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Resumo

N6s calculamos o anel de cohomologia dos espagos produtos projetivos quaternionicos HP; =
S4m+3 o x §4 3 /83 Usando cdlculos similares dos anéis de cohomologia do espaco produto
projetivo, devido a Davis, e dos espagos lens produto e espagos produtos projetivos complexos, devi-
dos a Gonzilez e Velasco, provamos um teorema de Bourgin—Yang para aplicacdes f: 71+ x ... x
§2+1 5 R™ com acdo de Z, e, para cada grupo G = Z»,Z, S I'e §3, provamos teoremas de Borsuk—
Ulam parametrizados para aplicagdes G-equivariantes de fibrados f: E — E’, onde F — E — B é um
fibrado com ag¢do de G, E/ — B ¢ um fibrado vetorial com ac¢do de G, e F é um produto de esferas.
Expandindo as técnicas usadas nas provas, provamos um teorema de Borsuk—Ulam parametrizado
geral, para fibrados arbitrdrios com acao de um grupo G arbitrario. Usamos esse teorema geral para

obter diversos teoremas de Borsuk—Ulam parametrizados e de Bourgin—Yang.

Palavras-chave: espacos produto projetivos, aplicacao equivariante, dimensdo cohomoldgica, teore-

mas do tipo Borsuk—Ulam.
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Abstract

We compute the cohomology ring for the quaternionic projective product spaces HP; = $4173 x
coox SAt3 / $3. Using similar computations by Davis for the cohomology ring for the projective
product spaces, and by Gonzalez and Velasco for the lens product spaces and complex projective
product spaces, we prove a Bourgin—Yang Theorem for maps f: S?1F! x ... x §2%+1 5 R™ with
action of Z, and, for each group G = ZZ,Z,,,SI and S°, we prove a parametrized Borsuk—-Ulam
theorem for G-equivariant bundle maps f: E — E’ where F — E — B is fiber bundle with action
of G, E' — B is a vector bundle with action of G, and F is a product of spheres. Expanding on the
techniques used in the proofs, we prove a general parametrized Borsuk—Ulam Theorem, for arbitrary
fiber bundles with action of an arbitrary group G. We use this general theorem to obtain several

parametrized Borsuk—Ulam and Bourgin—Yang Theorems.

Keywords: projective product spaces, equivariant map, cohomological dimension, Borsuk—Ulam

type theorems.
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X UY: union of sets;
X NY: intersection of sets;
X \Y: set difference {x € X |[x ¢ Y};
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Cp: complexification of the vector bundle p: E — B.
p b q: whitney sum of the bundles p and g;
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Introduction

When standing on a long straight road, despite the sides of the road being parallel lines, perspec-
tive gives us the illusion of these lines meeting at the horizon. This illusion is studied by projective
geometry and can be modeled, after some abstraction, by the projetive plane, which consists of the
sphere with its opposite points “glued together”. It turns out this space has topological properties that
make it interesting by itself, which has motivated mathematicians to study and generalize it to settings
beyond the original problem it modeled.

Immediately, we can consider higher dimensional spheres to get projective spaces of higher di-
mensions. Also, the gluing of opposite points can be described as the orbit space of a Z, = {—1,1}
action on the sphere, called antipodal action. This opens the way to consider Z,, S !"and $3 actions
on the sphere, which gives us the lens, complex projective and quaternionic projective spaces respec-
tively.

In 2010, Davis [5] considered products of spheres and generalized the projective spaces to the
projective product spaces S™ x --- x 8" /7, where the action is the diagonal action for the antipo-
dal action, that is, the action given by —1(xy,...,x,) = (—x1,...,—x,). He studied this spaces and
computed their cohomology rings. After Davis, in 2014, Gonzalez and Velasco [10] computed the co-
homology rings for the lens product spaces S?"*! x ... x §2n+1/ Z,, and complex projective product
spaces SZM T x ... x §2utl /gl

A natural continuation would be to consider the quaternionic projective product spaces S¥173 x
..o x §4+3 /§3 We started the work on this thesis with the initial goal of studying these spaces. We
computed their cohoomlogy rings and present it in Chapter 2]

Knowing the cohomology ring for a space opens the way for many applications. An interesting
one is that of Borsuk—Ulam theorems. The original Borsuk—Ulam theorem states that for a map
f: 8" — R" there is a x € §” such that f(x) = f(—x). This was extended by C. T. Yang [20] and
D. G. Bourgin [3]] to a theorem that considers any involution 7" on the sphere and also estimates the
dimension of the space Zy = {x € " | f(x) = (T (x))}.

In 2015, de Mattos, Pergher, dos Santos and Singh [[13]] used Davis’ computation of the cohomol-
ogy ring for projective product spaces to prove a version of this theorem for maps from a product of
spheres with diagonal Z, action. In Chapter 3] using the cohomology ring of the lens product spaces
computed by Gonzdlez and Velasco, we prove a similar result, for a Z, action on a product os spheres.

We were not able to continue extending this to S' and S> actions, as the method we use in the proof

1



2 Contents

relies on the group being finite. There is, however, another type of Borsuk—Ulam theorem for which
we did not encounter the same difficulty.

In 1988, Dold proved a parametrized Borsuk—Ulam Theorem, a version of the Borsuk—Ulam
Theorem that considered Z,-equivariant bundle maps, from the total of a sphere bundle to the total
space of a vector bundle and, instead of a coincidence point set, considered the zero set of this map.
This is very different from the original Borsuk—Ulam Theorem, but can still produce it as a particular
case if we consider the base space to be a single point and take the map to be given by f(x) =
g(x) — g(—x) for a continuous function g. Many versions of this theorem exist, changing Z, to some
compact Lie group G and the vector bundle to a fiber bundle F — E — B. For example, de Mattos,
Pergher, dos Santos and Singh [13] considered bundles with fiber FF = §™ x --- x §’" and diagonal
action of Z,.

In Chapter 4] we proved a few theorems similar to this. In the first section, we proved versions
considering actions of Z,, S1 and S3. We were also able to obtain a better estimate for the Z, case.
When improving the proofs, we ended up making them less dependent on the cohomology of the
spaces involved. This enabled us to prove a more general version of this theorem, which we present
in the second section of Chapter 4] that applies to an arbitrary fiber bundle. We then obtain the
parametrized Borsuk—Ulam theorems we already mentioned as particular cases of this more general
result, together with some new ones.

The results in Chapters [2| and [3| as well as Section were submitted as a paper, which we
hope will be published soon. We also plan to submit the more general results in the later sections of
Chapter [] as another paper.

We assume the reader is familiar with homology, cohomology and homotopy groups, and is com-
fortable with all the prerequisites for those, including groups, rings, vector spaces, general topology,
etc. In particular, assume that the reader knows Cech cohomology.

We will also use a lot of fiber bundles and group actions. As a quick introduction to them, we

have Chapter [I] which acts as a preliminaries chapter for this thesis.



CHAPTER 1

Group Actions and Bundles

The purpose of this chapter is to give a quick presentation on group actions and bundles, which

are used in all of the later chapters.

1.1 Group Actions

Definition 1.1. A left group action, or simply an action, of a topological group G on a topological

space X isamap a: G x X — X, where we denote ot (g,x) = gx, such that:

e ex—=ux, forallx € X,

* g1(gox) = (g182)x, forall x € X, g1,82 € G.

A left G-space, or simply G-space, is a topological space together with a left group action of G
on it.

Similarly, a right group action is a map o : X x G — X such that xe = x and (xg;)g> = x(g1g2) for
every x € X and g1, g2 € G. A right G-space is a topological space together with a right group action
of G on it.

The maps L,: X — X, x — gx, are called left translations. We will denote them simply by g if

convenient. Right translations are defined similarly.

The left translations L, are homeomorphisms, with inverse Lgfl. Because of this, actions are
sometimes defined to be a group homomorphism G — Homeo(X ), which in our case would be g — L,
and the map G x X — X can be determined from that.

The morphisms for G-spaces are defined as one would expect.

Definition 1.2. A map f: X — Y between G-spaces X and Y is G-equivariant, or a G-map, if

f(gx) = gf(x)

forany g € Gand x € X.
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Definition 1.3. Let G be a topological group with neutral element e and X be a G-space.

* We say the action of G on X is effective, or that X is an effective G-space if L, =idy = g=e
or, equivalently, if the kernel of g — L, is {e}. This means that, if g # e, there is some x € X
such that gx # x.

* We say the action of G on X is free, or that X is a free G-space if, for any g € G with g # e and
x € X we have gx # x.

* If A C X, we say that A is G-invariant if ga € A forevery g € Gand a € A.
* Denote Free(X) = {x € X | gx #x for all g # ¢} and Fix(X) = {x € X | gx = x for some g # e}.

The set Free(X) = X \ Fix(X) is precisely the subset of X where the action of G is free. The set
Fix(X), on the other hand, is the set of points of X that are fixed by some element g # 1. Such points
are sometimes called fixed points of the action, but this term is more commonly used to describe
points that are fixed by all elements of G. For this reason, we will avoid calling them fixed points.

Since the relation x ~ gx is an equivalence relation on X, it makes sense to give the correspondent

quotient space a name.

Definition 1.4. Let G be a topological group and X a G-space. Then the quotient X/ ~ of the equiv-
alence relation x ~ gx is called orbit space of X and denoted X /G, or X if the group is clear from

context. The elements [x] € X /G are called orbits through x.

Notice that G-equivariant maps X — Y induce maps X — Y. The X /G notation is standard in the
literature, while X isn’t, and can mean very different things in different texts. It is, however, a bit
shorter and more convenient, and we will use it a lot.

For any space X, denote cohom dim(X) = max{n € ZU {eo} | H"(X) # 0} (we leave the coef-
ficient ring and cohomology theory being used to be determined by context). Since quotients make
spaces “smaller”, one could expect that cohom dim(X /G) < cohom dim(X). This is not true in gen-
eral. For example, for the action of Z on R given by sum, R/Z ~ S', but cohom dim(S') = 1 and
cohom dim(R) = 0. This can’t happen for compact groups. As a consequence of [[16, Proposi-

tion A.11], we have:

Theorem 1.5. For any space X with action of a compact group G,
cohom dim(X /G) < cohom dim(X).

Exemple 1.6. Denote by RP" the projective space S" /Z, by L,(n) the lens space L,(n) = S*"*1 /7,
by CP" the complex projective space S+ /S I and by HP" the quaternionic projective space S*+3 / S3,
n < oo and p an odd prime. The action in each case is given by real, complex or quaternionic multipli-

cation in each coordinate, and regarding Z, = {—1,1}, Z, C C as roots of the unity, S 'cc,$?cH,
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st c R+l g2+l o ontl g4 3 « H ! We will say these are the canonical actions of the respective
groups on spheres.

The cohomology rings are given by

H*(RP"Zy) ~ Zs[s]/ (s, with dim(s) = 1,
H*(Ly(n);Z,) ~ Z,[5,s]/ (%, s" 1), with dim(s) =2 and dim(§) =1,
H*(CP";R) ~ R]s]/(s"*!), with dim(s) =2,
H*(HP™;R) ~ R[s]/(s""1), with dim(s) =4,
if n < ooand
H*(RP”;Zy) ~ Zs]s], with dim(s) =1,
H*(Ly(0);Z,) ~ Z,[5,s]/ (%), with dim(s) =2 and dim($) =1,
H*(CP”;R) ~ R]s], with dim(s) =2,
H*(HP”;R) ~R][s], with dim(s) =4,

otherwise.

Definition 1.7. Let X|,...,X, be spaces with action of a group G. The diagonal action of G on
X| X --+ x X, is the action given by g(x,...,x,) = (gx1,...,gx,). When considering this action, we
say that G acts diagonally on Xj,...,X,.

For two spaces X and Y with action of G, we denote by X x Y the orbit space X x Y /G, where
G acts diagonally.

Proposition 1.8. Let X be a path connected space with Z, action, for some integer p > 2. Then there

is a Zp-equivariant map st X.

