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Resumo

Para um problema do tipo Goursat degenerado, sob diversas condigdes de contorno e em dominios
associados ao problema de Tricomi, examinamos a existéncia, unicidade e inexisténcia de solucdes,
com particular énfase em fendmenos de expoente critico no contexto de imersdes de Sobolev com
peso. Especificamente, para condi¢des de contorno de Dirichlet em um dominio de Tricomi,
estabelecemos identidades do tipo PohoZaev e provamos a inexisténcia de solucdes regulares ndo
triviais, bem como identificamos o fendmeno do expoente critico associado as nao linearidades. Nos
casos que envolvem condicdes de contorno de Dirichlet mistas, empregamos o método de Didenko
para obter estimativas precisas de energia, demonstrando assim a existéncia e unicidade de solugdes
fracas tanto para os casos linear quanto generalizado. Para condi¢des de contorno de Neumann em
um dominio limitado, garantimos a compacidade da imersdao de Sobolev com peso sob condi¢des
adequadas e aplicamos o Teorema do Passo da Montanha para estabelecer rigorosamente a existéncia

de solugdes fracas para o problema semilinear correspondente.

Palavras-chave: Equacgdes parciais de tipo misto, problema do tipo Goursat, operador de Gellerstedt,
condi¢des de contorno de Dirichlet, condi¢des de contorno de Neumann, identidades do tipo
Pohozaev, inexisténcia de solugdes, existéncia e unicidade de solugdes, expoente critico, imersao

de Sobolev com peso.
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Abstract

For a degenerate Goursat-type problem under several boundary conditions and in domains
associated with the Tricomi problem, we rigorously examine the existence, uniqueness, and
nonexistence of solutions, with a particular focus on critical exponent phenomena within the
framework of weighted Sobolev embeddings. Specifically, for the Dirichlet boundary conditions
in a Tricomi domain, we establish PohoZaev-type identities and prove the nonexistence of nontrivial
regular solutions, as well as, identify the critical exponent effect associated with nonlinearities. For
cases involving mixed Dirichlet boundary conditions, we employ Didenko’s method to derive precise
energy estimates, thereby demonstrating the existence and uniqueness of weak solutions for both
linear and generalized settings. In the case of Neumann boundary conditions on a bounded domain,
we ensure the compactness of the weighted Sobolev embedding under appropriate conditions, and we
apply the Mountain Pass Theorem to establish the existence of weak solutions for the corresponding

semilinear problem.

Keywords: Mixed-type partial equations, Goursat-type problem, Gellerstedt operator, Dirichlet
boundary conditions, Neumann boundary conditions, PohoZaev-type identities, nonexistence of

solutions, existence and uniqueness of solutions, critical exponent, weighted Sobolev embedding.
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Introduction

This thesis was prepared as a requirement for the Doctorate degree from the Graduate Program in
Mathematics at the Federal University of Sdo Carlos. This work is structured into four chapters, each
synthesizing years of in-depth research and commitment to the topics discussed.

The first Chapter introduces the Preliminaries, which provide the foundational basis for the
development of this thesis. These preliminaries are organized into three chapters, covering a series
of fundamental concepts and known results, including: non-homogeneous dilations, D-star-shaped
sets, weighted Sobolev spaces, weighted gradients, dual spaces, admissible domains, weak solutions,
interpolation inequalities, Palais-Smale sequences, and the Mountain Pass Theorem, as well as various
relationships between the norms of spaces and their respective duals.

Furthermore, we discuss a phenomenon related to the critical exponent of the weighted Sobolev

space embedding, as stated in the following proposition.

Proposition 1. Let m;,my € N be given. Suppose there exists a constant C > 0 independent of u such
that

||“||Lr(£z) < C||Vm1,mz”||L2(Q)a VueCy(Q).

2
Then, we have 1 <r <2*(my,my) := #m-

In Chapter 2] we address the mixed-type Dirichlet problem.

&)

O(u) == =y iy —x™uy, = f(u) in Q.
u=20 on I'CcdQ,

where Q is a bounded, open, and simply connected subset of R?> with a boundary dQ that is
C' —piecewise, f € C°(R) and my,my € N.

The importance of studying the problem lies in the fact that several well-known operators
can be viewed as particular cases of the operator &' = —y"™ 8)? —x™ 8y2 addressed in this work and
studied in [18], [19], and [20]. For example, the Laplacian operator —A = —8)62 — 8y2 as studied
in [3], [2], [12], the Tricomi operator T = —yd? — 8y2 in [33]], [17]], and the Gellerstedt operator
L=—y"9? - 8y2 in [15], [11]], correspond to particular cases when m; =my =0, m;y = 1, my =0
and my = 0, respectively. Non-existence results for problems involving these operators are crucial

in the theory of PDEs, particularly in the context of semilinear elliptic equations. Regarding the

3



4 Introduction

non-existence of sufficiently regular solutions for problems of the form

—Au=div(Vu) = f(u) in  Q, )
u=0 on dQ,
and
L(I/l) = —ymuxx — Uyy = f(l/t) in 'Q" (3)
u=0, on I'cdQ,

the critical growth plays an important and crucial role. In [28], it was shown that the problem (2))

does not admit any sufficiently regular non-trivial solution in a bounded domain Q C R" with n > 3

n+2
n—2°

where 2* is the well-known critical exponent in the Sobolev embedding W!?(Q) « LP(Q) for

if Q is star-shaped with respect to some interior point and if f(u) = |u|* with a > 2* —1 =

1 < p <2* Similarly, in [15], [17], it was demonstrated that the problem (3) does not admit
sufficiently regular non-trivial solutions in a Tricomi domain Q C R? if Q is star-shaped with
respect to the flow of D = —(m + 2)xdx — 2yd,, and if f(u) = [u|* with o¢ > 2*(m) — 1 = ’"T*g,
where 2*(m) is the critical exponent in the weighted Sobolev embedding Wy (Q) < LP(Q) for
1 < p < 2*(m). Sabitova, in [30], studied an eigenvalue problem involving the Chaplygin-type
operator sign(y)|y|"ux + uyy — Aly|™u = 0, proving uniqueness and non-existence results for A in
certain intervals. These results, along with others found in [3]], [2], [10], [22], [23], [L], [8], among
others, motivated the study of the non-existence of sufficiently regular solutions for the problem (TJ.

In this chapter, we present the construction of a PohoZajev-type identity for the problem (I)),
inspired by the classical argument used for the problem (2)) in a bounded domain found in [28]] and
recovered in [15] for the problem (3] in a class of domains related to the operator (Tricomi domains
for the operator), as well as in [[17] for the problem (3]) with m = 1. Other recent works for the Grushin
operator G = A, + (o + l)z\x\Z“Ay (see [22]], [23]], [, [8]) involving PohoZajev-type identities are
[14] and [27]]. Furthermore, we explore some variations regarding the domain for the problem (),
as presented in Section [2.1] and construct the respective PohoZajev identities. Finally, we prove the
main results of this chapter in Section [2.2] where we conclude, using the PohoZajev-type identity
and the Hardy-Sobolev inequality, that the problem (1)) in the domains of Section does not admit
sufficiently regular non-trivial solutions.

During the writing of this chapter, we encountered several difficulties, some of which are practical
challenges, such as the knowledge of the solution domains, since m; and mj are arbitrary but
require specific conditions for their existence. Another difficulty, as in all research, involves the
calculations; in our case, not only the exponents of the operator, but also the term x™2 influenced
the search for a more particular domain to overcome these obstacles, as seen in Theorem [2.9
However, the main challenge was working with weighted Sobolev spaces, as we needed to define
a weighted gradient V,, n,u = (]y|%ux, |x|%uy) and the operator Z'u = (—y™uy, —x"uy). We
observe that the relation Au = div(Vu) and the norm ||u| |12-11 @ = || Vu| |i2(g) +||u| |i2(£2) are crucial for

the study of non-existence results, as the norm of the solution space and the operator depend on the
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gradient. Note that, when m; = my = 0, we obtain V,,, ,u = Vu and Z'u = (—uy, —uy) = —Vu.
Observe that V,,, ,,u = —2Z u when m; = my = 0. However, in general, this relationship does
not hold. In conclusion, the norm of the solution space depends on the weighted gradient, which
differs from the operator. Specifically, ||u| ]%{1
Ou=div(Z u) # div(—Vu, mu).

Finally, we conclude Chapter [2| by proving the following results, considering €2; as an open,

oy = HthmzuH%z(Q) + Hu!l%z(g), while the operator

bounded, and simply connected set, with boundary C! —piecewise, dQ; = 6; UAC UBC, formed by
an arc o] C {(x,y) € R?; y > 0}, which intersects the x—axis at points A = (2x0,0) and B = (0,0),
where xo < 0, and by the characteristic curves AC and BC in {(x,y) € R*; x <0 and y < 0} of the
operator ¢, passing through points A and B, respectively, and meeting at point C. We say that Q; is a

Tricomi domain for the operator &'. See Figure

90Q1=ACUBCUO;

01
A/\/B

O

A

Ac BC

Figure 1: Domain Q, for the problem (T)).

Theorem 1. Let Q| be a Tricomi domain for the operator € withm; € N odd and 7 € N even, whose

boundary dQ is C' —piecewise, with exterior unit normal vector 1. If u € C*() is a solution of the
problem (1)), then

+my + 1
s +4) [P0 =" g2 [ e [ e,
Q 2 Q 2 | JBcus, BC

where F is the primitive function of f € C°(R) such that F(0) = 0, @ and w, are given by

) = [2Du(—ym‘ e, —xX"2uy) + (V" 13+ X" 03) (= (my +2)x, —(ma + 2)Y} n,

“2= [_ZF(M)(—(ml +2)x, = (m2 +2)y) — (my + ma +mymp)u(—y" uy, —szuy)} ,
and D is the vector field

D = —(m; +2)xdy — (my +2)yd,.
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Theorem 2. Let Q| be a Tricomi domain for the operator O, which is D-star-shaped where
D = —(my +2)xdx — (ma +2)ydy with my € N odd and "% € N even. Let u € C*(Q;) be a solution of

O(u) == —y" tye — X™uyy = ulu|* 1 in Q,
u=20 on ACUo; C0Qq,

. * 1 _ myt+my—mimy+8 — .
with & > 2*(my,mp) — 1 = R T Then, we have u =0 q.t.p. in Q.

Other similar theorems involving different domains can also be found throughout this chapter;
these present challenges, particularly with the necessary estimates arising from the geometry of the
domain, which had to be overcome in the proofs through a refinement of the applied technique.

In Chapter 3| we address the linear Tricomi problem.

{ﬁ(u) — Au = —y" e —x™uy, — Au= f(x,y) in Q, @

u=ry on ACUoc C0Q,
where f € L>(Q) and Q C R? is a Tricomi domain for the operator & = —y™ 92 — x™ 8y2. This is, Q
is open, bounded, simply connected set with piecewise C' boundary dQ, = 6, UAC’ UBC’ formed
by an elliptical arc o, C {(x,y) € R?; y > 0} intercepting the axis x at the points A’ = (2x(,0) and
B’ = (0,0) with xo > 0 and the characteristics curves AC’' and BC' in {(x,y) € R?; x > 0 and y < 0}
of O passing through points A’ and B’ respectively and meet at point C'. See Figure

Ay

0Q=ACUBCUCO

A

o
. /\ﬂ‘g ‘
AC
c
N

Figure 2: Domain Q for the problem (4).

As developed later (see also [[I8]]), the characteristic curves AC and BC in {(x,y) € R?; y <0} of

the operator €, for m; € N odd and “3* € N even, are given by

my+2 2 m2 - mA2
(_y) 2 :m2_|_2 X 2 +x1 ) (5)

AC ={(x,y) e R?; y. <y <0,
{(xy) ey <0,

BC =1 (x,y) €R?* y.<y<0 2 (— )mlTH—— 2 )csz+2—)cszH (6)
- Y s VeV S 7m1+2 y - m2+2 0 )
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2
and the point C = ((%)W (2x0),yc> where

2
1 (m+2 mp+2 | my+2
= — | —= 2 2 .
Ye { 2<m2+2)( *0) }

Parameterizing (5) and (6) with respect to the variable y, the exterior normal vector will be given
by

—my

e (1 [ ] )
and
my+2 my+2 rn_Tsz m
L {_m?m - 12] (-7 | @)
respectively.

