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Para além da curva da estrada
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Essa € que € a estrada para eles.
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Abstract

In this work, we seek to obtain information about certain types of Weingarten surfaces, approaching
this problem through nonlinear partial differential equations. We study particular cases of translation
surfaces in the product spaces H> x R and H> and Helical surfaces in S? x R that verify the property
of being a Weingarten surface. In addition, we also investigate translation surfaces in the Euclidean

space [E3 that are particular cases of Weingarten Flow Solitons.

Palavras-chave: Weingarten Surfaces, Product Geometries, Weingarten Flow, Solitons, Nonlinear

Partial Differential Equations, Fourier Method, Separation of Variables, Heat Equation.
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Resumo

Neste trabalho, buscamos obter informacdes de certos tipos de superficies de Weingarten, abordando
esse problema por meio de equagdes diferenciais parciais ndo lineares. Estudamos casos particulares
de superficies de translagdio nos espacos produto H> x R e H> e Helicoidais em S x R que verificam
a propriedade de ser superficie de Weingarten. Além disso, também investigamos superficies de

translacdo no espaco Euclidiano E* que sejam casos particulares de Sélitons do Fluxo de Weingarten.

Keywords: Superficies de Weingarten, Geometrias Produto, Fluxo de Weingarten, Sélitons, Equagdes

Diferenciais Parciais ndo Lineares, Método de Fourier, Separagcdo de Varidveis, Equacao do Calor.
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Introduction

A surface immersed in Euclidean space E? is said to be a Weingarten surface when its Gaussian

(denoted by K) and Mean (denoted by H) curvatures verify a smooth relation (function)
Y(H,K)=0.

The study of these surfaces is a classical problem in Differential Geometry, which began with the
works of the German mathematician Julius Weingarten, published in the mid-19th century. Within
this field, a problem of great interest is the classification of surfaces. Part of what is currently done in
classification problems consists of reducing such problems to Nonlinear Partial Differential Equations
(see [31, [6], [7], [16]). For example, if we consider a surface defined by a graph (x,y,u(x,y)) in E3,

then its Gaussian curvature is
2
Mxxuyy - I/lxy
2 2\2°
(I+uz+ uy)

Understanding when this graph has constant Gaussian curvature ¢ leads us to the nonlinear partial

differential equation
uxxuyy - uiy
(1+uz+u3)?

Our goal is to investigate such Weingarten surfaces in other three-dimensional spaces, restricting them
to specific families of immersions. This restriction leads us to the study of techniques that allow us to
analyze second-order Nonlinear Partial Differential Equations.

The first chapter will be reserved to present results contained in the Theory of Isometric Embed-
dings and also in the Theory of Plane Algebraic Curves. In the second chapter, we define Three-
Dimensional Weingarten Surfaces, Translation Surfaces in H 2 « R and H3, and Helical Surfaces in
52 x R in order to determine, in some particular cases, when the latter are part of the Weingarten
Surfaces. This is done by transferring the problem to the task of investigating Nonlinear Partial
Differential Equations. In the third chapter, we introduce the Weingarten Flow, the surfaces called
Solitons, and briefly discuss how such surfaces generalize, in a certain sense, those defined in the
previous chapter. In addition, we repeat the approach, contained in the second chapter, of trying
to obtain properties of surfaces, through Nonlinear Partial Differential Equations, for Solitons. Fi-
nally, the last chapter is dedicated to applying the ideas developed in the previous chapters to obtain

particular solutions for Nonlinear Partial Differential Equations, which do not come from Differen-

3



4 Introduction

tial Geometry, developing a small connection with the method proposed by Fourier (most known as

Method of Separation of Variables for the Heat Equation).



CHAPTER 1

Preliminary

In this chapter, we will present basic results that we will use throughout the work.

1.1 Isometric Immersions

Lemma 1.1.1. Let M be a Riemannian 3-manifold and {E\,E>,E3} a global orthonormal frame over
M. Defining

3
k
ViEi= ) ThE
k=1
the following holds:
1
Iy = =5 ([Ei Ei] ox Ej + [Ej, Ei] ox Ei + [Ei, Ej] 0 E)

where o and V™ are, respectively, the metric and the connection on M.

Proof: By the compatibility of the metric

Ei(EjOX Ek) = VEiEj°><Ek+Ej°>< VE,.Ek
Ej(Ek’x E,') = VEjEk o Ei+E ey ngEi
Ek(Ei°>< Ej) = VEkEi.X Ej—l-EiOX VEkE]“

Adding the first and second equality and subtracting the third we obtain, by the symmetry,

Ei(Ejex Ey) +Ej(Exox E;) — Ex(Eiox Ej) =|Ej,Ex] ox Ej + [Ej, Ex] o Ei + [Ei, Ej] o Ex,
—|—2Ek . ngEi,

and since E, oy E; = O,
1
Exex Vi Ei = - ([Ei,Ex] o< Ej+ [Ej,Ex) o x Ei + [Ei,Ej]  Ey) .

5



6 Chapter 1. Preliminary

As VE]Ei => F’]‘.iEk we conclude,

1
Ui = = (Bt B o Ej + [Ej El] o Ei + [ Ej] 0 Er)

O

Lemma 1.1.2. Let M be a Riemannian 3-manifold and Q — R* an open set. Let y : Q c R* > M

immersion. Then the coefficients of the Second Fundamental Form associated to y are
oy
g(t,S)Z Ney Va,\— (I,S)
ot
oy
.F(I,S): N ey Vag (t,S)
oy
g(t,S>: Ney V@g (l’,S),
where N is the Normal of v and e is the metric of M.

Proof: Let Q be equipped with the metric induced by y. The Weingarten map of y is defined as
S X(Q) — X(Q) such that dy (S(X)) = —VxN. Observe that S is well-defined since N has norm
1. Furthermore, we know that such a map is linear and self-adjoint. We have,

S (e1) = ayer +agex

S (5) = as€] + ags€

then,
S(er)ex ey =ayeiexer+ager ey ey
8(_2).><_2: ars€] ®x €3+ dgs€2 @ €3
8(_1) e e =aqayejex el +agere el
S(_Z) o €] =a;e1 95 €] +aser 05 €1,

and defininge =ejex e, f=ejexes, g=er0xe2,E =S (er)exer, F =S (e1)exez, G=5(ez)ex e,

F =auf+ayg
g= atsf + a9
£ = dse +Clstf

F = aise + agsf,

69266 296’
F G - s Ags f g s  Ags \F g f g

a a
— 1t St
drs  dgss

that 1s,




1.1. Isometric Immersions

concluding that,

o= 9T Fe

eg—f* eg —f2
a :Fg—gf :ge—}"f_
R R B

On the other hand, since our immersion is isometric,

Flt,5) = (S (@) 0x ) (1) = (—wv-x ‘9—"’) (1.5

_ oy oy

e (—NoX g) (t,5)— <—NoX Vﬁﬁ) (,9)
oy

= (N.X ng) (l,S),

and similarly we conclude,
. oy
E(t,s) = (S(er)exer)(t,s) = NexVer—- ) (t5)

2 s

G(t,s) = (S(ex)ex @) (t,s) = (NoX \Y 6!//) (t,s).
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1.2 Plane Algebraic Curves

This section is devoted to state a result from the theory of Plane Algebraic Curves. In this work, we
reduce many of our problems to polynomials in two variables. To exemplify the type of approach
we use, consider two polynomials P(X,Y) and Q(X,Y). Suppose that there exists a continuous curve
a : I — R? such that

Poax=0=Q0oax

that is, o vanishes both polynomials. If such polynomials have no factors in common then « is
constant. More precisely, denoting V(P) := {p € R?|P(p) = 0}, we have made use of the following

result:

Proposition 1.2.1. Let P and Q be polynomials in R[X,Y | with no commom factors. Then V(P,Q) =
V(P)(V(Q) is a finite set of points.

Indeed, by this result, the curve « is contained in V(P,Q), which is a finite set of points, that is, the
only possibility for & is to be constant. This result was taken from the reference [8] (Proposition 2).
Since this reference is no longer published, only in digital form (free) on the personal page of the

author William Fulton, the reference [9] (Theorem 1.4 item a) can also be consulted.
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1.3 Scientific WorkPlace

Throughout this work, we will use the Scientific WorkPlace Software recurrently. This is a software
for scientific word processing that includes a symbolic algebra system (SAS). This last capability
is the one that interests us. Many of the equations that will be discussed here will be analyzed as
polynomials. For example, consider the equation

2

2 _ St (82 ()" () — s ()% + (V1)) (s) + (1 + 20V (0))2)u" ()~

o R0+ 2 () +1)

The type of approach we use repeatedly throughout the text is the following: first we eliminate the

variables from the functions # and v. We will obtain

2 s ((1+S2( ) ) —s((u ) (v’) )u /+(1+S2(v’)2)u”)2'

4(s2(V)2 + 82(u')2 +1)°

We can rewrite it as
0=s* (1+ s2(u )2 W' —s((u )+ (V) + (1 + sz(v’)z)u”)2 —4¢? (sz(v/)2 +57 () + 1)3 .
At this point, we use the collect function, using v’V as the variables to be collected, obtaining
0=s*(1+52(u))2(V") = 25* (1 + 5 (u)?) (st — s2u”) (V) + 25* (" — s(u)?) (1 + 5% ()2 )V
— 428 (V)0 + (s*(su — sPu")? — 12625 (1 + 52 () ))(v')
+ (=25* (" —s(u)?) (su— s2u") — 12622 (1 + 52 (u)?)?) (V) + s* (" — s(u))? — 4P (1 + 52 ().

If we divide the equation by the coefficient of (/) we will have

I (B I I S Vi U IR T
4256 4c2s6 4c2s0
ne  (sH(su —s2u")? — 12254 (1 + 52 (u')?)) , 4
e = )
N 254 (" — s(u')?) (su— s*u") + 12252 (1 + sz(u’)z)z( o st —s(u')?)? —4c* (1 + 52 (u)?)?
v :

4¢256 4¢256

Thus, we can observe that the curve ((v/)?,1") vanishes out the family of polynomials

Pi(X,Y) = AY? +BXY +CY +X> + DX*> + EX + F;

where

s+ 52 (u')?)? (s*(st' — s*u")? — 12¢%s*(1 + 5% (u')?))

A= D, - —
4¢256 4¢256
25 (1 + 5% (u')?) (su/ — su”) 25 (" — s(u')?) (su— s2u") + 12252 (1 + 52 (u)?)?
B = E; =
4¢256 4¢256

254" — s(u')?) (1 + 5% (u)?) st —s(u')3)? — 4 (1 + 2 (u')?)?

Cs = - Fv = .
4¢256 4¢256
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We also use the factor function to simplify expressions. For example, the coefficient A; would be-
(1+sw)?)?
4c2s?
simplifications are sometimes useful. We use the collect function when we want to write long ex-

come — . For simple expressions, this may seem unnecessary, but for long expressions,
pressions in the form of polynomials in a given variable, and the factor function when we want to

simplify expressions.

Remark: The division by the factor —4¢%5% aims to obtain, in the polynomial P, a monic coefficient.
This is to ensure that, using the Theory of Plane Algebraic Curves, such a family of polynomials, if
irreducible, has to be multiple by constants (and, in this case, necessarily only by 1) or, then, the curve

that vanishes this family of polynomials is constant.



CHAPTER 2

Weingarten Surfaces

A typical problem in the field of differential geometry is that of classifying surfaces. Given a surface
on a three-dimensional Riemannian manifold, a common question is whether such a surface has
constant Mean curvature or constant Gaussian curvature. This problem sometimes reduces us to
solving a non-linear partial differential equation. As an example, if we consider a surface defined by
a graph (x,y,u(x,y)) in E then its Gaussian curvature is

2

uxxuyy_uxy
2 2)2°

(14 uz +uy)

We say that a surface is Weingarten when its Mean and Gaussian curvatures verify a relation
Y(H,K)=0

for some function ¥ € C*(R?,R). If we consider ¢ constant and the functions ¥(X,Y) =Y —c,
¥(X,Y) =X —c and W(X,Y) = 4X? — 2Y — ¢, we would have, respectively, surfaces of constant
Gaussian curvature, constant Mean curvature, and constant norm of the Second Fundamental Form.
Throughout the next sections, we will focus on obtaining information from such surfaces. We will

work on the problems

K=c
H=c
aH +bK = ¢
4H? - 2K =c.

More precisely, we will name it as follows:

Definition 2.0.1 (Weingarten Surfaces). Let M be a Riemannian 3-manifold and Q < R? an open set.
Consider y : Q — R? — M an isometric immersion. We denote H : Q c R> > Rand K : Q c R> - R

as, respectively, the Mean Curvature and Gaussian Curvature of y. Furthermore:

1) We say that y is Flat if
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i1) We say that y has Constant Gaussian Curvature if

K

C’
for a constant ¢ € R.

ii1) We say that y is Minimal if

H=0.

iv) We say that y has constant Mean Curvature if

H

¢,
for constant c € R.
v) We say that y is a Null Linear Weingarten Form if
aH +bK =0,
for non-zero constants a,b € R.
v) We say that y is a Linear Weingarten Form if
aH + bK = c,
for non-zero constants a,b,c € R.
vi) We say that y has prescribed Length of the Second Fundamental Form if
AP(1.5) = e(s)

or equivalently,
4H?(1,5) —2K(t,5) = c(s)

forace C(R,(0,4+x0)).
vi) We say that y is of Weingarten type if
Y(H,K)=0

for ¥ e C*(R%,R).
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2.1 Translation Surfaces in H> x R (Half-plane Model)

Essentially, a Translation Surface is defined as the sum of two curves. In Euclidean space, for exam-
ple, considering two curves & : I « R — E3 and B : I ¢ R — [E3, we define the Translation Surface
by w(t,s) = a(t) + B(s). In this section, we will reduce ourselves to curves that are contained in the
orthogonal planes of space and that are determined by real functions. In H? x R this reduces us to
three types, the other possibilities being obtained by symmetries of the curves that determine them.
More precisely:
yi(t,s) = (¢,0,v(t)) + (0,s,u(s)) = (t,s,v(t) + u(s))
vir(t,s) = (v(t),0,t) + (u(s),s,0) = (v(t) + u(s),s,?)
v (t,s) = (¢,v(¢),0) + (0,u(s),s) = (¢t,v(t) + u(s),s).
Here, we will focus on the first two cases, Type I and Type II. First, we will define the space. Then,

we will find the curvatures of each family of surfaces.

Definition 2.1.1 (H? x R). The hyperbolic space is the set
H? = {(x,y) e R*|y > 0},

with the Riemannian metric,
<(u1,u2), (V17V2)>

y? ’
where (x,y) € H?, u = (uy,uy) and v = (vq,v2) since u,v e TpH2 ~ R2,

(I/t s V) (xy) =

We consider in H2 x R the product metric, that is,

<(ulvu2)7 (V15V2)>

y2

(o V) (xyz) = T u3vs3,

where (x,y,z) € H* x R, u = (uy,u,u3) and v = (v1,vp,v3) since T, (H*> x R) ~ R3.

Consider {ey,es,e3} a canonical basis of R3. Then,

Ei(x,y,2) = @(x,y,2)e
EZ(x7y7Z) = (p(x,y,z)ez
E3(x,y,z) =e3

generates a global orthonormal frame over H> x R, where ¢ : H> x R — R is given by ¢(x,y,z) =
y. Then, we will obtain the Connection, in this frame, at H> x R. This is done by obtaining the
Christoffel Symbols.

Lemma 2.1.1. [E;, E ;| = 0 with the exception of:

[ElaEZ] = _El-
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Proof: The cases [E},E;| = [E», E2] = [E3,E3] = 0 are evident. Let f : H> x R — R be a smooth

function. We have,

([E17E3]f)(x,y,2) = El (E3f)(x,y,z) —E3(E1f)(x,y,z)

(e (2)) oo (5(o2) oo

02 02
= ((P(?x;Z) (x,y,z) - <(p?é];) (x,y,z)
= (),

then [E},E3] = 0 and similarly [E,, Ez] = 0. Finally,

([ElaEZ]f)(x7y7Z) = El (EZf)(x Y, _E2 Elf)(x7y7z)

(o) v o ()
(o5 (o)

pof Ff cgir &
o2) (2L w9 i L 2L ol (e

=- ((PZ—Q (x,,2)

= _El (x7yaz)f=

as we wanted. ]

From the previous lemma, we can find the Christoffel expressions:

Lemma 2.1.2 (Christoffel). F/J‘-l- = 0 with the exception of:
=1 Il,=-1.

Proof: By Lemma|2.1.1|and by the expression (Lemma|l.1.1)

1

Ui = =5 ([Eo B 0 Ej + [Ej, E] ¢ By [E Ej] o Ex)

the null cases are evident. We will calculate F%l and the case F}z is analogous. We have

—% ([E1,Ex] ex E\ + [E1,Ez] @« E1 + [E1,E1] o« E2) (x,,2)
—([E1, E2] o x E1)(x,),2)
= (El ® El)(X,y,Z)

=1.

r%l (x,y,z) =

Since VEI,E,- =>4 F’J‘-iEk we obtain:
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Lemma 2.1.3 (Connection). The following holds:
V;lEl =FE VEZEl =0 V§3E1 =0
VEIEz =—FE; ngEz =0 VE3E2 =0
VEIE3 =0 Vg2E3 =0 V;3E3 =0.

2.1.1 Curvatures of Type | Translation Surfaces

This section will be devoted to determine the curvatures of a Type I Translation Surface in H> x R.
Define the Type I Translation Surface v : Q — R> — H? x R by w(t,s) = (¢,s,v(t) + u(s)), where
ueC?(J,R),ve C*(I,R)and J x I = (0,+x) x R. We have,

oy /
E(I’S) = (l,O,v (t))

1 /
= WEI @) ll/(t,S) +v (t)E3 9 ll/(t,S),
and 5
v
= (1:5) = (0, 1,u/(s))
— 1 /
= (pol//(t,s)EzO y(t,s) +u'(s)Ezop(t,s).
The normal N at y(¢,s) will be given by
V(1) u'(s) 1
N(I,S) - _OO(Z,S)E] © l[/(l,S) - G)(Z,S)Ezo l[/(l,S) + OO(Z‘,S)(,DOI[/(Z,S)ESO W(ta‘g)v

where @(t,s) = \/(v’(t))z + (W () + gy

By Lemma [I.1.2] we conclude that to know the Weingarten map & we do not need to differentiate

the normal field, we just need to know Va%—‘f, Vﬁ%_lf € Vgaa—i’. We have,

Lemma 2.1.4. The following holds:

i) (Velaa—z/) (t,s) = m@ oy(t,s) +V'(t)Ezo y(t,s).

.. 0 1
ii) <Ve18—lij> (t,5) = —W& oyl(t,s).

0 0 1
iii) <Veza—z/> (t,S) = a (W) Eyo l;/(t,s) + Mll(S)E_‘; o W(t,S).

Proof:

1 o 1
(5 ) 9= gy oW )81 () Erewies
+V/(t) (VerEs o) (1,5) +e1 (v(1)) E3 o w(t,s)

1 0 1
S v 4 of 1
(POI,U(I,S) %l;/(tvs)El—'_@t <(poy/(tjs)>Elol»U(t,s)

B3t VI (t)Ez o y(t,s)
)
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but,
X 1 X / X
VivenF "o oui (VElEl) ow(t,s) +V/ (1) (VE3E1> oy(t,s)
L poy(s)
=————F>o0
ooyl 2 VS

ot \7?

and V7,  Ej3 =0, therefore,
£,8)

(Vméa—lf) (t.5) w%Ez oW(t,s) +V'(1Es 0 w(t,s).

v)2(t,5)
Also,
oy 1 1
v, (Vs e —m
( "o ) 09 = oyl VoW e ((Pot//(t,s)) Faovies
+u'(s) (VerEz o W) (t,5) +e1 (' (s)) Ez o w(t,s)
1 0 1
N v4.\ o
srviie) e oy ) B ve
o 0
+u’(s)V%,(l’s)E3 + P (' (s)) E3oy(t,s)
but, .
X - x / x
Vorun™ oy (VEE2) o wless) + V(@) (VEE) o wies)
gy
=— o
goylrs) V!
consequently,
oy B
(Far5e ) ) =~ Gy =¥
Finally,
oy 1 _ 1
<V€2§) (t,S) —W (VEEZ 9 V/) (l’,S) +eé (W) E2 9 l//(t,s)
+u'(s) (VgzE3 0 W) (t,5) + €3 (u/(s)) Esoy(t,s)
1 0
S v S (S
TEITOOE TR (q)ow(r,s)) Boyies)
+MI(S)V§1,/(I B3 + u"(s)Ez o y(t,s)
D5 N
but, .
X v X / X

X _
and V%,(Z’S)& = 0, thus,

(vel%_‘i’) (t,5) :% (m) Exow(t,s) +u"(s)Es o yi(t,s).

With this we have
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Lemma 2.1.5. The following holds:

)G (1,5) = °

i)e(t,s) =+ + (V1))
Vi(t,s) = u(
vg(t,s) = — + (u/(5))"
Proof:
E(t,s) = <NoX Velaa—lf) (t,9)

R4l
O (9o WR(s) T 0ls)powr,s)
:sv”(t) —u(s)

s20(t,s)

Also,
oy
f(t,S) = (N.X Vé’lg) (t,S)

Finally, ]
G(t,s) = (N.x VW_Z’) (t,5)

u'(s) @ 1 u’(s)
~ o(t,s)0s ((poy/(t,s)) * o(t,s)Poy(t,s)
su (s) +u'(s)
s2o(t,s)

The metric coefficients are,
e(t,s) = (e1ox e1) (t,5)

Also,

1) = eroscem) (1) = (S o 3 ) 0

=/ ()u(s).
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Finally,
g<t7s) = (E.X a) (t,S)

oy oy
= <gox g) (t,s)
. 1 u/s 2
~loowriy W)
1

— S+ ),

Proposition 2.1.1. The following holds:

i oy = LS ()2)V(6) = s((w' () + (/1)) (5) + (1 + 8% (' (1))*)u"(s)
(t,5) 2503 (1, ) ’
‘ s(su (s) +u' (s)WV'(t) — (su” (s) + 1 (s))ud (s) — (V/(1))?
Kl - LT Q0 O )= 0
2o (L4820 (5) 2" () = s(( ()2 + (V(0) D) ) + (14 82(V (1) 2)u" (5))
[A[%(2.5) = s200(t,s)
B 20°(t,s) (s(su” (s) +u' (s))V" (1) — (su (s) + ' (s))ud' (s) — (V/(2))?)
s2w0(t,s) '
Proof:
H(t,s) — %tr(S)(t,s)

= %(att +ass)
| (Eg+Ge—2Ff

25( eg—J )(I’S)

() (B W) + (™) (+ vr0)?) - 2 )
2 L4 (/(0)2) (& +W(9)2) = @ (s ()2

1 Wls/‘gt(;))(_zzl )(S) 4 (SV”(I)S—z'z') ((?s)(ul(S)) T SMZ&Z))Z:ZI)(?) o (s );;'(4; ((:L))(V/(I)) 2M/s(22)((vt/(t)) )
? E(E+ @R+ 0r)

1 S(V’;Sfc)ov(?fs”)(s)) 4 @ (0)—ul(s) (M'(Ssz)wJEt(:M”(S)+M’(S))(V’(l)) Zuls;w((vt/,st)))
2 Slza)z(t,s)

1 (V”(f) +u(s) | (sv"(8) — ' (5)) (' (5))* + (su" (s) + ' (5)) (V' (2))* ~ 2u'(s) V'(f))2)
2\ sw3(t,s) ®3(1,s) ®3(t,s)

1 (V"(f +u'(s) | s(u()V"(0) + (1) (s) ()2 + V(1)) S))
2\ sw3(t,s) ®3(1,5) ®3(t,s)
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Also,
K(t,s) = det(S)

= Ay Ags — ApsAst

(&g Ff F1Y g (F8=9FY o (Fe=EF\
_(eg f2> (eg f2>(t ) (eg—fz)(t’)<eg—fz>(t’)
_ ([ EGge — EFgf — FGfe + (FI)* — (Fge — EFgf — FGfe + EFF) (t.5)
(eg—f2)? ’
EG(eg— f2 — F2(eg— 1)
_( (eg — %) >(I’S)
£G— F?
(eg fz) "
_ () () - #e
Sza)z(t,s)
_ SAVI()u"(s) + sv" (0)ud (s) — su” (s)ud' (s) — (u (5))* — (v/(1))?
s2w*(t,s)
_s(su"(s) + ' ()" (1) — (su”(s) +u'(s))u'(5) — (v/())?
s2w*(t,s) '

Finally, being A;(¢,s) and A;(¢,s) the principal curvatures we have,

[AP(1,5) = AL (1,5) + A3 (1,5)
i+ 2P(ns)
4

=20 (t,5)A2(t,5)

— 4H?(1t,5) —2K(t,5)

_ <(1 +52(u' (5))*)v" (1) — (' (5))* + (v'())*)ad' (5) + (1 +S2(V’(l))2)u”(S))2
(

s@3(t,s)
s(su(s) +u (s)V' (1) = (su (s) + 1 ()’ (s) = (V' (1))?
—2 ( s2w(t,s) )
((1+ 262 (0) — () + ()2 () + (1 -+ 2/ () (5))°
B s2@0(t,s)
B 20°(1,5) (s(su”(s) +u' (s))V'(t) — (su”(s) +u'(s))u (s) — (v'(t))z)
2w6(t,s) ’

2.1.2 Type | Translation Surfaces - Flat case

By Proposition[2.1.Tjwe conclude that a Type I Translation Surface is Flat if it satisfies a differential
equation described in the following proposition.

Proposition 2.1.2. The surface v : Q — R* — H?> x R given by y(t,s) = (t,s,v(t) + u(s)), where
ueC?(J,R), ve C*(I,R) and J x I = (0,+x) x R, is Flat if and only if,

0 =s(su”(s)+u' (s))V'(t) — (su” (s) +u/(5))u (s) — (v'(t))z.
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Proposition 2.1.3. Let v : Q  R? — H? x R given by y(t,s) = (t,s,v(t) + u(s)), where ue C> (J,R),
veC?(I,R) and J x I < (0,4+0) x R, Flat. Then v(t) = ut + 1, for 1, T constants, and I < R.

Proof: Suppose v is Flat. By Proposition the functions u, v satisfy the equation
0=—0/ (1) +s(su”(s) +u' ($)V' (1) — (su” (s) + 1 (5))id ().
Defining the family of irreducible polynomials
Pi(X,Y) ==X +s(su” (s) +u(s)Y — (su” (s) +u (s))ud (),

we observe that the curve ((V/(¢))?,v"(t)) is contained in the intersection of the roots of {P,},c;. By
the theory of plane algebraic curves we conclude that such a curve is constant or the polynomials P
are multiples by constants. Suppose that {P;}c; are all multiples. Since in this case the only possible

multiple is A = 1 we conclude that
Pi(X,Y) = —X +s(su”(s) +u'(s)Y — (su” (s) +u (s))ud (),

is constant in the variable s, that is, the polynomials P are all equal. Therefore, their coefficients are

constant, that is, there are K;, K> constants such that,

s(su”(s) +u'(s)) = Ky

and
—(su” () + () (s) = Kz
Thus,
Ky = —%u'(s). (2.1

From (2.1)), K; = 0 if and only K, = 0 and so

0 = —(v/(1))* +s(su”(s) + ' ()" (1) — (s (s) + 1 ()’ (5) = —(v/(1))?,
that is, the curve ((v/(¢))2,v"(¢)) is constant. Consider the case K; and K, nonzero. From ({2.1)) we
obtain u(s) = —ZLKZIS2 + K3. Then,

Ky = s(su (s) +u'(s)) = —25°—,

that is, s is constant, a contradiction. Thus, the curve ((v/(¢))?,v"(t)) is constant and therefore there
exist i, n such that v/(r) = u and v'(r) = 1 (in this case necessarily 1 = 0) and we conclude that

v(t)=ut+tinl cR. O

Theorem 2.1.1. Let v : Q = R? — H? x R given by y(t,s) = (t,s,v(t) + u(s)), where u e C>(J,R),
ve C?(ILR) and J x I < (0,+x) x R, Flat. Then v(t) = ut + T, for W,T constants, and I c R.

Moreover,
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i) If @ =0 then
u(s) =D +Clns,

for constants C = 0 and D, and J < (0, +).

it) If i # 0 then

u(s) zDiJ — — u2dr,

S0

for C > 0 e D constants, and J < (0, %) .

Proof: Suppose v is Flat. By Proposition we have v(t) = ut + 7, for constants i, 7, and I — R.
Then, by Proposition 2.1.2] the functions u, v satisfy the equation

0= —p® — (su"(s) + 1t (s))u(5),

ie.,
—1? =su" ()i (s) + (i (s))? (2.2)
sd - , / |
=5[] + (W ()%
and then,

ot =5 0 [(u(3))?] + 2500 (5))°

d s,
=7 [s* (' (5))?].

If 4 = 0 we have from ([2.3|) that there is constant C > 0 such that

(2.3)

C? = 52 (u(5))%.

If C = 0 then u(s) = D constant. If C > 0 then «’ does not change sign (otherwise there would exist

sy € J such that ' (s;) = 0, i.e., C = 0) and consequently we have two distinct solutions in J < (0, +0),
u(s) =D £Clns.
If u # 0 we have from (2.3)) that there is constant C > 0 such that
C? — u?s* = 5% (i (5))%.

From (_2.2)) u’ does not change sign (otherwise pt = 0) and consequently we have two distinct solutions

S C2 5
=D+ | A/= —u2dr.
u(s) LO 2 M dr

: C
inJc <0’ﬁ>’
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2.1.3 Type I Translation Surfaces - Constant Gauss Curvature
case

Lemma 2.1.6. Let i, ¢ >0, C > 0 and F > 0 be constants. Consider the function g:J < (0,4+0) — R

given by .

g(s) = 1 s
C(F+u?)+1 +2¢cIn ()

— (sPu?+1).

S S
Then, g > 0 only in the interval (Ce 26(C(F+u)+1) ,i) (\J, where X is the unique solution of the

equation
—iu?+cu?+cF
F = Ce2c(@u2+1)(Cu?+CF+1) |

Proof: To obtain g > 0 we necessarily need that
1

C(F+L2)+l +2¢cIn (%)

> 0. (2.4)

Since ¢ > 0 we obtain from ([2.4])

In (%) ~ 2c(C(F+1u2) 1)’

and applying the exponential
1

s> Ce 20(C(F+p2)+1) 7
1

ie.,s€ (Ce_ 26(C(F+p?)+1) | +oo> . So, since we want g > 0, we have
1

C(F+1u2)+1 +2cIn (¢)

—(s*u?+1)>0,

that is,

s —su?+Cu*+CF
In <—>

C/  2c(s?u?+1)(Cu?+CF +1)
and applying the exponential

—sp?+cu?4CF
5 < Ce2c(2u2+1)(Cu2+CF+1) | (2.5

—xu?+cu?+cF
Define, for x > 0, the function & (x) = x — Ce2(*w*+D(Cu*+CF+1) "and observe that

2 —xp?+cu?+cF
L 2e(2p2+1)(Cp2+CF+1) > ()
+ 5.2 € >0,
c(x?u?+1)

§'x)=1

that is, & is strictly increasing. Since &(0) < 0 and & (+o0) > 0 we conclude that there exists a unique
% such that (%) = 0. Furthermore, we conclude that in the interval (0,%) we have &(s) < 0 and

therefore (12.5)) holds. Thus, we conclude that g > 0 in the intersection of the obtained intervals, that
1

1s, (CeZC(C(”#z)“) , +oo> ﬂ(O,f). Finally, observe that

—Fu? 4+ Cu?*+CF N 1 B 1
20(R2u2 + 1) (Cu2+CF +1)  2¢(C(F+u2)+1) 2c(2u2+1)

> 0,
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1.e.,
—fu’ 4+ Cu*+CF o 1
20(Ru2 +1)(Cu2+CF+1) ~ 2¢(C(F +p2) +1)’

and then, applying the exponential and multiplying by C,

—ip?+cu’+CF _ 1
= 20(2u2+1 24CF+1 20(C(F+u2)+1
X = Ce2c@ps+1)(Cus+CF+1) > Ce 2c(C( +u)+),

concluding

- r_ -
<Ce 20(C(F+u2)+l),_|_oo) ﬂ(()’f) — (Ce 2c(C(F+p2)+1) J) .

[

By Proposition we conclude that a Type I Translation Surface has Constant Gauss curvature

if it satisfies a differential equation described in the following proposition.
Proposition 2.1.4. The surface v : Q = R? — H? x R given by y(t,s) = (t,s,v(t) + u(s)), where
ueC?>(J,R), ve C*(I,R) and J x I = (0,4+) x R, has constant Gaussian Curvature c , if, and only
i,
s(su”(s) +u (s))V"(t) — (su”(s) + ' (s))u' (s) — (v/(1))?
5 :

2 (0102 + (W ()2 + 5)
Proposition 2.1.5. Let v : Q — R?> — H? x R given by y(t,s) = (t,s,v(t) + u(s)), where u e C* (J,R),
ve C?(I,R) and J x I < (0,+0) x R, with constant Gaussian Curvature ¢ # 0. Then v(t) = ut + 1,

Cc =

for u, T constants, and I — R.

Proof: Suppose y has constant Gaussian Curvature ¢ # 0. By Proposition the functions u,v

satisfy the equation

s (s(su”(s) +u'(5))v" (1) — (su” (s) + ' (5))u'(s) = (v'(1))?)
(20702 + 52 ()2 +1)°

Cc = y

or equivalently

0 ()~ <M> o) <20+2€S2(u/(s)>2+ 1) (1))

cs cs?
c(s2(u ()% + 1)% + 52U (5) (' (5) + su” (s)) ‘

+
cst

Define the family of polynomials

P(X,Y) = X>+AsY +ByX +Cs,

em que, / .
A, = (s 4C—Ssu (s)
B, — 2¢+ 2cs2(uz’(s))2 +1
c — c(s2(t ()% + 1) + 52U (5) (' (5) + su” (s))
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and observe that the curve ((v/(1))2,v"(t)) is contained in the intersection of the roots of {P}sc;.

Claim: If there exists so € J such that Ay, # 0 then the polynomials {Ps}cy are irreducible in a neigh-
borhood V of s¢. Indeed, if given s € V the polynomial P; is reducible then there exist polynomials of
degree 1 such that

P(X,Y)=(X+fY +g)(X +hY +1i),

that is,
0=X>+AY +BX+Cs— (X + fY +g)(X +hY +1i)

and reorganizing
0= (—f—hXY+(Bs—g—i)X +(—fh)Y*+ (A, — fi—gh)Y + C; —gi

that occurs if, and only if,

—f—h=0
B;—g—i=0
—fh=0
As—fi—gh=0
Cs—gi=0.

By the first and third equalities we obtain f = h = 0. Consequently, by the fifth equality, A; = 0, a

contradiction with the continuity of A in V and thus we proof the claim.

If A, # 0 for some s € J, by the claim, the polynomials {P}sy are irreducible in a neighborhood
V of so, that is, for s€ V < J. As observed previously, the curve ((v/(¢))?,v"(¢)) is contained in the
intersection of the roots of {P}sc; so by the theory of plane algebraic curves we conclude that such
a curve is constant or the polynomials P; are multiples by constants. Suppose that {P}scy are all

multiples. Since in this case the only possible multiple is A = 1 we conclude that
P(X,Y) = X>+AY + BX +Cs,

is constant in the variable s, that is, the polynomials P are all equal. Therefore, their coefficients are

constant, that is, there are K|, K>, K3 constants such that,

As = Kl

B, — K>

CS = K37

that is,
K — U (s) +su”(s)
cs
2¢+2cs?(u'(s))? + 1
K>, = 5
cs
K c(s?(u'(5))? + 1)% + 52/ () (' (s) + su" ()
3 fr—
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Defining w(s) = u’(s) we obtain

W(s) = ~w(s) —|S—csK1

Pu2(s) = cs’Ky —2c—1
2c

es* Kz = c(s*w(s) +1)% + s7w(s) (w(s) +sw/(s)).

Substituting the first two equalities into the third we have

o) 2
K, —2c—1
cs*Ks = ¢ (L + 1) —cs’w(s)Kq,
2c
thus,
2 2
Ky, —2c—1
3w(s)K1 = (u + 1> —S4K3
2c
that is,
2 2 2
Ky, —2c—1 Ky, —2c—1
(s)K; = (—CS 2 ¢ ) + @R +1-s5"K;
2c c
and then,
cs?Kyr —2¢—1 2 cs’Ky —2¢—1 2
sw(s)K = (—) +————+1-5K3|.
2cs cs
Consequently,
cs’Ky —2c—1
e K12
= 5%w ( )Kl
= (sw(s)K1)?
2 2 2 2
K, —2c—1 Ky, —2c—1
= CrRp—ec—- + bl +1 —S2K3 ,
2cs cs?
1.e.,

2
( cs2K2 —2c— 1) N cs*K» —22c— 1 1 —s2K3> B (cs2K2 —2c— 1) K12
cs 2¢

222Ky — 202Ky + 42 + 4+ 1 cs2Ky—2c—1 2
2= 5 2 + 2 > +1—- S2K3>
4ezs cs

(cssz —2c— ) K’
_ (e

2 4](2 20252Ky — 2¢52Ky + 4c? + 4+ 1 +4c%5s%Ky — 8¢% — de + 4c%s? — 4czs4K3)2
16c4s4

8c3s*(cs’Ky —2¢ — 1)K}
16c4s*
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thus
0 = (c*s*K3 —225%Ky — 2¢5° Ko + 4¢ + de + 1 +4c%5°Ky — 8¢? — de + 4c’s* — 4cPs*K3)?
—8c%5*(cs’Ky —2¢ — 1)K},
Observe that s? is contained in the set of roots of the non-zero polynomial
P(Z) = (*Z°K3 — 2¢*ZKy — 2cZKy + 4c? + dc + 1 + 4c*ZKy — 8¢ — de + 4¢P Z — 42722 K;3)?
—8c37%(cZKy —2¢ — 1)K3,
that is, s? is constant, a contradiction. Therefore, the curve ((v/(¢))?,v"(t)) is constant and thus there

exist i, n such that v/(r) = u and v'(r) = 1 (in this case necessarily 7 = 0) and we conclude that

v(t)=ut+tinl c R.
If Ay = 0 then Py(X,Y) = X? + BX + Cj, that is, given s € J we obtain that v/(¢) is a root of a polyno-
mial in one variable. Thus, V/(¢) is constant and therefore v(¢) is a straight line. 0

Proposition 2.1.6. Let v : Q — R?> — H? x R given by y(t,s) = (t,s,v(t) + u(s)), where ue C* (J,R),
ve C?(I,R) and J x I < (0,+0) x R, with constant Gaussian Curvature ¢ # 0. Then v(t) = ut + 1,

for u, T constants, and I — R. Moreover,
i) If u=0rthenu'(s)#0inJ.
ii) If u #0and c € (—o0, —%) (0, +c0) then u'(s) # 0 in J.

iii) If u #0, ce [—1,0) and u/(s) = O then

o —(14+2c) £ 4c+1
B 2cu? .

Proof: Suppose y has constant Gaussian Curvature ¢ # 0. By Proposition we have v(r) = ur+,
for constants u, 7, and I < R. Then, by Proposition [2.1.4] the functions u, v satisfy the equation

c (szu2 + 52 (5))* + 1)2 = —s2u" (s)u' (s) — s> (' (5))* — s>
and then if there exists x € J < (0, +c0) such that «’(x) = 0,
0=c(u’+1)2+xu*=c (,uzxz)2 +(1+2c)u’x* +c. (2.6)
- i): If u = 0 we obtain from that ¢ = 0, a contradiction, and therefore «'(s) # 0 in J.
- ii) e iii): Let u # 0. If ¢ € (0,+0o0) the right-hand side of the equality in (2.6)) is strictly posi-
tive, therefore it does not hold, that is, it has no roots. Also, the discriminant of the equation in ([2.6))

is, considering p2x? as the variable,
A=4c+1,
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therefore, if c € (—oo, —%) we have no real roots. Finally, if c € [—}1,0) we have at most two distinct

roots. Thus, we obtain from (2.6)),

22 —(14+2c) £ V4c+1
X" =
2c

that is,

(I +2c) £ v4c+1
x= 2l :

OJ

Theorem 2.1.2. Let v : Q = R? — H? x R given by y(t,s) = (t,s,v(t) + u(s)), where u e C> (J,R),
ve C2(ILR), and J x I < (0,4+0) x R with constant Gaussian curvature ¢ # 0. Then v(t) = ut + 1,
for constant U, T, and I < R. Moreover, u satisfies the differential equation

c(sPu?+52(u'(s))* + 1)2 +52(u' (5))? + s2u?

u(s)=— ) (2.7)

in the interval

—(142¢)++dc+1 [—(1+2c)—+4dc+1
J < (0,+00) — RTE , T

ifu+#0andce [—%,0), and in the interval J (0, +00) otherwise.

Proof: Suppose y has constant Gaussian curvature ¢ # 0. By Proposition we have v(r) = ut +1,
for constant i, 7, and I = R. Then, by Proposition [2.1.4] the functions u, v satisfy the equation

¢ (S22 + 2 ()2 + 1) = =3 ()l (5) — 82 (d (5))2 — 2>
and then, by the Proposition[2.1.6]

c(sPu?+52(u'(s))* + 1)2 +52(u (5))? + s*u?

w'(s)

I/t”<S) -

in the interval

—(1+2c)£v4c+1
J < (0,+x0)— \/(—I—;)c/.:z °r

if £ #0and ce [—4,0), and in the interval J = (0, +0) otherwise. O

Corollary 2.1.1. Assume the conditions of Theorem If u is a solution of (2.7)) then

1
(' (5))* = 5 ( — — ("% + 1)) ,
52 —C(F+L2)+1 +2cln (E)
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for constants C > 0 and F = 0. Furthermore, if ¢ > 0, we have

1 1
u(s) = D-i_-f - — — (rPu?+1)dr, (2.8)
% r\/—C(MLZ)+1 +2¢cIn (%)
1

in the interval (Ce_ 26(C(F+u)+1) ,)Z) (J, where X is the unique solution to the equation

7iu2+Cu2+CF
= 20(R2p2+1)(Cu2+CF+1
X = Ce2cEp=+1)(Cus+ +)7

and D is a constant.
Proof: Suppose u is a solution of . We have,

c (s2[.L2 +52(u (5))? + 1)2 = —s3u" (s)u' (s) — s> (' (5))* — s*
and then

s ut + 205 ( (5))? + 251 + o5t (W (5))* + 257 (U () + e+ 7P = ——— [(4/(s))?]

that is,
—% ((es’p® +2¢ + 1)s*u® + (2e5* % + 20)52(u/(5))? + es* (/ (5))* + ¢) = 57— [ (' (5))*] + 250 (5))?
thus

—% ((es’p® +2¢ + 1)s2u? + (2es?p? + 20)5>(u/(5))? + es* (! (5))* + ¢) = =[5 (' (5))?]
and defining g(s) = s%(/(s))?
g(s) = —% ((esu? +2¢+ 1)s*u* + (2es*u* + 2¢)g(s) +cg*(s) +¢) . (2.9)

In (2.9) we have a Riccati differential equation. To solve it, first observe that g(s) = —(s2u? + 1) is
a particular solution. Define G(s) = g(s) — &(s), that is, g(s) = G(s) + &(s) which, substituting into

(2.9) we obtain

2
s
a separable differential equation. Observe that G = 0 is a solution of (2.10) and therefore, by the

Existence and Uniqueness Theorem, any other solution does not reach zero. If G % 0 we obtain from

(12.10))
S !/ S
f —G2<r) dr=—2c¢ ﬂ,
S0 G (r) S0 r

and by the change of variables theorem,

G'(s) G (s), (2.10)
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Consequently, . .
— = —2c¢(l —1
G(S) + G(SO) C( n(s) n(so))7
thus, .
— = 2¢(1 —1
and then, |
Gls) = ~+—+2¢In(s) —2cln(sg)’
G(s0) 0
that 1s, .
G(s) =

1 s ’
e 2 ()
1.e., there exist constants C and F, where C > 0 and F' > 0, such that

1

C(F+,1u2)+1 +2¢cIn () .

G(s) =

In short, G is as above or G = 0 (as noticed earlier). By the definition of G we obtain

1
g(s) = — —(s"u*+1),
c(F+L2)+1 +2¢In ()

or g(s) = —(s>u® +1). Since we want g > 0 we obtain that the second case does not occur. Thus,

1
(W (5)7 = ( :
52 m +2cIn (E)

—(s*u* + 1)) :

SN
In the case where ¢ > 0 we know by Lemma [2.1.6that g is positive in (Ce 26(C(F+u?)+1) ,)E) ()J and

then, in this interval,

1 1
u'(s) =+— — (s2u?+1)
L, 1 Y
5 C(F+u?)+1 +2cln (%‘)
which integrating gives us the result. ]

Remark: In principle, we could write the expression in (2.8]) also in the case ¢ < 0. Our only
limitation is the Lemma in which we precisely estimate the maximal interval in which g is
positive. In the case of ¢ < 0, the argument to explicitly determine the maximal interval is not as clear

as that in the positive case.

2.1.4 Type | Translation Surfaces - Minimal case

By Proposition [2.1.1] we conclude that a Type I Translation Surface is Minimal if it satisfies a

differential equation described in the following proposition.
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Proposition 2.1.7. The surface v : Q < R? — H? x R given by y(t,s) = (t,s,v(t) + u(s)), where
ueC?>(J,R), ve C*(I,R) and J x I = (0,+x) x R, is Minimal if and only if,

0 = (14s>(u' ()" (1) = s((u'(5))> + (V' ()2’ (5) + (1457 (' (1)) )" (s)

Proposition 2.1.8. Let v : Q c R?> — H? x R given by y(t,s) = (t,s,v(t) + u(s)), where ue C> (J,R),
ve C?(I,R) and J x I < (0,+x) x R, Minimal. Then v(t) = ut + 7, for i, T constants, and I < R.

Proof: Suppose y is Minimal. By Proposition [2.1.7} the functions u, v satisfy the equation

0 = (14s(u' ()2 (1) = s((u'(5))* + (V' (0) )’ (5) + (1457 (' (1)) )" (s),

or equivalently , X
A () ) s(w(s)
0= e O O G e

Defining the family of irreducible polynomials

P(X.Y) = s2u (s) —su’(s)X LY+ u"(s) —s(u'(s))?

(1+5%(u/(5))?) (1+57(u'(5))?)

2

we observe that the curve ((v/(r))*,v"(¢)) is contained in the intersection of the roots of {Ps}ss. By
the theory of plane algebraic curves we conclude that such a curve is constant or the polynomials P
are multiples by constants. Suppose that {P;}c; are all multiples. Since in this case the only possible

multiple is A = 1 we conclude that
s2u" (s) — su (s) u"(s) —s(u'(s))3
2@y 2w )

is constant in the variable s, that is, the polynomials P are all equal. Then, their coefficients are

P(X,Y) =

constant, that is, there are K;, K, constants such that,

s2u" (s) — su'(s)

r @) N
" (s) — 5(0(s))?
Lr2w(s)?
Setting «'(s) = w(s) we obtains
s (s) — sw(s
lis)zwz(ss - K
and , 3
w'(s) —sw’(s) _ K

1+ 5s2w2(s)
Claim 1: K| = 0 if and only if K, = 0. Indeed, if K| = 0 we have
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that is,

whose solution is w(s) = as, for constant o. Therefore,

o — o3s?

Ky=——,
2T T f a5t

an then,

K+ Ka?st + o’s* — o = 0.

Rewriting we obtain the null polynomial,
(K2a2 + oc3)s4 +K—a=0,

concluding that its coefficients are zero, that is, K, = & and consequently 2K. 3 — 0. On the other hand,
ifK =0

that is,
w(s) = sw(s)
Thus,
w3 (s) — sw(s)
K1 = 2,,2
1+ s2w?(s)
and then,

Ky + K1 s*w?(s) — s*w? (s) + sw(s) = 0.
Observe that sw(s) is contained in the set of roots of the polynomial
P(Z)=K\+K\Z*-7°+Z,

and then sw(s) = A, that is, w(s) = ’Sl for some constant A. Since w/(s) = sw’(s) we obtain

;L3

52

—?—2 = w(s) =sw(s) =

consequently —4 = A3, whose equality only occurs if A = 0. We have w(s) = 0 and therefore K| = 0
since
K1 = K| + K15*w?(s) — s> w3 (5) + sw(s) = 0,

and thus we proof claim 1.

From claim 1 we conclude that if K|, K, are zero then,

0=K (V)2 +V'(t) + Ky =V"(1),
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and consequently (v/(¢))? is constant. Thus the curve ((v/(¢))?,v"(¢)) is constant. Let us then consider

K1, K> both non-zero. We have
52w (s) — sw(s)

1+52w2(s) ki
and 2w (s) — w3 (s)
1+s2w2(s) K2,
equivalently, s
Ki— 5Ky = ° v1v+(i )Z;ZS(V:;S) 2.11)
and then
0 = Ki + 5w (s)K| — 52Ky — s"W? (5)Ka + sw(s) — s> (s). (2.12)

Define F : (0,+w0) x R — R by
F(x,y) = K1 + Xy’ K| — XKy — x*y* Ky + xy — Xy,

Observe that F(s,w(s)) = 0. Then

OF
a(x,y) = 2xy°K| — 2xK» — 4 Y2 Ky +y — 3x%y°
and
OF 2 4 3,2
?—y(x,y) = 2x“yK| — 2x"yKp +x —3x7y".
¢
Claim 2: There exists sg € I such that %—i(so,w(so)) # 0. Indeed, if %—g(s,w(s)) =0 forall sel we
have p
F
0= 5(S,W(S)) — 25%w(s)K) — 25 w(s)Ky + 5 — 35°w?(s),
i.e.,
0 = 25%w(s) (K, —ssz) +5— 35w (s),
and then

0 = 2sw(s) (Ki — ssz) +1-352w2(s).

By the equation in (2.11]) we obtain

w3 (s) — sw(s) ) o

0 = 2sw(s) ( T 5202(s) ) +1—=35"w(s)

then 2t 222 2,2
— 1
3523 (s) = sTW(s) — 257w (s) + +sw(s),
1+ s2w2(s)

that is,

352w?(s) + 3stw (s) = 25t w () — 2w (s) + 1
concluding

0 = s*w(s) + 452w (s) — 1.
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Observe that s”w?(s) is contained in the set of roots of the polynomial

0(Z2)=7*+4Z—1,
+A

and then s?w?(s) = A2, that is, w(s) = —— for some constant A > 0. As
s

w(s) —sw?(s)

=K
1+ 52w2(s) 2
we get
T (+_A>3
52 s _x
1+22 7
concluding
FAFA
e =
(1 + AZ)KZ ’

that is, s is constant, a contradiction and thus we conclude claim 2.

By claim 2 we can apply the Implicit Function Theorem obtaining

(s) = T (s, w(s)) _ 25w (5)Ky — 25K — 45> w2 (5)Ks + w(s) — 35w (s)
WS = %—’;(s,w(s)) B 252w(s)Ky — 25*w(s)Ky + 5 — 3s3w2(s) ’

2./
for some neighborhood of sg € 1. Since >~ (s)=owls) _ g that is,

1+sZw2(s)

(1+ 52w (s)) Ky + sw(s)

/ p—
w(s) = p
we have
(1+ 52w (s)) Ky + sw(s) 25w (s)K) — 25Ky — 45 w2 (s) Ko + w(s) — 357w (s)
52 B 252w(s)K) — 25*w(s)Kp + 5 — 3s3w2(s) ’
Le.,
0 =5’ (2sw2(s)K1 —25K> — 45’ w? (5)Ka + w(s) — 3s°w’ (s))
—((1+ szwz(s)) Ky + sw(s)) (2s2W(s)K1 —25*w(s)Ky + 5 — 3s3w2(s))
then
0 =25°w?(5)K| — 25°Ky — 45°w? (5) Ky + s*w(s) — 3s*w> (s)

- <2s3w2(s)K1 —25°w?(s)Ks + s*w(s) — 3s*w? (s))

—(1+ szwz(s)) (2s2w(s)K12 —25*w(s)K (K> + sK| — 3s3w2(s)K1)
thus

0=—25°Kr —25°w?(s)Ky — (1+ s?w? (s)) (2sw(s)K12 —25%w(s)K 1 Ka + K| — 35*w? (s)K1)

= —s(1+ szwz(s)) 25°Ky — s (1+ szwz(s)) (2sw(s)K12 —25%w(s)K 1Ky + Ky — 3s2w2(s)K1) :
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and therefore
0 = —252Ky — 2sw(s5)K? + 25°w(s)K Ky — K + 352w (s5)K;. (2.13)

Define G : (0,+0) xR - R, G: (0,+%0) x R — R by
G(x,y) = —2xK, — 2yK? + 2xyK K> — K| + 3y*K|

and
G(x,y) =K +y2K1 —xKy —xy* Kz +y—y°.

Observe that, from - - (s2,sw(s)) = 0 = G(s?,sw(s)). Since the curve (s>, sw(s)) is
non-constant we conclude from the theory of Plane Algebraic Curves that the polynomials G and G
must have at least one factor in common, a contradiction with Lemma Therefore, the curve
((V'(¢))?,v"(t)) is constant and then there exist i, such that v/(¢) = p and v’ (¢) = 1 (in this case
necessarily 11 = 0) and we conclude that v(¢) = ur +tinl < R. O

Theorem 2.1.3. Let v : Q < R> — H? x R given by y(t,s) = (t,s,v(t) + u(s)), where u € C> (J,R),
ve C?(ILR) and J x I < (0,+0) x R, Minimal. Then v(t) = ut + 1, for U, constants, and I < R.
Moreover, u(s) = D for constant D and J < (0,+x), or

Proof: Suppose that y is Minimal. By Proposition we have v(t) = ut + 7, for constants U, 7,
and / < R. Then, by Proposition[2.1.7] the functions u, v satisfy the equation

0 = —s((u(5))* +pu2)u'(s) + (1 +57u>)u" (s),

and then defining g(s) = u/(s),

2 3
1oy SH7g(s) + 587 (s)
= . 2.14
gl s2u?+1 ( )
The equation in (2.14]) is a Bernoulli differential equation. To solve it we will make the change
|
constant) and therefore, by the existence and uniqueness theorem, any other solution does not reach

(o) = -2 (),

s2u?+1

obtaining a linear differential equation. Notice that g = 0 is a solution of (2.14)) (so u is

zero. If g # 0 we have,

thus,
2,2 / 2100
(s"u”+ 1) h'(s) +2sp>h(s) = —2s,

that 1s, p
2,2
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which integrating,

S

(P4 + Dh(s) — (30 + Do) = | 5

0

S

[(rzuz + l)h(r)] dr = J —2rdr = —s* + s%,

S0

1.e.,
n(s) = (s(z)u2 + 1)h(so) +sg — 52
s2u?+1 ’
and since A > 0,
s2u+1 . s2u+1
(sgu%+ 1)h(so) +s5—s>  \| (squ2 + 1)82(150) + 55— s

and therefore there exist constants C > 0, £ > 0 such that

s2u?+1
g(S) = i\/Ezl.lerCzSz’

concluding by the definition of g,

p?+1
u(s) = J dr—D-i-J \/E2 S dr,

for C >0, D and E > 0 constants and J < (0,+/EZu2 +C2). O

2.1.5 Type I Translation Surfaces - Constant Mean Curvature
case

By Proposition we conclude that a Type I Translation Surface has Constant Mean curvature

if it satisfies a differential equation described in the following proposition.

Proposition 2.1.9. The surface v : Q < R? — H? x R given by y(t,s) = (t,s,v(t) + u(s)), where
ueC?(J,R), ve C*(I,R) and J x I = (0,4+0) x R, has constant Mean Curvature ¢, if. and only if,

(14 5200 () )V (1) = (&' ()% + V(1)) ) + (1 + (7 (1)) )" (5)
25 ((v(0))2+ (' ()2 + 5)

Proposition 2.1.10. Let y : Q = R> — H? x R given by y(t,s) = (t,s,v(t) +u(s)), where ue C* (J,R),
ve C2(I,R) and J x I < (0,4+0) x R, with constant Mean Curvature ¢ # 0. Then v(t) = ut + 1, for

Cc =

NSO

W, T constants, and I — R.

Proof: Suppose v has constant Mean Curvature ¢ # 0. By Proposition the functions u, v satisfy
the equation
s (14 82 () (0) = (0 (5))> + (V (1) 2 () + (1 + 82 ((0))2)u" (5))*

2 = |
4(2(v ()2 + s2( (5))2 + 1)3 (2.15)
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or equivalently

(1+57('(s)*)? (1+57('(5))*) (su" (5) —u'(5))

0= /(e LW 2 - s 0 )0
s(u'(s))? —u" (s s2(u'(s))?
L B0(s)) 2(0)2)Sg1+ (u'(s)) )v//(t)
—s2(u/ (5))? — s*(u" (5))? c? c2s? (' (5))? +253u' (s)u" (s
L (57 (W())” = 5" (w(s)) +124c;;212 (u'(5))” +257u'(s) ())(v/<t))4
P (N2 — A (SN + 662 + 53 (1 (s )V (s 2204 (5))2
L 23 (s))" — 5T (5)" + 6 2Jcrzs4( (s))7u"(s) +12¢7s7(u'(s)) ()2
6c>s* (u'(5))* +5%u' (s)u"(s) ;o (sH("(s) — (@ (5))°)? — 4> (1 +5* (' (5))%)%)
2c2s% (V) 4¢2s0 '
Define the family of polynomials
P(X,Y) = X3+ AY? + B XY +CY + DX? + EX +F,,
where, ) 2o
1+s5%(u (s
NS0T
1+52(u (5))?) (s (s) — il (s
Bs:_(+ ( ())zzgs (s) —u'(s))
o () —u"(s))(1+5°((5))°)
* 2c2s2
D. — (—s?(u'(5))> —s*(u" (5))% +12¢2 + 12252 (' (5))? + 250/ (s)u” (s))
* 4c2s2
£ —sH(u"(5))2 — s* (' (5))* + 6¢% + 57 (u/ (5))3u" (5) + 12c25% (U (5))?
: 2c2s*
6c2s*(u! (5))* + s3u (s)u" (5))
2c2s*
F— (s (" (s) = st/ (5))*)* — 4> (1 +5° (' (5))*)°)

4¢256 ’

and observe that the curve ((v/(¢))%,v"(t)) is contained in the intersection of the roots of {P,}c;.
Claim: The polynomials {P}s; are irreducible. Indeed, if P; is reducible then there exist poly-
nomials of degree 2 and of degree 1 such that
P(X,Y) = (X*>+ fXY +gV> + hX +iV + j)(X +kY +1)
that is,
0=X>+AY2+BXY +CY +DX*>+ EX +F,— (X>+ fXY +gY> + hX +iY + j)(X +kY +1)

and reorganizing
0= (—f—k)X?Y +(Ds—1—h)X?>+ (—g — fk)XY* + (By — i — fl — hk)XY + (Es — j— hD)X
+ (—gk)Y? + (A — ki — gl)Y? + (Cy — li — jK)Y + Fy — jl
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that occurs if, and only if,

—f—k=0  By—i—fl—hk=0  A;—ki—gl=0
Dy—1—h=0 Es—j—hl=0  Cy—li—jk=0
—g—fk=0 —gk=0 Fy—jl=0.

By the first, third and sixth equality we obtain that f = g = k = 0. Consequently, by the seventh equal-

ity, A; = 0, a contradiction since A; < 0 and thus we proof the claim.

By the claim the polynomials {P, }c; are irreducible. As observed previously, the curve ((v/(1))2,v"(t))
is contained in the intersection of the roots of {P;}sc; so by the theory of Plane Algebraic Curves we
conclude that such a curve is constant or the polynomials P are multiples by constants. Suppose that

{Ps}ses are all multiples. Since in this case the only possible multiple is A = 1 we conclude that
P(X,Y) = X3 +AY? + B XY +CY + DX? + EX +F,,

is constant in the variable s, that is, the polynomials P are all equal. Therefore, their coefficients are

constant, then, there are K|, K>, K3, K4, K5, Kg constants such that,

A, = K
B, — K,
C, = K
D, =Ky
E, — Ks
Fy; = K,
that 1s,
1 S2 l/t, s 2\2
- L)
14 s2(u (5))%) (st (s) — o/ (s
K — (1+ (<))2)c<2s() (s))
s(u (s))3 = ($))(1 + s2(d (s5))?
ng(( (s)) 2(621(2+ (u'(s))")
K- (—s?(u' (5))% — s*(u" (5))? + 12¢% + 12252 (i (5))? + 254/ () (s5))
4 4c252
Ke —sH(u"(5))2 — s* (' (5))* + 6¢% +5° (! (5))3u” (s) + 12c5%( (5))?
> 2c2s%
6c2s* (U (5))* + s3u (s)u” (5))
2c2s%
Ko— (s* (u"(s) —s(u (5))*)> =42 (1 + 5* (' (5))*)?)
6 .

4¢256
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Setting w(s) = u’(s) we obtain

K= (1+s2w(s))?

4252
K= — (1452w (s)) (s (s) —w(s))
2¢2s
K — (sw?(s) —w/(s)) (1 + s*w?(s))
2¢2s?
Ki o (—s2w2(s) —s*(W(5))? + 12¢2 + 12252 w?(s) + 253 w(s)w/(s))
T 4252
Ke (—s* (W' (5))2 — s*wh(s) + 6¢% + w3 (s)W/ (s) + 1252w (s5) + 625w (s) + sPw(s)w'(s))
> 2¢2s%
Ke— (s*(w'(s5) —sw(5))* — 4 (1 +5°(w?(5))*)
4256 '
By the first equality we have
0 = s*wh(s) + 252w (s) + 4c?K 52 + 1, (2.16)
and by the second and third equalities
w(s) 2¢°Kos , 5 2¢%K3s?
- =w(s) =sw’ — —5—5—
s 1+ 52w2(s) 1+ s2w2(s)
then,
0 = s*w’ (s) —w(s) — 2¢?Kas® + 2c2Kss,

that is,

0= 5w’ (s) — sw(s) — 22 K3s* + 2¢? Ko s* (2.17)
Define G : (0,40) x R >R, G: (0,+2) x R — R by
G(x,y) =y’ —y—2¢*K3x® + 2c*Kox

and
= _ 4 2 2
G(x,y) =y +2y " +4c°Kix+ 1.

Observe that, from e , G(s?,sw(s)) = 0 = G(s?,sw(s)). Since the curve (s?,sw(s)) is non-
constant we conclude by the theory of Plane Algebraic Curves that the polynomials G and G must have
at least one factor in common, a contradiction with Lemma Then, the curve ((v/(¢))%,v"(1))
is constant and therefore there exist @, n such that v/(z) = u and v"(r) = 1 (in this case necessarily

n = 0) and we conclude that v(t) = ut+7in I < R. O

Theorem 2.1.4. Let v : Q < R> — H? x R given by y(t,s) = (t,s,v(t) + u(s)), where u € C>(J,R),
ve C?(IL,R), and J x I = (0,+0) x R, with constant Mean Curvature ¢ # 0. Then v(t) = ut + T, for

constant W, T, and I < R. Moreover, the function u satisfies the differential equation

st ($) (1% + (u(5))) + 25 (& + >+ (' (5)°)
1+ p2s?

u'(s) = (2.18)
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Proof:Suppose y has constant Mean Curvature ¢ # 0. By Proposition the functions u, v satisfy
the equation

(2P0 -

s((u'(5))* + (V' () (5) + (1 +5°(/(2))*)u" (s)

; L (219
25 (V)2 + (W (5)2 + %)

By Proposition[2.1.10|we have v(¢) = ut + 7 for constants i, 7 and I < R. Then, from (2.19),

3

sl () (P ())) 2 (2 (0())7)
wi(s) = 1+ p2s?

[

Corollary 2.1.2. Assume the conditions of Theorem Making the change of variable g(s) =
su'(s) the equation (2.18|) reduces to

) = 260 &26) 4 B2+ g(5) + 26707 (s) + g(0)
8 s(1 4 s2u?) '

In particular, if @ = 0, g satisfies the separable differential equation

(1+82(s)) (2e7/T+ 82(5) + 8(5))

Proof: Notice that g'(s) = «/(s) +su” (s) and then sg’(s) = su/(s)

g'(s) =

+5%u" (s) = g(s) +s%u” (s). Then,

s¢'(s)—g(s) sul (s)(1* + (/' ())?) + 2¢s (% +u’+ (u'(s))2> ’
52 =uls) = 1+ 1252
st (5) (2 + b 50/ (5))2) + 265 (&) (1422 + (9 (5))2)
- 1+ u2s?
8(s) (H2 + s%gz(s)) + 2 (1+5%u + £(5))?
B 1+ p2s?
1.e.,
/(s) 2c(1 +g2(s) + u2s2)7 + g3(s) + 252 u2g(s) + g(s)
¢ s(1+52u?) '

[

2.1.6 Typel Translation Surfaces of Null Linear Weingarten Form

By Proposition [2.1.1] we conclude that a Type I Translation Surface is Null Linear Weingarten
Form if it satisfies a differential equation described in the following proposition.
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Proposition 2.1.11. The surface v : Q = R? — H? x R given by y(t,s) = (t,s,v(t) + u(s)), where
ueC?(J,R), ve C*(I,R) and J x I = (0,4+0) x R, is Null Linear Weingarten Form, if, and only if.

I
Q

oo | (2@ 6V 0 = (' () + (07 0)D) (5) + (1 + 200" ()
25 (V)2 + (W ()2 + &)

+b

s(su”(s) +u'(s))V" (1) — (su”(s) + 0 (S))M;(S) ~ (V) |
2 (002 + W ()2 + )
Proposition 2.1.12. Let y: Q < R> — H? xR given by y(t,s) = (t,5,v(t) +u(s)), where ue C> (J,R),

ve C?(I,R) and J x I = (0,+m0) x R, of Null Linear Weingarten Form. Then v(t) = ut + 7, for 0,7

constants, and I — R.

Proof: Suppose that y is Null Linear Weingarten Form. By Proposition the functions u,v

satisfy the equation (assuming, without loss of generality, b = 1),

0. <s2 (1520 ()2 (1) = s((u ()2 + (V' (1))l () + (1 +s2<v’<r)>2>u”<s>>>
2(s2(V(1))2 +s2(u(5))2 +1)2
5 (s(su(5) + ' (8))V" (1) = (su"(s) 0 () (5) = (V(1))%)
(s2(V(1))2 +52(u' ()2 + 1)

or equivalently

0= (v”(t))z(v’(t))z—i—zs //(S)—MI(S))

a*s*(s?(u'(5))* +1)° — 6(“'(S)+Su”(s))2 " 85> (u'(s) + su"(s)) "
" 255(2(u (5))2 + 1)2 VO’ e O
—a’s* (2(s2(u/ (5))* + 1) (s (5) — 5™ (5)) = 257 (u" (5) = s(u'(5))*) (s* (' (5))* + 1)) .
+ a255(s2(u/ ()2 + 1)2 (0" (1))V" (1)
N (85°u'(s) (u'(5) + su”(5))” + 2a>s* (u" (s) — s(u'(5))*) (s* (/' (5))* + 1)) V(1)
a®s6(s2(u'(s))% +1)2
a?st ((s2(u/ (5))* + 1) (su (s) — s2u" (5))* — 25> (" (s) — s (' (5))) (50 (s) — s*u" (5))) — 4s*
+ a255(s2(u/(5))2 + 1)2 (v'(1))*
a*s* (5% (" (s) = s(u'(5))*)? = 2("(s) — (' (5))*) (* (&' (5))* + 1) (su (5) — s°u" (s))) SN2
+ a2s6(s2(u'(5))2 + 1)2 (v(1))
8s*u (5)(u' (s) + s (s)) , , s2(su" (s) —u/(s))*
B a2s6((_32((uf((s>))+2+1()2))(v O+ (Ez(u’(s)) 2+<1;g 0/@)°
+a2S4(M”(S)—S(u’(s))S)z(Sz(M'(S))2+1) As* (' (5))* (' () + su"(s))
a®s5(s2(u'(5))% +1)?

Define the family of polynomials

Py(X,Y) = XY? + AY? + BX?Y + CXY + DY + EX? + F,X? + G, X + Hj,
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where,
A (a®s* (s> (' (5))* + 1) — 450 (' (s) + su” (s))?)
* a?so(s2(u'(s5))% +1)2
2s(su” (s) —u/(s))
T2 (5)2 41
c —a?s* (2(s? (' (5))? +1)% (sud (5) — s%u" () — 252 (u" (5) — s/ (5))) (s> (u'(5))> + 1))
’ a*s®(s2(u'(s))* + 1)2
85 (u'(s) + su”(s))
a®s6(s2(u'(s))2 +1)2
D. — 85°u (5) (1 (s) + s (5))? 4 2a%s* (" (5) — s(u ())?) (s? (' (5))? +1)?
g a®s6(s2(u'(s))2 +1)2
s> (s (s) —u'(s))?
SN TIR
P a’s* ((s2(u (5))? + 1) (s (5) — s214”(2s)6)2 2— 2s2(u’2’(s) —2s(u'(s))3)(su'(s) —s%u"(s))) — 4s*
g a’s9(s?(u/(s))> + 1)
G a’s* (s> (" (s) — s(ud'(5))°)> = 2(u" () — (' (5))?) (s> (' (5))* + 1) (sud' (5) — 5" (5)))
g a®s6(s2(u'(s))% +1)2
85/ (5) (i (5) +su (s))
a2s6(s2(u’(s))2 +1)2
H = 25t (W (s) — (' (5))°)2 (52 (' (5))* + 1) —4s* (ud (5))> (o' (5) + 5" (s))*

a®s6(s2(u'(s))% +1)? ’

2

and observe that the curve ((V/(7))=,V"(¢)) is contained in the intersection of the roots of {P;}c;.

Claim 1: Let V < J be an open set. Then there are no constants M1, M, My such that

D, =M A,
B, =M,
Hv :M3As

—M3A, + 4F,

4
4Gy — M4Ag

4 )

(2.20)
My =

Ms =

in the open set V. Indeed, if there are such constants M, M,, M4, M5 we have My # O since from
(2.20))

Hy =M3A,
By =M,

0 = — M3A + 4F,
Ms =G,
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that is,
My =2 (S?L:/((i )))— u'(s))
1 ESH(W ()2 4+ 1)° — 48 (5) +su”(s))? @5 (u"(s) = s(u'(5))°)* (> (' (5))* + 1)
. a?so(s2(u'(s))? +1)? a®s0(s2(u'(s))? +1)?
At (5))? (' (s) + su”(5))?
(2 (5) P+ 1)
]\ﬁ (a®s* (s (/' (5))% + 1) — 450 (u (5) + su( ))2) 25 ((s2(u/ (5))* + 1) (st (s) — 52U (s))?) — 4s*
4 a®s0(s2(u/(s))% +1)? a®s0(s2(u' (s))% +1)?
N (=25%(u"(s) = s(d'())*) (su (5) — s°u" (s)))
a%s®(s2(u'(s5))? +1)2

- 8s4u’ (s)(td (s) + su” (s)).

Mo+2su (5)+52 (' (5))2M>

By the first equality above we obtain u”(s) = 52

which substituting into the other
three equalities (and multiplying the last one by s)
2 M2

0=—a’s%(u/(5))® + a®Mos” (i (5))7 + a®M:3s'0 (i (5))® + (a2 4 2 2 +M22) s (' (5))®

+ (Mayad® +8Mp)s® (' (5))° + (3a* M3 — M3M3)s® (' (s))* + (a2 _daM M3+ 16) st (s))*
— 8MoMss” (i (5)) + (8My — a®My)s> (i (5))? + (3M3a® — 2MsM3 — 16M3)s° (i (5) )
azMg
4
0 = —4a’ My (su' (5))° + (2a*M3 + M) (su/ (5))*8M;3 (su' (5))* + (4a* M3 + 2M5 + 16M3) (sud(s))?
+ (40> Ms + 8M3)sul (s) + 2a° M3 + M3 — 16
0 =4a’M>s” (i ()7 — (2a>°M3 +4a®)s” (i (5))® + 8a>Ms° (i (5))° + 4a*Mss® (' (5))*
+ (8a* —Ta*M3)s” (u ())* + (16Ms — 8a* My )s* (i (5))? + 4a*Mas® (' (5))® + 8a>Mss” (i (5))?
+ (—8a>M3 — 4a* + 64)s° (i (5))? + 16My — 8a*My)s*u () + 4a>Mss® — 3a>M3s.

3a*M;3
+ (M% —a* - %) 52 (1 (5))? — SMaM3s°u! (s) — a*Masu () + (a* M3 — MaM3)s* —

2.21)
By the second equality in (2.21]) we conclude that M; # 0 (otherwise 0 = —16). Then su/(s) vanishes
the nonzero polynomial
R(Z) = —4a*MyZ° + (24> M3 + M3)Z*8M3 Z° + (4a” M3 + 2Mj5 + 16M3)Z* + (4a*M, + 8M3 ) Z
+2a*M3 + M3 — 16

and therefore su’(s) is constant. Considering su’(s) = A we obtain by the first and third equalities of
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221

0 =(a’M3 — A2(2M3M3 — 3a°M; + 16M3) — MaM3 — A*(M3M3 — 3a>M3) — 84> MaMs + a> A°M3)s*
242
M
— SAMoM3s* — aPA8 + Mo + <a2 . % + Mg) AS 4 (a®Ms + 8M)AS

3a’M3 3a’M3 1
+ (az— a4 2 L oM3+ 16) A 4 (8Ms — a®My) AP + <M§—a2— ? 2> A% —a*My(A +7)
0 =4a’*Ms(A* +1)%5° + (A3 (16Ms — 8a°M>) — 3a*Ms + A (16My — 8a*>My) — A%(2a°M3 + 4a*))s
+ (A*(8a® —Ta*M3) — A (8> M3 + 4a® — 64))s + 4a° A3 My (A% +1)°.
(2.22)

In the first equality we have a zero polynomial 1) of the form js* + k. Then both coefficients are

zero and, in particular, the second coefficient must be zero, that is,

2842
2

M 2 2 2 3 M3
+M2) A0+ (a*My + 8MR) A’ + <a -

M
a4 2 +2M%+16>7L4

0=—a’A3 +a®MoA" + (a2 —
B 3a2M% azM%
4

+ (8M2 —a2M2)13 + (M22 — a2 ) )uz — azle —

and then A # 0 (otherwise M, = 0). Using this information in the second equality of (2.22)) we

conclude that s vanishes the nonzero polynomial

S(Z) =4a*Ms(A? +1)°Z° + (A3 (16My — 8a>M>) — 3a* My + A (16M, — 8a°M>) — A8 (2a°M3 + 44°))Z
+ (A% (8 —Ta’M3) — A*(8a*M3 + 4a* — 64))Z + 4a* A Mo (A2 + 1),

that is, s is constant, a contradiction. Thus, we conclude that My # 0. From ([2.20))

Ds :MIAS

Bs :MZ
_ —M3ZA, +4F,

My 4

Isolating u”(s) in the second equality and substituting it in the others we obtain

0=2a%" (/' (5))" + a®Ms'° (i (5))® — a®Mas® (i (5))® + (2a> —2M3)s” (' (5))°
— My (M3 —3a®)s3 (i (5))* — (BMaa® + 16My)s® (i (5))* — 8M  Mys” (i (5))?
— (2a® + 4M3 +32)5° (i (5))> — My (2M3 — 3a® 4 16)s°(u/ (5))* — (BMaa® + 16M;)s* (i (s))?
— 8M M5 u (s) — (2a° 4 2M3)s%u (s) — My (M3 — a®)s* — a*Mys®
0 = 4a’*Mys® (' (5))° + 4a*Mys® (i (5))* — (2a°M3 + M3)s* (' (5))* — 8M55> (' (5))?
+ 8a>Mys* (u' (5))* — (4a> M3 + 2M5 + 16M3)s> (' (5))* — (4a*> My + 8M3)su(s)
+4a>Mys® — 2a>°M3 — M5 + 16
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and dividing the first by s?

0=2a%s" (il (5)) + a®Mys2 (i (5))® — a®Mas® (i (5))® + (2a® — 2M3)s° (i (5))?
— M (M3 —3a®)s° (i (5))* — (BMaa® + 16M;)s* (i (5))* — 8M 1My (i (5))?
— (2a® +4M3 +32)5° (i (5))> — My (2M3 — 3a® +16)s* (i (5))? — (BMaa® + 16M;)s* (i (s))?
— 8M  Mys°u (s) — (2a® + 2M3)s> i/ (s) — My (M3 — a*)s* — a* M, s*
0 = 4a’*Mys® (i (5))° + 4a*Mys® (i (5))* — (2a°M3 + M3)s* (' (5))* — 8M53 5> (' (5))?
+ 8a>Mys* (u/ (5))* — (4a®> M5 + 2M5 + 16M3)s> (' (5))* — (4a*> My + 8M3 )su (s)
+4a’*Mys* — 2a°M3 — M5 + 16.
(2.23)
Define T : (0,+00) x R >R, T : (0,+00) x R — R by
T(x,y) =4a*Myy’ + 4a*Myxy* — (2a*M3 + M3)y* — 8M>y® + 8a*Myxy* — (4a*M3 + 2M5 + 16M3)y?
— (4a°M> + 8M3)y + 4a*Myx — 2a*M3 — M5 + 16
and
T(x,y) =2a%y" + a>?Mxy° — a*My)y® + (2a®> — 2M3)y’ — My (M3 — 3a®)xy* — (3Maa® + 16M,)y*
— 8M Myxy® — (2a* + 4M3 + 32)y> — My (2M3 — 3a* + 16)xy* — (3Maa® + 16M;)y?
— 8M Moxy — (2a* +2M3)y — My (M3 — a®)x — a* M.
Observe that, from , T (s%,su'(s)) = 0 = T(s%,su'(s)). Since the curve (s2,su/(s)) is non-

constant we conclude by the theory of Plane Algebraic Curves that the polynomials 7 and 7 must

have at least one factor in common and since My # 0 we obtain a contradiction with Lemma [A.0.11]

and thus proof the claim.

Claim 2: 4F, + B2A; — 2B,C; < 0 for all s € J. Indeed, define:

)+ su’(s)
' (s) = su'(s )
sz(u’( ))? +
u’(s) —s('(s ))3-

u'(s

n
)
Y
p

Then, we obtain

a2}/3 —4s21‘l2
T a2y

81 —24* (Y5 —spy)

a’sy?
a*s?y8% —253a*p S — 4
- a2s2y?
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thus,

25 Y\
AF, + B*A, — 2B,C, = —16%
as?y

) 2
(s25n — 2 (n_erb‘) — 1)
@252y
(s252 +5°n% —2526n + 4)2
@252
(s2(5 —1)2+4)°

= — <0
aZsiy? ’

——16

and thus we conclude the proof of the claim.

Claim 3: Let V < J be open set. If Ay and By are constants in V then Ay, By are nonzero in V.

Indeed, if there exist constants K|, K> such that
As =K,
BS :K27

that is,

(a?s*(s*(u/ (5))* + 1)* — 4s°(u/ (5) + su" (s))?)

a?s0(s2(u'(s))? +1)?
2s(su” (s) —u/(s))
K=—5— ’
s?(u'(s))>+1

then, setting w(s) = u’(s), we obtain

K =

(a®s*(s*w?(s) + 1)° —4sO(w(s) +sw'(s))?)
a®s5(s2w?(s) +1)2
2s(sw'(s) —w(s))
sw2(s) + 1

K =

Ky =

By the second equality we have,

Kow? K
2w (s)  whs) Ko
2 s 252

and by the first equality,
0= —4s*(W(s5))* — 85w/ (s)w(s) + a*s°wO(s) + (3a®s* — K1a*s®)w(s)
+ (3a*s* — 2K a%s* — 4s*)w? (s) + a® — Kia®s®

that substituting one into the other we obtain

3a> — K3 8K
0 =sw0(s) — K1s%w*(s) + (a—zz) stwi(s) — —22s3w3 (5) — 2K 5w (s)
a a

2K3 —3a* + 16 8K K3 —d?
—( 2 —2a ¥ )szwz(s)——zsw(s)—l(lsz— (2—0)

a? a? a?

(2.24)

(2.25)

(2.26)

(2.27)
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If K; = 0 then
3a> — K3 8K. 2K3 —3a® + 16
_ 6,6 2\ 4 4 23,3 2 2.2
O—sw(s)+(a—2)sw(s)—?sw(s)—( 2 )sw(s)
8K, K3 —a?
“¥W®—(az

i.e., sw(s) is constant because it is contained in the set of roots of the non-zero polynomial

PZ) =25+ <3a2—1<22)z4_@23_ (2K§—3a2+16)22_@z (Kzz—a2>
2

a? a a? a? a?
thus w(s) = % From 1} we have

(e (@) o9 (() 5 (F)) s,

0= 3 =—5—>0,
A s
a%s(s2 (;) +1)2

a contradiction, therefore K; # 0.

If K> = 0 from ([2.25)) we obtain that w'(s) = @, whose solutions are w(s) = as. We obtain from

X (a*s*(s*a? +1)° — 165%a?)
b a?sO(s*a? +1)?
then
0 =a?als'% — 2K s + 3d%ats'? — 2a% 0P Ky s'0 + (3(12062 — 16062)s8 — a*Ks® + as?

i.e., s is constant because it is contained in the set of roots of the non-zero polynomial

0(2) = a°Z® —a*a*Ki 2" +3a*a*Z° —2d’ K\ 2 + (3a2a2 — 16062)24 —d’Ki\Z3 + d*72,

a contradiction. Then K3 # 0 and thus we conclude the proof of the claim.

