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Resumo

O objetivo principal desta tese é estudar o fluxo da curvatura média em uma variedade
diferenciavel compacta ambiente M com bordo e com uma métrica Riemanniana que evolui por
uma solucao autossimilar do fluxo de Ricci acoplado ao fluxo do calor de aplicagoes harmonicas
de uma aplicacao de M para uma variedade Riemanniana N. Neste contexto, abordamos um
funcional associado ao fluxo de Ricci acoplado ao fluxo do calor de aplicagoes harmonicas e
calculamos a sua variagao ao longo de parametros que preservam a medida do volume ponder-
ado. Assim, uma extensao da diferencial de Harnack-Hamilton aparece ao considerar o bordo
de M evoluindo pelo fluxo da curvatura média que deve se anular no caso de soliton gradiente
estavel. Em seguida, obtemos uma férmula do tipo monotonicidade de Huisken para o fluxo
da curvatura média no cendario proposto. Como aplicacao, consideramos a familia normalizada
associada ao fluxo da curvatura média para obter resultados de convergéencia no sentido de
Cheeger-Gromov nos casos compacto e nao compacto. Além disso, mostramos como construir

uma familia de sélitons da curvatura média e estabelecemos uma caracterizagao de tal familia.

Palavras-chave: Fluxo de Ricci harmonico, fluxo da curvatura média, convergéncia de Cheeger-

Gromov.






Abstract

The main objective of this thesis is to study the mean curvature flow into an ambient
compact smooth manifold M with boundary and with a Riemannian metric that evolves by a
self-similar solution of the Ricci flow coupled with the harmonic map heat flow of a map from M
to a Riemannian manifold N. In this context, we address a functional associated with the Ricci
flow coupled with the harmonic map heat flow and calculate its variation along parameters that
preserve the weighted volume measure. So, an extension of the Harnack-Hamilton differential
appears by considering the boundary of M evolving by mean curvature flow, which must vanish
on the gradient steady soliton case. Next, we obtain a Huisken monotonicity-type formula
for the mean curvature flow in the proposed background. As an application, we consider the
associated normalized family of the mean curvature flow to obtain results of convergence in
the Cheeger-Gromov sense in the compact and noncompact cases. Moreover, we show how to
construct a family of mean curvature solitons and we establish a characterization of such a

family:.

Keywords: Ricci harmonic flow, mean curvature flow, Cheeger-Gromov convergence.
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Introduction

In the last decades, a significant part of the research in Geometric Analysis has focused on
the study of intrinsic and extrinsic geometric flows. The most considered intrinsic geometric
flow is the Ricci flow, which Hamilton conceived as a tool to prove Thurston’s Geometrization
Conjecture, settled affirmatively by Perelman, that led to the proof of Poincaré’s Conjecture.
The mean curvature flow is certainly the most studied in the class of extrinsic geometric flows
due to its many geometrical properties. The main feature of the Ricci and mean curvature
flows is that their analytical properties are similar to those of the heat flow, since the partial
differential equations associated with these geometric flows are parabolic.

This thesis concerns extrinsic flows in ambient Riemannian manifolds under intrinsic flows.
More precisely, we study mean curvature flow in Riemannian manifolds evolving by Ricci flow
coupled with harmonic map heat flow. Our approach is inspired by many works, as we shall
describe.

We begin with the work by Eells and Sampson [ES64], which pioneered the study of harmonic
maps that arise from the variation of the energy-type functional (a generalization of Dirichlet’s
energy functional). There, they aimed to establish existence of harmonic maps which are
homotopic to a given map ¢ : (M, g) — (N, ), where (M, g) and (N, ) are closed Riemannian
manifolds, i.e., compact and without boundary. For it, they considered the energy functional
E of ¢ as follows

B(6) =5 [ Ve

and they showed that, for a smooth family of maps ¢, : (M,g) — (N,7), with t € (—¢,¢),

variational vector field V' and ¢q = ¢, the first variation formula of E is given by

%‘t:oE(¢t) - /M<V’ Tg,'y¢>dM’

where 7, ,¢ denotes the tension field of ¢, which depend on the Riemannian metrics g and +.
In particular, a harmonic map ¢ (i.e., 7,,¢ = 0) is a critical point of E, see Section for
more details.

The idea is to deform a given map ¢ € C*(M, N) along the flow given by 7,,¢; to obtain

a harmonic map free-homotopic to ¢. When such a deformation is possible, its flow ¢; becomes



a solution of the system of parabolic partial differential equations

001 _ _
Syt 00) =0 (1)

System is known as the harmonic map heat flow. For our context, we highlight the
following particular result by Eells and Sampson. We observe that they worked in a more
general setting by imposing some boundedness on the embedding of N in some Fuclidean space
R?: such conditions are automatically fulfilled if N is compact. Eells and Sampson’s theorem

reads as follows.

Theorem A (Eells and Sampson [ES64]). Let (M,g) and (N,v) be closed Riemannian
manifolds, and let ¢ : (M, g) — (N,~) be a smooth map. If (N,~) has non-positive Riemannian
curvature, then there exists a unique global smooth solution of which converges smoothly to

a harmonic map homotopic to ¢.

One of the importance of harmonic maps is that they generalize the concept of harmonic
functions. In particular, closed geodesics and minimal surfaces are some examples. More
generally, when ¢ is an isometric immersion, the tension field has the simplified notation ;¢
and coincides with the mean curvature H(¢). Hence, ¢ is harmonic if and only if it is minimal.
Moreover, any isometry of M is harmonic, and any covering map is harmonic.

Hamilton extended Eells and Sampson’s theorem for compact Riemannian manifolds with
boundary. He showed that the first variation formula of the energy functional E(¢) of a smooth

map ¢ : (M, g) — (N,7v), now between Riemannian manifolds with boundary, is given by

d

dt

E(d) = — / (V, 7y d)AM + / (V. Vod)dA.
t=0 M oM
So, a harmonic map ¢ with Neumann boundary condition Vy¢ = 0 is a critical point of the
energy functional.

Hamilton noted that there are three natural boundary value problems to be addressed.

(a) Dirichlet Problem for a harmonic map from (M,g) to (N,~) with given values on OM.
Let ¢ : &M — N be a smooth map, and denote by M 5(M, N) the closed subspace of maps
¢ : (M,g) — (N,v) such that ¢|gns = ¢, with the C*°-topology. A relative homotopy
class is a connected component of .Z ¢;(M ,N). If there is a topological obstruction to
extending ¢, then .Z ¢3(M , N) is empty and nothing more can be said. Otherwise, one has

the following result.

Theorem B (Hamilton [Ham75]). Let (M, g) and (N,~) be compact Riemannian manifolds
with boundary. Suppose that N has non-positive Riemannian curvature and that ON is convex
(or empty). Then, the Dirichlet problem for ¢ : (M, g) — (N,~)

Tgn® = Q m M
o = ¢ on OM

2



has a solution in every relative homotopy class.

(b) Neumann Problem. If the map ¢ is not specified on 9M at all, he proved that it is enough

to impose the auxiliary condition that the normal derivative Vq¢ = 0 on OM.

Theorem C (Hamilton [Ham75)]). Let (M, g) and (N,~) be compact Riemannian manifolds
with boundary. Suppose that N has non-positive Riemannian curvature and that ON is convex
(or empty). Then, the Neumann problem

Tgn® = 0 in M
Voo = 0 on OM

has a solution in every homotopy class.

(¢) Mized Problem. In contrast with the two above cases, this one considers ON. It is assumed
that ¢ maps OM into ON, but in an arbitrary form, and also that the normal derivative
Voo taken at a point in M is normal to ON. This makes sense since Voo € T'N. Let
My(M, N) denote the closed subspace of those ¢ € .# (M, N) such that p(OM) C ON,
with the C'*°-topology. A relative homotopy class will now mean a connected component
of My(M, N). In addition, it is assumed that N is totally geodesic.

Theorem D (Hamilton [Ham75]). Let (M, g) and (N,~) be compact Riemannian manifolds
with boundary. Suppose that N has non-positive Riemannian curvature and that ON 1is totally

geodesic. Then, the mized problem

Tgn® =0 m M
$(OM) C ON
Voo = 0 on OM

has a solution in every relative homotopy class.

Motivated by previously discussed theory coupled with the promising case of Ricci flow
introduced by Hamilton [Ham8&2], we consider a family of closed hypersurfaces %, in (M, g(t))
and a family of smooth maps ¢; : (M, g(t)) — (N,7) with Riemannian metrics ¢(t) envolving
by some geometric flow and X; evolving by mean curvature flow. We now contextualize with
results and historical data (see Figure [1]) our setting of study.

It is known that the Ricci flow was expected to have a gradient-like structure, as well as the
mean curvature flow case from the area functional. Indeed, this was one of Perelman’s contri-
butions when he modified the Hilbert-Einstein functional in the context of weighted compact
smooth manifolds. He defined the functional F(g, f) on the space of metrics and smooth func-
tions on a closed smooth manifold, whose variation 0F (g, f) provides a gradient-like structure
to the Ricci flow with weighted measure-preserving, see [Per(02].

Four years later, List [Lis06] presented a connection between Ricci flow on n—dimensional

closed Riemannian manifold M without boundary and Einstein’s static vacuum equations

3



through a coupled system of Ricci flow and heat equation with a coupling constant «, =
(n—1)/(n—2), with n > 3, and then he defined a functional F(g, f,w) on the space of metrics
and cartesian product of smooth functions on a closed smooth manifold without boundary,

whose variation §.F (g, f, w) provides a gradient-like flow from this coupled system.

In the boundary case, Ecker [Eck(07] defined a version of Perelman’s W-functional for the
Ricci flow on bounded Euclidean domains with smooth boundary. Curiously, Hamilton’s dif-
ferential Harnack expression (see [Ham95b|) on the boundary integrand appears in its time-
derivative formula. Based on Ecker’s work, Lott [Lot12] defined the functional I (g, f) on the
space of metrics and smooth functions on a compact smooth manifold with boundary to be a
weighted version of the Gibbons-Hawking-York action (see [Yor72, [GHT77]) from which he found
an extension of Hamilton’s differential Harnack expression on the boundary integrad. Magni,
Mantegazza and Tsatis [MMT13] found a Huisken monotonicity-type formula (see [Hui90]) for
the mean curvature flow in an ambient smooth manifold with Riemannian metric that evolves

by a self-similar solution to the Ricci flow.

More recently, Gomes and Hudson [GH23] considered Lott’s program in the context of mean
curvature flow in an extended Ricci flow background. They studied variational properties of
an appropriate extended version of Lott’s functional in the context of List’s work, namely, the
extended weighted Gibbons-Hawking-York action 127 (g, f, w) on a compact smooth manifold
with boundary. They obtained evolution equations for the second fundamental form and the
mean curvature in an extended Ricci flow background, and then an extension of Hamilton’s
differential Harnack expression appears as well as a Huisken monotonicity-type formula for the

mean curvature solitons in this background.

In a more general context, Miiller [Mii09, Miil12] worked on a new geometric flow which
consists of a coupled system of the Ricci flow on a closed Riemannian manifold (M, ¢g) with the
harmonic map heat flow of a map ¢ : (M, g) — (IV,7), where (N,7v) is a closed Riemannian
manifold. Precisely, he considered a family of Riemannian metrics ¢g(t) on M and a family of
smooth maps ¢(t) from M to N to define (g(t), ¢(t))ico,r) as a solution to the coupled system

of Ricci flow and harmonic map heat flow ((RH), flow, for short), namely

(2)

{ 29(t) = —2Ricyq) +2a()Vo(t) ® Vo(t),
% (t) = Tg(t),7¢<t)a

where «(t) is a nonnegative coupling constant. For an account of (RH ), flow, including proof

of short-time existence and uniqueness of solutions to (2), see [Mul12] Sect. 4.2].

Miiller realized that this coupled system may behave less singularly than the Ricci flow or
the standard harmonic map flow alone. In order to interpret system as a gradient flow by

means a functional F, (g, f, ¢) for a fixed measure, he worked with the heat operator O = % —A,

4



whose formal adjoint [J* is given by

) 0
O = —E—Ag+Rg—a|V¢|2 (3)

along the (RH), flow.
Miiller’s approach motivated the first theorem of this thesis. Next, we continue to establish
our study context more precisely.

A gradient soliton to the (RH ), flow is a self-similar solution (g(t),a(t)) of given by

{ g(t) = o(t)vig,
o(t) = Vi o,

for some initial value (g, ), where 1, is a smooth one-parameter family of diffeomorphisms of
M generated from the flow of V,f/a(t), f € C*°(M), and o(t) is a positive smooth function
on t. By setting f(t) = ¢} f, from we can obtain

{ Ricg+Vif—aVo@ Vo = ———7,
00 = (Vg0 Vgf).

where ¢ = 0 in the steady case (for t € R and ¢y = Id), ¢ = 1 in the shrinking case (for
t € (—00,T) and ¢r_; = Id) and ¢ = 1 in the expanding case (for ¢t € (T, 00) and ¢ = 1d).

Moreover,

OF = V472
The function f is called the potential function.

As in [GH23|, we consider mean curvature flow in the following context: let (g(t), ¢(t)) be
an (RH), flow in M x I. Given an (n — 1)-dimensional compact smooth manifold 3 without
boundary, and let {z(-,t);t € [0,7)} be a smooth one-parameter family of immersions of ¥ in
M. For each t € [0,T), set z; = x(+,t) and %, for the hypersurface x,(X) of (M, g(t)), which we
can write as ¥, := (X, z7g(t)). Suppose that the family .# = {%;; ¢t € [0,T)} evolves under

mean curvature flow, MCF for short,

%x(p, B = H(pDe(p,t),

I(p, 0) = .To(p>,

where H(p,t) and e(p, t) are the mean curvature and the unit normal of ¥; at p € 3, respectively.
In this setting, we say that .# is a MCF in the (g(t),¢(t)) — (RH)a flow background. In the
particular case (g(t), ¢(t)) = (g(t), ¢(t)) is a self-similar solution to the (RH), flow on M with

potential function f, a hypersurface ¥; € .Z is a mean curvature soliton, if

H(p,t) +e(p,t)f =0 on X.



Here, e( -, t) must be the inward unit normal vector field on ¥;.

Now, we consider an n-dimensional compact smooth manifold M with boundary OM. Let
met(M) be the set of all Riemannian metrics g on M. We define the functional F2 on the
product (M, N) := met(M) x C®°(M) x C>*(M, N) as

Foolg: f,0) :=/ (Roo - a|V¢|2)e—fdM+2/ Hoe fdA,
M oM

where Ry = Ry + 2A,f — |V f|2 is the weighted scalar curvature of g, the function Hy, :=
Hg+ e f is the weighted mean curvature with respect to the inward unit normal vector field eq
on OM, the forms dM and dA are the n-dimensional Riemannian measure of (M, g), and the
(n — 1)-dimensional Riemannian measure of (0M, g), respectively.

We observe that FS is the proper extension for our context of the energy functionals F,
Fg, f), Flg, f,w), I, I3 and F, previously mentioned. Furthermore, it is already clear
that R, arises quite naturally, as observed by Perelman [Per(2, Sect. 1.3], and H, is in fact
the appropriate geometric object when we are using a weighted measure (see, e.g., [Gro03),
Sect. 9.4.E]).

Our first main result is a variational formula for % from which we obtain a gradient-like
structure for (RH), flow and an extension of Hamilton’s differential Harnack expression of
the mean curvature flow in Euclidean space. It reads as follows (see Sections and for

definitions and notations).

Theorem 1. Let M be an n-dimensional compact smooth manifold with boundary OM, and let
F be the MCF of OM in the (g(t),d(t)) — (RH)q flow background with Neumann boundary

condition Voo = 0. If u := e~/ is a solution to the conjugate heat equation
Ou=0 in Mx|[0,T)

with egu = Hu on OM, then

%F:o = 2/ <|R1C + V2f — O(Vd)@ V¢|2 —+ Oé|7-g,’y¢ _ <v¢7 Vf>|2>e_fdM
M

H ~ o~ ~ o~ ~ 1
+ 2/ (0_ —2(Vf,VH)+ AVf,Vf)+2R"V,f — =VoR — HRg
om \ Ot 2

+ aA(Ve, %)) e dA,
where A is the second fundamental form of OM, and V denotes the gradient on OM.