Proof. LetZ,=1{0,1,...,p—1}and S' =R/(x ~ x+kp), x € R, k € Z. In this setting, the canonical
S! multiplication becomes ¢ +s and, in particular, the Z p-action on § Vis givenby z+t,z€ Z p,SES L

Choose xp € X and let a: [0, 1] — X be a path with o(0) = xp, (1) = 1xg. Then s — zot(s —z),
if s € [z,z+ 1], z € Z), is the desired Z,-equivariant map S! — X. It is continuous by the gluing
lemma, and for any z,w € Z,, s € S!. with s € [w,w+ 1], we have that z+s € [z+w,z+w+ 1] and
z+s—= (z+wa(z+s—(z+w)) =z(wa(s—w)). O

Proposition 1.9. Let X be a space with S action and 7, (X) = 0. Then there is a S'-equivariant map
3= X.
Proof. First, we write S3 in a convenient way. The map

[0,1] x ST x §1

~

5 (h,x,y) — (hxy, (/1 —h?)x)



6 Chapter 1. Group Actions and Bundles

where the equivalence relation ~ is given by (1,x,y) ~ (1,Ax,y/A) and (0,x,y) ~ (0,x,1) for every

x,y,A € S', is an homeomorphism with inverse given by

1= 2
(Z,W)'—> |Z|7 d 9 ’Z’ £ 1fz7é0andw7é0
V1—]z[? 2w

(z,0) = (1,z,1)
(0,w) — (0,w, 1),

with z,w € C.

This homeomorphism can be made into a S'-equivariant homeomorphism by defining the action

A(t,x,y) = (t,Ax,y).
Let xo € X be any point. Then there is an homotopy H : [0,1] x S' — X from the loop z + zxo, z €

S!, to the constant loop, and the map (z,z,w) + zH (t,w) is the desired equivariant map S° — X. [
Analogously, we have the following:

Proposition 1.10. Let X be a space with S* action and m3(X) = 0. Then there is a S°-equivariant
map S” — X.
Proof. First, we write S’ in a convenient way. The map

[0,1] x §3 x §3

Y

-~ 53 (h,x,y) — (hxy,(\/1—h?)x)

where the equivalence relation ~ is given by (1,x,y) ~ (1,Ax,y/A) and (0,x,y) ~ (0,x, 1) for every

x,y,A € 83, is an homeomorphism with inverse given by

/1T— -2
(z,w) = | 2, ? ) 7z ifz#0Oand w# 0
VI-[Z2 lzow

(z,0) = (1,2,1)
(0,w) — (0,w, 1).

with z,w € H.

This homeomorphism can be made into a S*-equivariant homeomorphism by defining the action
A(t,x,y) = (t,Ax,y).

Let xo € X be any point. Then there is an homotopy H: [0, 1] x S' — X from the map z > zx, 7 €

3, to the constant map, and the map (¢,z,w) +— zH (¢, w) is the desired equivariant map §7 — X. [

1.2 Bundles

In this section, we state the most general and boring definition for a bundle. The bundles we are

actually interested in are fibrations and fiber bundles, which we present in the next couple of sections.
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Definition 1.11. A bundle over B, or simply a bundle, is just another name for a map p: E — B, or
the triple & = (p,E,B). The space E is called total space, B is called base space and for each b € B,
F, = p~'(b) C E is called fiber over b.

This definition helps in introducing the standard terminology, but we usually want bundles to have
more structure. This will be provided by the bundles presented in the upcoming sections. As usual,

accompanying this definition there is a definition for morphisms.

Definition 1.12. Let p: E — Band g: E' — B’ be bundles, f: E — E’ and f: B — B be maps. If the
square

E-—L,F

ol e

B%B’.

commutes we say that (f, f): p — q is a bundle morphism, a bundle map or a fiber preserving map
(since the commutativity is equivalent to f(F) C Ff(b) for every b € B).

We say that f is a bundle isomorphism if there is a bundle map (g,g): g — p such that fog =idgr,
gof =idg, fog =idg and go f = idp. If a bundle isomorphism p — g exist, we say that p and g are

isomorphic.

We may omit f if clear from context, saying simply that f is a bundle morphism, a bundle map
or a fiber preserving map. Specifying the map f is usually not needed since it is uniquely determined
by f when p and g are surjective, which is the case for most bundles we will deal with. In particular,

when f is the identity and the square can be seem as the triangle

E—1 L p

N

Be careful not to assume that isomorphic bundles can be taken as if being “the same”, as we will
introduce bundles with some structure that might not be preserved under an generic bundle isomor-

phism, and may need a more specialized definition of isomorphism.

Definition 1.13. A section for a bundle p: E — B is a map s: B — E such that pos = idg. Notice

that s(B) determines the section s. We will also refer to s(B) as a section.

1.3 Fibrations

Fibrations are bundles with the very useful “homotopy lifting property”.
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Definition 1.14. A fibration is a map p: E — B such that, for any homotopy h;: W — B from any
space W and map g: W — E such that pog = hg there exists a homotopy g;: W — E such that
pog,=h, foranyt € [0,1] and go = g.

When working only with CW-complexes, manifolds, or some other category, fibrations are often
defined to have this property only for maps p: W — B where W is an object in the respective category.
We may use these weaker versions of the definition, and leave it to context to determine which version
we are using.

Any two fibers F, and F;, of a fibration over a path connected base space B have the same homotopy
type, so we will refer to a space F having the homotopy type of these fibers as the fiber of the fibration.

The homotopy equivalence is constructed as follows: take & to be a path from a to b. Then
the map F, x I — B given by (e,t) — a(t) lifts to a map H: F, x I — E from which we define the
homotopy equivalence o : F, — Fj, by o (x) = H(x,1). If we consider only loops, the association
o — O turns out to be a homomorphism. We state it below as a proposition, see [6, Theorem 6.12]

for a complete proof.

Proposition 1.15. Let p: E — B be a fibration with B path connected. Then for any a,b € B and path
Q from a to B, the map Q., described above, is a homotopy equivalence.
Futhermore, the homotopy class of .. depends only on the homotopy class of o relative to a and

b, so there is a well defined map

{paths from a to b}/ ~,, 0.1} = {homotopy equivalences F, — F,}/ ~,

(o] = [(a™ )]
In particular, the map

71 (B;b) — {homotopy equivalences F, — Fp}/ ~,

(o] = [(a™ )],
is a group homomorphism for any b € B.
We also have a definition for fibrations for pairs of spaces.

Definition 1.16. Let p: E — B be a fibration. If E’ C E is such that the restriction p|g: E' — B is
also a fibration, we say that p: (E,E") — B is a relative fibration. In this case, the fibers of elements
b € B are pairs (Fy, F}) where F, = p| .} (b).

Again, a pair (F,F’) which have the homotopy type of any fiber (F},F}) is called the fiber of p.
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Fibrations can be very useful to compute cohomology. Knowing the cohomology of the base

space and the fiber can give us the cohomology of the total space.

Theorem 1.17 (Leray—Hirsch). Let (F,F’) EN (E,E") 25 (B) be a relative fibration. If H"(F,F') is an
finitely generated free R-module for each n € Z and there is a collection {c;} C H*(E,E’) for which
{i*(cj)} is a R-basis of H*(F,F'), then
L: H*(B)® H*(F,F") — H*(E,E')
w®ix(cj) — p*(b)c;
is an isomorphism of R-modules. Therefore, H*(E,E') is a free graded H*(B)-module with basis
{cj}-

For a proof, see [7, Theorem 17.8.4]. Notice that this does not give the multiplication structure
of H*(E,E’), but in some sense, it almost does. For any two elements p*(b)c;, p*(b')cy € H*(E,E’),
we have (p*(b)c;)(p*(b')ck) = £p*(bb')(cjck). Therefore, if the multiplication between elements
of the collection {c;} can be computed by some other mean, we will have a complete description of
H*(E,E’) as a graded algebra.

1.4 Fiber Bundles

We start with a definition that is a bit weaker then fiber bundles.

Definition 1.18. A locally trivial bundle is a bundle p: E — B for which there is covering {U;} of B,
a space F and a family of homeomorphisms {@;: U; x F — p (U i)} such that the diagram

UjxF o, p L(U))

Uj

commutes for each j. For each b € B, we have F;, ~ F, so F is called the fiber of p. Each homeomor-

phism @;: U; x F — p~1(U;) is called a chart over U;.
Adding a few hypothesis, we get the definition we want.

Definition 1.19. Let G be a topological group. A locally trivial bundle p: E — B with fiber F is a
fiber bundle with structure group G if G acts effectively on F and, for any two charts @, ¢’ over U,
there is a map 0: U — G such that

¢ (u,x) = @(u, 0 (u)x)

for every u € U and x € F. The map 0 is called a transition function for @, ¢’.
A fiber bundle with fiber F' may also be called an F bundle.
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Exemple 1.20. For any spaces F and B, the projection p: F X B — B is a fiber bundle, called trivial

bundle. The charts are identity maps and the structure group is the trivial group.

Again, we have a definition for pairs. This one requires a bit of care, since we need to make sure

the charts still work when restricted.

Proposition 1.21. Let p: E — B be a fiber bundle with structure group G and F' C F be an G-
invariant subset of F. Denote E' =J g chart overv (U X F') C E. Then p|g:: E' — B is a fiber bundle
with fiber F'.

Definition 1.22. Let p: E — B be a fiber bundle with structure group G, F’ C F be an G-invariant
subset of F and E' = U chart over v (U X F') C E. Then we say that p: (E,E') — Bis a relative fiber
bundle, or a fiber bundle pair with fiber (F,F’) and structure group G.

Later, when dealing with parametrized Borsuk—Ulam theorems, we will study fiber bundles for
which there are actions of some group on the total space E. It is desirable that this action respects the

fiber bundle structure.

Definition 1.23. By an action of a group H on a fiber bundle F — E 2, B, we mean actions of H on
E and F such that the collection of charts can be taken so that, for any chart ¢: F x U — p~!(U) and
any b € U C B, the map @,: F — p~1({b}), x = @(x,b) is H-equivariant.

By an action of H on a fiber bundle pair (F,Fy) — (E,Ey) — B we mean an action of H on the
fiber bundle F — E — B such that Fy is H-invariant. In particular, this induces a action of H on the
fiber bundle Fy — Ey — B.

Notice that x € Free(F) <= @p(x) € Free(E), so the charts can be restricted to homeomorphisms
Free(F)xU — (7r|Free(E))*1 (U), so (F,Free(F)) — (E,Free(E)) — B is also an fiber bundle pair with
action of G.

A fiber bundle will usually also be a fibration (see [6, Corollary 6.9]).

Proposition 1.24. If p: E — B is a fiber bundle and B is paracompact, then p is a fibration.

1.5 G-principal Bundles, Universal Bundles and
Classifying Spaces

Here is a particular kind of fiber bundle that will be very important.

Definition 1.25. A G-principal bundle is a fiber bundle for which both the structure group and the
fiber are G. The action of G on the fiber G is the product of the group G.

Every G-principal bundle is a projection of a G-space on it’s orbit space.
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Proposition 1.26. Let p: E — B be a G-principal bundle. Then, there is a free action of G on E for
which B~ E/G.

The action in the proposition is given by

ge=0(¢; ' (e), 205 (e))

for every g € Gand e € E, where ¢: U x G — p~'(U) is a chart with e € p~1(U) and gofl, (Pfl are
the coordinate maps of @ ~!. This action is independent of the choice of charts ¢. For a complete
proof, see [6, Proposition 4.4]. We will always assume the total space of a G-principal bundle is a
G-space with this action.

With some restrictions, the converse is true (see [4, Theorem I1.5.8, pg 88]).

Theorem 1.27. If X is a completely regular free G-space, and G is a compact Lie group, then X —
X /G is a G-principal bundle.

Paracompact Hausdorff spaces are completely regular (see [15, Theorem 41.1]), so the theorem
applies to them.

Here is a good way of building new fiber bundles from G-principal bundles (see [2, subsec-
tion IV.1.3]).