Claim 4: Let V < J be an open set. Then Ay, Bs,Cs are not mutually constant in V. Indeed, if

there exist constants K, K>, K3 such that

A, =K
B, =K>
CY :K37
that is,
o (@SR () 417 485 (5) +5u(5)?)
N PO 1)
2s(su” (s) —u/(s))
K, = s2(u/ (s))2 + 1
Ky — —a?s* (22 (! ()2 + 1) (st (5) — 52 (5)) — 252 (" (5) — 5o (5))) (s2(u (5))> + 1))

a%sS(s2(u'(s))% +1)?
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then, setting w(s) = u’(s), we obtain

(a®s*(s2w?(s) + 1)° — 455 (w(s) +sw/(s))?)
a%s%(s2w2(s) +1)2
2s(sw'(s) —w(s))
s2w2(s) + 1
—a?s* (2(s*w?(s) + 1) (sw(s) — s*w/(s)) — 252 (W' (s) — sw(s5)) (s*w?(s) + 1))
a®s5(s2w?(s) +1)2

Ki =

K, =

85> (w(s) +sw'(s))
a%s0(s2w2(s) +1)2

By the second equality we have,

2 - s 252
and by the first equality,
0 = —ds* (W (5))* — 857w (s)w(s) + a*s°wO(s) + (3a*s* — K1a*s®)w*(s)
+ (3a*s* — 2K a%s* — 4s?)w? (5) + (a® — K 1d°5?)

that substituting one into the other we obtain

3a% — K3 K
0 =s°wO(s) — K1s%w*(s) + (b) stwi(s) — &ssws (5) — 2K s*w?(s)

a? a?
5 5 5 (2.28)
_ > sw (s)—?sw(s)—l(ls =)
Similarly, by the second and third equalities we obtain
0 = (2a°Kz +4K;) s* — 2a>5"w" (5) + (5a°Ka + 4K ) s°w(s) — a*Kzs® + (2a° + 16) s w(s) (2.29)

+4a* Ky s3w (s) — 2a° K3s®w? (s) + a® Kps'OwP (s) — a? K30 (s).

Define G : (0,+0) x R > R, G: (0,+%0) x R — R by

2

302—1(22) o 8K,
a

G(x,y) = o — Kixy* + (T 2y 2K 1xy* — (

a2
8K, K? — 4>
_Fy_le_ ( 2a2

2K3 —3a* + 16) 5
y

and

G(x,y) = (2a2K2 + 4K2) X — 2a2x2y5 + (Sasz + 4K2) x2y2 —d’K3x + (2a2 + 16) xzy + 4a2K2x2y4
— 2a2K3x3y2 + a2K2x2y6 — a2K3x3y4.

Observe that, from (2.28)) e (2.29), G(s%,sw(s)) = 0 = G(s%,sw(s)). Since the curve (s%,sw(s)) is

non-constant we conclude by the theory of Plane Algebraic Curves that the polynomials G and G

must have at least one factor in common and since, by the claim 2, K; and K> are non-zero we obtain



48 Chapter 2. Weingarten Surfaces

a contradiction with Lemma[A.0.10]and thus proof the claim.

Claim 5: If Dy, + A2 By, — Ay Cs, # 0 or 4AL Fy) + 4Hy, — A} BZ — 4A, Gy, # 0, for some sg € J,
then the polynomials {P;}scy are irreducible in a neighborhood V of so. Indeed, if given s € V the

polynomial P is reducible then there exist polynomials of degree 2 and of degree 1 such that
P(X,Y) = (fX*+gXY + hY* +iX + jY + k)(IX +mY +n)

fhatis 0=XY2+AY? +BX%Y +CXY + DY + EX> + F,X> + G,X + H
— (fX%+gXY +hY? +iX + jY +k)(IX +mY +n)
and reorganizing
0 =(Es— f1)X> + (B — fm — g)X*Y + (F, — li— fn)X* + (1 — hl — gm)XY? + (Cy — mi — gn — jl)XY
+(Gs—in—kI)X 4+ (—hm)Y> + (Ay — hn — jm)Y? + (D — jn—km)Y + (H; — kn)

that occurs if, and only if,

0=E;— fl

0=Cs—mi—gn—jl 0=A;—hn— jm
O:Bs_fm_gl

0=Gy—in—kl 0=Ds;— jn—km
0=F,—1li—fn

O0=—hm 0=H; —kn.
O0=1—hl—gm

By the third equality of the second column we obtain that 7 = 0 or m = 0, since by the fourth equality

we cannot have h = 0 = m. If 1 = 0 and m # 0 we have

0=E, — fl . jots
m m
0=Bs—fm—gl  0=Ci—mi—gn—jl 0=Dy— jn—km
0=F—1li—fn 0 =G, —in—kl 0 =H, —kn,
that is,
0=Es;— fl
: IA A
I 0=Co—mi—2—=2 0=D— = fm
0=B;—fm—— m . m m
o m 0=G;—in—kl 0 =H; — kn.
0=F,—1li— fn
We have
0=Es—fi . mCy—n—IA; mDg — nAg
mBg — 1 l=—">5—— = 5
-— m m
m- 0=Gy—in—kl 0 =H, — kn,
0=F—1li—fn
that is,
I(mBs—1 Ci—n—IA [(mDg—nA
0=E,— (m 52 ) Ost—n(m s ;1 S)_ (m s2” s)
m m m
I(mCs—n—I1A B; —1 D —nA
0—F, (mCs rzz s)  n(m sz ) O:Hs_n(m szn s)'
m m m
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2
One can see, by the definition of the coefficients of P, that E; = %. Thus, by the first equality, we
2
have 0 = % — w and therefore B, = 2.. Substituting into the second equality we obtain
m m
_ 4F;+ B!A, —2B,C;
- 1 ’

a contradiction with the claim 1. Then, 4 # 0 and m = 0. We have,

0

1 A
0 =E,— fI =L A
) h "=
0=B;—gl 0=Cs—gn—jl  0=Ds;—jn
O=F—li—fn  0=G,—in—kI  0=H;—kn,
that is,
0-£,-L A A
=E, . .
h 0=¢, & 1 og=p, 1%
L
h 1Ag s
o_p_i_fa 05O 0=
" hh
We have
J =hE A, A
N O:CY—g s_l O:Ds_u
8 =hBs Aok M
i fAy 0=G,~ %  o=g,-
O:F o S N ’
ST N h h h
that 1s,
j Ay k
0=F, — + — E,A, ozcs—%—z A
. ) 0=H,— —
A S
O=CS—BSAS—% 0 =D, % h
We have A K
1Ay
i =h(Fs — EsA;y) 0=Gs W h 0—H kA
J =h(Cs — BsAy) O=Ds—ﬂ Soop
h
that is,
k kA
0= Gs - (F:v _EsAs)As — 0= Ds - (Cs _BSAS)AS 0= Hv - T
We have
kA,
k:h(Gs_(Fg_EsAs)As) OZDS_<CS_BsAs>AS OZHS_T,
that is,

0 =Dy — (Cy — BsAy)Ag = Dy — CsAg + B,A2
0 =H, — (G5 — (F, — E;As)As)As = Hy — GA + F,A2 — EAS,
and remembering that E; = BT‘%, we conclude
0 =Dy — CsAy + B,A2
o 4Hs —4GAs + 4F,A% — B2A3
4
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for all s € V, a contradiction with the hypothesis, and thus we proof the claim.

Claim 6: If Dy +A2B; — A,Cs = 0 and 4A2F; + 4H; — A3B2 — 4A,G, = 0, for all s € J, then the poly-

nomials Py are written, uniquely, as

B? —B2A + 4F,
P(X,Y) = (ZSXZ +BXY + Y%+ (%) X +(Cs— BsAs)Y) (X +Ay)
4Gy + B2A? —4F,A
+< R S4S 3 A>(X+As)’
in which both factors are irreducible. Indeed, defining the right side as
B? —B2A; +4F,
O (X,Y) = (stz +BXY +Y?>+ (%ﬂ) X +(Cy— BsAs)Y) (X +Ay)
4Gy + B2A2 —4F,A
+< st S4S 5 s>(X+AS)

then
BZ
P(X,Y)—Py(X,Y) = (Es — Z‘) X3+ (Dy —i—AfBS —ACy)Y +

BZ
= (Es - —S) X3
4

2
and since, by the definition of the coefficients of P, Es = % holds, we obtain the desired equality.

4A2F, + 4H, — A3B? — 4A,G,
4

Finally, X + A is irreducible and then it remains to show that
—B2A, + 4F;
4

is irreducible. Indeed, suppose that there are polynomials of degree 1 such that

—B2A +4F, )

By g XY+Y2+( 4G5+B§A?_4FSAS>
4 s

>X+(CS—BSAS)Y+( J

BZ
(fX+Y+h)(lX+Y+n)=ZSX2+BSXY+Y2+( X + (Cy—B,Ay)Y

(4Gs +B2A2 - 4FSAS)
" 3

that is,

B? A;B?
0= (f—fl>X2+(Bs—f—l)XY+ <Fs— 4S —fn—hl)X

A2B?
+(CS—ASBS—n—h)Y+%—FSAS+Gs—hn
that occurs if, and only if,
BZ
0=-=2—71
2 f
0=Bs;—f—1
A;B?
0=F,— S4S—fn—hz
0=C;—AB;,—n—nh
A2B?
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‘We have 5
B
0=-=2—-71
4 f
l=Bs—f
A B?
0=F,— 543—fn—hl
n=Cs—A;B;—h
A2B?
0= S4S—FSAS+GS—hn,
that 1s,
B}
O:Z_f(Bs_f)
A B>
O:F:v_ s“_s_f(cs_AsBs_h)_h(Bs_f)
A2B?
0=—""—FA;+Gs—h(C;—AsB;—h).

By the first equality we obtain By = 2 f. Substituting in the second equality we obtain

_ 4F;+ B2A, — 2B,C;

0
4 s

a contradiction with the claim 2 and thus we proof the claim.

- If Dy, + A2 By, — A Cs, # 0 or 4A2 Fy + 4Hy — A3 By — 4A4, Gy, # 0, for some sq € J, by claim
5, the polynomials {P}scy are irreducible in a neighborhood V of sy, that is, for s€ V < J. As ob-
served previously, the curve ((v/(¢))%,v"(¢)) is contained in the intersection of the roots of {P}sc; so
by the theory of Plane Algebraic Curves we conclude that such a curve is constant or the polynomi-
als P are multiples by constants. Suppose that { P}y are all multiples. Since in this case the only

possible multiple is A = 1 we conclude that
Py(X.,Y) = XY? + AY? + BoX?Y + CXY + DY + EX> + F,X? + G, X + Hj,

is constant in the variable s, that is, the polynomials P are all equal. Then, their coefficients are
constant, a contradiction with claim 4. Thus, the curve ((v/(¢)),v"(t)) is constant and therefore there
exist i, n such that v'(r) = u and v'(r) = 1 (in this case necessarily 7 = 0) and we conclude that
v(t)=ur+tinl cR.

- If Dy + A2B; — A,Cs = 0 and 4A2F, + 4H, — A3B? — 4A,G, = 0, for all s € J, we obtain, by the

claim 6 which is valid

—B2A + 4F,

B2
P(X,Y) = (ZSX2+BSXY+Y2+( 1

)x+«x—&mﬁ)CX+m>

4Gy + B2A%2 —4FA
(R e
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for all s € J. Suppose that Ay and the curve ((V/(¢))2,v"(¢)) are non-constant. Then, there exist
50,51 € J such that Ay, # Ay, and therefore, by continuity, there exists a neighborhood V of 51 € J such
that Ay # Ay, for all s € V. By the theory of Plane Algebraic Curves, P, for s € V, must have a factor
in common with P, and since such a factor cannot be X + Ay it is of degree 2. Since the polynomial

of degree 2 has a monic coefficient we obtain that

—B2A, + 4F,
4

B2 AG,+ B?A% —4F,A
ISX2+BSXY+Y2+( s+ 5585 S S)

>X+(CS—BSAS)Y+( 1

is constant in the variable s, that is, the polynomials are all equal in V. Therefore, their coefficients

are constant in V. As, by hypothesis, Dy + A2B, — A,Cy = 0, that is, Dy = A;(Cy — B,Ay), and 4A2F; +
3p2 _ . . 4Gy+BIA2—4FA, .

4H; — A{Bs —4A;Gy = 0, that is, Hy = Ay | ——3*—=" |, we obtain

Ds =M Ay

B, =M,

H; = M3A;

M, = —MAs +4Fs
4

Ms — 4Gy —4 M4AS7

a contradiction with the claim 1. Therefore, A; is constant in J or the curve ((V/(¢)),v"(¢)) is constant.
If ((V/(1))%,v"(t)) is constant then there exist 1,7 such that v(t) = uz + 7 in I = R. If Ay is constant
in J we obtain that if (V/())> + Ay = 0 for all ¢ € I then V/(¢) is constant, that is, v(¢) is a straight line.
Suppose there exists # € J such that (v/(ty))? + A # 0. Then, there exists maximal interval (&, 8) < I
containing fy such that (V/(1))> + Ay # 0 for all ¢ € (a, B). Since the curve ((v/(¢))%,v"(¢)) vanishes

the family of polynomials P; we conclude that, its restriction to the interval (¢, 3) vanishes

B2
ZSXZ +BXY +Y?+

( —B2A; +4F,

4Gy + B2A2 — 4FSAS>
4

>X+(CS—BSAS)Y+( 1

which, by claim 6, are irreducible and have a monic coefficient. Since, by hypothesis,

Dy +A2B; — A,Cy = 0,

that is,
Dy = Ay(Cy — BsAy)
and
4A%F, + 4H; — A3B? — 4A,G, = 0,
hence

AG,+ B2A2 —4F,A,
p, (104



2.1. Translation Surfaces in H* x R (Half-plane Model) 53

we get
Ds = MlAs
By =M,
H; = M3A;
M, = —MZZAZ +4F,
4G; — MyA;
ST 4

a contradiction with the claim 1, and then we conclude by the theory of Plane Algebraic Curves that
the curve defined as ((v/(¢))%,v"(¢)) is constant in (o, ). Then, (V/(¢))? is constant and different
from —Aj; by the definition of (¢, ). Finally, notice that & ¢ I because otherwise we would have
(V/(a))? = —Aj, a contradiction with the continuity of v/(¢). In the same way, f8 ¢ I, and being (a, 8)
maximal we conclude that (e, 8) = I, that is, ((v/(¢))?,v"(t)) is constant in (&, ) = I and therefore
v(t) is a line in I. O

Theorem 2.1.5. Let v : Q = R? — H? x R given by y(t,s) = (t,5,v(t) + u(s)), where u e C>(J,R),
ve C?(I,LR) and J x I < (0,+0) x R, of Null Linear Weingarten Form. Then v(t) = ut + 7, for i, T

constants, and I = R. Moreover, the function u satisfies the equation

(('(5))% + u?) (Zb +asu' (s)/s2u2 + s2(u/ (5))2 + 1)
a(s2u2 + 1)+/s2u2 + s2(u/ (s))> + 1 — 2bsu/ (s)

l/t// (S) —

Proof: Suppose y is of Null Linear Weingarten Form. By Proposition [2.1.12| we have v(r) = ut + T,
for constants u, 7, and I = R. Therefore, by Proposition [2.1.11{(assuming without loss of generality

b=1),

0 :as2 (=s(((5))* + u?)u'(s) + (1 + s> u?)u"(s)) B 5% ((su” (s) +u(s))

2(s2p2 + 52 (5))2 + 1)? (202 + 2w (s)

N i~y
\S}
+
[E—
~—

that is,

0 = a5ty 522 + 2 (5) + 1 ({0 (5) + w2 (5) + (1 + 220 ()
—2s% ((su(s) + ' (5))u (5) + uz)

1.e.,

Ozsz(a(sz,u2+1)\/s2/ﬂ+s2( '(5))2 4+ 1 —2su/(s )u”(s
— 52 (il (5))* + u?) <2+asu’(s)\/s2,uz—|—s2 )%+ 1)

and therefore

(2.30)

0=s2(a(s2,u2+1)\/s2/ﬂ+s2( /()2 +1—2su/ (s )
— 52 (il (5))* + u?) <2+asu’(s)\/s2u2—|—s2( (s ))2+1)
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We have two possible situations. If 4 = 0 we have from (2.30)) that
0= (a s2(u'(s))>+1— 2su'(s)) " (s) — (i (s))? (2+asu'(s) s2(u'(s5))% + 1) : (2.31)

and hence a+/s?(u/(s))?+1—2su(s) # 0 in J. Indeed, if sy € J such that ay/s3(u/(s0))>+ 1 —
2sou’(sg) = 0 we obtain, applying sy to (2.31)),

0 =ay/s3(u'(50)) + 1 —2s0u (s0)

0 =(u/(s0))? <2 +asou’ (s0)+/s3(u (50))2 + 1) :

By the first equality we have that 4 /s3(u/(s0))2 + 1 = ZSO";(SO) and consequently u'(sg) # 0. Substi-
tuting in the second equality we have 0 = 2(u/(s0))?(s3(/(s0))* + 1) a contradiction. Therefore from

231)
(U (s))? (2 + asu'(s)+/s2 (W' (s))? + 1)
an/s?(u'(s))> +1—2su(s) .

If u # 0 we can proceed in a similar way obtaining

M//(S) —

(' (5))? + 12) <2+asu’(s)\/s2,u2 52l ()2 + 1)
a(s2u? +1)/s2u2 + 52 (u/ (5))% + 1 — 250/ (s)

u//(s) —

in the interval J and thus we conclude the proof. ]

2.1.7 Type | Translation Surfaces of Linear Weingarten Form

By Proposition we conclude that a Type I Translation Surface is of Linear Weingarten Form

if it satisfies a differential equation described in the following proposition.

Proposition 2.1.13. The surface v : Q = R* — H? x R given by y(t,s) = (t,s,v(t) + u(s)), where
ueC?(J,R), ve C*(I,R) and J x I = (0,4+x) x R, is of Linear Weingarten Form, if, and only if,

(1457 (5))2)v" (1) = s(('(5))* + (V' (0))*)ud' (5) + (1 + 52 (v'(1))*)u" (s)

s(s(s) 4 () (1)~ (5 (5) + (il s) ~ (V(0))?
2 (Y02 + ()2 + )

+b

Proposition 2.1.14. Let y: Q < R?> — H? x R given by y(t,s) = (t,s,v(t) +u(s)), where ue C> (J,R),
ve C?(ILR) and J x I = (0, +x) x R, of Linear Weingarten Form with constant ¢ # 0. Then v(t) =
Ut + 7, for 1, T constants, and I < R.
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Proof: Suppose that y is of Linear Weingarten Form. By Proposition [2.1.13| the functions u, v satisfy

the equation (assuming, without loss of generality, b = 1),

or equivalently

_n / (24( 2( ()) +1)3 4a’s ( (S)+S”//(s))2) "
0= (V (t))z(v (t>)2+ 02S6(S2( ( )) +1) (V (t))z
(8acs” (u' (s) + su” (5)) — 2as° (s> (u'(5))* + 1) (sud'(s) — SZM”(S)))V// S
+ A LT 00/0)
(8a+ 16¢(s*(u'(5))* + 1)) (u'(s) +su (s ) e ()2
* as(s(u'(s))2 +1)2 H070)
a2(s2 (' (5))* + 1) (s) — su” (5)) = 25(u”" (s) — s('(5))*) (s* (' (5))* + D) ey ()72
as(s2(u'(s))2 +1)2 H07()
2as(u”"(s) —s('(5))°) (s* (' (5))* +1)* ,
T wewer ey Y
+(80(S2(u'(s))2+1) +8as®u' (s) (' (s) + su” (s )))(u’(s)+su”(s))v,,<l)
as(s2(u'(s))> + 1)

4c?s? (@®(su/ (s) = s*u" (5))* —4c(2a+ 4e(s* (W () + 1))

“EwmE R O W5+ 1) WOy

a®s* ((s* (' (5))% + 1) (sud (5) — 57" (5))> — 257 (" (5) — s (' (5))?) (504 (5) — %" (5)))  , 4
: 2P+ 1) )
_4cs4 (2¢(s*(u/ (5))* + 1) + 2as*u/ (s) (' (s) + su” (s)) — (2as® + des> (s (u’(s))2+1)))2(v,(t))4

a?s0(s2(u'(s))% +1)?

a’s* (s>l (s) — s(u s(u s> (u/ s2u (s

N (s2(u(s) — (' (5))?)> = 2(ut (() — s)())) )()2( ()% + 1) (s (s) — ()))(v/(t))z

_2(2c(s2(u’(s))2+1)2+2as2u’( s)(u'(s) +su”(s))) (2as® + 4cs*(s* (W (5))* + 1)),
a2s5(s2(u/ (s))2 + 1)2 (v(r))
a*s* (" (s) —s(u/(5))*)* (s> (' (5))* + 1) — (2(s (/(S))2+1)2+2aszu'(s)(ul(s)+SM"(S)))2_
1

a*s0(s?(u'(s))* + 1)?

_.I_

Define the family of polynomials

Py(X.,Y) = XY?2 + AY? + BX?Y + CXY + DY + EX* + FX? + G X + HX + I,
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where
A a’s*(s2(u' (5))2 +1)% — 4a?s0 (' (s5) + su” (5))?
’ a*sO(s*(u/(s))* + 1)
. _ Bacs"((s) +su"(s )) 202S6(S2(M'( ))> + 1)(su'(s) — s%u"(s))
’ 250(s2(u/ (5))* + 1)?
Co— (8a+16¢(s> (' (5))* + 1)) (u'(s) + s (s))
g as(s>(u'(s))2 +1)2
a2 (W (5))* + 1) (' (s) — s (s)) = 25(u” (5) — s(u'(5))*) (s> (' (5))* + 1))
as(s2(u/'(s))2 +1)2
. 2as((s) = s(u'(5))*) (s (5))° + 1)*
g as3(s2(u'(s))2 +1)2
_ (8c(s?(u'(5))* +1)* + Bas”u' (s) (u'(s) + su”(s5))) (u' () + su”(s))
as?(s*(u'(s))* + 1)
4c%s?
R IR
5 @i (s) = s%u(s))? —4e(2a + (s (5))° + 1))
' a*(s*(u'(s))> + 1)
G — a’s* (s> (' () + 1) (sud () — s*u"(s5))* = 257 (u” () — s(u (5))*) (s (5) — s%u" (5)))
' a*s®(s?(u'(5))> + 1)
B 4es* (2e(s*(/ (s))? + 1) + 2as’u ( V(W (s) + su” (s)) — (2as® + des® (52 (u' (5))* + 1)))2
(2 W)+ 1)
o a*s* (s (" (s) = s(u'(5))*)* — ( '(5) = s/ (5))°) (s* (' (5))* + 1) (st (5) = s°u"(s)))
’ 250(s2(u/(5))> + 1)?
_2(2c(s2(u’(s))2+1) +2as?u' (s )( '(s) +su”(s))) (2as® + des* (s> (u/ (5))* + 1))
a*sO(s*(u/(s))* + 1)
;@5 (s) = s (5))°) (52 (0 () + 1) — (2e(s> (W (5))* + 1) + 2as’u (5) (i () + 51" (5)))?
g a?st(s?(u'(s))? +1)? ’

and observe that the curve ((v/(¢))%,v"(t)) is contained in the intersection of the roots {P;}sc;.

Claim 1: Let V < J be an open set. Then By, E; are not mutually constant in V. Indeed, if there

exist constants K>, K5 such that

B, =K,
Es = Ks,
that is,
_ Bacs” (u'(s) + su"(s)) — 2% (s2(u'(5))> + 1) (51 (5) — s2u" (s))
? 250(s2(u/(5))2 + 1)2
4¢252
Ks = —

a*(s*(u'(5))* + 1)*°
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then, setting w(s) = u’(s), we obtain
8acs (w(s) +sw'(s)) — 2a2s0(s2w?(s) + 1) (sw — s*W/(s))
Ky = 246 (22 2
a’sO(s*w?(s) + 1)
4¢s?
a’(s?w?(s) +1)2
By the second equality of (2.32)) we obtain

(2.32)
Ks=—

0 = a*s'OKsw(s) + 2a2s8K5w2(s) + a?Kss® + 4258
which dividing by s°,
0 = a*Kss*w*(s) + 2a>Kss*w? (s) + a*Ks + 4c%s*
i.e., w?(s) is a root of the non-zero polynomial
0(Z) = a*Kss* 2% + 2a*Kss*Z + a°Ks + 4c*s?

—a*K5+254/ —a?c2K. . . _y . . . .
and then w?(s) = 4 S_a 222 % 275 Notice that differentiating this equality from both sides we obtain

2
2w(s)w(s) = = — (2.33)

3 s
By the second equality of we obtain
0 = a®Krs' W (s) + 2a>5°w3 (5) — 2a2s'OW? (s)w/ (5) + 2a>Kas®w? (s5) + (2a* — 8ac)s"w(s)
— (2d® + 8ca)s® W/ (s) + a*Kys®
that dividing by s> and multiplying by w(s),
0 = a*Krs°w> (5) + 225 w* (5) — 2a25° W2 (s)w(s)W' (5) + 2> Kas*w? (s) + (2a* — 8ac)s*w? (s)
— (2a® 4 8ca)s>w(s)W (s) + a®Kpsw(s)

and substituting the equality obtained in we obtain
0=ad’Kos'w ( )+ 3a’s*t 4( )+ 2a°Krs°w? (s)+2a(a— 2c)s2w2(s) + aszsw(s) — (a2 +4dac)
and then sw(s) is constant because it is contained in the set of roots of the non-zero polynomial
R(Z) = a®K27° 4+ 3aZ* + 2a* K2 23 + 2a(a — 2¢)Z* + a* Ky Z — (a® + 4ac)

thus w(s) = % From the third equality in l} we obtain

S ==
c2

that is, s2 is constant, a contradiction and thus we proof the claim.
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Claim 2: If D, — Ay, (Cs, — Ay Bs,) # 0 or I, +A?0(GS0 — Ay, (Fyy —As Es,)) # 0, for some sg € J,

then the polynomials {P;}ey are irreducible in a neighborhood V of sy. Indeed, observe that
Pi(X.,Y) = (As+X)Y? + (BX> + CX + Dy)Y + EX* + FX? + G X2 + HX + I
then if given s € V the polynomial P is reducible we have two possible situations. In the first case
P(X,Y)=(RX)Y +SX))(T(X)Y +U(X))

then R(X)T (X) = X + A, and then we can assume without loss of generality 7(X) = 1 and R(X) =
X +Aq, that is,
P(X,Y) = ((As + X)Y +8(X)) (Y + U(X))

then U(X)(A; +X) +S(X) = BsX? +CX + Dy e S(X)U(X) = EX* + F,X? + G X? + HX + I;. Since
E; # 0 we have that

deg (S(X)U(X)) = deg (EX* + FX? + GX* + HX +1,) =4

and
deg (U(X)(As +X) +S(X)) = deg (B;X* + C,;X + D) <2

and then we have the possibilities

deg(S(X)) =0 and deg(U(X)) =4 then deg(U(X)(A;+X)+S(X))=5>2
deg(S(X)) =1 and deg(U(X)) =3 then deg(U(X)(A;+X)+S(X))=4>2
deg(S(X)) =2 and deg(U(X)) =2 then deg(U(X)(A;+X)+S(X))=3>2
deg(S(X)) =3 and deg(U(X)) =1 then deg(U(X)(A;+X)+S(X))=3>2
deg(S(X)) =4 and deg(U(X)) =1 then deg(U(X)(A;+X)+S(X)) =4>2,

that 1s, the first case does not occur. In the second case
P(X,Y)=UX) (RX)Y*+S(X)Y +T(X))

where U (X) is non-constant and 7'(X) is non-zero. Therefore, R(X)U (X) = X + Ay and then we can
assume, without loss of generality, R(X) = 1 and U(X) = X + A, and consequently deg(S(X)) < 1
and deg(T' (X)) = 3 (since E; # 0). Therefore,

SX)=fX+g

T(X) =kX? +IX* +mX +n
then

P(X,Y) = (X +A;) (Y2 + (X + )Y +kX> +IX* +mX +n)

that is,
0="P(X,Y)— (X +A,) (Y2 + (X + &)Y +kX> +IX* + mX +n)
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that reorganizing
0= (Ey—k)X* + (F, — [ — Ask)X> + (Bs — f)X?Y + (G5 —m — Agl)X?
+(Cs—g—Asf)XY + (Hy—n—A;m)X + (Dy— Asg)Y + I, — Asn

that occurs if, and only if,

0=E;—k 0=G,—m—Al
0=Ds—A;g
O=F—-1-Ak 0=Ci—g—Asf
0=1I—An.
0=B;—f O=H;,—n—Agm
We have,
k = E; 0=G,—m—Ajl
0=D;—A,g
0=F—1-Ask 0=Ci—g—Asf
0=1I—An,
f =By O0=Hy—n—Agm
that is,
0=F,—1—AE, 0=Cs;—g—AB; 0=D;—A;g
0=Gy—m—Aql O0=Hy—n—Agm 0=IL—An.
‘We have,
[ = F, — AE; g =Cy—ABq 0=D;—A,g
0=G,—m—Al n=H;,—Am 0=1I1—An,
that is,

0=Gy—m—Ay(Fy,—AE;)  0=Ds—Ag(Cs—ABy)  0=1I,—As(Hy — Agm).

‘We have,

m = G5 —Ag(F; — A E) 0=D;—Ay(Cs— A;By) 0=1I—As(H;—Agm),

concluding
0 =Dy —A;(Cs— A;By)

0=1I _AS(HS _AS(GS _AS(FS _ASES)))

for all s € V, a contradiction with the hypothesis, and thus we proof the claim.

Claim 3: If Dy — A(Cy — AsBy) = 0 and I, + A2(Gs — Ay(Fs — AyEy)) = 0, for all s € J, then the

polynomials P are written, uniquely, as
Pi(X,Y) = (EX> + (Fs — AsE()X? + BXY + (Gy — Ag(Fy — AyE}))X +Y?) (X +Ay)
+ ((Cs — AsBy)Y — As(Gs — As(Fs — ASEy)) ) (X + Ay)
in which both factors are irreducible. Indeed, defining the right side as
@ (X,Y) = (EX> + (Fy — AyEg)X? + BXY + (G — Ag(Fy — AE))X +Y2)(X + Ay)
+ ((Cs — AsBy)Y — Ag(Gy — Ag(Fy — ASE;)) ) (X + Ay)
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then
PS(X,Y) - CI)S(X,Y) = (Ds _AS(CS _ASBS))Y +Is +A?(Gs _AS(FY _ASES)) =0.

Finally, X + Ay is irreducible and so it remains to show that
E X3 + (F;— AE)X? + BXY + (Gy— Ag(Fy — AEg))X + Y% 4 (Cy— AgBy )Y — Ay (Gs — Ay (F, — A Ey))

is irreducible. Indeed, suppose that there exist polynomials of degree 2 and degree 1 such that

EX> + (Fy —AyE)X? + BXY + (Gy — Ag(Fy —AE )X + Y2 4 (Cy — AgBy)Y — Ag(Gs — Ag(Fy — ASEy))
= (fX?+gXY +hY? + jX + kY +1)(pX +qY +71)

that is,

0= (Ey—fp)X> — (fq+8p)X*Y + (F,— AEs — fr— jp)X* — (gq + hp)XY?
+ (By—gr— jqg—kp)XY + (Gs — Ag(Fs — AEy) — jr—Ip)X —hqY> + (1 — kg — hr)Y?
+ (Cy—AgBs —kr—1q)Y — (As(Gy — Ay (Fs — ASEy)) + Ir)

that occurs if, and only if,

O:Es_fp .
0=By—gr—jg—kp 0=1—kg—hr
0=fq+gp ,
‘ 0 =Gy —As(Fs—AsEs) — jr—Ip 0=Cs—AB;—kr—Ilg
0=F—AsE;— fr—jp
0=hg 0=As(Gs—As(Fs — AEy)) +1r.

0=gg+hp

Since E; # 0 we have, by the first equality, f # 0 and p # 0. We can assume, without loss of generality,
f =Egand p = 1, obtaining

0=Eq+g 0=By—gr—jqg—k 0=1—kq—hr
0=F—AE—Egqr—j 0=Gs— A (Fs—AEs) — jr—1 0=Cy—ABs—kr—lgq
0=gq+h 0=hg 0 =As(Gs— As(Fs — ASES)) + I
We have
g=—-Eq 0=B;—gr—jqg—k 0=1—kq—hr
Jj=F,—AsE;—Esr 0=Gy—As(Fs—AsE;) — jr—1 0=Cs—ABs—kr—Ilq
O0=gqg+h 0=hgq 0 =As(Gs— As(Fs — AEy)) +1r,
that is,
0=—Eq’>+h 0 ha 0=C,—ABs—kr—lg
0 =By + Esqr — (F; — AsEs — Esr)g —k 0= A,(Gy— As(Fs — ASEy))
0=1—kqg—hr

0:Gs_As<Fg_AsEs>_(Fg_AsEs_Esr>r_l +ll".
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‘We have,
h = Esq2
0=Bs+Esqr— (Fs—AsE;— Esr)g—k
0 =Gy —As(Fs —AsE) — (Fy— AjEs — Egr)r—1

0=1—kg—hr
0= Cs _ASBS —kr—lq
0 =As(Gy— Ay(Fy — AEy)) + 1,

0=hg
that is,
0=By+Esqr— (F;—AsEs— Esr)g—k 0=1—kq—Esq2r
0= Gy — Ay(F; — AEs) — (Fy— AsEs —Egr)r—1 0 =Cy—ABy —kr—1q
0=Eq’ 0= Ay(Gs — Ag(Fs — AGEy)) + 1.

By the third equality we have, as Es # 0, g = 0. By the fourth equality we obtain 0 = 1, a contradic-

tion, and thus we proof the claim.

-1If Dy, — Ay, (Csy — Ay Bs,) # 0 or I, +A§0(GSO — Ay, (Fsy —AsyEs,)) # 0, for some sg € J, by claim 2,
the polynomials { P}y are irreducible in a neighborhood V of sy, that is, for s € V < J. As observed
previously, the curve ((v/(¢))?,v"(t)) is contained in the intersection of the roots of {P;}c; so by the
theory of Plane Algebraic Curves we conclude that such a curve is constant or the polynomials Py are
multiples by constants. Suppose that {P;}sy are all multiples. Since in this case the only possible

multiple is A = 1 we conclude that
Py(X.,Y) = XY?2 + AY? + BX?Y + CXY + DY + EX* + FX? + G X> + HX + I,

is constant in the variable s, that is, the polynomials P are all equal. Then, their coefficients are
constant, a contradiction with claim 1. Thus, the curve ((v/(¢))?,v"(t)) is constant and therefore there
exist i, m such that v/(z) = u and v'(r) = 1 (in this case necessarily 7 = 0) and we conclude that

v(t)=ut+tinl c R.

- If Dy — Ag(Cy — AsBy) = 0 and I + A2(Gy — As(F; — AEy)) = 0, for all s € J, we obtain, by the
claim 3 that
Pi(X,Y) = (EX? + (F, — AEs)X? + BXY + (Gs — As(Fy — AJE))X +Y2)(X +Ay)
+ ((Cs —AsBy)Y — As(Gs — As(Fs — AgEy)) ) (X + Ay),
for all s € J. Suppose that Ay and the curve ((v/(¢))%,v"(t)) are non-constant. Then, there exist
50,51 € J such that Ay, # Ay, and therefore, by continuity, there exists a neighborhood V of s; € J such
that Ay # Ay, for all s € V. By the theory of Plane Algebraic Curves, P, for s € V, must have a factor

in common with P, and since such a factor cannot be X + Ay it is that one of degree 3. Since the

polynomial of degree 3 has a monic coefficient we obtain that

EX? + (Fy—AyE)X? + BXY + (Gy— Ay (Fy — AE())X + Y% 4 (Cy— AgB, )Y — Ay (Gs — Ay (Fy — AEy))
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is constant in the variable s, that is, the polynomials are all equal in V, and therefore, their coefficients
are constant in V. Therefore, By, Eg are constant in V,a contradiction with claim 1. Therefore, Ay is
constant in J or the curve ((v/(¢))2,v"(¢)) is constant. If ((v/(¢))%,v"(t)) is constant there exist (1,1
such that v(¢) = ut +7in I = R. If Ay is constant in J we obtain that if (v/(¢))? +As = 0 for all ¢ € I then
V/(t) is constant, that is, v(¢) is a straight line. Suppose there exists #o € J such that (V/(ty))? + A # 0.
Then there exists a maximal interval (o, 8) < I containing 7 such that (v/(¢))? +As # 0 for all ¢ €
(a,B). Since the curve ((v/(¢))?,v"(t)) vanishes the family of polynomials P, we conclude that, its

restriction to the interval (a, ), vanishes
EX? + (Fy—AE)X? + BXY + (Gy— Ay (Fy — AE())X + Y% 4 (Cy— AgB, )Y — Ay (Gs — Ay (Fy — A Ey))

which, by claim 3, are irreducible and have a monic coefficient. Since By, Eg cannot, by claim 1, be
mutually constant we conclude by the theory of Plane Algebraic Curves that the curve ((v/(¢))2,v"(t))
is constant in (o, B). Therefore, (V/(¢))? is constant and different from —Aj by the definition of (¢, B).
Finally, note that o ¢ I because otherwise we would have (v/(a))? = —A,, a contradiction with the
continuity of v/(¢). In the same way, 8 ¢ I, and being (o, ) maximal we conclude that (o, ) =1,
that is, ((v/(¢))?,v"(t)) is constant in (&, 8) = I and therefore v(¢) is a line in 1. O

Theorem 2.1.6. Let y : Q = R? — H? x R given by y(t,s) = (t,s,v(t) + u(s)), where u e C>(J,R),
ve C2(ILR) and J x I = (0, +x0) x R, of Linear Weingarten Form with constant ¢ # 0. Then v(t) =
ut + t, for 1, T constants, and I = R. Moreover:

i) Ifu#0e g c <_OO’_2bi;£a2]U [_%,%—O@) then,

u’(s) = 265> (' (5))* + p?) + 2¢(s* (' (5))* + 570 + 1) + as™ul( \/s s2u? +1
) as?(s2u2 + 1>¢s2<u'<s>>2+s2u2+ T 2bsu(s >

in the interval J.

i) If u#0and 5 € (_2bj;a27_4b2> then,

M”(S) _ 2bs2((u’<5))2 —i—,uz) +2€(S2(u/(s))2 +S2‘u2 + 1 +as? Lt \/82 +52“2 T
) 2(s212 + 1)/s2 (1! (5))? + 522 + 1 = 2bs3u/ (s )

2(4bc+d?)
in the interval J — {\/—5 +5 \/1 4bc+a2+2b2) }

iii) IJ”LL:OeC#—% then,

Y

2bs* (' (5))? +2¢(s(u/ () + 1)% +as (' (5))3+/s2(u/ (5))2 + 1
as?+/s> (W' (s5))% + 1 —2bs3u/(s) ’

W' (s) =

in the interval J.
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iv) If =0, c = —% and & € (—o0,~2]|J[2, +o0) then,

_ 4b%5% (' (5))% — a® (s> (' (5))? + 1)% + 2abs> (U (s))>+/s2(u/ (5))% + 1

w'(s) 2abs?+/s*(u'(s))> + 1 — 4b2s3u/(s) 7

in the interval J.

v) Ifu=0,c= —Z—; and § € (—2,2) then u(s) = D+ Zzz(i)az in J, being D a constant, or

T

by 2bsi(s) +a(1+52((5)))
W(s) 2bs?

in an open setV c J.

Proof: Suppose that y is of Linear Weingarten Form. By Proposition [2.1.14{ we have v(¢) = ut + T,
for constants i, 7, and I = R. Then, by Proposition|2.1.13|(assuming without loss of generality b = 1),

—s((/(5))? + p2)u' (5) + (1 +p2)u"(s) | | —(su"(s) +u'(s))u' (5) —

_ ” <N2+<”/(S)>2+Slz>% 2 (N2+(u'(s))2+si2)2 ;
that is,
o 287 (s (W' ()2 + p2)ud (s) + (14 202)u"(s)) | 25%(=(su"(s) + ' (s))u' (5) — 1?)
2(s2p2 + $2(u!(5))2 +1)° 2(2u2 +82(u ()2 +1)°
1.e.,
0 zasz\/sz,u2 +52(u/ (5))2 + 1(—s((1 (5))> + u)d (s) + (1 + s>u?)u” (s))
+ 232(—(su”(s) +u'(s))u (s) — ,uz) —2c (SZ/.L2 + Sz(ul(s))2 + 1)2,
then,

0= (asz(sz,u2 + 1)\/sz(u’(s))2 +s2u?+1— 2s3u'(s)) u”(s)
(2.34)

— (2s2((u/(s))2 +u?) +2e(s2 (W (5))* + 2 + 1) + aszul(s)\/sz(u’(s))2 +s2u? + 1> :

-i)Letu #0andce (—oo, —22“2] v [—%, ~|—oo>. We have from ([2.34]) that

as*(s*u® + 1)\/s2(u’(s))2 +52u24+1-25%(s) 20

in the interval J. Indeed, if there exists so € J such that as3(s3u® + 1)\/ 53 (s0))? + s3u%+1 —
2s5u (s0) = O we obtain, applying so to (2.34)

0 —as3(sju’ + 1)\/s8(u’(s0))2 + 532+ 1—2s3u (s0)

0 =253((u' (s0))* + 12) + 2¢(s3(u' (s0))* + s3u® + 1)* + as%u’(so)\/s(z)(u’(so))z +s2u? 4 1.
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Isolating the root in the first equality and substituting it in the second we obtain

2sou’ (5o
\/s%(u’(so))2 +S%,U2 +1= —a(s2u2<+ >1>
0

0= 22 (a*u®s§ + 3a* uts§ + 3a*u?sg + (a* + 16¢)s3) (u (s0))* + a*(2s5u> + 1) (s3u® + 1) («/ (50))?
0 a4(s3u2 +1)*

a2 (s + 1)

+2s
O dA(squr+ 1)t
that 1s,
2/ 1 2, 2,2 2S0“/(SO) 2
so(u'(s0))” +spu”+1 = m
0

0 = (a*ubsd +3a*u*s§ + 3a*u>st + (a* + 16¢)s3) (' (50))* + a* (2531 + 1) (s3u” + 1)3 (' (s0))?
(R + 1)
1.e.,

0= si(a+asju® —2)(a+asipu® +2)(u' (s0))? + a*(sju> + 1)
0 = (a*ubsd +3a*u*s§ + 3a*u’st + (a* + 16¢)s3) (' (s0))* + a* (253u” + 1) (s3u” + 1)3 (i (s0))?
+atu?(s3u? + 1)t

Observe, in the first equality, that (a + as3u? —2)(a + asiu® +2) # 0 (otherwise a®(s3u® +1)% = 0,
a contradiction) and so we can isolate (u/(sg))? in the first equality and substitute it in the second

concluding that

2212 (4e +a? +2)sg +2u%(de +a +2)s3 +a® +4c
s3(a+asiu® —2)(a +asju? +2)

0 = da*(sgu’+1)

that is,
0 = 2u?(4c +a* +2)sg + 2u° (4c + a* + 2)s5 + a* + 4c.
1.e.,
2 4 2 2 a2 +4C
0= (4c+a”+2)s5+ (4c+a”+2)s5+ T (2.35)

Define M(c,a) = 4c + a*. We have,

0= (M(c,a)+2)sg+ (M(c,a) +2)s3 + Mz(z,za) :

Since ¢ € (—oo,—ztf] v [—‘Z—Z,—i—oo) then M(c,a) < —2 or M(c,a) = 0. If M(c,a) = —2 then
M(c,a) = 0, a contradiction. If M(c,a) < —2 or M(c,a) > 0 we obtain

M(c,a)
2u2(M(c,a) +2)

O=sg+s(2)+ >0,
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a contradiction. Therefore, from (2.34)), we conclude

252 (' (5))% + u?) +2c(s* (' (5))? + 52> + 1) + as*u/ (s)/s2 (u s2u?+1
as?(s2u? +1)4/s2(u/(s))2 + s2u2 + 1 — 2534 (s )

u'(s) =

inJ.

-ii)Letu #0andce <—2T2,——> We have from ([2.34]) that

s?(s2u? + 1)\/s2(u’(s))2 + 5202 +1-25%(s) £ 0

inJ— {\/ 7+ \/ 1— 410_:;‘; ) } Indeed, if there exists

11 2(4c +a?)
T4t 4 1
s0€ 27 \/ W2(dc+a2+2)

such that

as3(sju® + 1)\/s%(u’(so))2 +52u2 41— 253/ (s0) = 0
we obtain, as in (2.35)),

a’®+4c

0= (4c+a*+2)s§ + (dc+a* +2)s3 + e

Define M(c,a) = 4c + a*. Therefore, since c € (—22“2 , —%), we have —2 < M(c,a) < 0. Observe

that sg is a root of the polynomial

0(Z) = (M(c,a) +2)Z* + (M(c,a) + 2)Z + Mz(;’f>

1 1 2M
whose A > 0 and the roots are ——= + —4 /1 — (c,a) . Since 59 > 0 we conclude that the only
272 u*(M(c,a)+2)

root is the positive one, then

B 1 1 { 2M(c,a)
SO*\_E—‘_E - u2(M(c,a)+2)

that is,

L O R C T
So = JE— J— —
0 \ 272 u2(4c+ a2 +2)

a contradiction. Then, from (2.34)), we conclude

M”(S) _ 2s2((u/(s))2+u2)+2c( 2( /( ))2 2‘u2+1 1 as? u \/Sz +S2‘u2+1
as?(s242 + 1)A/s2( (5))? + 5202 + 1 - 257 ()
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, @
mJ—{\/ 3t3 \/1_ 4c(i|—+az+2}

- iii) Let 4 = 0 and ¢ # —%. We have from (2.34) that as®y/s2(u/(s))2 + 1 — 2s°u/(s) # 0 in J.

Indeed, if there exists so € J such that as%\/ s3(u(50))% + 1 —2s3u/ (s0) = O we obtain, applying so to
(2.34)
0 =asgn/s3 (' (s0)) + 1 —2s3u (s0)
0 =255 (' (50))? + 2¢(s3 (1 (50))* + 1)* + asy (' (50))* s3(u/(s0))> + 1.
Isolating the square root in the first equality and substituting it in the second
as} s3( (s0))2 + 1 = 251’ (50)
0 =2((u'(s0))°s5 + 1) (c + (1 +¢) (' (50))°s5)
and squaring the first equality and rewriting
0 = s§(a*> —4) (' (50))? + a*s}
0 =2((u'(50))*s5+ 1) (c + (1 +¢) (' (50))*s5).

that is,
0= s%(a2 — 4)(u'(so))2 +a®

0=c+(1+c)(u(s0))>s3,
then multiplying the first equality by 1 + ¢ and the second equality by a*> — 4
0 =s§(1+c)(a*—4) (i (50))* +a*(1+c)
0=c(a*—4)+ (1+c)(a®—4)(u(s0))*s3,

and subtracting the second from the first we obtain

(2.36)

0=a*(1+c)—c(a*—4) =4c+d>#0
a contradiction. Then, from (2.34)), we conclude

252 (! ()% + 2c(s? (' (5))? + 1)> + as® (' (5))*~/s2 (' (5))2 + 1
as?+/s2(u/ ()% +1—253u'(s)

u”(s) _

inJ.

-iv)Letu=0,c= —% and a € (—o0, —2]|J[2, +o0). We have from ([2.34)) that as?+/s2(u/(s))2 + 1 —
253u'(s) # 0 in J. Indeed, if there exists so € J such that asg\/ s3(u' (s0))% + 1 — 2531’ (50) = 0 we ob-
tain, as in ([2.36)),

0= s5(a> —4)(/(s0))* +a* >0,
a contradiction. Then, from (2.34)), we conclude
452 (! (5))? — a®(s* (U (5))* + 1)2 +2as> (/ (5))>+/s2(u/ (5))? +

2as2+/s%(u/(s))? + 1 —4s3u/(s)

—

I/t// (S) _
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inJ.

-v)Letu=0,c= —“742 and a € (—2,2). We have from ([2.34) that

0= 5% (ar/s2(u/ (s))2 + 1 — 25/ (5))u" (5)

a*(1+('(5)))?

(2.37)
- <2sz(u'(s))2 - 5 +as>(u'(s))>\/1 + sz(u’(s))2> :

aln(s)
Vi’

there exists so € J such that ay /s3(/ (so))2 + 1 —2sou’ (s0) # 0. Indeed, if ar/s2(/(s))? + 1 — 251/ (s) =

0 for all s € J we have

It is easy to verify that U(s) = D+

with D constant, is a solution of (2.37)) in all J. If u = U then

<a s2(u! (5))? + 1)2 — (251 (s))?

1.e.,

that 1s,
(“/(S))z = m

and since u/(s) # 0 (otherwise a = 0) we obtain two distinct differential equations defined by

(s) ’
u =+
svV4 —a?
thus ( )
aln(s
u(s) =D+ ,
(s) "

a contradiction, since u # U. Then, since ay/s3(u/(s0))? + 1 — 2sou’(s9) # 0, there exists a neigh-
borhood V < J of so such that a+/s?(u/(s))>+ 1 —2su/(s) # 0 for all s € V < J. Therefore, from
(2.37)),

9

W' (s) = 4s>(u'(5))* — a*(1 + (u'(5))*)* + 2as’ ( (5))* /1457 (u'(s))?
25%(an/s? (' (5))* + 1 =251 (s))
in V c J. Equivalently, multiplying by 2s?(a+/s2(u/(s))? + 1 + 2su/(s)) both the denominator and the

numerator,

"oy _  2su'(s) +a(l —i—sz(u’(s))z)%
u(s) 2s2

in the interval V < J. O]

2.1.8 Type | Translation Surfaces with Prescribed Length of
Second Fundamental Form.

By Proposition [2.1.Twe conclude that a Type I Translation Surface has Prescribed Length of Sec-

ond Fundamental Form if it satisfies a differential equation described in the following proposition.
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Proposition 2.1.15. Let u e C*>(J,R), ve C*(I,R), ce C(J,(0,+x)) and J x I = (0, +0) x R. The
surface W : Q c R?> — H? x R given by y(t,s) = (t,5,v(t) + u(s)), has Prescribed Length of the
Second Fundamental Form c(s), if, and only if,

(1452 () 2V (0) = s((0 ()2 + (/ ()2l (5) + (1 + 820/ (1)) (5))
3
2 (V02 + (W) + &)

c(s) =

Proposition 2.1.16. Let uc C?(J,R), ve C*(I,R), ce C(J,(0,+x)) and J x I = (0,4+x) x R. Con-
sider w: Q < R? — H? x R given by y(t,s) = (t,s,v(t) + u(s)) with Prescribed Length of Second
Fundamental Form c(s). Then v(t) = ut + 7, for i, T constants, and I < R.

Proof: Suppose y has Prescribed Length of Second Fundamental Form ¢(s) > 0. By Proposition
[2.1.15] the functions u, v satisfy the equation

c(s) =

c(s)s? c(s)s Y

c(s) — s2(u () — s* (" (5))% + 3¢ (s)s (i ($))% + 2¢(s)s3u! (s)u” (5) —
+(3() (u'(s)) (u"(s)) +3(s()s)2( (5))7 +2c(s)s”u' (s)u" (s) 2)<v/(t)>4

u' () (s2(u (s5))? 2 c(s) — 452 (i (5))% — 2s* (1 ()% — 25* (/ (5))?
L2 (s)( c<(s)(s3)) +1) v//(t)+3 (s) —4s°(u'(s)) C(ZS)S& (s))" —25"(u'(s)) ()2

c($)s%(u' ()2 + 3c(s)s* (! (s))* + 25 (' ()3 (s) —
. 6els)s™(u'(5))" + 3c(s) i(sssi) +257(u(5)) u” (s) Z(V/m)z

(52 (s* (' (5))° + 252 (' (5))* + 82 (u” (5))* + 204/ (s)u” (5) + 2(ud'(5))?) — e (s) (s* (& (5))* + 1)*) _

c(s)s®

Define the family of polynomials

Py(X,Y) = X3+ BY? + CXY + DX? + E;Y + F,X + G,
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where,
b WO
c_ 2u'(5)(s*(u/ (5))? + 2 — 53U/ (s)u" (5))
: c(s)s
D. — (3c(s) — s2(u' (5))? — s*(u" (5))? + 3c(s)s? (U (5))* + 2¢(s)s3u (s)u" (5) — 2)
: c(s)s?
£, - WO 1
P 3c(s) — 452 (U () — 25 (" (5))? — 254 (i (5))?
: c(s)s*
N 6¢(s)s?(u'(5))% + 3c(s)s* (! (5))* +25° (' (5))3u” (5) — 2
c(s)s*
G — (2(s* (' (5))° + 257 (' (5))* + 57 (u" (5))* + 250 (s)u" (5) +2(u'(5))*) — () (s> (' (5))* + 1))

c(s)s®

and observe that the curve ((v/(¢))%,v"(¢)) is contained in the intersection of the roots of {P;}sc;.

Claim: The polynomials {P}ss are irreducible. Indeed, if P; is reducible then there exist poly-

nomials of degree 2 and degree 1 such that
P(X,Y) = (X + fXY +gY? + hX +iYV + j)(X +kY +1)
that is,
0=X>+BY?+CXY +DX>+EY + FX +Gy— (X>+ fXY + gV + hX +i¥ + j)(X + kY +1)

and reorganizing
0=(—f—k)X?Y + (Ds—1—h)X*>+ (—g — fl)XY* + (Cy — i — fl — hk)XY + (F, — j — h)X
+ (—gk)Y? + (By—ki—gl)Y? + (Ey— li— jk)Y + G5 — jl
that occurs if, and only if,
~f—k=0 Ci—i—fl-hk=0  By—ki—gl=0
Dy—1—h=0 F—j—hl=0  E;—li—jk=0
—g—fk=0 —gk=0 Gs— jl = 0.

By the first, third and sixth equalities we obtain that f = g = k = 0. Consequently by the seventh

equality, By = 0, a contradiction since By < 0 and thus we proof the claim.

By the claim the polynomials {P, }; are irreducible. As observed previously, the curve ((v/(1))%,v"(t))

is contained in the intersection of the roots of {P;}sc; so by the theory of Plane Algebraic Curves we
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conclude that such a curve is constant or the polynomials P are multiples by constants. Suppose that

{P;}ses are all multiples. Since in this case the only possible multiple is A = 1 we conclude that
Py(X,Y) = X3+ BY>+CXY + D;X> + E;Y + F,X + G,

is constant in the variable s, that is, the polynomials Py are all equal. Therefore, their coefficients are

constant, that is, there are K1, K>, K3, K4, K5, K¢ constants such that,

B, — K,
G =K
D, = K;
E, =K,
Fy = Ks
Gs = Ks,
that is,
- - WO
K, = 240) (s°('(5))? (+)2 —s%u'(s)u"(s))
K (3c(s) — 52 (' (5))? — s*(u” (5))% + 3c(s)s? (' (5))? + 2c(s)s>ud (s)u” (5) — 2)
3 c(s)s?
K, = 20) (SZ((M')(SS))z +1)?
Ke 3c(s) — 45 (U () — 25 (" (5))> — 254 (i (5))?
> c(s)s*
N 6¢(s)s?(u'(5))% + 3c(s)s* (! (5))* +25° (' (5))3u” (5) — 2
c(s)s*
oo — (POt () 252w (5))* + 57 (" (5))? + 25 (s)u" (5) + 2 ())?) — c(s) (8% (1 (5))* + 1)°)
6 c(s)s® '
Defining w(s) = «(s) we obtain
- P01
K — 2w(s)(s?w?(s) —: i — s w(s)W'(s))
K (3c(s) — 52w (s) — s* (W (5))% + 3c(s)s>w?(s) + 2¢(s)s> w(s)w' (s) — 2)
3 c(s)s?
K — 2w(s) (sz(w;(;) +1)?
Ke (3c(s) — 4s*w?(s) — 2s* (W (5))? — 25*w?(s) + 6¢(s)s>w?(s) + 3c(s)s*wH(s) + 25w (s)w/(s) —2)
> c(s)s*
Ke— - (s2(s*WO(s) 4+ 252w (s) + s2(W'(5))? + 2sw ()W (5) + 2w2(s)) — c(s) (s*w?(s) + 1)3) '

c(s)s®
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Since K| # 0 we have, by the first and fourth equalities,

therefore
K 2 2 4 K2
2(—5s 1 Ki 8 4
(R (et
! c(s)s? c(s)s?
then
(s) (s4K‘% 4—4[(12)2
cls) = ——7—7—7"—
16K7s2

that substituting w(s) and c(s) in the second equality we obtain
 16K1K, — 325K Ky + s* Ko K} + 85 KT Ko K

0
16sK?

i.e.
0 = 16K1Ky — 325°K{ Ky + s* Ko K3 + 85* K7 K K3
Notice that, by the above equality, s> is contained in the set of roots of the polynomial
Q(Z) = 16K1K, — 32K} K4Z + K2 K4 Z* + 8K} K> K3 72

that is, s? is constant or Q is zero. Since s is not constant we obtain that all the coefficients of Q are

zero. Since K; # 0 we conclude that K4 = 0. Then,

K.
W' (s) =w(s) = _Z_Igls =0
and
1
A7
which substituting in ([2.38))
1 3 3 1
024_ /l‘3 2( /tz——/t 4”1‘—
# () VOF 48 (- ) ORS00 -
and multiplying by s>
1 3 3 1
026_ "(1))3 41 N2 + —s2 /(¢ 6//t__
() OF 5 (< g ) (ORS00 -

and rewriting,

0— (v”(t) _ W)y (Kil —2)) o ((v’(t))z (Kil —2)) & (%Et)) X Kil

Observe that, by the above equality, s> is contained in the set of roots of the non-zero polynomial

2 is constant, a contradiction. Then, the curve ((v/(¢))?,V"(t)) is constant and therefore there

that is, s
exist constants 1, N such thatv/(r) = u and v" (¢) = 1 (in this case necessarily = 0) and we conclude

thatv(r) = ur+tin/ c R. O
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Theorem 2.1.7. Let ue C?(J,R), ve C*(I,R), ce C(J,(0,+x)) and J x I < (0,+0) x R. Let y :
QcR? — H? xR given by y(t,s) = (t,s,v(t) +u(s)) with Prescribed Length of Second Fundamental

2.2
Form c(s). Then v(t) = ut + 7, for U, T constants, and I — R. Moreover, if ¢(s) = (SZZSH’;—:])IZ we have

u”(s) _ Su’(S)<s4,LL2<u/(s))2 +s4‘u4 —1)+(1 +S2,u2 +SZ(M/(S))Z)\/A(,LL27SZ,c(s)’ (u’(s))z)

s2(1+s2u?)?

or

y )R ()P st = 1) = (1522 20 (9)%) B2 52, e(9), 0 (5)))
u'(s) = $2(1 + s2u2)? ’

where
A (2.3 _ 2 _ 3.3 Aa2.2 _
(x,3,2,w) = (xy'2+2(z— Dxy” + (z— Dy)w +x"y'z+ (32— 2)x"y" + (32— 2)xy + z.

Proof: Suppose y has Prescribed Length of Second Fundamental Form ¢(s). By Proposition
we have v(t) = ut + 7, for constants u, 7, and I = R. Then, by Proposition
o(5) = W)+ () + (14 2l ()
(s2u? + 52/ (s5))>+ 1)
252 (s2u% + 5% (u/ (5))2 + 1) (—(su” (s) + ' (s))ud' (s) — u?)
N (s2u? + s2(u/(s5))% + 1)3

Y

i.e.,

0 =s*(1+521%)7 (" (5))* = 25%u/(s) (s 2 (u'(5))* + 5™ = Dad" (5) +5° (' (9))* (0 ()% + p?)?

—c(s)(s2 (' () + 5212+ 1)° +252 (' (5))* + u2) (°(u'(5))* + °p2 + 1),
(2.39)

Define

Py(Z) = AyZ* + ByZ + C;
where
(s* (' (s))* + s ut = 1)

V(1 (5))7 + %)% = c(s)(s*(u'(5))” + 5% + 1)°
$)) + 12) (s ()% + 571> + 1),

Observe that Py(u”(s)) = 0 and furthermore, notice that the discriminant A(s) > 0. Indeed, since
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252 u%+1
C(S) = m, we have

A(s) = B> — 4A,C;

252u +1
(s2u?+1)?
+4s (1 4+ 202 + 52 (5)D)? (= (5225 1% + 1) (/ (5))? + 2522 (s*u? + 1)>
=45t (1 +52u? + 5% (5))2)* (s*u* + 1) > 0.

Then, using the formula for the roots of the second-degree equation we obtain, from (2.39)), the

+ast (1 + 522+ 2(u (5))2)? ( — P52 1) (5)? + 252 A (22 + 1))
(

> 45* (145212 + 52 (' (5))?)? (P + 12 (5% (i (5))* + s2u + 1)

differential equations

sl () (s* 2 (' (5))? +s*pt = 1) + (1 + 5202 + Sz(u’(S))z)\/ Au?,5%,c(s), (/(5))?)

u(s) = 2(1 + s2u2)2 7
or
S S )+ st = 1) = (1422 2 ()P B (o), (0 (9)))
u'(s) = $2(1 + s2u2)? ’
where

A,y z,w) = (P z+2(z— Dxy? + (z— Dy)w + 2"y’ 2+ 32— 2)x%y* + (32— 2)xy + 2.

2.1.9 Curvatures of Type Il Translation Surfaces

This section will be devoted to determining the curvatures of a Type II Translation Surface in H? x R.
Define the Type II Translation Surface y : Q c R> — H> x R by y(t,s) = (v(t) + u(s),s,t), where
ueC?*(J,R),veC*(I,R) and J x I < (0, +0) x R. We have,

oy /
E(l,s) = (v (1),0, 1))

V(¢
= WE]OI//(I7S)+E3OII/(I,S),
and ;
oy (S
Yt,5) = (£ (5),1,0)
_ (s
= (pol//(t,s)EIOW(t’s)+ (poq/(t,s)EzoW(t’s)'
The normal N at y(¢,s) will be given by
1 u'(s) V(1)
N(I,S) - Q)(I,S)EIOW(Z7S)_ w(t,s)EZOll/(tvs)_ C()(I,S)(POW(Z,S)E3OII/(I’S)7
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, 2
where @(t,s) = \/<<povqf(8,s)> + (/' (5))2+ 1.

By Lemma [I.1.2| we conclude that to know the Weingarten map & we do not need to differentiate

the normal field, we just need to know Va%—‘f, Va%—‘f and Vg%—‘f. We have,

Lemma 2.1.7. The following holds:

. oy o ( V@) HONRY
(Tt ) 9= (Gavti) 5o¥e* (gayiig) 5oV
(o Oy g V(1) o wlt.s u'(s)V'(t) owlt.s
9 (V) (09 =~y B V) 2o Wl
o WY (O W)\ ) s
i (Vaor ) 9= (5 (Goytig )~ o) 5o v
a( W Ny o
(5 (Gove) *ewig) 2oves
Proof:
(%6 %) ) = arow) ) e (20 Y Erewie
+(VZE3OI//)<I’S>
O VO N
~goyi Vi 5 (gt ) Bro v
-l-V;;W(t )E3
but,
VigoE :(pov ’( )<V21E1>ol//(t,s)+(VE%E1>01//(I,S)

and V3 E; = 0, therefore,

%(l,s)
oy 0 V(1) V() \?
(o) 9= (evtm) oven + (G ) E2oves
Also,
(7= (0
1 o 1
+W (VEEZ o l[/) (I,S) +eq (W) E2 ¢} ll/(l,S)

1 y 0 1
+—Vaw 7 Er + — ((PO—> Ezol//(t,s)
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but,
X :&(VXE)OWs)+(VXE>ow(rs)
Wt,5) 2 poy(t,s) \ B 2 7 E32 ’
V(1)
IO
consequently,
Oy B V(1) u' (s)V (1)
(Velg) (:5) == Goowria B e VS + oopr, s 22 Vi)
Finally,
oy ' (s) (s
Vo&— = V&
< N 0s>(t’s) gyl E VIR oy ) Frov )
1 _ 1
oy VB0 (o ) Erowte
u'(s) y 0 u'(s)
Cpoy(l,s) %(ts>El+$(<pow(r,s) Eroyits)
+ ! A + d ! Eyoyl(t,s)
— o
powlts) 2as 2" s \poylns) ) 2 7V!
but,
X _ u/(s) X 1 X
a(%/(t’s) 1 (pOl[/(t,S)< E; 1>OII/(t,s)+(POIV(Z,S) <VE2E1>OW(las)
u'(s)
= E,owyl(t,s
Poy(t,s) vies)
and
Vi __ %) ( XE>01//(t s) + ! (VXE)OI//(I s)
%(ts) 2 Qoyl(t,s) B2 ’ Qoyl(t,s) Ey2 ’
u'(s)
= (pol’/(t,S)Elow(t’s)
then,
oy o ( u(s) u'(s)
V? W)=\ A - )
(v ) 9= (5 (virss) o) o)
0 1 (W' (s))?
! (& (wow(m) Floowrin) oY)
L]

With this we have
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Lemma 2.1.8. The following holds:

DE.s) = s20(t,s)

vV u'(5))?
i F(1,s) = LU ;é sg )%

s (s) — ' (s) — (i (s))3
)G () = ) Szag(t) S)( (s)

ive(t,s) = 22

ie.s) = N,
' ()2
gt = L)
Proof:
£t s)—(NoXVel a"’) (t,5)
1 ﬁ( V(1) )_ W' (5)(V'(1))?
o(t,s) 0t \ @oy(t,s) o(t,s)(Qow)2(t,s)
_ V(1) W0 (0)?
o(t,s)poy(t,s) (ts)(@oy)3(t,s)
(1)~ (5)(V' (1))
s2o(t,s)
Also, ]
Flt,5) = (N.X V“a_f) (t,5)
__ V(1) V) (5)?
o(t,s)(@ow)*(t,s)  alt,s)(@ow)i(t,s)
_ V(L +((5)%)
s2o(t,s)
Finally,

G(1,5) = (N-X Vs ‘?”) (t.5)

w(l,s> ( & ((p uﬁi s)) - (wob;/f(;)(t,w) - ab:gsz) (% <<PO l;(t,s>> ! (@iu:;;;)(is))
_su(s) —u'(s) - (u'(S))3'

s2o(t,s)

The metric coefficients are,

Vv 2 W 2 S2
1) = @0 70) (15) = (X o W) 9= SOy - O

ot ot

Also,

f(r,5) = (eTex @) (t,s) = (%‘;’ § 0_!//) (t.s) = u’(S)v’(t).
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Finally,
(v Y )P L LW
09 = (509 = (30 50 ) 09 s oy
L]
Proposition 2.1.17. The following holds:
H(t.s) = (v (1) =/ () (V/(1))*) (1 + (' (5))*) + (s (s) — ' (s) — (' (5))*) (V' (1)) + 5%)
’ 2523(t,s)
24 () (V)2 (1 + (' (5))%)
25203(t, ) ’
and
sV (1) — i ($) (V' (1)) (su” (s) — ' (5) — (i (5))3) — (V/ W' (5))?))?
K(I,S)=( (1) —u'(s)(v'(2))") (su" () s2a§4zt,s§ (5))7) = () (1 + ('(s)")"
and
2 o [ V() = u () (0)*) (1 + (' (5))*) + (su” (5) —u'(s) — (' (5))*) (V/(1))* + 5°)
[A[*(2.9) s2w3(t,s)
()01 + <u’<s>>2>>2
s2@3(t,s)
257/ (5))? (" (1) =l (5) (V' (1)) (sud" (5) —ud' (5) = (' (5))*) = (V' (0) (1 + (' (5))*))?)
s*@0(t,s)
202 00 ((5760) ~ )P s) ~ ) — (W6))) ~ (/)1 + W 5))P)
s*@0(t,s) '
Proof:
Hit,s) - %tr(S)(t,s)
:%(att'i‘ass)
1 (Eg+Ge—2FF
-3 () e

N |

o4

| (”"(’);Z;Ej)s(f'(’”z) <1+<»;’2<s>>2> N (su”<s>—sg;<)2;)<u’<s»3> ((v’(z>s>22+s2>
( | (<v'<t>>2+s2>(1+<u/<s>>2>_<u/<;>vf<z>>2 )

52 52

1 sto(t,s)
2 ((V’(fl);ﬂz) (H(lz’z(s))z) (M’(S)S‘;’(f))2
(v (1) —ud' () (v (1)) (L (u (5))%) + (su” ()=’ (5) = (' (5))*) ((V/(1))* +5%) =200 () (v (1))* (1+ (' (5))*)
_ 1 st(t,s)
2 S 0%(1,5)
_ (") = (5)(V (1)) (1 + (' ())%) + (su”(s) — ' () — (' (5))*) (V'(1))* + 5%)
a 2523 (t,s)
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Also,

K(t,s) = det(S)

= QytQgs — ArsQst

Eg— Ff F¥ Fg—Gf Fe—E&F
(w V) (m V)“”‘(m—#)“”(m—#)“”
EGge — EFgf — FGfe + (Ff)* — (F2ge — EFgf — FGfe + EFF)
(o PP )
EG(eg— f2 — F2(eg— )
( (eg—§2)2 >(l’s)
EG
- (5= )
( > ( "(S)—M’(S)—(u’(s))3> @)+ ()H?
s2(1,5) st w2 (1,9)
2w2(t7s)
_ (v (1) =1 () (V' (1)) (su" (5) — u' (s) — (/' (5))*) = (V' (1) (1 + (' (5))%))?
20%(1,5) '

Finally, being A;(¢,s) and A;(z,s) the principal curvatures we have,

AP (1,5) = AT (1,8) + A3 (1,5)
— 40“l +Aj)2<t’s> —221(1,5)A2(t,5)
— 4H?(1,5) —2K(t,5)

_ ( (sv"(8) =/ () (v'(1))*) (1 + (1'(5))%) + (su" (5) — 1 (5) = (u'(5))°) (V' (1)) + 5)

s2w3(t,s)
2 () (V)21 + (W (9)D))
s2@3(t,s)
220 () (1) = (5) V(1)) (s (5) = (5) = (' (5))?) = (V (1) (1 + (' ())2))?)
s*@0(t,s)
2+ (0)2) (37(0) = (5) V()2 s (5) o (5) = (' (5))%) — (Y (1) (1 + (' (5))2))?)
s*@0(t,s) '

]
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2.1.10 Type Il Translation Surfaces - Flat case

By Proposition [2.1.17| we conclude that a Type II Translation Surface is Flat if it satisfies a differ-

ential equation described in the following proposition

Proposition 2.1.18. The surface v : Q  R?> — H? x R given by y(t,s) = (v(t) + u(s),s,t), where
ueC>(J,R), ve C*(I,R) and J x I = (0,+x) x R, is Flat if and only if,

0 = (sv"(1) = () (v'(1))%) (su (5) — ' (5) = (' (5))*) = (V/(£) (1 + (& ())*))*.

Proposition 2.1.19. Let y: Q < R> — H? x R given by y(t,s) = (v(t) +u(s),s,t), where ue C> (J,R),
ve C?(ILR) and J x I = (0,4+0) x R, Flat. Then v(t) = ut + 7, with R, or v(t) = pln|t + v| + 7,
with [ € R —{v}, for u, v, constants.

Proof: Suppose  is Flat. By Proposition the functions u, v satisfy the equation
0= (sv"(t) —u () (v (1)) (su" (5) —ud' () — (' (5))°) = (V' (1) (1 + (' (5))))%,
or equivalently
0= ((u'(5))* + st (s)u" (5) + 1) (V' (1))* + s((a (5)) + u (5) — su" () V" (2). (2.40)
Claim: If (/(s))? + su/(s)u” (s) +1 =0 in J then v(¢) = ut + 7 in 1. Indeed, if
(' (5))* + sl (s)u"(s) + 1 =0

then

and defining w(s) = («/(s))? we obtain

w(s) + %w’(s) +1=0

whose solutions are w(s) = 5 — 1 and therefore (i’ (s))? = % — 1. From {} we have
0 = (1 (5))? +sud' ()" (5) + 1) (V' (1)) + 5((u'(5))° + ' (5) — sud" (5) V" (8)
= s((u'(5))> + ' () —su" ()" (1)
2
a /!
= =Vt
5,
and since o # 0 (otherwise we would have (1/(s))? = —1, a contradiction) we obtain v(¢) = ut + 7 in

I and thus proof the claim.

If (u/(s))% + su'(s)u” (s) + 1 = 0 in J then, by the claim, v(t) = ut + 7 in 1. If there exists an open set
V < J such that (u/(s))? + su/(s)u” (s) + 1 # O then from (2.40]) we have

s(u' (s) —su” (s) + (' ())*)
(u,(S))Z—FSLt/(S)u”(S)—i—l 4 (t) (2.41)

0=('(1))*+
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Defining the family of irreducible polynomials

s('(s) —su"(s) + (' (5))°) ,,

P(X,Y) =X+ 2((u/ ()2 +su(s)u(s)+ 1)’

we observe that the curve ((v/(¢))%,v"(t)) is contained in the intersection of the roots of {P;}s«y. By
the theory of Plane Algebraic Curves we conclude that such a curve is constant or the polynomials P;
are multiples by constants. Suppose that {P,}scy are all multiples. Since in this case the only possible

multiple is A = 1 we conclude that

s('(s) —su"(s) + (' (5))°) ,,

B =X S WP+ w5 + 1)

is constant in the variable s, that is, the polynomials P are all equal. Therefore, their coefficients are

constant, that is, there exists a constant 8 such that,

s(u'(s) —su"(s) + (/' (5))*)

b= 2((e(s))2 + s (s)u” (s) + 1)

e entdo de (2.41))

/ s(u'(s) —su" (s) + (”/(S>>3) " / "
0= (0" + LS BL WD ) — 07+ ),

whose solutions are v(t) = B1n|t + fn|+ 7 if B # 0, and v(¢) = 7 if B = 0. Therefore, there exist
constants 1, v and 7 such that v(¢) = uln|r + v| + 7 for all r € I — {v}. On the other hand, if the curve
((V'(¢))?,v"(t)) is constant there exist &, n such that v/(¢) = g and v"(¢) = 1 (in this case necessarily
N = 0) and we conclude that v(z) = ut+ tin I < R. O

Theorem 2.1.8. Let v : Q = R? — H? x R given by y(t,s) = (v(t) + u(s),s,t), where u e C>(J,R),
veC?(I,R) and J x I < (0,4+) x R, Flat. The possibilities for u and v are:

i) v is constant and u is arbitrary.

ii) v(t) = ut + 7, for constant T and i # 0, and I < R, and

w@=Diﬂwﬁﬂ%iﬁ_wr

for constants D, C >0, F =0 and J (O,CvF + 1]

iii) v(t) =uln|t+v|+1, for u #0, v, 7 constants and I — R —{v}, and the function u satisfies the
differential equation
(1+ (' (5))?) (su'(s) — )
o md(s)

M//(S) _
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Proof: Suppose y is Flat. By Proposition [2.1.18] the functions u,v satisfy the equation
0 = (sv"(e) = (s)('(1))%) (su" () — ' (5) — (u'(5))) — (V/(0) (1 + (' (5))*)). (2.42)

By Proposition[2.1.19it holds that v(¢) = s + 7, with ] < R, or v(¢) = uIn |t + v|+ 7, with ] « R— {v},
for u, v, 7 constants. In both cases if 4 = 0 we have that v is constant. Since v is constant in / we
conclude from that u is arbitrary, that is, we obtain 7). Suppose that pt 0. In the first case,
i.e., v(t) = ur + 7, we obtain from (2.42))

0 = su'(s)u” () + (u/ (5))* + 1.

Defining w(s) = (i/(s))? we obtain the separable differential equation

Since w(s) = 0 then w(s) + 1 > 0 and therefore

S / S
J W) gy —2J Lar
s w(r)+1 s T

0

and by the Change of Variables Theorem,

Thus,
2
(LY (50
w(so) + 1 52
1.e.,
w(s)+1 53
w(so)+1 52
that is, for constants C >0 and F > 0
C*(F+1)
=———=—1
w(s) = =
in the interval (0,Cv/F + 1]. By the definition of w
C>(F+1)
/
= —1
u(s)== 2

1.e.,

u(s)zDifS\/@—ldr.

S0

In the second case, i.e., v(t) = puIn|t 4+ v| + 7, we obtain from ([2.42])

0= s(s+ pu'(s))u”" (s) + (1 + (u/ (5))*) (1 — 51 (5)). (2.43)



82 Chapter 2. Weingarten Surfaces

Claim: s(s + uu/(s)) # 0 in J. Indeed, if there exists s; € J such that s1(s; + pu/(s1)) = 0 we have

2.43)
0 =s7 + usu'(s1)

0=p—s1u'(sy).
Isolating sju/(sy) in the second equality and substituting it in the first we conclude s% +u’>=0,a

contradiction and thus we proof the claim.

By the claim we conclude that ([2.43))

[

2.1.11 Type Il Translation Surfaces - Constant Gauss Curvature
case

By Proposition [2.1.17| we conclude that a Type II Translation Surface has Constant Gauss curva-

ture if it satisfies a differential equation described in the following proposition.

Proposition 2.1.20. The surface ¥ : Q — R* — H? x R given by y(t,s) = (v(t) + u(s),s,t), where
ueC?(J,R), ve C*(I,R) and J x I = (0,+©) x R, has constant Gaussian Curvature c , if, and only
if,

(sv"(1) —u' () (V' (1)) (su” (5) — ' (5) — (u'(5))*) — (V' (1) (1 + (u'(5))*))?

2 (1 +(u(s)2 + (ﬂ)z)z

Proposition 2.1.21. Let y: Q < R> — H? xR given by y(t,s) = (v(t) +u(s),s,t), where ue C> (J,R),
veC?(I,R) and J x I < (0, +00) x R, with constant Gaussian Curvature ¢ # 0. Then v(t) = ut + 1,

C =

with I R, for U, 7 constants.

Proof: Suppose y has constant Gaussian curvature ¢ # 0. By Proposition [2.1.20} the functions u,v

satisfy the equation

(sv" (1) — ' () (v/(1))*) (su" (5) — u'(5) — (' (5))*) = (V' (1) (1 + (' (5))))?

C = 5

or equivalently
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Define the family of irreducible polynomials

Py(X,Y) = X> + AX + B,Y +C;,

where
A, :s2(2c + (' (5))% + 2¢( (5))? + s/ (s)u" (s) + 1)
B, S (s) —su"(s) + (/(5))*)

c
Cs =s*(1+ (' (5))%)%

and observe that the curve ((v/(¢))2,v"(t)) is contained in the intersection of the roots of {P;}s;. By

the theory of Plane Algebraic Curves we conclude that such a curve is constant or the polynomials Ps

are multiples by constants. Suppose that {P;}c; are all multiples. Since in this case the only possible

multiple is A = 1 we conclude that
P(X,Y) = X>+AX + ByY +C;,

is constant in the variable s, that is, the polynomials P are all equal. Then, their coefficients are

constant, that is, there are K, K>, K3 constants such that,

A, = K|
Bs :KZ
CS :K37

1.e.,
s2(2c+ (' (5))? 4+ 2c(u (5))? + su (s)u” (s) + 1)

o

Ky =s*(1+(u'(s))*)%,

then, setting w(s) = /(s), we obtain

s2(2¢ + w2 (s) +2ew?(s) + sw(s)w/(s) + 1)
s3(w(s) —sw'(s) +wi(s))
Ks = s*(1 +w?(s))?,

K =

Ky =

thus
K = S2(26+ WZ(S) + 26W2(5> +sw(s)W(s) + 1)
sw(5) = w(s) 40 (5) — K2

0 = wh(s)s* + 2w (s)s* + 5% — K3,
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and substituting the second equality into the first

0=swh(s

0= w(s)s*

+(2¢4+2)s’Ww?(s) + (2c + 1)s° — cKys — cKow(s)
+ 2w (s)s* + 5 — K3,
and multiplying the first by s and subtracting the second from it

0 = 2ew?(s)s* — cKow(s)s + 2¢s* — cKy s + K3

(2.44)
0 = wh(s)s* + 2w (s)s* +5* — Ks.

Define G: (0,+0) x R > R, G: (0,+%0) x R — R by
G(x,y) = 2cy*x — cKyy + 2cx* — cKix + K3

and

G(x,y) =y + 2y’ x + x> — K3.

Notice that from G(s?,sw(s)) = 0 = G(s?,sw(s)). Since the curve (s,sw(s)) is non-constant
we conclude by the theory of Plane Algebraic Curves that the polynomials G and G must have at least
one factor in common, a contradiction with Lemma Therefore, the curve ((v/(1))2,V"(t)) is
constant and then there exist i, n such that v/(z) = u and v"(¢) = 1 (in this case necessarily n = 0).
We conclude that v(f) = ut+tin I c R. O

Proposition 2.1.22. Let v : Q = R> — H? x R given by y(t,s) = (v(t) +u(s),s,t), where ue C* (J,R),
ve C2(I,R) and J x I < (0,+) x R, with constant Gaussian Curvature ¢ # 0. Then v(t) = it + T,

with I C R, for u # 0 and T constants. Moreover,
i) If ce (—oo,—1) | J(0,+0) then u'(s) # 0 in J.

ii) Ifce [—1,0) eu'(s) = O then

o ‘u|\/—(1+2c)i\/4c+1
B 2c '

Proof: Suppose y has constant Gaussian Curvature ¢ # 0. By Proposition [2.1.21| we have v(t) =
ut + 7 in I < R. Therefore, by Proposition [2.1.20} the functions u, v satisfy the equation

2\ 2
0 = wsu' (s)u” (s) + (cs® + u?> — w) (' (5))* + (2es + 2(c + Du? — ) (il (5))? + cs* <1 + !:—2> +u>.

