟩ for its second fundamental form, and
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H := gîĵAîĵ for its mean curvature. Hence,

Aîĵ = gîk̂gĵ l̂Ak̂l̂ and Ak̂
î = gk̂l̂Al̂̂i.

For all X, Y ∈ Γ(TM) and ω ∈ Γ(T ∗M), we have

∇T ∗M
X ω(Y ) = X

(
ω(Y )

)
− ω

(
∇XY

)
,

The smooth map ϕ induces the fiber bundle ϕ∗TN over M as follows

ϕ∗TN =
{
(p, u); p ∈M,u ∈ Tϕ(p)N

}
=
⋃
p∈M

{p} × Tϕ(p)N.

The Levi-Civita covariant derivative ∇TN of the metric γ on N induces the following co-

variant derivative on ϕ∗TN ,

∇ϕ∗TN
X U := ∇TN

ϕ∗XU,

for all X ∈ Γ(TM) and U ∈ Γ(TN).

The Riemannian curvature tensor is defined as

Rm(X, Y )Z := ∇Y∇XZ −∇X∇YZ +∇[X,Y ]Z = Rl
ijkY

jX iZk∂l.

where

Rl
ijk∂l = R(∂i, ∂j)∂k = ∇j∇i∂k −∇i∇j∂k,

Rl
ijk = ∂jΓ

l
ik − ∂iΓ

l
jk + ΓmikΓ

l
jm − ΓmjkΓ

l
im,

Γkij =
1

2
gkl(∂igjl + ∂jgil − ∂lgij).

When lowering the index to the fourth position, we obtain

Rijkl = gmlR
m
ijk,

so that Rs
ijk = glsRijkl, where Rijkl = ⟨R(∂i, ∂j)∂k, ∂l⟩ is the Riemann curvature. The Ricci

tensor Rij is defined as Rij = gklRikjl, and the scalar curvature is its trace Rg = gikRik =

gikgjlRijkl. Thus, for a vector field X, one has

[∇i,∇j]X
k = ∇i∇jX

k −∇j∇iX
k = −Rk

ijmX
m = gklRijlmX

m.

Taking the trace in the second Bianchi identity

∇iRjklm +∇jRkilm +∇kRijlm = 0

we obtain

gim∇iRjklm = −gim∇jRkilm − gim∇kRijlm = −∇jRkl +∇kRjl.
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We now trace with gjl to get

gim∇iRkm = −gjl∇jRkl +∇kR

that immediately implies

∇lRkl := gjl∇jRkl =
1

2
∇kR.

Now, we compute

∇∂i(∂s) := ∇∂s∂i := Γksi∂k = Γkjidx
j(∂s)∂k =: Γkijdx

j ⊗ ∂k(∂s)

and

∇dxi(∂r, ∂s) := ∇T ∗M
∂r

(
dxi(∂s)

)
− dxi

(
∇∂r∂s

)
= ∇∂r(δis)− dxi(Γlrs∂l)

= −Γijkdx
j(∂r)dx

k(∂s)

=: −Γijkdx
j ⊗ dxk(∂r, ∂s).

In short

∇∂i = Γkijdx
j ⊗ ∂k and ∇dxi = −Γijkdx

j ⊗ dxk. (1.1)

Moreover

(∇∂λ|ϕ) (∂i) := ∇ϕ∗TN
∂i

∂λ|ϕ := ∇ϕ∗∂i∂λ|ϕ = ∇∇iϕα∂α|ϕ∂λ|ϕ = ∇iϕ
α∇∂α|ϕ∂λ|ϕ

= ∇iϕ
αϕ∗(∇∂α∂λ)

= ∇iϕ
αϕ∗(Γβαλ∂β)

= (Γβαλ ◦ ϕ)∇iϕ
α∂β|ϕ

and

∇dyλ(∂i, ∂α|ϕ) :=
(
∇T ∗M
∂i

dyλ
)
(∂α|ϕ) := ∇∂idy

λ(∂α|ϕ)− dyλ(∇∂i∂α|ϕ)

= −dyλ
(
(Γθαβ ◦ ϕ)∇iϕ

β∂θ|ϕ
)

= −(Γλαβ ◦ ϕ)∇iϕ
β.

In short

∇∂λ|ϕ = (Γβαλ ◦ ϕ)∇iϕ
αdxi ⊗ ∂β|ϕ and ∇dyλ = −(Γλαβ ◦ ϕ)∇iϕ

βdxi ⊗ dyα. (1.2)

For a smooth function f : M → R, we write its gradient as ∇f = ∇if∂i so that ∇if =

gij∇jf and |∇f |2g = gij∇if∇jf , where ∇jf = ⟨∇f, ∂j⟩. In addition, we set ∇iϕλ = gij∇jϕ
λ =

gij⟨∇ϕλ, ∂j⟩, which gives the following expression for the Hessian tensor:

∇i∇jf := gikgjl∇2f(∂k, ∂l).

It is important to mention some basic results of the conformal theory. Let g = cg, for some

positive constant c, and let ∇ be the covariant derivative of g. By Koszul’s formula ∇ = ∇,

moreover,
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(i) gij =
1

c
gij;

(ii) ∇gf =
1

c
∇gf ;

(iii) Rm = Rm;

(iv) Ric(X, Y ) = Ric(X, Y );

(v) Ric(X) =
1

c
Ric(X);

(vi) ∇2
f(X, Y ) = ∇2f(X, Y );

(vii) ∇X∇f =
1

c
∇X∇f .

We recall that the derivative ∇ϕ maps linearly sections of TM to sections of TN along

ϕ, i.e., in terms of the bundle ϕ∗TN , we can interpret ∇ϕ as a section of the vector bundle

of homomorphisms Hom(TM ;ϕ∗TN). Furthermore, since this latter bundle is isomorphic to

the induced bundle T ∗M ⊗ ϕ∗TN , we can introduce a connection ∇ on Γ(T ∗M ⊗ ϕ∗TN) to

obtain the second derivative ∇∇ϕ as the derivative of ∇ϕ with respect to the connection on

Γ(T ∗M ⊗ ϕ∗TN), thus, it is a section of the bundle T ∗M ⊗ T ∗M ⊗ ϕ∗TN. The tension field

τg,γϕ (or Laplacian ∆ϕ) is the trace of ∇∇ϕ with respect to the inner product on TM . This

defines τg,γϕ as a section of the bundle ϕ∗TN . Precisely,

∇ϕ : TM −→ ϕ∗TN

X 7−→ dϕ(X)

where

dϕ(∂j) = d(yλ ◦ ϕ)(∂j)∂λ|ϕ = dϕλ(∂j)∂λ|ϕ = ⟨∇ϕλ, ∂j⟩M∂λ|ϕ = ∇jϕ
λ∂λ|ϕ

and

dϕ(X) = ∇jϕ
λdxj(X)∂λ|ϕ.

Therefore,

∇ϕ = ∂jϕ
λdxj ⊗ ∂λ|ϕ = ∇jϕ

λdxj ⊗ ∂λ|ϕ.

Taking X = ∇f and writing ∇f = gik∇if∂k, we get

⟨∇ϕ,∇f⟩ := ∇ϕ(∇f) = gik∇jϕ
λ∇ifdx

j(∂k)∂λ|ϕ = ⟨∇f,∇ϕλ⟩∂λ|ϕ.

Taking X = e0, we have

∇0ϕ := ∇ϕ(e0) = ∇jϕ
λdxj(e0)∂λ|ϕ = e0ϕ

λ∂λ|ϕ.
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By using (1.1) and (1.2), one has

(∇∂i∇ϕ)(∂j, dyλ) = ∇∂i∇ϕ(∂j, dyλ)−∇ϕ(∇∂i∂j, dy
λ)−∇ϕ(∂j,∇∂idy

λ)

= ∂i∂lϕ
θdxl(∂j)∂θ(dy

λ)− Γkij∇lϕ
θdxl(∂k)∂θ(dy

λ)

+
(
Γλαβ ◦ ϕ

)
∇iϕ

β∇lϕ
θdxl(∂j)∂θ(dy

α)

= ∂i∂jϕ
λ − Γkij∇kϕ

λ + (Γλαβ ◦ ϕ)∇iϕ
α∇jϕ

β.

By setting

(∇i∇jϕ)
λ := ∂i∂jϕ

λ − Γkij∇kϕ
λ + (Γλαβ ◦ ϕ)∇iϕ

α∇jϕ
β, (1.3)

we obtain

∇∇ϕ = (∇i∇jϕ)
λdxi ⊗ dxj ⊗ ∂λ|ϕ.

The tension field of ϕ with respect to the metrics g and γ is given by

τg,γϕ = trg(∇∇ϕ)

= gij
(
∂i∂jϕ

λ − Γkij∇kϕ
λ + (Γλαβ ◦ ϕ)∇iϕ

α∇jϕ
β
)
∂λ|ϕ

=
(
∆gϕ

λ + (Γλαβ ◦ ϕ)g(∇ϕα,∇ϕβ)
)
∂λ|ϕ.

Notice that τg,γϕ is a generalization of the Laplacian on C∞(M). By definition, the map ϕ is

harmonic if τg,γϕ = 0.

We shall use the inner product on the bundle T ∗M ⊗ ϕ∗TN induced by g and γ as follows

⟨∇ϕ,∇ϕ⟩
T∗M⊗ϕ∗TN

:= gijϕ∗γαβ∇iϕ
α∇jϕ

β. (1.4)

Since there is no danger of confusion, we shall write

T (∇ϕ,∇ϕ) := T ijϕ∗γαβ∇iϕ
α∇jϕ

β

for any 2-tensor T on M , and the same notation ⟨·, ·⟩ for the inner products on M , N and

T ∗M ⊗ ϕ∗TN . Besides, for the sake of simplicity, we write

∇ϕ⊗∇ϕ(∂i, ∂j) := ϕ∗γαβ∇iϕ
α∇jϕ

β.

As in (1.4), we have

⟨S, T ⟩ = gikgjlϕ∗γαβS
α
ijT

β
kl

for any S, T ∈ T ∗M ⊗ T ∗M ⊗ ϕ∗TN .

As in (1.3), we obtain the higher-order derivatives

(∇r+1ϕ)λ = ∂i1···ir+1ϕ
λ −

r∑
j=1

Γkij ir+1
∂i1···ij−1kij+1···irϕ

λ + (Γλαβ ◦ ϕ)∇ir+1ϕ
α∇rϕβ
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where ∂i1···iℓϕ
λ = ∂ϕλ

∂xi1 ···∂xiℓ ,∇
r = ∇i1 · · · ∇ir and

⟨S, T ⟩ = gi1j1 · · · girjrϕ∗γαβS
α
i1···irT

β
j1···jr

for any S, T ∈ (T ∗M)⊗r ⊗ ϕ∗TN .

We finalize this section recalling the Dirichlet’s energy functional E : C∞(M,N) → R on

maps between Riemannian manifolds with boundary, which is given by

E(ϕ) :=

∫
M

1

2
|∇ϕ|2dM,

where |∇ϕ|2 := ⟨∇ϕ,∇ϕ⟩T ∗M⊗ϕ∗TN and E(ϕ) is called the energy of the map ϕ.

Let ϕt : (M, g) → (N, γ) be a smooth family of maps, with t ∈ (−ϵ, ϵ), variational vector
field V and ϕ0 = ϕ. Note that V ∈ Γ(ϕ∗TN), since the variation {ϕt}t∈(−ϵ,ϵ) determines a curve

in C∞(M,N), and V represents the tangent vector of this curve at t = 0. Hamilton [Ham75]

showed that the first variation formula of E is given by

d

dt

∣∣∣
t=0
E(ϕt) = −

∫
M

⟨V, τg,γϕ⟩dM +

∫
∂M

⟨V,∇0ϕ⟩dA.

So, a harmonic map ϕ with Neumann boundary condition ∇0ϕ = 0 is a critical point of

Dirichlet’s energy functional E.

1.2 Mean curvature flow

Let (M, g) be an n-dimensional Riemannian manifold, and consider an (n− 1)-dimensional

compact smooth manifold Σ without boundary (also known as a closed hypersurface). Let

{x(·, t); t ∈ [0, T )} be a smooth one-parameter family of immersions of Σ in (M, g). Define

Σt := (Σ, x∗tg), where xt = x(·, t), and assume that the family F := {Σt; t ∈ [0, T )} evolves

under mean curvature flow, MCF for short, that is,{
∂
∂t
x(p, t) = H(p, t)e(p, t),

x(p, 0) = x0(p),
(1.5)

where H(p, t) and e(p, t) are the mean curvature and the unit normal of Σt at the point p ∈ Σ,

respectively. Besides, whenever there is no danger of confusion, we are writing g(t) on Σ instead

of x∗tg(t), and e0 to denote the inward unit normal vector field on x0(Σ), which we can identify

with Σ. Also, we shall usually simplify the notation by suppressing the parameter t.

For short-time existence and uniqueness of a solution for (1.5) we refer to Gage and Hamil-

ton [GH86] from which we know that a solution for this problem can be obtained as an appli-

cation of Hamilton’s general existence theorem for parabolic geometric flows in [Ham82].

In the case of smooth closed curves, Gage and Hamilton [GH86] proved that all smooth

closed convex curves shrink to a point without forming any other singularities in finite time,
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where as Grayson [Gra87] proved that every simple smooth closed non-convex curve will become

convex.

In the case of closed hypersurfaces in Euclidean space, Huisken [Hui90] showed that the

shrinking self-similar solutions to the MCF appear as stationary points for the Gaussian area-

type functional playing the role of the energy-type functional, which is non-increasing along

the flow. He also proved, through his monotonicity formula, that the MCF converges to a self-

shrinker in Euclidean space after scaling when it develops a type-I singularity, which is defined

as follows.

Definition 1.1. If there exists a independent constant C > 1 so that

sup
p∈Σ

|A(p, t)| ≤ C√
2(T − t)

, (1.6)

we say that the MCF develops at time T a type-I singularity.

System (1.5) is a nonlinear parabolic system; for this reason, the MCF may develop singu-

larities, which happen in finite time.

The well-known examples of MCF are given by families of concentric round hyperspheres

in Rn and cylinders in Rn+1.

Example 1.2. Let Sn−1(R) be the (n− 1)-sphere of radius R, and let x(p, t) = r(t)x0(p) be a

family of immersions of Sn−1(R) into Rn, where r(t) =
√
R2 − 2(n− 1)t =

√
2(n− 1)(T − t)

and x0 is the standard inclusion map. Note that at time T = R2

2(n−1)
the sphere shrinks to

a point, so the flow becomes singular. Moreover, the norm of the second fundamental form

evolves as |A( · , t)| =
√
n−1
r(t)

= 1√
2(T−t)

.

r(t)

Figure 1.1: Sphere collapsed in finite time.

Another example is given by cylinders Sn(R)× R.

Example 1.3. Let Sn(R) × R be the cylinders, and let x̃(p, s, t) = (x(p, t), s) = (r(t)x0(p), s)

be the family of immersions of Sn(R) × R into Rn+2, where r(t) =
√
R2 − 2nt =

√
2n(T − t)

and collapse to R at time T = R2

2n
. Moreover, |A( · , t)| =

√
n

r(t)
= 1√

2(T−t)
.

Spheres and cylinders are special examples of homothetically shrinking flows, that is, hy-

persurfaces that simply move by contraction during the evolution by mean curvature. An
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r(t)

Figure 1.2: The Cylinder also collapsed in finite time.

interesting question is what happens to these solutions in the long run? How does the geom-

etry of these hypersurfaces change? The first thing that you can say about the change of the

geometry is that in all these flows, the area decreases. One way to carry out this analysis is

to understand the behavior of the time derivative of the metric, the second fundamental form,

the mean curvature flow, and the area element. This is the content of the following Huisken

result by

Proposition 1.4. Let F be a family moving by MCF in Euclidean space Rn, n ≥ 3. Then

∂

∂t
gij = −2HAij,

∂

∂t
Aij = (∆̂A)ij − 2HAikAk

j +AklAklAij,

∂

∂t
H = ∆̂H +AijAijH,

∂

∂t
dA = −H2dA.

For a proof, see [Hui84, Lem. 3.2, Thm. 3.4 and Cor. 3.5] or [Man11, Sect. 2.3].

From the point of view of variational theory, it is known that minimal hypersurfaces can

be interpreted as critical points of the area functional. A hypersurface of the area functional is

called critical if d
dt

∣∣
t=0

Area(X) = 0 for all variational vector field X = ∂
∂t

∣∣
t=0
xt, where {xt} is a

smooth one-parameter family of immersions of the hypersurface inM. Huisken [Hui90] considers

a weighted area functional with the backward heat kernel ρ(t, x) on Rn, n ≥ 3, centered at some

x0 ∈ Rn and with maximal time T > 0, i.e.,

ρ(t, x) =
e

−|x−x0|
2

4(T−t)

[4π(T − t)]
n
2

, for t < T,

and obtained the following monotonicity formula.

Theorem 1.5 (Huisken [Hui90]). Let F be a family moving by MCF in Euclidean space Rn,

n ≥ 3, for t < T . Then

d

dt

(
[4π(T − t)]

1
2

∫
Σt

ρ(t, x)dAt

)
= −[4π(T − t)]

1
2

∫
Σt

∣∣∣H +
1

2(T − t)
(x− x0)

⊥
∣∣∣2ρ(t, x)dAt

where (x− x0)
⊥ is the normal component of x− x0.
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Now, we come back to the Riemannian manifold ambient case. First, we recall a well known

property for f -minimal hypersurfaces, which are closely related to the purpose of this thesis.