For the proof of Theorem [T, we first study the MCF in an extended Ricci flow background ,
and then “translate” the results for the context of the (RH ), flow. We also obtain an extension
of the Hamilton’s differential Harnack expression from the mean curvature flow in Euclidean

space, but now, to the more general context of MCF in the (RH), flow which must vanishes on

6



the gradient steady soliton to this flow, see Corollary In particular, when ¢ is a real-valued
smooth function on M, we recover [GH23|, Cor. 4].
Our second main result is a Huisken monotonicity-type formula for the MCF in an (RH),

flow background.

Theorem 2. Let (M, g) be an n-dimensional Riemannian manifold, and let 3 be an (n — 1)-
dimensional compact smooth manifold without boundary. Consider F the MCF of ¥ in the
(9, 9)—(RH),, flow background with potential function f. Denote by dAg the (n—1)-dimensional
Riemannian measure on 3 and set Areaz(3;) == s e’?dAg. Under these conditions, the func-

tion ®(t) given by:
1 S t +— Areaz(2y) 1n the steady case
(1) R Areap(X) in the steady case,
1) (—00, St Arn(d =)\ reaz(2¢) tn the shrinking case, an
(i) (=00, T) [4n (T — 1))~ "=V/? Areaz (%) in the shrinking d
i) (T,00) 2t — [An(t — T)]~"V/2 Area+(3,) in the expanding case,
f

is non-increasing. Moreover, ®(t) is constant if and only if F is a family of mean curvature

solitons.

In Section [2.3] we address the construction of a family ¢ of mean curvature solitons in a

(RH), flow background, and we establish a characterization of such a family, as follows.

Theorem 3. If Y is an f-minimal hypersurface of (M, g), then 9 is a family of mean curvature
solitons in the (g, ) —(RH )4 flow background on M. Moreover, any family F of mean curvature
solitons in the (g, ¢) — (RH)q flow background on M is given by 4 up to reparametrization.

Coming back to talk about Theorem [2 we observe that it is a useful tool for studying
an analogous result to Huisken’s work on mean curvature solitons in the (g, ¢) — (RH), flow
background. It is important to mention that such a result provides a fundamental insight into
the behavior of the MCF in Euclidean space, showing that shrinking self-similar solutions are
intrinsically linked to singularities of type-I. These solutions emerge as critical points of the
Gaussian area-type functional, see [Hui90] for details.

The MCF in a shrinking (g(t),a(t)) — (RH), flow background develops a singularity of

type-I when there exists a constant C' > 1 such that

max [A(p, 1)] <

C
pEY VT =t

where A(-, t) stands for the second fundamental form of ¥;.
The most appropriate setting to give an application of Theorem |[2|is to consider the family

Z and its associated normalized family .# as follows.

7



Let F# = {X;t € [0,T)} be the MCF in the shrinking (g, ¢) — (RH ), flow background with
potential function f(¢) and g(t) = (T — t)¢;g, for t € (—o0,T). Setting s = —log(T — t) and
f]s = (X,Z%g), where T, = 1)y o x;, we have

0z,
0s

= (Vof + Hy) (@) on X x[—logT, o).

We call the family . := {3 s €[~logT,00)} the normalized MCF in (M, g).

Our next main result is a convergence theorem for .# in the C'*° Cheeger-Gromov sense.

Theorem 4. Assume that (M, g) is an n-dimensional compact Riemannian manifold, and let
(9(t), 6(t)) be a shrinking self-similar solution to the (RH ), flow on M with potential function
f and initial value (g,$). Given an (n — 1)—dimensional compact smooth manifold ¥ without
boundary, and let F be the MCF of ¥ in the shrinking (g, ¢) — (RH ), flow background which
develops a singularity of type-1. Consider the associate normalized MCF F in (M, g). Then, for
any increasing sequence {sj};.’il and points {pj};il in X, there exist subsequences s;, and p;, in
X, such that the family of immersion maps T, : ¥ — (M, g) from pointed manifolds (X, pj, )
converges to an immersion map Te, : Yoo — (M, g) from an (n — 1)—dimensional complete
pointed Riemannian manifold (Yo, x5 g, Poo) in the C° Cheeger—Gromov sense. Furthermore,

(Yoo, 5 g) is a foo-minimal hypersurface of (M, g), where foo = f 0 Too.

The proof of Theorem [4is based on the Arzela—Ascoli theorem in the context of Riemannian
manifolds which provides a sequence of isometric immersions on an exhaustion of ¥, converging
to a limiting global solution which is f.-minimal hypersurface of (M, g). We prove global
supremum estimates depending only on the initial bounds on Riemann tensor Rm, and Hessian
operator Vggb, whereas the interior estimates depend on the full C* norm of g (see Chapter .
This is possible since the estimates for the derivatives of g and ¢ can be combined in the right
way.

This thesis is structured as follows. We begin in Chapter |1 with some definitions and basic
concepts about Riemannian geometry and maps between Riemannian manifolds. In Chapter

we obtain the variational formula for the functional F¢, and an extension of Hamilton’s dif-

ferential Harnack expression for our context. Moreover, we provide the proof of Theorems [I]
and 3] In Chapter [3] we proceed with proofs of preliminary results which are formulated in
the more general context of complete Riemannian manifolds with bounded geometry, and then
we prove Theorem [4l This chapter ends with the proof of this latter theorem for the case of a

complete noncompact Riemannian manifold with some additional uniformity conditions.
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CHAPTER 1

Preliminaries

We begin with some definitions and basic concepts about Riemannian geometry and maps

between Riemannian manifolds.

1.1 Basic Riemannian geometry

Throughout this text, all manifolds are assumed to be orientable and connected. Consider
a smooth map ¢ : (M", g) — (N™,7) between Riemannian manifolds (M",g) and (N™,~)
with boundaries OM and ON, respectively. We shall denote the local coordinates at p € M
by {x'}, the local coordinate basis by {9;} and the local dual coordinate basis by {dz'}. Near
OM, we take 2° to be a local defining function for OM. We denote the local coordinates for

OM by {x’} We choose these coordinates near a point at M so that Jy|,,, coincides with the

loas
inward-pointing unit normal field ey along the boundary. For N we shalal denote by {y“} the
local coordinate at ¢(p), the local coordinate basis by {9,} and ¢* := y® o ¢. We shall use the
convention that repeated Latin indices are summed over from 0 to n — 1 and repeated Greek
indices are summed over from 0 to m — 1. In general, we are using the Einstein convention of
summing over repeated indices. In dealing with flows, we shall usually simplify the notation

by suppressing the parameter ¢.

The metric on M is denoted by g = (,) and (0;,0;) = gij, and its inverse is denoted by
g so that g;;g'* = 6F. The forms dM and dA are the n-dimensional Riemannian measure of
(M, g), and the (n — 1)-dimensional Riemannian measure of (OM, g|ans), respectively. We also
use the classical notation h" = g**g/'hy,, for any 2-tensor field h on M.

We denote the Levi-Civita connection on T'M by V and on TOM by v. By simplicity, we
also denote V; := V,,, V' := ¢¥V, and X' = ¢V X, where X; = (X, 9;).

In what concerns dM, we write A;: := <V3;85,60) for its second fundamental form, and
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H = g’zj Agj for its mean curvature. Hence,
A = g%gﬁA,;,[ and A’% = g’%ZAlMZ..
For all XY € I'(TM) and w € I'(T*M), we have
VEMw(Y) = X (w(Y)) —w(VxY),
The smooth map ¢ induces the fiber bundle ¢*T'N over M as follows

¢ TN = {(p,u);p € M,u € Ty N} = | {p} x Ty N.

peEM

The Levi-Civita covariant derivative V7V of the metric v on N induces the following co-
variant derivative on ¢*T'N,
¢*TNyr . TN
Vi U =V, U,

for all X € I'(TM) and U € I'(TN).
The Riemannian curvature tensor is defined as
Rm(X,Y)Z :=VyVxZ - VxVyZ + Vxy)Z = R, Y X' Z*0,.

where

Rijnh = (05, 07)0h = V;Vi0k = ViV,
Riji = il — Oy + T, — T

ijk im)

1
Ll = 59" (09 + 0390 — Digyy).

When lowering the index to the fourth position, we obtain
Rijk’l = ngR;?m

so that R%jx = ¢"Ryju, where Rijr = (R(9;,0;)0k, ;) is the Riemann curvature. The Ricci
tensor R;; is defined as R;; = gklRikjl, and the scalar curvature is its trace R, = G R =

g"*g"' Rijr;. Thus, for a vector field X, one has

Vi, VX" = V.V, X* - v, v, x* = — R}

ijXm — gklRijlme-
Taking the trace in the second Bianchi identity
ViRjiim + VjRiiim + Vi Rijim = 0

we obtain

9""ViRjjim = —g""V i Ryitm, — §"" Vi Rijim = —V Ry + Vi Ry

12



We now trace with ¢7' to get
9""ViRm = —¢"' VR + ViR
that immediately implies
, 1
V'Ry = ¢'V;Ry = 5 Vil

Now, we compute

V0,(8s) := V,0; := Tk0) = T5da? (0,)0), =: Tlda? @ 0,,(0s)

and
Vdz'(0r,05) := V5, (d2'(05)) — da' (V5,05)
= Vo, (6:s) — dz'(T},,0,)
= —Tda’ (0,)da*(0s)
=: T da? @ dz*(9,, 0s).
In short
VO; =Thda? ® 0, and Vda' = —T',da? @ da”. (1.1)
Moreover
(VOrle) (8;) := V5, "N 0rlg = V.0,00l6 = Vigeanl, Olo = Vit Va,|,lo
= V¢"¢"(Vo,0z)
= Vi¢®¢"(I',05)
= (T, 0 ) V005,
and
Vdy* (0, 0als) == (Vo, M dy*) (Bals) = Vo,dy*(Dals) — dy*(Vo,0als)
= —dy* (T%5 © ¢)Vid 0als)
= —(Fiﬁ © ¢)Vi¢6-
In short
Voals = (I, 0 9)Vi¢*dz’ @ 9gls and Vdy* = —(Ths 0 ¢)Vidlda' @ dy”. (1.2)

For a smooth function f : M — R, we write its gradient as Vf = V'f9; so that Vif =
99V, f and |V f|2 = gV, fV,f, where V;f = (Vf,8;). In addition, we set V'¢* = g7V ;p* =
g (V¢*,0;), which gives the following expression for the Hessian tensor:

vivjf = gikgﬂv2f(ak, ar).

It is important to mention some basic results of the conformal theory. Let g = cg, for some
positive constant ¢, and let V be the covariant derivative of §g. By Koszul’s formula V = V,

moreover,
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» 1 ..
1) g9 = Zq¥-
(i) g ~9%;

(i) Vof = 1V, f
(iii) Rm = Rm;
(iv) Ric(X,Y) = Ric(X,Y);
(v) Rie(X) = * Rie(X)
(vi) V' F(X,Y) = V2F(X,V);
(vii) VxVf = %VXVf.

We recall that the derivative V¢ maps linearly sections of T'M to sections of TN along
¢, i.e., in terms of the bundle ¢*T'N, we can interpret V¢ as a section of the vector bundle
of homomorphisms Hom(7T'M; ¢*T'N). Furthermore, since this latter bundle is isomorphic to
the induced bundle T*M ® ¢*T'N, we can introduce a connection V on I'(T*M ® ¢*T'N) to
obtain the second derivative VV¢ as the derivative of V¢ with respect to the connection on
D(T*M ® ¢*TN), thus, it is a section of the bundle T*M @ T*M ® ¢*T N. The tension field
7,~¢ (or Laplacian Ag) is the trace of VV¢ with respect to the inner product on 7M. This
defines 7, ,¢ as a section of the bundle ¢*T'N. Precisely,

Vo :TM — ¢*TN

X — do(X)
where
dg(0;) = d(y* 0 9)(0;)0ls = d6*(9;)0a|s = (V$™,05),, 0l = V60l
and
dp(X) = V;¢da? (X)0z]s.
Therefore,

Vo = 0,6 dx’ @ 0)\|s = V¢ da? ® 04y

Taking X = Vf and writing Vf = ¢**V, f0, we get
(Vo, V) :=Vo(V[) = g* V¢ Vi fde? (0x)0rls = (Vf, V) Oals-
Taking X = ey, we have
Voo := Vo(eo) = V0 da? (e0)dly = €0t Orls.
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By using and (1.2), one has
(Va.V)(9;,dyY) = Vo Vo(d;,dy*) — V(Va, 05, dy*) — V(9;, Vady*)
= 0,010"da ()0 (dy™) — T;¥10" dae’ (Or) Dy (dy™)
+ (T 0 @) Vid" Vi da' (0;) 09 (dy®)
= 0,0;0" — T}, Vi + (T'ag 0 ¢)Vi9*V;0’.
By setting
(ViV;0) = 0:0;0" — TVt + (Tag 0 ) Vi V07, (1.3)

we obtain

The tension field of ¢ with respect to the metrics g and v is given by

Ty @ = trgy(VVo)
= ¢9(0:0,6" = TVi6" + (T 0 0)Vi6°V,0 ) D,
= (840" + (T2 0 0)g(Ve", V%)) 01l
Notice that 7,,¢ is a generalization of the Laplacian on C*°(M). By definition, the map ¢ is

harmonic if 7, ,¢ = 0.
We shall use the inner product on the bundle T*M ® ¢*T'N induced by ¢ and v as follows

<V¢7 v¢>T*]\/f®¢*TN = gij¢*7aﬁvi¢avj¢ﬂ‘ (14)
Since there is no danger of confusion, we shall write
T(V$, Vo) := T 105V V ;°

for any 2-tensor T on M, and the same notation (-,-) for the inner products on M, N and

T*M ® ¢*T'N. Besides, for the sake of simplicity, we write
Vo @ V(0,,0;) = 6" 7apVid* V0",

As in ([1.4), we have
(S, T) = g% 9" " vap S5 Ty
for any S, T € T"M @ T"M ® ¢*TN.
As in ([1.3), we obtain the higher-order derivatives

T

(vr+l¢>/\ = ail-“ir+1¢)\ - Fk 87;1"'7:j71kij+1"'7;r¢)\ + (Fgﬁ © ¢>vi7-+1 (bavr(bﬁ

t iry1
J=1
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where 8;,..;,0 = —2% V" =V, ---V, and

T Oxil---9xe?

(S, T) = g+ . gy s S . TP

iy d g

for any S, T € (T*M)®" @ ¢*TN.
We finalize this section recalling the Dirichlet’s energy functional £ : C*°(M, N) — R on

maps between Riemannian manifolds with boundary, which is given by
1
B(0)i= [ SIVePa
M

where |V¢|? := (Vd, V) peprn and E(¢) is called the energy of the map ¢.

Let ¢; : (M,g) — (N,~) be a smooth family of maps, with ¢t € (—e¢, ¢), variational vector
field V and ¢o = ¢. Note that V' € I'(¢*T'N), since the variation {¢;}sc(—e,) determines a curve
in C*°(M, N), and V represents the tangent vector of this curve at ¢ = 0. Hamilton [Ham75]

showed that the first variation formula of E is given by

Gl == [ Wrggar+ [ v

dt t=0 oM

So, a harmonic map ¢ with Neumann boundary condition Vy¢ = 0 is a critical point of

Dirichlet’s energy functional E.

1.2 Mean curvature flow

Let (M, g) be an n-dimensional Riemannian manifold, and consider an (n — 1)-dimensional
compact smooth manifold ¥ without boundary (also known as a closed hypersurface). Let
{z(-,t);t € [0,T)} be a smooth one-parameter family of immersions of ¥ in (M, g). Define
Y, = (3, z7g), where z; = z(-,t), and assume that the family % := {¥;;¢t € [0,T)} evolves

under mean curvature flow, MCF for short, that is,

{ st t) = H(p, t)e(p,1), (1.5)
z(p,0) = zo(p),

where H(p,t) and e(p,t) are the mean curvature and the unit normal of ¥; at the point p € X,
respectively. Besides, whenever there is no danger of confusion, we are writing g(¢) on ¥ instead
of x7g(t), and ey to denote the inward unit normal vector field on z4(3), which we can identify
with X. Also, we shall usually simplify the notation by suppressing the parameter ¢.