(2.45)
Observe that p # 0. Indeed, if © = 0 we obtain(2.43))

0 = cs?(u' (5))* + 2¢5%(u/ (5))? + c5°
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ie., 0= (u/(s))* +2(u/(s))> + 1, a contradiction. Furthermore, suppose that there exists x € J
(0,+00) such that «’(x) = 0. We have ([2.45))

0=c()? + (2 + Du2? +cp? = %(;ﬁxz)z +(2c+ D+ cut. (2.46)

If ¢ € (0, +00) the right-hand side of this equality is strictly positive, so it does not hold, that is, it has

no roots. Also, the discriminant of the equation ([2.46)) is, considering p>x” as the variable,

A=4c+1

therefore, if ¢ € (—o0,—%) we have no real roots. Finally, if c € [—,0) we have at most two distinct

roots. Thus, we obtain de (2.46)),

s o —(142c)t+/dc+1
u-x- = 2

7

=

that is,

—(14+2c) +v4c+1

c

[
Theorem 2.1.9. Let y : Q = R? — H? x R given by y(t,s) = (v(t) + u(s),s,t), where ue C>(J,R),
ve C2(ILR), and J x I < (0,+) x R with constant Gaussian curvature ¢ # 0. Then v(t) = ut + 1,
for constants 1 # 0,7, and I = R. Moreover, u satisfies the differential equation
2\ 2
(es? + u? — ) (' (s))* + (2es® +2(c + Du? — w) (W' (s5))? + cs? <1 + ‘;—2> +u?

u'(s)=— o () (2.47)

n

Jc (0

Y

—(1+2¢) ++/dec+1 —(1+2¢)—+/dec+1
,+00) =4 |u 5 i e

ifce [—}1,0), and in J < (0,+0) otherwise.

Proof: Suppose y has constant Gaussian Curvature ¢ # 0. By Proposition [2.1.21| we have v(t) =
pt + 7 in I < R. Therefore, by Proposition [2.1.20] the functions u, v satisfy the equation
2\ 2
0 = psu' (s)u” (s) + (es? + pu? — ) ( (5))* + (2es® + 2(c+ D — w) (' (5))? + cs® <1 + [;L—2> +u?,
and then, by Proposition[2.1.22]
2
(5% 4+ 12 = ) (' ())* + (25 + 2(c + D2 = p) (' ()% + e5? (1485 ) "4 2

wis) == st (5

in

—(1+2c)++/dc+1
I (0 40) - Iul\/ Lr2grvier it

if ce [—1,0),and in J = (0,+00) otherwise. O
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Corollary 2.1.3. Assume the conditions of the Theorem The change of variable g(s) = (u/(s))?
to the equation (2.47)) reduces to the Ricatti differential equation

2 2\?
g(s) = s ((cs2 +u?— )@ (s) + (2es* +2(c+ Du? — p)g(s) + cs? (l + ‘:—2) + ,uz) . (2.48)
Proof: Just observe that as
2\ 2
0 = wsu' (s)u” (s) + (cs® + u?> — w) (' (s))* + (2es> + 2(c+ Dp? — ) (il (s))? + cs* <1 + !;—2> +u?,
then

2\ 2
0="2—[(/(5)?]+ (s +pu? —u) (W (s)* + 2es® + 2(c+ D) — p) (i (5))* + ¢5° (1+'l:—2> +u

L]
Remark: A way to investigate Ricatti’s equation ([2.48)) is to reduce it to a separable differential

equation. This is possible if a particular solution is known. This is essentially the approach contained
in the Corollary

2.1.12 Type Il Translation Surfaces - Minimal case

Lemma 2.1.9. Let u, C > 0 and F € (0,1) be constants. Consider the function g :J < (0,+0) — R
given by

3
F)(555)
5
1-F (2)° (455)

Then g > 0 only in (O, \/E) N J, where 7 is the only positive root of the polynomial

g(s) =

P(Z) = —F(u*+C*)’2* + C¥2° + 3C®u*Z* + 3¢z + ¥ .

Proof: To obtain g > 0, we necessarily need the denominator of g to be strictly positive, that is,

01 F(S)S p?+c\’  —F(u2 4?38+ 50+ 3C u?s* + 3C8 uts? + B
C u2+S2 - C8<‘LL2+S2)3

i.e.,
0 < —F(u?+C?)3s® + 8% +3¢8u?s* +3¢8u*s® + cBub. (2.49)

\O

If u = 0 we obtain from ([2.49)) that g > 0O in the interval (O, A/ %2> (J. If u # 0, define the polyno-

mial
P(Z) = —F(u*+C*)3Z* + €823 + 3C3 222 + 3¢ u*Z + CBuS
for Z > 0.Since P(0) > 0 and P(+00) < 0 there exists a unique Z € (0, +0o0) such that P(Z) = 0. Indeed,

suppose there exists another z € (0, +00) that vanishes P. Then,

P(Z) = (Z—3)(Z—z)(aZ* +bZ +c)
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thus

0=—F(u*+C*3z2* + 2% +3C8u* 2% + 3C3u* 2 + CBu® — (2 - 2)(Z — 2)(aZ? + bZ + ¢)

that reorganizing,

0=—(a+F(C*+u>)HZ* +(C®—b+a(z+2)Z° + (BC3U* —c +b(Z +z) — azz) Z?

+(3CU* + ¢(2+2) —b72)Z + CPub —czz

that occurs if, and only if,
0=a+F(C*+pu?)3

0=C—b+aZ+z)
0=3C%u>—c+b(Z+z)—aiz
0=3C8u*+c(z+z)—bzz
0= C8u6—cZz.

By the first and last equalities we obtain, respectively, a = —F (C? + u?)? and ¢ = % Substituting

in the others we obtain

0=C®—b—F(C*+u®)’(z+2)
8,,6

c
0=3C%u— Z—g bz +z) + F(CP+ 2z

CS 6
0=3C%ut + Z—g(zﬂ) bz

Isolating b in the first equality and substituting it in the others we obtain

(W + CPP3 (P + 2+ ) F +C¥(—2% — 27+ ub —3u%zz)

0=
23
0 22U+ C?3(E+2)F + C¥(—222% + pub7+ ubz+ 3uz)
7z ’

Isolating F' in the second equality and substituting it into the first we obtain

0=

8 B + u82 + P33 + 3PP +3uPP 2 +3ut P2+ 3utid + 3ut P+ ubi + ub#

772(Z+2)

<0

a contradiction. Then Z is unique. Finally, since P(0) > 0, we conclude that P(s?) > 0 in the interval

(0,4/Z) nJ, and consequently g > 0 in such interval.

O

By Proposition [2.1.17] we conclude that a Type II Translation Surface is Minimal if it satisfies

a differential equation described in the following proposition.

Proposition 2.1.23. The surface v : Q = R? — H? x R given by y(t,s) = (v(t) + u(s),s,t), where

ueC?(J,R), ve C*(I,R) and J x I = (0,+x) x R, is Minimal if and only if,

0= (sv"(1) = () (v'(1))*) (1 + (u'(5))) + (su" (5) = ' (5) — (' () ) (V' (1))* + 5%)

—2u'(s) (v (1))*(1 + (' (5))?)-



88 Chapter 2. Weingarten Surfaces

Proposition 2.1.24. Let v : Q < R? — H? x R given by y(t,s) = (v(t) +u(s),s,t), where ue C*> (J,R)
non-constant, v e C*>(I,R) and J x I < (0,+m0) x R, Minimal. Then v(t) = ut + 7, with I — R, for

u, T constants.

Proof: Suppose y is Minimal. By Proposition [2.1.23] the functions u, v satisfy the equation

0 = (5v/(1) — /() (1)) (1 + (u(5))2) + (su"(s) — u(5) — () )((/ (1)) + )
=2 (5) (0 ()2 (1+ (' (5))2),
or equivalently
—4u/ (s) + su” (s) — 4(u'(s))?
s(1+((5))?)

Define the family of irreducible polynomials

5)7)

s2(u' (s) — su” (s) + (
2

O=v ST+ W)

(v (1))* — ?

Py(X,Y) =Y +AgX +B;,

where
il (s) + su(s) — 40 (5))°
AT T W o)
p, - ) () + Ws))
: AT W@R)

and observe that the curve ((v/(¢))%,v"(t)) is contained in the intersection of the roots of {P;}s;. By
the theory of Plane Algebraic Curves we conclude that such a curve is constant or the polynomials Ps
are multiples by constants. Suppose that {P;}c; are all multiples. Since in this case the only possible

multiple is A = 1 we conclude that
P(X,Y) =Y +A;X + By,

is constant in the variable s, that is, the polynomials P are all equal. Therefore, their coefficients are

constant, that is, there are K;, K, constants such that,

Ay =K,
Bs = K>,
that is,
_ 4 (s) + su”(s) —4(ud'(5))°
T I wWeP
_ S (s) —su" () + (/(5))°)
PTTTIRwWe
then, setting w(s) = u/(s), we obtain
~ —dw(s s) 4+ sw'(s) — 4w (s)
K= 050
K :_sz(w(s)—sw'(s)—l—w (s))
2

sA+wi()
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thus
2K — Ky = —3sw(s),
that is, ,
. S K] — K2 (2 51)
w(s) = PR
We have w/(s) = —%, which substituting into the first equality of (2.50)) we obtain

0= —2K3s° + 3K (4K K> + 3)s* —9K> (2K Ky — 11)s* + 8K5

and since K, K, are not mutually zero (otherwise, from (2.51)), we would have 0 = w(s) = u/(s), i.e.,

u constant) we conclude that s is contained in the roots of the non-zero polynomial
P(Z) = —2K3Z73 + 3K, (4K K> + 3)Z> — 9K, (2K K> — 11)Z + 8K3,

a contradiction, since s is not constant. Then, the curve ((v/(¢))?,v"(¢)) is constant and therefore there
exist i, n such that v/(z) = u and v'(r) = 1 (in this case necessarily 7 = 0) and we conclude that
v(t)=ut+7inl < R. O

Theorem 2.1.10. Let v : Q = R? — H? x R given by y(t,s) = (v(t) + u(s),s,t), where ue C> (J,R),
ve C?(I,R) and J x I < (0,+0) x R, Minimal. Then v(t) = ut + 7, for U, constants, and I < R.

Moreover, u(s) = D for constant D and J < (0,+x), or

3

| F@ ()
u(s)zDiJ v +2+C2 .
"\ 1-F (@) ()

)

[T

for C >0, D and F € (0,1) constants and J (O, \/E) with Z being the only positive root of the
polynomial
P(Z) = —F(u*>+C?)*7* + 3273 + 3C3u?7? + 3C%u*z + c¥ub.
Proof: Suppose y is Minimal. By Proposition [2.1.23] the functions u, v satisfy the equation
0 = (sv"(r) —u/(s)(v' (1)) (1 + (u' (5))%) + (s (5) — ' (5) = (' (5))*) ((V'(2))* + 5%)
= 2u/(s)(V'(1))* (1 + (1 (5))?)-
If u is constant in J we have from (2.52)) that v’ (¢) = 0 and therefore v(¢) = pt + 7, for i, T constants,

and I < R. If u is non-constant in J we have by Proposition [2.1.24| that v(z) = ut + 7, for u,t
constants, and / < R. Then from ([2.52))

(2.52)

0= s(s? + u2)u"(5) — 1 () ((u/ ()2 + 1) (41> + ),

and defining w(s) = /(s), Ay 4 2
/ _ 'u——i_sw S)Hw=(s
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Observe that w = 0 is a solution of this separable differential equation. By the Existence and Unique-
ness Theorem any other solution does not reach zero. Since u is non-constant we have w # 0 and thus
we obtain

w(s) 4u? + 2

w(s)(w(s)+ 1) s(u?+s2)’

s / S 2 2
f wir) J e
S

o W(r) (W (r) +1) w0 F(HZ+77)
and by the Change of Variables Theorem

w(s) S 2 2
J z;‘” :f Lmz—ﬂzd’-
w(so) l(l +1) ) l’(‘LL +r )

then,

So,
(wsti)  (wst) - (o) (i)
wi(s) +1 w2(so) + 1 (M2 +52)3 (K2 +53)2
that is,
ln< w(s) ) o (i>4<‘u2+s3)g w(so)
w2(s)+1 so) \p*+s? w2(s0)+1 )
thus,
wis) [ 4 u*+s3 : w(so)
wz(s)ﬂ_(%) <u2+s2) w2(so) + 1’
then,
wi(s) (s )8 <u2+s3) w(s0)
w2(s)+ 1 50 Uz +s%) w(so)+ 1’
consequently, . \
2.2 w2(s
W2(s) = () (=) s

50
- (1)8 <u2+s3>3 w2 (s0)
50 w2+s2 ) w(sp)+1
)

3
F(2)* (525)

2
w (S) = 3
1= (2) <u2+52>
that is, \
8 (u2+C?
F(2)*(525)
(/(5))* = ol

s\8 [(u2+C? 3
1 - F (6) < u2+52
By Lemma [2.1.9] we have two distinct differential equations
7 ()8 (124’
(E) ,,L2+s2

37
1-F (2)° (425)

u'(s) ==+
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inJc (O, \/E), being Z the only positive root of the polynomial
P(Z) = —F(u> +C?)’7* + C32° + 3¢%u2 2% + 3¢ u*z + c¥ .

Integrating these equations we conclude

MﬂzDif

r
p2+c2?
S0 I—F(é) (,u2+r2>

2.1.13 Type Il Translation Surfaces - Constant Mean Curvature
case

By Proposition [2.1.17|we conclude that a Type II Translation Surface has Constant Mean Curva-

ture if it satisfies a differential equation described in the following proposition.

Proposition 2.1.25. The surface ¥ : Q  R? — H? x R given by y(t,s) = (v(t) + u(s),s,t), where
ueC?(J,R), ve C*(I,R) and J x I = (0,4+0) x R, has constant Mean Curvature ¢, if. and only if,

(v (1) =t () (V'(1))*) (1 + (ud'(5))) + (su"(5) —u'(s) — (/' (5))*) ((V'(£))* +5°)
252 <1 + (W' (s5))% + (VIT(OY)

C

[\S1[9]

Proposition 2.1.26. Let y: Q < R> — H? x R given by y(t,s) = (v(t) +u(s),s,t), where ue C> (J,R),
ve C?(I,LR) and J x I = (0,+0) x R, with constant Mean Curvature c neq0. Then v(t) = ut + 1, with

I R, for u, T constants.

Proof: Suppose y has constant Mean Curvature ¢ # 0. By Proposition [2.1.25] the functions u,v

satisfy the equation
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or equivalently

2 ut(5) + 58 (5) 4G )) o D
RNy B A EA /O L
4c?

~sar e
N (U (5) — su” (s) + (/' (5))> + 31 (s)

0=(v"(1)*+

_l’_

257 ((u'(5))° +u'(5) — su"(5)) (u' () — su" (s) + (u'(5))* + 3 (5) (1 + (u'(5))*))
5))

12282 (1+ (W'(5))%)?) ()2 =+ (' (5))> +u'(s) —su"(5))* — 4c>s* (1 + (' (5))*)°
s*(1+ (' (5))?)? s(1+(u'(5))?) '

Define the family of polynomials

Py(X.,Y) =Y?> + A XY +B,Y + CX> + DX + E;X + F,,

where
A 2(—4d(s) +su"(s) —4(u'(5))?)
’ s(1+ (u'(s))?)
B 2s(—u(s) +su" (s) — (u'(s))%)
’ 1+ (u'(5))?
4¢?
RO
D (' (s) —su”(s) + (u'(5))> +3u (5) (1 + (' (5))*))* — 126> (1 + (' (s))?)
’ s2(1+ (/' (s))?)?
Es:2S2((M'(S))3+M/(S) su'(s)) (W' (s) — su” (s) + (' (5))° + 36/ (s) (1 + (/' (5))%))

w'(
s(1+ (' (5))?)?
SH(W'(9))* +u'(s) = su"(5))* —4c*s* (1 + (' (5))*)°
s2(1+( '(5))?) ’

and observe that the curve ((v/(¢))%,v”(t)) is contained in the intersection of the roots of {P,}se;.

F:Y:

Claim: The polynomials {P}s are irreducible. Indeed, if P; is reducible then there exist poly-

nomials of degree 2 and degree 1 such that
P(X,Y) = (f +gX +hY)(i+ jX +kY +IXY +mX> +nY?)
that is,

0=Y?+AXY +BY +CX> + DX*> + EX + F; — (f + X + hY)(i + jX + kY + IXY +mX? +n¥?)
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and reorganizing
0 =(Cs—gm)X> — (gl + hm)X*Y + (Ds — gj — fm)X* — (hl + gn)XY? + (A; — f1 — gk — hj)XY
+ (Ey—gi— )X —hnY?+ (1 — fn—hk)Y* + (Bs — hi — fk)Y + F, — fi

that occurs if, and only if,

OZCS—gm
0=A;— fl—gk—hj 0=1—fn—hk
0=gl+hm
' 0=E;—gi—fj 0=Bs—hi— fk (2.53)
0=Ds;—gj—fm _
0=hn 0 =F;— fi.
0=hl+gn

By the seventh equality 2 = 0 or n = 0. Suppose & = 0. We have,
0=Cs—gm 0=gn 0=1—fn
0=gl 0=A;— fl—gk 0=B;— fk
0=Ds—gj— fm O0=E;—gi—f] 0=F;— fi.
Since g # 0 (otherwise we would not have factorization) we obtain, by the fourth equality, n = 0

which substituting in the seventh equality we conclude 1 = 0, a contradiction. Then, & # 0 and n = 0.
From ([2.53]) we have,

0=Cy—gm 0 =hl 0=1—hk
0 =gl + hm 0=A;—fl—gk—hj  0=By—hi— fk
0=Dy—gj—fm  O=E;—gi—fj 0 =F— fi.

By the fourth equality we obtain [ = (. Substituting into the second equality we conclude m = 0.
Substituting into the first equality we conclude C; = 0, a contradiction since C; < 0 and thus we proof

the claim.

By the claim the polynomials {P, }; are irreducible. As observed previously the curve ((v/(¢))?,v"(t))
is contained in the intersection of the roots of {P;}sc; so by the theory of Plane Algebraic Curves we
conclude that such a curve is constant or the polynomials P are multiples by constants. Suppose that

{Ps}ses are all multiples. Since in this case the only possible multiple is A = 1 we conclude that
P(X,Y) =Y?+AXY +ByY +CX> + DX?> + EX +F,,
is constant in the variable s, that is, the polynomials P are all equal. Thus, their coefficients are
constant, that is, there are K, K>, K3 constants such that,
Ay =K,
B, =K,
CY = K37
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that is,
g 2 () b (s) ~ 4(u(5))
S0+ @)
() o) ((5)7)
2= ()P
402
Ky =—

s+ (' ())2)>

then, setting w(s) = /(s), we obtain

2(—4w(s) +sw/(s) — 4w (s))

k= s+ w2 (5))
25(—w(s) +sw'(s) —w3(s))
K= T+ w2(s)
4¢?
thus
o (1+w?(s))(8w(s) +sK)
sw(s) 5
25(—w(s) +sw(s) —w3(s))
k2= 1+w2(s)

4¢?
Ky =— 5,
sH(1+w?(s))?
and substituting the first equality into the second we obtain
0 = K{K3s® — 4K?K3(K1 K> — 18)s° + 6K3 (K7 K3 — 24K K> + 216)s* — 4K5 K3 (K Ky — 18)s?
+5184c¢% + K3K5

and since s is non-constant, we conclude that all the coefficients of the above polynomial are zero.

We have,
0 =K}K3

0 =4K?K3(K K> — 18)
0 =6K3(K?K3 — 24K, K, +216)
Since K3 # 0 we obtain, from the first equality, K; = 0 which substituting in the third equality we

0 —=4K3K3(K K> —18)
0 =5184c* + K3K;.

conclude 216 = 0, a contradiction. Therefore, the curve ((v/(¢))?,v"(¢)) is constant and therefore
there exist i, n such that v/(r) = u and v (¢) = 1 (in this case necessarily 7 = 0) and we conclude
thatv(r) = ur+tinl/ c R. O

Theorem 2.1.11. Let v : Q c R? — H? x R given by y(t,s) = (v(t) + u(s),s,t), where u e C> (J,R),
ve C?(I,R), and J x I = (0,+m) x R, with constant Mean Curvature ¢ # 0. Then v(t) = ut + T, with

I C R, for constant U, T, and the function u satisfies the differential equation

o) W (5)P) @3+ 52) + 208 (14 (W ()P + )
u(s) = R : (2.54)
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Proof: Suppose y has constant mean curvature ¢ # 0. By Proposition[2.1.25] the functions u, v satisfy

the equation

(sv"(1) — ' () (v'(1))*) (1 + (u'(5))%) + (su" (5) — 1 (5) — (u'())°) (V' (1)) + 57)

252 <1 b+ (w(s)? + (ﬂ)z)

2u'(5)(V'(1))*(1+ (' (5))°)

242 (1 b+ ((s)? + (ﬂf)

By Proposition [2.1.26|we have v(¢) = ut + 7 in I < R. Thus, the equation reduces to

C =

[S1[9%}

Y

[STIS%}

) AN/ / / 2 2 2 2 / 2 nu_z :
0=—s(s"+u)u"(s)+u'(s)(1+ (u(5))7)(4p” + s°) + 2cs (1+(u ()" + ) ,

that is,
W (8)(1+ (' (5))?)(4u> 4 5%) + 2¢s? (1 + (' (s))* + L;—;) :

v(s) = $(2+u?)

O]

Corollary 2.1.4. Assume the conditions of Theorem|2.1.11} By changing the variable g(s) = u'(s) the

equation (2.54)) reduces to

[\S1[9]

g(s)(1+ g2(5)) (4p? + 52) + 252 (1 +8%(s) + “—j)
s(s2 +u?)

g'(s) =
In particular, if u = 0, g satisfies the separable differential equation

(82(5)+ 1) (8(5) + 2/82(s) + 1)

g'(s) = -

Remark: The equation ([2.55)) is the same as that obtained in the Corollary

(2.55)
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2.1.14 Type Il Translation Surfaces of Null Linear Weingarten
Form

By Proposition[2.1.17we conclude that a Type II Translation Surface is of Null Linear Weingarten

Form if it satisfies a differential equation described in the following proposition.

Proposition 2.1.27. The surface ¥ : Q@ < R?> — H? x R given by y(t,s) = (v(t) + u(s),s,t), where
ueC?(J,R), ve C*(I,R) and J x I = (0,+m0) x R, is of Null Linear Weingarten Form, if, and only

(sv"(t) —u' () (v'(£))?) (su” (5) — u'(5) — (' (5))*) — (V' (1) (1 + ('(5))*))°
)2 2
52 ((@) + (u'(s))2 + 1)

Proposition 2.1.28. Let v : Q c R? — H? x R given by y(t,s) = (v(t) +u(s),s,t), where ue C> (J,R)
non-constant, v e C*(I,R) and J x I < (0,+0) x R, of Null Linear Weingarten Form. Then v(t) =

+b

ut + 7, for 1, T constants, and I < R.

Proof: Suppose V is of Null Linear Weingarten Form. Let / < J be set open such that u’(s) # 0. By
Proposition the functions u, v satisfy the equation,
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or equivalently,

() ) AN g () () SR e
O Ry W () e
2((d(5))? W (s) = su” (s) + (' ()3 + 3/ (s) (i (5))? 2
P20+ D) e I 1
a (' () +u(s) —su”(s)) (v (s)—su” (s u' ()2 +3u () (i (5))?
| 2 (0419 s 9) W) )+ W 306 (WO 1)
a*((u'(s))*+1)
2
4p? <u’(s) ((u’(s))3 +u'(s) —su”(s)) — ((u'(s))2 + 1)2> o
- B W)
a*((u'(s))*+1)
8b2s(u’(s) ((u’(s))3+u’(s)—su”(s))—((u’(s))2+1)2> ((u’(s))3+u’(s)—su”(s)) o
+ o 000
a*((u'(s))>+1)
B 2a%s ((u'(s))* + 1)2 (u' (s) — s (s) + (u/ (5))* + 30/ (s) (' (5))> + 1)) NN
@ (((s)2+17 O
_2a2s((u'(s))2—l—1) (' (5))* + 1 (s) — su (s)) MR
@ (((s)2+17 O
B <O (s) 4 3 (s) < 17(0(5) ~ 80 6))° + 250 ()P )
+57 (=i (s) +su” () — (i (s))°) (WO T 1) (V'(1))
<a252 ((u’(s))2 + 1)3 — 4b2s? ((u’(s))3 +u(s) —su”(s))2> s
+ 5 (v'(2))
a®((u'(s))>+1)

2

4 (= (s) +su" () — (u/ (5))?) :

258 (=l (5) s (5) = (W 9))) V() -5 (s +1

Define the family of polynomials
P(X.,Y) = AX> + BX?Y + CX? + XY? + D XY + EX + F,Y? + G,Y + H,

where,

(4 (5) + s (5) ~ 4(u/(5))°)

$2((w(s))2 +1)?
/ " / 3
B -2 (—4u (8) +su”(s) —4(ud(s)) >
_|_

As =

s((w'(s)?+1)
a? (' ()2 +1) (u'(s) — su (s)

CS:
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8625 (1 (s) ((/ (5))? + 4 () —su"(5)) — ((u
D; = 2 ( () ()2 2
a*((u'(s))*+1)
2a%s (/' (s))* + 1)2 (u/ (s) — su" (s) + (u’

Gy =2s° (—u'(s) +su” (s) — (' (s) 3)
§ (=4 (s) + 50 (5) - (W (5))°)?
(' ()2 +1

and observe that the curve ((v/(¢))?,1”(¢)) is contained in the intersection of the roots of {P};..

Hy =y

Claim 1: 4C; + BfFS —2B,D, +# 0 for all s € J < J. Indeed, if there exists so € J = J such that

0 = 4Cy, + B3 Fy, — 2By D

07750

then, substituting the coefficients, we have

(s5(u"(50))* + 6(u'(50))* + 9t (s0))* +4(u'(50))°
a*(1+ (u'(s0))?)*
o —4su' (s0)u" (s0) — 4so(u'(s0)) " (s0) + 1)°

a*(1+ (u'(s0))?)*

0=— 1602

—16b

1.e.,

0 = s5(u” (s0))> + 6(u' (50)) +9('(50))* +4((50))°

—4sou (so)u” (s0) — 4s(u (50))>u” (s0) + 1

which multiplying by (u/(s¢))?

0 = 55 (s0)u" (50))* +6(u' (s0))* +9(u (50))° + 4 (1 (50))°
—4s0(u' (s0))*u” (s0) — 4s0 (' (50))°u” (s0) + (i (50)).

Defining w(s) = (i/(s))?
0 = X s (50)) 20002 (50) + (50D 50w/ (50) + o (s0) + 9 (50) + 6w2(so) + w(so)

therefore, by the discriminant formula,
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a contradiction and thus we conclude the claim.

Claim 2: If Gy, + By F2 — Fy,Dy, # 0 or Hyy — Ag F;) + Cy F2 — EgFy, # 0 for some 5o € J < J,

S0% 50
then the polynomials {P;}scy are irreducible in a neighborhood V of so. Indeed, if P is reducible for

all s € J — J then there exist polynomials of degree 1 and degree 2 such that
0=AX> +BX?%Y +CX?> + XY? + DXY + EX + F,Y? + G,Y + H
—(f+eX +hY)(i+ jX +kY +IXY +mX* +nY?)
that 1s,
0= (A —gm)X> + (By — gl — hm)X*Y + (Cy— gj — fm)X* + (1 — gn — hl)XY?
+ (Dy— f1— gk —hj)XY + (Ey — gi— f )X —hnY> + (F, — hk — fn)Y? + (G — hi — fk)Y + Hy — fi
that occurs if, and only if,

OZAs_gm
0=D,— fl—gk—hj 0=F,—hk— fn

O0=E;—gi—fj 0=Gs—hi—fk (2.56)
0=hn 0=H,— fi.

0=By;—gl—hm
Ozcs_gj_fm
O0=1—gn—hl

By the seventh equality % or n is zero. Suppose n = 0. We have,

0=A;—gm 0=1-hl 0=F—hk
0=Bs;—gl—hm 0=Ds—fl—gk—hj 0=Gs—hi—fk
0=Ci—gj—fm  O0=E;—gi—fj 0=H,— fi,
and by the fourth equality / = % and by the seventh equality k = %, that is,
0=A;—gm 7 F
0=Dy— 2 —g=—"—h 0=G,—hi—f=
0= By~ —hm T 8 =T,
O0=E;—gi—fj 0=H;— fi.
0 Coie fm s gi—f i~ fi
By the second, fourth and sixth equality we obtain, respectively, m = % — }%’ Jj= % — h—fz — g% and
i:%—f%.Wehave,
By g
0=As—g| —— =
“‘g<h h2> G, .E\ (D f R
O=E;—¢g\——f5 | f|\l7——3"83
O—B—g—h(&—i) h h h h h
- S
h h  h? G; Fy Fy
0=Gs—h|——f=5)—f+—
: (h fhz) U

Dy f F By 8
e t(3 4R 3-8
h h? h? h  h? 0=Hs—f<%—f§>.
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BZ—4A,

st/ B;

. . . B o
Since B? = 4A; we obtain, by the first equality, % =5 = %. We have, substituting g = hB,

2
in the third equality,

4C; + B?F, —2BDy = 0
for all s € J — J, a contradiction with claim 1. Therefore, 4 = 0, and from (2.56]),

0=A;—gm 0=1—gn 0=F—fn
0=B;—gl 0=D;— fl—gk 0=G;—fk
0=Cs—gj—fm O=Es—gi—fJj 0=H;— fi.

By the first, second and fourth equalities we have n = —-, m = % and [ = %. Therefore,

1

g’
. A . .

OZCS_gJ_f? 0=E—gi—f] 0=G,—fk

B gt _ :
0=D;— = —gk 0=F; s 0= H,— fi.
8

By the first, second and fourth equalities we obtain j = % —f ;lg, k= % —f % and f = gF;. Substi-

tuting
0 :Es_gi_F:v(Cs_FsAs>

0= Gs_Fs(Ds_FsBs)
0= H;—giF;
then, by the first equality, i = % — % (Cy — FsAy), that is,
0= Gs_F:v(Ds_FsBs>
0 :HS_FS(Es_Fs(Cs_EvAs))

for all s € J/ — J, a contradiction with the hypothesis, and thus we conclude the claim.

Claim 3: If Gy + B,F? — F,D; = 0 and H; — A;F? + C;F? — EsF, = 0, for all s € J < J, then the

polynomials Py are written, uniquely, as
PS(va) = (FS +X)(ASX2 +BSXY + (Cs _ASFS')X + YZ + (Ds _BSFS‘)Y +Es - F:v(cs _AsF:v))

in which both factors are irreducible. Indeed,

Py(X,Y) — (Fy + X)(AgX? 4+ BoXY + (Cs — AgF)X + Y% + (Dg — ByF,)Y + Eg — Fy(Cy — AgFy))
= (Gs _R(Ds _BSFS‘))Y +H; — Fs(Es - Fs(Cs _AsF:v))
=0.

Finally, X + Fj is irreducible and therefore it remains to show that

AX? + BXY + (Cy — AF)X + Y2 + (Ds — ByF,)Y + Es — Fy(Cs — AFy)
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is irreducible. Indeed, suppose that there are polynomials of degree 1 such that
AX? + BXY + (Cy — AgFy)X + Y2 + (Ds — ByF,)Y + Es — Fy(Cy — AGF,) = (f + gX +hY) (i + jX +kY)

that is,
0= (As — 8J)X* + (Bs— gk— hj)XY + (Cs — gi— AFy — fj)X + (1 — hk)Y?
+ (Dy — hi — ByF; — fk)Y + E; — Fy(Cy — AF; — fi)

that occurs if, and only if,

0=A;—gJ
0=Bs—gk—hj
0=Ci;—gi—AsF;—f]
0=1—-hk

OZEs_Fs<Cs_Ast_fi)-

By the fourth equality we can assume, without loss of generality, 7 = kK = 1. We have,

O:As_gj
O:Bs_g_j
0=Cs—gi—AFs—f]

0= E; _R<Cs — AsF;s _fi)'
By the second and fourth equalities we have j = By — g and i = Dy — BF; — f. Substituting we obtain

0=A,—g(B;—g)
O:Cs_g(Ds_Bst_f)_Ast_f(Bs_g)
0:ES_ES‘(CS_ASES‘_f<DS_BSFS_f>>'

) . . By++/B2—4A, o
Since B? = 4A; we obtain, by the first equality, g = ——F—— = %. We have, substituting g = %
in the second equality,

4C, + B*F, —2B;Dy = 0

for all s € J — J, a contradiction with the claim 1 and thus we conclude the claim.

Claim 4: If By and G, are constants in J c J then G, is nonzero in J — J. Indeed, if they are constants

then there exist constants K> and K7 such that

A (s) +su(s) — 4(u'(s))?
ko2 (D)
K7 =25 (=i (s) +su"(s) — (u'(5))) .
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Notice that (K»,K7) # (0,0). Indeed, if (K>,K7) = (0,0) then
0=—4u'(s)+su”(s) —4(u(5))*
0=—u'(s)+su"(s) — (u(5))°
for all s € J = J. Therefore, subtracting the second equality from the first we obtain 0 = u/(s)(1 +

(U (s))?) se J = J, and then u is constant in J  J, a contradiction. If Gy is zero in J  J then K7 = 0

and so )
4
K2=2( ' (s) + su”(s <3 4u'(s))° )
s((u'(s))*+1)
0 =—u'(s) +su"(s) = (u'(5))°.
isolating u” (s) in the second equality and substituting it in the first we obtain u/(s) = —% and there-
fore

0= —/(s) +su"(s) — (i (5))° = - (—%) ts (—%) - (—%)3 - ifg £0

a contradiction and thus we conclude the claim.

Claim 5: There are no constants K;, K7, Kg such that

Bs:K2
G, =Ky
Hs:KS

for all s € J — J. Indeed, if there exist then
. "
K2=2< ¢(6) 4 ()40 5)) )
s((u'(s))? +1)
K7 =25 (=l (s) +5u"(s) — (u'(5))°)
o (0 (s) + 50 (s) — (W ())°)°
§ .
(w'(s))> +1

Isolating u” (s) in the first equality and substituting it in the others we obtain

0=6(u(5)>> + Ko (' (5))%s* + 61 (s5)5° + Kos* — K7

Ky =

K3 K?

0=9(u(s))%* + 3K (u/ (5))°s° + Tz(ul(s))“s6 +18(u (s))*s* + 6Ky (' (5))s” + Tz(u/(s))zs6

K2
+9(u(5))*s* — Kg (' (5))* + 3Kt/ (5)s° + Tzs6 —Kg
and multiplying the second equality by s>

0=6(u(s))>s® + Kz (i (5))2s* + 61 (5)5° + Kos* — K7
K3 K3

0= 9(u(5))°s° +3Ka (1 (5))s” + 2 (u'(5))"s" + 18(u/ (5))*5° + 6Ka (1 (5))*s” + =2 ( (5))%s"

K2
+9(u' (5))%5% — Ks (u/ (5)) 25> + 3Kl (5)s” + Tzsg — Kgs®.
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Define G: (0,40) xR - R, G: (0,+x) x R — R by
G(x,y) = 6y° + Kry’x + 6yx + Kox* — Kq

and

ol 6 s K 4o 4 32, K355 2.2

G(x,y) =9y° + 3Ky x + 2 + 18y "x + 6Ky x +7y X +9y“x

2 3 K22 4
— Kgy” +3Kyx” + TX — Kgx.

Note that, from (2.57), G(s2, (su'(s))?) = 0 = G(s?, (su/(s))?). By claim 4 we have K7 # 0 (and con-
sequently Kg # 0). Since the curve (s2, (su/(s))?) is non-constant we conclude by the theory of Plane
Algebraic Curves that the polynomials G and G must have at least one factor in common, a contra-

diction with LemmalA.0.12] and thus we conclude the claim.

Claim 6: There are no constants M,, M3, M, such that

Bs = M2
Gs = M3F;
Hy = MyF;

for all s € J — J. Indeed, if there exist then

_ s(1+ (' (5))*)Ma + 8('(s) + (1 (5))*)

v = 2s
253 (—u (5) + su"(5) — (i ())*) = M3 (azsz (((5))2+ 1) —4b252 (1 (5)) + u (5) — 5" (5)) )
(az ((W'(s))% + 1)2>
w6 s~ 6 (5 (WP +1) 48 (0005 /(o) -~ (9)°)
(' (s))* +1 (az((u/(s))2+ 1)2>

and replacing the first equality in the others
0 = 6a*(i(5))s + a>My (' (5))*s* + M3 (36b* — a®) (u/ (5))* + (6a® + 12MoM3b? )il (s)s
+ (a*Ms + MsM3b?)s* — a* M
0 = 364> (' (5))*s? + 12a°M; (' (5))>s> + a® M3 (' (5))*s* + 364> (' (5))?s*
+ My (144D — 4a®) (i (5))? + 12a° Moud (s5)s® + 480> MyMyud (s)s + a*M3s* + 4b* M3 Mys® — 4a*M,
and multiplying both equalities by s>
0 = 6a*(id (5))s> + a> My (i (5))*s* + M3(366% — a®) (' (5))*s* + (6a® + 12MyM3b? )il (s)s°
+ (@®Ms + M3sM3b?)s* — a* M3 s*
0 = 364> (' (5))*s* + 12a°M; (' (5))*s° + a® M3 (i (5))?s® + 364> (i (5)) s (2.58)
+ My (144D — 4a®) (i (5))?s* + 12a*Maud' (5)s° + 48D>MyMyid! (s)s° + a* M3 s°
+ 4> M3Mys* — 4a* Mys®.
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Define H : (0, +0) x R > R, H : (0,+0) x R — R by
H(x,y) = 6a*y> + a>May*x + M3(36b> — a?)y? + (6a* + 12M>M3b* ) yx
+ (a*My + MsM3b*)x* — a* Mix
and
H(x,y) = 36ay* + 12a*Myy> x + a®> M3 y*x* + 364>y x + My (144b% — 4a°)y?
+ 12a>Myyx® + 48D° MoMyyx + a>M3x> + 4b* MaMux® — da*Myx.
Observe that, from (2.58)), H(s?, (su/(s))?) = 0 = H(s?, (su/(s))?). By claim 4 we have M3 # 0. Since
the curve (s2, (su/(s))?) is non-constant we conclude by the theory of Plane Algebraic Curves that the
polynomials H and H must have at least one factor in common, a contradiction with Lemma
and thus we conclude the claim.
- If Gy, + By Fi2 — Fy Dy, # 0 or Hy) — Ag Fy) + Cy F2 — EgFy, # 0 for some so € J < J, by claim
2, the polynomials {P;}sy are irreducible in a neighborhood V of sy, that is, for se V < JcJ. As
observed previously, the curve ((v/(¢))?,v"(t)) is contained in the intersection of the roots of {P}ses
so by the theory of Plane Algebraic Curves we conclude that such a curve is constant or the polyno-
mials P are multiples by constants. Suppose that {P;}scy are all multiples. Since in this case the only

possible multiple is A = 1 we conclude that
P(X,Y) = AX? + BX?Y + CX? + XY? + DXY + EX + F,Y? + GyY + Hj,

is constant in the variable s, that is, the polynomials P are all equal. Therefore, their coefficients
are constant, a contradiction with claim 1. Thus, the curve ((V/(¢))%,v"(t)) is constant and thus there
exist i, n such that v/(r) = u and v'(r) = 1 (in this case necessarily 7 = 0) and we conclude that
v(t)=ur+tinl cR.

- If Gy + ByF? — F;Ds = 0 and H; — A;F? + CsF? — EsF, = 0, for all s e J < J, we obtain, by the

claim 3,
Py(X,Y) = (F;+ X)(AsX? + BXY + (Cy — AgFy)X + Y2 + (Dy — BoF,)Y + Eg — Fy(Cy — AFy)),

for all s € J = J. Suppose that F; and the curve ((v/(¢))?,v"(t)) are non-constant. Then, there exist
s0,51 € J < J such that F;, # F;, and therefore, by continuity, there exists a neighborhood V of s; €
J < J such that F, # F, for all s € V. By the theory of Plane Algebraic Curves, P, for s € V, must
have a factor in common with Py, and since such factor cannot be X + Fj it is that of degree 2. Since

the polynomial of degree 2 has a monic coefficient we obtain that
AX? + BXY + (Cy— AF)X + Y2+ (Dy = ByF)Y + Ey — Fy(Cs — AF)

is constant in the variable s, that is, the polynomials are all equal in V, and then, their coefficients
are constant in V. Since, by hypothesis, G, + BSFS2 — F;Dg; = 0, that is, Gy = (Dy — BsF)Fy, and
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H — AgF? + CsF? — EsFy = 0, that is, Hy = (E; — F(Cy — AyFy))Fs we obtain

B, = M,
Gs = M3F:v
H = M4F:¢7

a contradiction with claim 6. Thus, either F; is constant in J < J or the curve ((v/(¢))2,V"(¢)) is
constant. If ((v/(¢))?,v"(t)) is constant then there exist &, such that v(¢) = ut + tin I < R. If Fy is
constant in J < J we obtain that if (v/(¢))? + F; = 0 for all € I then V/(¢) is constant, that is, v(¢) is a
straight line. Suppose there exists 7o € J such that (v/(fy))? + F; # 0. Then there exists maximal interval
(a,B) = I containing ¢ such that (v/(t))? + F; # 0 for all t € (o, 8). Since the curve ((v/())%,v"(t))

vanishes the family of polynomials P; we conclude that its restriction to the interval (¢, B) vanishes
AX? + BXY + (Cy— AgFy)X + Y2 + (Ds — ByF,)Y + E; — Fy(Cy — AyFy)

which, by claim 3, are irreducible and have a monic coefficient. Since, by hypothesis, Gy + B;F? —
F,D; = 0, that is, Gy = (Dy — BFy)F,, and Hy — AF? + CsF? — EgFy = 0, that is, Hy = (E; — Fy(Cs —
AF;))F; we obtain

Bs = M2
Gs = M3F;
H = MyFs,

a contradiction with claim 6 and then we conclude by the theory of Plane Algebraic Curves that the
curve ((V/(¢))?,v"(t)) is constant in (¢, B). Therefore, (v/(¢))? is constant and different from —F; by
the definition of (ct,3). Finally, note that « ¢ I because otherwise we would have (v/(a))? = —F,
a contradiction with the continuity of v/(¢). In the same way, 8 ¢ I, and being (o, ) maximal we
conclude that (&, 8) = 1, that is, ((v/(¢))?,v"(t)) is constant in (¢, ) = I and therefore v(t) is a line

inl. ]

Theorem 2.1.12. Let y : Q  R? — H? x R given by y(t,s) = (v(t) + u(s),s,t), where u e C> (J,R),
ve C*(I,R) and J x I = (0,+m0) x R, of Null Linear Weingarten Form. Then:

i) v is constant and u is constant.

ii) v(t) = ut + t, for constants |, T, and I = R. Moreover, the function u satisfies the differential

equation

 2bp(1+ (' (5))%) —aud (s) (1 + (o' (5))*) (44 + SZ)\/‘;—; +(W(s))*+1
as(s? + ,Ltz)\/‘:—; + (' (5))2 + 1 —2bspu2u/ ()

u'(s) =
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Proof: Suppose that v is of Null Linear Weingarten Form. By Proposition[2.1.27|the functions u# and

v satisfy (assuming without loss of generality b = 1)

O0=a

[\ST[o%}

(sv"(8) =/ (s) (V' (0))*) (1 + (' (5))*) + (s (s) —ud' (5) — (/' (5))*) (V' (£))* + 5%)
252 ((vlgt))z + (W (s))2 + 1>
(' (s))%)

3 (2.59)

2u'(5)(V'(1))(1+

- i) If u is constant in J we have (2.59)

0 — asv" (1) B (V' (1))?
2

2s2<<vlf))2+1)g sz((vlff)) +1)2, (2.60)

that is,

and squaring it

1.e.,
0 =a?s*(V(1))2 —4(V'(1))° — 45> (v/(¢))*

and thus the curve ((v/(¢))?,(v"(¢))?) is contained in the intersection of the roots of the family of
irreducible polynomials

P(X,Y) = a®sY —4X3 — 45°X2.

By the theory of Plane Algebraic Curves such a curve is constant or the polynomials P are multiples
by constants. Since the second possibility does not occur we obtain that ((v/(¢))2, (v"(¢))?) is constant
and therefore there exist i, n such that v/(¢r) = u and v'(r) = 1 (in this case necessarily 11 = 0) and
we conclude that v(f) = ur + 7 in I < R. Substituting in we obtain

0= _

() ) 2(9)

asv"(t) (V' (1))? us?
2 2 SZ 2
2+1) (1= +s°)
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therefore u = 0, that is, v is constant in /.

- ii) If u is non-constant in J we have by Proposition [2.1.28| that v(¢) = ur + 7, for constant u, 1,
and / < R. Then (2.59)

0= (as(s2 + /.Lz)\/'lj—; + (u'(s))>+1— 2s,u2u'(s)> u”(s)
(2.61)

2 Ty ' INC NS N
221+ (u (5))%) — and () (1 + (u (5))?) (442% + 5 >\/ )R+,
We have two situations. If 4 = 0 we have from (2.61)) that

0= (as3 (u'(s))> + 1) u”(s) — as®u' () (1 + (u/ (5))*)a/ (W (5))2 + 1,

that is,

' (s)(1+ ('(5)))

N

Lt// (S) —

If u # 0 we have from (2.61)) that as(s*> + ,uz)\/’:—; + (/(5))2+1—2suu/(s) # 0 in J. Indeed, if

there exists so € J such that aso(sj + ,uz)\/ ‘;—22 + (/' (50))2 + 1 — 2sou>u’ (s9) = O we obtain, applying
0
S0 in 2.61,

2
0 =aso(s5 + ,uz)\/lj—2 + (' (s0))% + 1 — 25011 (50)
0

2

02031+ (4 (50))?) — a (s0) (1 + <u’<so>>2><4u2+s%)\/‘s‘—z + (1 (50))2 + 1,
0

Isolating the square root in the first equality and substituting it in the second we obtain

_ o2 b o (5500 (50))% +4uP(u (s0))? + 12 + 5§
0=—2u (1+(u(so)))( e >7s0

a contradiction. Then, from (2.61]), we conclude

2H2(1+ (1 ())2) — aud (5) (1 -+ (' (5))2) (42 + 24/ 15 + (u(5))% + 1
as(s? + /.12)\/‘;—22 + (W(s))2+ 1 —2su2u(s)

in J and thus we conclude the proof. ]

M”(S) —
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2.1.15 Type Il Translation Surfaces of Linear Weingarten Form

By Proposition we conclude that a Type II Translation Surface is of Linear Weingarten

Form if it satisfies a differential equation described in the following proposition.

Proposition 2.1.29. The surface v : Q = R* — H? x R given by y(t,s) = (v(t) + u(s),s,t), where
ueC?(J,R), ve C*(I,R) and J x I = (0,4+x) x R, is of Linear Weingarten Form, if and only if

Proposition 2.1.30. Let y: Q < R> — H? xR given by y(t,s) = (v(t) +u(s),s,t), where ue C> (J,R),
ve C2(ILR) and J x I = (0, +x0) x R, of Linear Weingarten Form with constant ¢ # 0. Then v(t) =

ut + t, for 1, T constants, and I < R.

Proof: Suppose y is of Linear Weingarten Form. By Proposition [2.1.29|the functions u, v satisfy the

equation,
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or equivalently
0= A
a _a2s4((u’(s))2—|—1)2 '
_4b2s2 ((u(5))* +u'(5) — su
a? (' (5)) + >2
4c <4c((u’(s))2+1) 2b (' (s) (( (5)) + ' (s) — su”(s))—((u’(s))2+1)2)>(
@s <<u'<s>> 1’
az(u’(s)—su”()+( '(5)) 4 3u/(s) ((u’
( s ((u <s>>; 1)°
8bc ((u'(5))’ +u() su”(s) 4
25 ()P + 1) V' (@)™ (1)
28 (((5))> + 1) ((s) —su"(5) + (o () +3u(s) (' (5))* + 1))

_l’_

2
)) (vl<t))6

(' (1) (1)

(46‘ (((s))>+1)—2b (u’(s) (' (5))* +u'(s) —su” (s)) — (('(5))* + 1)2>)
(

N a* ((u'(5))+ 1) (u'(s) — s (s) +

? o/ 0)*
2a® ((u’(s))3 +u'(s) —su”(s)) (u(s) —su”(s) + (' (5)) +3u'(s) ((u'(s))2 +1))

_|_

v(1))°

" a® (1 (5))2 + 1)
B 425t (W ()2 + 1) —a>s* (W (5))> + 1) ((u/(5))® + 1t/ (s) — su” (s))
a® (' (s)>+1)°
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Define the family of polynomials

Py(X,Y) = AX* + BX? + CX?Y + DX? + XY? + EXY + FX + G,Y? + HyY + 1

where
42
- _a2s4((u’(s 2+1)?
. _4c (4c (((s))>+1) —2b (u’(s) (' (5))* +u(s) —su” (s)) — (/' (s))* + 1)2)>
' a?s2 (W' (s))2 +1)°
a? (u' (s) — su” (s) + (u/ (5))> + 30/ (s) (' (5))* + 1))2

_ _ 8bc ((u’(s))3 +u(s) — su (s)
' s (' (5))2 +1)°
B 202 (' (5))* + 1) (u/ (s) —su (s) + (/' (5))> + 3/ (s) ((u/ (5))* + 1))
as ((u'(5))2 +1)?

(
8b%s (u’(s) ((u’(s))3 +u'(s)— su”(s)) — ((u’(s))2 + 1)2) ((u’(s))3 +u'(s) — su”(s))
a® ((u/(s))2+1)°
4es? ((u’(s))2 + 1)2 (40 ((u/(s))2 + 1) —2b <u’(s) ((u/(s))3 +u/(s) —su”(s)) — ((u’(s))2 + 1)2))

@ ((u/(s))2 +1)?
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(40254 ((u'(5))*+ 1)4 —a?s* (' (5))2+1) (W (5))® + 4 (s) —su”(s))2>
@ ((w/(s)2+1)’

and observe that the curve ((v/(¢))%,v"(t)) is contained in the intersection of the roots of {P,}c;.

Claim 1: Let V c J be open set. Then Ay, Hy are not mutually constant in V. Indeed, if there ex-

ist constants K, K7 such that

Ay =K
H; :K77
that is,
4¢?
K = o 02
as*((u'(s)) /+ 1) ) o (2.62)
K7 _ 2s3(4bc—|—a2)u (S) +su <s2) _ (M (S)) )
a
By the first equality we obtain
0= a?s Ky (' (5))* + 242K, (i (5))?s* + a® Ky s* + 4c? (2.63)

that is, (1/(s))? is a root of the nonzero polynomial

0(Z) = a*s* K1 2% + 2a°K15*Z + a® Ky s* + 4¢?

_ 22 )
and therefore (i/(s))? = == Ki++/—4a22K,

25K, . Notice that differentiating this equality in both sides we

obtain

o ()" (s) —é (1+((s))). (2.64)

By the second equality of (2.62))

(u'(5))? + su' (s)u"(5) — (u'(5))*

a2

K7 (s) = 25° (4bc + a®)
which substituting the equality obtained in ([2.64))
0 = (2a* +8bc) (i (5))*s> + (4a® + 16bc) (i (5))%s° + a>Kqud (s) + (24 + 8bc) s
and multiplying by s we obtain

0 = (2a® + 8bc) (i (s))*s* + (4a* + 16bc) (i (5))s* + a*Kqsu/ (s) + (2a* + 8bc)s™. (2.65)
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Multiplying the equality obtained (2.63)) by 2a? 4 8bc and the equality obtained in (2.65]) by a’K; we

have
0 = a®K; (2a* + 8bc) (u/ (5))*s* + 2a% K, (24 + 8bc) (' (s))*s* + a> K1 (2a* + 8bc)s* + 4c*(2a* + 8be)
0 = a®K; (2a* + 8bc) (i (s))*s* + a® K (4a® + 16bc) (' (5))*s* + a*K  Kosu (5) + a> Ky (2a° + 8bc)s*

and subtracting the second equality from the first
0= (8K1a* +32bcK1a®) (' (5))%s* + a* K1 Kysul () + (4K a* + 16bcK a?)s* + 8a>c? +32bc>. (2.66)
Define G: (0,+0) xR — R, G: (0,+x) x R — R by
G(x,y) = a*Kiy* + 2a°K 1 y*x + a* K\ x* + 4c?
and

G(x,y) = (8Kia* + 32bcK a®)y*x + a* K K7y + (4K a* + 16bcK a*)x* + 8a*c? + 32bc>.

Observe that, from (2.63) and (2.66)), G(s?,su/(s)) = 0 = G(s%,su'(s)). Since the curve (s, su/(s))

is non-constant we conclude by the theory of Plane Algebraic Curves that the polynomials G and G

must have at least one factor in common, a contradiction with Lemma and thus we conclude

the claim.

Claim 2: If HSO - GSO(ESO - CSOGSO) # 0 OI' ISO - GSO(FYO - GS()(DSO - GSO(BSO _ASOGSO))> # O, fOI'
some s € J, then the polynomials {P}scy are irreducible in a neighborhood V of sy. Indeed, observe
that

Pi(X.,Y) = (Gs+X)Y? + (CX? + EX + Hy)Y + A X* + B X + D X? + FX + 1

then if given s € V the polynomial P is reducible we have two possible situations. In the first case
P(X,Y) = (R(X)Y +S(X))(T(X)Y +U(X))

so R(X)T(X) = X + G, and then we can assume without loss of generality 7(X) = 1 and R(X) =
X + Gq, that is,

P(X,Y)=((Gs+X)Y +S(X)) (Y +U(X))

thus U(X)(Gs + X) + S(X) = CX? + EX + Hy and S(X)U(X) = A X* + BX? + DX? + FX + I,.
Since Ay # 0 we have that

deg (S(X)U (X)) = deg (AX* + BX? + DX* + FX +1;) = 4

and

deg (U(X)(Gs+X) +S(X)) = deg (C:X* + E;X + Hy) <2
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and then we have the possibilities

deg(S(X)) =0 and deg(U(X)) =4 then deg(U(X)(Gs+X)+S(X))=5>2
deg(S(X)) =1 and deg(U(X)) =3 then deg(U(X)(Gs+X)+S(X))=4>2
deg(S(X)) =2 and deg(U(X)) =2 then deg(U(X)(G;+X)+S(X))=3>2
deg(S(X)) =3 and deg(U(X)) =1 then deg(U(X)(Gs+X)+S(X))=3>2
deg(S(X)) =4 and deg(U(X)) =1 then deg(U(X)(Gs;+X)+S(X))=4>2,

that 1s, the first case does not occur. In the second case
P(X,Y) =UX) (RX)Y*+S(X)Y +T(X))
where U (X) is non-constant and 7'(X) is non-zero. Therefore, R(X)U (X) = X + G, and then we can
assume, without loss of generality, R(X) = 1 and U(X) = X + G, that is,
(X + Gy)S(X) = CX? + E;X + Hj
(X +G\)T(X) = AX* + BX? + DX? + F,X +1
and consequently deg(S(X)) < 1 and deg(7T' (X)) = 3 (since Ay # 0). Therefore,
SX)=fX+g
T(X)=kX?+I1X* +mX +n

with k£ # 0, then
P(X,Y) = (X +Gy) (Y* + (fX +8)Y +kX> +IX* + mX +n)

that is,
0=P(X,Y)— (X +Gy) (Y2 + (fX +8)Y + kX +1X* + mX +n)
that reorganizing
0= (As—k)X* + (By — [ — Gk)X> + (Cs — f)X%Y + (Dy—m— G,1)X?
+(Es—g—Gyf)XY + (Fy,—n—Gum)X + (Hy — Gsg)Y + I, — Gyn

that occurs if, and only if,

0=A,—k 0=D;—m— Gl

OZHS_ng
0=B,—1—Gsk 0=E,—g—G,f

0=1I,—Gqn.
0=Cs— f O0=F—n—Ggm

We have,

k=A; 0=D;—m— Gl

0=H;—Gsg
0=B,—1—Gsk 0=E;—g—G,f

0= I, — Gyn,
f=C; O0=F,—n—Gm
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that is,
0=B,—1—GA; 0=FE;—g—G(Cs 0=H;—G,g
0=D;,—m—Gl 0=F,—n—Gm 0=IL —Gqn.
We have,
| =B, — G,A; g=E;—GCs 0=H,;—Gsg
0=D;—m—Ggl n=F—Gm 0=1I1—Gqn,
That is,
0 = Dy — m — G,(B; — GAy)
O == Hs - GS(ES - GSCS)
0=1I—Gy(Fs— Ggm).
Thus,
m = Dy — Gs(Bs — GAjy)
0= Hs - Gs<Es - GSCS)
0=1I— GS(FY - Gsm)a
obtaining

0 = Hy — G,(E; — G,Cy)
0= Is - Gs(Fs - Gs(Ds - Gs(Bs - GSAS)))

for all s € V, a contradiction with the hypothesis, and thus we proof the claim.

Claim 3: If H; — G4(E; — C;Gs) = 0 and Iy — Gs(F; — G5(Ds — G4(Bs — A;Gy))) = 0, for all s € J,
then the polynomials P are uniquely written as
P(X,Y) = (X +Gy) (AX> + (Bs — AsGy)X? + CXY + (Ds — Gy(By — A,Gy))X +Y?)
+ (X + Gy) ((Es — CsGy)Y 4+ Fy — G5(Dy — G4(Bs — AsGy)))
in which both factors are irreducible. Indeed, defining the right-side as
Dy(X,Y) = (X + Gy) (AX? + (By — AsGy)X? + CXY + (Ds — G(Bs — AsGy))X +Y7?)
+ (X + Gy) ((Es — CsGs)Y 4+ F; — G5(Dy — G4(Bs — A5Gy)))
que conclude
Py(X.,Y)—®y(X,Y) = (Hy— G5(E; — CsGy))Y + Iy — Gy (Fs — Gs(Zs — Gy(Bs — AsGy)))
=0.
Finally, X + G; is irreducible and therefore it remains to show that
AX? + (B — AyGs)X? + CyXY + (Ds — Gs(Bs — AsGy))X + Y2
+ (Es — CsGy)Y + Fs — G4(Dg — G5(Bs — AsGy))
is irreducible. Indeed, suppose that there exist polynomials of degree 2 and degree 1 such that
(f+ X +hY)(i+ jX + kY +IXY + mX* +n¥Y?) = AX> + (By — A;Gs)X? + C,XY
+ (D5 — Gy(Bs — A,Gy))X +Y?
+ (Es — CsGy)Y + F; — Gy(Ds — G4(Bs — AsGy))
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that is,
0= (Ay—gm)X> — (gl + hm)X?Y + (Bs — AsGy — gj — fm)X? — (hl + gn)XY?
+(Cs— fl — gk— hj)XY + (Dy — Gs(Bs — AyGy) — gi — f )X —hnY> + (1 — fn—hk)Y?
+ (Ey — hi — CsGy — fk)Y + F; — fi — Gy(By — AsGy)

that occurs if, and only if,

0=A;—gm

0=Cs—fl—gk—nhj 0=1—fn—hk
0=gl+hm

. 0= D;—Gy(B;—AsGy) —gi— fj 0=FE;—hi—CiGy— fk

OZBS_AsGs_g]_fm .

0=hn 0 = Fy; — fi— Gs(Bs — AGy).
0=nhl+gn

(2.67)
By the seventh equality we obtain 2 = 0 or n = 0. Let us suppose 7 = 0. We have

0=A;—gm 0=gn 0=1—fn
0=gl 0=Cs— fl—gk 0=FE;—C;Gs— fk

0=B;—AGs—gj—fm 0=Ds;—Gy(Bs—AsGy)—gi—fj 0 = F; — fi— G4(By — AsGy).
Since g # 0 (otherwise we would not have factorization) we obtain by the fourth equality that n = 0
which substituting in the seventh equality we obtain 1 = 0, that is, a contradiction. Thus n = 0 and
therefore from we have
0=A;—gm 0=nhl 0=1—hk
0=gl+hm 0=Cs— fl—gk—hj 0=E;—hi—CGy— fk
0=B;—AGs—gj— fm 0=Ds;—Gy(Bs—AsGg)—gi—fj 0 = F; — fi— G4(By — AsGy).
By the seventh equality we have h = % which substituting into the fourth equality we obtain / = 0 and
then substituting this into the second equality we obtain m = 0, that is, we have no factorization and
thus we proof the claim.
Claim 4: Let V — J be open set. Then there are no constants M, My such that
As =M,
I; = MyGg,
in V. Indeed, if there are such constants M, Mg we have
4c?
a5t ((u/(5))2 + 1)
452 (' (5))® + 4/ (s) — su”(s))2 —a?s? (W' (s))* + 1) 4C2S4 ((u/(5))* + )
a? (! ()2 +1)* @ ((u(5))2 +1)°

M) = —

My

254 (u (5))2 (' (5)) + u () — su(5))
a2 ((u!(s))2 +1)°
st ((u/(5))* +u(s) —su(5)"
2

a ((u'(s))
(2.68)

) —
+1)°
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By the first equality we obtain
0 = a?s*M (' (5))* + 2a° My (i (5))*s* + a®* My s* + 4c?
that is, (1/(s))? is a root of the nonzero polynomial
0Z)=a 2SPMLZ% + 20 My Y Z + aP My st + 4¢P

_ 22 22
and thus (i/(s))? = =22 M+ \/m

a’s?M,

obtain

20 (s)u"(s) = — = (14 (i (5))?) .

s
By the second equality of (2.68)) we obtain

0= —((1+ (' (5))*)a’s® + 4Mob?s*)(u" (s))?
+ (2657 () (1 + (1 (5))%)* + 8Mob?s>u (s) (1 + (1 (5))?) )u" (s)
+My(a®s*(1+ (u/(5))%)° — 467> (i () (1 + (' (5))*)?)
+4c25H (14 (W (9))2) = @™ (' ()2 (1 + (W' (9))%)°
which multiplying by 4(u/(s))?
0= —4((1+ (u'(5))*)a’s® +4Mob>s*) (u (s)u" (s))?
+4(2a%5° (s) (1 + (4 (5))*) + 8Mob™s > () (1 + (u/ (5))?)
+4Mo (i (5))*(@®s* (1 + (' (5))?)> = 4b2s> (! (5))* (1 + (' (5))*)?)
+4(u'(5))? (45 (1+ (W (9))1)* = as* (u/ ()2 (1 +
and then substituting the equality

0 = (16¢* — 4a®) (i (5))'05* + (64c* — 20a°) (' (5))85* + Mo (4a® — 16b%) (' (5))Bs?
u' (5))%5% + (64c? — 40a%) (i (5))*s*

+(96¢% — 40a%) (' (5))®s* + Mo (124 — 641?)
+ Mo(12a* — 96b%) (i (5))*s? + (16¢* — 20a%) (u' (5))*s*
+ Mo(4a® — 64b%) (' (5))*5* — da*s* — 16Mob*s*

(
(

and finally multiplying by s°

0 = (16¢* —4a?) (i (5)) 19510 + (64c? — 20a%) (' (5))35'0 + Mo (4a® — 16b%) (' (5))3s°
+(96¢* —40a%) (' (5))°50 + Mo (12a% — 64b) (i (5))%s® + (64c* — 40a?) (i (5))*s'°
)

+ Mo (124> —96b%) (i (5))*s® + (16¢* — 20a2) (i (5))*s'°
+ Mo(4a® — 64b%) (' (5))*s® — 4a*s'0 — 16Mob?s®.

On the other hand, observe that Mg # 0, otherwise by the second equality of (2.68)),

0= —a’s"(1+ (u/(5))*) (u" (5))> +2a°5”u (s) (1 + (i (5))*)*u” ()
+ 4c2s4(1 + (u'(s))2)4 — a2s4(u/(s)) (1+ (u'(s))2)3

~—
—~
<
~
—~
o5}
N
~—
[\S)
I
—~
)
~—

(2.69)

Observe that differentiating this equality in both sides we

(2.70)

2.71)
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which multiplying by («/(s))?
0= —a®s*(1+ (u'(5))*) (' (s)u" (5))* +2a°° (1 + (u/(5))) (u'(5))*u (5)
+ (' () (42 (14 (' (5)))* = @®s* (' () (1 + (' ())%))
and substituting we obtain

0= —s*(1+ (i ()2 (a® + (a® — 4P (il (5))?)

0=a’+(a®—4c*) (' (s))*

that is, u/(s) is constant, a contradiction with the first equality of (2.68]) (otherwise we would have s
constant). Then, My # 0. Define H : (0, +0) x R - R, H : (0,4+0) x R — R by

H(x,y) = aleyz + 2Clelxy + 612M1x2 +4c?

and
H(x,y) =(16¢* — 4a?)y’ + (64¢* — 20a*)xy* + Mo(4a® — 1667)y* + (96¢* — 40a%)x*y?
+ Mo(12a* — 64b°)xy® + (64¢? — 40a?)x>y? + Mo(12a* — 96b)x*y* + (16¢ — 20a*)x™y
+ My (4a® — 64b%) x>y — 4a’x° — 16Mob*x*.

Notice that, from (2.69)) and (2.71)), H (s, (su'(s))?) = 0 = H(s?, (su'(s))?). Since the curve (s, (su'(s))?)
is non-constant we conclude by the theory of Plane Algebraic Curves that the polynomials H and H
must have at least one factor in common, a contradiction with Lemma and thus we conclude

the claim.

-1t Hyy — Gy, (Esy — Cs,Gs,) # 0 or Iyy — Gy, (Fy, — Gy, (Dy, — Gy, (Bs, —As, Gy, ))) # 0, for some sp € J,
by claim 2, the polynomials {P;}sy are irreducible in a neighborhood V of sy, that is, for se V < J.
As observed earlier, the curve ((v/(¢))?,v"(¢)) is contained in the intersection of the roots of {P;}ss
so by the theory of Plane Algebraic Curves we conclude that such a curve is constant or the polyno-
mials Py are multiples by constants. Suppose that {P;}scy are all multiples. Since in this case the only

possible multiple is A = 1 we conclude that
P(X,Y) = AX* + BX? + CX%Y + DX? + XY? + EXY + F,X + G,Y? + HY +]1,

is constant in the variable s, that is, the polynomials P are all equal. Thus, their coefficients are
constant, a contradiction with claim 1. Then, the curve ((v/(¢))?,v"(t)) is constant and therefore there
exist i, n such that v/(r) = u and v'(r) = 1 (in this case necessarily 7 = 0) and we conclude that

v(t)=ut+tinl c R.



118 Chapter 2. Weingarten Surfaces

-If Hy — G4(E; — CsGy) = 0 and Iy — G(Fy — G4(Z; — G5(Bs — AsGy))) = 0, for all s € J, we obtain, by

claim 3, that
Pi(X,Y) = (X +Gy) (AX? + (Bs — AsGy)X? + CXY + (D — Gy(By — A,Gy))X +Y?)
+ (X + G_s) ((Es - CsGs)Y + Fy - GS(DS - GS<BS _AsGs))) 9

for all s € J. Suppose that G, and the curve ((v/(¢))2,v"(¢)) are non-constant. Then, there exist sq, s1 € J
such that G, # Gy, and therefore, by continuity, there exists a neighborhood V of 51 € J such that
Gy # Gy, for all s € V. By the theory of Plane Algebraic Curves, P, for s € V, must have a factor in
common with P, and since such a factor cannot be X + Gy it is that of degree 3. Since the polynomial

of degree 3 has a monic coefficient we obtain that
AX? + (By—AsG)X? + CXY + (Ds— Gy(Bs— AsGy))X +Y? + (Ey— CsGy)Y + Fy — G5(Dy — Gy(Bs — A;Gy))

is constant in the variable s, that is, the polynomials are all equal in V, and therefore, their coefficients
are constant in V. Since, by hypothesis, Iy — Gy(Fy — G5(Ds — G5(Bs — AsGs))) = 0, that is, Iy =
Gs(F; — Gy(Ds — G5(Bs — AsGy))), we obtain

A, = M
IS = M9GS7

a contradiction with claim 4. Therefore, either G is constant in J or the curve ((v/(1))%,v"(1)) is
constant. If ((v/(¢))?,v"(t)) is constant then there exist u,n such that v(t) = ut +tin I c R. If
Gy is constant in J we obtain that if (v/(¢))? + Gy = 0 for all ¢ € I then V/(¢) is constant, that is,
v(t) is a straight line. Suppose there exists #o € J such that (v/(fy))> + Gy # 0. Then, there exists
maximal interval (&, 8) < I containing #y such that (v/(¢))?> 4+ Gy # 0 for all t € (ar, B). Since the curve
((v'(¢))?,v"(¢)) vanishes the family of polynomials P; we conclude that, its restriction to the interval

(a,B) vanishes
AX3 + (By—AyGy)X* +CiXY + (Ds— Gs(Bs —AyG))X + Y% + (Es — CyGy)Y + Fy— Gy(Dy— Gy (Bs— A, Gy))

which, by claim 3, are irreducible and have a monic coefficient. Since, by hypothesis, Iy — Gs(F; —
Gy(Dy — Gy(Bs — AsGy))) = 0, that is, Iy = Gs(Fy — Gs(Ds — Gs(Bs — AsGy))), we obtain

A, = M,
IS = M9GS7

a contradiction with claim 4 and then we conclude by the theory of Plane Algebraic Curves that the
curve ((v/(¢))?,v"(t)) is constant in (e, B). Therefore, (V/(t))? is constant and different from —G; by
the definition of (¢, 8). Finally, note that o ¢ I because otherwise we would have (V/(«))? = —G,
a contradiction with the continuity of v/(¢). In the same way, f ¢ I, and being (o, f) maximal we
conclude that (&, B) = 1, that is, ((v/(¢))?,v"(¢)) is constant in (¢, ) = I and therefore v(t) is a line
inl. J
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Theorem 2.1.13. Let v : Q  R? — H? x R given by y(t,s) = (v(t) + u(s),s,t), where ue C> (J,R),
ve C2(ILR) and J x I = (0, +x0) x R, of Linear Weingarten Form with constant ¢ # 0. Then v(t) =
ut + 7, for 1, T constants, and I = R. Moreover:

i) If u =0 then
(1 (5))* + 1) (@' (5) +2¢4/ (' (5))* + 1)

u’(s) =

ii) If u # 0 and the constants a, b, c verifies

() (o] U¥2 ) x [- (G o 5) ).

o ac A= 4 at 542
(5p) < [-2 2] |- (s + 32 ) +)
then
W' (s) = Zb.uz(l + (u/(s))z)
as(s? + ,LLZ)\/PSL—; + (' (5))2 + 1 —2bu2su(s)
a0+ ()P VI + ()2 14205 (B 4+ ()2 1)

as(s? + ,LLZ)\/’;—; + (' (5))2 +1—2bu2su(s)

Proof: Suppose that y is of Linear Weingarten Form. By Proposition [2.1.30| we have v(¢) = ut + T,
for constants i, 7, and I — R. Therefore, by Proposition (assuming without loss of generality
b=1)

a(—u'(s)p (1 + (u'(5))) + (su"(s) —u'(s) — (/' (5))*) (u® +5%) = 20 (s) > (1 + (u'(5))?))

C =

L ()R (s (s) —u'(s) = (W' (5))°) = ({1 + (W' (5))))?
2 b
52 ( %)2 + (! (s))% + 1)
that is,
. :a\/(%)z + (' ()2 + 1 (= (s)u> (1 + (' (5))?) + (s (s) —ud'(5) = (u'(5))°) (1 +57))

262 ((#)*+ ((s))2
2(—u' () (su"(s) —u'(s) — (u'(s
252 ((%)2 + (u'(s

+
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0= (as(52 + ,I,Lz)\/l':—z2 + (u/(s))2+1— Zuzsu’(s)> u”(s)

7 2 / 2 / / 2 2 2 nu_z / 2 272

<2u (L+(()")+au(s)(1+ (u'(s)")(4u”+s )\/S2 + (u'(s)) +1> (2.72)
2

—2cs? (i—22+(u'(s))2+ 1) .

- i) Let u = 0. From (2.72)

0= (as3 (u'(s))> + 1> u”(s) — <as2u'(s)(1 + (/' (5))?)A/ (' (5))2 + 1 + 2¢5° ((u’(s))2 + 1)2) ,

that 1s,
vy as®u/ (s)(1+ (/(5))?)\/ (' (5))% + 1 + 2c5% ((u/ (5))* + 1)2
wis) = as3\/ (' (s))*+ 1 7

(/' (5))? + 1) (ad () +2c+/ (1 ()2 + 1)‘

neN
u(s)= p

- ii) Let u # 0. We have from (2.72) that as(s* + uz)\/ﬁ‘—; + (/(s))2 + 1 —2u’su'(s) # 0 in the

interval J. Indeed, if there exists so in J such that as (s + ,uz)\/ ‘;—22 + (' (s0))2 + 1 —2u’sou’ (s9) = 0
0

we obtain, applying s in (2.72]),

2
0 = aso(s§ + “2)\/1:_2 + (1 (s0))2 + 1 — 2% s (50)
0

2

0 =2u%(1+ (i (s0))?) +au (s0) (1 + (i (50))?) (4> +sg)\/ t‘—z + (' (s0))% + 1
0

u? ?
+2¢s? <—2 + (' (s0))* + 1) :
s

0
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Isolating the square root in the first equality and substituting it in the second we obtain

2 2 2.1
B b +1 = 200
55 a(u? +sg)
0 4ut+ ,Ltzs(z) + csg + cuzs(z) (u/(so))4 N S5ut+ 2u2s(2) +2cut + 2csg + 4c,u2s3 (u'(so))2
u?+s3 u?+ 55
N uzs% +cut + csg + 2c,u2s(2)
S0
that by squaring the first equality and arranging it again
4p R
O=|1—-5———==) (W) +1+—
( az(u2+s%)2)( ) 5
0— 4u* + /.Lzs% + csg + c,uzs% p 4 S5ut+ 2,uzs(2) +2cut + 2csg + 4c,u2s% , ’
= o (' (50))" + 7o (' (s0))
U=+ sg U= +s5
N uzs(z) +eut+ csg + 2cu2s(2)
50 '
4ut

2
Notice, in the first equality, that 1 — 5 # 0 (otherwise 1 + ’;—2 = 0, a contradiction) and so we

can isolate (/(sg))? in the first equality and substitute it in the second concluding that
6 @*sh+ 12 (4c +5a% + 4a*)s§ + 2ut (4c + 5a% + 3a* + 2)s§ + ub(4c + 5a° + 4a*)s§ + a*ud

0—4
H sé(—2u2 +au2+asg)2(2,u2+au2+as(2))2

isto é,
0 = a*sd + u?(4c + 5% + 4a*)s§ + 2u* (4c + 5a° + 3a* +2)s§ + ub(4c + 5a% + 4a*)s3 + a*u8.
Define M(c,a) = 4c + 5a*. We have
0 = a*sd + u?(M(c,a) + 4a*)s§ + 2u*(M(c,a) + 3a* + 2)s§ + u®(M(c,a) + 4a*)s3 + a*u®. (2.73)

If (a,c) € (—o0,—v2||J[V2, +0) x [—M,—i—o@) observe that M(c,a) > —(3a* +2) > —4a*
and then from ([2.73|)

0 = a*s§ + u>(M(c,a) + 4a*)s§ + 2u*(M(c,a) + 3a* +2)s§ + ub(M(c,a) + 4a*)s§ + a*u® > 0,

a contradiction. If (a,c) € [—v/2,v/2] x [—w, +oo> observe that M(c,a) > —4a* > —(3a* +2)
and then from ([2.73|)

0= a*sd + u>(M(c,a) +4a*)s§ + 2u*(M(c,a) + 3a* + 2)s§ + u®(M(c,a) + 4a*)s3 + a*u® > 0,

a contradiction. Thus, from (2.72)), we conclude

2 (14 (e (5))2) + ad (5) (1 + (o ()% (402 + 205+ (0 (5))2 + 1425 (5 + (4 (5)) + 1)2

u’(s) =

as(s2 + pu?) LSL—; + (u/(5))2 + 1 —2u2su/ ()
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inJ. [

In the previous theorem (Theorem , we made a rather unusual choice for the constants a, b, c,
which determine the Weingarten relation. Unlike the result obtained in Theorem [2.1.6| (a similar case
for Type I Translation), in which we obtained a differential equation (or explicit solution) for u, in
this one, the choice of constants is merely technical. It is easy to observe in that, since the goal

is to isolate u”, such a choice guarantees us that.

2.1.16 Type Il Translation Surfaces with Prescribed Length of
Second Fundamental Form

By Proposition [2.1.17| we conclude that a Type II Translation Surface has Prescribed Length of
Second Fundamental Form if it satisfies a differential equation described in the following proposi-

tion.

Proposition 2.1.31. Let ue C*>(J,R), ve C>(I,R), ce C(J,(0,+x)) and J x I = (0, +x) x R. The
surface v : Q < R? — H? x R given by y(t,s) = (v(t) + u(s),s,t), has Prescribed Length of Second
Fundamental Form c(s), if, and only if,

(2.74)
Proposition 2.1.32. Let u e C?(J,R) be non-constant, ve C*(I,R) , ce C(J,(0,+x)) and J x I =
(0,+0) x R. Let w: Q < R?> — H? x R given by y(t,s) = (v(t) + u(s),s,t) with Prescribed Length

of Second Fundamental Form c(s). Then v(t) = ut + t, for constant |1, 7, and I < R.

Proof: Suppose that y has Prescribed Length of Second Fundamental Form ¢(s) > 0. By Proposition
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2.1.31| the functions u,v satisfy the equation (2.74)) or equivalently

0 (0~ P i T S 20
P su’<s>zt(’;<)s> 3 ) 4 22 P —Cl(f)w(s»z R0
L 2 160(5))° + 3e(s)(w (5))? +C6(ss'<s>u"<s> 8500 (5)) W (5) =2
|, 43c(s) = 2P ()~ 12(u/ () —Cl(i)ws))“ 80 (5))" 4 6e(5)(5)?
L @3 ) ﬁ(i”;”/(s)””“) 2002
L (els)s* (@ ()2 + 1) = * (W () + () — su"(5))?)
Define the family of polynomialsC(S)
Py(X,Y) = X3+ BY? + C,XY + D;X* + E,X + Fy,
where
P (C{O) R
€2 (S;E?(u'(snz — 4w ()))4 + s ()" () = 3
D, _23¢8) ~ 2 (W' ()2 —th)w'(s))z —32((5))*
L 2160 ()° + 3¢(5) (0 (5))? +ff$/(s)u”(s) +85(0(5)*u(5) 2
g _gt36(s) 2520 ()~ 12(u/ ()2 —Cl(f)ws))‘* — 8(u(5))° + 6¢(s)((s))?
L a3 (s)* téj”l(s)“”“) ~2
r e (cts)s* ()2 + 1) si(i<)u’<s>>3 +1l(s) = su'(5))?)

and observe that the curve ((v/(¢))%,v"(t)) is contained in the intersection of the roots of {P}e;.
Claim 1: Let V < J be an open set such that «’(s) # 0 in V (such open set exists since u is non-

constant in J). If there exist K1, K3, K3, K4 constants such thatinV < J

B, = K,
Cs:KZ
D, =Kj;

ES = K47
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then, K> # 0. Indeed,

Ky = st (' (s))>+1)°
c(s)
0= —25%/(s) —7(u(5))* — 4 (5))* + s (s)u"(s) — 3
c(s)
K =2 2¢6) s (u" () — 18(u'(5))* — 32(u'(5))*
c(s) (2.75)
L2 16('(5))® + 3c(s) (' (5))* + 65t/ (s)u” (s) + 8s(ud' (5))3u” (5) — 2
c(s)
Ky =260 = 25%(u”(5))* — 12(u'(5))* — 18(u'(5))* — 8(u'(5))° + 6¢(s) (u'(5))?
c(s)
Lt 3c(s) (! (s))* + 8sul' (s)u (s) — 2
c(s) '
By the first equality we obtain ¢(s) = —s4% which substituting in the second
' (5)(4(u (5))* u'(s))?
ety = PO LT 5 +3)

2s
Multiplying the last two equalities of (2.76)) by («/(s))* and substituting the two relations obtained

we will have
0 =4(u(s))*K1 (3s*(u/ (5))* +3s* (' (5))? — K3s* (i (5))? + 8K (i (5))* + 9K7)
0 =2(u(5))Ki (35 (u (5))° + 65 (u (5))* + 8K (1 (5))* + 35*(u/ ())” + (26K1 — Ka) (u/ (s))* + 18Ky ),
that is,
0 =3s*(u/ (5))* + 35* (i (5))? — Kz35* (il (5))* + 8K; (' (5))* + 9K,
0 =3s*(u(5))® + 65* (1 (5))* + 8K, (' (5))* + 35*(/(5))* + (26K1 — K4) (' (5))? + 18K,
then subtracting twice the first equality from the second equality
0 =35 (u'(s))* +35*(u/ (5))% — K35% (il (5))? + 8K, (u/ (5))* + 9K,
0 =35*(u (5))° + 65* (' (s))* + 8K (u' (5))* + 35* (' (5))* + (26K1 — Ka) (u' (5))* + 18K,
0 =3s5*(u'(5))* + 8K, (i (5))? — 35* + 2K35” + 10K| — K4,

Subtracting the third equality from the first equality we obtain (i/(s))? = 3 SL%?‘_‘ZSZIQJFK“ which sub-

stituting into the first equality we obtain

54510 — 72K53s8 + (27K + 126K + 27K4)s® — K3(2K3 + 108K + 18Ky)s*
52(3s2 — K3)?
24K K3 —21K? + 18K K4 + K3 K4 + 3K3)s* + 8K7 K3 — 8K K3 Ky
52(35%2 — K3)?