Proposition 1.28. Let X and Y be spaces with action of G such that Y — Y is a G-principal bundle.
Then, the projection p: X xY — Y induces a fiber bundle p: X xgY — Y with fiber X and structural
group G.

This can be proven by defining the charts by [x,y] — ((¢);'(y)~'x,[y]), where ¢: G x U —
p~'(U) is a chart for p and (@), " is the first coordinate map.

For any topological group G, there is a G-principal bundle Eg — B such that, for any other G-
principal bundle E — B, there is a G-equivariant map g: £ — Eg. The spaces Eg and Bg are unique
up to G-homotopy equivalence, and the G-equivariant bundle map g: E — Eg, together with the map
g: B — B¢ induced in the base spaces, is unique up to G-homotopy (see [7, Section 14.4]).

Definition 1.29. The bundle Eg — Bg is called universal G-principal bundle, Bg is called the classi-
fying space for G and g is called the classifying map for E — B.
For a paracompact Hausdorff space X with action of a compact Lie group G, we denote the

classifying map for X — X /G by gx.
Here are some important universal bundles.

Theorem 1.30. For G =7, Z), S Vand S, the universal G-principal bundles can be given by S —
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RP*, 8% — L,(c0), S — CP* and S* — HP* respectively. Therefore, we have

H*(By,;Z2) ~ Z]s], with dim(s) =

H*(Bz,;Zp) =~ Z,[5,5]/ (5), with dim(s) = 2 and dim($) =1,
H*(Bg1) ~R[s], with dim(s) = 2,
H*(Bg) ~ R[s], with dim(s) = 4.

For the products G =7, 7, (S Y and (S?)", for some positive integer r, the universal G-principal
bundles can be given by (S)" — (RP*)", (§°)" — (Ly(e0))", (§°)" — (CP*)" and (§°)" — (HP*)"

respectively. Therefore, by the Kiinneth Formula we have

H*(B(z,);22) = Zals1, - -5, with dim(sy) =

H*(B(z,); Zp) ~ Zp[§1,s1,...,5,,sr]/<§%>, with dim(sg) = 2 and dim(s;) = 1,
H*(B(Sl)r) ~ R[s1,...,8], with dim(sg) = 2,
H*(B(s3yr) = R[s1,...,5], with dim(s;) = 4,

for1 <k<r.

1.6 Vector Bundles

Here is another kind of fiber bundle that will be very important.

Definition 1.31. Let K be a field and n a positive integer. A n-dimensional K-vector bundle is a fiber
bundle p: E — B with fiber K" and structure group GL,(K). It’s called a complex or quaternionic
vector bundle if K = R, K = C or K = H respectively and simply a vector bundle if K = R.

Definition 1.32. A vector bundle map is a bundle map p — g between vector bundles which restricts
to (vector space) isomorphisms in the fibers.
A vector bundle map that is also a bundle isomorphism is called a vector bundle isomorphism. If

there is a vector bundle isomorphism p — ¢, we write p ~ q.

Definition 1.33. The zero section of a vector bundle p: E — B is the set consisting of the zeroes of
each fiber and will usually be denoted by 0. We denote Ey = E \ 0 and Fy = F \ {0}.
A section s: B — E of p is non-vanishing if s(b) # 0 for all b € B.

Standard constructions for vector spaces can be applied to the fibers to produce new vector bun-
dles. Here we present direct sum and direct product, but this is possible for other constructions as

well (see, for exemple, |7, Section 14.5]).

Definition 1.34. Let p: E — B and g: E — B be vector bundles. Let E' and E” be the disjoint
union of F, ® F, and F, ® F}, respectively, b € B. Then, the obvious projections p © ¢: E' — B and
p®q: E" — B are called whitney sum and tensor product of p and q respectively.
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Topologize E’ and E” so that the functions

(p®q) ' (U)—=Ux (FaF), (p®q) '(U) > Ux (FRF),
o '(bx) oy (by) = (bx®y) o ' bx)@y 1 (by)— (b,x®Y)

are continuous, for ¢ and y charts for p and g respectively, and choose these functions as charts for
p@gand pRgq.
We may write p@p =2p, pQp=p>, p&p®p=3p, p@p®p = p> and s0 on.

Definition 1.35. The complexification of a real vector bundle p: E — B is the tensor product Cp =
p®q where g: B x C — B is the trivial bundle. This can be regarded as a complex vector bundle with
complex multiplication in each fiber given by Ax®z =x® (Az), for any A € C and x® z in some fiber
F, @ C of Cp.

Isomorphisms for these constructions in vector spaces can also yield vector bundle isomorphisms.

Proposition 1.36. For K-vector bundles p: E — B, q: E' — Band r: E" — B, there are vector bundle

isomorphisms
cr@(p®q) ~(rop)o(rag)
* (peg)@r~(par)®(qer),
* pRk~p~k®p,

where k: B X K — B is the trivial bundle.
In particular, if p is a real vector bundle, there is a vector bundle isomorphism Cp ~ p?, where

Cp is regarded as a real vector bundle.






CHAPTER 2

Projective Product Spaces

2.1 Introduction and Preliminaries

In this chapter, we will discuss the projective product spaces, introduced by Davis in [5]], and its
lens, complex and quaternionic versions. The main theorem for this chapter is the computation for
the cohomology ring of the quaternionic projective product spaces.

Forn = (ny,...,n,), n; < --- < n,, the projective product space, denoted RP;, is the space S"! X
-+ x 8" /7, the lens product space, denoted L, (71), is the space S +1 x ... x §2%+1 /7, the complex
projective product space, denoted CPy, is the space S?1+! x .. x §2+1/S1 and the quaternionic
projective product space, denoted HP;, is the space S#1+3 x ... x §#+3 /§3 where the action in each
case is the diagonal action for the cannonical action on each sphere. The cohomology ring for the

projective product spaces where computed by Davis:

Theorem 2.1 ([5, Theorem 2.1]). If n| < ny or ny is odd,

Loluuy, -+ uy]

* ) . ~ s U2, ’

H* (RFy:Zs) ~ (Wt 2y

where dim(u) = 1 and dim(uy) = ny, 2 <k <r. If ny is even, withn; = --- = ny, we have that
ZZ[”7”27 e 7”)’]

H*(]Rpﬁ; Zz) ~

(u”l“,u,%, — u'l”uk/,u]%> '
where dim(u) = 1 and dim(u) = ng, 2 <k’ <r and ¥ +1 <k <r.

Later, using similar methods, Gonzdlez and Velasco computed the cohomology ring for the lens

and complex projective product spaces

Theorem 2.2 ([10, Theorem 1] and [10, Theorem 2]).

Lplit,u,uy, ... uyl
<l/~[2,un1+l,ui> )

Rlu,uy, ... u]
<un1+1’uz> ’

H*(Ly(n);Zp) ~

15
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where dim(ii) = 1, dim(u) = 2 and dim(ug) =2n+1, 2 <k <r.

Our goal is to complete the trilogy by computing the cohomology ring for the quaternionic pro-
jective product spaces. We use a different method from that on the proofs of Davis and Gonzélez
and Velasco. We will need the following exact sequences(see [ 1, Corollary 4.1.19] and [1, Theorem
6.3.4]):

Theorem 2.3. For any fibration F — E — B, there is an exact sequence
oo = m(F) = m(E) = m(B) > m_(F) — -+

Theorem 2.4. For any fibration F L> E 25 B such that F is r-connected and B is s-connected, r > 0,

s > 1, there is an exact sequence

HB) 25 HOE) S HO(F) & H'(B) — -
_>HV+S(F) A>Hr+s+l(B) P_>Hr+s+l(E) i)HH_S_H(F).

2.2 The cohomology ring of the quaternionic projective prod-
uct space

Theorem 2.5. There is an R-algebra isomorphism

Rlu,uy, ... u,l

H* (HP;) = ,
( I’l) <un1+17u]%>

where dim(u) = 4 and dim(uy) = 4ng + 3, for each k € {2,...,r}.

Proof. We prove this by induction on r. Case r = 1 is immediate. Suppose the theorem holds for
r=n—1and denote 71t = (ny,...,n,_1), Sm = S¥1H3 x ... x §hr1+3,

By [4, Theorem 5.8], $> — Sz — HPy is a S3-principal bundle. By [2, Chapter IV, 1.3], the
projection Sy x §**3 — Sz induces a fiber bundle p: Sy x 3 S* 3 — HP;; with fiber %73 and
structure group S°. Denote the inclusion of the fiber by i: S¥» 3 — S x 3 §4+3 - Notice that
Siz X g3 S 3 = HP,.

Since H Py is paracompact (see [4, Theorem I1.1.2, pg 88] and [|14, Corollary 1)), 3 = Sz — HP5

is also a fibration and there is an exact sequence (see [[1, Corollary 4.1.19])
oo (8 = (Sp) — m (HPy) — mo(S3) — - -

Since m(S?) = 0 and 71 (S7) = 0, we have 7 (HP;;) = 0, so HP;; is simply connected.
Then, since $* 13 is (4n, + 2)-connected, there is a exact sequence (see [1, Theorem 6.3.4])

*

HO(HPR) 25 HOHP,) — HO(SY+3) & 1 (HPy) 2> -

AU H4nr+2(54nr+3) A> HA 3 (HPy) Q HAn 3 (HP;) — JAnet3 (S4n,+3).
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There is a right inverse ¢: HPyz — HP; for p, given by [cy,...,¢c,—1] — [c1,...,¢r—1,¢r—1], Wwhere
we consider ¢,_; € $*3 by the inclusion. Then ¢* is a left inverse for p* and we have that p* is
injective. The exactness of the sequence gives us Im(A) = ker(p*) = 0 so ker(A) = H¥($**+3), and
the restriction HX(HP;) — H*(S**3) is surjective, for each k € {0, ...,4n, +3}.

Let u, € H*(HP;) be such that i*(u,) is the generator of H*"*+3(§4»+3) Then, by the Leray—
Hirsch Theorem, H*(HP;) is a free H*(HPy)-module with basis {1,u,}, and there is an R-module
isomorphism

Rlu,uy, ... uy— ]
<unl+1’u%>

Rlu,uy, ... u,l
<unl+1’u]2<'>

H*(HP,) = H* (HPy) @ H* (§*3) = ® Aluy] ~

Notice cohom dim(HP;) = 4ny + (4ny +3) + -+ + (4n, +3). It remains to prove that u? = 0.
The inclusion j: §%7F3 <y §4+3 x 5 §4+3 can be factored as S¥+3 4 Siz X g3 S¥H3 = HP; EiN
§HmF3 x 3§43 Then H*(S41F3 x 3 $4H3) ~ R[x] /(x" 1) ® Alx,] as R-modules, where x; is such
that j(x,) is the generator of H¥»+3($%+3) . Since cohom dim(S§*"173 x i3 S¥+3) = dn) + dn, + 3,

we have that x> = 0. We can take u, = j'(x,) so that u?> = j/(x2) = j/(0) =0. O






CHAPTER 3

Bourgin—Yang Theorems for a product of
spheres

3.1 Introduction and Preliminaries

In 1955, C. T. Yang [20] and D. G. Bourgin [3|] proved, independently, the following version of

the Borsuk—Ulam Theorem, which gives a minimum “size” for the coincidence point set:

Theorem 3.1. Let T be a free involution on S", f: §" — R™ be any continuous function and Ay =
{xe §"| f(x) = f(T(x))} be the coincidence point set. If n > m, then

cohom dim(Ay¢) > n—m.

Since then, similar theorems have been proven, replacing the sphere and the involution by some
other space and a free action of some group. For instance, de Mattos, Pergher, dos Santos and Singh

proved the following version:

Theorem 3.2 ([13, Theorem 1.4]). Let Z;, act by diagonal antipodal action on M = §™ x --- x 8™,
where ny < --- <n,. Let f: M — R™ be a continuous set and Ay = {x e M | f(x) = f(—x)} be the

coincidence point set. If ny > m, then
cohom dim(A ) > dim(M) — m.