The importance of studying problem () lies in the fact that the operator & = —y™ dy, — x"20, is
a generalization of the Laplacian operator A = dy, + d,y, the Tricomi operator T = ydx, + dyy, as seen
in [30, [17, 21]] and the Gellerstedt operator L = y" 0y, + d)y, as discussed in [15} 21, 30]. For this
reason, the existence results for weak solutions to problem (4) were motivated by the classical result
involving the Laplacian operator in [12]] and by the linear problem involving the Tricomi operator in
[7]. Furthermore, similar studies for the Keldysh operator K = k(x)0dy + dyy with k(x)x > 0,x # 0
and the Grushin operator G = A, + (o + 1)2|x|20‘Ay, as mentioned in [25] and [[1]], contributed to
this motivation. The nonexistence results for nontrivial regular solutions to the semilinear problem
involving the operator & = —y™ dy, — x4, developed in the previous chapter (see also [18])), play
an important role in our study. Several arguments used in Tricomi domains, as well as the weighted
Sobolev spaces associated with the operator, were drawn from this research.

Briefly, we will conduct a historical review of the problem. In [25], Otway studied the
Keldysh-type operator, obtaining the existence of distributional solutions as well as certain maximum
principles for non-uniformly elliptic operators. Sabitova, in [30], investigated an eigenvalue problem

involving a Chaplygin-type operator:
sign(y)[y|"uxx + uyy — Aly["u =0

where uniqueness and nonexistence results were obtained for A within a certain interval. In [21} 9],
the problem of eigenfunctions is also addressed. In [26]], the existence for the elliptic-hyperbolic
Tricomi problem is established, while in [4], estimates for the Dirichlet eigenvalue of the degenerate
Laplacian operator are obtained.

In addition to the Laplacian operator, we observe a common feature: the presence of a weight

in all of the operators previously mentioned. However, our operator involves two weights. This
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additional weight introduces further challenges. Indeed, the gradient and the norm are always related

through the divergence, which plays a crucial role in the study of PDEs. Alongside this, we introduce

anon-zero A in (4)) with the aim of studying the spectral theory of this operator in the future.
Following the ideas of Didenko, we will specifically study the linear Tricomi problem in which

A =7v=01in (@) on the same domain Q

O(u) := —y™uy —X™uyy = f(x,y) in Q, ®
u=~0 on ACUo C dQ.
We will also consider, in the same domain €, the adjoint problem to the semilinear problem (8
O(v) :=—y" vy —x™vy, = f(x,y) in Q, ©)
v=20 on BCUo Co0Q.

During the development of this chapter, as is inevitable, we encountered several difficulties,
mainly concerning the domain €2, to which we imposed some modifications in order to obtain suitable
estimates. No less important, and not mentioned in previous works, both for the Gellerstedt operator
and for the Tricomi operators, there exists an interaction between the admissibility of the domain for
the operator & (see Definition and for the operator & — A with A < % More specifically, we
prove the existence of a non-empty set of Tricomi domains for the operator ¢ and for an appropriate

A, the set of Tricomi domains for the operator & — A is also non-empty, justifying the next theorem.

Theorem 3. Let Q C R? be a Tricomi domain with A = (—x1,0) and B = (xg,0) with 0 < xq < X1
suppose that Q and its boundary 0Q = ¢ UAC U BC satisfies:

i) |x| <xjonQ,

ii) The curve o is given by a C? graphy = g(x) for —x; < x < xo with g(—x1) = 0 = g(xo),

1
my 2
h< (x—fn]>
Ye

—h<g(x)<h for —x; <x<xo.

iii) There is a constant

such that

Then Q is admissible for the operator O — A for all A < K%,for a suitable K3 > 0.

In addition to this theorem, we establish a result that addresses the existence of weak solutions for

the problem (4)), as follows.

Theorem 4. Let Q be an admissible Tricomi domain for the operator € — A, f € L>(Q), Y € R and
A <0. The problem

(10)

Ou)—Au=fxy) in  Q,
u=vy on ACUoc C0Q,



Introduction 9

admits a unique weak solution in WAICU o and the solution operator
S)L>7 . L2 Q Wl
ACUo * ( ) — Wacuo

which assigns to f € LZ(Q) the unique weak solution u € WAICUG of the problem (10) is linear and

COntinuous.

The Chapter [3| will be divided into two sections. In Section [3.1} we will prove the existence of an
admissible domain for the operator ¢ and, consequently, for the operator &' — A. In the section
we will present the main results of this chapter: we begin by proving the uniqueness and existence of
the weak solution for problem (8)) and, with the help of this, we prove the uniqueness and existence
of the weak solution for problem (4).

In Chapter @ we will study the existence of non-trivial weak solutions for the mixed-type

semilinear Tricomi problem with Neumann boundary conditions.

O(u) == —|y|"™ thex — |x|m2”yy = f(u) in Q,
Vi mu-n=0 on JdQ\T,

where Q is an open and bounded subset of R?, with boundary C! —piecewise 0Q, f(u) = |u|* 2u and
my,my € RT.

Our main focus is on the nonlinear version of problem (11)), motivated by the results established
in [3]], (1O}, [22], [23], [1], and [16]. Based on the approaches considered by the respective authors,
we specify the conditions to ensure the immersion of the weighted Sobolev space, demonstrating
both its continuity and compactness. We consider this fundamental tool for variational problems
and for the broader theory of partial differential equations. These results are directly related to our
problem, as these operators are, in most cases, particular instances of the operator considered here,
or, under certain conditions, coincide with the operator presented in this study. More specifically, on
the one hand, existence results for weak solutions using variational methods for problems involving
the Laplace operator —A = —0y, — d)y, the Tricomi operator L = —|y|dxx — dyy, and the Gellerstedt
operator G = —|y|™ dyx — dy, have motivated this study. In addition to these, similar results for the
Keldysh operator K = k(x)0x, + dyy, the Chaplygin-type operator sign(y)|y|” dx + dyy — A|y|™, and
the Grushin operator G = A, + (o + 1)?|x|>**A, have also influenced this study and its development.
See [2], [12], [S], [16], [25], [30], [26], [22], and [1], among others.

The techniques used to establish the results presented in this chapter adopt an innovative approach
for weighted spaces, with a particular focus on the weighted divergence, the weighted gradient, and,
consequently the norm. This approach aims to align these new concepts with the operator introduced
here. More precisely, we define the weighted divergence diviy, m,(F1,F2) := |y|%(F1 )+ |x|n%(F2)y
and the weighted gradient V,,, ,,u := (|y|%ux, |x|%uy>. By establishing a relationship between

these concepts and our operator, which is crucial to solving the variational problems outlined above,
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specifically divi, m,(Vm, mu) = Ou. It is important to note that when m; = my = 0, we recover the
classical gradient Vu = (ux,uy), the classical divergence operator div((Fi,F2)) = (Fi), + (F2), and
the Laplace operator &'u = Au. Naturally, the relation div(Vu) = Au also holds in this classical case.
These aspects introduced numerous challenges in the development of this work.

This chapter is organized into two sections. In Section 4.1} we establish the main results of
this chapter: we prove the continuity and, subsequently, the compactness of the weighted Sobolev
embedding. Finally, in Section we obtain a weak solution for Problem for f(u) = |u|* 2u
with a € (2,2%(m;,m;)). In doing so, we introduce the associated functional and analyze its
geometry to apply the Mountain Pass Theorem, thus obtaining a non-trivial weak solution. During
the development of these sections, we encountered certain difficulties not addressed in previous
references. These difficulties arise from the fact that our operator involves two weights, complicating
both the generalization and preservation of the obtained results, as well as the mathematical
manipulation of the objects mentioned above. In this context, we refer to the standard estimates
and calculations.

Finally, we conclude by stating the main results of Chapter 4.

Theorem 5. Let Q be a bounded set of R* and 1 < p < kfﬁglz with kl < 1. Then, there is a constant
C such that

iy < Cllulyp ¥ r € [1,2°( ),
this is, the immersion
1,
ka — L'(Q)
is continuous for r € [1,2*(k,1,p)).

Theorem 6. Let Q be a bounded set of R? and 1 < p < k1+_17g12 with kl < 1. Then, the immersion

WP L'(Q)
is compact for r € [1,2*(k,1, p)).

Theorem 7. Let Q be an open and bounded subset of R?> with f(u) = ulu|*? and a €
(2,2%(my,my)). Then, the problem (11)) has a weak nontrivial solution.



CHAPTER 1

Preliminaries

1.1 D-star-shaped domain and weighted Sobolev space

In this section, we will study the invariance of the solutions of the homogeneous equation of the
Problem (1)) determined by a family of nonhomogeneous dilations that determines an infinitesimal
generator D. We will define D-star-shaped domains and the weighted Sobolev space associated to the
Problem (1)) and, we conclude with a critical exponent phenomenon of Sobolev-Gagliardo-Nirenberg

type over D-star-shaped domains.

Define ¢ (x,y) = (A~%x,ABy), for &, B > 0 with A > 0, a family of nonhomogeneous dilations
(i.e. a # B) that generates Y (1) = uo ¢; = u,, a family of nonhomogeneous dilations operators and

its infinitesimal generator
ar'*
The flow .%; : R?> — R? defined by .%; (xo,y0) = (x(t),¥(t)), for each ¢ € R, being the unique
integral curve of D = —axdy — Bydy, = (—ox, —By) - V passing through the point (xp,yo) in time z = 0.

Note that (x(1), y(t)) = (xoe ™, yoe "), because, ¥ (1) = (x' (1), (1)) = (—ax(1), — By(r)) = D(y(r)).
Hence X' (t) = —oux(r) and y' (1) = —By(¢), this is,

d
[ } = Du = —ouwxuy, — Byuy.
=1

“x(t) = —ax(t) and y(1) = —(r).
Therefore, x(t) = Cre~® and y(r) = Coe P’ replacing t = 0, we found x(0) = xo = C; and y(0) =
yo =C3, 50
(x(2), (1)) = (xoe ™™, yoe P").
Furthermore,

F oo(X0,Y0) = tglfma%(xmyo) = [ETOO@(I)»Y(I))

= lim (xpe~*,yoe P") = (0,0),

t—too

11



12 Chapter 1. Preliminaries

for each starting point (xo,yo) € R?. In conclusion, R? is star-shaped with respect to the origin using

the field D. We said R? is D-star-shaped in the sense of the following definition.

Definition 1.1. Let o, 3 > 0. A open set Q C R? is said D-star-shaped (or star-shaped with respect to
the field D = —axd, — Bydy) if for each (xo,y0) € Q one has to % (xo,yo) C Q for each 7 € [0, 4o0).

Given D-star-shaped property in Q, the D-starlike property on dQ and the relationship between

them mentioned in the following lemma can be found in [15]].

Lemma 1.2. Let Q be an open set with piecewise C' boundary Q. If Q is D-star-shaped where
D = —oxd, — Byd, with a, B > 0, then dQ is starlike, that is,

(ox,By)-n(x,y) >0, 1.1)

for each regular point (x,y) € dQ where 1(x,y) is the unit exterior normal vector on dQ at the point
(x,¥)-
Definition 1.3. A subset I' C dQ is said D-starlike if the condition (I.1I)) holds on I', which is

equivalent to the condition
oxdy — Bydx >0 on T,

where dQ is given by the positive orientation leaving the interior of Q on the left side.

We want to study the behavior of regular solutions of the homogeneous problem associated with
the operator

0= —y”“&xz —xm28y2 where my,my € N,

with respect to certain nonhomogeneous dilations on bounded domains. Without loss of generality,

for bounded domain Q of R? we will consider the family of nonhomogeneous dilations
93 (x,y) = (A" 2x, A7 2y), with A € (0,1].