O:

N

that is,
0 =54s5"0 — 72K35® + (27K3 + 126K + 27K4)s® — K3(2K3 + 108K + 18Ky)s*
+ (24K, K3 — 21K? + 18K Ky + K3K4 + 3K3)s* + 8Ki K3 — 8K K3 K,
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ie., s2

is contained in the roots of the nonzero polynomial
0(Z) =547° — T2K3Z* + (27K3 + 126K, + 27K4)Z° — K3(2K; + 108K + 18K4)Z>
+ (24K, K3 —21K? + 18K Ky + K3Ky + 3K3)Z + 8K K3 — 8K 1 K3K4

therefore s is constant, a contradiction, and thus we proof the claim.

Claim 2: The polynomials {Ps}s; are irreducible. Indeed, if P; is reducible then there exist poly-

nomials of degree 2 and degree 1 such that
P(X,Y) = (X*>+ fXY +gV> + hX +iYV + j)(X +kY +1)
that is,
0=X>+BY?+CXY +DX?>+EX +F,— (X>+ fXY + gV? + hX +iY + j)(X + kY +1)

and reorganizing
0=(—f—k)X?Y + (Ds— 1 —h)X> + (—g — fl)XY* + (Cy — i — fl — hk)XY + (Es — j— hD)X
+ (—gk)Y? + (By — ki — gl)Y? + (—li — jk)Y + F, — jI
that occurs if, and only if,
—f—k=0  Ci—i—fl—-hk=0  By—ki—gl=0
Dy—1—h=0 Eg—j—hl=0 —li— jk=0
—g—fk=0 —gk=0 Fy—jl =0.

By the first, third and sixth equalities we obtain that f = g = k = 0. Consequently by the seventh

equality, By = 0, a contradiction since By < 0 and thus we proof the claim.

By claim 2 the polynomials {P;}; are irreducible. As observed previously the curve ((v/(¢))?,v"(t))
is contained in the intersection of the roots of {P;}scs so by the theory of Plane Algebraic Curves we
conclude that such a curve is constant or the polynomials P are multiples by constants. Suppose that

{Ps}ses are all multiples. Since in this case the only possible multiple is A = 1 we conclude that
Py(X,Y) = X3+ ByY?> +CXY + DX* + EX + F,,

is constant in the variable s, that is, the polynomials P are all equal. Then, their coefficients are

constant, that is, there are K, K>, K3, K4 constants such that,

B, = K,
Cs:K2
Ds:K3

ES = K47
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K> =—25%u(s)—

(s) (2.76)
5 —16(ud ()8 +3c(s) (U ()% + 651 (s)u" (5) + 8s(u (5))3u” (5) — 2
c(s)
_ a3c(s) =287 (" (5))* — 12(u'(5))* — 18(u'(5))* — 8(u'(5))° + 6¢(s) (u'(5))?
c(s)

+S

4 3c(8) (i (5))* + 8su (s)u” (5) — 2.

c(s)
/ 2\2
By the first equality we obtain c¢(s) = —s4% which substituting in the second

20! ($) Ky (4(u' () +7(u (5))? +3) + sKa (1 + (1 (s))?)?
2SK1 )

+s

(u'(5))u”(s) =

Multiplying the last two equalities of (2.76]) by («/(s))* and substituting the two relations obtained

we will have
0 =12K;5*(u'(5))° + 12Ky (/ (5))* + (K3 — 4K 1 K3)s? (' ())* + 32K7 (1 (5))* + 16K Kas (i (s))?
+2K35% (' (5))* + 36K7 (i (5))* + 12K Kosu/ (s) + K3 5>
0 =6Ks* (' (5))® + 12K 5™ (i (5))° + 16K3 (1 (5))® + 8K 1 Kas(u' (5))° + 6K 5* (i (5))* + K352 (i (5))*
+ (52K3 — 2K Ka) (1 (5))* + 20K Kas (1 (5))® + 2K352(ul (5))? + 36K 7 (5))?
+ 12K Kol (s)s + K357
and multiplying the first by s* and the second by s°
0 —12K1s (i (5))® + 12K, 53 (i (5))* + (K3 — 4K 1 K3)sO (' (5))* + 32K 75 (u (5))* + 16K Kos® (i (5))?
25%(u/ (5))? + 36K7s* (i (5))? + 12K  Kas”u/ (5) + K3s°
0 6K1s10( $))8 + 12K15'0 (' (5))® + 16K75°(u/ (5))® + 8K Ko™ (i (5))° + 6K1510 (' (s5))*
268 (' (5))* + (52K7 — 2K 1 K4)s® (/ (5))* + 20K Kas” (i (5))® + 2K3s% (i (5))? + 36K 250 (i (5))?

)
+ 12K, Kol (5)s” + K3s5.
2.77)

Define G: (0,+0) xR - R, G: (0,+%0) x R — R by
G(x,y) =12K1xy° + 12K1x3y* + (K3 — 4K K3 )xy* + 32K3y* + 16K Koxy® 4+ 2K3x?y? + 36K xy?
+ 12K Kox?y + K3x°
and
G(x,y) =6K1xy® + 12K x*y° + 16K?y° + 8K  Kpxy® + 6K 1 x°y* + Kax?y* + (52K? — 2K K4)xy*
+ 20K Kox?y? + 2K5x°y? + 36K3x%y* + 12K Koxy + K3x™.
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Notice that from (2.77) G(s?,su'(s)) = 0 = G(s*,su(s)). Since the curve (s, su/(s)) is non-constant
we conclude by the theory of Plane Algebraic Curves that the polynomials G and G must have at least
one factor in common and since, by claim 1, K, # 0 we obtain a contradiction with Lemma
Therefore, the curve ((V/(¢))?,v"(¢)) is constant and therefore there exist i, 7 such that v/(¢) = u and
V'(¢) = 1 (in this case necessarily 1 = 0) and we conclude that v(¢) = ur + tin I < R. O

Theorem 2.1.14. Let u € C>(J,R), ve C?(I,R), c€ C(J,(0,+x)) and J x I < (0,+x0) x R. Let
Vv :QcR?— H? xR given by w(t,s) = (v(t) + u(s),s,t) with Prescribed Length of the Second
Fundamental c(s). Then:

i) v(t) =ut+1, inl R, for u,7 constants (with L # 0), u is constant and furthermore,

2 2,2

o(s) = —H___
(U2 +s2)2

ii) v(t) = ut+ v, with I c R, for constants [, t. Furthermore, if i1 = 0 then u satisfies the differ-

ential equation

M//<S) — ( )(1 + + \/C )2>3,
u'(s) = W (s)(1+ (' (5))%) = /c(s) (1 + (u’(s))z)f
If u # 0 and
2(2s* +9u’s> +8ut
cs) = ¥ ( s2(+u2u+sz)+2 K

then u satisfies the differential equation

s (5)((s* + 4522 +4pu®) (! (5))> + (% + 4s?u? + 3u)) + \/ A(u?,5%,c(s), (/(5))?)

u'(s) = S2(s2 + p2)2 ,

L) (5 A+ A (0 (5)% + (5 + 45207 + 3t )=/ B2, 52, c(5), (1 (5))?)
wls) = s2(s% + p?)? ’
where

Ax,y,z,w) =(2° +2(z— Dxy* + (2= 9)x%y® — 8x*y?)w? + y(x + ) (3zy° + 6(z— 1)xy?
+ (32— 18)x%y — 8> )w? + 3y(x +y)2(2y* + 2(z— Dxy + (z = 3)x)w
+(x+3)* (20" +2(z— D)y + z%).
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Proof: Suppose that y has Prescribed Length of Second Fundamental Form c¢(s). By Proposition
[2.1.31] the functions u, v satisfy the equation

c<s>:(<sv (1)~ ()21 + () —(5) = (W) 0 + )

s2( 1+ (u

(
2 (9)(V(1)) '(s) >2> )

(2.78)
) If u is constant in J we have from (2.78)
w0 + 22002 (14 (42)°)
c(s) = N3
(1 + (”’s’)) >
that is,
0= —?(V'( ))® 4 (2=3¢()) (v (1)) +52(2 = 3e() (V'(1))* +5° (v (1)) = s™e(s)
and multiplying by %
S2 — JC\S S4 — JC(S S4
0— —(V(1)°+ %(V’W‘ ; %(V(r))z FISVOR =S @19)

Define the family of polynomials

s2(2—3c(s)) ., s*(2—3c(s)) st 6
T

and observe that the curve ((v/(¢))?, (v"())?) is contained in the intersection of the roots of {P,}e;.

P(X,Y) =X+

Claim: The polynomials {P}sy are irreducible. Indeed, if P; is reducible then there exist poly-

nomials of degree 2 and degree 1 such that

P(X,Y) = (f+gX +hY)(i+ jX + kY +IXY +mX? +n¥?)



2.1. Translation Surfaces in H* x R (Half-plane Model) 129

that is, ) ) )
57(2—=3c(s)) o $7(2—3c(s)) s, 6
c(s) X0t c(s) A c(s)

—(f+gX +hY)(i+ jX + kY +IXY +mX* +nY?)

0=-X>+

that reorganizing,

3
0=—(gm+ 1)X3 — (gl + hm)X2Y — (gj+fm+ o )XZ— (hl + gn)XY?

— (fl + gk + hj)XY — (gi+fj+%)X—hnﬁ—(hk—l—fn)ﬂ

N <%_hi—fk)Y—(s6+fi),

that occurs if, and only if,

0=gm+1
N 0= fl+gk+hj 0= hk + fn
=gl +hm 4 4
... s7(3c(s)—2) § .
2 _ O=gi+fj+—"5— 0=—=—hi—fk (2.80)
():gj_i_fnﬂ_w c(s) c(s)
c(s) 0 — hn 0=s°+ fi.

0=hl+gn

By the seventh equality 2 = 0 or n = 0. Suppose & = 0. We have,

O0=gm+1 0=gn 0= fn

0= gl 2 0= fl+gk 4 0:%_]%
2 2 c(s

0= gjt fms B =Dy gy B 22)

o(s) T sy 0=s°+fi

By the first equality g # O then, by the second and fourth equalities, / = n = 0. Substituting in the

fifth equality we obtain k = 0, a contradiction since we will not have monomials in Y. Then £ # 0 and

n = 0. From (2.80|) we have,

0=gm+1 0=~nl 0= hk
0= gl+hm 0= fl+gk+hj O:i_hi_fk
2(3¢(s) - 2) s*(3e(s) —2) c(s)

O=gj+fm—|—s O=gi+fj+

c(s) c(s) 0=s° + fi.

By the fourth equality we obtain / = 0. Substituting in the second equality we obtain m = 0, a contra-

diction (since by the first equality we would have O = 1) and thus we conclude the claim.

By the claim the polynomials {P, } s, are irreducible. As observed previously the curve ((v/(¢))?, (v (¢))?)
is contained in the intersection of the roots of {P;}cs so by the theory of Plane Algebraic Curves we
conclude that such a curve is constant or the polynomials P; are multiples by constants. Since the co-

efficients of P, are not constant we conclude that the curve ((v/(¢))?, (v"(¢))?) is constant and therefore
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there exist i, n such that v/(r) = p and v’(¢) = 1 (in this case necessarily 1 = 0) and we conclude
that v(r) = ur + 7t in I < R. Then, from ((2.79))

—(u?+5%)%c(s) + 25%u?

0= (fuz + s2) 2
1.e.,
—(u? +52)2c(s) +25%u?
0= 2
thus -
2
c(s) = 2S “2
(u*+5%)

with i # 0 (otherwise ¢ = 0).

- ii) If u is non-constant in J we have, by Proposition 2.1.32} that v(f) = ur + 7 in I < R. Then,
from ([2.78|)

))? =281 () ((s* + 45> 1” + 4u) (' (5))* + (s* + 457 1> +3u*))u” (s)
$)s) (i (9))® + (2= 3c(s))s* + (18 = 3c(s))u’s” + 32u*) (' (s))*
12— 6¢(s))u’s® + (18 = 3c(s))u*) (' (s))?

2(c(s) — s + pte(s)

S

(2.81)

A
ta
~—
U;
—i-m

224 922 84
Ifu#Oandc(s)}”(izzrﬂzijz;g“)deﬁne

Py(Z) = A, Z* + B,Z +Cg,

where

Ay = (s + u2)?

By = —2su/(s)((s* +4s° 11> +4u*) (i (5))* + (s* + 45’ +3u%))

Co = (s> +4u%)° —c(s)s™) (u'(5))° + (2= 3e(s))s* + (18 = 3e(s))us” +32u%) (' (5))*
+ ((1=3c(s))s* + (12— 6¢(s))u?s” + (18 = 3c(s) )u*) (1 (5))?
1)

—(,LL2+SZ) ()S +2( () /*L S —|—H4C(S).
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Notice that the discriminant A(s) > 0. Indeed,
A(s) = B> —4A,C;
(9))7 412+ 57 (07 + 872 (52 (W ()% + 1 +57) e (s))
( )7+ 1%+ 57) (25°0% + 95* ut + 8570 (' (5))*
—4(s(u () + p? + 52) ((4s®u® + 13s5*u* + 957 u®) (i (5))* + 257> (u? + 5)?)
2(2s* +9u?s® +8u*)
S2(u2 + 52)2

N
—
“
[\
~
<

AP () + 12+ ) (2 + 8222 (5))% + 12 o 57)2E

\Y

—4(s?(u (5))% + pu? + 52) (25°u% + 95 u* + 857 u8) (i (s))*

(
—4(s?(u/ (5))% + w? + 57) ((4s%u® + 135 u* + 952u®) (i (5))% + 25> (u? + 5°)?)

:4,LL4(‘UZ+S2)(S2(M/(S))2+‘U,2+ ) (16“ +9s )(u/<s))2s;_ (8u2+982(H2+S2)) =~ 0.

Therefore, using the formula for the roots of a quadratic equation we obtain, from (2.81)), the differ-

ential equations

sul (3)((s* + 4> % +4u) (u'(5))% + (s* +4s°p> +3u%)) + \/ A(u?,52,c(s), ('(5))?)

u'(s) = S2(s2 + p2)2 ,
y s[5t AP ) (5)) (5% 4P 4 34) — A2, 2, e(9), (0 (5))2)
u'(s) = s2(s2 + p2)? ’
where

Ax,y,z,w) =(29° +2(z— 1)xy* + (2= 9)x%y* = 8°y*)w’ + y(x +y)(32y° + 6(z — 1)xy
+ (32— 18)x%y — 88 )w? + 3y(x + )2 (2y* +2(z— Dxy + (z— 3)x*)w
+ (0492 (@% +2(z— Day +22%).
If u = 0 we have, from (2.81)),
0 = s°(u"(s))* = 25%u () (1 + (u'(s))*)u" (5) = s* (1 + (u'(5))*)*((e(s) = 1) (' (5)) + e(s))
which dividing by s*
0= 57(u"(5))* =25 () (1 + (u/(5)) )" () — (1 + (u/(5))*)* ((c(s) = 1) (' (5))* + ¢(s))
and, as before, the discriminant of this equation is A(s) = 4s20(s) (14 («/(s))?)® > 0. Thus, as before,

M//(S): ( )(1+ +\/C )2>3,

or

_ W)L+ (W(9)?) = els)(1+ (W(s)?)
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2.2 Translation Surfaces in H> (Half-Space Model)

As discussed at the beginning of the section Translation Surfaces in H> x R (Half-Plane Model),
we will restrict ourselves to curves that are contained in the orthogonal planes of the space and that
are determined by real functions. In H? this reduces us to two types, the other possibilities being

obtained by symmetries of the curves that determine them. More precisely:
y(t,s) = (£,0,v(t)) + (0,u(s),s) = (¢,v(t) + u(s),s)
yi(t,s) = (t,v(t),0) + (0,s,u(s)) = (¢,s,v(t) +u(s)).
Here we will focus on the first case, Type 1. First, we will define the space. Then, we will find the

curvatures of this family of surfaces.
Definition 2.2.1 (H?). The hyperbolic space is
H’ = {(x,5,2) e R’z > 0},

with the Riemannian metric,

<(u1,u2,u3), (V17V2,V3)>
2 )
Z

(nex V)(x.,y,z) =
where (x,y,z) € H3, u = (u1,u,u3) and v = (v,v,v3) since u,v e T,H> ~ R3.
Consider {ey,es,e3} a canonical basis of R3. Then,

Eq (x,y,z) = (p(x,y,z)€1
Ez(x,y,z) = (P(X,y,Z)€2
E3(x,y,z) = (D(x,y7Z)€3

generates a global orthonormal frame over H>, where ¢ : H> — R is given by ¢(x,y,z) = z. Then, we

will obtain the Connection, in this frame, at H>. This is done by obtaining the Christoffel Symbols.
Lemma 2.2.1. [E;, E;| = 0 with the exception of:
[E1,E3]=—E\ [EzE3]=—E>.

Proof: The cases [E|,E|| = [E, E»] = [E3, E3] = Oare evident. Let f : H> — R be a smooth function.

We have,
([El,E3]f)(x,y,z) = El (E3f)(x,y,z) _E3<E1f)(x7Y7Z)

- <E1 (q)g—f)) (x,,2) — (Eg ((pi—i)) (x,,2)

2 2 F
=<<p2 f)(x,y,z)—<<p2 f+<p—f) (x,3,2)

0x0z 0z0x ox

0
= ((Pa_j:) (x,y,z)
= —E) (x7y7z)f7
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then [E},E3] = —E; and similarly [E;, E3| = —E. Finally,
([ElvEZ]f)(x7y7Z) =E (EZf)<x7yaZ> —EQ(E]f)(X,y,Z)

(5 () o (oF) oo
(052 (#5) )0~ (055 (55) )00
¢
0,

op Of Pf 0@ of f
(x.3,2) <8x Oy + oxdy  dy Ox Oyox (x.3,2)

as we wanted. ]

From the previous lemma, we can find the Christoffel expressions:
. k o . . 3
Lemma 2.2.2 (Christoffel). I" i = 0 with the exception of:
3 _ 13 _ 2
Iy =Tn=1 [i3=03=-1.
Proof: By Lemma and by the expression (Lemma|l.1.1])

1
T = —3 ([Ei,Ex] o< Ej+ [Ej,Ex] o Ei + [Ei,Ej] @ Ey)
the null cases are evident. We will calculate F? | and the cases F%Z,Fh, F%3 will be analogous. We
have

—% ([E1,E3]ex E\ + [E1,E3] @« E| + [E1,E1] o« E3) (x,,2)
—([E1, E3] o x E1)(x,,2)
= (El ® El)(X,y,Z)

=1.

Fﬂ(x,y,z) =

Since VEJE,- = F’]‘.l.Ek we obtain:

Lemma 2.2.3 (Connection). The following holds:
VEIEl =FE;3 VEZEl =0 VE3E1 =0
VglEzzo ngEzzEg VE3E2:O
VEIE3 =—F VEZE3 =—-F VE3E3 =0.

2.2.1 Curvatures of Type | Translation Surfaces

This section will be devoted to determining the curvatures of a Type I Translation Surface in H>.
Define the Type I Translation Surface y : Q — R? — H3 by y(z,s) = (¢,v(t) + u(s),s), ue C> (J,R),
veC?>(I,R) and J x I < (0, +0) x R. We have,

aa—li/(t,s) = (l,v’(t),O)

1
= ——Ejoy(t,s)+

VO
Pow(r,s) yE2oV(E.s).

poyl(t,s
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and 5
oy _ /
Vie,5) = (0. (5),1)
_u(s)
= WEZ oy(t,s)+ WE3 oy(t,s).
The normal N at y(z,s) will be given by
V() 1 u'(s)
N(I,S)— MEIOW(LS)—’_MEZOW(I’S) w(t’S)E3olI/(tas)a

where @(t,5) = /(V/(¢))2 + (u/(s))2 + 1.

By Lemma [I.1.2) we conclude that to know the Weingarten map S we do not need to differentiate

the normal field, we just need to know Va%—‘f, Va%—lf and Vgg—‘f. We have,

Lemma 2.2.4. The following holds:

N A Y O NN £ U4 0) S

9 (Ve ) ) g B )+ g1 ¥

A U R R

& (Ve‘ 5S>(I’ ) (<pol//2(t,s)E1 vie.s) (f/ﬂﬂ/f)z(t,s)E2 vie.s)
V(e )

i (Vaor ) 9= (5 (poyirm) ~ oyt ) 2ov
+((lﬂgii.+ﬁ(__i__)>&ow@@_

@oy)(t,s) Os \@owyl(t,s)
Proof: ] | 1
oy _ B _
<V€1 ot ) (t,5) Qoy(t,s) (VerE1oy) (t,s) +ei (—(pou/(t,s)) Ejoy(t,s)
V(t) _ V()
- 7 V* PN
+‘POII/(I,S)( erb2oy)(t,s) +e ((pow(t,s) Eyoyl(t,s)
1 0 1
- AVAN v
ooty 2o <(po l//(t,s)) Eroyl(ts)
V(1) ox V' (t)
poul(is) wun™ T (pol,l/(t,s)EzoW(t’s)
but, /
X — 1 X \% (l‘) %
a(;:/(t 5) ! _(Pollf(t S) ( E1E1> Olll(t7s) +—(POl//(l‘,S) <VE2E1> Ol[/(l,S)
B0yt
“poylns) 0
and | »
X > Vit %
G (1.5) Qoyl(t,s) ( E1E2> oy(ts)+ Qoy(t,s) <VE EZ) oy(t,s)
V(1)
“poylns YY)
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thus, )
dy V(1) 1+(V'(2))
<Ve15) (t,s) —WEZO y(r,s)+ Wf’bo y(t,s).
Also, / /
dy o u(s) » _ u'(s)
(Vel (?s><t’s) _(pow(t,s) (VarE 0 y) (t,5) + € (—(pow(t,s) Eyoy(t,s)
o 1
+W(VZE3OV/) (I,S)+ ](W) E30ll/<t,s>
W'(s) o« 0 u'(s)
__"VY v N L GV
0o w(t,s) a‘,”@vs>E2+8t<<Pow(t,s) Exoy(ts)
1 0 1
X of
Toovlns) e T <<po w(m)) Esoyins)
but,
Vi B L (VXE>01//(I s)+&<VXE>oy/(t 5)
Wt,s) 3 poy(ts) \ B 3 ’ poyl(t,s) \ B 3 ’
1 V(1)
vl Y ey Y
then,
@l[/> 1 V(1) V() (s)

Ve——o | (t,5) = — —————Ejoy(t,s) — ——~——FE> o y(t,s) + Ezoy(t,s
( o5 ) U= oy P Y T ooy 2OV oy oYY
Finally,

oy ' (s) _( ()
Vo oV =Yy, LA/
(Va2 029 = (Vataop) 1.9 +es (0 ) Eaoie
o 1
+W(V6E3OW)(I,S)+ 2((pow(t,s))E3O‘I/(l,S)
B u'(s) y 0 u'(s)
Cpoy(l,s) %”s’(ns)Eﬁ%(ww(r?s) E2oy(hs)
1 0 1
¥ v
Toowins) 2wt S (qu(r,s)) Esoyits)
but,
X . u,(s) X 1 X . M/(S)

Vv = powis) (ViE) ow(rs) + PR (Vi Er)owlrs) = — S Ee V)
and

« o d(s) « 1 « B u'(s)

V%—f(t?s)E3 = m (VE2E3) O ll/(t,S) + W (VE3E3> e} II/(I,S) = — 5 l’/(t,s)Ezo W(l’,S)
therefore, , /

-y (0 u'(s) u'(s)
<V€2 (?s)(t’s)_(@s(wow(t,s)) (pow)(t,s) Eroy(ts)
(' (s))? 7 1
+<<<pow>2<r,s>+as powiiy ) )PV
L]

With this we have,
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Lemma 2.2.5. The following holds:
AN ! 2
D) OO0 ()

s2o(t,s)
V() (! (5))?
i) F(t,5) = E?a()(tfs))) :
su'(s) —u'(s) — (' (5))?
ii)G(t,s) = Zolt.s) .
/ 2
iv)e(t,s) = Lt (:2<t))
i) = O
/ 2
g, s) =
Proof:
" &t s)=<N. v&—"’) (ts) =21 W+
) o) es)poy(ts)  os) (9o y)Ai,s)
) ()15 (Y0
s2o(t,s) '
Also,
B VT W ) NS () B 4 [ C40)
I(I,S) - (N x Vei 6S>(t’ ) (!)(l‘,S ((poll/)z(t,s) (L)(I,S)((Poll/)z(t,s) w(tas)((pOW)2<t’S)
V) (5))?
s2o(t,s)
Finally,

Glt,s) = (N-X Vezaa—f) (7,5)

s (G () ) 05 5 v )
- s2o(t,s)

The metric coefficients are,

V(1))?
e(t,s) = (ejexey)(t,s) = (3_1[/ &_l[/) (t,s) = ( 1 n (f)z)

o o 0ov2(6s) | (@oy)(t,s)
1+ V()
- Lt
Also, ; . o
) = a7 23) (1) = ( T 0 2 ) 19 = )
Finally,
0 0 1 u' (s))? 1+ (i (s))2
al1,5) = (@ 0x @) (1,5) = (%’%’) (t,5) = ((pow>2(t,s)+((piyf)gzt’s) _ +<s2< )



2.2. Translation Surfaces in H> (Half-Space Model)

137

Proposition 2.2.1. The following holds:

(sv"(1) =/ () (1 + (v'(1))*)) (1 + (& (5))?)
Hit,s) = 20°(1,9)
| (su(s) —u'(s) (' (5))*) (1 + (V1)) =20/ (1)) (5))°
203(t,s) ’
and
K(t,s) = (v (1) —u'(s)(1 + (V’(t))z))(su”(f)?@’SM)’(S) — (' ())*) = (V'(1)* (' (5))*
and

B 2<v'<r>>2<u'<s>>3)2

®3(t,5)

20/ (0))2 (V" (1) — ' (5) (1 + (v'(1))*)) (sud” (5) —ud' (5) — (' (5))*) — (v/())* (' (5))*)
®O(1,s)
2014 (W () (" (1) = () (14 (V' (1)) (su” (5) — ' (5) = (u'(5))?) = (v/(1))* (' ())*)
wO(t,s)
Proof:
1
H(t,s) = 5(S)(1.5)
1
= E(att + ass)
1 (Eg+Ge—2FF
() e
sV () —u () A+ (1))*) ) [ 1+ (5))? su(s)—u'(s)= (' ()’ (1+0/(1)) 200 (1)) (' ()
o (PR () + (SR ) (B) RS
T2 (H(z’z(t))z) <1+(Iz’2(S))2> (u’(S)sz’(t))2
(v (1) =’ () (10 (£))%)) (L4 (5))%) + (su” () =’ () — (' (5))°) (L0 (1)) ) =2(V/ (1)) (4 (5))°
. 1 st(t,s)
"2 @ (t.5)
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Also,
K(t,s) = det(S)

= QytQgs — ArsQgt

Eg— Ff Ff (Fe—Gf s Fe—Ef S
(w V) (m V)“” (w—#)“)<m—ﬁ>“)
EGge — EFgf — FGfe + (Ff)* — (F2ge — EFgf — FGfe + EFF) 5
(eg—§2)? ’
EG(eg— fz — F2(eg—7?)
( (eg—12)? >(l’s)
EG
( eg f2 )
< ) (SM”(S)—M’(S)—(M'(S))3) (@) (s)*
52 a) ts s2e(t,s) st w2 (1,9)
L0 (1,5)
_ (V1) —u'(s)(L+ (V(0)?)) (sud” (5) —ud' (5) — (& (5))*) — (v/(2))* (o (5))*
w*(t,s) '

Finally, being A4;(z,s) and A;(z,s) the principal curvatures we have,

AP (1,5) = A (1,5) + A3 (1,5)
P+ 2P(ns)
4

20 (1,) Aot )
— 4H?(1,5) — 2K(1,5)
_ <(SV”(I) —u'(s)(1+ (V'(1))*) (1 + (' (5))*) + (su” (s) — ' (s) — (' ())*) (1 + (v'(1))?)

®3(1,5)
) 2<v’<r>>2<u'<s>>3)2
®3(t,5)
200 (0)2 (v (1) =l () (1 + (V' (1)) (st (5) — ' (5) — (' (5))*) = (V/(1))* (/' (5))*)
®O(t,s)
L2014+ (W ()P (v (1) = () (1 + (V(£))*)) (s (5) — ! (5) — (' (5))?) = (V/(1))* (&' (5))*)
®O(1,s)

2.2.2 Type | Translation Surfaces - Flat case

By Proposition[2.2.T|we conclude that a Type I Translation Surface is Flat if it satisfies a differential
equation described in the following proposition.

Proposition 2.2.2. The surface ¥ : Q < R? — H? given by y(t,s) = (t,v(t) + u(s),s), where u e
C?(J,R), ve C*(I,R) and J x I < (0, +0) x R, is Flat if, and only if.

0 = (sv"(1) = () (1 + (/(1))*)) (sud" (5) — ' () — (u'(5))°) = (v/ (1)) (' (5))*.
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Proposition 2.2.3. Let v : Q < R? — H? given by y(t,s) = (t,v(t) + u(s),s), where u € C*> (J,R) non-
constant, ve C* (I,R) and J x I < (0,+0) x R, Flat. Then v(t) = ut> +nt + <, for i, M, T constants,
and I c R.

Proof: Suppose y is Flat. By Proposition [2.2.2] the functions u, v satisfy the equation
0 = (5" () —u/(s)(1+ (V' (1))*) (su”" () — ' (5) — (' (5))°) = (V' (2))* (& ()

or equivalently

0 =(ud(s)((t () + ' (s) — su” (5)) = (' ()))) (V' (1))* — s((t (5))* + ' (s) — s () )" (1)
+ u/(s)((u/(s))3 +u'(s) —su” (s)).

Define the family of irreducible polynomials
Py(X,Y) = AX + BY +C;,

where

Claim: There exists an set open V < J such that By # 0 in V. Indeed, if B; =0 in J then C; =0
and A; = —(/(s))* in J and therefore

a contradiction, since u is non-constant, and thus we proof the claim.

By the claim there exists an open set V < J such that By # 0 in V. Define the family of irreducible

polynomials
Py(X,)Y)=—X+Y+—
s(X¥) = X +Y 4,

and observe that the curve ((V/(¢))?,V"(t)) is contained in the intersection of the roots of {P;}sy. By
the theory of Plane Algebraic Curves we conclude that such a curve is constant or the polynomials Py
are multiples by constants. Suppose that {P;}scy are all multiples. Since in this case the only possible

multiple is A = 1 we conclude that

_ A C
Py(X,Y) = B—SX+Y+B—S, (2.82)
N N
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is constant in the variable s, that is, the polynomials Py are all equal. Therefore, their coefficients are

constant, that is, there are K, K> constants such that

K| = As - _ u'(s)(u'(s) —su” (s))
By s(('(5))? +u/(s) — su(s))
Ky — }% _u is)7
and setting w(s) = u(s). ()(w(s) — sw'(s))
K, = s((w)3(s) +w(s) —sw'(s))
Ky = _@

By the second equality we obtain w(s) = —Kjs, with K, # 0 (otherwise By = 0), which substituting
into the first equality
—Krs(—Kas + sK3) 0

_ 2 __p
s(—(Kas)? — Kys+5Ka)  s*K5

Ki=—
and then from (12.82]) we conclude
0="P((V(1)2V'(1) = K1 (V1)) +V'(t) + K2 = V' (1) + K>

that is, v(t) = ut> + Nt + 7, for constants i, 7, T with 4 # 0 in / = R. On the other hand, if the curve
((v'())%,v"(¢)) is constant there exist 1,y such that v/(t) = 1 and v"(¢) = ¥ (in this case necessarily
Y = 0) and we conclude that v(t) =Nt +7inl c R. ]

Theorem 2.2.1. Let v : Q < R? — H? given by y(t,s) = (t,v(t) + u(s),s), where ue C*(J,R), ve
C?>(I,LR) and J x I — (0,+0) x R, Flat. Then:

i) uis constant and v is arbitrary.

ii) u(s) = us®>+ Kk and v(t) = ut*> + Nt + 1, where u # 0, 1, T and x are constants and J < (0, +0)
and I < R.

S F 2 1 2
iii) u(s)—DiJ (n*+1r drandv(t) =nt+7, beingn, T, C >0, F > 0 and

5 C2<(1—£,—22)F+n2+1>

D constants and J < (0, %) and I c R.
Proof: Suppose v is Flat. By Proposition [2.2.2] the functions u, v satisfy the equation

0= (sv"(1) = () (1+ (v/(1))%)) (5" (5) — /() — (u'(5))°) = (V' (1)) (' (5))*. (2.83)

- i)z If u is constant it is easy to verify from ([2.83)) that v is arbitrary.
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- i) e iii): If u is non-constant we obtain from Proposition that v(¢) = ut®> +nt + 7, for u, M, T
constants, and /  R. Then, from (2.83)), we obtain
0= —4%u (s) (s (s) — ' (5))17 — dun (su”(s) — ' (s))1
+ () = (0 + D)sud (5) = 257" (s) + (0 + 1) (1 (5))* — 2psu’(5) — 2us(ud (5))?,

thus, ¢ vanishes the family of polynomials
0y(Z) = AsZ* + ByZ + Gy,

where
As = —4u2d (5)(su” () — i (5))
By = —4un(su’(s) —u'(s))
Cs = (' (5)* = (* + V)sud (s) = 25> )u () + (® + 1) (' (5))* — 2pusu (s) — 2pus (' (5) ).

Since ¢ is not constant and for each fixed s we have Q;(7) = 0 we conclude that the coefficients of Q;

are all zero. Then,
0 = —4pu (s)(su"(s) — 1 (5))
0= —4un(su’(s) —'(s))
0= (u'()* = ((n* + Vst (s) = 25> p)u"(s) + (n + 1) (ud (5))* — 2pusu (s) — 2pus (' (5))°.
and u being non-constant (in an open set V < J)
0 = —4p’(su”(s) ' (s))
0=—4un(su”(s)—u'(s)) (2.84)
0= (/(5))* = ((n* + V)sud'(s) = 25> w)uc" (5) + (* + 1) (1 (5))* — 2pasud' (5) — 2l (5)).

If u # 0 we obtain from ([2.84|)

M//(S) — M/(S)
0= (/(5))* = ((n* + V)sud'(s) = 25> w)ut" (s) + (* + 1) (1 (5))* — 2psud (5) = 2 (5))*

and substituting the first equality into the second we obtain

0= (u/(5))° (' (s) — 2p5)

that 1s,
u'(s) = 2us

therefore u(s) = us® + x. If u = 0 we obtain from (2.84)

0= —s(n® + L)ud'(s)u”(s) + (' (5))* + (n* + 1) ( (5))?
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then )
D 0724 )+ (2 + ) (W (5))

Finally, defining w(s) = (/(s))? we obtain the separable differential equation

W(s) = 2(w(s) + (n* + Dw(s))
s(M2+1) '

Observe that w = 0 is a solution of (2.85). By the Existence and Uniqueness Theorem any other

solution does not reach zero. Since u is non-constant we have w # 0. Thus, from (2.85]), we obtain

0=—

(2.85)

S W/(I’) Js 1
dr=| ————dr,
L, 2(w2(r) + (n*+ Dw(r)) o (M*+1)
and by the Change of Variables Theorem

lfw(s) dl B 1 JS ld’,
2oy PH M2+ 241 ) r

Consequently,

n21+1 (m <W(s)vi(:1)2+ 1) - (W(SO;V‘("S(T):Z"' 1)) B Z(IH(;):?(SO»’

i (S ) 2 (2).

that is,

and applying the exponential

w@@@w+#+n:(sy7

S0

w(so)(w(s) +n?+1)
thus, i 2 2
: wis +1)s
<(1_S_2>W(SO)+772+1)W(S)= (0>(22 )
0 0
and for all s # w
wiSo

w(so)(n? 4 1)s?
53 ((1 — i—i) w(so) + N2+ 1)
0
and since we want w > 0, there are constants C > 0 and F > 0 such that
F(n?+1)s?
C2 ((1—2—22)F+n2+1)

w(s) =

w(s) =

C2(F 241
in the interval (0,\/ ( +Fn + )) . Thus, by the definition of w, we obtain

B F(n%+1)s?
u'(s) = £ C2(<1_é_22)F+n2+1)
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C%(F 241
inJc <O,\/ (Ftn+ )).Concluding,

F

B § F(n?2+1)r? .
“(”D*L%(Qg_@)mnm)d'

[

2.2.3 Type I Translation Surfaces - Constant Gauss Curvature
case

By Proposition|2.2.1|we conclude that a Type I Translation Surface has Constant Gauss curvature

if it satisfies a differential equation described in the following proposition.

Proposition 2.2.4. The surface ¥ : Q < R? — H? given by y(t,s) = (t,v(t) + u(s),s), where u €
C?(J,R), ve C*(I,R) and J x I = (0,+x) x R, has constant Gaussian Curvature c, if. and only if,
(sv" (1) —u'(s)(1+ (v/(£))?)) (su" (5) — ' (5) — (u'(5))*) — (V/(1))* (u'(5))*
(1L (V) + (' (5))2)°
Proposition 2.2.5. Let v : Q < R? — H? given by y(t,s) = (t,v(t) + u(s),s), where ue C*(J,R) is

non-constant, ve C> (I,R) and J x I = (0, +m0) x R, with constant Gaussian Curvature ¢ # 0. Then

v(t) = ut +t, for W, T constants, and I < R.

Proof: Suppose y has constant Gaussian Curvature ¢ # 0. By Proposition [2.2.4] the functions u,v

satisfy the equation

O W () (1 (V(0)2)) st (5) — () — (' (5))*) — (0 (1)) (0 (5))*
(1+(V(1)2 + (' (5))?) ’
or equivalently
0 —(/(1yy¢ . WO ) +1/(5) = su"(5)) = (1 (5))* =26/ (5)P+1)) 1
+w<%»-ﬂmw—mcm,%><w®«’u>+u<wwwcn—dwmwﬁnﬁx
¢ ¢ (2.86)

Define the family of irreducible polynomials

Py(X,Y) = X> + AX + B,Y +C;,

where,
A = (W) (W () + ! (5) = s (5)) = (' (5))* = 2¢(('(5))* + 1))
B, — s((u'(5))* + uc’(S) —su”(s))
C. - (W () (' ()" +u'(s) —su"(5)) — c((u (S))2+1)2)’
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and observe that the curve ((v/(¢))%,v”(t)) is contained in the intersection of the roots of {P;}s;. By
the theory of Plane Algebraic Curves we conclude that such a curve is constant or the polynomials Ps
are multiples by constants. Suppose that {P;}c; are all multiples. Since in this case the only possible

multiple is A = 1 we conclude that
Py(X,Y) = X>+AX +BY +C;,

is constant in the variable s, that is, the polynomials P are all equal. Then, their coefficients are

constant, that is, there are K, K>, K3 constants such that,

Ay =Kj
B, =K,
Cs = K37
that is,

K= (' (5) (' (5))® + ' (5) —su"(s5)) — (' (5))* = 2¢((u'(5))* + 1))

- 20 00— ()

Koo (' (5) (' (5))> + u' (5) —su" (5)) — (' (5))* +1)%)

3 )

K =— -
K — s(w3(s) —i—wcs) —sw'(s))
K= (w(s)(w(s) +w(s) —sw'(s)) — c(w(s) + 1)2),
thus
ko — ) (s) +w(s) — 5w/ (5)) —wh(s) = 2c(w?(s) + 1))
! c
w’(s) _ s(w(s) + "‘;32(3)) —cKo (2.87)
r— W) (5) +w(s) —sw'(s)) — c(w?(s) + 1)°)
3 ’

c
and replacing the second equality in the others

0 = sw(s) + 2csw?(s) + (2¢ — cKy)s — cKaw(s) 2.88)
0 = sw*(s) + 25w (s) + (1 — K3)s — Kow(s). '

Claim: K # 0. Indeed, we can see by the first equality of (2.88|) that if K, = 0 we would have

0 = w2(s) 4+ 2cw?(s) + 2¢ — K|,
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that is, w?> would vanish the polynomial
Q(Z) = Z* +2¢Z + 2c — cK;.

Since w is non-constant, the polynomial Q should be zero, that is, all its coefficients should be zero, a

situation that does not happen, a contradiction. Therefore K, # 0 and thus we conclude the claim.

Differentiating the second equality of (2.88)) in s we obtain
0 = (4sw>(s) +4sw(s) — Ko)w'(s) + w*(s) + 2w (s) + 1 — K3. (2.89)

Substituting the second equality of 1 in 1} and multiplying it by s°, we will have, combining
with the second equality of (2.88]) multiplied by s°,

0 =4s%w0(s) + 95°w* (5) — Ko (1 +4c)s” w3 (s) + 65°w? (s) — Ko (1 + 4¢)s”w(s) + (1 — K3)s® + cK3s*

0 =s*w(s) + 25*w?(s) + (1 — K3)s* — Kas™w(s).
(2.90)

Define G: (0,+0) x R - R, G: (0,+%0) x R — R by
G(x,y) = 4y° + 9xy* — Ko (1 +4c)xy® + 662y — Ko (1 4 4¢)x’y + (1 — K3)x° + cK3x®

and
G(x,y) = y4 + ny2 — Koxy+(1— K3)x2

Notice that, from (2.90)), G(s?,sw(s)) = 0 = G(s*,sw(s)). Since the curve (s*,sw(s)) is non-constant
we conclude from the theory of Plane Algebraic Curves that the polynomials G and G must have at
least one factor in common, a contradiction with Lemma Therefore, the curve ((v/(¢))%,v"(¢))
is constant and then there exist i, 1 such that v/ () = p and v (¢) = 1 (in this case necessarily 7 = 0)
and we conclude that v(r) = ur +tinl c R. O

Theorem 2.2.2. Let y : Q < R? — H? given by y(t,s) = (t,v(t) + u(s),s), where ue C*(J,R), ve
C?(I,R), and J x I < (0,4+0) x R, with constant Gaussian curvature ¢ # 0. Then v(t) = ut + T, for

constant W, T, and I < R. Moreover, the possibilities for the function u are:

i)

2 2
D+J \/C LR E) 1y gy

for constants D, C >0, F >0eJ <O,C\/T>.

c(1+pu?)

1—c¢

ii)

u(s) =D+

Y

for constant D, c€ (0,1) e J < (0,+0).
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iii)

S 1 (1+u2)(Mpy o> —C2(Mpy o+ F
u(S)IDiJ (L 1) (M cr (M e+ ))dr,

0 (C—l)CZ(MF7”7C—|—F)
C

_MFvu,ch

for constants D, C > 0, F > 0, and ¢ # 1, where
Mpye=((1+u*+F)c—F).

Furthermore, the interval is given by

c—1 C*(Mpyc+F) C*(Mpyc+F) )

sgn(MFr 5% € ( ,
En(Mrse)s” €\ o My Mg SE0(Mrpee)Mrpg

Proof: Suppose y has constant Gaussian Curvature ¢ # 0. By Proposition [2.2.4] the functions u, v

satisfy the equation

(sv(8) —w' () (1 + (/(£))%)) (5" (5) — ' (s) — (1 (5))*) = (V' (1)) (' (5))*
(14 (7(1)2 + ((5))?)°

It is easy to check that u is non-constant and ' # 0. Indeed, if u is constant or u’(s) = 0 for some

s, we obtain from that ¢ = 0, a contradiction. By Proposition we have v(t) = ur + 7 in

I < R. Therefore, from , we have

(2.91)

0= s(1+p?)u (s)u” (s) + (14 p> + (' ())*) (1 + 12 + (' (5))*)e — ( (5))),
that is,

s 2
%5 [/ (5))2] + (14 2 4+ (u (5))) (1 + 1 + (1 (5)))e — (1 (5))?).

Define w(s) = (u'(s))?. We have,

0:

W) = 202w (L2 ¢ wls))e —wis))

1110 (2.92)

—i) : If ¢ = 1 the equation in (2.92)) reduces to

thus

S / S
2
j —wz(r) dr = —f —dr
so L+ 12 +w(r) 50"

that by the Change of Variables Theorem

w(s) 1 )
f ———dl = J Zdr.
w(so) 1+pu-+1 so

2 2
in 14+ u”+w(s) (%0
1+ p? +w(so) 52

Consequently,
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1.e.,
1+u?+w(s) 5

1+ u2+w(so) 2
that is, for constants C > 0 and F' > 0,

2 2
wis) = SEEEED) (1)

n (O,C H“ZJFF). By the definition of w, and since u’ # 0,

1+u?
c2(1 2+ F
u’(s)=i\/ : 1‘; B ew

1.e.,

S 2 2
u(s) zDiJ \/C ( +rI;L +F) — (1 + u2)dr.

—ii) e iii) : If ¢ # 1 one can see that w = (H“ ) is a solution of (2.92) and since we want w(s) =

(u'(s))? = 0 we will have, if c€ (0, 1),

(1 +,LLZ)S‘

—D+
u(s) -

(u)

By the Existence and Uniqueness Theorem any other solution does not reach ° and therefore

(14 p> +w(s))c—w(s)) # 0. Thus, from (2.92),

S W/(r) - 2 Sl i
L) 2(1+u2+w(r)((1 +,u2+w(r))c—w(r))dr_ 1+ u? L) rd’

and by the Change of Variables Theorem,

fw(s) dl - 2 Js ldr
wiso) 20+ 12+ D((T+ 2 +0e—1)  1+p2 ) r

Consequently,

e (“‘ ((1 s f;(t)v)vc@ w<s>) o <<1 ¥ ulzjvz(:;(g) w<s0>)> g (‘é)

1.e.,

(1+ 12 +w(s) (1 + u> +w(so))c—w(so)) 55

(1+u2+w(s0))((1+ 2 +w(s))c—w(s) 52
that is, for constants C > 0 and F > 0,

0=((1+u*+F)c—F)s* = (c— 1)C*(1 + w? + F))w(s) + (1 + u*)((1 + u> + F)c — F)s*

(2.93)
—cC*(1+u?+F).
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Note that the coefficient accompanying w(s) in (2.93) is non-zero. Indeed, if there exists s; that

vanishes it out we would have from ([2.93))

0=(14+pu>+F)c—F)s:—(c—1)C*(1+ pu>+F)
0=((1+pu*>+F)c—F)s?—cC*(1+u*+F)

and then substituting the second equality into the first we conclude 0 = C?(1 + u? + F) # 0, a contra-
diction. Thus, from ([2.93|

(1+u?+F)c—F)s*—cC?(1+u®+F)
14+ u?+F)c—F)s?2—(c—1)C?(1+ u?+F)

_ 2
w(s) = (1+u)((

By the definition of w, and since u’ # 0,

, (1+u2+F)c—F)s2—cC*(1+u2+F)
wl(s) = i\/(1+u2)((1+u2+F)c—F)s2—(c—l)Cz(l T2 F)

that is, for constants D, C > 0 and F' > 0,

s (1+u2+F)c—F)r —cC?>(1+ u?+F)
us) :Dijso\/_(1HLZ)((I+u2+F)c—F)r2—(C—1)C2(1+H2+F)

The domain of u is determined by analyzing in which interval

(1+u%+F)c—F)s*>—cC?*(1+u?+F)
(1+u2+F)c—F)s2—(c—1)C2(1+ u2+F)

<0. (2.94)

If the numerator in (2.94)) is positive, then the denominator is

(14 p*>+F)c—F)s> = (c— DC*(1+ u*>+F) = (14+ p*>+ F)c—F)s* —cC*(1 + u> + F)
+C*(1+u>+F)
>0

and then the fraction in (2.94) is positive, a situation we do not want. Thus, the numerator in ([2.94])

is necessarily negative, that is,
(14 pu>+F)e—F)s>—cC*(1+pu>+F) <0.

If the denominator were negative then the fraction in (2.94)) would be positive, which we do not want.

Therefore, the denominator is bounded by
0<((1+u*>+F)c—F)s>—(c—1)C*(1+u*+F)
Bringing together the two inequalities we conclude

(c—DC*(1+u>+F) < (1 +u>+F)e—F)s* < cC*(1 +u* +F).
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Define My = ((1+ p*+F)c—F). Then,

(= 1)C*(Mppc+F)
C

< MF7IJ7CS2 < Cz(MF,[,L,C +F>7

equivalently,

(c—1)C*(Mppc+F)
C

2
< (Sgn(MFnqu>) MFnuvcsz < CZ(MFnqu +F)7

thus

¢ sgn(Mpu c)Mpyu.c

C’(Mpyc+F
< sgn(Mpy c)s* < Mrpc+F) :
sgn(Mp,u.c)Mp pu.c

2.2.4 Type |l Translation Surfaces - Minimal case

By Proposition we conclude that a Type I Translation Surface is Minimal if it satisfies a

differential equation described in the following proposition.

Proposition 2.2.6. The surface v : Q < R* — H> given by y(t,s) = (t,v(t) + u(s),s), where u €
C?(J,R), ve C*(I,R) and J x I  (0,+x) x R, is Minimal if. and only if,
0 = (s"(r) —u/ (s)(1+ (V'(1))*) (1 + (u'(5))) + (s (5) — ' () = (' ())*) (1 + (V'(2))?)
=20/ (1)*('(5))*.
Proposition 2.2.7. Let v : Q = R? — H? given by y(t,s) = (t,v(t) + u(s),s), where u e C*>(J,R)

non-constant, ve C> (I,R) and J x I < (0,+0) x R, Minimal. Then v(t) = ut + 7, for i, T constants,
and I < R.

Proof: Suppose y is Minimal. By Proposition [2.2.6] the functions u, v satisfy the equation

0 = (sv"(1) = () (1 + (/1)) (1 + (' (5))%) + (su” () =t (5) = (u/(5))°) (1 + (V/(1))?)
=20/(0)*(u'(5))°,
or equivalently

= 2u(s) +su(s) —4(u'(5))°

s(1+(w'(5))?)

Define the family of irreducible polynomials

—2u(s) + su (s) — 2(u'(s))?
s(14 (u'(s))?)

0 (V(0)> +V"(1) +

P(X,Y)=AX +Y + By,

where,
A —2u'(s) + su” (s) — 4(u (s))*
’ s(1+('(5))?)
B _ —2u'(s) + s (s) — 2(u (5))*
' s(1+('(5))?) ’
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and observe that the curve ((v/(¢))%,v”(t)) is contained in the intersection of the roots of {P;}s;. By
the theory of Plane Algebraic Curves we conclude that such a curve is constant or the polynomials Ps
are multiples by constants. Suppose that {P;}c; are all multiples. Since in this case the only possible

multiple is A = 1 we conclude that
P(X,Y) =AX +Y + By,

is constant in the variable s, that is, the polynomials P are all equal. Thus, their coefficients are

constant, that is, there are K;, K, constants such that,

K =

K, =

Defining w(s) = u’(s) we obtain

)

(5)) (2.95)
)

(

then

consequently
0=2w(s) — (K» — Ky )sw? — s(K» — K7). (2.96)

Define F : (0,+x) x R — R by
F(x,y) =2y — (K2~ Ki)wy* —x(Ky — Ku).

Notice that F(s,w(s)) = 0. We have,

T fey) = (koK1 4)
‘Z—fu,y) — 2y((Ka— Ki)x—3y).

Claim 1: K, # K;. Indeed, if K; = K| then from ([2.96)) we obtain that « is constant, a contradiction.

Claim 2: There exists so € I such that %—g(so,w(so)) # 0. Indeed, if %—fy?(s,w(s)) =0 forall sel

we have

0= %(S,w(s» — —2w(s)((K2 — K1 )5 — 3w(s)),

and since w is non-zero (otherwise u would be constant) we conclude that for some neighborhood

Vcl
(Kz—Kl)S

3

w(s) =
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which substituting in ([2.96|)
(K2 — K1)

0= 77 S3+(K2—K1)S
and therefore s is contained in the set of roots of the nonzero polynomial
K —Kp)?
0(Z) = %23 + (K, — K)Z

1.e., s is constant, a contradiction and thus we proof the claim.

By claim 2 we can apply the Implicit Function Theorem obtaining

Lisw(s) (K= Ki)(1+w(s))
& (s,w(s)  2w(s)((Ka—Ki)s—3w(s)

w(s) =

which substituting in the first equality of (2.95))
0 = (8K, — 14K, )sw?(s) — 24w (s) — 2K (K| — K»)s?w (s) — 12w3(s)

(2.97)
+ (3Ky — 9K )sw?(s) — 2K (K| — K2)s*w(s) + (K —K»)s.

Define G : (0,+m0) x R — R by
G(x,y) = (8Ky — 14K )xy* —24y° — 2K, (K) — Kp)x*y’ — 12y
+ (3K, — 9K )xy* — 2K, (K| — K»)x*y + (K| — K> )x.

Observe that, from (2.96|) and (2.97)), F(s,w(s)) = 0 = G(s,w(s)). Since the curve (s,w(s)) is non-

constant we conclude by the theory of Plane Algebraic Curves that the polynomials ' and G must have

at least one factor in common, a contradiction with Lemma Then, the curve ((V/(1))?,v"(1))
is constant and therefore there exist (t, 1 such that v/(r) = pu and v"(¢) = 1 (in this case necessarily

N = 0) and we conclude that v(t) = ut+ tin I < R. O

Theorem 2.2.3. Let v : Q < R? — H? given by y(t,s) = (t,v(t) + u(s),s), where ue C*(J,R), ve
C?(I,R) and J x I = (0,+) x R, Minimal. Then:

i) uis constant and v(t) = ut+tinl < R.

s F(uz+1)rt
ii) u(s)zDif (21 dr e v(t) = ut + t, where u, 17, C > 0,

50 c4((2u2+1) (1—§)F+u2+1)

CHFQ2u2+1)+u2+1)
F(2u?2+1)

F > 0 and D constants and the intervals J (0,</ ) and I c R.

Proof: Suppose y is Minimal. By Proposition the functions u, v satisfy the equation

0 = (sv"(1) =’ () (1 + (V/(1))*) (1 + (' (5))%) + (su” () — ' (5) = (u/(5))°) (1 + (V/())?))

(2.98)
=20/ (1))*('(5)) .
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- i): If u is constant it is easy to see from (2.98)) that v (¢) = 0 in I and therefore v(r) = ur + 7.

- ii): If u is non-constant we obtain by Proposition that v(¢) = ut + t for constant u, 7, and
I < R. Therefore, from (2.98]), we obtain

0 = s(u? + 1)u"(s) — 20/ (5) (21 + 1) (u/(5))* + 1> + 1)
and multiplying by 2u/(s)
0 = s(u? + 1)2u/ ()" (s) = 4(ud (5))* (207 + 1) (i (5))* + > + 1)

that is,

0= s(02% + 1) 10 (5))%] — 4(0 (5)2((21% + 1) (5) + 2 + 1)

Finally, defining w(s) = (/(s))?, we obtain the separable differential equation

4w (s)((2u% + Dw(s) + u?+1) '

v W)

(2.99)

Notice that w = 0 is a solution of (2.99). By the Existence and Uniqueness Theorem any other
solution does not reach zero. Since u is non-constant we conclude that u’ # 0 and therefore w(s) > 0
in J. Thus, from (2.99)), we obtain

s w'(r) B s 4 )
f W (@ Dw) 2 Y J ETEERY R

and by the Change of Variables Theorem

JW(S) dl 4 J y
= —ar.
wiso) QU2+ +p2+1) w2 +1 g r

Thus,

1 w(s w(so) _ 4(In(s) —In(so))
u1+1On(Qul+Uw$%Hﬂ+J)_4n<@u1+nw@w+¢ﬂ+l)) pu2+1

that is,

Y

w(s) (207 + Dwso) + 2+ 1Y (5
ln(W(so>((2u2+1)W(S)+u2+1)> - <o> ’

and applying the exponential

w(s)((2u% + Dw(so) + u2 +1) (s>4
w(so)((2u?+ Dw(s) + u2+1)

S0

then,

((2u2 +1) <1 — z—i> w(so) + 12 + 1> w(s) = w(so)(uj +1)st

0 50
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4| 55 (w(so) 2p2+1)+p>+1)
and for all s # \/ . R ESTTEESY

w(so)(u?+1)s*
5§ <(2,u2 +1) (1 — %) w(so) + 2 + 1)

w(s) =

and since we want w > 0, there are constants C > 0 and F > 0 such that
F(u?+1)s*
ct ((2u2+1) (1—§>F+u2+1>

w(s) =

HFQu2+1 241
in the interval [ 0, 4 CFEu+1)+p*+1) . Thus, by the definition of w, we obtain
F(2u?2+1)

F(u?+1)s
c* ((2u2+1) (1—2—‘2)F+u2+1>

CHF(2u2+1 2+1
inJc <0,</ (FRp"+ 1)+ p7+ >>.Consequently,

u'(s) =+

F(2u?+1)

dr.

B s F(u?+1)rt
) _DiJso Cc4 ((2u2+1) (1 —%)F+u2+ 1)

[

2.2.5 Type I Translation Surfaces - Constant Mean Curvature
case

By Proposition[2.2.1|we conclude that a Type I Translation Surface has Constant Mean curvature

if it satisfies a differential equation described in the following proposition.

Proposition 2.2.8. The surface v : Q < R* — H> given by y(t,s) = (t,v(t) + u(s),s), where u €
C?(J,R), ve C*(I,R), and J x I = (0, +0) x R, has constant Mean Curvature c, if and only if,

(sv"(8) =/ () (1 + (v(£))*) (1 + (u'(5))%) + (su" (5) — ' (5) = (u'())*) (1 + ('(8))?)
2(1+ (V) + (' (5))?)?

Proposition 2.2.9. Let v : Q = R? — H? given by y(t,s) = (t,v(t) + u(s),s), where u e C*>(J,R)
is non-constant, v € C*> (I,R) and J x I < (0,+0) x R, with constant Mean Curvature ¢ # 0. Then

v(t) = ut + 7, for constant |, t, and I — R.
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Proof: Suppose v has constant Mean Curvature ¢ # 0. Squaring the both sides of the equation on
Proposition [2.2.8| and rewriting we conclude
4c?
O - / t 6
Awp
(' (5) —su"(s) +3(u'(5))> + ' () (1 + (' (5))*))* — 12¢*(1 + (u/(s))*)

_l’_

220() + 30 (5) =20 ($)))
(@) + 1)
(5))) (20 (5) — su () + 40 (5))°) — 12621 + (' (5)))

1+ (/(5)))* —4c2(1+ ((5))°)*

Define the family of polynomials

P(X,Y) = AX? + BX? + CXY + DX +Y? + E;Y +F,,

where,
4¢?
SR (P O T
g (W(s) —su"(s) + 3(u/(5))* + /() (1 + (u/(5))*)* = 12¢2(1 + (' (5))*)
' s2(('(s))* +1)2
co_ 2(—2u(s) + su” (s) —4(u (5))?)
' s((u'(s))? +1)
D _ 2(2u (5) — su” () +2(u' (5))?) (2u (s) — s (s) + 4(u (5))3) — 12¢% (1 + (' (s))?)?
' s2(('(s))* +1)2

2
(' (5) = su"(s) + (u'(5))* + ' () (1 + (' (5))*))* = 4> (1 + (u'(5))*)°
s*(('(9))? +1)? ’

and notice that the curve ((V/())%,v"(¢)) is contained in the intersection of the roots of {P;}se;.

Claim: The polynomials {P;}c; are irreducible. Indeed, if P is reducible then there exist polynomials

of degree 2 and degree 1 such that

P(X,Y) = (f+gX +hY)(i+ jX +kY +IXY +mX* +n¥?),

that is,

0=AX>+BX? + CXY + DX +Y?> + EY + F,— (f + gX +hY) (i + jX + kY + XY +mX> +n¥?),
and reorganizing
0= (As—gm)X> — (gl + hm)X?Y + (B — gj — fm)X* — (hl + gn)XY?
+ (Cy— f1—gk—hj)XY + (Ds—ig — f/)X —hnY> + (1 — fn— hk)Y?
(

+ (Ey—ih— fk)Y + Fy— if
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that occurs if, and only if,

OZAs_gm
0=Cs— fl—gk—hj 0=1—fn—hk
0=gl+hm
0=Ds—ig—fj 0=E;—ih— fk (2.100)
O0=Bs—gj—fm -
0=hn 0=F;—if.
0=nhl+gn

By the seventh equality we conclude that # = 0 or n = 0. Suppose that 7 = 0. We have
0=A;—gm 0=gn O0=1—fn
0=gl 0=Cs—fl—gk 0=E;— fk
O0=Bs—gj—fm 0=Ds—ig—fj 0=F-if,

and since g # 0 (otherwise we would not have factorization) we obtain from the second and fourth

equalities that / = n = 0. We have,

0=A;—gm
_ 0=Ds—ig—fj O=E;—fk
O0=Bs—gj—fm ,
0=1 0=F;—if,
0=0Cs—gk
and therefore by the fifth equality we obtain a contradiction. Therefore, we conclude n = 0. From
(2.100|) we have,
0=A;—gm 0=nhl 0=1-hk
0=gl+hm 0=Cs—fl—gk—hj 0=E;—ih— fk
0=B;—gj—fm  0=Ds—ig—fj 0=F—if,

and, by the seventh equality, we can assume without loss of generality 7 = k = 1. We have,

0=A;—gm 0=1
O0=E;—i—f
O=gl+m 0=Ci—fl—g—
. . . OZFS_ifa
0=Bs—gj—fm  0=Ds—ig—fj
and by the fourth equality / = 0. We obtain,

0=As—gm

0=Ci—g—j O=E;—i—f
0=m

, 0=Ds—ig—fj 0=F~-if,
0=Bs—gj—fm
and substituting the second equality into the first equality we conclude Ag = 0, a contradiction, and
thus proof the claim.
By the claim the polynomials {P, }c; are irreducible. As observed previously, the curve ((v/())%,v"(t))

is contained in the intersection of the roots of {P;}sc; so by the theory of Plane Algebraic Curves we
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conclude that such a curve is constant or the polynomials P are multiples by constants. Suppose that

{P;}ses are all multiples. Since in this case the only possible multiple is A = 1 we conclude that
P(X,Y) = AX? + BX? + CXY + DX +Y> + E;Y +F,,
is constant in the variable s, that is, the polynomials Py are all equal. Therefore, their coefficients are
constant, that is, there are K|, K3, K5 constants such that,
As = Kl
Bs; = K3
Es = KSa

that is,

then, setting w(s) = u/(s), we obtain

4c?
s2(w2(s) +1)2
2(—2w(s) +sw/(s) — 4w (s))
s(w2(s)+1)
2(—2w(s) +sw/(s) —2w3(s))
s(w2(s)+1) ’

K =-—

K; =

Ks =

then 0 = Kiw*(s5)s? + 2Kiw? (5)s? + K 5% + 4¢?
_ dw(s) + 8w3(s) + sK3(w?(s) + 1)
2
_2(=2w(s) + 5w/ (s) — 2w(s))
Ks = s(w2(s)+1) ’

and substituting the second equality into the third

sw'(s)

0 = Kiw*(s)s? + 2K1w?(s)s* + Ky s* + 4¢? 2.101)
0 = (Ks — K3)w2(s)s — 4w (s) + (Ks — K3)s. '
Define G: (0,40) x R - R, G: (0,+x) x R — R by
G(x,y) = Kix®y* + 2K 1x3? + K1x% + 4¢?

and
G(x,y) = (K5 — K3)xy* — 4y” + (K5 — K3)x.
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Notice that, from (2.101]), we have K5 # K3 (otherwise u would be constant). Also, from (2.101]),
G(s,w(s)) = 0 = G(s,w(s)). Since the curve (s,w(s)) is non-constant we conclude from the theory
of Plane Algebraic Curves that the polynomials G and G must have at least one factor in common,
a contradiction with Lemma Therefore, the curve ((v/(¢))?,v"(t)) is constant and then there
exist i, n such that v/(z) = u and v'(r) = 1 (in this case necessarily 7 = 0) and we conclude that
v(it)=ut+tinl cR. O

Theorem 2.2.4. Let v : Q — R?> — H? given by y(t,s) = (t,v(t) + u(s),s), where ue C*>(J,R), ve
C*(I,R), and J x I = (0,+0) x R, with constant Mean Curvature ¢ # 0. Then v(t) = ut + 1, for

constant W, T, and I < R. Moreover, the function u satisfies the differential equation

u//(s) _ c(1+ .uz + (”/<S))2)% +u'(s)(1+ ,I.L2 + Zuz(u/(s))z + (u/(s))z)
s(14 u?) :

Proof: Suppose y has constant Mean Curvature ¢ # 0. By Proposition the functions u,v satisfy

the equation

(sv"(e) — ' () (1 + (V'(£))*) (1 + (' (5))%) + (su" (5) — ' (5) — (u'(5))*) (1 + (V'(£))?)
2(1+(V(0))* + (W (5))2)?

CcC =

20/ (1) (s))? (2102

_ ..
2(1+ (V' (1) + (/(s5))?)?
Notice that u is non-constant in J. Indeed, if u is constant in J the equation in (2.102) reduces to

2c¢ V(1)
and since the variables are independent there exists C # 0 such that
2
s

C
V(1)

(1+ (V1))

a contradiction, since s is not constant. Since u is non-constant we obtain by Proposition [2.2.9] that

v(t) = ut + 7, for u, v constants, and I < R. Therefore, from (2.102)),

[NSTIS4]

_cl+p?+('(5)))

s) — ' (5) (1 2+ 2020 () + (()°)

s(14 u?)

O

2.2.6 Type | Translation Surfaces with Prescribed Length of
Second Fundamental Form.

By Proposition [2.2.T we conclude that a Type I Translation Surface has Prescribed Length of Sec-

ond Fundamental Form if it satisfies a differential equation described in the following proposition.
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Proposition 2.2.10. Let u e C*>(J,R), ve C*(I,R), ce C(J,(0,+)) and J x I = (0, +x0) x R. The
surface W : Q < R? — H? given by y(t,s) = (t,v(t) + u(s),s), has Prescribed Length of Second
Fundamental Form c(s), if and only if,

o(s) = ((SV”(I) — ' (5)(1+ (V'(1)*) (1 + (/(5))%) + (su" () — ' (5) — (u'(5))*) (1 + (V'(£))?)

®3(1,5)
2@%»%w®9>2
®3(1,5)
WO (1) — o (5)(1+ (Y (1)) (5w (5) — o (5) — (' (5))*) — (V/ (1)) (i (5))*)
®O(t,s)
(14 ()2 (9" (1) — () (1+ ((0))2) (5" (5) — 1 (5) — (1 ())?) — (V ()2 (& ())")
O (1,5)

Proposition 2.2.11. Let u € C>(J,R), ve C*>(I,R), ce C(J,(0,+x)) and J x I = (0,40) x R. Let
v :Qc R — H? given by W(t,s) = (t,v(t) +u(s),s) with Prescribed Length of Second Fundamental
Form c(s). Then v(t) = ut + 7, for U, T constants, and I — R.

Proof: Suppose y has Prescribed Length of Second Fundamental Form c¢(s) > 0. By Proposition
[2.2.10] the functions u, v satisfy the equation

e(s) = ((SV”(t) —u'(s)(1+ (V'(1))?) (1 + (' (5))%) + (su”(s) — ' (5) — (' (5))*) (1 + (v())?)
®3(t,s)
2@%»%wwf>2
®3(1,5)
200 (v (1) — u' () (1 + (v (1)) (s (5) — ' (5) — (' (5))°) = (V/(1))* (' (5))*)
O(1,s)
(L (' (5)P) (v (1) — ' (5) (L + (V' (1)) (su” (5) — ' (5) — (' (5))*) — (v/(£))* (u'(5))*)
®O(1,5) ‘
(2.103)
Notice that u is non-constant. Indeed, if u is constant we obtain from ([2.103|)
(9" (1)) = c(s)(1+ (v'(1))?)° (2.104)

thus for sg € J we have
(9"(1))* = c(s)(1+ (V' (1))*)’
(s0v"(1))% = c(s)(1+ (v'(2))*)°

thus, subtracting the second from the first, we obtain (s3 —s?)v"(¢) = 0, in other words, v"(t) = 0in /

and therefore from ([2.104]) we conclude ¢(s) = 0 in J, a contradiction. Then, u is non-constant. From
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(2.103)) we obtain equivalently

e s, 2SR 4 s ) 1)

O e wem O S W6)PP 2R
u'(s —3c(s) + s (u" s u'(s5))* ' (s))®

0 - 200 PP 2P IS S

—3c(s)(u'(5))* — 250 (s)u” 8s 3u” —3c(s) + 252 (u (5))? + 4(ud' (5))? ,
L 23 (s)) 52(1+(() : ()))2> (u'(s))"u" (s )( ) + ( )—:2(1—5—(5’()3));_)2( (5)) /(1))
)

20('(5))* + 161 (5))° — 6¢(s) (1 (5))* = 3e(s) (1'(5))* — dsud' (s)u" (s) — 10s('(5) " (s) ;12
i {1+ (W (5)2)? Vi)
L =) + 52 ()2 +2('(5))* + 40 (5))* +2(u' (5))° = 3e(s) (' (5))* = 3c(s) (W (5))*

s?(1+ (/' (5))?)?
| —els)(u'())° =20 (s)u” () — 2s(u'(s))*u"(s)
s2(1+ (/' (5))%)?
(2.105)

Define the family of polynomials

P(X,Y) = AX? + BX? + CXY + DX + Y+ EY +F,,

where,
(s)
AT TR W)P?
o 3els) + 520 (5))2 + 20 (5)) + 1600 (5))* + 160 (5)°
: s2<1+<u<>>>
| 3els)a(5))? — 252l () (5) — 8s(a/ () (5)
21+ ()2

o= 24 ()50 (5))* =4 () + su(s)u"(5) — 1)
' s(1+(w'(s))?)?
—3c(s) + 252 (" (s))* +4('(5))?
s2(1+ (/(5))?)?
20(u(5))* +16(u'(5))° — 6c(s) (1'(5))* — 3e(s) (u'(
(14 (w'(s))?

D, =

5))* —Asu' (s)u’ (s) — 10s(ud'(5))*u" (5)
)2

5 €)W (5))* +2(1 ()2 + 40 (5))* +2(1(5))° — 3e(s) (1 (5))* = 3e(s) (' ()"
' s(1+ (' (5))?)?

—c(s)(1/(5))° = 2su (s)u" () — 25(u'(5))*u" (5)
s?(1+ (' (s))?)? ’

and observe that the curve ((v/(¢))%,v"(t)) is contained in the intersection of the roots of {P,}sc;.

_l’_

Claim: The polynomials {P;}s; are irreducible. Indeed, if P; is reducible then there exist poly-

nomials of degree 2 and degree 1 such that

P(X,Y) = (f+gX +hY)(i+ jX + kY +IXY +mX? +n¥?),
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that is,
0=AX> +BX? + CXY + DX +Y?> + EY + F,— (f + gX +hY) (i + jX + kY + XY +mX> +n¥?),

and reorganizing
0= (As—gm)X> — (gl + hm)X?Y + (B — gj — fm)X* — (hl + gn)XY? + (Cy — f1 — gk — hj)XY
+(Dy—ig—f))X —hnY3 + (1 — fn—hk)Y* + (Es — ih— fk)Y + F, —if

that occurs if, and only if,

0=A;—gm
0=Cs— fl—gk—hj 0=1—fn—hk
0=gl+hm
0=Ds—ig—fJ 0=E;—ih—fk (2.106)
OZBs_gj_fm .
0=hn 0=F—if.
0=nhl+gn

By the seventh equality we conclude that # = 0 or n = 0. Suppose h = 0. We have,
0=A;—gm 0=gn O0=1—fn
0=gl 0=Cs— fl—gk 0=FE;— fk
0=B,—gj—fm 0=Ds—ig—fj 0=F—if,
and since g # 0 (otherwise we would not have factorization) we obtain from the second and fourth

equalities that / = n = 0. We have,

0=A;—gm
0=Ds—ig—fj O0=E;—fk
OZBs_g]_fm )
0=1 0= F;—if,
0=Cs—gk

then by the fifth equality we obtain a contradiction. Therefore, we conclude n = 0. From (2.106]) we

have,

0=A;—gm 0=nhl 0=1—hk
0=gl+hm 0=Cs— fl—gk—hj 0=E;—ih— fk
OZBs_gj_fm OZDS_ig_fj O:Fs_ifv
and, by the seventh equality, we can assume without loss of generality 7 = k = 1. We have,
0=A;—gm 0=1
O0=E;—i—f
O=gl+m 0=Cs—fl—g—J
O0=Bs—gj—fm  0=Ds—ig—fj
and by the fourth equality / = 0. We obtain,
0=A;—gm
0=Ci—g—j 0=E;—i—f
O0=m

. 0=Ds—ig—fj O0=FK-if,
O:Bs_g]_fm
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that substituting the second equality into the first equality we conclude A; = 0, a contradiction, and

thus proof the claim.

By the claim the polynomials {P, } s, are irreducible. As observed previously, the curve ((v/())2,v"(t))
is contained in the intersection of the roots of {P;}cs so by the theory of Plane Algebraic Curves we
conclude that such a curve is constant or the polynomials P are multiples by constants. Suppose that

s 1 seJ are all multiples. Since 1n this case the on ossible multiple 1s A = 1 we conclude that
P, 1l multiples. Since in thi he only possible multiple is A = 1 lude th
P(X,Y) = AX? + BX? + CXY + DX + Y2+ EY +F,,

is constant in the variable s, that is, the polynomials Py are all equal. Therefore, their coefficients are

constant, that is, there are K3, K5 constants such that,

C,=K;3
Es = KS;
that is,
K — 20 (5) (=5(u'(5))* = 4('(5))* + st/ (s)u" (5) = 1)
s(1+ (' (s5))?)?
Ke _2u'(s)
5 s )

then, setting w(s) = u'(s), we obtain

2w(s)(—5w?(s) — 4w (s) + sw(s)w/(s) — 1)

e s(1+w2(s))?
Ks — _2Ws<S)’
thus
K — 2W<S)(—5w2(s) _4W4(s) +SW(S)W’(s) . 1)
3 ST w0
w(s) = —%,

and substituting the second equality into the first

K2(K; — 4K K2(K; — 2K
o K 316 5) s Ks( 32 )3 4 (K — Ko)s. (2.107)

If K3 = K5 we obtain from ([2.107)) that s is contained in the set of roots of the non-zero polynomial

(because if K5 = 0 then u is constant, a contradiction)

3K? K3

i.e., s is constant, a contradiction. If K3 # K5 we obtain from (2.107)) that s is contained in the set of

roots of the nonzero polynomial

_ :K§(K3—4K5)Z5 K2(K3 —2Ks)

0(Z) T 5 7+ (Ks —Ks)Z,
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i.e., s is constant, a contradiction. Then there are no such constants K3,K5 and thus, the curve
((V'(¢))?,v"(t)) is constant and therefore there exist u, 7 such that v/(t) = u and v"(t) = 1 (in this
case necessarily 11 = 0) and we conclude that v(t) = ut+ tin I < R. 0

Theorem 2.2.5. Let u e C?(J,R), ve C>(I,LR), ce C(J,(0,4x)) and J x I = (0,+x) x R. Let
v :Qc R? - H? given by W(t,s) = (t,v(t) +u(s),s) with Prescribed Length of Second Fundamental
Form c(s). Then v(t) = ut + 1, for W, T constants, and I = R. Moreover, if ¢(s) = 14 8u? we have

//( )_ u/(s)(( ( )) —I—[.L +4,U —l—l —l-\/A ))2)
T (1+u)
W' (s) = W (5)((u () + p? +4p>( 24+1) \/A /(5))2)
: (1+u )
where

Ax,y,2) = (1 +x+2) (1 +x+2)y— (14 8%)2% + (1 +x)z)).

Proof: Suppose y has Prescribed Length of Second Fundamental Form ¢(s). By Proposition[2.2.11
we have v(t) = ut + t, for constants i, 7, and I = R. Then by Proposition[2.2.10}

(=t () (1 +p2) (1 + (u'())%) + (su”(s) —u'(s) — (u'(5))°) (1 + 1)) — 2% (' (5))°)?
(14 (' (5))> + u?)?
21+ (u/(9))* + u2) (= (5) (1 + p2)) (su"(5) —u'(s) — (u'(5))*) — p> (' (5))*)
(1+ (' (s))> + u?)? '

(2.108)
0=s5>(1+17)7(u"(5))* = 25(1 + 1) (' (5))* + 1 + 4 (' (5))> + 1" (5)
+((4u?+2)% —cls) = 2) (' (5)° + (1 + u?) (161> + 4 —3c(s)) (u' (5))* (2.109)
— (1+p%)*(3e(s) = 2) (u'(5))* = e(s) (1 + 1)’
Define
Py(Z) = AZ* + BZ + Gy
where

As=s*(1+p%)?

By = —25(1+ p?) (/' (5))* + > +4p*(/ (5))* + 1)

Cs = (417 +2)> —c(s) = 2)(/ (5))° + (1 + u?) (161 + 4 —3c(s)) (' (5))*
— (14 p?)*(3c(s) = 2)(u'(5))* — c(s)(1+ u?)’.

Observe that P(u”(s)) = 0 and furthermore, notice that the discriminant A(s) > 0. Indeed, since
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c(s) = 1+ 8u?, we have

A(s) = Bf —4A,Cs = 45> (1+ )2 (1417 + (' (5))*) (1 + p® + (' (5))7)e(s)
— (1 +81) (' ())* + (1+ p?) (W (5))%))
> 45> (14 )2 (1412 + (' (9))?) (1 + p2 + (' (5))%) (1 + 8u?)
— ((1+8u?) (W ()* + (1+ p?) (' (5))))

— 45 (1 4+ u?)3 (' (5))* +9u® + 8u* + 16u% (' (s))* + 1) > 0.

Therefore, using the formula for the roots of the quadratic equation we obtain, from ([2.109)), the

differential equations

"(s) = u'(s)((u' (s )) +N +4,LL +1 +\/A
T (1+u)
//( )_ u/(s)(( ( )) -|-[.L +4,U +1 \/A
o (1 u?)
where

Ax,y,2) = (1 +x+2) (1 +x+2)y— (14 8%)2% + (1 +x)z)).
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2.3 Helical Surfaces in S? x R (Stereographic Model)

Typically, a Helical Surface is thought of as the surface determined by moving a curve in a fixed
direction at constant speed and, furthermore, rotating it as the motion occurs. In Euclidean space,
considering a curve « : I = R — E? given by o(t) = (a(1),0,03(t)), we could define a Helical
Surface as y/(t,s) = (cos(s)a (¢),sen(s)oy (1), 03(t) + ks), where k is constant (speed of motion). In
5% x IR, given the way we will define this space, we will consider a slightly different Helical Surface.
Our curve o will be a graph of a function and the speed will not necessarily be constant. More
precisely:
y(t,s) = (tcoss,tsens,v(t) + u(s)).

First, we will define the space. Then, we will find the curvatures of this family of surfaces.
Definition 2.3.1 (5> x R). The Spherical space is
§% = {(x,y) e R?},

with the Riemannian metric,

_ A (uy,uz), (vi,v2))
(ro)(x,y) (1 +x2—|-y2)2

where (x,y) € S%, u = (u1,uz) and v = (v, v,) since u,v € T,S* ~ R?.