The goal of this chapter is to use Gonzales and Velasco’s computation of the cohomology groups
of the lens product spaces to prove Theorem [3.9] which is an original result, similar to the previous
theorem, but considers a Z,, action on a product of spheres.

In the proof of the main theorem of this chapter, we will need Alexander’s duality, the Euler class

and some lemmas.

Definition 3.3. A Thom class for a fiber bundle pair p: (E,E’) — B, with fiber (F,F’) such that
H*(F,F’) is an one dimensional free R-module, is an element u € H*(E,E’) which is mapped to the
basis of the H*(F, Fy) by the restrictions to each fiber.

19
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An Euler class for p, denoted e(p), is an element p*(u) € H*(B), where u is a Thom class for p.
For a vector bundle p: E — B, we also say that a Thom class and Euler class for the fiber bundle

pair p: (E,Ep) — B is a Thom class and Euler class for p (as a vector bundle) respectively.

Euler classes exist for any bundle when taking Z, coefficients. For Z coefficients, it exists for
“orientable” bundles. Discussion on what this means won’t be needed for our purposes though, as the
following properties will help us determine the Euler classes of the bundles we will work with (see
[12, Section 17.7 and 17.8]).

Proposition 3.4. Let p: E — B and q: E' — B’ be vector bundles with Euler classes e(p) and e(q)

respectively. Then,
* for any vector bundle map f: q — p, f*(e(p)) is an Euler class for q,
 if B= B, the cup product e(p)e(q) is an Euler class for p & q,
* the Euler class of any vector bundle with a non-vanishing section is zero.

Definition 3.5. For a ring R and a finite group G, the group ring R[G] is the direct sum @,cGR. The
elements of the group ring are regarded as formal sums ) . r,g, and it is made into a ring by defining
the distributive multiplication suggested by this notation. The augmentation ideal Ig(G) of the group
ring R[G] is the kernel of the homomorphism R[G] — R, ¥ rigi — Y. r;.

We will need the following lemmas, which can be found in [19, Lemma 1.1] and [17, Lema 4.1.2]

respectively.

Lemma 3.6. Let M be a topological manifold, G a finite group acting freely on M, f: M — R
a continuous map and assume R™ to be a ring with multiplication given by multiplication of the
coordinates. Then Ay # 0 if, and only if, the vector bundle Ey: M X G Irn(G) — M does not have a

non-vanishing section.

Lemma 3.7. The vector bundle N : EZ, X7z, Ic(Zy) — BZ), has Euler class ep(1) = (—1)sP~1 €
H*~2(BZ,;Z,), where H*(BZ; Z,,) = 7[5,/ (%) with dim(5) = 1 and dim(s) = 2.

Finally, the following is Alexander’s duality, which can be found, among other references, in [11}
Theorem 27.5]).

Theorem 3.8. Let X be an R-oriented, compact, n-dimensional manifold, A C X closed. Then, for all

q € Z, there is an isomorphism

HY(A) = Hy_y(X, X\ A).
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3.2 A Bourgin-Yang Theorem for diagonal actions of Z, on a
product of spheres

Theorem 3.9. Consider cohomology with Z,, coefficients. Let Z, act as complex multiplication on
each S?*1 1 <i <r, and consider the diagonal action on Sy = S+ x ... x S22+ where ny <
- < ny. Let f: Sz = R" be a continuous map and Ay = {x € Sy | f(x) = f(gx),Vg € Z,} be the
coincidence point set. If 2n; +1 > m(p — 1) then

cohom dim(A ) > dim(Sy) —m(p —1).

Proof. Consider singular cohomology with Z, coefficients, and denote Cech cohomology by H. As-
sume R™ and C™ to be rings with multiplication given by multiplication of the coordinates.

There is a commutative diagram

Sﬁ XZ,,IR'”(ZP) E— EZP XZp IRm(Zp>

ol

L,(7) " BZ,

where S; = S71+1 x ... x §2F1 Notice CE 2 n @ --- @1 = mn by mapping

[x. Y (0,...,0,y:,0,...,0)z@w] — [x,(0,...,0,} (wy:)z,0,...,0)].

Then, by Lemma

and, therefore,

for some a € Z,, such that a® = (—1)".
By Theorem [2.2] we have

H*(Ly(7)) = Zpli, u,ua, . .. ,uy] /(i u™ )

where dim (i) = 1, dim(u) = 2 and dim(uy) = 2n; 4+ 1, 2 < k < r. Then, since m(p —1)/2 < n;, we
have
ep(8s,) = g5 (ep(8)) = g5-(as"P™V/?) = agg (s)" P~V = P~V 2 0.
From Proposition &g, does not have a non-vanishing section and from Lemma we have
that Af #0.

Since Ay is Z, invariant, S7\ A 7 1s also Zj, invariant, and there is a exact sequence of the pair
(Lp(7),Su\Ay):

s H'(Ly(7),Sa\Ay) —% HM(Ly(R)) —2s HO(Sy\Ay) —— -
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Let f': Sz \Af — R™ and c§§ﬁ: Si Xz, Irn(Zp) — Sz '\ Ay be the restrictions. Since Ay = 0, there
is an non-vanishing section for &; by Lemma and e, (& ) = 0 by Proposition
Therefore, f(e,(Es,)) = ep(Es ) = 0 and e, (&s,) € ker(B) = Im(a), so there is an element

we BV (L, (7). 5\ Ay)

such that (i) = e,(&s,), which is not zero because e,,(&;,) is not zero.

Since Z,, is a field, the universal coefficient theorem gives us an isomorphism

hom(Hyy (1) (Lp(R), 52\ Af), Zp) = H™P~D (L, (1), Sz \ Af) # 0,

SO Hyy(p—1)(Lp(7), Sz \ Ay) is not trivial and there is a non zero element

fLe Hm(p—l)(LP(ﬁ)wgn \Af)

By Alexander duality, we have 4™ (1) =m(P=1) (A ) £ 0, so cohom dim(A ) > dim Sz —m(p—1).
Since Z,, is a finite group, we have cohom dim(A ) > cohom dim(Af) > dim(Sz) —m(p—1). O



CHAPTER 4

Parametrized Borsuk—-Ulam Theorems

4.1 Introduction and Preliminaries

Throughout this chapter, all spaces are considered to be paracompact Hausdorff. In 1988, Dold
proved the following version of the Borsuk—Ulam Theorem, which considers sphere bundles, equiv-
ariant bundle maps and zero sets instead of coincidence sets. For the sphere bundle, Dold considers
the bundle SE — B where SE denotes the set of unit vectors of the total space E of a vector bundle,

assuming it has a norm.

Theorem 4.1 ([9, Corollary 1.5]). Let E — B and E' — B be vector bundles of dimension m and
n respectively, over a space B, f: SE — E' a fiber preserving map such that f(—x) = —f(x), and
7= {x € E| f(x) =0},
If m > n then
cohom dim(Zy) > cohom dim(B) +m —n —1.

This is known as a parametrized Borsuk—Ulam Theorem. It produces the Bourgin—Yang Theorem
for a continuous map g: " — R”", if we take B to be a single point and define f(x) = g(x) — g(—x).
Just like the Bourgin—Yang Theorem, there are many versions of this theorem, replacing the sphere
bundle SE — B by a fiber bundle FF — E — B with free action of some compact Lie group G.

In Dold’s proof, he uses the fact that the restriction H*(SE) — H*(S") is surjective to use the

Leray—Hirsch Theorem. This is not true for the restriction H*(E) — H*(F') in a general fiber bundle,

so this bundle is often also required to admit cohomlogy extension of the fiber.

Definition 4.2. A fibration F — E — B admits cohomology extension of the fiber if the restriction
H*(E) — H*(F) has a left inverse.

In the proofs of the theorems in Section #.2] as well as in the beginning of Section #.4] we will

see bundles in which cohomology extension of the fiber arise naturally.

23
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In 2015, de Mattos, Pergher, dos Santos and Singh proved the following version of the parametri-

zed Borsuk—Ulam Theorem:

Theorem 4.3 ([[13, Theorem 1.3]). Let E — B be a §™ x --- x §" bundle, withny < --- < n,. Suppose
that E — B is equipped with a fiber preserving free Zy-action such that the induced action on each
fiber is equivalent to the diagonal antipodal action, and that the quotient bundle E — B admits a
cohomology extension of the fiber with respect to Z. Let E' — B be a m-dimensional vector bundle
with fiber preserving Zo-action which is free outside of the zero section 0. Let f: E — E’' be a fiber
preserving Z-equivariant map, and Zy = {x € E | f(x) = 0}. If ny > m, then

cohom dim(Zs) > cohom dim(B) + (n; —m).

We started working on this chapter with the goal to prove parametrized Borsuk—Ulam Theorems
similar to this, but with Z,, § "and §3 actions. We ended up finding an improvement to the proof that
allowed us to get a better estimate then the theorem above. This improvement also made the proof
less dependent on the cohomology of the orbit spaces of the fibers, which then allowed us to prove a
more general theorem, for arbitrary fiber bundles F — E — B.

In Section {.2] of this chapter, we prove the theorems for the cases where the group acting on the
product of spheres is Z5,Z,,S Lor §3, as in our original goal. Then, in Section we prove the more
general version of the theorem. Finally, in Section[4.4] we obtain the results of the first section again,
as a consequence of the more general theorem, as well as some others parametrized Borsuk—Ulam

and Bourgin—Yang theorems.

4.2 Parametrized Borsuk—Ulam Theorems for diagonal actions
on a product of spheres

To prove the theorems in this section and the next, we will need to use a consequence of the
continuity property of Cech cohomology. For more details about Cech cohomology, see [18]).

We start with the case Z,.

Theorem 4.4. Consider cohomology with 7 coefficients. Let E — B be a Sz = 8™ X --- x 8" bundle,
1 <ny <np <--- <y, with free, fiber preserving, action of Zy on E that induces, on each fiber
the diagonal antipodal action. Let E' — B be a m-vector bundle with free, fiber preserving, action
of 7, on E' that induces, on each fiber, the antipodal action. Let f: E — E' be a fiber preserving
Zn-equivariant map, and Zy = F~1(0), where 0 is the zero section. If the quotient bundle E — B

admits cohomology extension of the fiber and ny > m, then

cohom dim(Z;) > cohom dim(B) + <Z nr> —m
k=1
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Proof. Consider cohomology with Z; coefficients. Notice that the fiber of the quotient bundle
E’\ 0 — B is the projective space R"\ {0} ~ RP™"~!, which has cohomology

H*(RP™ 1) ~ Zs[v]/ (V™).

Since the inclusion RP"™~! — E’\ 0 is Z,-equivariant, the classifying map SR {0} RP"1 Bz,
— 8gho

can be factored as RP"~! < E’\ 0 SCAIN Byz,.

Since Bz, = RP*,

H*(Bz,) = Zals],

where dim(s) = 1, we have that gw(s) =v. Denote b = gE,—\O(s). Then b — v by the restriction
H*(E'\0) — H*(RP™ ).

By the Leray—Hirsch theorem, H*(E’ \ 0) is an H*(B)-module with a basis

b*10<e<m—1)}.
In particular, there are wy € H*(B), 1 < k < m so that
" = wib"™ w2 1B+ W
Now, lets consider the bundle E — B. There is an Z, equivariant map S' — S; given by x —

(x,...,x), considering x € S by the inclusion. This means that the classifying map gt RP! — Bz,

— 85~
can be factored as RP! — Sy o By, .
Since
H*(S7) = Zolu,uz, ... ou,] /(™ i3, u?),

where dim(u) = 1, dim(ug) = ny for 2 <k <r, we have that g5-(s) = u. Denote a = gg(s). Then

a — u by the restriction H*(E) — H*(Sz). Since E — B admits cohomology extension of the fiber,
there are also a; € H"(E) such that ag +— ug, 2 <k <r.
By the Leray—Hirsch theorem, H*(E) is an H*(B)-module with a basis

{aga?--ﬂf’ |0<ée<n;,g=0o0r1foreach2 <k <r}.
For some nonzero w € H*(B) in the top dimension, consider the elements

g=wd" "ay---a,

p=a"— (wlam_1 +wod" 2 FWm—1a+wp),
of H*(E). Then,

—m-+1
nl m az.--ar)

(@ s ar)) £0,

pg=wd"ar---a, — (wwl(anl_]az---ar) +- -+ wwy_i(a
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since it is a linear combination of distinct basis elements, and w # 0.