For short-time existence and uniqueness of a solution for we refer to Gage and Hamil-
ton [GH86] from which we know that a solution for this problem can be obtained as an appli-
cation of Hamilton’s general existence theorem for parabolic geometric flows in [Ham82].

In the case of smooth closed curves, Gage and Hamilton [GH86|] proved that all smooth

closed convex curves shrink to a point without forming any other singularities in finite time,
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where as Grayson [Gra87] proved that every simple smooth closed non-convex curve will become
convex.

In the case of closed hypersurfaces in Euclidean space, Huisken [Hui90] showed that the
shrinking self-similar solutions to the MCF appear as stationary points for the Gaussian area-
type functional playing the role of the energy-type functional, which is non-increasing along
the flow. He also proved, through his monotonicity formula, that the MCF converges to a self-
shrinker in Euclidean space after scaling when it develops a type-I singularity, which is defined

as follows.

Definition 1.1. If there exists a independent constant C' > 1 so that

C
sup [A(p, )] <

peEX Q(T— t)’ (16)

we say that the MCF develops at time 7" a type-I singularity.

System ([1.5]) is a nonlinear parabolic system; for this reason, the MCF may develop singu-
larities, which happen in finite time.
The well-known examples of MCF are given by families of concentric round hyperspheres

in R” and cylinders in R"*!.

Example 1.2. Let S""'(R) be the (n — 1)-sphere of radius R, and let z(p,t) = r(t)zo(p) be a
family of immersions of S"~'(R) into R", where 7(t) = \/R? —2(n — 1)t = \/2(n — 1)(T —t)

and z is the standard inclusion map. Note that at time T = 2(:;:) the sphere shrinks to

a point, so the flow becomes singular. Moreover, the norm of the second fundamental form
. — vn—1 — 1

evolves as [A(-, )] = ¥ T

D 0

Figure 1.1: Sphere collapsed in finite time.

Another example is given by cylinders S"(R) x R.

Example 1.3. Let S"(R) x R be the cylinders, and let Z(p, s,t) = (z(p,t),s) = (r(t)zo(p), s)
be the family of immersions of S*(R) x R into R"*2, where r(t) = VR? —2nt = \/2n(T — 1)

and collapse to R at time T = ’2’;;. Moreover, |A(-,t)| = Y& = —L

) aT—t)

Spheres and cylinders are special examples of homothetically shrinking flows, that is, hy-

persurfaces that simply move by contraction during the evolution by mean curvature. An
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Figure 1.2: The Cylinder also collapsed in finite time.

interesting question is what happens to these solutions in the long run? How does the geom-
etry of these hypersurfaces change? The first thing that you can say about the change of the
geometry is that in all these flows, the area decreases. One way to carry out this analysis is
to understand the behavior of the time derivative of the metric, the second fundamental form,
the mean curvature flow, and the area element. This is the content of the following Huisken

result by

Proposition 1.4. Let .7 be a family moving by MCF in Fuclidean space R", n > 3. Then

%gﬁ — A,

%Aﬁ = (AA); — 2H Ag A5 + AF Ay A,
%H — AH + AV A H,

%dA = —H%dA.

For a proof, see [Hui84, Lem. 3.2, Thm. 3.4 and Cor. 3.5] or Sect. 2.3].

From the point of view of variational theory, it is known that minimal hypersurfaces can
be interpreted as critical points of the area functional. A hypersurface of the area functional is
called critical if % . Area(X) = 0 for all variational vector field X = a%{tzoxt, where {z;} is a
smooth one-parameter family of immersions of the hypersurface in M. Huisken [Hui90] considers
a weighted area functional with the backward heat kernel p(, z) on R™, n > 3, centered at some

xo € R™ and with maximal time 7" > 0, i.e.,

—lz—ag|?
(t,2) = —< 4 for t<T
) = T S in» 0) < )
P T w7

and obtained the following monotonicity formula.

Theorem 1.5 (Huisken [Hui90]). Let .% be a family moving by MCF in Euclidean space R™,
n >3, fort <T. Then
G(unr =0t [ paaa) = —pam(r o)t [
)

t 3t

1 nE
H+ m(l’ - ZL‘()) p(t, I)dAt

where (x — xo)t is the normal component of x — xq.
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Now, we come back to the Riemannian manifold ambient case. First, we recall a well known
property for f-minimal hypersurfaces, which are closely related to the purpose of this thesis.

Let {x;} be a smooth one-parameter family of immersions of 3 in M, and let X = a 0T
be the variational vector field along ¥. Let us consider the f-weighted area functional given by

Areaf(Zt):/e_z:fdAt:/ e ldA,
) DI

where dA; stands for the area element on ;. Recall that

d

dt

Areaf (%) = /H (X, eq)e —JdA,

t=

where H,, := H + eyf. So the critical points of the f-weighted area functional on ¥ are f-
minimal hypersurfaces, i.e., Hy, = 0. Some results concerning f-minimal hypersurfaces can be

found, e.g., in [CZ15, [CMZ15] [SY15 Weil7, [ALR20] and [CVZ21].

1.3 Basic analysis on smooth manifolds

A compactness theorem by Hamilton [Ham95a] for the Ricci flow asserts that any sequence
of complete solutions to the Ricci flow with their curvature uniformly bounded above and
their injectivity radii bounded from below will contain a convergent subsequence. This result
stems from the convergence theory established by Cheeger and Gromov, see [Gro81], [CG86]
and [CG90]. While regularity is a critical aspect in many applications of this theory, the proof
of the compactness theorem for the Ricci flow benefits from the fact that sequences of Ricci flow
solutions exhibit excellent regularity properties. Specifically, because bounds on the curvature
of a Ricci flow solution imply bounds on all its curvature derivatives, the compactness theo-
rem ensures C'°-convergence on compact sets. The approach involves examining progressively
shorter time intervals leading up to a singularity of the Ricci flow and rescaling the solution
within each interval to obtain solutions over longer time periods with uniformly bounded cur-
vature. The limiting solution derived from this process provides insights into the structure of
the singularity:.

One of the notions of convergence for subsets in the Euclidean space is given by Hausdorff
convergence. In the context of Riemannian manifolds, this concept of convergence is extended
through the Gromov-Hausdorff topology, which is a generalization of the Hausdorff one pre-
sented by Gromov in [Gro81] that makes it possible to study convergence in these more general
spaces, see [ACGL20] for more details.

1.3.1 The compact-open C* topology

Given smooth manifolds M and N, and an integer k& > 0, let C*(M, N) be the space of
all functions from M to N that are k-times continuously differentiable. We equip C*(M, N)
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with the compact-open C* topology, which is a topology on C*(M, N) generated by a subbasis

consisting of sets given by:

S*(¢,2,U.y, V. K, )

o<k pex(K)

= {w € C*(M,N); p(K) C V, max sup [0*(yoy oz ")(p)—d*(yodoz ") (p)| < 6} ,

where ¢ € C*(M, N), (x,U) and (y, V) are charts for M and N, respectively, K is a compact
subset of U with ¢(K) C V, and € > 0.

In summary, the compact-open C* topology is generated by sets that impose conditions
on the behavior of functions on compact subsets of M and the images of these subsets being
contained within compact subsets of V.

In the case where M is compact, given any ¢ € C*(M,N), we can find finitely many
charts {(z;,U;) }I_, for M and {(y;,V;)}i_, for N, and compact subsets {K;}/_; of M such that
Ui_, Ki = M and ¢(K;) C V;. The sets

‘@(¢7 5) = ﬂ Sk(¢7 Ty, Ui7 Yi, ‘/;'7 Kia 5)

i=1
form a neighborhood basis for C*(M, N). Moreover, we say that a sequence {¢;};en of maps
¢; € C*(M, N) converges to a function ¢ € C*(M, N) in this topology (or in C* for short) if
and only if given any € > 0 there exists J € N such that ¢; € (¢, ¢) for all j > J.

This is the smallest topology on C°°(M, N) under which the inclusions C*°(M,N) —
C*(M, N) are embeddings. Once these definitions are well established, we will omit the charts
system to simplify the notation.

The following theorem provides a consistent precompactness for sequences of MCF, it ex-

tends the classical Arzela—Ascoli theorem to apply in our setting of uniform convergence. For
a proof, see [ACGL20).

Theorem 1.6. (Arzela—Ascoli) Let (M, g) and (N,7) be Riemannian manifolds with con-
nections MV and NV, respectively, and M compact. Given a sequence {¢;} in C*1(M,N)
such that ¢;(M) C L for some compact L C N and

k+1

sup » |16V ¢;(p)|| < oo
peM s=1

for every j € N. Then there exists a subsequence of {¢;};en that converges in the compact-open
C* topology to some ¢ € C*(M, N).
1.3.2 Sequence convergence of sections on a bundle

In addition to map convergence, we are also interested in the CP-convergence and C°°-

convergence of metrics of sequences, which are sections of a vector bundle.

20



Definition 1.7. (CP-convergence) Let £ be a vector bundle over a smooth manifold M, and
let g and V be metrics and connections on £ and T'M, respectively. For an open set Q2 C M
with compact closure © and a sequence {&;} of sections of E, we say {&} converges in C? to
€ € I'(E |q) if for every € > 0, there exists kg = ko(e) such that

sup sup |[V*(& — &xo)lg <&, for k> ko.
0<a<p £

We say {&,} converges in O™ to &, on Q if it converges in C for every p € N.

If we are dealing with a compact set, the choice of metric and connection on E and T'M
does not affect convergence.

To define smooth convergence on compact subsets, we use an exhaustion of M, i.e., a
sequence of open sets {U},}2, in M such that Uy, is compact, Uy C Uy, for all k, and U,€21 U, =
M. For a compact subset K C M, there exists kg such that K C Uy for all k > ky. If M is
compact, then U, = M for sufficiently large k.

Definition 1.8. (C*°-convergence on compact sets) Let {U}32; be an exhaustion of a
smooth manifold M, and let £ be a vector bundle over M. Given metrics g and connections
V on E and TM, and a sequence {&;} of sections of E defined on open sets K; C M, with
¢ € T(E), we say {&} converges smoothly on compact sets to &, if, for every k € N, there

exists 4o such that U, C K; for all i > iy, and (&; l7;)izi, converges in C*° to £, on U,.

Remark 1.9. Note that this notion of convergence is independent of the choice of metrics and
connections on E and T'M. We consider {£,} = {gx} a sequence of Riemannian metric on M
in Definitions [[.7] and [L.8

We now introduce the notion of bounded geometry. Recall that the injectivity radius
inj(p, g) at a point p in a Riemannian manifold (M, g) is the maximum radius for which
the exponential map on p is a diffeomorphism. The injectivity radius of M is defined as
inj(M, g) := inf{inj(p,g) : p € M}. It is important to mention that if M is not complete,
inj(M,g) = 0.

Definition 1.10 (Bounded geometry). We say that a complete Riemannian manifold (M, g)
has bounded geometry if for every integer j > 0 there exist positive constants C; and n such

that the Riemann curvature tensor Rm, and the injectivity radius inj(M, g) satisfy
V' Rm, | < C; and inj(M,g) >n > 0.

Notice that R™ with the standard metric and compact Riemannian manifolds have bounded
geometry. Actually, bounded geometry provides a natural generalization to the known settings

of compact and Euclidean spaces. In particular, the class of manifolds of bounded geometry
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allows us to uniformly apply constructions that are well-known for compact manifolds. For
more details and examples we refer to Eldering [E1d13].
The notion of convergence of immersions from pointed manifolds is defined as follows. It is

the immersion map version of the Cheeger-Gromov convergence.

Definition 1.11. (Cheeger-Gromov convergence) Let (M, g) be an n-dimensional complete
Riemannian manifold with bounded geometry. Assume that for each £ > 1 we have an m-
dimensional pointed manifold (X, px) and an immersion z, : 3, — M. Then, we say that a
sequence of immersions {xy, : ¥, — M},_, converges to an immersion Zo, : Lo — M from an

m-~dimensional pointed manifold (X, po) if there exist
1. An exhaustion {Uy},, of X with p € Uy and

2. A sequence of diffeomorphisms Uy, : Uy, — Vi C ) with ¥y (ps) = pi such that the
sequence of maps x, o Wy : Uy — M converges in C'™ to xo, : Yoo — M uniformly on

compact sets in X..

Observe that a sequence of pointed Riemannian manifolds (3, gx, px) converges geometri-
cally to a pointed complete Riemannian manifold (X, oo, Poo) in the sense of Definition m,
if there are embeddings Wy : Uy — Vi C Xy with Uy (ps) = pi such that the pullback metrics

Ut g converge uniformly on compact subsets of X to g in the C*°-topology.

1.3.3 Convergence of submanifolds

Theorem 1.12 (Hamilton [Ham95al). Let {(Mx, gk, pr)}32, be a sequence of n-dimensional

complete pointed Riemannian manifolds. Suppose that
(1) for each integer p > 0, there exists a constant 0 < C, < oo such that

|IVPRmy, )|, < Cp, forall k>1

(2) there exists a constant 0 < n < oo such that

inj(pk,gx) >n, forall k> 1.

Then, there exist a complete pointed Riemannian manifold (My, oo, Poo) and a subsequence

{ke}32, such that the subsequence {(My,, gr,, Pr,) }:21 converges to (M, Goos Poo)-

To prove the convergence of submanifolds in a Riemannian manifold, we need the following

estimate for the injectivity radius of a submanifold.
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Theorem 1.13 (Chen and Lin [CYO0T]). Let (M, g) be an n-dimensional complete Riemannian
manifold with

[Rmy|(p) < C' and inj(p,g) =n >0, for allpe M

and two constants C andn. Let x : 3 — (M, g) be a complete isometrically immersion manifold
with
|A(z)] < D

for some constant D > 0. Then there exists a constant § = §(C,n, D,n) > 0 such that
inj(p,z*g) = 9, for allp € 3.

Remark 1.14. Notice that if {x) : (Zg, pr) — (M, g)}32, converges to Too 1 (Xoo, Poo) — M,
then {(3k, ztg, pr) 52, converges to (X0, 5 g, Poo) in the sense of Cheeger—Gromov conver-

gence.

1.3.4 The maximum principle

The following result is proved in [CK14, Thm. 4.4], which was also used by [Miil12l, Prop. 5.1].

Proposition 1.15. Let u: M x [0,T7) — R be a smooth function satisfying

0
au = Ag(t)u +(X(t), Vu>g(t) + F(u), (1.7)

where g(t) is a smooth one-parameter family of metrics on M, X (t) is a smooth one-parameter
family of vector fields on M, and F : R — R is a locally Lipschitz function. Suppose u(-,0) is
bounded below by a constant Cy € R and let ¢(t) be a solution to

0
~6=F(6), 6(0)=Co
Then, u(z,t) = ¢(t) for all x € M and all t € [0,T) for which ¢(t) is defined.

Remark 1.16. Similarly, if inequality (1.7]) is reversed to
0
—u
ot
and u(-,0) is bounded above by Cjy, then u(z,t) < ¢(t) for all z € M and all t € [0,T) for
which the solution ¢(t) of the corresponding ODE exists.

< Agyu + (X(1), Vu) g + F(u),

1.4 Approximate isometries

In this section, we introduce some essential concepts for constructing the limit manifold.

The following definitions and propositions can be found in [CCGT07].
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Definition 1.17 (Approximate isometry). For any 0 < ¢ < 1 and k& > 0, a smooth map
O (X, he) — (M, g) is an (e, k)-pre-approximate isometry if

sup [®*g — heolny, <€, sup sup|Vj_(®"g)|n, < e
peS 1<a<k pex

An (e, k)-pre-approximate isometry is an (¢, k)-approximate isometry if it is a diffeomor-
phism and

sup [(® 1) hos — glg <€, sup sup [VO[(D*)  haoly < e,
peEM 1<a<k peM

ie., @1 : (M, g) = (3, hoo) is also an (e, k)-pre-approximate isometry.