We consider in $% x R the product metric, that is,

4{(ur,u2), (vi,v2))
(l/t o, v)(x%Z) = (1 2 +y2>2 + u3zvs,

where (x,,z) € $? x R, u = (u1,uz,u3) e v = (vi,v2,v3) since Tp, ($* x R) ~ R,

Consider {ey,es,e3} a canonical basis of R3. Then,

Ei(x,y,2) = @(x,y,2)e
E>(x,y,2) = @(x,y,2)e2
E3(X,y,Z) =e3

generates a global orthonormal frame over S? x R, where ¢ : S x R — R is given by ¢(x,y,z) =

2 2
HXTH. Then, we will obtain the Connection, in this frame, at $* x R. This is done by obtaining the

Christoffel Symbols.
Lemma 2.3.1. [E;, E ;| = 0 with the exception of:
[El 7E2] (X,y, Z) = sz(x,y, Z) —YE) (x,y,z),

for all (x,y,z) € §* x R.
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Proof: The cases [E1,E;| = [Ez, E2] = [E3,E3] = 0 are evidents. Let f: 5% x R — R be a smooth

function. We have,
([El ,E3]f)(X,y,Z) =E (E3f)(x,y,z) _E3(E1f)(x7yaz>

_ (Elg—];) (xX,3,2) — <E3 (‘P%)) (x,2)

0> f f
= (‘Pm) (X,y,Z) - ((P%) (X,y,z) = 07

then [E},E3] = 0 and similarly [E,, Ez] = 0. Finally,
([EhEz]f)(xay?Z) =E (EZf)<x Y2 ) _EZ(Elf)(x7y7Z)

(o) oo e ((o3) e
(Ao (5 ()

@(x,y,2 )( L azf) (x,3:2)

x oy Py oyox  Toyox
_ of . of
- (P(X,y,z) <xay (X,y,z) yax (x,y,z))
= (XE2(x7y7Z) _yEl(xayvz))fa

as we wanted. ]

From the previous lemma, we can find the Christoffel expressions:

Lemma 2.3.2 (Christoffel). F’J‘.i = 0 with the exception of:

F%Z(xayaz) =) F%l(x,y,z) =Y, 1—%2()("7))72) =X, F%l(X,y,Z) = —X

Proof: By Lemma and by the expression (Lemma|l.1.1])
1
2
the null cases are evident. We will calculate F{z and the cases l“% I,F%Z, l"%l are similar. We have

I = —= ([Ei,Ex]ox Ej + [Ej,Ex] o x Ei + [Ei,Ej] o Ex) ,

—% ([E2,Er] ox Ey + [E1,E1] 8y Ey + [Ez,Er] o« Ey) (x,Y,2)
—([E2,E1] ox E1)(x,y,2)

= ([E1, Ex] o x E1)(x,,2)

= (XEx(x,y,2) = YE1(x,,2)) ox E1 (x,¥,2)

= —y‘

F%Z(xa)@Z) =

Since VEIE,- =>4 F’J‘-iEk we obtain:

Lemma 2.3.3 (Connection). The following holds:

VEIEI (x,y,z) :yEZ(x7y7Z) VEZEI (x,y,z) = —sz(x,y,z) VE3E1(X7y7Z) =0
VE‘IEZ()Ca%Z) = _yEl (ny,Z) ngEZ(X,y,Z) = xE) (X,y,Z) VESEQ(X,y,Z) =0
Vi E3(x,y,2) =0 Vi, E3(x,5,2) =0 Vi E3(x,y,2) =0
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2.3.1 Curvatures of Helical Surfaces

This section will be dedicated to determining the curvatures of the Helical Surfaces in S x R. De-
fine the Helical Surface v : Q — R?> — S? x R by w(t,s) = (tcos(s),tsen(s),v(t) + u(s)), where
ueC?(J,R),ve C*(I,R) and J x I R x R*. We have,

al(;’s) = (cos(s),sen(s),V' (1))

ot
~ cos(s) sen(s) ,
= 0o l[/(l,S)El © III(Z,S) + Qo l//(l,S)Ezo l[/(l,S) +v (t)E3 © W(tas)7
and
%—z/(t,s) = (—tsen(s),rcos(s),u'(s))
_tsen(s) tcos(s) ,
= ooy l//(t,s)El oy(t,s)+ oty l[/(t,s)Ez oy(t,s)+u (s)Ezoy(t,s).
The normal N at y(z,s) will be given by
_ tv/(t)cos(s) —u'(s)sen(s) 0V (t)sen(s) +u/(s) cos(s)
N(t,s)— (l)(l‘,s) Elol;/(t,s)+ (J.)(I,S) Ezoy/(t,s)
t
ooy YO

t2

where o(t,s) = \/(tv’(t))z + ((5)* + by

By Lemma [I.1.2| we conclude that to know the Weingarten map & we do not need to differentiate

the normal field, we just need to know Va%—‘f, Va%—‘f € Vgg—i’. We have,

Lemma 2.3.4. The following holds:

poy(t,s) poy(t,s)
+V'(t)Ez 0y (t,s).

i <velﬁa—‘;’) (t,5) —cos(s)% (4) Eyow(ts)+ sen(s)% (é) Eyow(t,s)

ii) <Vq%—f) (t,5) = — sen(s)% (W) E oy(t,s) +Cos(s)§t <m> Eyoy(t,s).

(o OV §) —rcos(s > —powyl(t,s) . )4 fsen(s 2 —@oy(t,s) i )
i) (VY ) ) =ost) (‘g Rt ) Brewins s (et i

+u"(s)E3 0 y(t,s).
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Proof:
(om0 e
BRI
H0) (Vs o) (1,9) 27 (V1)) B3 o Wl )
:ﬁ((?s) ol <<po1;(t,s>)E10"'(t’s)
¢ Zelr;((?s) T Sen(s)% ((p ° I;(t,s)) Faowits)
—H/(I)Vé‘f( E3+V'(t)Ezoy(t,s)
but,
Vi W(c)) (VaEl) lo.5) + W(()) (Vi) o wle.s) +V(0) (Vi ) 0wl

=0,

imi AVAS =0=V3}
and similarly %,(t’s)Ez 0 %(I7S)E3,then,

1

(o ) ) =eos(s) (g ) Erowtes) +sen) 5 (s ) E2owien)

VI(t)E3oy(t,s).

Also,
-y _ tsen(s) o _ tsen(s)
<V31 as) ([,S) - (POI,U(f,S) (V€1E10W> (t,S)-i-e] (POW<I,S) Elo‘l’(’vs)
tcos(s) __( tcos(s)
+W(V61EZOV’)(ES)+€1 (poly(t,s))EzoW<t’s)
+u'(s) (VerEz o W) (t,s) + &1 (u'(s)) Ez o w(t,s)
_tsen(s) B 0 t
T ooyl o™ sen(s) (qoow(t,s))Elow(t’s>
1e0508) ox gy cos(s) S (— ) Byowin,s)
goy(ts) Fn)? o \powies)) 7V
“ 0
u'(s)V%,(m)Eg + p (u'(s)) E3oy(t,s)
thus,

(vel‘é"’) (t,5) = —sen(s )(ft <m> Ejoy(t,s) +cos(s )jt <m> Eroulr,s).
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Finally,
oy _ tsen(s) __( tsen(s)
<V€2E) (t,5) = pYSTr (VaE10y)(1,5) + &2 ( YRS Eyoy(t,s)
tcos(s) = __ [ tcos(s)
+ W (V62E20W> (I7S) + e ((pol[/(t,s)) EzOl//(l,S)
+u'(s) (VeEz o y) (t,5) + 22 (u/(s)) E3o (1,5)
_tsen(s) B 0
rcos(s) 0
M'(S)Vﬁw([ )Es +u"(s)Ez o y(t,s)
s N

but,

y B tsen(s) o tcos(s) « , «

e E = o yies) (VEE) ol + ooviis) (Vi Er ) o wle,s) +(s) (VEEr ) o y(ts)

1% sen’(s) 1% cos?(s)
T ewl) Y eyl Y
2
= pow(nn oYY
and similarly V%%’(t,S)EZ <Pow(t s)El oy(t,s) and V73 (s )E3 = 0, thus,
o > —@oyl(t,s) > —@owyl(t,s)
Vet | (t,5) = L Sk SEECA Y 5 , N Sk ALV 5 :
( e ) (t,s) =tcos(s) ( CERED joyl(t,s)+tsen(s) (0o V2(.s) Loy(t,s)

+u"(s)Ez o y(t,s).

With this we have,

Lemma 2.3.5. The following holds:

4629 (¢) + 2t (1 + 20V ()

D) = (1
i) F(1,5) = — w(t";bg’l(? o

)G (1.5) = 2 1>(v’<r)>(l<t12)+2 )il (5)
WF(ts) = ()v'(0).

vatrs) = (l(‘;(—i_)ii)(zl+t2)2
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Proof:

Elt,s) = (zv-m%’) (m:(W’(t)cos(s>—u’(s)sen(s)>COS(S) aﬁ < 1 ’ >
7

o(t,s)

¢
(TG e (Gvm)

' (1)
o(t,s)poy(t,s)

/(1) ﬁ( 1 >_ ' (1)
w(t,s) ot \@oyl(t,s)) lt,s)@oyl(r,s)
4% (1) 20V (t)

o(r,s)(1+12)2  o(t,s)(1+12)
42V (1) + 2t (1 + 20 (t)

o) (1+2)?

Also,

N (w/(r) sen(s)+u’(s)cos(s)>cos 0L ( 1 >

o(t,s)

_u'(s) 0 1
Co(t,s) ot (q)ow(t,s))
4t/ (s)
o(t,s)(1+1%)%

Finally,

- (- () o ()

1V (t) sen(s) + u/(s) cos(s) > —@owyl(t,s)
" ( o(r,5) >tsen(s> < (@ow)(,s5) )
()
o5)90 i)

_ 12V (1) (t2 —@o ll/(t,s)) B tu ()

o(t,s) \  (poy)? o(t,s)poy(t,s)
22 (2= )V (1) — (1 +12)u" (s)
a o(t,s)(1+12)2

The metric coefficients are,

S n2S
e(r,s>=<a-xa><r,s>=(Z—‘f-x%—‘f)ms) e ) R O)S
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Also,
f(t,5) = (e1ex @) (t,5)
(%‘f x %—f) (,s)
=V () (s).
Consequently,

g(t,s) = (e20x ) (1)
81;/ 81;/
< ds * Os ) (t,9)
1% sen’(s) 1% cos?(s)

_ V/ 2
= oovPts)  eowiis V)

tz / 2
= (poyiy T
42 4 () (1 +12)°
a (1412)?

Proposition 2.3.1. The following holds:

e o 2P0 DV @+ (01 + 2 — (427 (1) + 201+ 2 (1) (42 + (o (5) (1 +2)2))
(1,5) = 803(1,5)(1 1 12)2
(L2 (5) (4 (V)21 1) — (42 (1) + 20 (1 + 20 () (42 + (1 (5))2(1 +12)2)
(

803(1,5)(1 +12)2

8tv/ (1) (' (5))? (1 +12)?
TR0 (1,5 (14122

and

(482 (1) + 26 (L + 2V (1)) (222 — 1)V (1) — (1 +£2)u" (5)) + 1612 (i (s))?

Kit:s) =~ 40 (1,5)(1 +12)?2

and

8w3(1,s)(1+12)?

t(L+2)u"(s) (44 (V' (1) 2 (1 +12)2 — (42 () + 2t (1 + 2" () (462 + (' (5))*(1 +2)?))

83 (t,s)(1+12)?

AR(rs) = 4(2;202— DV () (4 + (V (1) (1 +12)2 — (42 (1) + 20 (1 + 2" (1)) (422 + (' (5))* (1 +12)?))

83 (t,5)(1+12)?

(42 (1) + 2t (1 + 2 (1)) (202 (6 — 1)V (1) —t (L +12)u" (s)) + 1662 (' (5))?
* 207 (1,5) (1 +12)2 '

L 800 ()0 —|—t2)2> ?
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Proof:

H(t,s) — %tr(S)(t,s)
:%(att+ass)

| (Eg+Ge—2Ff

5< eg — 2 )(I’s)

(- (e “) (i) + (=i ) (o)

2( (HELPEGRAR ) (R ) — (w (5)v (1)) )
2 (o )(u’<> (1) )
((s)(1))2

(
2 < /1+121+t22> <4t2 th (21+ ) (u
22— V(1) (4 + (V1) (1 +17)% — (4V(
8w3(t,s)(1+12)2
(L) (s) (44 (V (1)) (L +12)7 — (42 (1) + 20 (1 + 2V (1)) (427 + (' (5))* (1 +12)%))
(

8w3(t,s)(1+12)2

1)+ 20(1+ 20" (1)) (422 + (W ()2 (1 +12)?))

81v/ (1) (1 ())2(1 + 12)?
T TR0 ) (1412

Also,

K(t,s) = det(S)

= QytQgs — ArsQst

(&g F Ge—Ff\, . (Fa-Gi Fe—&f
_(m V) (m V)“” (m—#)“”(m—#)“”
_ EGge — EFgf — FGfe + (Ff)* — (F2ge — EFgf — FGfe + EFF) (9
(eg—2)? ’
~ (EG(eg— fz — F2(eg— %)
_( (eg—f2)? >(t’s)
B (EQ )
~eop
2 2042 V/ _ zu//s 4M/S 2
< e c(;+2[lljtt2 ()) (2[ ‘ g(z,gt))uﬁrlz;t) ()>_(_w(l,st)(l(+)t2)2>
402 (1,5)
(1+12)?

(42 (1) + 2t (L + 2V (2)) (262 (2 — DV (1) —t (1 +12)u" (5)) + 16 (1 (5))?
40*(t,5)(1 +12)2 '
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Finally, being A4;(¢,s) and A;(z,s) the principal curvatures we have,

AP (1,5) = A (1,5) + A3 (1,5)

2209 (1 12000,

— 4H?*(1,5) — 2K(t,5)
4 <2t2(t2 — IV (@) (44 (V ()2 (1 +12)2 — (42 (1) + 2t (1 + 2" (1)) (422 + (W () (1 +12)?))

—4

83 (t,s)(1+12)2

(14220 (s)(4+ (V' (1))2(1 +12)% — (42 () + 20 (1 + 2" (1)) (422 + (u (5))2(1 +12)2))
a 83 (t,5)(1+12)2

8tV (1) (' (5))?(1 +12)?
8w3(t,s)(1+12)?
(42 (1) + 20 (L+ 2 (1)) (202(2 — L)V (1) =t (L + 1) (5)) + 1612 (i (s))?
* 200 (t,5)(1 4+ 12)2 '

2.3.2 Flat Helical Surfaces.

Lemma 2.3.6. Let 1 #0, Ce R—{—1,0,1} and F > 0 be constants. Consider the function w : I
R—{-1,0,1} — R given by
; F>

w(t) = ﬁ <8u21n

Then, w(t) = 0 only in ((—o0, —r2]||J[r2, +0)) (I where

(1-C)t
(1-12)C

B 1-C2) & ZH 1-C?| 4
2T 2c | 2c [©
and ry < 1.
Proof: w(¢) > 0 if and only if,
1—-C?)t
84%In| F>0
H (1-12)C
i.e.,
(1-c|_ -
(1-12)C Ze
that is,
1-22] |1-C?| £,
C| ST [
thus,
2| _F_
1-77 < e I
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and since 1 — |¢|?> < |1 —?| we have

2| F

eS| —1.

0<t]*+

1—C?| i
esu

; — 42
Define the function g(x) = x~ + |~

x— 1. Notice that A > 0 and that the concavity is upwards.

Then, we always have two distinct roots. We know that g is negative in the interval (ry, ;) with r| and
r» being the roots of g. Since we are only interested in x > 0 we obtain that g(x) > 0 only in [r;, +0),
with r, being the positive root of ¢, in other words,

) |1-C
0 <q(lt]) =[]+ |—=—

F_
et |t — 1,

if and only if ¢ € ((—o0, —r2]|J[r2, +90)) (I where

2
1-C2| £, L= Cc?| L
r °C e + 2°C e
Finally, notice that r» < 1. Actually, it suffices to see that vm? + 1 —m < 1 for m > 0. O

By Proposition we conclude that a Helical Surface is Flat if it satisfies a differential equa-

tion described in the following proposition.

Proposition 2.3.2. The surface y : Q = R? — S? x R given by y(t,s) = (tcoss,tsens,v(t) + u(s)),
where ue C?(J,R), ve C*(I,R) and J x I = R x R*, is Flat, if and only if

0= (462 (t) +2t(1+ 2" (1)) (2212 — 1DV (1) — ¢ (1 +12)u (5)) + 1662 (i (s))%.

Proposition 2.3.3. Let v : Q < R? — S2 x R given by y(t,s) = (tcoss,tsens,v(t) + u(s)), where
ue C?>(J,R), ve C*(I,LR) and J x I = R x R*, Flat. Then u(s) = us + 7, for U, constants, and
Jc R

Proof: Suppose v is Flat. By Proposition [2.3.2] the functions u, v satisfy the equation

0 =162 (5))> —t(1+12) (4% () +20V" (1) (1 +12))ud" () + 262V (1) (12 — 1) (4> (1) +20v" (1) (1 +12)),
(2.110)
that is,

0=(u(s))*— %(1 +2)(V (1) + 20V (1) + 12" (1) (5) + itv'(r)(rz — D (1) + 20V (1) + 12 (1)).

Define the family of irreducible polynomials

B(X,Y) :X+A[Y+Bt,
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where,

A —— %(1 L) (1) + 20 (1) + 2 (2))

B =g (0~ (Y1) + 20/ (0) + V()

and notice that the curve ((¢/(s))?,u”(s)) is contained in the intersection of the roots of {F},c;. By
the theory of Plane Algebraic Curves we conclude that such a curve is constant or the polynomials &
are multiples by constants. Suppose that {P, };c; are all multiples. Since in this case the only possible

multiple is A = 1 we conclude that
Pt(X,Y) :X +AZY +Bt7

is constant in the variable ¢, that is, the polynomials P, are all equal. Therefore, their coefficients are

constant, that is, there are K, K> constants such that,
Kl :A[
KZ :Bt7
that is,

Ki—— %(1 ) (1) + 209 (1) + 12 (1))
X 2.111)
K, =Ztv’(t)(t2 — DV (6) + 20V (1) + 12V (1)).

2(4K 1V (1) +23V (1))

By the first equality we obtain v"(r) = — (322

which substituting in the second
K

1+12

We have two situations. If 1 € I or —1 € I then K, = 0 and therefore K1V/(¢) = 0. In this case, K; =0
or v/ = 0 (which from (2.111]) we get K; = 0). We have,

Ky = =2t(t> — 1)V (1)

(2.112)

0 =P ((u'(5))> " (5)) = (u'(5))* + Kiu"(s) + Kz = (i (5))?,
i.e., u is a straight line in J. In the second situation, +1 ¢ I, we obtain from ([2.112))
Kz(l + tz)
21(12—1)°
If K; = 0 then K, = 0 and as before u is a straight line. If K; # 0 we obtain
) = — K> (1+12) ) = Ky (2022 —1)— (32— 1)(1? +1)
2t (12 — 1)K, 2K, 2(r2 —1)?
which substituting in (2.110)) we have
(K3 + K1 Kou" (5))88 + (16(u (5))2K? — 4K  Kou" (5) — 4K3 )10

V/(I)Kl =

0=
K3 (12— 1)2
N —(32(u'(s))?K? + 10K 1 Kou (s) + 10K3)t* + (16 (5)) > K} — 4K 1 Kou" (5) — 4K3 )12
KA~ 1)2

K2 + K1 Ku"(s)
K3 (12— 1)2
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1.e.,
0= (K3 + K Kyu" (5))e® + (16(ud (5))*K? — 4K 1 Kou" (s) — 4K3 )10
— (32(i (5))*K} + 10K 1 Kou" (s) + 10K3)t* + (16(u (5))* K} — 4K Kou" (5) — 4K3 )1
+ K3 + K Kyl (s)

and since ¢ is not constant we conclude that this polynomial has all zero coefficients, that is,

0
0=16(i/(s))*K? — 4K, Ko (5) — 4K3

0 =32(u/(s))*K? + 10K Kou" (s) + 10K3

0= 16(u'(5))*K? — 4K 1 Kou" (s) — 4K3

0= K35 + K1 Kou"(s).

Isolating «” in the first equality and substituting it in the others we obtain (¢/(s))?K} = 0 therefore, u
is a straight line.

Finally, if the curve ((u/(s))?,u”(s)) is constant there exist i, n such that #’(s) = u and " (s) = 1 (in

this case necessarily 11 = 0) and we conclude that u(s) = s+ 7inJ < R. O

Theorem 2.3.1. Let v : Q c R? — 52 x R given by y(t,s) = (tcoss,tsens,v(t) + u(s)), where u €
C?(J,R), ve C*>(I,R) and J x I = R x R*, Flat. Then:

i) u(s) =7, for constant T and J < R, and
v(t) = D+ /F arctan(r)
in I c R—{0} and constants D, F = 0.

ii) u(s) = us+r, for u #0, T constants and J — R, and

/82 | =5+ F
v(t) zDiJ 5 dr,
f re+1

for constant C ¢ {—1,0,1}, D and F =0, and I < ((—o0,—r]|J[r2, +0)) (R —{-1,0,1})

where
. (

Proof: Suppose v is Flat. By Proposition [2.3.2] the functions u, v satisfy the equation

1_2

c*| £ ’
et | +1-—

2C

1—C?
2C

_F_
e’

Y

and r, < 1.

0 =162 (5))> —t(1+12) (42 (t) + 209" (£) (1L + 1)) () + 262V (1) (12 — 1) (42 (1) + 20" () (1 +£2)).
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By the Proposition u(s) = us+ t, for u, T constants, and J < R then
0=26(t> = 1) (> + 1)V (V' (t) + 8u* + 42 (V' (1)) * (1> — 1),
that is,
d
0=1(>—1)(* + I)E[(v’(t))z] +8u +42(V (1)) (P - 1),

and defining w(t) = (V/(¢))?
0=1(2— 1)+ D)W (t) + 462 (1> — D)w(r) + 8u>. (2.113)

We have two possible situations. If 1 € I or —1 € I we obtain, applying to (2.113)), that ¢ = 0 and
therefore
0= (> + )W (t) +4tw(t). (2.114)

Observe that w = 0 is a solution of this separable differential equation, and consequently v is constant.
By the Existence and Uniqueness Theorem any other solution does not reach zero. Let w # 0 be. We

obtain from ([2.114))
wi) 4
w(t) 2+1

t !
fw(r)dr=—4f —
0 W(r) w1

by the Change of Variables Theorem

then

that is,

and applying the exponential,

() = (’3 * 1)2w<ro>,

2+1

1.e., there is constant F' > 0 such that
F

l‘ [ —
consequently, by the definition of w we have two distinct differential equations
F VF

(1) = + =+
Vi) == 2+1)2 “T2+1

thus,
v(t) = D+ +/F arctan(r)
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in I < R — {0} and thus we conclude the first situation. In the second situation, if +1 ¢ I we obtain
from (2.113])
4t Su?
——wl(f)+ .
t2+lw() 12 —1)(t2+1)

0=w'(t)+

and p = 0 we obtain the previous situation. Let us then consider u # 0. Multiplying by the integration
factor (1> + 1) we have
8u(t> +1)

Ozi[(tz—l—l)zw(t)]—l- (2

dt

which integrating

(2 +1)>w(r) — (13 + 1)*w(1tg) = —8u? f r2—+1dr

1o r(r2 o 1)
1.e.,
_ 42 1— 2
(2 + 1)>w(r) — (1 + 1)*w(tg) = —8u? (m =y, Zto )
0
then,
2, 12 2 | (1=13)t 2, 12
(t“+1)"w(t) = 8u’In =2 + (5 + 1)“w(to)
thus,
1 (1—12)t
W(I) = m <8,LL2111 ﬁ + (lg + 1)2W(f0)>

that is, there exist constants C ¢ {—1,0, 1} and F > 0 such that

(1-C?)t
(1-12)C

w(t) = ﬁ (8,uzln +F) :

By the definition of w and by Lemma[2.3.6) we have two distinct differential equations

2 (1-C?)t
Vo +\/8“ In| =G|+ F
- ?+1

in ((—o0,—r2|U[r2, +0)) (I where

and r, < 1. Finally,

z\/8y21n]8:—g))cr‘+F

dr.
r2+1 :

v(t) =D4_rf

To
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2.3.3 Helical Surfaces of Constant Gauss Curvature.

By Proposition we conclude that a Helical Surface has Constant Gauss Curvature if it satis-

fies a differential equation described in the following proposition.

Proposition 2.3.4. The surface y : Q < R? — S? x R given by y(t,s) = (tcoss,tsens,v(t) + u(s)),

where ue C*(J,R), ve C>(I,R) and J x I = R x R*, has constant Gaussian Curvature, if and only if
(462 (1) + 2t (L + 2V (1)) (262 (> — 1)V (1) — (L +£2)u" (5)) + 16¢% (i (s))?

4 <(tv’(t))2 +(u'(s))2 + ﬁ)z (1+412)2

c=—

Proposition 2.3.5. Let v : Q c R? — §? x R given by y(t,s) = (tcoss,tsens,v(t) + u(s)), where
ueC?(J,R), ve C*(I,R) and J x I R x R¥, with constant Gaussian Curvature ¢ # 0. Then u(s) =
us + 7, for U, T constants, and J < R.

Proof: Suppose y has constant Gaussian Curvature ¢ # 0. By Proposition [2.3.4] the functions u,v

satisfy the equation
(462 (0) + 20 (L + 2V (1)) (262 (> — 1)V (1) — (L + 12" (5)) + 1612 (i (s))?

4 (@2 + w2+ 1 2%) (1

c=— ,

or equivalently

22 (4c 4 (V' (1))? +2c2(V (1)) +ct* (V (1)) +2)

Y 4 ! 2
0=(W/(s))" + e ((5)
V() 420V (t) + V(1)) ,
- 2e(2+1) w(s) (2.115)
2
+4c(t2 +1)? (tz(v’(t))z + ﬁ) + 2020 (1) (1 — 1) (42 (¢) + 200" (£) (12 + 1))
4e(r2 +1)2 '
Define the family of polynomials
P(X,Y)=X>+AX+BY +C,
where,
202 (de+c(V(1)? 4 2ct>(V (1)) > +ct* (V(1))? + 2)
At ==
c(t?+1)32
P2(V(t) + 26V (¢) + 12V (¢)
Bl‘ = —
2c(2+1)
2
. de(t? +1)2 (tz(v'(t))z + (t24+t21)2> + 202V (1) (£ — 1) (462 (¢) + 200" (£) (12 + 1))
L

4e(r2+1)2 ’
and notice that the curve ((1/(s))?,u"(s)) is contained in the intersection of the roots of {F},e;. If

B; =01in I we have
0=P((u'(5))%u"(s)) = (' (s))* + (W (5)*Ar + G,
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that is, for any fixed 7 /(s) is constant because it is zero of a polynomial in one variable. Therefore
u is a straight line. If there exists an open V < I such that B; # 0 we conclude that the family of
polynomials {P;},cy is irreducible. By the theory of Plane Algebraic Curves we conclude that the
curve ((u/(s))?,u”(s)) is constant or the polynomials P, are multiples by constants. Suppose that

{P, };ey are all multiples. Since in this case the only possible multiple is A = 1 we conclude that
P(X,Y)=X*+AX+BY+C,

is constant in the variable ¢, that is, the polynomials P, are all equal. Therefore, their coefficients are

constant, that is, there are K, K>, K3 constants such that,

Al‘ - Kl
B =K
CZ = K37
that is,
K 212 (4e+ (V' (1)2 4+ 2ct>(V(2))? 4+ ct* (V' (1))? + 2)
b c(t?+1)2
K V() + 20V () + 12V (1))
> 2¢(t>+1)
2
B de(t? +1)2 (tz(v'(t))z + (12451)2> + 2020 (1) (1% — 1) (420 (1) + 200" (£) (¢ + 1))
S =

4e(r? +1)? ’
then, defining w(z) =V/(r), we obtain

262 (4¢ + ew?(t) + 2ct?w?(t) + ct*w?(t) 4+ 2)
| =

c(t?+1)?
P t2(W(t) +2tw(t) + 12w (1))
S 2e(2+1)
4e(t? +1)? (tzwz(t) + (ﬂﬁ)z > o 202w(t) (12 — 1) (42w(t) +2tw/ (£) (12 + 1))
K; =

de(r2 +1)? ’
thus

0 = 2ew? ()% + 4ew? (1)r* + 2ew? (1)1* — cKyt* + (8¢ — 2¢K) +4)1* — K|
2(8w(t) + cKy(t? + 1
W(s) = — ( (t>2(t2 +21() )
2
4c(i?+1)? <t2w2(t) 4 ﬁ) - 202w(1) (72 — 1)(42w(e) + 20w (1) (2 + 1))
de(t2 +1)2 ’

K; =
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and substituting the second equality into the third
0 = 2ew*(1)1® + 4ew? (1)r* + 2ew? (1)1* — cKit* + (8¢ — 2¢K) +4)1* — cK|
0 = ct 2w (1) + der'OwH (1) — 2cKat®w (1) + 6¢13w (1) + 8crBw? (1) — cKst® — dcKot w(t) + 4et®w* (1)
+ 1652 (1) — 4cKst® + cr*w? (1) + 8ct*w? (1) + (16¢ — 6¢K3)t* + dcKatw(t) — 4cK3t?

+ 2cKotw(t) — cKs.

(2.116)
Claim: ¢ # —% and ¢ # ﬁ Indeed, if c = —% we obtain from ([2.116
(2 +1)2 (2w (t) — K1)
0=
2

40,2 4

" (te+ 1 K
0= —%W“(t) — 42+ 12w (1) + 4Kt (2 = 1) (12 +1)°w(r) + 73t8 +2K31

K
+ (3K3 — 8)r* + 2K31% + 73

By the first equality if K; < 0 we have a contradiction. If K; > 0 we have w(t) = i% % Taking the

positive solution and substituting it into the second equality we have

K; K} K\ g K} Ki\ 6 3K} 4
0= (=22l gon /=L |8+ | 2Ky —2K; — =L +2Kon | =L | 10+ (3K3 — 4K — L —8 )¢
(2 g Tf\ | AR MR VAol R S 177y

K? K, K; K? K,
2K3 —2K) — =L 4 2Kn | — | P+ = — L — Ko\ | =
+< e M 2) L T

K3 K} K,
0= Lk, /2L
2 T8 TR\

K? K
O:2K3—2K1—71+2K2 71

that occurs if, and only if,

3K?
O:3K3—4K1—T—8

Ky K} K,
e N WY 9N i
0=75 -3 &3

Isolating K3 in the third equality and then substituting it in the first and last equalities added together
we conclude K| +2 = 0, a contradiction. The case in which the solution w is negative is analogous
and therefore ¢ # —%. Ifc= ﬁ we proceed analogously and conclude K> = 0, a contradiction, and

therefore ¢ # ﬁ Thus, we have proof the claim.

DeﬁneG:RzaR,E:Rz—»Rby
G(x,y) = 2cy*x* + dey*x + 2¢y? — cK1x% + (8¢ — 2¢K +4)x — K|

and
G(x,y) = exty +dexdyt — 2cKoxty + 6exPy* + 8exy? — cKsx* — 4cKox®y + dexy® + 16cxy?

—4cK3x® + eyt + 8exy? + (16¢ — 6¢K3)x* + 4cKpxy — 4cKsx + 2¢Kyy — cKs.
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Observe that from (2.116)) G(t2,tw(t)) = 0 = G(t2,tw(t)). Since the curve (£2,¢w(t)) is non-constant
we conclude from the theory of Plane Algebraic Curves that the polynomials G and G must have at
least one factor in common, a contradiction with Lemma (using the claim). Therefore, the curve
((u/(s))%,u"(s)) is constant and then there exist i, n such that «/(s) = u and u”(s) = 1 (in this case

necessarily 11 = 0) and we conclude that u(s) = us+ 7 inJ c R. ]

Theorem 2.3.2. Let y : Q c R? — S x R given by y(t,s) = (tcoss,tsens,v(t) + u(s)), where u €
C?(J,R), ve C*>(I,R), and J x I = R x R*, with constant Gaussian Curvature ¢ # 0. Then u(s) =

us + 7, for constant U, 7T, and J = R. Moreover, the function v satisfies the differential equation
det +1(1> —1 2(1+12
(L—22W (W' (1) = e(1 +t2)(v’(t))4+2< ct+ 1 ) e (1+ )) (V' (1))?

1+12 t
2
LA (WP (1+2) + {fp)?
t(1412) 3(1+12)
Proof: Suppose y has constant Gaussian Curvature ¢ # 0. By Proposition [2.3.4] the functions u,v

(2.117)

satisfy the equation

(412 (1) + 2t (L + 2" (1)) (2022 — 1)V (1) — (1 +£2)u" (5)) + 1612 (i (5))?
c=- 2 C o (Q2.118)
(V0P + @ ()2 + i) (14+2)2

By Proposition we have that u(s) = s + 7, for constant t, 7, and J  R. Then, from (2.118)),
det +1(t2— 1 2(1+¢2
(1—=2W (@ )' () = ct(1 +t2)(v’(t))4+2< ct 1 ) et )) (V' (1))?

1412 t
2

4u? +0(u2(1+t2) )

1(1+12) 3(1+12)

_|_

O]
Corollary 2.3.1. Assume the conditions of Theorem Then:
i) If £1 ¢ I the change of variable w(t) = (V'(t))? reduces the equation (2.117)) to the Ricatti

differential equation

W) = 1—2t2 (ct(l +t2)w2(t)—|—2(
412

N 2 4u? +C(.U2(1+l2) )
1—22 \ t(1+17?) B3(1+12)

det +t(t>—1) c,uz(l—i-tz)) )
+ w(t)

1+12 t

ii) Iflelor—1elthenu#0ec<O.

Proof: To obtain item i) just observe that w'(¢) = 2v/(¢)v”(¢). To conclude item ii) notice that if 1 or

—1 belongs to I then we can apply such points to ([2.118|) obtaining
0=c(V)*+2c(1+u>)(V)* + u? +c(1 +u?)?

If 4 = 0 we would have from this equality that 0 = (v} )? + 1, a contradiction. If ¢ > 0 we would have

that such equality is positive, a contradiction. ]
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2.3.4 Minimal Helical Surfaces

By Proposition [2.3.1] we conclude that a Helical Surface is Minimal if it satisfies a differential

equation described in the following proposition.

Proposition 2.3.6. The surface y : Q = R? — S? x R given by y(t,s) = (tcoss,tsens,v(t) + u(s)),
where ue C? (J,R), ve C?(I,R) and J x I R x R¥, is Minimal, if and only if
0=202(> =1V () 4+ (V' () (1 +12)% — (43 (1) + 2t (1 + 2 W' (1)) (4% + (i (5))* (1 +£2)?))
—t(14+2)u" () (4 + (V (1) 2 (1 +12)2 = (42 (1) + 2t (1 + 20 (1)) (42% + (' (5))2 (1 +12)?))
+80 (1) (i (5))* (1 +1%)%.
Proposition 2.3.7. Let v : Q < R? — 2 x R given by y(t,s) = (tcoss,tsens,v(t) + u(s)), where
ueC?>(JI,R), ve C>(I,LR) and J x I = R x R¥, Minimal. Then u(s) = us*>+ns+ 1, for u,n,7

constants, and J < R.

Proof: Suppose y is Minimal. By Proposition [2.3.6] the functions u, v satisfy the equation

0=202(2 = 1W (@) A+ (V' (1)> (1 +2)% = (42 (£) + 2 (1 + 20" (1)) (42 + (i (5))2 (1 +12)?))
—t(1+ 2" (s) (4 + (V ()2 (1 +12)% — (42 (1) + 2t (1 + 22" (1)) (4% + (' (5))* (1 +12)?))
+80V (1) (u/ (5))* (1 +1%)?,

(2.119)
that is,
= 1(e%+ 1) (4% (0) + 200" (1) (2 + 1)) (u (5))*ud" (s)
+ 8V (1) (2 + 1)2 =262V (1) (> = 1)(£? + 1)2 (42 (1) + 20" (1) (> + 1)) (d/ (5))?
— (2 + 1D)((V ()P +1)2 =42 (43 () + 200" (1) (12 + 1)) + 4)u (s)
+ 2V () (22 = D((V () (1 + 1)2 =462 (42 (1) +20V" (1) (12 + 1)) + 4).
Define the family of polynomials
P(X,Y) =AXY + B X +CY + Dy, (2.120)

where
A =1+ 1)3(4t2v’(t) +20"(1)(? + 1))
2

B, = 8tV (1)(1> +1)2 =262V (1) (1> — 1) (£ + 1) (46> (1) + 20V (1) (12 + 1))
Cr = —t(f>+ D) (V)2 (2 +1)2 =42 (4> (1) + 200" (1) (> + 1)) + 4)
D; =262V (1) (22 = D)((V(0))* (£ + 1) =42 (42 (1) + 200" (1) (12 + 1)) + 4),

and notice that the curve ((«/(s))?,u”(s)) is contained in the intersection of the roots of {P;};c;. We

1)
(

have two cases. Suppose A; = 0. Then, by the definition of A;, we obtain

0 =42/ (t) +20" (1) (1> + 1)
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that is, /
V”(t) _ *2“} (t)
2+1

whose solution is V' (¢) = ﬁ Substituting these two equalities into (2.119)) we have

0= i C(8a(u/(5))* — a*u"(s) — 4 ()" + 2a(a® +4)* + 2(8a(u/(s))* — a’u"(5) — 4" (s))1*)

(—a(a® +4)t +8a(u/(s))? — a*u" (s) — 4u” (s))

M +1
that is,
0= (8a(u'(s))? — a®u” (s) — 4u" (s))t* + 2a(a® + 4)1> + 2(8a(u/ (5))* — a®u” (s) — 4u” (5) )1
—a(a®> +4)t+8a(i(s))* —a®u” (s) — 4u (s).

Since ¢ is not constant we conclude that the polynomial above is zero, that is, its coefficients are all
zero, then

0 =8a(u'(s))* —a®u" (s) — 4u" (s)

0= a(a*+4),
and by the second equality a = 0. Substituting in the first one we conclude that u is a straight line and
so the result holds. Let us now consider the second case. Suppose there is an open set V < [ such that

A; # 01n /. Define the family of polynomials

P/(X,Y) = XY+BX+CIY+D
e AC A A

and observe that the curve ((«/(s))?,u”(s)) is contained in the intersection of the roots of {P;},cy.

Suppose that A;D; — B;C; = 0 in V. We have, substituting the coefficients,

1663 (12 + DV ()" (1) — 20/ (1) (¢4 + 262 + 1) (V (2))? — 1641 (£) + 4)

0~ - (2 + 1P 07(0) + 200 (1) + 2V (1)) |

and since V' is nonzero in some open set V < V (otherwise A; = 0 in V) we obtain
0=83(2+1W'(t)— ((t* + 22 + 1)(V/(1))? — 16:%™M (1) + 4),

that is,
() = (t*+22 + 1) (V (1) — 16N (1) + 4
B 83(t2+ 1) ’
which substituting in ([2.119))

2 3.4 2 Vv 2
(2 +1)3( +2t4t+1)( (1)) +4(u/(s))2u”(s)

VIO 2+ D2+ =22 =DV (0)> +42 =4 —1) ,,
— > (u'(s))”.

0:

If i’ is zero in J then u is constant. If there exists an open set U < J such that u’ # 0 in U then

20V (1) (2 + 1) (10 + 1+ =12 = 1)(V/(1))? +4(t2 4t —1))
(2 +1)3 (t4+2t2—|—1) V(t))2 +

M//(S) _
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and since the variables on the right and left sides of the equality are independent, we conclude that u”
is constant, that is, u is a parabola. In the case where there exists 7 such that A, D;, — B;,C;, # 0 we

have:

Claim 1: and there exists an open set V < V such that A;D; — B,C, # 0 then P, are irreducible in

V. Indeed, suppose that P, is reducible. Then there exist polynomials of degree 1 such that
P/(X,Y)=(a+bX+cY)(d+ fX +gY)

that is, c b
B
0=XY+-"X+ Y+~ —(a+bX +c¥)(d+fX +gY)
Ay A; A;

that reorganizing,

B C D
0=—bfX>+ (1 —cf—bg)XY + (—’—bd—af>X—ch2+ (A—t—cd—ag>Y+A—t—ad,

At t t

that occurs if, and only if,

0=>bf
0=1—cf—bg

B,
0=——bd—-

A, af
0=cg

C
O:i—cd—ag

D,
0=——ad.

A

By the first equality we can assume, without loss of generality, b = 0. Then, since ¢ # 0 (otherwise

we would not have factorization), we obtain by the fourth equality g = 0. We have,

O0=1—-cf

0:%—af
0—%—cd
Ozi—:—ad.

By the first and second equalities we obtain ¢ = ch and a = %’t. We have,

G
0= _ d
A f
_ D, dB
A fAC

and isolating % in the first equality and substituting it in the second we conclude that A;D; — B;C; = 0

in V, a contradiction, and thus we conclude the claim.
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By Claim 1, the family of polynomials {P,},p is irreducible in a neighborhood V of 7y. As ob-
served previously, the curve ((/(s))?,u”(s)) is contained in the intersection of the roots of {P;},.y s0
by the theory of Plane Algebraic Curves we conclude that such a curve is constant or the polynomials
P; are multiples by constants. If the curve is constant we obtain that # is constant and consequently u
is a straight line. If {P;},.y are all multiples we conclude that the only possible multiple is A = 1 and
then
P/(X,Y)=XY + i—tX +%Y+ Zt

is constant in the variable ¢, that is, the polynomials P; are all equal. Therefore, there exist constants

K>, K3, K4 such that

P/(X,Y) = XY + KX + K3Y + Ky, (2.121)
where
o B _ 20 (£) (— 12" () = 263V (£) + 269V (1) + 15" () — 2)
A (2 + 1) (" (0) + 200 (1) + 2V (1))
o G 220V ()2 =t (V' ()2 — (V(1)* + 83V (1) + 166 (1) + 8V (1) — 4
ST A 262+ 1)2(v" (1) + 20V (1) + 2V (1))
K D, v’(t)(t DOV ()2 + 40V (2)2 + (V(2))? — 83V (1) — 1664V (1) — 82V (t) + 4)
YA t(2+ 1307 (1) + 20V (1) + 12" (1)) '

Rewriting the three equalities we obtain
0 =t(r* + 1) (Ky — 2t/ (£) + 263V () + 2KV (1) + 2Kt (62 + 1)V (1) — 20/ (1) 263V (£) — 265V (£) + 2)
0 =2¢(£ + 1) (K3 + 21 K3 + 1*K3 — 4 W' (1) + 2.2 (V (1) + 14 (V (1)) + (V' (1))?
—16:% (1) + 4Kat> (2 + 1) + 4
0 =2+ 1)(Kg— 8V (1) + 8V (1) + 31Ky + 3t* Ky + 1OKy V' (1) + 2K41 (12 + 1)V (1)

V()2 = D)((* + 20 + 1)(V (1))? — 166 (1) + 4).
(2.122)

Notice in the second equality of (2.122)) that K3 + 212K3 + t*K3 — 412 # 0 in V. Indeed, if there exists
t; € V such that K3 + 2t12K3 + ti‘Kg — 4t12 = 0 we obtain by the second equality of (2.122)) that

0=K;3 +2Z‘1K3 +14 K3 —4l‘1

0=22(v'(t)))?> + 11 (V' (1)) + (V' (11))? = 166}V (11) + 4Kt (17 + 1) + 4,

and then, by the first equality K3 = which substituting into the second we obtain

417
tH262 41
0= (] +23 +1)(V/ (1)) +4 #0
a contradiction. Thus, from the second equality of (2.122]) we conclude that

202(V ()2 4+ 14 (V (1)> + (V(1)? — 16t (1) + K312 (1 +1)> + 4
2t(t2 + 1) (K3 + 2t2K3 + t*K3 — 412) '

V”(I) _
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Substituting in the other two equalities of (2.122]) we will have

262 = 1)(2+ 12V (1)} + Ko (2 + 1)3(V(1))?

0=- 2(Ks + 212K3 + t4K3 — 412)
(8K3t* + 813 + 16(K3 — 2)1> — 8¢ + 8K3 )V (t) + 4K (12 + 1)
a 2(K3 + 22K + t4K3 — 412)
0 2+ 12220/ 1) +2(V(1)2 + (V(1)* +4) K3t (12 — 1)V (t) + Ka (1% + 1))

2t(K3 +2t2K3 + 14 K3 — 412)

hat is,
o 0=2t(>—1)(*+1)*(V(1))> + Ko (> + 1)’ (V' (1))?

+(8Kat* + 81 + 16(K3 — 2)12 — 81 + 8K V' (1) + 4Ky (1> + 1) (2.123)
0 =2K3t (1> — 1)V (1) + K4 (£ +1).
Claim 2: K4 = 0. Indeed, observe that if —1 € V or 1 € V we conclude that K4 = 0 by the second
equality of (2.123). If +1 ¢ V we obtain from (2.123))
0=2t(> = 1)(* +1)*(V' (1)) + Ko (> + 1)° (V' (1))?
+(8K3t* + 813 + 16(K3 — 2)1> — 8t + 8K3 )V (1) + 4K» (1> + 1)

K4([2 + 1)

K3V/<t> = ZI(IZ— 1) ’

that is, if K3 = 0 we obtain K4 = 0, and if K3 # 0 we can isolate V/() in the second equality and
substitute it in the first one obtaining

0 =Ky (K2 K3 — K3)1® — 16K5 Kyt + 4(4K3 + K2) (K2 K3 — K4)1® — 16K3K4 (K3 — 4)1°
—2(16K3 — 3K7) (K2 K3 — K3)t* + 16K3K4(K3 — 4)1° + 4(4K5 + K7 ) (K2 K3 — Ky )12
+16K3Kyr + K3 (K2 K3 — Ky).

Since ¢ is not constant we conclude that this polynomial is zero, that is, all its coefficients are zero.

From the second coefficient we conclude that K4 = 0 and thus we conclude the claim.

Claim 3: If K3 # 0 then K, = 0. Indeed, by Claim 2 and ([2.123))

0=2(>— 1)+ 1)>(V(1)) + K> + 1) (v (1))?
+(8K3t* + 813 + 16(K3 —2)1> — 8t + 8K3 )V (1) + 4K» (1> + 1)
0 =2K3t(t> — 1)V (1),

and since K3 # 0 we obtain from the second equality that v/(¢) = 0 which substituting into the first we

have 4K (1> + 1) = 0, that is, K, = 0 and thus we conclude the claim.

By Claim 2 and (2.121))

0="P,((u(s)*u"(s)) = (' (5))*u" (s) + K2 (i (5))* + Kzl (5). (2.124)
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We have two situations for this differential equation. If K3 # 0 by Claim 3 we obtain K> = 0 and thus
from (2.124)

0= ((u'(5))* +K3)u"(s),
which multiplying by 24/,
d
0= ((u(s)) +K3)E[(u'(5))2],
and defining w(s) = (/(s))?
0= (w(s) +K3)w'(s),
Suppose w is non-constant. Then there exists an open set U — J such that w/(s) # 0 and hence
w(s) = —K3 in U < J, a contradiction. Therefore, w(s) is constant in J and hence u is a straight line.
If K3 = 0 we obtain from (2.124])

0= (/(5))*(u"(s) + K2)

and defining W (s) = u/(s)
0=W2(s)(W(s)+Kz).

Notice that W = 0 is a solution and therefore u is constant. If there exists an open set such that
W # 0 then W’(s) = —K; and therefore there exist constants (t, 7 and T such that w(s) = 2s + 1 and

consequently u(s) = s + 1s + T whose maximal interval is J = R. ]

Theorem 2.3.3. Let v : Q c R? — 5% x R given by y(t,s) = (tcoss,tsens,v(t) + u(s)), where u €
C?(J,R), ve C>(I,R) and J x I R x R*, Minimal. Then u(s) = us*>+ns+ 1, for L, n, T constants,
and J < R. Moreover, if U = 0 then v satisfies the differential equation
(B ==t +0)(V (1) + 43> — 1) (2022 + 02 + 02 + 420V (1)
202(t + 1) (2022 + N2 + 0% + 412)
2224ttt
22+ 1)(2n22 + 2t + 2+ 41%)

(L= (V' (1) =V (1)
—2/(¢)

Proof: Suppose that y is Minimal. By Proposition[2.3.6] the functions u, v satisfy the equation
0 =202(> = 1)V (1) (44 (v/(£))* (1 +12)> = (42 () + 20 (1 + )" (1)) (42> + (' (5))* (1 + 1))

— (142" (s)(4+ (V ()2 (1+22)7 = (42 (1) + 20 (1 + 20 (1)) (4% + ( (5))* (1 +12)))
+ 80/ (1) (s)) (1+t ) )

(2.125)
By the Proposition u(s) = us> +ns+ 1, for u,n, T constants, and J = R. If 4 = 0 we have,
from (2.125)),
(1= 20 (W () =V (1) B ==t +0)(V ()2 +43 @2 - D)2 + 2t + 02 + 420V (1)
202(t2 + 1) (2n22 + N2t + 0% + 412)
2 22 Mt n? 83—t |
1212+ 1)(2n%% + %t + 2 +412)




188 Chapter 2. Weingarten Surfaces




CHAPTER 3

Solitons and the Weingarten Flow

In the last decades, in the field of Differential Geometry, a subject that has received a lot of attention
is that of geometric flows. Among these flows, we can point one that has an extensive literature, the
Mean Curvature Flow. One way to define it, in R3, is: Let M be a manifold of dimension 2 and
@y : M — R3 be a surface. The Mean Curvature Flow is a smooth family of surfaces ¢, : M — R3, for

r € [0,R), such that, setting @(p,r) := @,(p), the map @ : M x [0,R) — R3 is a solution of the system

op
(2N ) ) = Hp o
¢ (p,

0) = @o(p);
where N(p,r) and H(p,r) are, respectively, the unit normal vector and the mean curvature of the

of partial differential equations:

surface @, at the point p € M. In other words, this flow evolves a surface, moving each of its points in
the normal direction and with a speed equal to its mean curvature at that point.

An initial surface ¢ that has been attracting the interest of researchers are the Translating Solitons or,
simply, Solitons ([5]). The Translating Solitons of this flow are surfaces ¢ : M — R3 such that there

exists a non-zero vector ¢ € R3 such that the mean curvature verifies the equation

H(p) =<a,N(p)) (3.2)

for all p € M. One can see that (check the end of the next section) defining @ (p,r) = @o(p) + ar, such
a family is a Mean Curvature Flow. This flow is simply the translating of the surface ¢y, in the space
IR3, with constant speed .

In the previous chapter, we were mainly focused with studying Translation Surfaces that verify poly-
nomial relations. Given a function ¥ € C* (]Rz, R) we tried to obtain properties of families of surfaces
that verify W(H,K) = 0. If we consider ¥(X,Y) = X we would have in ((3.2)

W(H,K)(p) = (a;N(p)). (3.3)

We will see that this is not a mere coincidence. We can modify the flow (3.1)) by introducing the
Weingarten Flow, in a such way that (3.3)) continues to have the property of being a soliton, for
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arbitrary . In order to achieve this, in (3.1)), we replace H with W(H,K) and, then, we will have,
for each W, a different flow. This flow has attracted the attention of some researchers ([3], [4]). In
the next section, we will introduce the Weingarten Flow in R3. Then, following the structure of the

previous chapter, we will analyze cases of Translation Surfaces that are Solitons. More precisely, we

will consider the equations
K = <OC,N >

H={a,N)
aH +bK = {a,N)
A]? = 4H? — 2K = (a,N).



3.1. Weingarten Flow 191

3.1 Weingarten Flow

Definition 3.1.1. Let be M a manifold of dimension 2, ¢y : M — R? a surface and ¥ € C*(R? R).
The Weingarten flow of (P, @) is a smooth family of surfaces @, : M — R3, for r € [0,R), such that
defining ¢ (p, r) := ¢,(p) the map ¢ : M x [0,R) — R? is a solution of the system of partial differential

equations:

<2_(57N>(p,r)=lP(H,K)(P7”) 3.4)
¢(p,0

) = @o(p),
where N(p,r),H(p,r) and K(p,r) are respectively the normal vector, the mean curvature and the

Gaussian curvature of the surface @, at p € M.

Example 3.1.1. Let M be a manifold of dimension 2, @y : M — R> a surface, and P € C* (R?,R) such
that ¥ (Hg,, Kg,) =0, that is, @o is a Weingarten surface. Then, by definition, the flow ¢(p,r) = @o(p)
satisfies the system (3.4)).

Example 3.1.2 (Self-Shrinker). Let be M a 2-dimensional manifold, ¥ € C* (R?,R) given by ¥(X,Y) =
aX +bY? and @o : M — R surface such that,

Y(H,K)(p) = —{eo(p),N(p)),

that is,

aH (p) +bK?(p) = —(90(p),N(p)) (3.5)
for all p € M. Such surfaces are called Self-Shrinker. Defining @(p,r) = /1 —2r@o(p) forr < % and
©(p,0) = @o(p) we conclude that ¢ is a Weingarten flow of (¥, ¢p). Indeed,

o 1
E(P,r) = *ﬁ%(lﬂ)-
Since @ is homothety, it follows that

H(p,0)
1-2r

N(p,r)=N(p,0),  H(p,r)= ,  K(p,r)=

forall r < % Hence,

<aé—q:,N> (p,r) = —ﬁ@PO,N(P,O»

_aH(p,0) —l—bK%(p,O)
- V1=2r
=aH(p,r) —I-bK%(p,r)
=¥ (H,K)(p,r).

Finally, we observe that taking a = 1 and b = 0 in ¥ we obtain in 1) the usual definition of Self-
Shrinker.
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Example 3.1.3. Let be M a 2-dimensional manifold, ¥ € C*(R? R) given by ¥(X,Y) = aX? + bY
and Qg : M — R? surface such that,

Y(H,K)(p) = —<{o0(p).N(p)),

that is,
aH*(p) +bK(p) = —{¢o(p),N(p)),

for all p e M. Defining @(p,r) =+/1—3r@y(p) forr < % and @(p,0) = @o(p) we conclude that ¢ is
a Weingarten flow of (P, @). Indeed,

N1
p (p,7) (1_3r)%</>o(p)-

Since @ is homothety, it follows that

K(p,0)

2
3

H(p,O) K(p,r)=

N(p,r) =N(p,0), H(PJ):mv (1—3r)

forall r < % Hence,
P 1
<_<P,N> (p,r) = ————— (@0, N(p,0))
(1-3r)3
_ aH?(p,0) + bK(p,0)
(1-3r)3

= aH*(p,r) + bK(p,r)
=Y(H,K)(p,r).

Finally, we observe that taking a = 4 and b = —2 in ¥ we obtain that W(H,K) = |A|%.

Example 3.1.4 (Translating Soliton). Let M be a 2-dimensional manifold, ¥ € C*(R? R), a € R3

nonzero and @y : M — R3a surface such that,
¥(H,K)(p) =<o,N(p)).

for all p e M. Such surfaces we call Translating Soliton. Defining @(p,r) = @o(p) + ra we con-
clude that @ is a Weingarten flow of (¥, @v). Indeed, since N(p,r) = N(p,0), H(p,r) = H(p,0) and
K(p,r) = K(p,0) we obtain,

(SN (0 = @)
~(@N(p.0)
=Y¥(H(p,0),K(p,0))
=Y(H(p,r),K(p,r))
=¥(H,K)(p,r).
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3.1.1 Translation Surfaces in E>

As done in the sections dedicated to the spaces H> x R, H> and S? x R we will repeat the same ap-
proach here. Since the Euclidean space is simpler than the previous ones and obtaining the Connection
is trivial, we will only state the lemmas. To obtain such results the reader can follow in an analogous
way to the other spaces contained in the previous chapter. Consider {e},e;,e3} the canonical basis of
R3. Then,

El(x,y,Z) =€]
EZ(xLy?Z) =€
E3(x,y,z) = €3

generates a global orthonormal frame over R3.
Lemma 3.1.1. [E;,E;|=0foralli,j=1,2,3.
Lemma 3.1.2. T, =0 for all i, j,k = 1,2,3.
Since VEJE,- =>4 F’J‘.iEk we obtain:

Lemma 3.1.3 (Connection). VEjEi =0foralli,j=1,2,3.

3.1.2 Curvatures of Translation Surfaces

This section will be devoted to determining the curvatures of a Translation Surface in R®. Define
the Translation Surface v : Q c R? — R3 by w(t,s) = (¢,s,v(t) + u(s)), where u € C>(J,R) and
ve C?(I,R). We have,

oy

E(t,s) = (1,0,V/(r)) = E1oy(t,s) +V (t)E3 0 y(t,s),

and

WV (1.5) = (0.1.4(5)) = Exoy(t.9) + /() Eso w(t.s).

The normal N at y(z,s) will be given by

V(1)

o(t,s)

' (s)

1
o(t,s) o(t,s)

where @(t,s) = 1/(V/(¢))2 + («/(s))? + 1. By Lemma we conclude that to know the Weingarten

map S we do not need to differentiate the normal field, we just need to know Va%’, Vﬁ%/ and

Va%_lf~ We have,

N(t,s) = —

EZOW([wg) +

Elol//(t,s)— E3OIII(Z,S), 3.6)

Lemma 3.1.4. The following holds:
i) <V61&;_1;/) (t,s) =V'(t)E30y(t,s). ii) (Velaa—lé’> (t,s) =0.

a /i
iii) (VQ%) (t,8) =u"(s)E30y(t,s).
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Proof:
0
(Vela—li/> (t,s) =(VgEioy) (t,s) + V(1) (VerEzoy) (t,s) +e1 (v/(t)) Ezoy(t,s)
=V, Ei+ v’(t)V?w Ez +V'(t)E30y(t,s)
W(Z,s) W(Z,S)
but,
Vi B = (VB ) owle,s) +' (1) (Vi Er ) o wle,s) = 0

and, similarly, V?W E3 =0, thus,
W(LS)

o

(Va2 ) 0.9) =V OBz w().

Also,
0
(Va0 ) 15) = (Vo ¥) 0:9) +10(9) (Vs ) 029) 21 (06)) Eao wi.)
0
iy B2V Fat 5 (C6) Esowlens)
but,
V%(I s)E2 = <V21E2> oyl(t,s)+u(s) <V§3E2> oyl(t,s) =0
then,
oy
(Vel§> (Z,S) =0.
Finally,
0
(Vezﬁ_li/> (t,5) = (VezEroy) (t,s) +u'(s) (VezE3 0 W) (,5) + 25 (u/ (5)) E3 0 W2, s)
=V, Er+u'(s)Vy, Ez+u"(s)Ezoy(t,s)
W(t,s) W(Z,S)
but,
Vi 2= (Vi E2) o w(r,s) + 4/ (s) (Vi E2) o wit,s) =0
and, similarly, V;W t E3 =0, thus,

s \LS

(anﬁ_li/) (1,5) =" (5)E3 o W(t,5).

With this we have

Lemma 3.1.5. The following holds:
DE(t,s) = O g - (;‘l('t(ss)) V)f(t,s) = u (s)V (¢).
i) F(t,5) = 0. me(ts) — 1+ (/)2 *D8(ts) =1+ ((s))%
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Proof: - o
v V(e
E(t,s) = (NoX Ver— p» ) (t,5) = )’
Also,
oy
Fl(t,s) = (NoX Ver— 2 ) (t,5)=0
Finally,
_ oy _ u'(s)
G(t,s) = (NoX Vo— 2 ) (t,5) = )’
The metric coefficients are,
0 0
t) = @onen) (1) = (o ) (09) = 14 (00
Also,
0 0
1) = (o) 1) = (S 0 ) (1) =V O 5.
Finally,
0 0
a(ts) = (o) 1) = (o ) 1) = 14 000,
L]

Proposition 3.1.1. The following holds:

H(t,s) =

and

Proof:

H(t,s) = %tr(S)(t,s)

:2(

= 0
= att+ass)

1 (Eg+Ge—2Ff

2 < eg — 2 (525

1 (Gay) (1 W) + () 0 +0/0)?)
2\ O ORI+ )R~ (WP

| (£ oo

2 2(t,s)

l (v//(t) (l + (u/(s))Z) +u(s) (1 n (v’(t))2)>

2 ®3(t,s)

V() (14 (' (5))2) + 2 (s) (1+ ( (t))z)
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Also,

K(t,s) = det(S)

= QyQgs — ArsQgt

(&g Ff Ge— Ff ([ Fa—Gf Fe—&f
‘(eg—fZ)(t’s)<eg—f2>(t’s) (eg—fz)(t’s)<eg—f2>(t’s)
EGge — EFgf — FGfe+ (Ff)* — (Flge — EFgf — FGfe + EFF)

- (o PP )
_ (Sg(eg—fz)—fz(eg—f2)> (t.9)
(eg—§2)2 ’
EG—F?
:< eg — f2 )(t’s)
(%) ()
B ®2(1,s)
u//(s>v//(l.)

3.1.3 Translating Solitons with ¥ (X,Y) =Y

Proposition 3.1.2. Let be W(X,Y) =Y and a € R? non-zero. Then y : Q < R* — R? given by
v(t,s) = (t,s,v(t) +u(s)), where ue C*>(J,R) and v e C* (I,R), is a Translating Soliton if and only if

[ST[9%}

(—(le/(l‘) — OCQMI(S) + 063).

V() (s) = ((V(1)* + (' (5))> + 1)
Proof: By the definition of Translating Soliton, that is,
Y(H,K)(t,s) ={a,N(t,s)),

1.e.,
K(t,s) = {a,N(t,5)),
and by Proposition and ((3.6) we obtain

V(0 (s) = ((V'(1)* + (1 ()% + 1)

[\ST[98]

(—Oclv’(t) - (le/l/(S) + 063).
L]

Proposition 3.1.3. Let be ¥(X,Y) =Y, a € R? non-zero and v : Q < R* — R? given by w(t,s) =
(t,5,v(t) + u(s)), where u e C*(J,R) and v e C* (I,R), a Translating Soliton. Then v(t) = ut + 7 in
IcRoru(s)=us+tinJ c R for 1,1 constants.
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Proof: Suppose that y is a Translating Soliton with ¥(X,Y) =Y and « € R? non-zero. By Proposition
[3.1.2]the functions u, v satisfy the equation

V() (5) = (/)2 + (1 (5))* + 1)3 (— v/ (1) — ool (s) + ). 3.7

Suppose that u, v are not straight lines, that is, there exist open set U — J and V < [ such that u” (s) # 0
in U and v"(r) # 0 in V. Choose sq € J such that if & # 0 then u/(s0) # g—i and if oy = 0 choose any

so (note that such a choice is possible since ' is non-constant). We obtain from ((3.7)

V() (s0) = (V' (1))2 + (1 (50))? + 1)3 (—anv' (1) — o (s0) + 05, (3.8)
hence from e
V() (s)u” (s0) =u"(s0) (V' (£))> + (&' (5))? + 1)3 (—aV/(¢) — ol (s) + 03)
V() (s)u” (s0) =u" () (V' (£))2 + (i (50))? + 1)3 (—au' (1) — o (s0) + 03),
thus
W (s)((V (1))% + (i (50))> + 1)3 (—ouv/ (1) — 0aud (50) + ) = —u" (50) (V'(1))> + (1 ()2 + 1) o/ (1)
— " (50) (V'(£)> + (' (5))> + 1) 2 o (s)
" (s0)(V (1)) + (W (5)* + 1) 3 0

which squaring and rewriting

0= o ((u"(s0))> — (" (5))) (v'(1))*
+ 20 ((u"(5))* (0 — ' (s0)02) — (u” (s0))* (03 — ' (5)02)) (V' (¢))
+ (" (50))* (3o (' (5))* + 1) + (05— 0ol (5)))) (V' (1))°
—(u"(5))> (3 (' (50))* + 1) + (a5 — 01 (50))*) (V'(1))°
+ 60 ((u”(5))* (1 (50))* + 1) (03 — 0t (s0)) — (u” (50))> (' (5))* + 1) (03 — 021l ())) (v'(1))°
+3(u" (50))* (' (5))* + 1) (03 — 0t (5))* + 0 (u' ()% + 1)%) (V' (1))
=3(u"(5))*((('(50))* + 1) 2 af (' (s0)* + 1)) (V(1))*
+ 601 ((u”(5))* (03 — 0’ (s0)) (14 (u'(50))%) — (u” (50))* (03 — @2ad' (5)) (1 + (' ())*)*) (V' (1))
+ (" (50))> (3063 — ot () (' (5))* + 1)* + & (' (5))* + 1)) (V' (1))
—("(5))*(3(o5 — 0nu(50))* (1 (50))* + 1)° + e (' (50))* + 1)) (V' (1))
+ 20 ((u"(5))? (03 — aud (s0)
2 u

+ (" (s0))* (03 — o' (5))((

that is, v/(¢) vanishes the polynomials

30

)
)

\_/\_/

1
1 /

(
(a3 - OCQMI(S())) + oq (U (S()

(' (50))> + 1) = (" (50))* (03 — 02t (5)) ((u'(5))* + 1)*)V' (1)
()2 + 1) = (u"(5))* (03 — ot (50))* ((u(s0))* + 1)°,

P(Z) = AZ8 + BZ' + CZ° + DsZ° + EZ* + F,.Z° + G,Z* + HyZ + I,
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+ (063 - OCzu/(S))z

1) + (a3 — oud' (50))?)
1) (05 — onu' (s0)) — (" (50))* (' (5))* + 1) (05 — 0020l (5)))
1)(05 — 00u'(5))* + af (u'(s)* +1)%)
1) (a5 — oo (50))> + o (u'(s0)* + 1))
$))? (05 — 0 (s0)) (1 + (' (50))%)* — (" (50))* (0 — 002 () (1 + (' (5))*)?)
Gy = (u"(50))*(3(05 — ot (5))*((u'())* + 1)* + & (' (5))* + 1)°)
— (" (5))* (305 — 00u'(50))* (' (50))* + 1)* + & (' (50))* + 1)°)
Hy = 200 ((u(5))* (05 — 0ud' (50)) (' (50))* + 1) = (u"(50))* (03 — 00/ (5)) (' (5))> + 1)°)
Iy = (u"(50))* (03 — ot (5))* (' (5))* + 1)° = (u"(5))* (03 — 0aud (50))* (' (50))* + 1)°.

Since V/(¢) is non-constant (otherwise v/ = 0) and for each fixed s we have P;(v/'(¢)) = 0 we conclude

(
(

that the coefficients of P are all zero. We obtain from the coefficients Ay, By, C;, I

0 ( (s0)or2) — (1" (s0))* (03 — 1 (5)@2))
0= (u"(50))* (B ((u/(5))* + 1) + (a5 — ot/ (5))%) — (" (5))* (Bt (' (50))* + 1) + (063 — 02l (50))*)
0= (u"(50))* (0 — ot (5))* (' (5))* + 1)° — (u” (5))* (013 — o2 (50))* (o' (s0)) > + 1)°.

(3.9)
If a; = 0 we obtain from (3.9)
= (u"(s0))* (05 — 0ol (5))* — (" (5))* (03 — 02t (s0))°
— (" (50))* (0 — 0t (5))(( (52 + 1) — (u" () (03 — 0tz (50))2((u (50))> + 1),
that is,
(u"(5))* (0 — 00’ (50))* = (" (50))* (03 — 02/ (5))°
0 = (u"(s0))* (03 — o2’ (5))* (1 (5)) + 1) — (" (5))* (03 — 002/ (50))* (1 (50))* + 1)°,
and substituting the first equality into the second equality we obtain
= (u"(5))* (' ())>(3('())* + (' (5))* + 3t (50))* + (1 (50))* + (1 (5))* (' (50)) +3) (021t (s0) — 013)°
—(u"(5))* (' (50))*(3(u' () + (u'(5))* + 3(u'(50))” + (u' (50))* + (' (5))* (' (50))* + 3) (021 (s50) — 013)°

and since u” (s) # 0in U = J we obtain (" (s5))?((/(s))?> — (u'(s0))?) # 0in U = J. Then

0= OCzu/(S()) — 03.
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In the case where o # 0 we obtain a contradiction with the choice u’(sg) # Z—;. In the case where

o = 0 we obtain a contradiction with (o, ap, 3) = @ # 0. If a; # 0 we obtain from ((3.9)

0= (u"(s0))* — (" (s))?

0= (u(s))* (o3 — u' (s0) 02) — (" (50))* (13—t (5) O02)

0= (u"(50))* (305 ((u'(5))” + 1) + (03 — o2/ (5))%) — (" (5))* (30 (' (50))* + 1) + (013 — 02 (50))?),

that is,

50))°
) (05 —u(s0) ) — (" (50))* (03 — ' (5) o)
= (u"(50))* (3ot ((u/())* + 1) + (a5 — 00/ (5))°)
— (" (5))* (3 (' (50))* + 1) + (03 — 021 (50))%),
and substituting the first equality into the others we obtain
0= o (u”(5))*(u'(s) — 1 (s0))
0= (u"(s))*(3eq (' (5))* + 1) + (a3 — il (5))?) — (u"(5))* (30 (' (50))* + 1) + (03 — 02id (50))?),

(' (5))? = ul(
0= ('
0

(
I/t// S)
(

and since u” (s) # 0in U = J we obtain («”(s))?(u'(s) —u(s0)) # 0 in U = J and thus o = 0. There-

fore
2 2 2 2
0= o (u"(s))~(('(5))” = (u'(50))°)
a contradiction. Thus, the initial assumption that u, v are not straight lines is false, that is, u or v is a

straight line in J or I respectively. ]

Theorem 3.1.1. Let be ¥(X,Y) =Y, a € R? non-zero and y : Q = R?> — R? given by y(t,s) =
(t,5,v(t) +u(s)), where ue C? (J,R) and v € C* (I,R), Translating Soliton. Then:

i) v(t) = ut + 1, for constants W,t, and I = R. Moreover, if o = A(1,0,u), for A # 0, u is
arbitrary.

ii) v(t) = ut + 1, for constants W, 7, and I = R. Moreover, if oo # A (1,0, ), for A # 0, we have

u(s) = Bk,

_|_
o n,

where J  R.

iii) u(s) = us+ 1, for constants 1,7, and J < R. Moreover, if a = A(1,0,u), for A # 0, v is
arbitrary.

iv) u(s) = Us+ 7, for constants W, T, and J < R. Moreover, if a # A(1,0,), for A # 0, we have

= oqu
(0%]

V(1)

41,

where I < R.
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Proof: Suppose that y is a Translating Soliton with ¥(X,Y) =Y and « € R? non-zero. By Proposition
[3.1.2]the functions u, v satisfy the equation

V(0 (s) = (V') + (/' (5))* + 1)
By Proposition we have v(r) = ut +tin I < Ror u(s) = us+ 7 in J < R, for constants u, 7.

[\S1[S8]

(—alv’(t)—ozzu’(s)+oc3). (3.10)

-0): If v(t) = ur+ 7 and (o, ,03) = a = A(1,0,u) it is easy to verify, in (3.10)), that u is ar-
bitrary.

-ii): Ifv(t) = ut+ 7 and (o, 0, 03) = @ # A(1,0, 1) we have from ((3.10))

NSO

0= (u+ (u/(s)* + 1)2 (—on p — oud () + 13),

that is,
0=—oqu— o (s) + o,

1.e.,

oz — O

M/<S) _ 3 14
(0%}
thus
oz — O
u(s) = 3—1'us +1,

(05

where J < R.

- iii) and iv): Since the differential equation in (3.10) is symmetric in u and v we get the same

result as in 7 and ii. ]

3.1.4 Translating Solitons with ¥ (X,Y) =X

Proposition 3.1.4. Let be W(X,Y) = X and o € R® non-zero. Then y : Q < R? — R3 given by
v(t,s) = (t,5,v(t) +u(s)), where ue C*>(J,R) and v e C> (I,R), is a Translating Soliton if and only if

V() (14 (u'(5))7) = 21+ (V' (1)) + (u' (5))*) (—ouv/ (1) — el (5) + 03) —u" (s) (1 + (v/(1))?).
Proof: By the definition of Translating Soliton, that is,
Y(H,K)(t,s) ={a,N(t,s)),

H(t,s) = {a,N(t,s)),

which by Proposition and we obtain
V() (14 (' (5))%) = 201+ (V' (1))* + (i (5))*) (—ouv (1) — oud (s) + a3) — " (s) (1 + (V/(1))?).
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Proposition 3.1.5. Let be ¥(X,Y) = X, a € R? non-zero and v : Q < R?> — R3 given by y(t,s) =
(t,5,v(t) + u(s)), where u e C*(J,R) and v € C* (I,R), a Translating Soliton. Then v(t) = ut + 7 in
IcRoru(s)=us+tinJ c R for 1,1 constants.

Proof: Suppose that v is a Translating Soliton with ¥(X,Y) = X and o € R3 non-zero. By Proposi-
tion [3.1.4] the functions u, v satisfy the equation

VIO + ()2 = 2(1+ (V(2))* 4+ (i (5))?) (o' () — ol (5) + 03) —ud” () (1 + (V' (£))?). (B.11)
Suppose that u, v are not straight lines, that is, there exist open set U — J and V < I such that u” (s) # 0
in U and v"(¢) # 0 in V. Choose s € J. We obtain from (3.11])

V() (14 (u'(50))%) = 2(1+ (V' (1)) + (' (50))*) (— v/ () — 0ol (s0) + &3) — " (s0) (1 + (v'(1))?),
(3.12)

thus from (3.11)) and (3.12)

V()14 (' (5))) (14 (i (50))?) = —(1+ (' (50))?) (2(1+ (V/(1))* + (1 (5))%) (' (1) + 02’ (5) — 03))
— (L (u'(50))")u" (s) (1 + (V(£))?)

V() (14 (' (5))7)(1+ (' (50))?) = —(1+ (' (5))) (2(1+ (' (1)) + (i (50))*) (e (1) + 020 (s0) — 013))
= (14 (' (9)))u" (s0) (1 + (V'(1))?)

and subtracting the second from the first
0 =201 ((u'(5))* — (' (50))*) (V'(1))°
+ (14 (u'(5))%) (" (s0) — 2053 + 2000/ (s0)) — (1 + (1 (50))*) (u” (5) — 205 + 2001 (5))) (V' (1))?
+ (14 (u/(5))%) (" (s0) —2(1 + (' (50))*) (03 — 021/ (50)))
— (14 (u/(50))*) (" (5) = 2(1 + (' (5))*) (03 — 02id (5))),

that is, v/(¢) vanishes the polynomials

Py(Z) = A Z® + ByZ* + Cy

where
As =200 ((u/(5))* = (/' (50))?)
B = (1+ (u'(s))z)(u”(so) —2053 + 200U (sg)) — (1 + (u'(so))z)(u”(s) —2053 + 2001/ (s))
Cs = (1+ (' (5))*) (u" (s0) = 2(1 + (' (50))*) (03 — 0214 (s0) )

— (14 (u'(50))*) (u”"(5) = 2(1 + (' (5))?) (03 — 02t/ (5)).
Since V/(¢) is non-constant (otherwise v/ = 0) and for each fixed s we have P;(v/'(¢)) = 0 we conclude

that the coefficients of P; are all zero. We obtain

0 =2a1((u'(s))* — (u'(50))*)

0 = (14 (u'(5))*) (" (s0) — 203 + 2001 (s0)) — (1 + (u'(50))*) (u” () — 205 + 2000 (5)) G.13)
0 = (1+ (u'())*) (" (s0) = 2(1 + (u'(50))*) (03 — 02/ (s0))) |
= (14 (u'(50))*) (u" () = 2(1 + (' (5))*) (03 — 02/ (5))).
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If o # 0 we obtain from the first equality of (3.13)) that (u/(s))? = (u/(s))?, that is, #/(s) is constant

and therefore u”(s) = 0 in U, a contradiction. If o = 0 we obtain from ({3.13))
= (1+ (' (5))%) (" (s0) — 203 + 2001 (50)) — (1 + (1 (50))*) (" (5) — 203+ 2000/ (s))
)

0
0 = (14 (u'(5))*) (" (s0) = 2(1 + (u'(50))*) (03 — 02/ (s0)))
= (14 (u'(50))*) (u” () = 2(1 + (' (5))*) (03 — 020/ (5)),

then
nioy _ (L (u'(5))?) (u” (s0) — 205 + 2001/ (s0)) + (1 + (' (50))*) (205 — 2001 (5))
u'(s) p
1+ (u/(s0))?
0= (14 (' (5))*)(u" (s0) = 2(1 + (' (50))*) (013 — 0214 (50)))

— (14 (u'(50))*)(u” () = 21 + (' (5))*) (03 — 002 (5))),

and substituting the first equality into the second we obtain

0= —2(u'(s) —u'(s0)) (0 (1 + (u'(50))*) (1 (5))* + (002’ (s0) — 0t3)u'(s) + 1 (s0) (021t (50) — 013))

and since u’'(s) —u/(so) # 0 (otherwise u” = 0 in U, a contradiction)

0=am(1+ (u’(so))z)(u'(s))2 + (i (sg) — a3)u' (s) +u' (s0) (00U (s0) — 03).

Observe that u'(s) vanishes the polynomial

0(Z)=m(1+ (L/(so))z)Z2 + (opu' (s0) — o) Z + 1/ (s0) (0u (so) — 03)

and since u’(s) is non-constant we conclude that the coefficients of such polynomial are all zero, that
is,

0= ap(1+ ((50))%)

0= OCQMI(S()) — 03

0= M/(S())((XQMI(S()) — 063)

then
0=om

0= (qu/(S()) — 03

and then 0 = o = 03, a contradiction since 0 # o = (0, &, &3). Thus, the initial assumption that u,v

are not straight lines is false, that is, u or v is a straight line in J or I respectively. ]

Theorem 3.1.2. Let be ¥(X,Y) = X, o € R? non-zero and v : Q < R* — R? given by y(t,s) =
(t,5,v(t) +u(s)), where ue C?(J,R) and v e C>(I,R), a Translating Soliton. Then:

i) v(t) = ut+ 7, for u, 7 constants, and I < R. Moreover, if o« = A(1,0,), for AL # 0, u(s) =
{s+mn for £,n constants and J < R.



3.1. Weingarten Flow 203

ii) v(t) = Ut + 7, for constants W, 7, and I = R. Moreover, if oo = (04,0, 03), with 03 # Loy, we

have
1+/.L2 2(063—()61“)(S—C) F
u(s) =D+ ——  In|sec +arctan | —— ,
(5) 2(az —ar i) ( A1+ u? A1+ p?
V1+u? ((2k+1)n7arctan<7L>)
for constants C, D and F and J < R — R +CeR ) keZ

4(az—oq )

iii) v(t) = ut + 7, for u,7 constants, and I = R. Moreover, if & = (A,0p,UA), with op # 0, we

have u(s) = D or
(1
D-i-J Ll dr.
(1+F +u?)et(r—C —F

for C,D and F > 0 constants and J < (ﬁln (ﬁ) +C, +oo>.

iv) v(t) = Ut + 7, for constants |, 7, and I € R. Moreover, if a = (o, 0p,03), with ap # 0 and
03 # WL the function u satisfies the differential equation

W' (s) = 2(1+ (' (5))* + 1?) (0 p — 01l (s) + 03)

e (3.14)

v) u(s) = us+ 1, for U, 7 constants, and J = R. Moreover, if o« = A(0,1,1), for A # 0, v(t) =
Ct+n for £,m constants and I < R.

vi) u(s) = s+ 1, for W, T constants, and J < R. Moreover, if oo = (0,00, 03), with a3 # L0y, we

have
1+ p? 2(03 — opu)(t —C) F
v(t) =D+ — = In|sec +arctan | —— ,
2 2(03 — o) ( V1+p2 1+ p?

VaEaTE: ((2k+1)7r—arctan ( \/11:_7
4az—op)

for constants C, D and F and [ — R — )) +CeR ‘ keZ

vii) u(s) = us+ 1, for U, constants, and J < R. Moreover, if & = (ay,A, L), with o # 0, we

have v(t) = D or
J (L+p)F dr.
(1+F +pu2)eta(r—C) — F

for constants C,D and F > 0 and I — (40:1 In (%) —I—C,—i—oo>.

1+F+u

viii) u(s) = Us+ T, for constants W, t, and J < R. Moreover, if @ = (o4, 0, a3), with a; # 0 and
03 # WO the function v satisfies the differential equation

oy = 2000 i) o' (0) o + )

s (3.15)
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Proof: Suppose that v is a Translating Soliton with ¥(X,¥) = X and o € R? non-zero. By Proposi-
tion [3.1.4] the functions u, v satisfy the equation

V() (1+ (u’(s))z) =2(1+ (v'(t))2 + (u’(s))z)(—alv’(t) —opu'(s)+az)—u"(s)(1+ (v'(t))z). (3.16)

By Proposition we have v(t) = ut+7in I < R or u(s) = us+ 7 in J < R, for constant u, 7.
Suppose the first situation. We obtain from (|3.16))
201+ (' (5))* + pu?) (—ayp — i (s) + 03)

neN
u(s) = e , (3.17)

and setting w(s) = u/(s)

2 2
(o) = AL o aonle) ) 4

-i): If (a,00,03) = oo = A(1,0,) it is easy to verify, in (3.17)), that «” = 0 and thus there exist
constants 17, § such that u(s) = {s+ninJ c R.

Se (a1, 00,03) = a # A(1,0, 1) temos as seguintes trés situagdes.

-ii): If a = (04,0, 03), with a3 # Ly, we obtain from ((3.18|)

w(s) C 2(—oqu+ o)
1+ w2(s) +u? 1+pu?
that 1s,
s w’(r) 2(—061[.1-1—063) s
J 1+w2(r)+u? T 1+ u? fdr,
S0 S0

which by the Change of Variables Theorem

JW(S) dl 2(a3 _ a]‘u) J\S ir

w(so)l+12+.u2: L2 0
Consequently,
w(s) w(so)
t t
1+ 2 Vitp? s
then,
w(s) 2(03 — o) (s —s0) w(so)
arctan = +arctan | ————
( 1+u2> Vi Vitw

finally,
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that is, there exist constants C and F' such that

2(3— o) (s—C) F
w(s) =4/1 +,u2tan< & \/1!7 + arctan (\/ﬁ)) .

2 _ F
A\ 1+u ((2k+1)7r arctan(m

in R— >) +CeR ) ke Z ;. Thus, by the definition of w

4(az—on )
1—!—[.12 2(063—061“)(S—C) F
=D+—————1In|sec + arctan | ——— .
u(s) 2(a3 — o) ( A/ 1+pu? A/ 1+pu?

-iii): If a = (A, 0p,uA), with ap # 0, we obtain from ((3.18])

ooy 200w(s)(1+w(s) +u?)
w(s) = e .