Let iz : Z; — E be the inclusion. We will prove that the i%f(q) is a nonzero element of H*(Zy).
For that end, suppose the opposite.

Then, by the continuity of the Cech cohomology, there exists an open subset V of E such that
Z; CV and i}, (q) = 0, where iy : V — E is the inclusion. Let

Jjv: E— (E,V)
be the natural inclusion and consider the long exact sequence of the pair (E, V)
s HYEV) S HYE) L H (V) > HYE,V) — -

Since the sequence is exact, there exists 4 € H*(E, V) for which j;, (1) = q.
Let f: E — E’ be induced by f on the quotient. Denote the restrictions to E \Z; — E'\ 0 and
E\Z;— E'\0by f and f also. Then, in the diagram

Sy —— E 4 - E\Zp — E'\0 «— R"\ {0}
\\\\::;A L/::/"::/::/”///
EZz i\(’,,f"
Sy —— E < - E\Z; —— B0 «— R\ {0}
\\\\:\;A L///,/:’:::/’”’//
BZZ 2’ -

the vertical arrows are principal Z;-bundles and, since the vertical squares commute, they are bundle
maps and any composition starting on the bottom spaces and ending on By, is a classifying map.

Therefore, the diagram commutes up to Z;-homotopy and we have,

—%

[ ().

i1 (@) = i (82(5)) = T (85 ) =

Since the induced maps are all H*(B)-algebra homomorphisms, we have

i (P) = ’;\zf ("~ (wid™ '+ waa™ 2+ + W10+ wn))

E\Zs
=7 (bm — (Wlbmil w24 +Wm—1b+wm)) = ]_C*(O) =0.

Then, in the long exact sequence of the pair (E,E \ Zf)
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Naturality of the cup product gives

pq = J;\izf(n)j\*/(.u) (E\Z )UV(.‘”T) cH'(E (E \Zp)Uv) = H*(E,E)=0
which is a contradiction. Therefore, we have that i}f (¢) is an nonzero element of dimension

dim(iz, (¢)) = dim(¢q) =dim(wa"'"az---a;)
=dim(w) 4 (n; —m)dim(a) +dim(ay) + - - - + dim(a,)
=cohom dim(B) +n; —m+ny+---+n,,

and the theorem follows from Theorem O

The theorem for the case Zj, is very similar, but there is one more generator in the cohomology

rings in the proof.

Theorem 4.5. Consider cohomology with Z,, coefficients. Let E — B be a Sy = §*"+1 x ... x §2t1
bundle, 1 < ny; <np < --- < ny, with free, fiber preserving, action of Z, on E that induces, on each
fiber, the diagonal action for the canonical Z, action on each sphere. Let E' — B be a 2m-vector
bundle with free, fiber preserving, action of Z,, on E' that induces, on each fiber, the action given by
complex multiplication. Let f: E — E' be a fiber preserving Z,-equivariant map, and Zy = f —10),
where 0 is the zero section. If the quotient bundle E — B admits cohomology extension of the fiber

and ny > m, then

cohom dim(Zy) > cohom dim(B) + (Z 2n, + 1> -

Proof. Consider cohomology with Z,, coefficients. Notice that the fiber of the quotient bundle
E’\ 0 — B is the lens space R?"\ {0} ~ L,(m — 1), which has cohomology

H*(Ly(m—1)) = Z[7,v] /(")

Since the inclusion L,(m — 1) — E’\ 0 is Z,-equivariant, the classifying map SR L,(m—

1) — By, can be factored as L,(m — 1) < E'\O E—\O> Bz,.

Since Bz, = Lp(),
H*(Bz,) = Z,5,5]/ (),
where dim(§) = 1 and dim(s) = 2, we have that gw\{o}(@ = ¥ and gw\{o}(s) = v. Denote b =
gm(S“) and b = gE,—\O(s). Then b — ¥, b +— v by the restriction H*(E'\ 0) — H*(L,(m—1)).
By the Leray—Hirsch theorem, H*(E’ \ 0) is an H*(B)-module with a basis

{b¥pf |E=00r1,0<e<m—1)}.
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In particular, there are wy € H*(B), 1 <k < 2m so that
" = Wlbm_ll; + Wzbm_l + -+ Woynu_2b —|—W2m,15 + woy,.

Now, lets consider the bundle E — B. There is an Z, equivariant map $3 — Sy given by x —
(x,...,x), considering x € S?**! by the inclusion. This means that the classifying map g5t Lp(1) —
— 85—
By, can be factored as Ly(1) — Sz Zm, Bz,.
Since

H*(S7) = Zp[ﬂ,u,uz,...,ur]/<ﬁ2,u”1+1,u%,.. u?),

Uy
where dim(i) = 1, dim(u) = 2, dim(ug) = 2n, + 1 for 2 < k < r, we have that g5(5) = Zii and
85-(s) = zu for some nonzero Z,z € Z,. For simplicity, we may suppose g5—(§) = # and g5(s) = u
(this would only take a change of basis). Denote @ = gz () and a = gz (s). Then @ — i, a — u by the
restriction H*(E) — H*(Sy). Since E — B admits cohomology extension of the fiber, there are also
ay € H**+1(E) such that @y — uy, 2 <k < r.

By the Leray—Hirsch theorem, H*(E) is an H*(B)-module with a basis
{d®a®ay - |8 =00r1,0<e<nj,g=0o0rlforeach2 <k<r}.

For some nonzero w € H*(B) in the top dimension, consider the elements

qg=wad" "ay---ay,

p=d"—(wid" \a+wd" "+ + wom2a+ Wom_ 1+ W),
of H*(E). Then,

nl—m—i-la

pq =wad"ay---a, — (sz(da'”_laz ceeap) 4 wwoy o (da 2 -ay)

+wwo,(@a™ "ay - ~ar)) #0,

since it is a linear combination of distinct basis elements, and w # 0.

Let iz Z; — E be the inclusion. We will prove that the i;—f(q) is a nonzero element of H*(Z).
For that end, suppose the opposite.

Then, by the continuity of the Cech cohomology, there exists an open subset V of E such that
Z; CV and iy (q) =0, where iy : V — E is the inclusion. Let

jv: E— (E,V)
be the natural inclusion and consider the long exact sequence of the pair (E, V)
S HYEV) L HE) L H(V) = HYE,V) = -

Since the sequence is exact, there exists t € H*(E, V) for which ji, (1) = g.
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Let f: E — E’ be induced by f on the quotient. Denote the restrictions to E \ Z +— E"\ 0 and
E\Z;— E’'\0by f and f also. Then, in the diagram

f

Sp —— E < > E\Zp —— E'\0 +— R*"\ {0}
T N k’/:/’/:/::/"///
Eg, &
Sy —— E < E\Z; —1 E'\0 «+—— R2\ {0}
\\\\\\ \:AA L///:/’///’:::’/””’(,—
Bz, L

the vertical arrows are principal Z,-bundles and, since the vertical squares commute, they are bundle
maps and any composition starting on the bottom spaces and ending on Bz, is a classifying map.

Therefore, the diagram commutes up to Z,-homotopy and we have,

iz (@) = i (85(9) = F (8gr5(9) = 7 (),
ii7(@) = i (85(9) = (85(9) = ().

Since the induced maps are all H*(B)-algebra homomorphisms, we have

iz\zf(l’) = iZ\zf (Clm — (W1am_ld+wzam_1 + - +W2m_2a+wz,n_1d+w2m))

(bm - (Wlbm_ll;—FWQbm_l +--- +W2m,2b+W2m71Z~)—|—W2m)> = 7*(0) =0.

Then, in the long exact sequence of the pair (E,E \ Zy)

[ E\Zf - E\Zf [

.- — H*(E,E\Z;) —L H*(E) —L H*(E\Z;) = H*(E,E\ Z;) —

we have that there exists 1 € H*(E,E \ Zy) such that jz\zf(n) p.

Naturality of the cup product gives

Pa = Jiz ()i ) = gz (i) € HY (B, (E\Z))UV) = H*(E.E) =0
which is a contradiction. Therefore, we have that i}f(q) is an nonzero element of dimension
dim(i}f (q)) = dim(q) =dim(waa" "ay---a,)
=dim(w) 4+ dim(a) + (n; —m)dim(a) +dim(az) + - - - + dim(a,)
=cohom dim(B) 4+ 1+42n; —2m+ 2np + 1) +---+ (2n,+ 1),

and the theorem follows from Theorem O
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The proofs for the other theorems are, again, very similar. We go back to having just one generator
in the cohomology rings. Compared to the Z; case, the proofs need only to adapt the dimensions of

these generators. We will omit most details.

Theorem 4.6. Let E — B be a Sy = S+ x - x 271 bundle, 1 < ny < ny < --- < n,, with free,
fiber preserving, action of S* on E that induces, on each fiber, the diagonal action for the canonical
St action on each sphere. Let E' — B be a 2m-vector bundle with free, fiber preserving, action of S'
on E' that induces, on each fiber, the action given by complex multiplication. Let f: E — E' be a fiber
preserving S'-equivariant map, and Z r=f ~1(0), where 0 is the zero section. If the quotient bundle

E — B admits cohomology extension of the fiber and n; > m, then

r
cohom dim(Z) > cohom dim(B) + (Z 2n, + 1) —2m—1
k=1

Proof. By the Leray—Hirsch Theorem, H*(E’\ 0) is an H*(B)-module with a basis
[ 10<e<m—1)},
where dim(b) = 2. Then, there are w; € H*(B), dim(wy) = 2k, 1 <k < m so that

P =wib" w1 b+ Wi

On the other hand, H*(E) is an H*(B)-module with basis
{afa5?---a% |0 <& <nj,g=0o0r1foreach2 <k <r},

where dim(a) =2 and dim(ay) = 2n;+ 1 foreach2 <k <r.

For some nonzero w € H*(B) in the top dimension, consider the elements

q=wad" "ay---a,

p=d"—(wd" 4w 1atwp),
of H*(E). Then,

ni—1 n17m+1a

pg=wd"az---a,— (wwi(d" 'ar---ar)+ -+ wwy_i(a 2---ay)

ny—m

az---ar))#o,

+wwi(a
since it is a linear combination of distinct basis elements, and w # 0.
Analogous to the previous proof, we have that i}f (¢) # 0 and

maz .. .ar)

dim(iEf(q)) = dim(q) =dim(wa"~
=dim(w) + (n; —m)dim(a) +dim(ay) + - - - + dim(a,)

=cohom dim(B) +2n; —2m+ (2np + 1)+ -+ (2n,+ 1),

and the theorem follows from Theorem O
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Theorem 4.7. Let E — B be a Sy = S 13 x - x $% 13 bundle, 1 <nj; <ny < --- < n,, with free,
fiber preserving, action of S> on E that induces, on each fiber, the diagonal action for the canonical
S3 action on each sphere. Let E' — B be a 4m-vector bundle with free, fiber preserving, action of S°
on E' that induces, on each fiber, the action given by quaternionic multiplication. Let f: E — E' be
a fiber preserving S°-equivariant map, and Zr=f ~1(0), where 0 is the zero section. If the quotient

bundle E — B admits cohomology extension of the fiber and ny > m, then

.
cohom dim(Zy) > cohom dim(B) + (Z 4n, + 3) —4m -3
k=1

Proof. By the Leray—Hirsch Theorem, H*(E’\ 0) is an H*(B)-module with a basis
{p°10<e<m—1)},
where dim(b) = 4. Then, there are w; € H*(B), dim(wy) = 4k, 1 <k <m so that
Bt =wib" o fw b 4w
On the other hand, H*(E) is an H*(B)-module with basis
{asag a7 10<e<n;,g=0o0r1foreach2 <k <r},

where dim(a) = 4 and dim(ay) = 4n; + 3 foreach 2 <k <r.

