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Resumo

Neste trabalho investigamos a interagdo entre estruturas combinatdrias, propriedades algébricas, ge-
ométricas e aspectos métricos na Teoria das Singularidades, tendo como cendrio principal as var-
iedades toricas afins. O objetivo central é desenvolver uma abordagem que permita descrever invari-
antes e propriedades de singularidades a partir de dados combinatérios associados a semigrupos e
poliedros de Newton. Inicialmente, estudamos o fecho integral de ideais ndo degenerados em anéis
de fung¢des analiticas associados a variedades toricas afins. Mostramos que, sob condi¢cdes adequadas
de ndo degenerescéncia em relacdo ao poliedro de Newton, o fecho integral desses ideais admite
uma descricdo combinatdria precisa, estendendo resultados classicos conhecidos no caso regular.
Em seguida, investigamos superficies téricas em C> e construfmos uma estratificacio de Whitney
adaptada a sua estrutura combinatéria. Demonstramos que, sob condi¢cdes apropriadas, é possivel
obter uma estratificagdo com nimero reduzido de estratos, preservando as condi¢des de regularidade
de Whitney. Por fim, analisamos a invariancia bi-Lipschitz de invariantes locais de singularidades.
Estabelecemos condi¢Oes algébricas que garantem a invariancia do expoente de Lojasiewicz e da
obstruc@o de Euler local. Os resultados obtidos evidenciam que variedades téricas constituem um
ambiente particularmente adequado para traduzir fendmenos analiticos, algébricos e métricos em ter-
mos combinatorios, fornecendo novas ferramentas para o estudo sistemdtico de singularidades em

contextos mais gerais.

Palavras-chave Variedades téricas afins; fecho integral; poliedros de Newton; estratificacdes de

Whitney; invariantes bi-Lipschitz.
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Abstract

This work, we investigate the interation between combinatorial structures, algebraic and geomet-
ric properties, and metric aspects in Singularity Theory, with affine toric varieties as the main setting.
The central objective is to develop an approach that allows one to describe invariants and properties of
singularities using combinatorial data associated with semigroups and Newton polyhedra. First, we
study the integral closure of non-degenerate ideals in rings of analytic functions associated with affine
toric varieties. We show that, under suitable non-degeneracy conditions with respect to the Newton
polyhedron, the integral closure of such ideals admits a precise combinatorial description, extending
classical results known in the regular case. Next, we investigate toric surfaces in C> and construct
a Whitney stratification adapted to their combinatorial structure. We prove that, under appropriate
conditions, it is possible to obtain a stratification with a reduced number of strata while preserving
Whitney regularity conditions. Finally, we analyze the bi-Lipschitz invariance of local invariants of
singularities. We establish algebraic conditions ensuring the invariance of the L.ojasiewicz exponent
and the local Euler obstruction. The obtained results show that toric varieties constitute a particu-
larly suitable setting to translate analytic, algebraic, and metric phenomena into combinatorial terms,
providing new tools for the systematic study of singularities in more general contexts.

Keywords: Affine toric varieties; integral closure; Newton polyhedra; Whitney stratifications; bi-

Lipschitz invariants.
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Introduction

Singularity theory aims to understand the behavior of objects at points where regularity breaks
down. Such points arise naturally in various mathematical contexts, including the study of algebraic
varieties, problems in analysis, and differential systems. Although they correspond to singular points,
singularities often concentrate essential information about the local and global geometry of the un-
derlying space.

The study of equisingularities constitutes one of the main approaches to understanding the be-
havior of singularities in families of varieties, seeking to identify conditions under which the type of
singularity remains stable along the parameters. In parallel, the analysis of singularities also involves
the decomposition of singular spaces into geometrically more regular pieces.

From this perspective, Whitney stratifications constitute a fundamental tool. Introduced by Whit-
ney [S3l], such stratifications allow one to decompose a singular space into a finite family of smooth
manifolds, arranged so as to satisfy regularity conditions that control the interaction between the
strata. This approach enables a more refined analysis of the structure of singularities and plays a
central role in problems of equisingularity, stability, and topological invariance.

In addition to geometric approaches based on stratifications, algebraic tools also play a fundamen-
tal role. Among them, the theory of integral closure stands out. This tool has been widely used in
the formulation and study of equisingularity conditions in families of analytic varieties. In particular,
Teissier [49] showed that relations of integral dependence between ideals allow one to characterize
equisingularity conditions in families of hypersurface germs. Subsequently, Gaffney [26] developed
an interpretation of Whitney conditions in terms of the integral closure of modules. These results
reveal a deep connection between algebraic structures and geometric properties, showing that tech-
niques from commutative algebra can be used to control the geometric behavior of families of analytic
varieties.

Despite its relevance, the explicit determination of the integral closure of an ideal is, in general, a
delicate problem. There are, however, particular situations in which this computation admits a precise
combinatorial description. A classical example occurs in the case of monomial ideals, where the
integral closure can be characterized in terms of the associated Newton polyhedron. More precisely,
the integral closure is generated by the monomials whose exponents belong to the Newton polyhedron
of the ideal.

This relationship between integral closure and Newton polyhedra was later extended by Saia [48]],



2 Introduction

who characterized a more general class of ideals in &, whose integral closure can be described in
terms of the combinatorial structure of the Newton polyhedron. The ideals in this class are known as
Newton non-degenerate ideals. The motivation for this result is related to the work of Yoshinaga [54]
on analytic functions that are non-degenerate in the sense of Kouchnirenko [36], in which the Newton
polyhedron plays a central role in the description of local invariants.

It is worth noting that Newton polyhedra constitute a fundamental tool in singularity theory, es-
tablishing a natural bridge between convex geometry and analytic invariants. Works by authors such
as Oka [43]], Wall [52]], Fukui [23]] and Bivia-Ausina [6] show that the combinatorial structure of these
polyhedra provides deep information about invariants of singularities.

In addition to algebraic and geometric perspectives, singularity theory can also be approached
from a metric point of view. In this context, one seeks to understand which properties of a singular
space remain invariant under transformations that preserve distances up to multiplicative constants,
known as bi-Lipschitz equivalences. These equivalences provide an intermediate notion between
topological equivalence and analytic equivalence, allowing singularities to be compared from a more
flexible geometric perspective.

A central question in this context is the metric version of Zariski’s multiplicity conjecture [S3],
which asks whether multiplicity is preserved under bi-Lipschitz homeomorphisms. Although this
conjecture remains open in general, several partial results have revealed a strong interaction between
algebraic invariants and metric properties, as evidenced by works of L. Birbrair, J. F. Bobadilla, C.
Bivia-Ausina, A. Fernandes, T. Fukui, Z. Jelonek, M. Pe Pereira and J. E. Sampaio, among others.

Another invariant that has attracted significant interest in this context is the local Euler obstruction,
introduced by MacPherson [39]] in the study of Chern classes for singular varieties. This invariant
provides a refined measure of the topological complexity of a singularity and is closely related to polar
multiplicities. Although it is known that the Euler obstruction is an analytic invariant, its invariance
under bi-Lipschitz equivalences remains, to a large extent, an open problem.

Motivated by the interplay between the algebraic, geometric, and metric perspectives discussed
above, it is natural to seek classes of singular spaces in which these structures can be analyzed more
explicitly. In this context, affine toric varieties arise not merely as a convenient class of examples, but
as a structural setting in which the relationship between algebra, geometry, and combinatorics can be
effectively explored.

In general, an affine toric variety is constructed from a finitely generated semigroup S < Z",
and its algebraic and geometric structure is strongly determined by the convex cone generated by
S. Moreover, these varieties are characterized by the existence of an action of the algebraic torus
(C*)", which has a dense orbit and whose dynamics directly reflect the combinatorial data associated
with the semigroup. This interplay between the torus action and the geometry of the cone provides a

particularly rich and explicit description of the variety.

The space C" constitutes a particular case of this construction, in which the associated semigroup
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is generated by the canonical basis of R”. In this context, many classical results in singularity theory
already incorporate, in an implicit way, arguments of a combinatorial nature.

More generally, affine toric varieties form a substantially broader class, including singular ex-
amples. Extending results from the regular case to this setting therefore requires new approaches
capable of dealing with the difficulties introduced by singularities. In particular, it becomes essential
to develop tools that allow combinatorial and algebraic methods to be adapted to the study of these
varieties in greater generality.

In this direction, one is led to ask to what extent the tools from the regular case, in particular in the
local ring &), can be extended to Oy ). In this context, properties such as integral closure, Newton
non-degeneracy conditions, and invariants of singularities no longer admit such explicit descriptions.

The main objective of this thesis is to develop an approach that essentially integrates combinatorial
structures, algebraic properties, and metric aspects in singularity theory. More precisely, we prove
that, in the context of affine toric varieties, the combinatorics associated with semigroups and Newton
polyhedra can describe the integral closure of ideals, construct adapted stratifications, and analyze the
bi-Lipschitz invariance of some local invariants in singularity theory.

The main contributions of this thesis can be summarized as follows:

* We study the integral closure of non-degenerate ideals in rings of analytic functions associated
with affine toric varieties. We show that, under suitable non-degeneracy conditions with respect
to the Newton polyhedron, the integral closure of these ideals admits a precise combinatorial

description, extending classical results.

* We construct a Whitney stratification on non-normal toric surfaces in C3, adapted to their com-

binatorial structure and with a reduced number of strata.

* We establish algebraic conditions that ensure the bi-Lipschitz invariance of local invariants,

such as the Lojasiewicz exponent and the local Euler obstruction.

This thesis is organized as follows.

Chapter 1. In this chapter we present of the preliminary material required throughout the thesis.
We recall the basic notions of germs of analytic spaces and introduce the theory of integral closure
of ideals, together with its main properties. We also discuss the f.ojasiewicz exponent and its role
as a measure of the complexity of singularities. Furthermore, we review Whitney stratifications and
their fundamental properties, as well as the notion of bi-Lipschitz equivalence and the local Euler
obstruction. We conclude the chapter with an introduction to affine toric varieties, emphasizing their
combinatorial structure and the role they play in the developments of this work.

Chapter 2. In this chapter, we study the integral closure of ideals in rings of analytic functions de-
fined on affine toric varieties. After introducing Newton polyhedra and the notion of non-degeneracy,

we establish preliminary results relating non-degeneracy and toroidal embeddings, highlighting how
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the combinatorial structure of the underlying semigroup influences algebraic properties of ideals.
We then establish one of the main results of this chapter (see Corollary [2.27), which shows that if
I < Ox(s) is a non-degenerate ideal, then its integral closure is completely determined by its New-
ton polyhedron. More precisely, the integral closure can be described as the ideal generated by all

monomials whose exponents lie in the Newton polyhedron of 7, that is,
I1=08 kyby+- + kb e Ty ().

This result extends classical descriptions known in the regular case to the toric setting and provides a
precise combinatorial characterization of the integral closure in this context.

Chapter 3. In this chapter we study toric surfaces in C* and the construction of Whitney stratifica-
tions adapted to their combinatorial structure. Using the semigroup description of these surfaces, we
first analyze the stratification induced by the torus action and its relation to the orbit—cone correspon-
dence. Within this framework, we prove that, under suitable conditions on the parameters defining the
surface (see Theorem 3.4), the pair of strata (Reg(V (I)),{0} x {0} x C) satisfies the Whitney condi-
tions. Building on this result, we obtain a simplified description of the stratification. More precisely,
Corollary 3.8 shows that if V (I) = C? is the toric surface defined by I = (x?z" —y4), with ged(q,r) = 1,
r>gq>1,and p > ¢, then the set

{Reg(V(1)),C" x {0} x {0}, {0} x {0} x C}

defines a Whitney stratification of V (1).

This result shows that Whitney regularity is compatible with a stratification that is strictly simpler
than the one induced by the torus action, reducing the number of strata while preserving the required
regularity conditions.

Chapter 4. In this chapter, we investigate the bi-Lipschitz invariance of local invariants of singu-
larities in the setting of germs of affine toric varieties. Based on the work of Bivia-Ausina and Fukui
[8l], whose arguments also serve as a foundation for our proofs, we provide algebraic conditions that
guarantee their preservation. While their results concern ideals in &), we extend the setting to ideals
in ﬁx(s)» where (X(S),0) is a germ of an affine toric variety associated with a semigroup S. In this
framework, we prove that bi-Lipschitz equivalent ideals have the same order and, in the case of finite
colength, the same Lojasiewicz exponent (see Theorem [{.1). We also investigate the bi-Lipschitz
invariance of the local Euler obstruction. In Theorem4.8] we show that this invariant is preserved for
hypersurfaces with isolated singularities under suitable non-degeneracy conditions. Altogether, these
results reveal a strong interplay between algebraic, combinatorial, and metric aspects of singularity
theory.

Appendix A. In this appendix, we present computational implementations that support the the-
oretical results developed in the thesis. Using Oscar.jl, we provide explicit codes for the examples

discussed in each chapter, as well as auxiliary routines used in the computations.



CHAPTER 1

Preliminaries

The purpose of this chapter is to present the notations and conventions adopted throughout the
text. Preliminary results essential for reading are also provided. We review basic notions of analytic
geometry and commutative algebra, including germs of analytic spaces, integral closure of ideals, the
Fojasiewicz exponent, Whitney stratifications and Verdier’s condition, bi-Lipschitz equivalence, the
local Euler obstruction, and affine toric varieties. These concepts play a central role in the subsequent

chapters. For more details on these topics see [4], [42]], and [32].

1.1 Germs of Analytic Spaces

Following [18], we begin our study with a very important concept, the concept of germ.

Definition 1.1. Let X be a topological space and consider x € X. We say that two subsets Y1,Y> € X

define the same germ at x if there exists an open neighborhood U of x in X, such that
YInU=Y,nU.

This defines an equivalence relation on the set of subsets of X. The equivalence class we call the germ
at x and the germ of ¥ < X is denoted by (Y,x). Moreover, we say that a germ (Z,x) is contained
in a germ (Y,x) (denoted by (Z,x) c (Y,x)) if there exist representatives Z of (Z,x) and Y of (¥,x)
such that Z < Y. We define (Y,x)n (Y',x) = (Y nY',x) and (Y,x)u(Y',x) = (Y uY’ x). Note that

these operations do not depend on the choice of representatives.

Definition 1.2. Let (X,x) and (Y,y) be two germs of topological spaces. A germ of map f : (X,x) —
(Y,y) is defined as an equivalence class of maps f : X — Y, with f(x) =y, and where X and Y are
representatives of (X,x) and (Y,y) respectively. Two such maps f; : Uy — Y and f, : U, — Y are

called equivalent if they coincide on an open neighborhood of x contained in U; n Us.

5



6 Chapter 1. Preliminaries

A germ of a homeomorphism (resp. injective germ, isomorphism germ, etc.) is a germ that admits

a representative which is a homeomorphism (resp. injective, isomorphism, etc.).

We denote by O , the local ring of germs of holomorphic functions defined in a neighborhood of
x € C". We assume the classical results establishing the equivalence between holomorphic functions
of several variables defined in a neighborhood of 0 € C" and the elements of the ring of convergent

power series C{x1,...,x,} (see [31 p. 66]). In this setting, we denote by &), := O¢n .

Theorem 1.3. The ring O, of germs of holomorphic functions of n variables is isomorphic to the ring

of convergent complex power series in n variables C{xy,...,x,}.
Thus, we will denote a holomorphic function or a convergent series in the same way.

Definition 1.4. A space X < C" is said to be analytic if, for every point p € X, there exists an open
neighborhood V), of p in C" and finitely many holomorphic functions fi,..., f; defined on V), such
that

XnV,={xeV,: fi(x) == fs(x) =0}.
We will use the notation V(fi,...,fs) := {x €V, : fi(x) = --- = fs(x) = 0} to denote the zeros
of fi,...,fs in V,. A germ of an analytic space (X,x) is a germ at x of an analytic subset of C".

Moreover, let I = (fi, ..., fs) © Ocn  be an ideal. Then we define the germ of the analytic space (X, x)
by
(X,x) = (V(I),x).

Note that (V(I),x) = ();_;(V(f;),x). This definition is independent of the choice of generators f; of
I.
Let (X,x) be a germ of an analytic space. Then we define the ideal .# (X, x) of (X,x) by

I (X,x) ={f€ Opny: (X,x) = (V(f),x)}.

Definition 1.5. Let (X,x) < (C",x) be a germ of an analytic space. A germ of an analytic function
f:(X,x) — (C,y) is a germ of a map f : X — C such that some representative of f is the restriction
to X of an analytic function defined on an open neighborhood of x in C”.

The germs of analytic functions on (X,x) form a C-algebra, denoted by Oy ., which is called the
ring of germs of analytic functions on (X, x).

In particular, when x = 0, we shall denote Oy ( simply by 0.

A germ of an analytic map (or simply a map) ¢ = (fi1,..., fm) : (X,x) — (Y,y) < (C™,y) is
defined analogously.

The map ¢ : (X,x) — (Y,y) is called an isomorphism if there exists an analytic map y : (Y,y) —
(X,x) such that

Yo = id(X,x) and Qpoy = id(yw.
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In this case, the germs (X, x) and (Y,y) are said to be isomorphic.
To better understand the structure of analytic germs and how analytic mappings act on them, we

list some elementary but useful facts in the next lemma (see [18]).

Lemma 1.6. (i) Let (X,x) = (C",x) be a germ of an analytic space, and let .# (X ,x) be the ideal
of X. Then
ﬁX,x = @me/ﬂ(X,x).

(ii) Let (X,x) < (C",x) be a germ of a submanifold. Then Ox y = C{xy,...,x;} for some k.

(iii) Let ¢ : (X,x) —> (Y,y) be a germ of an analytic mapping. Then, by composition, @ induces a
homomorphism of C-algebras ¢* : Oy, — Ox x, f+— fo@. Moreover, for two germs of
analytic mappings @ and Y, (o y)* = y* o @*.

1.2 The integral closure of ideals

Integral closure has occupied a significant place in number theory and algebraic geometry since
the nineteenth century, and its modern formulation for ideals originates in the work of Krull and
Zariski in the 1930s. The integral closure of ideals refers to the set of elements that are roots of
polynomials with coefficients in the respective ideals, enabling the study of their algebraic relations
and extensions. This concept is fundamental in commutative algebra, particularly in the analysis of
non-normal rings and algebraic geometry.

The references for this section are [33]] and [38]].

Definition 1.7. Let / be an ideal in a ring R. An element /& € R is said to be integral over I if there

exist an integer n and elements a; € I'i= 1,...,n, such that
W+ a k"' a, =0,

Such an equation is called an equation of integral dependence of & over I (of degree n). The set
of all elements that are integral over [ is called the integral closure of I, and is denoted by I. If = I,

then I is called integrally closed. If I  J are ideals, we say that J is integral over 1if J < 1.

A basic example is the following:

Example 1.8. For arbitrary elements x,y € R, xy € (x2,y2). In fact, take n = 2, a; = 0 € (x2,y?) and

ar = —x%y? € (x*,y*)?, notice that
(xy)? +ai(xy) +a2 =0
is an equation of integral dependence of xy over (x,y?).

In the following we present basic properties of the integral closure of ideals.
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Properties 1.9. Let R be a ring and I < R an ideal. Then,
L IcI
2. IfI < J are ideals of R, then I < J;
3. IcA/I;
4. The nilradical \/0 of the ring is contained in I
5. Intersections of integrally closed ideals are integrally closed.