If u is a regular solution of homogeneous problem &'(u) = 0 in Q, then u; = uo ¢, is also a
regular solution of the homogeneous problem. This is, &'(u)) = 0. Indeed, since that u) (x,y) =

u(A=mM=2x A _m2_2y), we obtain,

2 i y) = A (A2 A )
and 3
Gy (6) = AT R (A ARy,
Moreover,

2
—; Sup (x,y) = A2 YU (AT 2, AT Ry)
X
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and P
FReAL) (x,) = A7 22y (A7 2, AT 2y,
y

Then,

Oy (x,y)) = = Y™ AT i (A7 2, A7 2y)
_xm2172m274uyy(l —m 72X, Afm272y>
At 2 2 2
:A—mlmz [—y™ 2y (AT 2, AT 2y)
_xmzﬂ‘—Zmz—mlmzuyy()v—ml _ZX, A‘—mz—zy)]‘

The change of variables ¥ = A "1 ~2x and y = A "2 2y give us

7 — l—mlmz—Zmzxmz and yml — l—m1m2—2m1ym1‘

By hypotheses, 0 (u(X,¥)) = =" ux(X,y) — ¥"2uy(¥,y) = 0 in Q. Therefore,

)'—4
O13(x,Y)) = 3y O (W(%5)) = 0.

Consider the following weighted Sobolev space HV}ll,mz (Q), associated with the problem (), as
the completion of C*(2) with respect to the norm

1

2
il = | [ 18+ 8+ 12

ml ‘mz

= with the norm o above.
Q) = C(Q) with th fH) . (Q)ab

my,my

and the subset H!

mi 7m270

We will prove that actually (T.2) defines a norm for the spaces H\ , (Q). First, we define the

my,my

weighted gradient
Vol 1= (|y|%ux, M%uy) ,
So
o amst By = [, (12 + )

and with this we rewrite |[-[|g1  (q) by
my,ny

2 2 2
||u||H,}117m2(Q) = ||Vm1,m2u||L2(Q) + ||u||L2(Q)-
. 2 2 . .
In fact, if ||u| |Hnl11‘m2(g) =0 then, ||V, m, | |L2(Q) + ||u||L2(Q) =050, u =0 a.e. in Q. Moreover, if

u=0a.e. in Q then, ||u| |i2(9) =0and u, =0and uy =0 a.e. in Q. So, V,,, m,u = (0,0). Therefore,

|u| | g1 (@) = 0. Note that,

my,m
Ay, @) = ALV motllr2@) + 12 el 20
= [[Vinymy (A) |12 () + | Aul |2

= [[Aullg Q)

my,my
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forall u € H!

mji,my

(Q) and for all A € R.
To finish, just prove

2
2
¥ s( + )
o1y < (Il 0+ Ml o

mm2

for any u,v € H), . (Q).

my,mz

Observe that, V., m, (4 +v) = Vi, myit + Vi, m,v. Hence,

2 2
2
vl o) (I1Vmmstlliaig) + 1Vl + (1112 + V120

_ 2
Ay o+ 01y o

m m2

+2[[Vny ol 20 [V ma Yl |2(0) + 21 [l |20 V]2

On the other hand,
[Jue]| o) | 2—|IMH2 + vl + 2| fu| o)l vllg
H’}’lﬁ H"l’l Sy - Hrithmz(Q‘) HV}’ll,mz(Q) Hr}l]., Hml ;my (Q)
All that’s left is to analyze,
[1Vimy ol |2 (@) Vi mo V|20 + el o) [V 2@) < Hally, |, @I, ,, @)

In fact,
2
(1% amsll 2y | Vi sl 22) + 1 2y 12 )
=| |Vmwn2“| |%2(g) | [Viny my V| |22(Q)
o+ 201Vom sl 2 Vo m¥ 2l 2 1V 2+ il B V]

and

2 2
:(‘ |Vm1,mz“| ’iZ(Q) + | |ul ’1%2(9)) (‘ |Vm17mz"| |i2(g) +|[v] |i2(g))
2 2 2 2
:valmb“ ’Lz(g) | Wml,mszLz(Q) + HVM1M2”HL2(Q)HV‘ ‘Lz(g)

+ ||

|22(Q)||Vm1,mzv| |1242(Q) + ||”| |i2(g) | |V||22(Q)

Therefore, comparing the last two equalities and using that (|[Vin mullr2(q)llVll2) —
Vg maVl |20 l[ul] Lz(Q))Z > 0, we conclude the desired inequality.

Gathering everything together, it follows that |[ - [[ ;1 (@) is anorm in H,}ll m, (€2). The next result
concerns the behavior of critical exponent which provides an estimate for this, assuming that, there is

an immersion of type Sobolev-Gagliardo-Nirenberg on H !

ny.mp,0(§2)- Its proof follows using a similar

idea made in [[15]].
Proposition 1.4. Let m|,my € N given. Suppose there exists C > 0 independent of u such that
|l (@) < ClIVimymtll120), ¥ ueCy(Q). (1.3)

2(my+my)+8
Then, 1 < p <2*(my,my) 1= pttmelis
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Proof. If u =0, (1.3) is trivially held. Take u € C7’(Q)\ {0} arbitrary. Using the change of variables

theorem gives

a1 gy = A" 44|

Lr(Q)
and
2 2
van,mzulHLZ(g) = lmﬁmﬁmlmz"VmIMz“HLz(Q)-
Replacing u; em (1.3)), we have
|20 (@)
7m1+;112+4
<CA ||Vm1>m2“)L||L2
7m1+m2+4+m1+m2+m]mz
:Cl< g ’ )va17m2u|’L2(Q)
Denote r = _m1+1r512+4 + MMM and suppose that r > 0. Then, making A — 0T, we get
|[u[|zr(q) < 0 but u # 0. In conclusion,
. _m +my+4 +m1 +my+mimy <0
p 2 T
then
p< 2(m1 +MQ)+8 .

- omy+my+mmy

1.2 Dual spaces and Admissible Tricomi domain

In this section we will define weighted Sobolev spaces naturally associated with the problems
and (9) and their dual spaces and we will establish relationships between them in terms of their norms.

Additionally, we will define specific Tricomi domains for our work and prove their existence.

Consider,
Crcuo(Q) ={u e C*(Q); ulacus =0},

and
Chcus(Q) ={v e C(Q); v|pcus =0}

Define Wir , and Wy, the closures of Cip 5 (Q) and Cip 5 (Q) respectively, with respect to
the W12 (Q) norm. By the theory of spaces with negative norm [[13] consider the dual space WAclu .

and WB_Clu o of WAlcu - and WBICU - respectively with the norm

?

_ (.02
Il = sup

0FAUEW e 6 ||u’ ‘WAICU
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" 0.v)
V)2
H¢HWB}L6 = Sup ||V||,—L
O7éV€WBlCUG WI;CUO‘
We get the following inclusions

WAICUG - LZ(Q) - WA_CIUG and WI%CUG - LZ(Q) C WB_Cluo'
In [18], we defined Z'u = (—y™uy, —x™u,) and we observed that div(Z'u) = Ou. By the
Divergence Theorem [12], we have
/ div(v(_ymlum_meuy)) :/ v(_yMIuJC?_xmzuy) 1,
Q 2Q

and

/div(u(—ym‘vx,—xmzvy)):/ u(—y"vy, —x"2vy)-m .
Q o0

By the proprieties of the divergent, we obtain

/Vv(—ym‘ux,—xmzuy)+/ vdiv(—ymlux,—xmzuy):/ v(—=y"ug, —x"uy) M,
Q Q oQ

and
/Vu(—ymlvx,—xmzvy)-i-/ udiv(—ymlvx,—)c’"2vy):/ u(—y"vyg, —x"2vy) -1,
Q Q oQ

respectively. Replacing, Vv = (vy,vy), Vu = (ux,uy) and div(Z u) = Ou. We have

/Q(vx,vy)(—ymlux,—xmzuy)—1—/9\1 Ou= /an(—ymlux,—x’"Zuy)-n ,

and
/Q(ux,uy)(—ymlvx,—xmzvy)+/Qu Ov = /(mu(—ymlvx,—x’"zvy)-n .
Therefore, for u € Wi, and v € Wi . we get

/(vx,vy)(—ymlux,—xmzuy)—i—/ vﬁ’u:/ V(=" uy, —x"uy) - M
Q Q AC

and

)y =) [ wov= [ u(=ymg ).
Q Q BC

See that (Z'u-n)|,. =0and (Zv-n),, . =0. Indeed, we have

lac |ac

(—y"uy, _szuy) *MNac

—my

m —|—2 my+2 my+2 | my+2 my
— () —1,—{ 220 L () } ()

Y
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Moreover, by hypothesis «),. = 0 which implies 8,u‘ «« = 0, follows that (Z'u-1n),.=0.

‘AC

Analogously, we obtain (Zv-1).. = 0. Hence

|sc

/(Vx’vy)(_ymmx,—xmzuy) -l-/ vOu=0,
Q Q
and
/(”muy)(—ymlvx,—xmzvy) —i—/ uOv=0.
Q Q
In conclusion,
(Ou,v)p2 :/ vOu= / (™M v + 2" uyvy) :/ ulOv=(u,0v).
Q Q Q
Note that, for u € WAICU .

%
1Oullyy = sup 1OVl
pev O#VEWI;CUO' ||V||WEI‘CUG

| Jo (O™ v +x"2uyvy)|

O#Vsel;‘gcw | |V| |W61’CUG
B (R P
0AVEW56 [V ‘WBlcuc
SR (O
0AVEWR- o K|Vl

[l 21OV 2
0AEWSe o Kilvl] .2

since ¢ is continuous in L2. Then,
|
HﬁAC”HWl;CIU<7 < Cl||“"w/gcu6 » € Wicue:
similarly, for v € WéCUG
|
1GBcvilyr < CalVllwy, > V€ Wacuo

where Oscu and Opcv is the unique continuous extensions of & relative to the dense subspaces

Cious () and Cgp () respectively. The following definitions are adaptations of the definitions

found in [16] for our purpose.

Definition 1.5. Let A € R. A Tricomi domain Q is said admissible for the operator & — A, if there

are positive constants C3 and Cy4 such that
Il 2(0) < Call(@ac = Mully 1, 4 E Wieio (14)
and

Wl < Call(G = A)vlly 1 s vE Weuer (15)
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Definition 1.6. Given f € L*(Q) we say that u € W/ , is a weak solution of (@) if the following

relation is hold
B, (x,y) = /Q(ymluxvx—kxmzuyvy — Auv) dxdy = /va dxdy,

for all v € Cyr 5 (Q).

1.3 Fundamental tools of the variational method

In this section, we review several key concepts, including the interpolation inequality, Palais-

Smale sequences, and the Mountain Pass Theorem, as found in [[12], [2]], [29], and other sources.
Interpolation inequality
Letu e LP(Q)NLI(Q) with 1 < p < g <o, hence u € L"(Q) for all p < r < g and we have the
interpolation inequality

_ 1 o 11—«
||u||Lr(Q) < ||u||2‘,,(g)||u||zq(g) where o= ;+T 0<a<l). (1.6)

Definition 1.7. Let {u,} C X. We say that {u,} is a Palais-Smale (PS) sequence for ¢ € C!(X,R) if
¢(u,) — cand @' (u,) — 0. (1.7)

Definition 1.8. Let ¢ € C'(X,R). We say ¢ satisfies the Palais-Smale (PS) condition (7)), if any PS

sequence {u,} at level ¢ admits a convergent subsequence.

Remark 1.9. If ¢ is a bounded from below operator and satisfies the (PS) condition with ¢ = infy ¢,

then c is a critical value of ¢.

Theorem 1.10. Let X be a Banach space and ¢ € C'(X,R) be a functional satisfying the PS
condition. If e € X and 0 < r < ||e|| are such that

a:=max{@(0),p(e)} <b:= inf @(u),

[luel|=r

then

c=inf sup @(¥(t))
Yelieo0,1)

is a critical value of @ with ¢ > b. Where 1 is the set formed by paths joining the point 0 and e. This

is,

I'={yeC([0,1],X);7(0) = 0,¥(1) = e}.