Observe that w = 0 is a solution of this differential equation (and consequently u is constant). By the

Existence and Uniqueness Theorem any other solution does not reach zero. Therefore,

w(s) 200

w(s)(1+w2(s)+u2)  1+u?

then

fs w(r) 20, JS

r=————7=1 dr,
so W(r)(1+w2(r) +12) L p
which by the Change of Variables Theorem

w(s) di 200 [*
22y 7 | dar
w(so) L(1+ 1%+ u?) 1+u? Jg,

W) W2s0)
In () I (rmmsim) ~ 205(s—50)

2(1 + u?) 2(1+u2)  14p?

Consequently,

1.e.,

- (wz(so)(l +w?(s) + u?)
w2(s)(1+w?(so) + pu?)

) =4 (s—s0),
and applying the exponential
0= (w2(s0) — (1 +w(s0) + uz)e“az@—so)) w2 (s) + w2 (s0) (1 + 2)
and since w2 (sg) — (1 +w?(sp) + p?)e*@(5=%) 2 0 (otherwise 0 = w?(sp)(1 + u?) # 0) we have

w?(s0)(1+42)
(1+w2(s0) + p2)etealss0) —w2(s9)’

w(s) =
that is, there exist constants C and F' > 0 such that

(1+up?)F
(1+F + p?)etl=—C) _F’

w(s) =
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. 1 F . 2 . . .
in (W In <m) +C, +oo> , since w=(s) > 0. Hence, we have two distinct solutions

_ (1+u3)F
W(S) - i\/(1 +F +u2>e4a2(s—C) _F

Then, by the definition of w, we have

J (1+u)F i
(1+F + u2)et(r—C)

-iv): Ifa=(ap,,0), with o # 0 and o3 # g we cannot explicitly show the solution for (3.17)).
See Corollary 3.1.1]

- v), vi), vii) e viii): Since the differential equation in (3.16)) is symmetric in # and v we obtain

the same result as in i), ii), iif) and iv) by inverting o with . 0
Corollary 3.1.1. Assume the conditions of Theorem[3.1.2] Then:

i) If u is a solution of the differential equation (3.14)), we have

u(s) = o3 — ol

S+
o0 n,

for a constant  and J < R, or, Z(s,u/(s)) = 0 where

2y (Y2 Hp2) (o —onF +os)?

1(X.¥) = 4/1+ p?((o3 — o pr)? + 03 (1 + p?))

2(o3 — o) (arctan (\/11;7) —arctan< F )) X_cC
+ —
1+ p2((og — o)+ a3 (1 +p

[\S}

~—

| —
ﬁ
=
[

G—Hoy
for constants C and F # AR

ii) If v is a solution of the differential equation (3.15)), we have

o3 — O
v(t)=3a—12“t+n,

for a constant  and I < R, or, Z(t,V'(t)) = 0 where

1+ ‘uz In ((1+Y2+H2)(—0521~1—061F+063)2)

~ 2 2)(— _ 2
I(X,Y)Z (I4+F>+p*)(—opp—onY +a3)

1+ p2((o3 — opp)? + a2 (1+ p?))
Y F
X 2(a3 — o) (arctan (m) — arctan < 1+“2>) X_cC

1+ p2((o3 — opp)? + o (1+p Ly

NT
~—
N

for constants C and F # %;—fw@.
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Proof: Since the equations (3.14)) and ((3.15)) are similar, we will only prove i). Defining w(s) = u/(s)
we obtain ([3.14))
2(1+w2(s) + u?)(—aqgu — opw(s) + a3)

W (s) = e . (3.19)

since @ = (o1, 0, 03), with o # 0 and a3 # U@, notice that w = BZAUK s a solution of ([3.19)),
u %

therefore u(s) = %s + 1. By the Existence and Uniqueness Theorem any other solution does not

reach % and then —oq it — alphayw(s) + o3 # 0. We have (3.19

Js W/(}") d 1 Jsd
r= r,
so 2(1+w2(r) + p?)(—oqp — cpw(r) + o3) 1+u? ),

which by the Change of Variables Theorem

Jw(s) dl 1 J*sd
= r.
wiso) 20+ P+ u?)(—oqpu—opl +o3)  1+u? )

Consequently,

(14w (s)+p>) (—oy u—onw(so)+03)>
S—5% _ 0/ 1+ p2In ((1+W2(So)+#2)(*f;1ﬂfé2W((;)+Oé)2)

Frid /T (e —oap)? + a3 (1+ 12)

2(03 — o) <arctan <\}%> — arctan (—\7%)>
4T+ p2 (o5 — ar ) + 03 (14 p?))

+

that 1s, there exist constants C and F # 063;—’2”‘ such that

21 (2 (6) ) (—ap—oF +os)?
s—Cc O2v1+p7In <(1+F2+u2><—a1ul—azw§s)+a§)2)

T ay/T4 p2((0s — o)+ 03 (1 + p2))

2(03 — o u) <arctan (%) et (\/%7))
Wi -ap? )

+

and therefore the graph of «’ is given implicitly by the function

(1+Y2+M2)(—051H—0€2F+0€3)2>

2
o/ 1+u ln((1+F2+u2)(70&1u*0¢2”0‘3)2

XY == L+ p2((o — aap)? + o5 (1 + p?))

— Y _ F
2(a3 — o) (arctan(m) arctan <m>) x-c

Ay/T+p2((o3 —oup)? + o5 (1 + p?)) l+u2

_|_
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3.1.5 Translating Solitons with W (X,Y) = aX + bY

Proposition 3.1.6. Let be ¥(X,Y) = aX + bY, where a,b are non-zero constants, and o € R3 non-
zero. Then y: Q < R? — R3 given by y(t,s) = (t,s,v(t) +u(s)), where ue C?> (J,R) and ve C* (I, R),
is a Translating Soliton if and only if

1

0=a((V(1)*+ W (s)* + )2 (" (t)(1+ (' (5))*) +u" (s) (1 + (V' (1)) + 26" (2)u" ()
— 2((v'(t))2 + (u/(s))2 +1)2 (=o' (1) — ou' (s) + a3).

[NS/OA]

Proof: By the definition of Translating Soliton, that is,
Y(H,K)(t,s) ={a,N(t,s)),

- aH (.9 + K09 = @ N1 ),

which by Proposition and we obtain
0= a((v/(1)?+ ()2 + D)2/ (0) (1 + (o ())%) + u" (s)(1+ (V/(1))2)) + 26V (1) (s)
—2(((0)% + (' (5))? + 1)2 (o' (1) — 00ud (5) + 03).
[]
Proposition 3.1.7. Let be ¥(X,Y) = aX + bY, where a,b are non-zero constants, o € R3 non-zero

and y : Q < R? — R? given by y(t,s) = (t,s,v(t) + u(s)), where u e C*(J,R) and v e C*(I,R), a
Translating Soliton. Then v(t) = ut + tinI < R or u(s) = us+ tinJ C R, for 1, T constants.

Proof: Suppose vy is a Translating Soliton with W(X,Y) = aX + bY and a,b non-zero constants. By
Proposition the functions u, v satisfy the equation

1

0 =a((v'(1)* + (' ())* + 1)2 (" (1) (1 + (u'(5))?) + " () (1 + (v'(1))%)) + 26V (1)u" (s)

3 (3.20)
—2(0V(0)*+ (' (5)* + 12 (—oyV' (1) — oud (s) + 03).
We have two possible situations for o .
-If o # 0 we have (3.20)) (assuming without loss of generality b = 1),
0= (2u"(s) +aA; (/' (s))* + )W (t) + As sBr.s, (3.21)

where

Ars = /()2 + ((5))? + 1

By =2((V'(1)*+ (' (5))* + 1) (00u! (s) — o3 + V' (1)) + au” () (V' (£))> + 1).
Suppose that u, v are not straight lines, that is, there exist open sets U < J and V < I such that u” (s) # 0
in U and v'(¢) # 0 in V. We obtain from (3.21)

0 = (2" (50) + aA5, (' (50))* + D)WV (£) + As 5By 50 (3.22)
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thus from (3.21)) e (3.22)
O =

0=

+ Ay 5Bt s, (2" (5) + aAm((u'(s)) +1)

and then, subtracting the second equality from the first,

A; B: s(2u" (s0) + aA; 5, ((u'(so))2 +1))

or equivalently,

2u’

( )At SoBt so

which squaring and rewriting

(487, (" (s

)2 — A7 (aBes(1+ (i (50))?) — aByso (14 (u'(50))*)) )AL, -

= (B1,s(2u" (s0) + a5y (1 + (u'(50))?))

(
)

2+1))( u"(s) +aA; (o' (s 2
)

(20" (50) + @ (0 (50) 2 + 1)) (20" (5) + e (4 (5))?
+ A 5By s (2u” (50) + aA, SO((u’(so))z +1
(2" (s0) + aAs s, (' (s0))

= ApsgBry (26" (5) +ady (i ()2 + 1))

- aAt,soBt,so )At,s

=4A7 Br,stt" (50) (aByr.s(1 + (u'(50))%) — aBrsy (1 + (' (50))*) ) Ar,sg

then squaring and then substituting B; ; and B; 5, we get

128a% ot (u”" (5))* (ud' (5) —
2

01(Z) = pi(5)2"% + 01(2)
02(2) = p2(5)Z" + 02(2)
03(Z) = p3(5)2"% + 03(2)
Q4(Z) = pa($)2"* + 04(2)
0s5(2) = ps(5)Z'* + 05(2)
06(Z) = ps(5)2"* + 06(Z)

o (' (5) —
ot (u” (s0))* (' (5) -

"(50))*(u" (5))?

0=01(V'(1))A} AL,
+Qs(V(1)A7 A}
where
deg(Q;) < 11fori=1,..,6 and
pi(s) = —16a*a
p2(s) =1284%a
p3(
P4 (s
ps(s) =5120 (u"
po(s) = — 2560 (u”(5))*.

One can see

6
) =
)
3(s) = — 2564 o} (u”" (s0))*
) =
)
)

At2s0 (v(£))* + Ao,

' (s0))"* (1 (5) +
' (50))(u'(s) + ' (50))?

+ O (V ()AL AL, + O3(V ()AL + 0a(V (1))AT A,
1,50 + Q6(V/(t)) ?,so

' (50))° (' (s) + ' (50))?

4A2 B2 ( //( ))2

(3.23)

(3.24)

(3.25)

(3.26)
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where

Substituting ((3.24)) and (3.26]) in (3.23) we will get

0=pi(s)(V(1))*
(P2(s) + pals) +2p1(s)A+2p1 (5)A0) (V' (1)) "®
(P3(s) + ps(s) + pe(s) +202(s)A + pa(s)A+ pa(s)Ag +2pa(s)A0 + p1 (5)A%) (V' (1))
(01($)A5 +4p1 (5)AAg) (v (1)) "
((23(s) + ps(5)A + (ps(s) +2p6(s)) Ao + pa(s)A%) (v (1))
(Pa(s)AF + (2pa(s) +2pa(s))AAg +2p1 (s)AAG +2p1 (s)A%A0) (V' ()™
((p1(s) + pa(s))A%AG + p3(s)A® + p4(s)AAG + ps(s)Ahg + pe(s)A5) (v (1))

13

)Ao+01(vV'(1)A +Q1( ())A(z)+4Q1('( 1))AAo)(v'(1 )
DA+ 0s(vV' (1)A+0s(v(£) Ao +206(v' (1)) A0 + 02 (V' (£))A + Qu (v (1))AG) (V' (1))
(v f))AAo+2Q1(V( )) 2Ao+2Q2( ())AA0+2Q4( '(1))AA

/\A/\/\/\
[\)
4;
<\
~
~—
>
(=]
—+
‘9

(Ql )
/-\/—\ lQl
<<

N

-~

=

+ + + + + o+ + + + o+ A+ o+ A+ o+

Let us observe that the right side is a polynomial in V. Since V' is non-constant in V we conclude
that such a polynomial is zero, that is, all its coefficients are zero. Analyzing this equality we obtain
that the monomial of highest degree is (v/(¢))? and its coefficient is p; (s), that is, —16a* o (u/(s) —
' (s0))*(u' (s) +u'(sg))* and being zero we obtain

0= (u'(s) —u'(s50))(u' (5) + ' (50)) = (1/(5))* — (' (50))°

that is, u'(s) is constant in U and consequently u”(s) = 0 in U, a contradiction. Thus, the initial
assumption that u, v are not straight lines is false, that is, u or v is a straight line in J or [ respectively.
-If or; = 0 suppose that u, v are not straight lines, that is, there exist open sets U < J and V < [ such
that ”(s) # 0in U and v (¢) # 0 in V. We have (3.20))
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which squaring and rewriting

(a(s) — 205 + 2 (s)n)? g A2 (5)7— (
0= V —
e O (@ (5))? + a)’
4 2a @) (1“75) SRV + (000

)2
L ()P +1) (au"(s) — 205+ 20 (5)0)”
)

N
—~
<
~
—~
]
~—
~—
(3]
Q
~—
—~
—~
<
~
—
o]
~—
~—
(3]
p—
N~—

V(1)
(a((s))2 +a)*
2 (au"(s) — 2065+ 2u' (s) o) (au” (s) — 20 ((u/ (5))? + 1) + 20 (s) oz (' (5))> + 1))
(au(5))? +a)®
2 (a(u/(s))* +a) (au”(s) — 205 ((u/(s))* + 1) +2u/ (s) o ((u/ (5))* + 1))
(a((s))2 +a)*
2 (a(u'(s))* +a) (('(5))> +1) (au”(s) =206 + 2 (s) o)
(a(/(s))? +a)’
(au”(s) — 20 ((u(5))2 +1) +2u/(s) 0 (' ()2 + 1))2(V,(t>>2
(a(u/(s))? +a)°
2(u/(5))? (au” (s) — 203+ 2u' (s) o) (au” (s) — 2063 ((u/(5))* + 1) + 2ud' (s) o2 (' (5))* + 1))
(a((s))2 +a)*
2 (au” (s) — 205 +2u'(s) o) (au” (s) — 2003 (o SZ 1) +2u/ (s) ot ((u’(s))2+ 1))

_l’_

(0 (0)»'(1)

_|_

(' (1))V" (1)

_l’_

_l’_

_|_

+ V(1)
(a(u/(s))* +a)
N 2 (a(u'(s))2 +a) ((u'(s))2 + 1) (au”(s) —2053 ((u (5))> + 1) +2u/ (s) 0t ((u’(s))2 + 1)) ()
(a(u(5))? +a)’
N (' (5))*+1) (au”(s) — 20 (' (5))> + 1) + 24 (s) o2 (' (5))* + 1))2.
(a(u(5))? +a)’

Define the family of polynomials

P(X,Y) = AX> + BX?Y + CX? + XY? + D XY + EX + F,Y? + G,Y + H;,

where,
_ (au"(s) — 205+ 2u/(s) ot »)?
s a(u (5))* +a)’
. 2al6)? ) (a(s) - 205+ 2 (5w
(a(/(s))? +a)’
c - (((5))? + 1) (an(5) = 206+ 21 (5) o)
(a(u/(s))2 +a)*
N 2 (au(s) — 20+ 2u' (s) o) (au” (s) — 2013 ((u’(s))2 +1) + 2/ (s) o ((u'(s))2 +1))

(a((s))? +a)
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b _ 2 (a(u'(s))? +a) (au(s) =203 (' (5))* + 1) +2u (s) o ((u/ (5))* + 1))
s (a(u/(s))* +a)?
N 2 (a('(s))* +a) ((u'(s)>+1) (au” (s) — 205 + 2u'(s) 02
(a((5))> +a)’
P 2(u (5))* (au” (s) — 203 + 20/ (s) o) (au” (s) — 203 (i (5))* + 1) + 24/ (s)otp ((u/ (5))* + 1))
s (a(u/(s))* + a)?
N 2 (au"(s) — 203+ 2u' (s) ) (au” (s) — 203 (' (5))* + 1) + 24 (s) o (4 (5))* + 1))
(a(u(s) 24 a)?
_ _4l)2(u”(s))2 — (a(u'(s))? +a)2 ((d(s5))?+1)
s (a(u/(5))? + a)?
G. - 2(a(u'(s))* +a) (' (s)>+1) (au”(s) =203 (' (5))* + 1) +2u (s) o (4 (5))* + 1))
(a(u () +a)?
o (' (5))*+1) (au(s) — 205 ((u/(s))> + 1) + 20/ (s) o2 (' (5))* + 1))2
S (a(u/(5))* + a)? |

and observe that the curve ((v/(¢))%,v"(t)) is contained in the intersection of the roots of {P,}c;.

Claim 1: If A, = 0in U < J then both F;D; — Gy + 0 and E, + H B ( HeBf: DS) £0inU cJ.

Indeed, if F;D;— Gy, =01inU < J and since A; =0 in U — J then

i (s) = 2063 — 2 (s) o

a
which substituting into the coefficients of P; we obtain

2 (u'(s)op — a)°

@ (1+ (u'(s))?)?
_—64b%05 (u/ ()’ + 192b% 03 03 (i (5))* — 192b% 0 03 (1 (5))* + 64b% 5 (i (s) )
N @ (1+(u/(s))?)?

that is, «’(s) is a root of the non-zero polynomial (since (0,0, 03) = o # 0)

0 = F,Ds — Gy = —64b (i (s))

0(Z) = —64b*03Z° + 1920 a3 s Z* — 192b* e a3 Z° + 64b* 03 Z°

and therefore, u/(s) is constant in U < J and consequently u”(s) = 0 in U < J, a contradiction. Pro-

gSDZ ]i‘gi <g°l;s IEAIGDSS + DS> # 0 in U c J and thus we conclude the

ceeding analogously we obtain E; +

claim.

Claim 2: If A; =0 in U < J then X + F; does not divide Gy + DgX in U < J. Indeed, if X + F;
divides Gy + DX in U < J then there exists a constant M such that

DX + Gy = M(X + F)

that is,
0=M(X+F;,) —DsX + Gy = (M —Dy)X + G5 + MF;



3.1. Weingarten Flow 213

that occurs if, and only if,

0=M—D,
(3.28)

O - Gs +MF§~.

Since A, =01in U < J then
u”(s) _ 2063 — ZM,(S) (0%)
a

which substituting in the coefficients of P; we obtain from the first equality of (3.28))

/ —4 / 3 / 2

0= M—Ds = M—4((s))* 03 +u <S)a§ _ o (u'(s))” + (4o +Mc;)(u ()" +Ma
a(1+ (u'(s))?) a(l+ (u'(s))*)

i.e., u/(s) is a root of the non-zero polynomial (since (0,0, 03) = o # 0)
0(Z) = —40,Z° + (403 + Ma)Z?> + Ma

and therefore, u/(s) is constant in U < J and consequently u”(s) = 0 in U < J, a contradiction, and

thus we conclude the claim.

Claim 3: If A; =0 in U c J then the polynomials {P;},cy are irreducible. Indeed, if A; =0 in
U < J then By=0and C;, =0 in U < J and consequently

P(X,Y) = (X +F)Y?+ (Gs+DyX)Y + EX + Hy
then, for s € U — J, the polynomial P; is reducible we have two possible situations. In the first case
P(X,Y) = (X +F)(Y>+ 1Y +7)

that occurs if, and only if, A (X + F;) = (Gs + DsX), that is, (X + Fy)|(Gs + DX ),a contradiction with
the claim 2. In the second case
P(X,Y) = (R(X)Y +S(X)) (T(X)Y + U (X))

hence R(X)T (X) = X + F; and then we can assume without loss of generality 7(X) = 1 and R(X) =
X + F;, that is,
P(X,)Y)=((F,+X)Y +5(X))(Y+U(X))

then U(X)(F;+ X) + S(X) = DsX + G5 e S(X)U(X) = EsX + H,. Consequently
deg (S(X)U (X)) = deg (EsX + H,) < 1
and
deg(U(X)(Gs+X)+S(X)) =deg(DsX +Gs) < 1.
Then we have the possibilities
deg(S(X)) =0 and deg(U(X)) =0 then deg(U(X)(F;+X)+S(X))
deg(S(X)) =0 and deg(U(X)) =1 then deg(U(X)(Fs+X)+S(X))
deg(S(X)) =1 and deg(U(X)) =0 then deg(U(X)(Fs+X)+S(X))

1

I
()

> 1

1.
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Consequently,
SX)=nX+o
UX)=p
hence
P(X,Y) = (X +F,)Y>+nX +0)(Y +p)
that is,

0=P(X,Y)— (X +F)Y*+nX +0)(Y +p)
which reorganizing
0= (Ds—p—n)XY + (Es—np)X + (Gs— o0 — pFy)Y + H;—op
that occurs if, and only if,
0=Ds—p—n
0=E;—np
0=G,—o0—pF,
0 ZHS—OP,

1.e.,

0=H;—op,

and substituting the first and third equalities in the others
2
p° =pDs—E
T (3.29)
0=H;— pGs+ p°F;

which substituting the first equality in the second equality

0 = (F;Ds — Gy)p + Hy — EF.

_ H—EF;

By claim 1 we have p = F.D,—C,

and substituting in the first equality of ([3.29

H,— E;F, ( H,— EF,
K st's s ss_’_D;
FSDS_GS

0=E,+p(p—Dy) = Ey+
N p(p S) s Est_GS

a contradiction with the claim 1 and thus we conclude the claim.

Claim 4: If A; # 0in U < U = J and Gy, — (D5, — By, Fs, ) Fs, # 0 or Hyy — (Egy — (Cyy — Ay Fsy ) Fsy ) Fy #
0, for some sq € U, then the polynomials {P,} ey are irreducible in a neighborhood U c U of so. In-

deed, notice that

Pi(X.,Y) = (Fs+X)Y? + (BX? + DX + Gy)Y + A X? + CX? + EX + H,
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then if given s € U the polynomial P, is reducible we have two possible situations. In the first case
Bi(X,Y) = (R(X)Y +S(X)) (T (X)Y +U (X))
then R(X)T (X) = X + F; and hence we can assume without loss of generality 7(X) = 1 and R(X) =
X + F,, that is,
P(X,Y) = ((F + X)Y +S(X)) (¥ + U(X))
then U(X)(Fs +X) + S(X) = BX? + D;X + Gy and S(X)U(X) = AX> + CX? + E;X + H,. Since
Ag # 0 (and consequently B # 0) in U we have
deg (S(X)U (X)) = deg (A,X> + CX* + EX + Hy) =3
and
deg (U(X)(Fy+X) +S(X)) = deg (ByX? + DyX + Gy) = 2.

We have the possibilities

deg(S(X)) =0 and deg(U(X)) =3 then deg(U(X)(Fs+X)+S(X))=4>2
deg(S(X)) =1 and deg(U(X)) =2 then deg(U(X)(Fy+X)+S(X))=3>2
deg(S(X)) =2 and deg(U(X)) =1 then deg(U(X)(Fy+X)+S(X))=2
deg(S(X)) =3 and deg(U(X)) =0 then deg(U(X)(F;+X)+S(X))=3>2,
s S(X) =mX*+nX +o
UX)=pX+gq

with m and p non-zero. We have
0=P(X,Y)— ((F,+X)Y + mX* +nX +0) (Y + pX +4q)

s 0= (F+X)Y? + (BX? + DX + Gy)Y +AX> + CX? + EX + Hy
— ((F+X)Y +mX*+nX +0) (Y + pX +q)
which reorganizing
0= (As—mp)X> + (By— p—m)X*Y + (C; —mq —ng)X* + (Ds — g — n — pF,)XY
+ (Es—ng—op)X + (Gy— 0 — qFy)Y + Hy— oq

that occurs if, only if,
=As—mp



216 Chapter 3. Solitons and the Weingarten Flow

By the second, fourth and sixth equalities we have m = By — p, n = Dy — q — pF;, 0 = Gy — gF; and

then

0=As—(Bs—p)p

0=Cs—(By—p)g— (Ds—q— pFs)p

0= E;— (Dy—q—pFs)qg— (Gs—qFs)p

0 = Hy— (G — qFy)q.

/B2 _
By the first equality above we have 0 = p> — B;p + A, and therefore p = w = % We have
B B B
OZCS_ (Bs_?s)q_ (Ds_q_?st) Es

( q——F)q (Gs—qu)%

—(Gs—qfs)q,
but by the first equality, substituting the coefficients of P;, we obtain in U — U — U that

) (g 20 e () 12 ()en)? 4B (s))?
(4Cs + BiF; — 2B;D;) = —4b”(u"(s)) () 1) az((u’(s))—kl)zAs;éO

a contradiction and therefore the first case does not happen. In the second case

0=

4>|~

P(X,Y)=UX) (RX)Y*+S(X)Y +T(X))

where U (X) is non-constant and 7' (X) is non-zero. Therefore, R(X)U (X) = X + F; and then we can
assume, without loss of generality, R(X) = 1 and U(X) = X + F, that is,
(X + F,)S(X) = BX* + DX + G
(X +F,)T(X) = AX> + CX* + EX + H.
Since Ay # 0 (and consequently B # 0) in U then deg(S(X)) = 1 and deg(7 (X)) = 2. Therefore,
S(X)=mX+n
T(X)=0X*+pX +q

with m and o non-zero. We have
0=P(X,Y)— (X +F) (Y*+ (mX +n)Y + 0X*+ pX +q)

that is,

0= (F+X)Y? + (BX? + DX + Gy)Y +AX> + CX? + EX + Hy

— (X +F) (Y* + (mX +n)Y +oX* + pX +q)
which reorganizing
0= (Ay—0)X> + (Bs —m)X*Y + (Cs — p — 0F;)X? + (Ds — n — mF,)XY
+ (Es —q— pFy)X + (G5 — nFy)Y + Hy — qF;
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that occurs if, and only if,

0=A;—0
0=B;—m
0=Cs;—p—oF;
0=D;,—n—mF;
0=Es;—q— pF;
0 = G; —nF;

0 = H; —gkF;.

By the first and second equalities we obtain 0 = Ay and m = B;. Then

Ozcs_p_Ast
0= Ds —n — BF;

0=E;—q—pFs
0= G,—nF;
OZHS_qEY'

By the first and second equalities we obtain p = Cy — A Fy and n = Dy — BgFs. Thus
0=Es—q—(C;—AsFy)F;
0=0G;— (Ds - Bst)Fs
0 = H; — gF;.
By the first equality we have ¢ = E; — (Cs — A,F;)F; and therefore in U
0 = G5 — (Ds — BsFy) Fy
0=H;— (Es - (Cs _Ast)Fs)Ev

a contradiction with the hypothesis and thus we conclude the claim.
Claim 5: If A; # 0in U < U = J and Gy — (D — ByF;)F; = 0 and H; — (Eg — (Cy — AgFy) Fy) Fy = 0, for

all se U — U c J, then the polynomials P, are uniquely written as
Pi(X,Y) = (X + F) (AX? + BXY + (Cy — AFy)X + Y2 + (Dy — BF,)Y + (A;F2 — CsF; + Ey) )

in which both factors are irreducible. Indeed,

Pi(X,Y)— = (X + F) (AX? + BXY + (Cy — AsFy)X + Y2 + (Ds — ByFy)Y + (A,F2 — CoF, + Ey))
= (Gs - (Ds _Bst)Fs)Y +Hs - (Es - (CS _Ast>Fs)Ev
— 0.

Finally, X + Fj is irreducible and therefore it remains to show that

AsX? 4+ BXY + (Cy — AgF)X + Y2 + (Ds — ByFy)Y + (AyF? — CyF; + Ey)



218 Chapter 3. Solitons and the Weingarten Flow

is irreducible. Indeed, suppose that there are polynomials of degree 1 such that
AX? + BXY + (Cy—AgFy)X + Y2 + (Ds — BF,)Y + (AgF? — CyFy + Eg) = (f + gX + hY ) (m+nX + oY)

fats 0= (Ay —gn)X* + (By — go — hn)XY + (Cs — A;Fs — fn—gm)X + (1 —ho)Y?
+(Dy— ByFy — fo—hm)Y + AgF} — CyFy + Eg— fm

that occurs if, and only if,

0=As—gn 0=1-ho

0=Bs—go—hn 0= Ds—BsF;— fo—hm

0=Cy—AF,— fn—gm  0=AF>—CiFs+E;— fm.
By the symmetry in the factorization of Py and by the fourth equality we can assume, without loss of
generality, 1 = 0 = 1. We have

0=As—gn
O:DS_BSFY_f_m

0=By—g—n 5
OZASFS _CSF:v+Es_fma

0=Cs—AFs— fn—gm
that by the second and fourth equalities we have n = By — g and m = Dy — BgF; — f and then
0=A;—g(B;—3)
0=Cy—AsFs— f(Bs—g) — g(Ds — BsFy — f)
0 = AyF? — CsFy + E; — f(Dy — BsF, — f)

/B2 _
but, by the first equality above 0 = g? — Byg + A, and thus g = w = %. We have

B B
0= Cs _AsEv_f (Bs_ ES> - f(Ds_Bst_f)
0 = AyF} — CyF; + Es— f(Ds— BsFy — f)
but by the first equality, substituting the coefficients of P, we obtain

1
0=—>(=2G, — B2F, + 2A,F, + B,Dy)

5 (=203 +au” (s) +2u (s) 0 )?
a*(1+(u'(5))*)*
4b2(u”(s))2

TTE ot

a contradiction and thus we conclude the claim.

=~ ()

Claim 6: The polynomial
S(Z) = 4d> 2’ + (a*Ky + Mra* — 4d3 o3 + a®b?K3) Z*
+ (4a° oy — 8ab* K3 o) Z° — (8acyb* K3 + 3200,03b°K,)Z
+ (2a*Ky + 2Mha* — daza® + 2a*H* K5 + 8ozab® K3 + 16b° Ky 03 ) Z*
+ Maa* — a* Ky + a*b*K5 + 8ab’ K o + 16b° Ko 03
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with K, # 0 is non-zero. Indeed, if o # 0 then S(Z) is clearly non-zero. If oy = 0 then oz # 0 (since
(0,00, 03) = a # 0). S(Z) is zero if its coefficients are zero. Considering the coefficients of degree 4,
degree 2 and degree 0 we have
0= a4K2 + M2a4 —44° o3+ azszg
0 = 2a*K; + 2Mha* — doza® + 2a°b°K5 + 8azab®K;
0 = Mya* — a* K> + a®b*K; + 8ab’ K3 o3 + 160> K- 0.
Isolating o3 in the first equality and substituting it in the other two we obtain
0 bOK] — aSKy + a® My + 4a*b? K5 + 4a*b K5 + a*b KoM + 4a* B> K3 M, + 2a°b* Ky M,

a2

0= (2b*K3 + a*)(b*K5 + a*Ky + > M)
then
0 = bOK] — a®Ks + a® Mo + 4a*D?K5 + 4a*b*K3 + a*b* KoM + 4a* D> K3M, + 2a°b* KyM»
0 = b’K5 + a*Ks + a*M,.
Finally, isolating M in the second equality and substituting it in the first we obtain 0 = —24°K, a

contradiction and thus we conclude the claim.

- If A; =0 (hence By =0 and C; = 0) in U < J we have by claim 3 that the polynomials {P;}scr
are irreducible. As observed previously, the curve ((v/(¢))?,v"(¢)) is contained in the intersection of
the roots of {P,}ss thus by the theory of Plane Algebraic Curves we conclude that such a curve is
constant or the polynomials P are multiples by constants. Since v is not a straight line we obtain that
such a curve is not constant, therefore, {P}scy are all multiples. Since in this case the only possible

multiple is A = 1 we conclude that
Py(X.,Y) = XY?+ DXY + EX + F,Y* + G,Y + Hj,

is constant in the variable s, that is, the polynomials P are all equal. Therefore, their coefficients are

constant, that is, there exists a constant K7 such that,

Gs:K7

_ 2052 (s)op

- we have,

and since Ay = 0 implies u” ()

,—03+u'(s)on
a

Ky = 4((5)

then
0 =40 (i (s))> —4o(u(s))* — aKr,

i.e., u(s) is a root of the non-zero polynomial (since (0, @, 03) = a # 0)

R(Z) = 407> — 403 7% — aKq
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and therefore, u/(s) is constant in U < J and consequently u”(s) = 0 in U  J, a contradiction.

-IfA; #0in U < U = J and Gy, — (Ds, — Bs,Fs, ) Fy, # 0 or Hy, — (Egy — (Csy — AsyFsy ) Fso ) Fsy # O,
for some 5o € U we have by Claim 4 that the polynomials {P,} ey are irreducible in a neighborhood
U < U of sy. As previously observed, the curve ((v/(¢))?,v"(t)) is contained in the intersection of
the roots of {P}ss then by the theory of Plane Algebraic Curves we conclude that such a curve is
constant or the polynomials P are multiples by constants. Since v is not a straight line we obtain that
such a curve is not constant, therefore, { P}, are all multiples. Since in this case the only possible

multiple is A = 1 we conclude that
P(X,Y) = AX>? + BXY + CX? + XY? + DXY + EX + F,Y? + GyY + Hj,

is constant in the variable s, that is, the polynomials P are all equal. Therefore, their coefficients are

constant, that is, there are constants K5, K7 such that,

1.e.,

then

M//(S) _ za
_4#@/@»2—@uw@»2+af(wng+1)
(a(u(s))> +a)*

Substituting the first equality above into the second we have

0=a*(u(s))® + 3a* — a*Kg — a®b*K3) (i (5))* + 8ab* Ky 0 (i () )
+ (3a* — 2a*Kg — 16b* 03 — 2a*b* K3 — 8ab* Ky 03) (1 (5))?
+ (3202 003 + 8ab*Kr o )il (5) + a* — a*Kg — 16b* 0 — a®b* K3 — 8ab* K> a3,
that is, u’(s) is a root of the non-zero polynomial
R(Z) = a*Z® + (3a* — a*Ks — a®b*K3) Z* + 8ab*Kr 00 73
+ (3a* —2a*Ks — 16b* 03 — 2a°b*K3 — 8ab* K 03) 2>
+ (3202003 + 8ab* K2 0y Z + a* — a* K — 1607 05 — a*b*K3 — 8ab’ K013,

and therefore, /(s) is constant in U = U < U < J and consequently u”(s) =0inUcUcUcJ, a

contradiction.
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-If Ay #0in U c U = J and Gy — (Dy — BsFy)F; = 0 and H, — (E; — (Cs — AyFy)Fy)Fy = 0 for all
se U c U c J we obtain, by claim 5, that holds

P(X,Y) = (X + F) (AX? + BXY + (Cy — AFy)X + Y2 + (D — ByFy)Y + (A;F2 — CoF + Ey))

for all se U — U — J. Since v is not a straight line we obtain that the curve ((V/())%,v"()) is non-
constant and therefore the factor (X + F;) does not vanishes on the curve, that is, what vanishes is the
factor

AX? + BXY + (Cy — AsFy)X +Y? + (D5 — BsF,)Y + (AF? — CF; + Ey).

By the theory of Plane Algebraic Curves we conclude that these polynomials are multiples by con-
stants. Since in this case the only possible multiple is A = 1 we conclude that

AX? + BXY + (Cy— AgFy)X + Y2 + (Ds — ByF,)Y + (AgF? — CyFy + Ey),

is constant in the variable s, that is, the polynomials are all equal, and therefore, their coefficients are

constant, that is, there are constants K,, Mg, with K, # 0 (otherwise Ag = 0), such that,
B =K>
Ds—BFs = M,
and isolating «”(s) in the first equality and substituting in the second
a*(1+ (' (5))2)?My = a*Ky + 2a* (u/ (5))? Ky + a* (' (5))* Ko — 4a> (' (5)) 2 03 + 4a> (i (5)) ot
—4a3 (' (5)) oz +4a> (W' (5)) 0 + 160> K203 + a>b* K5 + 16b* (i (5))* Ko 0
+2a%0% (u/ (5))2K3 + a®b* (u/ (5))* K5 + 8ab’ K3 o3 + 8ab? (i (5)) > K3 o3
— 8ab* (' (5))*K3 0 — 32b%u (5)Kr 0. 03 — 8ab®u! (s) K3 oy
which rewriting
0 =4a’ o (i (5))° + (a*Ky + Maa® — 4d> o3 + a®b*K3) (il (5) )
+ (4a° oy — 8ab> K3 0y (il () — (8a0nb®K3 + 32060307 K )ul' (s)
+ (2a*Ky + 2Moa* — doa® + 2a% b K3 + 8ozab® K32 + 16b°K,03) (i () )
+ Mya* — a*Ky + a*b*K; + 8ab* K3 03 + 160° K205
i.e., (s) is a root of the non-zero polynomial (by claim 6)
S(Z) = 4d> 02’ + (a*Ky + Mya* — 4d3 o3 + a®b?K3) Z*
+ (4’ o — 8ab* K3 o) 2 — (8acub®K3 + 320003b°K>)Z
+ (2a*Ky + 2Mha* — daza® + 2a*H*K5 + 8ozab® K3 + 16b° K, 03 ) Z*
+Moa* —a*Ks + a’b’K3 + 8ab’ K303 + 160> K03
and therefore, 1 (s) is constant in U c U < J and consequently «”(s) =0in U = U < J, a contradiction.

Thus, with all possibilities verified, the initial assumption that u,v are not straight lines is false, that

1s, u or v is a straight line in J or [ respectively. |
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Theorem 3.1.3. Let be ¥(X,Y) = aX +bY, o € R non-zero and y : Q@ = R? — R> given by y(t,s) =
(t,5,v(t) +u(s)), where ue C*(J,R) and v e C*(I,R), a Translating Soliton. Then:

i) v(t) = ut + 1, for u, 7 constants, and I = R. Moreover, if o« = A(1,0,u), with A # 0, u(s) =
{s+mn for £,n constants and J < R.

ii) v(t) = ut + t, for constants W, t, and I = R. Moreover, if @ = (01,0, 03), with o3 # Loy, we

have
a(l+ p?) 2(03 —agu)(s—C) F
u(s) =D+ ——1In|sec +arctan | —— ,
(5 2(03 —agu) ar/1+u? A1+ u2

/ 2 _ F
an/14+u ((2k+1)7r arctan(m

for constants C, D, F and J c R — Hos—oin)

>)+CeR)keZ

iii) v(t) = ut + 1, for U, 7 constants, and I = R. Moreover, if & = (A,0p,UL), with oy # 0, we

have u(s) = D or
=D+ f It ‘u ) dr.
1+F+u Tr=0) _

for constants C,D, F >0 and J c <ﬁln (m) +C,+oo>.

iv) v(t) = ut + 7, for constants W, 7, and I < R. Moreover, if a = (o, 0p,03), with o # 0 and
03 # WQl, the function u satisfies the differential equation

21+ ((5) P+ 1) (% — S (5) + %)

"o
ui(s) = 1+ u?

v) u(s) = us+ 1, for U, 7 constants, and J = R. Moreover, if o« = A(0,1,1), for A # 0, v(t) =
Ct+n for £,n constants and I < R.

vi) u(s) = Ws+ 1, for U, constants, and J < R. Moreover, if @ = (0,2, a3), with 03 # L, we

have
a(l+u?) 2(03 — o) (t —C) F
v(t) =D+ —In|sec +arctan | ——— ,
) 2(a3 — ) ar/1+ u? NAENTE

2 _ F
ay/1+u <(2k+1)7c arctan(m

4(oz—opp)

for constants C, D, F and I c R — )) +CeR ‘ keZ

vii) u(s) = us+ 7, for W, 7 constants, and J = R. Moreover, if o0 = (ay,A,UA), with oy # 0, we

have v(t) = D or
D-i-J (L+p2)F dr.
(1+F +p2)ea =0 — F

) +Cotee).

for constants C,D, F >0 and I — <4a1 In (m
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viii) u(s) = us+ 1, for constants U, T, and J < R. Moreover, if o. = (a1, 0, 03), with a; # 0 and

03 # WO, the function v satisfies the differential equation

V(1) = 2(1+ (V'(1)* + ) (=5 (1) = Zp+ D)
1+pu? '

Proof: Suppose V is a Translating Soliton with ¥(X,Y) = aX + bY and & € R? non-zero. By Propo-

sition [3.1.6|the functions u, v satisfy the equation

1

0 =a((v'(t)*+ (' ())* + 12 (" (1) (1 + (u'(5))%) + " () (1 + (v'(1))%)) + 26V (1)u" (s)

3 (3.30)
— 2((v'(t))2 + (u'(s))2 +1)2(—apV' (t) — i (s) + a3).

By Proposition we have v(r) = ut + tin I < R or u(s) = us+ 7 in J < R, for constants u, 7.
Suppose the first situation. We obtain from (|3.30))

iy 20 W) 4 ) (=% — S (5) + %)
u (S) - 1+u2 )

and setting w(s) = u/(s)

oy 2 w(s) +u?) (=G — Qw(s) + F)
W(S)— 1"'“2 )

a.
and thus, the proof is identical to that of Theorem [3.1.2| just by replacing, in (3.18)), o; by — for

a
i=1,2,3. [

Corollary 3.1.2. Assume the conditions of Theorem[3.1.3] Then:

i) If uis a solution of the differential equation (3.14)), we have

u(s) = BZHH

_|_
o n,

for a constant  and J = R, or, Z(s,u/(s)) = 0 where

adh+/ 1 _|_‘u21n ((1+Y2+,L12)(—061[J—(XQF+(X3)2)

(1+F2+p?) (- p—oY +03)?

I(X,Y) =
o= L+ p2((o5 — aap)? + 05 (1 + u?))
2a(az — oy ) (arctan( Y ) —arctan< F >)
1+u? 1+u? X-C
N Vi+p Vi+p B

A/ 1+ p2 (o5 — g ) + o3 (1 + u?)) +u2
o—ua
for constants C and F # ===,

ii) If v is a solution of the differential equation (3.15)), we have

v(f) = o3 — o U

t+
o n
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for a constant n and I < R, or, Z(t,V'(t)) = 0 where

aoyr/1+ “2 In ((1+Y2+,uz)(—a2,u—a1F+a3)2)

(1+F24+u?)(—opp—oq Y +03)?

Y =—7 + (a3 — oop)? + of (14 p?))

2a(oz — ap L) <arctan (ﬁ) — arctan (\/1117)> X_C
WIE (- ou+of(14p?) LT

+

for constants C and F +# 053—05_;11052.

a.
Proof: Identical to Corollary [3.1.1|only changing, in (3.19)), o; by — fori=1,2,3. O
a

3.1.6 Translating Solitons with ¥ (X,Y) = 4X*> —2Y

Lemma 3.1.6. Let be 8,0, > 0, M constant and ® : (M — 8;,M + &) — R a continuous function
such that ®(x) = 0 if and only if x = M. Then w € C' is the maximal solution of

(3.31)
w(so) = wo
if and only if it is the maximal solution of
'(5) = A/®
w'(s) (w(s)) (3.32)
w(sg) = wo
or
'(5) = —A/P
w(s) (w(s)) (3.33)
w(so) = wo

Proof: If u is a maximal (non-constant) solution of ([3.31)), in the maximal interval (a,b), there exists
so in which «/(so) # 0 and u(so) # M. Therefore, there exists a maximal interval (so — €1,50 + &)
(a,b), with &1, & > 0, such that u’ # 0. We have two situations:

If > 01in (so — €1,50 + &) < (a,b) take # maximal solution of the initial value problem
(3.34)

in the maximal interval (so — €;,s0 + €2) with €;,€, > 0. Observe that u is the maximal solution of

'(5))% = D(w(s
(W (s5))* = D(w(s)) (3.35)
w(so) = u(so).

Since % a solution of (3.35]) we obtain that the interval (so —€1,s50 + €2) < (a,b). Since u, restricted
to the interval (so — €1,50 + €2), is a solution of ([3.34)), it follows from the Existence and Uniqueness
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Theorem that (S() —&1,80 + 82) - (S() —€1,5 —I-Ez) and u = u in (S() —&1,50 + 82). Suppose & < €

(that is, sg + & < sg + €2). It follows from the maximality of &, that
ﬁ/(S() + 82) = u/(S() + 82) =0

therefore \/m = 0. By the hypothesis, u(so + &) = M. By existence and uniqueness
i = M consequently, since u = u = M, we conclude u' = 0 in (s9 — €1,50 + &) , a contradiction. Thus
& = €. Proceeding similarly we obtain €; = €. Now suppose so + €, < b. It follows from the
maximality of & that

lim ®(u(s))= lim @(s)= lim u'(s)=0

s—(so+&)~ s—(so+&)~ s—(so+&)~

and then

lim  (s,u(s)) = (so+ &,M)
S—>(S0+82)_

a contradiction because, by the Theory of Ordinary Differential Equations, we would have that the
graph (s,7(s)) would tend to the boundary of Q = (so — €1,50 + &) x (M — 8;,M + &) when s —
5o + &. Thus sg + €, = b. Proceeding in a similar way we obtain so — €; = a.

In the case where «’ < 0 in (so — €1,50 + &) < (a,b) we proceed in an analogous way by replacing

with

w/(s) = —/®(w(s))

w(so) = u(so)
Conversely, if u# is a maximal solution of or on the maximal interval (a,b) then % is
a maximal solution of on the maximal interval (@,b). Indeed, suppose it is not a maximal
solution of . Then there exists a solution i that extends u, since u verifies . However, by
the first part of the proof, i would be a maximal solution of or that would extend u, a

contradiction. ]

Proposition 3.1.8. Let be ¥(X,Y) = 4X? —2Y and o € R3 non-zero. Then v : Q c R?> — R? given
by y(t,s) = (t,s,v(t) +u(s)), where ue C*(J,R) and v e C*(I,R), is a Translating Soliton if and only
if
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Proof: By the definition of Translating Soliton,
Y(H,K)(t,s) = {a,N(t,s)),

that is,
4H?(1,5) — 2K (1,5) = (0, N(1,5)),
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which by Proposition[3.1.1]and we obtain
0= (V" (1)(1+ (' (5))) +u"(s) (1 + (V' (1))))* = 20" ()" () (V' (£))* + (' () + 1)
— (V) + (' (5)* + D)3 (— ()en —u (s)orp + t3).
[]
Proposition 3.1.9. Let be ¥(X,Y) = 4X°> —2Y, o = (0, 0, &3) € R? non-zero and y : Q@ = R?> — R3

given by y(t,s) = (t,5,v(t) + u(s)), where ue C*(J,R) and v € C*(I1,R), a Translating Soliton. Then
vit)=ut+tinl cRoru(s)=us+tinJ <R, for u, 7 constants.

Proof: Suppose that y is a Translating Soliton with ¥(X,Y) = 4X? —2Y. By Proposition m the

functions u, v satisfy the equation
() (14 ' (5))%) + " () (14 (V(0))%)) = 2" ()" (5) (V' (1)) + (1 ()% + 1)
=((V/(0)) + ()" +1)3 (5 — o/ () ).

Suppose that u, v are not straight lines, that is, there exist open sets U < J and V < I such that u” (s) # 0
inU and V'(r) # 0 in V. Since o = 0 we have from ({3.36]), squaring,

(3.36)

2

(0" () (1 + (' (5))7) + " () (1+ (v (1))%))7 = 20" ()" (5) (V' (1)) + (' (5))* + 1))
=((V(1))* + (u'(5))* + 1)° (03 — 1l (s)o2)?

or equivalently,

(ag—u’s)oczzv +(u())4 5(( )
1

4(u" (s))* — 10(oc3

V()" (1) +

((u'(s))>+ 1)

2 () (W(s)? +1)*
P werer O (W(s)? + 1)
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Define the family of polynomials

Py(X,Y) = AX° + BX* + CX3Y + DX3 + EX?Y? + FX?Y + G X? + HXY? + I XY? + J XY
+ KX +Y LY+ M,

where,
(03 —u'(s) o)’
((/())2+1)*
(u"(5))* =5 ((/ ()2 + 1) (03—t (s) )

B, = .
(((5))2 +1)
o W) (s))?
s 4
((()2+1)
b A (s) —10(as —u(s)an)* (' (5)) + 1)?
(((s)2+1)"
g, = 206 () + 1)+ 40 () P (5))*
((u(s))>+1)"
P _4(u”(t))2 (2u”(s) —2u"(s) ((u'(s))* + 1))
((w(s)?+1)*
G _ S ()*—10(a5 —u(s)on)® (((5)* + 1)’
S ()2 +1)°
7 / 2
= A (0)((5)°
(((5)2+1)
LA (s)
s 2
(((5)2+1)
S AW ) W ()
S 4
(W(s))>+1)
K 4 (s))* =5 (a3 — il (s) o) (' (5))2 + 1)°
(((s)2 +1)*
L2 6)? (W (5)? +1)°
s = 4
()2 +1)
. = (6= (08— (5)on)” (W (5))* +1)°

(@(s)2+1)°
and notice that the curve ((V/())%,v"(t)) is contained in the intersection of the roots of {P;}sc;.

Claim: The polynomials {P;}sc; are irreducible. Indeed, if P; is reducible there are two possibilities.

In the first, there are polynomials of degree 1 and degree 4 such that

P(X,Y) = (a+bX +dY)(f +gX +hY +iXY + jX> + kY2 + IXY? + mX?Y +nX> + oY?)
+(a+bX +dY)(pXY? + gX?Y? + rX3Y +1X* + wr?)



228 Chapter 3. Solitons and the Weingarten Flow

that is,

0=P(X,Y)—(a+bX +dY)(f +gX +hY +iXY + jX*> +kY? +IXY? + mX?Y +nX> + oY?)
—(a+bX +dY)(pXY? +gX?Y? + rX3Y +1X* + wr?)

which reorganizing

that occurs if, and only if,

0=A;—bt 0=E;—bl—dm—aq 0=K;—ag—bf

0 =br+dt 0=F,—bi—am—dj 0 =dw

0=Bs—bn—at 0=Gs—bg—aj 0=1—aw—do

0=bg+dr 0=dp+bw 0 =dk+ao (3.37)
0=Cy;—bm—dn—ar 0=H;—dl—ap—bo 0=L;—ak—dh
0=Ds—bj—an 0=I—di—al —bk 0=ah+df

0=bp+dq 0=J;—ai—bh—dg 0=M;—af.

By the second equality of the third column of we have either d = 0 or w = 0. Suppose that
d = 0. In this case, since b # 0 (otherwise we would not have factorization), we obtain by the fourth
equality of the second column that w = 0 which substituting in the third equality of the third column
we have 1 = 0, a contradiction. Then w = 0 and thus from we have

0=A;—bt 0=E;—bl—dm—aq

O:Kr_ag_bf
0 =br+dt O0=F,—bi—am—dj

0=1—do
0=Bs—bn—at 0=Gs—bg—aj

0 =dk+ao
0 =bg +dr 0=dp (3.38)

0=L;—ak—dh
0=C;—bm—dn—ar 0=H;—dl—ap—bo

0=ah+df
0=Ds—bj—an 0=I—di—al —bk

0=M;—af.

0=bp+dq 0=Js—ai—bh—dg
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By line 16 of 1) we have d = % and consequently, by line 11, p = 0. Therefore,
q

—_ - 8
0—A, — br 0=~ 0=J;—ai~bh—>
m
0—br+ L 0:Es—bl—;—aq 0=K,—ag—bf
o . k
0 =Bs;—bn—at ozfg_bi_am_l 0=5+a0
r 0 (3.39)
: h
OZbQ‘f‘; 0=G;—bg—aj 0—=L,—ak——
n i 0
0=Ci—bm———ar  0=H,—~—bo 0—antt
0=D;—bj—an ] 0

Ozls—é—al—bk 0 =M, — af.

By the first equality of the second column of (3.39]) we obtain ¢ = 0 and then, by the fourth equality,
r = 0 which consequently, by the second equality, = 0 and we have no factorization.

In the second possibility there are polynomials of degree 2 and degree 3 such that
Py(X.,Y) = (a+bX +dY +eXY + fX*>+gY?) (h+iX + jY + kXY +IX> +mY? +nXY? + 0X?Y + pX> +q¥?)

and proceeding in a similar way to what was done previously we will see that this case also does not
occur and thus we conclude the claim.

By the claim the polynomials {P, }; are irreducible. As observed previously, the curve ((v/())2,v"(t))
is contained in the intersection of the roots of {P;}, thus by the theory of Plane Algebraic Curves
we conclude that such a curve is constant or the polynomials P are multiples by constants. Since v
is not a straight line we obtain that such a curve is non-constant, therefore, {P;}c; are all multiples.

Since in this case the only possible multiple is A = 1 we conclude that
Py(X,Y) = AX° + BX* + CX3Y + DyX3 + EX?Y? + FX?Y + GoX? + HXY? + [ XY? + J XY
+ KX +Y*+ LyY? + M,
is constant in the variable s, that is, the polynomials P are all equal. Therefore, their coefficients are

constant, that is, there exists a constant K; such that,

A =K
that is,
_(m—d(s)m)’
()2 +1)*
then

0= —K; (1 (5))® — 4K, (/' (5))® — 6K (i (s))* — (03 + 4K, ) (i (5)) + 20051’ (s) — (05 + K1),
i.e., u/(s) is a root of the non-zero polynomial (since (0, ap,03) = o # 0)
0(Z) = —K\Z® — 4K\ Z° — 6K Z* — (0 + 4K1)Z? + 200057 — (03 + K{)

Therefore, u'(s) is constant in J and consequently «”(s) = 0 in J, a contradiction. Thus, the initial

assumption that u, v are not straight lines is false, that is, u or v is a straight line in J or I respectively.[]
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Proposition 3.1.10. Let be ¥(X,Y) = 4X? —2Y, o = (01,0, 03) € R? non-zero and w : Q c R? - R3
given by w(t,s) = (t,s,v(t) +u(s)), where ue C*(J,R) and v e C>(1,R), a Translating Soliton. Then
v(it)=ut+tinl cRoru(s) =us+7tinJ R, for u,t constants.

Proof: Suppose that v is a Translating Soliton with ¥(X,Y) = 4X> —2Y. By Proposition the

functions u, v satisfy the equation

() (14 (1 (5))%) +u"(5)(1+ (0 (1)) = 20" ()" () (V' (1)) + (u'(5))* + 1)

; (3.40)
=((V(0)* + (' (5))* + 1)2 (a3 =V (1) ou1).

Observe that this equation is symmetric to the equation ([3.36|) of Proposition by inverting o

with o and u with v. Thus the proof is analogous. ]

Theorem 3.1.4. Let be ¥(X,Y) = 4X> —2Y, a = (0,0, a3) € R? non-zero and v : Q@ < R* —» R3
given by y(t,s) = (t,5,v(t) +u(s)), where u e C>(J,R) and v e C*(I,R), a Translating Soliton. Then:

i) v(t) = ut+ 7, for constants [, 7, and I = R. Moreover, the function u satisfies one of the two

differential equations

05 — 0u/(s)(1 + (i (5))% + u?)
1+ pu? '

W' (s) = + (3.41)

ii) u(s) = Wws+ t, for constants W, t, and J < R. Moreover, a3 — Loy = 0 and the function v

satisfies one of the two differential equations

— ! 2 2 %
V//(l) :i\/ o3 uaZ(;i_iL‘;(t)) +U ) ) (342)

Proof: Suppose that y is a Translating Soliton with W(X,Y) = 4X2 —2Y and « = (0,0, 03) € R?
non-zero. By Proposition the functions u, v satisfy the equation

() (L4 (W (5))%) +u"(5)(1+ (0 (1))%))7 = 20" ()" () (V' (1)) + (u'(5))* + 1)

. (3.43)
=((V(1))> + (' (5))* + 1)2 (03 — ' (s) 002).

By Proposition we have v(t) = ut+7inf < Roru(s) = us+ 7 in J R, for constants y, 7.

- i): Assume the first situation. We obtain from ((3.43|)

(1+(u(5))> + pu2)3 (a5 — 0l (s))
(1+u2)?

(u"(s))* = (3.44)

and setting w(s) = u/(s)

(1+w2(s) + 12)3 (05 — cw(s))
(14 u2)? '

(W' (s5))? = (3.45)
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If ap # 0 (the case oy = 0 is analogous), we obtain from ([3.45) that if oz — opw(s) < O we have
no solution (since the right-hand side will be negative). If az — apw(s) = 0, by Lemma [3.1.6] with

5
—_— 2 2 . . . .
P(x) = (BRI FUT)? g M = % we can take the square root of this differential equation.

(1+“2)2 o ’
Thus,
— 1 2 2\2
Wi(s) = + V% oezw(sl)(+ :zw (s) +1)% (3.46)
that is, .
) — 4 V%~ (L (W (5))” 4 7) ]
- 1+ u? '
- ii): Suppose the second situation. We obtain from ({3.43))
1+ (0 (1)) +u2)3 (05 — oo
o - L ) )
and setting W (¢) =/ ()
2 243 o
(W/(l>>2: (1+W (t)+ﬂ )2<(X3 uaZ)' (3.48)

(14 u2)?
We obtain from ([3.48)) that if a3 — o < 0 we have no solution (since the right-hand side will be
negative). If o3 — o > 0 we can take the square root of this differential equation. Thus,

5
W) — Y% —pop(1+W3(r) +u?)i
- 1+pu?

Y

that is,

V() — 4 VOB (L5 (1) + )i
1+pu? '

(]
Corollary 3.1.3. Assume the conditions of Theorem If a3 = O the solution of the differential

equation (3.41)) is either u(s) = D or one of the two functions

dr

4

s | (T+u2) (MF#ﬂz + M)
uls) = D~ sgnan) | o
%0 a22 o (MF7.u7a2 + 2T>

for constants C,D and F > O where

Mo NloolF
s TP

Furthermore, the interval of definition is given by

2 (\/ |0 —MF,u,az>

(0]

2MF p,0n
12%]

Fsgn(op)se | sgn(oyp) <$C— ) ,sgn(ap) | FC+

and the convention is that the sign F must be taken respecting its position, that is, superior with

superior and inferior with inferior.
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Proof: Setting w(s) = «'(s) we obtain

—oow(s)(1+w?(s) +u )%

/
— 4
w(s) T

Observe that w = 0 is a solution of this differential equation (and consequently u is constant). By the

Existence and Uniqueness Theorem any other solution does not reach zero. Then,

w(s) 1
s == 2
—opw(s)(1+w?(s) + u?)s I+u
consequently
/ S
Wir) - 2Jdr,
so A/ —0ow(r)(1+w2(r)+ u?)i T+ s

and by the Change of Variables Theorem

w(s) dl 1 S
f s == 2f dr.
wiso) V—0pl(1+12+u2)i  1+p° g

Thus,
) (W Vo) ):+s—so
a1+ \ YT+w2(s)+u2  SM+wi(so) +u2) — 1+p?
1.e.,
N/ —0w(s A/ —pw(sp) _ _ap(s—s0) (3.49)
V/1+w2(s) +u YT+ w2(s0) + 412 T2 '

—opw(so)

and Setting M = W

ogwi(s) 7 225 = s0) *
14+ w?(s) + u? 2
that is,
2 (XQ(S—S()) 4 2 S—S()
0= %—<M$T> w2 (s) — (1+u)( ) (3.50)
4 4
Notice that o — <M T 2l SO)) > 0. Indeed, if there exists § such that o — (M —s0) ) <0

we will have

thus,

consequently
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i.e., op = 0, a contradiction. Therefore, from ((3.50]), we have four distinct solutions

(14 u?) (MJ? M)ét

_ 4
(X22 o (M‘T‘ 062(52 SO))

and since opw(s) < 0, that is, the sign of w is the inverse of the sign of o, we obtain only two distinct

solutions

062(5—30)>4
2
w(s) = —sen(an) h

(1+p2) <MJ?
0622— <M$ 052(32 SO)>4

i.e., for constants C,D and F > 0,

4
(1+ p2) < v/ |oa|F - ocz(r—C))
dr.

3 1+F24p2 2
u(s) =D—sgn(a2)J 1
50 B N e
- Y1+F24p2 2

The domain of u is determined by analyzing the denominator of the above fraction, i.e.,

4
2 A/ |062|F o OCQ(S—C)
o — = >0
2 («4/1+F2+u2 2

that is,

T T
W1+ F24u? 2 /1 +F2 4 u? 2

and therefore both factors have the same sign. We have two situations: If a; > 0 we obtain from
(13.51))

2

op|F —

o VA 1062(S C) =0
N/ 1+F2+p2 2

«/‘(X2|F . OQ(S—C)
VeSS P 2 o Y®

) v/|w|F _
and since, from ([3.49)), we have 2| F aZ(sz C) > 0 we conclude
Y 1+F2+p2

o0|F -C
0 v |06 $062(S ) _ &
N/ 1+F2+p2 2

24/ |00 |F 2 o |F
ST VA L e S A L. (352)
o~/ 1+ F?+p? 0] V/1+F2 4 u?

then

hence
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The case where a; < 0 we proceed similarly to obtain

2 £/ |0|F 24/ |0 |F
$C+g<\/—7az—#)<$s<$C— 2
2

N1+ F2 42 oo/1+ F2+ u?’

that is,

24/ || F 2 x|
+C + BlF  _icse- 2 @—ﬂ : (3.53)
T+ F2+ 12 o VitP e

We will gather the intervals (3.52)) and (3.53)) depending on the sign of o, as follows:

_ _ 2\/||F _ 2 v |oo|F
Fsegn(on)se | sen( o FC — ,sgn( o FC+ — | V|| — ————— .
gn(x) <g( 2)< a241+F2+u2> g(2)< 062< o v 1+ F?+u?

[

It is important to emphasize that the explicit solution found in this corollary uses the integral
f dl
voz—opl(l+ 12+ ,uz)‘é‘

whose antiderivative uses the hypergeometric function ,F (a, b;c;1). This makes it difficult to isolate

the solution of the differential equation. When a3 = 0 the factor v/I simplifies the integration reduzing

us to

Vowl(l+2+p2)i (i) YT+ 22
The same occurs for the differential equation in (3.42)). The integral in this case is

J dl 2 V=0l

J dl
(1412 + p2)3
whose primitive also uses the hypergeometric function. Replacing the vector (0,0, a3) with the

vector (ay,0, a3) in the previous Theorem and Corollary we obtain the following similar results:

Theorem 3.1.5. Let be W(X,Y) = 4X? -2V, a = (01,0,03) € R? non-zero and v : Q@ c R*> - R3
given by y(t,s) = (t,s,v(t) + u(s)), where ue C*(J,R) and v e C*(1,R), a Translating Soliton. Then:

i) u(s) = us+ 7, for constants WL, 7, and J < R. Moreover, the function v satisfies one of the two

differential equations

V()= VBT “”'“)fizﬁvl(s))z LSS (3.54)

ii) v(t) = ut +, for constants ., 7, and I = R. Moreover, oz — Loy = 0 and the function u satisfies

one of the two differential equations

() = YOO+ (0 (5) 4 )T (355)

1+ p?
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Proof: Suppose that y is a Translating Soliton with ¥(X,Y) = 4X? —2Y and o = (0,0,03) € R?
non-zero. By Proposition [3.1.8]the functions u, v satisfy the equation
(14 (' (5))%) + " (5)(1+ (V' (1))2) = 20" ()" () (V' (1))* + (' (5))* + 1)
=((V'(0)) + (' (5))” +1)3 (06— V(D).

By Proposition [3.1.10| we have v(z) = ur + tin I < R or u(s) = us+ 7 in J < R, for constants U, 7.
Therefore, the proof follows in a similar way to that of Theorem 3.1.4] H

(3.56)

Corollary 3.1.4. Assume the conditions of Theorem If az = 0 the solution of the differential

equation (3.54)) is either u(s) = D or one of the two functions

dr

4

C () (Mpg o T 2059)
V(1) = D= sgnlau) | o
o\ af- <MF7.U70‘1 + 1T)

for constants C,D and F > 0 where

Mo NlolF
RV YT

Furthermore, the interval of definition is given by

2 (\/ oy | —MF#,al)

04|

_ _ L0 _
Fsgn(oy)t e | sgn(oy) <+C— a—) ,sgn(og) | FC+
and the convention is that the sign F must be taken respecting its position, that is, superior with
superior and inferior with inferior.
Proof: Setting w(s) = u'(s) we obtain

, —ow(s)(1+w(s) +p2)i
wi(s) ==+ e :

Therefore, the proof follows in a similar way to that of the Corollary ]
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CHAPTER 4

Separation of Variables for nonlinear Partial
Differential Equations

In the previous two chapters, many of the problems were reduced to taking a surface parametriza-
tion, for example, y/(z,x) = (t,x, f(¢) + g(x)), that is, a Translation Surface, calculating its mean and
Gaussian curvatures, and then trying to determine which properties f and g should have so that their
curvatures are constant. If we analyze carefully, we will see that, in reality, we could consider such a
surface parametrized by a graph, that is, ¢ (¢,x) = (¢,x,u(t,x)) and, thus, in the curvatures differential
equations, try to obtain separable solutions. As an example ([1]]), let us consider this graph in the

Euclidean space 3. The mean curvature of this surface is described as

Vu ) _ (14 )ty — 2usttpuare + (1 + utz)um7 @1

H¢ = div 3
24/1+|Vul? 2(1 + uf +u?)?

in other words, finding a Translation Surface of zero constant Mean Curvature is equivalent to finding

solutions of the form u(z,x) = f(¢) + g(x) for the equation
0=(1+ u%)u,, — 2uguuyy + (1 + utz)uxx,

1.e.,
0=(1+("H)f" +(1+(f))g". 4.2)

If we define the family of polynomials,
P(W.Y) = g" ()W + (1+(g'(x)*)Y +g"(x)

we conclude that the curve ((f'(¢))?, f(¢)) vanishes this family. In the previous sections, the approach
was essentially to study this polynomial in order to obtain information about the function f that
satisfies (4.2). Consider now the heat equation

Up = Uyy. (4.3)

237
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In an introductory course of Fourier Analysis, we apply the method of separation of variables in order
to find an explicit solution to this equation. In this case, this is equivalent to imposing on the heat

equation the existence of solutions of the form u(z,x) = f(¢)g(x). Therefore, the equation becomes

0=f'g—fs"

Assuming fg # 0 we obtain

f/ g//

g
Thus, since the variables ¢ and x are independent, there exists a constant K such that fT/ =K= g?” and,
therefore,

f'=Kf

g// — Kg

We can interpret this system as having separated the equation into two independent equations.
In a sense, analyzing the equation by means of the polynomial P, yields something similar. In
view of this discussion, and since is nonlinear, this chapter is devoted to trying to find separable
solutions to some nonlinear partial differential equations. Being precise, we investigate particular
solutions for the Camassa-Holm, modified KdV and Novikov equations, all equations involved in the
field of integrable PDEs.
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4.1 Camassa-Holm Equation

In 1993 Robert Camassa and Darryl D. Holm introduced a new integrable dispersive nonlinear partial

differential equation as a model for waves in shallow water (see [12]) using Hamiltonian methods.

Definition 4.1.1 (Camassa-Holm). Let k € R be constant. We say that u : Q@ < R> — R is a solution

of the Camassa-Holm Equation if
U + 2kt — Uy + Uty = 2 Uy + Uy, 4.4)
in the open set Q  R.

They showed the existence of solitary wave solutions and, in the special case k = 0, "peakon" solutions
(a type of solitary wave introduced by the authors). In the beginning of section Modified KdV
Equation we give a sketch of how to find traveling wave solutions for the KdV equation. Recently,
Guoping Zhang found new periodic exact traveling wave solutions for the Camassa-Holm equation
(see [13]]). In this section, we investigate the existence of explicit solutions called Homothetic and

Translation solutions.

4.1.1 Homothetic solutions

Definition 4.1.2. We say that the Camassa-Holm equation admits Homothetic solutions if there
exist f e C' (I,R) and g € C3 (J,R) such that u(¢,x) = f(¢)g(x) is a solution of (4.4)).

Proposition 4.1.1. Let f € C' (I,R) and g € C3 (J,R) non-constant. If u is a Homothetic solution of

the Camassa-Holm equation, with k +# 0, then f is constant.

Proof: Suppose that u(r,x) = f(¢)g(x) is a solution of the equation (4.4). Thus, the functions f,g

satisfy the equation

' (0)g(x) +2kf ()8 (x) = f(1)8" (x) + 312 ()8 (x)8 (x) = 22 (1)g (x)g" (x) + £*(1)g(x)g" (x). (4.5)
Since g is non-constant there exists an open set V < J such that g’(x) # 0 in V. Rewriting we obtain

g(x)g" (x) —3g(x)g’ (x) +2g' (x)g" (x)
2kg' (x)

g"(x) —g(x)
0= _T’(x)f () -

f20) + £ ()
in I x V. Define the family of polynomials

P(W,Y) =AW +B,Y> +7,

where, - )
g"(x) —g(x
AT gl

B, — _8Wg"(x) ~38(x)g(x) +2¢'(x)g" (x)

2kg' (x)
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and notice that the curve (f’(z), f(¢)) is contained in the intersection of the roots of {P,} ey .

Claim 1: If there exists xo € V < J such that Ay, # O then the polynomials {P,}, i are irreducible in a
neighborhood V, contained in V, of x. Indeed, take V<V < J a neighborhood of xy such that A, # 0

in V and then observe that the polynomials P, are irreducible in this open set.

Claim 2: If A, =0inV c Jthen B,=0inV < J. Indeed, if A, = 0 in V we obtain g"(x) = g(x) in V
and then g"”(x) = g’(x) in V. Therefore,

g _ 8008"(x) ~3s)g'(x) +2¢'(x)g"(x) _ g(x)g'(x) ~38(x)g'(x) +26'(0)sx) _
g 2kg/(x) 2kg! (x)

thus we prove the claim.

Claim 3: If A, B, are mutually constant in an open set V <V c J, that is, there exist constants K;, K>
such that the pair (Ay, By) = (K1, K>), then (K1,K3) # (i%,()). Indeed, if (K, K>) = (i%,O) then

V2 g"(x) —gx)
T AT T 2kg'(x)
o, 8)g"(x) —3g(x)g’ (x) +2g' (x)g" (x)
0=5= 2kg'(x)

ie. g"(x) = T2v/2¢' (x) + g (x)

0 = g(x)g" (x) — 3g(x)g' (x) + 28 (x)g" (x)
and differentiating the first equality and listing
g"(x) = F2v2¢'(x) + g(x)
§"(x) = F2v2¢"(x) + §'(x) = F2V2F2V2¢' (x) + g(x)) + &' (x) = 9g'(x) F 2v/ 25 (x)
0= g(x)g" (x) —3g(x)g’ (x) + 28’ (x)g" (x).

Finally, substituting the first and second equalities above into the last one we obtain

(4.6)

0= TV2(T2¢ (x) +V2g(x))?

that is,
V2

g'(x) = 4778(36)

which substituting in the first equality of we obtain g”(x) = 3g(x) and consequently g"(x) =
3¢ (x). Therefore, by the second equality of (4.6]), we have

d

0= g(x)g" (x) = 3g(x)g'(x) +2¢'(x)g" (x) = 6¢' (x)g(x) = 3—-[¢*(x)]

and then g(x) is constant in V. a contradiction, and thus we have provedthe claim.
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-If Ay, # O for some xo € V < J, by claim 1, the polynomials {P,} .y are irreducible in a neigh-

borhood V' of xy, that is, for x e V = V < J. As notice previously, the curve (f’(¢), f(t)) is contained

in the roots of { P, } ey so by the theory of Plane Algebraic Curves we conclude that either such a curve

is constant or the polynomials P, are multiples by constants. Suppose that {P,} .y are all multiples.

Since in this case the only possible multiple is A = 1 we conclude that

P(W,Y) =AW +B,Y? +7,

is constant in the variable x, that is, the polynomials P, are all equal. Then, their coefficients are

constant, that is, there are K, K> constants such that,

Ay = K|
B, =K,
that is, " "
_ g =gl
K=
o — 818" (x) —3g(x)g(x) +2¢'(x)g" (x)
’ 2kg' (1) ’

By the first equality of (4.7)) we obtain

g"(x) = g(x) — 2Kikg' (x)
that differentiating and substituting the same equality from (4.8|)
g"(x) = g'(x) —2K1kg" (x)
= g'(x) — 2K1k(g(x) — 2K kg’ (x))
= (4KTk* + 1)g’ (x) — 2K kg(x)

and again substituting g”(x) and g” (x) in the second equality of (4.7))

0= —2Ki(g'(x))* + 2K7kg' (x)g(x) + Kag' (x) — K18* ().

Define Q : R? - R by
O(w,y) = —2K1y* + 2K kyw + Koy — Kyw?.

Observe that Q(g(x),g’(x)) = 0. We have

0
%(WJ) = 2Kiky — 2Kiw

and -
6_5 (w,y) = —4Ky+ 2K12kw +K.

4.7)

(4.8)

4.9)

Claim 4: There exists £ € V such that %—g(g(i), g (%)) # 0. Indeed, if %—g(g(x), g (x))=0forallxeV

then
_0

0=
ay

(g(x),8'(x)) = —4Kig'(x) + 2KTkg(x) + K>
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that is, as K; # 0 (otherwise A, = 0 in V),

2K?kg(x) + K
iy - 2B
T

which substituting in (4.9))

2

K
0 = Ki (K?#k?* —2)g* (x) + kK  K»g(x) + j
1

and therefore g(x) vanishes the polynomial

2

K
S(Z) = K\ (K3 — 2)Z + kK1 K2 Z + j.
1

Since g is non-constant in V the only way to vanish S is in the case where S is the null polynomial,

that is, if and only if its coefficients are null. We have,

0 =K (K7k* —2)

0 =kK1 K>
0K
4K,
or equivalently,
V2
K=t
K> =0

a contradiction with the claim 3 and thus we prove the claim.

By claim 4 we can apply the Implicit Function Theorem obtaining

a—Q)C/)c 2/x_ ¥
yw=gw%§iﬁi2:g@ 2K3kg (x) — 2Kig(x)

o (g(x),8'(x)) —4Kig'(x) +2K7kg(x) + K2

for some neighborhood of xo € V. As from (4.8))

g"(x) = g(x) — 2K kg (x)

we have N
2Kkg' (x) — 2K g(x)

—4K g (x) +2K7kg(x) + K>

g(x) — 2K kg (x) = ¢'(x)

that rewriting

0 = 6kK7 (¢'(x))” — K1 (4k*KT —2)g' (x)g(x) — 2kK1 Kag' (x) +2kK7 8" (x) + Kag(x).

Define 0 : R? — R by

O(w,y) = 6kK?y* — K (4k*K? — 2)yw — 2kK 1 Koy + 2kK3w? + Kow.

(4.10)
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Observe that, from (4.9 . and (4.10) - =0=0(g(x),g (x)). Since the curve (g(x),g'(x))

is non-constant we conclude from the theory of Plane Algebraic Curves that the polynomials Q and Q
must have at least one factor in common, a contradiction to Lemma Then, the curve (f/(), f (1))

is constant and therefore f is constantin / < R.

-If Ay =01in V < J we have by claim 2 that B, =0 in V < J therefore,
0= Pu(f'(t),f(1)) = Auf'(t) + Bof> (1) + £ (1) = f(2)
i.e., f is zero and therefore constant in / — R. ]

Theorem 4.1.1. Let be f € C' (I,R) and g € C* (J,R). If u is a Homothetic solution of the Camassa-
Holm equation, with k # 0, then the possibilities for f and g are:

i) fisarbitraryinl c Rand g=0inJ.
ii) f(t) = u constant in I and g satisfies the differential equation

12g(x)g" (x) = g’ (x)(3ug(x) —2ug" (x) + 2k).

Proof: Suppose that u(r,x) = f(¢)g(x) is a solution of the equation (4.4). Thus, the functions f,g

satisfy the equation

F(6)g(x) +2kf(t)g' (x) — f(1)g" (x) + 3f2(1)g(x)g' (x) = 2f2(1)g' (x)g" (x) + f2(1)g(x)g" (x). (4.11)

Notice that if g =0in J < R so f is arbitrary, that is, we obtain 7). The next two claims ensure that

disregarding this specific case for g we obtain that f is constant.

Claim 1: If g = A # 0in J c R the equation in (4.11)) reduces to

0=27(1)

thus we conclude the claim.

Claim 2: If g is non-constant in J < R then f is constant in / < R. Indeed, it follows from Proposition

E11

From claim 1 and 2 we conclude that f is constant. Then, if f(f) = 4 we obtain from (4.11) that

g satisfies the differential equation

12g(x)g" (x) = ug' (x)(3ug(x) — 2ug" (x) + 2k).
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4.1.2 Translation Solutions

Definition 4.1.3. We say that the Camassa-Holm equation admits Translation solutions if there
exist f e C' (I,R) and g € C3 (J,R) such that u(t,x) = f(¢) + g(x) is a solution of (4.4).

Proposition 4.1.2. Let be f € C' (I,R) and g € C*(J,R) non-constant. If u is a Translation solution

of the Camassa-Holm equation, with k # 0, then f is constant.

Proof: Suppose that u(t,x) = f(¢) + g(x) is a solution of the equation (4.4)). Thus, the functions f, g

satisfy the equation

£1(e) +2kg (x) +3(f () + 8(x))8' (x) = 28 (x)8" (x) + ((¢) + 8(x))g" (x). (4.12)

Rewriting we get

0=f'(t) + (3g'(x) — 8" (x)) £ (1) + 3g(x)g'(x) — g(x)g" (x) + 2kg' (x) — 28" (x)g" (x).

Since g is non-constant there exist an open set V < J such that g’(x) # 0 in V. Define the family of
irreducible polynomials
P.(W,Y)=W +A,Y + By,

where,
Ay =3g'(x) —¢" (x)

By =3g(x)g'(x) — g(x)g" (x) + 2kg' (x) — 2¢'(x)g" (x)

and observe that the curve (f’(¢), f(¢)) is contained in the intersection of the roots of {P,} ;.

Claim 1: A, and B, are not mutually constant zero in V < J. Indeed, if they are mutually constant

zero we have
0=3¢"(x) —g"(x)

0 =3g(x)g(x) — g(x)g" (x) + 2kg' (x) — 2¢'(x)g" (x)
and then isolating g” in the first equality and substituting it in the second we have 0 = 2g¢’(x)(k —

g"(x)). Since g’ is non-zero in V we conclude g”(x) = k. Differentiating,

0= ¢"(x) =3¢ ()

in V c J, a contradiction and thus we conclude the claim.

By the theory of Plane Algebraic Curves we conclude that such a curve is constant or the polyno-
mials P, are multiples by constants. Suppose that {P,}c; are all multiples. Since in this case the only

possible multiple is A = 1 we conclude that

P.(W,Y)=W +A,Y + By,
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is constant in the variable x, that is, the polynomials P, are all equal. Then, their coefficients are

constant, that is, there are constant K, K, such that,

x = Kl
B, —K,
that 1s,
Ky =3¢'(x) —g"(x)
! " / / " (4'13)
K> =3g(x)g (x) —g(x)g" (x) + 2kg'(x) — 28 (x)g" (x).
by the first equality of (4.13) we obtain by isolating g” (x) and differentiating
n /
g"(x) =3¢ (x) - K
" " (4'14)
g"(x) =3g"(x)

and differentiating the second equality of (4.13))

0 = 3g(x)g'(x) — g(x)g" (x) + 2kg' (x) — 28 (x)&" (x) — K>

0=3((g'(x))* +g(x)g"(x)) — (&' (x)g" (x) + g(x)g"" (x)) + 2kg' (x) — 2((¢" (x))* + &' (x)g"" (x()i 5

and finally, replacing (4.14)) in (4.15])
2/ (x)g" (x) =3g(x)K1 + 2kg'(x) — K
0 =2kg" (x) —6(g'(x))* —2(s" (x))* + 3¢’ (x)K;
and multiplying the second equality above by —2(g’(x))?
2¢/(x)g" (x) =3g(x)K) +2kg' (x) — K;
0 = —4k(g'(x))%¢" (x) + 12('(x)* + (2¢'(x)g" (x))* — 6(¢'(x))*Ki

thus, substituting the first equality into the second,

0= 12(g'(x))* — 6Ki (g (x))’ +2kK18' (x)g(x) — 2kK2g' (x) + K (x) — 2K1 Kng(x) + K3.  (4.16)
Claim 2: K| # 0. Indeed, if K; = 0 we obtain from (4.16)) and the first equality of (4.13))

0=¢/(x) " (¥
0=12(g'(x))* — 2kK»g' (x) + K3.

By the second equality g’ is root of a non-zero polynomial, that is, it is constant, a contradiction with

the first equality since we would have 0 = g’(x) — g"” (x) = ¢’ (x) and thus we conclude the claim.

Define Q : R? — R by

Q(w,y) = 12y* — 6K, y® + 2kK yw — 2kK>y + Kiw? — 2K Kow + K3.
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Observe that Q(g(x),g’(x)) = 0. It follows that

0
5 (w,y) = 2kKyy +2K}w — 2K K,

and
0Q 3 2
a—(w,y) = 48y” — 18Ky~ + 2kKw — 2kK>.
y
Claim 3: There exists xp € V such that %—g(g(xo),g’ (x0)) # 0. Indeed, if %—g(g(x),g’ (x)) = 0 for all
x € V, and since the curve (g(x),g’(x)) is non-constant, we have Q(g(x),g'(x)) =0 = %—g(g(x), g (%)),
that is, we conclude by the theory of Plane Algebraic Curves that these polynomials should have at

least one factor in common, a contradiction with Lemma[A.0.4] and thus we conclude the claim.

By claim 3 we can apply the Implicit Function Theorem obtaining

9 (o(x), g (x "(x 2o(x) —
&) = ¢(x) gg(g( ),&'(x)) 2kK g (x) +2K{ g(x) — 2K 1Ky

7 (8(x),8'(x)) 7 7748(g! (x)) — 18K (g (x))? + 2kK g (x) — 2kK;

for a neighborhood of xy € V. Thus, from (4.13)),
g"(x) = 3¢'(x) - K,

K> = 3g(x)g' (x) — g(x)g" (x) + 2kg' (x) —

2(g' (x))*(2kK g (x) + 2K{g(x) — 2K K>)
48(g'(x))3 — 18K (g'(x))? +2kK g (x) — 2kK>

Substituting the first equality into the second equality we obtain

0 = —2kK7g*(x) — 48g(x)(g'(x))* + 22K g(x) (¢ (x))* — 4k K1 g(x)g' (x) + 4kK: Kag(x) — 96k(g'(x))*
+ (48K5 +40kK: ) (g (x))? — 22K K> (g (x))? + 4k*K» g (x) — 2kK3.