6. The following property is called persistence: If ¢ : R — S is a ring homomorphism, then ¢(I) <
o(1)S;

7. Another important property is contraction: If ¢ : R — S is a ring homomorphism and I is an

integrally closed ideal of S, then @~ (I) is integrally closed on R.

8. In particular, if R is a subring of S, and I an integrally closed ideal of S, then I "R is an
integrally closed ideal in R.

Proof. We prove only items (6) and (7), since the remaining statements are straightforward and follow
from the definitions.

6)Ifhel then "+ a W' +---4+a,=0,withg;eI'and ne Z*. Thus,

@(h)" +@(a)e(h)" " +--+ (ay) =0,

with @(a;) € (¢(I)S)'. Therefore, ¢(h) € @(I)S.

(7) If h e I, we have the integral dependence equation
B +ah" '+ +a,=0,
where a; € (¢~ (I))’. It follows that
Q)"+ @(a)p(h)"" +---+ ¢(a,) =0,
where ¢(a;) € I'. We see that @(h) € I. Therefore h e ¢! (I), since I is integrally closed. O
The following equality rephrase integral closure.

Proposition 1.10. /33, Proposition 1.1.7] Let R be a ring, I an ideal of R and r € R. Then: re I if
and only if there exists an integer n such that (I1+ (r))" = I(I+ (r))"" .

One can also use modules to express integral dependence.

Corollary 1.11. /33| Corollary 1.1.8] Let I be an ideal of R and r € R. Then, the following are

equivalent:
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(a) ris integral over I;

(b) There exists a finitely generated R-module M such that rM < IM and such that whenever aM =0
for some a € R, then ar € 1/0.

Moreover, if 1 is finitely generated and contains a non-zerodivisor, r is integral over I if and only
if there exists a finitely generated faithful R-module M such that IM = (I + (r))M.

Now, we introduce reductions, which are an extremely useful tool for integral closure in general.

Definition 1.12. Let J < I be ideals in R. We say that J is a reduction of / if there exists a non-negative

integer n such that "+ = J".
Proposition [I.10] proved the following:

Corollary 1.13. /33, Corollary 1.2.2] An element r € R is integral over J if and only if J is a reduction
of J+ ().

Note that if JI" = I"*!, then for all positive integer m, we have I"+" = Jr"+n—1 — ... — yjm[" In
particular, if J < I is a reduction, there exists an integer n such that for all m > 1, I"™*™" < J™,

The reduction property is transitive:
Proposition 1.14. [33| Proposition 1.2.4] Let K < J < I be ideals in R. Then,
(i) If K is a reduction of J and J is a reduction of I, then K is a reduction of I.
(ii) If K is a reduction of I, then J is a reduction of .

(iii) If I is finitely generated, J = K + (ry,...,ri), and K is a reduction of I, then K is a reduction of
J.

In case the ideals are not finitely generated, the conclusion of Proposition [[.14] (item (iii)) need
not hold.

The following corollary establishes a connection between integral closure and reductions.

Corollary 1.15. /33, Corollary 1.2.5] Let K < I be ideals in R. Assume that I is finitely generated.
Then K is a reduction of 1 if and only if I < K.

Using reductions, one obtains that the integral closure I is an ideal, as stated in the following

corollary.

Corollary 1.16. /35, Corollary 1.3.1] The integral closure of an ideal in a ring is an integrally closed

ideal (in the same ring), i.e., [ = 1.

The following lemma connects the notion of integral dependence on an ideal, with the classical

notion of integral dependence on a ring.
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Lemma 1.17. [38, Lemma 1.3] Let R[T| be the polynomial ring with an indeterminate T over R.Let

he R and I an ideal of R. The element h is an integer over I if and only if hT is an integer over the

ring (1) = @, nI"T"
The next result relates the behaviour of the integral closure with powers of an ideal.
Proposition 1.18. /38| Corollary 1.8] Let I be an ideal of R. Then,
(i) ()" <1
(i) 1-T" < [+,
As a consequence of Corollary [I.T1] we obtain the following result.
Corollary 1.19. /38 Corollary 1.11] If I and J are ideals in R then I-J < 1-J.

Up to this point, we have taken a purely algebraic approach to the integral closure of an ideal.
Now, we will consider the case where R is the local ring of a reduced complex analytic variety, that
is, R = Ox . Recall that a complex analytic space X is said to be reduced if, for every x € X, the
local ring Oy , has no nonzero nilpotent elements. This setting offers additional interesting properties
beyond those previously discussed.

The next theorem is one of the most important results in this section, offering multiple perspectives

on the integral closure of an ideal within the framework of analytic geometry.

Theorem 1.20. [38, Theorem 2.1] Let X be a reduced complex analytic space, x € X, and let I be an
ideal of Ox x and h € Ox . The following are equivalent:

(i) hel;

(ii) (Growth condition) For each system of generators g1,...,8s of I there exists a neighbourhood

U of x and a constant C > 0 such that
h(y)| < Csup{[g1(2)],---.[gs)I},
forallye U;
(iii) (Valuative criterion) For each analytic curve ¢ : (C,0) — (X, x), the germ ho ¢ lies in (¢*(I)) 0},

where (¢*(I)) O denotes the ideal generated by ¢*(I) := {io@ :iel}.

1.3 tLojasiewicz exponent of ideals

The Lojasiewicz exponent is a fundamental numerical invariant that quantifies the comparative
vanishing order of two ideals near a singular point. As shown in [38]], this exponent can be char-

acterized algebraically through inclusions between powers of ideals and their integral closures. In
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this section, we define the Lojasiewicz exponent Z;(I) and explore its properties, highlighting its
connections with other local invariants such as the Hilbert—Samuel multiplicity and the order of an
ideal.

We fix the notational conventions used throughout this work. Let (X,x() be a germ of analytic
space in C". Consider two real-valued function germs a,b : (X,xp) — R. The relation a(x) < b(x)

near xo means that there exists a constant C > 0 and an open neighborhood U of xj in X such that
a(x) <C-b(x), forallxeU.

Furthermore, we write a(x) ~ b(x) near xy whenever both a(x) < b(x) and b(x) < a(x) hold in some
neighborhood of xg.

For any n-tuple x = (xi,...,x,) € C", we denote its norm by

el = /bt .

Definition 1.21. Let X be a reduced equidimensional complex analytic space. Let I := {fi,..., fp)

and J := {g1,...,84) be two ideals in Ox. Let us consider the maps
f= (f17"‘7f17) : (X70> - ((Cp,())

g=(81,---,84) + (X,0) — (C1,0).

The Lojasiewicz exponent of I with respect to J, denoted by £ (1), is the infimum of the set

{oeRo0: [ g(x)|* < [[f(x)| near 0}.

If this set is empty, we say that £ (1) = co.

The definition of £ (1) is independent of the chosen systems of generators of the ideals / and
J. Indeed, any two finite generating systems of the same ideal induce equivalent norm functions in a
neighborhood of the origin.

It is worth noting that the Lojasiewicz exponent .Z;([) is finite if and only if V(I) < V(J), or
equivalently, J < +/I. This follows from the work of Lejeune-Jalabert and Teissier [38], who estab-
lished that the existence of a Lojasiewicz inequality between two ideals is equivalent to an integral
dependence condition between their powers. Moreover, when finite, -%;(I) is a positive rational num-

ber.

Consider two ideals 1,J < Ox. By [38]], the Lojasiewicz exponent of / with respect to J is given
by
g]([) = min{g ’ a,be =, J¢ Ql_h}

Let us assume that the ideal / < Ox has finite colength, that is, the quotient /I is a finite-

dimensional C-vector space, since Oy is a C-algebra with residue field C.
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In this context, when J = m is the maximal ideal of Oy, we denote the number .Z(I) by £y(1).
That is,
() = inf{% €Zs1: mic I_b} :

The quantity % () is called the Lojasiewicz exponent of the ideal .

The Lojasiewicz exponent is closely related to both the multiplicity and the order of an ideal. To

better understand this connection, we recall the necessary definitions and fundamental properties.

We recall that the order of a function f € Oy, denoted by ord(f), is defined as the largest integer

r € Z= such that f € m”". Accordingly, the order of an ideal I — Oy is defined as max{r:1 < m'}.

Definition 1.22. [41] The Hilbert—Samuel multiplicity of a finite—colength ideal  in O is defined as

e(l) = 1im "™ o(0y /10,

k—o0 k"

where n = dim(X) and £(Ox /I¥) denotes the colength of %, that is, dim¢(Ox /I*).
Some of the main properties that relate the multiplicity of an ideal and its integral closure are:

Proposition 1.23. [27] Let X be the germ of a d-dimensional complex analytic set. Suppose I and J
are ideals of finite co-length in Ox . Then,

(i) I=J = e(l) =e(J).
(ii) IcJ = e(I) = e(J); if X,x is equidimensional, then e(I) = e(J) = I =J.
(iii) There exists an ideal I' — I, where I' is generated by d elements such that e(I') = e(I).

Proposition 1.24. [33] Let X be the germ of a d-dimensional complex analytic set. Suppose I ideal
m-primary of finite co-length in O . If L is a positive integer, then e(I') = 14¢(I).

Remark 1.25. Let n = dim(X). There is a relationship between the F.ojasiewicz exponent, the multi-
plicity of an ideal, and its order. This relationship stems from the Proposition |1.23|which guarantees
inequality e(m®) > e(I?) = e(1”). This implies that a” > b"e(I), and consequently, % (I)" = e(I).
Furthermore, the inclusion 7 € m®4() yields e(I) = e(m®4(!)) = ord(I)"e(m). Therefore, we obtain
the following inequalities:

L(D)" = e(I) = ord(I)". (1.1)

1.4 Whitney stratifications

We introduce the notion of Whitney stratification, a concept originally proposed by Whitney that
has played a fundamental role in various areas of geometry and topology. For a detailed exposition

on this topic, see for instance [29].
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Let X be an analytic space in C". The goal of stratification theory is to decompose X into a finite
family of pairwise disjoint subsets Xi,...,X;, such that each X; is a smooth analytic subspace, called
a stratum, in such a way that each stratum consists of points having the same type of local behavior,

that is, points that are equally singular in a certain geometric or analytic sense.

To make this notion precise, we introduce the formal definition of a locally finite stratification.

Definition 1.26. Let X < C" be an analytic space. A locally finite stratification ¥ of X is a partition
of X into smooth analytic subsets V; of C" (called strata) such that for every point in X there exists a

neighborhood in C” that contains only a finite number of strata.
The following example illustrates how such a stratification naturally arises in the analytic setting.

Example 1.27. Let V < C" be an analytic set. Recall that the set £V of singular points of V is itself
an analytic subset of strictly lower dimension, and that the complement V\XV is a smooth complex

manifold. By repeating this process, one obtains a decreasing filtration
Va2 Vi—12--2W,

where V; = V and, for each i,

s [ it dimyi=i,
STV ifdimV < i

The differences V;\V;_; form a finite collection of smooth analytic manifolds, each of pure di-

mension i (or possibly empty). These manifolds constitute a finite stratification of the analytic space
V.

To make this construction more explicit, let us consider a classical example.

Example 1.28. Let V — C3 be the algebraic set defined by the equation x> = y?>z, known as the
Whitney umbrella. Consider the subsets of V defined by

Vg =XV ={(0,0,2)eC’}cV and Vg=V\Vs.

Then Vi and Vg form a locally finite stratification of V with a 2-dimensional smooth stratum and
a 1-dimensional stratum. Geometrically, this stratification decomposes the Whitney umbrella into a

smooth surface (with two connected components) and its singular line. The construction is illustrated

in Figure
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Figure 1.1: Whitney’s umbrella stratification

Whitney stratifications

The central notion in the theory of stratifications is the regularity condition between the strata that
compose them. In general terms, this condition provides a criterion that controls how the different
strata of a stratification meet and relate to each other. In the following, we introduce two fundamental
concepts in this theory: the frontier condition and Whitney’s regularities conditions.

We say that the stratification 7" = {V} of a subset X of C? satisfies the frontier condition if for
any two strata V, and Vg such that Vg NV # J, then Vg < Vo, where the V is the closure of Vy in
the topological space X.

We next introduce the Whitney conditions.

Definition 1.29. The stratification 7" = {V{ } satisfies the Whitney conditions if for every pair (Ve Vg)

of strata such that Vg < V  and for every point y in Vi, we have:

(a) For every sequence of points {x;} in V, converging to y, such that the limit
Iim 7Ty, (Vo) =T
1—00
exists in the corresponding Grassmannian, then 7' contains Ty (V).

(b) Moreover, if there exists a sequence {y;} of points in Vg converging to y such that the limit of
directions
lim X;y; = A
1—00

exists in the projective space, then T contains A.

A stratification ¥ is called a Whitney stratification if it satisfies the frontier condition and the Whitney

conditions (a) and (b).

It is important to observe that condition (b) is, in fact, stronger than condition (a). More precisely,
it is well known that condition (b) implies condition (a).
Analytic varieties can always be Whitney stratified. More precisely, Whitney proved in [53]] that

every complex analytic space admits a stratification satisfying conditions (a) and (b).
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Example 1.30. The stratification {V¢,Vg} of the Whitney umbrella, described in Example is
not a Whitney stratification, since the Whitney condition (b) fails at the origin. In fact, along the
z—axis the limiting tangent spaces of V; do not contain the limiting secant lines. A Whitney stratifi-
cation is obtained by refining the singular stratum according to the sign of z. Then the stratification
{Va, Vg\{0}} satisfies the Whitney conditions and is illustrated in Figure

Figure 1.2: Whitney’s umbrella Whitney stratification

An algebraic reformulation: the Verdier condition (w)

In [50], Teissier prove that the Whitney conditions are equivalent to Verdier’s condition w, in the
complex analytic setting. However, its formulation is particularly convenient from an algebraic point
of view.

Condition (w) states that the distance between the tangent space to X at a point x; € Xo, where
Xo denotes the smooth part of X, and the tangent space to Y at y tends to zero at least as fast as
the distance between x; and Y. To formalize this notion, we first recall the definition of the distance
between two linear subspaces.

Let A and B be linear subspaces of C". The distance of A and B is defined as

dist(A,B) = sup ]<u,v>\’
went—qoy [l V]
veA—{0}

where B denotes the orthogonal space of B and (-, -) is the usual inner product.

Definition 1.31. Let X and Y be two strata in a stratification of a complex analytic space Z, satisfying
X oY, where X denotes the closure of the set X in Z. Then the pair (X,Y) satisfies Verdier’s condition

w at 0 e Y, if there exists a positive real number C such that
dist(ToY,T,X) < C-dist(x,Y),

for all x close to Y, where 7,X denotes the tangent space of X at the point x and dist(x,Y) =
inf{llx—y|:yeY}.
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Teissier showed the importance of the integral dependence relation in determining the Whitney
conditions in the case of a family of analytic hypersurfaces [50]. This result was later generalized by

Gaffney for any dimension.

Theorem 1.32. /26, Theorem 2.5] Let X be a complex analytic, reduced, purely d dimensional space,
Y an analytic subspace of X purely of t dimensional, O a smooth point of Y, and X the set of smooth
points on X. Let F : C" x C' — CP be a map such that X = F~1(0) with reduced structure, and
{0} x C" =Y, with coordinates (x1,...,Xr,1,--.,y;). Then STF; € {xi%}ﬁfg forallle{l1,...t}, in
whichi,j € {1,...,r} if and only if (Xo,Y) satisfies Verdier’s condition (w) at 0 € Y, where O% is the

module of germs of analytic maps from X to CP.

Whitney stratifications and their equivalent formulations, such as Verdier’s condition (w), will be
a key tool in Chapter . There, we study non-normal toric surfaces in C* through the combinatorial
description of their associated semigroups and Newton polyhedra, which allows us to construct a
Whitney stratification adapted to their geometry. The main result shows that this stratification has

fewer strata than the one induced by the torus action.

1.5 Bi- Lipschitz equivalences

In this section, we recall the notion of bi-Lipschitz equivalence, which plays a fundamental role
in the metric study of analytic spaces and singularities. Bi-Lipschitz equivalences preserve distances
up to multiplicative constants, providing a natural framework to compare germs of spaces, maps, and
ideals. We fix the notational conventions and recall the basic definitions that will be used throughout
this work, particularly in Chapter 4] where we study the bi-Lipschitz invariance of the Lojasiewicz
exponent, multiplicity, and the Euler obstruction for hypersurfaces. For more details the reader may
consult [22, 21} 147]].

We start by recalling the definition of a bi-Lipschitz map.

Definition 1.33. A map germ f: (X,0) — (¥,0) is Lipschitz if
If(x) = ()| < |x—x'| near 0.

A bi-Lipschitz homeomorphism between (X,0) and (Y,0) is a Lipschitz homeomorphism / : (X,0) —
(Y,0) whose inverse A~! : (¥,0) — (X,0) is also Lipschitz. Moreover, two subsets X; and X» of
(X,0) are bi-Lipschitz equivalent if there is a bi-Lipschitz homeomorphism ¢ : (X,0) — (X,0) so
that ¢(X;) = X;.

Two function germs f,g: (X,0) — (CP,0) are called bi-Lipschitz %#-equivalent if there exists a
bi-Lipschitz map germ ¢ : (X,0) — (X,0) such that

f=8°9.
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Similarly, f and g are bi-Lipschitz </ -equivalent if there exist bi-Lipschitz homeomorphisms ¢ :
(X,0) — (X,0) and ¢ : (C”,0) — (CP,0) such that

pof=goQ.

We also say that f and g are bi-Lipschitz # *-equivalent if there is a bi-Lipschitz homeomorphism
¢:(X,0) - (X,0) and amap A : (X,0) — GL(CP) such that A and A~! are Lipschitz and

for all x in some open neighborhood of 0 € X, where GL(C?) denotes the set of all p x p complex
matrices with nonzero determinant.

In particular, bi-Lipschitz Z-equivalence implies both bi-Lipschitz .7 -equivalence and bi-Lipschitz
¢ *-equivalence.

The notion of bi-Lipschitz equivalence of ideals, introduced by Bivia-Ausina and Fukui in [8], is
originally defined for ideals in &), by comparing their generators via a bi-Lipschitz homeomorphism
¢ :(C",0) — (C"0). Using the ideas of Bivia-Ausina and Fukui, here we present this notion to ideals
in O, where X denotes a germ of analytic space in C”, and Oy denotes the ring of germs of analytic
functions (X,0) — (C,0).

Definition 1.34. Let [ and J be ideals of &x. We say that I and J are bi-Lipschitz equivalent if there
exist families of functions f1,..., f, and g1,...,g, in Ox such that:

1. <f1,...,fp>gland<f1,...,fp>:7;
2. {81y, 8¢y S Jand (g1,...,84) = J;

3. There exists a bi-Lipschitz homeomorphism ¢ : (X,0) — (X,0) such that
[(A @), o))~ [[(g1(9()),- - g4(@(x)))]|  nearO,

where I denotes the closure of the ideal 1.

It follows directly from the definition that bi-Lipschitz equivalence between two ideals implies
bi-Lipschitz equivalence between their respective zero sets. Moreover, if two germs are bi-Lipschitz

Z-equivalent, then their zero sets are bi-Lipschitz equivalent.

Example 1.35. Let f € Ox(s) be a nonzero germ and let ¢ : (X(S),0) — (X(S),0) be a bi-Lipschitz
homeomorphism. Setting g = f o ¢, the principal ideals I = (f) and J = (g) are bi-Lipschitz equiva-
lent. Indeed, this follows immediately from Definition [[.34]by taking p = ¢ = 1, fi = f, g1 = g, and

using the same bi-Lipschitz homeomorphism ¢. The norm condition is automatically satisfied since
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As a concrete example, consider the toric surface X (S) = {(x,y,z) € C3; xz = y?}, and the germs
fl,y,z) =x* +y*+2%, and g(x,,2) = x> + (y + xy)? + (2 +2)* +xy2)2.