CHAPTER 2

Nonexistence results for a degenerate
Goursat type problem

2.1 Tricomi domains and PohozZaev-type identities

We will study the problem on three different domains in this paper, and we will construct

Pohozaev-type identities for them. We start with the problem

O(u) = =y iy —x"2uyy = f(u) in Qi 2.1)
u=0 on ACUo; C 99y, '
where Q; is a Tricomi domain for the operator &' = —y”’”&xZ —x™ 8y2. This mean that, £ is open,

bounded, simply connected set with piecewise C! boundary dQ; = 6; UAC U BC formed by an
elliptical arc o1 C {(x,y) € R?; y > 0} intercepting the axis x at the points A = (2x0,0) and B = (0,0)
with xyp < 0 and by the characteristics curves AC and BC in {(x,y) € R?; x <0 and y < 0} of &
passing through points A and B respectively, which meet at point C. See Figure [2.1]

0Q1=ACUBCUO;

0

Ac BC

v

Figure 2.1: Domain Q; for the problem (2.1].

19
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Remark 2.1. The domain Q; depends on m,m, because the characteristics curves are associated with
the operator ¢, additionally Q; depends on xy which determines the parabolic diameter 2|xo| = |AB|
and its position in R?. This is why, we consider the problems (2.3 and (2.6).

Definition 2.2. Let I'(¢) = (a(t), B(t)) be a smooth (C*) curve in R2. We say I"is a characteristics
curve of equation

Aty + 2butyy + cutyy = d,

if a(B'(1))* = 2b(a' (1)) (B'(1)) +c(&(1))* = 0.

For the problem 2.1), a = —y™, b =0 and ¢ = —x™. By the Definition [2.2] its characteristic

curves satisfies
(=y"™)(B'(1))* + (=" (el (1))* = 0. (2.2)
We know I can be written locally as the graph of a function because, I" is a smooth curve. Suppose
['(x) = (x,y(x)), in this case, ot(x) = x and B(x) = y(x) so &' (x) = 1 and B’ (x) = y'(x). By (2.2), we
conclude that the characteristics curves of the problem are solutions of

"M ()7 ="

To solve this ordinary differential equation in {(x,y) € R?; x < 0 and y < 0}, without loss of

generality, consider m; € N odd and %2 € N even . On this conditions the characteristics curves of

(2.1)) satisfy
my m

(=92 Y @) =x7.

We will analyze [y’ (x)].

Case 1 Case 2 Case 3
Y (x) <0 Y(x) =0 Y(x) >0
(N (Y ) =7 y(x) = Ks ()Y () =7
In case 1, we get ﬁ(—y) "t #xm%ﬂ + K. In case 2, we get a contradiction with the
choice of I'(x) = (x,y(x)). In case 3, we get ﬁ(—y)mlT+2 = —#xmzf +K>.

In order to construct dQ; and consequently 1, it is enough to substitute in the characteristic
curves found the points A = (2x9,0) and B = (0,0). In relation to Definition[I.3|we give the orientation
for Q; and particularly for AC when y’(x) < 0 and for BC when y’(x) > 0. We have

2 m2+2

— 2x0) "2 =0.
m2+2( XO) and k2 0

The characteristic curves AC and BC in {(x,y) € R%; x<0and y < 0} of the operator &, for

m € N odd and 3> € N even, are given by

mq+2 2 Mo 42 o2
AC:{(x’y)ERz;ycSySO, Ea En 2}}

— P 2 — (2 2
m1+2( y) a2 (2x0)
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BC =4 (x,y) €R% y, <y <0, L(—y)mlTHZ— 2 X :
-7 = my+2 my+2

2

and the point C = ((%)W (2xo),yc> where

2
I (m+2 my+2 | mi+2
= — | —= 2 2 .
Ye { 2<m2+2)( *0) 1

Parameterizing (5)) and (6)) with respect to the variable y, the exterior normal vector will be given
by

*le

fac = _17—[Zfii(—y)wﬂzxo)"%ﬂw(_y)”? :
and
my+2 my+2 rn_Tsz m
e 1’_{_m?+2 B 12] (-7 |
respectively.

As mentioned in Remark 2.1} we will consider the problem (2.3 and its respective characteristic
curves which are found analogously to problem (2.1)), namely

{ﬁ(b{) = —y"” Uxyx _xmzuyy = f(l/t) in Qz’ (23)

u=20 on ACUo, C 0dQy,

where Q; is a Tricomi domain for the operator & = —y™ 92 — x™ 8y2. That is, €; is open, bounded,
simply connected set with piecewise C! boundary dQ, = 6>, UAC’ UBC’ formed by an elliptical arc
o, C {(x,y) € R?; y > 0} intercepting the axis x at the points A’ = (2xg,0) and B’ = (0,0) with xo > 0
and the characteristics curves AC’ and BC' in {(x,y) € R?; x > 0 and y < 0} of & passing through
points A’ and B’ respectively and meet at point C'. See Figure

The characteristics curves AC’ and BC' in {(x,y) € R?; x > 0 and y < 0} of the operator & for
my € N odd number and m, € N, are given by

AC, ( ) ERZ < < 0 2 ( )m12+2 2 [ 17122+2 (2 )m22+2:| (2 4)
= X 5 SyYys LU, - - — X —(&X ) .
Y Ye y m1+2 Yy m2+2 0
2 ml+2 2 m2+2
BC' = ER? yo<y<0, ——(—y) 2z = T, 2.5
{(x,y) Yo <y < l+2( y) PRI A } (2.5)

2

)27 (2x0), v ) where

2
1 fm+2 mp+2 | m+2
)= — | — 2 2 .
Ye {2 (m2+2)( *0) ]

and the point C' = ((

N[—
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9Q,=AC'UBC'UOD,

02
) /b]}q |

Q5

»
»

X

A

Bc AC'

Figure 2.2: Domain Q; for the problem (2.3).

Parameterizing (2.4) and (2.5)) in variable y, the exterior normal vector be given by

—my

my + 2 my+2 my+2 | my+2 my
) = 1.— | — — 2 2 2 —_
e = | 1= [~ ™ )™ T () ).
and
iy
ny + 2 my+2 | my+2 my
1 = —1,— — 2 — 2
U):e ; {ml ) y ] (—y) )
respectively.

We also study the problem

O(u) == =y Uy —x™uy, = f(u) in Qs 2.6)
u=>0 on ACUo3 C 0Qs, .
where Q3 is a Tricomi domain for the operator & = —y™ 92 — x™ 8y2. That is, Q3 is open, bounded,

simply connected set with piecewise C! boundary dQ3 = 63 UAC” UBC" formed by an elliptical arc
o3 C {(x,y) € R?; x < 0} intercepting the axis y at the points A” = (0,2y,) and B” = (0,0) with
yo < 0 and the characteristics curves AC” and BC" in {(x,y) € R?; x >0 and y < 0} of & passing
through points A” and B” respectively and meet at point C”. See Figure

To construction of the domain Q3, we suppose I'(y) = (x(y),y), locally as the graph of a function,
in this case a(y) = x(y) and B(y) =y, so &’ (y) =x'(y) and B’(y) = 1. Inserting in (2.2)), we concluded
that the characteristics curves of the problem are solutions of

" =2 (7))
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0Q3=AC"UBC"U03

A
A

BC" x

Q3

AC"

v

Figure 2.3: Domain Q3 for the problem (2.6).

With calculations analogous to those made to find the expressions of the characteristic curves ()
and (6) of problem (2.1), analyzing |x'(y)| instead of |y'(x)|, the characteristics curves AC” and BC”
in {(x,y) € R?; x>0andy < 0} of the operator &, for m; € N odd number and m, € N, are given by

2 my+2 my+2 2 my+2
AC" = {(x,y) ER% 0<x<x, — [(—y)IT+ - (_2y0)1%} - x%*}, @7

mp+2 my+2

2 my+2 2 my+2
BC" = , €R2;0< <X, ——=(—y) 2z = T2 5, 2.8
{enertosrcn, 2™ -2y 28

2
and the point C” = (xcu, (3)m7 (ZyO)) where

2
1 (my+2 my+2 | my+2
= — —2 2 .

Parameterizing (2.7) and (2.8)) in variable x, the exterior normal vector be given by

—m 1

Nacr = [—Z;iixmszr(—z)’o)ml;z] m1+2x%,_1 ;
and
mp+2 m+2 ”71% my
Npcr = [m2+2x 2 } x2,1 |,
respectively.

Now, we will state the theorems with the PohoZaev-type identities for the aforementioned
problems (2.1), (2.3), and (2.6), providing a detailed proof of the first one and discussing the key

aspects necessary to establish the proofs of the remaining two.
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Theorem 2.3. Let Q; be a Tricomi domain for the operator O with m; € N odd and =+ € N even

numbers, whose boundary Q. is piecewise C' with the exterior unit normal vector 1. If u € C? (Q)
is a solution of the problem (2.1)), then

1
(ml—l—m2—|—4)/Q F(u)_m1+m22—|—m1mz/Q uf(u) = 5 [/BCUG a)1+/BCa)2}, (2.9

where F is the primitive function of f € C°(R) such that F(0) = 0, @ and @, are defined by

@1 = [2Du(=y" g, = ) + (7 ) (= 1+ 2~ (a4 2|, @10)

W, = [—2F(u)(—(m1 +2)x,— (mp+2)y) — (my +my +mymy)u(—y™ uy, —xmzuy)} n, (2.11)
and D is the vector field
D = —(m +2)xdy — (my +2)yd,.

Proof. The proof will be done in 4 steps. In step 1, we will estimate le DuOu. While in step 2,
we will estimate [ Duf(u) and in step 3, we will estimate [o uf(u). In step 4, we will multiply
Problem (2.1)) by Du, and we integrate over the domain where the regularity of the solution allows us

to use the Divergence Theorem [12] and we relate the previous steps to prove (2.9).

Step 1. Claim,
Duﬁu:ml+m2+mlm2/ (ymlu)%—l-xmzuz)
Q 2 Q Y

> e
- 2Du(—y™uy, —x"u
2 BCUo ( Y * y)

+ (ym‘u)% —|—xm2u§) (—(my+2)x,—(my +2)y)} 1. (2.12)

+

In fact,

div(("™ 2+ ") (1 +2)x,— (m2 +2)y) )
:V(ymlu)% +xm2u§)(—(m1 +2)x,—(my+2)y)
+ (yml MJZC —|—xm2u§) div((—(ml + 2))6, —(m2 + 2)y)>
= —2(my 4 2)xy™ ity — 2(my +2)x™ ! Uylhyy
—my(m; + 2)xm2u§ — my (ma +2)y™ uZ — 2(my +2)y™ My,
—2(my +2)yx™ uyuyy — (my +my +4) (Y™ —i—xmzug), (2.13)
Define 2 u = (—y™ uy, —x"uy). Since Du = —(my +2)xu, — (mp +2)yu,, we found by simple
calculations
—V(Du)- X u=—(my +2)y™u* — (my +2)xy™ et
— (my +2)y™ Huxuxy — (m + 2)x’"2+1uyuxy

— (mp+2)x™ ui — (my 4 2)yx"uyuyy. (2.14)
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So, from (2.13)) and (2.14)), we get

_V(Du)- Zu :%div (™12 + 2712 (— (my +2)x, — (o +2)y))

(my +my+mymy)
2

("™ + X)) (2.15)

Using the Divergence Theorem [12], we gain

div(Du Z u) :/ DuZu-n,
Q] an

by the proprieties of the divergent

/ V(Du)- Z'u+ | Dudiv(Zu)= DuZu-n.
Q Q Q4

Note that, div(Z u) = Cu. So, we obtain

Duﬁu:/ DuZu-n+ | —V(Du) - Zu.
Qi IQ Qi

Inserting (2.15)) in the last equation

Dulu = DuZu-n
Q 0Q
1 . mp .2 my 2
+§/lev((y u; +x uy)(—(m1+2)x,—(m2+2)y))
my +my +mymy m m
L m T )/Q(y a2+ "), (2.16)

Using the Divergence Theorem again, we have

/Q div((ym1u§+xm2bl§)(_(ml+2>xa_(m2+2)y)) =

1

[ (24 0mE) (—m + 205,z +2)3) 1, @.17)

and inserting (2.17) in (2.16)) we obtain

Duﬁu:(ml+m22+mlm2)/ (ymlu)zc+xm2u§)
Q Q

|
+§/()Q [2Du(—y™ uy, —x"uy)
1

+ (5" + 3" ) (— (my +2)x, —(ma +2)y)| 1.