(4.17)
Define O : R? — R by
O(w,y) = —2kK3w? — 48wy> + 22K?wy? — 4k> K wy + 4kK{ K>w — 96ky*
+ (48K, + 40kK, )y — 22K, Kyy” + 4k*Kyy — 2kK3.
Notice that, from (4.16]) and [@.17)), Q =0=Q(g(x),g (x)). Since the curve (g(x),g’(x))

is non-constant we conclude from the theory of Plane Algebraic Curves that the polynomials Q and
Q must have at least one factor in common, a contradiction to Lemma Therefore, the curve
(f'(z), f(r)) is constant and then f is constant in I — R. O

Theorem 4.1.2. Let be f € C' (I,R) and g € C*(J,R). If u is a Translation solution of the Camassa-
Holm equation, with k # 0, then f(t) = W is constant in [ and g satisfies the differential equation

(1 +g(x)g" (x) = 2kg (x) + 3 (u + g(x))g" (x) — 2¢" (x)g" (x).
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Proof: Suppose that u(z,x) = f(¢) + g(x) is a solution of the equation (4.4)). Thus, the functions f, g

satisfy the equation

£1(e) +2kg (x) +3(f () + 8(x))8' (x) = 28 ()" (x) + (f(¢) + 8(x))g" (x). (4.18)

Claim: f is constant in / < R. Indeed, if g is non-constant in J it follows from Proposition §.1.2] that

f is constant. If g is constant in J we obtain from (4.18)) that f’(¢) = 0 and therefore f is constant.

From the claim we obtain that f is constant. Therefore, if f(#) = y we obtain from (4.18)) that g

satisfies the differential equation

(1 +g(x))g" (x) = 2kg'(x) +3(1 + g(x))g" (x) — 2¢'(x)g" (x).
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4.2 Modified KdV Equation

According to the literature, the first person to study the phenomenon of solitary waves was John Scott
Russell, a British naval engineer. Russell observed this phenomenon for the first time in 1834, in the
Edinburgh-Glasgow canal. By laboratory experiments, Russel reproduced numerous solitary waves.
The experiment consisted of throwing weights over the water in order to produce elevations. Using

this data, Russel was able to deduce the following equation:
= gh+a)

where g is gravity, & is the height of water at rest, a is the height of the wave and c is the wave
propagation speed. In short, we can say that a solitary wave is a localized wave that travels without
deformation. Russel died without being able to find a purely theoretical deduction, which was only
possible with the work of Korteweg and de Vries in 1895. Korteweg and his student Gustav de Vries,
when studying the propagation of waves in shallow waters, deduced what is now known as the KdV
equation. Although KdV is a non-linear partial differential equation, it admits solutions whose shape

represents the phenomenon observed by Russel, a “well-behaved” profile. The KdV equation
Ot — 6Udu + 8§u =0

admits solitary waves as solutions. We say that a function is a solitary wave if it is a solution of a

non-linear partial differential equation and satisfies the following properties:

i) It represents a wave of constant shape, that is, it is of the form ¢ (x —ct), where ¢ : R — Ris a

smooth function and c is a real constant that corresponds to the wave propagation speed;
ii) It’s localized, that is, " (&) — 0 when |&| — oo for some large enough n € N.
With this definition, we can plug u(x,7) = ¢ (x — ct) into the KdV equation
0= Ou—6udsu+ u=—co' —6p¢"+ ¢"

which we rewrite as
0= _C(pl - 3(¢2)/+ (P/”-

Integrating this equation, we get for a constant k
k=—co—30>+¢".

By the property of being localized, we conclude, applying the limits, that k = 0. Multiplying this
equation by ¢’ we have

0= (L) ~@r 107
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Repeating what we did before, we will end with the separable ODE
2

0=—c5- =+ (9")",

i.e.

whose solution is the hyperbolic secant. Thus,
u(x,t) = ¢ (x —ct) = —4a’sech®(a(x —ct)),

where a = %\/g . Graphically, one can see that this solution is consistent with the phenomenon
observed by Russel. Note also that the hypothesis that ¢ does not vanish at any point was implicitly
assumed. To know more about solitary waves and how the equation was deduced, see references [[10]
and [11]. In what follows, we introduce the modified KdV equation and investigate the existence of

separable solutions for this equation.

Lemma 4.2.1. Let m > 3, J < R open intervals, g € C"(J,R) and a,c,k,K, constants be such that

¢, k,Ky are nonzero. If

/ Ki

gx) =
ke(a+cg(x))

then

My,

(a+cg(x))>!

g (x) =
for M, # 0 being a constant that depends on m.

Proof: Set
K mm—2
My, = (—1)"+! (E) [J@i+1)
i=1
and the proof will follow by induction. OJ

Definition 4.2.1 (Modified KdV). Let be k € R a non-zero constant and m > 3 an integer number. We
say that u : Q  R?> — R is a solution of the modified KdV equation if

Opt+ 0™u + kutdu = 0, (4.19)
in the open set Q — R?.

Definition 4.2.2. We say that the modified KdV equation admits separable solutions if there exist
feC'(I,R), ge C™(J,R) and constants a,b,c such that u(t,x) = af(t) + bg(x) + cf(t)g(x) is a
solution of (4.19)).

Proposition 4.2.1. Let be f € C' (I,R) and g € C™ (J,R) non-constant. Moreover; assume a,b,c to be
constants such that if ¢ = 0 then ab # 0. If u is a separable solution of the modified KdV equation

then f is constant.
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Proof: Suppose that u(x,t) = af(r) + bg(x) + cf(t)g(x) is a solution of (4.19). Thus, the functions
f, g satisty
0 =(a+cg(x)f'(t) + ck(a+cg(x))?g (x) f(t) + bk(a + 3cg(x)) (a+ cg(x))g' (x) /(1)
+ (g™ (x) +3cb’kg (x)g (x) + 2ab’kg(x)g' (x)) £ (1) + b(b*kg® (x)g (x) + £ (x)).

Let’s split it into two cases depending on c:

(4.20)

- If ¢ = 0 our equation reduces to

b(b*kg* ()8’ (x) + " (1))

0= f'(1) +abkg' (x) f>(1) + 2b*kg(x)g' (x) f (1) +
Define the family of irreducible polynomials
P(W,Y) =W +AY>+BY +C;,
where,
Ay = abkg' (x)
B, = 2b%kg(x)g (x)
b(b*kg*(x)g'(x) + 8 (x))

a
and notice that the curve (f(¢), f(¢)) is contained in the intersection of the roots of {P,}c;. By the

Cx—

theory of Plane Algebraic Curves we conclude that such a curve is constant or the polynomials P, are
multiples by constants. Suppose that {P,}c; are all multiples. Since in this case the only possible

multiple is A = 1 we conclude that
P(W,Y) =W +AY>+BY +C,,

is constant in the variable x, that is, the polynomials P, are all equal. Therefore, their coefficients are

constant, that is, there are K, K>, K3 constants such that,

Ax = Kl
B, — K
C=K3
that is,
K| = abkg (x)
Ky = 2b%kg(x)g' (x) (4.21)
b(b*kg* ()¢’ (x) + " (x))
3 = .
a

Since g is non-constant, there exists an open set V < J such that g’ # 0. Thus, isolating g’ in the first

equality and substituting it into the second we obtain

(x) = 222
EY =90k,
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a contradiction since g’'(x) # 0 in V < J. Therefore, the curve (f’(¢), f(¢)) is constant and then f is
constantin / < R.

- If ¢ # 0 take an open set V < J such that g’(x) # 0 (which exists, otherwise g would be constant).
Moreover, there exists an open set V < V such that a 4 cg(x) # 0 (otherwise g’(x) = 0 in V). Then,
from (4.20)),

0 =£"(t) + ck(a +cg(x))g'(x)f(¢) + bk(a +3cg(x))g'(x) £ (1)

cg"™ (x) + 3cb?kg? (x)g' (x) + 2ab’kg(x)g' (x) g (x) + b*kg*(x)g' (x)
* a+cg(x) f)+b a+cg(x) '

Define the family of polynomials
P(W,Y)=W+AY3+BY*+CY +D,

where _
A, = ck(a+cg(x))g'(x)
B, = bk(a+3cg(x))g'(x)

¢ cg" (x) + 3ch?kg?(x)g' (x) + 2ab*kg(x)g (x)

Y =

a+cg(x)
B _ 8+ P g )
a+cg(x)

and observe that the curve (f(¢), f(t)) is contained in the intersection of the roots of {P} -

Claim 1: The coefficients Ay, B,,C, and D, are not mutually constant in V. Indeed, if there exist
constants K, K>, K3z and K; such that

Ky = ck(a+cg(x))g'(x)
K> = bk(a+3cg(x))g' (x)

2 — cg™ (x) + 3cb?kg?(x)g' (x) + 2ab*kg(x)g' (x) (4.22)
3 a-+cg(x)
(m) 2752 /
Ry = pS ) DTk ()8 (x).
a+cg(x)

Isolating ¢’(x) in the first equality and substituting it in the second and isolating g (x) in the third

and substituting it in the fourth we will have
0= c(cKy —3bKy)g(x) +a(cKy —1)
0 = (2b°K, + Ky — bc?K3)g(x) — ac(bK3 — cKy).
Since g(x) is non-constant in V we conclude that the coefficients are all zero. We have,
0 = cK, —3DK))
0=a(cKy,—1)
0 =2b°K) + ’ K4 — bc*Ks
0 = a(bK3 — cKy).
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Isolating bK] in the first equality and substituting it in the third and then isolating K3 in the third and

substituting it in the last we will obtain
0=a(cK,—1)
0 = ab’k>,

and then from the first equality aK> = ¢ which substituting into the second we conclude ab® = 0, that
is, a = 0 or b = 0. Returning to (4.22)

/ _ 121
g = ck(a+cg(x))
o g™ () | 3cb’kg’(¥)g'(x) | 2ab’kg(x)g(x)
. a+cg(x) a+cg(x) a+cg(x)

that substituting the first equality into the second and applying the Lemma|4.2.1|we conclude

g M 202(x)K 2ab?
© n 307" (0K 2ab’g(x)

" (a+eg()? " (atcg(x)? " clategx)? (4.23)

Thus, if b =0,
N M,

Ki=— "M

7 (atcg(x)2
and since M,, # 0 we conclude K3 # 0. Thus, g is constant in V, a contradiction. Therefore a = 0.
Then, from (4.23)),

g M, 32K,
= -
(cg(x))>m ¢

and then, since K| # 0, g is constant in V, a contradiction. Thus we conclude the claim.

Claim 2: The family of polynomials P, is irreducible in V. Indeed, if P, is reducible there exist

polynomials of degree 1 and degree 2 such that
P(W.,Y) = (F+GW +HY)(I+JW +KY + LWY + MW? + NY?)
that is,
0=W+AY}+BY>*+CY +D,— (F+GW +HY)(I +JW +KY + LWY + MW? + NY?)

that rewriting
0=—HMW? — (GM +HL)W?Y — (HJ + FM)W? — (GL+ HN)WY? — (GJ + FL+ HK)WY
+(1—FJ—HDW + (A, — GN)Y? + (B, — GK —FN)Y?> + (C, — GI — FK)Y + D, — FI,

that occurs if, and only if,

0=HM 3
0=GJ+FL+HK 0=B,—GK—FN
0=GM + HL B
0=1-FJ—HI 0=C,—GI—FK (4.24)
0=HJ+FM ) )
0=A,—GN 0=D,—FI

0=GL+HN
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By the first equality H = 0 or M = 0. Suppose H = 0. We have,
0=GM  0=GJ+FL 0=B,—GK—FN
0=FM  0=1-FJ 0=C,—GI-FK
0=GL 0=A,—GN  0=D,—FI.
Since G # 0 (otherwise we would not have factorization) we obtain, from the third equality, L = 0.

Therefore, by the fourth equality, J/ = 0 which substituting into the fifth equality we obtain 1 =0, a
contradiction. Thus, H # 0 and M = 0. From (4.24)) we have

0=HL 0=GJ+FL+HK 0=B,—GK—FN
0=HJ 0=1—-FJ—HI 0=C,—GI—-FK
0=GL+HN 0=A,—GN 0=D,—FI.

By the first equality L = 0. Substituting in the third equality we obtain N = 0 and therefore we have
no factorization. Thus, we conclude the claim.

By claim 2, the polynomials {#,} .y are irreducible. As observed previously, the curve (f'(t), f(t))
is contained in the roots of {£,} _y so by the theory of Plane Algebraic Curves we conclude that such
a curve is constant or the polynomials P, are multiples by constants. Suppose that {P;} . are all

multiples. Since in this case the only possible multiple is A = 1 we conclude that
P(W,Y) =W +AY3+BY*+C.Y +D,,

is constant in the variable x, that is, the polynomials B, are all equal. Therefore, their coefficients are

constant, that is, there are K| ,122, 133,134 constants such that,

Ay =K
B, =K,
Cr = K3
Dy =Ky,

a contradiction with claim 1. Therefore, the curve (f'(¢), f(¢)) is constant and then f is constant in
IcR. L]

The definition of separable solution, given at the beginning of this section, depends on the non-zero
(a,b,c) € R3. In the previous proposition, we required that, if ¢ = 0, then ab # 0. Therefore, to obtain
all possible situations of separable solutions, it would remain to consider the case in which ¢ = 0 and
ab = 0 or, more precisely, the non-zero (a,0,0) and (0,5,0). However, these situations are equivalent
to searching for solutions of the form u(x,7) = af(t) or u(x,t) = bg(x), solutions that do not bring the

idea of separation.

Theorem 4.2.1. Let f € C! (I,R) and g e C" (J,R). Moreover, assume (a,b,c) € R® nonzero such that
if c = 0 then ab # 0. If u is a separable solution of the modified KdV equation then the possibilities
for f and g are:
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i) fisarbitraryinl c Rand g = A inJ, with a+ cA = 0.
ii) f=ninl cR withb+cu =0, and g é is arbitrary in J  R.
iii) f=wpinl c R, with b+ cu # 0, and g satisfies the differential equation
" (x) = —k(ap + (b+cp)g(x)) ¢ (x).

Proof: Suppose that u(x,t) = af(t) + bg(x) + cf(t)g(x) is a solution of (4.19). Thus, the functions
f, g satisfy

0 =(a+cg(x)f (1) +ck(a+ cg(x)*g'(x) £ (1) + bk(a+3cg(x))(a+ cg(x))g' (x) /()

(4.25)
+ (cg"™ (x) +3cbkg? ()¢ (x) +2ab kg (x)g’ (x)) £ (1) + b(b7ke (x)g' (x) + g™ (x)).

Note that if g = A is constant in J < R, with a + Ac = 0, then f is arbitrary, that is, we obtain 7). The

following two claims ensure that disregarding this specific case for g we obtain that f is constant.

Claim 1: If g= A in J < R, with a + cA # 0, the equation in (4.25]) reduces to
0= (a+cA)f (1)

and we conclude the claim.

Claim 2: If g is non-constant in / < R then f is constant in /  R. Indeed, it follows from Proposition

E21

By claim 1 and 2 we obtain that f is constant. Then,

-ii) and iii) If f = p is constant in I — R the equation in (4.25]) reduces to
0= (b-+cu) () (x) + k(ap + (b -+ c)g(x))¢'(x)) .
If b+ cu = 0 we obtain ii). If b+ cu # 0 we obtain

g™ (x) = —k(ap + (b + cp)g(x)’¢ (x).
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4.3 Novikov Equation

Interested in a generalization of the Camassa-Holm equation, Vladimir Novikov introduced a new

integrable equation which now receives its name (see [15]).

Definition 4.3.1 (Novikov). We say thatu: Q R2 — R is a solution of the Novikov Equation if
Uy — U + 4P Uy = Suttyityg + uzuxxx, (4.26)
in the open set Q — R2.

It is well known that the Camassa-Holm equation is bi-Hamiltonian, possesses an infinite hierarchy of
local conservation laws, and admits peakons as solutions. Motivated by the work of Novikov, Hone
and Wang investigate the existence of peakons for this equation (see [14]). As we did in the two
previous sections, here we investigate the existence of explicit separable solutions for the Novikov

equation.

Definition 4.3.2. We say that the Novikov equation admits separable solutions if there exist f €
C!'(I,R), ge C?(J,R) and constants a, b, c such that u(t,x) = af(t) + bg(x) + cf(t)g(x) is a solution

of (28

Proposition 4.3.1. Let be f € C' (I,R) and g € C° (J,R) non-constant. Moreover, assume a,b,c to be

constants such that ab # 0. If u is a separable solution of the Novikov equation then:
i) fisconstant and I < R or;

ii) There exist constants C, D # %, u # 0 such that

ft) =

S

+ (D= &) ert=C)

Nyl

and
TR if 1—22 <0
R—{C—;Im(1-22)}, if1-22>o0.

Proof: Suppose that u(x,t) = af(r) + bg(x) + cf(t)g(x) is a solution of (4.26]). Thus, the functions
f, g satisfy
0 =(a—cg"(x)+cg(x))f (1)
+e(a+cg(x))(4ag' (x) —ag" (x) + 4cg(x)g' (x) — cg(x)g" (x) — 3cg’ (x)¢" () £ (1)
+b(4a’g (x) — a’g" (x) + 12¢¢% (x)g' (x) — 3¢ (x)g" (x) + 16acg (x)g' (x)) /(1)
—b(4acg(x)g" (x) +6acg' (x)g" (x) +9c°g(x)g' (x)g" (x)) £ (¢)
+b7g(x)(4g(x)g' (x) — g(x)g" (x) — 3¢’ (x)g" (x)) + b (8ag(x)g'(x) — 2ag(x)g" (x)) f (1)
+b%(—3ag (x)g" (x) + 12cg* ()¢’ (x) — 3cg? (x)g" (x) — 9cg(x)g (x)g" (x)) £ (1).

(4.27)
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Let’s split it into two cases depending on c:

- If ¢ = 0 our equation reduces to

0 =F(r) +ba(4g'(x) —g" (x)) /(1) + b (8g(x)g' (x) — 2g(x)g" (x) — 3¢’ (x)g" (x)) £ (1)

N b g(x)(4g(x)g' (x) — g(x)g" (x) — 3¢’ (x)g" (x)) _

Define the family of irreducible polynomials
P(W,Y) =W +A Y+ B,Y +C,,
where,
Ax = ba(4g' (x) — g" (x))

By = b*(8g(x)g' (x) — 2g(x)g" (x) — 3¢/ (x)g" (x))

bg(x)(4g(x)g’ (x) — g(x)g" (x) — 3¢’ (x)g" (x))

Cy =

and notice that the curve (f(r), f(¢)) is contained in the intersection of the roots of {P.}c;. By the
theory of Plane Algebraic Curves we conclude that such a curve is constant or the polynomials P, are
multiples by constants. Suppose that {P,}c; are all multiples. Since in this case the only possible

multiple is A = 1 we conclude that
P(W,Y) =W +AY>+B,Y +C,,

is constant in the variable x, that is, the polynomials P, are all equal. Therefore, their coefficients are

constant, that is, there are K|, K>, K3 constants such that,

that is,
Ky = ba(4g'(x) — g" (x))
Kz = b (8g(x)g/(v) - 28(x)g" (x) ~ 3¢’ (x)g" (x)) (4.28)
o _ P38/ (0) — (5" () = 3¢/ ()¢ ()

Isolating g” (x) in the first equality and substituting it in the others we obtain

2
b(2K1g(X) —3abg' (x)g"(x)) Kz = %g(X) (K1g(x) — 3abg'(x)g" (x)).

Ky="-
a

Isolating 3abg’(x)g” (x) in the first and substituting it in the second we conclude
0 = —b*K18%(x) + abKrg(x) — a*K;.
Since g is non-constant we conclude that the coefficients of this polynomial are all zero. Thus,

0=P(f' (1), f(1)) = f'(t) + K1 /(1) + Ko f (1) + Kz = f'(1)
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that is, f is constant in /. In the case where the curve (f’(z), f(¢)) is constant we also conclude that f
is constant in /.

- If ¢ # 0 takes open V < J such that g (x) # 0 (which exists, otherwise g would be constant). Also,
there exists open set V < V such that a + cg(x) # 0 (otherwise g’ (x) = 0in V). If a —cg” (x) +cg(x) =0
in V then g"(x) = “+Cg( )

and consequently g’(x) = ¢g"”(x). From (4.27)) we conclude

0 = abg'(x)(b+cf(t))(af(t) + bg(x) +cf(t)g(x))

in V. Then, for xo € V
0= (b+cf(t))(af(t)+bg(xo) +cf(t)g(xo))

in1. Thus, f(t) e {2, —ai‘i;" } for all 7 € I. By continuity, f is constantin I. If a —cg” (x) +cg(x) #

0 in an open set V < V then from (4.27)) we conclude

c(a+cg(x))(4ag'(x) —ag"(x) +4cg(x)g'(x) — cg(x)g" (x) — 3cg’(x)g" (x))

ol 3
0= a—cg’(x) + eg(x) 7
b(4a*g (x) —a*g" (x) + 12¢°¢*(x)¢' (x) — 3c?g* (x)g"” (x) + 16acg(x)g' (x)
+ a—cg"(x)+cg(x) 0
b(—4acg(x)g" (x) — 6acg'(x)g" (x) — 9c?g(x)g' (x)g" (x)) .
* a—cg"(x)+cg(x) £
N b*(8ag(x)g' (x) —2ag(x)g" (x) — 3ag' (x)g" (x) + 12cg*(x)¢ (x) — 3cg*(x)¢" (x)) £0)

a—cg"(x)+cg(x)
bg(x)(4g(x)g (x) — g(x)g"” (x) — 3¢ (x)g" (x))
a—cg"(x) +cg(x) '

 Peg(x)g (x)g" (x)
a—cg"(x)+cg(x)

f{t) +

Define the family of polynomials
P(W,Y)=W+AY3+BY*+CY +D,

where

i _ clateglx))(dag'(x) —ag” (x) +4deg(x)g' (x) —cg(x)g" (x) —3cg’ (x)g" (x))
—cg(x) +cg(x)
b — b(4a’g' (x) —a*g" (x) + 1202g2( )g'(x) —3c?g*(x)g" (x) + 16acg(x)g' (x))

* —cg"(x) +cg(x)

| bl-4acg (x)g" (x) — 6acg’ (X)g” (x) —9c%g(x)g' (x)g" (x))
a—cg"(x) +cg(x)

o _ DPBag(x)g'(x) — 2ag(x)g" (x) — 3ag'(x)g" (x) + 12¢g> (x)¢'(x) — 3cg” (x)g" (x))

* a—cg"(x) +cg(x)

=
|

~ 9bPcg(x)g ()8 (x)
a—cg"(x) +cg(x)
D, = bg(x)(4g(x)g (X) g(x)g" (x) —3g'(x)g" (x))

—cg"(x) +cg(x)
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and observe that the curve (f(¢), f(t)) is contained in the intersection of the roots of {Py}cy.

Claim 1: If there exist constants K|, K>, K3, K4 such that

A, =K,
~x = ~2
C~‘x = ~3
Dx = ~4
in V), then K| = K4 = 0 and K; = —£K3. Indeed, if there are such constants then

7. _ clatcgx))(dag'(x) —ag"(x) +dcg(x)g'(x) —cglx)g" (x) —3eg'(x)8" (x))
| =
a—cg"(x)+cg(x)
s b(4a*g (x) —a*g" (x) + 12¢°g*(x)g' (x) — 3¢*g* (x)g” (x) + 16acg(x)g' (x))
5 =
a—cg"(x)+cg(x)
| b(—dacg (x)g" (x) — 6acg'(x)g" (x) — 9c*g(x)g' (x)g" (x))
a—cg"(x)+cg(x)
o P (Bag(x)g'(v) ~2ag(x)5" (x) ~ 3ag’ () + 1268 (x) ~ 3 ()" ()
3
a—cg"(x)+cg(x)
 9Pcg(x)g (x)g" (x)
a—cg"(x) +cg(x)
70— b g(x)(4g(x)g (x) g(x)g" (x) —38'(x)g" (x))
4 .

—cg"(x) +cg(x)

Rewriting we get

0= —c(a+cg(x))*g"(x) +c(a+cg(x) (4ag'(x) +c (4g(x)g'(x) - 3¢ (x)g"(x)))
—Ki (a—cg"(x) +cg(x))

0=—b(a+cg(x))(a+3cg(x)g" (x) - ( —cg"(x) +cg(x))
+b (4a%g (x) +3c7g(x) (4g(x)¢’ (x) — 3¢ (x)g" (x)))
+b (dac (4g(x)g'(x) — 3¢ (x)g" (x)) + 6acg’ (x)g" (x))

0= —b°g(x) (2a+3cg(x)) &" (x) + b* (2a (4g(x)g' (x) — 3 (x)g" (x)) + 3ag (x)g" (x))
+3b%cg(x) (48(x)g'(x) =3¢ (x)g" (x)) — K3 (a—cg" (x) + cg(x))

0=—b’g*(x)g" (x) + bg(x) (4g(x)g'(x) — 3¢ (x)g" (x)) — Ky (a— cg" (x) + cg(x)).

Multiplying the first equality by —b(a + cg(x))(a + 3cg(x)), the second equality by —c(a + cg(x))?,
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the third equality by —bg?(x) and the last equality by —b?g(x)(2a + 3cg(x))

0 = be(a+cg(x))’(a+3cg(x)g” (x)

—b(a+cg(x)) (a+3cg(x)) (c(a+cglx) (4ag' (x) +c (4g(x)g'(x) -3¢ (x)g" (x))))
+0Kj (a+cg(x)) (a+3cg(x)) (a—cg"(x) +cg(x))

0 =be(a+cg(x))’ (a+3cg(x)) /”( )+ Kac(a+cg(x))* (a —cg"(x) + cg(x))
—be(a+cg(x))? (4a’g (x) +3¢%g(x) (48(x)g'(x) = 3¢'(x)g" (x)))
—be(a+cg(x)) (4ac (4g(x)g' (x) =3¢ (x)g" (x)) +6acg' (x)g" (x))

0=5g>(x)(2a+3cg(x))g" (x) + K3b>g* (x) (a—cg"(x) +cg(x))

— g (x) (b (2a (4g(x)g' (x) —3¢'(x)g" (x)) + 3ag'(x)g" (x) + 3cg(x) (4g(x)g'(x) - 3¢'(x)g" (x))))

0 =5°g*(x)(2a+ 3cg(x))g" (x)

—b?g(x) (2a+3cg(x)) (bg(x) (4g(x)g’ (x) — 38’ (x)g" (x)) —Ka (a —cg" (x) +cg(x)))
and subtracting the second equality from the first equality and the last equality from the third equality
0= —c(a+cg(x)) (abKy —acK, — c*g(x)K + 3bcg(x)K +3a*beg (x) + 3abc*g(x)g (x)) g (x)
+(a+cg(x))? (abK; —ack, — ?g(x)Ka + 3bcg(x)Ky)
0= b*g(x) (2acKs + 3c%g(x)Ky — beg(x)Ks — 3ab’ g(x)g' (x)) " (x)
—b?g(x) (a+cg(x)) (2aK4 — bg(x)K3 + 3cg(x)Ky)
Multiplying the first equality by
b?g(x) (2acK4 + 3c%g(x)Ky — beg(x)Ks — 3ab3g(x)g’(x))
and the second equality by
—c(a+cg(x)) (abKy — ack, — c*g(x)Kz + 3bcg(x)Ky + 3a*beg' (x) + 3abc?g(x)g' (x))

we get
0=—b*cg(a+cg) (abK; — ack, — ?gK> + 3bcgk, + 3a’beg’ + 3abc2gg’) (2acKy + 3czgk4) g"
+b*cg(a+cg) (abK; — ack, — c*gR> +3begK, + 3a*beg’ + 3abc2gg/) (bcgKs + 3ab3gg/) g"
+b*g(a+ cg)2 (2acKs + 3c¢2gRy — begRs — 3ab3gg') (abK; — ack, — 2gky + 3bcgKy)
0=—b*cg(a+cg) (abK, — acK> — ? gy + 3bcgk, + 3a’beg’ + 3abczgg') (2acKs + 3c2gk4) g"
+b2cg (a+cg) (abkl —ack, — czglzz + 3bcgK; + 3a2bcg/ + 3abczgg/) (bcgkg + 3ab3gg/) g"
+b*cg(a+ cg)2 (abK; —ack, — cgK> + 3bcgK, + 3a’beg’ + 3abczgg') (2aK4 — bgKs3 + 3cgKy)

and subtracting the second equality from the first equality

0= —3ab’g(x)g (x) (a+ cg(x))* (c (3193[?1 +3c3Ky — b*cky — bczkg) gz(x))
—3ab’g(x)g (x) (a+ cg(x))* (a (DK + 56Ky — b*cKy — b K3) g(x) + 2a*c*Ky)
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and since g(x)g'(x) (a+cg(x))* #0in V
0O=c (3b3K1 +3Ry— bPcky — bc2K3) g (x)+a (b3K1 +5¢ Ry — b*cKy — bc2f3) g(x)+ 2a°*Ry.

Since g(x) is non-constant in } we conclude that the coefficients of this polynomial are zero. We
have,
0=c(30°Ky +3c’ Ky — b*cK, — be*K3)
0=a (b3I?1 + 5c3I?4 — bzckz — bc2133)
0 =2a*c*Ky
that is, K4 = 0, and consequently
0 =3b°K) — b*cky — be*Ks
0=b’K — b*cKy — be*K3
and subtracting the second equality from the first equality we conclude K; = 0. Then,

0= —b’cky —b’Ks

and thus we proof the claim.

Claim 2: The family of polynomials P, is irreducible in V. Indeed, just check claim 2 of Proposition
421l

By claim 2, the polynomials {P,},cy are irreducible. As noticed previously, the curve (f'(¢), f(t)) is
contained in the roots of {P,}c) so by the theory of Plane Algebraic Curves we conclude that such
a curve is constant or the polynomials P, are multiples by constants. In the case where the curve
(f'(¢), f(¢)) is constant we conclude that f is constant in I. Suppose that {P,}.cy are all multiples.

Since in this case the only possible multiple is A = 1 we conclude that
B(W,Y)=W+A,Y>+BY*+C.Y +D,,

is constant in the variable x, that is, the polynomials P, are all equal. Therefore, their coefficients are

constant, that is, there are K| ,122, 133,134 constants such that,

and by claim 1 we conclude Ki=K;=0and K, = —%153. Then,

Ckg,

o L0+ Kf(0),

0="P(f'(1),f(1) = f(2)

that is, setting K3 = u,
ORI CTEORNI0) (429)

inI. If u =0 then f is constant in /. Let us consider u # 0. The equation in (4.29) is a Bernoulli

L

differential equation. To solve it we will make the change A(t) = 70

obtaining a linear differential
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equation. Observe that f =0 and f = 157 are solutions of 1} and therefore, by the Existence and
Uniqueness Theorem, any other solution does not reach them. If f # 0 and f # % we obtain

W(e) = p (ho) - )

b

which multiplying by the integration factor e/,
d, _ cu _
- Hip()] = — =Mt
e ()] = ~ e,

and integrating,

t t
e‘“’h(r) — e‘“’oh(to) = f i[e_“rh(r)]dr — _ﬂf e My = ¢ (e—ut —e‘“’o) :
dr b J, b

fo 0

i.e.,
c c
h(t) = — + (h f ——) u(t—io),
(0) =+ (h(0) 5 ) e
thus there exist constants C and D # g such that
1 1
1) = =
U h(t) £+ (D—%)elt=C)
in the domain
R, if1—22 <0
Ic 1 bD . bD
R—{C—;In(1-"2)}, if1-22>0.

O]

Theorem 4.3.1. Let f € C' (I,R) and g € C* (J,R). Moreover, assume (a,b,c) € R? nonzero such that
ab # 0. If u is a separable solution of the Novikov equation then the possibilities for f and g are:

i) fisarbitraryinl c R and g = 7y constant in J — R, witha+cy = 0.
ii) f=A constantinl c R, with b+ cA =0, and g is arbitrary in J < R.
iii) f= A constant in I R, with b+ cA # 0, and the function g satisfies the differential equation

(g(x) +A)*g"(x) = (g(x) +A) (4(g(x) + A) —3¢"(x)) &' (x) (4.30)

al
b+cA”

Proof: Suppose that u(x,7) = af(r) + bg(x) + c¢f(t)g(x) is a solution of (4.26)). Thus, the functions
f, g satisty
0=(a—cg"(x) +cg(x))f (1)
+c(a+cg(x))(4ag'(x) — ag” (x) + dcg(x)g' (x) — cg(x)g" (x) —3cg'(x)g" () £ (1)
+b(4a’g (x) —a’g" (x) + 12¢°g* (x)g (x) — 3¢°¢* (x)g" (x) + 16acg (x)g (x))f(1)
—b(4acg(x)g" (x) + 6acg'(x)g" (x) +9c°g(x)g' (x)g" (x))£(¢)
+bg(x) (4g(x)g' (x) —g(x)g" (x) — 3¢ (x)g" (x)) +b* (8ag (x)g' (x) —2ag(x)g" (x)) £ (1)
+b*(—3ag' (x)g" (x) + 12cg” (x)g' (x) — 3cg?(x)g" (x) = 9cg (x)g' (x)g" (x)) £ (t).

where A =

(4.31)
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Notice that if g = yis constant in J < R, with a + yc = 0, then f is arbitrary, that is, we obtain 7). The
following two claim ensure that disregarding this specific case for g we obtain that f is constant.
Claim 1: If g = yis constant in J < R, with a + yc # 0, then f is constant in / — R. Indeed, if g =7y

the equation in (4.31]) reduces to

0= (a+cy)f'(1)

and we conclude the claim.

Claim 2: If g is non-constant in J/ — R then f is constant in / < R. Indeed, if g is non-constant we
conclude by Proposition m that either f is constant or there exist constants C, D # 7, 4 # 0 such
that

1
f(t): +(D—%)eﬂ(’_c)'

We will show that assuming the second case leads us to a contradiction. Substituting this f into the

equation (4.31)) we obtain

0 =0 (6D —)*8(x) (4 ()¢ (x) — £(x)&" (1) ~ 3¢/ (g (x)) (40-))’

+b(bD — ¢)* (—ap — cug(x) + cug” (x) +24b*cg?(x)g' (x) — 6b*cg*(x)g" (x)) (e“(tfc)>
b(bD —c)* (8ab’g(x)g'(x) — 2ab7g(x)g" (x) — 3ab’g (x)g" (x) — 18b%cg(x)g(x)g (x)) (e*“’ )
+b(bD — ¢) (4a’b*g (x) — a?b*g" (x) — acp — c*ug(x) + c*ug” (x) + 48b*c*g*(x)g' (x)) e* H(=C)
b(bD —c) (—12b*c*g*(x)g" (x) — 36b*c*g(x)g' (x)g" (x) + 32ab*cg(x)g (x)) eH=C)
—b(bD —c) (8ab’cg(x)g" (x) + 12ab*cg’(x)g" (x)) eH1=C)
+2b%c(a+2cg(x))(4ag' (x) —ag" (x) + 8cg(x)g' (x) —2cg(x)g" (x) — 6cg’ (x)g" (x)),

2

2

_l’_

_l’_

and since e*(~€) is not constant, this polynomial equality holds if, and only if, all coefficients are

ZE1ro

0 =b3(bD ¢)*g(x)(4g(x)g'(x) — g(x)g" (x) — 3¢'(x)g" (x))
=b(bD — c)* (—ap — cpg(x) + cug” (x) +24b°cg’ (x)g (x) — 6b%cg? (x)g" (x))
+b(bD — c)* (8abg (x) (x) —2ab’g(x)g" (x) — 3ab*g'(x)g" (x) — 18b*cg(x)g (x)g" (x))
0 =b(bD —c) (4a*b*g' (x) — a*b*g" (x) — acp — g (x) + > ug” (x) + 48b*c*g* (x)g (x))
+b(bD —c) (— 12b2 (x)g" (x) — 36b*c*g(x)g (x)g" (x) + 32ab’cg(x)g’ (x))
~b(bD — c) (8ab*cg(x) ”’( ) + 12ab*cg’ (x)g" (x))
0 =2b%c(a+ 2cg(x))(4ag' (x) —ag"” (x) +8cg(x)g (x) — 2cg(x)g" (x) — 6cg' (x)g" (x)),
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and since b(bD —c¢) # 0
0 =g(x)(4g(x)g'(x) —g(x)g" (x) — 3¢'(x)g" (x))
0= —ap —cug(x) + cug” (x) + 24b>cg® (x)g' (x) — 6b>cg” (x)g" (x) + 8ab’g(x)¢' (x)
—2ab’g(x)g" (x) —3ab’g' (x)g" (x) — 18b°cg(x)g (x)g" (x)
0 =4a’b’g'(x) — a’b’g" (x) — acp — g (x) + g (x) + 48b°?g* (x)g (x) — 12b7c*¢* (x)g" ()
—36b%c?g(x)g (x)g" (x) + 32ab*cg(x)g (x) — 8ab*cg(x)g" (x) — 12ab*cg' (x)g" (x)
)

0 =c(a+2cg(x))(4ag’(x) —ag" (x) + 8cg(x)g' (x) — 2cg(x)g" (x) — 6cg’ (x)g" (x)).
(4.32)

We have two cases depending on c. If ¢ = 0 we obtain from (4.32))
0 =g(x)(4g(x)g'(x) — g(x)g" (x) — 3¢’ (x)g" (x))
0= —p+8bg(x)g'(x) — 2b%g(x)g" (x) — 30°¢' (x)g" (x)
0 =4g'(x) — 8" ()
that isolating ¢"” (x) in the third equality and substituting it in the first two we have
0 =3g¢’(x)g" (x)
e () = 25

3p?’
that is, substituting the second equality into the first, we conclude g = 0 in J, a contradiction since g

is non-constant. If ¢ # 0 we have from(4.32))
0 =g(x)(4g(x)g (x) —g(x)g" (x) — 3¢ (x)g" (x))
0 =—ap —cug(x) +cug” (x) + 24b°cg*(x)g' (x) — 6b*cg”(x)g" (x) + 8ab’g(x)g' (x)
—2ab’g(x)g" (x) — 3ab’¢' (x)g" (x) — 18b*cg(x)g'(x)g" (x)
0 =4a’b*g (x) — a®*b*g" (x) — acu — P ug(x) + > ug” (x) + 48b°c*g* (x)g' (x) — 12b*c*g* (x)g" (x)
—36b%c?g(x)g (x)g" (x) + 32ab*cg(x)g (x) — 8ab*cg(x)g" (x) — 12ab*cg (x)g" (x)

0 =(a+2cg(x))(4ag' (x) —ag"” (x) + 8cg(x)g' (x) — 2cg(x)g" (x) — 6¢cg' (x)g" (x)).
(4.33)

Suppose that exists an open set V < J such that 4g(x)g’(x) — g(x)g” (x) — 3¢’ (x)g" (x) # 0. We obtain
by the first equality that g =0 in V and therefore 4g(x)g’(x) — g(x)g"” (x) —3¢'(x)g"(x) =0in V, a
contradiction. Hence 4g(x)g’(x) — g(x)g" (x) — 3¢’ (x)g" (x) =0 in J. Then g(x)g" (x) = 4g(x)g' (x) —
3¢’ (x)g” (x) which substituting into we obtain

0 =—apt —cpg(x) + cug” (x) + 3ab’g' (x)g" (x)

0 =4a*b*g (x) — a®b?*g" (x) — acu — P ug(x) + > ug” (x) + 12ab*cg’ (x)g" (x)

0 =(a+2cg(x))(4g'(x) — " (x))
which multiplying the last two equalities by g and substituting again g(x)g” (x) = 4g(x)g’ (x) —3g’(x)g" (x)

0 =3ab’g'(x)g" (x) + cug” (x) — (apt + cpg(x))

0 = (3a°b? + 12cab’g(x))g' (x)g" (x) +c* g (x)g" (x) — (nc’g? (x) +acug(x))

0= (a+2cg(x))g'(x)g" (x).
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Multiplying the first two equalities by a + 2cg(x) and substituting the last one into these two we have
0 =cpi(a+2cg(x))g" (x) — (ap +cpg(x))(a+2cg(x))
0 =c*p(a+2cg(x))g(x)g" (x) — *pg* (x) + acpi(a +2cg(x))g(x).

Isolating cpt(a + 2cg(x))g”(x) in the first equality and substituting it in the second we obtain the

non-zero polynomial
0= 2c2g3 (x) 4+ c(5a— l)gz(x) + 2a2g(x),

i.e., g(x) is constant, a contradiction and thus we conclude the claim.
From claim 1 and 2 we obtain that f is constant. Then:

-ii) and iii) If f = A is constant in / — R the equation in (4.31)) reduces to

0= —(b+cA)(al +bg(x) +cAg(x))?e" (x)

(4.34)
+ (b+cA)(ar + bg(x) +cAg(x))g (x)(—3bg" (x) + 4ad + 4bg(x) + 4cAg(x) —3cAg" (x)).
If b+ cA =0 we get ii). If b+ cA # 0 the equation (4.34) reduces to
ar \? Mooy ali aA " ,
s+ 5507 ) #0 = (s 557 ) (4(s0+ 557 ) -3¢0 ) €0
O

Corollary 4.3.1. Assume the setting of Theorem If g(x) # —A the change of variable h(x) =
(g(x) + A)? reduces the equation (4.30) to

B (x) = 4K (x) (4.35)
whose general solution is h(x) = kje* + kpe™ > — %.

Proof: Observe that . .
W (x)=2(g(x)+A)g (x)

H"(x) = 6g'(x)8" (x) +2 (3(x) + A) " (x)
which substituting in (4.35)

(8(x) +A)g"(x) = (4(g(x) +A) —38"(x)) g'(x).
Integrating (4.35]) we obtain the second order linear differential equation

h'(x) —4h(x) =C.

)

We can find the general solution of this equation by adding a particular solution (hp (x) =— ) with

the general solution of the homogeneous differential equation

H"(x) —4H (x) = 0,
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whose solution H(x) = kje?* + kye™ 2 is obtained by substituting ¢** into the differential equation

and then solving the characteristic polynomial

a’—4=0.
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APPENDIX A

Factorization of Polynomials

This appendix will be dedicated to list and proof lemmas used throughout the text.

Lemma A.0.1. Let K1, K3, K3, ¢ be constants such that K # and ¢ # 0. Define G : (0,+0) x R - R,
G:(0,+%) xR — R by

G(x,y) = 490+ 9xy* — K> (1 +4c)xy® + 662y — Ky (1 4+ 4¢)x’y + (1 — K3)x> + cKax®
and
G(x,y) = y* +2xy> — Koxy + (1 — K3)x*

Then the polynomials G and G have no factors in common.
Proof: We will split the proof into three claims.

Claim 1: G does not divide G. Indeed, if G divides G then there exists a polynomial of degree 2
such that

G(x,y) = Glx,y)(f +gx +hy +ixy+ jx* +ky?),
which reorganizing,

0 =j(K3 — Dx* —2jx*y* + (jKa +i(K3 — 1))x°y + (g ( K3—1)+1—K3)x’
— jx3yt =20y + (iKy —2g + k(K3 — 1) + 6)x%y
+ (gKy — Ko (1 +4c¢) + h(Ks — 1))x%y + (cK3 + f(K3 — 1))x*
—ixy’ 4 (9 — 2k — g)xy* + (kKy — Ka (1 +4¢) — 2h)xy® + (hKy — 21 )xy?
+ fKaxy + (4= k)y® — by’ — i,

267
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that occurs if, and only if,

0=j<K3—1) 0:iK2—2g+k(K3—1)+6

0 =hK, —2f
0=2j 0 =gK2—K2(1+4c)+h(K3— 1)

0 =fK>
0=jKr+i(K3—1) 0=cK?+ f(K3—1) N
0=g(Ks—1)+1-K3 0=i -

0=h
0=j 0=9—2k—g

0=f.
0 =2i 0 =kK; — K»(1+4c¢) —2h

Then f = 0, which substituting into the third equality of the second column we obtain 0 = cK22 #0,a
contradiction and thus we conclude the claim.
Claim 2: If K3 # 1 then G is irreducible. Indeed, if G is reducible then there are two possibilities. In

the first, there exist polynomials of degree 1 and degree 3 such that
G(x,y) = (f +gx+hy) (i + jx + ky + Lxy + mx® + ny?> + oxy* + px’y + qx°> + ry*)
which reorganizing,

0 =—ggx* — (gp + hq)x’y — (gm+ fq)x° — (go+ hp)x*y* — (gl + hm + fp)x*y
+(1—gj—fm—K3)x* — (ho + gr)xy* + (2 — fo—gn— hl)xy* — (K> + f1+ gk + hj)xy
—(gi+ fi)x+ (L=hr)y* — (hn+ fr)y® — (hk + fn)y* + (hi + fk)y — fi,

that occurs if, and only if,

0=gq O0=1—gj—fm—K3 0=1—hr

0=gp+hg 0=ho+gr 0=hn+ fr

0=gm+ fq 0=2—fo—gn—hl 0=hk+ fn (A.1)
0=go+hp 0=Kr+ fl+gk+hj 0 =hi+ fk

0=gl+hm+fp 0=gi+fj 0=fi.

By the first equality of the first column g = 0 or ¢ = 0. Suppose g = 0. We have,

0 =hg 0 =ho

0=hn+ fr
0=fq 0=2—fo—hl

0=hk+ fn
0=hp 0=K,+ fl+hj

0=hi+ fk
0=hm+ fp 0=fj

0=fi.

0=1—fm—Kys O=l—hr

By the fifth equality of the second column we have # # 0. Thus, by the third equality of the first

column p = 0 which substituting into the fourth equality of the first column we conclude m = 0.
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Therefore, by the fifth equality of the first column, K3 = 1, a contradiction. Therefore, g # 0 and

g = 0. From (A1),

0=gp 0=ho+gr

0=hn+fr
0=gm 0=2—fo—gn—hl

0=hk+ fn
0=go+hp 0=Kr+ fl+gk+hj

0 =hi+ fk
0=gl+hm+fp 0=gi+fj

0 =fi.

O=1—gj—fm—Kj3 0=1—nhr

By the first equality of the first column we have p = 0. By the third equality of the first column o =0
which substituting in the first equality of the second column » = 0 we obtain a contradiction with
the fifth equality of the second column. Therefore we do not have this factorization. In the second

possibility there are polynomials of degree 2 such that
G(x,y) = (f +gx+ hy + ixy + jx> + ky?) (I + mx + ny + oxy + px*> + qy°)

which reorganizing,
0=—jpx*— (pi+ jo)xX>y— (gp+ jm)x> — (0i + jq+kp)x*y* — (mi+ go+ hp + jn)x*y
+(1—gm— fp— jl—K3)x* — (qi + ko)xy® + (2 — ho — gq — km — ni)xy*
— (Ka+1li+ fo+gn+hm)xy— (fm+ gh)x+ (1 —kq)y* — (hg + kn)y> — (hn+ fq +ki)y*
— (fn+hl)y— f1,

that occurs if, and only if,

0=Jjp O=1-gm—fp—jl—-Ks 0=1—kq
0=pi+jo 0=gqi+ko 0=hqg+kn
0=gp+jm 0=2—ho—gqg—km—ni 0=hn+ fq+ki
0=oi+ jq+kp 0=K,+1li+ fo+gn+hm 0= fn+hl
0=mit+go+hp+jn 0= fm+gl 0=l

By the first equality of the third column kg = 1. Suppose, without loss of generality, k = g = 1. By
the first equality of the first column we have that j = 0 or p = 0. Suppose, without loss of generality,
J = 0. We have,

0=pi
O=i+o O=h+n
0=gp ,
0=2—ho—g—m—ni O=hn+f+1
O=o0i+p (A.2)
0=Ky+Ili+ fo+gn+hm 0= fn+hl
0=mi+go+hp
0=fm+gl 0= fl.

0=1-gm—fp—K;



270 Appendix A. Factorization of Polynomials

By the first equality of the first column p = 0 or i = 0. Suppose p = 0. We have,

0=oi 0=2—ho—g—m—ni

O=hn+f+1
0=mi+ go 0=K,+!li+ fo+gn+hm

0= fn+hl
O0=1—gm—Kz 0= fm+gl

0= fL

O=i+o O=h+n
From the first and fourth equalities of the first column we conclude i = 0 = 0. We have,

0=1—gm—Kj 0=fm+gl

0= fn+hl
0=2—g—m O=h+n
0=fl
0=Ky+gn+hm O=hn+f+1
By the second equalities of the first and second columns, m = 2 — g and n = —h. We have,

0=1-g(2-g)—K; 0=f2-g)+gl  O0=h(l—f)
0=Kr—gh+h(2—g) O0=—h*+f+I 0=fl.

By the second equality of the second column [ = h> — f. We have,

0=1-g2-g) —-Ks  0=f(2—g) +g(h*—f)

0=f(h*—f).
0=K,—gh+h(2—g)  0=h(2f—HK) f(h™=f)

By the second equality of the first column we have & # 0 (otherwise K> = 0, a contradiction). Thus, by
the second equality of the second column, f = % Substituting this into the last equality we conclude
h* = 0, a contradiction. Thus p # 0 and i = 0. We have, from(A.2)),

0=gp 0=o0 O=h+n
0=p 0=2—ho—g—m O=hn+f+1
0=go+hp 0=K,+ fo+gn+hm 0= fn+hl
O=1—gm—fp—Kj3 0=fm+gl 0=fl.

By the second equality of the first column p = 0, a contradiction and therefore the second possibility

also does not occur. Thus we proof the claim.

Claim 3: If K3 = 1 then G is reducible but none of its factors divides G. Indeed, if K3 = 1, then
G(x,y) = 4y° + 9xy* — Ko (1 +4c)xy® + 6x°y? — Ky (1 + 4¢)x’y + cK3x*
G(x,y) = y(y’ + 2xy — Kax).

By claim 1 the polynomial G does not divide G. y also does not divide G. The only possibility is if
(y® + 2xy — K»x)|G. If this occurs there exists a polynomial of 3 such that

G(x,y) = (f+gx+hy+ixy+ sz + ky2 + lxzy + mxy2 +nx + 0y3) (y3 + 2xy — K»x)
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which reorganizing,
0 = —2nx*y + nKox* —nx®y? —2mxy? + (mKy —2))X°y + jKox® —mxy* — (j +20)x%y
+ (IKy — 2i 4+ 6)x*y? + (iKy — Ka (1 +4c) — 28)x%y + (cK3 + gKo)x* — Ixy’ + (9 — i — 20)xy”
+ (0Ky — 2k — Ko (1 +4c) — g)xy® + (kKp — 2h)xy* + (hKy — 2 )xy + fKax + (4 — 0)y°
—ky> —hy* =y’

that occurs if, and only if,

0=n 0=j+2l 0 = kK, — 2h
0=nk, 0=I[K,—2i+6 0=hK,—-2f
O=n 0=iK,—K>(1+4c)—2g 0= fK>
0=2m 0= cK3 + gk, 0=4—0
0=mKy—2j 0=I 0=k

0= jk 0=9—i—20 0=h

0=m 0=0K,—2k—Kr(1+4c)—g 0=7f.

By the fifth equality of the second column and the fourth equality of the third column we have [ =0
and o = 4. Substituting in the second and sixth equalities of the second column we conclude 3 =
i = 1, a contradiction, and therefore such factorization does not exist. Let us verify that the factor
(v +2xy — K»x) is irreducible. Indeed, if it were reducible there would exist polynomials of degree 1

and degree 2 such that
V4 2xy— Kox = (f + gx + hy) (i + jx + ky + Ixy + mx® + ny?)
which reorganizing,
0 = —gmx’ — (gl + hm)x*y — (gj + fm)x* — (hl + gn)xy*
+(2—gk—hj— flxy— (Ko + gi+ fj)x+ (1 — hn)y’

— (hk + fn)y* — (hi+ fk)y — fi,

that occurs if, and only if,

0=gm
0=2—gk—hj—fl 0=hk+ fn
0=gl+hm
0=Ky+gi+fj 0=hi+ fk (A.3)
O0=gj+fm
O0=1—hn 0= fi.
0=hl+gn

By the first equality of the first column g = 0 or m = 0. Suppose g = 0. We have,
0=hm 0=2—-hj—fl 0=hk+ fn
0= fm 0=Ky+fj 0=hi+ fk
0=nhl 0=1—hn 0= fi.
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By the third equality of the second column n = }l Therefore, by the first and third equalities of the

first column, m = [ = 0. We have,

0=2—hj et
S A

0=K,+fj 0=hi+ fk
By the first equalities of the first and second columns j = % and k = hiZ We have,

2f S ,
0=K2+7 Ozhl+ﬁ Ozfl.

Isolating 7 in the second equality and substituting it in the third will imply f = 0, a contradiction with
the first equality. Thus, g # 0 and m = 0. We have(A.3)

0=gl 0=2—gk—hj—fl 0=hk+ fn
0=gj 0=K,+gi+fj 0=hi+ fk
0=nhl+gn 0=1—hn 0= fi.

By the first equality / = 0. Substituting in the third we obtain n = 0 and therefore we have no factor-

ization. Thus, we conclude the claim. O
Lemma A.0.2. Define G: (0,+x) xR - R, G: (0,+x) xR — R by
G(x,y) =y —y—2c¢*K3x® + 2¢*Kox
and
= _ 4 2 2
G(x,y) =y +2y" +4c"Kjx+ 1,

where K,K»,K3,c are constants being ¢ # 0 and K| # 0. Then the polynomials G and G have no

factors in common.

Proof: We will split the proof into two claims.

Claim 1: G does not divide G. Indeed, if G divides G then there exists a polynomial of degree 1
such that

G(x,y) = G(x,y)(Ax+By+C),

that is,
0=y —y—22Ksx> + 2¢*Kox — (y4 +2y> + 42K x + 1) (Ax+By+C)

which reorganizing

0 =(—2c2K3 — 4P K1A)x* + (—A)xy* + (—24)xy? + (—4c?K 1 B)xy + (2¢2Ky — A — 4Cc2K )x
+(1=B)y’ + (—=C)y* + (—=2B)y’ + (=2C)y* + (-1 - B)y+C
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that occurs if, and only if,

—2PK3 —4PKiA=0 27Ky —A—A4CPK; =0

~2C=0
“A=0 1-B=0

“1-B=0

“2A=0 —C=0 c o
—4¢*K1B =0 —2B=0

Therefore B = 0 and B = 1, a contradiction and thus we proof the claim 1.

Claim 2: G is irreducible. Indeed, if G is reducible then there exist polynomials of degree 3 and

degree 1 such that
G(x,y) = (Ax> + By’ + Cx*y + Dxy* + Ex* + Fxy + Gy* + Hx + Iy +J)(Kx+ Ly + M)
or there are polynomials of degree 2 such that
G(x,y) = (Ax* + Bxy + Cy* + Dx + Ey + F)(Gx*> + Hxy + Iy* + Jx + Ky + L).
In the first case, that is,
0=y*+2y* +4c’K1x+ 1 — (Ax®> + By + Cx*y + Dxy? + Ex* + Fxy+ Gy> + Hx+ 1y +J)(Kx+ Ly + M)
which reorganizing
0 =(—AK)x* + (~CK —AL)x*y + (—EK — AM)x® + (—DK — CL)x*y* + (—FK — EL— CM)x*y
+ (~HK — EM)x* + (—~BK — DL)xy® + (—GK — FL — DM)xy* + (—IK — HL — FM)xy
+ (4c*Ky —JK —HM)x + (1 — BL)y* + (—GL — BM)y® + (2 — IL — GM)*
+ (—JL—IM)y+1—JIM

that occurs if, and only if,

—AK =0 —HK—-EM =0 1-BL=0
—CK—-AL=0 —BK—-DL =0 —GL—-BM =0
—EK—-AM =0 —GK—-FL—-DM =0 2—-IL-GM =0
—DK—-CL=0 —IK—HL—-FM =0 —JL—IM =0

—FK—EL—-CM =0 4¢*K; —JK—HM =0 1-JM = 0.

If A # 0 by the first equality we conclude K = 0. By the second equality we conclude L =0, a

contradiction with the first equality of the third column. Therefore A = 0. We have

—CK =0 —BK—DL =0
—GL—BM =0

—EK =0 —~GK—FL—-DM =0
2—IL-GM =0

—DK—CL=0 —IK—HL—FM =0
—JL—IM =0

—FK—EL-CM=0  4c’K;,—JK—-HM =0
1—JM =0.

—HK—-EM =0 1-BL=0
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Repeating the argument successively we obtain C = D = E = F = H = ( and therefore,
—BK=0  4’K;—JK=0 2—-IL—GM =0
—GK =0 1-BL=0 —JL—IM =0
—IK =0 —GL—BM =0 1-JM =0.
If B # 0 by the first equality we conclude K = 0. By the first equality of the second column we

conclude 4¢K; = 0, a contradiction. Then B = 0 and by the second equality of the second column

1 = 0, a contradiction and therefore the first case does not occur. In the second case, that is,
0=y*+2y* +4c’K1x+ 1 — (Ax* + Bxy+ Cy* + Dx+ Ey+ F)(Gx> + Hxy + Iy* + Jx + Ky + L)

which reorganizing
0 =(—AG)x* + (~AH — BG)x*y + (—GD — AJ)x® + (—AI — BH — CG)x*y?
+(~GE —HD — AK — BJ)x*y + (—JD — AL — FG)x* + (—BI — CH )xy*
+(—HE — DI —BK — CJ)xy* + (—JE — KD — BL — FH)xy + (4c*K — LD — FJ)x
+(1—=CI)y* + (—EI —CK)y’ + (2—FI —CL—KE)y> + (~LE —FK)y+ 1 —FL

that occurs if, and only if,

—-AG =0 —JD—-AL—-FG=0 1-CI=0

—AH-BG =0 —BI-CH =0 —EI-CK =0
—GD—-AJ=0 —HE -DI-BK—-CJ=0 2—-FI-CL-KE=0
—Al—-BH—-CG =0 —JE—-KD—-BL—-FH =0 —LE—-FK=0
—GE—-HD—-AK—-BJ =0 4¢*K; —LD—FJ =0 1-FL=0.

If A # 0O by the first equality we conclude G = 0. By the second equality we conclude H = 0 and
consequently by the fourth equality / = 0, a contradiction with the first equality of the third column.
Therefore A = 0. We have

—BG =0 —BI-CH =0
—EI-CK=0
-GD =0 —HE —-DI-BK—-CJ=0
2—FI-CL-KE=0
—BH—-CG =0 —JE—-KD—-BL—-FH =0
—LE—-FK=0
—~GE—HD—-BJ =0 4¢’Ky —LD—FJ =0
1-FL=0.
—JD—-FG=0 1-CI=0
Repeating the argument successively we obtain B = D = 0 and then
—CG=0 —HE-CJ=0 —EI-CK=0
—GE =0 —JE—-FH =0 2—FI-CL-KE=0
~FG=0 4K —FJ=0 —LE-FK =0

—CH =0 1-CI=0 1-FL=0.



275

If C # 0 by the fourth equality we conclude H = 0. By the second equality of the second column we
conclude J = 0 and consequently by the third equality of the second column 4¢%K; = 0, a contradic-
tion. Then C = 0 and by the fourth equality of the second column 1 = 0, a contradiction and therefore

the second case does not occur either, i.e., we proof the claim 2. O]

Lemma A.0.3. Let K1, K; be constants such that Ky # 0 and (K,K>) # (i%, 0). Define Q : R2
R, 0 :R?> >R by
Q(w,y) = —2K1y* + 2K kyw + Kpy — K1w?

and
O(w,y) = 6kK?y* — K (4k*K? — 2)yw — 2kK 1 Koy + 2kK3w? + Kow.

Then the polynomials Q and Q have no factors in common.

Proof: First, let us observe that since Q and Q have the same degree, the only way for one to divide
the other is if they are multiples, a situation that does not occur. Thus, we will split the proof depend-

ing on Kj.

- If K> # 0: Notice that Q is irreducible. Indeed, if Q is reducible there exist polynomials of de-
gree 1 such that
Q(w,y) = (a+by+cw)(d +ey+ fw),

that is,
0 = —2K1y* + 2K kyw + Koy — Kiw? — (a+ by + cw)(d + ey + fw)

which reorganizing
0 = —(2K; + be)y* + (2kK? — ce — bf)yw + (K> —ae — bd)y — (K| + cf)w? — (af + cd)w —ad
that occurs if, and only if,
0=2K +be  0=2kKi—ce—bf O0=Ky—ae—bd O0=K;+cf O=af+cd O=uad.
By the last equality we have that a = 0 or d = 0. Assume without loss of generality that a = 0. Then,
0=2K;+be 0=2kK} —ce—bf 0=K,—bd 0=K;+cf 0=cd.

Since K| # 0 we obtain by the fourth equality that ¢ # 0 and consequently by the last equality d = 0.
Thus, by the third equality we conclude K> = 0, a contradiction and therefore Q is irreducible. Since

Q is irreducible we conclude that Q and O have no factors in common.

-If K, = 0: If Q is irreducible we conclude as before that Q and Q have no factors in common.

If Q is reducible it is easy to verify that

2 1
O(w,y) = —K;(by +cw) (E)H— ;w)
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with 0 = 2kK; + 157 + % or, equivalently,
0 = b* +2¢? + 2bckK;. (A.4)

Claim 1: The factor by + cw does not divide Q Indeed, if it does divide, there exists a polynomial of

degree 1 such that

O(w,y) = (by+cw)(F + Gy+ Hw)

that is,
0 = 6kK?y? — K| (4k*K? — 2)yw + 2kK?w? — (by + cw)(F + Gy + Hw)

which reorganizing
0 = (6kK? — Gb)y* — (K| (4k*K? —2) + Gc + Hb)yw — Fby + (2kK} — He)w? — Few

that occurs if, and only if,

0 =6kK? — Gb 0=Fb
5 0=Fc.
0 =K, (4k*K}? —2)+ Gec+Hb 0 =2kKj —Hc

Since ¢ # 0 we obtain, by the last equality, that F = 0. We have,
0=6kK} —Gb  0=K;(4k’°K} —2)+Gc+Hb  0=2kK? —Hc.

Isolating G in the first equality and H in the last equality and substituting both in the second equality
we conclude
0 = —bc + b*kKy + 3¢°kK| + 2bck* K3

but from (A.4) we have b?> = —(2c¢? 4 2bckK} ), hence
0 = —bc+b*kKy +3c*kK| +2bck® K} = —be — (2¢® +2bckKy kK| +3¢*kKy +2bck* K3 = —c(b—ckKy)

thus, b = ckK; b = ckK; which substituting in 1} we have 0 = c2(3sz12 +2) # 0 a contradiction

and therefore we conclude the claim.

Claim 2: The factor %y + %w does not divide Q. Indeed, if it does divide, there exists a polyno-

mial of degree 1 such that

- 2 1
O(w,y) = (By—i— EW> (F+Gy+Hw)

that 1s,
2 1
0 = 6kK?y* — K| (4k*K? — 2)yw + 2kK3w?* — (Ey + —w) (F+Gy+Hw)
c
which reorganizing

2H F

G G 2F H
0= <6kK12 - 25) — (Kl (4K2K? —2) + —+ 7) YW=y <2kK12 - ?) w? — —w
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that occurs if, and only if,

G 2F
0 =6kK? —2— 0="-
G 2H H T
0 =K (4k°K} —2)+ —+ == 0=2kK{ —— ¢
c b c
By the last equality F* = 0. We have
G G 2H H
0=6k1<12—2Z 0=K1(4k21<12—2)+—+7 0= 2kK? — —.
C C

Isolating G in the first equality and H in the last equality and substituting both in the second equality
we conclude
0 = 2bc — 3b*kK — 4c*kK| — 4bck’ K7

but from (A.4) we have b> = —(2¢? + 2bckK; ), hence
0 = 2bc — 3b*kK| — 4c¢*kK| — 4bck*K?
— 2bc + 3(2¢? 4 2bckK kK| — 4¢*kK| — 4bck*K?

= 2¢(b+ bK*K? + ckK)
ckK . e 23k K?+2 ..
thus, b = — m which substituting in (A.4) we have 0 = ¢ —3 K21+ T # 0 acontradiction and therefore
1 1
we conclude the claim. Finally, with statements 1 and 2 we conclude the case K, = 0. ]

Lemma A.0.4. Let K, K>,k be constants such that K,k are non-zero. Define Q : R*> — R by
O(w,y) = 12y* — 6K y* + 2kK yw — 2kKsy + K?w? — 2K Kow + K3
Then the polynomials Q and %—% have no factors in common.

Proof: We will split the proof into two claims.

Claim 1: %—g does not divide Q. Indeed, if %—g divides Q then there exists a polynomial of degree
1 such that
O(w,y) = (a+by+cw) (48y3 — 18Ky + 2kK w — 2kK3)

which reorganizing
0 = (K? — 2ckK{)w* — 48cwy® + 18cK wy* + (2kK| — 2bkK | )wy + (2ckKy — 2akK| — 2K Ky)w
+ (12— 48b)y* + (18K — 6K —48a)y’ + 18aK)y* + (2bkKs — 2kK )y + K3 + 2akK;

that occurs if, and only if,

0 = K} —2ckK,

0= 2CkK2 —2akK1 —2K1K2 0= 1861K1
0=48c

0=12-48b 0 = 2bkK; — 2kK>
0= 8CK1 5

0 = 18bK; — 6K —48a 0 = K5 + 2akK;.

0 = 2kK; —2bkK;
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By the second equality we obtain ¢ = 0 which, substituting into the first equality, we have K; =0, a

contradiction, and thus we conclude the claim.

Claim 2: %2 is irreducible. Indeed, if %€ is reducible there exist polynomials of degree 1 and degree
Oy Jy poly g

2 such that

0
ﬁ—g(w,y) = (a+by+cw)(d+ey+ fw+gyw + hy> + iw?)

that is,
0 = 48y — 18K y? + 2kK w — 2kK> — (a + by + cw)(d + ey + fw + gyw + hy* + iw?)
which reorganizing
0 =(48 — bh)y® — (bg + ch)y*w — (18K) + be + ah)y* — (bi + cg)yw? — (ce + ag + bf)yw
— (ae+bd)y — ciw® — (ai + cf)w* + (2kK, — af — cd)w — (2kK> + ad)

that occurs if, and only if,

0 =48 —bh

0=ce+ag+bf 0O=ai+cf
0 =bg+ch

0 =ae + bd 0=2kK| —af —cd (A.5)
0=18K; + be+ah

0 =ci 0 =2kK, + ad.

0=bi+cg
By the third equality of the second column ¢ = 0 or i = 0. Suppose ¢ = 0. We have,
0 =48 —bh 0 =bi 0=ai
0 =bg O0=ag+bf 0=2kK; —af
0 =18K| + be+ah 0 =ae + bd 0 =2kK, + ad.

By the first equality b # 0. Consequently by the second equality of the first column and first equality

of the second column, respectively, g = 0 = i. We have,
0 =48 —bh 0=bf 0=2kK| —af
0 =18K| + be + ah 0 =ae+ bd 0 =2kK; + ad.

By the second equality of the second column f = 0 which substituting into the first equality of the
third column we conclude K; = 0 a contradiction. Thus, ¢ # 0 and i = 0. We have from (A.5))

0 =48 —bh 0=cg 0=cf
0=bg+ch 0=ce+ag+bf 0=2kK|—af —cd
0=18K; + be+ah 0 =ae + bd 0 =2kK, + ad.

By the first equality of the second column we have g = 0 which, substituting into the second equality
of the first column, we conclude /& = 0 and therefore we have no factorization and, thus, we conclude
the claim. O
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Lemma A.0.5. Let K|, K>, k be constants such that K|,k are non-zero. Define Q :R> - R, 0:R*> >R
by
O(w,y) = 12y* — 6K, y* + 2kK yw — 2kK»y + Klzw2 — 2K Kow + KZZ.

and

O(w,y) = — 2kKiw? — 48wy® + 22K wy* — 4k*Kywy + 4kK1 Kyw — 96ky*
+ (48K, + 40kK1 )y® — 22K, Koy? + 4k* Koy — 2kK3 .

Then the polynomials Q and Q have no factors in common.

Proof: First, let us observe that since Q and O have the same degree, the only way for one to divide
the other is if they are multiples, a situation that does not occur. Let us show that Q is irreducible. If
O were reducible, we have two possibilities. In the first possibility, there are polynomials of degree 1

and degree 3 such that
O(w,y) = (a+by+cw)(d+ ey + fw+ gyw + hy* + iw? + jyw? + Iwy? + my> + nw?)

which reorganizing

0 = — (96k + bm)y* — (48K{ + bl + cm)y>w + (48K, + 40kK| — bh — am)y® — (b + cl)y*w?

(22K? — bg — ch —al)y*w — (be + 22K K> + ah)y* — (cj + bn)yw® — (bi + cg + aj)yw”
(4K (k> + ce + ag + bf)yw + (4k*Ky — ae — bd)y — cnw* — (ci + an)w® — (2kK} + ai + cf)w*
(

+ (4kK K> — cd — af)w — (2kK? + ad)

_|_

that occurs if, and only if,

0 =96k + bm 0 =be+22K 1K, +ah 0=cn
0 =48K; + bl +cm 0=cj+bn 0=ci+an
0 =48K; + 40kK| — bh —am 0=bi+cg+aj 0 =2kK? +ai +cf

0=bj+cl 0 =4K k> + ce +ag + bf 0 =4kK\Ky —cd — af

0 =22K? —bg—ch—al 0 =4k’K, — ae — bd 0 =2kK3 +ad.
By the first equality in the first column m = —%‘. Thus,
96k
0 =48K, + bl — bc 0=cj+bn
0=ci+an

0 —48K, + 40kK, —bh + 0X4 0 =bitcg+aj )

=doka + 1 —bh X 0 =2kK? +ai + cf
0—bitecl 0 =4Kk* +ce +ag+bf (A.6)

=bjTc 0 =4kK\Ky —cd —af

0 =22K? —bg —ch—al
0 =be+22K K, +ah

0 =4k*K> — ae — bd

0=cn

0 =2kK3 +ad.
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By the last equality in the second column we have ¢ = 0 or n = 0. Suppose ¢ = 0. We have,

0 =48K; + bl 0 =bn
96ka L .
0 =48K, + 40kK| — bh + 0=bi+aj 0 =2kK? + ai
0 =bj 0=4K\k*+ag+bf  0=4kKKs—af
0 =22K? —bg —al 0 =4k’Ky —ae—bd 0 =2kK? +ad.
0 =be + 22K K> + ah 0 =an

By the third equality of the first column we have j = 0. Therefore, by the second equality of the
second column i = 0. Hence, by the first equality of the third column, 0 = 2kl(12 +ai = 2/<K12 #0a

contradiction and therefore the assumption does not hold. Thus ¢ # 0 and n = 0. We have from (A.6))

96k
0 =48K, + bl — bc 0=cj
6k —bi i _ 2 .
0=48K2—|—40kK1—bh—|—9ba 0=bi+cg+aj 0 =2kK{ +ai+cf
0—bj+cl 0 =4K k> +ce+ag+bf  0=4kK\K»—cd—af
2K a2
O=22K12—bg—ch—al 0 =4k“K> —ae —bd 0 =2kK5 +ad.
0 =be + 22K K> + ah 0 =ci
By the first and last equalities of the second column we have j =i = 0. Thus,
96k
0 =48K) + bl — —— 0 —be + 22K, K, + ah
o6 0 =2kK? +cf
0 =48K; + 40kK — bh + — ¢ 0= 0 —4kK Ky — cd —af
2
0 —cl 0=4K1k"+ce+ag+bf )
¢ 0 :2kK2 +ad

A
0 =22K? —bg —ch—al 0 =4k“K, — ae — bd

By the third equality of the first column and by the second equality of the second column we obtain
[ = g =0. We have,

96kc 5
b 0 =be+ 22K K> + ah 0 =2kK7 +cf
6k 4K 2 _ ~ed —
0 —48K, + 40kK, — bh+ 20K4 0 =4K\k* +ce+bf 0 =4kK K> — cd — af
0 =4k’K, — ae — bd 0 =2kK3 + ad.

0 =48K; —

0 =22K? —ch

By the third equality of the first column and by the first equality of the third column we have, respec-

. 22K} _ 2kK}
tively, h = =t and f = —=*. Therefore,

6k
0 —48K, — 2 ; <
2kK?b 2kK?a
22K%b 96k 0 =4Kk* + ce — ——1 0 =4kK K> — cd + =1
0 —48K, + 40kK| — ==~17 ba 1emeem 1Rz c
0 =4k>Ky —ae — bd 0 =2kK3 + ad.

22K?
0 —be + 22K K, + 22214
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2
By the first equality in the third column we have d = % <4kK1 K> + Zk—fla) and substituting in the last

equality in the third column we obtain 0 = w, that is, a = —%. Thus,
6k
0:48K1—9bc 0 =be

ceKr, 2kbK K>

2kK12b 0 =4k2K2 + K -

22Kth  96ckKs (0 —ak k2 + ce—
bK; ¢

0 =48K; + 40kK; —

By the first equality of the second column e = 0 which, substituting into the second equality of the

second column, we obtain b = 2K—klc Therefore, by the second equality, we conclude

22K?b  96ckK:
0 — 48K, + 40kK; — 22217 PRk, #0
C bKl

a contradiction and then we do not have the factorization by polynomials of degree 1 and degree 3. In

the second possibility there are polynomials of degree 2 such that
O(w,y) = (a+ by +cw—+dyw +ey* + fw?) (g + hy + iw + jyw + Iy* + mw?)

which reorganizing
0 = — (96k + le)y* — (48K + je + dl)y’w + (48K, — he + 40kK| — bl)y® — (me +dj + flI)y*w?
+ (22K} —ei—bj—dh—cl)y*w — (ge + 22K K> + bh + al)y* — (fj + dm)yw*
—(di+cj+ fh+bm)yw? — (4K1k*> + bl + aj + ch +dg)yw + (4k*K, — ah — bg)y
— fmw* — (fi+ cm)w® — (2kK} + ci + fg + am)w* + (4kK Ky — cg — ai)w — (2kK3 + ag),

that occurs if, and only if,

0 =96k + le 0 =ge+ 22K K> + bh + al 0=fm

0 =48K; + je +dl 0=fj+dm 0=fi+cm

0 =48K> — he + 40kK| — bl 0=di+cj+ fh+bm 0 =2kK? + ci+ fg +am
O=me+dj+ fl O=4K1k2+bl+aj+ch+dg 0 =4kK Ky —cg —ai
0=22K?—ei—bj—dh—cl  0=4k*K, —ah—bg 0 =2kK3 + ag.

By the first equality of the third column we have f = 0 or m = 0. Let us assume, without loss of

: _ : _ _ 96k
generality, that f = 0. Also, by the first equality of the first column, / = —=>=. We have,

. 96kd

0:48K1+_]€—7 0=dm
96kb . _
0 =48K, — he + 40kK| + —— 0=di+cj+bm 0 =2kK; + ci+am
e

: 6kb

0=me+dj O=4K1k2—9—+aj—|—ch—|—dg 0 =4kK, Ky — cg —ai
e
k

0=22K? —ei—bj—dh+ ke —4k>Ky — ah — bg 0 =2kKj + ag.

96ka 0=cm
e

0 =ge +22K K, +bh—

(A.7)



282 Appendix A. Factorization of Polynomials

By the first equality in the second column we have d = 0 or m = 0. Suppose d = 0. Thus,

- ; 96k
0 =48K, + je o O 8eT22KiIK b 4 0=cm
) e
0 —48K5 — he +40kK) + == 0 =c;+bm 0 =2kK? + ci+ am
0 =me 0 =4k % — 20 i en 0 =4kK1 K> —cg —ai
. . 96kC e 2
0=22K?—ei—bj+ 0 —4k2K, — ah — bg 0 =2kK3 + ag.
By the first equality j = —48%. Then, by the third equality, m = 0. Thus,
96kb
_ _ 48K c
0 =48K5 — he +40kK, + — 0= ! 0 =2kK? + ci
. 48K\b 96k .
0=22K} —ei+— =+ = 0 —ak 2 2Okb 48Kia | L 0=dkK\Kr —cg—ai
e e
96ka 0 =2kK3 + ag.

0 =ge + 22K, K> + bh — 0 =4k*K» — ah — bg

e

By the first equality of the second column ¢ = 0 which substituting in the first equality of the third
column we obtain 0 = 2kK12 +ci= 2/’(](12 # 0 a contradiction and therefore the assumption does not
hold. Thus d # 0 and m = 0. We have from (A.7))

96kd
B . 96k
0 =48Ki + je — —— 0 —ge + 22K, Ky + bh — -2 )
96kD ' ' e 0 =2kK7{ +ci
0 =48K> — he + 40kK| + —— 0=di+cj ;
e 96kb 0 =4kK K> —cg—ai
0=di 0=4K\k* — — +aj+ch+d
j i ] . raitc & 0 —2kK3 +ag.

0=22K? —ei—bj—dh+ 0 =4k’K, — ah — bg

e

By the third equality of the first column j = 0 which, substituting into the second equality of the
second column, we obtain i = 0. Thus, by the first equality of the third column, 0 = 2kK12 +ci =

2kK12 # 0 a contradiction and therefore this factorization also does not occur. ]

Lemma A.0.6. Let K|,K>, K3, c be constants such that Ky # 0, ¢ # 0, ¢ # —% and ¢ # ﬁ Define
G:R2—>R,5:R2—>]Rby

G(x,y) = 2¢y*x* + dcy?x + 2¢y* — cK1x* + (8¢ — 2¢cK| + 4)x — cK;
and

G(x,y) = cx4y4 +4ex’ y4 — 2cK2x4y + 6cx2y4 +8¢x y2 —cKaxt — 4cK2x3y + 4cxy4 + 16cx2y2
—4cK3x® + eyt + 8exy? + (16¢ — 6CK3)x2 +4cKoxy — 4cKzx + 2¢cKyy — K.

Then the polynomials G and G have no factors in common.

Proof: We will split the proof into two claims.
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Claim 1: G does not divide G. Indeed, if G divides G then there exists a polynomial of degree 4
such that

G(x,y) = G(x,y)(f +gx+hy+ixy+ jx* + ky* + Ixy* + mx’y +nx> + 0y® + pxy® + x>y + rdy + sx* + 1)

which reorganizing

0 = —2¢sxy? + csKix® — 2crx®y® — (2en + 4es) X0y + crKi Xy + (enKy — s (8¢ — 2¢K| +4)) X°
+ (c—2¢q)x*y* — 2em+4er) x*y + (cqKy —den—2es — 2cj) x*y?
+ (cmKy —r (8¢ —2cK; +4) — 2cK>) x*y + (cjKi —n (8¢ — 2¢cK| +4) — cK3 + csKp ) x*
—2epx>y’ + (4c —2¢l — 4cq) Xyt + (epKy — 4em —2er — 2ci) Xy
+ (8¢ —q(8c —2cK| +4) —2cg —4dcj—2en+ clKy) x°y?
+ (crKy —m (8¢ —2¢cK| +4) —4cK; + ciKl)x3y + (cgKy — j (8¢ —2cK| +4) —4cKs + cnKl)x3
—2¢1x%y® — (2co + 4ep) X2y + (6¢ — 2ck — 4cl — 2¢q + ctKy) x*y*

coKi — p (8¢ —2cK| +4) — 2ch— 2cm — 4ci) x°y°

16¢—1(8¢c—2cK| +4) —2cf —4cg —2cj+ ckK) + cqKy) x*y?

chKy —i(8c —2cK| +4) + cmK}) x*y

16c — 6¢K3 — g (8¢ — 2¢K| +4) + cfK; + cjK; ) x* — 4ctxy® — (4co + 2¢p) xy°

4c—1 (8¢ —2cKy +4) — 4ck —2¢l) xy* + (cpK| — 0 (8¢ — 2cK +4) —dch — 2ci) xy’

8¢ — k(8¢ —2cK| +4) —4cf —2¢g + clKy ) xy* + (4cKy — h (8¢ — 2¢K +4) + ciK; ) xy

cgKi — f (8¢ —2¢K| +4) —4cK3) x — 2cty® — 2coy’ + (¢ — 2ck + ctKy) y* + (coKy — 2¢h) y’

+ + + + + + + o+

ckKy —2¢cf)y* + (2cKs + chK))y + cfK| — cK3

that occurs if, and only if,

0=2cs 0=cjKy —n(8c—2cK; +4)—cK3 + csK

0 = csK; 0=2cp

0=2cr 0=4c—2cl—4cq

0=2cn+4cs 0 = cpKy; —4cm —2cr —2ci

0 =crk; 0=8c—q(8¢c—2cK)+4)—2cg—4cj—2cn+clK,
0=cnK; —s5(8c—2cK; +4) 0= crK; —m(8c—2cK; +4) —4cK, + ciK;
0=c—2cq 0= cgK; — j(8¢c—2cK) +4) —4cK3 + cnkK;
0=2cm+4cr 0 =2ct

0=cqgKy—4cn—2cs—2cj 0=2co+4cp

0=cmK; —r(8c—2cK; +4)—2cK; 0 = 6¢ —2ck —4cl —2c¢q + ctK;
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0=coK; —p(8c—2cK;+4)—2ch—2cm
—4ci

0=16c—1(8c—2cK)+4)—2cf —4cg
—2cj+ ckKy + cgK;

0 = chK| —i(8¢c —2cK| +4) + cmK;

0 = 16¢c—6¢K3 — g(8c —2cK| +4) + cfK)

+cjK
0 =4ct
0=4co+2cp

0=4c—1(8c—2cK|+4)—4ck—2cl
0=cpK;—0(8c—2cK; +4)—4ch—2ci

0=8c—k(8c—2cK| +4)—4cf—2cg
+clK;

0 =4cK, —h(8c—2cK;| +4) + ciK;

0=cgK;— f(8c—2cK| +4)—4cK3

0 =2ct

0=2co
0=c—2ck+ctK;
0= coK; —2ch
0= ckKy —2cf

0 =2cK; + chK;
0 =cfK; —cKs.