Observe that ¢(x,y,z) = (x, y+xy, z+ 2y? +xy2) is a bi-Lipschitz homeomorphism of X (S)
satisfying g = f o ¢. Moreover, ¢ preserves the defining equation of X (S), since

x(z+ 2y? +xy2) — (y+xy)°.
Therefore, the principal ideals I = (f) and J = {(g) are bi-Lipschitz equivalent.

Example 1.36. Let /,J < Ox ) be ideals satisfying I =J. Then I and J are bi-Lipschitz equivalent.
Indeed, if I = {fi,...,fp) and J = {g1,...,8,), one may take the identity map ¢ = id. The norm con-
dition in Definition [I.34]follows from the characterization of integral closure by the growth condition
given in Theorem As an illustration, consider the ideals I = (x*,y*) and J = (x* +xy,y*) = Ox(s)-
Since I = J = {(x*,xy,y?), the ideals I and J are bi-Lipschitz equivalent.

1.6 The local Euler obstruction

The local Euler obstruction was defined by MacPherson in [39] as a tool to prove the conjecture
about the existence and unicity of the Chern classes in the singular case. Since then, it has been
extensively investigated by many authors such as Brasselet and Schwartz [[13], Lé and Teissier [37]],
Kashiwara [34]], and others.

Despite its importance, the local Euler obstruction is generally hard to compute from its definition.
This has motivated the search for effective formulas that allow one to handle it in concrete situations.

In [12, Theorem 3.1], Brasselet, L&, and Seade proved a formula to compute the local Euler
obstruction using generic linear forms. For this purpose, we first present the definition of generic
linear forms.

Let (X,0) < (C",0) be a pure-dimensional complex analytic subset X — U of an open set U < C".
We consider a complex analytic Whitney stratification " = {V;} of U adapted to X (i.e. X is a union
of strata) and we assume that {0} is a stratum. We choose a representative X small enough of (X,0)
such that 0 belongs to the closure of all the strata. We write X = LqJ V; where Vy = {0} and Vy = Xreg

i=0
is the set of regular points of X. We assume that the strata Vj,...,V, | are connected. Note that the

closures Vp, . .. ,V4—1 are complex analytic subsets of U.

Definition 1.37. A generic complex linear form (with respect to X) is a complex linear form ¢ : U — C
such that 0 € £~1(0) and ker(¢) is transversal to all limits of tangent spaces {T;, V;}, for every stratum

V; and every sequence {x,} < V; converging to 0.

Theorem 1.38. Let (X,0) and V" be given as before, then for each generic linear form 1, there exists

€y such that for any € with 0 < € < & and & # 0 sufficiently small, the Euler obstruction of (X,0) is
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equal to

q
Eux (0) = Y x(VinBe n17'(8)) - Eux (V;),
i=1

where Y is the Euler characteristic, Eux (V;) is the Euler obstruction of X at a point of Vi, i =1,...,q

and 0 < || « € « 1.

The local Euler obstruction is known to be an analytic invariant, meaning it remains unchanged
under analytic equivalence. However, it is not a topological invariant, as it can vary under homeo-
morphisms (see [30]). Whether the local Euler obstruction is a bi-Lipschitz invariant remains an open
question.

In this thesis, the results addressing this question are presented in Chapter ] where we provide a
partial answer by showing that, under certain conditions, the local Euler obstruction is preserved by
bi-Lipschitz transformations. These results thus offer a positive contribution to the understanding of
the behavior of the local Euler obstruction within the bi-Lipschitz category. This naturally leads to
the study of polar multiplicities, which are closely related to the local Euler obstruction and play a
central role in both its computation and geometric interpretation.

The next theorem, proved by Lé and Teissier, presents a way to compute the local Euler obstruction

with the aid of Gonzales-Sprinberg’s purely algebraic interpretation of this invariant.

Theorem 1.39 ([37]). Let X < C"*! be an analytic space of dimension d reduced at 0. Then
Eux(0) = ,‘f;& (—1)4=*1my(X), where my(X) denotes the k-th polar multiplicity of X at 0.

In particular, the first polar multiplicity mo(X) coincides with the classical notion of multiplicity,
which is the central object in the metric version of Zariski’s conjecture. This conjecture asks whether

multiplicity is preserved under bi-Lipschitz homeomorphisms.

1.7 Affine toric varieties

Toric varieties form a special and well-understood class of algebraic varieties whose geometry
can be described using combinatorial data. In this setting, geometric objects are often translated
into combinatorial ones such as lattices, polyhedra, cones, and fans. This correspondence provides a
powerful bridge between geometry and combinatorics. Rougly speaking, a toric variety is an algebraic
variety having an open and dense subset parametrized by monomials, which allows its properties to
be studied in a very explicit algebraic and geometric way.

Although at first glance this may seem to be a rather restricted class of varieties, many familiar
examples actually are into this category. For instance, (C*)" = (C\{0})", the affine space C". A
simple but interesting example is the cuspidal cubic curve given by the equation y> = x*, which can
be parametrized by ¢ — (¢2,13).

An alternative way to define this important subclass is that they can be described by binomial

ideals, making them accessible through semigroup algebras associated with rational polyhedral cones.
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In this section, we introduce the basic ideas and constructions related to Affine toric varieties,

following standard references such as [16} 10} 20].

Combinatorial definition of affine toric varieties

We present one of the equivalent constructions of affine toric varieties, based on toric ideals. This
approach provides a clear algebraic perspective in which an affine toric variety is realized as the zero
set of a binomial ideal associated with a finitely generated semigroup S = Z", highlighting the con-

nection between combinatorics and geometry.

Let S c Z" be a semigroup generated by a finite set So = {by,...,b,} < Z" satisfying ZSy = 7".

The set Sy induces a group homomorphism 7, : Z" — Z" given by

T, (0, ..., @) = 01by + -+ + Q4by.
Foreach o = (v, .., o) € ker(7ms,) we set
oy = Z oe; and Q- = — Z a;e;,
;>0 ;<0

where eq,...,e, are the elements of the standard basis of R”. Let us observe that &« = o4 — a— and
that ot ,x_ e N,

Consider the ideal

Ig = (X% —x%; aeker(ms,)) < Clxq,...,x], (1.2)

where xP = xy' ...xﬁ’ with B = (Bi,...,Br) € N'. We work with a minimal system of generators of

ker(7s,), so that the associated binomials provide a minimal generating set for the ideal 5.

Definition 1.40. The n-dimensional affine toric variety X (S) generated by S is the irreducible variety
¥ (I) defined by the zero set of the ideal I as in (1.2).

The ideal /s defined in (1.2]) is generated by binomials corresponding to elements of ker(s, ).
These binomials determine the algebraic structure of the affine toric variety X(S). The ideal Ig is

prime. Therefore, Is is a toric ideal (see [16), Proposition 1.1.9]).

Example 1.41. Consider the affine semigroup S < Z generated Sy = {2,3}. The homomorphism
induced by S is ms(ay, ) = 2a; + 30p. Its kernel is generated by o = (3,—2), and thus o =
(3,0) and o = (0,2). Consequently, the corresponding toric ideal is

Is = () —x%%) = (* —y*) < C[x,y].

Hence, the affine toric variety X (S) is the cuspidal cubic, i.e. the curve defined by x* = y? in C[x,y].
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Example 1.42. Let Sy = {(1,0),(1,1),(1,2)} < Z?. This set defines the group homomorphism
ms(o, 0p,08) = (04 + 0 + 03, 0 +203),

whose kernel is given by ker(7wg) =Z- (1,-2,1).
For the element o = (1,—2, 1), we have o, = (1,0,1) and a— = (0,2,0). These yield the binomial

x% —x% = xz—y?, and thus the corresponding ideal is
Is = <xz—y2> = (C[x,y,z].
Consequently, the affine toric variety associated with this semigroup is X (S) = V (xz —y?) < C°.

The Oscar. j1 codes for the computation of the toric ideals in the above examples are collected
in the Appendix [A]

The torus action

ThesetT = {(z1,...,2,)€C":2z;#0, i=1,...,n} = (C*)"is called the algebraic n-dimensional

torus. Recall that (C*)" is a group under component-wise multiplication: for ¢, € (C*)",
tet' = (t1,.. o tn) (2], 1) = (t1t], ... tuty) € (C*)™.

There is a relationship between the toric variety X(S) associated with S and the algebraic n-

dimensional torus T = (C*)". More precisely, the action of the torus T on X (S) is given by

0 (CYXX(S) — X W)
(l,x) — (tblxl,...Jb’xr) '
where t = (11,...,t,), x = (x1,...,%,), and by,...,b, are generators of the semigroup S, with b; =

(b},...,b").

Moreover, ¢ has an open and dense orbit & in X(S) that is diffeomorphic to (C*)". Thus the
n-dimensional toric variety X (S) contains the torus T as a Zariski open dense subset. (See Definition
1.1.3. and Theorem 1.1.17 in [16]).

This action is central in the definition of toric varieties: Since the class of an affine toric varieties
is precisely the class of affine varieties endowed with an action of the algebraic torus T having a dense
open orbit. The existence of such an action encodes the combinatorial data of the semigroup S, and

conversely, the geometry of X (S) reflects the combinatorics of S.

2

Example 1.43. In Example the corresponding torus action is given by (z, (x,y)) — (t%x,,t3y),

whereas in Example it is described by ((t1,12), (x,,2)) = (t1x,,t1t2y, ,11132).
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Cones and Affine Toric Varieties

In the following, we introduce the concepts of cone and dual cone, which are studied in convex
geometry. Those elements will be necessary to the definition of Newton polyhedron which we will

use in this work.

Definition 1.44. Let {b,...,b,}  Z" be a finite generator set of the semigroup S. The convex poly-

hedral cone associated with S in R” is the set
-
cone(S) = {Z?Libi | LeR, A= O}.
i=1

The vectors by, ..., b, are called generators of the cone(S). Also, we set cone(J) = {0}.

A convex polyhedral cone is indeed convex, meaning that if x,y € cone(S), then Ax+ (1 —A)y e
cone(S) for all 0 < A < 1. Moreover, it is a cone in the sense that if x € cone(S), then Ax € cone(S)
forall A > 0.

Examples of polyhedral cones include the first quadrant in R? and the first octant in R? and
corresponds to cone(S) and cone(S,), where S| = {ey,e;) and Sy = ey, e, e3), respectively. Another

example is the cone Cone(ey,ep,e1 +e3,e2+ €3) C R3, illustrated in Figure

<

/y

X

Figure 1.3: Cone(eq, e, e +e3,e3 +e3) c R

The dimension of cone(S) is the dimension of the smallest linear subspace of R” containing
cone(S).

Let (R")* be the dual space of R”". To each cone, we associate the dual cone, defined by
cone(S) = {ue (R")* : {u,vy > 0,Yv e cone(S)}.

The dual of a polyhedral cone is also a polyhedral cone, and the dualization is an involutive
operation, that is, the dual cone of cone(S) is cone(S), as we can see [[16, Proposition 1.2.4].

Moreover, since cone(S) is generated by vectors in Z", its dual cone cone(S) is also generated by
vectors in Z" (see [11, p. 5] and [[16} p. 29]).
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Example 1.45. Let S =((1,0),(1,1),(1,2)) = Z2. The polyhedral cone associated with S and its dual

cone are shown in the figure below.

Figure 1.4: Polyhedral cone associated with S = {(1,0),(1,1),(1,2)) and its dual cone.

For a point u € (R")*, we set
H,={veR":(u,v)=0} andH  ={veR":{(u,v)=0}.
When uy,...,u; generate cone(S), the cone(S) can be expressed as

cone(S) =H, n---nH,,

which shows that every polyhedral cone arises as the intersection of finitely many closed half-spaces.

Example 1.46. Let S = {(1,0),(1,1),(1,2)} = Z?, as in Example m Recall that the polyhedral
cone cone(S) — R? and its dual cone are illustrated in Figure 1.4. The cones cone(S) and cone(S) are
both of dimension 2.

The cone(S) is generated by the vectors u; = (1,0), uy = (0,1) and u3z = (2,—1). For each gener-

ator u;, consider the closed half-space H, = {v € R? | {u;,v) > 0}. Explicitly, we have

= {(x,y) e R* |x >0},
HE = {(x,y) eR*|y =0},
{(x,y) e R?* | 2x—y > 0}.

Therefore, cone(S) = H(Jq 0) " H;{) H O H(; _yy- This shows that cone(S) is given by y > 0 and
2x—y=0.
The Oscar. j1 code, presented in Appendix Al computes the dimension of cone(S) and cone(S),

as well as the generators of the dual cone cone(S).

Definition 1.47. A face 7 of cone(S) is a subset of the form 7 = cone(S) N H, for u € cone(S).
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Note that cone(S) is considered to be face of itself, as 0 € cone(S). If 7 is a face of cone(S), we
write T < cone(S) and T < cone(S) if T # cone(S).

In the following, we summarize a list of properties of cones and their faces.
Lemma 1.48. Let cone(S) be a polyhedral cone. Then:
(i) Every face of cone(S) is a polyhedral cone.
(ii) An intersection of two faces of cone(S) is also a face of cone(S).
(iii) A face of a face of cone(S) is also a face of cone(S).
(iv) If T < cone(S) and v,w € cone(S), then v+ w € T implies ve T and w € T.

A facet of cone(S) is a face T of codimension 1, i.e., dim7 = dim(cone(S)) — 1. An edge of

cone(S) is a face of dimension 1.

Example 1.49. Let S = ((1,0),(1,1),(1,2)) = Z? be as in Example We describe the faces of
the cone(S) and of its dual cone cone(S).

The cone(S) = R? is generated by the extremal rays 7; = R=((1,0) and 7, = R>(1,2). Its faces
consist of the zero face {0}, the one-dimensional faces 7, and 15, and the cone(S) itself.

The dual cone cone(S) = (R?)*, as described in Example has extremal rays p; = R>((0,1)
and p» = R>((2,—1). Accordingly, its faces are the zero face {0}, the one-dimensional faces p; and
P2, and the cone(S) itself.

The Oscar. j1 code used to compute the vectors generating the extremal rays of cone(S) and

cone(S) is presented in the Appendix
Here we present a property of cones that we will need.
Definition 1.50. The cone cone(S) is called strongly convex if cone(S) N (—cone(S)) = 0.

Proposition 1.51. [/6, Proposition 1.2.12] Let cone(S) be a polyhedral cone. The following condi-

tions are equivalent:
(i) cone(S) is strongly convex;
(ii) {0} is a face of cone(S);
(iii) cone(S) contains no positive-dimensional linear subspace;
(iv) dimcone(S) = n.

Example 1.52. Consider the set S = {(1,0),(1,1),(1,2)} = Z?, as in Example Note that the

associated polyhedral cone cone(S) is a strongly convex polyhedral cone.

In what follows, we assume that dim(cone(S)) = n and that cone(S) is strongly convex.
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The Orbit-Cone Correspondence

For normal affine toric varieties, the orbit-cone correspondence holds (see [16, Section 3.2]). More

precisely, for each k with 0 < k < n, there is a one-to-one correspondence

{k-dimensional faces of cone(S)} R {(n — k)-dimensional torus orbits in X (S)} .
Although this correspondence is usually stated for normal toric varieties, it also applies to X (S)
in the possibly non-normal case. Indeed, by [16, Theorem 3.A.3.(c)], the torus orbits of X(S) are in
bijection with those of its normalization )f(ZS’/) . The normalization is the affine toric variety associated
with the semigroup & N Z*, where ¢ = cone(S) (see [16} Proposition 1.3.8]). Since cone(S) is strongly
convex, we have & = cone(S). (see [[L1, Property 1.2.2]). Therefore, the orbit-cone correspondence

also holds for X(S), even though X (S) may be non-normal.

Remark 1.53. Since cone(S) is strongly convex, it contains no non-trivial linear subspaces and there-
fore admits no proper faces of dimension n, by Proposition Hence cone(S) is the unique face of

maximal dimension. It follows that the torus action on X (S) has a unique orbit of dimension zero.
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CHAPTER 2

Integral closure of hon-degenerate ideals

In this chapter, we study the integral closure of non-degenerate ideals in Oy g), where X (S)is a
toric variety defined by a semigroup § < Z', . The main goal is to understand how the integral closure
of such ideals can be described using combinatorial data arising from Newton polyhedra.

This chapter is motivated by results of Saia [48], which relate the integral closure of ideals to
Newton polyhedra in the classical setting. Here, we extend this perspective to the toric context,
emphasizing the role played by the geometry of the associated polyhedra. We also remark that the
results presented in [48] were first extend to Newton non-degenerated modules by Bivid-Ausina in
[7]].

Our main results are Theorem and Corollary which provide an explicit description of
the integral closure of non-degenerate ideals in terms of the Newton polyhedron. More precisely,
we show that the generators of the integral closure are precisely the monomials whose exponents
are determined by the Newton polyhedron of the ideal. This provides a concrete description of the
integral closure and highlights the close relationship between algebraic and combinatorial structures
in the toric setting. These results appear in [2].

Throughout this chapter, we use the OSCAR .jl package to perform the computational calculations
associated with the presented examples. All the codes corresponding to these examples, as well as

the auxiliary functions created to support the computations, are collected in the Appendix

2.1 Newton polyhedra

In this section we present the definition of Newton polyhedron of ideals of the ring ﬁx( s)- For the

definition of Newton polyhedron of a function f : X (S) — C we can refer to [40] for instance.

Definition 2.1. The Newton polyhedron determined by A — S, denoted by I'; (A), is the convex hull
of the set {k+v : ke A,ve cone(S)}. If v € cone(S), we define

((v,T'+(A)) = min{¢k,v) : ke (A)}

27
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and AT (4)) = (ke T (4) : (kv = (3T (A)) .
A subset AT (A) is called a face of T'1 (A) if there exists v € cone(S) such that A = A(v, T (A)).

Figure 2.1: Newton polyhedron.

Remark 2.2. Since cone(S) is generated by vectors in Z", for each face A of I'; (A) there exists a
vector v € cone(S) N Z" such that
A=AWTL(A)).

In particular, {b;,v) = 0 for all i, since v € cone(S).

For the sake of simplicity, when it is clear from the context that the polyhedron I'y(A) is fixed,
we will omit it from the notation and write A(v) and ¢(v) instead of A(v,I"4(A)) and £(v,I"; (A)).
Since a polyhedron can be described as the intersection of the half-planes defined by its faces, we

have an important characterization.

Lemma 2.3. Let I'; (A) < cone(S) be the Newton polyhedron of a set A — S. Then
[ (A) ={xecone(S): (x,v) = l(v,['+(A)), for all v € cone(S)}.
Proof. LetxeT';(A). By the definition of /(v,I";(A)), we have
(v,T4(A)) =min{¢k,v): ke T (A)} < {x,v),Vv e cone(S)

Hence, x € {x € cone(S) : {x,v) = £(v,T'1(A)), Vv € cone(S)}.
Conversely, assume that x € cone(S) and {x,v) = ¢(v,['1 (A)), for all v € cone(S). Let Aj,...,A, be
the facets (i.e. the faces of codimension 1) of I'y (A). For each i € {1,...,r}, there exists v; € cone(S)

such that A; = A(v;, ' (A)). In particular, the supporting half-space
H; = {yeR": {y,vip = £(vi,]"1 (A))}

is exactly the half-space determined by the facet A;.