This last equation is the identity (2.12)) if the boundary integral vanishes on AC. Just prove that,

(Y™Mu? +x’”2u§) =0and (Zu-n)|,. = 0. Denote by,

lac lac

my my my

dyu:=x 7 [xTLty—f— (—y)TMx} ;
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and

So,

Moreover, we have

(_ymluxu _xmzuy) *MNac

7'"2

2 m. 2 my+2 m 2 myt2 | my+2 my

= o). (<1 PR )" ) T ()
m my+2 *m’L

:ymlux+xm2(_y>71 szi| 2+2uy

= (0T [f Ty = (-3) P

= (—y)%x%8,u.

See that, d, u and d_u are essentially the directional derivatives along the characteristics BC and

AC respectively. By hypothesis ), = 0 which implies 8,u| L« =0, thus (Y™ u? —|—x’"2u§)| 4« =0and
(Zu- n)| . =0. In conclusion, for m;, 3 odd and even numbers, respectively, (2.12) is true.
Step 2. Claim,
[ Dus(w) :(m1+m2+4)/g Fu)+ [ Flu)(—(m+2)x,—(m+2)y) . (218)
1 1 BC

In fact. By the Divergence Theorem, we obtain

/Q | div(F (1) (—(m) +2)x, — (my +2)y)) = o, F) (= (m1 +2)x, —(m2 +2)3) -7

The divergent “s proprieties gives
[ VF @) (=1 +2)x.~(m+ 2))
1

", F(u) div((—(m1 +2)x, = (m2 +2)y)) =

; F(u)(—(m +2)x,—(my+2)y)-n.
Q

By the hypotheses, F is the primitive function of f so, VF (u) = f(u)Vu. Also, div((—(m; +
2)x,—(my+2)y))= —mi —my —4. Thus,
[ £V (~ 14 2)x,~ (m +-2)y) =

Q

[ P (= +2)x.—(ma+25) - + (o +ma+4) [ Flw).
Q

Q
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Note that,
Vu-(—(my +2)x,—(my +2)y) = —(my +2)xuy — (my +2)yu, = Du.
Then,

Duf(u) =(m+ma+4) [ Fu)+ [ Fu)(=(m+ 2 ~(ma+2)y) 1.

Q4 Qg an

To prove (2.18)) just see that u|, oy = 0 by the boundary condition and F(0) = 0 by hypotheses.

Step 3. Claim,
[ s = [ oM +0m) [ (M, ). 2.19)
Q) Q) BC

In fact. By the Divergence Theorem, we get

div (1 (=", =) = [ (= ).

Q Q)

The divergent “s proprieties give us

Vu-(—ymlux,—xmzuy)—k/ udiv((—ymlux,—xmzuy)):/ u(—=y" e, —x"uy) M.
Q 0

Q Q

Since Vu = (ux,uy) and div((—y™ uy, —x"uy))= Ou, we get

/ ulu= / (y™ u? —|—xm2u§) +/ u(—=y"ug, —x"uy)-n .

Q Q 0Q,

This last equation is (2.19) just observing that, Ou = f(u) in Q and y acuo, =0
Step 4. Proof the Pohozaev identity (2.9).

Multiplying Ou = f(u) by Du in Qy, inserting (2.12)) from Step 1 and from Step 2, gives

(m1+m2—|—4)/ F<u):m1—|—m2—|—m1mz/ (ymlu)%+xm2u2)
Q 2 1 Y
1
— _ M _ 2
+2 v, [ZDM( y™"uy, xmuy)
(7" ) (= (2%, — (2 +2))|
_ /B Pl)(=(m +2)x,~(my+2)y) 7. (2.20)

Multiplying (2-19) in Step 3 by —"1H"2HM™ give ys

_m1+m2+m1m2/ uf(u):_lm—l—mz—l—mlmz/ (ym‘u§+xm2u2)
2 Q 2 Q g
_m —|—m22—|—m1m2/ u(—=y"uy, —x"uy)-n. (2.21)
BC

Adding the identities (2.20) and (2.21), grouping the integrals and inserting (2.10) and (2.11)), we
get the result. [
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Theorem 2.4. Let Q) be a Tricomi domain for the operator O with m; € N odd number and m) € N,
whose boundary 9, is piecewise C' with the exterior unitary normal vector 1. If u € C? (Qy) isa
solution of the problem (2.3), then

(my +m2+4)/§22F(u) _m +m22+m1m2 /Qzuf(u) = % [/BC/UGZ o] +/Bc/a)2} : (2.22)
where F is the primitive of f € C°(R) such that F(0) =0, @, and @, as in 2.10) and 2.11)

respectively.

Theorem 2.5. Let Q3 be a Tricomi domain for the operator O with m; € N odd number and m; € N,
whose boundary 03 is piecewise C' with the exterior unitary normal vector 1. If u € C*(€3) is a
solution of the problem (2.6)), then

+my 1
(- my+4) [Pl - MR uf(u)z—U o+ | 602} (2.23)
Q4 2 Qs 2 |/Bc"ue; BC"

where F is the primitive of f € CO(R) such that F(0) =0, @, and @, as in Z.10) and @.11)

respectively.

The Proof of Theorems and are similar to the proof of the Theorem Just observe
that, the PohoZaev-type identities are similar given in terms of BC, BC' and BC". Note that, 2 u,
the operator u and the vector field Du do not change to the problems (2.1), (2.3) and (2.6)), so o,
and m, have the same expression independently of the problem. Moreover, the computations done
in the Step 2, Step 3 and Step 4 of the Proof of Theorem which remain valid to the proof of
Theorems and But, the Step 1 of the proof of Theorem depends strongly on the facts
(Y™Mu? +xm2u§) =0and (Zu-n)|,. =0. The proof of Theorems 2.4/ and , we need to define
the directional derivatives of u along the characteristic curves AC’, BC', AC” and BC" and with these,
we found (y™ u? —|—x’"2u§)|AC, =0, (y"u? +xm2u§)|ACﬁ =0and (Z'u-1n),,=0,(Zu-n),.,=0
as done in the Step 1 of the proof of Theorem Therefore, we can state that the PohoZaev-type

lac lac

identities are true to the proposed problems.

2.2 Nonexistence results

Together with the Pohozaev-type equations (2.9), (2.22) and (2.23) from Section the
nonexistence results presented in this Section depend directly on the Hardy-Sobolev inequality

because it controls the sign of the boundary integrals on the characteristic curves of Q, Q, and Q3.
The relationship between the critical growth of power type in nonlinearity and the critical exponent
of the weighted Sobolev embedding in the Theorem is explicit in each of these nonexistence
results. We define a class of weighted functions and a class of absolutely continuous functions where
the Hardy-Sobolev inequality will be applied. This inequality can be seen as a weighted Sobolev
inequality and the proof can be found in [[24]], Theorem 1.14]. Let,

W ={w: [a,b] — R;w is measurable, positive and finite a.e. in [a, D]}
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and &/€’1(a,b) defined by
{(]) :la,b] = R; Py € A€ (J),VJ =lc,d] C (a,b)and lim+¢)(x) :O}.

Lemma 2.6. (Hardy-Sobolev Inequality). Let 1 < p < g < 4o and v,w € W be given. Then

b 0 b 5
[owiwa| <cu [owmea
forall § € /€ (a,b), if and only if,

My = sup Gr(x) < oo,

a<x<b

Gux) = ( / bW(t)dt); ( / xvl_pl(t)dt) v

Moreover, the best constant Cy, holds

where

_ =

1 /
My <Cp <r(p,q)Mp where r(p,q) := <1 + 2/) ! <1 + p_)
p q

Theorem 2.7. Let Qi be a Tricomi domain for the operator O, which is D-star-shaped where
D = —(my +2)xdx — (my +2)ydy with my odd and "2 even numbers. Let u € C*(Q1) be a solution of

{ﬁ(u) = =Mt — X uyy = ulul*in Qy, (2.24)
u—=

0 on ACUo| C dQ,

. * 1 _ my+my—mimy+8 — :
with o0 > 2*(my,mp) — 1 = T T Then u =0 a.e. in Q.

Proof. The proof will be done in 5 steps. Step 1, we will analyzed f(u) and F(u). Step 2, we
apply the PohoZaev-type equation (Theorem . Step 3, we will check that |, o, @1 = 0. Step 4, we
will rewrite [5-(@ + @) by a parameterization. Finally, Step 5, we apply Lemma [2.6[to prove that
Jpc(@1+ @) > 0.

Step 1. The problem (2.24) is a particular case of the problem (2.1)) where f(u) = u|u|*~!. Which

|M|a+1

a+l

implies, F (u)

Step 2. Applying the PohoZaev-type equation, Theorem 2.3 we get

|I/l|a+1 my +my +mimy 1 1
m+m—|—4/ — /MOH':—/ a)+/ .
(m 2+4) o a+1 2 Ql| | 2 | JBcue, ! Bsz

So, we obtain

((m1+m2+4)_m1+m2+m1m2)/ |u|a+1:l|:/ ) + 0)2}7
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and

(m1+m2—m1m2+8—oc(m1+m2—i—m1m2)) |u|a+1
Q

1
== o1 + .
2(0+1) 2 {/BCUQ ' Jse a)z]

In the next Steps, we will prove that

1
= {/ 601+/ (02] > 0.
2 | JBcuoy BC

Since |u|**! > 0, then follow the result.

Step 3. By (2.10), we obtain

wds :/ [ZDu(—ymlux, —x"uy)
(o] (o]
(3 + 27202 (= (1 +2)%, = (2 +2)y) | Moy ds,
since Du = —(my +2)xuy — (mp +2)yuy and ng,ds = (—dy,dx), then

; wds :/6 [(—Z(ml +2)xuy —2(mo +2)yuy) (—y" uy)
("4 ) (— (1 +2)) | ()

+ [(—Z(ml +2)xux —2(mo +2)yuy ) (—x"uy)

O]

O 4 ) (- (ma +2)y) | .
Thus, we get
wds :/ (y™ u? +xm2u§) ((my +2)xdy — (my +2)ydx)
O] (o]

+ [ (2(my +2)xx™ uy — 2(my 4 2)yy™ ux) (uxdx + uydy).