Note that the condition [(®~1)*hs — gl, < € is equivalent to |ho, — $*g
\Vg‘[@_l)*hm]]y < e is equivalent to [V§. fo

SUP,enr |P*G — Noolhy, < €S
2 0P 0P OP° OPpd ,
= <|:gab<hoo) k_axz:| _axj — [Jk) (axk |:gcd(hoo>]l o :| i I;{;)

|(d®)7 (d®) — id|”,

o9 < €, and

o9 < €. Another way to express the condition

oatoet
o ot ogd N

g

where id is the identity map on T'M, the transpose arises from the two metrics g and h,, and
|T||? = trace(T?).

Approximate isometries allow pointwise bounding of metric tensors as follows.
Proposition 1.18 (Approximate isometries and norms). Let € € (0,1).

(i) If  : (X, he) = (M, g) is an (¢, 0)-pre-approximate isometry and X is a vector field on
Y, then
| X

by < (L4 )X

(i) If ® : (X, he) — (M, g) is an (€, 0)-approzimate isometry and X is a vector field on 3,
then

1
1—+€|X\f2zoo <X 3oy < (L4 o) XT3

The following proposition shows how (¢, 0)-approximate isometries deform distances by small

amounts.

Proposition 1.19 (Distance). If ® : (X, hoo) — (M, g) is an (€,0)-pre-approximate isometry,
then

® (By, (x,7)) C B, (q)(xo), V1te- r) ,

where r is the distance function from xo, and By and B, stand for geodesic balls.
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CHAPTER 2

The (RH), flow, evolution equations and
some applications

In this chapter, we obtain the variational formula for the functional F3, and an extension
of Hamilton’s differential Harnack expression for our context. Moreover, we provide the proof
of Theorems (1], 2] and

2.1 Evolution of 72 under the coupled system (RH), flow

In this section g(t) stands for a smooth one-parameter family of Riemannian metrics on
an n-dimensional smooth manifold M, and ¢(t) a smooth one-parameter family of smooth
maps from M to an m-dimensional Riemannian manifold (N, ), with ¢(0) = g and ¢(0) = ¢.

Moreover, consider the product
P(M,N) :=met(M) x C°(M) x C*°(M, N),
where met(M) denotes the set of all Riemannian metrics on M.

Definition 2.1 ([Miill2]). The pair (g(t), #(t))ico,r) is a solution to the coupled system of
Ricci flow and harmonic map heat flow ((RH), flow, for short) with a nonnegative coupling

constant «(t), if it satisfies

{ 2 g(t) = —2Ricy(y) +20(1)Vo(t) ® Vo(t),
% (t) = Tg(t),V(b(t)?

where 7, ¢ is the tension field.

(2.1)

For an account of (RH), flow, including proof of short-time existence and uniqueness of
solutions to ((2.1]), we refer to Miiller [Mull2, Sect. 4.2].
Miiller realized that this coupled system may behave less singular than the Ricci flow or

the standard harmonic map flow alone. In order to interpret system ([2.1)) as a gradient flow by
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means a functional F, for a fixed measure, he considered the heat operator [1 = % — A, whose

formal adjoint is

) %)
O = —a—Ag+RQ—a|V¢\2 (2.2)

along the (RH), flow.
A gradient soliton to the (RH), flow is a self-similar solution (g(t), $(t)) of (2.1), given by

{ g(t) = a(t)yiy,

for some initial value (g, ¢), where 1, is a smooth one-parameter family of diffeomorphisms of
M generated from the flow of V,f/a(t), f € C*°(M), and o(t) is a positive smooth function
of t.

A gradient soliton to the (RH ), flow is characterized by next proposition.

Proposition 2.2 ([Mill2]). Suppose there exists a triple (g, f, ¢) satisfying

{Ricg +V2f —aVe® Vo = Ag, (2.3.a)
Tgn® = (Vo f, V)

on M, for some constants A\ € R and o > 0. Take 1), the one-parameter family of diffeomor-

phisms generated by Y; = V,f/o(t) to define g(t) = o(t);g and ¢(t) = i é, with 1y = Id and

o(t) =1—=2M >0, where t € (—o0,1/2)\), for A > 0;t € R, for A\ =0; and t € (1/2),4+00),

for X < 0. The pair (g(t), ¢(t)) is a self-similar solution of (RH), flow on M. Conversely, if

(a(t)z/)fg, @/J;fgb) is a self-similar solution of (RH), flow on M, then the triple (g, f, ) satisfies

(2.3.8) (as well (2.3.b)).

Proof. We start by computing

() = 00050 + 000 (L) = (=209 + 2920) = =20 Og - V)

= —2¢(Ric, — aVo ® V) = —2Ricys + 2aVe(t) @ Vo(t)

and

O3(t) = w2 (L) = %wzﬁvgm = Y, 1. Y,0),

ot o(t)
1 _
= %@/}:Tg,ﬂ = Tg(t)1 (1)

So, the pair (ﬁ(t),a(t)) is a solution of (RH), flow on M. Reciprocally, if (a(t)w;‘g,qpf@ is
a self-similar solution of (RH), flow on M, a straightforward computation shows that (g, f, ¢)

satisfies (2.3.a]) (as well (2.3.b]). O

26



From Proposition we can interpret a gradient soliton to the (RH), flow on M as a
triple (g, f, ¢) satisfying (as well (2.3.B)). It is steady if A = 0, shrinking if A > 0 and
expanding if A < 0. The function f is called the potential function.

Now, we assume that M is compact with boundary OM to define the functional F on
P(M,N) as follows

Filg.f.0)= [

(Roo - a|v¢|2>e*fdM +2 / Hoe 'dA, (2.4)
M oM
where Ro, := R,+2A,f—|V f|? is the weighted scalar curvature of g, the function Hy, := H+eqf
is the weighted mean curvature with respect to the inward unit normal vector field ey on OM.
We observe that the functional F2 is the proper extension to our context of the energy
functional F, introduced by Miller [Miill12] for the case of M and N both without boundary,
of the action I, introduced by Lott [Lot12] when studying a mean curvature flow in a Ricci
flow background, and of the functional I introduced by Gomes and Hudson [GH23] when
studying a mean curvature flow in an extended Ricci flow background. These latter two cases
are on a compact smooth manifold with boundary. Furthermore, it is already clear that the
function R, arises quite naturally, as observed by Perelman [Per02], and H, is the appropriate
geometric object when we are using a weighted measure (see, e.g., [Gro03], [Lot12] or [GH23]|).
We shall adopt the following notation. Given (g, f,¢) € P (M, N), take variations (g;; +
thij, f +tl, ¢ + td), with h;; € T(Sym*(T*M)),¢ € C>®°(M) and ¥ € C®(M, N) with J(z) €
TyzyN. We denote by ¢ the derivative %|t=07 and then g = h, 6 f = ¢, and d¢ = ). Moreover,
we are using the weighted volume element dyp = e~/dM, which is weighted measure-preserving

if and only if trgh — (¢ =0 on M, since §(e~/dM) = (% — 0)e~fdM. Also, for the sake of

simplicity, we are writing v, on M instead of ¢*7,g.

With these in mind, we compute the variation of F% as follows.

Proposition 2.3. Under weighted measure-preserving, we have
SFS = / ( — h7(Rij + VYV f(05,0;) — avasVi0*V;6”) + 2a(ry 10 — (V f, V) ,ﬁ))e‘fdM
M
- / (R Ay + h(H + eof)) e dA + 2a / (Voo, 9)e TdA.
oM oM

Proof. First, note that by (2.4) we can write

Fsolg, [, 0) = Is(g, ) — aE(g, f,0),

where E(g, f,¢) := [,,;|V#|*e~fdM. Thus, we can use Proposition 2 in [Lot12], which guaran-
tees that

Sl =— / W (Rig + V2 (05,05)) e TaM — [ (A + 1% (H + eof) ) e~/ dA.
M

oM
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Hence, it is enough to prove that

5E = /M (= 19708 ViV 16 = 27006 — (Vf,90) 0} )e ™ dM — 2 /6 (Yoo, V)e ' dA.

M
Indeed, notice that

(6(1voP) + |vgzs|2(M —t))elam

SE(h, 0,9) = / :

M

and
(IVEI*) = =h7asVid* V¢ + 297705Vi0"V ¢,
where ¢ = ¥*0,. So, under weighted measure-preserving, we have

0E = / ( — WV iV 0P e + ngfmvmangbﬁe—f)dM.
M

The result follows from integration by parts. O]

Remark 2.4. By considering M compact without boundary in Proposition |2.3], we recover the
results by Miiller [Mull2, (3.4)], for ¢ € C*°(M, N); and by List [Lis08], for ¢ € C*°(M). In
the compact case with boundary, we also recover the results by Gomes and Hudson [GH23|
Prop. 1], for ¢ € C*°(M); and by Lott [Lot12], for ¢ constant.

The next two corollaries provide the critical points of 5 under weighted measure-preserving.

Corollary 2.5. If the induced metric on OM 1is fized, then the critical points of F2% under
weighted measure-preserving are gradient steady solitons of (RH),, flow that satisfy H+eqf = 0
and Voo =0 on OM.

Proof. By hypotheses % —¢=0o0n M and hY = 0 on OM. Hence, by Proposition ﬁ we

obtain
/ <<h, aV¢ ® V¢ — Ricy — V3f> + 2a<19, Ten® — (V, Vf>g>>e—fdM
M
+ / (2040, V0 — (b, (H + o)y @ b)) e TdA =0, (2.5)
oM

for all (h,d) € I'(Sym?*(T*M)) x C*®(M, N), where “*” stands for musical isomorphism. Now,

we assume h and ¥ are compactly supported, so that
/M ((h, AV ® Vé — Ricy — V2 ) + 200, (7,16 — (V$,V f>g)>>e_fdM — 0.
So, (g, f,¢) must be a gradient steady soliton of (RH ), flow, and then, from we get
/{)M <2a<’z§‘, Voo) — (h, (H + eof)eh @ eZ))e*fdA =0,
for all (h, ) € T'(Sym?*(T*M)) x C=(M, N), that implies H+eof = 0 and Voo = 0 on OM. [
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If we relax the fixed induced metric assumption on the boundary, then we obtain the next

result.

Corollary 2.6. The critical points of F5 wunder weighted measure-preserving are gradient
steady solitons of (RH), flow with totally geodesic boundary satisfying the conditions eqf = 0
and Voo =0 on OM.

Proof. As in the first part of the proof of Corollary we obtain that the critical points of

F& under weighted measure-preserving are gradient steady solitons to the (RH), flow. Then
/ (2(1(19, Vop) — (h, A+ (H + eof)e) ® e%))e_fdA =0,
oM

for all (h,) € I'(Sym*(T*M)) x C>=(M, N), that implies A = 0, eof = 0 and V¢ = 0 on the
boundary. O

Remark 2.7. We recover the results by Gomes and Hudson [GH23], for the case ¢ € C*(M);
and by Lott [Lot12, Cor. 4], for ¢ constant.

2.1.1 The modified (RH), flow setting

Our main results works in the following setting. We say that a family (g(t), ¢(¢))cjo.r) €
met(M) x C*(M, N) evolves by modified (RH ), flow if it satisfies the system

0

59 = —2(Ric, +V2f — aVe @ V), (2.6.a)
)
5.0 = T920 = (V& Vf)s. (2:6.5)
and
Of— _R,—A Vol 2.7
o7 = ~Be = Dof +a|Vo[] (27)

in M x[0,7), with H+egf =0 and Vo¢ =0 on OM.

We can find motivations for considering the modified (RH), flow in Proposition and its
corollaries. For instance, we can see that the (RH), flow can be interpreted as the gradient
flow of F for any weighted measure-preserving on M. More importantly, this approach will be
useful in the study of mean curvature flow in the (g(t), ¢(t)) — (RH), flow background, which

is the main research object of this thesis.
Remark 2.8. We observe that along the modified (RH), flow, the measure e /dM remains
fixed. In fact, from we have h;; = 2(—R;; — V2f(0;,0;) + avasVi¢°V;¢?). Tracing
equation and using , we obtain % — ¢ =0 on M.

In what follows, we establish the tools to work on the modified (RH), flow setting. The

first is the time-derivative of F5 under this flow.
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Proposition 2.9. If (g(t), ¢(t))icjo,r) evolves by modified (RH ), flow, then

d
P =2/ (IRic + V2 —aVo @ Vo|* + alrg,¢ — (Vo, Vf>]2)e’fdM
M

+ 2/ (BH ~ 29 1.VH) + AVL.V]) + AT A H + AR,
oM
+ 2RV, f — VR — 0 (Ve %)) e~!dA.

In particular, if both (R;; + V2f(0;,0;) — a7a5V;¢aV3¢B)|aM and (R;y + V;Vof)|om vanish,

then the boundary integrand vanishes.

Proof. By (2.6.d) and (2.6.b) we have h;; = 2(—R;; — V2f(0;,0;) + avasVi¢?V;¢?) and 9 =
To® — (V@, V f), respectively. Tracing equation (2.6.a]) and using (2.7]), we obtain % —(=0
on M, which allows us to use Proposition [2.3] to get

d
P =2/ (IRic + V2 —aVo @ Vo|* + alrg,¢0 — (Vo, Vf>]2)e’fdM
M

+2 / (AY(Ry; + V2 £(8;,05) — aasVi°V;307)) e FdA,
oM

where we used that H + egf = 0 and Vo¢p = 0 on M. On the other hand, Lemma 1 in

Lott [Lot12] guarantees that

AT (R +21(8,0;)) e/ = V(RO +VIVf) e /)
~(BH =2V, VH) + ANV [,V ) + ATAGH + ATR; + 2RV, f — ViR ) e/,
where VIVOf = gi*g%"V2 (8, ;). Then
AT(By; + V2£(8,,05) = 005 V30° V307 )e ! = V(RO 4+ 97V°f ) ) (2.8)
:(3]{ —2(Vf,VH) + AV f, V) + AT A H + AIR;; + 2RV, f — V,R”
— aA(V6,V6) e,
and from Stokes’ theorem

/8 ; %;( (Rio ViV f) e-f)dA 0,

which is enough to obtain the first part of the theorem. In particular, if both (R53+V2 f(0,0:)—

) ¥
Y05 V;0°V:0°%) [onr and (R, + V2 f(8;, €q)) |onr vanish, then from equation (2.8) the boundary
integrand vanishes. O

In the next result, we establish the evolution equations of the geometric quantities of OM

under modified (RH), flow. For its proof, we shall need the following identity

62]'](8;, 63) = (3«4)” + %gR}-O + ﬁj‘Rﬁo — Vojo + A%Rokoj + Ak}‘Rokoi — Ag}ROO
+ QAMRIACH} — HROng — HAk;Aﬁ]; + Akl.AjC[.Agj- + VORO%Oj" (2.9)

J
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Identity (2.9) has already been observed by Lott [Lot12]. Its proof can be obtained from
Simons [Sim6§| or, alternatively, from Huisken [Hui86]. Indeed, in our notations, Lemma 2.1

in [Hui86] becomes

%2]‘](&- 8@) = (E.A)l] — HA;,;A%- + A};ZA,;[A;JA- — HRO%O}‘ + AMR&O — A%Réﬁ

177 1]
kE pl ki k k k
— ASRL + 2AY Rigis + V3 Ry, — Vol + ViR
Hence, (2.9) follows from the equality V;R;, = §2Rjo — A;:Roo + A%Rj.,;.
Proposition 2.10. If (g(t), ¢(t))icpor) evolves by modified (RH ), flow, then the following

evolution equations hold on OM

%9@5 = —(Lo9)i; — 2(Ry; — a7asV;0°V;07) — 2H A;;, (2.10)
% = Tg4¢ + VoVoo — Lo ¢, (2.11)
%A@. = (AA); — (Lo A);; — APRL. — AFRL: + 2AM Ry — 2H Ay AF
+ AR A A + Vo Ry (2.12)
and
%H = AH — (Vf,VH) + 2A9R;; + AV A H + VoRoo — 20.A(V, V). (2.13)

Proof. We start by substituting V;V; f = @;63]‘%—[{./4;3 (as H+eof = 0) into equation ([2.6.al)
to get

0

5% = 2 + ViVif + HA; — 0745V;0°V;67),

which is equation (2.10)). Likewise, equation (2.11)) is only a restriction on boundary of equa-
tion ([2.6.b)), since V¢ = 0.