Let {xt} be a smooth one-parameter family of immersions of Σ in M, and let X = ∂
∂t

∣∣
t=0
xt

be the variational vector field along Σ. Let us consider the f -weighted area functional given by

Areaf (Σt) =

∫
Σ

e−x
∗
t fdAt =

∫
Σt

e−fdA,

where dAt stands for the area element on Σt. Recall that

d

dt

∣∣∣
t=0

Areaf (Σt) = −
∫
Σ

H∞⟨X, e0⟩e−fdA,

where H∞ := H + e0f . So the critical points of the f -weighted area functional on Σ are f -

minimal hypersurfaces , i.e., H∞ = 0. Some results concerning f -minimal hypersurfaces can be

found, e.g., in [CZ15, CMZ15, SY15, Wei17, ALR20] and [CVZ21].

1.3 Basic analysis on smooth manifolds

A compactness theorem by Hamilton [Ham95a] for the Ricci flow asserts that any sequence

of complete solutions to the Ricci flow with their curvature uniformly bounded above and

their injectivity radii bounded from below will contain a convergent subsequence. This result

stems from the convergence theory established by Cheeger and Gromov, see [Gro81], [CG86]

and [CG90]. While regularity is a critical aspect in many applications of this theory, the proof

of the compactness theorem for the Ricci flow benefits from the fact that sequences of Ricci flow

solutions exhibit excellent regularity properties. Specifically, because bounds on the curvature

of a Ricci flow solution imply bounds on all its curvature derivatives, the compactness theo-

rem ensures C∞-convergence on compact sets. The approach involves examining progressively

shorter time intervals leading up to a singularity of the Ricci flow and rescaling the solution

within each interval to obtain solutions over longer time periods with uniformly bounded cur-

vature. The limiting solution derived from this process provides insights into the structure of

the singularity.

One of the notions of convergence for subsets in the Euclidean space is given by Hausdorff

convergence. In the context of Riemannian manifolds, this concept of convergence is extended

through the Gromov-Hausdorff topology, which is a generalization of the Hausdorff one pre-

sented by Gromov in [Gro81] that makes it possible to study convergence in these more general

spaces, see [ACGL20] for more details.

1.3.1 The compact-open Ck topology

Given smooth manifolds M and N , and an integer k ≥ 0, let Ck(M,N) be the space of

all functions from M to N that are k-times continuously differentiable. We equip Ck(M,N)
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with the compact-open Ck topology, which is a topology on Ck(M,N) generated by a subbasis

consisting of sets given by:

Sk(ϕ, x, U, y, V,K, ε)

=

{
ψ ∈ Ck(M,N);ϕ(K) ⊆ V, max

|α|≤k
sup

p∈x(K)

∣∣∂α(y ◦ ψ ◦ x−1)(p)− ∂α(y ◦ ϕ ◦ x−1)(p)
∣∣ < ε

}
,

where ϕ ∈ Ck(M,N), (x, U) and (y, V ) are charts for M and N , respectively, K is a compact

subset of U with ϕ(K) ⊆ V , and ε > 0.

In summary, the compact-open Ck topology is generated by sets that impose conditions

on the behavior of functions on compact subsets of M and the images of these subsets being

contained within compact subsets of N .

In the case where M is compact, given any ϕ ∈ Ck(M,N), we can find finitely many

charts {(xi, Ui)}ri=1 for M and {(yi, Vi)}ri=1 for N , and compact subsets {Ki}ri=1 of M such that⋃r
i=1Ki =M and ϕ(Ki) ⊆ Vi. The sets

B(ϕ, ε) =
r⋂
i=1

Sk(ϕ, xi, Ui, yi, Vi, Ki, ε)

form a neighborhood basis for Ck(M,N). Moreover, we say that a sequence {ϕj}j∈N of maps

ϕj ∈ Ck(M,N) converges to a function ϕ ∈ Ck(M,N) in this topology (or in Ck for short) if

and only if given any ε > 0 there exists J ∈ N such that ϕj ∈ B(ϕ, ε) for all j ≥ J .

This is the smallest topology on C∞(M,N) under which the inclusions C∞(M,N) →
Ck(M,N) are embeddings. Once these definitions are well established, we will omit the charts

system to simplify the notation.

The following theorem provides a consistent precompactness for sequences of MCF, it ex-

tends the classical Arzelà–Ascoli theorem to apply in our setting of uniform convergence. For

a proof, see [ACGL20].

Theorem 1.6. (Arzelà–Ascoli) Let (M, g) and (N, γ) be Riemannian manifolds with con-

nections M∇ and N∇, respectively, and M compact. Given a sequence {ϕj} in Ck+1(M,N)

such that ϕj(M) ⊂ L for some compact L ⊂ N and

sup
p∈M

k+1∑
s=1

∥ϕ∗
j∇sϕj(p)∥ <∞

for every j ∈ N. Then there exists a subsequence of {ϕj}j∈N that converges in the compact-open

Ck topology to some ϕ ∈ Ck(M,N).

1.3.2 Sequence convergence of sections on a bundle

In addition to map convergence, we are also interested in the Cp-convergence and C∞-

convergence of metrics of sequences, which are sections of a vector bundle.
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Definition 1.7. (Cp-convergence) Let E be a vector bundle over a smooth manifold M , and

let g and ∇ be metrics and connections on E and TM , respectively. For an open set Ω ⊂ M

with compact closure Ω and a sequence {ξk} of sections of E, we say {ξk} converges in Cp to

ξ∞ ∈ Γ(E |Ω) if for every ε > 0, there exists k0 = k0(ε) such that

sup
0≤α≤p

sup
x∈Ω

|∇α(ξk − ξ∞)|g < ε, for k > k0.

We say {ξk} converges in C∞ to ξ∞ on Ω if it converges in Cp for every p ∈ N.

If we are dealing with a compact set, the choice of metric and connection on E and TM

does not affect convergence.

To define smooth convergence on compact subsets, we use an exhaustion of M , i.e., a

sequence of open sets {Uk}∞k=1 inM such that Uk is compact, Uk ⊂ Uk+1 for all k, and
⋃
k≥1 Uk =

M. For a compact subset K ⊂ M, there exists k0 such that K ⊂ Uk for all k ≥ k0. If M is

compact, then Uk =M for sufficiently large k.

Definition 1.8. (C∞-convergence on compact sets) Let {Uk}∞k=1 be an exhaustion of a

smooth manifold M , and let E be a vector bundle over M . Given metrics g and connections

∇ on E and TM , and a sequence {ξi} of sections of E defined on open sets Ki ⊂ M , with

ξ∞ ∈ Γ(E), we say {ξi} converges smoothly on compact sets to ξ∞ if, for every k ∈ N, there
exists i0 such that Uk ⊂ Ki for all i ≥ i0, and (ξi |Uk

)i≥i0 converges in C∞ to ξ∞ on Uk.

Remark 1.9. Note that this notion of convergence is independent of the choice of metrics and

connections on E and TM. We consider {ξk} = {gk} a sequence of Riemannian metric on M

in Definitions 1.7 and 1.8.

We now introduce the notion of bounded geometry. Recall that the injectivity radius

inj(p, g) at a point p in a Riemannian manifold (M, g) is the maximum radius for which

the exponential map on p is a diffeomorphism. The injectivity radius of M is defined as

inj(M, g) := inf{inj(p, g) : p ∈ M}. It is important to mention that if M is not complete,

inj(M, g) = 0.

Definition 1.10 (Bounded geometry). We say that a complete Riemannian manifold (M, g)

has bounded geometry if for every integer j ⩾ 0 there exist positive constants Cj and η such

that the Riemann curvature tensor Rmg and the injectivity radius inj(M, g) satisfy

|∇j Rmg | < Cj and inj(M, g) ⩾ η > 0.

Notice that Rn with the standard metric and compact Riemannian manifolds have bounded

geometry. Actually, bounded geometry provides a natural generalization to the known settings

of compact and Euclidean spaces. In particular, the class of manifolds of bounded geometry
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allows us to uniformly apply constructions that are well-known for compact manifolds. For

more details and examples we refer to Eldering [Eld13].

The notion of convergence of immersions from pointed manifolds is defined as follows. It is

the immersion map version of the Cheeger-Gromov convergence.

Definition 1.11. (Cheeger-Gromov convergence) Let (M, g) be an n-dimensional complete

Riemannian manifold with bounded geometry. Assume that for each k ⩾ 1 we have an m-

dimensional pointed manifold (Σk, pk) and an immersion xk : Σk → M . Then, we say that a

sequence of immersions {xk : Σk →M}∞k=1 converges to an immersion x∞ : Σ∞ → M from an

m-dimensional pointed manifold (Σ∞, p∞) if there exist

1. An exhaustion {Uk}∞k=1 of Σ∞ with p∞ ∈ Uk and

2. A sequence of diffeomorphisms Ψk : Uk → Vk ⊂ Σk with Ψk (p∞) = pk such that the

sequence of maps xk ◦ Ψk : Uk → M converges in C∞ to x∞ : Σ∞ → M uniformly on

compact sets in Σ∞.

Observe that a sequence of pointed Riemannian manifolds (Σk, gk, pk) converges geometri-

cally to a pointed complete Riemannian manifold (Σ∞, g∞, p∞) in the sense of Definition 1.11,

if there are embeddings Ψk : Uk → Vk ⊂ Σk with Ψk (p∞) = pk such that the pullback metrics

Ψ∗
kgk converge uniformly on compact subsets of Σ∞ to g∞ in the C∞-topology.

1.3.3 Convergence of submanifolds

Theorem 1.12 (Hamilton [Ham95a]). Let {(Mk, gk, pk)}∞k=1 be a sequence of n-dimensional

complete pointed Riemannian manifolds. Suppose that

(1) for each integer p ≥ 0, there exists a constant 0 < Cp <∞ such that

|∇pRmgk)|gk ≤ Cp, for all k ≥ 1

(2) there exists a constant 0 < η <∞ such that

inj(pk, gk) ≥ η, for all k ≥ 1.

Then, there exist a complete pointed Riemannian manifold (M∞, g∞, p∞) and a subsequence

{kℓ}∞ℓ=1 such that the subsequence {(Mkℓ , gkℓ , pkℓ)}∞ℓ=1 converges to (M∞, g∞, p∞).

To prove the convergence of submanifolds in a Riemannian manifold, we need the following

estimate for the injectivity radius of a submanifold.
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Theorem 1.13 (Chen and Lin [CY07]). Let (M, g) be an n-dimensional complete Riemannian

manifold with

|Rmg|(p) ⩽ C and inj(p, g) ⩾ η > 0, for all p ∈M

and two constants C and η. Let x : Σ → (M, g) be a complete isometrically immersion manifold

with

|A(x)| ⩽ D

for some constant D > 0. Then there exists a constant δ = δ(C, η,D, n) > 0 such that

inj(p, x∗g) ⩾ δ, for all p ∈ Σ.

Remark 1.14. Notice that if {xk : (Σk, pk) → (M, g)}∞k=1 converges to x∞ : (Σ∞, p∞) → M ,

then {(Σk, x
∗
kg, pk)}∞k=1 converges to (Σ∞, x

∗
∞g, p∞) in the sense of Cheeger–Gromov conver-

gence.

1.3.4 The maximum principle

The following result is proved in [CK14, Thm. 4.4], which was also used by [Mül12, Prop. 5.1].

Proposition 1.15. Let u :M × [0, T ) → R be a smooth function satisfying

∂

∂t
u ⩾ ∆g(t)u+ ⟨X(t),∇u⟩g(t) + F (u), (1.7)

where g(t) is a smooth one-parameter family of metrics on M , X(t) is a smooth one-parameter

family of vector fields on M , and F : R → R is a locally Lipschitz function. Suppose u(·, 0) is
bounded below by a constant C0 ∈ R and let ϕ(t) be a solution to

∂

∂t
ϕ = F (ϕ), ϕ(0) = C0.

Then, u(x, t) ⩾ ϕ(t) for all x ∈M and all t ∈ [0, T ) for which ϕ(t) is defined.

Remark 1.16. Similarly, if inequality (1.7) is reversed to

∂

∂t
u ⩽ ∆g(t)u+ ⟨X(t),∇u⟩g(t) + F (u),

and u(·, 0) is bounded above by C0, then u(x, t) ⩽ ϕ(t) for all x ∈ M and all t ∈ [0, T ) for

which the solution ϕ(t) of the corresponding ODE exists.

1.4 Approximate isometries

In this section, we introduce some essential concepts for constructing the limit manifold.

The following definitions and propositions can be found in [CCG+07].
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Definition 1.17 (Approximate isometry). For any 0 < ϵ < 1 and k ≥ 0, a smooth map

Φ : (Σ, h∞) → (M, g) is an (ϵ, k)-pre-approximate isometry if

sup
p∈Σ

|Φ∗g − h∞|h∞ ⩽ ϵ, sup
1⩽α⩽k

sup
p∈Σ

|∇α
h∞(Φ∗g)|h∞ ⩽ ϵ.

An (ϵ, k)-pre-approximate isometry is an (ϵ, k)-approximate isometry if it is a diffeomor-

phism and

sup
p∈M

|(Φ−1)∗h∞ − g|g ⩽ ϵ, sup
1⩽α⩽k

sup
p∈M

|∇α
g [(Φ

∗)−1h∞]|g ⩽ ϵ,

i.e., Φ−1 : (M, g) → (Σ, h∞) is also an (ϵ, k)-pre-approximate isometry.

Note that the condition |(Φ−1)∗h∞ − g|g ⩽ ϵ is equivalent to |h∞ − Φ∗g|Φ∗g ⩽ ϵ, and

|∇α
g [(Φ

−1)∗h∞]|g ⩽ ϵ is equivalent to |∇α
Φ∗gh∞|Φ∗g ⩽ ϵ. Another way to express the condition

supp∈M |Φ∗g − h∞|h∞ ⩽ ϵ is∣∣∣∣gab∂Φa

∂xi
∂Φb

∂xj
− (h∞)ij

∣∣∣∣
g

=

([
gab(h∞)ik

∂Φa

∂xi

]
∂Φb

∂xj
− Ikj

)(
∂Φc

∂xk

[
gcd(h∞)jl

∂Φd

∂xl

]
− Ijk

)
=
∣∣(dΦ)T (dΦ)− id

∣∣2 ,
where id is the identity map on TM , the transpose arises from the two metrics g and h∞, and

∥T∥2 = trace(T 2).

Approximate isometries allow pointwise bounding of metric tensors as follows.

Proposition 1.18 (Approximate isometries and norms). Let ϵ ∈ (0, 1).

(i) If Φ : (Σ, h∞) → (M, g) is an (ϵ, 0)-pre-approximate isometry and X is a vector field on

Σ, then

|X|2Φ∗g ⩽ (1 + ϵ)|X|2h∞ .

(ii) If Φ : (Σ, h∞) → (M, g) is an (ϵ, 0)-approximate isometry and X is a vector field on Σ,

then
1

1 + ϵ
|X|2h∞ ⩽ |X|2Φ∗g ≤ (1 + ϵ)|X|2h∞ .

The following proposition shows how (ϵ, 0)-approximate isometries deform distances by small

amounts.

Proposition 1.19 (Distance). If Φ : (Σ, h∞) → (M, g) is an (ϵ, 0)-pre-approximate isometry,

then

Φ (Bh∞(x0, r)) ⊂ Bg

(
Φ(x0),

√
1 + ϵ · r

)
,

where r is the distance function from x0, and Bh∞ and Bg stand for geodesic balls.
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CHAPTER 2

The (RH)α flow, evolution equations and
some applications

In this chapter, we obtain the variational formula for the functional Fα
∞, and an extension

of Hamilton’s differential Harnack expression for our context. Moreover, we provide the proof

of Theorems 1, 2 and 3.

2.1 Evolution of Fα
∞ under the coupled system (RH)α flow

In this section g(t) stands for a smooth one-parameter family of Riemannian metrics on

an n-dimensional smooth manifold M , and ϕ(t) a smooth one-parameter family of smooth

maps from M to an m-dimensional Riemannian manifold (N, γ), with g(0) = g and ϕ(0) = ϕ.

Moreover, consider the product

P(M,N) := met(M)× C∞(M)× C∞(M,N),

where met(M) denotes the set of all Riemannian metrics on M .

Definition 2.1 ([Mül12]). The pair (g(t), ϕ(t))t∈[0,T ) is a solution to the coupled system of

Ricci flow and harmonic map heat flow ((RH)α flow, for short) with a nonnegative coupling

constant α(t), if it satisfies{
∂
∂t
g(t) = −2Ricg(t) +2α(t)∇ϕ(t)⊗∇ϕ(t),

∂
∂t
ϕ(t) = τg(t),γϕ(t),

(2.1)

where τg,γϕ is the tension field.

For an account of (RH)α flow, including proof of short-time existence and uniqueness of

solutions to (2.1), we refer to Müller [Mül12, Sect. 4.2].

Müller realized that this coupled system may behave less singular than the Ricci flow or

the standard harmonic map flow alone. In order to interpret system (2.1) as a gradient flow by
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means a functional Fα for a fixed measure, he considered the heat operator □ = ∂
∂t
−∆g whose

formal adjoint is

□∗ = − ∂

∂t
−∆g +Rg − α|∇ϕ|2 (2.2)

along the (RH)α flow.

A gradient soliton to the (RH)α flow is a self-similar solution
(
g(t), ϕ(t)

)
of (2.1), given by{

g(t) = σ(t)ψ∗
t g,

ϕ(t) = ψ∗
t ϕ,

for some initial value (g, ϕ), where ψt is a smooth one-parameter family of diffeomorphisms of

M generated from the flow of ∇gf/σ(t), f ∈ C∞(M), and σ(t) is a positive smooth function

of t.