Since I'; is a polyhedron, we have

T4 (4) =()H:

i=1
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By the assumption, (x,v;) > £(v;,I';(A)), foralli=1,...,r, hence x € H;" for all i. Therefore,

xe[\H; =T (A).
i=1

This completes the proof. 0
Example 2.4. Let cone(S) represent the convex polyhedral cone associated with
S = <(173)7 (17())7 (375>> « Zi

Now, consider the set A = {(5,0),(2,6),(3,2),(4,4)}. The Newton polyhedron determined by A is
illustrated in the figure [2.2]

—_— N W kA U

1 23 45 6

Figure 2.2: Newton polyhedron of A = {(5,0),(2,6),(3,2),(4,4)}.

After determining the Newton polyhedron I'; (A), we describe its faces. The zero-dimensional
faces of I';.(A) consist of the vertices (5,0), (3,2), (2,6). The compact one-dimensional faces are
the line segments

A = conv (5,0),(3,2), Ay = conv (3,2),(2,6).

They are characterized by the vectors (1,1) and (4, 1), respectively. More precisely,
Al:A<(171)7F+(A))7 g((171)7r+(A)) :5aand

Ay =A((4,1),T1(A)),  £((4,1),T(A)) = 14,

with (1,1), (4, 1) € cone(S). The non-compact one-dimensional faces of I"y (A) are
M =AG-1.THA), A= A((0,1),T4(4)),
with associated vectors (3,—1) and (0, 1), respectively. In both cases,
£((3,~1), T (A)) = £((0,1),T+(4)) =0,

and (3,—1),(0,1) € cone(S).
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As shown in Figure the Newton polyhedron I'; (A) is completely determined by the half-

spaces associated with the faces A;, i = 1,...,4. More precisely, consider the half-spaces
Hy ={(x,y)eR*|x+y>5},  Hy={(xy)eR*|4x+y>14},

H3:{(x,y)e]R2|3x—y>O}, H4:{(x7y)€R2‘y>0}'

Then, ' (A) = (i, Hi.

—_— N W kA U

\

1 23 456

Figure 2.3: Representation of the Newton polyhedron I'; (A) as the intersection of the half-spaces
determined by the faces A;, i =1,...,4.

Newton Polyhedron of an ideal I = Uy )

In the sequel, we introduce the notion of the Newton polyhedron associated with an ideal of the
local ring O (s of germs of analytic functions on (X(S),0).

Let (X(S),0) = (C",0) be the germ of the toric variety X(S) at 0 € C". Recall that a germ of
an analytic function g : (X(5),0) — (C,0) is the restriction to X (S) of the germ at 0 of an analytic
function defined in a neighborhood of 0 in C" (see Definition[I.5).

Throughout this chapter, whenever we refer to monomials, monomial ideals, or Newton polyhe-
dra, we always consider the canonical coordinate system of the ambient affine space. In particular,
monomials are understood with respect to the canonical coordinates xi, ..., X;.

We begin by defining the Newton polyhedron associated with a germ in Oy ), and then extend

this construction to ideals of Oy ).

Definition 2.5. Let g € Oxs), i-€., g = flx(s), where f : C" — C is an analytic function such that
f=>u aix* is its Taylor expansion. The support of g € Ox(s) is defined by the set

supp(g) = {V(k) =kiby + -+ kb, eS: > ay#0andk= (ki,...,k)},
v(k')=v(k)

where by, ..., b, are generators of S. The Newton polyhedron of g is defined by I'y (g) = I'; (supp(g)).

If v e cone(S), we define £(v,g) = £(v,['+(g)) and A(v,g) = A(v,T"1(g)).
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Example 2.6. Let S = ((1,0,0),(1,1,0),(1,0,1),(1,2,0),(1,1,1),(1,0,2)). Consider
g= 80)@% +x%x% + 5x1x§x3 + 6Oxix5 +9x¢ —x?xé — Zx? € Ox(s)-

The support of g is given by supp(g) = {(7,5,1),(3,5,1),(4,0,2),(1,0,2),(3,0,0),(2,4,0)}. Conse-
quently, the Newton polyhedron of I is represented in Figure [2.4]

(1,0,2)
,0,0)

Figure 2.4: Newton polyhedron of g

Consider G < Ox s). We define the support of G as

supp(G) = | J supp(g), @.1)
geG

and the Newton polyhedron of G as I'; (G) = T'4 (supp(G)).
Proposition 2.7. If I < Oxs) is an ideal generated by G, then I';.(I) = I';.(G).

Proof. By definition, I'; (I) = I'; (supp(/)) and I'; (G) = I'1 (supp(G)), where supp(G) denotes the
union of the supports of the elements of G. Since G c I, it follows immediately that supp(G) c

supp(I). Consequently,
supp(G) + cone(S) < supp(I) + cone(S) = T'4(I).

By the Definition of the convex hull, this implies that '} (G) < ", (1).
To prove the reverse inclusion, let f € 1. Since Oy g) is Noetherian, the ideal / is finitely generated.

Let G ={g1,...,8m} < I be a finite generating set of 1. Then there exist ay,...,h,; € Oy s) such that

m
f= Zhjgj.
j=1



32 Chapter 2. Integral closure of non-degenerate ideals

For each j, we have supp(h;g;) < supp(h;) + supp(g;), for all j. Since supp(h;) < cone(S), it

follows that every exponent vector in supp( f) belongs to supp(g;) + cone(S), for some j. Hence,
m
supp(f) < (U supp(gj)> + cone(S) = supp(G) + cone(S),
j=1

which implies supp(f) + cone(S) < supp(G) + cone(S). Since this holds for every f € I, we obtain
supp(7) + cone(S) < supp(G) + cone(S).

Again by the definition of the convex hull, this yields that I'; (1) < I'; (G). Combining both
inclusions yields I'y (I) = "1 (G), which completes the proof. O

Therefore, Proposition ensures that the Newton polyhedron I" (1) is well defined, that is, it
does not depend on the choice of generators of 1. If I = Oxg) is the ideal generated by G, then
'} (I) =T+ (G). Moreover, if G = {g1,...,8n} is a generating system of /, then I'; () is equal to the
convex hull of I'y (g1) U--- U1 (gm), by basic properties of the convex hull.

Example 2.8. Let S = ((1,0),(1,1),(1,2)). Consider the ideal / = 0% g) generated by

81 = x%x% +x§ +x‘fX3 and g, = x?x3 —i—x% —|—x?x%.

The support of I is given by supp(l) = {(4,2), (4,8),(5,2),(6,2),(3,6)}. Consequently, the Newton
polyhedron of / is represented in Figure 2.5]

— N W A U N 9 X

1 23 456 78

Figure 2.5: Newton polyhedron of I = (x3x3 +x§ + x}x3,x]x3 + X3 + x3x3).

2.2 The integral closure of ideals in Ox s,

In this section, we investigate the relationship between the integral closure of an ideal I and the

geometry of its Newton polyhedron I'; (I). Motivated by the approach of Tessier [51]], we first restrict
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our attention to monomial ideals in Oy g). In this setting, we show that if 4 € 1, then every monomial
appearing in & corresponds to a point of cone(S) lying in the Newton polyhedron I'; (7).

This observation indicates that the integral closure of an ideal [ is largely controlled by the com-
binatorial information encoded in its Newton polyhedron. In particular, it naturally leads to the in-
troduction of a canonical monomial ideal determined solely by I"(7), which collects exactly the
exponent vectors compatible with this polyhedral data.

Following [7], we denote by I° the ideal of O g) generated by the monomials x* such that
klbl +ee +krbr € F+(1)7

where xp,...,x, is a coordinate system on X (S).

The ideal /° can be regarded as the largest monomial ideal whose Newton polyhedron coincides
with T4 (I), and therefore provides a natural link between [ and its associated polyhedral data.

This construction yields a natural framework for describing the integral closure of / in terms of
Newton polyhedra. Indeed, the inclusion / < I° always holds, and equality characterizes important
classes of ideals, most notably the class of non-degenerate ideals. In this sense, /° serves as a bridge
between the analytic structure of ideals in Oy 5) and the convex geometry of their associated Newton
polyhedra.

The next theorem makes precise the relationship between the integral closure of a monomial ideal

and its associated Newton polyhedron.
Theorem 2.9. Let I = Ox gy be a monomial ideal. If h € I then supp(h) = T, (I).

Proof. Consider hel < Ox(s)- Note that h = f | x(s)» Where f: C" — C is an analytic function with
Taylor expansion f = >, ax ke Z', . Also observe that I is a monomial ideal in the semigroup ring
generated by S € Z,. According to [14, Theorem 4.45], I is also a monomial ideal. Consequently,
xF e 1, for all x* that appears in f = Y, a;xk.

Let us denote by d = (d,...,d,) the element of the form d = kb + --- + k,b, € supp(h) for
some k = (ki,...,k,) € Z', such that a; # 0. Let A be a face of ' (I). By Remark 2.2} there exist
Y= (Y,...,) € cone(S) N Z" and = 0 such that

A= {C = (Cla"'acn> € F+(1) : <C7Y> = n}
Let ¢ : C — X(S) be the analytic curve defined by
o(t) = (v, oy,

Since X (S) = V(Is) is a toric variety, then I is a binomial ideal (see [16]). Therefore, (1,...,1) €
X (S). Note that, for t # 0, we have (¢",...,t%) e (C*)". Considering the toric action defined in (1.3)),
we obtain

(1) = o((t",...,"),(1,....1)) = (P Py e X(S).
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So, we have
Fog(t) = brk . brk N

where N = <b1,}/>7€1 + - +{by, Yk, Let v : Oy — 7. U {0} be the usual valuation on ¢;. Thus, we
obtain

vk o @) = (b1, ki + - + by, Pk = N.

Sincex’;ef, thenxi(o(pe(P*(I)ﬁl,i.e.,xico(p :fl(q1 O(P)+"'+fl(q10(P),Where q1,---,QZ€IaHd
fi1,---,f1€ O01. We obtain

Il
c

v( o) > minfv(fi(gio9))}

\%
c

v
c

=
o

s

WV
c

goy), (2.2)

where g is a generator of /. Taking g = x" such that wib; + - + w,b, € A, we have x¥ o @(t) =
t<b17Y>W1+"'+<br7Y>Wr. Then

vV o@) =wilby, )+ -+ wilbr,Y) = Wbt + -+ wibpY) = 1.
Moreover, based on the inequality (2.2), we have
@) =N=v(Fop)=v(x"cg)=n.
Then d is above A. Therefore, supp(h) < I'; (). O
Using this result, we can prove the following corollary.
Corollary 2.10. Let I be an ideal of O s). Then we have:

(i) I° is integrally closed.

(ii) T (I) =T (1)

Proof. (i) Let h e I°. By Theorem 2.9} supp(h) = T'y (I°). As I'; (I°) = T, (I), the supports of the
monomials that appearinh =), axF areinT, (1), i.e., kiby +---+kbre T, (I). By definition, these
monomials are in /°. It follows that 4 € I°.

(ii) By definition, I = I°. So I = I°. It follows from (i) that I = I° = I°. Thus, we have [ = I < I°

and, then, ' (I) c T’ (I) c T+ (I°) =T (I). N

In [S) Prop. 3.8] the authors also study the integral closure of monomial ideals in O (5). We
remark that in our work the monomial hypothesis is not necessary to obtain the related results.
According to item (ii) of Corollary [2.10, we can affirm that I = I°. However, it is not always true

that I° < I, as we can see in the following example.
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Example 2.11. Let S be the semigroup generated by the set {(1,0),(1,1),(1,2)} = Z%. Then, the
toric surface X (S) = V(Is) = C3, where I is the ideal generated by the binomial xz — y*>. Consider
I c ﬁx( s) the ideal generated by g; = x%xz + 3x%x3 and g = x% —X1X + 2x§. Then,

supp(l) = {(371)7(372>7<373)7(27 1>><274)}>

and the Newton polyhedron of / is represented in the Figure Note that x3 € I°, since (2,2) e T4 (I).
But x5 ¢ I, because there is an analytic curve y : (C,0) — (X(S),0) defined by w(t) = (¢,,t) such
that x3 oy ¢ y*(I) 0.

N WA

1 2 3 4

Figure 2.6: Newton polyhedron of I = (x3x, + 3x3x3,%3 — x1x2 + X3).

2.3 Non-degenerate ideals

In this section, we introduce the notion of non-degenerate ideals in the local ring O ), motivated
by the classical theory of non-degeneracy via Newton polyhedra. Our aim is to relate the algebraic
structure of an ideal to the geometry of its Newton polyhedron.

In particular, we establish a relationship between the Newton polyhedron of an ideal I = Oy ) and
that of the associated monomial ideal K7, generated by all monomials belonging to the integral closure

of 1. This provides a combinatorial framework for studying non-degeneracy in the toric setting.

We now fix some notation associated to a germ in the local ring Oy ).
Let g € Ox(s5). As we said before, this means that g = f | x(s)» Where f: C" — C is an analytic

function, and then can be written as f = Y, a;x*. Now, given a compact subset A < cone(S), we

8A = Z akxk.

v(k)eAnsupp(g)

denote by

We set g4 = 0 whenever A N supp(g) = .
Let g be a representative of the germ g € Ox s such that 0 ¢ supp(g). Then, we associate to g a
polynomial L(g) € 0, given by

Le= Y ad

vesupp(g)
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where a, = Z ap #0andv = v(k).
v(k)=v(k)

Definition 2.12. Let G = {g1,...,8/} S Ox(s). We say that G is non-degenerate if, for each compact
face A of I'; (G), the equations

have no common solution in (C*)".

Anideal I = Ox ) is non-degenerate if I admits a non-degenerate system of generators.

Remark 2.13. Upon considering S = {ej,...,ey), the toric variety X(S) corresponds to C". In this
case, we have cone(S) = R’ . Thus, the previous definition can be seen as a generalization of the

definition of Newton non-degenerate in O,,.

Note that supp(L(g)) = supp(g) for all g € Ox(s). Consequently, the compact faces of I'; (L(g))
are also compact faces of I'; (g). However, I';(g) may have other compact faces. Therefore, if
g € Ux(s) is non-degenerate, then L(g) € &, is Newton non-degenerate. The converse, however, does
not hold.

Example 2.14. Let S = {(1,0),(1,1),(1,2)). Consider the ideal I = Oxs) given in Example
that is, the ideal generated by

g1 = x%xz + 3x%x3 and g = x% —X1X2 + 2x§.
For the face A formed by the line segment connecting the vertices (2,4) and (2, 1), we have
(g1)a=0 and (g2)a = —x1x2 +2x3.
We associate (g1)a and (g2)a with the following polynomials
L((g1)a) =0 and L((g2)a) = —2122 +22123.

Note that L((g1)a) and L((g2)a) cancel simultaneously in (3, +=) € (C*)2. Therefore, I is degen-

1
32

erate. However, the ideal
L(I) = (L((21)),L((82))) = (Ziz2 + 35123, 5153 — 2123 + 22153 ) © O

is Newton non-degenerate, since A = {(2,1)} is unique compact face of the Newton polyhedron of
L(I) (Figure . In this case, we have L((g1);) = 0 and L((g2)3z) = —z3z2. Thus,

{(21,22) € C*: L((g1)x)(z1,22) = L((82)3) (21,22) = O} = {(z1,22) € C* : 2122 = 0}.
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/

S S S S
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Figure 2.7: Newton polyhedron of L(I) = {(z3z, +32}23,2325 — 232 + 22323y < 0.

In the above definition we ask only for algebraic conditions. This will be enough for our purposes.
However, in the literature, we can find other definitions that also require geometrical conditions. For
instance, in [40] Matsui and Takeuchi define the concept of Newton non-degenerate functions and
complete intersection to study Milnor fiber over singular toric varieties. For this purpose, they also
used geometrical conditions.

Yoshinaga proved in [54] that a function f € &, is Newton non-degenerate if and only if the
integral closure of the ideal

0 0
1) = (sl nfl)

is generated by the monomials x* such that k € ', (f). Saia extended this result in [48], proving that
an ideal I < 0, is Newton non-degenerate if and only if I is generated by the monomials x* such
that k € ', (I). Our goal is to extend this result to ideals in Ux(s)- For this purpose, we begin by

establishing some preliminary results.

Definition 2.15. Let / be an ideal in Oy (5). We define the set C(I) as the convex hull in cone(S) of
the set

U{llb1+---+lrbr:xlef},
where A = (41, ,A,).

Observe that C(I) is the Newton polyhedron of the ideal K; generated by all monomials belonging
to the integral closure of I, i.e., K; = ({x" : x" € I}).

Proposition 2.16. Let I be an ideal in O ). Then, C(I) = ' (Ky), where K; = ({x" : x" € I}).

Proof. Observe that | J{A1b1 + -+ Abr: x* € I} = supp(K;). Thus, | J{A1b1 + -+ Abr:xt eI}
[ (K;). It follows that C(I) = T'+(K;), since C(I) is the smallest convex set containing | J{A;b; +
.-+ Aybr : x* € T}. On the other hand, if a € supp(K;) + cone(S), then

a= (mby+---+mb,)+ (s1by + - +5,b,),

where m by + -+ +m,b, € supp(K;) and s1b| + - - - + 5,b, € cone(S).
Since I is a ideal of Ox(s) X" € 1. Furthermore, x™x* € I. With this, we have

an{?lel—l—---—i—?Lrbr:xlET}.
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We conclude 'y (K;) < C(I), since I'y (K;) is the smallest convex set that contains supp(K;) +
cone(S), O

Lemma 2.17. Let I =(gy,...,81) S Oxs) be the ideal generated by the set {g1,...,81} = Oxs). Then
C(IycT.(I).

Proof. If d = Aby + -+ + Ayb, ¢ T4 (I), there exists some v € cone(S) N Z" such that
{d,vy <l (I)).
By the definition of ¢(v,I";(I)), we have
(I (1) < Bjibi+ -+ Bjrbr,v),
where Bj1b1 + - -+ Bjrbr € supp(g) < I';-(I), for all g€ I. Then
Mlb,v) + -+ Alby vy = d,v) < Bjilbr,v) + -+ Bjr(br, V). (2.3)
Consider ¢ : C — X(S) defined by
o(t) = (v, by,

Since X (S) = V(Is) is a toric variety, Ig is a binomial ideal. So, (1,...,1) € X(S). Note that
(£"1,..., ") € (C*)", for t # 0. Thus, considering the toric action defined in (1.3]), we obtain

o) = ¢((1",...,.0"), (1,...,1)) = (L Py e X(S).

Furthermore, ¢ (0) = (0,...,0) € X(S), since dim(cone(S)) = n and cone(S) is strongly convex.

We have

o = Aoy,

and for all g € I, we can write

g= Z aijf.

Bjib1+--+Bjrbresupp(g)
Thus,
o= 3 a0 By )
Bjibi+--+Bjrbresupp(g)

By inequality || x* o @ ¢ *(I)0). Therefore, x* ¢ I. Consequently

d¢U{Alb1+---+Arbr:xlei}.

We proved that | J {Mbl ot Abrixte 7} =T, (I). Hence, C(I) = Ty (I). O
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2.4 Toroidal Embedding

Our main goal is to prove that an ideal / = Oy s) is non-degenerate if and only if C(/) = T';.(/).
To do this, we will explore the construction of the toroidal embedding associated with the Newton
polyhedron I'; (7) in this chapter.