O]

By hypotheses u|5, = 0 then (uxdx + uydy)|s, = 0. So, we have
wyds = / (y™ u? +x’”2u§) ((my +2)xdy — (my +2)ydx).
(9]

We know that Q; is D-star-shaped and dQ2; is D-starlike in the sense of Definition Therefore,
((my1 +2)xdy — (my +2)ydx) > 0. See well, (y™ u> +xm2u§)‘gl > 0 because 61 C {(x,y) € R%; y > 0}
and my 1s even. In conclusion,

wds > 0.
(¢
Step 4. Denote by
= / (01 + ).
BC
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We know that @, and @, are defined by (2.10) and (2.11) respectively. Therefore, the generated
flow by D = —(mj +2)xdx — (ma +2)yd, is everywhere tangential to BC. Then, we obtain

1= [2Du — (my 4+ my +mymy )u)(—y™ uy, —x"uy) - n ds. (2.25)
BC

. S my+2 my+2 my+2
Remembering, BC is given by — ]2 5(=y) 7 =x 7 ,wegetonBC

ds = |npcldy and Du= (my+2)(—y)d;u, (2.26)

m

where dyu = u, +x 7 (—y) 71, as defined in the Step 1 of the Theorem

Inserting (2.26)) and (7)) in (2.25]), we have

0
I= [2(1’)12 +2)(—y)8+u - (m1 +my +m1m2)u]
Ye

m

l,—x 7 (—y)7
(—yy, =) LY TN gy

re
SO,
0 m my
1:/ [2(m2 +2)(—y)stt— (my +ma + myma)u)(—y) FxF s udy.
Ye
Then,
0 mi42 my ’ my
I:/ 2(my+2)(—y) 2 x 2 (dsu)”— (my+my+mmy)(—y) 2 x2 udiuldy. (2.27)
Ye
Parameterizing the curve BC by
r(r) = (—m2+2(—t)"%”)*”;“t € [ye,0) (228)
- m1+2 ) ) Ye, ) .
define ¢ (1) = u(T'(t)) € C*((.,0)) UC'([y¢,0]) and note that
¢'(t) = Vu-T'(t) = d;u(T(z)). (2.29)
From (2.28)) and (2.29)), (2.27) becomes
0 me2 o omy42, M2\
I=[ |2tm+2)(—)" (- —1) 2 )" (')
[ 2me 20" (SIS 0™ )6 0)
m o my+2 mA2\ oty /
(11 +my -+ mymy)( t)2( N ) 0(1)¢' (1) dr. (2.30)

See that,

)

. m12+2< my+2 ; m12+2>m’:iz_ < m2+2>m';~2+2( , m1+2"2;:"21m2+2
m;+2 m;+2
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and
my+2 - my+2
Furthermore,
d m2+2 1112+2 my +mytmymy 2_
dr |\ mi+2 1) N)?| =
d;[( ) e (9(1))
m2+2>mr;3rzd mymy+mymy 2_
o . —t my+2 t —
< mi+2 (=1) (6(1))
m2+2)m;32(m1+m2+m1m2> my mymy 2 5
IR —t my+2 t
( my +2 miz )Y (1))
m2+2 n12 my+my+mmy )
2( _t m2+2 t t)
ma) ) 0(1)9'(t)
then,

my+2

d ( my+2
dt mp+2

2 m1+2

Inserting (2.31)) in (2.30) and using the fact that ¢(y.) =0 =

I:%my+$<

2\ 2y
( ) + ) r+2 (—l’)
1 Toes)
— —t m2+2
: )™ =)

l(_mz +2> % (_ml +my +m1m2> (_t)mlf:;%zfz (¢(t))2

my+2
my+2

0
>m2+2/ (—t) my+2
Y.

mjp+my+mymy

(19" (1) =

m+my+mymy

(¢(t))2]

(2.31)

my+2
¢(0), we find

my+2my+mymy+2

(9/(t))*at

c

(2.32)

1 (my +my +mimy)? ( my +2> 2 /0 mytmyrp =2 2
= —t) m* t))"dt.
R [ (=) (9(1))

mp+2

Step 5. Claim. I = [p-(®; + @) > 0. This is, the equation (2.32) is nonnegative. Just see,

(m1 +my +m1m2)2

1
2 my+2

gzmn+m<—

simplifying,

1 (ml +my +m1m2)2 /O(—t)

c

equivalent to say,

[ /yé<—r>mliﬁﬁzz<¢<r>>2dr] <

my+mymy—2

0
my+2 (¢(t))2dt§2(m2—|—2)/ (—t) my+2

my+2 m2+2/0 mytmymy—2 5
—t my+2 t))-dt
()™ [ 0 e

c

m2+2>m2+2/0 m1+2m2+mlm2+2 , )
—t my+2 1)) dt,
) e (')

my+2my+mymy+2

(¢'(r))

Ye

2(m2 +2)
my+my+mypmy

0 my+2my+mymy+2
[ [ R )
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For the function ¢ € 271 (y.,0), we use the Lemma the Hardy-Sobolev Inequality, with

2(my+2)

oy, in the interval (a,b) = (yc,0), with exponents p = g = p' =2 and with

ml+2m2+m1m2+2 m1+m1m2—2
weighted functions v(z) := (—t) ™2 and w(r) = (—t) ™7*2 . Note that,

1 1

0 my+mymy—2 2 X 7m1+2m2+m]m2+2 2
Gr(x) = / (=) T gy /y (=) M

Evaluating the integrals,

constant C, =

my + 2 _ mytmytmymy my+my+mymy 2
G = 1 — (— my+2 _ my+2
() m1+mz+m1mzl (—5e) (%) ]
Thus,
+2
Mp = sup Gr(x)= m < +oo,
a<x<b my +my +mymy
and r(2,2) = 2. Therefore,
2 2 2 2
My <Cp= (1 +2) <r(2,2)M, = (ma+2)
my +my +mymy my +my +mymy
In conclusion, I = [z~(®; + @) > 0 and, as mentioned in Step 2 the result follows. U

Theorem 2.8. Let Q, be a Tricomi domain for the operator O, which is D-star-shaped where
D = —(my +2)x0y — (my +2)ydy with my odd and "% € N. Let u € C*(Q;) be a regular solution

of

O(u) := =y gy —X"uyy = ulu|*tin  Qy,
u=>0 on ACUG0G, C0dQy,

. * 1 — mi+my—mimo+8 — .
with o0 > 2*(my,mp) — 1 = B TET Then u=0 a.e. in Q.

Proof. The proof will be analogous to the proof of the Theorem [2.7]
Step 1. The same Step 1 of the Theorem 2.7

Step 2. Applying the PohoZaev-type identity (2.22)), we gain

mi+mH+mm 1
(m1+m2—|-4)/ Fu) = T mtm 2/ uf(u):—[/ o)+ wz}
Q 2 fo% 2 | JBC'Us, BC'

Step 3. Analogous to Step 3 of the Theorem [2.7, we have

wds > 0.
o

Step 4. Analogous to Step 4 of the Theorem we get

m2+2>ml;_2'_2/0 my+2my+mymy+2 , )
—t my+2 1)) dt
) e {0)

2 _m_ .0 my+mymy—
e (o L O (02
2 my+2 my+2 Vv

Step 5. The same Step 5. of the Theorem 2.7 [

I:2(m2+2)<

!

C
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The following result arises from the difficulties mentioned in the introduction and it can be seen
as a weak result of a possible generalization which does not have a final conclusion. We do not have
a similar result to the Theorems and on 3 for the Problem (2.6)). But, we can consider the
characteristic triangle Q4 as being Q; for the Problem (2.6) with 03 = {(x,y) € R?; x = 0 and 2y <

y < 0}. See Figure[2.4]

0Q4=AC"UBC"U 03

v

Figure 2.4: Domain Q4 for the problem (2.6).

This idea comes from considering 67 = {(x,y) € R?;y = 0and2xy < x < 0} for the Problem
@2.1) and 6, = {(x,y) € R*;y = 0and 0 < x < 2xo} for the Problem (2.3)) so, we could obtain two

corollaries for the Theorems 2.71and 2.8l

Theorem 2.9. Let Q4 be a Tricomi domain for the operator O, which is D-star-shaped with
D = —(my +2)xdy — (my +2)ydy and my odd and "% € N. Let u € C*(Q4) be a regular solution

of
O(u) = —y" thyy — X™upy = ulu|* 1 in  Qu,
u=>0 on ACUo3 C 0Qy,

. * 1 my+mo—mnor+8 — .
with 00 > 2%(my,mp) — 1 = ZLZ220 = Then u = 0 a.e. in Q.

Proof. The proff will be analogous to the proof of the Theorem
Step 1. The same Step 1 of the Theorem [2.7]

Step 2. Applying the PohoZaev-type identity (2.23)), we obtain

m|+my+mm 1
(m1+m2+4)/ Flu) - ———="71 2/ uf(u)z—U w1+/ (03}
Q4 2 Q4 2 BC"Uoj BC"

Step 3. Analogous to Step 3 of the Theorem [2.7, we have
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wds =0.
03
Step 4. Analogous to Step 4 of the Theorem [2.7] we get
my + 2 mL-zi—Z 0 my+2my+mymy+2 , 2
1=2 2 ( ) : / —t my+2 1)) dt
m+2) ()" 0 o)
2 _m_ .0 my+mymy—2
_ LomAma tmm,) <m2+2>"’2”/ 1) T (g(n)dr,
2 my + 2 mp + 2 Vit

Step 5. The same Step 5. of the Theorem 2.7 O
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CHAPTER 3

Existence of weak solutions for a class of
linear equations

3.1 Admissible Tricomi domain

In this section, we will demonstrate the existence of an admissible Tricomi domain for our operator
O'. Furthermore, we will prove that this domain is also a admissible Tricomi domain for the operator
0—A.

Theorem 3.1. Let Q C R? be a Tricomi domain with A = (—x1,0) and B = (x0,0) with 0 < xy < X1
suppose that Q and its boundary 0Q = ¢ UAC U BC satisfies:

i) |x] <x;0nQ,

ii) The curve G is given by a C? graphy = g(x) for —x; < x < xo with g(—x1) = 0 = g(xo),

1
my 2
h< (x—fn, )
Ye

~h<g(x)<h for —x <x<xo.

iii) There is a constant

such that

Then Q is admissible for the operator O — A for all A < K%,for a suitable K3 > 0.

Proof. Initially, we will demonstrate for case A = 0. The proof of this case, will be done in 6 steps.
In the step 1, we will define an auxiliary Cauchy problem Dv = u. While in step 2, we proof existence
and uniqueness of the solution for the previous problem and we will define /u = v. In step 3 and step
4, we will estimate [,(y™vZ +x"™ v}z,)(a,b)nAC and [o Vv Ou, respectively. We will find § > 0 such
that [ovOu > §||Vy| |22 @)’ in step 5. Finally, we will estimate (Iu, O'u);>» from above and bellow in
the step 6 to prove the inequality (1.4).

37
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Step 1. Consider, a = —(1+ €x), b = —h(1 + €x) and ¢ = 0 where A is given by the hypotheses
ii)and 0 < € < xio. This way, a and b never vanish on Q. Define the auxiliary Cauchy problem as

being

3.1

Dv=avy+bvy=u in Q
v=0 on BCUoc CJQ.

Step 2. We will use the following change of coordinates

(&,1) =®(x,y) = (+h(x+x), -y +h(x+x1)).
Define, w(&,1) = v(x,y) and note that,

Dw = aw§h+awnh +bw§ —bwy
= (ah+b)we + (ah —b)wy,

as ah = b then,
Dw = 2ahw§.

See that, ®(A) = (0,0), ©(B) = (h(xg+x1),h(xo+x1) and ®(C) = (yo + h(xc +x1), —ye +h(x.+
xl).
Since the coordinate lines {1y = Cte} intersect ®(BC U o) only once, we can conclude that

®(BC U o) can be written as the graph of a function y(n) = & for n € [0, —y. + h(x. +x1)]. See

Figure[3.1]

00 =ACUBCUC

Figure 3.1: Change of coordinates ® : Q — ®(Q).
Integrating on the variable & we get,
Ls ~1
) =wEm =5 [ (@@ e
v(n)

Define Iu = v as been the operator such that for each u € WAICUG associate the unique solution
Ve Wt%CU - Of the auxiliary Cauchy problem (3.1).



3.1. Admissible Tricomi domain 39

Step 3. We will find a suitable expression to

/Ac(ym‘ v,zc +xm2v§)(a, b)Nac-
By the divergence Theorem in [12], we get
/Qdiv((ym‘vﬁ +xm2v§)(a,b)) = /(m(ym‘v)% —|—xm2v§)(a,b)nAC,
by the proprieties of the divergent
/S2V(ym‘v§+xm2v§)(a,b) —i—/gz(ym‘v%—l—xmzvi)div(a,b)
. / ("2 4+ X"v2) (@, b) Nac.
Q.
Developing we have,
/Q V(y"v? —i—x’”%ﬁ)(a, b) = /Q(Zymlvxvxx + mgnzflvi
+2X"2 Vv, myy™ _]v)% + 2y Vv 42X vy vy ) (a, b)

-1
z/(Zaymlvxvxx—|—am’2"2 vi
Q

+2ax" vy, + bmy™ _1v)26 +2by™ Vv 4 20XV vy ),

and

[ oz xmddiviab) = [ 042 (@t b)
Q Q

2 2 2 2
- /Q(axymlvx + axx"2vy + byy™ vy + byxvy).