By the first and third equalities of the first column, second and eighth equalities of the second column

and the fifith equality of the last column we obtain s =r = p =1 = 0 = 0. We have,

0=2cn
0 = cnk;
0=c—2cq
0=2cm

0=cqgKy—4cn—2cj

0=cmK| —2cK>

0=cjK;—n(8c—2cK,+4)—cKj
0=4c—2cl—4cq
0=—4cm—2ci

0=8c—¢q(8¢c—2cK|+4)—2cg—4cj—2cn+ clK;

0=—m(8c—2cK| +4)—4cK; + ciK;

0=cgK;—j(8c—2cK| +4)—4cK3 + cnK;
0=6c—2ck—4cl —2cq
0= —-2ch—2cm—4ci

0=16c—1(8c—2cK|+4)—2cf—4cg
—2c¢j+ ckKy + cqK

0= chK| —i(8¢c —2cK| +4) + cmK,

0 =16¢ —6¢K3 — g (8¢ —2cK; +4) + cfK
+cjK

0=4c—4ck—2cl

0= —4ch—2ci

0=8c—k(8c—2cK|+4)—4cf—2cg
+ clK;

0 =4cK, —h(8¢c—2cK; +4) + ciK;

0=cgK)— f(8c—2cK|+4)—4cK;

0=c—2ck

0= —2ch

0 = ckK| —2cf
0 =2cK; + chK;
0=cfK|—cKs.

By the tenth equality fo the second column we obtain 4 = 0. Thus, by the twelfth equality we have

K> = 0, a contradiction, and thus we proof the claim.

Claim 2: G is irreducible. Indeed, if G is reducible we have two possible situations. In the first, there
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are polynomials of degree 1 and degree 3 such that
G(x,y) = (f +gx+hy) (i + jx +ky + Lxy + mx* + ny* + oxy” + px*y + qx> + ry’)
that is,
0=G(x,y) — (f + gx+hy) (i + jx + ky + Ixy + mx* + ny* + oxy? + px>y + qx° + ry*)
which reorganizing

0 = —ggx* — (gp +hq)x’y — (gm+ fq)x’ + (2c — go — hp)x*y? — (gl + hm + fp)x’y
— (cKy + gj + fm)x* — (ho + gr)xy* + (4c — hl — fo — gn)xy* — (f1 + gk + hj)xy
+ (8c—gi—2cKy — fj+4)x—hry* — (hn+ fr)y} + (2c — hk — fn)y* — (hi+ fk)y — (fi+ cK})

that occurs if, and only if,

0=gq O0=cKi+gj+fm 0=hr

0=gp+hg 0=ho+gr 0=hn+ fr

0=gm+ fq O0=4c—hl—fo—gn 0=2c—hk— fn (A.8)
0=2c—go—hp 0= fl+gk+hj 0=hi+ fk

O=gl+hm+fp 0=8c—gi—2cK\—fj+4 0= fi+cK;.

By the first equality g or ¢ is zero. Suppose g = 0. We have,

0= hg 0=ho

O0=hn+ fr
0= fq O0=4c—hl— fo

0=2c—hk— fn
0=2c—hp 0= fl+hj

0=hi+ fk
O0=hm+fp 0=8c—2cK|—fj+4

0= fi+cK;.

0=cK|+ fm 0=hr

Since h # 0 (otherwise we would not have factorization) we obtain by the first equalities od the first

and second columns and the last equality of the second column g = 0 = r = 0. We have,

0=2c—hp

O0=fl+hj 0=2c—hk— fn
O=hm+fp

0=8c—2cK|—fj+4 0=nhi+ fk
0=cK|+ fm

0=nhn 0= fi+cKj.
0=4c—hl

Since h # 0 (otherwise we would not have factorization) we obtain by the first equality of the first
column, the second equality of the second column and last equality of the third column g =0 =r = 0.

We have, 2ef sef 2ef
c C . . C
O=hm+7 OZT-i—h] O—I’ll'i‘T

0=cKi+ fm 0=8c—2cK|—fj+4 0= fi+cK;.
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By the first equality of the first, second and third columns we have m =i = — Zh%f and j = —%. Thus,
2cf? 4ef?
Ochl—h—]; 0=8c—2cK1+h—{+4.
By the first equality we obtain ;:—; = % which substituting into the second we conclude 0 = 4(2¢ + 1),

that is, ¢ = —% a contradiction. Thus, g # 0 and g = 0. From 1@) we have

0=gp 0=ho+gr
O=hn+ fr
0=gm O=4c—hl—fo—gn
0=2c—hk—fn
0=2c—go—hp 0=fl+gk+hj
0=hi+ fk
O=gl+hm+fp 0=8c—gi—2cK|—fj+4
0= fi+cK;.
0=cKi+gj+ fm 0=nhr
Proceeding in a similar way to the previous situation we will obtain p=m=1=0,0 = %, Jj= —C%,
r= —%, h=k=0,n= % <2 — g) and f = g. Finally, i = —% and consequently we will conclude
c= —%, a contradiction, and so we do not have this situation. In the second possible situation, there

are polynomials of degree 2 such that
0= G(x,y) — (f + gx+ hy +ixy + jx* + ky*) (I + mx + ny + oxy + px* + q*)

which reorganizing
0= —jpx*— (pi+ jo)xX>y— (gp+ jm)x> + (2¢c — 0i — jqg—kp)x>y* — (mi+ go+ hp + jn)x>y
— (cKy + gm+ fp+ j)x* — (qi + ko)xy* + (4c — ni — ho — gq — km)xy* — (li + fo + gn+ hm)xy
+ (8¢ —2cKy — fm— gl +4)x —kqy* — (hq +kn)y® + (2c — hn — fq—kI)y*
—(fn+hl)y—(cK| + fI)

that occurs if, and only if,

0=jp 0=cKi+gm+ fp+jl 0 =kq
0= pi+jo 0=gqi+ko 0= hg+kn
0=gp+jm 0=4c—ni—ho—gq—km 0=2c—hn— fq—kl
0=2c—oi—jg—kp  O0=Ili+fo+gn+hm 0= fn+hl

O=mi+go+hp+ jn 0=8c—2cK|— fm—gl+4 0=cK;+ fl

By the first equality j is zero or p is zero. Suppose, without loss of generality, j = 0. We have,

0=pi 0=gqgi+ko
0=hqg+kn
0=gp 0=4c—ni—ho—gq—km
0=2c—hn—fqg—kl
0=2c—oi—kp O0=1li+ fo+gn+hm (A.9)
0= fn+hl
0=mi+go+hp 0=8c—2cK;—fm—gl+4
0=cK;|+ fl.

O0=cKi+gm+ fp 0=kq
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By the first equality p or i is zero. Suppose p = 0. We have,

0=2c—oi 0=4c—ni—ho—gq—km 0=hg+kn
0=mi+go O0=Ili+ fo+gn+hm 0=2c—hn— fq—kl
0=cK|+gm 0=8c—2cK|—fm—gl+4 0= fn+hl
0=gqgi+ko 0 =kq 0=cK;+fl

By the first equality, since ¢ # 0, we conclude that o # 0 and consequently 0 = % Thus,

2cg
= ] _ 2
O=mi+= 0=1i+ 2% 4 gnthim
0= cK; +gm 1 0=2c—hn— fq—kl
= CKq
=8c—2cK|— fm—gl+4
ck 0=8c—2cKi—fm=gltd o in
0=qi+— 0= kg
: 2ch OZCK1+fl
O=4c—ni—L-—gq—km 0= hq+kn
i
By the first and third equalities we obtain m = —2% and g = —%. Therefore,
2cg? 2cgf
= - 0=8c—2cKi+—F——¢gl+4 2ck
0 cK ) X 1 2 8 0—2—hnt sz_kl
. 2ch  2cgk 2cgk 2ck i
O=4c—ni— —+—F5—+—F5— 0=—5— =
cTmTT i2 2 2 0=fn+hl
2 2cgh 2ckh _
0=li+L,f—|—gn— c§ 0= — C_Z +kn 0=cK; + fl.
i i i
By the second equality of the second column k = 0. Thus,
2 2
0=cK;— Cf X
i
2ch 0=8€—20K1+%[—gl+4 0= fn+hl
0=4c—ni— — i
! 0=2c—hn 0 = cK; + fI.

2 2cgh
0—ti+ 2L on— i
l l

By the second equality of the second column n = 27‘ which substituting into the first equality of the
2cf

third column we obtain [/ = -5 Therefore,
2cg? _ 2cfi  2cf  2cg  2cgh
0=cK; — 2 Of—7+7+7— 2 0ok chZ
] 2 2 B S
0—ac_ 2t _2¢h g ek, + C_gf+ /8 4 h
h i 12 h2
By the second equality we obtain 0 = —2¢(h — i)z, that is, & = i. Then,
2cg? 4c 2cf?
0= cki— =5 ozsc—ch1+h—g2f+4 0= ck — hf.

Subtracting the third equality from the first we conclude that f = +g. Thus,

2 2
g K dcg
ﬁzi OZSC—Q,CK]‘_"?—F“-,
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1.e.,
0=8c—2cK| +2cK; +4

and then ¢ = —% or c = ﬁ, a contradiction. Therefore, p # 0 and i = 0. We have from (A.9)),
proceeding in a similar way, g =h =0, k = %, 0o=q=n=0,f= —%, m = 2p and [ = p and thus
we will conclude ¢ = —%, a contradiction, that is, this factorization does not occur. Hence we proof
the claim. (]

Lemma A.0.7. Let K|, K> be constants such that K> # K. Define F : (0,+0) xR — R, G: (0, +00) x
R — R by
F(x,y) = 2y° — (K — Ky )xy* —x(K> — K)

and
G(x,y) = (8K — 14K )xy* —24y° — 2K, (K| — K»)x*y® — 12)°

+ (3K2 —9K; )Xyz —2K; (Kl — Kz)xzy + (Kl — Kz)x.

Then the polynomials F and G have no factors in common.

Proof: We will divide the proof into two claims.

Claim 1: F does not divide G. Indeed, if F' divides G then there exists a polynomial of degree 2
such that
G(x,y) = F(x,y) (a +be+cy+dxy+ex® + fyz) ,

which reorganizing
0=—e(Ki —Ky)x*y? —e(Ky — K2)x® — (2e +d(Ky — K») + 2K (K| — K»))x2y® — (K| — K))x%y?
—(Ky — K>)(d + 2K )x*y — b(K| — K2)x* + (8K; — 14K, —2d — f(K| — K3))xy*
—(2b+¢(K1 — K2))xy® + (3K2 —9K; —a(K| — Ky) — f(Ky — K»))xy* — c(Ki — Ka)xy
+(K1—Ky—a(Ky—K))x— (2f + 24)y5 —2eyt — (2a+ 12)y3

that occurs if, and only if,

0 =e(K; — K3) 0=2b+c(K| —K>)
0 =e(K; — K3) 0=3K; —9K; —a(K, — Kz) — (K| — K3)
0=2e¢+d(K|—K)+2K (K, — K3) 0 =c(K; —K>)
0=b(K| —K>) 0=K;—K,—a(K| —K>)
0=(K;—K>)(d+2K)) 0=2f+24
0=b(K; —K>) 0=2c
0=8K, — 14K, —2d — f(K; — K3) 0=2a+12.
By the last equality we have a = —6 which substituting into the fourth equality of the second column

we conclude K| = K>, a contradiction, and thus we proof the claim.
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Claim 2: F is irreducible. Indeed, if F is reducible then there exist polynomials of degree 1 and

degree 2 such that,
F(x,y) = (g+hx+1iy) (a+bx+cy+dxy+ex2+fy2)
that 1s,
0=2y"— (Kz—Kl)xyz—x(Kz—Kl) — (g +hx+1iy) (a+bx+cy+dxy—|—ex2 +fy2)
which reorganizing
0 = —hex® — (ie + dh)x*y — (ge + bh)x* + (2ih — id + K1 — K2)xy* — (ib + ch + dg)xy
+ (Ki — Ky —ah— bg)x + (2ig — ic)y* — (ia + cg)y — ag
that occurs if, and only if,
0= he 0=2ih—id+ K —K> 0=2ig—ic
0=ie+dh 0=ib+ch+dg 0=ia+cg (A.10)
0=ge+bh 0=K|—K,—ah—bg 0=ag.
If i # 0 we have by the first equality of the third column that ¢ = 2g, then
0=he 0=2ih—id+ K| — K>
0=ie+dh 0=ib+2gh+dg
0=ge+bh 0=K|—K,—ah—bg

0=ia—i—2g2

0=ag,

2
that is, by the penultimate equality, a = — 2% which substituting into the last equality we obtain g = 0.

Therefore,
0=he 0=>bh 0=1ib

0=ie+dh 0=2ih—id+ K — K> 0=K;—K>,
and by the last equality K| = K3, a contradiction, hence i = 0. From we have
0= he 0=K1—-K>
0=dh 0=ch+dg
0=ge+bh 0=K,—K,—ah—bg

0=cg
0=ag,
and by the first equality of the second column we obtain K| = K5, a contradiction, and thus we proof
the claim. O
Lemma A.0.8. Define G : (0,+0) xR >R, G: (0,+%) x R — R by
G(x,y) = Kix>y* + 2K 1x°y? + K1x% + 4¢?
and
G(x,y) = (K5 — K3)xy” —4y" + (K5 — K3)x,

where K1,K3,Ks, c are constants with Ks # Kz and ¢ # 0. We conclude that the polynomials G and G

have no factors in common.
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Proof: We will split the proof into two claims.

Claim 1: G does not divide G. Indeed, if G divides G then there exists a polynomial of degree 3
such that

G(x,y) = 6()6,)7)(]‘4—g)H—herinyrjx2 +ky2 +lx2y+mxy2 +nx +0y3),

that is,
0= K1x2y4 + 2K1x2y2 + K1x2 +4¢?
— ((Ks — K3)xy* —4y> + (Ks — K3)x)(f + gx + hy + ixy + jx* + ky* + Ix*y + mxy* + nx> + 0y*)
which reorganizing
0 =n(K3 — Ks5)x*y? + n(Kz — Ks)x* + (4n+ 1(K3 — K5) x>y + j(K3 — K5)x>y? + (K3 — K5)x’y
(K3 — Ks)x® + (41 + Ky +m(K3 — K5))x>y* + (4] + iK3 — iKs)x*y?
+(2K + g(K3 — Ks) +m(Ks — Ks))x*y* +i(K3 — Ks)x*y + (K1 + g(K3 — Ks))x*
+(4m + o(K3 — Ks))xy® + (k(K3 — Ks) +4i)xy* + (4g + h(K3 — Ks) + (K3 — K5) )xy®
+(f (K3 — Ks) + k(K3 — Ks))xy* + h(K3 — Ks)xy + f (K3 — Ks)x + 40y°
+4ky5 + 4hy* + 4 fy® +4c?

that occurs if, and only if,

0 =I’l(K3 —K5)
0 =2K; +g(K3—K5)—|—m(K3—K5) Ozh(Kg—Ks)
0 =n<K3 —K5)
0 =l(K3 —K5) 0 =f(K3 —Ks)
0=4n+1(K3—Ks)
0=K1+g(K3—K5) 0=4o
0 =j(K3 —Ks)
0 =4m+ o(Kz —Ks) 0 =4k
0 =I(K3 — Ks)
0 =k(Ks — Ks) + 4i 0 =4h
0 =j(K3 —Ks)
0=4g+h(K3—K5)+0(K3—K5) 0=4f
O:4I+K1—|—m(K3—K5) )
OZf(K3—K5)+k(K3—K5) 0 =4c".

0=4j+iKz—iKs
Hence, by the last equality, ¢ = 0, a contradiction and thus we have proof the claim.
Claim 2: G is irreducible. Indeed, if G is reducible then there exist polynomials of degree 1 and

degree 2 such that
G(x,y) = (f +gx+hy) (i + jx + ky + Lxy + mx* + ny?)

that is,

0= (K5 — K3)xy*> — 4y + (Ks — K3)x — (f + gx + hy) (i + jx + ky + Ixy + mx* + ny?)
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which reorganizing

0=— gmx3 — (gl + hm)xzy —(gJj —i—fm)x2 + (K5 — K3 — hl —gn)xy2 — (fl+ gk +hj)xy
+ (Ks — K3 —ig — fj)x— (hn+4)y> — (hk+ fn)y* — (ih+ fk)y — if

that occurs if, and only if,

0=gm

O0=fl+gk+hj 0=hk+ fn
0=gl+hm

0=Ks—Kz—ig—fJ 0=ih+ fk (A.11)
0=gj+fm

0=hn+4 0=if.

0:K5—K3—hl—gn

By the first equality g or m is zero. Suppose g = 0. We have

0 =hm 0=fl+hj 0 =hk+ fn
0=Ks—K3—hl 0=hn+4 0 =if,

Since & # 0 (otherwise we would not have factorization) we obtain m = 0. We have

0=Ks—Kz—hl
0=hn+4 0 =ih+ fk
0=fl+hj
~ O=hk+fn  0=if,
0=Ks—Kz—f]
that is,
n—_ o 0 =ih+ fk
0=fl+hj h 0if
. 0=hk+ fn =L
0=Ks—Kz—f]j /
then,
0=Ks—Ks—hl O=Ks—Ks—fj  0=in+ fk
4
0=fl+hj O=hk—7f 0 =if,
1.e.,
0=Ks—Ks—hl O=Ks—=Ks—fj  0=in+ fk
. 4f .
0=fl+hj k=ﬁ 0 =if,
hence )
0=Ks—Ky—hl O=Ks—K3—fj .
. 42 [e] 0=if,
0=Fl+hj 0 =ih+ —
hz
thus

0=Ks—Kz—hl 0=Ks—K3—fJ

412 0 =if,
0 =fl+hj PR
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that is,
0 =Ks— K3 —hl 0=Ks—K3—f] 4
. 4f 0=——5,
0=fl+hj kzﬁ h

then, by the last equality, f = 0 concluding by the first equality of the second column that K5 = K3 a
contradiction. Therefore, m = 0. From (A.11]) we have,

0=gl O0=fl+gk+hj 0=hk+ fn
0=gj 0=Ks—Kz—ig—fj 0 =ih+ fk
0=Ks—Ks—hl—gn 0=hn+4 0 =if,

i.e., as h # 0 (otherwise we would have 4=0),

0 =gl O0=fl+gk+hj 0 =hk+ fn

0=gj 0=Ks—Ks—ig—fj  0=ih+ fk
4

0=Ks5—Kz—hl—gn n=-- 0 =if,

and repeating the steps in an similar way we conclude K5 = K3, a contradiction, and thus we proof

the claim. ]

Lemma A.0.9. Let be K, Ky non-zero constants. Defining G : (0,+0) xR—R, G: (0,+0) xR —R
by
G(x,y) = —2xK» — 2yK? + 2xyK K> — K| + 3y*K|

and

G(x,y) = Ky +y*Ki —xKr —xy*Ka +y —y°.
we conclude that the polynomials G and G have no factors in common.

Proof: We will split the proof into four claims.

Claim 1: G does not divide G. Indeed, if G divides G then there exists a polynomial of degree 1
such that

G(x,y) = G(x,y) (Ax+By+C),

that is,
0 = Ky +y*K| —xK» —xy*Ks +y —y° — (—2xK» — 2yK{ + 2xyK K> — K1 + 3y°K) ) (Ax + By +C)

which reorganizing
0 = — 2AK  Kox*y + 2AKox® + (—K» — 3AK| — 2BK K3 )xy* + (2AK? + 2BK; — 2K K»C)xy
+ (—Ky + AK| +2CKy)x + (—1 —3BK))y® + (K| + 2BK? — 3CK;)y*
+ (14 BK; +2CK})y + K, + CK,
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that occurs if, and only if,

—2AK\K» =0  (2AK? +2BK> —2K\K>C) =0  (Kj +2BK? —3CK;) =0
2AK; = 0 (—K» + AK| +2CK;) = 0 (1+BK, +2CK?) =0
(—K> —3AK; —2BK K>) = 0 (—1—3BK;)=0 K +CK; =0.

Since K| and K, are non-zero we obtain from the first equality above that A = 0. Consequently, by
the second equality of the second column and last equality of the third column, we conclude C = —1

and C = % a contradiction, and thus we proof the claim.

Claim 2: If K| # +1 then G is irreducible. Indeed, if G is reducible then there exist polynomials
of degree 1 such that,
G(x,y) = (Ax+By+C) (Dx+Ey+F)
that is,
0=—-2xK; — 2yK12 + 2xyK1 K> — K| + 3y*K| — ADx* — BDxy — CDx — AExy — BEY?
—CEy—AFx—BFy—CF
which reorganizing
0= —ADx* + (2K\K, — BD — AE) xy + (—2K» —AF — CD)x + (3K| — BE) y*
+(—2K{ —CE —BF)y—K, —CF

that occurs if, and only if,

~AD=0  —2K—~AF-CD=0  —2K}—-CE—BF =0
2K{Ky—BD—AE =0 3K; —BE =0 —K{ —CF =0,
that is,
AF +CD
e (M) g (e
BD +AE 2
_ YT AR BE
K1 K> > Ki=—% K, = —CF.

Since K and K, are non-zero we obtain from the second equality that A and D are not mutually zero

and, from the fourth and sixth equalities, that B and C are non-zero. Therefore,

3K

1
BD + AE F=——
Kj=-—-—"2% .,  (CE+BF c

AF +CD i —

finally,
BD + K 5 3C B
C

concluding that in both cases A = 0 or D = 0 we have, substituting the second equality in the third,

K12 = 1, that is, a contradiction and thus we proof the claim.
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Claim 3: If K; = 1 then G(x,y) = (2xK» + 3y + 1)(y — 1) and none of these factors divides G(x,y).
Indeed, if y — 1 divides G(x,y) there exists a polynomial of degree 2 such that,

G(x,y) = (Ax2+Bxy+Cy2+Dx+Ey+F) (y—1),

that 1s,
0=1 +y2 —xK> —xy2K2 +y—y3 —szy—Bxy2 —Cy3 —ny—Ey2 —Fy+Ax2
—FB)chrCy2 +Dx+Ey+F
which reorganizing
0= —Ax’y +Ax* + (—B—K2)xy* + (B—D)xy + (D — K»)x
+(-1-C)y +(1+C—E)Y + (1 +E—F)y+F+1
that occurs if, and only if,
—A=0 B—-D=0 1+C—-E=0
A=0 D—K,=0 I+E—-F=0
—B—K;, =0 —1-C=0 F+1=0.
From the last four equalities we obtain C = —1 and C = —3, a contradiction. Also, if 2xK; + 3y + 1
divides G(x,y) there exists a polynomial of degree 2 such that,

G(x,y) = (Ax* + Bxy+ Cy* + Dx+ Ey + F) (2xK» + 3y + 1),

that is,

0 =1+y?>—xKr —xy*’Kr +y—y> —2AK»x> — 2BK>x*y — 2CKoxy* — 2DK»x* — 2EK»xy
—2FKyx — 3Ax2y — ?’Bxy2 — 3Cy3 —3Dxy — 3Ey2 —3Fy —Ax? — Bxy — Cy2 —Dx—Ey—F
which reorganizing
0 = —2AK>x> 4+ (—2BK> — 3A)x*y + (—K» — 2CK> — 3B)xy* + (—2DK> — A)x*
+ (—2EK, — 3D — B)xy + (—K» — 2FK» — D)x+ (=1 =3C)y’> + (1 —=3E — C)y?
+(1-3F—E)y+1—-F
that occurs if, and only if,

—2A=0
—2EK, —-3D—-B=0 1-3E-C=0

—K,-2FK; —D =0 1-3F-E=0
—1-3C=0 1-F=0.

—2BK; —3A=0
—K; —2CK,—-3B=0
—2DK, —A =0
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From the last four equalities we obtain C = % and C = 7, a contradiction and thus we proof the claim.

Claim 4: If K| = —1 then G(x,y) = (—2xK, — 3y + 1)(y + 1) and none of these factors divides G.
Indeed, if y + 1 divides G(x,y) there exists a polynomial of degree 2 such that,

G(x,y) = (Ax2+Bxy+Cy2+Dx+Ey+F) (y+1),

that is,
0=—1—y*>—xKr —xy’K> +y—y> —Ax’y — Bxy> — Cy> — Dxy — Ey* — Fy — Ax*> — Bxy
—Cyz—Dx—Ey—F
which reorganizing,
0=—Ax’y —Ax’ + (=K, — B)xy> + (=D —B)xy + (—K» — D)x+ (—1 —=C)y* + (=1 —E — C)y?
+(1-F—E)y—1—F

that occurs if, and only if,

—A=0 —-D—-B=0 —1-E—-C=0
—-A=0 —K,—D=0 1-F—-E=0
—K,—B=0 —-1-C=0 —1-F=0.
From the last four equalities we obtain C = 1 and C = —1, a contradiction. Also, if —2xK; —3y+ 1

divides G(x,y) there exists a polynomial of degree 2 such that,
G(x,y) = (Ax* + Bxy+ Cy* + Dx+ Ey + F) (—2xK> — 3y + 1),

that is,
0=—1—y?—xKs—xy*Kr +y—y° + 2AK>x> + 2BK»x*y + 2CKoxy? + 2DK»x* + 2EK)xy
+ 2FK>x + 3Ax%y 4+ 3Bxy? + 3Cy> + 3Dxy + 3Ey* + 3Fy — Ax* —Bxy —Cy>* —Dx—Ey—F
which reorganizing
0 =2AK»x> + (2BK; + 3A)x%y + (—Ka + 2CK; + 3B)xy* + (2DK, — A)x* + (2EK, + 3D — B)xy
+(—K2 +2FKy —D)x+ (—1+3C)y* + (—1+3E—C)y* + (1+3F —E)y—1—F
that occurs if, and only if,

2A=0
2EK> +3D—-B=0 1+3E-C=0

—K)+2FK, —D =0 1+3F-E=0
—14+3C=0 —1-F=0.

2BK; +3A =0
—K> +2CK>+3B=0
2DK> —A =0

From the last four equalities we obtain C = —% and C = —5, a contradiction and thus we proof the

claim. ]
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Lemma A.0.10. Define G: (0,+0) xR - R, G: (0,+0) x R — R by

3a% — K? 8K, 2K? —3a%+16
G(x,y) =Y — Kixy* + (TZ> V- 2 >y’ = 2Kixy* — ( 2 2 )y2

8K2 K2 —a2
_ _y Kix— ( 2a2

and
G(x,y) = (2a2K2 + 4K2) x> —2a°x%y° + (5a2K2 + 4K2) x*y? — a*K3x® + (2a2 + 16) x?
+ 4a2K2x2y4 — 2a2K3x Vo 4+ a2K2x2y6 — a2K3x3y4,
where K1,K>,K3,a are constants and a, K, K, are non-zero. We conclude that the polynomials G and

G have no factors in common.

Proof: We will split the proof into two claims.

Claim 1: G does not divide G. Indeed, if G divides G then there exists a polynomial of degree 2
such that

G(x,y) = G(x,y) (Ax2 +Bxy+Cy* +Dx+Ey+ F),
that is,
0 = G(x,y) — G(x,y) (Ax2 + Bxy + Cy? +Dx+Ey+F)
which reorganizing
0 = (AK| — a*K3)xX°y* + (2AK| — 2d°K3)xX°y? + (AK| — a®K3)x> + (a* — A)x*y° + (BK; — 2a*)x%y°

+ (DKl —3A+4d°K, + %KZZ) Kyt + (2BK1 + 8%1{2) X2y

+ <4K2 —3A+ 16;4—2 +2DK; + 5a°K; + 2;4—21(22) x*y?

+ (BKl +2d2 + S%Kz + 16) Xy + (41(2 —A+DK| +2a*K; + %K%) X2

+(=B)xy’ + (CK; —D)xy°® + (EK1 —3B+ :%K%) xy°

+(2CK =3D+ FK; + — ! —DK3 +8— B ) xyt + (16% —3B+2EK; + 2%1{22 + %DIQ) xy°

16 2 B B 8
+ ( CK1=3D+2FKy + D+ —DK; +8— Kz) xy” + (EK1 —B+—Kj + —ZDKZ) Xy
a a

1
a
1

+

C C C ., F 8
SEK3 3E+8> (16—2—3F—3C+2a—2K22+a—2K22+a—2EK2)y4
6 C F C F 8
+( FE-3E+- EK2+8 — Ky +8— Kz)y +(16—2—3F—C+—2K22+2—2K22+—2EK2)y2
a a a a

_|_

(
(
+<FK1 D+ DKz) + (- C)y8+(—E)y7+<C%K22—F—3C>y6
(
(
(@

a
1 F F ,
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that occurs if, and only if,

B B 8
0 = AK; —d’K; 0=16— —3B+2EK; +2—K3 + > DK>
5 a a a
0 = 2AK;| —24°K 16 2 B
P 0=CK, ~3D+2FK, + »D+ DK} + 8K,
0 = AK| —a*K; B o a
_ 2
0=a2—A O—EKI—B—F;Kz—Fa—ZDKQ
1
0 = BK; —2a° 0 =FK, —D+ —DKj;
a
A
0= DK, —3A+4a’K, + K3 0=-C
a
A 0=—E
0 =2BK; +85K> c
o A = —K;—F-3C
0= 4K, —3A+ 16— +2DK| + 5a°K, + 25 K3 9 c
" “ 0=—EK; —3E+8—
0 = BK; +2a" + 85K, + 16 “c “ e F g
. A 0=16— —3F —=3C+2—K} + — K} + EK;
O=4K2—A+DK1+2a2K1+a—2K22 16“ 5 a c a F"
—_ J— —_ 2 R R—
0— B 0= —E—3E+SEK; +8 5K +8—K,
F C F 8
0=CK,—D O=16;—3F—C+;K22+2a—2K22+a—2EK2
B ) 1 F
0= EKi 3B+ K 0=—EK; —E+8—K,
a a
_ _ il - 2
0 =2CK; 3D+FK1+a2DK2+8a2 Oza_ZKZ_F'

By the fourth and eleventh equalities of the first column we obtain a®> = A and B = 0. Therefore, by
the seventh equality of the first column, we conclude that K, = 0, that is, a contradiction and thus we

proof the claim.

Claim 2: G is irreducible. Indeed, notice that

K? —3ad? 8 2K? 34>+ 16 8 K? — 4>
G(x,y) = =Ki (52 + 1) +)" = =y = Koy = =2 ¥ Ky = =

a
i.e., G(x,y) = R(y)x+ S(y) where

R(Y) =—Ki(y* +1)?

K? 342 8 2K? —3a*+ 16 8 K2 — 42
SO) =y =2y - Koy’ = =2 ¥ - Ky ==

a a?

If G is reducible there are polynomials J, Q, P such that G(x,y) = J(y)(Q(y)x+ P(y)), that is, J|R and
J|S. This is possible only if (y* 4 1)|S, which occurs if and only if there exists a polynomial of degree
4 such that

S(y) = (P + 1D)(f+gy+hy* +iy’ + jy")
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1.e.,

0:y6_M 4 8](

3 2K3-3a+16 ,

8 K3 —a?

612 Y 612

— T Kyvy—
a? Y a? 2y a?

— O+ D)(f+gy+hy* +ivd + iyt

which reorganizing,

K3 —3ad* 8K 2K3 —3a* + 16
0=(1j)y6iy5<h+j+2—2a)y4(g+i+—22>y3<f+h+ 2% )y2
a a a
8K> K3 —d*
(B (557)
a a
that occurs if, and only if,
0=T-j 8K 8K»
0=g+i+—5 0=g+—5
0—; g+i+ 2 >
2K? —3a’> + 16 K? —a?
K? —3a? _ 2 _ 2
O=h+j+2a—2a O=f+h+ 2 0=f+—73
By the first and second equalities we obtain j = 1 and i = 0. We have,
2 2 2 2
-3 2K5—3 16
0=h+1+2a—2“ O=f+h+ 2 af+ K22
_ 2
8K, 8K O0=f+—3
0=g+—2 0=g+—2
a a
. . K§—3a2
By the first equality 7 = — ( 1+ =— ). We have,
8K K3 —3a*\ 2K3—3a*+16 K3 —a®
0=g+ 2 O=f—<1+22a)+ 20 0=f+=2-"2
a a a a

and subtracting the third equality from the second

we conclude the claim.

Lemma A.0.11. Define T : (0,+0) xR >R, T

T(x,y) =4512M2y5 + 4a2M4xy4 — (ZaZM% + ME‘)y4

equality we obtain 0 = %, a contradiction, and thus

O
:(0,40) x R —> R by

— 8M5Y° + 8a>Myxy? — (4a>M3 + 2M5 + 16M3)y*

— (4a>My + 8M3)y + 4a*Myx — 2a>M3 — M3 + 16

and

T(x,y) =2a*y" + a*Mxy® — a>Myy° + (2a* — 2M3)y° — My (M3 — 3a®)xy* — (3Maa® + 16M>)y*
— 8M Moxy® — (2a* + 4M3 +32)y> — M (2M3 —3a® + 16)xy* — (3Maa® + 16M,)y?

— 8M  Myxy — (2a* +2M3)y — My (M3 — a®)x — a*M,.

where M|, M>,My,a are constants and a,My4 are non-zero. We conclude that the polynomials T and

T have no factors in common.
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Proof: We will split the proof into two claims.
Claim 1: T does not divide 7. Indeed, if T divides T then there exists a polynomial of degree 2

such that

T(x,y) = T (x,y)(f +gx +hy +ixy + jx* + ky?)

that is,

0=T(x,y) —T(x,y)(f+gx+hy+ixy+jx2+ky2)

which reorganizing

)

— —4a?Myxyt — 8a? jMyx>y? — 4a? jMyx® — (4a* jMy + 4a?iMy) x>y’

(j(2a*M3 + M3) — 4a° gMy)x>y* + (8 jM5 — 8a”iMy)x*y®
(j(4a>M3 +2M5 + 16M3) — 8a*gMy)x>y* + (j(4a*Ma8M3) — 4a?iMy)x°y
(j(2a*M3 + M5 — 16) — 4a*gMy)x* + (a>M| — 4a*kMy — 4a*iM; ) xy®
(i(2a>M3 + M3y) — 4a*gM, — 4a>hMy)xy

(3a>My — M M35 + g(2a*M3 + M3) + 8iM5 — 4a® fMy — 8a*kMy)xy*
(i(4a>M3 + 16M3) — 8MM> + 8gM5 — 8a>hMy)xy®

(i(4a*My + 8M3) — 16My — 2M M3 + g(4a*M3 +2Mj + 16M3) + 3a>M; — 8a® fMy — 4a*kMy)xy?
(i(2a*M3 + M3 — 16) — 8M My + g(4a* My + 8M3 ) — 4a*hMy)xy
(a*My — M M3 + g(2a>°M3 + M5 — 16) — 4a® fMy)x + (2a* — 4a*kMy)y’
(k(2a*M3 + M3) — a>My — 4a*hM,)y°

(8kM3 —2M3 + h(2a*M3 + M3) + 2a° — 4a* fM,)y’
(k(4a>M3 +2M5 + 16M3) — 16M, — 3a*>M, + 8hM5 + f(2a>M3 + M5))y*
(h(4a*M3 +2M5 + 16M3) — 4M3 + 8fM; + k(4a’ M, + 8M5) — 2a* — 32)y°
(f
(f

4a’*M3 + 2M5 + 16M3) — 16Ms — 3a* M + h(4a* M, + 8M3) + k(2a°M3 + My — 16))y?
4a*My + 8M3) — 2M; + h(2a*M3 + My — 16) — 2a*)y + f(2a*M3 + M5 — 16) — a*M,

+ 4+ + + o+ + o+ + o+ o+ o+ o+

(
(4
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that occurs if, and only if,

0 = 4aj*M,
0 = 8a’jMy
0 = 4a’ jMy

0 = 4a* jM> + 4a*iM,
0= j(2a*Mj + My) — 4a’gMy
0 = 8jM5 — 8a%iM,
0= j(4a>M3 +2M5 + 16M3) — 8a*gM,
0 = j(4a>M8M3) — 4a*iM,
0 = j(2a*M3 + My — 16) — 4a’gM,
0 = a®M, — 4a’kMy — 4a*iM,
0 = i(2a*M3 + M5) — 4a>gM, — 4a*hM,
0 = 3a°M, — M\M3 + g(2a*M3 + M3)
+ 8iM5 — 4a® fMy — 8a*kM,

I

i(4a>M3 + 16M3) — 8M M + 8gM5 — 8a*hM,,
i(4a*M + 8M3) — 16M; — 2M M3
+ g(4a’>M3 +2M5 + 16M3) + 3a*M; — 84> fM,
— 4a’kM,
0 = i(2a>M3 + M5 — 16) — 8M M5 + g(4a*M> + 8M5)
—4a’hM,
0= a’M; — M{M3 + g(2a°M3 + M5 — 16) — 4a* fM,
0 = 2a* — 4a*kM,
0 = k(2a>M3 + My) — a*M> — 4a*hM,
0 = 8kM5 — 2M3 + h(2a>M3 + M3) + 2a* — 4a* fM,
0 = k(4a>M3 + 2M5 + 16M3) — 16M, — 3a*>M,
+ 8hM3 + f(2a°M3 + M)
0 = h(4a*M3 +2M3 + 16M3) — 4M3 + 8 fM;
+k(4a>My + 8M3) — 2a* — 32
0 = f(4a*M3 +2M5 + 16M3) — 16M> — 3a>M,
+ h(4a>My + 8M3) + k(2a>M3 + M3 — 16)
0 = f(4a’*Ms + 8M3) — 2M3 + h(2a*M3 + M3 — 16) — 24°
0= f(2a°M3 + M5 — 16) — a*M,.

0
0

By the first equality we obtain j = 0. Substituting in the fourth and fifth equalities we obtaini = g = 0.

Therefore, by the eleventh equality we have 7 = 0. Hence,

0=a’M 11— 4a2kM4

0 = k(2a*M3 + My) — a*M,

0 = 3a’M; — M ;M3 — 4a* My
- 8a2kM4

0 = 8kM5 — 2M3 + 2a° — 4ad® fM,

0 = k(4a*M3 +2M5 + 16M3) — 16M> — 3a>M; + f(2a*M5 + M5)
0 = —4M3 + 81 M5 + k(4a*Ms + 8M3) — 2a*> — 32

0 = f(4a*M3 4+ 2M5 + 16M3) — 16M> — 3a*M,

+ k(2a*M5 + M5 — 16)

0 = f(4a>M;, + 8M3) — 2M3 — 24°

0= —8M M,
0= —16M; —2M M3 + 3a*M,
—8a® fMy — 4a*kM,

0= —8M M,

0 = a®M, — M\M3 — 4a*fM,
0 = 2a° — 4a*kM,

0= f(2a°M3 + M5 —16) — a*M,,
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that by the third equality MM, = 0, that is,

0 = a®M, — 4a*kM, s,
0 = 8kM3 — 2M3 + 2a° — 4a* fM,

0 = k(4a*M3 +2M5 + 16M3) — 16M> — 3a>M, + f(2a°M3 + M3)
0 = —4M3 +8fM5 + k(4a>M, + 8M3) — 24> — 32

0 = f(4a’*M3 +2M5 + 16M3) — 16M> — 3a*M,

+ k(2a*M3 + M5 — 16)

0= f(4a°M, + 8M3) — 2M3 — 24°

0= f(2a*M3 + M5 — 16) — a*M,.

0 = 3a’M; —4a” fM,4

— 8a’kM,

0= —16M; +3a*M;

— 8a® fMy — 4a*kM,

0 =a*M; —4a*fMy

0 = 2a*> —4a*kM,

0 = k(2a*M3 + M) —a*M,
By the first and fourth equalities we obtain k = f = %. Substituting in the third equalities we obtain

M, =0, that is, k = f = 0 and then we have no factorization. Therefore we conclude the claim.

Claim 2: T is irreducible. Indeed, notice that
T(x,y) = 4a*My(y* + 1)*x + 4a* Moy’ — (2a°M3 + M3)y* — 8M5y°
— (4d>M3 +2M5 + 16M3)y? — (40> M + 8M3)y — 2a*M3 — M5 + 16

ie., T(x,y) = R(y)x+S(y) where

R(y) =4a’Mu(y* +1)?

S(y) =4a* Moy’ — (2a°M3 + M3 )y* — 8M3y° — (4a*M3 + 2M; + 16M3)y?

— (4a°M> + 8M3)y — 2a*M3 — M3 + 16.

If T is reducible there are polynomials J, Q, P such that T (x,y) = J(y)(Q(y)x + P(y)), that is, J|R and

J|S. This is only possible if (y* + 1)
3 such that

S, which occurs if and only if there exists a polynomial of degree

S() =P+ 1)(f +gy+hy’ +iy)
which reoganizing,
0 =(4a’*Ms —i)y° — (2a>M3 + M3 + h)y* — (8M5 + g +i)y> — (4a°M3 + 2M5 + 16M3 + f + h)y*
—(4a*Ms + 8M5 + g)y + 16 — My — f —2a°M;
that occurs if, and only if,
0 =4a’M, — i 0=8M5+g+i 0 =4a’M, + 8M5 + ¢
0=2a’M3+M5+h  0=4a’M3+2M3+16M5+ f+h  0=16—M; — f —2a*Mj;.
By the first and second equalities we have i = 4a°M3 and h = —(2a>M3 + M5). Substituting we have
0 =8M; + g +4a’*M3 0 =4a’M, + 8M5 + g
0=2a"M35+M5+16M5+f  0=16—M; — f—2a°M;,
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that is,
0=8M;+g+4a’M3  0=2a°M3+M5+16M3+f  0=16—M5— f—2a°M;.

Adding the last two equalities we obtain 0 = 16(M22 + 1), a contradiction, and thus we conclude the

claim. ]

Lemma A.0.12. Define G : (0,+0) xR - R, G: (0,+%) x R — R by
G(x,y) = 6y° + Koy*x + 6yx + Kox* — K7

and
— K3 K3
G(x,y) = 9y° + 3Ky x + sz4x2 + 18y*x 4+ 6Kyy°x? + 72);2)9 +9y%x?
K2
— Kgy2 + 3K2yx3 + sz“ — Kgx.

where K»,K7,Kg are constants and K7,Kg are non-zero. We conclude that the polynomials G and G

have no factors in common.

Proof: We will split the proof into two statements.

Claim 1: G does not divide G. Indeed, if G divides G then there exists a polynomial of degree 3
such that

G(x,y) = G(x,y)(f + gx + hy + ixy + jx* + ky* + Ixy* + mx’y + nx> + oy®)

that is,

2

K
0 = —nkox® —nkox*y? — (6n + sz)x4y + (72 — jK2> P (6n+ sz)x3y3

K? K?
+ (72 — jKr — 1Ky — 6m) X3y + (3Ky — 6 — i) x>y + (nK7 — gKo x> + (TQ — K> — 6m> X2yt
(6Ky — 61 —6j — 0Ka — iKy)x*y* + (9 — gKy — kK — 6i)x*y* + (mK7 — hK; — 6g)x%y
(jK7 — fK2)x* + (3Ky — 61 — 0K>)xy’ + (18 — 6i — kK> — 60)xy* — (6g + 6k + hK>)xy*
(IK7 — fK> — 6h)xy? + (iK7 — 6 f )xy + (gK7 — Kg)x + (9 — 60)y°® — 6ky° — 6hy*
(

"
n
+
+ (0K7 —6f)y’ + (kK7 — Kg)y* + hK7y + fK7
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that occurs if, and only if,

0=nk,
0=6K,—6l—6j— 0K, —iK,
0 =nk, 0= gK7 — K3
0=9—gK,— kK, —6i
0 = 6n+mkK> 0=9-60
5 Ome7—hK2—6g
oK 0 =6k
Ty IR 0= jK;— K> 0— e
0 =6n+mK; 0 = 3K, — 6] — 0k>
K2 0=0K;,—6f
0=="2_jK,—IlK,—6m  0=18—6i—kK,— 60

2 0=kK7;—Kg
0=3K,—6j—iK; 0= 6g+6k+ hK;

0= hk
Oan7—gK2 0=lK7—fK2—6h

2 . 0= fKs.
0= "2 —1K—6m 0=ik7-6f

By the third equality of the third column k = 0, which substituting into sixth equality fo the third

column we obtain Kg = 0, a contradiction and thus we conclude the claim.

Claim 2: G is irreducible. Indeed, if G is reducible there exist polynomials of degree 1 and degree 2
such that
G(x,y) = (f + gx+hy)(i + jx + ky + Ixy + mx® + ny?)
that 1s,
0 = —gmx® — (gl +hm)x*y + (Ko — gj — fm)x* + (Ko — hl — gn)xy* + (6 — gk — hj — fI)xy
— (gi+ f)x+ (6= hn)y* — (hk+ f)y* — (hi+ fk)y — (K7 + fi)

that occurs if, and only if,

0=gm
0=6—gk—hj—fl 0=hk+ fn
0=gl+hm
‘ 0=gi+fj 0=hi+ fk (A.12)
0=K,—gj—fm _
0=6—hn 0=K7+ fi.
0=K,—hl—gn
By the first equality g or m is zero. Suppose g = 0. We have
0 =hm 0=6—hj—fl 0 =hk+ fn
0=K,—fm 0=fj 0 =hi+ fk
0=K,—hl 0=6—hn 0=K7+ fi.

Since h # 0 (otherwise we would have a contradiction with the third equality of the second column)

we conclude, by the first equality, m = 0. We have
0 =K, 0=fj
0=K,—hl 0=6—hn
0=6—hj—fl 0=hk+ fn

0 =hi + fk
0=K7+ fi.
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If K> # 0 we have a contradiction. If K, = 0 then by the second equality we obtain [ = 0. We have,
0=6—hj 0=6—hn 0 =hi+ fk
0=fj 0=hk+ fn 0 =K7+ fi.

By the first equality j # 0, therefore, by the second equality, f = 0 and then, by the last equality,

K7 = 0 a contradiction. Thus, assuming that g = 0 leads us to a contradiction thus m = 0. From
(A.12)

0=gl 0=6—gk—hj— fl 0 =hk+ fn
0=K,—gj 0=gi+fj 0 =hi+ fk
0=K,—hl—gn 0=6—hn 0=K7+ fi.
Since assuming g = 0 leads us to a contradiction we conclude by the first equality that [ = 0. We have
0=K,—gj O=gi+fj ,
0=hi+ fk
0=K,—gn 0=6—hn
0=K7+ fi.
0=6—gk—hj 0=hk+ fn
By the first and second equalities we obtain j =n = %. Then
K K
0—6—gk—h? 0—6—}1? Ozhi-i-fk
K K _ :
0=gi+f—2 0=hk+f==  O=Kitfi
8 8

By the first and second equalities we obtain k = é (6 — h%) and i = —%. Thus

K hK: K
0=6—h—2 0:—f22+f<6—h—2)
g g g g
h K K 2
0=" <6—h—2> L2 gk IR
g g g g

By the first equality 2 # 0 and K> # 0. Substituting the first equality into the third equality we obtain
that f = 0. Substituting into the last equality we obtain K7 = 0, a contradiction, and thus we conclude
the claim. [

Lemma A.0.13. Define H : (0,+0) xR >R, H: (0,+20) x R — R by
H(x,y) = 6a*y> + a*Myy*x + M3(36b* — a®)y* + (6a* + 12MyM3b?)yx
+ (a*My + MsM3b*)x* — a* Mix

and
H(x,y) = 36a’y* + 12a* My x + aZM%yz)c2 +36a%y*x + My (144b* — 4a?)y?

+ 12412M2yx2 + 48b2M2M4yx + azM%x3 + 4192M22M4x2 — 4a2M4x.
where My, M3, My are constants and M3 is non-zero. We conclude that the polynomials H and H have

no factors in common.
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Proof: We will split the proof into two claims.
Claim 1: H does not divide H. Indeed, if H divides H then there exists a polynomial of degree 1 such
that

H(x,y) = H(x,y)(f +gx+hy)
that is,
0 = (a*M3 — g(a*Ms + M3b*M3))x> + (a>M3 — a*gMy)x*y?

+ (12a*My — h(a® M, + M3b*M3) — g(6a® + 12M>M3b?))x%y

+ (4b*MaMy, — f(a* My + M3b*M3) + a*gM3)x* + (12a* My — 6a*g — a*hM ) xy®

+ (g(a*M5 — 360> M3) — h(6a® + 12MaM3b?) + 364 — a* fMy)xy?

+ (48D°MoMy, — f(6a° + 12MyM3b?) + a*hM3 )xy + (a* fM3 — 4a*My)x + (36a® — 6a°h)y*

+ (h(a*M3 — 360> M3) — 6a° )y + (144b* My — 4a* My + f(a*M3 — 36b*M3))y?
that occurs if, and only if,
0 = g(a®M3 —36b*M3) — h(6a* + 12MyM3b?)

+36a* — a? fM;

0 = 486> MMy — f (64 + 12MaM3b*) + a*hM;
0 =da’fMz —4a’M,
0 = 36a* — 6a°h
0 = h(a®M3 — 36b°M3) — 6a> f
0 = 144> My, — 4a* My + f(a*M3 — 36b*M3).

0 = a®M3 — g(a* My + M3b*M3)
0= azMg —a*gM,
0 = 12a>M; — h(a*M> + M3b*M3)
— g(6a® + 12M,M3b?)
0 = 4b>M3My — f(a*My + M3b*M3) + a*gMs
0= 12a2M2 — 6a2g — athz

By the ninth equality we have h = 6. Therefore,

0 = a’M3 — g(a®M, + M3b*M3) 0 = g(a®M3 —36b*M3) — 6(6a* + 12M,M3b?)
0= azM% —a’gM, +36a° —a*fM,
0 = 12a>M; — 6(a*M> + M3b*M3) 0 = 48H° MMy — f(6a° + 12MaM3b*) + 6a*M;
— g(6a* + 12M,M3b?) 0= a*fM3 —4a*My
0 = 4b>M3My — f(a>My + M3b*M3) + a*gMs 0 = 6(a*M3 —36b°M3) — 64> f
0 = 6a*M, — 6a°g 0 = 144> My, — 4a* My + f(a*M3 — 36b*M3).
By the fifth equality we obtain g = M;. Thus
0 = M3b*M;
0 = 12a>M;, — 6(a*M> + M3b*M3) 0 = 486°MyMy — f(6a° + 12MoM3b?) + 6a*>M;
— My (6a* + 12M>M3b?) 0= a*fM3 —4a’My

0 = 4b* MMy — f(a>My + M3’ M3) + a*MayM; 0 = 6(a*M3 — 366> M3) — 64° f
0 = My(a*M3 — 360> M3) — 6(6a> + 12MyM3b*) 0 = 144b°My — 4a*My + f(a> M3 — 36b°M3).
+36a> —d’ fM,
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By the first equality M, = 0. If such equality does not occur we have a contradiction. If such equality

occurs we have
0= —6a’f+6a°M; 0= 6(a*>M3—36b*M3) —6a>f
0=a’fMs—4a’My 0= 144b>My — 4a° My + f(a* M5 — 36b°M3).
By the first equality f = M3 which, substituting into the third equality, we conclude M3 = 0, a contra-

diction and thus we proof the claim.

Claim 2: H is irreducible. Indeed, if H is reducible there are polynomials of degree 1 and degree 2
such that
H(x,y) = (f + gx+hy)(i + jx + ky + Ixy + mx* + ny?)
that is,
0 = —gmx® — (gl + hm)x>y + (a*Ms + M3b*M3 — gj — fm)x* + (Maa® — hl — gn)xy*
+ (64> + 12MyM3b* — f1— gk — hj)xy — (M3a® + gi+ f j)x + (64> — hn)y®
+ (36M3b* — M3a® — hk — fn)y* — (hi + fk)y — fi

that occurs if, and only if,

0=gm ) 5 0= 36M3b2 —M3a2
0 = 6a”+ 12M;M3b” — fl — gk —hj
0=gl+hm 5 —hk— fn
5 9 0=Mza"+gi+fj
0=aMy+Mb-My—gj— fm ) 0=hi+ fk
5 0=6a"—hn
0= Mya”—hl—gn 0= fi.
(A.13)
By the first equality g or m is zero. Suppose g = 0. Then
0=hm 0 = 64>+ 12MyM3b> — fl—hj 0 =36Msb> — Mza* —hk— fn
0=a’My +M3b’M35 — fm 0= Mzd® + f 0= hi+ fk
0 = Moa® —hl 0= 64> —hn 0= fi.
Since h # 0 (otherwise we would not have factorization) we obtain by the first equality m = 0. We
have
0 = a®My + M3b>M3 0=Msa®+fj
0=nhi+ fk
0 = Mya* — hl 0 = 6a* — hn
0= fi.
0 = 64>+ 12M)M3b> — fl—hj 0 =36Msb> — Mza* —hk— fn
By the second and fifth equalities we obtain [ = MZTQZ andn = 6—;’12. We have
_ 2 2142 642
M2a2 h

_ (2 2 :
0 = 6a® + 12M,M3b —f( ; >—h] 0= hit fk

0=Msa*+ f 0= fi.
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By the second and fourth equalities we obtain

1 M>a?
i= (6a2+12M2M3b2—f< 2“ ))

and 2
1
- (a1 (%))
‘We have
2 2142 2
= a*M, + Mxb"M. —6
0=a"M, +M3b"M, 0:hi+J—C(36M3b2—M3az—f< : >)
0= s+ 1 (6a 1 120t — 1 M2F ! h
=Msa”+ 5 6a 2M3 h 0= fi.

by the third equality we obtain i = —hiz (36M3b2 —Mza®> — f (67"2» and therefore

0 = a’M, + M3b*M3

M 2
O=M3a2+£ <6a2+ 12M2M3b2—f< 24 )>

h
2 2
0=, <36M3b2 —Msa®—f (6i>) .

R h

Since f # 0 (otherwise we would have Mza® = 0 in the third equality, a contradiction) we obtain, by

2 g2
the last equality, % = W and then

0 = a’My + M3b*M3
(36M3b2 —M3a2)
6a>

0 =M3a2—|—

Mzb? — Mza?®
(6a2+12M2M3b2—M2(36 3b6 3a)),

which simplifying,
0= Mz(az + szzMg)

0 = —1296a*b* + a*MrM5 — 1296b* M, M5.

By the second equality we conclude that M, # O (otherwise a or b would be zero). Therefore, by the

first equality, we have M3 = —bz"—:/lz which substituting into the second equality we conclude
4 4
ra'+2592b

a contradiction, that is, the case g = 0 does not occur, and therefore m = 0. We have (A.13)

0= 36M3b2 —M3a2

0=gl 0 = 6a° + 12M>M3b*> — f1— gk —hj
2 2142 - 2 —hk— fn
0=aMy+Mb"M5 —gj 0=Mza"+gi+ fj
) 0=hi+ fk
0= Ma”—hl—gn 0= 6a>—hn

0 = fi.
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As seen before, assuming g = 0 leads us to a contradiction. Therefore, by the first equality / = 0. We
have,
0 = &My + Msb>M3 — gj 0=Msa®+gi+fj
O:Mzaz—gn 0 =6a’>—hn
0 = 64>+ 12M)M3b> —gk—hj 0 = 36M3b*> — M3a®> —hk — fn

0 =hi+ fk
0= fi.

2 2102
a’My+M3b*M
T ™ and n

By the first and second equalities we obtain j = z

2
= %. We have,

2 202
M + M3b*M
O=6a2+12M2M3b2—gk—h<a 2+ M3 2) M
, Y 8 O=36M3b2—M3a2—hk—f< 2)
o, a*My + M3b* M2 g
2M — £
oz6a2—h(“ 2) 0=fi
g

By the first and second equalities we have

1 M, + M3b*M>
=L (b (M)
g g

and
k=

2 2242
(6a2+ 12MM3b? — h (“ M, + Msb MZ)) .

1
8 8
Then

M.
0=6a2—h(a 2)
g

h M, + M3b*M? M.
0 = 36M3b% — M3a® — = <6a2+12M2M3b2—h(a 2773 2)) —f(a 2)
g

g g
h 2M, + Mzb*M? M, + Mzb*M?
O=——<M3a2+f(a 2+ M 2>)+£(6a2+12M2M3b2—h<“ 2+ M 2))
g g g g
2 2242
Ms + M3b>M
ozf(M3a2+f<“ 2+ M 2>)
g g

By the first equality /4 and M; are non-zero. Therefore, h = 1%. Thus,

6 6 M
0 = 36Msb” — Mza® — - (6a2 4 12MyM3h? — ﬁg (a*M, +M3b2M22)> _f <“ 2>

2 2 8
6 M, + M3b*M3 6
0=—— <M3a2 +f <“ 2+ M3 2>) e (6a2 + 12MoM3b? — — (a* M +M3b2M22)>
M, g g M;
2 2442
M + M3b*M
ozf(M3a2+f<“ 2+ M 2))
g g

Simplifying the first equality we obtain 0 = @, that is, f = —gFM;. Substituting in the last

equality we obtain 0 = —M33 b? # 0, a contradiction and thus we conclude the claim. ]
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Lemma A.0.14. Let be K|, K>, K3, K4 constants such that K|, K, are non-zero. Define G : (0,+0) x
R—R,G:(0,+0) xR —Rby
G(x,y) =12K1xy° + 12K x*y* + (K3 — 4K K3)xy* + 32K3y* + 16K, Kyxy® + 2K3x%y* + 36K xy*
+ 12K Kox?y + K3x°
and
G(x,y) =6K1xy® + 12K 1x%y° + 161(12)/6 + 8K Kaxy® + 6K X0y szzy4 + (52K12 — 2K Ky)xy*
+ 20K, Kox?y® 4+ 2K3x3y? + 36K x%y? + 12K Kox®y + Kax™.

Then the polynomials G and G have no factors in common.

Proof: We will split the proof into two claims.

Claim 1: G does not divide G. Indeed, if G divides G then there exists a polynomial of degree 2
such that

G(x,y) = G(x,y)(f + gx + hy + ixy + jx* + ky?)

which reorganizing

0=—jK;5 200 — 12]K1 — 2jK22x4y2
(zKZ + 12]K1K2)x y

(K2 —ng)x — 12jK1x°y° — 12iK %%y’

+ (6K, — j (K3 —4K1K3) — 12gK; ) xy*

(21](2 + 16]K1K2)x y

+ (2K — 2gK3 — 36 jKi — kK3 — 1211(11(2) y?

+ (12KK; —th —12gK K>) X’y — fK3

— 12iK1x*y" + (12K — 12gK; — 12kK;) x°

( 2hKy +i (Kz —4K1K3))x y

(K3 — 121K — g (K3 — 4K\ K3) — 32K — 2kK3 — 16iK1 K>) x*y*

(20K, K> — 2hK3 — 36K} — 16gK 1 K> — 12kK1 K2 ) 7y’

(36K} —2fK3 — 36gKT — 12hK 1 K>) x*y* — 12K Kox®y

(6K1 — 12kK:) xy® — 12hKxy” — (k (K3 — 4K1K3) + 12fKq) xy°

(8K1K> —h (K3 — 4K K3) — 32iK} — 16kK1K>) xy°

(52K} — f (K3 — 4K1K3) — 2K Ky — 32K} — 36kK} — 16hK1K>) xy*

+ o+ o+ o+ o+ o+

— (36hK1 + 16fK2K1)xy
—36fKixy* + (16K — 32kK7)°
—32hK3y° — 32 K3y
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that occurs if, and only if,
0=K; — 12fK; — g (K3 —4K1K3) — 32 jK}

0= jK3
— 2kK3 — 16iK, K>
0= 12jK,
0 = 20K, K, — 2hK3 —36iK7 — 16K, Ky — 12kK K,
g2

) 0 = 36K? —2fK3 —36gK? — 12hK K,
0= K5 + 12K K>

o 0= 121K K,
0=K5—gk
2o 0= 6K, — 12kK,
0=12/K 0= 12/K
= 1
0 = 12K,

0 =k (K; —4K1K3) + 12K,

0 = 8K K> — h (K3 — 4K K3) — 32iK} — 16kK K>

0 = 52K} — f (K3 — 4K\ K3) — 2K K4 — 32gK7
—36kK? — 16hK K>

0 = 36hK? + 16 fK> K|

0= 36fK?

0 = 16K? — 32kK?

0= 6K, — j (K; — 4K K3) — 12gK;

0 = 2iK3 + 16K K

0 = 2K3 —2gK3 — 36K} — kK3 — 12iK K,
0 = 12K, K, — hK3 — 12gK K>

0= fK3

0= 12iK;

0 = 12K; — 12gK;| — 12kK,

, 0 = 32hK7}
0 = 12K, +i (K5 — 4K K3)

0 = 32fK?.
By the fifth and sixth equalities we obtain g = 1 and j = O which, substituting into the eighth equalities,
we conclude K| = 0, a contradiction, and thus proof the claim.
Claim 2: G is irreducible. Indeed, notice that
G(x,y) = K3x> + (12K1y* + 2K3y* + 12K Koy)x®
+ (12K1)° + (K3 — 4K K3)y* + 16K1 Koy + 36K7y)x
+32K%Hy*
therefore if such a polynomial is reducible it will be of the form G(x,y) = (K3x + S(y))(x* + T (y)x +
U(y)). Therefore,
SU(y) =32Ky*
K3U(y) + ST (y) =12K1y° + (K3 — 4K1K3)y* + 16K, Kay® + 36K7y?
K3T(y) +S(y) =12K1y* 4+ 2K3y* + 12K K»y.
Then
deg(SU) =4  deg(K3U +ST)=6  deg(K3T +5) =4
and consequently the possibilities
deg(S) =0 and deg(U) =4 then deg(T)=4 thus deg(K3U +ST)<4<6
deg(S) =1 and deg(U) =3 then deg(T)=4 thus deg(K3U +ST)=5<6
deg(S) =3 and deg(U) =1 then deg(T) =4 thus deg(K5U +ST)7 > 6,
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do not occur. There are two situations left. In the first situation
Sy)=ay* U =By  Y()=A+By+Cy+Dy’ +Ey
where a, B, E are non-zero. Then
G(x,y) = (K3x + ay?)(x*> + (A + By + Cy*Dy* + EyHx + By?)

which reorganizing
0 = (12K, — EK3) x*y* — DK3x*y’ + (2K3 — a — CK3) x*y* + (12K, K, — BK3 ) x*y — AK3x*
+ (12Ky — aE)xy° — aDxy’ + (K3 — Co.— 4K K3 ) xy* + (16K K — Ba) xy
+ (36KT — BKF —Act) xy* + (32K} — a) y*,
that occurs if, and only if,

0= 12K, — EK; 0=AK3
0= 16K1K2 —Bax

0 =36K? — BK3 — At
0=32K} — apf.

0 = DK3 0=12K, — oE
0=2K;—a—CK; 0=aD
0 = 12K, K, — BK> 0=Kj;—Ca —4K K3

By the second and fifth equalities we have D = A = (. Substituting in the others,

0= 12K, — EK3 0= 12K, —aE
0=2K—a—CK; 0=K;—Ca—4KK;
0= 12K, K, — BK3 0 = 16K, K> — Ba

0 = 36K? — BK3
0 =32K? — afs.

By the first, third and fourth equalities we obtain E = %, B= % and o = K22. Thus, by the sixth
2

equality, 4K K, = 0, a contradiction. In the second situation

where «, B,C are non-zero. We have
G(x,y) = (K3x+ ay*) (x> + (A+ By + Cy*)x + B)

which reorganizing

0 = (12K; — o) x*y* + (2K3 — CK3)x*y* + (12K Ky — BK3)x*y — AK3x* + (12K; — Cat)xy®
— Boxy’ + (K3 — Ao — 4K K3)xy* + 16K Koxy® + 36K?xy* — BKax + (32K? — o3 )y*

therefore K| = 0, a contradiction and thus we conclude the claim. ]
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Lemma A.0.15. Let K1, K>, K3, ¢ be constants where K3, ¢ are non-zero. Define G : (0,+0) xR — R,

G:(0,+0) xR —R by
G(x,y) = 2¢y*x — cKay + 2cx* — cKjx + K3
and
G(x,y) =y + 2y’ x + x> — K3.

Then the polynomials G and G have no factors in common.

Proof: We will split the proof into two claims.
Claim 1: G does not divide G. Indeed, if G divides G then there exists a polynomial of degree 1 such
that

G(x,y) = G(x,y)(f + gx+ hy)

that is,
0= y* + 2y’ x + x> — K3 — (2¢y*x — cKoy + 2cx* — cK1x + K3) (f + gx + hy)

Which reorganizing

0= —2cgx’> —2cgx®y? — 2chx®y™ (cgKy —2¢f + 1)x* — 2chxy’ + (2 — 2¢f)xy?
+ (cgKa + chKy)xy + (cfKi — gK3)x +y* + chKayy* + (cfKs — hK3)y — (K3 + fK3)

that occurs if, and only if,

0=2cg 0=2ch 0=1

0=2cg 0=2-2cf 0= chK;
0=2ch 0 = cgK; + chK; 0=cfKy,—hK3
0=cgKi—2cf+1 0=cfK|—gKs 0=K3+ fKs,

and therefore by the first equality of the third column we obtain 1 = 0, a contradiction.
Claim 2: G is irreducible. Indeed, if G is reducible there exist polynomials of degree 1 and degree 2
such that

G(x,y) = (f +gx+hy)(i + jx + ky + Ixy + mx* + ny?)
that is,
0 = 2cy*x — cKpy + 2ex® — cKyx + K3 — (f + gx + hy) (i + jx + ky + Lxy + mx® + ny?)

which reorganizing

0= —gmx’ — (gl + hm)x>y + (2c — gj — fm)x*> + (2c — hl — gn)xy* — (f1+ gk + hj)xy
— (gi+cKy + fj)x—hny® — (hk + fn)y* — (hi + cK> + fk)y + K3 — fi
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that occurs if, and only if,

0=gm
0= fl+gk+hj 0=hk+ fn
0=gl+hm
0=gi+cKi+f] 0=hi+cKy+ fk (A.14)
0=2c—gj—fm
0=hn 0=Ks—fi.
0=2c—hl—gn

By the first equality, g or m is zero. Suppose g = 0. We have,

0 = hm 0=fl+hj 0 =hk+ fn
0=2c—fm O=cKi+fj O=hi+cKs+fk
0=2c—hl 0=hn 0=K;— fi.

Since h # 0 (otherwise we would not have factorization) we obtain by the first equality m = 0 which
substituting in the second equality we have ¢ = 0, a contradiction. Then m = 0. From (/A.14))

0=gl 0= fl+gk+hj 0=hk+ fn
0=2c—gj O=gi+cKi+fj 0=hi+cKy+ fk
0=2c—hl—gn 0=hn 0=Ks3—fi.

By the first equality g or [ is zero. If g = 0, by the second equality, we obtain ¢ = 0, a contradiction.
Then [ = 0. Hence

0=2c—gj 0=gi+cKi+fj
0=2c—gn 0=hn
O0=gk+hj 0=hk+ fn

0 = hi+cK» + fk
0=Ks— fi,

and since n # 0 (otherwise ¢ = 0 by the second equality) we obtain by the fifth equality 4 = 0. We

have
0=2c—gj
O=gi+cKi1+fj 0=cK>+ fk
0=2c—gn
0=fn 0=K;3—fi.
0=gk

By the fifth equality f = 0, which substituting into the last equality we obtain K3 = 0, a contradiction

and thus we proof the claim. ]
Lemma A.0.16. Define G : (0,+0) xR - R, G: (0,+) x R — R by
G(x,y) = a*K\y* + 2a° K y*x + a* K x* + 4c?
and
G(x,y) = (8K, a* +32bcK, az)yzx +d*K K7y + (4K, a* +16bcK,; az)x2 +8a%c? +32bc3.

where K1,K7,a,b,c are constants and K,a,b,c are non-zero. We conclude that the polynomials G

and G have no factors in common.
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Proof: We will split the proof into two statements.
Claim 1: G does not divide G. Indeed, if G divides G then there exists a polynomial of degree 1 such
that

G(x,y) = Glx,y)(f +gx+hy)
that is,
0 = —g(4K1a* + 16bcK a®)x’ — g(8K a* + 32bcK a?)x*y* — h(4Kja* + 16bcK a®)x*y
+ (a®K, — f(4K1a* + 16bcK a?))x* — h(8K1a* + 32bcK a®)xy®
+ (2a2K1 f(8K1a4+32ch1a ))xy —a*gK Kyxy — g(8a +32bc3)x—|—a2K1y4—a4hK1K7y2
+ (—h(8a>c? +32bc3) — a* fK K7 )y + 4c? — f(8aPc? + 32bc?),

that occurs if, and only if,

0 = g(4K1a* + 16bcK a?) 0= a*gk Ky

0 = g(8Ka* + 32bcKa?) 0 = g(8a*c* +32bc?)

0 = h(4Kia* + 16bcKa?) 0 = a’K;

0 = a’K;| — f(4K a* + 16bcK a?) 0 = a*hK Ky

0 = h(8Ka* + 32bcKa?) 0 = —h(8a*c? +32bc*) — a* fK K7

0 = 2a°K; — f(8K1a* +32bcK1a®) 0 =4c* — f(8a*c® +32bc?).

2

By the third equality of the second column we obtain a“K; = 0, a contradiction and thus we proof the

claim.
Claim 2: G is irreducible. Indeed, if 8K a* + 32bcK, = 0 then G is irreducible. If 8K;a* + 32bcK| # 0

and G is reducible, then there exist polynomials of degree 1 and of degree 2 such that
G(x,y) = (f +gx+hy) (i + jx + ky + Lxy + mx* + ny?)

that is,
0 = —gmx® — (gl + hm)x>y + (4K a* + 16bcK a* — gj — fm)x*

+ (8Kja* +32bcK a® — hl — gn)xy? — (f1 + gk + hj)xy — (gi + fj)x — hny’
— (hk+ fn)y* + (K1 K7a* — hi — fk)y + 8a%¢* + 32bc> — fi

that occurs if, and only if,

0=gm

0=fl+gk+hj 0=hk+ fn
0=gl+hm A

0=gi+fj 0=KK7a" —hi— fk
0 =4Ka* + 16ch1a2—gj—fm

0=hn 0 = 8a’c? +32bc® — fi.

0 = 8K a* +32bcK a®> — hl — gn
By the first equality we obtain that g = 0 or m = 0. Let us suppose g = 0. We have
0= hm 0= fl+hj 0=hk+ fn
0 =4Ka* +16bcK a> — fm 0= fj 0 = K Kza* —hi— fk
0 = 8K a* + 32bcK a* — hl 0=hn 0 = 8a*c* + 32bc — fi,
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and since h # 0 (otherwise we would not have factorization) we obtain m = 0 and therefore, by the

second equality, 4K a* + 16bcK a*> = 0, a contradiction. Therefore m = 0. Hence

0=gl 0=fl+gk+hj  0=hk+fn
0 = 4K a* + 16bcK a* — gj 0=gi+fj 0 = K K7a* —hi— fk
0=8Kja*+32bcKia*>—hl—gn  0=hn 0 = 8a*c® +32bc> — fi.

As seen before, assuming g = 0 leads us to a contradiction, so g # 0 and therefore by the first equality
[ = 0. We have,

0 =4Kja* + 16bcK1a> —gj ~ 0=gi+fj 4
0= K1K7a —hi—fk

0=8Ka* +32bcKia*—gn  0=hn 2
0 = 8a%c? + 32bc> — fi.

0=gk+hj 0=hk+ fn
Since n # 0 (otherwise we would not have factorization) we obtain by the fifth equality # = O Then,

0= 4K1a4 + 16ch1a2 —gj
0 = 8Ka* + 32bcK a* — gn
0=gk

0=gi+fj 0=KKa*— fk
0=fn 0 = 8a*c® 4+ 32bc> — fi.

Finally, by the fifth equality we have f = 0, which substituting in the last equality we obtain 8a%c* +

32bc? = 0, a contradiction and thus we conclude the claim. ]
Lemma A.0.17. Define H : (0,+x) xR - R, H: (0,+0) x R — R by
H(x,y) = a*?My* + 2a*Mxy + a>M x> + 4c?

and

H(x,y) =(16¢* — 4a?)y’ + (64¢* — 20a*)xy* + Mo(4a® — 1667)y* + (96¢* — 40a%)x*y?
+ Mo(12a* — 64b°)xy® + (64¢® — 40a?)x>y? + Mo (12a* — 96b)x?y* + (16¢ — 20a*)x™y
+ Mo (4a® — 64b%)x>y — 4a®x° — 16Mob*x*,

where My,My,a,b,c are non-zero constants. We conclude that the polynomials H and H have no

factors in common.

Proof: We will split the proof into two claims.

Claim 1: H does not divide H. Indeed, if H divides H there exists a polynomial of degree 3 such that

H(x,y) = (a*My* +2a*Mxy + a* M x* +4¢%) (f + gx + hy + ixy + jx> + ky* + Ixy? + mx?y + nx® + 0y®)
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Appendix A. Factorization of Polynomials

that is,
0=— (4a2 +a2nM1)x5 + (1602
+
gMa® + 4nc ) (96c2
fMla +4jc )

2 fMla +4ic )
+ (4a°Mo — 160°Mo — a*kM; ) ¥
that occurs if, and only if,
0 =4d® + a*nM 1

0 = 16¢> — 204> — azli — 2a2nM1
0 = jKia® + 16Mob?

0 = 64c? — 40a* — a*IM,
0 = 4a’My — 64b>My — 24d° jM, — a*iM,
0= gM1a2 + 4nc?

0 = 96¢>
0 = 12a’Mo — 96b* My — a® M\ — a*kM,
0=4c*m+ 2a2gM1 + athl

0= fMa* +4jc?

0 = 64c? — 204> — a*IMy — 2a*oM,

(4c g)x—i— (166‘

—44?

— 2a2mM1 — aanl

—404® — 2a21M1 — aZli — a20M1
—2a%iM,

—20a* — azli — 2a2nM| ) x4y — (jK] a’+ 16M9b2) ¥
(64c —40a® — a21M1 — 2a2mM1 — aanl) x3y2 + (4a2M9 — 64b2M9 — 2a2jM1 — aziMl) x3y
( —40a* — 2a21M1 — azli — azoMl) x2y3

+ (12a*My — 96b* Mo — a® jMy — a* kM, —2a*iM; ) x*y*
—
(
—(

— (4c2m + 2a2gM1 + athl) x2y

(64c2 —20a* — a21M1 — 2a20M1 ) xy4
+ (12 2M9 - 64b2M9 — 2a2kM1 — aziMl) xy3 — (4c21 + aZng + 2a2hM1) xy2
— azoMl) y5

— (hMla + 40c2) y3

— (fM1a® + 4kc*) y* — (4c*h) y— 4P f

0 = 12a’Mg — 64b*Mq — 2a*kM; — a*iM,
0=4c+ angl +2a’hM,

0 =2fMa* + 4ic?

0 =4c’g

0= 16¢> —4d°
0 = 4a*My — 16b*Mo — a*kM,
0= hM1a2 +4oc?

0= fM1a2 + 4kc?

0=4c*h

0 =4c*f.

—a*oM 1

By the last equality f = 0 and consequently, by the tenth equality, j = 0. Finally, by the third equality,

My = 0 a contradiction and thus we conclude the claim.

Claim 2: The factors of H do not divide H. Indeed, notice that

1 1
H(x,y) = —M, <264 /*EJraeray) (2C4 /E*ax*ay) :

If % = -2, then

H(xay) =

then the factors of H do not divide H. If b* #

162’

1
——(x+ y)2 (@x+ (a® —4c?)y) (4cx + 4c?y + a* Mo)
c

that is, 0 # (4bc + a®)(—4bc + a*) suppose that

2c —Mi + ax + ay divides H, then there exists a polynomial of degree 4 such that
1

_ 1
H(x,y) = <204 /—E+ax+ay) (i+jx+ky~|—lxy+mx2+ny2+oxy2+pxzy+qx3 +ry3)

1
+ (26‘4 / A +ax + ay) (sxy3 + 1%y + u’y + vt 4 wy4)
1
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that is,

[ 1
0=— (4a2 + va) x4 (16c2 —av—20a* — au) x4y — (16M9b2 +aq+?2 —ﬁcv) x*
1
[ 1
+ (64c2 au —40a® —at)x v+ (4a2M9 64b> Mo —ap—aq—?2 —ﬁcu) x3y
1

+

— 24 ——cq) X3+ (96c2 —at

—40a” — as) xzy3

[ 1 [ 1
+ [ 12a*My — 96b* My — a0 — ap—?2 ——ct) xzy2 — <al +am+2 ——cp) xzy
M M,
aj—+24/ ——cm> X2+ (64c2 —aw—20a* — as) xy*

_l’_

[ 1 [ 1
+(1 2a*M, — 64b*My — ao — ar —2 —Ecs)xy3+<—al—an—2 —]‘7100))072
[ 1 [ 1
( j—ak—2 —Ecl>xy+(—ai—2 —Ecj x+(16c2_wa—4a2)y5

[ 1 1
+ | 4Moa* — ra — 16Mb*> —2 _ECW> y4 — <an+2 —Ecr) y3
[ 1 [ 1 1
— (ak+2 —Ecn) y2— (ai—i—Z —Eck>y—2 _Ed

that occurs if, and only if,

0 =4a* +va

0 =16¢% —av —20a* — au

1
0 =16Mob? + aq + 24 /—Ecv

0 =64c? — au — 404> — at

[ 1
0 =4a’>Mo — 64b* Mo — ap—aq—2a|——cu
M,
0 2 !
=—am—2\|——c
V!

0 =96¢% — at — 40a* — as

0 =12a>Mo — 96b* My — ao — ap — 24 /—icr
M,
2/ 1
0 =al +am+ —Ecp
o 1
0=aj+ “_1\7167”

0 =64c% — aw — 204> — as

[ 1
O=l2a2M2—64b2M9—a0—ar—2 ——cS
M,
/1
O=—al—an—2,/——-co
M,
| 1
O=—aj—ak—2 cl

O=—ai—2
0 =16¢> —wa—4a
1
0 :4M9a2 —ra— 16M2b2 — 24| ——cw
M,
1
0=
an+2 M1
1
0 =ak
ak+?2 Ml
0 +2 !
=ai Ml

/1
0=2

By the first equality v = —4a. By the last equality i = 0 and consequently, by the other equalities,
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k=n=r=n=0. Then

0 =16¢* + 4a* — 204> — au 0=aj+2 —Micm
1
0 =16Mob? + ag — 8ax /—MLC 0 =64¢* —aw —20a*> — as
1

[ 1

0 =64¢? — au — 40a*> — at 0 =12a’M, — 64b*My — ao — 2 —ﬁcs
1
[ 1
— A2 . 2 . . . o 1

0 =4a"My —64b"My —ap —aq —?2 Mlcu 0= —al—2 - co

0 =96¢% — at — 40a* — as

1 0=—24/——cJj
0 =12a2M9 —96b2M9 —ao—ap —25| ——ct M,
M; 0 =16¢> — wa —4a®

1
— S 1
1

By the sixth equality of the second column j = 0 and consequently, by the other equalities, [ = 0 =

m=p=gq=0. Thus

0 =16¢% + 4a*> — 20a”> — au 0 =12a’My — 96b* My — 2\/—>Milcz

0 =16Mob> — Sa\/—»Milc 0 =64c> — aw —20a* — as

0 =64¢% — au — 404> — at 0 =12a’M, — 64b*My — ao — 2\/%&‘
0 =4a’>Mo — 64b* My — 2\/—>Milcu 0 =16¢> — wa — 4a*

0 =96¢% — at — 40a* — as 0 =4Moa* — ra — 16M>b* — 2\/>A;—ICW.

. _ 16¢%+4a*>—20a>
By the first equality u = =—=—="- and then

1
0 =16Mob?> —8an | ——c
? M, 0 =64c* — aw — 20a® — as

0 =64¢* — 16¢* + 4a* — 20a*> — 40a® — at ) ) i
0=12a"M, — 64b"Mg — ao — 24 | ——cs
1 16¢? + 4a* — 20a? \' M
O:4a2M9—64b2M9—24/——c( ¢ rhe o ) ) , !
M, a 0 =16¢" —wa —4a
0 =96¢% — at — 40a* — as ) ) 1
0 =4Moa” — ra — 16Mb" — 2 —ﬁcw.
1

1
0 =12a’Mg — 96b*Mg — 24 | ——ct
M,

By the second and third equalities

1 2b*M 1
—— = O 0= 4a®My — 64b*Mo — 25 | —— (16¢* — 16a?) .
M, ac a M,

If M{,Mo do not verify the first equality we have a contradiction. If M, My verify the first equality

we obtain, substituting in the second equality, 0 = (4bc + a®)(—4bc + a*) a contradiction. The case
for the factor 2c, /—Mi1 — ax — ay is similar and thus we conclude the claim. |
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