In [48]], Saia generalized Yoshinaga’s result [54]] using the construction of a toroidal embedding
associated with the Newton polyhedron of a finite codimensional ideal / in &), to show that I is Newton
non-degenerate if and only if the Newton polyhedron of / is the convex hull of the set of n-tuples m =
(my,...,my,) such that x™ € I. The procedure for constructing the toroidal embeddings associated with
a given Newton polyhedron is a local modification of Khovanskii’s method of assigning a compact
complex non-singular toroidal manifold to an integer-valued compact convex polyhedron in C". Here,
we apply this procedure to the Newton polyhedron in the cone(S). This construction is the essential
tool used to prove our main result.

For any ideal I < Oy ) we describe a partition of cone(S) into convex cones with respect to I'y. (7).

Definition 2.18. The vector a = (ay,...,ay) € cone(S) is called a primitive integer vector if a is the
vector with minimum length in C(a) N (Z" —{0}), where C(a) is the half ray emanating from O passing

thorough a.
We define an equivalence relation on cone(S) by
a ~ d if only if A(a) = A(d').

Considering this equivalence, any equivalence class is naturally identified with a convex cone
with its vertex at zero, specified by finitely many linear equations and strictly linear inequalities with
rational coefficients.

The closures of equivalence classes specify a partition ¥ of cone(S) into closed convex cones that

have the properties:
e If 0; is a face of a cone o in X, then o] € X.
* For any cones o] and 0> in X, 01 N 0 is a face of both o7 and o,.

In this way, based on Xy and using the algorithm described in the proof of Theorem 11 from [35]],
we construct a partition X of cone(S) into finitely many closed convex cones with their vertices at zero

such that:

1. Any cone belonging to X lies in one of the cones in ¥y and is specified by finitely many linear

equations and linear inequalities with rational coefficients.
2. If oy is a face of a cone ¢ in X, then o € X.

3. For any cones 07 and 0, in X, 61 N 03 is a face of both o7 and 0>.
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4. Any cone g-dimensional ¢ in X is simplicial and unimodular, i.e., there exists a set of primitive
integer vectors a'(c),...,a%(c) which are linearly independent over R and n — ¢ primitive

integer vectors a?*1(c),...,a" (o) such that

Za'(0)+ -+ Za"(c) = 7"

Based on these properties, we can make the following observations:

For a 1-dimensional cone ¢ in X, where a'(o) represents the corresponding primitive integer of
o, the set A(a’(0)) is a closed face of dimension (n— 1) of I'; (I).

For each compact face A of I'; (1), there exist a cone ¢ € X of dimension n and a subset J of
{1,...,n} such that A can be expressed as the intersection ﬂjEJA(aj(G)), where a'(6),...,d" (o) is

the corresponding set of primitive integer vectors of . We shall denote this face A by A;.
Proposition 2.19. If A is a compact face of T (I) and A; is defined as above, then A; = A( Y, d'(0)).

Proof. Suppose that k ¢ A;. Then, there exists at least one j € J such that k ¢ A(a/ (o)), that is,

(k,a'(0)) > l(a'(0)).

Note that

(kY d(o)) = Yikai(o)

ieJ ieJ

= (kdl(o))+ ) (kd'(o))

ieJ,i#j
> (kal(o)+ D d(0))

iel i#j

> Y t(d(0)) =€<Zai(6)>.

ieJ ieJ

Thus, k ¢ A(Zai(a)).
ieJ
On the other hand, if k € Ay, then k € A(a’(c)) for all i € J. Hence, we have

(kY d(0)) = Y k(o)) = Y ta (o)) = £( Y d'(0)).
ie ieJ

ieJ ieJ

It follows that k € A(Z a (G)) . Therefore,
ieJ

A,:A(Za"(a)).

ieJ
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For all n-dimensional cones o € £, [ '_; A(a'(0)) is a one-point set.

Let ¢ be a n-dimensional cone in L and a' (o), ...,a" (o) the corresponding set of primitive integer
vectors of ¢ that has been ordered. We associate to each such o a copy of C" denoted by C" (o).

Let us denote by 75 : C"(0) — X (S) the mapping given by

Y

al a’ al - a"(o),by
y? (<’)7171>___y’<Z (0).b1) € (6)’b>"'%<z (G)b>>

71-0())17"'7))"):( RN 2|

where y1,y2,...,y, are the coordinates in C"(0) and a'(o) = (a(0),...,d,(0)).

Note that 75 is the composition ¢ o Qg of the following maps

Qs: C'o) — 1 (C*)r
a a’ al a
(yla"'vyn) — <y11(0)"‘)’nl(c),...,yl”(c)"'yn"(6)>
and .
¢: (C) — X(S)
D e (D1, b,

where by,...,b, are the generators of S. The map ¢ is a restriction of the torus action given in
to (C*)" and it is a diffeomorphism from (C*)" to the open dense orbit & of X(S). In this context,
7 maps the (C*)" obtained from C"(o) onto the (C*)" corresponding to &'. Consequently, for every
point w € 0, there exists ys € C"(0) such that w = 75 (ys).

Consider the disjoint union ¢ = U C"(o). We define the following equivalence relation: given

ocr
two points ys € C*(0) and y; € C*(7),

yc ~ )’T lf aIld Only lf 77’-(7 (yg) = TCT (yf).

We will denote this set thus obtained by X = X(I';.(I)) =€/ ~.

Since X satisfies properties 1 —4, by Theorems 6, 7 and 8 of [35], we have that X is a non-singular
n-dimensional algebraic complex manifold and 7 : X — X (S) defined by n(y) = 75 (ys) is a proper

analytic mapping onto X (S), where ys € C"(0) is a representative of the equivalence class y € X.

Let J be a subset of {1,...,n}. Define
Esj={yo€C"(0):ys;=0,VjeJ}tand E; ; = {yo € Ecj: Y5, # 0,Yj ¢ J},

where ys = ()’0,17 e :yc,n)-

Based in [24, Lemma 3.1], we have the following lemma.

Lemma 2.20. 7i5(Es ;) = 0 if only if A; = (\ie; A(d'(0)) is a compact face of T4 (I).
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Proof. By definition of 75, we will prove

Ts(Es.s) = {0} if and only if () a'(6),b;) > 0, forall [ € {1,2,...,r}.
ieJ
Consider the set J = {1,2}  {1,...,n}, without loss of generality. If y6 = (y5.1,---,Yo.1) € Es s,
then we have y5 = (0,0,y53,...,Y5,). It follows that

) = <0<a' (G)7b1>+<“2(0')abl>y§;g(c)abl> . yga; (0)7b1>, o ,0<a' (c),br>+<a2(a),br>yg33 (0)br) y<a"(o),b,>) .

o,n

T ()’G

Since {(a'(o),b;) + (a*(c),b;) > 0, for all 1 € 1,2,...,r, we have that s (ys) = (0,0,...,0).
Therefore, it follows that 75(Es s) = 0.

Now, suppose there exists some index [ € 1,2,...,r such that (a'(c),b;) + (a*(5),b;) = 0. Con-
sider an element y = (0,0,y3,...,y,) € Eg s such that y; # O for all j € 3,...,n. Then,

<0<a' (G)7b1>+<az(0),b1>yg33(0)~,b1> .. .yg';(c)’bo, o 70<a' (G)7br>+<a2(G)7br>y§ra;(o-)7br> ) <a”(cr),br>> .

““Yon

s (yo) =
By assumption, for some /, we have

old' (0)by+la(a).bry _ g0 _ 1.

Therefore,

OO @@

which implies that 7 (y) # (0,0,...,0), a contradiction, since we assumed that 75 (E¢ ;) = {0}.
Note that (Y, a'(6),b;) = 0 for some [ € {1,...,r} if and only if A; is a face of I', (1) parallel
to some face of cone(S), i.e., Ay is not compact.
Therefore, <Zi€] ai(G),bl> >0, forall /€ {1,2,...,r} if, and only if, A; is a compact face. [

Consequently, ys € Ty 1 (0) if and only if there exists a compact face A; such that ys € Eg ;.
For each n-dimensional cone ¢ € X and any generator g; of I, let i;(ys) be the analytic germ of

function given by

al W—0(al a’ v—L(a"
o)=Y @@V E@) ot (0.4)
vesupp(g;)

where g = >, ax*, a, = ay and v = kyby + - - - + k.b,. The following equality is satisfied by 4;(y):

al a”’
8ioTs(ys) = yff,l @) yaa O hi(ye). (2.5)

1 n
Proposition 2.21. If y; € E j then (gi)a, © Tt (Vo) = yfy(“l (9)) .. -yf;(f,, ()) hi(ye).

Proof. Suppose that J = {1,2} = {1,...,n}, without loss of generality. For each g = >, a;x*, let h;
be the analytic germ of the function defined by equation (2.4]).
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Let ys € Eg y. Then, we have

hi(ys) = Y. ay-0@ @l @)@ @m-La(). . i) =),
vesupp(g;)
If v e Ay, then (a'(c),v) = £(d'(0)) for all i e J. Otherwise, we have (a'(c),v) > £(d'(c)) for
ieJ. Thus,
a3 v)—t a3 a W—l(a"
hilve) = 3, @y Oyl

)

vesupp(gi) NAy
forall ys € Eg ;.

{(al {(a"
Therefore, (gi)a, © 7o (yo) = )’6(71 @).. yc(n (@) -hi(ys), forall ys € Eg ;. O
Furthermore, if y5 € E ; then

al a’
(88,0 To(vo) = ot - yga O hilye). (2.6)

Therefore, the next proposition gives us a necessary and sufficient condition so that a monomial

x" belongs to the integral closure of the ideal I < Oy ).

Proposition 2.22. Let I be an ideal of Ox sy and x" € O s). Then x™ € I if and only if
"0 75 (vo) < € - supflgi| o T (o)},
1

for all n-dimensional cone ¢ € ¥ and all y5 € w5 ' (U), where U is a neighborhood of 0 in X (S).

Proof. If X" € I, then
X" < € - supflgi(x)l},
1

for all x in a neighborhood U of 0. Thus, for all ys € 7, ' (U), we have
" o e (vo)| < € - sup{[gi © s (o) [}-
l

Conversely, consider ¢ : C — & an analytic curve, where ¢ is the dense open set in X (S) obtained
from the torus action (1.3). If ¢ € Uy, where Uy is a neighborhood of 0 in C, then ¢(r) € &. Due to
the definition of 7, there exists y, € C"(0) such that @(t) = 75(ys). It follows that y, € 75 (€). In

this way, we have

"o p(1)] <€ -sup{[gio ()]},

for all ¢ € Uy. Therefore, x™ o @ € ¢*(I), for every curve ¢ in &. We conclude, by Lemma (3.3) in
[28]], that x™ e 1. N

Lemma 2.23. An ideal I is non-degenerate if and only if sup; |hi(ys)| # O for all n-dimensional cone
o of X and all ys € ;1 (0).

'We are applying Lemma (3.3) in the particular case where M = I is an ideal.



44 Chapter 2. Integral closure of non-degenerate ideals

Proof. Let ys € ;' (0). Then we choose J as large as possible such that ys € ES ;. It follows from
Lemma [2.20| that Ay = ()..;A(d’(0)) is a compact face of I'; (I). Since I is non-degenerate, there is

no common solution in (C*)" for the equations

L(g1,,) = =L(gs,) =0,
where gi,...,g, are generators of I. Consider y: C" — X(S) defined by y(z) = (',...,z"), where
by,...,b, are generators of S. We have

al a’
L(gi,,) o7 ' oms(ys) = yf;(J ) ya D hilyo),

for all y5 € Es y. Then, there is no common solution in E; ; for the equations

hl\EGJ - hS\EGJ =0.

Therefore, sup |;(ys)| # 0, for all y5 € 75 (0).
Conversely, suppose that  is degenerate. Then, there exist a compact face A of I'; (1) and a point
Z%in (C*)" such that
L(g1,)(2") = - = L(g,)(2°) = 0.

Let o be an n-dimensional cone in ¥ and a!(o),...,d" (o) corresponding primitive integers such

that

A=A =A@ (o)),
ie
for some J < {1,...,n}. Due to the definition of 75, there is y* € C"(o) such that § ~! o 5 (y0) = 2°.
Take yo € Es j, where
oo, ifjed.
By Lemma one has y° € 7 1(0), because A = A; is a compact face of I", (I). Therefore, h;(7°) =
0, for all 1 <i < s. We conclude that sup{|h;(3°)|} = 0. O

1

Remark 2.24. One can see yo = 0 € E5 7, where J = {1,--- ,n}. Thus,
hi(0)= > ay- 0la' (@)=L (0)) .. ola"(0))—L(a" (o))

vesupp(gi)NAy

Since A; is a set of a single point, say ¢, then at least for some generator g;, we have /;(0) = a, # 0.
Therefore, sup; |A;(0)| # 0.

Lemma 2.25. Let I = Ox(s) be a non-degenerate ideal. Then, for eachm = (my,...,my) € 2", X € I

if and only if the inequality
((a'(0)) < {miby +---+mb,,d (o))

holds for all 1 < i < n and all n-dimensional cone G € X.
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Proof. If X" eI thenmiby +---+m,b, e, (I). Since Ty (I) = Ty (I), it follows that £(v) < {v,m b} +

-+ myb, ), for all v € cone(S). In particular,

((a'(0)) < {d'(c),miby +---+mb,),

for all 1 < i< n and all cones ¢ € X of dimension n. For any n-dimensional cone ¢ € X, we have

sup{lgil o T (vo)} = g (). e (@D sup{hi(yo)}

and

<m1b1+ Ambyal () {miby+---+mbra" (o >’ _

X" 0 76 (yo) = [y Yo Yl

where M; := (mby + -+ mrbr,a’(6)>.

Since I is a non-degenerate ideal, by Lemma [2.23|one has sup{|4;(ys)|} > 0, for all ys € ;' (0).

i

Then, there exists € > 0 such that

sup{|gil © 7 (vo)}
sup,{|hi(vs)|}

Hence, there exists W < C"(o) a neighborhood of 0 such that sup{|4;(ys)|} > 0, for all y5 € W.

M M,
|y671 .. yG:ln < 8

Take K = W a compact set with 0 € int(K). By continuity, there exists y€ K such that sup{|h;(ys)|} =
sup;{|hi(¥)|}, for all ys € K. Define d := sup;{|h;(¥)|} > 0 and Up := int(K). We have that U is a
neighborhood of 0 and sup;{|hi(ys)|} = d, for all ys € Uj.

Now, we take U := 75(Up). This implies sup;{|hi(ys)|} = d, for all y5 € 5 ' (U). Thus,

M E
ool < 7 sup{lgilo 7o (vo)}-
l

Therefore, " € I, by Proposition [1.20} O

2.5 Integral closure of non-degenerate ideals

Now we present one of our main results, characterizing the ideals in Oy ) whose integral closure
is generated by monomials with exponents that belong to the Newton polyhedron defined in cone(S) <

R"., where § is a finitely generated semigroup in Z, .
Theorem 2.26. Let I be an ideal in Ox s). Then I is non-degenerate if and only if U (I) = C (I).

Proof. In Lemma we proved the inclusion C(I) = I';.(I). So, it is necessary to prove that / is
non-degenerate if and only if 'y (I) = C(I). Observe that m by + --- + m,b, € I'; (I) if, and only if,
the inequality

(V) <{miby + -+ mbp, V') (2.7)

holds for all primitive integers v* such that A(v*) is a (n — 1)-dimensional face of I'; (7). Thus, it

remains to prove the inequality holds if and only if the inequality

0(d'(0)) < {myby + - +mb,,d (G)) (2.8)



46 Chapter 2. Integral closure of non-degenerate ideals

is satisfied for all 1 < i < n and for every cone ¢ € X of dimension #.

By the construction of X, the set of primitive vectors v* such that A(v*) is an (n — 1)-dimensional
face of I';. (/) is the set | J;.y {a’(0)}. Thus, the inequality is valid for all v* if the inequality
(2.8) is valid for all &'(o).

For any n-dimensional cone o € X, let 6y be the n-dimensional cone of X such that 6 < o6p. Then,

there exists a set of primitive integer vectors {v1 ,...,vP} such that oy is a linear combination of v* with
p

coefficients in R . If the vectors v’ are numbered appropriately, we can assume that 6y = Z RV

=1
It follows that ) '

(a0 =(Ad(o))
i=1

s=1
is an one-point set in R” | say ¢ = (¢1,...,¢,). Thus, there are non-negative integers s, 1 <i<n,
such that a’(c) = Y ¥

s=1 (XisVS.
Since g is a vertex of ', (I), we have (g,v*) = £(+*) and {q,d'(0)) = £(d'(0)), for 1 <s < p and
1 <i<n. Hence, ((d'(0)) = Y7, ol(v*). If the inequality £(v*) < {myby + -+ + m,by,v*) holds,

then
. p p .
Ua'(0)) = Y 04l (V) < Y iglmiby + -+ +mpby, vy = (myby + -+ + myby,al(0)).
s=1 s=1

Hence, by Lemma x™ e I. Therefore, miby + - +m,b, € C(I).

On the other hand, consider ¢ an n-dimensional cone of X£. Then, there exists a vertex Q =
qib1 + -+ +¢q,by of T, (I) such that Q € (_, A(d'(0)). Since C(I) = I';-(I), each vertex Q of T';(I)
is a vertex of C(I). By the definition of C(1), it follows that x4 € I, where ¢ = (q1, .. -,¢»). Therefore,

there exists a constant € > 0 such that
x| < € sup{|gi(x)[}
l

in a neighborhood U of the origin in X(S), where g1,g>,...,gs are generators of /. Hence, for all

yo € ;1 (U), we have

M
X7 0 75 (ys) = gy -+ Vo

I

N

% - sup{|gi| o s (y5)}

al a
= - OS] suphi(yo) ).

where M; = (Q,d'(c6)) = £(a'(5)). Then, sup;{|h:(ys)|} > 0 in a neighborhood of 7 !(0). Therefore,
by Lemma[2.23] the ideal / is non-degenerate. O

As a direct consequence of Theorem [2.26] Corollary [2.27] allows us to characterize the non-
degeneracy of an ideal in terms of its integral closure. This characterization is particularly useful
in practice, since the integral closure can be determined from the Newton polyhedron associated to
the ideal.
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Corollary 2.27. Let I be an ideal in Oy g\. Then I is non-degenerate if and only if I = I°.
($)

Proof. If T (I) = C(I) then I° = (x* : kyby + -+ + kyb, € C(I)) = (x* : x* € T). However, I = I°.
Conversely, if I = I° then K; = (x" : X" € [°) = I°. Thus, we have C(I) =Ty (k;) =Ty (I°) =T+ (I).
Therefore, the result follows from Theorem O

Example 2.28. Let S = ((1,0),(1,1),(1,2)). Consider I = Ox ) the ideal generated by g; = x{xp +x3
and gz = x1x2x3 +x3x3. Then, supp(/) = {(5,1),(2,4),(3,3),(5,3)}. Thus, the Newton polyhedron
of 1 is represented in the Figure 2.§]

—_ N W R~ W

"1 2 3 4 5

Figure 2.8: Newton polyhedron of I = <x‘1‘xz + x%,xlxz)g + x%x%)

For the face A formed by the line segment connecting the vertices (5,1) and (2,4), we have
(g1)a =x{x2+x% and (g2)a = x1x0x3.
We associate (g1)a and (g2)a with the following polynomials
L((g1)a) =22 +2175 and L((g2)a) = 212-

Thus,

{(z1,22) € C*: L((g1)a) (z1,22) = L((82)a) (z1,22) = O} = {(z1,22) € C* : 2122 = 0}.