For some nonzero w € H*(B) in the top dimension, consider the elements

q=wada" "ay---ay,

P = am — (Wlam_l +--- +Wm—la+wm)a

of H*(E). Then,

pq — Wan1a2"'ar_ (le(anl_laz...ar) _|_...+me_1(an1_m+la2...ar)

since it is a linear combination of distinct basis elements, and w # 0.

Analogous to the previous proof, we have that i}f(q) # 0 and

ma2 .. .ar)

dim(iz, (¢)) = dim(¢q) =dim(wa" "~
=dim(w) + (n; —m)dim(a) +dim(a;) + - - - + dim(a,)

=cohom dim(B) +4n; —4m+ (4ny +3) + -+ (4n,+3),

and the theorem follows from Theorem O
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4.3 A Parametrized Borsuk-Ulam Theorem for Arbitrary Fiber
Bundles

In Dold’s parametrized Borsuk—Ulam Theorem, notice that the zero section of the vector bundle
E’' — Bis the set Fix(E') = {x € E’ | gx = x for some g € G,g # 1}. We will use this interpretation to
generalize the theorem by estimating cohom dim(Zs) where Z; = f~!(Fix(E’)) for a G-equivariant
bundle map f: E — E’. We generalize it a bit further by considering not just Fix(E"), but some subset
of E’ containing Fix(E"). This is described, more precisely, by considering (E’, Ej) — B to be a fiber
bundle pair with action of G, such that the action of G is free on E, so Fix(E') C E'\ E|, and we
estimate cohom dim £~ (E"\ E})).

Our generalization needs a very lengthy setup, but we hope to show in the next section that, when
considering fibers and actions with known cohomology for the orbit spaces, it is straightforward to
check that the hypothesis holds.

Theorem 4.8. Let G be a compact Lie group, F — E — B be a fiber bundle with free action of G,
(F',F}) — (E',E})) — B be a fiber bundle pair with action of G that is free on E}, E} open, H*(F)
and Hk(I'TO’) finitely generated free R-modules for each integer k, f: E — E' be a fiber preserving,
G-equivariant map, and Zy = f~'(E'\ E}).

Suppose that for some 1 <r' <ry <r" €Z, there are sy,...,s;, € H (Bg), up = g*F(sk),
Upgs1s- -t € H(F), v = g77(sx) and positive integers ny, my and nyy 11, . .. ,nu foreach 1 <k <rp
0
such that:

o U ={uj" - uf,’," | 0 < & < ny for each k} can be completed to a basis of H*(F),

e En g 6;”
° ull .. 'ur” — l/l]l .. .ur// — & = SI/CfOI" £k7£]i S {0,. . ,nk};

v ={7 vf(r)o | 0 < & < my for each k} can be completed to a basis of H* (176) and contain a
basis for @, _ mlH ) dim( Sl)Hk(F ),

e ny >my and ny > my for eachk € {2,...,rp},
SZ"H =0forall ¥ <k <.

We consider 0° = 1, so ux = 0 with ny = 0 or v = 0 with my = 0 is allowed in % and V. If the
quotient bundles F — E — B and (F', I*Té) — (E,E_(’)) — B admit cohomology extension of the fiber
then

r//

r
cohom dim(Zy) > cohom dim(B) — dim(u1) Z ng — my) dim(uy) + Z ni dim (uy).
k=1 k=r'"+1

/
&€
i

r//

!
Remark 4.9. Notice that the hypothesis that u% - - 1% = u}' ---u

r//

= g =¢, forg, e €{0,...,m}

is not redundant with % being linearly independent. For example, consider S x S?/Z,, where Z,
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acts diagonally as the antipodal action in each sphere. Then H*(S? x §2/7,) ~ Z[uy,u3]/
(u?,u% —u?up). The set % = {uf‘ u§2 10< & <2,0< & <2} ={1,uy,u},up,u3,ujuy} is a basis for

H*(S? x §%/75), but u% is not written uniquely, since u% = u%uz It becomes unique, however, if we

take n; = 2 and ny = 1 so that, for & € {0,1,2}, & € {0, 1}, we have u? T2 = U u§22 — g =2,6=

1.

Remark 4.10. Allowing 0° = 1 is needed, for example, for S'-equivariant maps f: E — E’, where
E — B is an fiber bundle with fiber S*> and E’ — B is an vector bundle of dimension 2. Then,
H*(Bgi1) = R[s], where dim(s) = 2 and ng\{O}( s) = 0, since H2(R2\ {0}) = H2(§'/$') = 0. In
this case, Theorem gives us an estimate for cohom dim(Z;), but Theorem would not if we
don’t allow 0° = 1.

Proof of Theoremd.8 Let by = (sk) €H* (E’ ) for each k € {1,...,ro}. Notice that b}' -- -bfgo —

V1 ~--v,0 by the restriction, 0 < & g my,.

For each v{' -- -vf(r)", we choose one (g],..., /) such that b{' -- -bfg" =i -vfg" and let & be the
set of these chosen (8{, .,€}). We do this to avoid situations where we have v{' - vggo = vf' : 'vféo
but by - - % + b r(; , so the mapping b{" - bf(r)o ! ---vfgo is not injective.

By the Leray—Hirsch theorem, H* (E(’)) is a H*(B)-module with a basis that contains % =
(b5 --b,0 | (e1,...,8,) € EY.

Since ¥ generates @, _ mlH dim(s1) gk (F}), we have that 2 generates ;" ml“ dim(s1) gk (E}), s
b'l"“rl can be written umquely as
bm1+l o Z bgl . _bgro
] - W(8] 7---78r0) ] rO
(81.,...,%)6@@
for some w(g, ¢, ) € H* (B).
Now, let a; = g5(sx) € H*(E) for each k € {1,...,r"}. Again, notice that ajl - ~af,’," — oy 'uf,’,”
by the restriction.
. . . / €
In this case, since we required that uS' - - - u ,," = u? --ul, = & = g, we have that aj' - -af,’,” —>
u‘lgl ~~-uf,’,” is injective for 0 < & <n, ke {1,...,r"}.

En
!

By the Leray—Hirsch theorem, H*(E) is a H*(B)-module with a basis that contains {a}' ---a
0 < & < ny for each k}.

For an arbitrary w € H*(B), with w # 0, consider the elements

ny—my—1_ny—my ny—my 1y nn
q=wa, a T r’r " r’r—i-l a ” ’
mi+1 3
p - al Z W(£17‘“7£I‘0)a1 o ‘aro )

(E15-s€r))EE

of H*(E). Then,
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ny np—my M —Imy ”r/+1”. n.n
pq=wa; a, a., ar'+1 Qa.n

ny—my—14+€ _ny—my+¢& Ry —my+€s Ny n
- ZWW(SI 7"'78k0307"'70)a1 a2 o .ai’ ar +1 a /'; # O

since each g, < my, so it is a linear combination of distinct basis elements, and w # 0.

Let iz : Z; — E be the inclusion. We will prove that the i%f(q) is a nonzero element of H*(Zy).
For that end, suppose the opposite.

Then, by the continuity of the Cech cohomology, there exists an open subset V of E such that
Z; CV and i}, (q) = 0, where iy : V — E is the inclusion. Let

Jjv: E—(E,V)
be the natural inclusion and consider the long exact sequence of the pair (E, V)
S HEV) Y B E) Y B () > HYE,V) —

Since the sequence is exact, there exists 4t € H*(E, V) for which ji (1) = q.
Let f: E — E' be induced by f on the quotient. Denote the restrictions to E \Z; — E{ and
E\Z; — E} by f and f also. Then, in the diagram

F —— FE « > E\Zy
Dy o
TR L7 -
Eg -
F < » E < >
0 s .
{// -
BG L

the vertical arrows are principal G-bundles and, since the vertical squares commute, they are bundle
maps and any composition starting on the bottom spaces and ending on Bg is a classifying map.

Therefore, the diagram commutes up to G-homotopy and we have, for each k € {1,...,ry},

gz aK) = i (85 (sk)) = r (ggr(se) = 7 (by).

Since the induced maps are all H*(B)-algebra homomorphisms, we have

i () =T (M = Eowie, e 00 ) =77 (0) =0,

Then, in the long exact sequence of the pair (E,E \ Zy)

[ E\Zf

= H'(E,E\Zf) — H*(F)
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we have that there exists 1 € H*(E,E \ Zs) such that ]E\Z (n)=p.
Naturality of the cup product gives

P4 = iy (M7 (B) = J gz o (81) € H' (B, (ENZ) UV) = H'(E,E) = 0

which is a contradiction. Since w € H*(B) was taking arbitrarily, it can be taken in the top dimension

of H*(B), so that ¢ is an nonzero element of dimension

dim(g) =dim(wa}' "™ a2 . ay " aff:r]l )
=dim(w) + (n; —m; — 1)dim(a;)
+ (ny —mp)dim(ay) + - - - + (ny —m,s) dim(a,)
+ny4 dim(a,z+1) + -+ nu dim( //)

r//

=cohom dim(B) — dim(u ) Z ng —my) dim(uy) + Z ni dim (uy,).
k=1 k=r'+1

]

Some of the hypothesis, like requiring cohomology extension of the fiber, are needed just to use
the Leray—Hirsh Theorem. By considering B to be a single point we produce a Bourgin—Yang type
theorem as a corollary. We can do a bit better then this possible corollary though, as we also don’t
need to require H*(F) and H* (176) to be finitely generated and free, and some of the writing can be
simplified. We state and prove this Bourgin—Yang version of Theorem#.8|bellow. The proof is mostly

the same, so we omit some details.

Theorem 4.11. Let G be a compact Lie group, X be a space with free action of G, Y be a space with
action of G that is free on an open, G-invariant, subset Yo C Y, f: X — Y be a G-equivariant map,
and Zy = f~H(Y \ Yp).

Suppose that for some 1 <r' <ro <r" € Z, there are sy,...,sy, € H*(Bg), ux = g5 (sx),
Urgt1,- - U € H(X), vi = g%(sk) and positive integers ny, my and ny,11,...,n» foreach 1 <k <rg
such that:

o Y = {uf‘ e uf,r,” | 0 < & < ny for each k} is linearly independent,

£
ui, = & =g for g, e €{0,...,m},

r

!
€] En 81

[ ] oo — “ e
Uy -ty =u

. &n
VTI_H is an element of the set generated by V' = {v{' - v | 0 < & < my for each k},

* ny > my and ny > my for each k € {2,...,rp},

sZ"H =0forall ¥ <k<r,.
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We consider 0° = 1, so uy = 0 with ny = 0 or vy = 0 with my = 0 is allowed in % and V. Then,
we have that

' r’
cohom dim(Zy) > —dim(u;) + Z ng — my ) dim(uy) + Z ngdim(uy ).
k=1 k=r'+1
Proof. Let Wie,...e) € R, for 0 < g, < my, be such that
m1+1 £ £r
vl Z w(glv"'agro)vl o .vro °
(EyesEry ) EE
Consider the elements
_ ni—my—1 np—myp ng—m, 1y n.n
q_ul uz ...ur/ r+1...ur/’;,
_ i+l € €
PR VR )
(€181 )EE
of H*(X). Then,
n_n m n—mgy nsq n.n
pq =y uyt s U
ny—mj—14+€&_ no—myr+€ ny—my+€s Ny n.
— X W, €k 05,0 U1 Uy e T iy 70

since each g, < my, so it is a linear combination of distinct elements of a basis.
Let iZ: Z; — X be the inclusion. Similar to the previous proof, we can prove that i}—f(q) is a

nonzero element of H*(Zy), and its dimension is

dim(i7 (q)) = dim(q) =dim(u}" """ LN T AR T T

:(m —mp — l)dim(ul)
+ (np —my)dim(ua) + - - - + (n,y — my) dim(u,)
+ ny dim(ur/_H) 44 nyn dim(ur//)

r//

=—dim(u;) Z ng —my) dim(uy) + Z ng dim(uy,).
k=1 k=r'"+1

4.4 Applications

In this section, we present applications of Theorem {.8]and Theorem #.11] Some known results,
as well as the results from Section[4.2] are shown to be obtainable as a consequence of these theorems,

and stated as remarks. We also prove some original results, which we state as corollaries.
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Let F — E — B be a fiber bundle with action of a group G, (F',Fj) — (E',E{;) — B be a fiber
bundle pair with action of G and f: E — E’ be a fiber preserving G-equivariant map.