We know that v =0 on BCU ¢ then y"!v? +xm2v§ =0on BCUo as done in Step 1. of paper [18].
So,

~1
/Ac(ym‘v)zc +xm2v§)(a,b)nAc :/Q(Zaym‘vxvxx + am}? v§
+2ax" vy, + bmy™ _1v)2C +2by"™ Vv 4+ 20X vy vy,

+a,y™ v)zc +ax™ v§ + byy’"lv)% + byxmzvg). (3.2)

Step 4. We will find a suitable expression to

/vﬁu.
Q

We know that,

/ v Ou— / (/™ tgvy + Pz (3.3)
Q Q
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As Dv = avy +bvy = u on  then,
Uy = QyVyx +aVyxy + byvy +bvyy and uy = ayvy + avyy +byvy + byy,y. 3.4)

Replacing (3.4) in (3.3), we have

/ vOu :/ (axy"”vjzC +ay" Vv + by vy + by vy,
Q Q
+ay X" vy + ax"™ vy, + byx™ v§ +bx" vy ). (3.5)

For o = —ey™ — h(1 +ex)my™ !, B = —hey™ and y = (1 + ex)mpx™ ! 4 ex™. From (3.2)
and (3.5)), we obtain

1
/ vOu= / o2 +2Bv,vy + }/v% + = / (y™v? +xm2v§)(a,b)nAc.
Q Q 2 Jac
Step 5. We will find 0 > 0 such that

2
v ou= 8|Vl g,

We know that Dv = avy +bvy = u. On AC we have u = 0 then av, = —bvy, = —ahv,. So, h2v§ = v)%.

Therefore,

"V +2"v)) (@,b)Nac = ("B 4+ 272wy (= (1 + €x), —h(1 + €x))Nac.

1

By the hypothesis h < (XEZ )z. How —x; <x < x. <0 and y. <y <0 onAC hence xz?> < x™ and

Ye
yell < y™ because m; € N and % € N are odd and even numbers, respectively. With all,

1 1
my 2 my 2
X, X
h < ( Cm1> S < m1) .
—Ye -y

Then, y™ h? +x™ > 0. In conclusion,

/Ac<y’”'v§ +x"2v7)(a,b)Nac > 0,

and
/vﬁuZ/ av§+2[3vxvy+}w§.
Q Q

where o = —&y™ — h(1 4 ex)my™~!, B = —hey™ and y = (1 + ex)mox™~! + ex™. By the
hypotheses ii). and iii) and the choice of 0 < € < xio we can proof with the standard calculations
that ay — B2 > 0.

We can write

<~
~
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and see that

(ve v ) ( : f;) ( " ) — o2 2By + P

On the matrix space M., we can consider the norm ||X||; = XAXT para A defined positively, because
ay— B? > 0, and we have the stard norm on My, given by 1X]]2 = XXT. As My, is a finite
dimensional space we know that exist & > 0 such that 0||X||» < ||X||; for every matrix X € My,;.

Consider X = ( Ve Vy ) we have,
/Qvﬁu > /Qav%+2ﬁvxvy—l—yv§. > 6/9";%4“’5-
This is,
vOu>8||Vv||?s 0.
| vou=8|viiit g,
Step 6. Note that,
(Iu, ﬁu>L2(Q) = /QVﬁI/t.
So, (Iu, Ou)2qy > 6||Vv| \iz @ By the generalize Cauchy inequality we get,
8|V 22iq < (T, Oz < |Mullyyy (| Oully 1
On the other hand, by definition for any v € WZ;CU - We have
MRy = 1Ym0y + 12 g
By the Poincare inequality, exist k£ > 0 such that
Wllz20) < KI[VVI|L2()-

See that, ||V, mV||12(q) < E||Vv||Lz(Q). In fact, Vy, m,v = (|y|m*21vx7 |x|%vy) as Q is a bounded

set, there is a constant K € R such that [y| 2 < K™ and |x|72 < K™2. Therefore,

2 72 2 2 2 2 2
||V||W§cu<; <k ||Vv||L2(Q) +k ||Vv||L2(Q) <K ||Vv||L2(Q)'
Since, Iu = v in Q we get,
2
< _
Clltullyy < ullyy, N Oully 1

S0,

Cllln., <110l
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Remembering that D is a first order differential operator with smooth coefficients in Q we know

that there is a constant 0 < C, € R such that

1DV I12(0) < Callvly. .

then,

Cz

lull2@) = [1DVI|2(0) < CalVilwy, , < - lHullwy, = HﬁullwI

BCUG BCUG

This proof the estimate (1.4)) (A = 0). To proof the estimate (I.5]) (A = 0) is the similar to the previous
proof considering a = (1 — &x), b = —ah and ¢ = 0 using the 1nequa11ty —h < g'(x) of the hypothesis
iii).

Now, we will demonstrate for the general case A < . Since Q is admissible for the operator &

we win the propriety that € is admissible for the operator O — A for a suitable A. Indeed,
HuHLz <C3||ﬁ’Acu 7Lu+lu||wcufy

Then,
lullr2@) < Csl|@acu —Aully 1 +[[Aully-1

There is a constant K3 > 0 such that ||Au| |W1§c1u<; < Ks[Aul|12(q)- So,

I 2~ KAl 2y < Gl Oacu— Aullyr
Therefore, for 4 < £ S we consider C3 = C;L 5 and we get

<C — _
lullrz (o) < Gl Oacu —Aully, 1

In conclusion, we proof the estimate (I.4)), the proof of estimate (I.5)) is similar to the previous

one. O]

Remark 3.2. The proof of Theorem establishes the existence of a nonempty set of admissible
Tricomi domains for the Operator ¢. Consequently, due to the admissibility relation for an

appropriate A, the set of admissible Tricomi domains for the Operator & — A is also nonempty.

3.2 Existence Results

The existence results presented in this Section depend on the Riesz representation theorem for
space with negative norm [13] and the others traditional result of the functional analyse whole proofs
can be found in [2].

To prove our main theorem we need to guarantee the existence of a solution for Problem (4)) with

A =0 and y = 0; what we will do next.
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Theorem 3.3. Let Q be an admissible Tricomi domain for the operator 0. For every f € L*(Q) there

exists a unique weak solution u € WAlcuc of the problem (8)). Moreover, the solution operator
.72 1
Sacue + L7(2) = Wycue

which assigns to f € L*(Q) the unique weak solution u € Wi . of the problem () is linear and

continuous.

Proof. Uniqueness: Let u; € WAlCU sandu; € WAICU - two weak solutions of the problem (8]). Suppose
that u; # up. By the definition, < Oacui,v >ac= (f,v);2 and < Oycup,v >ac= (f,v);2. So,
< Opcuy — Opcun,v >pc= 0. Thus, ﬁAc(ul — uz) = 0. Using (1.4)), with A =0, gives ||I/l1 — I/t2|| =0

and this is a contradiction with the suppose.
Existence: Define the linear functional
2y 0(Cheus(Q) = R,
as being Z;(0v) = (v, f),2. Extending by continuity to &(Wp- ) gives
as being Z(OVv) = (v, f) 2.

We know that, & (WBlCUG) C WA_C]u - 18 a vector subspace. By the Hahn-Banach Theorem exist <z f
a extension of .. This is, Z| ow,. ) =-Z} and particularity Z o(cz

BCUc BCUo
Riesz Representation Theorem for space with negative norm [13]]. Exist u € WAICU & such that

@) = Zr. Applying the

ZLib)=<u,b>, YbeW,ii,s
particularity, for all b € (Wjq ) C WA_CIU - Hence for b = O gives
ZHOV) = (v, f)2 =<u,0v >, .
This is equivalent to the condition ii) of the definition[4.3] with A = 0, as mentioned early. [
For the purpose of studying spectral theory in the future, we will proof the main theorem.

Theorem 3.4. Let Q be an admissible Tricomi domain for the operator 0 — A, f € L*(Q), y € R and

A <0. The problem ({)) admits a unique weak solution in WAICUG and the solution operator
.72 1
Sacue L7 () = Wacus

which assigns to [ € Lz(Q) the unique weak solution u € WAlcuo of the problem is linear and

continuous.
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Proof. The proof will be done in 3 cases analyzing the similarity with the Theorem[3.3]
Case 1. Consider y =0 and A = 0. Here, we have the Theorem

Case 2. Consider Y =0 and A < 0. Existence: The proof is analogous to the proof of Theorem
(3.3) taking & — AI in place of 0.

Uniqueness: Note that, Q is an admissible Tricomi domain for the operator ¢’ and we don’t know
that Q is an admissible Tricomi domain for the operator & — A. But, this hypotheses is enough.

Letu; € WAICU o and uy € WAlcw two weak solutions of the problem (). Suppose that u; # u,. By
definition (Gacuy — Auy,v);2 = (f,v)2 and (Cacuz — Auz,v) ;2 = (f,v) 2 for all v € Cp 5 (Q). So,

(ﬁACul — Opcur — Auy +7Lu2,v)Lz =0forallv e C;;CUG('Q‘)' Thus, ﬁAc(ul — I/tz) —l(ul — uz) = 0.

Adding Allu; —usl|y,-1  to (I.4), we have
ACUc
lur =2l p2(@) +Allur —wally 1 < Gl[Oacur —ua)lly -1 +AlJur —uafy1 .

Moreover, there is a constant Kj > 0 such that K |[u1 — uz2||;2(q) < Allur —uz[ly,—1 , because
ACUc
2 -1 .
L* C W, s and 2 < 0. Then, we obtain

1 — w22 (0) + AK [Jur —wa| 2 < Cs[Onc(ur —u)lly, 1 +Al|wr —ually, 1 .

Therefore,

(1+AKy)|[ur —uzl| ;2 < C5[|Oac(ur —u2)
= G3||Oac(ur —up)
=G3[| Oac(wr —w)llyr = [|A(wr —u2)llyyr

<||Oac(uy —uz) — A(uy —up) =0.

w1 = ()l —ually, 1

lwt = A —wally ot

‘|qubo

Case 3. Consider ¥ # 0 and A < 0. Here, take u = w+ ¥ where w € WAICUG is a weak solution of

the next problem

O(w)—Aw=f(xy)+Ay in ©
w=0 on ACUo C0Q,

In fact, g = f+ Ay € L? and A < 0. By the previous case, there is a unique weak solution w € WA]CU o

for this problem. Replacing, w = u — A in the anterior problem we get the result. 0



CHAPTER 4

Weighted Sobolev embedding and nontrivial
weak solutions for a class of nonlinear
mixed-type equations.

4.1 Weighted Sobolev Embedding

This section aims to present and prove the results, which we consider to be the most significant
in this work, owing to the fundamental role of Sobolev embeddings in the research field of partial
differential equations. The proof of these results is a generalization of the ideas found in [32].
However, we can find other ideas in [10],[[17],[2], [16], [23], [22] and [/1].

In the subsequent theorem, we shall consider the general weighted Sobolev space Wklf with

QCRZ,k>O,l>Oand1§p<°<>,asbeing

o @) e @),

Wkl.,}p = {” € L7 (Q); Iy

with the norm

- p P _ P P
Ity = [ 1¥kaud? =+ [l = 1Vl + el

Consider, the critical exponent 2*(k, [, p) associated with said space as being

_ (k+I+2)p
k+I14+24klp—p

2" (k,1,p)

As defined in [31]], the space S5 (Q) for o« >0, 1 < p < %, Q C R" and X1, X>, ..., X,, are monomials

of vector fields, is given by

SP(Q) = {u € LP(Q); (X, -+ Xi)u e LP(Q), V0 << a}, (4.1)

45
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with the norm

lullsg = X 11Xy -+ X Jullo(g)

0<i<o

First, we observe that by taking n =2, ov = 1 and the vector fields X;, = |y|k 9 and Xi, = |x|la%
em (@), we have S7(Q) = Wk]f . Now, by Theorem 13 in [31]], we have that the weighted Sobolev
space Wklf is continuously embedded in W%’P(Q). Furthermore, by the theory developed in [6]
on fractional Sobolev spaces, more specific by the Theorem 7.1, we have that W2P is compactly
embedded in L"(Q) for all r € [1, p|. Thus, we can conclude that the weighted Sobolev space Wk s
compactly embedded in L"(Q) for all r € [1, p].