9 6= 1310~ (V, V)
= ¢ (80,0 — TEQ™ + (T4 0 0)0,0°0;6°) Dy — (VO V  + eofeo)nls
= APy + 7 (D5 0 )06°0;07Dx s + g™ (5 © 6)306° 000 sls — (V6 V),
= A u s — g(Ve?, ﬁ)% + 9OV (eo, €0)Orlo + 97 (Thg 0 6)D:6° 050054
+ 9" (T)5 0 )80° 00 0rls — (V6 V F)0hl
= T4n0 + VoVod — L ;0.

To prove ([2.12)) we first observe that by ([2.6.al)

1
thj = —<Rz] + V’ijf - Oéfyaﬂvigbangbﬁ)

31



and

1 1
5.415 = Q(V%hﬁo + Vﬁ-h;o — Voh:&-) + éhOOA%j‘
Since V¢ = 0 implies %hgo = Roo + VoV f, the previous equation is rewritten as
a (0% (03
i = ~VilRjo + V3Vof = a%asV;6°Voo”) = V;(Ryg + ViVof = a705V;6" Vo)

+ Vo(R;; + V2(8;,05) — 0705 V;0°V;07) — (Roo + Vo Vo f) Aj;.
Now we will compute some terms of this equation. The first one of them is
V,ViVof = ViViVof — AsVoVof + ALV, f.
Replacing V5V, f = —%;Hg + .A%-%,;f (since H + egf = 0), we obtain

V;V;Vof = —@g@;H + @; (.Akjﬁkf) — A;;Vovof + Aklﬁjﬁkf + H.AkZ.Aj

= —6;6]]‘1 + (§ZAkj)§kf + .Akj%;@kf - A%j-vovof + A%@j@ﬁf
+ HANA,.

L]

The second one of them is

VoV2£(8;,0;) — ViViVof = VoV;Vif — ViVoVif = — Ry VEf — Ry Vo .

17

The third one of them is

V() (’YQQngﬁavigf)ﬁ) = 60 (Vagv;gf)anQsB)) - qu (%9 V(b(v(%ag, 83) — ng X ng(@;, vaoaa)
= 00(VapV;i0°V;0”) = 70s(V6*, V3,0 V30" — V¢ 1as(V’, Vo, 0;)
= Vaﬁviv0¢avj¢ﬁ + 7&5V2¢avjv0¢ﬁ'

By interchanging 0 and j we also obtain
V; (305 Vi0° V00" ) = 15ViV;67Vo6” + 10sV;6° VoV ;0.
All this implies that
9 . . . . .
5 = ViVl — (ViA; = Rogu) V= ARV VL f — ASVLVLf + R H
- VgR}-O — Vij + Vop%- - .Ag}-Roo - HAkl.Ajk

Using Codazzi-Mainardi equation R = 6;./43,;; — @,;Ag; one has

O Ay = ViT;H — (93459 A5 9,7 — ATV, + Ry
— ViR — V; Ry + VoRy; — A Rog — HAR A,
= ViV — (LepA) = ViRjy = ViR + VoRg — i Roo + Ry H
— HAM A,

L]
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From Simons’ identity (2.9) we get

9 . _ _
oA = (BA); — <ﬁ6f«4) - (ViRsy — Vi) — (V3R — Vi Ry) — 2455 Roo
+ AkgROfCO; + ‘Aijofcoi + 2AklR];%Z3 - QHAk;.Aj,; + AMA,;[.A;}
+ VoRy;-
As ViR = %gR}-O — A3 Roo + A’%Rj,; we conclude that
0

N\ kpl k pl ki i
aAﬁ = (A.A);j — ([’%fA>%j - A %Rl%ij‘ — Alem +2A R,jmj —2HA ;Aj“

+ AMA,;ZA;j + VORO%Oj"

Finally, we show equation (2.13]). For it, note that

0H = _hszZj —i—g“5./455

and
ggﬁ(ﬁﬁfA)gi — 2./4%5@;%5]0 = %6]0(9%3./4%3') = <§f, %H)
So,
a o~ o~ %ﬁ ;:A. ~ 7. 7
EH = 2(325- + V;ij + H.AU)AJ + g ((AA>23 - (‘Cﬁf‘A)%j - AfRéclAj
_ AfRﬁcfz + QAI%ZRME- — QHA?A;,; + AE[A,;[.A;; + VOR();();)
— 20.A(V¢, Vo)
= 2AURy; + 2HAT Ay + AH — (giﬁ' (Lo A);; — 2477,V f> — 24N A H
+ AM A H + Vo Rog — 20A(V, Vo)
= AH — <§f, §H> + 2.»4%]3%- + AijAng + VR — 204.;4(6@ ﬁgb)
This finishes the proof. O

As a consequence of Proposition [2.10, we have the following refinement of the formula

obtained in Proposition [2.9]

Corollary 2.11. If (g(t), #(t))ico,r) evolves by modified (RH ), flow, then

d
T =2 /M ( Ric + V2f — aVé @ Vo|* + a(1,,6 — V¢(Vf)|2)e*fdM

0H o~ ., = o~ s 1
+ 2/ (57— (97, 9H) + AV1.91) + 2R, — L VoR — HEy
o ot >

oAV, %)) e dA.

In particular, if both (Ry; + V2 [(8;,8;) — a7asV;0°V;0%) loas and (Ryy + V;Vof)|on vanish,

2]
then the boundary integrand vanishes.
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Proof. From equation (2.13|) of Proposition [2.10, the boundary integrand term of Proposi-
tion 2.9 can be rewritten as
AH — 2<§f, 6]‘.’) + A(%f, %f) + .Aij.A;jH + A%jjo- + 2R02§%f — %gRog
— aA(Ve, Vo)

= aa—]j ~ (V£ VH) + AV, Vf) = AVR;; + 2RV, f — V;R" — Vo Ry
+aA(Ve, Vo).

Contracted Bianchi Identity and the fact that V;R;, = ﬁgR — A3 Roo + AF i1, imply

1 2 A 4 an
5 Vol = V;R" +VoRo = V;R” — HRyo + A7 R;: + Vo Ryo.

The main result of the corollary follows from these two latter equations. If, in addition, both

Ry + V2 £(0:,0;) — a7a5V;0°V;¢” and Ry, + V;Vo f vanish on M, then by Proposition

R
the integrand of M, namely

OH

= — (Vf,VH) + AV, V) +2R"V. f — —VOR HRyo + a AV, V)

vanishes. O

2.2 Hypersurfaces in the (RH), flow background

Before embarking on the proof of our first main theorem, let us put it in context. Let M be
an n-dimensional smooth manifold, and consider an (RH),, flow (g(t), #(t)) in M x I. Given an
(n — 1)-dimensional compact smooth manifold ¥ without boundary, and let {z(-,t);¢t € [0,T)}
be a smooth one-parameter family of immersions of ¥ in M. For each t € [0,7T), set x; = (-, t)
and ¥, for the hypersurface z(2) of (M, g(t)), which we can write as ¥, := (X, 2 g(t)). Suppose
that the family % = {¥;;t € [0,7)} evolves under mean curvature flow, MCF for short,

namely

O alpt) = Hlp.0)elp.),

z(p,0) = wo(p),

where H(p,t) and e(p,t) are the mean curvature and the unit normal of ¥; at the point p € X,
respectively. In this setting, we say that .% is a MCF in the (g(t), ¢(t))—(RH )4 flow background.
In the particular case (g(t),¢(t)) = (g(t), (t)) is a self-similar solution to the (RH), flow on

M with potential function f, a hypersurface ¥, € .F is a mean curvature soliton, if
H(p,t)+e(p,t)f =0 on X.
Here, e( -, t) must be the inward unit normal vector field on ¥;.
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Proposition 2.12. Let (M, g) be an n-dimensional Riemannian manifold, and let ¥ be an
(n — 1)-dimensional compact smooth manifold without boundary. Consider ¥ the MCF of ¥
in the (g(t), p(t)) — (RH)o flow background with the Neumann boundary condition Vo¢ = 0 on

.. Then, the following evolution equations hold on ¥,
0

5% = —2(Ry; — Vs Vi0°V;307) — 2HA;;, (2.14)
%gb = 75,0 + VoV, (2.15)
g; Ay = (BA); — ARRL. — ANRL. 4+ 24N Ry — 2H Ay A, (2.16)
+ AN AL A + Vo Ry,
and
%H — AH 4 24U R;; + ATALH + VoRog — 20A(V6,9). (2.17)

Proof. First, assume ¥, = 0X; with each X; compact. Given an interval [a,b] C [0,7") and the
MCF of ¥ in the (g(t), ¢(t))icjap) — (RH)q flow background with V,¢ = 0 on ¥ = 0X,. We
can find a positive solution u(t) = e~/® for

{‘3§<t>“ =0 i Uy (Xe x {t}),

2.18
eu = Hypu on Ute[a,b}(ath{t})a ( )

by solving it backwards in time from ¢ = b, where D;(t) is defined as in ([2.2). Indeed, choosing
diffeomorphisms 7, : X, — X, we reduce the problem of solving ([2.18]) to a parabolic equation
on a fixed domain. For it, take §(t) = rig(t), (t) = rio(t), f(t) = rif(t) and G(t) = riu(t), it

is straightforward to compute that

% (97‘t . .
{D 0+ (V) agz = 0 o X, x [a,b], (2.19)
et = Hzpnu on 0X, x [a,b]

which is equivalent to (2.18). Now, by using s = b — ¢, we have that (2.19) is equivalent to the

following parabolic equation

{ 2u(s) = Agu— Rzu+alVy ¢|217+<V~u gt> in X, X [a,b],

esu = Hzu on 0X, X [a,b)].

(2.20)

It guarantees the existence of a solution u(t) = e=f® for (2.18). Thus, we can take a one-
parameter family {1 }+cqp) of diffeomorphisms generated by {—V ) f(t)}iefap, With ¥, = 1d

and ¥(X,) = X, for all t. By setting g(t) = vjg(t), o(t) = vjo(t), f(t) = ¥if(t) and
J(t) = ;y(t), we have that §(¢), ¢(t), f(t) and (t) are defined on X,. We claim that

%gzi = (RU + v2f(817 a ) afy/aﬁﬁiaa%jaﬁ% (2 21)
9 .
20 = 1350 (V6, V)
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and
—f——Agf R; +ayv¢y2 (2.22)

in X, X [a,b] with Hfgv—i—eaf: 0 and V,¢ = 0 on 90X, = X. Indeed, to prove ([2.21]), we compute

%gw vi (3259’]) i (E;twtg)ij

=] ( —2(Ry; — a7a6V1¢avj¢B)> — 1y <£(Vg(t)f(t))g> y
_2(§ij + 62}:(81, 8]) — Oé,’?agﬁigfga%jaﬂ).
and

95 =ui(20) +viLy,o

=y (Tgy’7¢> - ¢:£(Vg(t>f(t))¢
= rw(g - <6($, 6f>§

To prove (2.22), we use that Ae ™/ = (|[Vf|* — Af)e~/ and (2.18) to obtain
0~ /0 .
ST =i (5f) + Lyt

ok 2 - 2\ %

= Ui (IVFP = AF = RtalVoP) —wiL(y o f

= 05T — By +al VL
For the boundary condition, it is enough to note that e;u = Hyqyu implies e, f(t) + Hyuy = 0,
and then 0 = ¢ye, f(t) + ¥ Hyp) = = e f(t)+ . Hence, (§(t), ¢(t)) evolves by modified (RH )4

flow in X, x [a,b], thus, we can apply Proposmon “ 0 for the compact manifold X, with

boundary 0.X,, from which we obtain

%sz = %((wi‘)liﬁgﬁ) ((wt) U) = (W)l(%% + (Ejtqpt—lg)%;)
= —2(Rj; — a7 V9" Vj¢ﬁ) — 2H A,

on Y, that is (2.14). Likewise, from (2.11]) one has
0

o ~ ~
550 = W) (550 + Lg10) = 7326+ VoVod,

which is (2.15). Next, equation (2.12]) implies
0

£ 4 = w:)-l(gﬂw (L4 4).)

= (AA);; — ARRL. — ARRL. 1+ 2AMR Ry — 2H A AR+ AM A A

7 kl J° ki
+VOR0205,
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and from ([2.13]) we get
0

a *\—1
EH = (wt) (EHQ + E%zp;ng)

= EH + 2A£jRU + .AZJ.AUH + VoRy — 20&A(§¢, §gf))

For finishing, we observe that the result could be derived from a local calculation on ¥;, hence,

it is also valid without the assumption that >; bounds a compact domain. O

Remark 2.13. We point out that ([2.14) holds regardless of the assumption Vo¢ = 0 on X.

Remark 2.14. If M is the Euclidean space with its standard metric g, g(t) = g and ¢(t) = ¢
is a constant, then Eqs. (2.14])), (2.16]) and (2.17) are the same as in [Hui84, Lem. 3.2, Thm. 3.4

and Cor. 3.5], see also Mantegazza [Manlll Sect. 2.3]. Moreover, we recover Prop. 4 in Gomes
and Hudson [GH23], for ¢ € C*°(M); and Prop. 4 in Lott [Lot12], for ¢ constant.

Theorem 2.15. Let M be an n-dimensional compact smooth manifold with boundary OM,
and let F be the MCF of OM in the (g(t),¢(t)) — (RH ), flow background with the Neumann

boundary condition Vop = 0. If u := e~/ is a solution to the conjugate heat equation
O*u=0 in M x][0,T) (2.23)

with equ = Hu on OM, then
d
Ef;; = 2/ <|Ric + V2if —aVe @ Vo> + alr, ¢ — (V, Vf>|2)e—fdM
M
ot

+ aA(Ve, %)) e dA,

OH ~ o~ ~ o~ ~ 1
+2/ (——2<Vf,VH>+A(Vf,Vf)+2ROZVif—§V0R—HR00
oM

where R is the scalar curvature of (M,g), A is the second fundamental form of OM, and v
denotes the gradient on OM.

Proof. The hypotheses on {OM;; t € [0,T)} and u allow us to use g(t), ¢(t) and f(t) on M as
in the proof of Proposition [2.12, Thus, the result follows immediately from Corollary and
the fact that the identity 5 5

—H;=—H,— (Vf,VH

8t g 8t g <Vf, v >
holds on 9M, for all t € [0,T). O

2.3 Characterization of mean curvature solitons

Let (g(t), ¢(t)) be a self-similar solution to the (RH), flow on an n-dimensional smooth

manifold M, given by

{ () = o) .



for some initial value (g, ¢), where 1, is a smooth one-parameter family of diffeomorphisms of
M generated from the flow of V,f/o(t), for some potential function f € C*(M), and o(t) is
a positive smooth function on t. By taking derivative of g(t) in and as in the proof of
Proposition one has

Ricg(r) + Vi f(t) — aVo(t) @ Vo(t) = —S—13(t).

Solving o'(t)/o(t) = —¢/(T — t) and using conformal theory, we immediately obtain that the
triple (g(t), f(t), ¢(t)) satisfies (2.3.a) (as well (2.3.b])) along the (RH), flow. More precisely,

we have the following result.

Proposition 2.16. Let M be an n-dimensional smooth manifold, and let (g(t), ¢(t)) be a self-
similar solution to the (RH ), flow on M. Then, the following identities hold

s 2—_ 7 7 — =
{ Ricy + V2f —aVg @ Vo 7 (2.25)

Tma = (Vgf,Vgd)g,

for allt, where ¢ = 0 in the steady case (fort € R and g = 1d), ¢ = 1 in the shrinking case (for
t € (—00,T) and r_; =1d), ¢ = 1 in the expanding case (for t € (T, +o0) and Pry = 1d),

besides

O — _
5 = |v§f|§. (2.26)

The function f is still called the potential function.

Now, we will show how to construct a family of mean curvature solitons and establish
a characterization of such a family. For it, let M be an n-dimensional smooth manifold,
and let (g(t),¢(t)) be a self-similar solution to the (RH), flow on M for some initial value
(9, ¢) and with potential function f = 1} f, where {1;} is the smooth one-parameter family of
diffeomorphisms of M generated by Y; = V,f/o(t), with o(t) = k(T —t) and ¥p_, = Id, where
x = 1 in the shrinking case (for t € (—00,T)), kK = —1 in the expanding case (for t € (T, 4+00))
and o(t) = 1 in the steady case (for t € R) with ¢y = Id.