For each compact face A of dimension 0, the system L((g1)a) = L((g2)a) = 0 admits no common
solution in (C*)2, because each L ((g;)) is a monomial. Therefore, I is non-degenerate.

Then, we have that the integral closure of / is generated by the monomials x* such that
kiby+ - +kbre T (1),

by Theorem 2.26]

We now consider the powers of the maximal ideal in the toric setting. In view of the previous

characterization of non-degenerate ideals, we obtain the following result.

Proposition 2.29. Let m be the maximal ideal of Ox ). Then, for every s > 1, the ideal m* is integrally

closed.
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Proof. Recall that m® is a monomial ideal. In particular, its support satisfies

supp(m*) = {v(a) | [a] = s}.

Observe that the vertices of I'; (m*) are contained in supp(m®). Let A be a compact face of

I, (m*). Then
V@) if v(a) e A,

L((x%)a) = {(Z) 7

Since every compact face contains at least one vertex of I' ;. (m?), there exists & such that v(o) € A,

otherwise.

and hence
L((Xa)A) # 0.

Moreover, these are monomials, so they do not vanish on (C*)". It follows that m* is non-
degenerate. By Corollary we conclude that m* = (m*)°. We prove that (m*)° = m°.

We prove that (m*)° = m°.

Let p € ' (m*). Then there exist v(k()) e supp(m*) and ¢; € cone(S) such that

l
Z —l—cl

where 4; > 0 and Zﬁ:l Ai = 1. Since v(k()) € supp(m*), we have |k())| > s, and each ¢; can be written
as
ci = Piub1 +---+ Birb,, with B;; > 0.

Then

[ by + -+ Kby) + (Baby + -+ Byby)

~
Il
MN

1

~.

)’[( K7+ Bi)br + -+ (k) + Bir)y

l
le ""le ]b1+ "‘[Zl +Bzr)]

i=1 i=1

I
MN

Since [k > s and |B;] := 2i—1Bij = 0, it follows that

erI[Z’L &)+ By ] =§%(!k(”>\+lﬁil) > <ix,->s=s.

= i=1

Thus, if A = (Ay,...,A,) with

l
i=1
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then |A| > s, and hence x* € m®. Therefore,

\}

(m*)° < m’.

The reverse inclusion follows from the definition, and we conclude that (m*)° = m®. Therefore,

m’ = m?®, and hence m* is integrally closed. [

Following this, we present an example addressing non-degenerate ideals in relation to Whitney

equisingularity. Using the notation of Gaffney’s result and Theorem [2.26| we present the next example.

Example 2.30. Let F : C> x C — C be defined by F(x1,x2,x3) = x{x3 —x3. Note that F~1(0) = X(S),

where S = ((1,0),(3,5),(1,3)). Consider the ideal I generated by {x1 55,285 x £ 0y 1 e,
Ir = (4x1x3, 4x3 3003, —3x1 %3, —3x3).

Thus, we have supp(Ir) = {(9,15),(11,20),(7,10)). Then, the Newton polyhedron of I is rep-
resented in the Figure 2.9
20 /
15 9

789 11

Figure 2.9: Newton polyhedron of Ir = <4x‘1‘x§, 4x:fx2x§ , —3x1x%, —3x3>.

Consider the compact face A = {(7,10)} and the polynomials
L(4x{x3)a =0 L(4x3x0x3)p = 0
L(=3x1x3)s = 212° L(=3x3)a=0
Note that
L(4x13)a = L(4x3x2x3)a = L(—3x1x3)a = L(—3x3)A = 0

have no common solution in (C*)2. Then, Ir is non-degenerate. Thus, since (8,12) € Iy (Ir), it

follows from the Theorem that ]
F

0x3
Therefore, the smooth part of X (§) and C x 0 satisfies Verdier’s condition W, by Theorem

= 5x{x e Ir.

This final example highlights the interplay between Newton polyhedra, non-degeneracy, and
Whitney conditions, illustrating how explicit face computations lead to Whitney equisingularity in
the toric setting. This reasoning motivates the results of Chapter 3| where a canonical Whitney strati-

fication for toric surfaces in C> is constructed.
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CHAPTER 3

Canonical Whitney stratification of toric
surfaces in C’

After introducing the basic notions of toric varieties, Newton polyhedra, and non-degenerate ide-
als, together with their connections to integral closure and regularity conditions, we now turn to the
setting of affine toric surfaces in C>. This context offers a natural and concrete framework in which
the techniques developed earlier can be applied effectively, allowing for explicit descriptions of both
the relevant combinatorial structures and the geometric features of the associated singularities.

In this chapter, we focus on affine toric surfaces embedded in C3, with particular emphasis on
the description of the associated semigroups and on the generators of their defining ideals. Special

attention is given to surfaces defined by binomial ideals of the form
I =P —y?),

and we show how these surfaces arise naturally as toric varieties associated with suitable finitely
generated semigroups. Furthermore, we study a Whitney stratification of these surfaces. By means
of Newton polyhedra and the notion of non-degeneracy, we verify the Whitney conditions for natural
pairs of strata. The results presented in this chapter are based on and summarize the main findings
of [3].

3.1 Toric surfaces in C3

In this section, we study non-normal toric surfaces ¥ (I) = C3. The singular set of this class of
surfaces is nonempty. Moreover, these singularities are not isolated.

The main focus of this section is Proposition [3.3] In this result, we consider the toric surface
defined by the binomial ideal I = (x”z" — y?) and, using properties of the numerical semigroup {r,q)
together with elementary results on Diophantine equations, we characterise the semigroup that defines
the surface 7(I).

51
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Related results can be found in [45]], [16], [15, Lemma 2.2], and [17, Theorem 4.5], where the

authors present generators of the defining ideal for certain classes of toric varieties.

In what follows we consider a toric surface X (§) C3, where S is generated by {n,p,p}c Zz;o
and 1, and 3 correspond to the variables x, y and z, respectively.

We begin by briefly recalling a first result which provides, for a toric surface ¥'(I) associated with
a semigroup S generated by (ag,0), (a1,b1),(az,b2), an explicit generator of the defining ideal  in

terms of the integers a; and b;, forie 0, 1,2.

Proposition 3.1 ([3]). Let X (S) = ¥ (I) be a toric surface in C? defined by the semigroup S minimally
generated by the set {(ay,0), (a1,b1),(az,b2)}, with ag > 0, and gcd(by,by) = 1.

(i) If aiby — axby = 0, then I = (b1 —y2;
(ii) Ifalbz —arby >0, then

<yaob2 _xalb2_02blzaobl>7 if aot(aibs —axby)
I - ayby—apby

GP2—x @ Py if apl(aiby —axby);

(iii) Ifa1b2 —arb1 <0, then

agby—ajby

I { (ghobr — xbi=abayoba - if ag f (a1by — azby)
(P —xw Ty if aol(arby — asby).

Proposition provides an explicit description of the defining ideal I of the toric surface X (S) in
terms of the generators of the semigroup S. In particular, the generators of / depend only on the sign
of the integer a1b, — ayby and on the divisibility of a;b; — azb; by ag. This description will be used

in the sequel to determine the defining equations of the toric surfaces considered in this chapter.

Remark 3.2. For the proof of the next result, we present some properties of the semigroup I' =
{n,m)y = {cn+ dm;c,d € N} < N. For more details see for instance [46]. It is well known that if
ged(n,m) = 1, then the set N\I' is finite and its elements are called gaps of I'. Moreover, if 1 <n <m,

then the gaps are given by

N\F:{am—bn; a,beN,l<a<n—1and1<b<[@]}, G.1)

n
where [x] denotes the largest integer that is less than or equal to x € R, called the integral part of x.

Let ¥ (I) be the toric surface in C? defined by the ideal I = (x”z" —y?). It is well known that ¥ (1)
is smooth if g = 0 or ¢ = 1. Moreover, if p =r =1 and ¢ > 1, then #'(I) has an isolated singularity
at the origin; in fact, it is an A, singularity (see, for instance, [16, 25]).

In the next result, we analyze the remaining case.
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Proposition 3.3. Let p,q and r be non-negative integers and ¥ (I) a toric surface in C3 defined by
the ideal I = (xP7" —y?), with gcd(q,r) = 1, ¢ > 1 and r = 1. Then there exist non-negative integers

ay and ay such that V' (I) = X(S), where S is the semigroup generated by {(1,0), (ay,r),(az,q)}.

Proof. We first prove the existence of non-negative integers a; and a; such that ajq — arr = p, that

is, (ay,ay) is a solution of the Diophantine equation

gx—ry=p, (3.2)

in the variables x and y. It is well known that the previous equation has solution in Z if and only if
ged(q,r) | p. This property is valid in our case, since gcd(g,r) = 1. Moreover, if (xo, yo) is a particular

solution of (3.2)), then all integer solutions of this equation can be given by

(xo —rt, yo —qt) (3.3)
forallr € Z.

If r =1, then (aj,a;) := (p,p(g—1)) is a solution of (3.2).
If r > 1 consider the semigroup I = {r,¢). Since r and g are coprimes, and ¢ > 1, then 1 is a gap

of I". Thus, if r < ¢ by (3.1)) there existu € {1,...,r—1} and ve {1,...,[=L]} such that ug —vr = 1.
Multiplying this equation by p, we obtain (a;,az) := (pu, pv) as a solution of (3.2).

Similarly, if r > g, then there exist u,w € N such that —ug + wr = 1 for some we {1,...,q— 1}
andue {l,..., [%r]} Consequently (—pu,—pw) is a solution of the previous Diophantine equation.
Taking ¢ = 1y an integer in |l satisfying ty < min { [=24], [_TPW] }, we obtain (ay,ay) := (—pu—

rto, —pw — qto) € N? as a solution of (3.2).
In both cases, we obtain the relation
p(1,0) +r(az,q) = (a1q — axr,0) + (raz, rq) = (a1q,rq) = q(ay,r). (3.4)

Finally, let S = {(1,0), (a1,r),(a2,q)), and let ¥ (Is) = X(S) be the toric surface associated to S.
It follows that I = Is. Hence, X(S) = ¥ (Is) = ¥ (I). Since ZS = 7Z?, we have that dimX(S) = 2.
Moreover dim ¥ (I) = 2, since it is a hypersurface in C3. As X(S) and ¥/ (I) are both irreducible

varieties of the same dimension, we conclude that X (S) = #/(I). O

Proposition [3.3| allows us to describe the surface #'(I) as an affine toric variety associated with a
semigroup generated by (1,0), (aj,r) and (az,q). This description is important because it makes it
possible to translate geometric properties of ¥(I) into combinatorial properties of the semigroup S,

which will be used throughout the remainder of this chapter.

3.2 Canonical Whitney stratification of toric surfaces in C>

A Whitney stratification of a toric variety X (S) is naturally given by the orbits of the torus action

(see [29, p. 21]). By the Orbit—Cone Correspondence, this stratification can be written as

Vs = {Tl}l<cone(5) (3.5)
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where A denotes a face of cone(S) and T), is the orbit of the torus action associated with A.
Let 7 (I) be a toric surface in C3, where I = (x?7" —y9) with r,q > 1 and gcd(r,q) = 1. We denote
by Reg(# (I)) the smooth part of #'(I) and by Sing(? (I)) its singular set. If p = 1, then

Sing(V (I)) = C x {0} x {0},
whereas for p > 1 we have
Sing(V (I)) = C x {0} x {0} U {0} x {0} x C.

By Proposition the surface 7'(I) = X(S) can be described as the affine toric variety X (S),
where S is the semigroup generated by {(1,0),(a1,7),(a2,q)} = N2. Consequently, cone(S) is a
strongly convex polyhedral cone in R?. This toric description allows us to translate geometric prop-
erties of ¥/(I) into combinatorial properties of the semigroup S.

As an application of the description of S, we prove in Theorem thatif r > g > 1 and p > ¢,
then the pair of strata (Reg(7 (I)),{0} x {0} x C) satisfies the Whitney regularity conditions. The
proof relies on the theory of integral closure of ideals and its relationship with Whitney regularity,
following the approach developed by Teissier [S0] and Gaffney [26].

Moreover, when p > 1, the stratification
{Reg(V(I)),C* x {0} x {0},{0} x {0} x C*,{0} x {0} x {0}}

is the Whitney stratification of #'(I) determined by the orbits of the torus action (see (3.5)).
In Corollary we show that if r > ¢ > 1 and p > g, then the stratification with three strata
{Reg(V (I)),C* x {0} x {0},{0} x {0} x C} is a Whitney stratification of ¥ ().

Theorem 3.4. Let ¥ (I) = C3 be a toric surface defined as the zero set of the ideal I = (xP7" — y?),
where p,q, and r are non-negative integers such that gcd(q,r) = 1 withr > g > 1 and p > q. Then
the pair (Reg(V (I)),{0} x {0} x C) satisfies the Whitney conditions.

Proof. Tt follows from Proposition that there exist integers a; and a, such that 7 (I) = X(S),

where S is the semigroup generated by
{(17())7 (alar)7 (aZ,Q)}'
Moreover, (a1,az) is a solution of (3.2). Thus, we have the relation

p=ajq—ar. (3.6)

Let F : C?> x C — C be defined by F(x,y,z) = x”z" — y¥ which satisfies F~!(0) = #(I). Consider
the ideal Ir — Oy 5 generated by the set {x‘g—’;,y%—i,x%—};,y%—g which is given by

—1 —1
{pxP2, pxP~ "y, —qy”™, —qy?}.
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By B4), supp(xPz") = supp(y?). Thus, supp(px’z") = supp(—qy?). According to @-1), supp(Ir) =
UheIF supp(h). Therefore

supp(Ip) = {(p +azr,rq),(p +azr+ (a1 —1),rq+r),(a1qg— (a1 —1),rg —r)} +8.

Next, we will describe the Newton polyhedron of Ir, which is the convex hull of supp(Ir) +
cone(S) in cone(S).

As consequence of (3.4), the vectors v; = (1,0) and v, = (a2, g) are the rays of cone(S). Thus, the
set 'y (—gxy?™ 1) = (a1q — (a1 — 1),rq — r) + cone(S) is the intersection of the hyperplanes (see Fig
3.1)

hy:qgx—ayy>=pqg—(p—q) and hy:y=>rq—r.

rq—r

ayjqg—(ay—1)

Figure 3.1: Newton polyhedron of Ir = (pxPz", pxP~lyz", —qxy?~', —qy?).

Indeed, by (3.2)) the one-dimensional faces of I' (—¢gxy?~!) are determined by the vectors (g, —a;)
and (0,1) in cone(S). Moreover, by (3.6)

0((g,~a2), T (—gxy"™ 1)) = pg— (p—q)

and
0(0,1), T4 (—gxy?™ ) = rg—r.

Thus, 'y (—gxy?~!) can be described as the intersection of the closed half-spaces determined by its
faces. The point (p + apr,rq) = (a1q,rq) lies in the interior of the intersection of these hyperplanes,

because
q(aiq) —ax(rq) = q(aig —asxr) = pq > pg— (p—q) and rqg > rqg —r.

Similarly, the point (p + axr+ (a; — 1),rg+r) = (a1q + (a; — 1),rg +r) is also in the interior of

the intersection of previous hyperplanes, since

glarg+ (a1 —1)) —ax(rg+r)=pg+(p—q) >pqg—(p—q) and rg+r>rqg—r.
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Thus, (a1q,rq),(aig+ (a1 —1),rg+r) € (a1q — (a1 — 1),rq — r) + cone(S), that is, (ajq — (a; —
1),rq—r) is the only vertex of I'; (Ir).

Since Ir is a monomial ideal, Ir is non-degenerate. By Corollary the integral closure of I
is equal to the ideal 1. In this case, to verify whether %—1; = rxPz ! belongs to I, it suffices to check

whether

supp () = {(arg ~ara—a)} = T4 1)

Since p > g, the pair (a;q — ap,rq — q) satisfies

gag—a)—a(rg—q) = a1q* —arq—ayrg+axq
= (a1q—aor)q
= pq>pg—(p—q).

Moreover, as r > g, we have rq — g > rq — r. Consequently,
(a1g—az,rq—q) €Ty (IF).

It follows that %—5 = rxP7"~! € Ir. Therefore, by Theorem the pair (Reg(7'(I)),{0} x {0} x C)
satisfies the Whitney conditions. [

Note that this result is obtained by characterizing the integral closure of a non-degenerate ideal by
means of a certain monomial ideal. The proof then reduces to showing that the corresponding Newton
polyhedron consists of a single vertex and that the other relevant monomials are inside this cone.

The following example makes the proof of Theorem [3.4]explicit in a concrete situation.

Example 3.5. Let 7 (I) = X(S) < C be the toric surface associated with the semigroup generated by

{(1,0), (14,11), (8,7)}. By relation (3.6),
p=aiq—axr=10.
Consider F : C? x C — C defined by
F(x,y,7) = x1%11 —y7.
Let Ir < Oxs) be the ideal generated by {x%—i,y%—i,x%—i,y%—g}, that is,
{10x10z11, 10x%yz'!, —7xy°, —7y"}.

Then, supp(lg) = {(98,77), (111,88), (85,66)}. Thus, the Newton polyhedron of I is represented
in the Figure 3.2
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88 ()

71 .

70 o

66 -

60
80 85 90 98 111

Figure 3.2: Newton polyhedron of Ir = (10x'%z'!, 10x%yz!!, —7xy6, —7y7).

Since Ir is non-degenerate and supp <%—§) =(90,70) e " (1), it follows that ‘;—f = 11x10710 ¢ I,

Therefore, by Theorem|1.32] the pair (Reg(# (1)), {0} x {0} x C) satisfies the Whitney conditions.

The next example provides an explicit verification of the hypotheses and conclusion of Theorem

B4
Example 3.6. Let 7 (I) — C3 be the toric surface defined by
=58 )P,
Here p =5, g = 2, and r = 3. We verify that the hypotheses of Theorem [3.4| are satisfied:
ged(2,3)=1, 3>2>1, 5>2.

Hence, by Theorem 3.4} the pair
(Reg? (1)),0 x 0 x C)

satisfies the Whitney conditions.
We now present a classical example showing that the hypotheses of Theorem [3.4] are essential.

Example 3.7. (Whitney’s umbrella) Let # (1) = X(S) < C? be the toric surface associated with the
semigroup S generated by {(1,0), (1,1), (0,2)}. Then I = {x?>z —y?). It is well known that for this
surface the pair (Reg(7(I)),{0} x {0} x C) does not satisfy the Whitney conditions. In this case,
r=1<2=gqgand p =2 = g, that is, the hypotheses in Theorem are important to guarantee the

result.

Whitney stratifications play a crucial role in understanding the local and global structure of sin-
gular spaces. By ensuring that the origin lies within a 1-dimensional stratum in #'(I), we guarantee

that the origin has the same geometric and topological nature as this stratum.
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Corollary 3.8. Let 7 (I) = C? be the toric surface defined as the zero set of the ideal I = (xP7" —y?),
where p,q and r are non-negative integers such that gcd(q,r) =1, withr > g > 1 and p > q. Then
the set

{Reg(7'(1)),C* x {0} x {0}, {0} x {0} x C}

is a Whitney stratification of V' (I).
Proof. Consider the following sets:
Ti = {(x,0,0)e C%; x# 0} and T3 = {(0,0,z) € C3; z # 0}.

From the defining equation of ¥(I) we deduce that Ty, T3 < ¥(I).

Now, since the vectors (1,0) and (az,q) determine the rays of cone(S), the stratification ¥5 =
{T).} 2<cone(s) contains two 1-dimensional strata.