Theorem 4.1. Let Q be a bounded set of R* and 1 < p < %@2 with kl < 1. Then, there is a constant
C such that

Il < Cllully i ¥r € [1,2° (K 1)),

this is, the immersion

W, = L'(Q) (4.2)
is continuous for r € [1,2*(k,1,p)).
Proof. To p = 1. Take M sufficiently large such that Q C [-M, M| x [-M,M]. We have

X Jdu

u(x,y) = / =-(t,y)dt ¥ (x,y) €Q,
M 0x

and

u(x,y) = /yM‘;;‘(xt)dt ¥ (x,y) € Q.

Therefore, for f > 0 and 6 > 0 we get

M ) B
)l < ([ 158 ear) vy ea 43

and

S M du S
e < ([ 5k nlar) v e e 4

Multiplying (.3) and (4.4) and integrating over [—M, M| x [—M,M] we obtain

/\u|ﬁ+6dxdy</ / [(/ e y)]a’t)ﬁ(/_A;\g—z(x,tﬂdt)(s]dxdy
_/ (/ zy)ydt)ﬁ[/A;UA;yg”(xz);dr)édx]dy
-1/ a“xyﬂdx)ﬁdy/i(/]"@ <xy>|dy)6dx @.5)
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Adding |y|¥|y|=* and |x|'|x|~! in @#3) and using the Holder’s inequality on each factor, we

conclude

(/_M |Fd )l_alf_ﬁ;\x\l(/Mlgu(x y)ldy) r. (4.6)

Taking 0 < B < ,ﬁlL—l and0 <6 < 1J+1 We have that

Mg \1P
(/ |y| =P dy) <C
-M
M s 1-6
/ |x| =5 dy <G.
M

So, the inequality becomes

and

M h M J
[P asay < cy / |y|k( [ y>|dx)dy] [ [t ([ 5 elay) ]
P du S
( ¥) ' 5= (x,) :
vl 9y e
Therefore,
d 5 || 0 55
u + u +
lallpesiay < Cal M SE || ([ S|
LY(Q) Y LY(Q)
by the Young’s inequality, we get
du du
lull-oe < s [pFGee|| | jatgren)| ) @)
LB+3(Q) Ox LI(Q) dy L@

For p > 1 arbitrary, we apply |u|” with y > 1 in (7). Hence, we obtain

_du du
| (|t G|t G| ).
LB+3(Q) X LY(Q) y LI(Q)
by the Holder’s inequality, we conclued
_ du . du
Jul” <Cs| ||[ul"" Y= 0ry) juf"! == () :
LB+3(Q) LY (Q) X Lr(Q) L’ (Q) Yy Lr(Q)
. du du
—csfur ]| ([t 2| ).
L'(Q) . Lr(Q) Y Lr(Q)
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Taking y = Mm, we determine

y
= |||lu
o) [H ||L(ﬁ+5)7(g)]
7—1
L= [H“HUMW(Q)] :
L7 (@)

du
rxr’—<x,y>H .
dy Lr(Q)

To finalized, we consider  — k%l and 6 — IJ+1 Then, for all T € R positive small, we have

xou
[l esri2p () + :
Lk+[+2+klp—p (Q) LP(Q) LP(Q)

For r € [1,2%(k,l,p)), we can take T € R small positive value such that 1 < r < % —T.

Thus, by the interpolation inequality, we obtain that the weighted Sobolev embedding Wk1 }p — L"(Q)

Jul”

and

!

Thus,

du
[ scs<H\y|k$<x,y>

LB+6=Bpr=6p+p (Q)

(@)

du
|la_y(x7y)

|x

is continuous for r € [1,2*(k,1, p)).
0

To conclude this section, we shall prove the compactness of the weighted Sobolev embedding

Wkl P — L"(Q) for r € [1,2*(k,l, p)), as following in the next theorem.

Theorem 4.2. Let Q be a bounded set of R* and 1 < p < k+l+2 with kl < 1. Then, the immersion

WP L'(Q) (4.8)
is compact for r € [1,2*(k,1, p)).
Proof. Define g(1) = % — 7 for all 7> 0 small. Let {u,},cn be a bounded sequence of
Wlap
kl
Note that,
(k+1+2)p T T T, T T
T) = _— - = —_) — — < —
) = rarkp—p 2 2 8372 <83)

Furthermore, p < g(7). Then, by the interpolation inequality (I.6), we obtain

o -«
HunHLg(T)(Q) < H”nHLp(Q)|’”n”Lg(%)(Q)- (4.9)
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By the weighted Sobolev embedding (4.2)), the sequence {uy, },c is bounded in 18(3) (Q) because
g(3) < 2*(k,1,p). Thus (@.9) becomes

H”nHLg(f)(Q) < CH”nHII_;(%)-

Moreover, Wklf — LP(Q) is a compact immersion. Consequently, {u,},en is a convergent
sequence in L”(Q). Thus, by the preceding inequality, we conclued that {u,},cn is a convergent
sequence of L8(*)(Q). Therefore, the weighted Sobolev immersion Wklf — L87(Q) is compact.
By the inequality interpolation, we obtain that the weighted Sobolev immersion Wkl’}p — L"(Q) is
compact for r € [1,2*(k,1, p)). O

4.2 Existence of weak solutions

Building upon the previous sections and incorporating a standard perspective on the geometry of
the functional associated with the generalization of the Gellerstedt operator, we establish the existence

of nontrivial weak solutions. In this section, we take into account the case p =2, k = % and [ = %
in the Theorems .1l and

The semilinear mixed-type Tricomi problem with Neumann boundary conditions

O(u) == —|y|™ gy — |X|™uyy = ulu|*% in Q,
u=0 on I'CJQ, (4.10)
Vi mi-1n =0 on JQ\T.

where Q is a open, bounded subset of R? with boundary 9Q, 2 < « < 2*(my,m,) and 7 the exterior
normal vector on dQ\T".

For any vector field F : R? - R2, we define the weighted divergence operator

, = , ny m
dlvml,mz(F) :dlvm17m2(FlvF2) = [y (Fl)x+ x| 2 (FZ)y'

Note that, when m; = my = 0 we have the standard divergence definition. Now, consider
Fi =y Py and B = |x| ?uy, by the definition weighted divergence, we obtain
. mp my
d”’ml,mz(|y| 2 uy, |x| 2 ”y) = [y s + |x|m2“yy =0(u).
This is,
divmlﬂnz (Vmumz”) = ﬁ(”)

and remembering, if m; = my; = 0 we obtain the standard propriety of divergence for the
Laplacian operator div(Vu) = Au. It is important to observe that divi, m,(VVm mu) =
divi, iy (VY] 7 11, v|x| Z uy) for all v € C=(Q). So,

. my m m m m m
divimy my(VVimg mytt) =[Y12 (aly 7 s+ VY[ 1) 4 [ 7 (v 6] 7 0ty +0]x] 7 ayy),
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then,
divimy iy (W nstt) =91 2 ) (917 10+ (] vy) (el 2 ty) vy ™ s+ vy
To conclude, we have
/Qdivmhmz(vvmhmzu):/Qthmzval,mzu%—/deivmhmz(vmhmzu)

and applying the divergence theorem, and considering that the weighted divergence divy, m,
is equivalent to the classical divergence div in the following sense div(|y|™ Fi,|x|"™F) =

divin, m,(F1,F2), we have

/89 VWi Ut 1M = /vahmZVthmZM N /Qv au.

We know that, [-vV, m,u- 1 = 0 because, ur = 0 hence 88_Tur = 0 as done in Step 1 of Theorem

Then,

/Q\Fvvmhmzu-n :/Qthmzvahmzu—/Qvﬁu.

Moreover,

/Q\rvvmhmzu =0

by the Newman condition. Then

/vﬁu:/vmhmvvmhmzu.
Q Q

Then, from (4.10), we get
_ my my my my
Jovulut®2 = [ (3 vl F ) (31 e % )
Q Q
= / V™ v + x|y vy
Q
This leads to the formulation of the following definition.
Definition 4.3. Let u € Wn11;27m2, we say u is a weak solution of (4.10)) if the following relation is hold
AB(x,y) ::/ ™ vy + x| "2 uyvy dxdy :/ vulu|*~2 dxdy,
Q Q
forallv € C*(Q).

Define now, the functional ¢ : W,},’lz,mz — R associate to the problem (4.10) as being

1 2 2 1 o
o) =5 [ bimid+ i = o [ ul.
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Whose derivative is given by

(p'(u)-v:/ \y\m‘uxvx+]x]m2uyvy—/vu]u]a2.
Q Q

See that,

0w u= [ "+l | Jul®.
Q Q
This is, the critical points of the ¢ is the weak solution of the problem (4.10).
Lemma4.4. a) u=0is a strict local minimum point of ¢;
b) givev#0in W,,llfmz there is a pgy such that @(pov) < 0.

Proof. a) By the Sobolev Immersion (4.2)), we have
1 2 1
o) = 5l : ——llullfeq

1 2
> Sl —Cllalleye

Therefore, we can observe that P(x) = 3x> — Cx* have roots when x?(§ —Cx%~2) = 0. This is,
x=0orx= (%)ﬁ In conclusion, ¢(u) = 0 when u = 0 and consider r > 0 small sufficiently. We
get that @(u) > 0= ¢(0) for all u € Wnlli%mz with 0 < [[ul[,12 <7< (%)ﬁ So u =0 is a strict

mp,my

local minimum point.

b) Consider § = [,v* for some v € Wn]1’12,m2 given with |[v|[,12 =1, we obtain ¢(pv) =
my,my

%p2 - éSpO‘ doing p — o we have

@(pov) — —oo.
So, take py sufficiently large we get @(pgv) < 0. N

Theorem 4.5. The problem (@.10) has a weak nontrivial solution.

Proof. Let {u,}, C W,,11’127m2 with n € N a sequence such that |@(u,)| < ¢ and ¢'(u,) — 0. Then, for

all n sufficiently large, we have

' /Q <‘Vm17m2un’2 - M?)

because, ||¢'(u,)|| < 1. How |@(uy)| < ¢ we get

Olun) ~ -0/ tn) -t < |9(an) ~ 2 9'(r) 0

1
< |@(un)| + |a‘PI(“n) Uy |

1
<ot lully -
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In addition,

1 , 1
0u0n) = 5l P~ — e
and
1 1 , 1 1, o 1
@)t == [ (Vo2 [ il =l B2+l |
Therefore,

1, 10 1 1, o 1 1

§||”n||%1”2m2_aH”nH(an_aH”nH +a||”n||gaSC"’aH“nHWJqﬁmza
S0,

11 ) 1
S <ct— . 4.11
(2 oc) el < €t g bl @D

This implies that Hun||W1,z is bounded because (% — é) > 0. Otherwise, it suffices to divide
ml‘m2

(4.11) by the norm of u, in W,,ljlz?mz and take the limit as n tends to infinity to arrive at a contradiction.
So, {u,} admits a weakly convergent subsequence. Without loss of generality, we have u,, — 7 in
12
Wml .

We know that

(P/(”n — 1) (un —u) = ||un _EH‘Z,VIJ — ||un _ﬁHLO‘(Q)‘
my iy
Thus,
||tn _ﬁH‘Z;Vl,Z = @' (tp —10) - (un — ) + | _ﬁHI%(Q)’
my my

so, by Cauchy-Schwarz inequality,

i =l < ol

12
my,m

T ||tn — 0] ()

< o(n)C+ ||un — 1| o

By the weighted Sobolev compact embedding (4.8), we get u, — u in L% because a €
[1,2*(my,my)). Therefore,

my ,my
Therefore, by Lemma [4.4] and the PS condition, it follows from the Mountain Pass Theorem [I.10]

that there exists a critical point ug of ¢ which is the weak solution of the problem (4.10), with
¢(up) = c > 0. But, as ¢(0) = 0, it follows that uy # 0, that is, ug is a nontrivial solution. O
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