A gradient soliton to the (RH)α flow is characterized by next proposition.

Proposition 2.2 ([Mül12]). Suppose there exists a triple (g, f, ϕ) satisfying{
Ricg +∇2

gf − α∇ϕ⊗∇ϕ = λg,

τg,γϕ = ⟨∇gf,∇gϕ⟩g

(2.3.a)

(2.3.b)

on M , for some constants λ ∈ R and α ⩾ 0. Take ψt the one-parameter family of diffeomor-

phisms generated by Yt = ∇gf/σ(t) to define g(t) = σ(t)ψ∗
t g and ϕ(t) = ψ∗

t ϕ, with ψ0 = Id and

σ(t) = 1 − 2λt > 0, where t ∈ (−∞, 1/2λ), for λ > 0; t ∈ R, for λ = 0; and t ∈ (1/2λ,+∞),

for λ < 0. The pair (g(t), ϕ(t)) is a self-similar solution of (RH)α flow on M. Conversely, if(
σ(t)ψ∗

t g, ψ
∗
t ϕ
)
is a self-similar solution of (RH)α flow on M , then the triple (g, f, ϕ) satisfies

(2.3.a) (as well (2.3.b)).

Proof. We start by computing

∂

∂t
g(t) = σ′(t)ψ∗

t g + σ(t)ψ∗
t (LYtg) = ψ∗

t (−2λg + 2∇2
gf) = −2ψ∗

t (λg −∇2
gf)

= −2ψ∗
t (Ricg − α∇ϕ⊗∇ϕ) = −2Ricg(t) + 2α∇ϕ(t)⊗∇ϕ(t)

and

∂

∂t
ϕ(t) = ψ∗

t (LYtϕ) =
1

σ(t)
ψ∗
tL∇gfϕ =

1

σ(t)
ψ∗
t ⟨∇gf,∇gϕ⟩g

=
1

σ(t)
ψ∗
t τg,γϕ = τg(t),γϕ(t).

So, the pair
(
g(t), ϕ(t)

)
is a solution of (RH)α flow on M . Reciprocally, if

(
σ(t)ψ∗

t g, ψ
∗
t ϕ
)
is

a self-similar solution of (RH)α flow on M, a straightforward computation shows that (g, f, ϕ)

satisfies (2.3.a) (as well (2.3.b)).
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From Proposition 2.2 we can interpret a gradient soliton to the (RH)α flow on M as a

triple (g, f, ϕ) satisfying (2.3.a) (as well (2.3.b)). It is steady if λ = 0, shrinking if λ > 0 and

expanding if λ < 0. The function f is called the potential function.

Now, we assume that M is compact with boundary ∂M to define the functional Fα
∞ on

P(M,N) as follows

Fα
∞(g, f, ϕ) :=

∫
M

(
R∞ − α|∇ϕ|2

)
e−fdM + 2

∫
∂M

H∞e
−fdA, (2.4)

whereR∞ := Rg+2∆gf−|∇f |2 is the weighted scalar curvature of g, the functionH∞ := H+e0f

is the weighted mean curvature with respect to the inward unit normal vector field e0 on ∂M .

We observe that the functional Fα
∞ is the proper extension to our context of the energy

functional Fα introduced by Müller [Mül12] for the case of M and N both without boundary,

of the action I∞ introduced by Lott [Lot12] when studying a mean curvature flow in a Ricci

flow background, and of the functional Iαn
∞ introduced by Gomes and Hudson [GH23] when

studying a mean curvature flow in an extended Ricci flow background. These latter two cases

are on a compact smooth manifold with boundary. Furthermore, it is already clear that the

function R∞ arises quite naturally, as observed by Perelman [Per02], and H∞ is the appropriate

geometric object when we are using a weighted measure (see, e.g., [Gro03], [Lot12] or [GH23]).

We shall adopt the following notation. Given (g, f, ϕ) ∈ P(M,N), take variations (gij +

thij, f + tℓ, ϕ + tϑ), with hij ∈ Γ(Sym2(T ∗M)), ℓ ∈ C∞(M) and ϑ ∈ C∞(M,N) with ϑ(x) ∈
Tϕ(x)N . We denote by δ the derivative d

dt
|t=0, and then δg = h, δf = ℓ, and δϕ = ϑ. Moreover,

we are using the weighted volume element dµ = e−fdM, which is weighted measure-preserving

if and only if trg h

2
− ℓ = 0 on M , since δ(e−fdM) = ( trg h

2
− ℓ)e−fdM . Also, for the sake of

simplicity, we are writing γαβ on M instead of ϕ∗γαβ.

With these in mind, we compute the variation of Fα
∞ as follows.

Proposition 2.3. Under weighted measure-preserving, we have

δFα
∞=

∫
M

(
− hij(Rij +∇2f(∂i, ∂j)− αγαβ∇iϕ

α∇jϕ
β
)
+ 2α⟨τg,γϕ− ⟨∇f,∇ϕ⟩ , ϑ⟩

)
e−fdM

−
∫
∂M

(
hîĵAîĵ + h00(H + e0f)

)
e−fdA+ 2α

∫
∂M

⟨∇0ϕ, ϑ⟩e−fdA.

Proof. First, note that by (2.4) we can write

Fα
∞(g, f, ϕ) = I∞(g, f)− αE(g, f, ϕ),

where E(g, f, ϕ) :=
∫
M
|∇ϕ|2e−fdM . Thus, we can use Proposition 2 in [Lot12], which guaran-

tees that

δI∞ =−
∫
M

hij
(
Rij +∇2f(∂i, ∂j)

)
e−fdM −

∫
∂M

(
hîĵAîĵ + h00 (H + e0f)

)
e−fdA.
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Hence, it is enough to prove that

δE =

∫
M

(
− hijγαβ∇iϕ

α∇jϕ
β − 2⟨τg,γϕ− ⟨∇f,∇ϕ⟩ , ϑ⟩

)
e−fdM − 2

∫
∂M

⟨∇0ϕ, ϑ⟩e−fdA.

Indeed, notice that

δE(h, ℓ, ϑ) =

∫
M

(
δ
(
|∇ϕ|2

)
+ |∇ϕ|2

(trg h
2

− ℓ
))
e−fdM

and

δ
(
|∇ϕ|2

)
= −hijγαβ∇iϕ

α∇jϕ
β + 2gijγαβ∇iϑ

α∇jϕ
β,

where ϑ = ϑα∂α. So, under weighted measure-preserving, we have

δE =

∫
M

(
− hijγαβ∇iϕ

α∇jϕ
βe−f + 2gijγαβ∇iϑ

α∇jϕ
βe−f

)
dM.

The result follows from integration by parts.

Remark 2.4. By considering M compact without boundary in Proposition 2.3, we recover the

results by Müller [Mül12, (3.4)], for ϕ ∈ C∞(M,N); and by List [Lis08], for ϕ ∈ C∞(M). In

the compact case with boundary, we also recover the results by Gomes and Hudson [GH23,

Prop. 1], for ϕ ∈ C∞(M); and by Lott [Lot12], for ϕ constant.

The next two corollaries provide the critical points of Fα
∞ under weighted measure-preserving.

Corollary 2.5. If the induced metric on ∂M is fixed, then the critical points of Fα
∞ under

weighted measure-preserving are gradient steady solitons of (RH)α flow that satisfy H+e0f = 0

and ∇0ϕ = 0 on ∂M .

Proof. By hypotheses trg h

2
− ℓ = 0 on M and hîĵ = 0 on ∂M . Hence, by Proposition 2.3 we

obtain ∫
M

(
⟨h, α∇ϕ⊗∇ϕ− Ricg −∇2

gf⟩+ 2α
〈
ϑ, τg,γϕ− ⟨∇ϕ,∇f⟩g

〉)
e−fdM

+

∫
∂M

(
2α⟨ϑ,∇0ϕ⟩ − ⟨h, (H + e0f)e

♭
0 ⊗ e♭0⟩

)
e−fdA = 0, (2.5)

for all (h, ϑ) ∈ Γ(Sym2(T ∗M))× C∞(M,N), where “♭” stands for musical isomorphism. Now,

we assume h and ϑ are compactly supported, so that∫
M

(
⟨h, α∇ϕ⊗∇ϕ− Ricg −∇2

gf⟩+ 2α
〈
ϑ, (τg,γϕ− ⟨∇ϕ,∇f⟩g

)〉)
e−fdM = 0.

So, (g, f, ϕ) must be a gradient steady soliton of (RH)α flow, and then, from (2.5) we get∫
∂M

(
2α⟨ϑ,∇0ϕ⟩ − ⟨h, (H + e0f)e

♭
0 ⊗ e♭0⟩

)
e−fdA = 0,

for all (h, ϑ) ∈ Γ(Sym2(T ∗M))×C∞(M,N), that implies H+e0f = 0 and ∇0ϕ = 0 on ∂M .
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If we relax the fixed induced metric assumption on the boundary, then we obtain the next

result.

Corollary 2.6. The critical points of Fα
∞ under weighted measure-preserving are gradient

steady solitons of (RH)α flow with totally geodesic boundary satisfying the conditions e0f = 0

and ∇0ϕ = 0 on ∂M .

Proof. As in the first part of the proof of Corollary 2.5, we obtain that the critical points of

Fα
∞ under weighted measure-preserving are gradient steady solitons to the (RH)α flow. Then∫

∂M

(
2α⟨ϑ,∇0ϕ⟩ − ⟨h,A+ (H + e0f)e

♭
0 ⊗ e♭0⟩

)
e−fdA = 0,

for all (h, ϑ) ∈ Γ(Sym2(T ∗M))× C∞(M,N), that implies A = 0, e0f = 0 and ∇0ϕ = 0 on the

boundary.

Remark 2.7. We recover the results by Gomes and Hudson [GH23], for the case ϕ ∈ C∞(M);

and by Lott [Lot12, Cor. 4], for ϕ constant.

2.1.1 The modified (RH)α flow setting

Our main results works in the following setting. We say that a family (g(t), ϕ(t))t∈[0,T ) ∈
met(M)× C∞(M,N) evolves by modified (RH)α flow if it satisfies the system

∂

∂t
g = −2(Ricg +∇2f − α∇ϕ⊗∇ϕ),

∂

∂t
ϕ = τg,γϕ− ⟨∇ϕ,∇f⟩g.

(2.6.a)

(2.6.b)

and

∂

∂t
f = −Rg −∆gf + α|∇ϕ|2g (2.7)

in M × [0, T ), with H + e0f = 0 and ∇0ϕ = 0 on ∂M.

We can find motivations for considering the modified (RH)α flow in Proposition 2.3 and its

corollaries. For instance, we can see that the (RH)α flow can be interpreted as the gradient

flow of Fα
∞ for any weighted measure-preserving onM . More importantly, this approach will be

useful in the study of mean curvature flow in the (g(t), ϕ(t))− (RH)α flow background, which

is the main research object of this thesis.

Remark 2.8. We observe that along the modified (RH)α flow, the measure e−fdM remains

fixed. In fact, from (2.6.a) we have hij = 2(−Rij − ∇2f(∂i, ∂j) + αγαβ∇iϕ
α∇jϕ

β). Tracing

equation (2.6.a) and using (2.7), we obtain trg h

2
− ℓ = 0 on M.

In what follows, we establish the tools to work on the modified (RH)α flow setting. The

first is the time-derivative of Fα
∞ under this flow.
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Proposition 2.9. If (g(t), ϕ(t))t∈[0,T ) evolves by modified (RH)α flow, then

d

dt
Fα

∞ =2

∫
M

(
|Ric +∇2f − α∇ϕ⊗∇ϕ|2 + α|τg,γϕ− ⟨∇ϕ,∇f⟩|2

)
e−fdM

+ 2

∫
∂M

(
∆̂H − 2⟨∇̂f, ∇̂H⟩+A(∇̂f, ∇̂f) +AîĵAîĵH +AîĵRîĵ

+ 2R0̂i∇̂îf − ∇̂îR
0̂i − αA(∇̂ϕ, ∇̂ϕ)

)
e−fdA.

In particular, if both
(
Rîĵ +∇2f(∂i, ∂j) − αγαβ∇îϕ

α∇ĵϕ
β
)
|∂M and

(
Rî0 +∇î∇0f

)
|∂M vanish,

then the boundary integrand vanishes.

Proof. By (2.6.a) and (2.6.b) we have hij = 2(−Rij − ∇2f(∂i, ∂j) + αγαβ∇iϕ
α∇jϕ

β) and ϑ =

τg,γϕ−⟨∇ϕ,∇f⟩, respectively. Tracing equation (2.6.a) and using (2.7), we obtain trg h

2
− ℓ = 0

on M , which allows us to use Proposition 2.3 to get

d

dt
Fα

∞ =2

∫
M

(
|Ric +∇2f − α∇ϕ⊗∇ϕ|2 + α|τg,γϕ− ⟨∇ϕ,∇f⟩|2

)
e−fdM

+ 2

∫
∂M

(
Aîĵ(Rîĵ +∇2f(∂î, ∂ĵ)− αγαβ∇îϕ

α∇ĵϕ
β)
)
e−fdA,

where we used that H + e0f = 0 and ∇0ϕ = 0 on ∂M . On the other hand, Lemma 1 in

Lott [Lot12] guarantees that

Aîĵ
(
Rîĵ +∇2f(∂î, ∂ĵ)

)
e−f − ∇̂î

((
Rî0 +∇î∇0f

)
e−f
)

=
(
∆̂H − 2⟨∇̂f, ∇̂H⟩+A(∇̂f, ∇̂f) +AîĵAîĵH +AîĵRîĵ + 2R0̂i∇̂îf − ∇̂îR

0̂i
)
e−f ,

where ∇î∇0f = gîk̂g0i∇2f(∂k̂, ∂i). Then

Aîĵ(Rîĵ +∇2f(∂î, ∂ĵ)− αγαβ∇îϕ
α∇ĵϕ

β)e−f − ∇̂î

((
Rî0 +∇î∇0f

)
e−f
)

(2.8)

=
(
∆̂H − 2⟨∇̂f, ∇̂H⟩+A(∇̂f, ∇̂f) +AîĵAîĵH +AîĵRîĵ + 2R0̂i∇̂îf − ∇̂îR

0̂i

− αA(∇̂ϕ, ∇̂ϕ)
)
e−f ,

and from Stokes’ theorem ∫
∂M

∇̂î

((
Rî0 +∇î∇0f

)
e−f
)
dA = 0,

which is enough to obtain the first part of the theorem. In particular, if both
(
Rîĵ+∇2f(∂î, ∂ĵ)−

αγαβ∇îϕ
α∇ĵϕ

β
)
|∂M and

(
Rî0 +∇2f(∂î, e0)

)
|∂M vanish, then from equation (2.8) the boundary

integrand vanishes.

In the next result, we establish the evolution equations of the geometric quantities of ∂M

under modified (RH)α flow. For its proof, we shall need the following identity

∇̂2H(∂î, ∂ĵ) = (∆̂A)îĵ + ∇̂îRĵ0 + ∇̂ĵRî0 −∇0Rîĵ +Ak̂
îR0k̂0ĵ +Ak̂

ĵR0k̂0̂i −AîĵR00

+ 2Ak̂l̂Rk̂îl̂ĵ −HR0̂i0ĵ −HAk̂
îAĵk̂ +Ak̂l̂Ak̂l̂Aîĵ +∇0R0̂i0ĵ. (2.9)
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Identity (2.9) has already been observed by Lott [Lot12]. Its proof can be obtained from

Simons [Sim68] or, alternatively, from Huisken [Hui86]. Indeed, in our notations, Lemma 2.1

in [Hui86] becomes

∇̂2H(∂î, ∂ĵ) = (∆̂A)îĵ −HAîk̂A
k̂
ĵ +Ak̂l̂Ak̂l̂Aîĵ −HR0̂i0ĵ +AîĵR

k̂
0k̂0

−Ak̂
ĵR

l̂
k̂l̂̂i

−Ak̂
îR

l̂
k̂l̂ĵ

+ 2Ak̂l̂Rk̂îl̂ĵ +∇ĵR
k̂
0k̂î

−∇0R
k̂
îk̂ĵ

+∇îR
k̂
0k̂ĵ
.

Hence, (2.9) follows from the equality ∇îRĵ0 = ∇̂îRĵ0 −AîĵR00 +Ak̂
îRĵk̂.

Proposition 2.10. If (g(t), ϕ(t))t∈[0,T ) evolves by modified (RH)α flow, then the following

evolution equations hold on ∂M

∂

∂t
gîĵ = −(L∇̂fg)îĵ − 2(Rîĵ − αγαβ∇̂îϕ

α∇̂ĵϕ
β)− 2HAîĵ, (2.10)

∂

∂t
ϕ = τĝ,γϕ+∇0∇0ϕ− L∇̂fϕ, (2.11)

∂

∂t
Aîĵ = (∆̂A)îĵ − (L∇̂fA)îĵ −Ak̂

î
Rl̂
k̂l̂ĵ

−Ak̂
ĵ
Rl̂
k̂l̂̂i

+ 2Ak̂l̂Rk̂îl̂ĵ − 2HAîk̂A
k̂
ĵ

+Ak̂l̂Ak̂l̂Aîĵ +∇0R0̂i0ĵ (2.12)

and

∂

∂t
H = ∆̂H − ⟨∇̂f, ∇̂H⟩+ 2AîĵRîĵ +AîĵAîĵH +∇0R00 − 2αA(∇̂ϕ, ∇̂ϕ). (2.13)

Proof. We start by substituting ∇î∇ĵf = ∇̂î∇̂ĵf+HAîĵ (as H+e0f = 0) into equation (2.6.a)

to get

∂

∂t
gîĵ = −2(Rîĵ + ∇̂î∇̂ĵf +HAîĵ − αγαβ∇̂îϕ

α∇̂ĵϕ
β),

which is equation (2.10). Likewise, equation (2.11) is only a restriction on boundary of equa-

tion (2.6.b), since ∇0ϕ = 0.