Recall that the action of the torus 6 : (C*)? x ¥ (I) — ¥ (I) is given by

0((t1,12), (x,,2)) = (trx,1]"thy,1?152).

It follows that 77 and 73 are in fact the 1-dimensional orbits of the action on #'(I). In par-
ticular, 71 and 73 are strata of the Whitney stratification #». Therefore, by Theorem the set
{Reg(V (I)),C* x {0} x {0},{0} x {0} x C} is a Whitney stratification of ¥ (I). O

Corollary [3.8]is conceptually significant because it shows that Whitney regularity is compatible
with a simpler stratification than the one induced by the torus action. This simpler Whitney strat-
ification may have further applications in the study of geometric or topological properties of such

surfaces.
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Bi-Lipschitz Invariants

The results developed in the previous chapters provide algebraic, geometric, and combinatorial
tools that are essential for the study carried out in this chapter. In particular, the notions of integral
closure of ideals, the L.ojasiewicz exponent, Whitney stratifications, and the geometry of affine toric
varieties provide a framework for understanding the local structure of singularities. The combinatorial
description given by Newton polyhedra also allows us to visualize examples and identify geometric
and metric features relevant to the study of bi-Lipschitz invariants.

Within this framework, the study of bi-Lipschitz invariants plays an important role in singular-
ity theory, as these invariants capture geometric properties of analytic varieties beyond their purely
algebraic structure. In this chapter, we investigate algebraic conditions that ensure the bi-Lipschitz
invariance of two local invariants: the f.ojasiewicz exponent, and the Euler obstruction.

We provide a answer, to a particular case, to the problem of the bi-Lipschitz invariance of the local
Euler obstruction, proving its invariance for hypersurfaces with isolated singularities under suitable

non-degeneracy assumptions. The results presented in this chapter correspond to those obtained in

[LL].

4.1 The Bi-Lipschitz Invariance of the Lojasiewicz Exponent

This section is based on the work of Bivia-Ausina and Fukui [8]. While their results are estab-
lished for ideals in &), here we develop the corresponding theory for ideals in Oy ), where (X(S),0)
is a germ of an affine toric variety associated with the semigroup S. As a first step, we establish a
general result on the bi-Lipschitz equivalence of ideals, which will serve as a fundamental tool for the
subsequent analysis of Jacobian ideals and their integral closures.

The proofs of Theorems{.1] [4.4] and Corollary 4.2 are inspired by the arguments presented in the

work of Bivia-Ausina and Fukui [8]].

Theorem 4.1. Let I and J be ideals of ﬁx(s)- If I and J are bi-Lipschitz equivalent, then ord(I) =

59
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ord(J). Moreover, if I and J have finite colength, then £y (1) = £y(J).

Proof. Since I and J are bi-Lipschitz equivalent, there exist germs of analytic maps

f= s 0p) 1 (X(5),0) — (CF,0)
and

g =(81,---,8) : (X(5),0) — (C1,0)
such that

<f17 7fp> and J = <g17 ;gq>7
(S

and there exists a bi-Lipschitz homeomorphism ¢ : (X(S),0) — (X(S),0) satisfying

lg(@(x)[ ~ [f(x)] near 0.
By symmetry, it suffices to prove that % (1) < %y(J) and ord(1) < ord(J). Let £p(J) = 0 € R, we

have
Ix|® < g(x)| nearO.

Then
%1% ~ le@)[® < lg(@))| ~ |f()]  nearo,
and it follows that % (I) < % (J). Moreover, by Proposition [2.29, we have

ord(J) = max{s:J € m'} = max{s:J < m*} = max{s: ||g(x)| < |x||* near 0},
where m is the maximal ideal of Oy s). If | f(x)[ < x| °"4() near 0, then

lg@) ~ (@) < 90| ~ x|") near 0,
and we obtain ord(/) < max{s: ||g(x)| < |x|* near 0} = ord(J). O

The following result shows that, under a strong algebraic rigidity condition, bi-Lipschitz equiva-

lence implies the equality of the integral closures of the corresponding ideals.

Corollary 4.2. Let I and J be ideals of Ox s with finite colength. Let us suppose that 1 = merd),
Then, I and J are bi-Lipschitz equivalent if and only if I = J.

Proof. The converse implication is immediate. If 7 and J are bi—Lipschitz equivalent, then by Theo-
remwe have ord(/) = ord(J) and % (I) = % (J). Since T = m®™() it follows that % (I) < ord(I).
Moreover, I = m®4() implies 19 =€ m?°9() and hence 7 < m?°4U) for all g e N. If m? = I, then
p=q-ord(l), so
ord(I) < inf{p/q: m? < I} = Z(I).
Therefore, ord(I) = Zy(I). Since J € m®4), by the inequalities (1.1) we obtain
e(m)ord(l)" = ord(I)" = L(I)" = L (J)" = e(J) = e(m)ord(J)" = e(m) ord(I)".

Hence e(J) = ¢(m®d4()). By the Rees Multiplicity Theorem (see [33]), m®d() < J. Therefore, J =

I. [l
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The following example illustrates a situation where the hypothesis I = mord() of Corollary is
satisfied.

Example 4.3. Let I = Ox(s) be a non-degenerate ideal, where X(S) is a toric variety with § =
(bi,....by). I T4 (1) = Ty (m°9D), then T = m°4(), Indeed, by Corollary the integral clo-
sure is given by

I1=0GF kb +-- + kb, e T ().

The hypothesis I'y (1) =T (mord([ )) implies that
I= <xk kiby+---+kbre F+(m0rd(1)>> - (mord(l))o — mord(/)
By Proposition , m°d() is non-degenerate and integrally closed. Therefore, I = m°d(),

Before proceeding, we recall that for a germ f € O s) the Jacobian ideal is defined by

N A
J(f)—<a—)q,---,a—xr>_@’x(sy

Throughout this section, whenever the Lojasiewicz exponent %y (J(f)) is considered, we assume
that the Jacobian ideal J(f) Uy s) has finite colength.

Theorem 4.4. Let f,g € Ux(s) be germs with an isolated singularity at the origin. Suppose that f
and g are bi-Lipschitz <f -equivalent or bi-Lipschitz % *-equivalent. Then the Jacobian ideals J(f)
and J(g) are bi-Lipschitz equivalent. In particular, ord(f) = ord(g) and £(J(f)) = 2 (J(g)).

Proof. Suppose that f and g are bi-Lipschitz @7 -equivalent, that is, there exist bi-Lipschitz homeo-
morphisms ¢ : (X(S),0) — (X(S),0) and ¢ : (C,0) — (C,0) such that ¢ o f = go ¢.

We identify (X(S),0) — C” with an analytic subvariety of R?"; in this setting, the regular part
X (8)req is a smooth real manifold of dimension 2dim¢ X (S).

By Rademacher’s theorem, ¢ and ¢ are differentiable almost everywhere on X(S),., and on C.
Thus, the derivatives D¢ (x) and D@(x) exist almost everywhere on X (S),.,. Moreover, since ¢ and
¢! are bi-Lipschitz, their derivatives (as well as those of ¢ and ¢ 1) exist almost everywhere and
are essentially bounded, with bounded inverses as well. For every x € X(S) reg Where the derivatives

exist, the chain rule yields
V(gop)(x) = Do(x)" Vg(e(x)), 4.1)
where Vg denotes the real gradient of g restricted to X (S),eg. On the other hand,

V(¢of)(x) = DO(f(x)) Vf(x). (4.2)

Comparing @.1)) and (4.2) and taking norms, we obtain

|Do(x)" Ve(@())| = [Do(f()VF )| < IDI(fN IV (x)]| < MV ().
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Since D¢ (f(x)) is invertible with |[D¢ (f(x)) | < L, it follows that

IVg(@())| < [DO(f())~" 1D (f(x))Vf(x)[| < LMV f(x)].

Similarly, using ¢! and ¢!, we obtain

IV < LM[Ve(o(x))|.

Therefore, there exist constants Cy,C; > 0 such that, for almost every x € X (S)reg,

GVIX] < [Vele())| < G V).

We now extend this inequality to all points near the origin. Note that the singular locus of X (S),
X (S)sing is closed, of real codimension at least 2, hence of measure zero, and that Vf and Vg are
continuous on X (). Thus, an inequality holding almost everywhere on X (S),., extends, by density
and continuity, to all points of X(S).

More precisely, given xo € X (S),.,, there exists a sequence x, € X (S),., with x, — xo such that
the inequality holds for all x,,. Taking the limit as n» — oo and using the continuity of Vf and Vg,
the inequality also holds at xq. At the origin 0 € X(S), since f and g have isolated singularities,
V£(0) = Vg(0) = 0, which is compatible with the inequality.

We conclude that the inequality holds in a neighborhood V < X (S) of the origin. Hence, J(f) and
J(g) are bi-Lipschitz equivalent.

Now suppose that f and g are bi-Lipschitz J# *-equivalent. Thus, there exist a bi-Lipschitz home-
omorphism @ : (X(S),0) — (X(S),0) and a Lipschitz function A : (X(S),0) — C*, with Lipschitz
inverse A~!, such that go @ = A - f in a neighborhood of the origin in X (S). Then we have that

[(Ve) (@) <[ (Ve)(@(x))Do(x)| (since @ is bi-Lipschitz)
= [V(go@)(x)| (by A.1])
= [VAX).f(x) + AV f(x)] (since g(@(x)) = A(x)f(x))

< IVA@ )+ A V(2]

S|fx)|+IVF(x)| (since A(x) is Lipschitz)
< [x[ IV [+ V)] (since [ f(x)] < [x[[[ V£ (x)])
< [VFE)],

almost everywhere. Similarly, we have

(V9™ ()] < Ve )]

near 0, and hence we obtain that the ideals J(f) and J(g) are bi-Lipschitz equivalent. O
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Corollary 4.5. Let f € Oxs) be such that J(f) =medN-1 free Oxs) is bi-Lipschitz </ -equivalent

to f or bi-Lipschitz & *- eqmvalent to f, then J( ) =J(g).
Proof. 1t follows from Theorem d.1|and Corollary O

Before presenting the example below, we briefly recall the notion of a semi—homogeneous func-
tion. A germ f € Oy g is called semi~homogeneous of order d if it admits a decomposition of the
form

f = fa + (higher order terms),

where f,; is a nonzero homogeneous polynomial of degree d. Equivalently, f is semi—quasi—homogeneous

with respect to the weight (1,...,1).

d—1

If, in addition, the homogeneous component f,; has an isolated singularity, then J(f) = m¢~", and

hence the hypotheses of Corollary are satisfied. The following example illustrates this situation.

Example 4.6. If f € 0, is semi—homogeneous of order d and its homogeneous component f; has an
isolated singularity, then
J(f) =m 1,
0 0
2

a0 o ) with monomials of degree
/. n

This follows from growth estimates comparing Vf =

d — 1, which ensure that all such monomials belong to the integral closure of the Jacobian ideal.
We can write
f = fa+ (terms of order > d),

where f; is homogeneous of degree d and has an isolated singularity at 0.
Since each partial derivative 0f/dx; has order = d — 1, we obtain J(f) € m?~! and hence J(f) <
m?~1. For the reverse inclusion, let ¢(x) be any monomial of degree d — 1. Writing x = ru with

r = |x| and u € S?"~!, we have

Viix) =r""'Viu) and  g(x) =r"""q(u).

Since f; has an isolated singularity, V f;(u) # 0 for all u € S**~!; by Weierstrass’ Theorem there

exist a constant mg > 0 such that
IV fax)]| = mox|*".

Taking My := max, q0—1 |q(u)| < o0, we have |q(x)| < Mo|x|?~!. Moreover, Vf(x) = Vf;(x) +
R(x), where R(x) are the derivatives of the terms of order > d. Note that ordR > d, hence |R(x)| <
0| x[“~" in a neighborhood of 0, and consequently
d—1
V@) = 3]

in a neighborhood of 0. Hence, )
Mo

lg(0)l < = V)]
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in a neighborhood of 0. Therefore, in the same neighborhood, we get

o) < € max { L ()}

1<isn

for some constant C > 0, which by the Growth Condition implies g € J(f). Since this holds for every

monomial of degree d — 1, we conclude mi-lcy (f), and the equality follows.

We now turn to the toric setting. The following example shows that the hypotheses of Corol-
lary are not restricted to the classical case of &,. Indeed, we exhibit a function on an affine
toric variety whose Jacobian ideal satisfies these hypotheses, providing an explicit application of the

corollary in Oy g).

Example 4.7. Consider the toric variety X (S) associated with the semigroup S = {(1,0),(1,1),(1,2)}.
Let g = x* +y’ + 2 + R(x,y,2) € Ox(s)> where b > a and R(x,y,z) consists of terms of order strictly
greater than a. The Newton polyhedron of the Jacobian ideal J(g) is depicted in Figure

2(a—1)

S S S S

Figure 4.1: Newton polyhedron of J(g) = (ax“~!,by?~1, cz¢71).

Note that J(g) is non-degenerate, and by the Corollaries and [2.29 we have

(1,1) +¢(1,2) eC(J(g)))
(1,1)+¢(1,2) e T(m% 1))

J(g) = &Y 1 a(1,0)
(

+b
= (2 1 a(1,0)+b

= mae 1 = me

4.2 The Bi-Lipschitz Invariance of the Euler Obstruction for Hy-
persurfaces

In this section, we study the bi-Lipschitz invariance of the Euler obstruction for hypersurfaces
with an isolated singularity defined in a toric variety X (S). Using the formulas of Matsui and Takeuchi
[40] for the Euler characteristic via Newton polyhedra, we show that, under the same hypotheses of
Corollary [4.5] this obstruction is preserved under bi-Lipschitz equivalence of ideals.

We emphasize that the results of this section are restricted to hypersurfaces in normal affine toric
varieties and rely on non-degeneracy assumptions expressed in terms of the associated Jacobian ideal

and Newton polyhedra.
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Theorem 4.8. Let f,g € Oy sy be germs with an isolated singularity at the origin such that J (f) =
mo =1 Suppose that f and g are bi-Lipschitz <f -equivalent or bi-Lipschitz X *-equivalent. Then

Euy(5)(0) = Euy(4)(0),

where V() and V(g) are the hypersurfaces given by the zero sets of f and g, respectively.

Proof. Since J(f) = m® 41 we have I'y (J(f)) = F+(m°rd(f)_1). Hence,

J()° = &kt kv eTL(I())
= <xk:klyl+-~~+k,yrel“+(m°rd(f)_])>
(mord(f)—l)O.

Since m®(/)~1 i non-degenerate, it follows from Corollaries and that

(mord(f)—l)o — mord(f)—1 — yord(f)—1

Thus (_f) = J(f)°. Applying the Corollary once more, we conclude that J(f) is a non-
degenerate ideal.

By Theorem it follows that J( f) and J(g) are bi-Lipschitz equivalent. Since J(f) = m®™d(/)=1,
Corollaryimplies that J(f) = J(g). Hence 'y (J(f)) =4 (J(g)). Note that the equality I"y (J(f)) =
[, (mdU)=1) implies that T’y (f) = 'y (m®4(/)). Applying the same argument to g, we conclude that
't (f) =T'4(g). Moreover,

J(g>o = <xk:k1Y1+"‘+krYrer+(J(g>>>

= Rikp kel (U()
_ (mord(f)—l)o

then, applying the Corollary once more, we conclude that J(g) is also an ideal non-degenerate.
Thus, f and g are non-degenerate functions in the sense of [40, Definition 3.2].
Now, let Ly,Ls : C" — C be generic linear forms with respect to V(f) and V(g), respectively.

Without loss of generality, we can assume that
Le(x)=aixi+---+ax,, a;#0, foralli

Ly(x) =bixi +---+bx,, b;i#0, foralli

so that I'y (Ly) = I'; (Lg). Consider the following subvarieties of X (S)

V(fiLy):={f =Ly =0} cV(f):={f =0}, (4.3)
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V(g,Lg) :={g =Ly =0} c V(g) := {g = 0}, (4.4)
Since f and g are non-degenerate functions, for Ly and L, generic enough, we have (f,Ly) and (g,Lg)
as non-degenerate complete intersections, as in [40, Definition 3.9] (see also [43]).

Therefore, by [40, Theorem 3.12], the Euler characteristic of the Milnor fiber (L f)o of the function
Lyly(p) : V(f) — C at the point 0 € V(f) is given as a sum of volumes of the Newton polyhedron
associated to the function f - Ly.

Since ' (f) =T+ (g) and I'; (Ly) = I';-(Lg), it follows that I', (f-Ls) = '\ (g-L,). Conse-
quently, we conclude that x((Ly)o) = x((Lg)o)-

Moreover, since both V(f) and V(g) have isolated singularities, their local Euler obstructions at

the origin coincide. Therefore, the Euler obstructions of V(f) and V(g) are equal. O

In [9]] Bobadilla, Fernandes, and Sampaio proved the following theorem.

Theorem 4.9. Let X = CN*! and Y =« CM*! be two complex analytic surfaces. If (X,0) and (Y,0)
are bi-Lipschitz homeomorphic, then my(X,0) = my(Y,0).

Then, as a corollary of this result and from Theorems {.8]and [1.39] we obtain.

Corollary 4.10. Let f,g € O3 be germs with an isolated singularity at the origin such that J(f) =
merd()—1, Suppose that f and g are bi-Lipschitz <f -equivalent or bi-Lipschitz ¢ *-equivalent. Then

ml<X70) = ml<Y70)a
where X = f~1(0) and Y = g~1(0).

Proof. Let f,g € U3 be germs with isolated singularities at the origin such that J(f) = mord()—1 and
suppose that f and g are bi-Lipschitz .7-equivalent or bi-Lipschitz .# *-equivalent. Set X = f~!(0)

andY = g~! (0). Then X and Y are hypersurfaces in C?3, hence complex analytic surfaces. By Theorem

we have
EuX (0) = Euy (0)

On the other hand, by Theorem since (X,0) and (Y,0) are bi-Lipschitz homeomorphic, their
multiplicities coincide:
mo(X,0) = mp(Y,0).

Now, using the Lé-Teissier formula (Theorem[1.39), for surfaces we have
Eux (0) = (—1)* % ' (X,0) + (—1)>" 11y (X,0) = —mo(X,0) +m(X,0),

and similarly,
Euy (0) = —M()(Y, 0) + ml(Y, O).

Since Euy (0) = Euy (0) and mo(X,0) = mg(Y,0), it follows that
—mgy(X,0) +m(X,0) = —mg(Y,0) +m;(Y,0),

and therefore m;(X,0) = m(Y,0). O
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Example 4.11. Let f(x,y,z) = x> +y* + 2> € O3, where a > 2, and consider the germ
_ 2 a 2 242 2
8(x,y,2) =x"+ (y+xy) + (2 +2y" +xy7)" +2(y" —x2) € 5.

The quadratic part of g is (x — z)? + 2y?, whose critical locus is given by {x = z, y = 0}. A direct
computation shows that this curve is contained in Sing(V(g)). Hence Sing(V(g)) has dimension at
least one, whereas Sing(V (f)) is isolated.

Since the dimension of the singular locus is preserved under bi-Lipschitz homeomorphisms and
dimSing(V(f)) # dimSing(V(g)),

it follows that the germs (V(f),0) and (V(g),0) are not bi-Lipschitz equivalent. In particular, f and
g are not bi-Lipschitz Z-equivalent.