Given an (n—1)-dimensional compact smooth manifold 3 without boundary, let {x(-,t)} be
a smooth one-parameter family of immersions of ¥ in M, where z(-,t) := (-, —t + 2(T — k)),
for k = 1, with ¢t € (2(T — 1),T) and ¥p_; = Id in the shrinking case; and for k = —1,
with t € (T,2(T + 1)) and ¢¥r;; = Id in the expanding case and z(-,t) := ¢(-,—t) in the
steady case, where 1, is a smooth one-parameter family of diffeomorphisms of M generated
from the flow of V,f /(T —t). Note that z(-,7 — k) = ¢(-,T — k) = Id in the shrinking and
expanding cases and z(-,0) = ¥(-,0) = Id in steady case. If 4 := {3,;} evolves by MCF in the

(g,¢) — (RH), flow background on M, then it is a family of mean curvature solitons. Indeed,
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since g(t) = o(t)y;g, we have V,f = a(t)Vg(t)?, and then

ng(p)

Hip) = 3(0) (0.0 c0.1)) = —a(0) (F42

= —3() (vg(t)f(p), e(p, t)) = —e(p,t)f(p),

e(p, t))

it proves our claim. A sufficient condition for ensuring that ¢ is a family of mean curvature
solitons is that the hypersurface ¥ must be f-minimal. Besides, we will see that any family .%#

of mean curvature solitons is given by family ¢ up to reparametrization, as stated below.

Theorem 2.17. If ¥ is an f-minimal hypersurface of (M, g), then 4, as defined above, is a
family of mean curvature solitons in the (g, ) — (RH)q flow background on M. Moreover, any
family F of mean curvature solitons in the (g, ¢) — (RH )4 flow background on M is given by

& up to reparametrization.

Proof. Let 3 be a hypersurface of (M, g) satisfying H+epf = 0 on X, where e is the unit normal
vector field on ¥. Take ¥ = {¥;} the smooth one-parameter family of isometric immersions
of ¥ in M as above, so that eg = /o(t)e(-,t), and then A, = /o (t)Ae. s that implies
H=/c(t)H(-,t). So, H(-,t) +e(-,t)f = 0. Thus,
0 L 0 — g
(572(0) =30 (520 0e(-,0) Jel-8) = =) (Z25 e(- 1) el -,1)

(i)l 1) = —e(- (el 8) = H(-,t)e(- ).

Il
|
Q|
—~
~
N—
S
<
Q|
=
ey

Now, we affirm that if a smooth family of hypersurfaces X; satisfies (%x(p, t),e(p,t)) = H(p, 1),
then it can be everywhere locally reparametrized to a mean curvature flow. Indeed, if %x(p, t) =
H(p,t)e(p,t)+ X (p,t), where X (p,t) € duy(TpX) Vp € X, take {¢;} the smooth one-parameter
family of diffeomorphisms of ¥ generated by Y (p,t) = —[dz;] "' (X (p,t)) and then consider the
reparametrization Z(p,t) = z(p(p),t). By a straightforward computation 3, evolves by MCF

in the (g, ¢) — (RH), flow background on M. Finally, by a simple analysis of this proof, we also

show that any family .% of mean curvature solitons is given by ¢ up to reparametrization. []

Remark 2.18. The previous theorem recovers Thm. 3 in Gomes and Hudson [GH23]|, for
¢ € C®(M); and Prop. 4.3 in Yamamoto [Yam20] in the case of gradient shrinking Ricci

soliton and ¢ constant.

We conclude this section with the proof of Theorem [2.20] We begin by determining how
the area evolves under MCF in an (RH ), flow background.

Lemma 2.19. Let (G(t),d(t)), f and F be as in the statement of Theorem . Then, the

following equation holds on ¥,

d — .
a(dAy) = — (R + HZ — a|V0[2)dA;g.
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Proof. The lemma follows from the well-known formula

i 5 @, o)\ 5y

and equation ([2.14) in Proposition (see also Remark [2.13]).

g = Sing (23, )t

O

Theorem 2.20. Let (M, g) be an n-dimensional Riemannian manifold, and let 3 be an (n—1)-

dimensional compact smooth manifold without boundary. Consider F

the MCF of ¥ in the

(3, ¢)—(RH),, flow background with potential function f. Denote by dAg the (n—1)-dimensional

Riemannian measure on 3 and set Areaz(¥;) : = [,e fdA Under these conditions, the func-

tion ®(t), given by:

(i) R >t~ Areaz(%;) in the steady case,

(ii) (—00,T) >t — [4n(T — t)]~("=1/2 Areaz(;) in the shrinking case, and
(iii) (T,00) 3t~ [Ax(t — T)]~"=D/2 Areaz(%,) in the expanding case,

is non-increasing. Moreover, ®(t) is constant if and only if F

solitons.

Proof. Lemma and a straightforward computation yield

d = =
e TdA, = — / (dthrR + H2 = a|V50l2) e TdAy.
By chain rule 47 =2 Fa 4 G(t) (Vg f, %) that implies

7
i e TdA; = (27 + Hye,f + R + H2 — a|675|3> e TdA;
dt 5, \Ot I T 97lg 7

is a family of mean curvature

First, consider a steady (g(t), ¢(t)) — (RH), flow background. In this case, we can take

traces in the first equation of (2.25)) on ¥, to get

0=, +V,V'F - alVyol2 = R + V'V, F — Hyerf — a|Vy0[2

Then, using ([2.26]), we obtain

d _ N o N _
S e Taa, = —/ (IVa 2 = Bgf + 2Hge ] + HZ)e T
dt hon pon g g

:_/E (19572 + (e = BT + 2Hge T + H2) e A



and Stokes’ theorem. Since the boundary integrand in the right-hand side is nonnegative, we
have immediately the result of the theorem for the steady case.

For the shrinking case, we claim that the function

(=00, T) 5 t s [An(T — £)]-n=112 / e TdA,

P

is non-increasing during the flow. Indeed, as above, we take traces in the first equation of ([2.25))

on X; to obtain

n—1 —
2(T —t)

Then,
%([4#(T—t)]("1)/2 / e*?dAg)
— [4n(T — )] (D2 /

p3M

(IVaF12 + (ecf)? = ByT + 2He ] + HE

n—1

Faoa .1 RN Faa
+—2(T—t))6 dAg + "= [4m(T = 1)) /Zte dA,
N2 =
p3M

This proves the claim, and so the theorem for the shrinking case. Finally, in a similar way, one

proves the expanding case. O

Remark 2.21. For the shrinking case in Theorem we recover Huisken’s monotonicity
formula [Hui90, Thm. 3.1], by taking M = R", g;;(7) = 0y, f(z,7) = |z|?/(47) and é(7) = ¢

constant.

Remark 2.22. We recover Huisken-type monotonicity formulas [MMT13, Prop. 3.1] for hy-
persurface case and [Lot12, Prop. 8 and Rmk. 5] by taking ¢(7) = ¢ constant and by taking
¢ € C°(M,R) recover [GH23, Thm. 3]

2.4 Extension of Hamilton’s differential Harnack expression

Here, we will see as the boundary integrand term of the time-derivative of the functional F5
provides an extension of Hamilton’s differential Harnack expression for mean curvature flow in
Euclidean space to the more general context of mean curvature flow in a (RH), flow.

Let # be a family of mean curvature solitons in the steady (g, ¢) — (RH ), flow background.

Then, the equations
= | =2 = —os < = | =2 = —o= =6
R + V'F(3,0) — 07aV;8'Vsd =0 and Ry + V[ (D, €0) — a7asVid Vo =0
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on X; become
— ~o— ~ —a —f
Ry; + V2 [(0;,0;) + HgAs; — avasVio V6~ =0, (2.28)
and
E%o - ﬁiHE + Akﬁﬁkf - Oé%zﬁvoﬁ_ﬁﬁ§gaa = 0. (2.29)

Example 2.23. For instance, consider M = R”, §(t) = g and ¢(t) = ¢ constant, and let L
be a linear function on R”. Defining f = L +¢|VL|?, we have that f satisfies (2.26). Changing

f to —f, equations (2.28)) and (2.29) then become
%2?(01', 8J) - HA” =0 and ﬁzH + Akzﬁkf = O,
respectively, which appear in [Ham95bl p. 219] as equations for a translating soliton.

Consider a bounded domain 2 with smooth boundary 02 := ¥ in Euclidean space R", and
take a solution u = e~/ to the conjugate heat equation in 2 x [0,7) with egu = Hu on
Y. If F isa MCF in a (g(t), ¢(t)) — (RH), flow background with g(t) Ricci flat and Voo = 0
on X, then the boundary integrand in Theorem becomes

Z(V) + aA(Ve, Vo),

where V = —Vf and Z(V) := 90 4 2V, VH) + A(V,V) is Hamilton’s differential Harnack
expression for the case of MCF in Euclidean space, which vanishes in the particular case .# is
a translating soliton (see [Ham95b, Def. 4.1 and Lem. 3.2]).

The next result suggests an extension Zg‘@ of Z for the more general case of MCF in a (RH ),
flow background, whose characterization of nullity should be on the steady case. For this, we
observe that, if we consider a steady (g(t), ¢(t)) — (RH), flow background on M with potential
function f, and ¥ is a mean curvature soliton at ¢ = 0, then its ensuing mean curvature flow
{¥;} consists of mean curvature solitons, and {¥,} differs from {¢,(X)} by diffeomorphisms.
In Section 2.3] we give a more general description that includes the shrinking and expanding

soliton cases.

Corollary 2.24. Let M be an n-dimensional smooth manifold, and let (g(t), ¢(t)) be a steady
self-similar solution to the (RH), flow on M with potential function f and initial value (g, ¢).
Given an (n — 1)-dimensional compact smooth manifold ¥ without boundary, and let F be

a MCF of ¥ in the steady (g, ¢) — (RH ), flow background which satisfies H 4+ eof = 0 and
Voop =0 on X. Under these conditions, the identity

~ i~ = 1 _ ~ A
Z(=Vyf) + 2RV f — 5 Vol — HyRon + 0A(Vgh, V) = 0

holds for all t € [0,T), where A is the second fundamental form of 3, and V denotes the

gradient on X.
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Proof. If (g(t),¢(t)) is a gradient steady soliton on M x [0,T), then the positive function
u=e'® on Usepory(Xe x {t}) € M x [0,T) satisfies the conjugated heat equation
with egu = Hu and V¢ = 0 on 0Xy = ¥, where the boundary conditions follows from the
assumptions on . To see this, first observe that Agu = (|V5f|2 — Agf)u. Now taking traces

in the first equation of (2.25)) and using (2.26]), we obtain

—u = —u|Vgf2 Agu+ Ryu — a|Vgo|2u.

g

Thus, we can define §(t), ¢(t) and f(t) on X, as in the proof of Proposition [2.12, so that

(9(t), ¢(t)) evolves by modified (RH ), flow on X, x [0, T). Besides, again we use that (g(t), ¢(t))
is a gradient steady soliton and that Vy¢ = 0 on X, to get

(fiw + %2]?(82, 85) — ozvag%;ga%jgﬂ) |g =0 and (]5%0 + 62]?((9;, 60)) |2 =0.

As in the proof of Theorem [2.15] the result of the corollary follows from Corollary and the
identity

0 0 ~ = o
5 Ha = 5,15 = (Vaf. VgHg)g.

This completes the proof. O

Remark 2.25. Suppose M = R", §(t) = g, and ¢(t) = ¢ constant. Let L be a linear function
on R™ and define f = L+t|VL[% Letting V(t) = —Vf, Corollary coincides with [Ham95b),
Lem. 3.2].
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CHAPTER 3

Applications of a Huisken
monotonicity-type formula for MCF in the
(RH), flow background

In this chapter, we prove our fourth main theorem, which is an application of Huisken’s
monotonicity-type formula in the (g(t), ¢(t)) — (RH), flow background. The most appropriate
setting to do this is to consider the normalized family ZF of MCF as follows.

Assume that (M, g) is an n-dimensional Riemannian manifold, and let (g(t), $(t)) be a
shrinking self-similar solution to the (RH), flow on M with potential function f and initial
value (g, ¢). Given an (n — 1)-dimensional compact smooth manifold ¥ without boundary, and

let .# be a MCF of ¥ in the shrinking (g, ¢) — (RH ), flow background.

575:"%03?75

/xt—w\t

> —— M —— M
glit)=—— 9

Write H; = H(p,t), e, = e(p,t) and T5 = v o x4, for simplicity. Setting s = —log(T — t)
and X, = (E,Ezg), we have s € [:logT, oo),% = ﬁ and % =T —t. Since Hy = \/%Hw;g
and e, = \/%ewt*g, we obtain, on X,

o (e (5) &

Js dt ot ds
Vof oy dt
= (# Tt Wt)*ngt) a5
:<ng + Hg)(fS)'
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We call the family 7 := {35 € [~logT,00)} the normalized MCF in (M, g).

Now, we proceed with the proofs of preliminary results, which are formulated in the more
general context of complete Riemannian manifolds with bounded geometry, so that we can work
on compact and complete noncompact Riemannian manifolds by using convergence techniques

that have been presented in Chapter [I}

3.1 Bounded geometry in the (RH), flow background

In what follows, when (g, ¢) is the initial value of a self-similar solution (g(¢), ¢(t)) to the
(RH), flow on a noncompact smooth manifold M, we are assuming that there exist positive
constants C} such that

VIV Vo) <C) on M, (3.1)

for every integer j > 0. Such a condition is natural since it is just necessary on initial condition
of the flow (see estimate (3.4))). The motivation for this additional assumption can be seen in
Miiller’s work [Miil12]. Of course, in the compact case, (3.1)) is trivially satisfied.

In order to apply the Arzeld-Ascoli theorem, we need a type of interior estimate for \6';.,4(%3)]
on Y, € Z as done by Ecker and Huisken for MCF in Euclidean space, by Yamamoto for MCF
in a Ricci flow background, and by Gomes, Hudson and Yamamoto for MCF' in an extended

Ricci soliton background.

Proposition 3.1. Assume that (M, g) is an n-dimensional Riemannian manifold with bounded
geometry, and let (g(t), 6(t)) be a shrinking self-similar solution to the (RH ), flow on M with
potential function f and initial value (g,¢) satisfying . Given an (n — 1)-dimensional
compact smooth manifold ¥ without boundary, and let ¥ be the MCF of 3 in the shrinking
(9,0) — (RH)4 flow background which develops a singularity of type-I1. Consider the associate
normalized MCF F in (M, g). Then, for every integer k > 0 there exist positive constants C,
such that

IVEA(Z,)], < Cy on X x [~log T, 00),
where ﬁg 1s defined from the Levi—Civita connection on is.

Proof. The proof follows a standard approach as in [GHY?24l [Hui90, Mil12, Yam20], which is
by induction on k. First of all, since g = (T' — t)1); g and =5 = 1, o x4, one has

VEAF)lg = (T = )2 2| VE Ay (1), (3.2)
VERm, |, = (T — )2 VERmy, (3.3)
VE(Vo @ V)|, = (T — 1) F2HVE(VE @ Vi) 5, (3.4)

where V, 69, Vg and @5 are defined from the Levi-Civita connection on (M, g), (£,Z%g),

(M,g) and (X, x7g), respectively. Thus, the degree of 65.,45 is 5 + 3k and of VERmy and
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vk (Vo @ Vo) are 1+ k. Also, we write Ag(z;) and Ay(7;) by A and A, respectively, while
Rmg and Rm, by Rm and Rm, respectively.

For tensors 7; and 7y, we write 77 * 75 to mean a tensor formed by a sum of terms each
one of them obtained by contracting some indices of the pair 7; and 73 by using ¢, x*g, in

particular,
|70+ To| < CITH|| s

where C' > 0 is a constant which depends only on the algebraic structure of 77 %75. For a,b € Q,

we consider V, ; the set of all (time-dependent) tensors 7 on M which can be expressed as

T = (VERm - VERm) x (V3" (aVE © VE) -+ % VI (aV @ V) # (Ve Ax
* @?.71) * (i Dx)

with I, J, K,p,ki,...,kr,mq,...,mg,l1,...,0; € N satisfying
I 1 K 1 I 1 J
Z::<1+§k;i)+;<1+§mk>+;(§+§ﬁj):aand;ejgb,

i=1

and we define a vector space V,; as the set of all tensors 7 on M which can be expressed as
T=aTh+ - +a7T forsomereN, ay,...,a, e Rand Ty,..., 7, € V.
The first step for the induction follows from the singularity of type-I assumption (see (1.6)).