∂

∂t
ϕ = τg,γϕ− ⟨∇ϕ,∇f⟩

= gij
(
∂i∂jϕ

λ − Γkij∂kϕ
λ + (Γλαβ ◦ ϕ)∂iϕα∂jϕβ

)
∂λ|ϕ − ⟨∇ϕλ, ∇̂f + e0fe0⟩∂λ|ϕ

= ∆ϕλ∂λ|ϕ + gîĵ(Γλαβ ◦ ϕ)∂îϕ
α∂ĵϕ

β∂λ|ϕ + g00(Γλαβ ◦ ϕ)∂0ϕα∂0ϕβ∂λ|ϕ − ⟨∇ϕλ, ∇̂f⟩∂λ|ϕ
= ∆̂ϕλ∂λ|ϕ − g

(
∇ϕλ,

−→
H
)
∂λ|ϕ + g00∇2ϕλ(e0, e0)∂λ|ϕ + gîĵ(Γλαβ ◦ ϕ)∂îϕ

α∂ĵϕ
β∂λ|ϕ

+ g00(Γλαβ ◦ ϕ)∂0ϕα∂0ϕβ∂λ|ϕ − ⟨∇ϕλ, ∇̂f⟩∂λ|ϕ
= τĝ,γϕ+∇0∇0ϕ− L∇̂fϕ.

To prove (2.12) we first observe that by (2.6.a)

1

2
hij = −(Rij +∇i∇jf − αγαβ∇iϕ

α∇jϕ
β)
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and

δAîĵ =
1

2
(∇îhĵ0 +∇ĵhî0 −∇0hîĵ) +

1

2
h00Aîĵ.

Since ∇0ϕ = 0 implies 1
2
h00 = R00 +∇0∇0f , the previous equation is rewritten as

∂

∂t
Aîĵ = −∇î(Rĵ0 +∇ĵ∇0f − αγαβ∇ĵϕ

α∇0ϕ
β)−∇ĵ(Rî0 +∇î∇0f − αγαβ∇îϕ

α∇0ϕ
β)

+∇0(Rîĵ +∇2f(∂î, ∂ĵ)− αγαβ∇îϕ
α∇ĵϕ

β)− (R00 +∇0∇0f)Aîĵ.

Now we will compute some terms of this equation. The first one of them is

∇î∇ĵ∇0f = ∇̂î∇ĵ∇0f −Aîĵ∇0∇0f +Ak̂
î∇ĵ∇k̂f.

Replacing ∇ĵ∇0f = −∇̂ĵHg +Ak̂
ĵ∇̂k̂f (since H + e0f = 0), we obtain

∇î∇ĵ∇0f = −∇̂î∇̂ĵH + ∇̂î

(
Ak̂

ĵ∇̂k̂f
)
−Aîĵ∇0∇0f +Ak̂

î∇̂ĵ∇̂k̂f +HAk̂
îAĵk̂

= −∇̂î∇̂ĵH +
(
∇̂îA

k̂
ĵ

)
∇̂k̂f +Ak̂

ĵ∇̂î∇̂k̂f −Aîĵ∇0∇0f +Ak̂
î∇̂ĵ∇̂k̂f

+HAk̂
îAĵk̂.

The second one of them is

∇0∇2f(∂î, ∂ĵ)−∇ĵ∇î∇0f = ∇0∇ĵ∇îf −∇ĵ∇0∇îf = −R0ĵk̂î∇̂
k̂f −R0ĵ0̂i∇0f.

The third one of them is

∇0

(
γαβ∇îϕ

α∇ĵϕ
β) := ∂0

(
γαβ∇îϕ

α∇ĵϕ
β)
)
−∇ϕ⊗∇ϕ(∇∂0∂î, ∂ĵ)−∇ϕ⊗∇ϕ(∂î,∇∂0∂ĵ)

= ∂0(γαβ∇îϕ
α∇ĵϕ

β)− γαβ⟨∇ϕα,∇∂0∂î⟩∇ĵϕ
β −∇îϕ

αγαβ⟨∇ϕβ,∇∂0∂ĵ⟩

= γαβ∇î∇0ϕ
α∇ĵϕ

β + γαβ∇îϕ
α∇ĵ∇0ϕ

β.

By interchanging 0 and j we also obtain

∇ĵ

(
γαβ∇îϕ

α∇0ϕ
β
)
= γαβ∇î∇ĵϕ

α∇0ϕ
β + γαβ∇îϕ

α∇0∇ĵϕ
β.

All this implies that

∂

∂t
Aîĵ = ∇̂î∇̂ĵH −

(
∇̂îAk̂ĵ −R0ĵîk

)
∇̂k̂f −Ak

î∇̂ĵ∇̂k̂f −Ak
ĵ∇̂î∇̂k̂f +R0̂i0ĵH

−∇îRĵ0 −∇ĵRî0 +∇0Rîĵ −AîĵR00 −HAk̂
îAĵk̂.

Using Codazzi-Mainardi equation R0ĵîk̂ = ∇̂îAĵk̂ − ∇̂k̂Aîĵ one has

∂

∂t
Aîĵ = ∇̂î∇̂ĵH −

(
∇̂k̂Aîĵ

)
∇̂k̂f −Ak̂

î∇̂ĵ∇̂k̂f −Ak̂
ĵ∇̂î∇̂k̂f +R0ĵ0̂iH

−∇îRĵ0 −∇ĵRî0 +∇0Rîĵ −AîĵR00 −HAk̂
îAĵk̂

= ∇̂î∇̂ĵH −
(
L∇̂fA

)
îĵ
−∇îRĵ0 −∇ĵRî0 +∇0Rîĵ −AîĵR00 +R0̂i0ĵH

−HAk̂
îAĵk̂.
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From Simons’ identity (2.9) we get

∂

∂t
Aîĵ = (∆̂A)îĵ −

(
L∇̂fA

)
îĵ
− (∇îRĵ0 − ∇̂îRĵ0)− (∇ĵRî0 − ∇̂ĵRî0)− 2AîĵR00

+Ak̂
îR0k̂0ĵ +Ak̂

ĵR0k̂0̂i + 2Ak̂lRk̂îl̂ĵ − 2HAk̂
îAĵk̂ +Ak̂l̂Ak̂l̂Aîĵ

+∇0R0̂i0ĵ.

As ∇îRĵ0 = ∇̂îRĵ0 −AîĵR00 +Ak̂
îRĵk̂ we conclude that

∂

∂t
Aîĵ = (∆̂A)îĵ −

(
L∇̂fA

)
îĵ
−Ak̂

îR
l̂
k̂l̂ĵ −Ak̂

ĵR
l̂
k̂l̂̂i + 2Ak̂l̂Rk̂îl̂ĵ − 2HAk̂

îAĵk̂

+Ak̂l̂Ak̂l̂Aîĵ +∇0R0̂i0ĵ.

Finally, we show equation (2.13). For it, note that

δH = −hîĵA
îĵ + gîĵδAîĵ

and

gîĵ(L∇̂fA)îĵ − 2Aîĵ∇̂î∇̂ĵf = ∇̂∇̂f (g
îĵAîĵ) = ⟨∇̂f, ∇̂H⟩.

So,

∂

∂t
H = 2(Rîĵ + ∇̂î∇̂ĵf +HAîĵ)A

îĵ + gîĵ
(
(∆̂A)îĵ −

(
L∇̂fA

)
îĵ
−Ak̂

î
Rl̂
k̂l̂ĵ

−Ak̂
ĵ
Rl̂
k̂l̂̂i

+ 2Ak̂l̂Rk̂îl̂ĵ − 2HAk̂
î
Aĵk̂ +Ak̂l̂Ak̂l̂Aîĵ +∇0R0̂i0ĵ

)
− 2αA(∇̂ϕ, ∇̂ϕ)

= 2AîĵRîĵ + 2HAîĵAîĵ + ∆̂H −
(
gîĵ
(
L∇̂fA

)
îĵ
− 2Aîĵ∇̂î∇̂ĵf

)
− 2Ak̂ĵAĵk̂H

+Ak̂l̂Ak̂l̂H +∇0R00 − 2αA(∇̂ϕ, ∇̂ϕ)

= ∆̂H − ⟨∇̂f, ∇̂H⟩+ 2AîĵRîĵ +AîĵAîĵH +∇0R00 − 2αA(∇̂ϕ, ∇̂ϕ).

This finishes the proof.

As a consequence of Proposition 2.10, we have the following refinement of the formula

obtained in Proposition 2.9.

Corollary 2.11. If (g(t), ϕ(t))t∈[0,T ) evolves by modified (RH)α flow, then

d

dt
Fα

∞ = 2

∫
M

( ∣∣Ric +∇2f − α∇ϕ⊗∇ϕ
∣∣2 + α|(τg,γϕ−∇ϕ(∇f)|2

)
e−fdM

+ 2

∫
∂M

(∂H
∂t

− ⟨∇̂f, ∇̂H⟩+A(∇̂f, ∇̂f) + 2R0̂i∇̂îf − 1

2
∇0R−HR00

+ αA(∇̂ϕ, ∇̂ϕ)
)
e−fdA.

In particular, if both
(
Rîĵ +∇2f(∂î, ∂ĵ) − αγαβ∇îϕ

α∇ĵϕ
β
)
|∂M and

(
Rî0 +∇î∇0f

)
|∂M vanish,

then the boundary integrand vanishes.
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Proof. From equation (2.13) of Proposition 2.10, the boundary integrand term of Proposi-

tion 2.9 can be rewritten as

∆̂H − 2⟨∇̂f, ∇̂H⟩+A(∇̂f, ∇̂f) +AîĵAîĵH +AîĵRîĵ + 2R0̂i∇̂îf − ∇̂îR
0̂i

− αA(∇̂ϕ, ∇̂ϕ)

=
∂H

∂t
− ⟨∇̂f, ∇̂H⟩+A(∇̂f, ∇̂f)−AîĵRîĵ + 2R0̂i∇̂îf − ∇̂îR

0̂i −∇0R00

+ αA(∇̂ϕ, ∇̂ϕ).

Contracted Bianchi Identity and the fact that ∇îRĵ0 = ∇̂îRĵ0 −AîĵR00 +Ak
îRĵk imply

1

2
∇0R = ∇îR

î0 +∇0R00 = ∇̂îR
î0 −HR00 +AîĵRîĵ +∇0R00.

The main result of the corollary follows from these two latter equations. If, in addition, both

Rîĵ +∇2f(∂î, ∂ĵ) − αγαβ∇îϕ
α∇ĵϕ

β and Rî0 +∇î∇0f vanish on ∂M , then by Proposition 2.9

the integrand of ∂M , namely

∂H

∂t
− ⟨∇̂f, ∇̂H⟩+A(∇̂f, ∇̂f) + 2R0̂i∇̂îf − 1

2
∇0R−HR00 + αA(∇̂ϕ, ∇̂ϕ)

vanishes.

2.2 Hypersurfaces in the (RH)α flow background

Before embarking on the proof of our first main theorem, let us put it in context. Let M be

an n-dimensional smooth manifold, and consider an (RH)α flow (g(t), ϕ(t)) inM×I. Given an

(n− 1)-dimensional compact smooth manifold Σ without boundary, and let {x(·, t); t ∈ [0, T )}
be a smooth one-parameter family of immersions of Σ in M . For each t ∈ [0, T ), set xt = x(·, t)
and Σt for the hypersurface xt(Σ) of (M, g(t)), which we can write as Σt := (Σ, x∗tg(t)

)
. Suppose

that the family F := {Σt ; t ∈ [0, T )} evolves under mean curvature flow, MCF for short,

namely 
∂

∂t
x(p, t) = H(p, t)e(p, t),

x(p, 0) = x0(p),

where H(p, t) and e(p, t) are the mean curvature and the unit normal of Σt at the point p ∈ Σ,

respectively. In this setting, we say that F is aMCF in the (g(t), ϕ(t))−(RH)α flow background.

In the particular case
(
g(t), ϕ(t)

)
=
(
g(t), ϕ(t)

)
is a self-similar solution to the (RH)α flow on

M with potential function f , a hypersurface Σt ∈ F is a mean curvature soliton, if

H(p, t) + e(p, t)f = 0 on Σ.

Here, e( · , t) must be the inward unit normal vector field on Σt.
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Proposition 2.12. Let (M, g) be an n-dimensional Riemannian manifold, and let Σ be an

(n − 1)-dimensional compact smooth manifold without boundary. Consider F the MCF of Σ

in the (g(t), ϕ(t))− (RH)α flow background with the Neumann boundary condition ∇0ϕ = 0 on

Σ. Then, the following evolution equations hold on Σt

∂

∂t
gîĵ = −2(Rîĵ − αγαβ∇̂îϕ

α∇̂ĵϕ
β)− 2HAîĵ, (2.14)

∂

∂t
ϕ = τĝ,γϕ+∇0∇0ϕ, (2.15)

∂

∂t
Aîĵ = (∆̂A)îĵ −Ak̂

îR
l̂
k̂l̂ĵ

−Ak̂
ĵR

l̂
k̂l̂̂i

+ 2Ak̂l̂Rk̂îl̂ĵ − 2HAîk̂A
k̂
ĵ (2.16)

+Ak̂l̂Ak̂l̂Aîĵ +∇0R0̂i0ĵ

and

∂

∂t
H = ∆̂H + 2AîĵRîĵ +AîĵAîĵH +∇0R00 − 2αA(∇̂ϕ, ∇̂ϕ). (2.17)

Proof. First, assume Σt = ∂Xt with each Xt compact. Given an interval [a, b] ⊂ [0, T ) and the

MCF of Σ in the (g(t), ϕ(t))t∈[a,b] − (RH)α flow background with ∇aϕ = 0 on Σ = ∂Xa. We

can find a positive solution u(t) = e−f(t) for{
□∗
g(t)u = 0 in

⋃
t∈[a,b](Xt × {t}),

etu = Hg(t)u on
⋃
t∈[a,b](∂Xt × {t}), (2.18)

by solving it backwards in time from t = b, where □∗
g(t) is defined as in (2.2). Indeed, choosing

diffeomorphisms rt : Xa → Xt, we reduce the problem of solving (2.18) to a parabolic equation

on a fixed domain. For it, take g̃(t) = r∗t g(t), ϕ̃(t) = r∗tϕ(t), f̃(t) = r∗t f(t) and ũ(t) = r∗t u(t), it

is straightforward to compute that{
□∗
g̃(t)ũ+

〈
∇g̃(t)ũ,

∂rt
∂t

〉
= 0 in Xa × [a, b],

ẽtũ = Hg̃(t)ũ on ∂Xa × [a, b]
(2.19)

which is equivalent to (2.18). Now, by using s = b− t, we have that (2.19) is equivalent to the

following parabolic equation

,

{
∂
∂s
ũ(s) = ∆g̃ũ−Rg̃ũ+ α|∇g̃ϕ̃|2ũ+

〈
∇g̃ũ,

∂rt
∂s

〉
in Xa × [a, b],

ẽsũ = Hg̃ũ on ∂Xa × [a, b].
(2.20)

It guarantees the existence of a solution u(t) = e−f(t) for (2.18). Thus, we can take a one-

parameter family {ψt}t∈[a,b] of diffeomorphisms generated by {−∇g(t)f(t)}t∈[a,b], with ψa = Id

and ψt(Xa) = Xt for all t. By setting g̃(t) = ψ∗
t g(t), ϕ̃(t) = ψ∗

t ϕ(t), f̃(t) = ψ∗
t f(t) and

γ̃(t) = ψ∗
t γ(t), we have that g̃(t), ϕ̃(t), f̃(t) and γ̃(t) are defined on Xa. We claim that{

∂
∂t
g̃ij = −2(R̃ij + ∇̃2f̃(∂i, ∂j)− αγ̃αβ∇̃iϕ̃

α∇̃jϕ̃
β),

∂
∂t
ϕ̃ = τg̃,γ̃ϕ̃− ⟨∇̃ϕ̃, ∇̃f̃⟩g̃

(2.21)
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and

∂

∂t
f̃ = −∆g̃f̃ −Rg̃ + α|∇̃ϕ̃|2g̃ (2.22)

in Xa× [a, b] with Hg̃+eaf̃ = 0 and ∇aϕ = 0 on ∂Xa = Σ. Indeed, to prove (2.21), we compute

∂

∂t
g̃ij = ψ∗

t

( ∂
∂t
gij

)
+ ψ∗

t

(
L d

dt
ψt
g
)
ij

= ψ∗
t

(
− 2(Rij − αγαβ∇iϕ

α∇jϕ
β)
)
− ψ∗

t

(
L(

∇g(t)f(t)
)g)

ij

= −2(R̃ij + ∇̃2f̃(∂i, ∂j)− αγ̃αβ∇̃iϕ̃
α∇̃jϕ̃

β).

and

∂

∂t
ϕ̃ = ψ∗

t

( ∂
∂t
ϕ
)
+ ψ∗

tL d
dt
ψt
ϕ

= ψ∗
t

(
τg,γϕ

)
− ψ∗

tL(∇g(t)f(t)
)ϕ

= τg̃,γ̃ϕ̃− ⟨∇̃ϕ̃, ∇̃f̃⟩g̃.