We now consider the same germs in the toric setting. Let X (S) be the toric variety associated
with the semigroup S = {(1,0),(1,1),(1,2)}. When f and g are regarded as elements of O s) o,
the situation changes significantly. Indeed, since y> —xz = 0 on X(S), the term 2(y> — xz) vanishes

identically. Moreover, the map
@(x,3,2) = (x, y+xy, z+ 2y +x07)
defines a local bi-Lipschitz homeomorphism of (X (S),0). Therefore,
g=fo@ in0Oxg)p.

It follows that f and g are bi-Lipschitz Z-equivalent on (X(S),0), and therefore also bi-Lipschitz
</ -equivalent. Consequently, by Theorem 4.8]

Euv(f) (0) = Euv(g) (0)

Example 4.12. Consider f(x,y,z) = x* + y* + z* € 3. We have ord(f) = 2. The Jacobian ideal is
J(f) =m. Let ®(x,y,z) = (x+y,, z). Define

g(‘xﬂy?Z) = f((b(x7yaz>> = (x—i—y)2 +y2+z2.

Since @ is a linear invertible transformation, it is bi-Lipschitz, and thus f and g are bi-Lipschitz

equivalent. Therefore, all the assumptions of Theorem are satisfied, and we conclude that
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APPENDIX A

Computational Calculations in Oscar.jl

This appendix contains the Julia codes used to perform the computations presented throughout this
thesis. All symbolic and algebraic calculations were carried out using the OSCAR system [44, [19].
In addition to employing the functionalities already available in OSCAR, we implemented auxiliary
functions to support and streamline the examples developed along the text. The scripts reproduce the
examples discussed in the main body and may also serve as a reference for verification and further

exploration.

A.1  Auxiliary Functions

In this section, we present a collection of auxiliary functions implemented in Oscar.jl, designed
to support and automate the computational procedures arising in the examples throughout this thesis.
These routines focus primarily on the construction of Newton polyhedra, the identification of their
compact faces, and the computation of the associated auxiliary polynomials and their restrictions,

thereby providing effective tools for carrying out the required calculations.

Construction of Newton Polyhedron

function polyH(C::AbstractMatrix, V::Vector)

= generating matrix of the cone (columns)

cone = positive_hull (C) C
V = list of vectors (shifts)

#
#

CcO = polyhedron (cone)
shifts = [CO + v for v in V] # Minkowski sum CO + v_i
P = shifts[1] # convex hull of all

for i in 2:length(shifts)
P = convex_hull (P, shifts[i])
end

return P
end

Algorithm A.1: Function polyH
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List of all compact faces of Newton Polyhedron

function compact_faces (P)
d = dim(P)
compact_faces = Polyhedron(]

for k in 0:d

for F in faces (P, k)

if is_bounded (F)

push! (compact_faces, F)
end

end

end

return compact_faces
end

Algorithm A.2: Function compact_faces

Linear combinations with generators of cone(S)

function nu(k::Vector{Int}, C::Matrix{Int})
# k=(k_1,...,k_r) and C is matrix of generators {b_1,...,b_r} of cone(S)
return vec(k' = C) # k_1b_l+\cdots+k_rb_

end

Algorithm A.3: Function nu (k, C)

Construction of the auxiliary polynomial L(g)

function L(£f, C)

K = base_ring(parent (f))

ef = collect (exponents (f))

cf = collect (coefficients (f))
nu_ef = [nu(k, C) for k in ef]

r = length(nu_ef[1])

names = ["z"xstring (i) for i in 1l:r]

S, z = polynomial_ring (K, names)
Lf = zero(S)

for (a, v) in zip(cf, nu_ef)
mon = one(S)

for i in 1:r

mon *= z[1]"v[i]

end

Lf += a * mon
end

return Lf
end

Algorithm A.4: Function L (g, C)
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Support of a ideal

function supportS(C, gs...)
U = Vector{Vector{Int}} ()

for g in gs
append! (U, collect (exponents(L(g, C))))

end

return unique (U)
end

Algorithm A.5: Function supportS(C, gs...)

Restriction L(gn)

function restrict_to_face (Lf, E)

ef = collect (exponents (Lf))
cft collect (coefficients (Lf))

R = parent (Lf)
nvars (R)

r

LfE = zero(Lf)

for (a, v) in zip(cf, ef)

if v in E

mon = one (R)
for 1 in 1:r

mon *= gen (R, 1)
end

LfE += a x mon
end
end

return LfE
end

v[i]

Algorithm A.6: Function restrict_to_face (Lf, E)

Restrictions L((g;)a) for all compacts faces of I'(I), where g; are generators of I

IS}

function L_Delta (P, Ls..
compact_faces = Polyhedron(]

d = dim(P)

for k in 0:d

for F in faces (P, k)
if is_bounded (F)
push! (compact_faces,
end

F)

.)
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end
end

restrictions = []

for E in compact_faces

restricted = [restrict_to_face (L, E) for L in Ls]
push! (restrictions, restricted)
end

return restrictions
end

Algorithm A.7: Function I_Delta (P, Ls...)

Condition of non-degeneration

function is_ND (restr)

for r in restr # r = [fl1l, f2, ..., fk]
R = parent (r[l])

I = ideal(R, r...)
m = prod(gens (R))
J = ideal (R, m)

sat = saturation (I, J)
if sat != ideal (R, 1)
return "I is degenerate"
end

end

return "I is non degenerate"
end

Algorithm A.8: Function is_ND (IL_Delta (P, Ls..

A.2 Codes for the examples of Chapter 1

julia>A=[2 3] #Matrix of generators for semigroup S.
1x2 Matrix{Int64d}:
2 3

julia>I=toric_ideal (transpose (A)) #The toric ideal
Ideal generated by
x1"3 - x2"2

Algorithm A.9: Example[1.41]

julia>B=[1 1 1;0 1 2] #Matrix of generators for semigroup S.
2x3 Matrix{Int64}:

1 1 1

0o 1 2

-))



A.3. Codes for the examples of Chapter 2 73

julia>TI=toric_ideal (transpose (B)) # The binomial ideal of the associated toric
variety.

Ideal generated by

-x1*x3 + x272

Algorithm A.10: Example[1.42]

julia>cone=positive_hull ([1 0;1 1;1 2]) #Polyhedral cone associated with S

Polyhedral cone in ambient dimension 2

julia>facets_cone=facets (cone) #The faceted inequalities of the cone (S)

2-element SubObjectIterator{LinearHalfspace{QQFieldElem}} over the halfspaces
of R"2 described by:

-x 2 <=0

-2+x_1 + x 2 <=0

julia> coned=polarize(cone) # The dual cone of cone(S)

Polyhedral cone in ambient dimension 2

julia> H = hilbert_basis (coned) #The Hilbert basis of the dual cone

3-element SubObjectIterator{PointVector{ZZRingElem}}:

[1, O]

[0, 1]

(2, -1]

julia> dim_cone=dim(cone) #The dimensions of the cone

2

julia> dim_coned=dim(coned) #The dimensions of the dual cone

2

Algorithm A.11: Example[I.46|

julia>cone=positive_hull ([1 0;1 1;1 2]) #Polyhedral cone associated with S

Polyhedral cone in ambient dimension 2

julia> rays_cone=rays (cone) #The vectors that determine the rays of the cone (S
) o

2-element SubObjectIterator{RayVector{QQFieldElem}}:

[1, O]

(1, 2]

julia> coned=polarize (cone) # The dual cone of cone(S)

Polyhedral cone in ambient dimension 2

julia> rays_coned=rays (coned) #The vectors that determine the rays of the dual
cone.

2-element SubObjectIterator{RayVector{QQFieldElem}}:

[0, 1]

(1, -1//21

Algorithm A.12: Example .49

A.3 Codes for the examples of Chapter 2

julia> C=[1 3;1 0;3 5] #Declare the generating vectors of the cone.
3x2 Matrix{Int64}:

1 3
1 0
3 5

julia> v=[[5,0],1[2,61,[3,2]1,[4,4]]1# Set that determines the polyhedron
4-element Vector{Vector{Int64}}:

[5, 0]

[2, 6]

[3, 2]
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[4, 4]
julia> P=polyH(C,V) # Function that determines Newton polyhedron
Polyhedron in ambient dimension 2
julia> n_vertices (P) # Number of vertices of the polyhedron
3
julia> vertices (P) #Vertices of the polyhedron
3-element SubObjectIterator{PointVector{QQFieldElem}}:
[5, 0]
(2, 6]
[3, 2]
julia> n_facets (P) # returns the number of faces of maximum dimension
4
julia> facets (P) # Returns the faces of maximum dimension (the facets) of the
polyhedron “P° as inequalities.
4-element SubObjectIterator{AffineHalfspace{QQFieldElem}} over the halfspaces
of R"2 described by:
-3*%x_1 + x_ 2 <=0
-4xx_ 1 - x_ 2 <= -14
-x_ 1 - x 2 <= -5
-x_2 <=0
julia> facets(P) [1l] # One of the faces of the polyhedron
The half-space of R"2 described by
-3xx_ 1 + x 2 <=0
julia> vectors_facets = [-normal_vector (h) for h in facets (P) ]
4—element Vector{Vector{QQFieldElem}}:
[3, —1]
(4, 11
(1, 1]
[0, 1]
Algorithm A.13: Example [2.4]

julia>C=[1 0 0;1 1 0;1 0 1;1 2 0;1 1 1;1 0 2]
6x3 Matrix{Int64}:

1 0 0

1 1 0

1 0 1

1 2 0

1 1 1

1 0 2

julia> R, (x1,x2,x3,x4,x5,x6) = polynomial_ring(QQ, ["x1","x2","x3","x4",6 "x5",
"x6"])

(Multivariate polynomial ring in 6 variables over QQ, QQOMPolyRingElem[x1l, x2,
x3, x4, x5, x6])

julia> f=x1"2%x3"24+5xx1%x2"5+%x3+60xx4"2xx5+9xx6-x1"3%x6+80xx4"2-2x1"3

—xX17"3%x6 — 2#x173 + x172xx372 + 5#x1*x27°5xx3 + 60*x472%x5 + 80xx47"2 + 9%x6

julia> V=supportsS (C, f)

5-element Vector{Vector{Int64d}}:

julia> P=polyH(C,V)

Polyhedron in ambient dimension 3

julia> vertices (P)

3-element SubObjectIterator{PointVector{QQFieldElem}}:
[2, 4, 0]

[3, 0, 0]
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(1, 0, 2]
julia> facets (P)

4-element SubObjectIterator{AffineHalfspace{QQFieldElem}} over the halfspaces

of R*"3 described by:
—2xx_1 + x_ 2 + x 3 <=0
-X_ 3 <=0
-x 2 <=0
—4dxx_1 — x_2 — 4%xx 3 <= -12

julia> vectors_facets = [-normal_vector(h) for h in facets (P) ]

4—element Vector{Vector{QQFieldElem}}:
(2, -1, -1]
[0, O, 1]
[0, 1, O]
(4, 1, 4]
Algorithm A.14: Example [2.6]

julia> C=[1 0;1 1;1 2]
3x2 Matrix{Into6d}:

1 0
1 1
1 2
julia> R, (x1,x2,x3) = polynomial_ring(QQ, ["x1","x2","x3"])

(Multivariate polynomial ring in 3 variables over QQ,

x31)
Julia> gl=x1"2xx2"2+x374+x1"4%x3
x17M4+x3 + x172%xx272 + x374
julia> g2=x1"5xx3+x3"3+x1"3%x2"2
xX175%x3 + x173%x272 + x3°3
julia> V=supportS(C,gl,g2)
5—-element Vector{Vector{Int64d}}:
(4, 8]
[5, 2]
[4, 2]
[3, 6]

[6, 2]
julia> P=polyH(C,V)
Polyhedron in ambient dimension 2
julia> vertices (P)

2-element SubObjectIterator{PointVector{QQFieldElem}}:

(4, 2]
[3, 6]
julia> facets (P)

QQMPolyRingElem[x1,

X2,

3-element SubObjectIterator{AffineHalfspace{QQFieldElem}} over the halfspaces

of R"2 described by:
-X_2 <= -2
—4+x_ 1 - x_ 2 <= -18
-2+xX_1 + x 2 <=0

Algorithm A.15: Example[2.§]

julia> C=[1 0;1 1;1 2]
3x2 Matrix{Intocd}:

1 0
1 1
1 2
julia> R, (x1,x2,x3) = polynomial ring(QQ, ["x1","x2",

(Multivariate polynomial ring in 3 variables over QQ,

1)

"XB"] )
QQOMPolyRingElem[x1,

X2,

x3
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julia> gl=x1"2%x2+3%*x1"2xx3
X172+x2 + 3*%x172xx3

julia> g2=x2"3-x1*x2+x3"2

-x1*xx2 + x273 + x372

julia> V=supportS(C,gl,g2)
5-element Vector{Vector{Int64}}:
[3, 2]

[3, 11

[3, 31

(2, 4]

[2, 1]

julia> P=polyH(C,V)

Polyhedron in ambient dimension 2
julia> p=[2,2]

2—element Vector{Into6c4d}:

3 2

2
julia> p in P
true

Algorithm A.16: Example [2.T1]

julia> C=[1 0;1 1;1 2]
3x2 Matrix{Int64}:

1 0

1 1

1 2

julia> R, (x1,x2,x3) = polynomial_ring(QQ, ["x1","x2","x3"])

(Multivariate polynomial ring in 3 variables over QQ, QQOMPolyRingElem[x1l, x2, x3

1)

Julia> gl=x1"2%xx2+3*x1"2xx3
x1"2xx2 + 3*%x172%x3

3 julia> g2=x2"3-x1*x2+2xx3"2

—x1%x2 + x2°3 + 2xx3"2

julia> V=supportS(C,gl,g2)
5-element Vector{Vector{Int64d}}:

julia> P=polyH(C,V)
Polyhedron in ambient dimension 2

julia> Lgl=L(gl,C)
3xz17"3%z2272 + z173%z2

julia> Lg2=L(g2,C)
z1"3%z2"3 + 2%z172x2z22"4 — z1"2%z2

3 julia> L_Delta (P,Lgl,Lg2)

3-element Vector{Any}:
QQOMPolyRingElem[0, 2%z172xz2"4]
QOMPolyRingElem [0, —-zl172%z2]
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QQMPolyRingElem[0, 2%z172xz2"4 -

julia> is_ND(L_Delta(P,Lgl,Lg2))
"I is degenerate"

julia> D=[1 0;0 1]

3 2x2 Matrix{Int64}:

1 0

s 0 1

julia> Dv=supportS (D,Lgl,Lg2)

; 5—element Vector{Vector{Into64d}}:

julia> PD=polyH (D,Dv)
Polyhedron in ambient dimension 2

julia> L_Delta (PD,Lgl,Lg2)
l-element Vector{Any}:
QQOMPolyRingElem [0, —-z172%xz2]

julia> is_ND(L_Delta (PD,Lgl,Lg2))

3 "I is non degenerate"

Algorithm A.17: Example[2.14]

julia> C=[1 0;1 1;1 2]
3x2 Matrix{Intocd}:

1 0
1 1
1 2
julia> R, (x1,x2,x3) = polynomial ring(QQ,

(Multivariate polynomial ring in 3 variables over QQ,

1)

Julia> gl=x1"4xx2+x3"2
x1M*xx2 + x372

3 julia> g2=x1x*x2xx3+x1"2%xx2"3

x172%xx2"3 + x1*x2+x3

julia> V=supportS(C,gl,g2)

4—element Vector{Vector{Int64d}}:

[5, 1]

2, 4]

, 31
3]

3 julia> P=polyH(C,V)

Polyhedron in ambient dimension 2

julia> Lgl=L(gl,C)
z1"5%z2 + z1"2xz2"4

z172x22]

["Xl", "X2", "X3"])
QOMPolyRingElem([x1,

x3
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julia> Lg2=L(g2,C)
z175%22"3 + z1"3xz2"3

julia> IL_Delta(P,Lgl, Lg2)

3 3—element Vector{Any}:

QQMPolyRingElem[z175%z2, 0]
QQOMPolyRingElem[z1"2%z274, 0]
QQOMPolyRingElem[z175%z2 + zl1"2%xz274, z173xz2"3]

julia> is_ND(L_Delta (P,Lgl,Lg2))
"I is non degenerate"

Algorithm A.18: Example[2.2§|

julia> C=[1 0;3 5;1 3]
3x2 Matrix{Intoc4d}:

1 0

3 5

1 3

julia> gl=4%x1"4%x3"5
4xx174%x3"5

Julia> g2=4+x1"3*x2%*x3"5
4xx173%x2*x3"5

julia> g3=-3*x1xx2"2
—3*xx1%x2"2

julia> g4=-3%x2"3
—3*x2"3

julia> V=supportS(C,gl,g2,g3)
3-element Vector{Vector{Int64d}}:
[9, 15]

[11, 20]

[7, 10]

julia> P=polyH(C,V)

Polyhedron in ambient dimension 2
julia> Lgl=L(gl,C)

4%z2179%x22"15

julia> Lg2=L(g2,C)

4xz1711%x22720

julia> Lg3=L(g3,C)
—3xz1"7%2z2710

julia> Lg4=L (g4,C)
—3xz1"9%z2715

julia> L_Delta (P, Lgl,Lg2,Lg3,Lg4)

3 1-element Vector{Any}:

QOMPolyRingElem[0, 0, -3xz177%xz2710, 0]

julia> is_ND(L_Delta (P,Lgl,Lg2,Lg3,Lg4))

7 "I is non degenerate"

julia> G=5xx1"4%x3"4
S5xx174%xx3"4

> julia> S=supportS(C,G)
3 1-element Vector{Vector{Int64}}:

[8, 12]
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46 julia> S[1] in P
7 true

Algorithm A.19: Example [2.30|

A.4 Codes for the examples of Chapter 3

julia> C=[1 0;14 11; 8 7]
3x2 Matrix{Into64d}:

1 0
14 11
8 7

julia> R, (x1,x2,x3) = polynomial ring(QQ, ["x1","x2","x3"])
(Multivariate polynomial ring in 3 wvariables over QQ, QQMPolyRingElem[xl, x2,
x3])

julia> gl=10%x1"10%*x3"11
10#x1710xx3"11

Julia> g2=10*x1"9*x2xx3"11
10%xx179%x2+x3"11

jJulia> g3=-7*x1*x2"6
—Txx1%x2"6

julia> g4=-7%x2"7
=T*x2"7

julia> V=supportS(C,gl,g2,93,94)
3—element Vector{Vector{Int64d}}:
[98, 77]

[111, 88]

[85, 66]

julia> P=polyH(C,V)
Polyhedron in ambient dimension 2

julia> Lgl=L(gl,C)
10xz1798%xz2"77

julia> Lg2=L(g2,C)
10%z17111%2z2788

julia> Lg3=L(g3,C)
—T7xz1"85%x227°66

julia> Lg4=L(g4,C)
—T%xz17°98xz2"77

julia> L_Delta(P,Lgl,Lg2,Lg3,Lg4)
l-element Vector{Any}:
QQMPolyRingElem[0, 0, -7xz1785%z2766, 0]

julia> is_ND(L_Delta(P,Lgl,Lg2,Lg3,Lg4))
"I is non degenerate"



49
50

51

53
54
55
56
57
58
59
60
61
62

63

80

Appendix A. Computational Calculations in Oscar.jl

julia> g=11xx1710%x3710
11+x1710%x3710

julia> v=supportS (C, g)
l-element Vector{Vector{Intocd}}:
[90, 70]

julia> v[1l]

2—element Vector{Intoc4d}:
90

70

julia> v[1l] in P
true

Algorithm A.20: Example [3.5]
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