If F/ =R", Fj=R"\ {0} and G = Z,, which acts on F’ as the antipodal action, we have that
Fj =RP" and H*(RP™; Z) = Z[v]/ (v"*1), dim(v) = 1.

If F' = R¥mH1, Fy= R?>"+1\ {0} and G = Zp, p an odd prime, acting as complex multiplication
on F, F' = Ly(m) and H*(L,(m);Z,) = Z,[#,v]/(#,v"*1), dim(¥) = 1, dim(v) = 2.

If F/ = R¥m+1 Fy= R?"+1\ {0} and G = §', acting as complex multiplication on F, I*Té =CpPm"
and H*(CP™) = R[v]/(v"1), dim(v) = 2.

If F/ = R¥m+3, Fj = R#¥"+3\ {0} and G = §?, acting as quaternionic multiplication on F, Fl =
HP™ and H*(HP™) = R[v]/(v"**1), dim(v) = 4.

In all cases above, similar to the bundles E’—\O — B in the beginning of the proofs of Theorems
and the bundle Fé — E_(’) — B admits cohomology extension of the fiber because the
classifying map Fj — Bg induces a surjective map in cohomology and can be factored as Fj — E) —
Bg, so the restriction H*(E;) — H*(F}) is surjective.

To use Theorem |4.8] we will need to determine the image of elements of H*(Bg) by classifying

maps. For spheres, the classifying maps are the inclusions so we have that:
« for S" with antipodal action of Zs, gg(s) = u, where H*(S"/Z,) = H*(RP") = Zs[u] /(1" 1),

* for $2"*! with action of Zp, p an odd prime, given by complex multiplication, gW(S) =u,
ggnr1(§) = il, where H*(S**1/Z,) = H* (Lp(n)) = Zp[i,u] / (@, u"*"),

+ for §2"*! with action of S' given by complex multiplication, 8smr1(s) =u, where H* (§2n+1 /81 =
H*(CP") = R[u]/ (u"*"),

« for $*+3 with action of S° given by quaternionic multiplication, gw(s) = u, where
H*(S4”+3/S3) — H*(HP") — R[u]/(u"+1>.

Similarly, for products of spheres, we have that:

e for Sz = 8™ x -+ x §" with action of Zj, g5—(sx) = ux, where H*(Sz/Z5) = H*(RP™" X -+ X
RP”H) = ZZ[”] PR Jur]/<uzk+1>’

o for Sy = §2Mt! x ... x §2*1 with action of Zy,, p an odd prime, gg(sk) = u, gg(s}) = 1y,
where H*(S7/Z},) = H*(Lp(n1) X -+ X Lp(n)) = Zp[ii1,u1,. .. NTATH VRO RTIRSY

. for Sﬁ: Szn]+1 ‘o S2nr+1 Wlth action Of (Sl)r’ gg(sk) = Uy, WhCI'e H*(Sﬁ/(Sl)r) =
H*((CP”I X oo X CPM) :R[ula"wur]/(uZJrl)’

o for Sz = $¥113 5 ... x %3 with action of (S°)", gg-(sx) = ux, where H*(Sz/(8%)") =
H*(HP”] X oee X (Cpnr) = R[MI, e 7ur]/<uz+l>'
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For arbitrary spaces, propositions[I.8] [[.9/and[I.T0[will help. If X is any path connected space with
action of G = Z,, then g*y(s) = 0, since gi;—l can be factored as g* o g%, where g is an Z-equivariant
map S! — X. Similarly, if G =Z,, p an odd prime, then gx(8) #0. If G= S! and 7 (X) = 0,
8x(s) #0 and if G = $3 and m3(X) = 0, gx(s) # 0. If we consider the coefficient ring R to be a
field, then gy (s) and g¢(§) in each case can be taken to be an element of a basis. For example, if X
has action of S! and H?(X) has a single generator, we can suppose, for simplicity, that gg(s) is that

generator, as this would take only a change of basis.

Remark 4.12. Suppose F = "1, F/ =R™, F/ =R™\ {0} and G = Z,. Let G act as the antipodal
action on the fibers F and F’. Then

H*(F)

H'(F) =

H*(RP") = Zo[u] / ("),
H*(RP"™1) = Za[v]/ ("),
with dim(u) = 1, dim(v) = 1.
Taking Z = {u® [0 <e <n—1}and ¥ = {»* | 0 < &€ <m}, we have that g5-(s) = u, gz(s) =,
0
and Theorem [4.8] gives us Theorem #.1] due to Dold [9].
Remark 4.13. Suppose F = 8" x --- x 8", F' =R", F; =R"™\ {0}, for positive integers n; < --- <n,
and m, G = Z,. Let G act on the fiber F' as the diagonal action for the antipodal action in each sphere,

and on F’ as the antipodal action. Again, we have
H* (Fg) = H*(RP" 1) = Z[v]/ ("),

where dim(v) = 1.
By Theorem [2.1| we have that

— Zopluyuy,--- ,uy]
* . ~ s Py )
H(FiZ) = w2y
if n; < ny or ny 1s odd, or
ZZ[”)”Z? e 7”)’]

H*(F:7,) ~
( 2) <un1+1’u]%/ _urllluk/,u%>’

if ny is even, with ny = --- = n,» for some ' < r, where dim(u) = 1 and dim(uy) =nt, 2 <k <r. In
either case, taking % = {uu; 2.uf|0<e<neg=0or 1} and 7 = {v* | 0 < € <m}, we have
that g7(s) = u, gm( s) =v, and Theorem gives us Theorem

We can also obtain a Bourgin—Yang version, either by taking B to be a point or by using Theo-

rem 4. 111

Corollary 4.14. Consider cohomology with Z, coefficients. Let Z, act on Sz = 8" x --- x 8", 1 <
ny <npy <--- <ny, diagonally as the antipodal action on each sphere, and as the antipodal action on

R™. Let f: Sz — R™ be a Z,-equivariant map, and Z; = F~Y0). If ny > m, then

cohom dim(Z) (Z )
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Remark 4.15. Suppose F = §2M T x ... x §2r 1/ = RZm 1 pr = R2m 1\ {0}, for positive integers
ny < -+ <n, and m, G =Z,, p an odd prime. Let G act on the fiber F' diagonally by complex
multiplication on each sphere, and on F’ by complex multiplication. By Theorem[2.2] we have

Lpli,u,uy, ... uyl

H*(F;Z,) ~ ,
N P

where dim(i) = 1, dim(u) = 2 and dim(uy) = 2n; + 1, 2 < k < r. Also, we have that
H*(BZP;ZP) = H*(Lp(m);zp) = ZP[V7V]/<ﬁ27vm+l>7

where dim(V) = 1 and dim(v) = 2.

Taking % = {#ufus?>---u& |E=00r1,0< e <n,g=0or1}and ¥ = {i¥+¢ [E=00r 1,0 <
€ <m}, we have that gi-(s) = u, 85(5) = &, gzn157(s) = V. g 57 (5) = ¥ and Theorem gives us
Theorem 4.5

Again, we can obtain a Bourgin—Yang version, either by taking B to be a point or by using Theo-

rem 4111

Corollary 4.16. Consider cohomology with Z,, coefficients. Let Z,, act on Sz = SZmtl s g2t
1 <n <np, <--- < ny, diagonally as complex multiplication on each sphere, and as the complex
multiplication on R¥™ = C™. Let f: Sz — R*" be a L p-equivariant map, and Zy = FY0). Ifny > m,
then

.
cohom dim(Z;) > (Z 2n, + 1) —2m
k=1

Remark 4.17. Suppose F = §2"1 1 x ... x §2m 1 pr = R2mH1 pr— R2mH1\ {0}, for positive integers
ny <---<n,and m, G=S'. Let G act on the fiber F diagonally by complex multiplication on each
sphere, and on F’ by complex multiplication. By Theorem we have

Rlu,uy, ... u,l

H*(F) ~
=

where dim(u) = 2 and dim(uy) = 2n; + 1, 2 < k < r. Also, we have that
H*(F}) = H*(CP™) =R}/ (v" ),

where dim(v) = 2.
Taking % = {ufu3’---uf |0<e<ng=0or1}and ¥ = {,®|0<e <m}, Theoremgives
us Theorem 4.6

Here is the Bourgin—Yang version.
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Corollary 4.18. Let S' act on Sy = S+ x ... x 82+ 1 <ny <ny < --- < n,, diagonally as
complex multiplication on each sphere, and as the complex multiplication on R*" = C™. Let f: Sy —

R be a S'-equivariant map, and Zi=f" 10). If ny > m, then

cohom dim(Zy) > <Z 2n,+ 1) —2m—1
k=1

Remark 4.19. Suppose F = S¥1+3 x ... x §4+3 pl = R4mH3 pr = R 3\ {0}, for positive integers
n <---<n,andm, G=S>. Let G act on the fiber F diagonally by quaternionic multiplication on
each sphere, and on F’ by quaternionic multiplication. By Theorem we have
Rlu,uy, ... u,l
<Mn1+1 7 ui}

where dim(u) = 4 and dim(uy) = 4ny + 3, 2 < k < r. Also, we have that

Taking % = {ufu5>---uf |0 < e <n,g =0or1} and ¥ = {v¢ | 0 < & < m}, we have that
g5(s) = u. gz py(s) = v, and Theorem gives us Theorem

Here is the Bourgin—Yang version.

H*(F) ~

Corollary 4.20. Let S? act on Sy = S¥+3 x ... x §¥ 13 1 <ny <ny < --- < n,, diagonally as
quaternionic multiplication on each sphere, and as the quaternionic multiplication on R*" =H™. Let
f: Sz — R¥" be a $*-equivariant map, and Z; = f~1(0). If ny > m, then

cohom dim(Zy) > <Z 4n, + 3) —4m—3
k=1

The Dold Manifold is the orbit space "' x CP" /Z,, where the action is given by
—1(x,[z]) = (==, [z]). Next, we consider CP"2 /7, bundles with this action.

Corollary 4.21. Consider cohomology with coefficient ring Z,. Let Z; act on S™ x CP" by
—1(x,[z]) = (—x, [2]) and as the antipodal action on R™. Let f: S" x CP"> — R™ be a Z,-equivariant
map, and Zy = f~1(0). If ny > m, then

cohom dim(Zy) > ny +2ny —m

Proof. Notice that S"t x CP™ is the Dold manifold P(n;,n;), which has cohomology ring

S — Zoluy,uz)
H* (S X CP™: 7,) ~ 210 12)
( ) <M’111+1,M§2+2>

where dim(u;) = 1 and dim(uy) = 2 (see [8]]). Also, we have that
H*(R™\ {0}) = H*(RP"") = Zo[v]/ ("),

where dim(v) = 1.
Taking % = {ufu5? |0 < e <n;,0< & <m}and ¥ = {1 |0 < e <m— 1}, we have that
gr(s) = ui, gm( s) =v, and Theorem“ grves us the result. ]
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Here is the parametrized version:

Corollary 4.22. Consider cohomology with coefficient ring Z,. Let E — B be a 8™ x CP™ bundle,
with free action of Z,, which acts as —1(x,[z]) = (—x,[z]) on the fiber. Let E' — B be a m-vector
bundle with action of Z,, which acts on the fiber as the antipodal action. Let f: E — E’' be a fiber
preserving Zn-equivariant map, and Zy = f ~1(0), where 0 is the zero section. If the quotient bundle

E — B admit cohomology extension of the fiber and ny > m, then

cohom dim(Zy) > cohom dim(B) +-ny +2ny —m

Proof. Let F =S" x CP™, F' =R™, Fy =R™\ {0}, for positive integers n1, ny and m, G = Z,. Then
F is the Dold manifold P(ny,n;), which has cohomology ring

— Zoluy,us]
H*(F:7,) ~ — 220151
( ) <u1111+17ugz+2>

where dim(u;) = 1 and dim(u) = 2 (see [8]]). Also, we have that
H*(F)) = H*(RP"~") = Zo[v]/ (V™)

where dim(v) = 1.
Taking % = {u"fu? |10<e<n,0<& <nm}and ¥ ={¥*|0< e <m—1}, we have that
gr(s) = u1, ggrgy(s) = v, and Theorem gives us the result. O

Now we consider bundles where the fiber is the sphere §”* with two antipodal points N and S glued
together. For the sphere S2, this is the pinched torus. Now we are interested in estimating the size of

inverse image of the class [N] = {N,S}.