To prove (2.22), we use that ∆e−f = (|∇f |2 −∆f)e−f and (2.18) to obtain

∂

∂t
f̃ = ψ∗

t

( ∂
∂t
f
)
+ ψ∗

tL d
dt
ψt
f

= ψ∗
t

(
|∇f |2 −∆f −R + α|∇ϕ|2

)
− ψ∗

tL(∇g(t)f(t)
)f

= −∆g̃f̃ −Rg̃ + α|∇̃ϕ̃|2g̃.

For the boundary condition, it is enough to note that etu = Hg(t)u implies etf(t) +Hg(t) = 0,

and then 0 = ψ∗
t etf(t)+ψ

∗
tHg(t) = eaf̃(t)+Hg̃(t). Hence, (g̃(t), ϕ̃(t)) evolves by modified (RH)α

flow in Xa × [a, b], thus, we can apply Proposition 2.10 for the compact manifold Xa with

boundary ∂Xa, from which we obtain

∂

∂t
gîĵ =

∂

∂t

(
(ψ∗

t )
−1ψ∗

t gîĵ

)
=

∂

∂t

(
(ψ∗

t )
−1g̃îĵ

)
= (ψ∗

t )
−1
( ∂
∂t
g̃îĵ +

(
L d

dt
ψ−1
t
g̃
)
îĵ

)
= −2(Rîĵ − αγαβ∇̂îϕ

α∇̂ĵϕ
β)− 2HAîĵ,

on Σt that is (2.14). Likewise, from (2.11) one has

∂

∂t
ϕ = (ψ∗

t )
−1
( ∂
∂t
ϕ̃+ L d

dt
ψ−1
t
ϕ̃
)
= τĝ,γϕ+∇0∇0ϕ,

which is (2.15). Next, equation (2.12) implies

∂

∂t
Aîĵ = (ψ∗

t )
−1
( ∂
∂t

Ãîĵ +
(
L d

dt
ψ−1
t
Ã
)
îĵ

)
= (∆̂A)îĵ −Ak̂

îR
l̂
k̂l̂ĵ

−Ak̂
ĵR

l̂
k̂l̂̂i

+ 2Ak̂l̂Rk̂îl̂ĵ − 2HAîk̂A
k̂
ĵ +Ak̂lAk̂l̂Aîĵ

+∇0R0̂i0ĵ,
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and from (2.13) we get

∂

∂t
H = (ψ∗

t )
−1
( ∂
∂t
Hg̃ + L d

dt
ψ−1
t
Hg̃

)
= ∆̂H + 2AîĵRîĵ +AîĵAîĵH +∇0R00 − 2αA(∇̂ϕ, ∇̂ϕ).

For finishing, we observe that the result could be derived from a local calculation on Σt, hence,

it is also valid without the assumption that Σt bounds a compact domain.

Remark 2.13. We point out that (2.14) holds regardless of the assumption ∇0ϕ = 0 on Σ.

Remark 2.14. IfM is the Euclidean space with its standard metric gst, g(t) = gst and ϕ(t) = ϕ

is a constant, then Eqs. (2.14), (2.16) and (2.17) are the same as in [Hui84, Lem. 3.2, Thm. 3.4

and Cor. 3.5], see also Mantegazza [Man11, Sect. 2.3]. Moreover, we recover Prop. 4 in Gomes

and Hudson [GH23], for ϕ ∈ C∞(M); and Prop. 4 in Lott [Lot12], for ϕ constant.

Theorem 2.15. Let M be an n-dimensional compact smooth manifold with boundary ∂M,

and let F be the MCF of ∂M in the (g(t), ϕ(t)) − (RH)α flow background with the Neumann

boundary condition ∇0ϕ = 0. If u := e−f is a solution to the conjugate heat equation

□∗u = 0 in M × [0, T ) (2.23)

with e0u = Hu on ∂M , then

d

dt
Fα

∞ = 2

∫
M

(
|Ric +∇2f − α∇ϕ⊗∇ϕ|2 + α|τg,γϕ− ⟨∇ϕ,∇f⟩|2

)
e−fdM

+ 2

∫
∂M

(∂H
∂t

− 2⟨∇̂f, ∇̂H⟩+A(∇̂f, ∇̂f) + 2R0i∇̂if − 1

2
∇0R−HR00

+ αA(∇̂ϕ, ∇̂ϕ)
)
e−fdA,

where R is the scalar curvature of (M, g), A is the second fundamental form of ∂M, and ∇̂
denotes the gradient on ∂M.

Proof. The hypotheses on {∂M t ; t ∈ [0, T )} and u allow us to use g̃(t), ϕ̃(t) and f̃(t) on M as

in the proof of Proposition 2.12. Thus, the result follows immediately from Corollary 2.11 and

the fact that the identity
∂

∂t
Hg̃ =

∂

∂t
Hg − ⟨∇̂f, ∇̂H⟩

holds on ∂Mt for all t ∈ [0, T ).

2.3 Characterization of mean curvature solitons

Let (g(t), ϕ(t)) be a self-similar solution to the (RH)α flow on an n-dimensional smooth

manifold M, given by {
g(t) = σ(t)ψ∗

t g,

ϕ(t) = ψ∗
t ϕ,

(2.24)
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for some initial value (g, ϕ), where ψt is a smooth one-parameter family of diffeomorphisms of

M generated from the flow of ∇gf/σ(t), for some potential function f ∈ C∞(M), and σ(t) is

a positive smooth function on t. By taking derivative of g(t) in (2.24) and as in the proof of

Proposition 2.2, one has

Ricg(t) +∇2
g(t)f(t)− α∇ϕ(t)⊗∇ϕ(t) = − σ′(t)

2σ(t)
g(t).

Solving σ′(t)/σ(t) = −c/(T − t) and using conformal theory, we immediately obtain that the

triple (g(t), f(t), ϕ(t)) satisfies (2.3.a) (as well (2.3.b)) along the (RH)α flow. More precisely,

we have the following result.

Proposition 2.16. Let M be an n-dimensional smooth manifold, and let (g(t), ϕ(t)) be a self-

similar solution to the (RH)α flow on M . Then, the following identities hold{
Ricg +∇2

gf − α∇ϕ⊗∇ϕ =
c

2(T − t)
g,

τg,γϕ = ⟨∇gf,∇gϕ⟩g,
(2.25)

for all t, where c = 0 in the steady case (for t ∈ R and ψ0 = Id), c = 1 in the shrinking case (for

t ∈ (−∞, T ) and ψT−1 = Id), c = 1 in the expanding case (for t ∈ (T,+∞) and ψT+1 = Id),

besides

∂

∂t
f = |∇gf |2g. (2.26)

The function f is still called the potential function.

Now, we will show how to construct a family of mean curvature solitons and establish

a characterization of such a family. For it, let M be an n-dimensional smooth manifold,

and let (g(t), ϕ(t)) be a self-similar solution to the (RH)α flow on M for some initial value

(g, ϕ) and with potential function f = ψ∗
t f , where {ψt} is the smooth one-parameter family of

diffeomorphisms ofM generated by Yt = ∇gf/σ(t), with σ(t) = κ(T − t) and ψT−κ = Id, where

κ = 1 in the shrinking case (for t ∈ (−∞, T )), κ = −1 in the expanding case (for t ∈ (T,+∞))

and σ(t) = 1 in the steady case (for t ∈ R) with ψ0 = Id .

Given an (n−1)-dimensional compact smooth manifold Σ without boundary, let {x( · , t)} be
a smooth one-parameter family of immersions of Σ in M , where x(·, t) := ψ(·,−t+ 2(T − κ)),

for κ = 1, with t ∈
(
2(T − 1), T

)
and ψT−1 = Id in the shrinking case; and for κ = −1,

with t ∈ (T, 2(T + 1)) and ψT+1 = Id in the expanding case and x( · , t) := ψ( · ,−t) in the

steady case, where ψt is a smooth one-parameter family of diffeomorphisms of M generated

from the flow of ∇gf/κ(T − t). Note that x( · , T − κ) = ψ( · , T − κ) = Id in the shrinking and

expanding cases and x( · , 0) = ψ( · , 0) = Id in steady case. If G := {Σt} evolves by MCF in the

(g, ϕ)− (RH)α flow background on M , then it is a family of mean curvature solitons. Indeed,
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since g(t) = σ(t)ψ∗
t g, we have ∇gf = σ(t)∇g(t)f , and then

H(p, t) = g(t)
( ∂
∂t
x(p, t), e(p, t)

)
= −g(t)

(∇gf(p)

σ(t)
, e(p, t)

)
= −g(t)

(
∇g(t)f(p), e(p, t)

)
= −e(p, t)f(p),

it proves our claim. A sufficient condition for ensuring that G is a family of mean curvature

solitons is that the hypersurface Σ must be f -minimal. Besides, we will see that any family F

of mean curvature solitons is given by family G up to reparametrization, as stated below.

Theorem 2.17. If Σ is an f -minimal hypersurface of (M, g), then G , as defined above, is a

family of mean curvature solitons in the (g, ϕ)− (RH)α flow background on M . Moreover, any

family F of mean curvature solitons in the (g, ϕ) − (RH)α flow background on M is given by

G up to reparametrization.

Proof. Let Σ be a hypersurface of (M, g) satisfyingH+e0f = 0 on Σ, where e0 is the unit normal

vector field on Σ. Take G = {Σt} the smooth one-parameter family of isometric immersions

of Σ in M as above, so that e0 =
√
σ(t)e( · , t), and then Ae0 =

√
σ(t)Ae(·,t) that implies

H =
√
σ(t)H(·, t). So, H( · , t) + e( · , t)f = 0. Thus,( ∂
∂t
x( · , t)

)⊥
= g(t)

( ∂
∂t
x( · , t), e( · , t)

)
e( · , t) = −g(t)

(∇gf

σ(t)
, e( · , t)

)
e( · , t)

= −g(t)
(
∇g(t)f, e( · , t)

)
e( · , t) = −e( · , t)(f)e( · , t) = H( · , t)e( · , t).

Now, we affirm that if a smooth family of hypersurfaces Σt satisfies ⟨ ∂∂tx(p, t), e(p, t)⟩ = H(p, t),

then it can be everywhere locally reparametrized to a mean curvature flow. Indeed, if ∂
∂t
x(p, t) =

H(p, t)e(p, t)+X(p, t), where X(p, t) ∈ dxt(TpΣ) ∀p ∈ Σ, take {φt} the smooth one-parameter

family of diffeomorphisms of Σ generated by Y (p, t) = −[dxt]
−1(X(p, t)) and then consider the

reparametrization x̃(p, t) = x(φt(p), t). By a straightforward computation Σ̃t evolves by MCF

in the (g, ϕ)−(RH)α flow background onM . Finally, by a simple analysis of this proof, we also

show that any family F of mean curvature solitons is given by G up to reparametrization.

Remark 2.18. The previous theorem recovers Thm. 3 in Gomes and Hudson [GH23], for

ϕ ∈ C∞(M); and Prop. 4.3 in Yamamoto [Yam20] in the case of gradient shrinking Ricci

soliton and ϕ constant.

We conclude this section with the proof of Theorem 2.20. We begin by determining how

the area evolves under MCF in an (RH)α flow background.

Lemma 2.19. Let (g(t), ϕ(t)), f and F be as in the statement of Theorem 2.20. Then, the

following equation holds on Σt

d

dt
(dAg) = −(R

i
i +H2

g − α|∇̂gϕ|2g)dAg.
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Proof. The lemma follows from the well-known formula

d

dt
(dAg) =

1

2
tr(gij(t))

( ∂
∂t
gij

)
dAg

and equation (2.14) in Proposition 2.12 (see also Remark 2.13).

Theorem 2.20. Let (M, g) be an n-dimensional Riemannian manifold, and let Σ be an (n−1)-

dimensional compact smooth manifold without boundary. Consider F the MCF of Σ in the

(g, ϕ)−(RH)α flow background with potential function f . Denote by dAg the (n−1)-dimensional

Riemannian measure on Σ and set Areaf (Σt) :=
∫
Σ
e−fdAg. Under these conditions, the func-

tion Φ(t), given by:

(i) R ∋ t 7→ Areaf (Σt) in the steady case,

(ii) (−∞, T ) ∋ t 7→ [4π(T − t)]−(n−1)/2Areaf (Σt) in the shrinking case, and

(iii) (T,∞) ∋ t 7→ [4π(t− T )]−(n−1)/2Areaf (Σt) in the expanding case,

is non-increasing. Moreover, Φ(t) is constant if and only if F is a family of mean curvature

solitons.

Proof. Lemma 2.19 and a straightforward computation yield

d

dt

∫
Σt

e−fdAg = −
∫
Σt

( d
dt
f +R

i
i +H2

g − α|∇̂gϕ|2g
)
e−fdAg.

By chain rule d
dt
f = ∂

∂t
f dt
dt
+ g(t)(∇g(t)f,

∂x
∂t
) that implies

d

dt

∫
Σt

e−fdAg = −
∫
Σt

( ∂
∂t
f +Hgetf +R

i
i +H2

g − α|∇̂gϕ|2g
)
e−fdAg.

First, consider a steady (g(t), ϕ(t)) − (RH)α flow background. In this case, we can take

traces in the first equation of (2.25) on Σt to get

0 = R
i
i +∇i∇

i
f − α|∇̂gϕ|2g = R

i
i + ∇̂i∇̂if −Hgetf − α|∇̂gϕ|2g.

Then, using (2.26), we obtain

d

dt

∫
Σt

e−fdAg = −
∫
Σt

(
|∇gf |2g − ∆̂gf + 2Hgetf +H2

g

)
e−fdAg

= −
∫
Σt

(
|∇̂gf |2g + (etf)

2 − ∆̂gf + 2Hgetf +H2
g

)
e−fdAg

= −
∫
Σt

(
Hg + etf

)2
e−fdAg,

where in the second line we have used the equality

∆̂ge
−f = (|∇̂gf |2g − ∆̂gf)e

−f
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and Stokes’ theorem. Since the boundary integrand in the right-hand side is nonnegative, we

have immediately the result of the theorem for the steady case.

For the shrinking case, we claim that the function

(−∞, T ) ∋ t 7→ [4π(T − t)]−(n−1)/2

∫
Σt

e−fdAg

is non-increasing during the flow. Indeed, as above, we take traces in the first equation of (2.25)

on Σt to obtain

n− 1

2(T − t)
= R

i
i +∇i∇if − α|∇̂gϕ|2g = R

i

i + ∇̂i∇̂if −Hgetf − α|∇̂gϕ|2g.

Then,

d

dt

(
[4π(T − t)]−(n−1)/2

∫
Σt

e−fdAg

)
= −[4π(T − t)]−(n−1)/2

∫
Σt

(
|∇̂gf |2g + (etf)

2 − ∆̂gf + 2Hgetf +H2
g

+
n− 1

2(T − t)

)
e−fdAg +

n− 1

2
[4π(T − t)]−

(n−1)
2

−1

∫
Σt

e−fdAg

= −[4π(T − t)]−(n−1)/2

∫
Σt

(
Hg + etf

)2
e−fdAg. (2.27)

This proves the claim, and so the theorem for the shrinking case. Finally, in a similar way, one

proves the expanding case.

Remark 2.21. For the shrinking case in Theorem 2.20, we recover Huisken’s monotonicity

formula [Hui90, Thm. 3.1], by taking M = Rn, gij(τ) = δij, f(x, τ) = |x|2/(4τ) and ϕ(τ) = ϕ

constant.

Remark 2.22. We recover Huisken-type monotonicity formulas [MMT13, Prop. 3.1] for hy-

persurface case and [Lot12, Prop. 8 and Rmk. 5] by taking ϕ(τ) = ϕ constant and by taking

ϕ ∈ C∞(M,R) recover [GH23, Thm. 3]

2.4 Extension of Hamilton’s differential Harnack expression

Here, we will see as the boundary integrand term of the time-derivative of the functional Fα
∞

provides an extension of Hamilton’s differential Harnack expression for mean curvature flow in

Euclidean space to the more general context of mean curvature flow in a (RH)α flow.

Let F be a family of mean curvature solitons in the steady (g, ϕ)−(RH)α flow background.

Then, the equations

Rîĵ +∇2
f(∂î, ∂ĵ)− αγαβ∇îϕ

α∇ĵϕ
β
= 0 and Rî0 +∇2

f(∂î, e0)− αγαβ∇îϕ
α∇0ϕ

β
= 0
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on Σt become

Rîĵ + ∇̂2f(∂î, ∂ĵ) +HgAîĵ − αγαβ∇̂îϕ
α∇̂ĵϕ

β
= 0, (2.28)

and

Rî0 − ∇̂îHg +Ak̂
î∇̂k̂f − αγαβ∇0ϕ

β∇̂îϕ
α
= 0. (2.29)

Example 2.23. For instance, consider M = Rn, g(t) = gst and ϕ(t) = ϕ constant, and let L

be a linear function on Rn. Defining f = L+ t|∇L|2, we have that f satisfies (2.26). Changing

f to −f , equations (2.28) and (2.29) then become

∇̂2f(∂i, ∂j)−HAij = 0 and ∇̂iH +Ak
i∇̂kf = 0,

respectively, which appear in [Ham95b, p. 219] as equations for a translating soliton.

Consider a bounded domain Ω with smooth boundary ∂Ω := Σ in Euclidean space Rn, and

take a solution u = e−f to the conjugate heat equation (2.23) in Ω× [0, T ) with e0u = Hu on

Σ. If F is a MCF in a (g(t), ϕ(t))− (RH)α flow background with g(t) Ricci flat and ∇0ϕ = 0

on Σ, then the boundary integrand in Theorem 2.15 becomes

Z(V ) + αA(∇̂ϕ, ∇̂ϕ),

where V = −∇̂f and Z(V ) := ∂H
∂t

+ 2⟨V, ∇̂H⟩ + A(V, V ) is Hamilton’s differential Harnack

expression for the case of MCF in Euclidean space, which vanishes in the particular case F is

a translating soliton (see [Ham95b, Def. 4.1 and Lem. 3.2]).