For a fixed k > 1, assume that there exist positive constants Cy, C1, ..., Cr_1 such that
\VZ.A\ C;on X x [—logT, o)

for i =0,1,...,k — 1. We consider the evolution equation of |§’;A|2, and finally we will prove
the bound of W’UUQ by parabolic maximum principle. |§§A|2 = (T - t)"“'“\ﬁg.,TUQ from (3.2))
and 2 = (T —t)2,

9 ok 112 _ <k 12 k+2 K12 < k+28Ak—2
5o VAP = =(k + DIVEAP + (T = )2 o [VEAP < (T = ) [VEA!

As used in the proof of [Yam20, Prop. 4.9], there exist tensors E[k] € Va 141, C[K] € Va 1441
and G[k] € V1,1, such that

0

AVEAP = Ag|VEAR - 2 VEHAR + [k « VEA -+ ClK] « Gk,

where Kg is the Laplacian on (Z,x’{g(t)). Setting ﬁg for the Laplacian on (E, f:g), one has
(T — t)ﬁg = ﬁg. Hence
(T = )2 (Ag VEAP — 2| VENAR) = A | VR AP — 2V AP
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Since G[k| € V1,144, there exist r € N, a4,...,a, € Rand G[k|1,...,Glk], € V1, 1;,_, such
2T2% 3t+3k,
that G[k] = >_7_, a;G[k];. Hence, |G[k]| < >, |ai||G[k];|. By definition of Vii1p k-1, cach Glk);
can be expressed as
(V?R_m ook V?R_m) * (ngl(ava Q@ VP) *---* V?K(ava ® Vo)) * (%2171*
cek @?Z) % (% D)

with I, J, K,p, ki,... . kr,mq,...,mg,l1,...,0; €N satisfying
I K J J
1 1 1 1 1 1
14+ =k; 14+ — —+ =/, ) ==+ =k and 0 <k—1.
S (140 + 2 (1 gm) +20 (35) = ghend 20

Hence, by using (3:2), (8:3) and (34),

1

(T = ) MG k)| <C(T — )73 | Vg Ru| - [V R V5 (V6 @ V) -
VIE(Vo @ Vo)||Ve Al Ve Al D f?
=C(vn =1V Rm|- [V Rm|[V™ (V¢ @ V)| - -
[V (Vo @ Vo) ||V Al [V Al
for some constant C' > 0. Here note that |Dz| = y/n — 1. Since (M, g) has bounded geom-
etry and we are assuming (3.1), the derivatives |V Rm | and [V} (V¢ ® V¢)| are bounded.

Furthermore, since ¢; < k — 1, each \ng A| is bounded by assumption of induction. So, there

exists a constant C’ > 0 such that
(T =)= HMglk)| < C"

In the same way, since E[k| € Vs 14, there exist 7" € N, by, ..., by € R and Elkl, ..., Elk]m €
Vi, 14 such that E[K] = 31, €[k
Hence, |E[k]| < Z:/:I |b;] |€]k]i| . By definition of Vi, 1), €ach E[k]; can be expressed as
(VERm - -+ VERm) + (VI (aVe © Vo) * - - % VI (aVh @ Vb)) * (V5 Ax
Ceek @?Z) % (xDz)
with I, J, K,p, ki,...,kr,mq,...,mg,l1,...,0; €N satisfying
I K J J
2<1+%k) +;<1+%mk) +jzl(%+%£j) _g+%k and ]Zléj <k-1.
If max{¢y,...,¢;} < k—1, we can prove that (T — ¢)272*|£[k];| is bounded by same argument
as the case of G[k|;. If max{(y,...,¢,;} =k, one can see that the possible forms of £[k|; are
Ax Ax @g.?l % (D),
Rm * 6571 * (li),
Vé ® Vo * VEAx (¥Dx).
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For each term, we can see by same argument as the case of G[k]; that there exists a constant
C > 0 such that (T — t)5+2*|E[k];| < C|V*A|. Thus, there exists a constant C” > 0 such that

(T — )2 2%|E[K]] < C"(1 + [VFA)).

Since C[k] € Vi, 14 411, there exist 7" € Nyey, ..., € Rand C[k]y,...,Clk]m € Vi 1y 44y such
that C[k] = 37, ¢;C[k];. Hence, one has |C[k]| < 327, |¢i||[C[k];]. By definition of Vs i dnn
each C[k]; can be expressed as
(V?R_m ¥ ook V?R_m) « (VI (aVo @ V@) % - VI (aVe ®@ Vo)) * (65171*
* 62"71) % (*Dz)
with I, J, K, p,ky,...,kr,mq,....,mg,lq,...,0; € N satisfying
! 1 VAR 3 1 d
;(Mr k) —i—Z(l—i—ka) +;<§+§€j> =5 + 5k and ;@ <k+1.
If max{l,...,0;} < k — 1, we can prove that (T — t)22*|C[k];| is bounded by same argument
as the case of G[k|; If max{/¢y,...,¢;} =k, one can see that the possible forms of C[k]; are
Ax A x 6571 * (iD:v),
Rm * 6571 * (iDm),
Vo ® Vo * VEA« (xDx)
and (T — t)572% |C[k];] < C|V*A| as the case of E[k];. If max{ly,...,0;} =k + 1, one can sce
that the possible form of C[k]; is
Tk+17 1, (2
Vs Ax (xDx),
and (T — t)2T2F|C[k];| < C'|V*+LA| for some constant C' > 0. Hence we can see that there
exists a constant C"” > 0 such that
(T — )2 F3%|C[K]| < C"'(1 4 |V*A| + [VFTTA]).
Now, we compute
9\ Sk 412 k+2 9 Sk
= <
JITRAP <(T )20 VA
<A VFAPR = 2]V TAR + C"(1+ VP A VFA]
+C'C" (1 + [VPA| + [VHLA).
Since _‘@k—HA’Q + C/C/,/’€k+1¢4‘ < (C/Cr///)2/47 and then

0 ~ ~ o~ ~
%‘Vk/u? < AglvaP _ ‘VkJrl.A’Q
+ C//|§kA|2 + (C// + C/C///)|§kA| + c'o + (C/C///)2/4.
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By putting C}, := C” + (C" + C'C") + C'C" + (C'C"™)? /4, it result
%W@u? <R [FFAP — [TFAP + To(1 + [T5AP). (3.5)
Hence, immediately
ST AP < B [TEAP + Tul1 4 (T4, (3.6)

Note that inequality (3.5]) also holds for & — 1, that is,

O ~ o~ ~ _ ~
%N’HAF SAYVFTAP — [VFAPR 4+ Cri (14 [VFTAP), (3.7)

for some constant C,_; > 0. Hence by combining inequality (3.6 and (3.7)),
o -~ . N .
%(IV’“AF +2C4 VFTAP) < A (IVFEAP? 4 2C4 VR AP)
+Cp — ChlVFAP +20,Crr (1 + VL A?).(33)

Since,

Cr— Cu|VFEAPR 420,01 (14 [V AP = —Cr([VFAP + 20, VF A%
+ Cu(1 42041 +2(Cy + T ) VT AP)

and |§k*1¢4|2 is bounded by assumption of induction, one can see that there exists a constant

ﬁk > ( such that

a ~ — A~ p— ~ A~ —_ o~ p—
$(|V’“A|2 + 201 VF AP — Ck) < AL (IVFAP? 4 2C1 VR AP — C))

— CL(|VEAP 4 20, VLA = Ty).

So, doing p1 := ePks(|VF A2 4 2C,|VF 1 A2 — ﬁk),

0 ~
%,U/ < Agﬂ-

Since > is compact, p is bounded at initial time s = —log T, for the shrinking case. Then, by
parabolic maximum principle, it follows that p is also bounded on ¥ x [—log T, 00), that is,

there exists a constant Cj, > 0 such that g < Cy on ¥ X [—log T, 00). Finally,
[VFAP? < e=OC, — 204 VF AP + T < Gy,
where Oy, 1= T%+C}, + ﬁk So, we have completed the proof. O

From now on consider S := Ric —aV¢ ® V¢ and its trace S := R — a|V¢|?. Keep in mind

the following lemma.
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Lemma 3.2 (Miiller [Mull2]). Let (g(t), ¢(t)) be a solution to the (RH), flow with a(t) = «

for some positive constant a. Then, S satisfies the following evolution equation

% = AS +2[8)? + 20|7,9]*.

In particular, S is nonnegative along the gradient shrinking soliton to the (RH), flow on M.

Miiller also proved a Hamilton type equation for the (RH ), flow as follows
S, +|VfIP=2\f =C,

for some constant C. For the shrinking case, we can assume (by rescaling of the metric g and

by adding C' to f, if necessary)
Sy +|VfP—f=0.

Thus, if g(t) = o(t)¢;g, where o(t) = T —t, then Syz + [Vysof|> — f = 0, where f = ¢} f, and
by conformal theory, Sy = Syss/0(t) and |V f| = [Vysof|/0(t). So, we obtain

+ f
Sy + IVaf I = =

— =0. (3.8)

The following lemma provides the variation of the weighted Area-type functional with re-
spect to the family Z.

Lemma 3.3. Let (M,g) be an n-dimensional Riemannian manifold, and let (g(t), ¢(t)) be a
shrinking self-similar solution to the (RH), flow on M with potential function f and initial
value (g, ). Given an (n— 1)—dimensional compact smooth manifold ¥ without boundary, and

let F be the MCF of ¥ in the shrinking (g, ¢) — (RH ). flow background. Consider the associate
normalized MCF F in (M, g). Then

d

T e—fofsdAfgg = —/ (Hg(:@) +es(fo fs))Qe_fC’%SdAg;«g, s € [—logT,+0).
b b

Proof. As fowx, = foZ, and 7g = (T — t)Z*g both on X, we have

(4 (T —1))""7 e TdAg = (47) "7 e /P dAs,. (3.9)
—\2 - ~
(T —t) (Hg + e f)” = (Hy(Zs) + e (f o). (3.10)
The lemma follows from equalities (2.27)),(3.9), (3.10) and the chain rule. H

Lemma 3.4. Assume that (M,g) is an n—dimensional Riemannian manifold with bounded
geometry, and let (G(t), d(t)) be a shrinking self-similar solution to the (RH ), flow on M with
potential function f and initial value (g, ¢) satisfying (3.1). Given an (n — 1)—dimensional
compact smooth manifold > without boundary, and let F be the MCF of 3 in the shrinking
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(9,0) — (RH), flow background which develops a singularity of type-I. Consider the associate
normalized MCF F in (M, g). Then, there exists a constant C' > 0 such that

_foz
/e 2% Ay < C
%

uniformly on [—log T, 00).

Nf=n|

Proof. We begin by substituting p; = me up = [An (T —t)]Y/2, h = —2Ricg +2aVo ®

V¢ and V = Hge,; into Prop. 3.2 of [Yam20] to obtain

7 ut xipy dAg

1 N2
_/Eut<Hg+ Eetf> xtptdAg
op
+ / Uy (Agpt + ;t — pth> dA;
b
—|—/ (8; A Ut+ut(2HeSng >(€t,6t)> z7p, dAg.

By using Agf = —S;+ 5 T (take traces in (2.25)), |V f]* = Ti_t — S5 (see (3.8), Sy = 0 and
, we obtain
_ a,ﬁt _ _ S, n P
Ag =S =P\~ < t — ).
P P pt( AT — 1) 4+4(T—t)> "7

Furthermore, since u satisfies

ou; -~ _ h
a—tt — Aguy + 1wy <Hessgf — 5) (e4,e) =0,
we get
ou ~ 1 —  h 1 _
a—tt — Aguy + wy (gHessgf — §> (e4,e0) = —§utHess§f(et, er).

Since Hessgf = ﬁﬁ — Ricg + aVo @ V¢, we obtain

1 — 1 1
—§UtHeSS§f(et, Gt) = Ut <—m §(Rlcg — OéV(Zﬁ X ngﬁ)(et, 6t)) .

It is clear that

(Ric; — aVe ® Vo) (er, er) < |Ricg — aVe @ Vo,

o |Ricy|, + a|Vo @ Vo), o C”
h T—t STt

where C” := max) {|Ric,|y + @|Vo @ V|, } is a constant since (M, g) has bounded geometry
and we are assuming ((3.1). Hence,

d 1 — *_
dt/utxtptdA < mé(Oo—fO$t>utl’tptdAg,

52



where Cp :=n+ 2C". Since s = —log(T — t). Consequently,

a
dS N

n—1

d
2 (T_t)E/EUtmIptdAg

1 _ ~
< - / (CO —f oxs>e’£°xsdAg*g.
4 /s s

e~ o dAz-g = (4)

The lemma follows from the analysis of the sign on the previous inequality. O]

Lemma 3.5. Assume that (M,g) is an n-dimensional Riemannian manifold with bounded
geometry, and let (G(t), d(t)) be a shrinking self-similar solution to the (RH ), flow on M with
the potential function f and initial value (g, ¢) satisfying (3-1). Given an (n—1)—dimensional
compact smooth manifold ¥ without boundary, and let .% be the MCF of X in the shrinking

(9,¢) — (RH), flow background which develops a singularity of type-1. Consider the associate
normalized MCF F in (M, g). Then, there exists a constant C' > 0 such that

d? =
—foXs _
%/26 dAx;«g

uniformly on [—log T, 00).

a4
ds

/ (Hy(@,) + eu(f 0 7)) e P d Az, | < C'
P

Proof. By Lemma we have S + |Vf|? — f = 0 and S > 0 along the shrinking self-similar
solution to the (RH), flow on M. So, 0 < |[Vf|* < f and 0 < S < f. The result of the lemma
follows from Lemma and the same steps as done by Yamamoto in [Yam20]. ]

Now, we show that given a sequence of isometric immersions in Z of an exhaustion on Yoo,
there exists a limiting global solution that converges to o, : Yoo — (M, g) using Arzela—Ascoli
theorem in the context of pointed Riemannian manifolds. For it, we work in a way that allows
a generalization to the more general context of bounded geometry and satisfying . Note

that these hypotheses for the compact case are automatically satisfied.

Proposition 3.6. Let (M, g) be an n-dimensional Riemannian manifold with bounded geom-
etry, and let (g(t),d(t)) be a shrinking self-similar solution to the (RH), flow on M with
potential function f and initial value (g,®) satisfying (3-1). Given an (n — 1)—dimensional
compact smooth manifold ¥ without boundary, and let % be the MCF of ¥ in the shrink-
ing (g,¢) — (RH)y flow background which develops a singularity of type-1. Then, for any in-
creasing sequence {s;}7°, and points {p;};7, in X (assume Remark if M is noncompact),
there exist subsequences s;, and p;, so that the family of immersions map ﬁjk Y = (M, qg)
from pointed manifolds (X,p;,) converges to an immersion map T @ Yoo — (M,g) from

an (n — 1)—dimensional complete pointed Riemannian manifold (Yoo, x5 g, o) in the C'™

Cheeger—Gromov sense.

Proof. Take an increasing sequence {sj};il and points {p; }j’;l in ¥, and denote the Riemann

curvature tensor of each Xy, by Rm(z7 g).
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Firstly, we will show that there exists a subsequence of pointed Riemannian manifolds
{(%, fjjk g, ;. )} which converges to some complete pointed Riemannian manifold (X, fio, Poo)
in the C' Cheeger-Gromov sense. In fact, since (M, g) has bounded geometry, there are positive

constants D, and n such that
|IVPRmy| < D, < oo and inj(M,g) >n>0 (3.11)

for every integer p > 0. Besides, since assumption (3.1)) holds, then by Proposition there

are positive constants C), (which does not depend on s;), such that
VLA, < G (3.12)

Thus, we are able to apply Theorem [L.13| which guarantees the existence of a positive constant

6 = 6(Co, Do, n, n) such that the injectivity radius of each (X, 7 g) satisfies
inj(Z,ijg) >0>0.