Corollary 4.23. Consider cohomology with coefficient ring Z,. Let Z; act on S" and on S™/{N,S}
as the antipodal action, N and S being the north and south poles respectively. Let f: S" — S™ /{N,S}
be a Zs-equivariant map. Denote Zy = f~1([N]). If n > m, then

cohom dim(Zy) > n—m.

Proof. Notice that
H*(S";Zy) ~ Z[u] (u’l’“)

and

H*((S"/{N,SH\[N]) = H* (8" ™!/ Z2) = H* (RP"™") = Zo ] / (V")
where dim(u;) = 1, dim(v) = 1.
Taking Z ={u®|0<e<n}and ¥ = {1* |0 <& <m—1}, we have that g7-(s) = u, gm(s) =v,
and Theorem gives us the result.
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Here is the parametrized version:

Corollary 4.24. Consider cohomology with coefficient ring Z,. Let E — B be a 8™ bundle, with free
action of Z, which acts as the antipodal action on the fiber. Let E' — B be a S™/{N,S} bundle, N
and S being the north and south poles respectively, with action of Z;, which acts on the fiber as the
action induced by the antipodal action. Let f: E — E' be a fiber preserving Z,-equivariant map.
Denote Zs = f~Y(Fix(E")). If the quotient bundle E — B admit cohomology extension of the fiber
and n > m, then

cohom dim(Zs) > cohom dim(B) +n — m.

Proof. Take F = S", F' = S™/{N,S}, F} = F'\ [N] = "\ {N,S} ~ §"~!, for positive integers and
G = Z,. Then
H*(FiZp) = Zou] (ui ")

and
H*(F)) = H*(S"~" /Zp) = H*(RP"™) = Zo[V]/ (V")

where dim(u;) = 1, dim(v) = 1.
Taking Z ={u®|0<e<n}and ¥ = {y* |0 <& <m—1}, we have that g-(s) = u, gm(s) =v,
and Theorem [4.8] gives us the result. O

So far, we only considered Fj to be F’ with one point removed. As examples of theorems that
need more than that, we will prove parametrized Borsuk—Ulam theorems for bundles with action of
the products Z5, Z, ()" and (S3)".

Corollary 4.25. Consider cohomology with coefficient ring Zy. Let E — B be a 8™ x - -- x 8" bundle,
with free action of 75, which acts on the fiber coordinatewise as the antipodal action on each sphere
S™. Let R™ x --- x R™ — E" — B be a vector bundle with free action of Z which acts on the fiber
coordinatewise as the antipodal action on each R,

Let f: E — E' be a fiber preserving, Z5-equivariant map and Z; = f~(Fix(E'\ E})). If ny >
my > 1, n > min{my,m;} — 1 then

cohom dim(Zs) > cohom dim(B) +n; —mi + Y n —min{my,m — 1}.
k=2

Proof. Notice that Fy = (R™\ {0}) x -+ x (R \ {0}). Then,
H*(F;22) = Zafuy, ... ou, )/ Ly,

H*(F}:Z0) = Za[vy,..., v,/ OV, v,

LV
where dim(uy) = 1, dim(v) = 1, k€ {1,...,r}.
Since the classifying map 170’ — By induces a surjective map in cohomology and can be factored

as F} — E}, — By, the restriction H*(E}) — H*(F]) is surjective and F] — Ej, — B admit cohomology
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extension of the fiber. Similarly, F — E — B also admit cohomology extension of the fiber. Taking
U ={u] - uf |0<g <mtand ¥ = {p{' - v& |0 <& <my —1,0 < & < min{my,m —1}}, we

have that g% (s¢) = uk, g5(sk) = i, and Theorem gives us the result. O
0

For the Bourgin—Yang version, we can choose ¥ = {v{ | 0 < & < m; — 1}, since v’l"1 =0is

generated by this set. Then, Theorem 4. 11| gives us the following.

Corollary 4.26. Consider cohomology with coefficient ring Z,. Let 75 act on Sz = §" X -+ x §"
coordinatewise as the antipodal action on each sphere 8™ and on R™ x --- x R™ coordinatewise as
the antipodal action on each R,

Let f: Sz — R™ x --- x R™ be a Zj-equivariant map and Zy = FHFix(R™ x - x R™)). If
ny >m; > 1, then

.
cohom dim(Z;) > <Z )

For Z),, we have the following:

Corollary 4.27. Consider cohomology with coefficient ring Z,, p an odd prime. Let E — B be a
§2mtl s 821 bundle, with free action of 7%, which acts on the fiber coordinatewise as complex
multiplication on each sphere S 1. Let R?™ x ... x R¥" — E' — B be a vector bundle with free
action of Z,, which acts on the fiber coordinatewise by complex multiplication on each R = C"™&,

Let f: E — E' be a fiber preserving, 7\ -equivariant map and Zy = F Y FxX(E'\ EY)). If ny >
my > 2, ng > my — 1 then

.
cohom dim(Zy) > cohom dim(B) 4 r +2(n; —my) + Z 2(ng —min{my,m —1}).
k=2

Proof. Notice that Fj = (R?™\ {0}) x --- x (R*"\ {0}). Then,

H*(F;Z,) = Zp[u],ul,...,ﬁr,ur]/<ﬁ%,url”+],...,ﬁ2 w1y,

ro%r

H*(F,Zp) = Zp[01,v15 -y Py vl PV 92,00,

where dim (i) = 2, dim(i) = 1, dim(v) = 2, dim((v)) = 1, ke {1,...,r}.
Since the classifying map F — By induces a surjective map in cohomology and can be factored
as F} — E}) — Byz,,, the restriction H* (E E}) — H*(F]) is surjective and F] — Ej, — B admit cohomology

extension of the fiber. Similarly, F — E — B also admit cohomology extension of the fiber. Taking

U = {u . 8’141 . £’|O<8k<nk,8k—00r1}and“// {V . 8’17? -Vf"OSSlgml—l,OS

& < min{m,my;— 1}, =0 or 1}, we have that g%-(sx) = ux, 85(5k) = uk, 857 (sx) = Vi, §7(Sk) = Vi
0 0

and Theorem [4.8| gives us the result. O

Taking ¥ = {v{ | 0 <& <m; —1} in Theorem gives us the following Bourgin—Yang version:
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Corollary 4.28. Consider cohomology with coefficient ring Z,. Let Zj, act on Sz = §2mtl o x
§2+1 coordinatewise by complex multiplication on each sphere S™ and on R¥™ x --- x R*™ coor-
dinatewise by complex multiplication on each R*" = C",

Let f: Sz — R x --. x R¥™ be a Z;,-equivariant map and Zy = FHFix(R?™ x - x R2Mr)),
Ifny > my > 1, then

.
cohom dim(Zy) > r —2m; + Z 2n.
k=1

For (S')", we have the following:

Corollary 4.29. Let E — B be a S? 1 x ... x 82"+ 1 bundle, with free action of (S')", which acts on
the fiber coordinatewise as complex multiplication on each sphere S+ 1. Let R?™ x ... x R*™ —
E' — B be a vector bundle with free action of (S')" which acts on the fiber coordinatewise by complex
multiplication on each R*™ = C™.

Let f: E — E' be a fiber preserving, (S')"-equivariant map and Zy = f~'(Fix(E'\ E})). If the
quotient bundle E — B admit cohomology extension of the fiber and ny > my > 1, ny > min{m,my —

1} then

cohom dim(Zy) > cohom dim(B) 4 2(n; —m;) + Z 2(ng —min{my,m —1}).
k=2

Proof. Notice that Fj = (R?™T1\ {0}) x - -+ x (R?™F1\ {0}). Then,
H*(F) =R[uy,...,u, )/ @ w1y,

H*(F)) = R[v1,...,v, ]/ (0], ... v,

where dim(uy) = 2, dim(vg) =2, k€ {1,...,r}.

Since the classifying map Fé — B(siy induces a surjective map in cohomology and can be factored
as Fj — E|, — Bg, the restriction H*(E|)) — H*(F})) is surjective and F;j — E{; — B admit cohomology
extension of the fiber. Similarly, ¥ — E — B also adimit cohomology extension of the fiber. Taking
U ={u}" - u¥ |0<g <mtand ¥ = {p{' - v& |0 <& <my —1,0 < & < min{my,m—1}}, we
have that g7-(sx) = uy, gFT;(sk) = ., and Theorem 4.8| gives us the result. O

Taking ¥ = {v{ | 0 <& <m; —1} in Theorem gives us the following Bourgin—Yang version:

Corollary 4.30. Let (S')" act on Sy = S+ x ... x §2"*+1 coordinatewise by complex multiplica-
tion on each sphere S™ and on R*™ x --- x R*™ coordinatewise by complex multiplication on each
R = C™,

Let f: Sy — R*™ x ... x R?™ be a (S')"-equivariant map and Zy = £~ (Fix(R?™ x --- x R?™)).
Ifny > my > 1, then

cohom dim(Z) > (Z 2nk> —2mj.

k=1
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For (5°)", we have the following:

Corollary 4.31. Let E — B be a S 3 x ... x $*3 bundle, with free action of (S®)", which acts
on the fiber coordinatewise as quaternionic multiplication on each sphere S>3, Let R¥™ x ... x
R — E' — B be a vector bundle with free action of (S*)" which acts on the fiber coordinatewise by
quaternionic multiplication on each R*™ = H™.

Let f: E — E' be a fiber preserving, (S°)"-equivariant map and Zy = {x € E' | gf(x) = f(x) for
some g € (S3)’, g # 1}. If the quotient bundle E — B admit cohomology extension of the fiber and
ny>my > 2, n>my— 1 then

.
cohom dim(Zy) > cohom dim(B) +4(n; —my) + Z 4(ng — min{my,m; — 1}).
k=2

Proof. Notice that Fj = (R*"173\ {0}) x - -+ x (R*#"F3\ {0}). Then,
H*(F) =R[uy,...,u, )/ @t w1y,

H*(Fé) :R[vl,...,vr]/<v'1"1,...,vm’).

p
where dim(uy) = 4, dim(v) =4, k€ {1,...,r}.

Since the classifying map Fé — B(s3yr induces a surjective map in cohomology and can be factored
as Fj — E{, — Bg, the restriction H*(E()) — H* (F}) is surjective and F; — E; — B admit cohomology
extension of the fiber. Similarly, F — E — B also admit cohomology extension of the fiber. Taking
U ={ui" - uf |0<g <mtand ¥ = {p{' - v& |0 <& <my —1,0 < & < min{my,m —1}}, we
have that g*F(sk) = uy, gfé(sk) =, and Theorem gives us the result. O

Taking ¥ = {»{|0<e<m;—1}in Theorem gives us the following Bourgin—Yang version:

Corollary 4.32. Let (S?)" act on Sy = S 13 x - .. x §%F3 coordinatewise by quaternionic multipli-
cation on each sphere S™t3 and on R¥™ x - .. x R¥"r coordinatewise by quaternionic multiplication
on each R¥™ = H",

Let f: Sy — RY x ... x RY™ be a (S*)-equivariant map and Zy = £~ (Fix(R¥™ x .- x R¥"r)),
Ifny > my > 1, then

.
cohom dim(Z) > <): 4nk> —4my.
k=1
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