The next result suggests an extension Zα
g,ϕ

of Z for the more general case of MCF in a (RH)α

flow background, whose characterization of nullity should be on the steady case. For this, we

observe that, if we consider a steady (g(t), ϕ(t))− (RH)α flow background on M with potential

function f , and Σ is a mean curvature soliton at t = 0, then its ensuing mean curvature flow

{Σt} consists of mean curvature solitons, and {Σt} differs from {ψt(Σ)} by diffeomorphisms.

In Section 2.3, we give a more general description that includes the shrinking and expanding

soliton cases.

Corollary 2.24. Let M be an n-dimensional smooth manifold, and let (g(t), ϕ(t)) be a steady

self-similar solution to the (RH)α flow on M with potential function f and initial value (g, ϕ).

Given an (n − 1)-dimensional compact smooth manifold Σ without boundary, and let F be

a MCF of Σ in the steady (g, ϕ) − (RH)α flow background which satisfies H + e0f = 0 and

∇0ϕ = 0 on Σ. Under these conditions, the identity

Z(−∇̂gf) + 2R
0̂i∇̂îf − 1

2
∇0R−HgR00 + αA(∇̂gϕ, ∇̂gϕ) = 0

holds for all t ∈ [0, T ), where A is the second fundamental form of Σ, and ∇̂ denotes the

gradient on Σ.
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Proof. If (g(t), ϕ(t)) is a gradient steady soliton on M × [0, T ), then the positive function

u = e−f(t) on
⋃
t∈[0,T )(Xt × {t}) ⊂ M × [0, T ) satisfies the conjugated heat equation (2.18)

with e0u = Hu and ∇0ϕ = 0 on ∂X0 = Σ, where the boundary conditions follows from the

assumptions on Σ. To see this, first observe that ∆gu = (|∇gf |2g −∆gf)u. Now taking traces

in the first equation of (2.25) and using (2.26), we obtain

∂

∂t
u = −u|∇gf |2g = −∆gu+Rgu− α|∇gϕ|2gu.

Thus, we can define g̃(t), ϕ̃(t) and f̃(t) on X0 as in the proof of Proposition 2.12, so that

(g̃(t), ϕ̃(t)) evolves by modified (RH)α flow onX0×[0, T ). Besides, again we use that (g(t), ϕ(t))

is a gradient steady soliton and that ∇0ϕ = 0 on Σ, to get(
R̃îĵ + ∇̃2f̃(∂î, ∂ĵ)− αγαβ∇̃îϕ̃

α∇̃ĵϕ̃
β
)
|Σ = 0 and

(
R̃î0 + ∇̃2f̃(∂î, e0)

)
|Σ = 0.

As in the proof of Theorem 2.15, the result of the corollary follows from Corollary 2.11 and the

identity
∂

∂t
Hg̃ =

∂

∂t
Hg − ⟨∇̂gf, ∇̂gHg⟩g.

This completes the proof.

Remark 2.25. Suppose M = Rn, g(t) = gst and ϕ(t) = ϕ constant. Let L be a linear function

on Rn and define f = L+t|∇L|2. Letting V (t) = −∇̂f , Corollary 2.24 coincides with [Ham95b,

Lem. 3.2].
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CHAPTER 3

Applications of a Huisken
monotonicity-type formula for MCF in the

(RH)α flow background

In this chapter, we prove our fourth main theorem, which is an application of Huisken’s

monotonicity-type formula in the (g(t), ϕ(t))− (RH)α flow background. The most appropriate

setting to do this is to consider the normalized family F̃ of MCF as follows.

Assume that (M, g) is an n-dimensional Riemannian manifold, and let (g(t), ϕ(t)) be a

shrinking self-similar solution to the (RH)α flow on M with potential function f and initial

value (g, ϕ). Given an (n− 1)-dimensional compact smooth manifold Σ without boundary, and

let F be a MCF of Σ in the shrinking (g, ϕ)− (RH)α flow background.

Σ M M
xt ψt

x̃s = ψt ◦ xt

gg(t)

Write Hg = H(p, t), et = e(p, t) and x̃s = ψt ◦ xt, for simplicity. Setting s = − log(T − t)

and Σ̃s =
(
Σ, x̃∗sg

)
, we have s ∈ [− log T,∞), ds

dt
= 1

T−t and
dt
ds

= T − t. Since Hg =
1√
T−tHψ∗

t g

and et =
1√
T−teψ∗

t g
, we obtain, on Σ̃s,

∂x̃s
∂s

=

(
dψt
dt

◦ xt + (ψt)∗

(∂xt
∂t

)) dt

ds

=

(
∇gf ◦ ψt
T − t

◦ xt + (ψt)∗Hget

)
dt

ds

=(∇gf +Hg)(x̃s).
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We call the family F̃ := {Σ̃s; s ∈ [− log T,∞)} the normalized MCF in (M, g).

Now, we proceed with the proofs of preliminary results, which are formulated in the more

general context of complete Riemannian manifolds with bounded geometry, so that we can work

on compact and complete noncompact Riemannian manifolds by using convergence techniques

that have been presented in Chapter 1.

3.1 Bounded geometry in the (RH)α flow background

In what follows, when (g, ϕ) is the initial value of a self-similar solution (g(t), ϕ(t)) to the

(RH)α flow on a noncompact smooth manifold M , we are assuming that there exist positive

constants C ′
j such that

|∇j
g(∇ϕ⊗∇ϕ)| ⩽ C ′

j on M, (3.1)

for every integer j ⩾ 0. Such a condition is natural since it is just necessary on initial condition

of the flow (see estimate (3.4)). The motivation for this additional assumption can be seen in

Müller’s work [Mül12]. Of course, in the compact case, (3.1) is trivially satisfied.

In order to apply the Arzelá-Ascoli theorem, we need a type of interior estimate for |∇̂k
gA(x̃s)|

on Σ̃s ∈ F̃ as done by Ecker and Huisken for MCF in Euclidean space, by Yamamoto for MCF

in a Ricci flow background, and by Gomes, Hudson and Yamamoto for MCF in an extended

Ricci soliton background.

Proposition 3.1. Assume that (M, g) is an n-dimensional Riemannian manifold with bounded

geometry, and let (g(t), ϕ(t)) be a shrinking self-similar solution to the (RH)α flow on M with

potential function f and initial value (g, ϕ) satisfying (3.1). Given an (n − 1)-dimensional

compact smooth manifold Σ without boundary, and let F be the MCF of Σ in the shrinking

(g, ϕ) − (RH)α flow background which develops a singularity of type-I. Consider the associate

normalized MCF F̃ in (M, g). Then, for every integer k ⩾ 0 there exist positive constants Ck

such that

|∇̂k
gA(x̃s)|g ⩽ Ck on Σ× [− log T,∞),

where ∇̂g is defined from the Levi–Civita connection on Σ̃s.

Proof. The proof follows a standard approach as in [GHY24, Hui90, Mül12, Yam20], which is

by induction on k. First of all, since g = (T − t)ψ∗
t g and x̃s = ψt ◦ xt, one has

|∇̂k
gAg(x̃s)|g = (T − t)

1
2
+ 1

2
k|∇̂k

gAg(xt)|g, (3.2)

|∇k
gRmg|g = (T − t)1+

1
2
k|∇k

gRmg|g, (3.3)

|∇k
g

(
∇ϕ⊗∇ϕ

)
|g = (T − t)1+

1
2
k|∇k

g

(
∇ϕ⊗∇ϕ

)
|g, (3.4)

where ∇g, ∇̂g, ∇g and ∇̂g are defined from the Levi–Civita connection on (M, g), (Σ, x̃∗sg),

(M, g) and (Σ, x∗tg), respectively. Thus, the degree of ∇̂k
gAg is 1

2
+ 1

2
k and of ∇k

g Rmg and
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∇k
g

(
∇ϕ ⊗∇ϕ

)
are 1 + 1

2
k. Also, we write Ag(xt) and Ag(x̃s) by A and A, respectively, while

Rmg and Rmg by Rm and Rm, respectively.

For tensors T1 and T2, we write T1 ∗ T2 to mean a tensor formed by a sum of terms each

one of them obtained by contracting some indices of the pair T1 and T2 by using g, x∗g, in

particular,

|T1 ∗ T2| ⩽ C|T1||T2|

where C > 0 is a constant which depends only on the algebraic structure of T1∗T2. For a, b ∈ Q,

we consider Va,b the set of all (time-dependent) tensors T on M which can be expressed as

T = (∇k1
g Rm ∗ · · · ∗ ∇kI

g Rm) ∗
(
∇m1
g (α∇ϕ⊗∇ϕ) ∗ · · · ∗ ∇mK

g (α∇ϕ⊗∇ϕ)
)
∗ (∇̂ℓ1

g A∗

· · · ∗ ∇̂ℓJ
g A) ∗ (

p
∗Dx)

with I, J,K, p, k1, . . . , kI ,m1, . . . ,mK , ℓ1, . . . , ℓJ ∈ N satisfying

I∑
i=1

(
1 +

1

2
ki

)
+

K∑
k=1

(
1 +

1

2
mk

)
+

J∑
j=1

(
1

2
+

1

2
ℓj

)
= a and

J∑
j=1

ℓj ⩽ b,

and we define a vector space Va,b as the set of all tensors T on M which can be expressed as

T = a1T1 + · · ·+ arTr for some r ∈ N, a1, . . . , ar ∈ R and T1, . . . , Tr ∈ Va,b.

The first step for the induction follows from the singularity of type-I assumption (see (1.6)).

For a fixed k ⩾ 1, assume that there exist positive constants C0, C1, . . . , Ck−1 such that

|∇̂i
gA| ⩽ Ci on Σ× [− log T,∞)

for i = 0, 1, . . . , k − 1. We consider the evolution equation of |∇̂k
gA|2, and finally we will prove

the bound of |∇̂k
gA|2 by parabolic maximum principle. |∇̂k

gA|2 = (T − t)k+1|∇̂k
gA|2 from (3.2)

and ∂
∂s

= (T − t) ∂
∂t
,

∂

∂s
|∇̂k

gA|2 = −(k + 1)|∇̂k
gA|2 + (T − t)k+2 ∂

∂t
|∇̂k

gA|2 ⩽ (T − t)k+2 ∂

∂t
|∇̂k

gA|2.

As used in the proof of [Yam20, Prop. 4.9], there exist tensors E [k] ∈ V 3
2
+ 1

2
k,k, C[k] ∈ V 3

2
+ 1

2
k,k+1

and G[k] ∈ V 1
2
+ 1

2
k,k−1 such that

∂

∂t
|∇̂k

gA|2 = ∆̂g|∇̂k
gA|2 − 2|∇̂k+1

g A|2 + E [k] ∗ ∇̂k
gA+ C[k] ∗ G[k],

where ∆̂g is the Laplacian on
(
Σ, x∗tg(t)

)
. Setting ∆̂g for the Laplacian on

(
Σ, x̃∗sg

)
, one has

(T − t)∆̂g = ∆̂g. Hence

(T − t)k+2(∆̂g|∇̂k
gA|2 − 2|∇̂k+1

g A|2) = ∆̂g|∇̂k
gA|2 − 2|∇̂k+1

g A|2.
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Since G[k] ∈ V 1
2
+ 1

2
k,k−1, there exist r ∈ N, a1, . . . , ar ∈ R and G[k]1, . . . ,G[k]r ∈ V 1

2
+ 1

2
k,k−1 such

that G[k] =
∑r

i=1 aiG[k]i. Hence, |G[k]| ⩽
∑r

i=1 |ai||G[k]i|. By definition of V 1
2
+ 1

2
k,k−1, each G[k]i

can be expressed as

(∇k1
g Rm ∗ · · · ∗ ∇kI

g Rm) ∗
(
∇m1
g (α∇ϕ⊗∇ϕ) ∗ · · · ∗ ∇mK

g (α∇ϕ⊗∇ϕ)
)
∗ (∇̂ℓ1

g A∗

· · · ∗ ∇̂ℓJ
g A) ∗ (

p
∗Dx)

with I, J,K, p, k1, . . . , kI ,m1, . . . ,mK , ℓ1, . . . , ℓJ ∈ N satisfying

I∑
i=1

(
1 +

1

2
ki

)
+

K∑
k=1

(
1 +

1

2
mk

)
+

J∑
j=1

(
1

2
+

1

2
ℓj

)
=

1

2
+

1

2
k and

J∑
j=1

ℓj ⩽ k − 1.

Hence, by using (3.2), (3.3) and (3.4),

(T − t)
1
2
+ 1

2
k|G[k]i| ⩽C(T − t)

1
2
+ 1

2
k|∇k1

g Rm| · · · |∇kI
g Rm||∇m1

g (∇ϕ⊗∇ϕ)| · · ·

|∇mK
g (∇ϕ⊗∇ϕ)||∇̂ℓ1

g A| · · · |∇̂ℓJ
g A||Dx|p

=C(
√
n− 1)p|∇k1

g Rm | · · · |∇kI
g Rm ||∇m1(∇ϕ⊗∇ϕ)| · · ·

|∇mK (∇ϕ⊗∇ϕ)||∇ℓ1
g A| · · · |∇ℓJ

g A|

for some constant C > 0. Here note that |Dx| =
√
n− 1. Since (M, g) has bounded geom-

etry and we are assuming (3.1), the derivatives |∇ki
g Rm | and |∇mk

g (∇ϕ ⊗ ∇ϕ)| are bounded.

Furthermore, since ℓj ⩽ k − 1, each |∇ℓj
g A| is bounded by assumption of induction. So, there

exists a constant C ′ > 0 such that

(T − t)
1
2
+ 1

2
k|G[k]| ⩽ C ′.

In the same way, since E [k] ∈ V 3
2
+ 1

2
k,k, there exist r

′ ∈ N, b1, . . . , br′ ∈ R and E [k]1, . . . , E [k]r′ ∈
V 3

2
+ 1

2
k,k such that E [k] =

∑r′

i=1 biE [k]i.
Hence, |E [k]| ⩽

∑r′

i=1 |bi| |E [k]i| . By definition of V 3
2
+ 1

2
k,k, each E [k]i can be expressed as

(∇k1
g Rm ∗ · · · ∗ ∇kI

g Rm) ∗
(
∇m1
g (α∇ϕ⊗∇ϕ) ∗ · · · ∗ ∇mK

g (α∇ϕ⊗∇ϕ)
)
∗ (∇̂ℓ1

g A∗

· · · ∗ ∇̂ℓJ
g A) ∗ (

p
∗Dx)

with I, J,K, p, k1, . . . , kI ,m1, . . . ,mK , ℓ1, . . . , ℓJ ∈ N satisfying

I∑
i=1

(
1 +

1

2
ki

)
+

K∑
k=1

(
1 +

1

2
mk

)
+

J∑
j=1

(
1

2
+

1

2
ℓj

)
=

3

2
+

1

2
k and

J∑
j=1

ℓj ⩽ k − 1.

If max{ℓ1, . . . , ℓJ} ⩽ k− 1, we can prove that (T − t)
3
2
+ 1

2
k|E [k]i| is bounded by same argument

as the case of G[k]i. If max{ℓ1, . . . , ℓJ} = k, one can see that the possible forms of E [k]i are

A ∗ A ∗ ∇̂k
gA ∗ (

p
∗Dx),

Rm ∗ ∇̂k
gA ∗ (

p
∗Dx),

∇ϕ⊗∇ϕ ∗ ∇̂k
gA ∗ (

p
∗Dx).
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For each term, we can see by same argument as the case of G[k]i that there exists a constant

C̃ > 0 such that (T − t)
3
2
+ 1

2
k|E [k]i| ⩽ C̃|∇̂kA|. Thus, there exists a constant C ′′ > 0 such that

(T − t)
3
2
+ 1

2
k|E [k]| ⩽ C ′′(1 + |∇̂kA|).

Since C[k] ∈ V 3
2
+ 1

2
k,k+1, there exist r

′′ ∈ N, c1, . . . , c′′r ∈ R and C[k]1, . . . , C[k]r′′ ∈ V 3
2
+ 1

2
k,k+1 such

that C[k] =
∑r′

i=1 ciC[k]i. Hence, one has |C[k]| ⩽
∑r′

i=1 |ci||C[k]i|. By definition of V 3
2
+ 1

2
k,k+1,

each C[k]i can be expressed as

(∇k1
g Rm ∗ · · · ∗ ∇kI

g Rm) ∗
(
∇m1
g (α∇ϕ⊗∇ϕ) ∗ · · · ∗ ∇mK

g (α∇ϕ⊗∇ϕ)
)
∗ (∇̂ℓ1

g A∗

· · · ∗ ∇̂ℓJ
g A) ∗ (

p
∗Dx)

with I, J,K, p, k1, . . . , kI ,m1, . . . ,mK , ℓ1, . . . , ℓJ ∈ N satisfying

I∑
i=1

(
1 +

1

2
ki

)
+

K∑
k=1

(
1 +

1

2
mk

)
+

J∑
j=1

(
1

2
+

1

2
ℓj

)
=

3

2
+

1

2
k and

J∑
j=1

ℓj ⩽ k + 1.