From (3.11)), (3.12)), the Gauss equation and its iterated derivatives, we can see that there exist

positive constants 510 (which also do not depend on s;), such that
VPR, 0)] < G, < o0,

for every integer p > 0. Then, by Theorem , there exists a subsequence {(Z,%:jk 9,P.)}
which converges to some complete pointed Riemannian manifold (X, hoo, Poo), i.€, there exist
an exhaustion {Uj, }32, of ¥ with z,, € U;, and diffeomorphisms ¥, : U, — ¥, (U;,) C ¥
with Uj, (pso) = pj, such that W5 (’a?;‘jkg) converges in C* to h., uniformly on compact sets in
Yoo

Secondly, we will use the standard diagonal argument to construct an immersion map ., :
Yo — (M,g). For this, we assume that there is a Nash isometric embedding © : (M, g) —
(R4, g ) in some higher dimensional Euclidean space such that, for each integer j > 0, the norm
IVIA(©)| < Dy, for some constants D; > 0, where A(O) is the second fundamental form of ©.

By setting,

Ty, =00 '%Sjk oW, U; — (RY, gt)

Take a sequence of radii Ry < Ry < -+ — 00, and consider balls B; := Bj__ (Poo, Ri) C Yoo.

First of all, we work on B;. Since U, is an exhaustion, there exists k; such that B, CcU i, for
all k > k;. Hence we have a sequence of C*-maps 7,, = 0o, oWy, : (Uj D)B; — (R? gs)
restricted on B; for all k > k;.

(0): C%-estimate. First, we derive a C%-bound for Z,, . If M is compact, then the image ©(M)

is a compact set in R? and contained in some ball
Bgst(07éo) = {y S Rd | |y’gst < éO}
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with radius Cp. Since each image Zs,, (Bi) is contained in ©(M), we have

gst < CO on Bl .

|Zs,,
It is clear that the constant Cyy does not depend on ji.

Remark 3.7. At this point of the proof we are assuming that the sequence {7, (p;,)} and the
norms |V§A(@)| are uniformly bounded in M, which are true in the compact case. Note that

we will need to prove or assume these facts for the noncompact case.

If M is noncompact, we need some additional argument to get a C°-bound. Since
|‘/Z‘:jkgSt - h00|hoo |\Iljk(x g) Oo|hoo — O
uniformly on By, for a given e > 0 there exists k| (> k;) such that on B
%3, st = hoolne, <€ for k= k1,
and from Proposition this implies that

Jst V1+€dhoo(pooap)< V1+6R1

‘fsjk (pOO) - -Tsjk( )

for all p € By and k > k}. Furthermore, by assumption for the noncompact case, {isjk (pi) 1o
is a bounded sequence in M. Hence % (Poo) = (O 0 ffsjk)(pjk) is also a bounded sequence in

9o < C). Hence we have

o SCLHVIFeR =

R?, that is, there exists a constant C such that |Z,, (poo)

|Zs,
for k > k}. It is clear that Cy does not depend on k. Hence, we get a C°-bound.

(1): C'-estimate. Next, we consider a C''-bound for Is; . One can see that Vi, 2, = Dz, .

. —_ . — % d . . . . . 1
Since T, (B, T3, gst) — (R% gs) is an isometric immersion, we have a C'*-bound

z3; 95t Ot =vn—-1=

|Vgst’f5jk ﬂf;‘jkgst@)gst = |D‘f5jk

(2): C*-estimate. Next, we derive a C?-bound for Z, . Let V be the connection on (&PT*%)®

R? (p > 0) over B; induced by metric Ty, 9st and g Note that V = V,, for p=0. Since
Vi, =Dz, , we have

Vz,, = AZ,,).
where A(jsjk) is the second fundamental form of the isometric immersion Is;, = Oo Esjk oV, :

(Bbjj:jkgst) — (Rd,gst). Ideed,

~

szs]-k ((ijk)*Xa (ffsg-k) Y)= @ [V$SJ ]((78”6)*)/)
( ) ) (szjk ((xsjk >*Y)) - @jsjk (@(jsjk)*x(‘fsjk )*Y)
= Az sjk)(( SJk)*X’ (isjk)*Y), VXY € TB;.
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The claim follows from the Gauss equation. Hence, by using the composition rule for the second

fundamental forms of immersions, we have

Vv? s;, (X,Y) .A(fsjk)(X, Y)
:A(@)((%/S]k © \Iljk)*X7 ('%/Sjk © \Ijjk)*y) + O, (‘A(gsjk)(\ll]k*X \Ijjk*Y))
for any tangent vectors X and Y on M. By using the notion of x-product, this identity is
written as

2

V2, = A(©) * (x D(T,, oV,)) + AT, ) * DO * (x DV;,). (3.13)

Since |D(§8jk oW;) 7, sy = |DW;, 72, 87, g = VI~ 1 and |DO)|,g,., = v/n, we have

V2z,,

i‘:jkgst(@gst < Cé|A<@)|9®gst + Cg|A(§51k>

w:jk 9®g

for some constants é’é and C’é’ which do not depend on j;. Furthermore, by assumptions, we
have |A(©)|y04., < Do and |A(Ts,, )

vt 989 S < Dy. Hence we have a C?-bound

\V2Z,,

Tk

i:jkgst®gst g CéDO —|— CélDO = 02
It is clear that ég does not depend on j.

(p): CP-estimate. By differentiating 1 , we can get a CP-bound. We only observe a C3-
bound. Note that for any tangent vectors X and Y on M we have

(vfzjkgst(@gD(gsjk © \IljkD(Xﬂ Y) - A<fsg’k © \Iljk)(Xv Y) - A( )(\I;]k*X \I[Jk*y>
By using the notion of x-product, this identity is written as
~ ~ 2
V@jkgst@gD(ijk © \I]jk) = A(xsg'k) * (* D\I/jk)'
Furthermore, note that Vg, DO = A(0) and Va: ez, DVi = 0. Hence we have
2
V3g;5]k =V 20 A(O) * (% D(fvsj-k o Wj,))
- - 2
+2A(0) * D(z,,; o Vi) * AT, ) * (x DV,
+ VE;J. g®g-’4(%s]-k) * DO x (i D\ij)
k
+A@.,) * A©)  (+ DT,).

By assumptions, the norms of all tensors that appear in the above inequality are bounded.

Hence we have a C3-bound

~

Voz,,

jsJ gst®gst — 05
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for some constant Cs which does not depend on k. For higher derivatives, one can prove that

there exists a constant C'p > 0 which does not depend on k such that

IVPZ,,

TE. gst®gst S CP’
Tk

by induction.

In the above argument, we have proved that there exist constants C’p (p = 0) which do not
depend on k such that |@pjsjk 73, g Bgn < é'p. Thus, one can prove that there exist constants
C, (p = 0) which do not depend on k such that

|vp£3jk ’hoo®gst < Cp'

Now, by a standard argument as the Arzela—Ascoli theorem (see Theorem , there exists a
smooth map Ty o : B, — (R?, gg) such that the sequence of immersions T, B, — (R, gg)
converges t0 Ty o : B1 — (R%, gs) up to subsequence. Since all images Ts,, (B;) are contained
in ©(M), the image 71 o(B;) is also contained in ©(M). Furthermore Z; o, : By — (R, g)
has the property that

-
$1,mgst = hooa

since |77 o gst — oo oo < |77 000t —E;‘jk Gstlno + |fjjk gst — hoo|n,, and the right hand side converges
to 0 as k — oo on B;. Thus, especially, 71 o, : B; — (R%, gy) is an immersion map.

Next, for the subsequence of Ts;, which converges to 7, we work on B,. Then all the
above arguments also work on B, and we can show that there exists a smooth immersion
map To. @ By — O(M) C R? with T3 sofst = Noo and T oo = T1,00 ON B; and the sequence
of immersions Ty, By — (Rd,gst) converges to Tp o : By — (Rd7gst) up to subsequence.
By iterating this construction and the diagonal argument, finally we get a smooth immersion
map Too @ Yoo — O(M) C (RY, gyt) with Z7 gss = heo and the sequence of immersions Ty,
Yoo — (RY, gt) converges to To @ Yoo — (R, gt) up to subsequence, and the map defined by
Too := O 10T : U — (M, g) is the required one satisfying the properties in the statement. [

3.2 The compact case

Now, we are in a position to prove the fourth main theorem of this thesis.

Theorem 3.8. Assume that (M, g) is an n-dimensional compact Riemannian manifold, and let
(9(t), 6(t)) be a shrinking self-similar solution to the (RH), flow on M with potential function
f and initial value (g,$). Given an (n — 1)—dimensional compact smooth manifold . without

boundary, and let F be the MCF of ¥ in the shrinking (g, ¢) — (RH)s flow background which
develops a singularity of type-1. Consider the associate normalized MCF ZF in (M, g). Then, for
any increasing sequence {sj};il and points {pj};il in X, there exist subsequences s;, and pj, in

X, such that the family of immersion maps Ts;, : 3 — (M, g) from pointed manifolds (¥, p;, )
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converges to an immersion map T, : oo — (M, g) from an (n — 1)—dimensional complete
pointed Riemannian manifold (Yo, x5 g, Poo) in the C Cheeger—Gromov sense. Furthermore,

(Yoo, T5.9) 18 a foo-minimal hypersurface of (M, g), where foo = f 0 Zoo-

Proof. Take an increasing sequence {s; }]Oil and a sequence of points {p;}52, in . From Propo-
sition , there exist subsequences s;, and p;, so that the family of immersions map Esjk :
Y. — (M, g) from pointed manifolds (X, p;, ) converges to an immersion map o : Yoo — (M, g)
from an (n — 1)—dimensional complete pointed Riemannian manifold (X, 2%, g, ps) in the C>
Cheeger—Gromov sense.

Next, we will prove that Y., is a fo-hypersurface of (M, g), where fo, = f o xy. We
denote isjk by Ty for short. Then, there exist an exhaustion {Ug}32; of ¥ with ps € Uy
and a sequence of diffeomorphisms Wy : Uy, — Vi := Vi (Uy) C ¥ with Uy(ps) = pj, such
that U (7rg) converges in C* to 7% g uniformly on compact sets in ¥, and furthermore the
sequence of maps Ty o Uy : Uy — (M, g) converges in Cy t0 Too @ Yoo — (M, g) uniformly
on compact sets in Y. Let K C X, be any compact set. So, for any compact set K C X
there exists kg such that K C Uy, for all k > kq. Since xp o ¥y : U, — (M, g) converges to
Too © Yoo — (M, g) in C* uniformly on K. One has,

/K [H(Ts, 0 W) + e, (f 0 (Tg, 0 U))P e PO R AdAG, qu, )
R / (H(zo) + oo foo)? e =d Ay,
K
as k — oo, and
/K [H(Ts, 0 W) + e f (To, 0 Up)* e 7T dA G, oy
B / [H(T,,) + e(f 0Ty, )] e/ d A,
U(K) '
< /2 [H(zs,) +er(fo %’Sk)]2 e_fOESdeg;kg.
Hence, it is enough to prove the following:
/E[H('a?sk) +er(fo 'fsk)}ze’f‘ﬁsdeg;kg — 0 (3.14)

as k — oo. We will argue by contradiction. Assume that there exist a constant 6 > 0 and a

subsequence {¢} C {k} with ¢ — oo such that
[ G + et f 0T P Pz, > 6
2

Then

)

[ + (7 0B iz, > 5
%
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for s € [sp, s+ 2%,], where we used Lemma and C’ is the constant appeared in that lemma.

Hence,
/ /[H(fs) +es(fo 55)]26_f°%5dA5§gd3 = 0.
—logT JX
On the other hand, by monotonicity formula in Lemma 3.3

d

L eI Ay, = — / [H(T,) + es(f o Z,)PPe T d Az, 0.
ds Js ° % )

/ e 1" d Az,
. :

is monotone decreasing and nonnegative. Therefore, it converges to some value

Thus, the weighted volume

o = lim e‘fomsdAg:g < 00,
§—00
b

and then we obtain the following contradiction:

by

/ /[H(fs) +es(fo fs)]%_fogsdAg;g =—a+ / e_fOE“dAgzg < 00,
—logT J%

where a := —logT', which proves (3.14]). So, the proof of the theorem is complete. n

3.3 The noncompact case

In this section, we address the case of complete noncompact Riemannian manifolds (M, g)
with some additional uniformity conditions. We begin with a brief discussion on the reduced
distance along the (RH), flow (see [Miill2, Sect. 8]), initially defined by Perelman into the
Ricci flow setting (see [Per02, Sect. 7]).

Let (g(t), (t)) be a shrinking self-similar solution of the (RH), flow in M x [0, T). For any
smooth curve v : [t1,t5] = M with 0 < t; < ty < T, consider the L-length of v by

L(y) = /t 2 Vi —t(Sg + |37 dt,

where || is the norm of 4(t) measured by g and Sz = Ry — a,|V@[2. For a fixed point (g2, t2)
in the space-time M x [0,7), Miiller defined the reduced distance

s M X [0,t5) — R

based at (go,t2) by

L
s (g1 1) = SN 13f£(fy),

where the infimum is taken over all smooth curve ~y : [t1, t5] — M with v(¢;) = ¢; and y(t2) = go.
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In what follows, we assume that there exists a Nash isometric embedding © : (M,g) —
(R%, gt) in some higher-dimensional Euclidean space, such that, for every integer j > 0, the

second fundamental form A(©) of © satisfies
VIA©) < D (3.15)

for some constants D; > 0. We observe that, under this assumption, (M, g) must have bounded

geometry by Gauss equation (and its iterated derivatives) and Thm. 2.1 of [CYQT].

Theorem 3.9. Assume that (M, g) is an n-dimensional complete noncompact Riemannian
manifold, and let (g(t), ¢(t)) be a shrinking self-similar solution to the RH, flow on M with
potential function f and initial value (g,¢) satisfying and ([3.15). Given an (n — 1)-
dimensional compact smooth manifold ¥ without boundary, and let F be the MCF of ¥ in
the shrinking (g, ) — ( H), flow background which develops a singularity of type-1. Consider
the normalized MCF F in (M, g). In addition, assume that there exists a point gy € ¥ such
that the reduced distance Uy, 40+ converges pointwise to f (ast — T) on M x [0,T). Then,
for any increasing sequence {sj} there exists a subsequence s;, such that the family of im-
mersion maps xsjk . X — (M,g) from pointed manifold (E,qo) converges to an immersion
Map Teo © e — (M, g) from an (n — 1)—dimensional complete pointed Riemannian manifold
(Yoo, T2 9, Goo) in the C°° Cheeger—Gromov sense. Furthermore, (X0, 25, g) is an foo—minimal

hypersurface of (M, g), where foo = f 0 Zeo.

Proof. As we had already mentioned in the proof of Proposition it is enough to show that

{75;(q0)}32, is a bounded sequence in M, since the remainder of the proof is the same as in
We start by taking ¢1, t, with 0 <t <ty < T, and {z4(qo) }+eft, ) as a curve joining x, (qo)
and zy,(qo). Thus,
2
) dt
= Vs — (S + H2)d
2\/152 —t / o)t

Theorem B.8
l < ‘/ Sy Oz
xt5(qo),t2 <xt1 (qo)vtl) X 2m + 6
Since % develops a singularity of type-I, we have (T — 75)H§2 is bounded. Moreover, bounded
geometry assumption and the fact that (T" —t)S; = S, imply Sz + H§2 < % for some positive

constant C' which does not depend on ¢. Hence,

éxtQ(QO) 12 (xtl (QO) tl)
/ \/@— C SR SR/
oY RNl MV, e Y
By assumption £, (4 converges pointwise to f (as t — 1) on M x [0,T") and by taking the
limit as t, — 7', we have f(zy,(q0),t1) < C. As f(x,(q),t) = f(z:(q0)) = f(Ts(qo)), one has
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f(s(q0)) < C for all s € [—logT,00). Thm. 5.1 in Wang [Wanl6] ensures that there exist

positive constants C7 and C5 such that

1@—@?<f<

1 (7’ + 02)2

=

on M, where r(q) = dy(qo, q) is the distance function from any fixed point ¢y € M. Then
dy(qo, Ts(q0)) < 2VC + O,

which means that {7, (qo)}32, is bounded in (M, g) and the proof is complete. O
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