If max{ℓ1, ..., ℓJ} ⩽ k − 1, we can prove that (T − t)
3
2
+ 1

2
k|C[k]i| is bounded by same argument

as the case of G[k]i If max{ℓ1, . . . , ℓJ} = k, one can see that the possible forms of C[k]i are

A ∗ A ∗ ∇̂k
gA ∗ (

p
∗Dx),

Rm ∗ ∇̂k
gA ∗ (

p
∗Dx),

∇ϕ⊗∇ϕ ∗ ∇̂k
gA ∗ (

p
∗Dx)

and (T − t)
3
2
+ 1

2
k |C[k]i| ⩽ C̃|∇̂kA| as the case of E [k]i. If max{ℓ1, . . . , ℓJ} = k + 1, one can see

that the possible form of C[k]i is
∇̂k+1
g A ∗ (

p
∗Dx),

and (T − t)
3
2
+ 1

2
k|C[k]i| ⩽ C̃ ′|∇̂k+1A| for some constant C̃ ′ > 0. Hence we can see that there

exists a constant C ′′′ > 0 such that

(T − t)
3
2
+ 1

2
k|C[k]| ⩽ C ′′′(1 + |∇̂kA|+ |∇̂k+1A|).

Now, we compute

∂

∂s
|∇̂kA|2 ⩽(T − t)k+2 ∂

∂t
|∇̂k

gA|2

⩽∆̂g|∇̂kA|2 − 2|∇̂k+1A|2 + C ′′(1 + |∇̂kA|)|∇̂kA|

+ C ′C ′′′(1 + |∇̂kA|+ |∇̂k+1A|).

Since −|∇̂k+1A|2 + C ′C ′′′|∇̂k+1A| ⩽ (C ′C ′′′)2/4, and then

∂

∂s
|∇̂kA|2 ⩽ ∆̂g|∇̂kA|2 − |∇̂k+1A|2

+ C ′′|∇̂kA|2 + (C ′′ + C ′C ′′′)|∇̂kA|+ C ′C ′′′ + (C ′C ′′′)2/4.
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By putting Ck := C ′′ + (C ′′ + C ′C ′′′) + C ′C ′′′ + (C ′C ′′′)2/4, it result

∂

∂s
|∇̂kA|2 ⩽ ∆̂g|∇̂kA|2 − |∇̂k+1A|2 + Ck(1 + |∇̂kA|2). (3.5)

Hence, immediately

∂

∂s
|∇̂kA|2 ⩽ ∆̂g|∇̂kA|2 + Ck(1 + |∇̂kA|2). (3.6)

Note that inequality (3.5) also holds for k − 1, that is,

∂

∂s
|∇̂k−1A|2 ⩽ ∆̂g|∇̂k−1A|2 − |∇̂kA|2 + Ck−1(1 + |∇̂k−1A|2), (3.7)

for some constant Ck−1 > 0. Hence by combining inequality (3.6) and (3.7),

∂

∂s
(|∇̂kA|2 + 2Ck|∇̂k−1A|2) ⩽ ∆̂g(|∇̂kA|2 + 2Ck|∇̂k−1A|2)

+ Ck − Ck|∇̂kA|2 + 2CkCk−1(1 + |∇̂k−1A|2).(33)

Since,

Ck − Ck|∇̂kA|2 + 2CkCk−1(1 + |∇̂k−1A|2) = −Ck(|∇̂kA|2 + 2Ck|∇̂k−1A|2)

+ Ck(1 + 2Ck−1 + 2(Ck + Ck−1)|∇̂k−1A|2)

and |∇̂k−1A|2 is bounded by assumption of induction, one can see that there exists a constant

Ck > 0 such that

∂

∂s
(|∇̂kA|2 + 2Ck|∇̂k−1A|2 − Ck) ⩽ ∆̂g(|∇̂kA|2 + 2Ck|∇̂k−1A|2 − Ck)

− Ck(|∇̂kA|2 + 2Ck|∇̂k−1A|2 − Ck).

So, doing µ := eCks(|∇̂kA|2 + 2Ck|∇̂k−1A|2 − Ck),

∂

∂s
µ ⩽ ∆̂gµ.

Since Σ is compact, µ is bounded at initial time s = − log T, for the shrinking case. Then, by

parabolic maximum principle, it follows that µ is also bounded on Σ × [− log T,∞), that is,

there exists a constant C̃k > 0 such that µ ⩽ C̃k on Σ× [− log T,∞). Finally,

|∇̂kA|2 ⩽ e−CksC̃k − 2Ck|∇̂k−1A|2 + Ck ⩽ Ck,

where Ck := TCkC̃k + Ck. So, we have completed the proof.

From now on consider S := Ric−α∇ϕ⊗∇ϕ and its trace S := R− α|∇ϕ|2. Keep in mind

the following lemma.
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Lemma 3.2 (Müller [Mül12]). Let (g(t), ϕ(t)) be a solution to the (RH)α flow with α(t) = α

for some positive constant α. Then, S satisfies the following evolution equation

∂S

∂t
= ∆S + 2|S|2 + 2α|τgϕ|2.

In particular, S is nonnegative along the gradient shrinking soliton to the (RH)α flow on M.

Müller also proved a Hamilton type equation for the (RH)α flow as follows

Sg + |∇f |2 − 2λf = C,

for some constant C. For the shrinking case, we can assume (by rescaling of the metric g and

by adding C to f , if necessary)

Sg + |∇f |2 − f = 0.

Thus, if g(t) = σ(t)ψ∗
t g, where σ(t) = T − t, then Sψ∗

t g
+ |∇ψ∗

t g
f |2− f = 0, where f̄ = ψ∗

t f , and

by conformal theory, Sg = Sψ∗
t g
/σ(t) and |∇gf | = |∇ψ∗

t g
f |/σ(t). So, we obtain

Sg + |∇gf |2 −
f

T − t
= 0. (3.8)

The following lemma provides the variation of the weighted Area-type functional with re-

spect to the family F̃ .

Lemma 3.3. Let (M, g) be an n-dimensional Riemannian manifold, and let (g(t), ϕ(t)) be a

shrinking self-similar solution to the (RH)α flow on M with potential function f and initial

value (g, ϕ). Given an (n−1)−dimensional compact smooth manifold Σ without boundary, and

let F be the MCF of Σ in the shrinking (g, ϕ)−(RH)α flow background. Consider the associate

normalized MCF F̃ in (M, g). Then

d

ds

∫
Σ

e−f◦x̃sdAx̃∗sg = −
∫
Σ

(
Hg(x̃s) + es(f ◦ x̃s)

)2
e−f◦x̃sdAx̃∗sg, s ∈ [− log T,+∞).

Proof. As f ◦ xt = f ◦ x̃s and x∗tg = (T − t)x̃∗sg both on Σ, we have

(4π(T − t))−
n−1
2 e−fdAg = (4π)−

n−1
2 e−f◦x̃sdAx̃∗sg. (3.9)

(T − t)
(
Hg + etf

)2
= (Hg(x̃s) + es(f ◦ x̃s))2 . (3.10)

The lemma follows from equalities (2.27),(3.9), (3.10) and the chain rule.

Lemma 3.4. Assume that (M, g) is an n−dimensional Riemannian manifold with bounded

geometry, and let (g(t), ϕ(t)) be a shrinking self-similar solution to the (RH)α flow on M with

potential function f and initial value (g, ϕ) satisfying (3.1). Given an (n − 1)−dimensional

compact smooth manifold Σ without boundary, and let F be the MCF of Σ in the shrinking
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(g, ϕ) − (RH)α flow background which develops a singularity of type-I. Consider the associate

normalized MCF F̃ in (M, g). Then, there exists a constant C > 0 such that∫
Σ

e−
f
2
◦x̃sdAx̃∗sg ⩽ C

uniformly on [− log T,∞).

Proof. We begin by substituting ρ̄t =
1

[4π(T−t)]
n
2
e−

f
2 , ut = [4π(T − t)]1/2, h = −2Ricg +2α∇ϕ⊗

∇ϕ and V = Hget into Prop. 3.2 of [Yam20] to obtain

d

dt

∫
Σ

ut x
∗
tρ̄t dAg

=−
∫
Σ

ut

(
Hg +

1

2
etf
)2
x∗tρ̄t dAg

+

∫
Σ

utx
∗
t

(
∆gρ̄t +

∂ρ̄t
∂t

− ρ̄tSg

)
dAg

+

∫
Σ

(
∂ut
∂t

− ∆̂gut + ut

(1
2
Hessgf − h

2

)
(et, et)

)
x∗tρt dAg.

By using ∆gf = −Sg + n
2(T−t) (take traces in (2.25)), |∇f |2 = f

T−t − Sg (see (3.8)), Sg ⩾ 0 and

(2.26), we obtain

∆gρt +
∂ρt
∂t

− ρtSg = ρt

(
− f

4(T − t)
− Sg

4
+

n

4(T − t)

)
⩽

ρt
4(T − t)

(n− f).

Furthermore, since u satisfies

∂ut
∂t

− ∆̂gut + ut

(
Hessgf − h

2

)
(et, et) = 0,

we get
∂ut
∂t

− ∆̂gut + ut

(
1

2
Hessgf − h

2

)
(et, et) = −1

2
utHessgf(et, et).

Since Hessgf = 1
2(T−t)g − Ricg + α∇ϕ⊗∇ϕ, we obtain

−1

2
utHessgf(et, et) = ut

(
− 1

4(T − t)
+

1

2
(Ricg − α∇ϕ⊗∇ϕ)(et, et)

)
.

It is clear that

(Ricg − α∇ϕ⊗∇ϕ)(et, et) ⩽ |Ricg − α∇ϕ⊗∇ϕ|g

⩽
|Ricg|g + α|∇ϕ⊗∇ϕ|g

T − t
⩽

C ′′

T − t
,

where C ′′ := maxM
{
|Ricg|g + α|∇ϕ⊗∇ϕ|g

}
is a constant since (M, g) has bounded geometry

and we are assuming (3.1). Hence,

d

dt

∫
Σ

ut x
∗
tρt dAg <

1

4(T − t)

∫
Σ

(
C0 − f ◦ xt

)
ut x

∗
tρt dAg,
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where C0 := n+ 2C ′′. Since s = − log(T − t). Consequently,

d

ds

∫
Σ

e−
f
2
◦x̃sdAx̃∗sg = (4π)

n−1
2 (T − t)

d

dt

∫
Σ

ut x
∗
tρ̄t dAg

<
1

4

∫
Σ

(
C0 − f ◦ x̃s

)
e−

f
2
◦x̃sdAx̃∗sg.

The lemma follows from the analysis of the sign on the previous inequality.

Lemma 3.5. Assume that (M, g) is an n-dimensional Riemannian manifold with bounded

geometry, and let (g(t), ϕ(t)) be a shrinking self-similar solution to the (RH)α flow on M with

the potential function f and initial value (g, ϕ) satisfying (3.1). Given an (n− 1)−dimensional

compact smooth manifold Σ without boundary, and let F be the MCF of Σ in the shrinking

(g, ϕ) − (RH)α flow background which develops a singularity of type-I. Consider the associate

normalized MCF F̃ in (M, g). Then, there exists a constant C ′ > 0 such that∣∣∣∣ d2d2s
∫
Σ

e−f◦x̃sdAx̃∗sg

∣∣∣∣ = ∣∣∣∣ dds
∫
Σ

(
Hg(x̃s) + es(f ◦ x̃s)

)2
e−f◦x̃sdAx̃∗sg

∣∣∣∣ ⩽ C ′

uniformly on [− log T,∞).

Proof. By Lemma 3.2 we have S + |∇f |2 − f = 0 and S ⩾ 0 along the shrinking self-similar

solution to the (RH)α flow on M . So, 0 ⩽ |∇f |2 ⩽ f and 0 ⩽ S ⩽ f. The result of the lemma

follows from Lemma 3.4 and the same steps as done by Yamamoto in [Yam20].

Now, we show that given a sequence of isometric immersions in F̃ of an exhaustion on Σ∞,

there exists a limiting global solution that converges to x∞ : Σ∞ → (M, g) using Arzelà–Ascoli

theorem in the context of pointed Riemannian manifolds. For it, we work in a way that allows

a generalization to the more general context of bounded geometry and satisfying (3.1). Note

that these hypotheses for the compact case are automatically satisfied.

Proposition 3.6. Let (M, g) be an n-dimensional Riemannian manifold with bounded geom-

etry, and let (g(t), ϕ(t)) be a shrinking self-similar solution to the (RH)α flow on M with

potential function f and initial value (g, ϕ) satisfying (3.1). Given an (n − 1)−dimensional

compact smooth manifold Σ without boundary, and let F be the MCF of Σ in the shrink-

ing (g, ϕ) − (RH)α flow background which develops a singularity of type-I. Then, for any in-

creasing sequence {sj}∞j=1 and points {pj}∞j=1 in Σ (assume Remark 3.7, if M is noncompact),

there exist subsequences sjk and pjk so that the family of immersions map x̃sjk : Σ → (M, g)

from pointed manifolds (Σ, pjk) converges to an immersion map x∞ : Σ∞ → (M, g) from

an (n − 1)−dimensional complete pointed Riemannian manifold (Σ∞, x
∗
∞g, p∞) in the C∞

Cheeger–Gromov sense.

Proof. Take an increasing sequence {sj}∞j=1 and points {pj}∞j=1 in Σ, and denote the Riemann

curvature tensor of each Σ̃sj by R̂m(x̃∗sjg).
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Firstly, we will show that there exists a subsequence of pointed Riemannian manifolds

{(Σ, x̃∗sjkg, pjk)} which converges to some complete pointed Riemannian manifold (Σ∞, h∞, p∞)

in the C∞ Cheeger-Gromov sense. In fact, since (M, g) has bounded geometry, there are positive

constants Dp and η such that

|∇pRmg| ⩽ Dp <∞ and inj(M, g) ⩾ η > 0 (3.11)

for every integer p ⩾ 0. Besides, since assumption (3.1) holds, then by Proposition 3.1 there

are positive constants Cp (which does not depend on sj), such that

|∇̂p
gA(x̃sj)|g ⩽ Cp. (3.12)

Thus, we are able to apply Theorem 1.13 which guarantees the existence of a positive constant

δ = δ(C0, D0, η, n) such that the injectivity radius of each (Σ, x̃∗sjg) satisfies

inj(Σ, x̃∗sjg) ⩾ δ > 0.

From (3.11), (3.12), the Gauss equation and its iterated derivatives, we can see that there exist

positive constants C̃p (which also do not depend on sj), such that

|∇̂pR̂m(x̃∗sjg)| ⩽ C̃p <∞,

for every integer p ⩾ 0. Then, by Theorem 1.12, there exists a subsequence {(Σ, x̃∗sjkg, pjk)}
which converges to some complete pointed Riemannian manifold (Σ∞, h∞, p∞), i.e, there exist

an exhaustion {Ujk}∞k=1 of Σ∞ with x∞ ∈ Ujk and diffeomorphisms Ψjk : Ujk → Ψjk(Ujk) ⊂ Σ

with Ψjk(p∞) = pjk such that Ψ∗
jk
(x̃∗sjk

g) converges in C∞ to h∞ uniformly on compact sets in

Σ∞.

Secondly, we will use the standard diagonal argument to construct an immersion map x∞ :

Σ∞ → (M, g). For this, we assume that there is a Nash isometric embedding Θ : (M, g) →
(Rd, gst) in some higher dimensional Euclidean space such that, for each integer j ⩾ 0, the norm

|∇j
gA(Θ)| ⩽ Dj, for some constants Dj > 0, where A(Θ) is the second fundamental form of Θ.

By setting,

x̄sjk := Θ ◦ x̃sjk ◦Ψjk : Ujk → (Rd, gst)

Take a sequence of radii R1 < R2 < · · · → ∞, and consider balls Bi := Bh∞(p∞, Ri) ⊂ Σ∞.

First of all, we work on B1. Since Ujk is an exhaustion, there exists k1 such that B1 ⊂ Ujk for

all k ⩾ k1. Hence we have a sequence of C∞-maps x̄sjk = Θ ◦ x̃sjk ◦Ψjk : (Ujk ⊃)B1 → (Rd, gst)

restricted on B1 for all k ⩾ k1.

(0): C0-estimate. First, we derive a C0-bound for x̄sjk . IfM is compact, then the image Θ(M)

is a compact set in Rd and contained in some ball

Bgst(0, Ĉ0) = { y ∈ Rd | |y|gst < Ĉ0 }
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with radius Ĉ0. Since each image x̄sjk (B1) is contained in Θ(M), we have

|x̄sjk |gst ⩽ Ĉ0 on B1.

It is clear that the constant Ĉ0 does not depend on jk.

Remark 3.7. At this point of the proof we are assuming that the sequence {x̃sjk (pjk)} and the

norms |∇j
gA(Θ)| are uniformly bounded in M , which are true in the compact case. Note that

we will need to prove or assume these facts for the noncompact case.

If M is noncompact, we need some additional argument to get a C0-bound. Since

|x̄∗sjkgst − h∞|h∞ = |Ψ∗
jk
(x̃∗sjk

g)− h∞|h∞ → 0

uniformly on B1, for a given ϵ > 0 there exists k′1(⩾ k1) such that on B1

|x̄∗sjkgst − h∞|h∞ < ϵ for k ⩾ k′1,

and from Proposition 1.19 this implies that

|x̄sjk (p∞)− x̄sjk (p)|gst ⩽
√
1 + ϵ dh∞(p∞, p) ≤

√
1 + ϵR1

for all p ∈ B1 and k ⩾ k′1. Furthermore, by assumption for the noncompact case, {x̃sjk (pjk)}
∞
k=1

is a bounded sequence in M . Hence x̄sjk (p∞) = (Θ ◦ x̃sjk )(pjk) is also a bounded sequence in

Rd, that is, there exists a constant Ĉ ′
0 such that |x̄sk(p∞)|gst ⩽ Ĉ ′

0. Hence we have

|x̄sk |gst ⩽ Ĉ ′
0 +

√
1 + ϵR1 =: Ĉ0

for k ⩾ k′1. It is clear that Ĉ0 does not depend on k. Hence, we get a C0-bound.

(1): C1-estimate. Next, we consider a C1-bound for x̄sjk . One can see that ∇gstx̄sjk = Dx̄sjk .

Since x̄sjk : (B1, x̄
∗
sjk
gst) → (Rd, gst) is an isometric immersion, we have a C1-bound

|∇gstx̄sjk |x̄∗sjk gst⊗gst = |Dx̄sjk |x̄∗sjk gst⊗gst =
√
n− 1 =: Ĉ1.

(2): C2-estimate. Next, we derive a C2-bound for x̄sjk . Let ∇̂ be the connection on (⊗pT ∗Σ)⊗
Rd (p ⩾ 0) over B1 induced by metric x̄∗sjk

gst and gst. Note that ∇̂ = ∇gst for p = 0. Since

∇̂x̄sjk = Dx̄sjk , we have

∇̂2x̄sjk = A(x̄sjk ),

where A(x̄sjk ) is the second fundamental form of the isometric immersion x̄sjk = Θ◦ x̃sjk ◦Ψjk :

(B1, x̄
∗
sjk
gst) → (Rd, gst). Ideed,

∇̂2x̄sjk ((x̄sjk )∗X, (x̄sjk )∗Y ) = ∇̂(x̄sjk
)∗X [∇̂x̄sjk ]((x̄sjk )∗Y )

=
(
(x̄sjk )∗X

)(
∇̂x̄sjk ((x̄sjk )∗Y )

)
− ∇̂x̄sjk

(
∇̂(x̄sjk

)∗X(x̄sjk )∗Y
)

= A(x̄sjk )((x̄sjk )∗X, (x̄sjk )∗Y ), ∀X, Y ∈ TB1.
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The claim follows from the Gauss equation. Hence, by using the composition rule for the second

fundamental forms of immersions, we have

∇̂2x̄sjk (X, Y ) =A(x̄sjk )(X, Y )

=A(Θ)((x̃sjk ◦Ψjk)∗X, (x̃sjk ◦Ψjk)∗Y ) + Θ∗(A(x̃sjk )(Ψjk∗X,Ψjk∗Y ))

for any tangent vectors X and Y on M . By using the notion of ∗-product, this identity is

written as

∇̂2x̄sjk = A(Θ) ∗ (2∗D(x̃sjk ◦Ψjk)) +A(x̃sjk ) ∗DΘ ∗ (2∗DΨjk). (3.13)

Since |D(x̃sjk ◦Ψjk)|x̄∗sjk gst⊗g = |DΨjk |x̄∗sjk gst⊗x̃
∗
sjk

g =
√
n− 1 and |DΘ|g⊗gst =

√
n, we have

|∇̂2x̄sjk |x̄∗sjk gst⊗gst ⩽ Ĉ ′
2|A(Θ)|g⊗gst + Ĉ ′′

2 |A(x̃sjk )|x∗sjk g⊗g

for some constants Ĉ ′
2 and Ĉ ′′

2 which do not depend on jk. Furthermore, by assumptions, we

have |A(Θ)|g⊗gst ⩽ D̃0 and |A(x̃sjk )|x∗sjk g⊗g ⩽ D0. Hence we have a C2-bound

|∇̂2x̄sjk |x̄∗sjk gst⊗gst ⩽ Ĉ ′
2D̃0 + Ĉ ′′

2D0 =: Ĉ2.

It is clear that Ĉ2 does not depend on jk.

(p): Cp-estimate. By differentiating (3.13), we can get a Cp-bound. We only observe a C3-

bound. Note that for any tangent vectors X and Y on M we have(
∇x̄∗sjk

gst⊗gD(x̃sjk ◦Ψjk)
)
(X, Y ) = A(x̃sjk ◦Ψjk)(X, Y ) = A(x̃sjk )(Ψjk∗X,Ψjk∗Y ).

By using the notion of ∗-product, this identity is written as

∇x̄∗sjk
gst⊗gD(x̃sjk ◦Ψjk) = A(x̃sjk ) ∗ (

2∗DΨjk).

Furthermore, note that ∇g⊗gstDΘ = A(Θ) and ∇x̄∗kgst⊗x̃
∗
kg
DΨk = 0. Hence we have

∇̂3x̄sjk =∇g⊗gstA(Θ) ∗ (2∗D(x̃sjk ◦Ψjk))

+ 2A(Θ) ∗D(x̃sjk ◦Ψk) ∗ A(x̃sjk ) ∗ (
2∗DΨjk)

+∇x̃∗sjk
g⊗gA(x̃sjk ) ∗DΘ ∗ (2∗DΨjk)

+A(x̃sjk ) ∗ A(Θ) ∗ (2∗DΨjk).

By assumptions, the norms of all tensors that appear in the above inequality are bounded.

Hence we have a C3-bound

|∇̂3x̄sjk |x̄∗sjk gst⊗gst ≤ Ĉ3
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for some constant Ĉ3 which does not depend on k. For higher derivatives, one can prove that

there exists a constant Ĉp > 0 which does not depend on k such that

|∇̂px̄sjk |x̄∗sjk gst⊗gst ≤ Ĉp,

by induction.

In the above argument, we have proved that there exist constants Ĉp (p ⩾ 0) which do not

depend on k such that |∇̂px̄sjk |x̄∗sjk gst⊗gst ⩽ Ĉp. Thus, one can prove that there exist constants

Cp (p ⩾ 0) which do not depend on k such that

|∇px̄sjk |h∞⊗gst ⩽ Cp.

Now, by a standard argument as the Arzelà–Ascoli theorem (see Theorem 1.6), there exists a

smooth map x1,∞ : B1 → (Rd, gst) such that the sequence of immersions xsjk : B1 → (Rd, gst)

converges to x1,∞ : B1 → (Rd, gst) up to subsequence. Since all images x̄sjk (B1) are contained

in Θ(M), the image x̄1,∞(B1) is also contained in Θ(M). Furthermore x̄1,∞ : B1 → (Rd, gst)

has the property that

x̄∗1,∞gst = h∞,

since |x̄∗1,∞gst−h∞|h∞ ⩽ |x̄∗1,∞gst−x̄∗sjkgst|h∞+|x̄∗sjkgst−h∞|h∞ and the right hand side converges

to 0 as k → ∞ on B1. Thus, especially, x̄1,∞ : B1 → (Rd, gst) is an immersion map.

Next, for the subsequence of x̄sjk which converges to x̄1,∞, we work on B2. Then all the

above arguments also work on B2 and we can show that there exists a smooth immersion

map x̄2,∞ : B2 → Θ(M) ⊂ Rd with x̄∗2,∞gst = h∞ and x̄2,∞ = x̄1,∞ on B1 and the sequence

of immersions xsjk : B2 → (Rd, gst) converges to x2,∞ : B2 → (Rd, gst) up to subsequence.

By iterating this construction and the diagonal argument, finally we get a smooth immersion

map x̄∞ : Σ∞ → Θ(M) ⊂ (Rd, gst) with x̄∗∞gst = h∞ and the sequence of immersions xsjk :

Σ∞ → (Rd, gst) converges to x∞ : Σ∞ → (Rd, gst) up to subsequence, and the map defined by

x∞ := Θ−1◦x̄∞ : Σ∞ → (M, g) is the required one satisfying the properties in the statement.

3.2 The compact case

Now, we are in a position to prove the fourth main theorem of this thesis.

Theorem 3.8. Assume that (M, g) is an n-dimensional compact Riemannian manifold, and let

(g(t), ϕ(t)) be a shrinking self-similar solution to the (RH)α flow on M with potential function

f and initial value (g, ϕ). Given an (n− 1)−dimensional compact smooth manifold Σ without

boundary, and let F be the MCF of Σ in the shrinking (g, ϕ)− (RH)α flow background which

develops a singularity of type-I. Consider the associate normalized MCF F̃ in (M, g). Then, for

any increasing sequence {sj}∞j=1 and points {pj}∞j=1 in Σ, there exist subsequences sjk and pjk in

Σ, such that the family of immersion maps x̃sjk : Σ → (M, g) from pointed manifolds (Σ, pjk)
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converges to an immersion map x∞ : Σ∞ → (M, g) from an (n − 1)−dimensional complete

pointed Riemannian manifold (Σ∞, x
∗
∞g, p∞) in the C∞ Cheeger–Gromov sense. Furthermore,

(Σ∞, x
∗
∞g) is a f∞-minimal hypersurface of (M, g), where f∞ = f ◦ x∞.

Proof. Take an increasing sequence {sj}∞j=1 and a sequence of points {pj}∞j=1 in Σ. From Propo-

sition 3.6, there exist subsequences sjk and pjk so that the family of immersions map x̃sjk :

Σ → (M, g) from pointed manifolds (Σ, pjk) converges to an immersion map x∞ : Σ∞ → (M, g)

from an (n−1)−dimensional complete pointed Riemannian manifold (Σ∞, x
∗
∞g, p∞) in the C∞

Cheeger–Gromov sense.

Next, we will prove that Σ∞ is a f∞-hypersurface of (M, g), where f∞ = f ◦ x∞. We

denote x̃sjk by x̃k for short. Then, there exist an exhaustion {Uk}∞k=1 of Σ∞ with p∞ ∈ Uk

and a sequence of diffeomorphisms Ψk : Uk → Vk := Ψk(Uk) ⊂ Σ with Ψk(p∞) = pjk such

that Ψ∗
k(x̃

∗
kg) converges in C

∞ to x̃∗∞g uniformly on compact sets in Σ∞, and furthermore the

sequence of maps x̃k ◦ Ψk : Uk → (M, g) converges in C∞ to x∞ : Σ∞ → (M, g) uniformly

on compact sets in Σ∞. Let K ⊂ Σ∞ be any compact set. So, for any compact set K ⊂ Σ∞

there exists k0 such that K ⊂ Uk, for all k ⩾ k0. Since x̃k ◦ Ψk : Uk → (M, g) converges to

x∞ : Σ∞ → (M, g) in C∞ uniformly on K. One has,∫
K

[H(x̃sk ◦Ψk) + ek (f ◦ (x̃sk ◦Ψk))]
2 e−f◦(x̃sk◦Ψk)dA(x̃sk◦Ψk)∗g

→
∫
K

(H(x∞) + e∞f∞)2 e−f∞dAx∗∞g

as k → ∞, and ∫
K

[H(x̃sk ◦Ψk) + ekf(x̃sk ◦Ψk)]
2 e−f◦(x̃sk◦Ψk)dA(x̃sk◦Ψk)∗g

=

∫
Ψk(K)

[H(x̃sk) + ek(f ◦ x̃sk)]
2 e−f◦x̃skdAx̃∗skg

⩽
∫
Σ

[H(x̃sk) + ek(f ◦ x̃sk)]
2 e−f◦x̃skdAx̃∗skg.

Hence, it is enough to prove the following:∫
Σ

[H(x̃sk) + ek(f ◦ x̃sk)]2e−f◦x̃skdAx̃∗skg → 0 (3.14)

as k → ∞. We will argue by contradiction. Assume that there exist a constant δ > 0 and a

subsequence {ℓ} ⊂ {k} with ℓ→ ∞ such that∫
Σ

[H(x̃sℓ) + eℓ(f ◦ x̃sℓ)]2e−f◦x̃sℓdAx̃∗sℓg ⩾ δ.

Then ∫
Σ

[H(x̃s) + es(f ◦ x̃s)]2e−f◦x̃sdAx̃∗sg ⩾
δ

2
,
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for s ∈ [sℓ, sℓ+
δ

2C′ ], where we used Lemma 3.5 and C ′ is the constant appeared in that lemma.

Hence, ∫ ∞

− log T

∫
Σ

[H(x̃s) + es(f ◦ x̃s)]2e−f◦x̃sdAx̃∗sgds = ∞.

On the other hand, by monotonicity formula in Lemma 3.3

d

ds

∫
Σ

e−f◦x̃sdAx̃∗sg = −
∫
Σ

[H(x̃s) + es(f ◦ x̃s)]2e−f◦x̃sdAx̃∗sg ⩽ 0.

Thus, the weighted volume ∫
Σ

e−f◦x̃sdAx̃∗sg

is monotone decreasing and nonnegative. Therefore, it converges to some value

α := lim
s→∞

∫
Σ

e−f◦x̃sdAx̃∗sg <∞,

and then we obtain the following contradiction:∫ ∞

− log T

∫
Σ

[H(x̃s) + es(f ◦ x̃s)]2e−f◦x̃sdAx̃∗sg = −α +

∫
Σ

e−f◦x̃adAx̃∗ag <∞,

where a := − log T , which proves (3.14). So, the proof of the theorem is complete.

3.3 The noncompact case

In this section, we address the case of complete noncompact Riemannian manifolds (M, g)

with some additional uniformity conditions. We begin with a brief discussion on the reduced

distance along the (RH)α flow (see [Mül12, Sect. 8]), initially defined by Perelman into the

Ricci flow setting (see [Per02, Sect. 7]).

Let (g(t), ϕ(t)) be a shrinking self-similar solution of the (RH)α flow in M × [0, T ). For any

smooth curve γ : [t1, t2] →M with 0 ⩽ t1 < t2 < T , consider the L-length of γ by

L(γ) :=
∫ t2

t1

√
t2 − t

(
Sg + |γ̇|2

)
dt,

where |γ̇| is the norm of γ̇(t) measured by g and Sg = Rg − αn|∇ϕ|2g. For a fixed point (q2, t2)

in the space-time M × [0, T ), Müller defined the reduced distance

ℓq2,t2 :M × [0, t2) → R

based at (q2, t2) by

ℓq2,t2(q1, t1) :=
1

2
√
t2 − t1

inf
γ
L(γ),

where the infimum is taken over all smooth curve γ : [t1, t2] →M with γ(t1) = q1 and γ(t2) = q2.
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In what follows, we assume that there exists a Nash isometric embedding Θ : (M, g) →
(Rd, gst) in some higher-dimensional Euclidean space, such that, for every integer j ⩾ 0, the

second fundamental form A(Θ) of Θ satisfies

|∇j
gA(Θ)| ⩽ Dj (3.15)

for some constants Dj > 0. We observe that, under this assumption, (M, g) must have bounded

geometry by Gauss equation (and its iterated derivatives) and Thm. 2.1 of [CY07].

Theorem 3.9. Assume that (M, g) is an n-dimensional complete noncompact Riemannian

manifold, and let (g(t), ϕ(t)) be a shrinking self-similar solution to the RHα flow on M with

potential function f and initial value (g, ϕ) satisfying (3.1) and (3.15). Given an (n − 1)-

dimensional compact smooth manifold Σ without boundary, and let F be the MCF of Σ in

the shrinking (g, ϕ) − (RH)α flow background which develops a singularity of type-I. Consider

the normalized MCF F̃ in (M, g). In addition, assume that there exists a point q0 ∈ Σ such

that the reduced distance ℓxt(q0),t converges pointwise to f (as t → T ) on M × [0, T ). Then,

for any increasing sequence {sj}∞j=1 there exists a subsequence sjk such that the family of im-

mersion maps x̃sjk : Σ → (M, g) from pointed manifold
(
Σ, q0

)
converges to an immersion

map x∞ : Σ∞ → (M, g) from an (n − 1)−dimensional complete pointed Riemannian manifold

(Σ∞, x
∗
∞g, q∞) in the C∞ Cheeger–Gromov sense. Furthermore, (Σ∞, x

∗
∞g) is an f∞−minimal

hypersurface of (M, g), where f∞ = f ◦ x∞.

Proof. As we had already mentioned in the proof of Proposition 3.6, it is enough to show that

{x̃sj(q0)}∞j=1 is a bounded sequence in M , since the remainder of the proof is the same as in

Theorem 3.8.

We start by taking t1, t2 with 0 ⩽ t1 < t2 < T , and {xt(q0)}t∈[t1,t2] as a curve joining xt1(q0)

and xt2(q0). Thus,

ℓxt2 (q0),t2(xt1(q0), t1) ⩽
1

2
√
t2 − t1

∫ t2

t1

√
t2 − t

(
Sg +

∣∣∣∣∂xt∂t
∣∣∣∣2
)
dt

=
1

2
√
t2 − t1

∫ t2

t1

√
t2 − t

(
Sg +H2

g

)
dt.

Since F develops a singularity of type-I, we have (T − t)H2
g is bounded. Moreover, bounded

geometry assumption and the fact that (T − t)Sg = Sg imply Sg +H2
g ⩽ C

T−t for some positive

constant C which does not depend on t. Hence,

ℓxt2 (q0),t2(xt1(q0), t1)

⩽
C

2
√
t2 − t1

∫ t2

t1

√
t2 − t

T − t
dt ⩽

C

2
√
t2 − t1

∫ t2

t1

1√
T − t

dt ⩽ C

√
T − t1√
t2 − t1

.

By assumption ℓxt(q0),t converges pointwise to f (as t → T ) on M × [0, T ) and by taking the

limit as t2 → T , we have f(xt1(q0), t1) ⩽ C. As f(xt(q0), t) = f(xt(q0)) = f(x̃s(q0)), one has
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f(x̃s(q0)) ⩽ C for all s ∈ [− log T,∞). Thm. 5.1 in Wang [Wan16] ensures that there exist

positive constants C1 and C2 such that

1

4
(r − C1)

2 ⩽ f ⩽
1

4
(r + C2)

2

on M , where r(q) = dg(q0, q) is the distance function from any fixed point q0 ∈M . Then

dg(q0, x̃s(q0)) ⩽ 2
√
C + C1,

which means that {x̃sj(q0)}∞j=1 is bounded in (M, g) and the proof is complete.
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